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Abstract

We introduce a notion of distance between supervised learning problems, which we call the
Risk distance. This distance, inspired by optimal transport, facilitates stability results; one
can quantify how seriously issues like sampling bias, noise, limited data, and approximations
might change a given problem by bounding how much these modifications can move the
problem under the Risk distance. With the distance established, we explore the geometry of
the resulting space of supervised learning problems, providing explicit geodesics and proving
that the set of classification problems is dense in a larger class of problems. We also provide
two variants of the Risk distance: one that incorporates specified weights on a problem’s
predictors, and one that is more sensitive to the contours of a problem’s risk landscape.

Keywords: supervised learning, stability, metric geometry, optimal transport, risk
landscape

1. Introduction

In machine learning, even before beginning work on a problem, we are often forced to accept
discrepancies between the problem we want to solve and the problem we actually get to
work with. We may put up with noise or bias in the data collection process which distorts
our view of the true distribution of observations. We may replace a loss function with a
surrogate loss whose computational cost or optimization properties are preferable. We may
have access to only a small sample of observations. Such compromises are a necessary reality.

This brings us to our primary motivating questions.

e Question 1: How much can such a compromise change our problem and its descriptive
features?

e Question 2: How much effect can multiple compromises have in conjunction? Can
we guarantee that a sequence of small changes will not have drastic effects on the
problem to be solved?
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1.1 Overview of our approach.

In this paper, we provide a comprehensive framework with which to answer such questions.
While many frameworks exist to answer Question 1, these methods are concerned with
quantifying changes to one or two aspects of a problem at a time, limiting their ability
to answer Question 2. In real world problems, multiple simultaneous corruptions and
substitutions are unavoidable. Our framework is broad enough to handle simultaneous
changes to many aspects of a problem. To begin, we give a precise definition of “supervised
learning problem” and define a notion of distance, dubbed the Risk distance and denoted
dr, by which to compare pairs of problems. This gives rise to the (pseudo)metric space of
supervised learning problems. The Risk distance lets us make geometric sense of Questions 1
and 2; we can measure how much a compromise affects a problem by seeing how far the
problem moves under the Risk distance.

To actually define the Risk distance dr, we draw on the wisdom of metric geometry. In
1975, Edwards constructed a metric on the set of isomorphism classes of compact metric
spaces which came to be known as the Gromov-Hausdorff distance (Edwards, 1975; Gromov,
1981). Similarly, the Gromov-Wasserstein distance, introduced by Mémoli (2007, 2011),
provides an optimal-transport-based metric on the collection of isomorphism classes of metric
spaces equipped with probability measures. The Gromov-Hausdorff and Gromov-Wasserstein
distances have become integral to the theory of metric geometry by facilitating a geometric
understanding of spaces in which the points themselves are spaces.

Inspired by this tradition, we craft the Risk distance in the image of the Gromov-
Wasserstein distance. This sets up the following analogy between supervised learning and
metric geometry.

Supervised Learning Metric Geometry
Problem «—— Metric measure space
Loss function «— Metric

Risk distance «— Gromov-Wasserstein distance

1.2 Previous approaches.

Question 1 has previously been explored for various specific kinds of changes to a problem. In
our work, a supervised learning problem (or just problem, for short), is modeled as a 5-tuple
P = (X,Y,n,¢,H) where X and Y are the input space and response space respectively, n is
the joint law: a probability measure on X x Y, £ is the loss function and H is the predictor
set: a collection of functions h: X — Y.

e Joint law 7. A common assumption in machine learning is that the data is drawn
according to an unknown underlying probability measure. Concepts such as noise and
bias in data collection or data shift phenomena such as covariate shift, label shift, or
concept drift (Huyen, 2022, Ch 8), can be described as changes to this underlying
measure. The effects of various kinds of noise (Zhu and Wu, 2004; Natarajan et al.,
2013; Menon et al., 2015, 2018; Rooyen and Williamson, 2018; Iacovissi et al., 2023)
and data shifts (Shimodaira, 2000) on supervised learning problems is a longstanding
area of research. A geometric framework for understanding changes in probability
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measures exists as well; information geometry seeks to understand spaces of probability
measures from the viewpoint of Riemannian geometry (Amari, 2016; Ay et al., 2017).

e Loss function /. A theoretically attractive loss may have poor optimization properties,
prompting one to replace it with a so-called surrogate loss. Alternatively, an attractive
loss could be expensive to exactly compute, making it a candidate for approximation,
like replacing a Wasserstein-based loss with a Sinkhorn-based loss in probability
estimation (Cuturi, 2013). Replacing the loss represents a tradeoff between theoretical
properties and computational efficiency, and the quantitative details of this tradeoff
have been explored in many contexts (Lin, 2004; Zhang, 2004; Bartlett et al., 2006;
Steinwart, 2007; Awasthi et al., 2022; Mao et al., 2023).

e Predictor set H. Universal approximation theorems, popular in deep learning,
establish that certain classes of models can approximate large classes of predictors
arbitrarily well (Pinkus, 1999). These can be seen as theorems which compare large,
intractable predictor sets to those that can be produced by a given model, aiming to
show that there is effectively no difference between selecting a predictor from either set.
Approximation theory more broadly is similarly concerned with the approximation
power of function classes or transforms (Trefethen, 2019).

e Input and response spaces X and Y. Modifications of the input and response
spaces are implicit in many of the modifications listed above. Additionally, the process
of feature engineering (Huyen, 2022, Ch 5), for which there is little established theory,
can be seen as a modification of the input space. Examples of output space modification
include the common relaxation of classification to class probability estimation or, less
common, the discretization of the response space into a finite set of labels (Langford
and Zadrozny, 2005) which served as a motivation for the exact results by Reid and
Williamson (2011).

e Combinations. Our notion of a learning problem comprises five separate components.
There are some existing results that explore how changes to some components affect
the others. Some of this work goes under the name of “Machine Learning Reductions’
(Langford, 2009). There are results on how changes to the distribution of examples
n (due to “noise”) has the effect of changing the loss function ¢ (with label noise)
(Rooyen and Williamson, 2018) or the model class H (with attribute noise) (Bishop,
1995; Dhifallah and Lu, 2021; Rothfuss et al., 2019; Smilkov et al., 2017; Williamson
and Cranko, 2024).

)

There is precedent for geometric frameworks regarding statistical learning. We have
mentioned the rise of information geometry as a way to understand statistical manifolds.
Also, much as we aim to do with supervised learning problems, Le Cam developed a notion of
distance (Le Cam, 1964; Mariucci, 2016) between the “statistical experiments” of Blackwell
(Blackwell, 1951). A modified discrepancy incorporating a loss function was introduced
by Torgersen (1991, Complement 37). We will discuss the relationship between supervised
learning problems and statistical experiments in Section 3.2.

While much research has sought to quantify and control the effects of various specific
corruptions on supervised learning problems, no framework so far has been comprehensive
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dr (P, P') B
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Figure 1: A simple depiction of how a sequence of changes can push a particular problem
through the space of problems. An idealized problem P is modified by a sequence
of four changes, each change moving the problem some distance in the space of
problems. Once the sequence of corruptions has been applied, we call the resulting
problem P’. The original and corrupted problems are connected by a dashed line
representing the risk distance between them.

enough to consider changes to all aspects of a problem. That is, while many have given
answers to Question 1, to the best of our knowledge no attempt has been made at a unified
answer to Question 2.

1.3 Our contributions.

We provide a geometric framework with which to answer both Questions 1 and 2 in the form
of the Risk distance.

Our primary tool for answering Question 1 with the Risk distance is the central topic
of Section 4: stability results. A stability result is an upper bound on how much a certain
change to a problem can move that problem under the Risk distance. That is, if we apply a
certain change to a problem P to obtain a new problem P’, such as a change to the loss
function, the data collection process, or the set of potential predictors, a stability result is
an upper bound on dg(P, P’). Such a result acts as a quantitative guarantee that a small
change to some aspect of the problem will not drastically change the problem as a whole.

Comparing problems via a metric also presents advantages over more general kinds
of dissimilarity scores: the triangle inequality lets one string together upper bounds on
distances. To wit, let 2y be a point in a metric space (X, dx). Suppose we create a sequence
of points xg, x1, ..., 2, by pushing each point z;_; a distance of at most € to get the next
point z; in the sequence. Then the triangle inequality assures us that
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Figure 2: The space P of all supervised learning problems and a descriptor. A descriptor
is modeled as a map s : P — S whose codomain is some metric space (S,ds).
A descriptor s is regarded as stable if there is some constant C' > 0 such that
Cdr(P,P) = ds(s(P),s(P")) for all P, P’ € P. The figure also depicts the case
when S is the set Ry of non-negative reals and s(P) is the constrained Bayes risk
B(P) of P. In that case, one of our stability results (Theorem 37) establishes that
dr (P, P') = |B(P) — B(P')| for all P, P’ € P.

In other words, in a metric space, a short sequence of small pushes cannot add up to a
drastic change. In the context of the Risk distance, this feature lets us handle multiple
simultaneous changes to a problem by applying the triangle inequality and stringing together
stability results. This gives an answer to Question 2. See Figure 1 for an illustration. By
design, the Risk distance will be a pseudometric (that is, a metric for which distinct points
can be distance zero apart), but the above virtues of metric spaces apply to pseudometric
spaces as well.

Along with stability of the Risk distance under various problem modifications, Section 4
will also demonstrate stability of certain descriptors of learning problems with respect to the
Risk distance. In particular, we prove in Section 4.1 that a descriptor of a problem called its
constrained Bayes risk is stable under the Risk distance. In other words, if the Risk distance
between two problems P and P’ is less than e, then the optimal expected loss across all
predictors for P is within € of that of P’; see Figure 2 for an illustration. We obtain this
stability result by first proving stability under the Risk distance of a stronger descriptor,
called the loss profile set of a problem, which describes the possible distributions of losses
incurred by a random observation. We also demonstrate stability under the Risk distance
of a descriptor from statistical learning theory known as the Rademacher complexity for
arbitrarily large sample sizes.

In addition to facilitating stability results, the Risk distance gives us a notion of conver-
gence for supervised learning problems. Just as it is fruitful to discuss the convergence of
sequences of functions, random variables, or probability distributions, so too can it be useful
to discuss the convergence of a sequence of problems. In Section 5.4, we will demonstrate an
analog of the Glivenko—Cantelli theorem by proving that the “empirical problem,” a problem
constructed using a finite random sample of observations instead of the true distribution
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from which it is sampled, converges to the “true problem” under the Risk distance with
probability 1.

Lastly, the Risk distance lets us consider the geometry of the space of problems and
consequences thereof. In Sections 5.1 and 5.2, we connect the geometric concept of a geodesic
between two problems with the probabilistic notion of couplings of distributions associated
with those problems. This connection lets us write down some explicit geodesics in the space
of problems. In Section 5.3, we show that classification problems, meaning those problems
with a finite output space, are dense in a larger space of problems under the Risk distance.
This density result proves useful when establishing the convergence of empirical problems.

In the final two sections, we also study two variants of the Risk distance. In Section 6,
we define a parameterized family of distances, each called the LP-Risk distance for p € [1, o0].
The LP-Risk distance incorporates weights in the form of a specified probability measure on
the set of possible predictors. The use of this additional data results in improved stability
when compared to the Risk distance. In Section 7, we also define a stronger version of the
Risk distance, called the Connected Risk distance, which is designed to be more sensitive
to changes in the risk landscape of a problem. In particular, we show that a topological
summary of the problem called its Reeb graph is stable under the Connected Risk distance.

1.4 Outlook

We regard the Risk distance as a tool to produce theoretical guarantees. To prove that
problems are stable under a certain kind of change with respect to the Risk distance, or that
certain descriptors are stable under the Risk distance, we need only bound the Risk distance
above or below. The utility of the Risk distance lies not in explicit algorithms and associated
computations, but in the theoretical landscape that it facilitates. The current landscape of
machine learning is rapidly expanding, particularly in the space of problem formulations.
Given the staggering growth of machine learning research (e.g., 27,000 submissions to
NeurIPS 2025 (NeurIPS, 2025)), there is clear value in providing a conceptual framework
to help organize and interpret this proliferation of methods. This paper takes an initial
step toward an organizing ‘map’ of this space—namely, we endow the class of supervised
learning problems with a metric that induces a geometric organization, so existing and
emerging methods can be situated and compared within a common landscape. While this
paper focuses on supervised learning, many generative models, such as GANs, are implicitly
tied to supervised learning problems via divergence measures—e.g., f-divergences—which
are in one-to-one correspondence with certain supervised objectives (Nowozin et al., 2016;
Williamson and Cranko, 2024).

1.5 Other previous work.

Kleinberg’s seminal paper (Kleinberg, 2002) initiated a thread of research into the formal
study of clustering problems (Carlsson and Mémoli, 2010; Carlsson and Mémoli, 2013;
Ackerman, 2012; Cohen-Addad et al., 2018). In a spirit similar to this thread, the present
paper aims to formally examine supervised learning problems.

The Risk distance introduced in this paper participates in a growing thread of research
into optimal-transport-based distances, a thread which begins with the metrics discussed in
Section 2.3 and runs through more recent variants including optimal transport distances
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for graph-based data (Chowdhury and Mémoli, 2019; Chen et al., 2022), matrices (Peyré
et al., 2016), partitioned data sets (Chowdhury et al., 2021), labeled data sets (Alvarez-Melis
and Fusi, 2020), optimal transport of both data and features jointly (Vayer et al., 2020b),
or of data with quite general structures (Vayer et al., 2020a; Patterson, 2020), as well as
approximations (Scetbon et al., 2022; Sejourne et al., 2021; Vincent-Cuaz et al., 2021) and
regularizations (Peyré et al., 2016) thereof.

1.6 Statement of contribution

The genesis of this project dates back to 2010-2011 when F.M. visited R.W. at NICTA
(Canberra, Australia). The formulation of the results, finding the proofs, and the vast
majority of the writing of the paper was done by F.M. and B.V. R.W. contributed the initial
formulation of the question to be addressed, provided some context from the ML literature,
and reviewed and slightly revised the final document.
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2. Background

We begin with some necessary concepts and notation from measure theory, metric geometry,
and optimal transport. We refer the reader to the standard reference of Villani (2003) for
more on measure-theoretic and optimal transport concepts, and that of Burago, Burago,
and Ivanov (2001) for metric geometry concepts.
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2.1 Preliminary Notation

We use 7; to represent a projection map Xi x X9 x - - - x X,, — X, onto the ith component of
a product. More generally, m;,  ;, X1 x---x X, = X;, x---x X, represents the projection
onto coordinates i1, ..., ix.

When integrating a measurable function f against a measure p, we will favor the notation

f f(z,y) p(dz x dy)
XxY

if f is a function of two variables, and similarly for more variables. We often suppress the
domain of integration under the integral symbol since it is implicit in the measure u. Rarely,
when many variables are necessary and horizontal space is at a premium, we may instead
use the notation

ff(x, y) du(z,y).

Given a measurable space (Z,3z), we let Prob(Z) denote the space of probability
measures on (Z,%y). For any z € Z, we let ¢, € Prob(Z) denote the Dirac probability
measure at z defined, for A € ¥z, as 0,(A) = 1 whenever z € A and as 0 otherwise. Given a
probability measure o € Prob(R), we let mean(«a) := {5 t a(dt) denote its mean whenever it
exists.

2.2 Pushforward Measures, Correspondences, and Couplings

We recall some basic ideas from measure theory and establish notation. Given a measure
space (X,Yx,u), a measurable space (Y,Xy), and a measurable map f : X — Y, the
pushforward of p through f is the measure on (Y, Xy) defined by

San(A) == pu(f~1(A4))

for all A € ¥y. If y4 is a probability measure, f;u will be a probability measure as well. Hence
f4 is a function Prob(X) — Prob(Y’). A pushforward has a probabilistic interpretation: if X
is a random variable in a measurable space X with law p, and f : X — Y is measurable,
then the random variable f(X) has law fypu.

Given two sets X and Y, a subset R € X x Y is called a correspondence if

e for all x € X there is some y € Y with (x,y) € R, and

e for all y € Y there is some z € X with (z,y) € R.

We use C(X,Y) to denote the set of all correspondences between X and Y.

A coupling between two probability measure spaces (X, Y x, ux) and (Y, Xy, uy) is a
probability measure on X x Y with marginals ux and py. That is, a probability measure
v on X x Y is a coupling if the pushforward measures satisfy (m1)sy = px, (m2)sy = py-
We use I(ux, puy) to denote the set of all such measures. Couplings can be seen as a
probabilistic counterpart to correspondences.

The following are standard methods for constructing correspondences between two sets
X and Y.
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The entire product X x Y is always a correspondence. In particular, this shows that
C(X,Y) cannot be empty.

e If X =Y, one can construct the diagonal correspondence {(z,x)|z € X}.

If Y = {e} is the one point set, then there is a unique correspondence X x {e}.

The graph of any surjection f : X — Y is a correspondence between X and Y.

Analogous constructions exist for couplings as well. Let (X, ux) and (Y, uy) be proba-
bility spaces.

e The product measure px ® py is always a coupling, sometimes called the independent
coupling. This shows that II(ux, gy) cannot be empty.

e Suppose (X, ux) = (Y,uy). If Ax : X — X x X denotes the diagonal map Ax(x) =
(x, ), then the diagonal coupling is the pushforward measure (Ax)sx.

o If Y = {e} is the one point set, then forcibly puy = d. and there is a unique coupling
1x & de in this case.

e Suppose f: X — Y is a measure-preserving map, meaning fyuyx = py. Let ip : X —
X x Y be the map sending X to the graph of f, meaning is(x) := (z, f(x)). Then the
pushforward (if)spx is a coupling between px and py.

When we discuss Markov kernels in Section 2.5, we will mention one more method for
generating couplings by combining a probability measure o € Prob(X) and a Markov Kernel
B : X — Prob(Y) using reverse disintegration.

We will make use of the following standard coupling result, which can be found in any
standard optimal transport text, such as that of Villani (2003, Lemma 7.6). Note that a
topological space is called Polish if it is separable and metrizable by a complete metric.
Most familiar spaces are Polish, including R™ and open subsets thereof, manifolds with or
without boundary, and finite discrete spaces. A Borel measurable space arising from a Polish
topological space is called Polish as well.

Proposition 1 (The Gluing Lemma) Let py, po and ps be probability measures on Pol-
ish spaces X1, Xo, and X3 respectively. Let v12 € II(p1, p2) and 2,3 € I(p2, p3). Then
there exists a probability measure v1.23 on X1 x X9 x X3 with marginals 12 on X1 x Xo
and y2.3 on Xo x X3.

We call such a 7123 a gluing of 1 2 and v2 3. An analog of the gluing lemma for correspon-
dences (see Burago et al., 2001, Exercise 7.3.26) instead of couplings is included below in
order to highlight the parallels between couplings and correspondences.

Proposition 2 (The Gluing Lemma for Correspondences) Let A;, Ay and As be
sets, and let Ry 9 € C(A1,Az) and Ry3 € C(Ag, A3). Then there exists a subset Ri23 <
A1 x Ag x Az which projects to R12 on Ay x Az and Ra3 on Ay x As.

10
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We call such an R 23 a gluing of Ry and Ra 3.
Proof Selecting Ri23 = {(x,y,2) € A1 xAyxAs|(z,y) € Ri 2, (y, z) € R 3} provides one
such subset. [ ]

While some measurable spaces can be quite poorly behaved (for instance, those that fail
to exhibit a gluing lemma), the measurable spaces in this paper will all arise from relatively
well-behaved topological spaces.

Assumption 3 We assume that any measurable space that appears will arise from a Polish
topological space by equipping it with the Borel o-algebra. Therefore, when convenient, we
will suppress the o-algebra in our notation for measurable spaces. That is, instead of writing
a measurable space as a pair (X, X x) with X a Polish space and ¥Xx its Borel o-algebra, we
will simply write X with the understanding that the Borel o-algebra is being used. We will
similarly write measure spaces (X, X x, 1) as pairs (X, p).

Bearing Assumption 3 in mind, we define the support of the measure p as the closed set

supp|p] :={z € X |pu(U) >0V U open s.t.z € U}.

2.3 Metric Geometry and Optimal Transport

Here we present four metrics from the field of metric geometry. The following diagram
(inspired by Mémoli, 2011, Fig. 2) illustrates the relationships between the four metrics.

Remove Hausdorff Introduce
ambliW whty measure
Gromov-Hausdorff Wasserstein

Intro dN Remove

probability measure . ambient space
Gromov-Wasserstein

We do not explicitly use the Gromov-Hausdorff or Gromov-Wasserstein distances in this
paper. However, these distances provide context by illustrating common threads that run
through all four metrics and is shared by the Risk distance. In all four of the metrics,
objects are compared by optimally “aligning” the two objects, whether via correspondences
or couplings, and numerically scoring the distortion incurred by an optimal alignment. The
Risk distance (Definition 26) follows this same template. To emphasize the continuation of
this thread, we will take a moment to compare the Risk distance to the Gromov-Wasserstein
distance in Section 3.5.

Note that we will often suppress the underlying metric in our notation, writing a metric
space (X,dx) as simply X.

2.3.1 HAUSDORFF DISTANCE

The first metric is the Hausdorff distance. Introduced by Hausdorff (1914), it provides a
notion of distance between compact subsets of a fixed metric space. Given two compact

11
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subsets X,Y of a metric space (Z,dz), the Hausdorff distance between them is typically
defined to be

d4(X,Y) := max {sup inf dz(z,y),sup in)f( dz(x,y)} :

zeX YEY yey T€

To emphasize the commonalities among the four metrics of this section, we will use an
alternative equivalent definition provided by Mémoli (2011, Prop. 2.1) in terms of corre-
spondences.

Proposition 4 Given two compact subsets X andY of a metric space (Z,dz), the Hausdorff
distance between X and 'Y 1is equal to

d4(X,Y) = inf sup dz(z,y).
H( ) ReC(X\Y) (z,y)eR Z( )

2.3.2 GROMOV-HAUSDORFF DISTANCE

The second metric of this section is the Gromov-Hausdorff distance, an extension of the
Hausdorff distance that removes the need for a common ambient metric space. While the
Hausdorff distance compares compact subsets of a common metric space Z, the Gromov-
Hausdorff distance compares pairs of compact metric spaces.

Definition 5 Given two compact metric spaces (X,dx) and (Y,dy), the Gromov-Hausdorff
distance between them is given by

1
dea(X,Y):= inf sup

REC(X,Y) (z.4) (' /)R 2 |dx (z, ') — dy (y,)]-

The function dgy was first discovered by Edwards (1975, Def. I11.3) and later rediscovered
by its namesake Gromov (1981), both with alternative (but equivalent) definitions different
from the one given in Definition 5. The formulation above in terms of correspondences is
due to Kalton and Ostrovskii (1997). This formula does indeed define a metric on the set of
compact metric spaces up to isometry, meaning that dgy(X,Y) = 0 if and only if X and YV
are isometric (Burago et al., 2001, Thm. 7.3.30).

2.3.3 WASSERSTEIN DISTANCE

The third metric of this section is the Wasserstein distance.

Definition 6 (Kantorovich, 1942) Let p € [1,0). Given two probability measures j, v
on a metric space (Z,dz), the p-Wasserstein distance between u and v is

1/p
d%, (p,v):= inf f d%(z,y) y(dz x dy) .
P Yell(pv) \Jx x X

Notice that to construct the Wasserstein distance, we can begin with the Hausdorff
metric and replace the correspondences with their probabilistic counterparts: couplings. We
then replace the supremum with an LP-style integral, and our job is done. Moving forward,

12
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since we primarily make use of the 1-Wasserstein distance, we will refer to dw ; simply as
the Wasserstein distance.

The Wasserstein distance is also called the earth mover’s distance due to the following
interpretation. Suppose (X, dx) represents the ground of a garden equipped with the 2-d
Euclidean metric, and p describes the distribution of a pile of soil on X. Suppose that v
is a desired distribution of soil. Then a coupling « € II(u, v) represents a plan for moving
the soil from distribution p to distribution v, and d\),(wl(u, v) is the amount of work that an
optimal plan will require. Indeed, the Wasserstein metric seems to have first appeared in the
work of Soviet mathematician and economist L. V. Kantorovich, who was studying optimal
transportation of resources. For an English translation of Kantorovich’s 1942 paper, see
Kantorovich (2006), and for a historical survey of this often-rediscovered metric, see Vershik
(2006).

2.3.4 GROMOV-WASSERSTEIN DISTANCE

The fourth metric of this section is the Gromov-Wasserstein distance. Just as the Gromov-
Hausdorff metric is an ambient-space-free variant of the Hausdorff distance, the Gromov-
Wasserstein distance is an ambient-space-free variant of the Wasserstein distance. It can be
used to compare probability measures regardless of the underlying metric space.

Definition 7 A metric measure space is a triple (X,dx, px) such that (X,dx) is a metric
space, and px is a Borel probability measure on X with full support.

For more on metric measure spaces, we direct the reader to Mikhael Gromov’s foundational
book (Gromov, 2007, Chapter 3%)

Definition 8 (Mémoli (2007, 2011)) Let p € [1,00). The p-Gromov-Wasserstein dis-
tance between two metric measure spaces (X,dx,pux) and (Y, dy, uy) is given by

1 1/p
dawp(X,Y) := inf = (J ‘dX(x,:c’) —dy (y, y’)‘p’y(da: x dy)y(dx' x dy’)) )
Yell(pxiy) 2 \JxxyxXxxv

As with the Wasserstein distance, we will typically take p = 1 and refer to dgw,1 simply as
the Gromov-Wasserstein distance.

While preceded by Gromov’s box distance and observable distance (Gromov, 1981,
Ch. 31), the first to formulate a “Wasserstein-type” adaptation of the Gromov-Hausdorff
distance to the setting of metric measure spaces was Sturm (2006). The definition above
was introduced and developed by Mémoli (2007, 2011) in order to apply methods from
optimal transport to the computational problem of data comparison and matching. Sturm
(2023) extensively explored the geometry of the resulting “space of spaces”. The Gromov-
Wasserstein distance has spawned variants in many domains (some of which are referenced in
Section 1) and applications to various problems in Machine Learning and Data Science such
as unsupervised natural language translation (Alvarez-Melis and Jaakkola, 2018), imitation
learning (Fickinger et al., 2022), generative modeling (Bunne et al., 2019), and to the study
of Graph Neural Networks in the form of the Weisfeiler-Lehman distance and a corresponding
version of the Gromov-Wasserstein distance for comparing labelled Markov processes (Chen
et al., 2022). See also Peyré et al. (2019); Vayer et al. (2020a, 2019); Peyré et al. (2016);
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Scetbon et al. (2022); Chowdhury and Needham (2020); Sejourne et al. (2021); Delon et al.
(2022); Beier et al. (2022); Le et al. (2022); Dumont et al. (2024); Arya et al. (2024) for
other work related to the Gromov-Wasserstein distance.

2.4 Total Variation Distance

There is one additional metric that we will use. The simplest method of comparing two
probability measures on a common measurable space is the total variation distance. See
Levin et al. (2017, Sec 4.1) for an introduction.

Definition 9 Let p,v be probability measures on the measurable space (2,S). The total
variation distance between p and v is given by

dry(u,v) := sup |u(B) —v(B)|.

It is not actually necessary to take an absolute value in the definition of drv, since the
value |u(B) — v(B)| is achieved by either pu(B) — v(B) or u(\B) — v(Q\B). Hence,

drv(,v) = sup (1(B) —v(B)).

Additionally, the total variation distance can be seen as the Wasserstein distance when
Q) is equipped with the discrete metric. In other words,

dry(pu,v) = inf Jlméy v(dxxdy) = inf y{(z,y)lx #y}.
yell(p,v) eIl (p,v)

Note that the above equalities only make sense if the diagonal A := {(z,x)|z € Q} is

measurable. This is true under Assumption 3; if 2 is a Polish space, then A is closed in

Q x Q.

2.5 Markov Kernels

Here we establish definitions and notation surrounding Markov kernels. See Klenke (2014,
Ch 14.2) for a comprehensive introduction.

Let (X,Xx) and (Y, Xy) be measurable spaces. A map M : X x ¥y — R is called a
Markov kernel if M (z,-) € Prob(Y') for all x € X, and M (-, A) is measurable for all A € Xy .
One often writes M(x)(A) instead of M(x,A) and thinks of M as a map X — Prob(Y).
One can use Markov kernels to represent functions where the output is random; given an
input z, the random output is described by the probability measure M (z). Markov kernels
also go by the name “communication channel” in information theory since they can be used
to model a channel in which random noise affects the output. We will use Markov kernels to
model noise in Sections 4.4 and 6.5.

There are several standard methods for constructing Markov kernels. A probability
measure can be seen as a simple Markov kernel. Given p € Prob(X), we can construct a
Markov kernel from a singleton {e} — Prob(X) mapping e — p. Measurable functions can
be seen as Markov kernels as well. Given a measurable f : X — Y, we can construct the
deterministic Markov kernel induced by f, denoted é¢, by setting d7(x) to be the point mass

Of(z)-

14
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We can construct more interesting Markov kernels by the process of disintegration. Let
p € Prob(X x Y) with X-marginal a. Given that X and Y are Polish spaces, there exists a
Markov kernel 5 : X — Prob(Y') satisfying

p(Ax B) = [ 5la)(B)ads). (1)

This characterizes 5 up to an a-null set. We call such a § the disintegration of u along X.
The existence of such a (3 is shown in, for instance, (Bogachev, 2007, Theorem 10.4.8).

Disintegration can be seen as a measure-theoretic formulation of conditional probability.
Indeed, if X and Y are random variables in X and Y respectively with joint law pu, then
the disintegration 5 of p along X gives the conditional law of Y with respect to X. That is,
B(x)(B) =P(Y € B|X = z) for all x € X and measurable subsets B € Y.

One can also reverse the disintegration process. Just as a joint law of (X,Y) can be
recovered from the law of X and the conditional law of Y on X, so too can we recover a
coupling in a similar manner. Indeed, Equation (1) shows that the coupling p can also be
recovered from 8 and «. This is another common method for producing couplings; one
selects a probability measure o € Prob(X) and a Markov kernel § : X — Prob(Y') and
defines p as in Equation (1).

Given two Markov kernels M : X — Prob(Y) and N : Y — Prob(Z), their Markov
kernel composition M - N : X — Prob(Z) is given by

M- N()(C) = L N()(C) M () (dy)

for all measurable C < Z. Given Markov kernels M : X — Prob(Y') and N : W — Prob(Z2),
the independent product of Markov kernels M @ N : X x W — Prob(Y x Z) is given by

M ® N(z,w) := M(z) ® N(w)

where the ® on the right hand side denotes the product of measures.

2.6 Empirical Measures and Glivenko—Cantelli Classes

If a data set is sampled from an underlying probability measure pu, the sample itself can be
modeled as a random measure called an empirical measure.

Definition 10 Given a probability space (Z,u), the nth empirical measure of p is the
random measure given by
1 n
== 0z
lu"n n Z_Zl Z’L

where Z1,...,Zy, 1 an i.i.d. sample with law w.

A practitioner, having access only to a random sample and not the true underlying law
u from which it is drawn, can nevertheless approximate p with w,. One hopes that for
large n, py, is similar enough to p for practical purposes. For instance, one would hope that
integrating against p and p, yield similar results when n is large. One formalization of this
hope taken from statistical learning theory is the notion of a Glivenko-Cantelli class.
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Definition 11 Let (X, ) be a probability space, and let F be a collection of integrable
functions X — R. Let p, denote the empirical measure of p. We say that F is a Glivenko-
Cantelli class with respect to u if

sup\J‘f<x>u<dx>——J“f<x>un<dx> s,

feF

We say that F is a Universal Glivenko-Cantelli class if it is a Glivenko-Cantelli class
with respect to every pu € Prob(X).

See Van Der Vaart and Wellner (1996) for an overview of Glivenko-Cantelli classes and their
relationships to other conditions in the theory of empirical processes.

We will employ Glivenko-Cantelli classes in our analysis of the convergence of empir-
ical problems (Section 5.4), and universal Glivenko-Cantelli classes in our discussion of
Rademacher complexity (Section 4.2).

The Glivenko-Cantelli condition may be illuminated by the following sufficient condition
taken from the theory of empirical processes involving the popular Vapnik-Chervonenkis
(VC) dimension. Given a family of subsets A of some set Z, the VC dimension of A is a
number which measures the “flexibility” of the family A. Briefly, the VC dimension of A is
the cardinality of the largest finite set B < Z such that {A n B|A € A} = Pow(B), where
Pow denotes the power set. If there is no largest such n, we say that A has infinite VC
dimension. For an introduction to VC dimension and its place in the theory of statistical
learning, see Devroye et al. (1996, Ch 12).

Definition 12 Let f: X — R be any function. The subgraph of f is given by
se(f) = {(@, Bt < f(2)} € X x R.

Proposition 13 Let F be a collection of measurable functions X — R that is uniformly
bounded below and above. Suppose F is endowed with a Polish topology, and subsequently
the Borel o-algebra, such that the map (f,x) — f(z) is jointly measurable in f and x. If
the collection of subgraphs {sg(f)|f € F} has finite VC dimension, then F is a universal
Glivenko-Cantelli class.

Proposition 13 follows from standard results in the theory of empirical processes which
can be found in, for instance, the reference by Van Der Vaart and Wellner (1996). Specifically,
we use a combination of Theorems 2.6.7 and 2.4.3 along with Example 2.3.5 from that
source.

3. The Risk Distance

In this section, we introduce the points (problems) and distance function (the Risk distance)
which will together define our pseudometric space of supervised learning problems.

3.1 Problems

Before we proceed, we must solidify the informal notion of “supervised learning problem”
into a formal definition. Supervised learning problems come in many forms, including
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regression, classification, and ranking problems. We would like a definition that is general
enough to encompass all of these examples. In all of these problem types, the goal is to
examine the relationship between a random variable in an input space X and another in an
response space Y. One then aims to select an appropriate function h : X — Y that predicts
the output value given an input. The effectiveness of h is measured using a chosen loss
function. (As an aside, even “unsupervised” problems, such as generating samples from a
distribution, can have a supervised problem “under-the-hood”; for example, f-GANS rely
upon judging suitability of a distribution by use of the f-divergence (Nock et al., 2017),
which is intimately related to a Bayes risk (Reid and Williamson, 2011)).

Definition 14 A supervised learning problem, or simply problem, is a 5-tuple
P = (X’ Y? /’7’ €7 H)
where

e X and Y are Polish topological spaces called the input space and response space
respectively,’

e 1 is a Borel probability measure on X x Y called the joint law,
e [ is a measurable function Y x Y — Rxq called the loss function,

e and H is a family of measurable functions X — Y, called the predictors.?

We require each h € H to exhibit finite expected loss, meaning

J ((h(z),y) n(dxxdy) < .
XxY

Notice that our definition does not explicitly mention the random variables in the input and
output spaces. Only the most crucial information about the variables, the joint law 1 that
couples them, is recorded. This strengthens the analogy with metric geometry; a supervised
learning problem is analogous to a metric measure space, where the metric corresponds to
the loss function and the measure corresponds to the joint law.

The “expected loss” mentioned in Definition 14 is more commonly known as the risk of
a predictor.

1. The Polish condition is put in place to avoid pathologies. In all of the examples we have in mind, X and
Y are either open, closed, or convex subsets of R", or else discrete sets. Such spaces are Polish. This
should also help assuage the reader with set-theoretic concerns. We will speak freely of the “collection of
all problems”. While this collection is technically too large to be a set, restricting ourselves to the above
examples resolves this issue.

2. For greater generality, one could alternatively define a supervised learning problem such that the predictors
h € H are functions into some decision space D which is not necessarily the same as Y. That is, one
could define a problem to be a 6-tuple (X,Y,n, ¢, H, D), where H is a collection of functions h : X — D
and / is a function £ : D x Y — Rs¢. Definition 14 would then cover the special case D = Y. The
more general definition would, for instance, encompass class probability estimation problems by taking
D = Prob(Y). Many of the results in this paper would generalize to this more general setting. We leave
this investigation to future work.
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Definition 15 Given a problem P = (X,Y,n,l, H), the risk of a predictor h € H is defined
to be

f@ n(dx x dy).

The constrained Bayes risk of P is defined to be
B(P) := }iLng{Rp = 1nf JK n(dz x dy).

The risk of a predictor is its expected loss on a randomly selected observation. If we
measure the performance of a predictor by its risk, then the constrained Bayes risk of a
problem represents the optimal possible performance when selecting a predictor from H. The
constrained Bayes risk is so called by Williamson and Cranko (2024) since it is a modification
of the classical notion of the Bayes risk of a predictor. Note that if the predictor set for a
problem P is the set Hx y of all measurable functions f : X — Y, then B(P) agrees with
the classical Bayes risk, which we will henceforth denote as

* o
B*(P) : it Rp(h).

We emphasize that a problem does not include a method for choosing a predictor. We
think of a problem as something that a practitioner must solve by selecting, through some
algorithmic procedure, a function from the predictor set that performs well according to
some useful functional built on the loss function, such as the risk Rp : H — R>q. In this
regard, in Section 7 we consider a certain compressed representation of Rp : H — Rxg
which permits gaining insight into the complexity associated to this selection task.

Notation 16 To avoid tediously re-writing these 5-tuples, we establish some persistent no-
tation. We assume, unless otherwise stated, that a problem with the name P has components
(X,Y,n,¢, H), a problem named P" has components (X', Y', 0/, ¢', H'), and a problem named
P” has components (X", Y" 0" 0", H"). Similarly, for any integer i = 0, the problem P; has
components (X;, Y, ni, bi, H;).

Notation 17 Given any problem P = (X,Y,n, ¢, H), we use the shorthand ly for the
function £, : X xY — Rxq given by £y (z,y) := £(h(x),y).

Example 18 Consider the problem of predicting whether a college student will successfully
graduate given their high school GPA and ACT scores. We can model this problem as
follows. We represent each student with a point in R? x {0,1}, where the coordinates in
R? are determined by the student’s GPA and ACT score, and their graduation status is
represented with a O for failure and 1 for success. We think of students as being sampled
from an unknown probability measure n on R? x {0,1}. Our aim is then to select a predictor
R? — {0,1}. We might restrict ourselves to predictors with a linear decision boundary:

1 axy+bxe=c

hape(x1,22) = {

0 azi+bry<c
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We may also decide that all incorrect predictions carry the same penalty. Any incorrect guess
incurs a loss of 1, while a correct guess has loss 0.

We have now constructed a problem

P = (R27 {07 1}7?7? g? H)?

a,b,c e R}.
The risk of an arbitrary predictor hqy . is then

where U(y,y') = 1y, and H = {hqp.

R (hape) = f U elx),y) n(dexdy)

[ hasele)adoxdy) + [ (1= hapele) nidoxdy)
R2x {0} R2x {1}

=n({ze Rﬂhmb’c(x) =1} x{0}) +n({z e RQ{hmb,C(ac) =0} x {1}).

That is, the risk of hqp . s its misclassification probability. The constrained Bayes risk
B(P) is then the infimal misclassification probability across all predictors with linear decision
boundaries. Under additional normality conditions, the predictor achieving the risk B(P)
can be found with the Fisher linear discriminant (Fisher, 1936).

Example 19 Suppose we are faced with o linear regression problem. That is, we have a
random vector X in R™ and a random number Y in R and are tasked with finding an affine
linear functional R™ — R that most closely resembles their joint law. We can formalize this
problem as follows. We let n € Prob(R™ x R) be the unknown joint law. We may select the
squared difference £(y,y') := (y — y')? as our loss function. The resulting problem is then

P = (Rn,Rﬂ%& H)

where H is the collection of affine linear functions R™ — R.
The risk of an arbitrary predictor h(zx) = a”x + b is the mean squared error of h:

Re(h) = [ thta).y)nidoxdy) = [ (a4 b= ) nidoxdy).

The constrained Bayes risk B(P) is then the infimal mean squared error across all linear
functionals h € H.

Example 20 By making trivial choices for each component, one can define the one-point
problems to be

P, (C) = ({0}, {O}, (5(.7,), C, {Id.})

for any ¢ = 0. We will most often set ¢ = 0 and use the notation P, := P,(0). The
constrained Bayes risk B(Ps(c)) is easily seen to be ¢, since the loss function of P.(c) is
identically c.
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3.2 Comparison with Blackwell’s Statistical Experiments

Our definition of a supervised learning problem may seem superficially similar to the estab-
lished notion of a statistical experiment which is prevalent in mathematical statistics. Since
there already exist established quantitative methods for comparing statistical experiments
such as Le Cam’s deficiency distance (Le Cam, 1964; Mariucci, 2016), let us take a moment
to contrast statistical experiments and supervised learning problems. Originally defined by
Blackwell (Blackwell, 1951), a statistical experiment consists of

e a measurable space X,
e a set of probability measures {Py, 0 € O} indexed by some set O, and

e a distinguished 6 € ©, thought to be the “true” parameter, or the parameter “chosen
by nature”.

A practitioner is then tasked with estimating the true value of # and hence the underlying
probability measure.

Supervised learning can be placed into Blackwell’s framework (c.f. Williamson and
Cranko, 2024) by taking X to be the input space of the problem, taking © to be the response
space Y, and letting the map y — P, be the disintegration of the joint law 7 € Prob(X x Y)
along Y.> When predicting the label for a particular observation z, the “true” value g
represents the unknown true response, and we assume the observed input x was drawn from
the probability measure P,,. One’s goal, of course, is to then estimate yo using an observed
x € X. A process for doing so defines a predictor X — Y. Hence the superivised learning
problem is encoded as a statistical experiment £ := (X, {Pyly € Y}, yo).

In contrast, our supervised learning problems have three additional pieces of information:

(1) the Y-marginal of 7,
(2) a loss function ¢ on the response space Y, and
(3) an explicit family H of functions X — Y.

Indeed, using the Y-marginal of  and the disintegration y — P,, we can recover the joint
probability measure 1 € Prob(X x Y') via reverse-disintegration (see Section 2.5 for details).
Hence from the statistical experiment and the listed additional information, one can recover
all five components of the supervised learning problem (X,Y,n, ¢, H).

3.3 Motivating Properties

Our goal is to quantitatively compare problems by developing a notion of distance on the
collection of all problems. This notion will take the form of a pseudometric dg which we
will call the Risk distance. To design such a distance, we might begin by deciding on some
desirable properties. When we introduce dr, we will see that it is characterized as the largest
pseudometric satisfying these conditions.

The first property that one needs to decide when designing a pseudometric is what its
zero set should be. In other words one needs to postulate a notion of isomorphism that

3. In the context of classification, the measure Py is called the class-conditional distribution.
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we expect the notion of distance to be compatible with. We start by introducing one such
notion.

Definition 21 Two problems P and P’ are said to be strongly isomorphic if there exist
measurable bijections
fi: X' - X fo:Y Y

and a bijection between predictor sets
o:H — H
such that the following conditions are satisfied:

1. (f1 x fo)m' =,

2. For every h' € H', the diagram

X' xY'’

XQL/‘

fixf2 R

/w(h’)

XxY
commutes. That is, £}, = Lygn o (f1 % fa).

Here the notation f1 x fo denotes the product map: (f1 x f2)(2', ) := (f1(2'), f2(v/)). (We
choose the notation f; x fy over the alternative (fi, fo) because the former emphasizes that
each component of the output depends only on the corresponding component of the input.) In
other words, a strong isomorhism consists of bijections between the components of a problem
that preserve the structure of the problem, and in particular preserve the performance of
every predictor; if fi(2') =z, fo(y') = y and ¢(h') = h, then ¢, ,(2',y') = £n(x,y). Despite
being natural, the notion of strong isomorphism is rather rigid. For instance, Condition 2
requires that an equality involving the predictors and loss hold for every point in X’ x Y,
even those outside of the support of 7’. Such points could reasonably be considered irrelevant
to the supervised learning problem, since an observation will appear there with probability O.
In order to motivate a more flexible notion of isomorphism which characterizes the pairs of
problems that should be distance zero apart, we collect potential modifications to problems
that one might reasonably consider immaterial.

Example 22 Consider the linear regression problem P = (R™ R, n, ¢, H) from Example 19.
We chose H to be the set of all affine linear functionals R™ — R. As is often done, we could
alternatively formulate the linear regression problem as follows. We place our data in R™1
by setting the first coordinate of every observation to a constant 1. Instead of an affine linear
map, our task is now to select a (non-affine) linear map R"*1 — R. Formally, we construct
a problem

P = (R R, iyn, ¢, H')

where
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e i:R" — R" s given by i(z1,...,2,) := (1,21,...,2,), and
e H' is the set of all (non-affine) linear functionals R**1 — R.

The problems P and P’ represent two common formulations of linear regression, the latter
stated in terms of linear functionals, the former in terms of affine linear functionals. While P
and P’ are not strongly isomorphic, the formulations they represent are considered equivalent.
Whatever our notion of distance between problems, it is desirable that P and P’ be distance
zero apart in order to reflect this equivalence.

Example 23 Consider the problem
P := (R, {a,b},n, ¢, H),
where

e 1) is any probability measure on R x {a, b}.

e ( is the 0-1 loss (also called the discrete metric) on {a,b}. Namely, {(a,a) = £(b,b) =0
and £(a,b) = {(b,a) = 1.

e H consists of functions R — {a,b} with finitely many discontinuities.

This P represents a classification problem; a predictor h € H assigns to each input either the
label a or the label b. Now construct a second problem P’ by adding to P a third label, say,
c. We design the remaining components of P’ so as to make the labels b and ¢ functionally
identical. More precisely, we define

Pl = (R7 {a7 b? C}? /r]/7 6/? H/)
where

e 1 is any measure such that 1 is the pushforward of ' under the map {a,b,c} — {a, b}
sending a — a and b,c — b.

o ! extends £ by setting
'(b,c) = (c,b) = ¥'(c,c) =0
!(a,c) ={'(c,a) = 1.
That is, ¢' considers b and ¢ to be indistinguishable.

e H' consists of all functions R — {a, b, c} with finitely many discontinuities.

The problems P and P’ are both classification problems. By design, P’ is P with an
extraneous label. If we solve P by choosing a function h € H, the same h will provide a
solution to P' with identical performance. Conversely, if we solve P’ by selecting some
h' e H', we can produce an identically-performing solution for P by composing h' with the
map sending a — a and b,c — b. While P and P’ are not strongly isomorphic, they differ
only superficially, and a meaningful distance should set P and P’ to be distance zero apart.
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Examples 22 and 23 demonstrate that any of the five components of a problem can
change without modifying the problem’s essential nature. This motivates the following
definition which arises as a relaxation of Definition 21.

Definition 24 Given two problems P and P', we say that P’ is a simulation of P (or that
P’ simulates P), and denote it by P’ ~~~ P, if there exist measurable functions

fi: X' —-X fo:Y' —»Y
such that the following are satisfied.

1. (fi x f2a)gn' =m,

2. For every h € H, there ewists an h' € H' such that the diagram

X' xY’

x’h/‘

fixf2 R

i

X xY

commutes (that is, £}, = Ly o (fi1 x f2)) n'-almost everywhere. Similarly, for every
h' € H', there exists an h € H such that the above diagram commutes n'-almost
everywhere.

Note that if P and P’ are strongly isomorphic then P and P’ are simulations of each
other. It is, however, clear that the notion of simulation is weaker than strong isomorphism.
Indeed, the former does not require the maps f; and fs to be bijections, nor does it require
Condition 2 to be satisfied through a bijection between H and H’. Furthermore, Condition 2
encodes an additional, more subtle, relaxation of the second condition of strong isomorphism:
whereas the latter requires the diagram to commute everywhere on X’ x Y, the former only
requires this to take place r/-almost everywhere within X’ x Y”. In Example 22, the problem
P’ is a simulation of P via the projection map R"*! — R” that drops the first coordinate,
and the identity map on the output space R. Likewise, in Example 23, P’ is a simulation
of P via the identity map on the input space R and the map on the output space sending
a+— a and b,c— b.

The term “simulation” is meant to suggest that when a problem P’ is a simulation of
P, then P’ is, in a sense, richer than P. The terminology is inspired by similar concepts
appearing in the study of automata and Markov chains (Larsen and Skou, 1989; Milner,
1980, 1989).

Motivated by Examples 22 and 23, we posit that if P’ is a simulation of P, then it is
reasonable to consider P and P’ to be functionally identical. As these examples demonstrate,
if P’ simulates P, then P’ can be solved “in terms of P” using the maps f; and fo which
witness the simulation. That is, one could take an i.i.d. sample {(«,y;)}" ; drawn from n’
and apply the maps f; and f> to the z;’s and y;’s respectively to get a sample {(x;, yi)}I"
in X x Y. The pushforward condition in the definition of a simulation guarantees that
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the transformed sample will be an i.i.d. sample drawn from 7. One could then solve P by
using this data to select an appropriate predictor h € H, then solve P’ with a corresponding
R’ € H'. Point 2 in the simulation definition implies that ¢'(h'(z}),y.) = ¢(h(x;),y;). In
other words, we are guaranteed that h and A’ have identical performance on corresponding
observations. For instance, both problems have the same constrained Bayes risk. Indeed, if
P’ is a simulation of P via the maps f1 : X — X’ and fo : Y — Y/, then

B(P')

it [ o) o' xdy)

_ inf j h(fi(a'), Fo(y)) 1 (da’ x )

heH

= it [ 0) (i o)) (daxdy)
— it | tale.9) n(daxdy) = BP).

This sort of relationship between problems that allows one to solve one problem in terms of
another is reminiscent of John Langford’s “Machine Learning Reductions” research program
(Langford, 2009).

If P is a simulation of P, we would like our distance dg to consider them identical.

[ Condition 1: If P’ is a simulation of P, then dr(P, P') = 0. ]

Symmetrizing the simulation relationship produces a more general relationship which we
call weak isomorphism, modeled after weak isomorphism of networks, defined by Chowdhury
and Mémoli (2019); Chowdhury and Mémoli (2023).

Deﬁniti(ln 25 Define two problems P and P’ to be weakly isomorphic if there exists a third
problem P that is a simulation of both P and P’.

In other words, weak isomorphism between problems P and P’ arises from the existence of

a simultaneous simulation of both problems, as illustrated via the diagram?

p

SN

P P

It is clear that strong isomorphism implies weak isomorphism. As we will see below
(Theorem 27 and Proposition 30), under fairly general conditions, the Risk distance dg (P, P’)
will vanish if and only if P and P’ are weakly isomorphic.

4. Simulations, weak isomorphisms and their connections to the Risk distance suggest the existence of a
“category of problems” in which simulations are morphisms, weak isomorphisms are spans, and from which
the Risk distance can be derived. We leave the exploration of such a categorical perspective to future
work.
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The second desirable condition for dgr is simpler to state. Let P be a problem, and
suppose that P’ is a problem with all the same components, except possibly for the loss
function ¢'. If there exists o > 0 such that, for all h € H, we have

[ ety — b)) ntde = dy) < o
XxY

then we demand dg (P, P') < a.

Condition 2: If
P = (X’ Y? /’7’ g? H)

P =(X,Y,n, 0 H),

then

du(P.P) < sup | |e(h(o).9) ~ ¢ (o). ) (o x dy).
heH JX xY

3.4 The Risk Distance

The following is a pseudometric that satisfies Conditions 1 and 2.

Definition 26 Let P and P’ be problems. For any coupling v € II(n,n’) and correspondence
ReC(H, H'), define the risk distortion of v and R to be

disp pr(R,7) := sup f’ﬂ(h(ac),y) — (W (@), y)| y(dwxdyxdz'xdy").
(h,h)eR

The Risk distance between P and P’ is then given by

dr(P,P'):= inf dispp/(R,7).
vell(n,n')
ReC(H,H')

The risk distortion (and subsequently the Risk distance) is so named because of its
similarity to the risk of a predictor. If one believes that the most salient numerical descriptor
of a predictor is the loss that it incurs, then it is natural to describe a predictor by its loss
on an average observation. It is similarly natural to compare predictors by comparing their
respective losses for an average observation.

The idea behind the Risk distance is that we should consider two problems P and P’ to
be similar if we can find a correspondence between the predictor sets and a coupling between
the underlying spaces such that pairs of corresponding predictors incur similar losses on
corresponding observations.

Notably, the Risk distortion and Risk distance are not invariant to scaling and shifting of
the loss functions. While we often think of loss substitutions such as £(y,y") — al(y,y’) + b
for a,b e R, a > 0 as immaterial modifications in supervised learning, such changes do, in
some sense, affect the problem. For instance, such a substitution will change the Bayes risk of
the problem, so any notion of distance which controls the Bayes Risk (see Theorem 37 below)
cannot be invariant to such modifications. In order to use the Risk distance on specific
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problems, one must select loss functions which are meaningful in their specific context. For
instance, one may elect to “normalize” their loss functions by subtracting the Bayes risk
B(P) or the minimal possible loss min, ey €(y, ), or by scaling the loss to have meaningful
units such as bits or nats. Our formalism supports such decisions.

By design, the Risk distance is not a proper metric, since Condition 1 implies that
distinct problems could be distance zero apart. This is desirable behavior. Reformulating a
problem in an equivalent way as in Example 22 or adding extraneous labels as in Example 23
should not move a problem at all under the Risk distance since such modifications do not
meaningfully change the problem.

Theorem 27 The function dr is a pseudometric on the collection P of all problems. Fur-
thermore, dg (P, P") = 0 whenever P and P’ are weakly isomorphic.

That dg is pseudometric entails that dr vanishes on the diagonal, that is dg(P, P) =0
for all problems P, satisfies symmetry, that is dg (P, P') = dg(P’, P) for all problems P and
P’, and satisfies the triangle inequality: dg (P, P") < dr(P, P’')+ dr(P’, P") for all problems
P,P" and P".

That dg satisfies the triangle inequality is nontrivial to prove, and the proof is relegated
to Appendix A. Not only does dgr satisfy Conditions 1 and 2, it is characterized by them in
the sense that it is uniquely determined by these conditions.

Theorem 28 The Risk distance satisfies Conditions 1 and 2. That is,
1. If P" is a simulation of P, then dg(P, P") = 0.

2. For any problems P = (X,Y,n, ¢, H) and P' = (X,Y,n, ', H) which differ only in
their loss functions, we have

du(P.P) < sup | |e(h(o), ) ~ ¢ (o). 9) (o x dy).
heH JXxY

Furthermore, the Risk distance is the largest pseudometric simultaneously satisfying Condi-

tion 1 and Condition 2.

Note that the claim from Theorem 27 that dg(P, P’) = 0 whenever P and P’ are weakly
isomorphic can now be obtained from Theorem 28 as follows. By Definition 25, there exists
a problem P” which is is joint simulation of both P and P’. The claim can now be obtained
through the facts that dr satisfies both the triangle inequality and Condition 1 so that

dr(P,P') < dg(P, P") + dr(P', P") = 0.

The statement of Theorem 28 implicitly asserts uniqueness of the largest such pseudo-
metric. Indeed, if d; and dy were two different pseudometrics satisfying Conditions 1 and 2,
their pointwise maximum d’' := max(d;, d2) would also satisfy Conditions 1 and 2, would be
a pseudometric, but would be larger than dy and do.% The proof of this theorem can also be
found in Appendix A.

While Theorem 27 states that weakly isomorphic problems are distance zero apart, we can
say more; weak isomorphism is equivalent to the existence of a coupling and correspondence
between the problems with zero risk distortion.

5. This would follow from the assumption that there exist P, P’ € P such that di(P, P’) # d2(P, P').
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Proposition 29 Let P and P’ be problems. Then P =~ P’ if and only if there ewist a
correspondence R € C(H,H') and a coupling v € II(n,n’) such that

diSpJD/(R, ’7) = 0.

The proof is in Appendix A. Note that if dispp/(R,y) = 0 then dr(P,P’) = 0 by
definition of the Risk distance, but the converse does not necessarily hold; it is possible that
the infimal risk distortion is not achieved by any particular coupling and correspondence.
Hence weak isomorphism between problems P and P’ is generally stronger than saying
dr(P, P") = 0. We will discuss the existence of such “optimal” couplings and correspondences
in Section 5.2, where we will prove that, under certain conditions, weak isomorphism is
equivalent to identification under the Risk distance. While the statement (Corollary 61) is
in terms of definitions we have not yet established, it is equivalent to the following:

Proposition 30 Let P = (X,Y,n,¢,H) and P' = (X', Y', 0/, ¢', H'") be problems. Suppose
that for all he H, h' € H', the functions £}, and ¢} are continuous almost everywhere (with
respect to n and 1’ respectively), and the sets of functions

{thlhe HY < L*'(n) and {¢),

WeH'Y} cL'(y)
are compact under their respective L' norms. Then dr(P,P') = 0 if and only if P =~ P'.

The continuity condition is satisfied by a typical regression problem, such as Example 19,
since the predictors and loss for such a problem tend to be continuous. A classification
problem can satisfy the continuity condition as well under some assumptions on 7. In
particular, we need only assume that a random observation falls on a decision boundary
with probability zero. We will discuss the continuity condition in more detail in Section 5.2.

The compactness condition is implied if one assumes that a problem’s predictor set
H is parameterized by some compact parameter space © — H and that the composition
© — H — L'(n) is continuous. Consider, for example, the problem P = (R, {0,1},n,¢, H)
where £ is the 0-1 loss and H is the set of indicators 1(, o) for a in the compact interval
[—00,0]. That is, P is a binary classification problem for which the predictors are given
by hard cutoff values. Under modest assumptions on n (namely that its first marginal is
absolutely continuous with respect to the Lebesgue measure), the composition [—o0, 0] —
H — L'(n) is continuous, and hence P satisfies the compactness condition. Under the same
assumptions, we also have that each ¢} is n-almost everywhere continuous. Hence P satisfies
both conditions of Proposition 30.

While classification problems are more likely to satisfy the compactness condition of
Proposition 30, regression problems can be made to do so as well. Consider the linear
regression problem in Example 19. The predictor set for that problem is parameterized by
the non-compact space R"*!. However, it can be made compact with regularization. Indeed,
regularized regression methods like ridge regression and lasso can be seen as restrictions of
the parameter space to a compact region A < R**! (James et al., 2021, Sec 6.2). Linear
regression problems with such restrictions will satisfy both the continuity and compactness
conditions.

Adding a constant « > 0 to the loss function of a problem moves it a distance of «
under the Risk distance. That is, if P is a problem with loss function ¢, and P’ is the same

27



MimoLl, VOSE, WILLIAMSON

problem but with loss function £+ «, then dg (P, P’') = «. This may appear to be undesirable
behavior, since the losses £ and ¢ + « are practically identical from an optimization point of
view. However, adding the constant « to the loss function also increases the constrained
Bayes risk of the problem by a. From this perspective, it is reasonable to expect the distance
between the two problems to be a.

Example 31 Let P be an arbitrary problem and P, = P,(0) be the one-point problem of
Ezample 20. There is only one correspondence in C(H,{lds}) and one coupling in 11(n, §s 4)),
so one can compute

dR(P, P.) = diSp’p. (H X {Id{.}},ﬁ@é(.v.))

= sup [ £(h(e). ) n(do x dy).
heH
Note the similarity with the constrained Bayes risk B(P). While B(P) is equal to the risk of
an optimal predictor, the distance dg (P, Ps) is equal to the risk of a pessimal predictor.
If we additionally assume that the loss £ is bounded above by a constant ly.x, one can
similarly compute the distance from P to the one-point problem Pe({max) to be

(P, Pultin) = 510 [ (twe = £(1(2), ) (e x )

~ b =t [ €0(2) ) n(de x )
heH
— lax — B(P).

Hence B(P) = lax — dr (P, P(max)), showing that the constrained Bayes risk can be written
in terms of the Risk distance if the loss is bounded.

Remark 32 The Risk distance is not designed to be explicitly computed for arbitrary pairs
of problems. Much like the Gromov-Hausdorff distance, its usefulness lies in the stability
results which it facilitates. However, for completeness, we briefly remark on computational
considerations. Given that the computation of the structurally similar but seemingly simpler
Gromov-Hausdorff distance is known to be NP-hard (Agarwal et al., 2015; Schmiedl, 2017;
Mémoli et al., 2023), we expect that estimation of the exact Risk distance for problems with
finite input and output spaces is also NP-hard in general. In this direction, we will soon
prove, as Corollary 3/, that deciding whether dg(P, P') = 0 for arbitrary problems P and P’
with finite input and output spaces is at least as hard as graph isomorphism.

In later sections, we will also explore two variants of the Risk distance that are constructed
by tweaking the treatment of the correspondences C(H, H') in Definition 26. First, by
endowing the predictor sets H and H’ with probability measures A and )\, one can replace
C(H,H') with TI(A, \) and the supremum over R with an LP-style integral over a coupling.
This gives rise to the LP-Risk distance introduced in Section 6. Alternatively, by restricting
the set of possible correspondences C(H, H') to the subset Ceon(H, H') consisting only of
those satisfying a certain topological condition, we arrive at the Connected Risk distance of
Section 7.
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3.5 Connections to the Gromov-Wasserstein Distance

The Hausdorff, Gromov-Hausdorff, Wasserstein, and Gromov-Wasserstein distances all follow
a common paradigm. One first considers the space of all “alignments” between the objects in
question, whether “alignment” means a correspondence between sets or a coupling between
measures. One then settles on a way to numerically score the distortion of a correspondence
or coupling, whether through a supremum or integral. The distance between the objects is
then the infimal possible score. The Risk distance follows the same paradigm. An “alignment”
of two problems consists of a correspondence between their predictor sets and a coupling
between their joint laws. We use the loss function to numerically score the coupling and
correspondence, then infimize over all choices.

Indeed, if we think of a loss function as a notion of distance, then the definition of dgr
most closely resembles that of the Gromov-Wasserstein distance. The only extra component
is a supremum over the predictor correspondence. To make the comparison more explicit,
suppose (X,dx,ux) and (X', dxs, ux) are metric measure spaces. We can construct the
following problems:

P:= (X, X, ux ® px,dx, {Idx})
P/ = (X,vX/qu’ ®NX’7dX’7 {IdX'})

We then write

dr(P,P') = inf f‘dx(a:,y) — dx(2',y)| v(dwxdyxda' xdy').
'YEH(:LLX®.“‘X )/"‘X’@#}d)

Here ® represents the product of measures. This is exactly twice the Gromov-Wasserstein
distance (Definition 8) except for one difference: the measure . The infimum runs over all
of M(pux ® px, px: ® uxr), while in the true Gromov-Wasserstein distance, v must take the
specific form v = 0 ® o for some o € II(ux, ux). Indeed, the expression above (divided by
2) is identified as the “second lower bound” of the Gromov-Wasserstein distance by Mémoli
(2007).

Another connection between the Gromov-Wasserstein and Risk distances can be drawn
as well. Specifically, one can encode compact metric measure spaces X as supervised learning
problems i(X) in a natural way which preserves the identifications induced by the two
pseudometrics.

Proposition 33 Given a compact metric measure space (X,dx,ux), define a problem
i(X) = (X, X, (Ax)spx,dx, Hx),
where
o Ay : X > X x X is the diagonal map, and
e Hx is the set of all constant functions X — X.

If X and X' are metric measure spaces, then

daw (X, X') =0 — dp(i(X),i(X")) = 0.
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The proof can be found in Appendix A.1.1 where we also discuss a connection with a
variant of the Gromov-Wasserstein distance by Hang et al. (2019, Section 4.1) that is
recovered as dr (i(X),i(Y)). It is a folklore result in optimal transport that deciding whether
dow,1(X, X') = 0 for finite metric measure spaces X and X' is at least as hard as the graph
isomorphism problem. This is not difficult to prove; let G = (V, E) and G’ = (V' E’) be
finite simple graphs. We can encode G as a metric measure space V = (V, dy, py ), where dy
is the shortest path metric and py is the uniform probability measure. Similarly construct
V' = (V' dys, pyr). Then daw,1(V, V') = 0 if and only if G and G’ are isomorphic. Indeed,
if G and G’ are isomorphic then the isomorphism induces the requisite coupling between iy
and pys. Conversely, if daw,1(V,V’) =0, then V and V' are isomorphic as metric measure
spaces, and in particular are isometric as metric spaces. An isometry between V and V’
that preserves the shortest path metric is in fact a graph isomorphism.
Hence Proposition 33 yields the following corollary.

Corollary 34 The problem of deciding whether dg(P, P') = 0 for two problems with finite
put and response spaces is at least as hard as graph isomorphism.

It is desirable to draw a stronger connection between the Risk distance and Gromov-
Wasserstein distance by finding a function i such that dagw 1 (X, X’) = dr(i(X),i(X")). We
will nearly accomplish this goal in Section 6.2 by linking the LP-Risk distance with a slightly
modified Gromov-Wasserstein distance which is known in the literature.

4. Stability

One major use of the Risk distance is to facilitate stability results. By “stability result,”
we mean a result of one of the two following forms. Suppose we modify a problem P via
some process to produce another problem f(P). We say that dr is stable under f if every
problem P satisfies an inequality of the form

dr (P, f(P)) < J(f)

for some fixed functional J which measures how dissimilar f is from the identity function
id : P — P and satisfies J(id) = 0. We would say that “the Risk distance is stable under f”.
Stability results of this form assure us that small modifications to a problem do not move
that problem far under dg. For instance, Condition 2 from Section 3.3 is a stability result.
In particular, Condition 2 implies that dg is stable under changes to the loss function.

Alternatively, a “stability result” could mean the following. Suppose that, from any
problem P, we can compute a descriptor g(P) which lies in a metric space (Z,dz). We say
that g is stable under dg if there is some non-negative constant C' satisfying

dz(9(P),g(P")) < Cdr(P, P')
for all problems P and P’. Stability results of this form act as quantitative guarantees that

problems “close” under dg have similar descriptors.

4.1 Stability of the Constrained Bayes Risk and Loss Profile

From a machine learning perspective, the most important feature of a predictor is the loss that
it incurs. This information can be captured by a predictor’s loss profile, a probability measure

30



GEOMETRY AND STABILITY OF SUPERVISED LEARNING PROBLEMS

on the real line describing the loss that a predictor incurs on a random observation. If P is a
problem and h € H is a predictor, the loss profile of h is the pushforward (€})n € Prob(R).

Note that the loss profile of h is the distribution of the random variable ¢(h(X),Y),
where X and Y are distributed according to n. This is closely related to the random variable
2(h(X),Y) — B(P), called the excess loss random variable in the literature, differing only by
an additive constant. The distribution of the excess loss is related to convergence rates of
empirical risk minimization (Van Erven et al., 2015; Griinwald and Mehta, 2020).

Letting h range over all of H, we get an informative description of a problem.

Definition 35 Given a problem P, the loss profile set of P is the set
L(P) = {(t)snlh € H}.

Note that the loss profile L(P) of P contains enough information to recover the constrained
Bayes risk. This follows immediately from the definition (we omit the proof).

Proposition 36 Given a problem P, one has

B(P) = ael}ll(fp) mean(a).

Since probability measures on the real line, such as loss profiles, can be compared using
the Wasserstein metric dwy 1, collections of probability measures on R form subsets of the
metric space (Prob(R), dw 1), and therefore can be compared using the Hausdorff distance
dy with underlying metric dy ;. That is, if A, B < Prob(RR), the Hausdorff distance between
A and B is given by

dw 1 .
dip "(A,B)= inf  sup dwi(p,v).
H ’ ReC(A.B) (uv)eR ’
Now that we have a way to compare loss profile sets, we can prove their stability under dg.
The theorem below establishes this stability property, and in addition, also proves that the
constrained Bayes risk is stable in the sense of the Risk distance.

Theorem 37 (Stability of the Constrained Bayes Risk and Loss Profile) If P and
P’ are problems, then

B(P) — B(P")| < dy" (L(P), L(P")) < dg(P, P')

The proof, which is relegated to Appendix A, proceeds in two steps. We establish the first
inequality using the fomulation of the constrained Bayes risk presented in Proposition 36. To
prove the second inequality, we notice that the quantity in the middle defines a pseudometric
on the collection of all problems, then apply the maximality claim in Theorem 28 to show
that the Risk distance is larger. By ignoring the middle quantity in Theorem 37, we obtain
stability the constrained Bayes risk.

Example 38 (Constrained Bayes Risk and Bounded Loss) Here we remark that if
the problems P and P’ have bounded loss functions, then the stability of the constrained
Bayes risk, namely that if P and P’ are problems, then

|B(P) = B(P')| < dr(P, P'),
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can be easily and directly obtained through arguments involving the metric properties of
the Risk distance. Indeed, if ¢ > max(sup¢,sup?’), then, by Example 31 and the triangle
inequality for the Risk distance, we have that

¢ — B(P) = dr(P, Pu(c)) < dr(P, P') + dr (P, Pu(c)) = dr(P, P') + c — B(P')

so that B(P")—B(P) < dr(P, P"). By swapping the roles of P and P" we obtain the inequality
B(P) — B(P') < dg(P', P) which then, together with the fact that dg(P’, P) = dgr(P, P'),
implies the stability claim. Note that Theorem 37 implies the same claim without assuming
the boundedness condition on the loss functions.

4.2 Stability of Rademacher Complexity

In statistical learning theory, the Rademacher complezity quantifies the flexibility of a
predictor set and controls generalization error (Mohri et al., 2018). We establish the standard
definition of Rademacher complexity of a function class, along with a related version stated
in the language of supervised learning problems. In what follows, if u is a measure on a
measurable space X, let u®™ represent the m-fold product measure ;¢ ® - --® pu € Prob(X™).

Definition 39 Let m > 1. Given a probability space (X, p) and a family F of measurable
real-valued functions on X, the classical mth Rademacher complexity of F is given by

stup — aif(xi) Rad®™ (do) p®™ (dz),
ferm =

where Rad is the Rademacher distribution (that is, the uniform distribution on {—1,1}),
o= (01,...,0m), T=(x1,...,Tm). Similarly, the mth Rademacher complexity of a problem
P is given by

ffsup — Z oiln(zi,y;) Rad®™ (do) n®™(dZ x dF).
heHq M

That is, Ry, (P) is the mth Rademacher complezity of the function class {¢n|h € H}.

The Rademacher complexity of a problem P is high if, given a random sample ((x;,v;))/,
of m observations and a vector ¢ of random +1 noise, we can typically find some predictor
h whose vector of losses (€5 (z4,;))i" is highly correlated with the noise o. This would
suggest that H is quite flexible, and possibly that empirical risk minimization over H runs
the risk of overfitting on a random sample of size m.

For a fixed m, the Rademacher complexity R,, need not be stable under the Risk distance.

Example 40 For n > 2, define the problem
P, = ([n], {0, 1}, unif([n]) ® do, ¢, Hy,)

where [n] = {1,...,n}, € is the 0-1 loss, and H, is the set of indicator functions of
singletons 1y : [n] — {0,1} for all k € [n]. Recall also the one-point problem P, = P,(0)
from Example 20.

32



GEOMETRY AND STABILITY OF SUPERVISED LEARNING PROBLEMS

We claim that R1(P.) =0, R1(P,) = 1/2 for all n, but dg(P,, Ps) — 0 as n — oo. This
shows that the Rademacher complexity Ry is not continuous with respect to the Risk distance.
One can easily see that Ri(P,) = 0, since the loss function of Pe is identically 0. We can
also easily compute

Ri(P,) — f (; sup ((1(z), 9) —% inf E(lk(x),y)> (unif ([n]) ® 6o)(dz x dy)

ke[n] ke[n]

- f <;(1) - ;(0)> (unif([n]) ® do)(dz x dy) = %

Meanuwhile, since there is only one coupling with the point mass d(, 4y and only one corre-
spondence with the singleton {Id{.}}, we can compute

dR(Pn, P.) = diSpmp. (Hn X {Id{.}}, unif([n]) ® (50 ® (5(.7.))

= sup f\ﬁ(lk(az),O) — 0] unif ([n])(dzx)

ke[n]
. 1 1
= sup flk(a:) unif([n])(dx) = sup — = —.
keln] ken] W T

Hence, even though P, — P in the Risk distance, the Rademacher complexities Ry(P,) do
not converge to Ry(P,).

Example 40 shows that R; is not even continuous with respect to the Risk distance.
This suggests more generally that we should not hope for straightforward stability of R,,
under the Risk distance when m is small. If we instead take m to be arbitrarily large, we
can still obtain a kind of stability.

Theorem 41 (Stability of Rademacher Complexity) Let P and P’ be problems and
consider the family

F o= A{|tn(= =) = iy (= )| |he H,n € H'}
of functions X x Y x X' xY' - R. Then
|Rin(P) — Ry (P)| < dr(P, P') + 2Ry (F).

If P and P’ have bounded loss functions and F forms a universal Glivenko-Cantelli class,
then
limsup |Ryn(P) — Ry (P')| < dr (P, P").

The proof can be found in Appendix A. The conditions under which R,,(F) — 0 as m — o0,
and the rate of said convergence, are classical subjects of research in statistical learning
theory. Results in this direction typically provide convergence rates of order O(4/1/m)
(Bartlett and Mendelson, 2002) or O(4/In(m)/m) (Mohri et al., 2018, Chapter 3) under
specific assumptions.

One can apply Proposition 13 to produce at a weaker form of Theorem 41 which does
not reference the Glivenko-Cantelli property. Specifically, we can replace the universal
Glivenko-Cantelli condition Theorem 41 with the following pair of sufficient conditions:
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1. The sets H and H' can be endowed with Polish topologies, and subsequently Borel
o-algebras, such that the maps (h,z,y) — {(z,y) and (W, 2',y") — £,(«',y') are
measurable.

2. The family of subgraphs {sg(ghﬁ/)
dimension, where

he H,h' € H'} (see Definition 12) has finite VC

g (@, y, 2, y) = |l (z,y) — O, (2", y)]-

In fact, we can state an even simpler sufficient condition involving the two problems P
and P’ separately.

Corollary 42 Let P and P’ be problems with bounded loss functions. Assume that H
and H' are equipped with Polish topologies such that the maps (h,x,y) — {n(x,y) and
(W, 2" y') — 0, (2',y) are measurable.

If both {¢y|h € H} and {},|h' € H'} lie in finite-dimensional subspaces of L'(X x Y')
and LY (X' x Y') respectively, then

limsup |Rpn(P) — Ry (P')| < dr (P, P").

The subspace condition in Corollary 42, while simple, may seem strange. We claim the
condition is not as odd as it may at first appear.

Example 43 Consider the generic linear regression problem P from Fxample 19. For that
problem, the functions £y, are of the form
lh(z,y) = ("2 +b—y)?

fora e R™, be R. These functions are polynomials in x and y of degree at most 2. Hence the
collection {¢y|h € H}y € L'(R™ x R) lies within the finite-dimensional subspace of polynomials
of degree at most 2. Hence P satisfies the subspace condition of Corollary 42.

More generally, any problem

P=R"R" nt H)
will satisfy the subspace condition if £ is a polynomial loss function and H is of the form
H = {a1fi(x) + -+ apfr(x)|a1,...,ar € R}
for some fized fi,...fr : R — R™. This is because the set {{n|h € H} will fall within a
finite-dimensional space of polynomials in the variables f1,... fr and y.
Proof [Corollary 42] Let
S :=span({{,(—,—) — l,(—,—)|h € H,h' € H'}),

where the span is taken in the space of all measurable functions X x Y x X’ x Y’ — R.
Consider

max(§,S) := {max(f, 9)|f,g € S},
where the maximum max(f, g) is taken pointwise. Since S is finite-dimensional, it follows
(Van Der Vaart and Wellner, 1996, Lemma 2.6.15 and Lemma 2.6.18(ii)) that the collection of
subgraphs of functions in max(S,S) has finite VC dimension. The set { gnpw|he H W e H }
lies in max (S, S), so Proposition 13 finishes the proof. |
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4.3 Stability under Sampling Bias

A fundamental source of error in learning problems of any type is bias in the collection of
training data. Suppose 7 is the true joint law that we are trying to approximate with a
predictor. While we would like to sample from n directly, an imperfect collection process
may over-represent certain regions of the data space. One would hope that minor bias would
only have a minor effect on the problem. More formally, we might ask if the Risk distance is
stable under small modifications to a problem’s joint law. This section provides conditions
for such stability results.

The Risk distance is stable under changes to the joint law with respect to the Wasserstein
distance with a certain underlying metric. Under certain conditions, it is also stable with
respect to the total variation distance (Definition 9). Define the pseudometric sy i on X x Y
by

ser((2,y), (2',y)) = sup [£(h(z),y) — L(h(z"),)].
heH

Proposition 44 Let P be a problem, and let P’ be a problem that is identical to P except
possibly for its joint law n'. Then
dr(P, P') < dyi (n,7).

Suppose furthermore that the loss function £ is bounded above by some constant max-
Then

dR(P, P,) < émaxdTV(nan/)'

Proof One can bound dgr (P, P’) by choosing the diagonal correspondence between H and
itself to get

dr(P,P') < inf supf’ﬂ(h( ),y) — L(h(z"), )| v(dzx dyxda’ xdy')
vell(n.n') heH
< inf fsup [0(h(z),y) — L(h(z),y")| v(dw x dyx da’ xdy)—dff,li(n n),
vell(nn') J heH

proving the first part of the proposition. Now, if £ is bounded by £max then s, f is bounded
by lmaxd, where d is the discrete metric. Hence

Se,H
d

W,1 (n,m ) dszXd(n n ) = LmaxdTv (1, 77/)

as desired. [ |

In the presence of sampling bias, the data collection process gives inordinate weight to
some regions of the data space X x Y at the cost of other regions. We can think of this
biased data collection as sampling not from the true probability measure 7, but instead from
a scaled probability measure given by

fu(A4) = L F(y) n(de x dy)
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for all measurable A, where f : X x Y — R is a density function with respect to 7,
meaning [ is a measurable function with { f(z,y) n(dexdy) = 1. Here f is larger than 1 in
regions of X x Y that are overrepresented by the data collection process, and less than 1 in
regions underrepresented.

In extreme cases of sampling bias, some regions of the data space X x Y may be
completely missing from the training data. In this case, instead of being sampled from the
true joint law 7, the data is sampled from some subset A € X x Y with n(A) > 0 according
to the probability measure

na(B) = n(lA)n(A A B).

Using Proposition 44, we can show that dr is stable under the above formulations of
sampling bias.

Corollary 45 (Stability Under Sampling Bias) Let P be a problem.
(1) Let f: X xY — Rxq be a density function with respect to n. Define
Py = (X,Y, fn, ¢, H).
Then

dr(P, Py) < ;f‘l — f(x,y)‘n(dmxdy).

(2) Let A< X xY be a measurable subset with n(A) > 0. Define
Pla:=(X,Y,n|a. {, H).
Then
dr(P,Pla) <1—n(A).

Proof First recall that

drv(n,n') = BCSl)l(IiYn(B) — fn(B) = Bcsipxyfn(B) —n(B),

where the infima range over all measurable subsets of X x Y. Then

1
rvOni) = 3 (sw 0(B) = fa(B)+ swp () ()
BCXxY B XxY
1
- ( swp | 1= fag)tdaxdy) + s [ fa) - 1n<d:c><dy>)
Bexxy JB Bexxy JB
1
=3 (f 1—f(w7y)n(dﬂ:><dy)+f f(x,y)—ln(dxxdy)>
{r<1} {f>1}
1
— 5 |1t s lntdoxay)
To finish the proof, apply part (1) when f = ﬁl A |
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4.4 Stability under Sampling Noise

Another source of error in sampling is the presence of noise in the process of collecting data.
While we would like to sample from 7 directly, our data is rarely collected with perfect
fidelity. One would hope that a small amount of noise would not change the problem much.
In this section, we model noise with a noise kernel and show that we can often guarantee
that the Risk distance is stable under the application of such noise.

First we consider the case where the loss function £ is bounded by a metric on Y. Our
bounds are in terms of a generalization of the Wasserstein metric for Markov kernels.

Definition 46 Let X be a measure space and let M : X — Prob(Y), N : X — Prob(Z) be
Markov kernels. A coupling between M and N is a Markov kernel 7 : X — Prob(Y x Z)
such that for a.e. x e X,

Just as we use II(u,v) to denote the set of all couplings of probability measures u and v, we
use II(M, N) to denote the set of all couplings of Markov kernels M and N.

Note that if X is a single point, we recover the classical definition of a coupling of probability
measures.

Definition 47 (Wasserstein Distance for Markov Kernels) Let (X, ) be a measure
space and let (Y,dy) be a metric space. Let M,N : X — Prob(Y) be a pair of Markov
kernels. For 1 < p < o0, the p-Wasserstein distance between M and N is given by

1/p
gt V)i (_int [ oy < utan))
Definitions 46 and 47 are due to Patterson (2020, Defs 5.1 and 5.2). Patterson notes that
terminology conflicts between “products” and “couplings” of Markov kernels are present in
the literature. As with the Wasserstein distance, we will have little use for dyw , for p # 1,
and so establish the convention that the Wasserstein distance for Markov kernels refers to
dw,1. An alternative, equivalent definition of the metric dw ; may be more intuitive:

dvw 1 (M, N) = L 4% (M (), N(2)) pld).
Equivalence of these definitions was noted by Patterson (2020), and follows from results
in the theory of optimal transport (Villani, 2008, Corollary 5.22). A distance based on a
generalization of the above alternative definition was independently discovered and studied by
Kitagawa and Takatsu (2023) under the name “disintegrated Monge-Kantorovich distance”.

We are abusing notation by using the same symbol for the Wasserstein distances between
measures and between Markov kernels. We justify this by noting that the former is a special
case of the latter. Indeed, recall that if u, v € Prob(X) are probability measures on a metric
space X, we can think of p and v as Markov kernels from the one-point measure space
({®},0s). The Wasserstein distance between these Markov kernels then agrees with the
Wasserstein distance between the measures p and v.
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The Wasserstein distance for Markov kernels also generalizes the L' distance on mea-
surable functions. Indeed, if we have measurable functions f,g: X — Y, then the distance
dw 1(0f,84) between the induced deterministic Markov kernels is just the L' distance between
f and g.

A simple kind of noise can be modeled with a Markov kernel M : Y — Prob(Y). We
interpret this noise as follows. When we make an observation that would have label y € Y,
we instead observe a random corrupted label with law M (y). More specifically, let P be a
problem whose joint law has X-marginal o and X-disintegration 5 : X — Prob(Y"). Without
the presence of noise, an observation has a random input component x chosen with law
a, and a random label chosen with law (z). The presence of noise represented by M
creates a new problem where the labels are instead chosen according to the law (5 - M)(z).
In other words, we get a problem with the same X-marginal o, but with disintegration
B+ X — Prob(Y) given by

(@) = (8- M)(=).
We might call this type of noise “X-independent Y-noise,” (otherwise known as “simple
label noise”) since the noise M is applied in the Y direction, and the same noise kernel M
is applied for all x € X.

A more general kind of noise would allow for dependence on X. Instead of a Markov
kernel M : Y — Prob(Y), we model our noise as a Markov kernel N : X x Y — Prob(Y).
We write N, to mean the Markov kernel N(z,—) : Y — Prob(Y). In the presence of this
kind of noise, the problem P becomes a new problem P’ with the same X-marginal a, but
X-disintegration 5’ now given by

B'(x) = (B Ne)(2).

We might call this kind of noise “X-dependent Y -noise”.

Consider a noise kernel N = §,,, which is the Markov kernel sending (x,y) to the point
mass d,. Then for all z € X, we have N,(y) = 0, and hence § - N, = . In other words, N
represents no noise at all, and applying IV to a problem would leave the problem unchanged.
Our next stability result states that, if any kernel N is close to this “no noise” case under
dw 1, then applying N will not move the problem much in the Risk distance, provided that
¢ is well-controlled by some metric on Y.

Lemma 48 Suppose that P and P’ are problems given by
P = (XaY»UafaH)
P'=(X,Y, 7, {,H)

where n and 1 have the same X -marginal o € Prob(X), but different disintegrations along
X, called B and ' respectively. Suppose also that Y is equipped with a metric dy with
respect to which £ is Lipschitz in the second argument, meaning there is a constant C > 0
such that

0(2,y) — £(2,9)| < Cdy (y,y)

for ally,y',z€Y. Then
dr (P, P') < Cdy (8, 8).

38



GEOMETRY AND STABILITY OF SUPERVISED LEARNING PROBLEMS

Theorem 49 (Stability under X-dependent Y-noise) Let P be a problem whose out-
put space Y is equipped with a metric dy, with respect to which the loss function £ is
C-Lipschitz in the second argument. Let P’ be the problem obtained by applying the noise
kernel N : X xY — Prob(Y') to P. Then

dr(P, P'") < Cdy (N, 6r,).

The proofs are relegated to Appendix A. We illustrate Theorem 49 with an example regarding
label noise in binary classification.

Example 50 Let P = (X,{0,1},n,¢, H) be a binary classification problem where ¢ is the
0-1 loss £(y,y") = 1,4, . Suppose we apply noise to P by taking each observation (z,y) and
doing the following:

o With probability €, re-assign its label y uniformly at random.
o With probability (1 — ¢), leave the label y as it is.

Through this process we are effectively applying the noise kernel
N :=cu+ (1 —€)dr,,

where u is the uniform measure on {0,1}. Let P! be the problem P with the noise kernel N,
applied. Since the 0-1 loss is a metric, we can apply Theorem 49 with dy = £ and C =1 to
get

dr (P, Pl) < dwa(eu+ (1 —€)dry, Omy)

= [ b (eu+ (1= 5,8, n(daxdy).

Recall (Section 2.4) that when the underlying metric is the discrete metric, the Wasserstein
distance is the same as the total variation distance. Furthermore, one can show that
drv(eu+ (1 —€)dy, 0y) = edrv(u,dy) = €/2. Hence we get

dr(P, P) < £/2.

One could generalize further; suppose that the probability € of reassignment depends on
x. That is, instead of selecting a constant e, we select a measurable function € : X — [0,1].
Then, for an observation (x,y), with probability (x) we re-assign y uniformly at random.
Then the same argument above instead gives us the bound

1
d(P.PY) < 5 [ e(e)a(do)
where « is the X -marginal of n. That is, the risk distance between P and the noised problem
P! is bounded by half the average value of e(x).

In Section 6.5, we will consider an even more general noise model, allowing for noise
in the X and Y directions simultaneously. We will show that a modification of the Risk
distance, called the LP-Risk distance, is stable under such noise in Theorem 91, which is
analogous to Theorem 49.
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Figure 3: Distance between H and Hx y; see Example 52.

4.5 Stability under Modification of Predictor Set

We have shown that dg is stable under changes to the loss function and certain changes to 7.
We round out this section by demonstrating stability of dg under changes to the predictor
set of a problem. To state such a stability result, we first need a way to quantify changes to
the predictor set. The most salient aspect of a predictor h is its performance with respect
to the chosen loss function. In other words, more crucial than the predictor h itself is the
function ¢ (x,y) := £(h(x),y). With this perspective in mind, we can map H into L'(n) via
the map h — £,, and compare predictors using the L' norm there. That is, we compare two
predictors h and A’ via the quantity

() i 0 = sy = [ en () = baoo )| i),

This defines a pseudometric on the set of all measurable functions h : X — Y for which
1nllp () < o0, which any predictor satisfies since the definition of a problem mandates
that predictors have finite risk. The map h — £, identifies two predictors h and k' if they
n-almost always incur the same loss on a random observation in X x Y.

We can now state a stability theorem in terms of the Hausdorff distance on predictor
sets with underlying metric dy 7, i.e. the metric

dy / .
dy"(H,H') = inf sup |ln — Lulpii-
u( ) red i) o I Iz ()

Theorem 51 Let P be a problem, and let P’ be a problem that is identical to P except
possibly for the predictor set H'. Then

dg(P,P') < di*" (H,H').
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Example 52 Note that if P = (X,Y,n,¢,H) and P = (X,Y,n,{,Hxy), where Hxy
stands for the set of all measurable functions from X toY, Theorem 37 implies that

B*(P) < B(P) < B*(P)+ sup inf dy,(h,h).
€

h'GHXJ/
The right-hand side contains the worst case dy, distance between an arbitrary measurable
function b/ and the (constrained) predictor set H. In other words, this quantity expresses

how far H is from the superclass Hx y and therefore controls the approximation error: the
difference between the constrained and unconstrained Bayes risks; see Figure 3.

Proof [Theorem 51] We bound dg (P, P") by choosing the diagonal coupling between 7 and
itself. That is,

dr(P,P') < inf ¢(h oW (x d
n(PP) < nf hS;IZRJ| — (W (), y)| n(dzxdy)

. d[ 7 !
= inf sup |[ln, — | preyy = dy" (H, H'),
ReC(H,H') (b /)R H wllere) ( )

which is the desired bound. [ |

We illustrate the metric d#” and Theorem 51 with a toy example.

Example 53 Let P = (R%,{0,1},n,¢, H) be the classification problem from Example 18.
Recall that the predictors in H were the functions of the form

1 azxi+brs =c

hape(x1,22) = {

0 axi +bry<c

We modify H by adding to each predictor a small area on which they always predict class 1.

That is, we define a new predictor set H| := {h’ :R? — {0,1}

a,b,c,t a,b,c,t *

a,b CGR} where h'!
s given by

1 T € Bt(O)
hapc(x) otherwise .

P et (1,22) = {
Here By(0) represents the ball of radius t centered at 0. We can construct a correspondence

between H and H{ by coupling each hqpc with b, , ... That is, we define

R := {(hape Moper)|a b ce R}
Then R e C(H, HJ), so we can write the bound

d
dI‘IZm (H7 Hé) sup tha b,c gha,b,c,t HLl (77)
( a,b,c» abcf)eR
= Ssup J|€ abc _E(habct |77de><(19)
a,b,ceR
- swp | € e(2).9) = s (@), )] i xdy)
a,b,ceR J B;(0)x{0,1}

< 1(B:(0) x {0,1}).
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Furthermore, assuming n(0x{0,1}) = 0, we can take the limit ast — 0 to get lim;_,q d#" (H,H]) =
0. If we define P, := (R%{0,1},n,¢, H]) for all t > 0, By Theorem 51, P, converges to P

under the Risk distance as t — 0.

We now provide a more serious application of Theorem 51. Different classes of predictors
are often compared in the context of universal approrimation theorems, which generally
state that a certain kind of function can be approximated arbitrarily well using a certain
class of model. Using Theorem 51, one can translate universal approximation theorems into
statements about the risk distance. While there are many universal approximation theorems
(Pinkus, 1999), we will demonstrate with a classical example (see Leshno et al., 1993).

Proposition 54 Let ¢ : R — R be a continuous non-polynomial function. Let P =
(X,R,n, ¢, H) be a problem where

e X is a compact subset of R™,
e 11 is any probability distribution on X,
e ( is a uniformly continuous loss function, and

e H is the set of all functions X — R which can come from a feedforward network with
a single hidden layer of arbitrary width and with activation function ¢. That is, H is
the set of all functions of the form

M m
(X1, .. Tm) 2 a; <Z wi;Tj + bi)
-1 i=1

where the parameters a;, w;j, and b; range over R, and M ranges over the positive
integers.

Let P’ be the same problem, but with predictor set H' the set of all continuous functions
X —» R. Then dg(P,P") = 0.

Proof Let A’ : X — R be continuous and let € > 0 be arbitrary. By uniform continuity of
¢, there exists a 6 > 0 such that, if |y — ¢/| <, then |[l(y,y") — (v, y")| < € for any y” € R.

By (Leshno et al., 1993, Thm 1), there exists an h € H with |h(x) — h/(z)| < 0 for all x € X.
Then

dpn(h,h') = J|€(h(m),y) — E(h'(:ﬂ),y)| n(drxdy) < Jen(d:vxdy) = e

Since H < H’, this implies the Hausdorff distance d;lf‘" (H, H') is less than e. By Theorem 51,
dr(P, P’) < € as well. [ |

In other words, under certain conditions, the risk distance does not distinguish between
a model and the class of functions in which it is dense.
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Figure 4: A simple depiction of two problems P and P’ in the space of problems, joined by
a geodesic.

5. Geometry of the Space of Problems

We now shift our attention from stability properties of dr to its geometric properties. We
will explore geodesics and their connection to optimal couplings and correspondences. We
also show that classification problems (that is, those with finite output spaces) are dense in
a larger class of problems. We will use this density to study the effect of limited sampling
by studying the convergence of “empirical problems,” which are problems whose joint laws
are given by empirical measures gleaned from finite random samples.

5.1 Geodesics

We begin our exploration of the geometry of the space of problems by searching for geodesics.
A geodesic in a metric space (X,dyx) is a continuous function from the unit interval f :
[0,1] — X such that, for all s,t € [0, 1],

dx (f(t), f(s)) = dx (f(0), f(1))]s —t|.

Some would call such an f a “shortest path” (Burago et al., 2001, Chapter 2.5) and reserve
the term “geodesic” for a path that locally satisfies the above property. However, the above
definition is standard in the field of optimal transport (Ambrosio et al., 2021, Section 9.2,
Eq. 9.4).

While valuable in illuminating the geometry of a space, geodesics are not solely of
geometric interest. A geodesic between two points gives us a way to interpolate or average
between them. If a family {P;}[0,1] of problems defines a geodesic in the space of problems,
then Py, could reasonably be considered an average of Py and Py. If we would rather take
a weighted average, we could choose smaller or larger values of ¢ to give more weight to Py
or to P respectively.

We will show that geodesics can be supplied by certain couplings and correspondences.

Definition 55 Let P and P’ be problems. If there exists a coupling v € II(n,n') and a
correspondence R € C(H, H') such that

dr (P, P') = disp pr(R,7),

then we call v an optimal coupling and R an optimal correspondence for P and P’. That
is, v and R are called optimal if they achieve the infima in the definition of dg(P, P’).
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In Section 5.2, we will explore sufficient conditions for the existence of optimal couplings and
correspondences. Presently, we motivate our interest in optimal couplings and correspon-
dences by showing that they are closely related to the geometry of the space of problems;
optimal couplings and correspondences provide us with explicit geodesics in the space of
problems.

Theorem 56 Suppose Py and Py admit an optimal coupling v and an optimal correspondence
R. Then the following family of problems is a geodesic between Py and Py:

Py := (Xo x X1,Yy x Y1,7, 4, Rx)
for all t € [0, 1], where

o (((yo,91)s (Y0, 91)) := (1 — t)lo(yo, yp) + tl1(y1,v1)-

° RX = {]’LO X hﬂho € H(),h1 € Hl}.

It may at first appear that we have given Py two conflicting definitions in the above statement,
once as the given

Py := (Xo, Yo, 10,40, Ho)

and again by setting ¢t = 0 in our parameterized family, yielding
Py = (Xo x X1,Yp x Y1,7, 4o, Rx).

However, the latter problem is a simulation of the former via the projection maps Xg x X1 —
Xp and Yy x Y7 — Yy. Hence the two problems are distance zero apart under the Risk
distance and can be safely identified. A similar line of thought applies to P;.

The proof that this family is a geodesic is very similar to the proofs of analogous results
for the Gromov-Hausdorff and Gromov-Wasserstein distances (Chowdhury and Mémoli,
2018; Sturm, 2023).

Proof Define C := dr(Py, P1). Let 0 < s <t < 1. If we can show

dR(PS, Pt) < C(t - 8),

then equality will follow. Indeed, if the inequality were strict for some 0 < sg < tg < 1, then
we could use the triangle inequality to write

C= dR(P07P1> < dR(P()vPSo) + dR(PSmPto) + dR(]Dtovpl)
< 50C + (to — S())C + (1 — S())C =C,

which is a contradiction.
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Now, we can bound dg(Ps, P;) by selecting the diagonal coupling from II(~,v) and
diagonal correspondence from C(Ryx, Rx) to get

dR(PS7Pt)

<, sw J [£5((ho(20), h1(21)), (Y0, y1)) — €e((ho(0), ha(21)), (4o, y1))| ¥ (o x dyo x d1 x dyy )

=, s J|(t—5)(fo(ho(l‘o),yo) + L1 (ha(z1), y1)) |7 (dzo x dyo x dwy x dyr )
0XN1E€ELX

= (t—s) sup f 0o (ho(20),y0) + €1(ha(z1), y1)| v(dawox dyox day x dyy )
(ho,hl)ER

=(t—s)C.

The last equality is because v and R are an optimal coupling and correspondence of Py and
Py. |

5.2 Existence of Optimal Couplings and Correspondences

Motivated by Theorem 56, we search for conditions under which optimal couplings and
correspondences exist. We will achieve this by imposing some continuity and compactness
conditions on our problems.

Definition 57 A problem P is called continuous if, for all h € H, £y, is continuous n-almost
everywhere.

Note that the above condition applies to many relevant problems. A typical linear
regression problem will be continuous. For instance, the linear regression problem in
Example 19 is continuous, since the loss is continuous, as is every predictor. Under reasonable
assumptions, a classification problem can be continuous as well; one only needs the possible
decision boundaries to each have measure zero in the X-marginal. Take the classification
problem P in Example 18. In that problem, ¢, is discontinuous for every predictor h.
However, if we assume that any line in R? has measure zero with respect to the X-marginal
of  (as would be the case if the X-marginal of 1 is given by a continuous probability
distribution), then any linear decision boundary has measure zero. Consequently, ¢}, will be
continuous (indeed, constant) n-almost everywhere.

Let P, P! be continuous problems. Recall that the risk distortion is the function

diSp’p/ ZC(H, Hl) X H(T],??/) — R

disp p/(R,7y) := sup f‘fh(x,y) — U (2, y)| y(de x dyxda’ xdy').
(h,W)eR

We would like to discuss the potential continuity of this function, and hence require a
suitable topology on its domain. We endow II(n,7n’) with the weak topology. We give
the set {¢,|h € H} the L'(n) topology, and endow H with the initial topology induced
by the map h +— ¢;,. Equivalently, we endow H with the pseudometric d;, defined in
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Section 4.5 and similarly equip H' with dy ,. We then endow H x H’ with the product
metric 6((g, "), (h, b)) := max{dy,(g,h),de s (g', ')}, and place the resulting Hausdorff
distance d on C(H, H').
Define
disppr : H x H x TI(n, ) — R

(fﬁép’p/(h, h,a 7) = J |€h(x> y) - gh’(‘r,a y/)| 7(d$Xdde$/Xdy,)'

Hence
diSRp/(R, 'y) = Sup (i\i/Sp’p/(h, h/, ’y).
(h,h)eR

We proceed with a sequence of lemmas. We begin by showing that, under certain
conditions, dis p,p’ is lower semi-continuous, then leverage this result to obtain lower semi-
continuity of disp pr. Recall that a function f : S — R on a topological space S is lower
semi-continuous if, for all xo € S, we have liminf, .., f(z) = f(x¢). Lower semi-continuity
is a useful notion because such functions satisfy a limited version of the extreme value
theorem. Specifically, a lower semi-continuous function on a compact space achieves its
minimum.

Lemma 58 Let P and P’ be continuous problems. Then (fi\iJst/ s lower semi-continuous.
Lemma 59 Let P and P’ be continuous problems. Then disp pr is lower semi-continuous.

Using the fact that a lower semi-continuous function on a compact set achieves its
minimum, we can prove the following Theorem.

Theorem 60 If P and P’ are continuous problems with compact predictor sets, then there
exists an optimal coupling and correspondence for P and P'. That is, there exists R €
C(H,H') and ~v € II(n,n') such that

dr(P, P') = disp p/(R,7).

The proofs can be found in Appendix A. In turn, Theorem 60 and the characterization of
weak isomorphism provided by Theorem 29 give us conditions under which weak isomorphism
is equivalent to being Risk distance zero apart.

Corollary 61 If P and P’ are continuous problems with compact predictor sets, then P
and P’ are weakly isomorphic if and only if dg(P, P') = 0.

5.3 Density of Classification Problems

One benefit of equipping a set with a pseudometric is that, in return, we receive a notion
of convergence. One can ask whether a sequence of points converges, how quickly it does
so, and what the limit might be. Density results pave the way for limiting arguments. It
is often possible, by a limiting argument, to transfer knowledge about a “simple” dense
subspace to the space as a whole.

In this section, we show that classification problems (that is, problems whose output
space is a finite collection of labels) are dense in a broader class of functions under dr. We
will leverage this information in Section 5.4 to prove the main result of the section: the
convergence of empirical problems (Theorem 69).
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Figure 5: A depiction of the coarsening process in Example 64. On the left is a heat map
depicting the joint law 7 of a problem P whose input and output spaces are both
the interval X =Y = [0,3]. We consider the partition @ = {[0,1),[1,2),[2, 3]}
of Y =[0,3]. The coarsened problem Py := (X, Q,nqg,{q, Hg) has three points
in the output space @), represented by the vertical axis. The joint law g is then
a probability measure on three copies of [0,3]. We depict ng on the right with
density plots of the three class-conditional probability measures.

Definition 62 (Classification Problem) A problem is called a classification problem if
its response space is finite. A problem is called compact if its response space is compact and
its loss function is continuous.

A classification problem is so called because we can think of its response space as a finite
collection of labels. In Appendix B, we characterize the problems that are weakly isomorphic
to classification problems.

Given a compact problem P, we can produce a related classification problem Fg by
clustering the response space into a finite partition ) and applying a procedure we call
coarsening. The definition of a coarsening makes use of a certain map associated to a
partition. Given a set A and a partition @ of A, consider the map g : A — @ which sends
each a € A to the unique partition block ¢ € @ which contains a. That is, 7 is defined such
that a € mg(a) for all a € A. This map 7 is often called the quotient map associated to Q.

Definition 63 (Coarsening) Let P be a problem, let Q be a finite partition of Y into
measurable sets, and let g : Y — @ be the quotient map associated to ().
The coarsening of P with respect to () is the classification problem

PQ = (X7Q)77Qa£QaHQ)
where
° 77Q = (IdX XWQ)W]

b gQ(qJ q/) = Supyeq,y’eq’ €(y7 ?/)7
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e Hy:={ngohlhe H}.

Note that if () is a finite partition of Y, then @ is itself a finite set of partition blocks.
The response space () of the coarsened problem Py is a finite set with one element for each
block of the partition @), and hence Py is indeed a classification problem.

Example 64 An example of the coarsening procedure is depicted in Figure 5. We imagine
a problem
P =([0,3],[0,3],n,¢, H)

where n is as pictured, €(y1,y2) = |y1 — yeo| is the Euclidean distance, and H 1is the
set of increasing continuous bijections [0,3] — [0,3]. We choose the partition Q =
{[0,1),[1,2),[2,3]} of P and consider the coarsened problem

PQ = ([07 3]a Q?UQaZQa HQ)

Then Pg is a classification problem with three points in its output space Q = {q1,q2,q3},

where ¢ :=[0,1), g2 := [1,2), and g3 := [2,3]. Then g is a probability measure on [0, 3] x Q,

a space which consists of three line segments: [0,3] x {q1}, [0, 3] x {q2}, and [0, 3] x {g3}.
The coarsened loss

lq(gi,qj) == sup  L(y,y) fori,j=1,2,3,
YEQGi,Y'€q;

can be written in the form of a table:

lo|lan @2 @3
q1 1 2 3
@ | 2 1 2
q3 3 2 1

The predictor set Hg is {mg o hlh € H}, where g : Y — @ is the quotient map. Then Hg
can also be written as the set of all functions g : [0,3] — @ of the form

q t<a
gt) =< q a<t<bd
g3 b<t

for all0 <a <b<3.

Coarsening is reminiscent of the “probing reduction” (Langford and Zadrozny, 2005),
which takes a probability estimation problem and solves it with an ensemble of classifier
learners, hence “reducing” the problem of probability estimation to the problem of binary
classification. Indeed, one can view the probing reduction as a practical method of approx-
imating a problem whose output space is Y = [0, 1] by iteratively constructing finer and
finer partitions of Y and solving the resulting coarsened problems with binary classifiers.

Theorem 65 Let P be a compact problem. For any € > 0, there is a partition Q) of the
response space such that
dr(P, Pg) <.
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The proof is relegated to Appendix A.

Remark 66 One notable feature of the proof of Theorem 65 is that the partition @) provided
by the theorem does not depend on the joint law n of P. More precisely, suppose P is a
problem. For any probability measure ) € Prob(X x Y'), we can create a new problem

PW' = (vavan/ae?H)'

The proof of Theorem 65 shows that, not only can we find a partition Q of Y such
that dg(P, Pg) < €, but we can choose Q such that for all ' € Prob(X xY), we have
dr((Py)q, Py) < e. We will use this stronger fact to prove Theorem 69.

Theorem 65 immediately gives us a density result.

Corollary 67 (Classification Density Theorem) Under dr, the set of classification
problems is dense in the space of compact problems.

5.4 Convergence of Empirical Problems

With the density of classification problems in hand, we are ready to examine the effect that
limited sampling can have on a problem. One often does not have direct knowledge of the
underlying joint law from which data is sampled; one only has access to a finite data set. In
terms of our supervised learning problems, instead of accessing the joint law 7 of a problem
P directly, we can only access the empirical measure 7, of . Namely, given an i.i.d. set
{(z4,y:)}_, sampled from the probability measure 7, we set

1 n
T == n Z;(s(xiyyi)'

The resulting problem with joint law 7, is called the empirical problem.

Definition 68 If P is a problem, the nth empirical problem induced by P is the random
problem defined by
Pn = (XaYaTITHg)H)

Being dependent on a random sample, 7, is a random measure. Consequently, P, is
a random problem. One would hope that as the size of the sample grows, the empirical
problem P,, converges to the true problem P with probability 1. Under certain conditions,
this is indeed true.

Theorem 69 (Convergence of the Empirical Problem) Let P be a problem satisfying
the following:

1. H is compact with respect to dy,,.
2. 'Y is compact.

3. is continuous.
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4. The collection {|€y, — Ly |}nwen forms a Glivenko-Cantelli class with respect to 1.

Let P, be the nth empirical problem induced by P. Then dg(P, P,) — 0 almost surely.

The proof, found in Appendix A, uses Theorem 65 to reduce to the case where P is a
classification problem. We briefly illuminate the Glivenko-Cantelli condition in Theorem 69
by providing simpler sufficient conditions.

Proposition 70 Define gy, 1/ (x,y) := [€n(x,y) — by (x,y)|. Theorem 69 still holds if Condi-
tion 4 is replaced with either of the following conditions.

4a. The collection of subgraphs {sg(gh7h/)|h, h e H} (see Definition 12) has finite VC
dimension.

4b. For any ho, hy € H and € > 0, there exists an open neighborhood (ho, hy) € U € H x H
such that

| swp gnpelaintdexdy) & < [ gu o o)ntdaxdy
(h,h)eU

inf (x, drxdy) + €.
< J‘(hylhl})eUgh,h (z, y)n(dzxdy) + ¢

Conditions 2 and 4a together imply condition 4, since the compactness of Y implies
that the g,y are uniformly bounded, and hence that Proposition 13 applies. Note that
Condition 4a does not depend on the joint law 7. Conditions 1 and 4b together imply
condition 4 as well by a theorem of Gaenssler (1975).

Theorem 69 is a convergence result. A quantitative result about the rate of convergence
would be more useful. Certainly the convergence rate will depend on properties of P and P’;
the proof of Theorem 69 suggests that the proximity of P and P’ to less complex problems
is crucial.

Question 71 How does the rate of the convergence given by Theorem 69 depend on the
properties of P and P'? Can one bound the convergence rate for specific classes of problems?

6. The LP-Risk Distance: Weighting Problems

In this section we introduce a variant of the Risk distance called the LP-Risk distance which
incorporates probability measures on the predictor sets. This additional information lets
us prioritize certain predictors over others by weighting them more heavily, subsequently
softening the Risk distance and improving its stability. The weighting can be interpreted
as a Bayesian prior, so the perspective adopted in this section is broadly aligned with the
principles of Bayesian statistics. While approaches such as Bayesian decision theory (Berger,
1985) incorporate elements like loss functions, prior work does not operate on a space of
problems, nor does it attempt to endow such a space with a metric structure as we do in
this paper.
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6.1 Weighting Predictor Sets and the LP-Risk Distance

Many of our results thus far have required assumptions of compact predictor sets or bounded
loss functions. Without these assumptions, the Risk distance tends to be poorly-behaved.
For instance, problems such as the linear regression in Example 19 tend to be infinitely
far away from problems of bounded loss under the Risk distance. One reason for this
phenomenon is the supremum in the definition of the Risk distance. The supremum treats
unreasonable predictors, such as those whose graphs are far from the support of the joint law,
with the same consideration as more reasonable options. One might reasonably complain
about this design decision.

One solution to this problem is to weight the predictors, de-prioritizing extreme options
by giving them less weight. These weights could come from prior knowledge or belief about
which predictors might perform well or from a measure of complexity of each predictor (so
that more complex predictors receive lower weights). Indeed, considering these weights as
part of the specification of a problem can be seen as a proxy for adding a regularization
term to the constrained Bayes risk.

More formally, we provide weights on the predictor set in the form of a probability
measure. This lets us replace the supremum in the definition of dg with an LP-type integral,
effectively softening the Risk distance.

Definition 72 A weighted problem is a pair (P, \) where
o P is a problem whose predictor set H comes equipped with a Polish topology, and
e )\ is a probability measure on H.

When there is mo chance of confusion, we may suppress the measure X and denote the
weighted problem by P.

Assumption 73 We make the following measurability assumption. Given a weighted
problem (P, \), consider the map

HxXxY — Ry
given by
(h,z,y) = lp(,y).
Since H, X, and Y are topological spaces, we can equip each space with the corresponding
Borel o-algebra. We can then equip the product H x X x 'Y with the product o-algebra. For

any weighted problem (P, \), we henceforth assume that the above map (h,x,y) — £n(z,y)
18 measurable with respect to this product o-algebra.

Definition 74 Let (P,\) and (P’,\) be weighted problems. For p € [1,0] and for any
couplings v € I(n,n') and p € TI(\, X'), define the LP-risk distortion of v and p to be

disp pr p(p, (f <f |£(h( — (W), )] dy(z,y,2",y ))pdp(h, h’))l/p pe[1,0),

disppr o(p,y) :=  sup f!f — (W' (&), )| dv(z,y,2",y) p = 0.
(h,h")esupp|p
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The LP-Risk distance between weighted problems (P, \) and (P’,\') is then defined to be

dR,p((P’ )‘)’ (Plv )\/)) = 1pn£ diSP,P’,p(pa ’7)

where v ranges over all couplings TI(n,n') and p ranges over all couplings TL(A, \').

Theorem 75 The LP-Risk distance is a pseudometric on the collection of all weighted
problems. Furthermore, we have

(1) drp < drg < dr,o for all1 <p < q < w;

Remark 76 Property (i) is analogous to a similar property enjoyed by the Gromov- Wasserstein
distance (Mémoli, 2011, Theorem 5.1 (h)) and it follows from (Mémoli, 2011, Lemma 2.2).
Property (ii) states that the L*°-Risk distance is never smaller than the standard Risk distance
from Definition 26. This is analogous to the fact that the Gromov-Hausdorff distance is
bounded above by the L*-Gromov-Wasserstein distance (Mémoli, 2011, Theorem 5.1 (b)).
The proof of the triangle inequality for the LP-Risk distance is identical to the proof of the
same for the Risk distance, save for an application of Minkowski’s inequality for the outer
integral. As indicated above, the proof of the other claimed properties follows similar steps
as those for the Gromov-Wasserstein distance and therefore we omit them.

Example 77 Just as we defined the one-point problems

Pi(c) := ({o},{®},0(s,0), ¢, {1d(a}})

for each ¢ = 0 in Example 20, we can define a corresponding one-point weighted problem
by endowing {Id{.}} with the point-mass probability measure. We will still use P, to denote
P,(0). Then, in a manner similar to Example 31, if (P,\) is a weighted problem, one can
show

drp(P, P.) = ( JH ( nye(h(x),w n(dz x dy))p A(dh))l/p _ ( JH RE(h) A(dh))l/p.

This can be seen as a kind of weighted constrained Bayes risk of (P,\). While the constrained
Bayes risk of an unweighted problem P is the infimal possible risk, the above expression
dr.p(P, P.) represents the pth moment of possible risks when a predictor is chosen at random
according to . In particular, dg (P, P.) is simply the average risk of a predictor chosen
randomly according to A.

One can establish a connection with the usual constrained Bayes risk as follows. Assume
that the problem P is such that its loss function £ is bounded above by a constant lpax > 0.
Then,

dRp(P, Pe(lmax)) = (JH (Cmax — Rp(h))p)\(dh)> o _

If the support of X is the whole H, we obtain, asp — o0, that dr p(P, Pe(fmax)) = fmax—B(P).

52



GEOMETRY AND STABILITY OF SUPERVISED LEARNING PROBLEMS

The distance dg (P, P.) from Example 77 will appear again in Theorem 82, so we
establish a definition.

Definition 78 Given a weighted problem P = (P,\) and 1 < p < o0, the p-diameter of P
18 given by

innP.P) = ([ ([ ratae<an) ran) " (], =am A(dh))w.

The word “diameter” is chosen in analogy with metric geometry, where the diameter of a
metric space can be found from its Gromov-Hausdorff distance from the one-point metric
space.

6.2 Connection to the Gromov-Wasserstein Distance

In Section 3.5, we saw two ways to turn metric measure spaces into problems, each of which
relates the Gromov-Wasserstein distance to the Risk distance. In this section, we will draw
a similar connection between the Gromov-Wasserstein distance and the LP-Risk distance.
Specifically, we will provide a way of turning metric measure spaces into weighted problems
such that the L'-Risk distance between the resulting problems aligns with a well-known
modification of the Gromov-Wasserstein distance between the original spaces.

Given any metric measure space (X, dx, px), define a weighted problem (Px, px),

Py = (X, X, (Ax)spx, dx, Hx),
where
e Ax : X — X x X is the diagonal map x — (z,z), and
e Hx is the set of all constant functions X — X.

Here we think of ux as a measure on both X and Hx since the two are in natural
bijection.

Proposition 79 Let (X,dx,ux) and (Y,dy, uy) be two metric measure spaces. Then,

dr,1(Px,Py) = inf ff |dX(3:2, x1) — dy (ya2, y1)| ~y(dx1 xdyr) p(draxdys). (%)
YeI(px by )
pell(px py)

The proof of this proposition can be found in Appendix A.

Use F(7, p) to denote the double integral in the expression (). If we add the additional
constraint that v = p, then the expression (*) becomes 2dgw 1(X,Y). As written, (%) is a
lower bound on 2dgw,1(X,Y’), which could be arrived at via a “bilinear relaxation” of the
optimization problem posed by daw,1. That is, one could begin with the objective function
for the Gromov-Wasserstein optimization problem

F(y) = f j ldx (22, 21) — dy (g2, y2)| 7 (dary xdyy) y (dwz <),
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which is quadratic in the transport plan «, and decouple the two instances of v to get the
objective F (7, p), which is bilinear in two transport plans. This “relaxation” was considered
by (Mémoli, 2011, Section 7) for estimating the Gromov-Wasserstein distance via an alternate
minimization procedure. Similar optimal transport problems, which simultaneously optimize
two transport plans in a Gromov-Wasserstein-like objective function, appear in the literature.
Indeed, when X and Y are finite, the expression () is a special case of CO-Optimal transport
(Vayer et al., 2020b). Sejourne et al. (2021) apply this relaxation technique, which they call
the “biconvex relaxation,” to an unbalanced variant of the Gromov-Wasserstein distance.
This inspired Beier et al. (2023) to explore a similar relaxation for a “multi-marginal” variant
of the same problem. A theoretical study of the metric properties of the right-hand side of
(x) appears in (Chen et al., 2022, Appendix A.4).

6.3 Stability of Loss Profile Distribution

Being softer than the Risk distance, the loss profile is less stable under the LP-Risk distance.
To obtain a stability result, one cannot compare the loss profile sets directly, but instead
compare certain probability distributions on the loss profile sets.

Definition 80 Let (P, \) be a weighted problem. Define Fp : H — Prob(R) by
Fp(h) == (Ch)gn-
The loss profile distribution of P is then defined to be L(P) := (Fp)sA.

Note that £(P) € Prob(Prob(R)) is a probability measure on the space of real probability
measures. More specifically, Fp(h) is the loss profile of h, so L(P) describes what the loss
profile of a random predictor chosen according to A is likely to be.

While Theorem 37 shows that L(P) is stable under the Risk distance with respect to
the Hausdorff distance, the following analogous theorem shows that the measure £(P) is
stable under the LP-Risk distance with respect to the Wasserstein distance.

Theorem 81 Let P and P’ be weighted problems. Then

d
dyp (L(P),L(P")) < drp(P, P')

where dé\V,V; is the p-Wasserstein metric on Prob(Prob(R)) with underlying metric dw 1 on
Prob(R).

The proof is in Appendix A.

6.4 Improved Density

A useful theorem in measure theory states that any probability measure p on a Polish space
X is tight, meaning that for any € > 0, there is a compact subset K < X with u(K) > 1—e.
In a slogan, “Polish probability spaces are almost compact.” Applying this principle to our
setting suggests that any weighted problem should be close to one with a compact predictor
set. This can be made rigorous with a density theorem.

54



GEOMETRY AND STABILITY OF SUPERVISED LEARNING PROBLEMS

Theorem 82 Let p > 1 and let (P, \) be a weighted problem of finite p-diameter. Then
there exists a compact weighted problem (P, \') with dg (P, P’) < e.

Additionally, a result analogous to Theorem 65 still holds for the LP-Risk distance.

Proposition 83 Let p > 1 and let (P, \) be a compact weighted problem. Then there exists
a weighted classification problem (P', \') with dg (P, P’) <e.

The proofs of both Theorem 82 and Proposition 83 can be found in Appendix A. Chaining
these two density results together proves the following corollary.

Corollary 84 Under dr) for p = 1, weighted classification problems are dense in the space
of weighted problems of finite p-diameter.

Example 85 Consider the linear regression problem P from Example 19. If we endow the
predictor set of P with a joint law satisfying some finite moment assumptions, the resulting
weighted problem has finite p-diameter. Corollary 84 then tells us that P can be approximated
arbitrarily well by weighted classification problems under dg .

More precisely, let P be a linear regression problem, and suppose the predictor set

H={z—a"z+b|(a,b) e R" x R}

is equipped with a probability measure \. We can think of both A and n as probability measures
on R™ x R. If

1. all n + 1 marginals of n have finite second moment, and
2. all n + 1 marginals of A have finite 2p-th moment,

then diam,(P) < o0.
To prove this, we can write

(diamny (P)) " = (f Uﬁ(a% +b,y) n(d x dy))p A(da x db))mp

1/2\ 2P
f ((J(a% +b—y)?n(ds x dy)) ) Mda x db)
By liberally applying Minkowski’s inequality and simplifying, we can bound this expression
by the sum
n 1/2p 1/2
Z <J a’ \(da x db)> (Jx?n(dx x dy)>

1/2p 1/2
( b)* A(da x db)) + (J y2 n(dz x dy)) .

These integrals are the moments of n and A that we have assumed to be finite.

1/2p
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6.5 Improved Stability

The LP-Risk distance enjoys many of the same stability and density results as the Risk
distance. Indeed, we will soon see that many of these results can be strengthened for
the LP-Risk distance. That is, the LP-Risk distance enjoys stronger stability and density
properties than the Risk distance.

First we will establish that the LP-Risk distance inherits some stability results from the
Risk distance, saving the improvements for later. Many of our bounds on the Risk distance
are proven using the bound

dr(P,P") < inf dispp/(Rdiag,7) (2)
~ell(n,n')

where Rgiag is the diagonal correspondence, which is valid whenever P and P’ share a
predictor set. Hence we can extend the results of those sections using the following lemma.

Lemma 86 Let (P,)\) and (P',\) be weighted problems that share a predictor set H and
predictor weights X\. Then

dR,p((P’ )‘)7 (P/7 )‘)) < inf diSP,P’ (Rdiagu ’Y)
vell(n,n')

where Ryiag 5 the diagonal correspondence of H with itself.

Proof First write
dR,P((Pa )‘)7 (P/a )‘)) < diSP,P/,p(pdiaga ’7)
where pgiag is the diagonal coupling of A with itself.
Next we bound the LP-risk distortion by the L®-risk distortion as follows:

disP,P'ﬁD(pdiag» ) dlSP P’,0 (pdlaga

= sup f‘ﬁ — (W (2 ’d’y x,y,2,y)
(h,h")esupp|pdiag]

< sup f!f(h(x), y) = (W (2"),y")| dy(z,y, 2, y)
(hrh/)ERdiag

= disp p/(Rdiag, V)

where the second inequality follows from the fact that the support of pgiag lies within
the diagonal Rgag © H x H. |

Condition 2 from Theorem 28, the Risk distance bounds of Sections 4.3 (Stability under
bias), 4.4 (Stability under noise), and 5.4 (Convergence of empirical problems) are all proven
via the diagonal bound (2).® By Lemma 86, these results still hold if we replace the Risk
distance with the LP-Risk distance and replace both problems with weighted problems that
share a common weight measure A\. That is, in the above results, we can replace each
instance of dr (P, P’) with dg,((P, ), (P’,\)) and they will still hold true.

6. In addition to the diagonal bound, the proof of Theorem 69 also uses the density of classification problems
(Theorem 67). However, the proof of the analogous result for weighted problems is still valid if we replace
this step with an application of the density of weighted classification problems (Theorem 83).
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Moreover, some of our results for the Risk distance can be strengthened for the LP-Risk
distance. Indeed, we have already seen that the density results of Section 5.3 can be
strengthened into Theorem 82. We can strengthen some stability results in the same manner.
For instance, the LP-Risk distance satisfies the following version of Condition 2 in which the
supremum is replaced by an integral.

Proposition 87 Let (P,\) and (P’,\) be weighted problems with

P = (XaYﬂ%f,H)
P'=(X,Y,n, ¢ H)

drp(P,P') < (J U\e y) — ' (h(z),y)| n( dxxdy))p)\(dh)>l/p.

Proof Bound the LP-Risk distance by selecting the diagonal couplings. |

Then

We can also modify Theorem 51 by replacing the Hausdorff distance with a Wasserstein
distance.

Proposition 88 Let (P, \) and (P, \') be weighted problems with
P = (XaYﬂ%faH)
P = (X,Y,n,¢, H).

Leti: H— HUH and j: H — H v H' be the inclusion maps, and endow H U H' with
the pseudometric dgy(h1, ha) := [€hy, — Lhy| 11 () introduced in Section 5.2.
Then
drp(P, P') < dy" (igh, jy ).

Proof Selecting the diagonal coupling between n and itself gives us the bound

p 1/p
tnnPPy < it ( [([lnen = et ataoxan) ptan<an)
peTI(AN)
P ) 1/p
—  inf (2. y) — (2. 9)| n(dzxd dhxdh
ot ([ ([ = ool ntaoxa) ptarcan)
Nn\P / /e dp /
= inf don(h, h dhxdh = dy " (Tg A, oA
ot ([t tansany) = gy
as desired. n

Proposition 44 can be modified for weighted problems as well. We first construct an
analog of the metric sy 7 from Section 4.3. Replacing the supremum over H in the definition
of sg y with an LP-style integral against A, we arrive at the definition

seap((2,9), (2 ( | Jetwa). ) — ecn x’>,y’>\px<dh>>1/p.
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In other words, to determine the distance between (x,y) and (z’,y’), we ask how different
the loss on the observation (z,y) will be from the loss on (2/,3’) for an average predictor.
We can now state our stability result.

Proposition 89 Let (P,\) be a weighted problem, and let (P’,\) be a weighted problem
that is identical to P except possibly for its joint law n'. Then

dr p(P, P') < dwy" (1)

Proof By selecting the diagonal coupling between A and itself and applying Minkowski’s
inequality for integrals, we can bound dg , by

drp(P P < inf U <J’€<h(m)ay)_g(h(x/)ay/)"Y(dxxdyxda:’xdy’)>p/\(dh)>l/p

vell(nn')

1/p
< inf f(f‘ﬂ ((h(),y") A(dh)) y(dxxdyxdz'xdy")

vell(nn’)
= dywy" (0, 1),

giving us the desired bound. |

Lastly, we turn our attention to stability under noise. We have shown in Section 4.4
that the Risk distance is stable with respect to noise in the joint law when ¢ is a metric. By
contrast, for a general ¢, the Risk distance dr can be highly sensitive to changes in the joint
law. The following example demonstrates this sensitivity.

Example 90 Define a problem
= ({o}, R, 00,4, H)

where £(y,y") = (y —v')?, and H is the collection of all functions {8} — R, making H itself
homeomorphic to R.” Now, for any € > 0, define

({ LR, (50+5) €,H>.

We can think of P- as P with some noise; when making an observation, there is a 50% of
observing the correct y-value of 0, and a 50% chance of making a small error and reading a
y-value of €. We would hope that P would converge to P under dr, as € — 0, but this is not
true. There is only one coupling between &g and 1/2(5p + 6:), so the Risk distance is

an(Pr) = int s [ [ fla= = 0=yt ( 500+ 50 ) (@)

ReC(H,H) (q,b)eR

_ : 1 2 32 1 2 \2
= el 3 21 =¥+ 5l 0=

7. In other words, we can identify H with R.
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1
>— inf  sup |b2 —(b— 5)2’
2 ReC(H,H) (a,b)eR
1
= —sup|2be — &% = .
2 per

The metric dr; enjoys a stronger stability than dg with respect to noise in a problem’s
joint law. We use a more general noise model than the one outlined in Section 4.4, allowing
for noise in the X direction as well as the Y direction. More specifically, we let our noise be
given by any Markov kernel N : X x Y — Prob(X x Y'). That is, given a problem P, define
Py to be the same problem but with joint law on X x Y given by

WNM%jLWwaMMWMMD

for all measurable A € X x Y. We justify the use of Markov kernel composition notation by
thinking of the measure 1 as a Markov kernel 7 : {#} — Prob(X x Y).
We can now state our improved result about stability under noise.

Theorem 91 Let (P, \) be a weighted problem, and N : X xY — Prob(X xY) a Markov
kernel. Then

dr p(P, Px) < digy” (b1ax oy V)

Here 614, is the Markov kernel sending (x,y) to O(z,y), and df,f,’ﬁ’p is the Wasserstein
metric on Markov kernels X x Y — Prob(X xY) when X xY is equipped with the joint
law 1 and the metric sq 5 p.

The proof can be found in Appendix A.

Example 92 Let (P, \) be a weighted problem with P = (R,R,n, ¢, H), where
o Uy.y) = (y—y)>
o H :={f,|aeR}, where f,(z):= ax,
o )\ is the standard normal distribution.

Let N : R xR — Prob(R x R) be a noise kernel that applies x-dependent noise in the vertical
direction. That is, if i% : R — R? is the function i%(y') = (z,y +¥'), set

N(z,y) = (iz)yM (x)

for some Markov kernel M : R — R. Assume that for all z, M(x) is a symmetric measure
with finite 2nd moment v(x) and 4th moment k(x). Theorem 91 gives us dr2(P, Pn) <

d%f;*l’z ((5IdR2,N). The right hand side is difficult to exactly compute, so we will compute the

larger quantity d‘;f,’ff (5IdR2 N).
We first produce an explicit formula for sy x2((x,v), (2, y)).

Fanle), @) = [ (o) 0aa'.9)” M)

= JOO ((ax — y)? — (az’ — y')2)2 e V2 da
% NCZ
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After expanding the polynomial term, the integral can be split into five terms that represent
various moments of the standard normal distribution. We arrive at the polynomial

siaa((@.y), (2',y)) = 3(2® — 2%)? + 4wy — 2'y')* + (v* —y*)? + 2(2” — ") (y* — ).

Next we can compute d;ﬁg’?(é(x,y), N(x,y)) for any fized (x,y) € R%. Indeed, there is only
one coupling between &, .y and N(z,y), so we can write

2
(d‘;&%‘g) (5(I,y)7 N(.’L’, y)) = S%,)\Q((xa y)7 (.'13‘/, y/)) N(]I, y)(d.’L’/ Xdy/)

J
— [ anlln). @) @M @) )
J

= f4ar23/2 +y”?(y +2y)* M(z)(dy').

Again, expanding the polynomial terms and splitting the integral reduces the problem to
moment computations. Recalling that M (x) is symmetric and hence has vanishing odd
moments, we arrive at the expression

2
(4513%) By N(@,9)) = 40(w)a? + do(a)y? + k().

2
Integrating against n gives us an expression for (d‘:,f}?) (5IdR2,N), and hence an upper
bound for dQR,p(P’ Py).

di (P, Py) < J [4v(x) < f y? ﬁ(:c)(dy)) + 4z%v(z) + k(:p)] a(dzx)

where « is the first marginal of 1, and B is the disintegration. We take a moment to interpret
the integrand of the outer integral. The integral §y*>B(x)(dy) is the second moment of B(z).
Hence the term v(z) §y?B(z)(dy) measures the correlation between the spread of B(z) and
the noise o2 (x) applied at . The term x?0?(x) measures the application of noise far from
the origin. Hence this bound suggests that noise has an effect on the squared Risk distance
proportional to its 4th moment, with an additional effect proportional to its 2nd moment if
applied at x-values far from zero, or where 5(x) is already spread out.

7. The Connected Risk Distance: Risk Landscapes

Having discussed the weighted variant of the Risk distance, we now introduce and study
one more variant, called the Connected Risk distance. This variant is motivated by the
observation that the Risk distance is insensitive to the contours of a problem’s risk landscape.
We will show that by strengthening the Risk distance into the Connected Risk distance, a
topological descriptor of the risk landscape called the Reeb graph can be made to exhibit
stability under the Connected Risk distance without breaking many of the stability results
that the Risk distance enjoys. The Reeb graph of the risk landscape of a problem P encodes
information about the inherent complezity associated to solving P.
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7.1 Insensitivities of the Risk distance

We saw in section 4.1 that the constrained Bayes risk of a problem is stable under the
Risk distance. The constrained Bayes risk B(P) of a problem P is a sufficiently descriptive
invariant if we plan to solve P by exhaustively searching the predictor set H for a predictor
with minimal risk. If we instead wish to use a more practical search method like gradient
descent, then B(P) is a woefully incomplete descriptor. The specific structure of the risk
function Rp : H — Rsg becomes crucially important, rather than just its infimum. Is Rp
rife with local minima? What are the risks of the local minima? What are their basins like?
The Risk distance is not sensitive to these kinds of concerns.

Example 93 Define a problem
P:=([0,1],{0,1},n,¢, H)
and a family of problems
Fi o= ([0,1],{0,1},m, ¢, Hy), t € (0, 1],

where

1. 0 is the 0-1 loss £(y,y') := Lypy -

2. n is the uniform distribution on [0, 1] x {0}.

3. H := {1 q)lac[0,1]} U {ly1]ac[0,1]}.

4. Hy = {1 g)|a e [t,1]} U {1(41]a € [0,1]}.

Here we take the convention that [0,0) = (1,1] = &. We claim that dg (P, P;) < t. Indeed,
by Theorem 51,

dr(P, P) W ({tulh e HY , {tw|h' € Hy})

- inf ||, — ¢
sup inf, 10n — Lo ] 1 (i

N

1
= sup inf f [¢(h(z),0) — £(W (x),0)| dx
heH\H; Ve€H:

= £ — Lp(wyso| d
sup h}gHJ 110,y (2)%0 = Ls(ay0| d

= sup inf Lo — K(x)|dx.
anpt hIEHtJ ‘ [0 ) ( )‘

Choosing h' = 0 gives us the upper bound bound

1
< sup f l[O,a)($) dex =t.
agl0,t) JO

Hence dg(P;, P) — 0 ast — 0. At the same time, the risk landscapes of P and P, look very
different for any t > 0. These risk landscapes are depicted in Figure 6. Under the metric
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Rp RPt
1+ 1+
t 4
0+ 0+
H H,;

Figure 6: The risk landscapes for P and P; in Example 93.

dyy, H is topologically a circle. The risk function Rp : H — Rxq has one local minimum,
which is achieved at the function h(x) =0. Fort > 0, H; is formed from H by removing a
small segment of the circle, making Hy topologically a closed interval under dy,. Then Rp,
has a local minimum at each end of the endpoints of the interval, one at h(x) = 0 and the
other at h(z) = lgy)-

In this section, we strengthen the Risk distance to exert more control over the risk
landscape. Inspired by Bauer et al. (2021), we restrict the correspondences in the definition
of dr to only those satisfying a certain connectivity property.

7.2 The Connected Risk distance

If H, H' are topological spaces, define Ceon(H, H') to be the set of correspondences R € H x H'
such that the projections R — H and R — H' are inverse connected, meaning the preimage
of any connected set is connected.

Definition 94 (Connected Risk distance)

dRC (P, P,) = inf diSp’Pl (R, ’7)
Vell(n,n’)
ReCeon(H,H")

= inf sup f [n (2, y) — O (2 )|y (doxdy x dz’ x dy').
Vell(nn') (hW)eR
ReCeon(H,H')

Note that the definition of drc is the same as that of dr (Definition 26), except that the
correspondence R is chosen from Ceon(H, H'). We claim dgc is a pseudometric. The only
nontrivial property is the triangle inequality, which requires a modified version of the gluing
lemma.

Lemma 95 Let Hi, Hy, H3 be topological spaces, and let Ri2 € Ceon(H1,H2), Ra3 €
Ceon(H2, H3). Then there exists an R < Hy x Hs x Hs such that the projection maps
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onto each of the three coordinates are all inverse connected, and such that proj; 2(R) = R 2
and projo3(R) = Ra 3.

With this lemma in hand, we can prove the triangle inequality in exactly the same way that
we did for dg. The proof of Lemma 95 can be found in Appendix A.

Remark 96 Note that drc is a larger metric than dg, since R is infimized over Ceon(H1, H2) <
C(H1, Hs). Therefore we would expect drc to be less stable than dg. Some of the stability
results of dg were proven by selecting R to be the diagonal coupling between a predictor
set H and itself. Since Ceon(H, H) still contains the diagonal coupling, these proofs apply
just as well to drc, just as we saw with the LP-Risk distance in Section 6.5. Specifically,
Condition 2 from Section 3.3, as well as the results of Sections 4.3 (stability under bias) and
4.4 (stability under noise) still apply to the Connected Risk distance.

Additionally, since dgrc is larger than dg, the problem descriptors stable under the former
are also stable under the latter. In particular, the results of Section 4.1 and Section 4.2
still hold for dgc; still stable under the Connected Risk distance are the loss profile set and
consequently the Bayes risk, as well as the Rademacher complexity for an arbitrarily large
sample size.

7.3 Risk Landscapes and Reeb Graphs

We will show that a certain topological summary of the risk landscape of a problem, known
as the Reeb graph, is stable under the Connected Risk distance.

Definition 97 (Induced Reeb Graph) Let X be a topological space and f : X — R a
continuous function. Define an equivalence relation on X by declaring that x ~ y if and only
if x and y belong to the same connected component of some level set of f. Define F := X /~.
Let q : F — R be the unique continuous function that factors through f. The pair (F,q) is

called the Reeb graph induced by f.

Typically, we picture a Reeb graph (F, ¢) by thinking of the function ¢ as a “height” function;
we imagine that F' is situated in space so that g(x) is the altitude of the point z. See Figure 7.
In the computer science literature, many authors define the Reeb graph by declaring that
x ~ y if and only if x and y lie in the same path-connected component instead of the
same connected component. While these definitions are not equivalent in general, they are
equivalent under reasonable topological assumptions, such as when the level sets of f are
locally path-connected.

Reeb graphs are used as summaries of landscapes induced by real functions. While
originally designed by Georges Reeb to study functions on smooth manifolds (Reeb, 1946)
and independently rediscovered by Kronrod (1950), Reeb graphs were first popularized as
a computational tool by Shinagawa et al. (1991). Since then, Reeb graphs have grown in
popularity, finding applications in the comparison (Hilaga et al., 2001; Escolano et al., 2013),
parameterization (Patane et al., 2004; Zhang et al., 2005), and denoising (Wood et al., 2004)
of shapes, in symmetry detection (Thomas and Natarajan, 2011), and in sketching of static
(Chazal and Sun, 2013; Ge et al., 2011) and time-varying (Edelsbrunner et al., 2004) data,
among many others. See Biasotti et al. (2008); Yan et al. (2021) for surveys.
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Figure 7: An illustration of a function f on the unit square and its induced Reeb graph. The
two local minima of the function produce downward-pointing leaves of equal height
on the Reeb graph. Similarly, the three local maxima produce upward-pointing
leaves, with the lower maximum producing a lower leaf.

While it is easiest to imagine “Reeb graphs” as topological graphs® with attached height
functions, one should be wary that, in general, the Reeb graph of a function need not admit
the structure of a topological graph. Thankfully, many classes of spaces and functions
are known to induce Reeb graphs which are also topological graphs. One list of sufficient
conditions is provided by de Silva et al. (2016, Example 2.2).

Definition 98 Let P be a problem. The Reeb graph of P, denoted Reeb(P), is the Reeb
graph induced by the risk function Rp : H — Rxg.

The Reeb graph of a problem P is a summary of the risk landscape. (See Figure 8.)
For instance, the height of the lowest point of Reeb(P) is the constrained Bayes risk. If
R p has a unique minimizer, then Reeb(P) will have a unique lowest point. Conversely, if
Reeb(P) has a unique lowest point, then the minimizers of Rp form a connected set. Local
minima appear as downward-pointing leaves, with the height of the edges corresponding to
the depth of the basins around those minima. Similarly, local maxima are represented by
upward-pointing leaves. The Reeb graph of P therefore captures information that can be
useful for quantifying the complexity of the problem P.

Reeb graphs can be compared via any of several related metrics. The largest such metric
in popular use is called the universal distance (Bauer et al., 2021).

Definition 99 (Universal Distance on Reeb graphs) The universal distance between
two Reeb graphs (F, f) and (G, g) is given by

dy((F, f),(G,g)) := ngng Rnf —§lls
3,9 4>

8. The following definition will suffice: A topological graph is a topological space produced from a graph
by realizing the vertices as isolated points and the edges as arcs connecting them; see (Hatcher, 2005,
Chapter 0) for details.
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Rp

o0 ] —

Figure 8: The Reeb graph of some problem P. Based on the downward-pointing leaves of
the Reeb graph, this problem’s risk landscape seems to have three basins. The
height of the lowest point in the Reeb graph corresponds to the constrained Bayes
risk B(P).

where the infimum ranges over all spaces Z and functions f,g : Z — R such that f induces
the Reeb graph (F, f) and g induces the Reeb graph (G, g).

Even with respect to the universal distance, the Reeb graph of a problem is stable under
the Connected Risk distance.

Theorem 100 Let P and P’ be problems. Then
|B(P) — B(P")| < dy(Reeb(P),Reeb(P’)) < drc(P, P').

Hence the Reeb graph of a problem is a stronger descriptor than the constrained Bayes
risk while remaining stable under the Connected Risk distance. The proof can be found in
Appendix A.

Example 101 Let P be a problem whose loss ¢ is a metric, such as a 0-1 loss in a
classification problem, mean absolute error in a regression problem, or a Wasserstein distance
in a probability estimation problem. Suppose that we expect noise in the labels of our data
such that the average distance under £ between the true label and the observed label is 1.
Write 0 for the noisy distribution from which the observed data is drawn. Suppose also
that the loss function ¢ is difficult to exactly compute or has poor optimization properties,
but there is an approximation ¢’ that does not share the same issues and is eo-close to £ in
the supremum norm. Replacing n with the noisy ' and £ with the approximation ¢ could
introduce new local minima to the risk function. We would like to understand how bad these
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local minima can be. Let P' = (X,Y,n',¢,H) and P" = (X,Y,n/, V', H). We aim to bound
the universal distance between the Reeb graphs of the idealized problem P and the corrupted
problem P”. Since Theorem 49 applies to the Connected Risk distance (Remark 96), we have

drc(P,P') < e

Since drc also satisfies Condition 2 from Section 3.3, we also have
drc(P', P") < maxf [(h(z),y) — ¥ (h(z),y)| n(dexdy) <

Then, using the triangle inequality for drc and Theorem 100, we can write the bound
dy(Reeb(P),Reeb(P")) < drc(P, P") < drc(P, P') + drc(P', P") < &1 + 2.

In other words, if we replace the idealized problem P with the corrupted problem P”, the Reeb
graph can change by at most 1 + €9 in the universal distance. Hence any downward-pointing
leaf of Reeb(P) of depth more than 2(e1 + €2) from top to bottom has a corresponding
downward-pointing leaf in Reeb(P"), and the difference in the heights of the tips of two
corresponding leaves is at most €1 + €2. We conclude that a basin of depth greater than
2(e1 + £2) in the risk landscape of the original problem corresponds to some basin in the
corrupted problem, and the risk at the bottom of two corresponding basins differ by at most
€1+ e9. Similarly, any new downward-pointing leaves in the Reeb graph created by corrupting
P to get P" can be of length at most 2(e1 + €2) from top to bottom, so any new basins
introduced by the corruption can be of depth at most 2(e1 + €2) from the deepest to highest
point of the basin.

8. Discussion

Machine learning is currently engaged in a rapid and wide-ranging exploration of its problem
space. This paper proposes a guiding and organizing principle, focusing on supervised
learning. As the field grows explosively, such structure is increasingly needed to make sense
of emerging approaches. In this work, we argue that, given a notion of distance between
supervised learning problems, various corruptions and modifications of problems can be seen
from a geometric perspective. We propose the Risk distance and two variants thereof as
reasonable choices for this distance notion, bolstering our claims with a garniture of stability
results. The development in this paper can be seen as a direct descendent of earlier work in
the machine learning community on reductions between learning problems, surrogate losses
and different forms of regularization.

The present work has opened the way for further understanding of machine learning
analogous to several productive, related research programs. The idea of the function space
lies at the center of the abstract theory of functional analysis (Birkhoff and Kreyszig, 1984,
page 259), the development of which was highly productive for 20th century mathematics
(Dieudonné, 1981). Similarly productive for metric geometry was the work of Gromov
(1981), which created the metric space of all metric spaces. Other similar examples include
category theory, which is concerned with putting relational structures on collection of objects
(Mac Lane, 2013), and the theories of optimal transport (Villani, 2008) and information
geometry (Amari, 2016), which both propose geometric spaces of probability measures.
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Common among all of these examples is the viewpoint that to understand an object,
it is productive to place it in a larger space of similar objects. Following this viewpoint,
the present work opens the door to similar techniques by establishing candidates for spaces
of supervised learning problems. In particular, the definition of the Risk distance directly
echoes the motifs of an established lineage of distances from metric geometry and optimal
transport (Section 2.3). We have shown that the geometry is meaningful; the geometric
notion of a geodesic is related to optimal couplings and correspondences (Section 5.1), and
that the topological density of classification problems (Section 5.3) is useful in proving the
convergence of empirical problems (Section 5.4). Throughout Section 6, the weighting A
placed on the set of predictors can be interpreted as a Bayesian prior—an approach aligned
with the principles of Bayesian statistics. However, classical Bayesian frameworks do not
consider a space of problems or attempt to endow it with a metric structure, as we do here.
While Bayesian decision theory (Berger, 1985) incorporates elements such as loss functions,
it does not address the geometry of the problem space. It is conceivable that the present
work may offer new perspectives in that direction.

More generally, we are optimistic that further geometric, topological, and even categorical
studies of the space of problems can shed light on questions of interest in supervised learning.
For example, the following concrete research directions appear to be natural candidates for
exploration through the lens of the ideas developed in this paper:

e Convergence Rates for the Empirical Problem. We posed Question 71 aimed at
making Theorem 69, on the convergence of the empirical problem, more explicit and
quantitative.

o Leverage the framework to design broader, practical reductions between learning prob-
lems, allowing more components of ML tasks to vary. As shown in Section 5.3,
classification problems are dense—in the sense of the Risk distance—within the space
of all compact problems. This suggests a structural connection between classification
and regression problems, despite their apparent differences. Conversely, it is natural to
investigate reductions in the opposite direction: for example, reducing a classification
problem with severe label noise to a regression problem with biased sampling, where
both problems are close in Risk distance. Such a reduction would enable robust
regression techniques to be repurposed for noisy classification tasks, facilitating the
transfer of insights across distinct problem classes.

o Analyze the robustness of other theoretical results—e.g., fast rates of convergence—through
the lens of the Risk distance (or suitable variants thereof ). In particular, is “fast conver-
gence” a stable property under appropriate structural assumptions on the problems?

e Assess the empirical value of the optimal couplings and correspondences produced
by our theory. An optimal coupling and correspondence (as studied in Section 5.2)
between two problems provide a kind of dictionary relating the two problems. What
new insights can be drawn from such a dictionary?

e [nvestigate concrete models of sampling bias within our framework, such as distribution
shift (Quinonero-Candela et al., 2009) and selection bias (Meng, 2018), which arise in
many practical learning scenarios.
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Appendix A. Relegated Proofs
A.1 Proofs and Details from Section 3

Proof [Theorem 27] The only nontrivial pseudometric axiom to prove is the triangle
inequality. Furthermore, the claim that dg vanishes on weakly isomorphic problems will follow
from the triangle inequality and the fact that dr satisfies Condition 1 (Theorem 28). That is,
if P” is common simulation of P and P’, then dr(P, P’) < dg(P, P") + dgr(P",P") =0+ 0.
Hence we need only prove that dr satisfies the triangle inequality.

Let P, = (Xi,Y;,T]Z',fi,Hi) for i = 1,2,3. Let Y12 € H(nl,ng), Y2,3 € H(ng,ng), R172 €
C(H,,H3), and Ry 3 € C(Haz, H3) be arbitrary. We apply the the gluing lemma (Lemma 1)
and its counterpart for correspondences (Lemma 2). Let v be a gluing of v; 2 and 7 3, and
let 1,3 be its marginal on the first and third coordinates. Similarly, let R be a gluing of R1 >
and Ry 3, and let R; 3 be its image on its first and third components. We can then write

dispp/(R13,71,3) =  sup f’&(hl(%),?ﬂ) — l3(h3(x3), y3)| 71,3(dw1 xdyy x das x dys3)
(hl,h3)€R1,3

= sup f’ﬁl(hl(wl),yl) — U3(h3(x3), y3)|7(dzy x dyy x dwg x dyz x dws x dys)
(hl,hz,hg)ER

< sup J’El(hl(m),yl) —Eg(hg(xg),y2)|’}/(dx1 X dy1 X dxe x dys x dxs x dys)
(h17h2,h3)€R

+  sup J|f2(h2($2),3/2) — U3(h3(x3),y3)| v(dz1 x dys x dzg x dys x dzg x dys3)
(hl,hz,h3)€R

= sup f [01(ha (1), y1) — Lo(ha(w2), y2)| v1,2(day x dyr x dg x dys)
(hl,hg)ERlyz

+  sup J!€2(h2($2),yz)—53(h3(9€3)7y3)‘72,3(d962><dy2><d:l73><dy3)
(hz,hg)ERzyg

= disp pr(R1,2,71,2) + disp pr(R2,3,72,3)-

Since we can construct such a ;3 and R; 3 from any given i 2,723, R1,2, R2 3, we can take
the infimum of each side to get the desired inequality. |

Proof [Theorem 28] First we demonstrate that the Risk distance does indeed satisfy
Conditions 1 and 2. Let P’ be a simulation of P via the maps f1: X’ —> X and fo: Y’ —> Y.
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Define f := fi x fa. Since fyn' =n, f induces a coupling ¢ € II(n/, 7). Define R <€ H' x H
to be all the pairs (', h) such that ho f; = fy o h/. Since f induces a simulation, R is a
correspondence. By definition of the Risk distance, we can now write

dr(P,P') < sup j | (W (x — U(h(z), y)| v (da' xdy' xdzxdy)
(Wh

- j I (), ) — E(h o fu(e), Faly')) | (da’ xdy).
(R,

We claim the integrand is identically zero. Indeed,

U(ho fi(a'), £2(y))) = U(fa o I'(2"), f2(/)) = £'(W(2'), 9/).

Hence dg (P, P') = 0.

Let P = (X,Y,n,¢,H) and P' = (X,Y,n,¢', H) be any pair of problems that differ only
in their loss functions. We can bound dg (P, P’) by selecting the diagonal coupling between
n and itself, and the diagonal correspondence between H and itself. This directly yields
Condition 2.

Now suppose d is a pseudometric satisfying Conditions 1 and 2, and let P; and P> be
problems. Let v € II(n1,72) and R € C(H;, H2) be arbitrary. Define two new problems

Pll = (Xl X X27Yi X YQa’V’K,hRX)
Py = (X1 x X2,Y1 x Ya,7, £y, Ry),

where

o (1 y2), (Wi yh)) =Gy, vh),
o 05((y1,v2), (y1,¥3)) = L2(y2,Y3),
o RX = {hl X hQ’(hl,hQ) € R}

Then Pj is a simulation of P; via the projection maps X7 x Xo — X7 and Y7 x Yo — Y7, so
by Condition 1, d(Py, P{) = 0. Similarly, d(P», Py) = 0. Combining this with Condition 2,
we get

d(Py, P,) = d(P], Py)

<, mmax J\Ei((hl x ha)(x1,x2), (y1,92)) — €5 ((ha x ha)(x1, 22), (Y1, y2))| V(dar x dwa x dy1 x dys)
1XN2 x

= max f|£1 h1 2131) yl) —52(h2($2 Y2 ”)/ d:nlxd3:2><dy1 xdyQ)
(h17h2 ER

= disp, p,(R,7).

Taking an infimum over all choices of v and R finishes the proof. [ |
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Proof [Proposition 29] Let P and P’ be weakly isomorphic, and let P” be a common
simulation of both P and P’ via the maps

X" Y”
X X' Y Y’
Define the map
m: X" xY" 5 XxYxX xY'
(z",y") = (f1(2"), f2(4"), 91(2"), 92(y")),
which, we note, makes the following diagram commute:
X" xY"
fixf2 m 91%92
XxYxX' xY’

12 T34

XxY X' xY’

Define v := myn”. Note that, since the above diagram commutes, -y is a coupling between 7
and 7. Also, let ¢ : H” — H be such that £}, = £y 0 (f1 x f2) holds 1"-almost everywhere.
Define v : H” — H' similarly. Then

{ hll h/l )|h/l e H//}

is a correspondence between H and H’. Finally, compute

disppr(R,v) = sup f|€h(x,y) — O, (2, )| y(dz x dy x dz’ x dy)
(h,h')eR

= sup J|£h o7r12(x7y7w,7y/) _E;L’ O7r34($,?/7$/,3//)"Y(deddeﬂU/Xdy,)
(h,h")ER

= sup f‘gh 0Ty O m(x//7y//> _ all 0 T34 O m(xlljyll)‘ n"(da:”xdy”)
(h,h)eR

— sup f a(F1 ("), Fo (")) — (g ("), galy”)| " (da” xdy")
(h,h')eR

— sup J [ty (F1 (), Fo(y)) — €y (91 (27), g2y ))| ' (da” x ")
h//eH//

= hsug J‘|£;IL”($”’?/”) _ f;;//(x”, y//)| ’I’]”(dl‘”Xdy//) = 0.
//e "

Now suppose that there exist R € C(H, H') and ~y € II(n, ") such that disp p/(R, ) = 0.
Construct a new problem

P'= (X x XY xY',7yv,0", Ry)

where
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e T: X XY xX'xY' - X x X' xY xY’ swaps the second and third components,
o ("((y1,91)s (Y2, 95)) == £(y1,y2)
e Ry :={h xN|(h,}) € R}.

Then the projection maps f; : X x X’ — X and fo : Y x Y’ — Y show that P” is a
simulation of P. Indeed, since v is a coupling of  and 7, we have

(f1 x fa)smyy = ((f1 % f2) o T)yy = (m2)fly = 7.

Furthermore, for any h € H, we can consider some function (h x h’) € R« and write
sy (@, 2), (9,9) = ' ((h(2), (), (y,¥) = L(h(2), y) = Er(fi(z,2"), fo(y,y")-

Similarly, P” is a simulation of P’ via the projection maps g1 : X x X’ — X’ and
g2 : Y xY" — Y’ Indeed, an almost identical calculation to the one above shows that
(g1 % g2)s7py = n'. Furthermore, if A’ € H" and (h x I') € Ry, we have already calculated
that ¢/ ((xz,2"), (y,y")) = €(h(x),y). The fact that R and « have Risk distortion zero im-

(hxh')
pliex that the latter is equal 7yy-almost everywhere to (k' (z'), ') = £,,(91(z, 2"), g2(y, ¥')),
completing the proof. |

A.1.1 CONNECTING THE RISK DISTANCE WITH THE GROMOV-WASSERSTEIN DISTANCE

Here we discuss a connection with a variant of the Gromov-Wasserstein distance considered by
Hang et al. (2019). Given two metric measure spaces X, X', a correspondence R € C(X, X')
and a coupling p € II(px, px+), one considers the following notion of distortion:

dis(R, 1) := sup JX . |dx (z1,2) — dx (@], 2h)|pu(dey x dal),

(x2,25)eR
which leads to the definition

dow (X, X') := %ﬂ@(X,X’).
o
This definition, which blends an L* matching (expressed through the correspondence R)
with an L' one (expressed via the coupling ) was considered by Hang et al. (2019) due its
beneficial interaction with stability questions surrounding Fréchet functions in the persistent
homology setting.” With the notation and definitions from Section 3.5, we have the following
statement.

Proposition 102 For all compact metric measure spaces X and X': dr(i(X),i(X')) =
dew (X, X').

9. The precise variant considered in (Hang et al., 2019) uses “continuous” correspondences. The version we
consider here is structurally identical but slightly softer due to our use of arbitrary correspondences.
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Proof First note that any correspondence R between Hx and Hx: can be regarded as a
correspondence between X and X’. This is so because all functions in Hx (resp. in Hx)
are constant.

We then have the following calculation:

dis;(x),i(x7) (R, ) = ( su)p f|dx(h(m0),x1) — dx/ (W (), 2)| v(dzo x day x da x da’)
h,h')eR

= sup J’dx(xg,xl)—dX/(xé,:z’l)|'y(d$0><dx1xdx6><dx’1)

(x27xl2)€R

= sup J’dx(xg,xl) — dxr(ah, @))| (w2,4)g7y(dwox day x dw x da))

(x2,x5)eER

= dis(R, (m2,4)47)-

The above equality immediately implies that dg(i(X),i(X’)) = daw(X, X’). The reverse
inequality can be obtained from the following fact. Let 7: X x X/ — X x X x X' x X/
be the map (z,2") — (x,z,2',2"). Then, if p € H(px,pux’), Y = 73p is an element
of II((Ax)spx, (Ax/)guxr). Since mygo7 =id : X x X' — X x X', the identity map,
(72,4)¢7, = p and the calculation above gives dis;(x);(x7) (R, u) = dis(p). From this we
obtain that dg(i(X),i(X")) < daw (X, X). |

Proof [Proposition 33] If daw (X, X’) = 0, then X and X' are isomorphic as metric measure
spaces. Using the isomorphism X — X', it is not hard to construct a coupling and correspon-
dence between i(X) and i(X’) of risk distortion zero. Conversely, let dr(i(X),i(X’)) = 0.
It is not a priori obvious that there exists a correspondence R € C(Hx, Hx/) and a coupling
v € H((Ax)spx, (Ax/)gpux) that together achieve the infimal risk distortion of zero. In
Section 5.2, we will explore the existence of such couplings and correspondences. In this
case, since dy and dys are continuous functions and X and X’ are assumed to be compact,
Theorem 60 does guarantee that there exists an R and a v with dis; x)x/)(R,7) = 0.
Furthermore, recall that a correspondence R between Hx and Hyx: is equivalent to a
correspondence between X and X’. Hence, as in the proof of Proposition 102, we have
0 = dis;x)ixn (R, y) = dis(R, (m24)57). Set R’ := supp((m,4)4y). Since the integrand
defining dis(R, (m2,4)47) is continuous and non-negative, we can conclude that

dx (z2,21) = dx (2, 27) (3)

for all (z2,245) € R and (x1,}) € R'. Furthermore, since (m2,4)7 is a coupling between the
fully supported measures px and px-, its support R’ is a correspondence between X and X’
(see Mémoli, 2011, Lemma 2.2). We claim that R = R’. Indeed, if (z9,2}) € R, selecting any
pair (z9,2)) € R yields dx(z2,22) = dx/ (24, 2}) and hence x}, = . This shows R < R/,
and a similar argument shows the opposite inclusion. We furthermore claim that R is the
graph of a bijection. Let (z,2’), (z,2") € R. Then dx(z,z) = dx:(2',2"), showing 2’ = 2”.
Again, a similar argument holds when reversing the roles of X and X’. Let f: X — X’ be
the bijection whose graph is R. Then equation (3) becomes dx (x2,x1) = dx/(f(z2), f(x1)),
showing that f is an isometry. Additionally, since (m2,4)4 is a coupling of p1x and p1x which
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is supported on R, the projections R — X and R — X’ are measure-preserving bijections.
It follows that the composition of the natural maps X — R — X', which agrees with f,
is a measure-preserving map. Hence f is an isomorphism of metric measure spaces, and
dow,1(X, X’) = 0. |

A.2 Proofs from Section 4

Proof [Theorem 37] Let Prob;(Rsp) < Prob(Rx¢) be the subset of probability measures
with finite mean. The mean function

mean : Prob;(R>p) — Rxo

is 1-Lipschitz when the domain is endowed with the 1-Wasserstein distance dw 1 and the
codomain is given the Euclidean distance. We will now “lift” the mean function to a function
on power sets by applying it elementwise. That is, we define

Pow(mean) : Pow(Prob; (R=q)) — Pow(Rxg)
{ajli € I} — {mean(a;)|i € I}.
We also endow the domain and codomain with the Hausdorff distance, where the underlying
metrics are dw,; and the Euclidean distance respectively. Since the mean function is 1-
Lipschitz, so is Pow(mean). The infimum function inf : Pow(R>¢) — Rxg 1-Lipschitz as

well, so the composition inf oPow(mean) is 1-Lipschitz. In other words, for any M, N <
Prob; (Rxp), we have

| inf {mean ()| € M} — inf {mean(v)|v € N} | < dﬁw’l(M, N).

By Proposition 36, applying this inequality when M and N are loss profile sets gives the
first desired inequality.

To prove the second inequality, observe that d(P, P') := d%w’l (L(P),L(P")) is a pseudo-
metric on the collection of all problems. By Theorem 28, we need only show that d satisfies
Conditions 1 and 2. Beginning with Condition 1, let P’ be a simulation of P via the maps
fi: X' > Xand fo: Y > Y. Let f:= fi x fo. If he H and b’ € H' are such that
fooh=h o fy, then

Uyo f(x,y) = (W o fi(z), fa(y)) = € (f2 0 h(z), fa(y)) = £(h(x),y) = ln(,y).

Hence the loss profiles of h and h’ are equal:

(Ch)gn’ = (L 0 f)em = (Ln)gn.
Such an h' € H' exists for every h € H and vice versa by definition of a simulation, so we
conclude that L(P) = L(P’) and d(P, P’) = 0.
For Condition 2, let h € H. We can bound the Wasserstein distance between the loss
profiles (¢5)yn and (€},)4n by selecting the coupling (¢, £},)sn, which yields

dw 1 (C)e, (6)en) < j v — 8| (6n, £ )sn(drxds)

_ j (2, ) — £ (2, )| (s x dy).
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Since this holds for all A, Condition 2 is satisfied as well. |

Proof [Theorem 41] Let R € C(H, H') and v € II(n, ') be arbitrary. Then
|R(P) — Ry (P')]

sup — Y oilp(zi, ;) Rad®™ (do) n®™ (dZ x dy
wheﬁmz (1,) Rad®" (o) 1" (d x )

JJ sup — Z oilh, (2}, yh) Rad®™ (do) n®™ (T’ x dy')

heH' T
Zazgh 3717% 201 1% xwyz

JJ sup
(h,h")ER

1
<J sup — Z Mh(xi, yi) — 6;1,(35;,%’-)‘ O™ (AT x dijx dT' x dif').
(h,h)eR T =

)| Rad®™(do) v®™ (dZ x dijx dz' x d7j')

Let 4 be the unique probability measure on the countable product (X x Y)Y whose marginal
on the first m components is Y. Then the above integral can be written

jsup LS i) — ()| A< <), (4)
hh)eR T (2

We now aim to establish the bound

[ s L5 o) s s Sy xa)
(h,h)erR T ;24

— sup J’Eh(xi,yi)—E;l,(:cg,yg)h(dfxdyxdi’xdy’)
(h,h")eR

<2Rad,,(F)

since infimizing this inequality over v and R will give us the result. It will suffice to establish

1 & N
f sup [ D i i) = G (47| — f\éh i Yi) — Zf(wé,yé)ll Y(dT x dyxdz' xdy')
(h,h')eR =

< 2Rad,,(F),

which, in probabilistic notation, is written

E sup [1 Z |€h(XZaYZ) - z7 z | - ]E|£h X Y) /(X/vY/)| < QRadm(]:) (5)

(h,h’)ER i=1

where the first expectation is taken over the tuples (X;,Y;, X/,Y/) each sampled i.i.d. from

7, and the second expectation is over (X,Y, X’ Y”') also sampled from v independently of
the other tuples. The expression on the left hand side of Equation 5 is well-studied in the
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statistical learning theory literature, and the bound in equation 5 is easily obtained by a
symmetrization argument like the one laid out in (Liao, 2020, Theorem 4.1).

Now assume F is a universal Glivenko-Cantelli class. Return to the expression (4) and
let m — 0. By the Glivenko-Cantelli assumption, the integrand of (4) converges almost
everywhere to

sup f|€h(x,y) — (2, y)| y(dox dyxda'xdy') = disp p(R,7).
(h,h")eR

Furthermore, since £ and ¢’ are bounded, by the dominated convergence theorem, the limit of
(4) itself is disp pr (R, ) as well. Infimizing over the choices of R and v completes the proof. B

Proof [Lemma 48] We aim to bound dg (P, P’). To this end, define

A: X XY XY > XxYxXxY
(z,y.9") = (z,y,2,9).

Let II, be the collection of all gluings of n and 7" along X. That is,
I, := {)\ € Prob(X x Y x Y)|(7r172)ﬁ)\ =1, (T1,3)4\ = 17’}.

By the gluing lemma (Lemma 1), II, is nonempty. Note that if X € II,, then A\ € II(n, 7).
We can then write

dr(P,P) < inf J‘E ((h(z"), )| v(dz x dy x da’ x dy')
vell(n,n’)
< inf J‘E(h(az),y) —U(h(a"),y")| AgA(dz x dy x da’ x dy')
— inf [ 16h(@).9) — €0(a).o))| A x dy x )
< C inf fdy(y,y’) Adz x dy x dy').
Aelly

Now suppose 7 € II(3, 8'). Then one can show that the induced coupling A € Prob(X x
Y xY'), which has X-marginal o and X-disintegration 7 : X — Prob(Y" x Y”), lies in II,.
Hence we can continue our string of inequalities with

inf ”dyyy 2)(dy x dy')a(dz) = Cd%y (8, 8),

Ten (8,8")

the desired bound. [ |

Proof [Theorem 49] By Lemma 48, we obtain

dr(P, P') < Cdy,(B,8).
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We can write 3 and /' as

B=Ax-(0ay ®P) - Or,
B =Ax - (0lay ®B) - N.

Here A is the diagonal kernel Ax : X — X x X given by Ax(7) = 0(, ), and ® represents
the product of Markov kernels. Note that

a-Ax - (0, ®B) = 1.

Hence Ay - (6144 ® ) is an example of a measure non-increasing Markov kernel (Patterson,
2020, Proposition 6.1), so we can write

4% (Ax - (Bray @ B) - Onys Ax - (Bray @ B) - N) < % 1 (82, N),

completing the proof. |

A.3 Proofs from Section 5

Proof [Lemma 58] The following proof uses ideas similar to those in the proof of Theorem
4.1 of Villani (2008), with the additional wrinkle of an integrand that depends on 7 and an
additional trick of “hot-swapping” an integrand with a lower semi-continuous version.
Since the topology on the domain is induced by a pseudometric, it is enough to consider
an arbitrary convergent sequence (hy, ! ,v,) — (h,h',v) in H x H x II(n,n") and check
that,
disppr(h, B, 7) < lim inf disp,pr (B, By, ).

To that end, let € > 0 be arbitrary. We define a function

F:XxY xX' xY' - Rsg

(3707y07376796) = lim inf Mh(wvy) - e;z’(x/7y/)"
(zvy7x/7y/)_)(x07y07x67y6)

That is, f is a lower semi-continuous version of the function [¢, — ¢},|, constructed by
modifying the latter on its points of discontinuity. Indeed, f and [¢}, — £}, | agree wherever the
latter is continuous, which is y-almost everywhere on X x Y x X’ x Y. To wit, if A€ X xY
and A’ € X’ x Y are the points at which ¢}, and ¢}, are discontinuous respectively, then the
points of discontinuity for [¢, — ¢},] lie within A x X’ xY" U X xY x A’, and one can check

YAX X' XY UX XY x A)<yAx X' xY)+9(X xY x A) =n(A) +1/(A") = 0.

Hence f is a lower semi-continuous function which agrees v-almost everywhere with |, — £}, |.
We can now proceed with our convergence argument; let ¢ > 0 and pick IV large enough
that, for all n > N,

o dyy(hn, h) < /3,
° dz/ﬂ?/(h;17 h/) < 5/3,
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e and'
ff(xa Y, xla y/> d7 < Jf($7 Y, :L,/, y/) d’}’n + 5/3

The latter is possible since f is a lower semi-continuous, non-negative function (Villani, 2008,
Lemma 4.3). Then for large n we have

disp,pr(h, W', 7) = J\ﬁh(%y) — (@, y)| dy
= ff(:ﬂ,y,x’,y’) dy
< ff(w7y,x’7y’) dyn + /3
— [ lentar ) = o'/ o + /3
< [ltnta) = o, ()] v,
- J\Ehn (z,y) — Ly (2", y")| dm

|l @) = G+ 213
= dﬁ,?](hja hn) + Crl\iJSP,P/(hnv h{m ’Yn) + d@’,n’(h,a h;z) + 8/3 < a\JiSP,P/(hn) h'/m ’Vn) +é

as desired. In the last equality, we replace 7, with 7 and 7 in the first and last integrals
respectively since 7, is a coupling between 7 and 7' |

In order to prove Lemma 59 we will require the following technical lemma.

Lemma 103 Let X be a pseudometric space and f : X — R a lower semi-continuous
function. Then the map

F :Pow(X) >R
A = sup f(a)
acA
is lower semi-continuous as well when the power set Pow(X) is endowed with the Hausdorff
metric.

Proof Let the sequence of subsets A, € X converge to A € X in the Hausdorff distance.
Select a’ € A such that

sug fla) < f(a") +¢/2.

Select also a sequence a), € X such that a), € A, for all n, and a], converges to a’. Then for
sufficiently large n,

fla) < flapn) +¢/2

10. In this proof, for conciseness, we will write § f(z,y, 2, y')dy instead of § f(z,y, 2, y") y(dz x dy x dz’ x dy’),
etc.
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by lower semi-continuity of f. Hence for large n,

F(A) =sup f(a) < f(a') +¢/2 < f(al,) + € < sup f(a) +e = F(A,) +e.

acA acAn

Hence F' is lower semi-continuous. [ |

Proof [Lemma 59] Write

diSpJD/(R,’y) = sup (/i.\i/SPJD/(h, h/,l/>.
((hyw), (W w))eRx {7}

Using the above equation, we can think of disp pr as a composition of two maps:

C(H,H') x II(n,n') — Pow(H x H' x II(n,n"))

(R,7) = R x {7},
and

Pow(H x H' x (n,n")) - R

A—  sup aivst/(h,h’,I/).
(h w)eA

The second map is lower semi-continuous by Lemma 103. The first map is an isometric
embedding. Indeed, let d,, be a metric on II(n,n’) that induces the weak topology. The
topology on the domain C(H, H') x II(n,n’) is induced by the metric

di((R1,m), (R2,72)) := max{du(R1, R2), dw(71,72)}-

Meanwhile, unwrapping the metric on the codomain Pow(H x H' x II(n,n’)) gives us

da(R1 x {m}, Ra x {72})

= max sup inf max{d g ((h1, h})(he, hb)), dw(vi, v2)},
(h1,h, w1)eRy x {1} (h2,hg,v2)eR2 x {72}

sup . inf max{dg g ((h1, h))(he, hb)), dw(vi,v2)}
(h2,hly,v2)€R2 x {2} (h1,hy,v1)eR x{vi}

= max sup inf  dpgy g ((hy, 1)) (ha, BS)),
{ (h1,h))eR: (ha2,hb)eRs x (( 1)( 2))

sup inf digxr((h, hy) (hay 1)), dw (71, 72)
(ha,hy)eRy (h1,h)€R:

= max{dg(R1, Ra), dw(71,72)},

which is the definition of di((R1,71),(R2,72)). Hence the composition is lower semi-
continuous. ]
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Proof [Theorem 60] Throughout this proof, let C.(H, H") < C(H, H') be the collection of
topologically closed correspondences between H and H'.

Note that II(n,n’) is compact under the weak topology, since n and 7’ are probability
measures on Polish spaces. Compactness of such coupling spaces is proved, for instance, by
Sturm (2023, Lemma 1.2), Chowdhury and Mémoli (2019, Lemma 2.2) and in a proof by
Villani (2003, Prop 2.1). Similarly, C.(H, H') is compact under the Hausdorff distance when
H and H' are compact. (Here we are equipping H and H’ with the pseudometrics dy, and
dp v respectively, introduced in Section 4.5.) As noted by Chowdhury and Mémoli (2018,
Section 2), compactness of such correspondence spaces follows from a theorem of Blaschke
(Burago et al., 2001, Theorem 7.3.8). Indeed, Blaschke’s theorem implies that the space of
all closed subsets of H x H' is compact. Since C.(H, H') is closed in the set of all closed
subsets of H x H’, being the intersection of the preimages of H and H’ under the projection
maps onto the first and second coordinates respectively, we get that C.(H, H') is compact as
well.

The lower semi-continuity of disppr (Lemma 59) in particular implies that for any
correspondence R and coupling v, dis(R,y) = dis(cl(R),y), where cl represents topological
closure. Indeed, since R and its closure are distance zero apart in the Hausdorff distance,
the constant sequence R converges to cl(R) and vice versa. Hence, when computing the
Risk distance, we can restrict our attention to closed correspondences:

dr(P,P") = inf dispp/(R,7) = inf  dispp(R, 7).
RO = ity o B) = o it gy o ()
yell(n,n’) ~ell(n,n')

Since disp p/ is lower semi-continuous, and the latter infimum is over a pair of compact sets,
the infimum must be achieved. |

Proof [Theorem 65] First consider an arbitrary finite partition @ of Y. Let 7: Y — @ be
the quotient map. Since (Idx x7)yn = 71g, the map Idx xm induces a coupling ¥d, xr)
between 1 and ng. We also define a correspondence R, between H and Hg by pairing each
h € H with m o h € Hg. Selecting this coupling and correspondence gives us a bound on the
Risk distance:

dR(P, PQ) dlSPPQ( s VIdx ><7r)

< sup J’Z — (o h(x }V(Idx wr)(dz x dy x dx’ x dy')
(h,moh)eRy
—supf‘é y) — (7o h(z), 7 (y))| n(dz x dy)
heH
= SUPJ sup  L(y',y") — £(h(z), y) n(dz x dy)
heH J y'emoh(x)
y”Gﬂ'(y)
< supf sup Ly, y")— inf L, y")n(dz x dy)
heH J y'emoh(x) y'emoh(z)
y'en(y) y'en(y)
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<sup  sup sup  £(y',y") — inf L(y',y")
heH (z,y)eX xY | y'emoh(z) y'emoh(x)
y"en(y) y"en(y)
< max | sup £(y',y") — inf £(y',y") | . (6)
.4'€Q | yeq y'eq’
y"eq y"eq

The bound (6) holds for an arbitrary finite partition @) of Y.
Since P is a compact problem, we can pick a metric dy on Y with respect to which
Y is compact. (Recall that we required our response spaces to be Polish, which makes Y
metrizable.) In particular, Y x Y is a compact metric space under the product metric, given
by
dy xy (Y1, 1), (Y2,95)) = max{dy (y1,2), dy (41, y2)}-

By compactness, £ is uniformly continuous with respect to dy xy. Hence we can pick § > 0
such that, if y1, v}, y2, 95 € Y and

dy xy (y1,91)s (Y2, 95)) < 6,

then
[€(y1,91) — Ly, 95)| < e
Again using compactness, we choose a partition @ of Y such that diamg, (¢) < d for all

q € Q. Then for any q,q¢' € Q, y1,y2 € ¢, ¥,y € ¢, we have

dy v ((y1,91), (Y2, ¥5)) = max{dy (y1,y2), dy (¥1, y5)} < 6.

Hence

[y, 1) — Ly2, 5)| < e

Taking a supremum over all choices of ¢, ¢, y1,y2, ¥}, y5, combined with inequality (6), gives
us the result. [

Proof [Theorem 69] We will proceed by approximating P and P, by problems with finite
input and output spaces. The process of approximation will proceed in steps depicted as
follows:

Restrict to finite H ; Replace Y with partition Qy / Replace X with partition Qx ,
P P P Qv P Qv,Qx

A similar sequence of approximations will be constructed for the empirical problem P, to
produce Fg, gy,n- We then show that Pg, o, n converges a.s. to Pg, oy-

To wit, let € > 0 and construct new problems as follows. Since H is compact, we can
find a finite e-net H' € H. Define

P = (X,Y,n, ¢ H) By, = (X, Y, 0,0, H').
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By Theorem 65, we can select a partition QQy of Y such that the resulting coarsened problem
Péy is e-close to P’. Furthermore, by Remark 66, we can choose Qy in a way that does
not depend on the joint law 7. We can coarsen P, with respect to the same partition Qy,
giving us two new problems:

Pé)y = (X, Qy, (Idx Xﬂ—Qy)ﬁnangvHéQy) Péy,n = (X, Qy, (ldx XTrQy)ﬁnnngy’Hby)'

Recall that g, : Y — Qy is the canonical quotient map, £g, (¢,q") := supye, ey (¢, ),
and Hp = {mq, o hlhe H'}.

For the third and final round of approximation, notice that A := {h=!(q)|h € Héy,q €
Qy} is a finite collection of subsets of X. Let Qx be the partition of X generated by A.
That is, Qx is the partition of X induced by the equivalence relation ~ where x ~ 2’ means
that h(z) = h(a’) for all h € Hy, . Then define

PéY,QX = (QX’ QY’ (WQX X TrQY)ﬂnﬂerv H/Qy>

PéY,QX,n = (@x, Qy, (mx X WQy)ﬂ”nagQwHé?y)v

where 7o, : X — Qx is the canonical quotient map, and I;Tg; is the collection of functions
sending 7 (z) — h(z) as h ranges over H, .
We apply the triangle inequality to write

dr(P, P,) <dr(P, P') (1)
R (P, PY,) 2)
+dR(PQY’ QY,QX) 3)
+dr(Py x Py Qx.n) (4)
+dr(Phy Qx> Poyn) (5)
+dR(PC/2y,nv P,) (6)

(P, (7)

+dgr

Bn).

We consider each of these terms individually.

(1) Since P and P’ have the same joint law, we can bound dg (P, P’) above by selecting
the diagonal coupling. Additionally, since H’ is an e-net for H, we can select a
correspondence R € C(H,H') such that dy,(h,h') < € for all (h,h’) € R. This
produces the bound

dr(P,P") < sup J|£(h(az), y) — (W (z),y)|n(de x dy) = sup dgy(h,h') <e
(h,))eR (h,h))eR

(2) We chose Qy so that P" and P, would be e-close under dg, so this term is at most e.

(3) We bound dr (P, , P, o, ) by selecting the coupling induced by g xIdg, : X xY —
Qx x Y. We also select the correspondence R between Hégy and f/}g; that pairs each
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h € Hg,, with its counterpart i’ € ITIE; which sends 7g () — h(z). Then we obtain
the bound

dr (PG, s Py qx) < hS;}I;Rf [£(h(x),q) — £( (mqy (x)), q)| (m@x x Idqy )in(dz x dg)

= sup f!f(h(w),Q) —U(h(x)), )| (mqy x ldgy )g(dx x dg) = 0.
(h,W')eR

Alternatively, one could note that P/, is a simulation of P/ via the maps mq
Qy Qy,Qx X
and Idg, and apply Theorem 28.

For brevity, define
V.= (WQX x ﬂ-QY)ﬁTl
Vn = (TQx XTQy )3n

We apply the total variation bound from Proposition 44 to get
dR(PC’?YvQX’PC/QYaQXJL) < lmaxdrv (v, vn).

Note that v, is the empirical measure for v, which is a measure supported on a finite
set. Hence by the law of large numbers, the total variation distance between v and vy,
converges to 0 a.s. as n — 00. Hence, with probability 1, for sufficiently large n, we

have dR(Pé?Y’QX’PC/?Y:QXW) <&
The same calculation we applied to term (3) shows that dr (P, o n» Poy n) = 0-

Since we chose Qy in a way that did not depend on the joint law 7, and since P’ and
P, only differ in their joint laws, we get dr (P, I, ,,) < €.

Consider the (random) function on H x H given by

dgy,, (hy h') J\ﬁh z,y) = Oy (2, y)| nn(dexdy).
Let R be the same as in our calculations for term (1). Then we can write

dr(P},P,) < sup f!fh z,y) = by (2,y) | (dz x dy) = sup dyy, (h,h).
(h,W")eR (h,h")eR

Furthermore, since we assumed the integrands [¢, — ¢}/| are a Glivenko-Cantelli class
with respect to 7, we have that for sufficiently large n,

sup dey, (h,h') —e < sup dey, (h,h') —dgy(h, 1)
(hh)eR (hh)eR

< sup ‘df,nn(}% h/) - d&n(h7 h/)’ < é&.
(h,h)eR

Here the Glivenko-Cantelli assumption is used in the last inequality. Hence

dr(Py, P,) < sup dgy,(h,h') < 2e.
(h,h)eR
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Combining our bounds for all seven terms gives us that, with probability 1, for sufficiently
large n we have

dr(P,P,) <e+e4+0+ec+0+¢c+ 2 = 6e.

Since £ was arbitrary, we conclude that dg(P, P,,) — 0 with probability 1. |

A.4 Proofs from Section 6
Proof [Proposition 79] Let (X, dx, px) and (Y, dy, uy) be two metric measure spaces. The

map

I((Ax)spx, (Ay )gpy) — (px, py)
8 (7T2,4)W

is a bijection. Here, mo4 : X x X x Y xY — X x Y is the map (z,2",y,y’) — (2/,y'). Using
this fact, we can write

dr,1(Px, Py)
= inf d —dy (K (d d d dyy)p(dh dn’'
peH(ux,uy)

= inf d d (d d dyoxd d d
weH((Ax)nux,(Ay i) JJ| x(72,71) — dy (y2, 91 ‘7 woxdxy xdyo x dy1) p(dwz xdys)

pell(px,py)

- inf d —d dary xdyy ) p(day x d
wen(mx);fx,mymuwfﬁ x(2, 1) = dy (o, 0)| (rahpy(dm xdy)plda xde)

pell(px py)

— i f f ldx (w2, 21) — dy (g2, y1)| v (der x dyn ) p(daza xdys).
~yell(pux,py)
pell(px py)

as desired. [ |

Proof [Theorem 81] First, for any h € H, h’ € H', we can bound the Wasserstein distance
between their loss profiles by

dwa ()i, (G)n) = inf f la — b| ~(daxdb)
TET1((0)m. (€], )en')

< inf J\a—b[ (e x £,)s(daxdb)
vell(n,n')

= inf j\ﬁhxy) (2 Y| y(dex dyx da’ x dy').
Yyell(n,n')
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Similarly, we can bound

1 1/p
Pl Fy v V) T(dpxdy
eTI((Fp )i, (Fp)EN) <J iW,l(:u ) ( o )>

it ([ ) B < Fogptanean)

1/p
— inf p et n)
int ([ @ @) plansart))

Ay (L(P), L(P"))

1/p

A

Combining these bounds gives

AW (L(P), L(P))

p 1/p
< inf J( inf f Uz, y) — 0, (2", y)| v(dexdy xdx' xdy’ ) dhxdh’ )
it ([ (it 16—t staoxdyxaa'xay) ) ptanar
p 1/p
< inf <J (j [n(z,y) — £ (2, )] 'y(dacxdyxdac’xdy’)) p(dhxdh’))
Py
= dR,p(P) Pl))
as desired. |

Proof [Theorem 82] The support of a probability measure on a Polish space is o-compact,
so without loss of generality, we can assume that Y is o-compact by replacing Y with the
support of the Y-marginal of . Write Y as an increasing sequence of compact subsets
(Y,)x_,. For each n, define 7, : Y — Y, U {e} by

T = .
4 e clse

We then define a sequence of weighted problems (P, A,). Define
P, :=(X,Y, U {e},nn, ln, Hy)
where
o 1 1= (Idx xmn)yn
o (n(y,y) = Lyxvi (v, 9)E(y, y')
e H,:={m,ohlhe H}.

Furthermore, if we let 7, : H — H, be given by m,«(h) := m, o h, we can define A\, :=

(Ts )4 A
We claim that dr , (P, P,) converges to 0. Since 7, = (Idx xm,)sn, the function Idx xm,
induces a coupling between 1 and 7,,. Similarly, since \,, = (7p4)3A, the function 7,4 induces
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a coupling between A and \,. By definition of dg j,, choosing these couplings produces a
bound on dg (P, Py,).

B <f <J [(h(z),y) = (7 o h(x), 7 (y))] n( dxxdy)>p)\(dh))l/p
) (f (fl(ynxynﬁ(h(%)vy) ((h(), y) n(da x dy))pA(dh)>l/p.

Here the superscript ¢ represents set complement. Notice that the indicator 1(y, .y, e (h(z), )
converges pointwise to 0 as n — c0. We apply the dominated convergence theorem twice to
finish the proof. Indeed, by assumption,

diam,(P) = ( J ( f 0(h(z),y) n(dz x dy)>p A(dh)) " (7)

In particular, (7) tells us that ¢(h(x),y) is integrable as a function of (z,y) for A\-a.e. h e H.
Since £(h(zr),y) dominates 1y, xy;)e(h(x),y)¢(h(z),y), the dominated convergence theorem
tells us that

f L yye (h(), 9)E(h (), ) n(de x dy) =2 0

for A-a.e. h € H. Additionally, (7) tells us that

(fz n(dz dy))p

is an integrable function of h. Using the dominated convergence theorem again,

<J <J vy, e (A(2), ) (R (), y) n(dz x dy))p A(dh)) o
as desired. _

Proof [Proposition 83] Let ¢ > 0. Let @ be the partition of Y provided by Theorem 65,
and let

Po = (X,Q,1q9.lq, Hg)
be the coarsened problem. Let R, € C(H,Hg) be the correspondence induced by the
surjection m«(h) = 7o h, and let ya, xx) € lI(n,7g) be the coupling induced by the map

Idy x7. Recall the proof of Theorem 65, in which we demonstrated that dg (P, Pg) < € by
showing

diSP,PQ(Rm’Y(IdX ><7r)) <é&.
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Define a measure A\g = (m4)sA on Hg and let pr € II(A, Ag) be the coupling induced by 7.
Then, since R, is the support of p;,

dRP((Pa >‘)7 (PQ7 )‘Q)) < diSP,PQ,p(pwvf}/IdX ><7r)

P 1/p
(J <J ‘E — KQ(h’ "YIdX wr(dxxdyxdaz’ x dy )) pﬂdhxdh’))
< sup J [U(h(z),y) — Lo (2'),y)| Tdx xr(doxdyxda’xdy')
(h,h")eRx

= dlSP,PQ (R7T7 ’YIdX ><7r) < 87

as desired. n

Proof [Theorem 91] Proposition 89 provides the bound dg (P, Py) < dse ?(n,m- N). One
can check that if 7 is a coupling of the Markov kernels d1q,,, and N, then n-1ell(n,n-N).
Therefore we can write

dwy" (0, N)

it | (@), (@) 2 (dexdyxda'xdy)
Yell(nn-N) J(x xY)2

< et | (), @) (- ) (daxdyxde <y
Tell(01a x v V) J(X x V)2

et ] (@), (ea,) o) (o xdy xdnaxdys) n(daxdy)
T€ll(b1ay v N) JX xy J(X xY)2
_dse)\p(éldxxyuN)7

which is the desired bound. |

A.5 Proofs from Section 7
Proof [Lemma 95| Let

R := {(hl, hg, h3) € H1><H2><H3‘(h1,h2) € RLQ, (hg, hg) € R273} .

We have the following diagram.

/\
/\/\

Every pictured map is a projection map. We need only check that they are inverse connected,
meaning that the preimage of any connected set is connected. Let A € H; be a connected

86



GEOMETRY AND STABILITY OF SUPERVISED LEARNING PROBLEMS

set. Then p;'(A) is connected, and so is B := pa(p;*(A)). Similarly, C := g2(q; *(B)) is
connected. Noting finally that the preimage of A in R is

rfl(pfl)(A) =AxBxC,

we see that it is a product of connected sets and hence connected. The proof for preimages
of connected sets in Hy and Hj is similar. |

Proof [Theorem 100] For the first inequality, suppose f, g : Z — R are continuous functions
inducing the Reeb graphs Reeb(P) and Reeb(P’) respectively. Then

’\_ ~ > . 7 o ~ . . , Nl — - /
If = glec > |inf f(z) — inf §(=)| = | inf Rp(h) = inf Re(h')| = [B(P) = B(P")]
where the equality comes from the fact that the infimum of a function can be determined
from the Reeb graph that it induces.

Now suppose drc (P, P') < a. Then we can pick a correspondence R € Ceon(H, H') that
witnesses this fact, giving us the following diagram.

R
H H
|7 |
R R

Recall Rp is the risk function associated with problem P. We can then induce two Reeb
graphs from functions on R: one induced by Rp o p; and the other induced by Rps o ps.
The former Reeb graph is isomorphic to Reeb(P) since p; is a continuous surjection with
connected fibers, and similarly the latter is isomorphic to Reeb(P’). Hence

dy(Reeb(P),Reeb(P')) < sup |Rpopi(h,h') —Rpopi(h,h)
(h,h')eR
= sup [Rp(h) —Rp(l)]
(h,')eR

< inf sup J’ﬁh(a:,y) - éh/(x’,y’ﬂ’y(d:cxdyxd:c’xdy’) <a.
Yell(nn') (h,W)eR

Hence dy(Reeb(P),Reeb(P’)) < a as well. [ |

Appendix B. Weak Isomorphism with Classification Problems

While the infimum in the definition of the Risk distance makes it difficult to characterize
when two problems are distance zero apart in general, the closely related notion of weak
isomorphism is simpler to deal with. For instance, we can characterize which problems are
weakly isomorphic to classification problems.
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Definition 104 Call a problem P rectangular if there exists a finite partition Y1, ...,Yn, of
the response space Y and, for any h € H, a finite partition X1, ..., X, of the input space X
such that

lp(z,y) = Z(Iileih (z)1y,;(y) n-a.e..
]

A problem P is rectangular, for instance, if the loss is a sum of indicators on rectangles.
That is, if
yi,y2) = Y aijly; (y1)1y; (32)
]
for some partition Yi,...,Y, € Y, then P is rectangular.

Theorem 105 A problem is weakly isomorphic to a classification problem if and only if it
1$ rectangular.

The proof makes use of the notion of a generated partition. Let S be a set and let

T1,...,T, be a collection of subsets of S. Then the partition of S generated by T, ..., T,
is the partition of S induced by the equivalence relation ~ where s ~ s’ means that
seT; < s €T, foralll <i < n. Note that since there are finitely many T}, the
generated partition has finitely many blocks as well.
Proof Suppose P is rectangular and let @ := {Y1,..., Y}, X1,..., Xy, and (a;)i; be as
in the definition of a rectangular problem, and let m7g : Y — @ be the quotient map. If
m # n, pad the partitions appropriately with copies of the empty set and pad the matrix
(aij)ij with zeros to make m = n. Define a classification problem

P = (X,Q,(dx XWQ)ﬁn,E',H')
where
o U'(Yy,Y)) := ay
e H' = {¢(h)|h € H}, where ¢(h) : X — Q sends x to Y; if v € X,

We claim P’ is a simulation of P via the maps Idx and 7. Indeed, for any h € H, we can
calculate that %(h) (z,70(y)) = a;; if z € X! and y € Y;. Hence %(h) (x,mq(y)) = lh(z,y)
for any h € H, showing that P’ is a simulation of P. In particular, the two are weakly
isomorphic.

For the right hand implication, we proceed in two parts. First suppose that P is a
simulation of a classification problem P’, whose response space is Y’ = {y},...,y,,}. Let
the simulation be via the maps f1 : X — X’ and fo : Y — Y’. We will show that P is
rectangular. By the definition of simulation, for any h € H, we can select an b’ € H' such
that £, (x,y) = £;,(fi(x), f2(y)) n-almost everywhere. Since the function ¢ is on a finite set
Y’ x Y’, we can write it with a finite sum of indicators to get that, n-almost everywhere,

On(x,y) = L(h o fi(2), foly)) = Zf/(yé,yg')lm(h/ o fi(@))1y; (f2(y))
= 20 Wy e 0 @) ) W)

]
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Hence P is rectangular.

Next we prove that if P is rectangular and simulates P’, then P’ must be rectangular as
well. Let the simulation again be via maps f1: X — X’ and fo: Y — Y’ and let {X;}7,
{Y;}", and (ai;)i; be as in the definition of a rectangular problem. Consider the family

Y= {flYi]ll <i<m}

of subsets of Y’. The sets in ) do not necessarily form a partition of Y’, so consider the
partition Qy+ generated by Y. Now let h/ € H' be arbitrary and, using the definition of a
simulation, pick h € H such that the diagram

X xY

x

Jixf2 R

X' xY'
commutes. Consider the family

XM= {fl[Xih]

1<z’<m}.

Again, these sets do not necessarily partition X', so let Q%/ be the partition of X’ generated
by X"

We claim that, if A € Q’)‘é/ and B € Qyr, then {}, is constant n/-almost everywhere
on A x B. Indeed, by construction of Q’)‘(/, and Qy, we have that fi[X!] 2 A and
f2[Y;] 2 B for some i and j. Since ¢, is constant on X! x Y; n-almost everywhere, by
commutativity of the above diagram we also have that ¢}, is constant 7/-almost everywhere
on (f1 x f2)[X! x Y;] 2 A x B. Therefore, ¢}, can be written as a linear combination of
indicators on such rectangles:

G’ y) =D aijla, ()15, (y)
]

for some (a;;);j. Here we have numbered the blocks in the partitions Q};(/, ={A1,..., An}
and Qy’ = {By,...,B,}. Hence P’ is rectangular.

Now, if P is weakly isomorphic to a classification problem P’ via a common simulation P”,
we have shown that P”, as a simulation of a classification problem P’, must be rectangular.
Furthermore, since P” is rectangular and simulates P, we have shown that P must be
rectangular as well. |
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