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Abstract

This paper explores the use of Maximum Causal Entropy Inverse Reinforcement Learning
(IRL) within the context of discrete-time stationary Mean-Field Games (MFGs) character-
ized by finite state spaces and an infinite-horizon, discounted-reward setting. Although the
resulting optimization problem is non-convex with respect to policies, we reformulate it as a
convex optimization problem in terms of state-action occupation measures by leveraging the
linear programming framework of Markov Decision Processes. Based on this convex refor-
mulation, we introduce a gradient descent algorithm with a guaranteed convergence rate to
efficiently compute the optimal solution. Moreover, we develop a new method that concep-
tualizes the MFG problem as a Generalized Nash Equilibrium Problem (GNEP), enabling
effective computation of the mean-field equilibrium for forward reinforcement learning (RL)
problems and marking an advancement in MFG solution techniques. We further illustrate
the practical applicability of our GNEP approach by employing this algorithm to generate
data for numerical MFG examples.

Keywords: Mean-field games, inverse reinforcement learning, maximum causal entropy,
discounted reward.

1. Introduction

Mean-field games (MFGs) were introduced to analyze continuous-time differential games
with a vast number of agents. These agents strategically interact through a mean-field term,
capturing the average distribution of the population’s states. This concept was pioneered
in the works of Caines et al. (2006) and Lasry and Lions (2007).

In stationary MFGs, a typical agent characterizes the collective behavior of other agents
(Weintraub et al., 2005) through a time-invariant distribution, which leads to a Markov
Decision Process (MDP) constrained by the state’s stationary distribution. In this case, the
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equilibrium, referred to as the “stationary mean-field equilibrium”, involves a policy and a
distribution satisfying the Nash Certainty Equivalence (NCE) principle (Caines et al., 2006).
According to this principle, the policy should be optimal under a specified distribution,
assumed to be the stationary infinite population limit of the mean-field term. Additionally,
when the generic agent applies this policy, the resulting stationary distribution of the agent’s
state should align with this distribution. Under relatively mild assumptions, the existence
of a stationary MFE can be proven using Kakutani’s fixed-point theorem. Furthermore, it
can be established that with a sufficiently large number of agents, the policy in a stationary
MFE approximates a Nash equilibrium for a finite-agent scenario (Adlakha et al., 2015).

Classical MFG theory excels at computing equilibria when well-defined reward functions
are provided, often employing forward reinforcement learning (RL) techniques (see Laurière
et al., 2024). However, specifying the reward function in MFG problems can be difficult
in practical applications. Inverse Reinforcement Learning (IRL) addresses this issue by
inferring the reward function from expert demonstrations, aiming to develop policies that
allow agents to effectively imitate the expert behavior. This method has significant real-
world applications in diverse fields such as finance (Bernasconi et al., 2023), autonomous
vehicles (Chen et al., 2023a), and epidemic control (Doncel et al., 2022).

The potential benefits of IRL are multifaceted. Firstly, by learning from demonstra-
tions, IRL facilitates the incorporation of human knowledge and guidance into the learning
process. This can be particularly valuable in situations where reward functions are com-
plex or difficult to define. Secondly, IRL promotes interpretability and transparency in
agent behavior. By inferring the reward function from demonstrations, we gain insights
into the agent’s motivations and decision-making process, which is useful in safety-critical
applications where human-agent collaboration is essential. Finally, IRL has the potential
to improve agent generalization to unseen scenarios. By focusing on the underlying objec-
tives, IRL might lead to agents that can adapt and perform well in situations not explicitly
experienced during training (see Adams et al., 2022).

Several recent papers have tackled the IRL problem in the context of MFGs. Yang
et al. (2018) reduce a specific MFG to an MDP and employs the principle of maximum
entropy to solve the corresponding IRL problem. However, this reduction from MFG to
MDP is only applicable in fully cooperative settings, where all agents share the same so-
cietal reward. In contrast, typical MFGs involve decentralized information structures and
misaligned objectives between agents. To address this, Chen et al. (2022) formulate the
IRL problem for MFGs in a decentralized and non-cooperative setting, then tackle it using
a maximum margin approach. Compared to these works, the most relevant one to ours is
Chen et al. (2023b), making it important to highlight the differences. A key difference lies in
the problem setting: Chen et al. (2023b) focus on a finite-horizon cost framework, whereas
our work addresses the infinite-horizon case. As we discuss in the appendix, this distinction
is crucial because, in the infinite-horizon setting, the problem cannot be formulated over the
set of path probabilities, which makes a maximum likelihood approach infeasible. Another
fundamental difference concerns the assumptions on the expert’s trajectory. Chen et al.
(2023b) assume that the expert follows an entropy-regularized mean-field equilibrium. This
assumption enables them to recover the expert’s policy using a likelihood-based optimiza-
tion framework. In contrast, our approach assumes that the expert trajectory is drawn
from a standard (non-regularized) mean-field equilibrium. Given this trajectory, we con-

2



Maximum Causal Entropy IRL in MFGs

struct the mean-field term and the expected feature vector, then seek policies that explain
the observed behavior while maximizing entropy. Hence, the solution to our optimization
problem–together with the mean-field term–yields a standard mean-field equilibrium rather
than an entropy-regularized one. A further distinction lies in the uniqueness of the recovered
solution. In Chen et al. (2023b), the authors ensure the uniqueness of the solution upfront
by leveraging the variational formula. This guarantees that their approach recovers a unique
policy that explains the observed behavior. In contrast, uniqueness is not required in our
framework, multiple policies may be consistent with the observed behavior, and our goal
is to select the one with the highest entropy among them. Overall, while our approaches
differ in their technical formulations and underlying assumptions, they are complementary
in nature. Exploring deeper connections between these formulations presents an interesting
avenue for future research.

Closely related to the IRL framework is imitation learning (IL). It offers a complemen-
tary approach to the IRL framework. While IRL infers the reward function from demonstra-
tions, IL directly learns a policy that mimics the desired behavior. This can be particularly
beneficial when expert demonstrations are readily available and the reward function is dif-
ficult to define explicitly. Recent work by Ramponi et al. (2023) showcases the potential of
IL applications in the context of MFGs.

It is worth mentioning that the aforementioned papers focus solely on finite-horizon
cost structures, leading to convex optimization problems that employ classical maximum
entropy principle and maximum margin approach. However, the classical maximum entropy
principle used in Chen et al. (2023b) generally does not work for infinite-horizon problems
due to the fact that the distribution induced by the state-action process on the path space
becomes ill-defined in such cases. To address this limitation, Zhou et al. (2018) introduce
the maximum causal entropy principle for infinite-horizon problems within MDPs. In this
paper, we address the maximum entropy IRL problem in the context of infinite-horizon
MFGs, where the expert trajectory is assumed to arise from a standard (non-regularized)
MFE. Unlike the aforementioned approaches, our framework applies the maximum entropy
principle without relying on entropy regularization. Specifically, we estimate the mean-field
term and expected feature vector from this trajectory, identifying policies that maximize
entropy to explain the observed behavior. Unlike approaches that enforce uniqueness of the
MFE, we select the highest entropy solution from among potentially multiple MFEs that
align with the behavior.

1.1 Contributions

1. We introduce the maximum causal entropy IRL problem for discrete-time stationary
MFGs. This is an extension of the framework initially established for MDPs in Zhou
et al. (2018). We address scenarios in both MDPs and MFGs where the optimality
criterion is characterized by an unknown infinite-horizon discounted reward.

2. The Maximum Causal Entropy IRL problem for MFGs is inherently non-convex. To
address this, we reformulate it as a convex optimization problem using a linear pro-
gramming framework based on state-action occupation measures. Within this dual
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context, we demonstrate the smoothness and strong convexity of the objective func-
tion. Then, we apply a gradient descent algorithm with a constant learning rate to
find the optimal solution to the dual problem, ensuring a guaranteed convergence rate
(Section 2).

3. We propose an alternative approach that operates under more relaxed assumptions
to overcome restrictive conditions typically required for contraction-based methods
in computing MFE. By reframing the MFG problem as a Generalized Nash Equilib-
rium Problem (GNEP) through the linear programming (LP) framework of MDPs,
we adapt an algorithm from the GNEP literature to develop a novel MFE computa-
tion algorithm. This approach reduces dependency on stringent conditions such as
Lipschitz continuity and strong convexity. Hence, the GNEP formulation provides
a more flexible framework that can handle a broader class of MFGs. We demon-
strate the method’s practical applicability by using this algorithm to generate data
for numerical examples (Section 3).

Notation. For a finite set E, we let P(E) denote the set of all probability distributions on
E endowed with the l2-norm ‖ · ‖. For any e ∈ E, δe is the Dirac delta measure. For any
a, b ∈ Rd, 〈a, b〉 denotes the inner product. The notation v ∼ ν means that the random
element v has distribution ν.

2. Maximum Causal Entropy Principle in MFGs

Drawing on the MDP fundamentals established in the appendix, this section extends the
maximum causal entropy IRL framework to the realm of MFGs. We adapt the existing
formulation for infinite-horizon MDPs to accommodate the unique characteristics of MFGs,
specifically the interplay between individual agent behavior and the aggregate behavior
of the entire population. This adaptation ensures that the principles of maximum causal
entropy remain both valid and insightful within the MFG context.

A discrete-time stationary MFG is specified by (X,A, p, r, β) , where X is the finite state
space and A is the finite action space. The components p : X × A × P(X) → P(X) and
r : X×A×P(X)→ [0,∞) are the transition probability and the one-stage reward function,
respectively. Therefore, given current state x(t), action a(t), and state-measure µ, the
reward r(x(t), a(t), µ) is received immediately, and the next state x(t+ 1) evolves to a new
state probabilistically according to the following distribution:

x(t+ 1) ∼ p(·|x(t), a(t), µ).

In MFGs, a state-measure µ ∈ P(X) represents the collective behaviour of the other
agents, that is, µ can be considered as the infinite population limit of the empirical distri-
bution of the states of other agents.1

To complete the description of the model dynamics, we should also specify how the
agent selects its action. To that end, a policy π is a conditional distribution on A given X,
that is, π : X→ P(A). Let Π denote the set of all policies.

1. In classical mean-field game literature, the exogenous behavior of other agents is typically modeled by a
time-varying state measure-flow {µ(t)}, where µ(t) ∈ P(X) for all t. This implies a non-stationary total
population behavior. However, our work only focuses on the stationary case, assuming a constant state
measure-flow µ(t) = µ for all t.
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Before presenting the optimality notion adapted to MFGs, we first introduce the dis-
counted reward of any policy given any state measure. In discounted MFGs, for a fixed µ,
the infinite-horizon discounted-reward function of any policy π is given by

Jµ(π, µ0) = Eπ
[ ∞∑
t=0

βtr(x(t), a(t), µ)

]
,

where β ∈ (0, 1) is the discount factor and x(0) ∼ µ0 is the initial state distribution. In
this model, we define the set-valued mapping Ψ : P(X) → 2Π as follows (here, 2Π is the
collection of all subsets of Π):

Ψ(µ) = {π̂ ∈ Π : Jµ(π̂, µ) = sup
π
Jµ(π, µ)}.

The set Ψ(µ) indeed represents the optimal policies for a specified µ. Similarly, we define the
set-valued mapping Λ : Π → 2P(X) as follows: for any π ∈ Π, the state-measure µπ ∈ Λ(π)
is an invariant distribution of the transition probability p( · |x, π, µπ), that is,

µπ( · ) =
∑
x∈X

p( · |x, a, µπ)π(a|x)µπ(x).

Then, the notion of equilibrium for the MFG is defined as follows.

Definition 1 A pair (π∗, µ∗) ∈ Π × P(X) is called a mean-field equilibrium if π∗ ∈ Ψ(µ∗)
and µ∗ ∈ Λ(π∗).

Since IRL seeks to infer the reward function from expert demonstrations, it is important
to impose some structure on the set of possible rewards to keep the problem manageable. As
with MDPs, a common assumption in IRL for MFGs is that the reward can be represented
as a linear combination of feature vectors, which depend on the state, action, and mean-field
term:

R :=
{
r(x, a, µ) = 〈θ, f(x, a, µ)〉 : θ ∈ Rk, f : X× A× P(X)→ Rk

}
.

In this context, f(x, a, µ) ∈ Rk is the feature vector that captures information about the
corresponding state x, action a, and the mean-field term µ.

In the IRL setting, we suppose that an expert generates trajectories

D =
{

(xi(t), ai(t))t≥0

}d
i=1

under some mean-field equilibrium (πE , µE). Since µE is the stationary distribution of the
transition probability under policy πE when the mean-field term in state dynamics is µE ,
the ergodic theorem implies (as µE is the invariant distribution of the transition probability
p(·|x, πE , µE)) that

lim
T→∞

1

T

T∑
t=0

(
1

d

d∑
i=1

1{xi(t)=x}

)
= µE(x)
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for all x ∈ X. In the above limit, it is sufficient to consider only one sample path in D.
To obtain a more robust estimate of µE , one can use all sample paths in D. Furthermore,
when d is sufficiently large, we can approximate the feature expectation vector as

1

d

d∑
i=1

( ∞∑
t=0

βt f(xi(t), ai(t), µE)

)
' 〈f〉πE ,µE , (1)

where 〈f〉πE ,µE := EπE ,µE
[∑∞

t=0 β
t f(x(t), a(t), µE)

]
represents the expected cumulative

discounted feature value under the MFE (πE , µE), with the initial distribution also given
by µE .

Therefore, in the remainder of this paper, we suppose that the discounted feature ex-
pectation vector 〈f〉πE ,µE under (πE , µE) and the mean-field term µE are given.

Remark 2 In the literature on IRL for MDPs, the feature expectation vector is commonly
assumed to be known. Extending this to MFGs, recent studies (Chen et al., 2022, 2023b)
demonstrate that an unbiased estimate of the mean-field term can be obtained from agent
trajectories. By the ergodic theorem, this estimate converges to the true mean-field term
with probability 1. Therefore, the assumption that the true mean-field term µE is known
does not impose a significant practical restriction.2

We define the maximum discounted causal entropy IRL problem as follows:

(OPT1) maximizeπ H(π)

subject to π(a|x) ≥ 0 ∀(x, a) ∈ X× A∑
a∈A π(a|x) = 1 ∀x ∈ X

µE(x) =
∑

(a,y)∈A×X p(x|y, a, µE)π(a|y)µE(y) ∀x ∈ X∑∞
t=0 β

tEπ,µE [f(x(t), a(t), µE)] = 〈f〉πE ,µE ,

where

H(π) =

∞∑
t=0

βtEπ,µE [− log π(a(t)|x(t))]

is the discounted causal entropy of the policy π. In this problem, the expert behaves
according to some mean-field equilibrium (πE , µE) under some unknown reward function
rE(x, a, µ) = 〈θE , f(x, a, µ)〉. Therefore, πE is the optimal policy for µE under rE . On the
other hand, µE is the stationary distribution of the state under policy πE and the initial
distribution µE , when the mean-field term in state dynamics is µE . Typically, there can be
many θ values that can explain this behavior, much like in the setting of MDPs. To address
this inherent ambiguity, we employ the maximum causal entropy principle, which dictates
that when confronted with multiple candidates explaining the behavior, one should select

2. Using estimates instead of true quantities produces an approximate MFE without fundamentally chang-
ing the problem’s structure, although estimation errors may occur. Since the error analysis is straight-
forward and adds little insight, we do not explore it further.
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the one with the highest causal entropy. This allows us to avoid any bias except for the
bias introduced by the feature expectation constraint.

Let π∗ be the solution of (OPT1). Then, we have

Eπ
∗,µE [f(x(t), a(t), µ)] = 〈f〉πE ,µE ,

and from (1), it follows that

Eπ
∗,µE [rE(x(t), a(t), µ)] = EπE ,µE [rE(x(t), a(t), µE)].

Therefore, π∗ is also an optimal policy for µE likewise πE (i.e., π∗ ∈ Ψ(µE)). From

µE(x) =
∑

(a,y)∈A×X

p(x|y, a, µE)π∗(a|y)µE(y) ∀x ∈ X,

it follows that µE ∈ Λ(π∗); and therefore, (π∗, µE) is a mean-field equilibrium as well.
Hence, solving (OPT1) also leads to a MFE, similar to the MDP setting.

Remark 3 In (OPT1), we can include the mean-field term µ as a variable in addition to
π if we suppose that µE is not available to us and obtain

(OPTo) maximizeπ,µ H(π, µ)

subject to π(a|x) ≥ 0 ∀(x, a) ∈ X× A∑
a∈A π(a|x) = 1 ∀x ∈ X∑
x∈X µ(x) = 1

µ(x) ≥ 0 ∀x ∈ X

µ(x) =
∑

(a,y)∈A×X p(x|y, a, µ)π(a|y)µ(y) ∀x ∈ X∑∞
t=0 β

tEπ,µ[f(x(t), a(t), µ)] = 〈f〉πE ,µE ,

where H(π, µ) is defined as

H(π, µ) :=

∞∑
t=0

βtEπ,µ [− log π(a(t)|x(t))] .

If (π∗, µ∗) is the optimal solution to (OPTo), a potential issue arises when µ∗ 6= µE. In this
scenario, the policy π∗ no longer qualifies as an optimal policy for either µ∗ or µE because
the condition

∑∞
t=0 β

tEπ
∗,µ∗ [f(x(t), a(t), µ∗)] = 〈f〉πE ,µE does not imply either of these

optimality results. Consequently, (π∗, µ∗) and (π∗, µE) cannot be considered a mean-field
equilibrium, which is an undesirable outcome.

Remark 4 Entropy-regularized MFGs, as developed in Cui and Koeppl (2021); Anahtarci
et al. (2023), ensure the uniqueness of the MFE by incorporating an entropy term into the
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reward structure. This regularization smooths the optimization landscape, improves con-
vergence, and ensures the uniqueness of equilibrium solutions by favoring balanced policies.
However, it leads to an approximate MFE that may deviate from the true equilibrium of the
original game. An alternative approach to achieving a unique MFE is the use of (OPT1)
which selects the MFE that maximizes entropy from among all possible equilibria correspond-
ing to µE. In contrast to entropy-regularized MFGs, which yield an approximate MFE, the
proposed method delivers an exact MFE that is characterized by the highest entropy. This
results in a more stable and balanced solution akin to that provided by entropy regulariza-
tion. Nevertheless, effective implementation of this approach necessitates the computation
of the MFE and the generation of the feature expectation vector, or alternatively, the direct
construction of this vector, which can be computationally demanding.

2.1 Convexification of (OPT1)

Note that (OPT1) is not a convex optimization problem as its last constraint, required for
discounted feature expectation matching, is not convex in π. To convexify the problem, we
employ normalized occupation measures induced by policies, a technique similarly used in
Zhou et al. (2018) to address the IRL problem in the infinite-horizon MDPs. For any policy
π, we define the state-action normalized occupation measure as

νπ(x, a) := (1− β)

∞∑
t=0

βtEπ,µE
[
1{(x(t),a(t))=(x,a)}

]
.

The constant factor (1 − β) in the definition makes νπ a probability measure. Let us also
define the corresponding marginal occupation measure as νXπ (x) :=

∑
a∈A νπ(x, a). The

following result establishes a flow condition satisfied by state-action normalized occupation
measure under feasible policies of (OPT1).

Lemma 5 If π is a feasible point for (OPT1), then νXπ (x) = µE(x) for every x ∈ X.
Moreover, νπ satisfies the following flow condition:

νXπ (x) =
∑

(y,a)∈X×A

p(x|y, a, µE) νπ(y, a) ∀x ∈ X.

Proof Without any constraint on π, this occupation measure satisfies the Bellman flow
condition

νXπ (x) = (1− β)µE(x) + β
∑

(y,a)∈X×A

p(x|y, a, µE) νπ(y, a)

for all x ∈ X. Note that νπ can be disintegrated as

νπ(x, a) = π(a|x) νXπ (x),

where

νXπ (x) = (1− β)

∞∑
t=0

βtEπ,µE
[
1{x(t)=x}

]
= (1− β)

∞∑
t=0

βt Lawπ,µE{x(t)}(x).

8



Maximum Causal Entropy IRL in MFGs

If π is a feasible point for (OPT1), then it satisfies the following additional constraint

µE(x) =
∑

(a,y)∈A×X

p(x|y, a, µE)π(a|y)µE(y) ∀x ∈ X.

Hence, we have Lawπ,µE{x(t)} = µE for all t ≥ 0, as x(0) ∼ µE . This implies νXπ = µE , and
the Bellman flow condition in this case can be written as

νXπ (x) =
∑

(y,a)∈X×A

p(x|y, a, µE) νπ(y, a) ∀x ∈ X.

Using Lemma 5, we can also prove the following.

Lemma 6 If π is a feasible point for (OPT1), then H(π) can be written as

H(π) =
1

1− β
∑

(x,a)∈X×A

− log

(
νπ(x, a)

µE(x)

)
νπ(x, a).

Proof Recall that, for any policy π, we have

H(π) =
∞∑
t=0

βtEπ,µE [− log π(a(t)|x(t))]

=
∞∑
t=0

βt
∑

(x,a)∈X×A

Eπ,µE
[
− log π(a|x) 1{(x(t),a(t))=(x,a)}

]
=

∑
(x,a)∈X×A

∞∑
t=0

βtEπ,µE
[
− log π(a|x) 1{(x(t),a(t))=(x,a)}

]
=

1

1− β
∑

(x,a)∈X×A

− log (π(a|x)) νπ(x, a).

Namely, one can write the discounted causal entropy of any policy π as

H(π) =
1

1− β
∑

(x,a)∈X×A

− log (π(a|x)) νπ(x, a)

using the occupation measure νπ. Note that we can disintegrate νπ as

νπ(x, a) = π(a|x) νXπ (x).

Hence, we can alternatively write the discounted causal entropy of the policy π as

H(π) =
1

1− β
∑

(x,a)∈X×A

− log

(
νπ(x, a)

νXπ (x)

)
νπ(x, a).
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This is true for any π ∈ Π. If π is feasible for (OPT1), then by Lemma 5, νXπ = µE . Hence,
the discounted causal entropy of π can also be expressed in the form of

H(π) =
1

1− β
∑

(x,a)∈X×A

− log

(
νπ(x, a)

µE(x)

)
νπ(x, a).

In addition to Lemma 6, the discounted feature expectation vector can also be written as

∞∑
t=0

βtEπ,µE [f(x(t), a(t), µE)] := 〈f〉π,µE =
1

1− β
∑

(x,a)∈X×A

f(x, a, µE) νπ(x, a). (2)

Consequently, we can define the following (convex) optimization problem, which will be
proven to be equivalent to (OPT1):

(OPT2) maximizeν
1

1−β
∑

(x,a)∈X×A− log
(
ν(x,a)
µE(x)

)
ν(x, a)

subject to 1
1−β

∑
(x,a)∈X×A f(x, a, µE) ν(x, a) = 〈f〉πE ,µE

µE(x) =
∑

(y,a)∈X×A p(x|y, a, µE) ν(y, a) ∀x ∈ X

νX(x) = µE(x) ∀x ∈ X

ν(x, a) ≥ 0 ∀(x, a) ∈ X× A.

Here, νX(x) :=
∑

a∈A ν(x, a). Instead of formulating the problem over the set of policies,
we express it with respect to the set of occupation measures induced by policies. This
reformulation convexifies the problem, as demonstrated below.

Lemma 7 The optimization problem (OPT2) is convex.

Proof Firstly, the equality and inequality constraints in (OPT2) are all linear in ν.
Moreover, the objective function is strongly concave in ν. Indeed, rewriting the objective
function as

1

1− β

 ∑
(x,a)∈X×A

− log (ν(x, a)) ν(x, a) +
∑

(x,a)∈X×A

log (µE(x)) ν(x, a)

 ,

the first term in above sum is the entropy of the distribution ν, which is known to be
strongly concave in ν, and the second term is linear in ν. Hence, the objective function is
strongly concave overall.

Now it is time to prove the equivalence of (OPT1) and (OPT2).

Theorem 8 The optimization problems (OPT1) and (OPT2) are equivalent; that is, there
are mappings between feasible points and two equivalent feasible points under these mappings
lead to the same objective value.
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Proof Let π be a feasible point for (OPT1). Then, consider the corresponding occupation
measure νπ. By Lemma 5, it follows that

µE(x) =
∑

(y,a)∈X×A

p(x|y, a, µE) νπ(y, a), ∀x ∈ X.

Moreover, from (2), we also have

1

1− β
∑

(x,a)∈X×A

f(x, a, µE) νπ(x, a) = 〈f〉πE ,µE .

Therefore, νπ is feasible for (OPT2). On the other hand, from Lemma 6 we obtain

H(π) =
1

1− β
∑

(x,a)∈X×A

− log

(
νπ(x, a)

µE(x)

)
νπ(x, a),

indicating that the objectives of π and νπ are equivalent. This completes the proof of the
“only if” part.

Conversely, let ν be a feasible point for (OPT2). Then, define

πν(a|x) =

{
ν(x,a)
νX(x)

if νX(x) > 0,

π(a) if νX(x) = 0,

where π ∈ P(X) is arbitrary. Consider the occupation measure νπν induced by πν . Since

νX(x) =
∑

(y,a)∈X×A

p(x|y, a, µE)πν(a|y) νX(y) ∀x ∈ X

νX(x) = µE(x) ∀x ∈ X, x(0) ∼ µE ,

we have Lawπν ,µE{x(t)} = νX for all t ≥ 0. Also, since

νXπν = (1− β)

∞∑
t=0

βt Lawπν ,µE{x(t)},

we have νXπν = νX = µE . This implies that

νπν (x, a) = πν(a|x) νXπν (x) = πν(a|x) νX(x) = ν(x, a) ∀(x, a) ∈ X× A.

This completes the proof of the “if” part in view of the following:

H(πν) =
1

1− β
∑

(x,a)∈X×A

− log

(
νπν (x, a)

µE(x)

)
νπν (x, a) (Lemma 6)

∞∑
t=0

βtEπν ,µE [f(x(t), a(t), µE)] =
1

1− β
∑

(x,a)∈X×A

f(x, a, µE) νπν (x, a) (Eq. (2)).

11



Anahtarci, Kariksiz and Saldi

Remark 9 The relation between feasible points of (OPT1) and (OPT2) is bijective if
µE(x) > 0 for all x ∈ X. Indeed, we have

Π 3 π 7→ νπ =: (1− β)

∞∑
t=0

βtEπ,µE
[
1{(x(t),a(t))=:(x,a)}

]
∈ P(X× A)

P(X× A) 3 ν 7→ πν =
ν(x, a)

νX(x)
∈ Π.

In both cases, we have νXπ (x) = νX(x) = µE(x) > 0 for all x ∈ X by assumption. This implies
that the second mapping above is injective; and so, above mappings define a bijective relation
between feasible points of (OPT1) and (OPT2).

2.2 Dual of (OPT2) and Its Solution

In the remainder of this section, our aim is to establish an algorithm to compute the optimal
solution of (OPT2), as it is equivalent to (OPT1). To this end, we first prove the following
result.

Proposition 10 The dual of (OPT2) is

min
θ∈Rk,λ,ξ∈RX

{
1

1− β
log

∑
(x,a)∈X×A

ekθ,λ,ξ(x,a) − 〈θ, 〈f〉πE ,µE 〉 −
∑
x∈X

λx µE(x)

}
,

where

kθ,λ,ξ(x, a) := logµE(x) + 〈θ, f(x, a, µE)〉+ (1− β)

[
λx +

∑
z∈X

ξz (p(z|x, a, µE)− µE(z))

]
.

Moreover, the optimal value of the dual problem is equal to the optimal value of (OPT2);
that is, there is no duality gap. Finally, if (θ∗,λ∗, ξ∗) is the optimal solution of the dual
problem, then the optimal solution of (OPT2) is the following Boltzman distribution

ν∗θ∗,λ∗,ξ∗(x, a) :=
ekθ∗,λ∗,ξ∗ (x,a)∑

(x,a)∈X×A e
kθ∗,λ∗,ξ∗ (x,a)

.

Proof To obtain the dual form of (OPT2), let us introduce the problem (OPT2) in a
min-max formulation:

(OPT2) = max
ν∈P(X×A)

min
θ∈Rk,λ,ξ∈RX

1

1− β

H(ν) +
∑

(x,a)∈X×A

kθ,λ,ξ(x, a) ν(x, a)


− 〈θ, 〈f〉πE ,µE 〉 −

∑
x∈X

λx µE(x).

Then, according to Sion’s minimax theorem (see Sion, 1958), we can interchange the mini-
mum and maximum in the expression above, leading to the dual form:

12
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(OPT2) = min
θ∈Rk,λ,ξ∈RX

max
ν∈P(X×A)

1

1− β

H(ν) +
∑

(x,a)∈X×A

kθ,λ,ξ(x, a) ν(x, a)


− 〈θ, 〈f〉πE ,µE 〉 −

∑
x∈X

λx µE(x)

= min
θ∈Rk,λ,ξ∈RX

{
1

1− β
max

ν∈P(X×A)

H(ν) +
∑

(x,a)∈X×A

kθ,λ,ξ(x, a) ν(x, a)


− 〈θ, 〈f〉πE ,µE 〉 −

∑
x∈X

λx µE(x)

}
= min

θ∈Rk,λ,ξ∈RX

{
1

1− β
log

∑
(x,a)∈X×A

ekθ,λ,ξ(x,a) − 〈θ, 〈f〉πE ,µE 〉 −
∑
x∈X

λx µE(x)

}
.

Here, the last equality follows from the variational formula

log
∑
z∈Z

ek(z) = max
ν∈P(Z)

[
H(ν) +

∑
z∈Z

k(z) ν(z)

]

(see Dupuis and Ellis, 1997, Proposition 1.4.2).3 This implies that above minimization
problem is the dual of (OPT2) and by Sion’s minimax theorem, there is no duality gap.
Moreover, for a given θ ∈ Rk, λ, ξ ∈ RX, the probability measure ν∗θ,λ,ξ that maximizes

H(ν) +
∑

(x,a)∈X×A

kθ,λ,ξ(x, a) ν(x, a)

is the Boltzman distribution defined by

ν∗θ,λ,ξ(x, a) :=
ekθ,λ,ξ(x,a)

Zθ,λ,ξ
,

where Zθ,λ,ξ =
∑

(x,a)∈X×A e
kθ,λ,ξ(x,a) (Dupuis and Ellis, 1997, Proposition 1.4.2). This

completes the proof of the last assertion.

We denote the objective function in dual formulation of (OPT2) as

g(θ,λ, ξ) :=
1

1− β
log

∑
(x,a)∈X×A

ekθ,λ,ξ(x,a) − 〈θ, 〈f〉πE ,µE 〉 −
∑
x∈X

λx µE(x).

Note that since H(ν)+
∑

(x,a)∈X×A kθ,λ,ξ(x, a) ν(x, a) is linear in (θ,λ, ξ), its maximum over
ν, which is given by

log
∑

(x,a)∈X×A

ekθ,λ,ξ(x,a),

3. Normally, in large deviation theory, the variational formula is formulated using relative entropy. However,
for finite spaces, the above result can be obtained by considering the relationship between the entropy
of a distribution and the relative entropy of that distribution with respect to the uniform distribution.

13
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is a convex function of (θ,λ, ξ). Consequently, g is a convex function as the remaining terms
in g are linear in (θ,λ, ξ). Hence, the dual formulation of (OPT2) is an unconstrained
convex optimization problem in the variables (θ,λ, ξ). Therefore, it can be solved using
a gradient descent algorithm, which we will proceed to describe. Before introducing the
algorithm, we first establish the smoothness and strong convexity of g. This guarantees
convergence of the gradient descent algorithm with an explicit rate under a constant step-
size. To obtain the strong convexity of g, we need to make the following assumption.

Assumption 1

span

{(
f(x, a, µE), p(·|x, a, µE), e(·|x, a)

)
: (x, a) ∈ X× A

}
= Rk × RX × RX,

where

e(y|x, a) =

{
1, if x = y

0, otherwise.

Remark 11 Assumption 1 is not particularly restrictive, and it is easy to construct an
example that satisfies this condition. To keep the discussion simple, let us consider the
following scenario. Define the transition probability function as

p(y|x, a, µE) =

{
1, if l(x) = y,

0, otherwise,

where l : X→ X is a bijective mapping. Additionally, define the function

fy,b(x, a, µE) =

{
1, if h(x, a) = (y, b),

0, otherwise,

where f(x, a, µE) = (fy,b(x, a, µE))(y,b)∈X×A and h : X× A→ X× A is also bijective. Thus,

in this particular example, k = |X| + |A|. Now, let u = (u1, u2, u3) ∈ Rk × RX × RX and
consider the inner product of (u1, u2, u3) with

(
f(x, a, µE), p(·|x, a, µE), e(·|x, a)

)
:∑

(y,b)∈X×A

fy,b(x, a, µE)u1(y, b) +
∑
y∈X

p(y|x, a, µE)u2(y) +
∑
y∈X

e(y|x, a)u3(y)

= u1(h(x, a)) + u2(l(x)) + u3(x).

If this inner product equals zero for all (x, a) ∈ X × A, then, since l and h are bijections,
the vector u must be zero. Therefore, Assumption 1 holds for this example.

Now, we can state the following theorem about smoothness and strong convexity of the
objective function g.

14
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Theorem 12 The objective function g is L-smooth where

L := 2M

(
M1

1− β
+ 2

√
|X| |A|

)
and the constants M1 and M can be determined explicitly. Moreover, under Assumption 1,
for any convex compact subset D in Rm, g is also ρ(D)-strongly convex on D for some ρ(D)
that depends on D.

Proof Note that the partial gradients of g with respect to the vectors θ,λ, ξ are given as
follows:

∇θg(θ,λ, ξ) =
1

1− β
∑

(x,a)∈X×A

f(x, a, µE) ν∗θ,λ,ξ(x, a)− 〈f〉πE ,µE ,

∇ξg(θ,λ, ξ) =
∑

(x,a)∈X×A

p(·|x, a, µE) ν∗θ,λ,ξ(x, a)− µE(·),

∇λg(θ,λ, ξ) =
∑

(x,a)∈X×A

e(·|x, a) ν∗θ,λ,ξ(x, a)− µE(·) = ν∗,Xθ,λ,ξ(·)− µE(·).

Therefore, to establish the Lipschitz continuity of ∇g (or, equivalently smoothness of g),
we need to first prove Lipschitz continuity of ν∗θ,λ,ξ with respect to (θ,λ, ξ). The partial
gradients of ν∗θ,λ,ξ(x, a) with respect to the vectors θ,λ, ξ are given by

∇εν
∗
θ,λ,ξ(x, a)

=
ekθ,λ,ξ(x, a)Zθ,λ,ξ∇εkθ,λ,ξ(x, a)− ekθ,λ,ξ(x, a)

∑
(y,b)∈X×A e

kθ,λ,ξ(y, b)∇εkθ,λ,ξ(y, b)

(Zθ,λ,ξ)2

= ν∗θ,λ,ξ(x, a)∇εkθ,λ,ξ(x, a)− ν∗θ,λ,ξ(x, a) 〈∇εkθ,λ,ξ〉ν∗θ,λ,ξ ,

where ε ∈ {θ,λ, ξ}. Note that we have

sup
(x,a)∈X×A

θ,λ,ξ

‖∇θkθ,λ,ξ(x, a)‖ = sup
(x,a)∈X×A

θ,λ,ξ

‖f(x, a, µE)‖ =: M1 <∞,

sup
(x,a)∈X×A

θ,λ,ξ

‖∇λkθ,λ,ξ(x, a)‖ = sup
(x,a)∈X×A

θ,λ,ξ

(1− β)‖ex‖ =: M2 <∞,

sup
(x,a)∈X×A

θ,λ,ξ

‖∇ξkθ,λ,ξ(x, a)‖ = sup
(x,a)∈X×A

θ,λ,ξ

(1− β)‖p(·|x, a, µE)− µE(·)‖ =: M3 <∞,

where ex ∈ R|X| is the vector whose xth term is 1 and the rest are 0. This implies that for
every ε ∈ {θ,λ, ξ} we have

sup
(x,a)∈X×A

θ,λ,ξ

‖∇εν
∗
θ,λ,ξ(x, a)‖ ≤ 2 max{M1,M2,M3} =: 2M.
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Hence, by the mean-value theorem, ν∗θ,λ,ξ(x, a) is 2M -Lipschitz continuous with respect to

(θ,λ, ξ) for all (x, a) ∈ X× A. This implies that for any (θ,λ, ξ) and (θ′,λ′, ξ′), we have

‖∇θg(θ,λ, ξ)−∇θg(θ′,λ′, ξ′)‖ ≤ M1

1− β
2M ‖(θ,λ, ξ)− (θ′,λ′, ξ′)‖,

‖∇ξg(θ,λ, ξ)−∇ξg(θ′,λ′, ξ′)‖ ≤ 2M
√
|X| |A| ‖(θ,λ, ξ)− (θ′,λ′, ξ′)‖,

‖∇λg(θ,λ, ξ)−∇λg(θ′,λ′, ξ′)‖ ≤ 2M
√
|X| |A| ‖(θ,λ, ξ)− (θ′,λ′, ξ′)‖.

Hence g(θ,λ, ξ) is L-smooth with respect to (θ,λ, ξ), where

L := 2M

(
M1

1− β
+ 2

√
|X| |A|

)
.

Now it is time to prove the ρ-strong convexity of g(θ,λ, ξ) over compact subsets. To
this end, let us compute the partial Hessian of this function with respect to variables θ,λ, ξ,
building upon the previously derived results. Denoting the outer (or tensor) product of two
vectors by ⊗, we have

∇2
θ,θg(θ,λ, ξ) =

1

1− β
∑

(x,a)∈X×A

f(x, a, µE)⊗∇θν
∗
θ,λ,ξ(x, a)

=
1

1− β
∑

(x,a)∈X×A

f(x, a, µE)⊗
[
ν∗θ,λ,ξ(x, a)∇θkθ,λ,ξ(x, a)− ν∗θ,λ,ξ(x, a) 〈∇θkθ,λ,ξ〉ν∗θ,λ,ξ

]
=

1

1− β
∑

(x,a)∈X×A

f(x, a, µE)⊗
[
ν∗θ,λ,ξ(x, a) f(x, a, µE)− ν∗θ,λ,ξ(x, a) 〈f(x, a, µE)〉ν∗θ,λ,ξ

]
=

1

1− β
∑

(x,a)∈X×A

f(x, a, µE)⊗f(x, a, µE)ν∗θ,λ,ξ(x, a)

−

 ∑
(x,a)∈X×A

f(x, a, µE)ν∗θ,λ,ξ(x, a)

⊗ 〈f(x, a, µE)〉ν∗θ,λ,ξ

=
1

1− β
∑

(x,a)∈X×A

f(x, a, µE)⊗f(x, a, µE)ν∗θ,λ,ξ(x, a)

− 〈f(x, a, µE)〉ν∗θ,λ,ξ ⊗ 〈f(x, a, µE)〉ν∗θ,λ,ξ .

Define the random vector Xf on the discrete probability space (X× A, ν∗θ,λ,ξ) as

Xf (x, a) :=
1

1− β
f(x, a, µE) ∈ Rk.

Then, the computations above imply that

∇2
θ,θg(θ,λ, ξ) = E[Xf ⊗Xf ]− E[Xf ]⊗ E[Xf ] = Cov(Xf ).

Similarly, we have

∇2
ξ,ξg(θ,λ, ξ) =

∑
(x,a)∈X×A

p(·|x, a, µE)⊗∇ξν
∗
θ,λ,ξ(x, a)

16
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=
∑

(x,a)∈X×A

p(·|x, a, µE)⊗
[
ν∗θ,λ,ξ(x, a)∇ξkθ,λ,ξ(x, a)− ν∗θ,λ,ξ(x, a) 〈∇ξkθ,λ,ξ〉ν∗θ,λ,ξ

]
=

∑
(x,a)∈X×A

p(·|x, a, µE)⊗
[
ν∗θ,λ,ξ(x, a) p(·|x, a, µE)− ν∗θ,λ,ξ(x, a) 〈p(·|x, a, µE)〉ν∗θ,λ,ξ

]
=

∑
(x,a)∈X×A

p(·|x, a, µE)⊗p(·|x, a, µE)ν∗θ,λ,ξ(x, a)

−

 ∑
(x,a)∈X×A

p(·|x, a, µE)ν∗θ,λ,ξ(x, a)

⊗ 〈p(·|x, a, µE)〉ν∗θ,λ,ξ

=
∑

(x,a)∈X×A

p(·|x, a, µE)⊗p(·|x, a, µE)ν∗θ,λ,ξ(x, a)

− 〈p(·|x, a, µE)〉ν∗θ,λ,ξ ⊗ 〈p(·|x, a, µE)〉ν∗θ,λ,ξ .

Defining the random vector Xp on the discrete probability space (X× A, ν∗θ,λ,ξ) as

Xp(x, a) := p(·|x, a, µE) ∈ RX,

we obtain

∇2
ξ,ξg(θ,λ, ξ) = E[Xp ⊗Xp]− E[Xp]⊗ E[Xp] = Cov(Xp).

Finally, we have

∇2
λ,λg(θ,λ, ξ) =

∑
(x,a)∈X×A

e(·|x, a)⊗∇λν
∗
θ,λ,ξ(x, a)

=
∑

(x,a)∈X×A

e(·|x, a)⊗
[
ν∗θ,λ,ξ(x, a)∇λkθ,λ,ξ(x, a)− ν∗θ,λ,ξ(x, a) 〈∇λkθ,λ,ξ〉ν∗θ,λ,ξ

]
=

∑
(x,a)∈X×A

e(·|x, a)⊗
[
ν∗θ,λ,ξ(x, a) e(·|x, a)− ν∗θ,λ,ξ(x, a) 〈e(·|x, a)〉ν∗θ,λ,ξ

]
=

∑
(x,a)∈X×A

e(·|x, a)⊗e(·|x, a)ν∗θ,λ,ξ(x, a)

−

 ∑
(x,a)∈X×A

e(·|x, a)ν∗θ,λ,ξ(x, a)

⊗ 〈e(·|x, a)〉ν∗θ,λ,ξ

=
∑

(x,a)∈X×A

e(·|x, a)⊗ e(·|x, a)ν∗θ,λ,ξ(x, a)− 〈e(·|x, a)〉ν∗θ,λ,ξ ⊗ 〈e(·|x, a)〉ν∗θ,λ,ξ .

Defining another random vector Xe on the discrete probability space (X× A, ν∗θ,λ,ξ) as

Xe(x, a) :− e(·|x, a) ∈ RX,

we similarly obtain

∇2
λ,λg(θ,λ, ξ) = E[Xe ⊗Xe]− E[Xe]⊗ E[Xe] = Cov(Xe).
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Note that one can also compute the cross terms similarly and obtain

∇2
ξ,θg(θ,λ, ξ) = E[Xf ⊗Xp]− E[Xf ]⊗ E[Xp],
∇2

λ,θg(θ,λ, ξ) = E[Xf ⊗Xe]− E[Xf ]⊗ E[Xe],
∇2

ξ,λg(θ,λ, ξ) = E[Xp ⊗Xe]− E[Xp]⊗ E[Xe].

Hence, if we define the random vector X := (Xf ,Xp,Xe), then the Hessian of g(θ,λ, ξ) can
be written as

Hes(g)(θ,λ, ξ) = Cov(X ).

Clearly, Cov(X ) is dependent on the parameters (θ,λ, ξ). Moreover, each element of
Cov(X ) represents an expectation of a random variable with respect to the Boltzmann
distribution ν∗θ,λ,ξ. Since ν∗θ,λ,ξ(x, a) has been demonstrated to be 2M -Lipschitz continuous
with respect to (θ,λ, ξ) for all (x, a) ∈ X × A, it is evident that Cov(X ) is continuous in
terms of (θ,λ, ξ).

Furthermore, as covariance matrices are inherently symmetric and positive semi-definite,
it follows that Cov(X ) is positive semi-definite for any given (θ,λ, ξ). However, to establish
its positive definiteness, Assumption 1 is required.

Under this assumption, suppose in contrary that, Cov(X ) is not positive definite. Then,
there exists a vector a ∈ Rk × RX × RX =: Rm such that 〈a,Cov(X ) a〉 = 0; that is, if
X = (Xi)mi=1, then

0 =
m∑

i,j=1

aj Cov(Xj ,Xi)ai = Var

(
m∑
i=1

aiXi

)
.

This implies that the random variable
∑m

i=1 aiXi is almost surely deterministic, concen-
trated at a point α ∈ R. This means that the support of the distribution of the random
vector X is a subset of the hyperplane {d : 〈a,d〉 = α}; that is,

supp {Law(X )} ⊂ {d : 〈a,d〉 = α}.

However, since X is defined as the image of the vector-valued function(
f(x, a, µE), p(·|x, a, µE), e(·|x)

)
from X× A to Rm, and as the probabilities of all image vectors are positive (since they are
derived from the push-forward of the Boltzmann distribution ν∗θ,λ,ξ), we must have

supp {Law(X )} 6⊂ {d : 〈a,d〉 = α}

as span
{(
f(x, a, µE), p(·|x, a, µE), e(·|x)

)
: (x, a) ∈ X × A

}
= Rm by Assumption 1, which

contradicts with the above conclusion. Hence, Cov(X ) is positive definite. Let λmin(X ) be
the minimum eigenvalue of Cov(X ), and the positive definiteness of Cov(X ) ensures that
λmin(X ) > 0. Since Cov(X ) varies continuously with respect to (θ,λ, ξ), the minimum
eigenvalue λmin(X ) also changes continuously concerning (θ,λ, ξ). This implies that if
D ⊂ Rm is a compact subset, then

min
(θ,λ,ξ)∈D

λmin(X ) =: λmin(D) > 0

18



Maximum Causal Entropy IRL in MFGs

by uniform continuity. This means that Hes(g) = Cov(X ) < λmin(D) Id for all (θ,λ, ξ) ∈ D,
and so, g is ρ(D)-strongly convex on D, where ρ(D) := λmin(D).

We may now introduce the gradient descent algorithm for finding the minimizer of g.

Algorithm 1 Gradient Descent

Inputs (θ0,λ0, ξ0) , γ > 0
Start with (θ0,λ0, ξ0)
for k = 0, . . . ,K − 1 do

(θk+1,λk+1, ξk+1) = (θk,λk, ξk)− γ∇g(θk,λk, ξk)

end for
return (θK ,λK , ξK) and ν∗θK ,λK ,ξK

Remark 13 In gradient descent for convex functions, L-smoothness, characterized by the
Lipschitz continuity of the gradient, guarantees convergence to a minimum when an ap-
propriate learning rate γ is selected (i.e., γ ≤ 1

L). A learning rate that is too large can
cause divergence or oscillations, while one that is too small can hinder convergence. The
optimal learning rate typically falls within the range (0, 1

L ]. Unlike adaptive learning rates,
which vary based on the optimization process, a constant learning rate remains unchanged
throughout this algorithm. This stability simplifies the tuning process, making implementa-
tion easier in practice.

Theorem 14 Suppose that the step-size in gradient descent algorithm satisfies 0 < γ ≤ 1
L .

Then, we have two results of increasing strength, which depend on whether Assumption 1 is
imposed or not:

(a) For any k, we have

g(θk,λk, ξk)− min
θ∈Rk,λ,ξ∈R|X|

g(θ,λ, ξ) ≤ ‖(θ0,λ0, ξ0)− (θ∗,λ∗, ξ∗)‖2

2γk
,

where (θ∗,λ∗, ξ∗) := arg minθ∈Rk,λ,ξ∈R|X| g(θ,λ, ξ). Moreover,

lim
k→∞

‖(θk,λk, ξk)− (θ∗,λ∗, ξ∗)‖ = 0

if we run the algorithm indefinitely. Therefore, since ν∗θ,λ,ξ(x, a) is 2M -Lipschitz
continuous with respect to (θ,λ, ξ) for all (x, a) ∈ X× A, we also have

lim
k→∞

‖ν∗θk,λk,ξk − ν
∗
θ∗,λ∗,ξ∗

‖ = 0.

(b) Suppose that Assumption 1 holds. Define the following compact subset of Rm:

D :=

{
d ∈ Rm : ‖d− (θ∗,λ∗, ξ∗)‖ ≤ ‖(θ0,λ0, ξ0)− (θ∗,λ∗, ξ∗)‖

}
.
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Then, for any k, we have

‖(θk,λk, ξk)− (θ∗,λ∗, ξ∗)‖ ≤ (1− γ ρ(D))k ‖(θ0,λ0, ξ0)− (θ∗,λ∗, ξ∗)‖.

Therefore, since ν∗θ,λ,ξ(x, a) is 2M -Lipschitz continuous with respect to (θ,λ, ξ) for
all (x, a) ∈ X× A, we also have

‖ν∗θk,λk,ξk − ν
∗
θ∗,λ∗,ξ∗

‖ ≤
√
|X||A| 2M (1− γ ρ(D))k ‖(θ0,λ0, ξ0)− (θ∗,λ∗, ξ∗)‖.

Proof Since g is convex and L-smooth, the part (a) follows from Garrigos and Gower
(2023, Theorem 3.4). In the case of part (b), by examining the proof of Garrigos and Gower
(2023, Theorem 3.4), it becomes evident that for any k,

‖(θk,λk, ξk)− (θ∗,λ∗, ξ∗)‖ ≤ ‖(θ0,λ0, ξ0)− (θ∗,λ∗, ξ∗)‖.

Hence (θk,λk, ξk) ∈ D for any k. Then, part (b) follows from Garrigos and Gower (2023,
Theorem 3.6) and the fact that g is ρ(D)-strongly convex on D.

Let us elaborate on the connection between the optimizer of g and the policy that
resolves the maximum entropy IRL problem. If (θ∗,λ∗, ξ∗) is the minimizer of g, which
can be computed via above gradient descent algorithm, then by Proposition 10, the optimal
solution of (OPT2) is

ν∗θ∗,λ∗,ξ∗(x, a)=
ekθ∗,λ∗,ξ∗ (x,a)∑

(x,a)∈X×A e
kθ∗,λ∗,ξ∗ (x,a)

.

Then, in view of the proof of Theorem 8, the policy

πν∗
θ∗,λ∗,ξ∗

(a|x) =
ν∗θ∗,λ∗,ξ∗(x, a)

ν∗,Xθ∗,λ∗,ξ∗(x)

solves the maximum causal entropy problem (OPT1).

3. Mean-Field Game as a GNEP

This section diverges from the preceding one by shifting focus from IRL to forward RL
in the context of MFGs. Here, we reformulate the MFG problem as a generalized Nash
equilibrium problem (GNEP). We derive the MFE by leveraging established algorithms
for GNEPs (see Facchinei and Kanzow, 2010; Dreves et al., 2011). This alternative solu-
tion framework complements our prior analysis of the IRL problem for MFGs, providing
a comprehensive perspective on MFG solution techniques. In the subsequent discussion,
we provide a detailed rationale for our GNEP formulation, underscoring its key advantages
and its broader applicability to a range of problems that may not be readily addressed by
conventional MFE computation techniques (see Laurière et al., 2024).

The standard approach to compute the MFE in MFGs involves iteratively solving an
optimal control problem, which reduces to finding an optimal stationary policy for an MDP

20



Maximum Causal Entropy IRL in MFGs

parameterized by a given mean-field term µ ∈ P(X). This can be achieved using established
algorithms like value iteration or Q-iteration. Alternatively, a policy iteration-like approach
can be used, deriving an improved policy greedily from the Q-function induced by the
previous policy under µ, without affecting overall convergence properties.

Once the optimal or improved policy π is determined, the invariant distribution µinv

associated with the transition probability p( · |x, π, µ) can be computed. The new mean-
field term is then defined as a convex combination of the current mean-field term and this
invariant distribution, defining an operator H mapping P(X) to P(X) as

µ+ = H(µ) = (1− α)µ+ αµinv.

Convergence to an MFE relies on showing H is a contraction mapping ensuring that iterates
converge to a unique fixed point µ∗ = H(µ∗). Consequently, µ∗ and the corresponding policy
π∗ constitute an MFE, as applied in various studies (see Laurière et al., 2024, Section 3.4).

Establishing the contraction of H requires restrictive conditions on the MFG model,
such as Lipschitz continuity, strong convexity, and smoothness, with additional constraints
on the relevant constants. While some studies establish convergence without a contrac-
tion condition, these typically apply to continuous-time settings or specifically structured
MFGs such as potential or linear-quadratic MFGs (see Laurière et al., 2024, Section 3.4).
The GNEP approach offers a distinct advantage over standard methods by imposing more
relaxed and readily verifiable conditions on the game structure. Notably, it circumvents
the need for stringent conditions, such as Lipschitz continuity of system components or the
contraction property of H, that are often required by conventional techniques.

Our GNEP-based approach, while requiring twice continuous differentiability and con-
vexity conditions on the model components, provides a new methodology for computing
MFEs. While convergence relies on the invertibility of a specific Jacobian, this can be
addressed practically by employing the Moore-Penrose pseudoinverse and monitoring con-
vergence behavior. Although initialization sensitivity arises (similar to neural networks),
this framework allows leveraging a wide range of existing GNEP solution algorithms (see
Facchinei and Kanzow, 2010), significantly expanding the tools available for MFE compu-
tation.

Extending prior work on linear MFGs by the third author (see Saldi, 2023), this paper
proposes a novel approach for computing the MFE in classical non-linear MFGs. We take
advantage of the flexibility of our GNEP formulation, adapting an interior-point method
from Dreves et al. (2011) originally designed for solving the Karush-Kuhn-Tucker (KKT)
conditions of GNEPs. Our main approach is to formulate the MDP associated with a
given mean-field term, µ ∈ P(X), as an LP problem utilizing occupation measures. This
is a well-established technique in stochastic control, and we refer the reader to Hernández-
Lerma and González-Hernández (2000); Hernández-Lerma and Lasserre (1996) for an in-
depth discussion of the LP formulation of MDPs. Incorporating the mean-field consistency
condition directly into this LP leads to a natural representation of the MFG problem as a
GNEP.

3.1 GNEP Formulation

For a finite set E, let M(E) denote the set of finite signed measures on E and F(E) denote
the set of real functions on E (i.e., M(E) = F(E) = RE). We define bilinear forms on
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(
M(X× A),F(X× A)

)
and on

(
M(X),F(X)

)
as inner products

〈ν, v〉 :=
∑

(x,a)∈X×A

v(x, a) ν(x, a),

〈µ, u〉 :=
∑
x∈X

u(x)µ(x),

where ν ∈ M(X× A), v ∈ F(X× A), µ ∈ M(X), and u ∈ F(X). We define the linear map

Tµ :M(X× A)→M(X) by

Tµν( · ) = νX( · )− β
∑

(x,a)∈X×A

pµ( · |x, a) ν(x, a) =: νX − β ν pµ,

which depends on µ. Recall that, for a given µ, the corresponding MDP, denoted as MDPµ,
has the following components

{X,A, rµ, pµ, µ} ,

where

rµ(x, a) := r(x, a, µ), pµ( · |x, a) := p( · |x, a, µ), x(0) ∼ µ.

Then, the optimal control problem associated to MDPµ is equivalent to the following
equality constrained linear program (see Hernández-Lerma and González-Hernández, 2000,
Lemma 3.3 and Section 4):

maximizeν∈M+(X×A) 〈ν, rµ〉
subject to Tµ(ν) = (1− β)µ,

where M+(E) denotes the set of positive measures on the finite set E. Here, the feasible
points ν of above linear program indeed corresponds to the set of (normalized) state-action
occupation measures of policies. Using this LP formulation, we first establish the following
result.

Lemma 15 Let (ν∗, µ∗) ∈M(X× A)+ ×M(X)+ be a pair with the following properties:

(a) ν∗ is the optimal solution to the above LP formulation of MDPµ∗.

(b) µ∗ satisfies the following equation

µ∗( · ) =
∑

(x,a)∈X×A

pµ∗( · |x, a) ν∗(x, a).

Disintegrating ν∗ as ν∗(x, a) = π∗(a|x) ν∗,X(x), the pair (π∗, µ∗) is an MFE for the related
MFG.
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Remark 16 In part (b) of the above lemma, if we had the expression

µ∗( · ) =
∑

(x,a)∈X×A

pµ∗( · |x, a)π∗(a|x)µ∗(x),

where ν∗(x, a) = π∗(a|x)µ∗(x), the conclusion would be straightforward. However, in the
given statement, π∗(a|x)µ∗(x) is replaced by ν∗(x, a), allowing us to avoid an additional
non-linearity introduced by the product of pµ∗( · |x, a) and µ∗(·), since both terms depend
on µ∗. As we will see, this expression forms a constraint for the second player in the
GNEP formulation. Therefore, avoiding unnecessary non-linearities is crucial, and this is
the significance of this result.

Proof The proof is analogous to the linear MFG case (see Saldi, 2023, Lemma 5.1). For
the sake of completeness, we provide a detailed proof.

Note that µ∗ and ν∗ are initially not assumed to be probability measures, and so, we
establish this first. Since

ν∗,X = (1− β)µ∗ + β ν∗ pµ∗ , (3)

we have ν∗(X× A) = (1− β)µ∗(X) + β ν∗(X× A)µ∗(X). Similarly, since

µ∗ = ν∗ pµ∗ ,

we have µ∗(X) = ν∗(X× A)µ∗(X), which implies that ν∗ is a probability measure. In view
of this and using (3), we obtain the following:

1 = (1− β)µ∗(X) + β µ∗(X) = µ∗(X).

Therefore, µ∗ is also a probability measure.

Note that ν∗ is the optimal occupation measure of the LP formulation of MDPµ∗ , and
so, π∗ is the optimal policy. Hence, π∗ ∈ Ψ(µ∗). Furthermore, since

ν∗(x, a) := (1− β)

∞∑
t=0

βtEπ
∗,µ∗

[
1{(x(t),a(t))=(x,a)}

]
= (1− β)

∞∑
t=0

βt Prπ
∗,µ∗
[
(x(t), a(t)) = (x, a)

]
,

we have

ν∗ pµ∗( · ) =
∑

(x,a)∈X×A

pµ∗( · |x, a) ν∗(x, a)

=
∑

(x,a)∈X×A

pµ∗( · |x, a)

{
(1− β)

∞∑
t=0

βt Prπ
∗,µ∗

[
(x(t), a(t)) = (x, a)

]}

= (1− β)

∞∑
t=0

βt
{ ∑

(x,a)∈X×A

pµ∗( · |x, a)Prπ
∗,µ∗

[
(x(t), a(t)) = (x, a)

]}
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= (1− β)

∞∑
t=0

βt Prπ
∗,µ∗

[
x(t+ 1) ∈ ·

]

=
1− β
β

∞∑
t=1

βt Prπ
∗,µ∗

[
x(t) ∈ ·

]
+

1− β
β

Prπ
∗,µ∗

[
x(0) ∈ ·

]
− 1− β

β
Prπ

∗,µ∗
[
x(0) ∈ ·

]

=
1− β
β

∞∑
t=0

βt Prπ
∗,µ∗

[
x(t) ∈ ·

]
− 1− β

β
µ∗( · ) (as x(0) ∼ µ∗)

=
ν∗,X( · )
β

− µ∗( · )
β

+ µ∗( · ).

As µ∗ = ν∗ pµ∗ , the last expression implies that ν∗,X = µ∗. Hence, µ∗ satisfies (see remark
above)

µ∗( · ) =
∑

(x,a)∈X×A

pµ∗( · |x, a)π∗(a|x)µ∗(x),

that is, µ∗ ∈ Λ(π∗). This means that (π∗, µ∗) is an MFE.

In order to determine the MFE, it is now sufficient to compute a pair (ν∗, µ∗), which sat-
isfies the conditions outlined in Lemma 15. To achieve this, we formulate an artificial game
involving two players, which naturally leads to a GNEP. Solving for the Nash equilibrium
in this artificial game yields the desired pair.

In the two-player game, the first player represents the generic agent in the MFG, while
the second player represents the entire population. In this setup, an additional reward
function alongside 〈ν, rµ〉 is required, where it serves as the reward for the second player.
It is worth mentioning that we possess complete freedom in selecting this reward function.
Hence, one can regard this extra reward as a design parameter, which can be tailored to
fulfill specific objectives.

Let h :M(X×A)×M(X)→ [0,∞) be a continuous artificial objective function for the
second player, which depends on both (ν, µ). With this, we formulate the following GNEP.

Player 1

Given µ: maximizeν∈M+(X×A) 〈ν, rµ〉
subject to νX = (1− β)µ+ β ν pµ

Player 2

Given ν: maximizeµ∈M+(X) h(ν, µ)

subject to µ = ν pµ

It is worth noting that in this formulation, there is an interdependency between the
two reward functions and the admissible strategy sets. As a result, this situation precisely
fits the definition of a GNEP. This allows us to employ techniques and methods that have
been developed for solving such games in our pursuit of computing the MFE. For a more
comprehensive introduction to GNEPs, we refer the reader to the survey by Facchinei and
Kanzow (2010).

The following result immediately follows from Lemma 15.

Lemma 17 If (ν∗, µ∗) is a Nash equilibrium of the GNEP above, then (π∗, µ∗) is an MFE
for the related MFG, where ν∗(x, a) = π∗(a|x) ν∗,X(x).

24



Maximum Causal Entropy IRL in MFGs

Typically, GNEPs are expressed with inequality constraints rather than equality con-
straints. While it is possible to transform equality constraints into inequality constraints
by duplicating them, we can instead use an alternative approach that keeps the number
of constraints manageable, as shown below. Additionally, GNEPs are usually framed as a
minimization problem for each agent. To align with this, we replace the terms 〈ν, rµ〉 and
h(ν, µ) with their negative counterparts, 〈ν,−rµ〉 (denoted as 〈ν, cµ〉) and −h(ν, µ) (denoted
as g(ν, µ)). These changes allow us to reformulate each problem as a minimization.

Player 1

Given µ: minimizeν∈M+(X×A) 〈ν, cµ〉
subject to νX ≥ (1− β)µ+ β ν pµ

Player 2

Given ν: minimizeµ∈M+(X) g(ν, µ)

subject to µ ≥ ν pµ, 〈µ,1〉 ≥ 1

Here, 1 denotes the constant function equal to 1. To represent the GNEP with inequality
constraints, we introduce the extra constraint 〈µ,1〉 ≥ 1, which does not substantially
expand the number of constraints.

Lemma 18 If (ν∗, µ∗) is an equilibrium solution of the GNEP with inequality constraint,
then (π∗, µ∗) is an MFE for the related MFG, where ν∗(x, a) = π∗(a|x) ν∗,X(x).

Proof We initially prove that both ν∗ and µ∗ are probability measures. Since

ν∗,X ≥ (1− β)µ∗ + β ν∗ pµ∗ ,

we have ν∗(X× A) ≥ (1− β)µ∗(X) + β ν∗(X× A)µ∗(X). Similarly, since

µ∗ ≥ ν∗ pµ∗ ,

we have µ∗(X) ≥ ν∗(X× A)µ∗(X). Hence,

ν∗(X× A) ≥ (1− β)ν∗(X× A)µ∗(X) + β ν∗(X× A)µ∗(X) = ν∗(X× A)µ∗(X).

Therefore, µ∗(X) ≤ 1 and ν∗(X×A) ≤ 1. Since 〈µ∗,1〉 = µ∗(X) ≥ 1, we also have µ∗(X) = 1,
and so,

ν∗(X× A) ≥ (1− β) + β ν∗(X× A).

Hence, ν∗(X × A) ≥ 1. This implies that ν∗(X × A) = 1. That is, both ν∗ and µ∗ are
probability measures.

In view of the above result, (1−β)µ∗+β ν∗ pµ∗ and ν∗ pµ∗ are also probability measures.
But it is known that if two probability measures ν and θ satisfy ν ≤ θ for any event, then
ν = θ. Hence, ν∗,X = (1 − β)µ∗ + β ν∗ pµ∗ , µ

∗ = ν∗ pµ∗ Note that given µ∗, the following
optimization problems are equivalent

Problem 1

minimizeν∈M+(X×A) 〈ν, cµ∗〉
subject to νX ≥ (1− β)µ∗ + β ν pµ∗

Problem 2

minimizeν∈M+(X×A) 〈ν, cµ∗〉
subject to νX = (1− β)µ∗ + β ν pµ∗
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The second problem is an LP formulation of MDPµ∗ and so ν∗ is the optimal occupation
measure. Hence, π∗ ∈ Λ(µ∗). With the same analysis as in the proof of Lemma 15, we can
also prove that ν∗,X = µ∗ using µ∗ = ν∗ pµ∗ . Hence, by ν∗,X = (1−β)µ∗+β ν∗ pµ∗ , we have

µ∗( · ) =
∑

(x,a)∈X×A

pµ∗( · |x, a)π∗(a|x)µ∗(x);

that is, µ∗ ∈ Φ(π∗). This implies that (µ∗, π∗) is MFE.

The primary novelty of our approach lies in the GNEP formulation above and its con-
nection to the MFE. This framework enriches the MFG analysis while offering flexibility,
as existing GNEP-solving algorithms (see Facchinei and Kanzow, 2010) can now be applied
to compute the MFE.

In the upcoming section, we will adapt an algorithm proposed by Dreves et al. (2011) to
compute an MFE. This algorithm employs an interior-point method specifically designed to
solve the Karush-Kuhn-Tucker (KKT) conditions associated with the GNEP formulation.

3.2 Computing Equilibrium of GNEP

We now give a more explicit formulation of the inequality constrained GNEP that is intro-
duced in the previous section.

Player 1

Given µ: minimizeν∈RX×A 〈ν, cµ〉
subject to νX ≥ (1− β)µ+ β ν pµ

Id · ν ≥ 0

Player 2

Given ν: minimizeµ∈RX g(ν, µ)

subject to µ ≥ ν pµ, 〈µ,1〉 ≥ 1

Id ·µ ≥ 0

To solve this problem, we adapt an algorithm introduced by Dreves et al. (2011) that
employs an interior-point method leading to a solution for KKT conditions. Since we have
the flexibility in selecting the auxiliary cost function g for the second player, we assume
that g is twice-continuously differentiable and convex with respect to µ for any given ν.

Assumption 2 We suppose that pµ and cµ are twice-continuously differentiable with re-
spect to µ. Moreover, pµ(y|x, a) is convex with respect to µ, for all (y, x, a) ∈ X× X× X.

In linear MFGs (see Saldi, 2023), the state transition probability pµ and the one-stage
reward function rµ are linear in µ, meaning the above assumption is unnecessary for the
linear case. However, in the GNEP formulation, both the objectives and constraints become
nonlinear. As a result, when the policy of one agent is fixed, the optimization problem faced
by the other agent turns into a nonlinear programming problem, unlike in linear MFGs.

Under these conditions, the inequality constrained GNEP meets the requirements in
assumptions A1 and A2 in Dreves et al. (2011).
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Let us define the functions h1 : RX×A × RX → RX×A × RX and h2 : RX×A × RX →
RX × R× RX as

h1(ν, µ) :=

 − Id · ν

−νX + (1− β)µ+ β ν pµ

 , h2(ν, µ) :=


− Id ·µ

−〈µ,1〉+ 1

−µ+ ν pµ

 .

Then we can write the GNEP above in the following form:

Player 1

Given µ: minimizeν∈RX×A 〈ν, cµ〉
subject to h1(ν, µ) ≤ 0

Player 2

Given ν: minimizeµ∈RX g(ν, µ)

subject to h2(ν, µ) ≤ 0

Now, let us derive the joint KKT conditions for player 1 and player 2, whose solution
gives a Nash equilibrium for GNEP. To this end, we start by defining the functions

L1(ν, µ, λ) := 〈ν, cµ〉+ 〈h1(ν, µ), λ〉,
L2(ν, µ, γ) := g(ν, µ) + 〈h2(ν, µ), γ〉,

where λ and γ are Lagrange multipliers of player 1 and player 2, respectively. Setting
F(ν, µ, λ, γ) := (∇νL1(ν, µ, λ),∇µL2(ν, µ, γ)) and h(ν, µ) := (h1(ν, µ), h2(ν, µ)), the joint
KKT conditions for player 1 and player 2 can be written as

F(ν, µ, λ, γ) = 0, λ, γ ≥ 0, h(ν, µ) ≤ 0, 〈h(ν, µ), (λ, γ)〉 = 0.

Root Finding Problem and Algorithm To transform the joint KKT conditions into
a root finding problem, we introduce slack variables (λ̄, γ̄), where λ̄ ∈ RX×A × RX and
γ̄ ∈ RX × R× RX, and define

H(z) := H(ν, µ, λ, γ, λ̄, γ̄) :=


F(ν, µ, λ, γ)

h(ν, µ) + (λ̄, γ̄)

(λ, γ) ◦ (λ̄, γ̄)



and Z :=
{
z = (ν, µ, λ, γ, λ̄, γ̄) : (λ, γ), (λ̄, γ̄) ≥ 0

}
, where (λ, γ) ◦ (λ̄, γ̄) is the vector formed

by diagonal elements of the outer product of the vectors (λ, γ) and (λ̄, γ̄). Then it is
straightforward to show that (ν, µ, λ, γ) satisfy joint KKT conditions if and only if z :=
(ν, µ, λ, γ, λ̄, γ̄) satisfies the constrained root finding problem

H(z) = 0, z ∈ Z

for some (λ̄, γ̄).
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To find a solution to the constrained root finding problem, an interior-point algorithm is
developed in Dreves et al. (2011). In the remainder of this section, we explain this algorithm,
which depends on the potential reduction method from Monteiro and Pang (1999). Let
n = |X× A|+ |X| (total number of variables in GNEP) and m := |X× A|+ 3 |X|+ 1 (total
number of constraints in the GNEP). Hence H : Rn×R2m → Rn×R2m and Z = Rn×R2m

+ .
We take a potential function on the interior of Z as

p(u, v) = K log
(
‖u‖2 + ‖v‖2

)
−

2m∑
i=1

log(vi),

where K > m, which penalizes points that are close to the boundary of Z that are far from
the origin. Composing p and H, we get a potential function for the constrained root finding
problem as

ψ(z) := p(H(z)),

where z ∈ (intZ) ∩H−1(intZ) =: ZI .
Let ∇H denote the Jacobian of the function H. Before describing the algorithm, we

need to impose the following condition to establish its convergence.

Assumption 3 For any z ∈ ZI , the Jacobian ∇H(z) is invertible.

In general, providing a sufficient condition for the invertibility of the Jacobian of H at any
point z ∈ ZI in terms of system components is quite challenging. Therefore, for practical
applications of the below algorithm, it is preferable to substitute the inverse of ∇H(z) with
its Moore-Penrose pseudo-inverse in order to be on the safe side. Let

a :=
(
0Tn 1T2m

)/∥∥∥(0Tn 1T2m

)∥∥∥ .
Then, the algorithm is given below.

Algorithm 2

Inputs: κ ∈ (0, 1) and a
Start with z0

for k = 0, 1, 2 . . . do
(a) Choose σk ∈ [0, 1) and set

dk = (∇H(zk))
−1 (σk〈a,H(zk)〉 a−H(zk))

(b) Compute a stepsize tk := max{κl : l = 0, 1, 2, . . .} such that

zk + tk dk ∈ ZI , ψ(zk + tk dk) ≤ ψ(zk) + tk 〈∇ψ(zk), dk〉 (4)

(c) Set zk+1 := zk + tk dk
end for

Note that by Facchinei and Pang (2003, Lemma 11.3.3), we have 〈∇ψ(zk), dk〉 < 0 for

dk = (∇H(zk))
−1 (σk〈a,H(zk)〉 a−H(zk)) .
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Hence, one can always find tk that satisfies (4). The following convergence result follows
from Dreves et al. (2011, Theorems 4.3 and 4.10).

Theorem 19 Under Assumption 3, pick σk so that

lim sup
k→∞

σk < 1.

Then, the sequence {zk} := {(νk, µk, λk, γk, λ̄k, γ̄k)} is bounded and any accumulation point
z∗ = (ν∗, µ∗, λ∗, γ∗, λ̄∗, γ̄∗) of {zk} is a solution to the constrained root finding problem
H(z∗) = 0; that is, H(zk)→ 0 as k →∞. Hence, (π∗, µ∗) is an MFE for the related MFG,
where ν∗(x, a) = π∗(a|x) ν∗,X(x).

This algorithm provides a notable improvement compared to existing methods for MFGs.
Through tracking the changes in the components of the vector function H during each
step of the algorithm, we can confidently confirm the convergence to the MFE when these
components approach zero.

4. Numerical Examples

In this section, we consider two numerical examples based on the malware spread model
studied in Subramanian and Mahajan (2019).

4.1 A Malware Spread Model With Two States

We start with a malware spread model with two states, where we suppose that there are
large number of agents, and each agent has a local state xi(t) ∈ {0, 1}, where xi(t) = 0
represents the “healthy” state and xi(t) = 1 represents the “infected” state. Each agent
can take an action ai(t) ∈ {0, 1}, where ai(t) = 0 represents “do nothing” and ai(t) = 1
represents “repair”. The dynamics is given by

xi(t+ 1) =

{
xi(t) + (1− xi(t))wi(t) if ai(t) = 0,

0 if ai(t) = 1,

where wi(t) ∈ {0, 1} is a Bernoulli random variable with success probability q, which gives
the probability of an agent getting infected. In this setting, if an agent chooses not to take
any action, they may be infected with probability q, but if they choose to take a repair
action, they return to the healthy state. In the infinite population limit, each agent pays a
cost

c (x, a, µ) = θ1 µ(0)x+ (θ1 + θ2)µ(1)x+ θ3 a = (θ1 + θ2 µ(1))x+ θ3 a,

where µ is the mean-field term. Here, θ3 is the cost of repair, and (θ1+θ2 µ(1)) represents the
risk of being infected. In the IRL problem, it is assumed that the variables θ := (θ1, θ2, θ3) ∈
R3 are unknown. Therefore, we suppose that the cost is an element of the function class

R :=
{
c(x, a, µ) = 〈θ, f(x, a, µ)〉 : θ ∈ R3, f : X× A× P(X)→ R3

}
,

where f(x, a, µ) := (x, x · µ(1), a).
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In the first step, we consider the forward RL problem with known parameters (θ1, θ2, θ3)
and compute a corresponding mean-field equilibrium (πE , µE) by using the GNEP formu-
lation. Subsequently, we use this computed (πE , µE) to generate the feature expectation
vector

〈f〉πE ,µE = EπE ,µE

[ ∞∑
t=0

βt f(x(t), a(t), µE)

]
in the maximum causal entropy IRL problem to determine the policy that maximizes the
causal entropy under the feature expectation constraint.

4.1.1 Step 1: Finding MFE

In the infinite population limit, the stationary version of the problem is studied and the
model is formulated as a GNEP, where the cost function for player 2 is taken to be the
same as that of player 1. For numerical experiments, we use the following parameters
θ1 = 0.2, θ2 = 1, θ3 = 0.4, β = 0.8, q = 0.9. We use MATLAB to perform the numerical
experiments. The algorithm runs for 10000 iterations and uses the following parameters
σk = 0.1, κ = 0.001. To perform (4) in Algorithm 2, we use Armijo line search.

Now let us look at the behavior of the mean-field term. Mean-field term converges
to the distribution [0.65, 0.35]. Hence, at the equilibrium, 65% of the states are healthy.
Moreover, equilibrium policy converges to the conditional distributions π( · |0) = [0.61, 0.39]
and π( · |1) = [0, 1]. Hence, once an agent is infected, then it should apply repair action with
probability 1. However, if the agent is healthy, then it should do nothing with probability
0.61. Let νE(x, a) := πE(a|x)µE(x) denote the joint distribution on X × A induced by
mean-field equilibrium (πE , µE). Then, we have

νE =

0.3965 0.2535

0 0.35

 .
Using this joint distribution we can recover both µE and πE .

4.1.2 Step 2: Solving Maximum Entropy IRL Given MFE

We now feed the MFE found in the previous section into the IRL problem to generate
the feature expectation vector and find the policy that solves the corresponding maximum
causal entropy problem. We use MATLAB for the numerical computations. The gradient
descent algorithm uses the following rate γ = 0.5. We stop the iteration when the each
component of the gradient of g becomes less than O(10−2).

Note that the precise value of the minimum of g holds less significance in this context.
The key point here is that the Boltzmann distribution ν∗θ∗,λ∗,ξ∗ computed at the minimizer
(θ∗,λ∗, ξ∗) of g is the optimal solution for (OPT2). In view of the proof of Theorem 8, the
policy

πν∗
θ∗,λ∗,ξ∗

(a|x) =
ν∗θ∗,λ∗,ξ∗(x, a)

ν∗,Xθ∗,λ∗,ξ∗(x)

solves the maximum causal entropy IRL problem.
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It turns out that the gradient descent algorithm outputs the following Boltzman distri-
bution

ν∗θ∗,λ∗,ξ∗ =

0.3960 0.2540

0 0.35


at the minimizer (θ∗,λ∗, ξ∗) of g. Note that this is very close to νE . As a result, the
corresponding policy

πν∗
θ∗,λ∗,ξ∗

=

0.6093 0.3907

0 1


is, as expected, very close to the equilibrium policy πE , which is unknown to the player.
Recall that only the feature expectation vector is available to the player in the IRL setting.
Although the equilibrium policy πE and the maximum causal entropy policy πν∗

θ∗,λ∗,ξ∗
might

yield the same feature expectation vector under µE , their behavior can differ significantly. In
this numerical example, the resemblance between the policies πν∗

θ∗,λ∗,ξ∗
and πE occur due to

the feature vector structure f(x, a, µ) = (x, x ·µ(1), a). Specifically, the numerical example’s

feature expectation matching constraint specifies that ν∗,Xθ∗,λ∗,ξ∗ = νXE and ν∗,Aθ∗,λ∗,ξ∗ = νAE .
With the additional constraint

µE(z) =
∑

(x,a)∈X×A

p(z|y, a, µE) ν∗,Xθ∗,λ∗,ξ∗(y, a)

in the maximum causal entropy problem, the equivalence of ν∗θ∗,λ∗,ξ∗ and νE can be estab-
lished. Changing the feature vector structure could potentially lead to different solutions for
the maximum causal entropy problem compared to πE , but this still leads to a mean-field
equilibrium with µE .

4.2 A Malware Spread Model With Ten States

We now consider a malware spread model with ten states, i.e., X = {0, 0.1, 0.2, . . . , 0.9}. The
key difference between this model and the previous one lies in the transition probabilities.
Specifically, the transitions are given by

p(y | x, a) =

{
U({x, x+ 1, . . . , 0.9}) if a = 0,

1{y=0} if a = 1.

Here, choosing action a = 1 resets the system to the healthy state 0, whereas selecting a = 0
leads to a worsening state, transitioning uniformly among larger states.

In the infinite population limit, each agent incurs a cost

c (x, a, µ) = θ1x+ θ2µavx+ θ3a,

where µav represents the mean of the mean-field term. The parameter θ3 corresponds to
the cost of repair, while θ1 + θ2µav captures the infection risk.

In the IRL problem, the parameters θ := (θ1, θ2, θ3) ∈ R3 are unknown. Thus, we
assume that the cost function belongs to the class

R :=
{
c(x, a, µ) = 〈θ, f(x, a, µ)〉 : θ ∈ R3, f : X× A× P(X)→ R3

}
,

where the feature mapping is given by f(x, a, µ) := (x, xµav, a).
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4.2.1 Step 1: Finding MFE

We consider the same setup as in the previous example but now with ten states. Conse-
quently, the details of the MATLAB code remain unchanged. For numerical experiments,
we use the parameter values θ1 = 0.1, θ2 = 1, θ3 = 0.4, and β = 0.8.

Next, we examine the behavior of the mean-field term. The mean-field distribution
converges to

µE = [0.3338, 0.0975, 0.0429, 0.0501, 0.0601, 0.0751, 0.1001, 0.1001, 0.1001, 0.1001].

Moreover, the equilibrium policy converges to the following deterministic policy:

πE =

1 1 1 1 1 1 1 0 0 0

0 0 0 0 0 0 0 1 1 1

 .
Let νE(x, a) := πE(a|x)µE(x) denote the joint distribution on X×A induced by the mean-
field equilibrium (πE , µE). Then, we obtain

νE =0.3338 0.0375 0.0429 0.0501 0.0601 0.0751 0.1001 0 0 0

0 0 0 0 0 0 0 0.1001 0.1001 0.1001

 .
From this joint distribution, we can recover both µE and πE .

4.2.2 Step 2: Solving Maximum Entropy IRL Given MFE

We now use the MFE found in the previous section as input to the IRL problem to compute
the feature expectation vector and determine the policy that solves the corresponding max-
imum causal entropy problem. The numerical computations are carried out in MATLAB
using a gradient descent algorithm with step size γ = 0.0025.

As discussed in the previous example, the precise minimum value of g is not of primary
importance. The key result is that the Boltzmann distribution ν∗θ∗,λ∗,ξ∗ , computed at the
minimizer (θ∗,λ∗, ξ∗) of g, serves as the optimal solution for (OPT2). By Theorem 8, the
policy

πν∗
θ∗,λ∗,ξ∗

(a|x) =
ν∗θ∗,λ∗,ξ∗(x, a)

ν∗,Xθ∗,λ∗,ξ∗(x)

solves the maximum causal entropy IRL problem.
The gradient descent algorithm outputs the following Boltzmann distribution at the

minimizer (θ∗,λ∗, ξ∗):

ν∗θ∗,λ∗,ξ∗ =0.3308 0.0371 0.0425 0.0496 0.0591 0.0724 0.0871 0.0183 0.0024 0.0004

0.0027 0.0003 0.0005 0.0007 0.0013 0.0031 0.0131 0.0813 0.0976 0.0998

 .
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This distribution closely resembles νE , with only minor differences in columns 7 and 8.
Consequently, the corresponding policy

πν∗
θ∗,λ∗,ξ∗

=0.9919 0.9907 0.9890 0.9856 0.9785 0.9593 0.8696 0.1834 0.0239 0.0037

0.0081 0.0093 0.0110 0.0144 0.0215 0.0407 0.1305 0.8166 0.9761 0.9963


is also close to the equilibrium policy πE , again differing slightly in columns 7 and 8.

Recall that in the IRL setting, only the feature expectation vector is observable. Al-
though πE and πν∗

θ∗,λ∗,ξ∗
may yield the same feature expectation vector under µE , their

actual behavior can vary significantly. In this case, the near equivalence of these policies
stems from the feature structure f(x, a, µ) = (x, x · µav, a) and the additional invariance
constraint, as observed in the previous example.

5. Conclusion

This paper addresses the maximum causal entropy IRL problem within the context of
discrete-time MFGs under an infinite-horizon discounted-reward optimality criterion. We
first formalize the maximum causal entropy IRL problem specifically for infinite-horizon
MFGs, which initially presents as a non-convex optimization problem over policies. By
leveraging the LP framework commonly used for MDPs, we transform this IRL problem
into a convex optimization problem over state-action occupation measures. We then intro-
duce a gradient descent algorithm, providing a guaranteed convergence rate, to compute
the optimal solution. Furthermore, we introduce a novel algorithm that recasts the MFG
problem as a GNEP. This contribution is significant as it is particularly capable of comput-
ing the MFE for the forward RL problem. The practical effectiveness of our algorithm is
demonstrated through numerical examples.

This paper focuses on the theoretical analysis of the IRL problem under the simplifying
assumption of linear rewards, which may not fully capture the complexity of real-world
applications. The broader IRL field increasingly incorporates non-linear reward functions
to better address practical scenarios. A natural extension would be to explore non-linear
reward structures, potentially by leveraging the reproducing kernel Hilbert space (RKHS)
framework for their representation.

Another further research direction involves refining the method for solving the GNEP
formulation of MFGs. While we adapt an existing interior-point method, its convergence
assumptions—though more relaxed than typical methods—remain somewhat restrictive.
By exploiting the specific structure of the MFG-induced GNEP, future work could aim
to develop less restrictive algorithms, potentially through refinements of existing methods.
This presents a challenging but impactful path for advancing MFE computation.
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Appendix A. Maximum Causal Entropy IRL in MDPs

In this section, we review the maximum entropy principle developed for IRL in MDPs. The
literature on this topic is quite fragmented, and we believe that summarizing the existing
approaches could be valuable for readers. A recent survey by Gleave and Toyer (2022) on
maximum entropy IRL for MDPs, which focuses primarily on finite-horizon problems, also
provides a helpful overview. Here, we not only present the methods developed for MDPs,
but we also arrange them in chronological order to illustrate the motivation behind the
evolution of different types of maximum entropy principles. This structure highlights the
rationale for the introduction of the maximum causal entropy principle, particularly for
handling infinite-horizon problems.

A discrete-time stochastic MDP is specified by (X,A, p, r) , where X is a finite state space
and A is a finite action space. The components p : X × A → X and r : X × A → [0,∞) are
the system dynamics and the one-stage reward function, respectively. Therefore, given the
current state x(t) and action a(t), the reward r(x(t), a(t)) is received immediately, and the
next state x(t+1) evolves to a new state stochastically according to the following dynamics:
x(t+1) ∼ p(·|x(t), a(t)). In this model, a randomized policy π = {πt}Mt=0, where M is either
finite or infinite, is a sequence of functions of the form πt : X→ P(A).

A.1 Finite-Horizon MDPs

In forward RL problems, the typical goal is to maximize a finite-horizon reward defined as

J(π, µ0) = Eπ
[T−1∑
t=0

r(x(t), a(t))

]
,

where T ∈ N denotes the finite horizon (i.e., M = T − 1) and x(0) ∼ µ0. In this context,
the one-stage reward function r is known. In contrast to RL where the agent learns a
policy to maximize a pre-defined reward function, IRL takes a different approach. Here,
the agent is presented with a collection of trajectories generated by an expert. By analyzing
these expert demonstrations, the IRL algorithm aims to deduce the reward function that
the expert was implicitly trying to optimize. In essence, the expert’s behavior serves as a
substitute for the reward function, allowing the IRL agent to learn the underlying objective
and potentially develop similar or even improved policies.

Since IRL aims to recover the reward function from expert demonstrations, the set of
possible rewards needs some structure to make the problem tractable. A common assump-
tion in IRL is that the reward can be expressed as a linear combination of feature vectors
corresponding to state and action pairs:

R :=
{
rθ(x, a) = 〈θ, f(x, a)〉 : θ ∈ Rk, f : X× A→ Rk

}
.

In this setting, we suppose that an expert generates trajectories D = {(xi(t), ai(t))T−1
t=0 }di=1

under some optimal policy πopt. Therefore, if d is large enough, by the law of large numbers,
we have

1

d

d∑
i=1

(
T−1∑
t=0

f(xi(t), ai(t))

)
' Eπopt

[
T−1∑
t=0

f(x(t), a(t))

]
=: 〈f〉πopt ,
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where Eπopt is the expectation under πopt. This suggests that the feature expectation vector,
denoted by 〈f〉πopt under the optimal policy πopt, is readily available.

The maximum entropy principle was introduced by Ziebart et al. (2008) to address
deterministic MDPs, where the state dynamics are generated by x(t + 1) = p(x(t), a(t))
(i.e., no uncertainty in state dynamics).4 Defining the entropy of a probability distribution
P on a finite set E as H(P ) := −

∑
e∈E P (e) logP (e), the maximum entropy IRL problem

in this setting can be formulated as follows:

(OPTd) maximizeP H(P )

subject to P (τ) ≥ 0 ∀τ ∈ Zpath,
∑

τ∈Zpath
P (τ) = 1∑

τ∈Zpath
F (τ)P (τ) = 〈f〉πopt ,

where F (τ) :=
∑

(x,a)∈τ f(x, a) and Zpath is the path space defined as

Zpath :=
{
τ ∈ (X× A)T : x(t+ 1) = p(x(t), a(t)), t = 0, · · · , T − 2

}
.

Here, the expert behaves according to some optimal policy πopt under some unknown reward
function ropt(x, a) = 〈θopt, f(x, a)〉. However, a key challenge in standard IRL problems
arises because there can be multiple values for θ (besides the optimal θopt) that can explain
the observed expert trajectories. The principle of maximum entropy suggests that among
all these candidates, we should favor the one with the highest entropy. Hence, a solution of
(OPTd) leads to an optimal policy with minimum bias.

In stochastic MDPs, since there is independent randomness due to noise in the state
dynamics, it is not possible to formulate the maximum entropy principle over the path space
as before. To see why, suppose that the problem can be formulated over the probability
distributions on the path space similar to (OPTd). Then, the optimal solution P ∗ must
adhere to the state dynamics, meaning that P ∗ must be factorized in the following form: 5

P ∗(τ) = p0(x(0))

T−2∏
t=0

p(x(t+ 1)|x(t), a(t))

T−1∏
t=0

π(a(t)|x(t)).

However, the optimal solution to the maximum entropy problem over the path space
might not exhibit a factored form as above. This challenge can be addressed by replacing the
maximum entropy principle with the maximum causal entropy principle (see Ziebart et al.,
2010, 2013). In this approach, we consider the causally conditioned probability distribution
of actions given states P (a||x) :=

∏T−1
t=0 πt(a(t)|x(t)) and maximize its entropy

H(P (·||·)) := Eπ[− logP (a||x)] =
T−1∑
t=0

Eπ[− log πt(a(t)|x(t))]

instead. Let C denote the set of causally conditioned probability distributions. Then, the
maximum causal entropy IRL problem is defined as

(OPTs) maximizeP (·||·)∈C H(P (·||·))

subject to
∑

τ∈(X×A)T F (τ) TP (·||·)(τ) = 〈f〉πopt ,

4. Even though the system dynamics are deterministic, agents can still employ randomized policies.
5. Here, the first part is static, and only the second part in the product can be manipulated.
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where TP (·||·)(τ) := p0(x(0))
∏T−2
t=0 p(x(t+1)|x(t), a(t))P (a||x). One can prove that (OPTs)

is convex in P (·||·) using the fact that each constraint is linear and the objective function
is concave in P (·||·).

To solve the maximum entropy problem (OPTs), we can introduce a Lagrange multiplier
θ ∈ Rk to penalize the deviations from feature expectation matching constraint. The
solution of the Lagrangian relaxation of (OPTs) for a given θ can then be expressed by the
following soft Bellman optimality equations

Qθt (x, a) = rθ(x, a) +
∑
y∈X

V θ
t+1(y) p(y|x, a), V θ

t (x) = log
∑
a∈A

eQ
θ
t (x,a) =: softmax

a∈A
Qθt (x, a),

and it can be written in the form of Pθ(a||x) =
∏T−1
t=0 πθt (a(t)|x(t)), where πθt (a|x) =

eQ
θ
t (x,a)−V θt (x) (see Ziebart et al., 2010, 2013). This implies that the optimal solution of

(OPTs) leads to the probability distribution on the path space of the following form

P (τ) ∝ p0(x(0))
T−2∏
t=0

p(x(t+ 1)|x(t), a(t)) eQ
θ
t (x(t),a(t)).

There are instances in the literature, for example in Snoswell et al. (2020, eq. 1), Chen
et al. (2023b, eq. 3) or Fu et al. (2018, eq. 1), where it is asserted that the solution to the
maximum causal entropy problem for stochastic MDPs is of the form

P (τ) ∝ p0(x(0))
T−2∏
t=0

p(x(t+ 1)|x(t), a(t)) erθ(x(t),a(t)).

However, based on the preceding calculations, it becomes evident that rθ needs to be re-
placed with the soft Q-functions Qθt . To find an optimal θ∗, we can either use the feature
expectation matching constraint in (OPTs) or we can introduce an alternative optimization
problem, whose solution satisfies the feature expectation matching constraint:

(ÔPTs) max
θ∈Rk

∑
τ∈(X×A)T

logPθ(a||x) TPopt(·||·)(τ).

This problem in the literature is referred to as the maximum log-likelihood estimation
problem. It serves as the commonly used formulation of the maximum entropy problem
within the domain of IRL when dealing with stochastic MDPs.

A.2 Infinite-Horizon MDPs

In the infinite-horizon scenario (i.e., M =∞), we consider the discounted reward

J(π, µ0) = Eπ
[ ∞∑
t=0

βt r(x(t), a(t))

]
,

where β ∈ (0, 1) is the discount factor and x(0) ∼ µ0. Within the field of MDPs, it is
well-established that stationary Markovian policies suffice for achieving optimality with
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discounted rewards. Consequently, we restrict our focus to such policies, where the policy
remains constant for all time steps; that is, πs = πt = π for all s, t ≥ 0.

Extending the maximum causal entropy principle to an infinite horizon poses a challenge.
The difficulty arises because defining the causally conditioned probability distribution be-
comes ill-defined in this scenario as it involves multiplying an infinite number of terms, each
being less than one. Therefore, we use the policies instead of the causally conditioned prob-
ability distribution of actions given states to formulate the problem in the infinite-horizon
case (see Zhou et al., 2018). Indeed, this is the appropriate variant of the maximum entropy
principle that we use for the IRL problem in the infinite-horizon setting for MFGs. Defining
the discounted causal entropy of the policy π as

H(π) :=
∞∑
t=0

βtEπ [− log π(a(t)|x(t))] ,

the maximum discounted causal entropy IRL problem can be formulated by

(OPT∞) maximizeπ H(π)

subject to π(a|x) ≥ 0 ∀(x, a) ∈ X× A∑
a∈A π(a|x) = 1 ∀x ∈ X∑∞
t=0 β

tEπ[f(x(t), a(t))] = 〈f〉πopt ,

where 〈f〉πopt :=
∑∞

t=0 β
tEπopt [f(x(t), a(t))]. The challenge here is the problem’s lack of

convexity. This arises from the last constraint, which is non-convex with respect to policies
π. Zhou et al. (2018) convert this non-convex problem with respect to the policies into a
convex one by expressing the optimization problem using state-action occupation measures.
This is indeed the approach we adapt to deal with maximum causal entropy IRL problem
for MFGs.

To solve (OPT∞), a different approach can also be taken by considering the Lagrangian
relaxation of the problem. This particular formulation was not explored by Zhou et al.
(2018). Let us introduce Lagrange multiplier θ ∈ Rk to penalize the deviations from fea-
ture expectation matching constraint. Then, the solution of the Lagrangian relaxation of
(OPT∞) for a given θ can be given by the following soft Bellman optimality equations

Qθ(x, a) = rθ(x, a) +
∑
y∈X

V θ(y) p(y|x, a), V θ(x) = log
∑
a∈A

eQ
θ(x,a),

as the Lagrangian relaxation is indeed equivalent to an entropy regularized MDP with the
reward function rθ (see Neu et al., 2017), and it can be shown that the solution should take
the form of

πθ(a|x) = eQ
θ(x,a)−V θ(x).

To find an optimal θ∗, we can then either use the feature expectation matching constraint
in (OPT∞) or introduce an alternative optimization problem, whose solution satisfies the
feature expectation matching constraint:

(ÔPT∞) max
θ∈Rk

∑
(x,a)∈(X×A)

log πθ(a|x) γπopt(x, a),
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where γπopt is the state-action occupation measure under the expert’s optimal policy πopt.
Similar to the finite-horizon scenario, this problem can be conceptualized as an instance of
the maximum log-likelihood estimation problem.
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