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Abstract

Although adaptive gradient methods have been extensively used in deep learning, their
convergence rates proved in the literature are all slower than that of SGD, particu-
larly with respect to their dependence on the dimension. This paper considers the
classical RMSProp and its momentum extension and establishes the convergence rate
of Ele E[IVFxF)[1] < O(ﬁg) measured by ¢; norm without the bounded gradient
assumption, where d is the dimension of the optimization variable, T is the iteration number,
and C is a constant identical to that appeared in the optimal convergence rate of SGD. Our
convergence rate matches the lower bound with respect to all the coefficients except the
dimension d. Since ||x||2 < ||x||1 < V/d|/x||2 for problems with extremely large d, our con-
vergence rate can be considered to be analogous to the + Zle E[[[VFf(x*)]2] < O(%)
rate of SGD in the ideal case of |V f(x)|[; = O(Vd)||Vf(x)|l2-
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1. Introduction

This paper considers adaptive gradient methods for the following nonconvex smooth stochastic
optimization problem:

min f(x) = E¢oplh(x;€)], (1)

x€ER4

where £ is a random variable and P is the data distribution.
When evaluating the convergence speed of an optimization method, traditional optimiza-
tion theories primarily focus on the dependence on the iteration number. For example, it
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is well known that SGD reaches the precision of (’)(ﬁ) after T iterations for nonconvex
problem (1), disregarding the constants independent of 7" within O(-). However, this measure
is inadequate for high-dimensional applications, particularly in deep learning. Consider
GPT-3, which possesses 175 billion parameters. In other words, in the training model (1),

d=1.75 x 10'" in GPT-3.

d
T1/4
neural network for 10 iterations. Therefore, it is desirable to study the explicit dependence
on the dimension d and the constants relying on d in O(-), and furthermore, to decrease this

dependence.

If a method converges with a rate of O( ), it is unrealistic since we rarely train a deep

To compound the issue, although adaptive gradient methods, such as AdaGrad (Duchi
et al., 2011; McMahan and Streeter, 2010), RMSProp (Tieleman and Hinton, 2012), and
Adam (Kingma and Ba, 2015), have become dominant in training deep neural networks,
their convergence rates have not been thoroughly investigated, particularly with regard to
their dependence on the dimension. Current analyses of convergence rates indicate that
these methods often exhibit a strong dependence on the dimension. For example, recently,
Hong and Lin (2024a) (see Section 3 for the detailed literature reviews) proved the following
state-of-the-art convergence rate for AdaGrad with high probability

1 <& VdlnT /,
7 kzl IVl <O <T1/4 (VLG = 1) + 0)) 2)

under assumption ||g¥ — V f(x¥)||? < 02, where g¥ represents the stochastic gradient at x*.
In contrast, the convergence rate of SGD (Bottou et al., 2018) can be as fast as

- y o xt) — f*
:;kZE V7)) <0 (\/ EL(ﬁ/i) f )) “
=1

with weaker assumption E [||gk -Vf (Xk)||2] < 2. We observe that the convergence rate
of SGD is VdInT times faster than (2). It remains an open problem of how to establish
the convergence rate of adaptive gradient methods in a manner analogous to that of SGD,
in order to bridge the gap between their rapid convergence observed in practice and their
theoretically slower convergence rate compared to SGD.

Algorithm 1 RMSProp Algorithm 2 RMSProp with Momentum

Initialize x!, v¥ Initialize x*, m{ = 0, v¥
for k=1,2,--- ;7 do for k=1,2,--- ;7T do

vk = BVt (1 ) (g)°2 vE= BVl (1Bt

1_ _ -1

X+_X_\/Z7@g m® = fm +(1—9)\/V7®g

end for xFH = xF — pm”
end for
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1.1 Contribution

In this paper, we consider the classical RMSProp and its momentum extension (Tieleman
and Hinton, 2012), which are presented in Algorithms 1 and 2, respectively. Specifically, for
both methods, we prove the convergence rate of

T
LY E (196 < (ﬁ YRG0~ )+ A6 - f*))
k=1
measured by ¢ norm under the assumption of coordinate-wise bounded noise variance, which
does not require the boundedness of the gradient or stochastic gradient. Our convergence
rate matches the lower bound established in (Arjevani et al., 2023) with respect to T,
L, f(x') — f*, and o,. Since L(f(x") — f*) > 3|VFED|? = L0, [Vif(x!)? and
o2 > Zgzl E [|g£€ — Vif(xF) ]2] , they could assume large values in high-dimensional settings®.
So it is significant to achieve the optimal dependence on L(f(x!) — f*) and os. The only
coefficient left unclear whether it is tight measured by ¢; norm is the dimension d.

Note that ||x|l2 < [|x[l1 < V/d||x||2 for any x € R? with extremely large d, and addition-
ally, ||x|l1 = ©(v/d)||x||2 when x is generated from uniform or Gaussian distribution. There-
fore, our convergence rate can be considered to be analogous to (3) of SGD in the ideal case of
IVf(x)|l1 = O(Vd)||V f(x)||2. Fortunately, as demonstrated in Figure 1, we have empirically
observed that in real deep neural networks, the relationship |V f(x)||1 = O(Vd)||Vf(x)|2
holds true.

1.2 Notations and Assumptions

Denote x; and V;f(x) as the ith element of vectors x and Vf(x), respectively. Let x*
represent the value at iteration k. For scalars, such as v, we use v, instead of v* to denote
its value at iteration k, while the latter represents its kth power. Denote || - ||, or || - ||2
if emphasis is required, as the ¢ Euclidean norm and || - ||; as the ¢; norm for vectors,
respectively. Denote f* = inf f(x). Denote ® to stand for the Hadamard product between
vectors. Denote Fj, = o(g!, g2, --- ,g") to be the sigma field of the stochastic gradients up
to k. Let Ex, [] denote the expectation with respect to Fj, and Eg[-|Fx_1] the conditional
expectation with respect to g® conditioned on Fi_;. We use f = O(g), f = 2(g), and
f = 6(g) to denote f < c1g, f > cag, and cag < f < c1g for some constants ¢; and co,
respectively, and O to hide polylogarithmic factors. The base of natural logarithms is
denoted by e.
Throughout this paper, we make the following assumptions:

1. Smoothness: ||V f(y) — Vf(x)|| < L|ly — x|,
2. Unbiased estimator: Eg [gﬂ]-"k_l] = V,f(x"),

3. Coordinate-wise bounded noise variance: Ey, [|gF — V; f(x*)[?|Fr_1] < o?.

1. However, empirical observations in deep learning training indicate that each element of V f(x) tends to
be very small, with both ||V f(x")|| and f(x') — f* typically being of order O(1).
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Figure 1: Tllustration of the relationship ||V f(x*)|; = ©(Vd)||V f(x*)||2. We use RMSProp
and RMSProp with momentum to train ResNet50 on CIFAR-100 and ImageNet, and train

GPT2 on the OpenWebText dataset. The gradient norm ratio shows

average training loss shows the average loss over training samples.
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Denoting o = [01,- -+ ,04] and o5 = ||o||2 = />, 02, we have the standard bounded noise

variance assumption
B [llg* — VA(H)|P|Fica | < 02

which is used in the analysis of SGD. Note that we do not assume the boundedness of

Vf(xF) or g.

2. Convergence Rates of RMSProp and Its Momentum Extension

In this section, we prove the convergence rates of the classical RMSProp and its momentum
extension. Both methods are implemented in PyTorch by the following API with broad
applications in deep learning;:
torch.optim.RMSprop(lr, ... ,momentum,...),

where momentum and 1r equal § and (1 — )7 in Algorithm 2, respectively. Specially, If we
set momentum=0 in default, it reduces to RMSProp.

We establish the convergence rate of RMSProp with momentum in the following theorem.
Additionally, if we set § = 0, Theorem 1 also provides the convergence rate of RMSProp.
For brevity, we omit the details.

Theorem 1 Suppose that Assumptions 1-3 hold. Let n = \/%, g =1~ %, vy =

)\max{ag,%},w and T > 6/\2, where 0 € [0,1), A\ < 1, and v can be any constants
serving as hyper-parameters for tuning performance in practice. Then for Algorithm 2, we
have

Z d1/4 2F dAF
T1/4 v VT v

where

F:max{l, 3(2L7y + 3) In(2Ly + 3), w7

Y Y
6eos 3L~y 6eos 3L~y >
3 + +3)In + +3), 4
(\/AT (1-0)t> ) (mT (1-0)t> W

6eo 3Ly 4L~e? 62 12
+ In . —~ 1+ +—= ¢
VAT~ (1-0)1 A max{d min; o7, 2T(1 —6)? A

Since 6 is a constant independent of T and d, we can simplify Theorem 1 in the following
corollary.

Corollary 2 Under the settings of Theorem 1, letting v = LL)_JH and T > W%—f*)’
we have % = 5( L(f(x!) — f*)) and

*ZE[HW )] <0 (Tlmom Fct) - f*)wf; L<f<x1>—f*>>
d

<0 ik YA 7
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Amax{dmin; o7, % |

first term dominates and the convergence rate becomes

where O hides In(L(f(x') — f*)) and ln< L(f(xl)_];*)l + /1\> IfT > W} the

T 1/ ~
= B[V 76 ] SO(jM i/ uaH%L<f<x1>—f*>) <0 (ﬂ €/03L(f(x1)—f*)> . )
k=1

1\ _ rx
On the other hand, if the noise variance is small, that is, ||o||? < M, the second
term dominates and the convergence rate becomes

1 & ~(Vd
=Y E[IV/H)h] <0 (\/T\/L(f(xl) - f*>> .
k=1

In deep learning with extremely large d, it can be expected that dmin; 01-2 > %, making it
unlikely for InT to appear in O.

Tightness with respect to the coefficients. Arjevani et al. (2023) established the
lower bound of stochastic optimization methods under the assumptions of smoothness and
bounded noise variance. The convergence rate of SGD in (3) matches this lower bound.
By comparing our convergence rate (5) with (3), we observe that our convergence rate is
also tight up to logarithmic factors with respect to the smoothness coefficient L, the initial
function value gap f(x!) — f*, the noise variance oy, and the iteration number 7. The only
coefficient left unclear whether it is tight measured by ¢; norm is the dimension d.

Comparison to SGD. Our convergence rate (5) can be considered to be analogous
to (3) of SGD in the ideal case of |Vf(x)|1 = ©(Vd)||Vf(x)||2. Fortunately, we have
empirically observed that the relationship |[Vf(x)||i = ©(Vd)|Vf(x)|2 holds true in
common deep neural networks, as shown in Figures 1. On the other hand, our theory relies
on slightly stronger assumption of coordinate-wise bounded noise variance compared to SGD.

Consequently, the constant o5 = />, 0'1-2 is larger than the one used in SGD. Nonetheless,

if each Ej, [||gF — Vi f(x")||?|Fx—1] does not oscillate intensely during iterations, we may
expect the two constants not to differ greatly.
Two key points in our proof. To establish the tight dependence on L(f(x!) — f*),

we should upper bound Z?zl Zgzl Er,_, [ V’?} (see the definition in (10)) by o5 (or ||o||1)

)

predominantly instead of L(f(x') — f*). To address this issue, we provide a simple proof in
Lemma 8 to bound Zle Zle Er,_, [\ /Vf] by O (TH0'||1 + g dT), with the first term

dominating. Additionally, to ensure the tight dependence on o, we give a sharper upper

bound for the error term in Lemma 4, such that % in (4) includes \/U;T instead of just o,

where the former can be relaxed as \/“/\LT < VL(f(x') — f*) by setting T' > W?H*)

{1 norm or /5 norm. The choice to utilize the ¢; norm is motivated by SignSGD (Bern-
stein et al., 2018), which is closely related to Adam (Balles and Hennig, 2018). Technically,
if we were to use the /o norm as conventionally done, we would need to make the right hand
side of the convergence rate criteria independent of d while remaining the other coefficients
tight, as shown in (3), to make it no slower than SGD. However, achieving this target presents
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a challenge with current techniques. Instead, by using the ¢; norm, we can maintain the
term v/d on the right hand side, as demonstrated in (5), since |Vf(x)||1 = O(Vd)||V £(x)]2
in the ideal case.

Relation to AdaGrad. From the parameter settings in Corollary 2, we have n = \/%,

1-8= %, v) > \o? > Q(U ), and - < Bt <1 for any t < T from (19). So for the update
direction of Xf , we have

gl v gl 7 gl

= gtz /d k '
\/ \/Bkvo—i- Zt_ Bt gl dr V?+% vd oF+ 300 gt

k
On the other hand, the update direction of x¥ in AdaGrad is ngi'. So in our

Vi g2 +e

parameter settings, RMSProp can be regarded as a refined variant of AdaGrad.

3. Literature Comparisons

It is not easy to compare convergence rates in the literature due to variations in assumptions.
Furthermore, most literature does not state explicit dependence on the dimension in their
theorems, and instead hides it within the proofs. In this section, we attempt to compare our
convergence rate with the representative ones in the literature. Particularly, we primarily
compare with the ones without the bounded gradient assumption.

3.1 Convergence Rate of AdaGrad in (Hong and Lin, 2024a)

Hong and Lin (2024a, Corollay 1) studied AdaGrad under the relaxed noise assumption of
lg* — Vf(x)|12 < A(f(xF) — f*) + B||V f(x¥)||? + C with probability 1, and their result can

g~V /) 2
f(xk)—f*)+B||Vf(xk)ll2+C)} se

We compare with their convergence rate by setting C = ¢2 and A = B = 0. They proved
the following convergence rate with high probability,

;éuw(xw% <o(o (22 7)) -0 (%)

1\ _ px
where Ay = O (f(x)f +dosInT + Lnd2 In? T) .
n

be extended to the sub-Gaussian assumption where E |exp( A

A1 is minimized to be @ (( L(f(x)—f*)+ Us) dlnT) by letting n = f(le)—f* dlrllT'

Accordingly, their convergence rate is

*Z IVF6H)s < (”jflj‘f (VAL = 1) m)) 7

which is v d In T times slower than (3) of SGD. It is also inferior to our convergence rate (5) due
to ||x|l2 < ||x|[1 < V/d||x]||2. Additionally, their dependence on o is not optimal, especially
when o5 > /L(f(x!) — f*). Hong and Lin also studied Adam in (Hong and Lin, 2024b, 2023),
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but the convergence rate is not superior to that of Adagrad. It should be noted that Hong and

Lin (2024a) established this result based on the assumption that ||g¥ — V f(x*)[|? < 02 with

IIg'“—VJ;(Xk)II"’)
O-S

probability 1, or the sub-Gaussian assumption of E [exp( < e. In contrast, our

assumption is Ey, [[|gF — V, f (xk)H2|fk_1] < 02 in the coordinate-wise manner. Determining
which assumption is stronger is difficult.

3.2 Convergence Rate of AdaGrad in (Liu et al., 2023)

Liu et al. (2023, Theorem 4.6) studied AdaGrad under the coordinate wise sub-Gaussian
assumption of E [exp(A\?|g;— V; f(x)[?)]< exp(A%0?),V|A| < L. Liu et al. (2023) also used ¢,
norm to measure the convergence rate. Specifically, from Theorem 4.6 and the corresponding
proof on page 42 in (Liu et al., 2023), they proved the following convergence rate with
probability at least 1 — 9,

—ZHW Mg < a0 (170 + ).

<) f* d [ dT
where g(d) = O (f(?)]f—k <d”0'||oo+iz; ci(5)> log T+dlﬂ7 log (||0'\1\/T+T(5))) :

) d d
¢i(0) =0 (af log 3 + o0;log (1 + JZ-QT + O'Z-2 log 5) + ||o||1 log(HaHlﬁ—i— 7‘(5))) ,

d d
r(6) =0 (f(xl) — ||0-2H110g5 + ||0'H1\/logg —i—LdlogL) .

It is not easy to simplify the above convergence rate and the dependence on o is not optimal
due to the second term in ¢(d). Ignoring Zgzl ¢i(6) and the logarithmic term in g(d), their

Vallollsllolli+3/ o 13dL(f (x1)—f*)
T1/4 )

%Zleuv f(x®)||1 is upper bounded by a constant not less than
which is inferior to our convergence rate (5).

3.3 Convergence Rate of RMSProp in (Shi et al., 2020)

Shi et al. (2020, Theorem 4.3) studied problem miny f(x) = Z?;& fj(x) and they assumed
Z?:_é IV£ix)|I3 < D1]|Vf(x)||3 + Do. They did not give the explicit dependence on the
dimension in their theorem 4.3 and we try to recover it from their proof. On page 37 in (Shi
et al., 2020), the authors gave

mi mi V f(x YV L 1 Ql 3 + QQ 3 10g |
\/> < 2 > D 7
ke[tiig,ﬂ . { | f( H | f( )H } VT — /timit — 1 + \ﬂ@&s

Linit,0 * log tini v/10dn D1 d
f(X ) ;7 Ce log t /10761 Did, Qz 5 = Cs 077 n
1 1

d CiVd dn? 1
CGZL,'?%<(n + 2 )7 C4Z+ 1_/82§O<ng5>7

where Q13 =

2(1—02) nv1-7 (1= By)15’

8
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and the other notations can be found in their proof. Since

tinit,0) _ f* L dlo
Qs+ QaslogT > 2 ((f(x )= (1’71”5 75 (log T — log tmit)> \/an1d>
m — P2

> 02 <\/D1L(f(xtimt,o) — f*)d9/4> .

We see that their ming |V f(x*9)||3 is upper bounded by a constant not less than © (?}%3 +
d7/4\/DOL({/(% DS )) That is, ming ||V f(x%?)]||2 is upper bounded by a constant not less
/ y x'init,0) _ £x* . . .
than (9(%?7 %33 + & 8\/D°L¥1/4 0)=f )>, which is at least d/® times slower than our

convergence rate (5).

3.4 Convergence Rate of RMSProp in (Défossez et al., 2022)

Défossez et al. (2022, Theorem 2) studied the convergence rate of RMSProp under the
bounded stochastic gradient assumption, that is, there is R > /2 so that ||g¥|lcc < R — v/€
almost surely. They proved the following bound for RMSProp

s < (WL () (o ) )

Lettingﬁzl—%andn:\/%

=/ *, the above convergence rate can be simplified to

E[|V/xD3] <0 ﬁRvL(f(Xl) -+ i In(RT)
2] = JT T ;

where dR? > ||g¥||3,Vk. Due to the bounded stochastic gradient assumption, comparing
their convergence rate with ours is unfair. Our proof follows the analytical framework in

Défossez et al., 2022). However, unlike their work, we cannot lower bound [Vif )2 b
) b b \/7 y

. ky|2 ‘
W without the bounded stochastic gradient assumption. Instead, we use

rimnen) - (£2[47) )

k=1 i=1

and rigorously derive a tight upper bound for Ele E?:l E [\ /Vf]. Furthermore, in the

absence of the bounded stochastic gradient assumption, we cannot use vf < R? to upper

k|2
bound Zle E [‘gvi,J ] To address this, we employ mathematical induction to establish the

bound in (14). Additionally, we provide a sharper upper bound for the error term in Lemma
4 to ensure the tight dependence on oy.
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3.5 Convergence Rate of Adam in (Li et al., 2023)

Li et al. (2023, Theorem 4.1) introduced a new proof of boundedness of gradients along the
optimization trajectory. Although their Theorem 4.1 has no explicit dependence on d, it
has a higher dependence on L(f(x!') — f*), o5 and the constant A as a compromise, where
A appears in the adaptive step-size ﬁﬂ, which is usually small in practice, for example,

A = 1078 in PyTorch implementation. Specifically, they assumed ||g* — V f(x¥)|| < o5 with
probability 1 and proved % Z;{:l [V £(x*)||2 < €% with high probability by letting

1 G(f(xY) - f* foAs X8 A€
T:max{ﬂQ7(();€)2)}7 ngmln{ULGaL\/a}u /BSO<E)7

and G to be a large constant satisfying G > max{\, o5, v/L(f(x!) — f*)}. From their setting,

we see that T > G%Ug%égl)_ﬁ). Consequently, their 4 ST IV F(x9)]|l2 is upper bounded

by a constant not less than (%)5/ 8%, which is at least (%)5/ 8 times slower than

SGD. It is not easy to compare with our convergence rate (5) due to different measurement.
When |V f(x)|l1 > Q((%)S/S\/a) |V f(x)||2, our convergence rate is superior, and in the ideal

case of ||V f(x)||1 = ©(Vd)||Vf(x)]||2, our convergence rate is also (%)5/8 times faster.

3.6 Other works

There are other literature that analyze adaptive gradient methods, including (Ward et al.,
2020; Kavis et al., 2022; Faw et al., 2022; Wang et al., 2023b; Attia and Koren, 2023) for
AdaGrad-norm, (Wang et al., 2023b) for AdaGrad, (Zou et al., 2019; Défossez et al., 2022)
for RMSProp, (Reddi et al., 2018; Zou et al., 2019; Défossez et al., 2022; Guo et al., 2021;
Chen et al., 2022; Zhang et al., 2022; Wang et al., 2023a; Hong and Lin, 2023, 2024b; Zhang
et al., 2025) for Adam, and (Zaheer et al., 2018; Loshchilov and Hutter, 2018; Chen et al.,
2019; Luo et al., 2019; You et al., 2019; Zhuang et al., 2020; Chen et al., 2021; Savarese
et al., 2021; Crawshaw et al., 2022; Xie et al., 2024) for other variants. However, none have
established a convergence rate comparable to that of SGD.

4. Proof of Theorem 1

Denote x" = x!, which corresponds to m? = 0. The second and third steps of Algorithm 2
can be rewritten in the heavy-ball style equivalently as follows,

k41 po on(1—=0) ko k—1
X =x"-—0g"+0(x"—x WV >1, 6
o o8 ol ) (6)

which leads to

1-20)
k1 _ gyk — 3k _ gxk—1 _ 77(7 ® gk_
VvE

X

We follow (Liu et al., 2020) to define
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1 1

Specially, we have z! = x! since x!

= x". Thus, we have

k+1 _ _k Ui k
2 =2 - ——ogh
‘/Vk
and
0
Zk_xk_l_e(xk_xk 1)

We follow (Défossez et al., 2022; Faw et al., 2022) to define
= v+ (1= ) (V)2 + o)

Then with the supporting lemmas in Section 4.1 we can prove Theorem 1.
Proof As the gradient is L-Lipschitz, we have

Ey, [f(zk“)\fk_l} — f(z") <Ej [<Vf(zk), 2 =gk 4 §||zk+1 - zk||2)}'k_1]

d k 2 4 k2
; L ;
~E, —nz<vif<z’ﬂ>, - >+ Ty Bl|R

2

=1 1=1

|k
Vi

where we use (8). Decomposing the first term into

—<vif<x’“>, 1 >+<V¢f(xk), & _ & >+<vif<xk>—vz-f<zk>, &

\z Vf Vf v
and using Assumption 2, we have
k b SV AP L~ [le P
Eg [f(z H)‘J":kﬂ] —f@) <=0 + > Ey [ . ‘]:kfl
i=1 vk 2 I Vi .

11
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We can use Lemma 4 to bound term (a). For term (b), we have

nfi<vif<xk> Vi), L >

i=1 \/Vif

< 2L90§5i|w VG + g 1‘%5'2
U0 9 ) — Ve + 905 : Z'g
(%)2(L191 59)2 - 19k 1- tz ’gzl Le“’g;{) > ’gvz;

(1

)
where we use Lemma 5 in <. Plugging the above inequality and Lemma 4 into (11), taking
expectation on Fj_1, and rearranging the terms, we have

[f<zk+lwﬂf1[ } gi

27]6

Summing over k =1, -+, K, we have

Vif (x")[?

Sk

d K kN2
]E]:K [f(zKJrl)] _ f -+ QZZE‘FI‘?*I —
i=1 k=1 v
d K k12 2 d K k
. 2ne(l — i L _ z
<f(z') - f* + ne( B)Zo—iZEFk ’gk’ }Jr Ul Zzzek 'Ry, [!g
2 i=1 k=1 Vi 1-0 i=1 k=1 t=1
d K K
2ne(1 — B) lgF|? Ln? gt |?
< 1y px i E 7 E
_f(Z ) f + \/X ;U ; F Vf +(1 0)1.5 s tzl Fi Vf y
term (c) term (d)
where we use
L& k—t ’gt'| LEE k—t |g’?\2 1 L& g
>3S0 En [B] =35 o ] < 153 e [
i=1 k=1 t=1 [ i=1 t=1 k=t i i=1 t=1 @
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Using Lemmas 6 and 7 to bound terms (c¢) and (d), respectively, letting n = \/% and

ﬁzl—%,wehave

Er. [f(z"T)] -

1\3\3

Sk
Vi

d K
Vi f (x*)?
E k=1 |
Fa2 2k

2nev/dos Lid ALe(1 — S
< ! B
<f(z")—f*+ ( N a=es(i—p) nAmax{dmmz m} fKZl
Y ST I G
s 7 _ 1 (13)
+2(1 _9)2 t=1 i=1 VZ + A +e+

eyo 2 62 — K
:f<z1>—f*+(2¢%"+Of’g)m)ln( L [Z(f(zk)—f*>

Amax{dmin; o7, 7}

Ly 1- [
Tl 0 4 2 v

Next, we bound the right hand side of (13) by the constant F' defined in (4). Specifically,
we will prove

Er, . [f(zk)} — f*< Fand “Clﬁzdjkzlxa [g@ } < Li (14)

i=1 t=1

by induction. (14) holds for & = 1 from the definition of F in (4), x! = z!', and
t)2
Zc-l )1;—11 ‘g‘jg = (0 when k£ =1 given in Lemma 5. Suppose that the two inequalities hold

=1
forall k=1,2,--- , K. Now, we consider k = K 4+ 1. From Lemma 7, we have

BRSNS gi ALe*(1 — B) Koo
-~ ;;E]—'K |: :| <In ()\max{dmini (71,27 %}E}—K Z(f(z ) —f )

LO*y% 1 — g )

+WTZ > —I—+e—|—1)

4Le2(1 — e2
sm( (1 ﬁ; 1}<KF+2(1WF>+)\+6+1> (15)

A max{d min; o

“ln 4L~e? <1+ 62 >F+12F
- Amax{dmin; o2, & 27(1 — 6)2 Ay
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2)
where we use (1 — 8)K = £ <1 and let % > 1. Inequality < will be verified later. Using
the similar proof to (15), we derive from (13) that

]E]:K [f(ZK—H)] _ f* +

N3

d K

Vi f(xF)]2
S I L]
i=1

Sk
k=1 \Z

2evos L2 ) ALe? < 62 ) F 12F)(16)
sfz)=f +<\/)\T +(1—0)1'5 " A max{d min; 01-2,%} +2T(1—9)2 ~ + Ay
(3)
<F.

(2)
We construct F' for < and < to hold by letting

F 4Lye? 62
1< —, In - T 14—+ §
0 Amax{dmin; o?, 7 2T(1—-0)? )\
F F F 26")/0'5 F
In=— < —— ho < =<
H7_2L727 f(Z) f _37 < )\ 1_915) "}/_

w| w\’"ij \2

(290 22 Y (ot () ) <
VAT (1-0)t5 Amax{dmin; 0?, 1} 2T(1 —6)2 )=

which are satisfied by setting of F in (4), where we use x! = z! and clnz < z for all

x > 3clnc and ¢ > 3 proved in Appendix B. So (14) also holds for k = K + 1. Thus, (14)
holds for all k =1,2,--- ,T by induction.

Using Holder’s inequality, Lemma 8, and (16), we have

(2% IV >||1]>2 = (K >3 E [IVif(xk)IDQ

k=1 k=1 1i=1
K d d
[V ()2 =
<[ 3w [T (S50, [
k=1 i=1 I vE o] —1i=1
S A o Vi (<)
159 oy [LACAIE ) N DUV ) 9 DT L1
k=1 i=1 I Ve k=1 i=1 vk
2F F 4F 2F
(Klla+ 5+ 25) =25 (Kol + 27 )
- n
for all K <T, where we use n = \/7 and F > 1. So we have

T
1 1 oFT |||, 4F d'* |2F|o|y  VdA4AF
~N"E k < = il b (L Ui Y2
7 2 Eri 19160 < 7 (\/ e N It iy =
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4.1 Supporting Lemmas

In this section, we give some technical lemmas that will be used in our analysis.

Lemma 3 (Défossez et al., 2022) Let vy = Bv;_1 + (1 — B)g?. Then we have

k 92 v
1-8)3 % <"
( B ) P vy n Bkvo
The next lemma is motivated by (Défossez et al., 2022). However, the key distinction is

k
that following the proof in (Défossez et al., 2022), we can only get 0;4/1 — BEg [‘g‘j; _ ]

in the last component of (17), where 1 — = % We strengthen the constant from /1 —
to 1 — 3, which is crucial to achieve the tight dependence on o in our theory.

Lemma 4 Suppose that Assumption 3 holds. Define V¥ as in (10). Let v) = Amax{o?, ﬁ},
8=1- ,andTE%EZ. Then we have

By < \F \/7>‘}'_1 SW?J:(F)' 2‘”6% A, [’g’ ‘f_l] (17)

Proof From the definition of Vf, the recursion of vl- , and the setting of v?, we have

vE> vl =g <6k1v9+(1—ﬂ)§6’“”!gf!2> > phv) > )\j, (18)
where we use 8¢ > % for any k < T from
klnﬁz—kln;Z—Tl_ﬁﬁ:—Tl%% > -2, (19)
since Inx < x — 1 for any = > 0. So we have
1 [vE - 9] g IBEE — IVif ()2 - o
SRR )RR ()
s(l—ﬁ)lg'_ S er + Vis el +of

| ﬁﬁ(ﬁ+ﬁ)

D gl VIl e —5)

Sk

e T

and

Ey < k \/>_\/»>’]:k 1
(20)
< /1= BE, g — Vif (x")[|Vif (x")]|gF ] 026(1—5) |Vf( H&

s o

Fr_1| +
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M)
where we use the definitions of V¥ and v¥ and (18) in <. For the first term, we have

ST, | B Vi OV g

s

S‘vif(Xk)k‘zEk [\gf - vif(xk)‘z‘]:kfl] + af(\;;k ) [Igz }}' 1]

Fr—1

9 [~
4o/ V; v;

(2) IV £(x*)|2 ,
VNP | o =B) [\gz ’fk 1]
44/vE VA

2)
where we use Assumption 3 and (18) in <. For the second term, we have

gie(1 = B) | IV Igk | -

a e

\V f(x )\2 o7e?(1 ﬁ) |8;
4\f )\\/7 [g }f_l]
DI 0=, TWEE ]

4\/7 A\L5

Vi (x O oie(l - AE, [Igl ’F1]7

W A
®3)

where we use (18) again in <. Plugging the above two inequalities into (20), we have the
conclusion. |

The next lemma is used to bound the norm of the gradlent by the function value gap
Igl\

1

and the second order term, where the latter corresponds to from the second order term

in Taylor expansion.

Lemma 5 Suppose that Assumption 1 holds. Letting m® = 0, we have

||vf(xk) ( ||2 L 9 77 Zak 1— tz |gz ,

2k1

IV F(xM)? < AL(f(2%) — f*) + LZ@Q” Zf)’“ . tZ 'gz

K

2,2 K-1 d | t92
Z IV /G2 < 4L <Z(f(zk) P 'g‘,‘) -

k=1 t=1 =1 4

t|2
Specially, denote 1{(:—11 Ed 8" — 0 when K = 1.

i=1 vt
Vl
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Proof For the first part, as the gradient is L-Lipschitz, we have

—

) L2672
IV () = V(82 < L xE = ab2 2 = o — 2

2) L292 k—112
ia 1

T (102

where we use (9) in @ and the update of x in (i) From the update of m* in Algorithm 2,
we have

k : k ¢
mb = ¢m + (1-6)S 08 (19 gt B

Using the convexity of ()2, we have

k £)2
I<:2 Z k—t Z kt\gz Z k—t |83
For the second part, we have

V(M2 <2V f(2)]1? + 2|V f(xF) — V(z")|?
2 k—1

<AL(f(2") = J7) + L292” >0 tz I
where we use
s (- pviah)
< 1@~ 7 (VFEN), Vi) + 5
= ) — S IV IR

For the third part, we have

illvf(xk)ll2 < i <4L(f(zk) — Y4 2L292772 kz:lgk - tz gt )
k=1 k=1

Using
Kklklt |g = Kklt |g 1 = |2
2.2 0y S -y 2 T s >N
k=1t=1 i=1 t=1 k=t t=1 i=1

we have the conclusion. Specially, when K = 1, we have Zszl IVFF)? = |VF(xY|? =
t|2

IV f(z")]|?> < 2L(f(z') — f*). So we can denote fi}l Zle |gvit_‘ = 0 when K = 1 such that

the third part holds for all K > 1. ' [ |

The next two lemmas are used to bound the second order terms in (12).
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Lemma 6 Suppose that Assumptions 1-3 hold. Let v = A max {U?, ﬁ} and f=1— =+
Then for all K < T, we have

1—6; ZE [Igz ]

K K-1 d
4Le?(1 — B) % L92 2 gt
<ol E E - E E " — 1
=7 n(AmaX{dmini o2, 7 i k:1(f(z )= 1) =1 o1 +3 +e+

Proof From Lemma 3, the concavity of Inx, Holder’s inequality, and the definition of

vE

1-0 K \gz 1 <& VZ-K
1 4] )= o [y

(21)

A (o [ o 5 e )

g =1

K
From the recursion of v¥, we have VZ.K > ﬁKv?, which leads to InEx, [5‘1%?} > 0. From

the concavity of (Inz)? for > e, we have

1 d K 2
a2 (In Er {BY;VQD

Using the recursive update of v¥, Assumptions 2 and 3, (19), v? = Amax {O’ZZ, %}, and
Lemma 5, we have

1< vE

125 i
_1 L (1-B8) Y, B Ex, llgk 2] +
i

5V

K~,0
BVZ‘

LN (=) 5 A B [IVif 69 + o]
d i=1 6Kv?

2 i (1= B) Yy B Ex, [IVif(x9)]?] + 02

(2
1
)\max{o?,d%} *

L ZﬁK "B [IVF6)2] + 5

A max{d min; o7,

+1

2

K K-1 d
ALe*(1— B) 0 L6*n? gil* | | €
Er | — )+ S I R
~ Amax{dmin; o2, 7 Fx LZl(f(Z )=+ 2(1-0)? &= = v; TR
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Plugging into (22) and (21), we have the conclusion. |

Specially, replacing each ¢; by 1 and o, by v/d in the derivation of (21), we have the
following lemma.

Lemma 7 Suppose that Assumptions 1-3 hold. Let vg = Amax {01-2, #} and B =1— %
Then for all K <T, we have

1—BZZE {gz ]

=1 k=1
K K-1 d
4Le*(1 — B) X LO%n? gt o2
<1 E — f* L +*+ +1].
= ()\max{dmini 02-2,% Fx [;(f(z )= 1) 2(1-19) 2(1 — 6)2 tzl ; vi €

In the next lemma, the key point is that the dominant part on the right hand side of (23)
only depends on ||o||; instead of L(f(x!) — f*), which is crucial to give tight dependence on
L(f(x') — f*) in our theoretical analysis. From (16), the third part on the right hand side of
(23) is in fact of order O(v/dT), confirming that the first term indeed dominates the bound.

Lemma 8 Suppose that Assumptions 1-3 hold. Let 0 < 8 <1 and v) = )\max{aiz, %}
with A < 1. Then for all K <T, we have

K K d
B, [\ < Klollo+ VAT +23 Y B

i=1 k=1 t=1i=1

Proof From the definition of Vf, we have

e |\

s, [\ (9 (Vs + )

—E; { BV + (1 = B)o? (1 - B)|Vif (xh)P
LBV (- 8) (Vi )2+ 02) %ﬂv’“ 1 B) (IVif G5)[2 + 0?)
£ (xF
B, [V (902 40 g, | TS

Consider the first part in the general case. From the recursion of vf , we have

Er_, [\/ﬁt P (1= B0 ]

—Es, , N BHHIVET 1 ge(1— B)[gh~P? + (1 — ﬂtwﬂ

“Er [Ek [\/Bt“vf‘t‘l T 81— B)lgh R + (1 - Br)o? ]kaH
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(1) [
<Ex_., \/ BEIVETL 4 81— B0k |l PP | + (1 - Bt)ai?]

SEr o [(INET B ) (VR ) + (1 )

5y [VIVETT - DIV + (L 54t
| BVl 4 (1 - )0
VBV B L= )|V (P 4 (L= 3)o?

+Ez, B — B)|Vif (xF1)[2
k-1 \/,Bt+1v§—t—1 + Bt = B)|Vif (xE—1)|2 4 (1 — Bt+1)02

<Ez, _, , [\/ﬂtﬂvf—t—l +(1— ﬂt—s—l)(jg]

e 50— BIVif P
Fl—t—1
VBT B BV R + (8 o
f k— t
~k t

1) (2
where we use the concavity of /z in < and Assumptions 2 and 3 in <. Applying the above
inequality recursively for t = 1,2,--- ,k — 1, we have

B, [\/BvE T+ (1= o]

=Er_,

o [V 0 07|+ VE - BB

k—1
- [Vif(x")?
VBV 4+ (1= Byt + Z BEH(1 - B)EF,_, v]
and
k
EF_ [\/'\;] é\/ﬁkvg +(1—BF)o? + Z B(1— B)Ey, |, vV f(:t)|2]
Vif(x")

9

\IO- +7+Z\//Bkt E]:tfl \/{,7;&
0

where we use v, = )\max{af,d%p} < Uf + dLT. Summing over ¢ = 1,2,--- ,d and k =
1,2,---, K, we have
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K K d VL)
:KHUH1+\/d;T—I_ZZ\/W(l—ﬁ)ZEfFl lw]

t=1 k=t i—1 ¢

1-p5 K |Vz‘f(xt)2]
<K|lo|h + VdT + By |V D

1 1= \/B;; 7 vi
()2
=K|olli + VT + (1 +vB) Y Y Ex_, W(;)] |
t=1 i—1 !

5. Experimental Details

We conduct experiments on both computer vision and natural language processing tasks
to verify the relationship ||V f(x*)||; = ©(v/d)||Vf(x*)||2 during the training of RMSProp
and its momentum variant. We call the torch.optim.RMSprop API in PyTorch for both
optimizers. Code is released at https://github.com/adonis-dym/Convergence-Rate-RMSProp .

For computer vision experiments, we train ResNet-50 on both CIFAR-100 and ImageNet
datasets. In the CIFAR-100 training task, we set the initial learning rate to 10~ and employ
a cosine decay scheduler over all 100 training epochs. We set the batch size to 64 and the
weight decay to 0.1. For the ImageNet training task, we utilize the timm library protocol
(Wightman, 2019). The training process spans 200 epochs with a 20-epoch linear warm-up
period to increase the learning rate to 1074, a 170-epoch cosine decay period to decreases
the learning rate to 107>, and 10 final epochs with a constant learning rate 107°. We set
the batchsize to 2048. We maintain identical settings for both optimizers and configure
the other parameters using the default settings in the PyTorch API, including assigning
the momentum parameter to 0.9 for RMSProp with momentum. At the end of each epoch,

we compute the full training loss and gradient by traversing the entire training dataset to
[V £(x")[lx
[V fGF)l2

For natural language processing tasks, we train the classic GPT-2 model from scratch on
the OpenWebText dataset using the Megatron-LM framework. Setting the batchsize to 640,
we train the model for 50000 steps, equivalent to approximately 3.5 epochs. The training
schedule includes a 2000-step linear warm-up period increasing the learning rate to 107>
and a cosine decay period for the remaining steps. In our training setting, we employ a
decoupled weight decay of 0.05 in the AdamW style, rather than the vanilla implementation
of /5 regularization in the PyTorch API. Given the computational constraints inherent in
large-scale language model training, we approximate full gradients by aggregating over a
subset of 100 batches, providing an efficient yet representative estimate of the full gradients.

accurately measure the gradient norm ratio

Our experimental results, as compiled in Figure 1 in Section 1, demonstrate that the
V£ (")l
IV (x")]l2 ) ) . o .
confirms that the convergence rate derived in this study is in accordance with that of SGD

with respect to the problem dimension d.

gradient norm ratio consistently scales as ©(v/d). This empirical observation
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Conclusion and Future Work

This paper studies the classical RMSProp and its momentum extension. We establish the

convergence rate of S E IV f(xF)[1] < o (T\{i ({‘/J?L(f(xl) — f*))) measured by
£1 norm without the bounded gradient condition. Our convergence rate can be considered to
be analogous to the 7 ST E [IIVFR)2] <O (ﬁ Vo2 L(f(x1) — f*)) one of SGD in the
ideal case of |V f(x)|l1 = @(Vd)||Vf(x)||2 for high-dimensional problems. One interesting
future work is to establish the lower bound of adaptive gradient methods measured by ¢;

norm. We conjecture that the lower bound is O <T‘{/E4 ({*/UEL(f(Xl) - f*)))

Appendix A. Proof of Lemma 3
Proof From In(1 —z) < —z for any x < 1, we have
2

(1_5)975<_1n<1_(1_5)gt2>:_mUt_(l_ﬁ)g?:_lnﬁvt—l:] i

n
Ut Ut Ut Ut Bui—1

and

Appendix B. Proof of clnx <z for all z > 3clnc and ¢ > 3

Proof Denote f(z) = h‘TI Since f'(x) = m% - 1;‘—2:” < 0 when = > e, f(x) is decreasing

In(3clnc) _ 1Inc+In(3lnc) <1 In c+1n 2

_1
. < Sohne c e < c e = o where we use Inc < ¢ and
3lnc < ¢* for ¢ > 3. [ |
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