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Abstract

In inverse problems, many conditional generative models approximate the posterior measure
by minimizing a distance between the joint measure and its learned approximation. While
this approach also controls the distance between the posterior measures in the case of the
Kullback—Leibler divergence, the same in general does not hold true for the Wasserstein
distance. In this paper, we introduce a conditional Wasserstein distance via a set of restricted
couplings that equals the expected Wasserstein distance of the posteriors. Interestingly,
the dual formulation of the conditional Wasserstein-1 distance resembles losses in the
conditional Wasserstein GAN literature in a quite natural way. We derive theoretical
properties of the conditional Wasserstein distance, characterize the corresponding geodesics
and velocity fields as well as the flow ODEs. Subsequently, we propose to approximate the
velocity fields by relaxing the conditional Wasserstein distance. Based on this, we propose
an extension of OT Flow Matching for solving Bayesian inverse problems and demonstrate
its numerical advantages on an inverse problem and class-conditional image generation.
Keywords: Conditional Wasserstein distance, posterior sampling, flow matching, inverse
problems, generative modelling

1. Introduction
Many sampling algorithms for the posterior Pxy_, in Bayesian inverse problems
Y=f(X)+E (1)

with a forward operator f: X — Y, and a noise model =, perform learning either implicitly
or explicitly on the joint distribution Py x. Most approaches minimize (or upper bound)
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some loss of the form
L(0) = D(Py,x, Py,c,),

where D denotes a suitable distance on the space of probability measures. In this framework
Gy is a conditional generative model, which in particular also depends on y. For instance, this
is done in the framework of conditional (stochastic) normalizing flows (Ardizzone et al., 2019;
Hagemann et al., 2022b,a; Winkler et al., 2019), conditional GANs (Mirza and Osindero,
2014) or conditional gradient flows for the Wasserstein metric (Du et al., 2023; Hagemann
et al., 2024). In practice however, we mostly look for the posteriors for single points .
Recently in (Altekriiger et al., 2023), it was shown that the posterior error for single points
7 goes to zero if the expected error to the posterior Ey [Wl (Px|y=y> PZ|y:y)] is small in
(Altekriiger et al., 2023), where W7 denotes the Wasserstein distance (Villani, 2009). This
shows that it is important to investigate the relation between Ey [Wl (Px|y=y PZ|y:y)]
and WI(PY,Z7 Py)().

In (Kim et al., 2023), the authors investigated the relation between the distance of the joint
measures D(Py, z, Py x) and the expected error of the posteriors Ey [D(Pz‘yzy, Px|yzy)] .
For the Kullback—Leibler divergence D = KL, it follows by the chain rule (Cover, 2005,
Theorem 2.5.3) that

Ey~py [KL(Px|y—y, Pzjy—y)] = KL(Py,x, Py,z).

Such results show that it is possible to approximate the averaged posterior via the joint
distribution. Unfortunately, we have for the Wasserstein-1 distance that in general only

Wi(Py.x, Py,z) < Eyopy [Wi(Px|y—y, Pzjy—y)] (2)

holds true, in contrast to the equality claim in (Kim et al., 2023, Theorem 2). A simple
counterexample is given in Appendix A. Intuitively, strict inequality can arise when the
optimal transport (OT) plan needs to transport mass in the Y-component. This is the
motivation for considering only plans that do not have mass transport in the Y-component.
This leads us to the definition of conditional Wasserstein distances W), y, where admissible
transport plans are restricted to the set F4Y = F%,(PK x, Py z) of 4-plans « fulfilling in
addition (7!3)ya0 = Ay Py, where A(y) = (y,y) is the diagonal map:

W;Y = inf4 /H(y1,$1) — (y2, 72)[|P da
ael'y

Inspired by (Kim et al., 2023), we show that this conditional Wasserstein distance indeed
fulfills

WP (Py,x, Py.z) = Eyupy [Wh(Pxjy—y, Pzjy=y)] -

Further, we prove results on geodesics similar as in (Ambrosio et al., 2005) for the
conditional Wasserstein distance: we show the connections to the continuity equation,
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verify that there exists a velocity field with no mass transport in Y-direction and recover
a corresponding ODE formulation. Indeed, this conditional Wasserstein distance can be
used to explain a numerical observation made by (Du et al., 2023; Hagemann et al., 2024),
namely that rescaling the Y-component leads to velocity fields with no mass transport in
Y-direction in the limit. Using these ideas, we propose to relax the conditional Wasserstein
distance to allow "small amounts" of mass transport in Y-direction.

Then, we use our insights to design efficient posterior sampling algorithms. By leveraging
recent ideas of flow matching, see (Albergo and Vanden-Eijnden, 2023; Liu et al., 2023;
Lipman et al., 2023), we design Bayesian OT flow matching. Note that the recent approaches
of (Zheng et al., 2023; Wildberger et al., 2023) do not respect the OT in X-direction as they
always choose a random coupling between x and z for each observation y. This leads to
unfortunate situations, where the optimal Y-diagonal coupling is not recovered even between
Gaussians when we approximate them by empirical measures, see Example 1. We use our
proposed Bayesian OT flow matching and verify its advantages on a Gaussian mixture toy
problem and on class conditional image generation on the CIFAR10 dataset.

Contributions

e We introduce conditional Wasserstein distances and highlight their relevance to condi-
tional Wasserstein GANs in inverse problems.

e We derive theoretical properties of the conditional Wasserstein distance and establish
geodesics in this conditional Wasserstein space, with velocity fields having no transport
in Y-direction.

o We show that the conditional Wasserstein distance can be used in conditional generative
approaches and demonstrate the advantages on MNIST particle flows (Hagemann
et al., 2024; Altekriiger et al., 2023). We propose a version of OT flow matching (Tong
et al., 2023; Pooladian et al., 2023) for inverse problems which uses a relaxed version of
our conditional Wasserstein distance, and show that it overcomes obstacles, explained
in Example 1, from previous flow matching versions for inverse problems (Wildberger
et al., 2023; Albergo et al., 2024).

Related work Our work is in the intersection of conditional generative modeling (Adler
and Oktem, 2018; Ardizzone et al., 2019; Mirza and Osindero, 2014) and (computational)
OT (Peyré and Cuturi, 2019; Villani, 2009). The recent work (Kim et al., 2023, Theorem
2) derives an inequality based on restricting the admissible couplings in the their OT
formulation to so-called conditional sub-couplings. Note that their reformulation is only a
restatement of the expected value, but does not relate it to the joint distributions. Those
authors also look for geodesics in the Wasserstein space, but pursue a different approach.
While we relate it to the velocity fields in gradient flows, they pursue an autoencoder/GAN
idea. To the best of our knowledge, the first work which considered conditional Wasserstein
distances was Kloeckner (2021). Related absolutely continuous curves were discussed in
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Peszek and Poyato (2023) including the existence of vector fields for absolutely continuous
curves. Peszek and Poyato (2023) were mainly interested in absolutely continuous curves
stemming from gradient flows and not in geodesics. The closest work, which appeared
after our first version of this paper, is (Hosseini et al., 2024). Here the authors define the
conditional optimal transport problem and calculate its dual. Their work is more focused on
the infinite dimensional setting, whereas we consider the velocity fields needed for the flow
matching application. There are two other concurrent works that treat objects similar to
what is presented in this paper. (Barboni et al., 2024) study gradient flows for conditional
Wasserstein spaces in the case where Py is the Lesbesgue measure on [0, 1] in order to
analyse the training of infinitely deep and wide ResNets. Another preprint appearing
after the ArXiv submission of the present paper, which also uses conditional OT for flow
matching, is (Kerrigan et al., 2024). They come up with a similar loss function, which
also uses that the velocity field should not transport mass in the Y-component. Another
concurrent work is (Isobe et al., 2024), where they use a generalized continuity equation to
extend the flow matching framework to the matrix valued case, where they use it for style
transfer. Theoretically our paper is more focused on finding geodesics where no mass in Y
is transported whereas they look for translations between classes.

In the OT literature, there has been a collection of class conditional OT distances used
in domain adaption (Nguyen et al., 2022; Rakotomamonjy et al., 2022). In particular,
conditional OT as in (Tabak et al., 2021) is relevant as they consider OT plans for each
condition y minimizing E,[W1(Pxy—,, G(-,y)#Pz)]. However they relax their problem
using a KL divergence. The works on Wasserstein gradient flows (Ambrosio et al., 2005;
Gigli, 2008) investigate conditional Wasserstein distances from a different point of view for
defining the so-called geometric tangent space of the 2-Wasserstein space. Geometric tangent
spaces play a crucial role in Wasserstein gradient flows of maximum mean discrepancies
with Riesz kernels in (Hertrich et al., 2023) and their neural variants in (Altekriiger et al.,
2023). In (Hagemann et al., 2024, Remark 7), an inequality between the joint Wasserstein
and the expected value over the conditionals is derived, where the result requires compactly
supported measures and certain regularity of the associated posterior densities. In (Bunne
et al., 2022), the supervised training of conditional Monge maps is proposed, for which the
authors solved the dual problem using convex neural networks. The authors of (Manupriya
et al., 2023) also consider an amortized objective between the conditional distributions
and propose a relaxation, which only needs samples from the joint distribution involving
maximum mean discrepancies. Numerically, we first verify our theoretical statements based
on particle flows, which were also used in (Altekriiger et al., 2023; Hagemann et al., 2024).
Further, we apply our framework to solve inverse problems using Bayesian flow matching
(Wildberger et al., 2023; Zheng et al., 2023) and OT flow matching (Albergo et al., 2024,
Lipman et al., 2023; Liu et al., 2023; Tong et al., 2023; Pooladian et al., 2023).
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This paper is an extension of our first ArXiv version (Chemseddine et al., 2023) on
conditional Wasserstein distances with more focus on the continuity equation and flow
equation for geodesics as well as flow matching.

Outline of the paper In Section 2, we recall preliminaries from OT. Then, in Section 3,
we introduce conditional Wasserstein distances of joint probability measures, and show their
relation to the expectation over the Wasserstein distance of the conditional probabilities.
Moreover, we highlight the connection to work on geometric tangent spaces. In Section 4,
we calculate the dual of our conditional Wasserstein-1 distance and show how a loss function
used in the conditional Wasserstein GAN literature arises in a natural way. In Section 5, we
deal with geodesics with respect to the conditional Wasserstein distance, prove properties
of the corresponding velocity fields, showing that they vanish in the Y-component, and
show existence for flow ODEs. We propose a relaxation of the conditional Wasserstein
distance which appears to be useful for numerical computations in Section 6. We combine
our findings with OT flow matching to get Bayesian flow matching in Section 7. Finally, in
Section 8, we present numerical results: we verify a convergence result for an approximation
of the conditional Wasserstein distance using particle flows to MNIST, and demonstrate the
advantages of our Bayesian OT flow matching procedure on a Gaussian mixture model toy
example and on CIFARI10 class-conditional image generation. All proofs are postponed to
the appendices.

2. Preliminaries

Throughout this paper, we will use the following notation. These are basics from from
optimal transport theory and can be found in (Villani, 2009). By P(X), we denote the set of
probability measures on X C R™ and by P,(X), p € [1,00) the subset of measures with finite
p-th moments. For p € P(X) and a measurable function F' : X — Y, we define the push
forward measure by Fypu = F o L. For a product space Hfi 1 X;, we denote the projection
onto the i1, ..., ip-th component by 7*t»" . The Wasserstein-p metric (Villani, 2009) on
P,(X) is given by

Wotu) = (mip [l =P o (o.))” 3)

Sl

= (min B s [le = 9l]) "

where I' = T'(u, v) denotes the set of all probability measures v € P(X x X) with marginals
F;"}/ = p and ﬂ?’y = v and | - | is the Euclidean distance on R", see (Villani, 2009). If
p € Pp(X) is absolutely continuous, then, for p € (1,00), there exists a unique optimal
transport map 7' € Lh(X, X), also known as Monge map, which solves

min {/ |z —T(x)||P du(xz) such that Tiu = V}.
T measurable X
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Further, this optimal map is related to the optimal transport plan « in (3) by v = (Id, T3,
see (Villani, 2009). The same holds true for empirical measures with the same number of
points, see (Peyré and Cuturi, 2019, Proposition 2.1). In this paper, we ask for relations
between joint and posterior probabilities: for random variables X,Z € B C R™ and
Y € A C R?, we are interested in Wasserstein distances between Py x,Pyz € Py(A x B)
and Px|y—y, Pzjy—y € Pp(B). Since W;PY’X = Py as well as W&PY,Z = Py, we see that the
joint probabilities belong indeed to the subset

Ppy (A x B) :={y € Py(AxB): 7rﬁl7 = Py}.

For p = 2, this set was considered as set of velocity plans at Py in (Ambrosio et al., 2005,
Sect. 12.4) and (Gigli, 2008, Sect. 4). It is the basis for defining the so-called geometric
tangent space of Po(R?) which was used, e.g. in (Hertrich et al., 2023; Altekriiger et al.,
2023) for handling (neural) Wasserstein gradient flows of maximum mean discrepancies.

We will frequently apply the disintegration formula (Ambrosio et al., 2005, Theorem
5.3.1) which says that for a measure v € P(A x B) with 7rt117 = p € P(A), there exists a
p-a.e. uniquely determined Borel family of probability measures (7)yeca such that

fy,z) dy(y, = //fy, ) dyy(2)dpu(y)

AxB

for any Borel measurable map f : Ax B — [0, +00]. In particular, for v = Py x € P(Ax B),
the disintegration formula reads as

/AxBf( z)dPyx(y,x //f Y, ©) dPx|y—y(z)dPy (y). (4)

3. Conditional Wasserstein Distance

As demonstrated in Appendix A we can only expect inequality in (2). Towards equality, we
introduce a conditional Wasserstein distance which allows only couplings which leave the
Y -component invariant. To this end, we introduce the set of special 4-plans

F4 ::F%(}%Qx,fﬁcz):::{afe F(fﬁ@x,fﬁ@z)l W;3aizzﬁﬁ}3’},

where A : A — A2,y +— (y,y) is the diagonal map. Note that A= (yy,y2) = 0 if y1 # o
and A7 (y1,92) = y if y1 = yo = y. Then, we define the conditional Wasserstein-p distance,
p € [1,00) by

1
Wor (B, Prz) = (int, [ 1) — (2P da) ©
X

4
a€l'y,

Indeed we will see in Corollary 2 that this is a metric on P,y (A x B).
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In terms of Monge maps, this means that we are considering functions (Id,T'(y,-)) :
(y,x) — (y,T(y,z)), where T : RTxR™ — R™ and (Id, T(y, -)) x Py, x = Py,z. The following
proposition gives the desired equivalence of the form (2). The proof is given in Appendix B.

Proposition 1 The following relations holds true.

i) The conditional Wasserstein-p distance (5) fulfills
WP (Py.x, Py,z) = Eyupy [WE (Px|y—y: Pziy—y)]- (6)
i) Let o € T be an optimal plan in (5) with disintegration o, 4, with respect to 71';’3(1,

Then oy, € P(B?) is an optimal plan for Wp(Px|y=y, Pz|y=y) for Py-a.e. y € A.

ii1) There exists a collection of optimal plans o, € T'(Px|y—y, Pzjy—y), y € A for
Wp(PX|Y:ya PZ‘Y:y) SUCh th(lt

i [ a8, (m) day (o1, 22)Py () ™)

is a well-defined coupling in I'y which is optimal in (5).

Note that the definition of « in #ii) already appears in the proof of (Kim et al., 2023,
Theorem 2). For p = 2, it was shown in (Ambrosio et al., 2005, Sect. 12.4) and (Gigli, 2008,
Sect. 4) that the square root of the right-hand side in (6) is a metric on Py y (A x B). The
proof can be generalized in a straightforward way for p € [1,00). Thus, by Proposition 1,
we have the following corollary.

Corollary 2 The conditional Wasserstein distance Wy is a metric on Ppy (A x B).

Interestingly, for p = 2, there was also given an equivalent definition by (Gigli, 2008) of
W,y , namely

Sl

Wpy (Py.x, Py,z) = inf (/ 21 — 2P dﬁ(y,ﬂcl,xs))
BETS (Py,x,Py,z) Ax B2

with the set of 3-plans
F:;’/(Pyyx,Pyz) = {ﬁ S Pp(A X B2) . 7Tﬁ1’2ﬁ = PY’X,W;’gﬂ = Pyz}.
The relation between the admissible 3-plans and 4-plans is given in the following proposition,

for which a proof can be found in the appendix.

Proposition 3 The map ﬁ;’2’4 : F%,(PY,X,PY,Z) — I’;’/(PKX,PY,Z) s a bijection and for

every o € Fgl/(Py,X, Py z) it holds

/ Iy, 1) = (y2, 22)||P da = / |21 — 22|P dﬂ§’2’4a.
(AxB)2 Ax B2
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4. Dual Formulation of W,y and Relation to GAN Loss

Interestingly, the conditional Wasserstein-1 distance recovers loss functions in the conditional
Wasserstein GAN literature (Adler and Oktem, 2018; Kim et al., 2023; Martin, 2021).
Wasserstein GANs (Arjovsky et al., 2017) aim to sample from a target distribution Py based
on a simpler distribution Pz. A generator G = Gy is learned such that the Wasserstein-1
distance in its dual formulation

Wi (Px,GuPz) = Jmax {Ex[f] —Ea,p,[f]} = e {Ex[f] —Ez[f oG]}

is minimized, where Lip,; denotes the set of 1-Lipschitz continuous functions. At the same
time, a discriminator f = f,, is learned such that the final Wasserstein GAN learning
problem becomes

mginmax{]EX[f] —Ez[f oG]} subject to f € Lip;.

Usually, the 1-Lipschitz condition is enforced via so-called weight-clipping (Arjovsky et al.,
2017).

In (Adler and Oktem, 2018), this approach was generalized to inverse problems. Assume
that A ¢ R and B C R™ are compact sets throughout this section. For given y € A, let
h(y,-) € Lip; be a minimizer in

Wl(PX|Y:y7 G(ya )#PZ) = I,I.laX {EX|Y:y[h(ya :E)] —Ez [h(y7 G(ya ))] } :

h(y,")€Lip;

Now the authors take the expectation value on both sides and exchange expectation and
maximum to get, together with (4), the relation

Ey [W1(Px|y=y, G(y, )4 Pz] = max{Ey x[h] — By,z[h(y, G(y. )]}, (8)

where the maximum is taken over functions h which are Lipschitz-1 continuous in the second
variable. However, exchanging maximum and expectation value requires that (y, z) — h(y, )
is measurable which is not immediate. This ,,gap” was fixed under stronger assumptions,
e.g. on the posterior, in (Martin, 2021).

In this section, we show that the dual formulation of the conditional Wasserstein distance
Wiy leads naturally to the desired loss on the right-hand side of (8) for an appropriate
regular function set for h. More precisely, we have the following theorem which is proved in
Appendix C. Note that we can give the precise space F, where the functions we take the
supremum over belong to.

Theorem 4 Let A C R and B C R™ be compact sets. Then it holds
Wiy (Py.x, Prz) = sup {Ey,x[h] —Eyz[h]},
€

where F denotes the set of bounded, upper semi-continuous functions h : A x B — R
satisfying |h(y, x1) — h(y, x2)| < ||x1 — x2|| for ally € A and all z1,22 € B.
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5. Geodesics and Velocity Fields

In this section, we deal with geodesics and velocity fields in (Py,z (Rd x R™), W27y). We
restrict our attention to p = 2 and A = R%, B = R™. Coming from inverse problems, we
have considered probability measures Py, y related to random variables (Y, X) € R? x R™.
When switching to flows, it is more convenient to address equivalently just probability
measures on R? x R™.

Let us recall some results, which can be found, e.g. in (Ambrosio et al., 2005) for our
setting. A curve p: [0,1] — Po(R? x R™) is called a geodesic if

Wajis, 1) = |5 — | Wapioy ) for all 5,1 € [0,1];

The Wasserstein space is geodesic, i.e. any two measures g, 41 € P2(R? x R™) can be
connected by a geodesic. Let e; : (R x R™)2 — R™ x R™, ¢ € [0,1] be defined by

et(y1, 21,2, 22) = (1 — )m"2 + ) (y1, 21, y2, 22) = (1 — ) (y1, 1) + t(y2, T2).

Any geodesic u: [0,1] = P2(R? x R™) connecting g, 1 € P2(R? x R™) is determined by
an optimal plan a € T'(uo, p1) in (3) via

e = (e)ge,  t€0,1]. 9)

Conversely, any optimal plan « € T'(ug, 1) gives by (9) rise to a geodesic connecting py
and p;. The following lemma considers curves defined by (9) which connect measures
o, 11 € PQ,Y(Rd x R™). Its proof is given in the appendix and is similar to (Ambrosio
et al., 2005, Theorem 7.2.2).

Lemma 5 Let g, pi1 € Pay (RE x R™) and let o € T3 (po, 1) be an optimal plan in (5).
Then the following holds true.

i) The curve py = (et)sa is a geodesic in (Pay (R x R™), Way).

ii) The curve (up)y := (1 —t)m! +t72)400, 4 is a disintegration of yy with respect to Py .
Further, (ut)y is a geodesic in (Po(R™), W2) for Py-a.c. y € R%.

ii1) g is weakly continuous.

By the following proposition, the above geodesic p; has an associated vector field vy such
that (u, v¢) satisfy a continuity equation. Moreover, informally speaking, the associated
vector field v; does not transport any mass in the y-component. This is related to the
observation in (Du et al., 2023, Section 4.2) and (Peszek and Poyato, 2023, Proposition
3.21).
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Proposition 6 Let pg, 1 € PQ,Y(Rd x R™). Let a € Fg‘,(uo,ul) be an optimal plan
in (5) and py = (er)sa, t € [0,1]. Then there exists a Borel measurable vector field
v:]0,1] x R x R™ — R? x R™, v(t,y,z) = v(y, x) with v; € L2, (R x R™, R% x R™) for
a.e. t € [0,1] such that the following relations are fulfilled:
i) (e)s (Y2, w2) — (y1,21)) @) = vepe for a.e. t €10,1],
i) |[vellez, < Way (po, p) for a.e. t €[0,1],
iii) for j < d we have that v; = 0 for all (t,y,x) € [0,1] x R? x R™,
i) pg, vy fulfill the continuity equation
8t,ut +V. (vt,ut) =0

in a distributional sense, i.e. we have for all p € C°((0,1) x R? x R™) that

1
0
/ / Y Zan <vy 20, v) dpydt = 0.
0 Jrixgm Ot ’

Here C2° denotes the smooth functions with compact support.

The proof is given in Appendix D and parts i),ii),iv) are adapted from the proofs of
(Ambrosio et al., 2021, Theorem 17.2, Lemma 17.3.)

Furthermore, since by Lemma 5 iii), a geodesic induced by an optimal W5y plan is weakly
continuous, we obtain the following proposition from (Ambrosio et al., 2005, Proposition
8.1.8) which gives a connection to a flow equation and is needed for flow matching.

Proposition 7 Let ug, 1 € ng(Rd x R™). Let o € I’gl/(uo,,ul) be an optimal plan in

(5) and py = (er)gor, t € [0,1]. Assume that the corresponding Borel vector field vy from
Proposition 6 fulfills

[ (supalzg) + vinten 2 )t < oo (10)

for all compact subsets B C R% x R™, where Lip(v¢, B) denotes the Lipschitz constant of vy
on B. Then, for pg-a.e. (y,z) € R x R™, the ODE

%Cbt = v(¢r),
¢0(y7 .%') = (y7 Cl','),

admits a unique global solution and p; = (¢¢)sp0, t € [0,1].

10
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For special cases we can drop the requirement (10) on the Borel vector field as the
following proposition, which is proved in the Appendix D , shows.

Proposition 8 Fory; e R, i=1,...,n, let Py = %2?21 0y, Let po, 11 € Pg,y(Rdem)
fulfill one of the following conditions:

i) p0,y, 11,y are empirical measures with the same number of particles N € N for Py a.e.
y € R Let Ty, be a choice of optimal transport maps between gy, and ji1,, and let
a be the corresponding optimal plan o € T'y (o, 1), or

i) 1oy, 1,y for Py-a.e. y € R? are absolutely continuous with densities Po,ys P1,y Which
are supported on open, convex, bounded, connected, subsets Qg ,, 1, on which they are
bounded away from 0 and co. Assume further that po, € C*(Qo4), p1y € C*(Q1,y) and
let Ty, be the associated optimal transport maps and o € F4Y(,ug,p1) be the associated
optimal transport plan.

Let piy = (e¢)gov with associated vector field vy € th, where (v¢); = 0 for all j < d. Then

there is a representative of vy such that the flow equation

d
a@ = vi(¢r)

¢0(y7 'CL') = (ya 'I)
admits a global solution and iy = (¢¢)gpo. Furthermore, for T € Lio defined by T (y;, ) =
(yi, Ty, (x)), we have
Ut(d)t(ya 1")) = T(yvx) - (yv‘r) = (077T2 o T(y,l‘) - CC)
for po-a.e. (y,x) € R4 x R™.
The following proposition is a consequence of (Gonzalez-Sanz and Sheng, 2024, Corollary
1.2). We only give an informal formulation here and refer for the details to Proposition 17

in the appendix. Notably, this helps us to overcome measurability issues when working with
continuous Py and therefore is applicable to a broader class of inverse problems.

Proposition 9 Let Py € Po(R?), g = Py x u€ and let uy = pf x,, Py with density p{ of
wy. Assume further that the map y — p¥ is a C' map. Under relatively mild assumptions,
see Proposition 17, the following statements hold true. There exists a Way -optimal transport
map T : (y,x) — (y,Ty(z)) i.e. o= (Id,T)spo € Loy (1o, 1), where Ty is the optimal
transport map for ,u,g and pf. Let py == (ey)ya with associated vector field vy € L? | where

He?
(v¢)j =0 for all j < d. Then there is a representative of vy such that the flow equation

o= (o doly.x) = (.)
admits a global solution and p; = (¢¢)gpo. Furthermore, we have
vi(¢e(y, x)) = T(y, ) — (y,2) = (0, Ty(x) — x)
for po-a.e. (y,z) € R x R™.

11
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6. Relaxation of the Conditional Wasserstein Distance

When working with conditional Wasserstein distances, we are facing the following problems:

1. We cannot use standard optimal transport algorithms like (Flamary et al., 2021) out
of the box.

2. Assume that Py is not empirical and let o € Pay (R? x R™). Then it is impossible
to approximate p by empirical measures in the Wsy topology, since Pay (]Rd x R™)
does not contain any empirical measures.

3. Assume that we are interested in the optimal plan « € Fgl/ (10, pt1), but we are only
given empirical measures fiy 0, tn,1, Which are Wy approximations of pg, 1. Let Y,
be a random variable distributed as 7rﬁ1 tn,o. Even if we assume that 77& Hno = 7Tﬁ1 Hn,1,
Example 1 shows that we cannot guarantee that there exists a sequence of the optimal
plans a, € T’ gl/n (fn,0, fin,1) that converges in any meaningful sense to a.

Example 1 We consider independent, standard normally distributed random variables
Y, X,Z eR. Let p=v:= Py x. Now we sample (y;,x;,z) ~ (Y, X,Z) and define

1 « 1 «
Hn = n E :5%‘,%’ Up = n § :5%,32'7
i=1 =1

i.e. Unp — W and v, — v as n — oo in the Wa-topology. Note that we cannot compare
fn and p in the Way topology since i, ¢ P2y (R x R). Let Y, be a random wvariable
distributed like 13" | 6,,. Then with probability one T'Y, (tn,vn) contains exactly one

n

1
plan ay = 230 6, 4oy which is clearly optimal. Let A : R® — R* be defined by

n

Aly,xz,2) = (y,2,y,2). Then & := lim, a, = Ay (Py ® Px ® Pz) in the Wa-topology.
Moreover, & € T'3-(u,v) and

[ o) = meza) Pda = [ o) = o) d(Py @ Py @ P
R R

= [ o1 = sl d(Px  P2) > 0= Way ().
R

Hence & is not an optimal coupling, although it is a limit of optimal couplings in the Wa
sense.

In order to overcome the above drawbacks, we define a cost function for which the OT
plan a € I'(pg, p1) only approximately fulfills 77;’3a = AyPy:

di((y1,21), (y2, 22)) = llo1 — z2||P + Bllyr — 2|, p € [1,00), B> 0.

12
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For large values of 3, it is very costly to move mass in y-direction. Then we denote by W), 5
the OT distance with respect to the cost db, i.e. for g, 1 € Pp(A x B) we set

Wy, 8(1o, p1)? = inf / d‘g((yl, x1), (y2,2)) dav.
a€l(po,u1) J(Ax B)2

The same idea has been pursued in (Alfonso et al., 2023), where the authors rescaled the
y-costs to obtain a block-triangular map in the Knothe-Rosenblatt setting (Knothe, 1957;
Rosenblatt, 1952) and similarly in (Hosseini et al., 2024). Note that (Hosseini et al., 2024)
was published on ArXiv after our first version (Chemseddine et al., 2023) of the present
paper. The distance W5 3 was also discussed in (Peszek and Poyato, 2023, Proposition 3.10)
and Proposition 10 can be found in the proof thereof.

Proposition 10 Let g, 1 € ,Pp7y(Rd x R™) and let a? be a sequence of optimal transport
plans for po, pu1 with respect to W, g. Then, for 3 — oo, we have

Lol =l ar a0

Remark 11 Alternatively, instead of rescaling the costs dg we would also rescale the inputs,
which was done for instance in (Du et al., 2023; Hagemann et al., 2024). Take for instance
(as we do numerically) the cost function d% = ||z1 — z2||® + Bllya — y2/|*>. Then this is
equivalent to rescaling the Y -component by /5.

The following proposition shows that the issue raised in Example 1 is addressed by

W2,dﬁ~

Proposition 12 Assume that u,v € ng(Rd x R™) and let pin, vy, be empirical measures
that converge weakly to w,v. Then for a sequence P — oo there exists an increasing
subsequence ny, and optimal plans om,, € T'(pny,vny,) for Waa, (bnysvn,) such that an,
converges weakly to an optimal plan o € F?‘/(u, v) for Way (p,v).

7. Bayesian Flow Matching

In this section, we combine the conditional Wasserstein distance with Bayesian flow matching.
We start by briefly recalling flow matching and its OT variant. Then we turn to the
conditional setting, where we describe a method from the literature, which we call "random"
Bayesian flow matching and introduce our new OT Bayesian flow matching.

Remark 13 Usually, in conditional generative modeling, the word "conditional” appears the
context of inverse problems (or solving class conditional problems). However, in the vanilla
flow matching (Lipman et al., 2023) the word "conditional” is used for paths fixing a target
sample and the whole procedure is referred to as "conditional flow matching”. Therefore, we
will call the flow matching procedure for inverse problems "Bayesian flow matching”.

13
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Flow matching and OT flow matching aim to sample from a target distribution Px by
learning the velocity field vy of a flow ODE (Chen et al., 2018)

d
$¢t(x) = Ut(d)t(x))? te [07 1]7 (11>
o(x)

which transports samples from an initial distribution Pz to those from Pyx. Once an
approximate velocity field vf is learned, it can be replaced in (11) to get a neural ODE
(Chen et al., 2018).

Flow Matching The flow matching framework (Lipman et al., 2023; Liu et al., 2023)
learns v¢ based on linear interpolation between independent Z and X i.e.

Z,

Xe=(1-t) Z+tX,
and in (Liu et al., 2023, Theorem D.3) it was shown that a suitable vector field is

vi(z) =E |:(;itXt|Xt = x] =E[X — Z|X, = z].

Consequently, an approximating velocity field Uf can be learned by minimizing the loss
function
Len(0) = Bz o) pyop anu (o) IV () — (2 = 2)||.

The objective Lgp; can be also derived differently, with ideas inspired by the score matching
framework (Hyvérinen and Dayan, 2005; Vincent, 2011). Then, instead of regressing to the
true velocity field at xy, they show that regressing to it has the same gradients when one
conditions at x ("conditional" flow matching (Lipman et al., 2023, Theorem 2)), which leads
to the same loss formulation.

OT Flow Matching In contrast to the above linear interpolation, the authors in (Tong
et al., 2023; Pooladian et al., 2023) suggested to use the Ws(Py, Px) coupling -, respectively
its Monge map T and the corresponding McCann interpolation (McCann, 1997)

X, = Ti(Z) = (1 = )2 +1T(2)

which leads to

d
T(Z) -7 = @Xt = ’Ut(Xt).

By Proposition 16, the associated Borel vector field of the geodesic is given by v, =
(T —Id) o T, . In a minibatch setting, this corresponds to sampling (z, ) from Pz ® Px
and calculating the optimal plan 7 between %Zi[:l J,, and %Zijzl dz;, see (14), which is
supported on (z;, T(2;))_;. Consequently, the loss function becomes

LOT(H) = E(z,z)N%th([O,l]) [H’Uf(l’t) - (i’ - 2)”2]7

14
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where z; := Ty(z, ).

Let us turn to the conditional setting. In inverse problems, samples from the posterior
measure are usually not available. In the conditional setting the corresponding flow ODE
reads

%@(y,&“) = Ut((bt(y,x))7 te [O, 1]’
¢o(y,x) = (y,x).

To this end, we pick the target measure as the joint distribution Py, x and start from
Py 7. We do not want mass movement in Y-direction, as this would mean the measurement
would change and we would not sample the posterior, which amounts to the Y-component
of v; being (close to) zero, cf. Proposition 6.

Random Bayesian Flow Matching In (Wildberger et al., 2023; Zheng et al., 2023)
flow matching is extended to the conditional setting. Given independent Z and (Y, X) we
again consider the linear interpolation between Z and X given by

Xi=(1-1t) Z+tX.
Then (Y, X;) interpolates between (Y, Z) and (Y, X). Consequently

0, X - 2) = %(Y,Xt).

This yields the random Bayesian flow matching loss

Lyrm(0) = E(z,y,x)NPZepPY,X,tNU([o,l])[va(ya$t) —(z—2)|’]. (12)

Under the assumption y; # y; for ¢ # j this matching coincides with the only admissible
plan in the conditional Wasserstein distance. In general however, according to Example
1, this approach does not approximate OT plans as X and Z are essentially independent.
Furthermore drawing a minibatch ((z;, y;, xi)){zl corresponds to a random coupling of the z
and x for each class which explains the name random Bayesian flow matching.

OT Bayesian Flow Matching For Py 7, Py x as in Proposition 8 or Proposition 9
there exists an optimal plan o € Fgl/(PK 7, Py, x) and corresponding map T'. Furthermore
there exists a vector field v; € Lit such that there exists a solution ¢; to the flow equation
which satisfies

Ut(¢t(y7x)) = T(y,ZE) - (yaZE) = (0’ (772 ° T)(ya 'T) - 33) .

Setting
X, =Ty(Y,2)=(1—-t)Z+t(x> o T)(Y,2)

15
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we have that (Y, X;) interpolates between (Y, Z) and (Y, X) and

d
(0, (772 oT)WY,Z) - Z) = a(Ya Xi) = (Y, Xy).
Given a minibatch (z,y,®) = (2, i, zi))l_, sampled from the product distribution
Pz ® Py x, we can calculate the optimal map 7" and corresponding conditional coupling o
between (y, z) and (y, ). The plan a by construction is only supported on (v;, z;, yi, (72 o

T)(yi, z))). Now let (y,z,y,z) ~ «, then we have

’Ut(y,ﬂ?t) = T(ya Z) - (y7 Z) = (y,ﬂf) - (y’ Z) = (va - Z)

where x; := T;(y, z). This gives rise to the following loss

LY,OT(Q) = E((y,z,y,x)Na,tNU([O,l])[va(yv xt) - (l’ - Z)||2] (13)

In practice, we use Proposition 10 to approximate the optimal coupling «. Therefore we
allow small errors in the Y-component, in order to move more optimally in the X-direction,
which is more in the spirit of Proposition 12. Numerically, instead of taking the optimal
transport plan with respect to the modified cost function, we rescale the Y-part, see Remark
11.

8. Numerical Experiments

In this section, we want to show cases in which it is beneficial to use the conditional
Wasserstein distance. First, we verify that the convergence result for an increasing parameter
B given in Proposition 10 for particle flows to MNIST (Deng, 2012). Then we show the
advantages of our Bayesian OT flow matching procedure on a Gausian mixture model
(GMM) toy example and on CIFAR10 (Krizhevsky et al., 2009) class-conditional image
generation.

8.1 Particle Flow Convergence

In this example, we minimize Wy,q,(Py,x, Py,z) for the empirical measures. We consider
the particle flow, i.e., the flow from (Y, Z) to (Y, X) for empirical distributions which
minimizes the objective D (% Yoy Oy % Yoy (Syi,z(t)i) for an appropriate distance D, see
e.g. (Altekriiger et al., 2023). More concretely we follow a particle flow path, i.e., a curve

starting with z(0); ~ N (0, I) which fulfills

, 1 — 1 —
Z(t) = —nV,»D (n > Gy " > 6yi,z(t)i> ,
=1 =1

for an appropriate scaling n and given joint samples (y;,x;);_,. We choose D as an
approximation of Wj 4, by rescaling ¥ and using the Sinkorn divergence as the sample based

16
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Figure 1: Class conditional MNIST particle flow for different choices of 5. With increasing
[ the labels are better fitted.

distance measure (Genevay et al., 2018; Feydy et al., 2019), where the "blur" parameter is
chosen so small that it is close to the Wasserstein distance. This way we can numerically
verify the convergence in Proposition 10. Note that there are no neural networks involved
in this example.

We see in Fig. 1 that increasing 8 indeed yields plans which transport no mass in Y-
direction anymore, which has the consequence that the generated images fit the corresponding
label. It can be seen that already for § = 5 each row only has one type of digit.

8.2 GMM Example

Here we use an experimental setup from (Hagemann et al., 2022b): Recall the Bayesian
inverse problem setting in (1), i.e. Y = f(X) + = where we choose Px to be a GMM in
R® with 10 mixture components, uniformly chosen means in [—1, 1] and standard deviation
0.1. We apply a linear diagonal forward model f = (fi7j)?’j:1 € R>*® with f;; = Z.Oﬁ and
zero components otherwise and choose = = N (0,0.1) as a standard Gaussian distribution
with standard deviation 0.1. This yields a posterior measure Px|y—, which is a also a
GMM (Hagemann et al., 2022b, Lemma 11). Therefore we can sample and evaluate the
true posterior as groundtruth. We train a random Bayesian flow matching model according
to Ly pm(12) and our OT Bayesian flow matching according to Ly o1(13) with the python
package POT (Flamary et al., 2021) on a fixed dataset of size 10000, where we choose the
best model according to a validation set of size 2000 until the validation loss converges. For
both approaches we use the same feed-forward neural network which contains around 140k
parameters. We evaluate them using the Sinkhorn distance with blur 0.05 (Genevay et al.,
2018) with the package GeomLoss (Feydy et al., 2019) averaged with 100 posteriors and
over 10 training and test runs with randomly sampled mixtures. The sampling is done via
an explicit Euler discretization of 10 steps. Our proposed OT Bayesian flow matching model
trained according to Ly ot with § = 20 obtains an average Sinkhorn distance of 0.0225,

17
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whereas the random Bayesian flow matching model obtains a value of 0.0247. In Figure 2
one can see that both models approximate the posterior very well. We repeated the same
experiments but used only 3 Euler steps for sampling. In this case we obtained an average
Sinkhorn distance of 0.0760 for the OT Bayesian flow matching and a value of 0.1044 for
the random Bayesian flow matching. This indicates that the paths learned by our method
are more straight.

8.3 Class Conditional Image Generation

We apply our Bayesian OT flow matching for conditional image generation. We choose
the condition Y to be the class labels in order to generate samples of CIFAR10 for a given
class. We simulate the flows for different values of 8, by which we mean that we rescale the
Y -component by 8 as mentioned in Remark 11. We also simulate flows using the "diagonal"
plans which coincide with the diagonal Bayesian flow matching objective Wildberger et al.
(2023). For inference we simulate the flow ODE Chen (2018) using an adaptive step size
solver (Runge-Kutta of order 5) . The samples in Fig. 3 are generated using the adaptive
step size solver and sorted by class labels. For low values of 8 we see that the resulting
samples do not match their class labels, increasing 3 leads to accurate class representations.
The samples are generated given the labels of the training samples, therefore we see improved
FID results as 8 increases. The diagonal flow matching objective has the correct class
representations, however since the associated couplings are not optimal our experiments
suggest that this leads to higher variance during training and therefore slightly lower image
quality, see Tong et al. (2023) for more details on the advantages of OT based flow matching,.
We run each method for 500 epochs and compute an FID over the validation set every 20
epochs. Then for each method we choose the best checkpoint and report the results. The
code is written in PyTorch Paszke et al. (2019) and is available online!.

9. Conclusions

Inspired from applications in Bayesian inverse problems, we introduced conditional Wasser-
stein distances. We managed to rewrite these distances as expectations of the Wasserstein
distances with respect to the observation. Therefore we are able to directly infer posterior
guarantees in expectation when trained with the corresponding losses. Furthermore, we
calculated the dual of the conditional Wasserstein-1 distance, when the probability measures
are compactly supported and recovered well-known conditional Wasserstein GAN losses. We
established corresponding velocity fields for geodesics and used our results to design a new
Bayesian flow matching algorithm. Moreover we use an approximation for the conditional
Wasserstein distance depending on a parameter 8 and show numerically that, when using it
for class conditional flow matching, the result does respect the classes for sufficiently large
B. We achieve better FID than random Bayesian flow matching on Cifar10. Future work

1. https://github.com/JChemseddine/Conditional_Wasserstein_Distances
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Figure 2: Posterior histograms for different methods with random Bayesian flow matching
on the left and our OT Bayesian flow matching on the right for 10 Euler steps. Ground
truth posterior is in orange and model prediction in blue.
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Figure 3: Class Conditional CIFAR results for different choices of § and for the diagonal
couplings. Additionally FID results are reported using an adaptive step size solver.
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Y1,21 0&/2 »T2

Oy1.a1 Oys 2

Figure 4: Visualization of the example. The blue dots belong to Py, x and the red dots to
Py 7. The optimal coupling is the solid line, while the optimal conditional coupling is the
dotted one.

includes conditional domain translation, i.e., when the latent distribution is not a standard
Gaussian, but given by some data distribution. There, finding a good OT matching and
making use of our proposed framework could improve existing algorithms.
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Appendix A. Counterexample for Equality in Equation 2

We provide a simple example showing that we cannot expect equality in (2). Recall that for
two empirical measures pu = % Yoy 0q, and v = %Z?:l Op,, @i, by € R?, the Wasserstein-p
distance, p € [1,00) can be written as

W) = ing L Z Ja: — bugo 7 (1)
where S, is the set of permutations on {1,...,n}, see (Peyré and Cuturi, 2019, Proposition

2.1).
On the probability space (€2, A,P) with Q@ = {wy, w2}, A =29 and P(w) = P(ws) = 3,
we define the random variables X,Y : Q — R by
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‘ X Y Z
wi | 0 0 n | n>1
wr|ln 1 0
Then we have
1 1 1 1
Py = = - Py==-5 il
Y, X 250,0 + 251,n, Y.z = 5010 + 250,,1

which implies by (14) that

WPy, Prz) = 5 min {1(0,0) = (1LO)] + 1(1,n) ~ (0,m)],
10,0) — (0,n)[| +[|(1,n) — (1,0)[|} = 1.
On the other hand, we get
Pxjy—o =00, Px|y=1=0n, Pzy=0=0n, Pzy=1=20b, Pr= %50 + %51,
so that
Ey [W1(Px|y—y, Pzjy=y)] =n = nWi(Py,x, Py,z).

Note that if we forbid the coupling to move mass across the y-direction, we actually would
obtain equality, which motivates our definition of conditional Wasserstein distance, for an
illustration see Fig. 4.

Note that in (Kim et al., 2023), the summation metric is considered, i.e. |(x1,y1) —
(22, Y2)||sum = ||z1 — x2|| + |ly1 — y2|| for which our counterexample is still valid.

Appendix B. Proofs of Section 3

Proof of Proposition 1. iii) Let a be defined by (7) which was already used in the proof of
(Kim et al., 2023, Theorem 2) , i.e.,

f(ylv T1,Y2, 582) dOé(yL T1,Y2, -TQ)
(AxB)?

- / / S, 21,42, 22) (8, X ) (2, 21, 22)d Py (31)
A AxB?

for all Borel measurable functions f : (A x B)? — [0,+00]. Indeed « is a well defined
probability measure on (A x B)? by the following reasons: by (Ambrosio et al., 2005, Lemma
12.4.7), we can choose a Borel family (ay),. For any Borel set S C A x B x B, we have

6% 0)(8) = [ 1s(wn2) A6, x 0)Gomrm) = [

1s(y, 1, x2) doy,.
B2
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By (Ambrosio et al., 2005, Equation 5.3.1) the function y — [z, 1s(y, 21, 22)day, is Borel
measurable. Consequently also y — &, X ay(S) is Borel measurable and thus « is well
defined.

It remains to show that o € I'y (Py,x, Py,z) which means 77;’304 = AyPy, 7rﬂl’2a = Py x

and 775’ Ao = Py 7. The first equality follows from

/ f(ylayz)dTFﬁl’Sa:/ (f°Wl’g)(yhxhymm)da(y1,$1,yz,$2)
A2 (AxB)?
Z/ f(y1,y2) ddy, (y2) dayy, (w1, 22)d Py (1)
(AxB)?
— [ HwaPy ) = [ ) AP (10)
A A2

for all Borel functions f : A2 — [0, +00], and the second one from

/ fly 2)dm; aly,z) = / f(y1,21) ddy, (y2)day, (z1, 22)d Py (y1)
AxB (AxB)?
— [ fwopinia,@) )
AxB
2/ f(y; x)dPx|y—y(z) dPy ()
AxB
—/ [y, ) dPyx(y, x)
AxB

for all Borel functions f : A x B — [0, 400]. The third equality follows analogously. The
optimality of a for W),y (Py,x, Py,z) follows from (16) which we show below.

i) First we show >. Let ay, 4, be the disintegration of some o € I'{.( Py, x, Py,z) with respect
to 77&’3a. Then we obtain

I(O[) ::/ ||(3/17$1)—(92,$2)”pd04(y1,$1a92,352)

(AxB)?

— [ ] 1) = )l day o,y i, e)
A2 J B2

- / / 11 21) — (2 22) [P detyy gy (21, 22) APy (31, )
A2 J B2

- / / (s 21) — (g, 22) [P dey (21, 22)d Py (1)
A J B2

2// lz1 — 2P devy o (21, 22)d Py (y). (15)
A JB?
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Next, we show that ay, € I'(Px|y—y, Pz|y—y) a.e., which means Wéayjy = Pxjy—, and
Wgoz%y = Pzy—, a.e.. Using (4), we obtain indeed for all Borel measurable functions
f:Ax B —[0,00] that

//f y, x1) dmy (ay) (21)d Py (y /,42/ Fyr, @1) dmj oy, 4 (1) d(A)s Py (1, y2)
= [, [ e dnd o)) dnt P e)
= [t dog o) dnf ol )
=/A2X32f(y17501)d04=/ flyr,a1) dmy?alyr, o)

AxB

Z/ f(y1,21) dPy x (y1,x1).
AxB

Consequently, we have I(«) > E,.p, [Wg(PXD/:y, PZ|y:y)] and since Wﬁy(PKX: Py ) =
inf,, I(«), this gives the assertion.

Now we prove the opposite direction <. Let a := [, ddy, (y2) doy, (1, 22)d Py (y1) be as
in iii) i.e. W) (Px|y=y Pzjy=y) = [g2 [[21 — 22|[Pdey. Then

I(a) = / (s 1) — (g2, 22) P8y, (1) dery, (21, 2)
(AxB)?
/ / 1 — alPdaydPy = Eyop, [WE(Pxiy—y Prv—y)]

which gives the assertion and we conclude Eyp, (W} (Px|y =y, Pzjy=y)] = Wpy (Py,x, Py.z).
We also obtain

I(a) < Eyopy [WE(Px|y=y, Pziy—y)] = Wy (Py,x, Py,z) (16)

which shows that the coupling « from ii¢) is optimal for W,y (Py. x, Py,z).

ii) For an optimal a € T'{-(Py.x, Py,z), we have by Part i) and (15) that
Wy (Prx. Pra) = [ WE(Pxiyy Priv=,) 4R, (o)

= /A/B2 ”351 _332deay7y(gj1’x2)dpy(y)‘

Hence we get
0= / (/ |x1 — 2P day7y(x1,.fc2) — M/]?(PX‘Y—@U (P | —y)) dPy (y).
A B2 ZlY=
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The inner integrand is nonnegative which finally implies that it is zero Py-a.e. and therefore
v,y is an optimal plan in Wy (Px|y—y, Pzjy—y)-

Proof of Proposition 3. Let r : A x B?> — (A x B)? be defined by (y, z1,z2) — (y,1,y, 72).
We show that ky : F:{}(Pyx, Py z) — F%,(PY,X, Py z) is the inverse of 77;’2’4. Since Id(4x g2y =

7124 o (Aol 72, %), it remains to show that ry o 7rﬁl’2’4 = Idp4y( For o €

Py x,Py,z)*
I'(Py x, Py z) and Borel measurable function f : (A x B)? — [0, +00], we have

/ Fyr, 1, y2, ) digmry > o = / f(y2, 21,92, w2) da(yr, 21, 92, 42)
(AxB)? (AxB)?2
= Fy2: 21,92, w2) dayy, g, (w1, 22)dmy *ayn, y2)

a2 Jpe

= /(A By Fy1, @1, Y2, x2) day, . (21, 22)dAs Py (y1, y2)
X

:/(A o fy1, 21,42, 22) do.
X

The second claim follows by

/(A B)? (g1, 1) = (y2, 22) [P dov = /A2 /32 |(y1,z1) — (y27x2)deay17y2d7T;’3oz(y1,yg)
X
= /A2 /B2 |(y1,21) — (y2, 22)||P oy, g dA Py (Y1, y2)

B /,4/32 1(y, 21) = (y, 22)[["dey,, d Py (y)

= / /2 |E —a:QHPdﬂ'?"ngz. [
AJB

Appendix C. Proofs of Section 4

The proof uses similar arguments as the short notes (Thickstun) and (Basso, 2015), which
are derivations for the dual for the "usual" Wasserstein distance. We adapt these ideas for
our conditional Wasserstein distance.

Proof of Proposition 4. Let Cy, = Cy(A x B) be the space of continuous bounded functions
on A x B and S the set of nonnegative finite Borel measures a on (A x B)? which are
supported at most on the y-diagonal. By (Santambrogio, 2015, Section 1.2), we know that

0 ifael(Pyx,Pyz),

oo otherwise.

sup  Eyx[f]+Eyzlg] — /
£.96Cy(Ax B) (AxB)?

(f+g)da={
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Using this relation, we obtain

Wiy(Pyx, Pyz) = inf /||<y1,:c1> ~ (g, 22)l| dar

aEF%
— inf sup L(a, f,g)
acS £.9€Ch
with the Lagrangian
+ / (1, 21) — (y2, 22)|| — f(y1, 21) — 9(y2, x2) dav.

(Ax B)?

By Corollary 15 below, strong duality holds true, so that we can exchange infimum and
supremum to get

Wiy (Py,x,Py,z) = sup inf L(a, f,g).
fvgecb CVGS

From this, we see that the optimal f, g have to fulfill

fly.@1) + g(y, 22) < |21 — a2 (18)

for all y € A, since otherwise the attained infimum is —oo. Therefore we have for the optimal
f,g that L(a, f,9) > Ey x[f] + Ey z[g] and choosing the plan o = 0 € S, we obtain

(irelg L(Oé, 1 g) = IEPY,X [ﬂ + IEPY,Z [g]

for all (f,g) € F, where

F={(f,9) € (Co(Ax B))?: f(y,21) + gy, x2) < ||w2 — z2| }.

Consequently, we get

Wiy (Pyx,Prz) = sup Eyx[f]+Eyz[g]. (19)
(f.9)eF

For (f,g) € F, we define f(y, ) == infyep ||z — u|| — g(y,u). Then

Fly ) = int {llz — ull - gy, w)}
< inf {Jlz = 2]l + |z = ull - gly, )}

= [y, 2) + llz - 2|
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shows the 1-Lipschitz continuity of f ‘with respect to the second component. Using (18) we
obtain that f(y,x) > f(y,x). Since f(y,z) < |lx — z|| — g(y, ), we conclude

fly.2) < fy,z) < —g(y, 2). (20)

Thus, f is bounded. As pointwise infimum over continuous functions, f is upper semicontin-
uous in (y,x). In summary, we have that f € F. By (19) and (20), we conclude

Wiy (Pyx,Pyz) = sup {Eyx[f]+Eyz[g]} <sup{Eyx[h]—Ey,z[h]}
(f.9)€F her

and further for a € F%,(PY,X, Py z) C I'(Py,x, Py,z) that

sup {Ey x[h] — Ey z[h]} < sup inf / h(y1,x1) — h(y2, x2)da
heF heF a€ly J(AxB)?

= sup inf h(y1,x1) — h(y1, z2)da
heF a€ly J(AxB)?

inf/ |21 — as]|da
aelt J(AxB)2

_ i / (w1, 21) — (2, 3) | dax
(AxB)?

IA

4
a€l'y,

=Wiy(Pyx,Pyvz).
Thus, W1y (Py,x, Py,z) = suppe 7{Ey x [h] — Ey,z[h]}, which finishes the proof. [ ]

The proof of strong duality relies on the following minimax principle from (Aubin and
Ekeland, 2006, Theorem 7 Chapter 6).

Theorem 14 Let X be a convex subset of a topological vector space, and Y be a convex
subset of a vector space. Assume f: X XY — R satisfies the following conditions:

i) For everyy €Y, the map x — f(x,y) is lower semi continuous and conver.

ii) There exists yo such that x — f(x,yo) is inf-compact, i.e the set {x € X : f(z,yo) < a}
is relatively compact for each a € R.

iit) For every x € X, the map y — f(x,y) is conver.

Then it holds

inf sup f(x,y) = sup inf f(x,y).
xexyegf( y) y@gxexf( y)

Based on the theorem we can prove the desired strong duality relation.
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Corollary 15 For the Lagrangian in (17) it holds

inf sup L(a, f,g) = sup inf L(a> fvg)‘
a€S f.geCy f.9€Cy @€S

Proof We will verify the conditions in Theorem 14. Recall that S is the set of finite
nonnegative Borel measures o on (A x B)? such that there exists a finite nonegative finite
measure $ on B with 7Tﬁl’3a = Ayf. Let M be the topological vector space of finite signed
Borel measures on (A x B)? with weak convergence topology. Thus, since the pushforward
is linear on S, we conclude that S is a convex subset. Now we use Theorem 14 with X =S,
Y =Cy,xCpand f:=L.

Verifying i) The map o — L(a, f,g) is linear and continuous on S under the weak
convergence of measures. This follows from the fact that the integrand of o in L(«, f, g) is
in Cy((A x B)?).

Verifying iii) Note that for any o € S the map (f,g) — L(a, f, g) is linear in (f, g) and
therefore convex.

Verifying 1) Setting f(y,z) = —1,¢g(y,x) = —1 for all (y, x), we will show that for any
fixed a € R, the set

S ={aeS: Lla,—1,-1) < a}

is relatively compact. Since the integrand is bounded from below by 2 and S only contains
nonnegative measures, the measures in S, are uniformly bounded in the total variation
norm, since otherwise

Lla,—1,-1) =2+ / Iy, 1) — (o, 22)]| + 2da
(AxB)?

can become arbitrary large which contradicts L(a, —1, —1) < a. Therefore the compactness

of A, B implies that S, is a family of tight measures. By (Bogachev, 2007, Theorem 8.6.7),
the set &, is relatively compact in the weak topology. |

Appendix D. Proofs of Section 5
Proof of Proposition 5. i) We have p; € P,y (R x R™) for every t € [0,1] by

(Wl)ﬁ,ut = W;(et)ﬁa =(1—-t)n' + t7r3)ﬁ(71'1’3)ﬁoz = (1 —t)n' + t?TZ)ﬁAﬁPY = Py.

For s,t € [0.1], let ag; = (es,er)gr. By definition we see that oy € I'(ps, ). Further
1,3
Ty sy = Ay Py follows from

7130 (ey,e0) = (1— syt + sm?, (1 — )7 + t7r2) omh3
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and consequently

W;’gas,t =((1- syt + sw?, (1 — )7l + 257T2)jj wé’ga
=((1=s)rt +s7% (1 —t)r' +tn?) o A)ti Py = AyPy.

In summary, we see that o, € Fé(us, ). Thus, we have

W3y (s, i) < / (g1, 21) — (y2, 22)||* dovs g
(RdxR™)2

- / It = ) (@1, 91) = (22,9)) ||* dev
(RdxR™)2

= |t — s|* W3y (po, 1) (21)

Finally, the desired equality follows like in (Ambrosio et al., 2005, Theorem 7.2.2)for
0<s<t<l1lby

Way (po, p1) < Way (po, ps) + Way (s, o) + Way (e, 1) < Way (po, 1),
which implies equality in (21).
ii) First, we show (e;)ya = (7!, (1 — )7 4 tn*)ya. For any Borel measurable function
f:R¥x R™ — [0, 0], we have indeed
[ sdtesa= [ f(1= 0t (- 01+ ta) da
R xR™ (RdxR™)2
= / (1 —=t)y1 + tyz, (1 — t)z1 + tzo) dathdwﬁl’?’a
R2d JR2m
= / (1 =t)y+ty, (1 —t)z + trg) doy, ,dPy
R4 JR2m

= / fd@t, (1 —t)n? + tnt)a
RIxR™

Using the above relation, we obtain

/ fd((u)y ® Py) = / fly,2) d((1 — )7t + t7?)gay., (z)d Py (y)
RaxR™ Rd JrRm
= / / f(yv (1 - t)xl + tl’z) dayy(xl, $2)dPy(y)
Rd JRrmxm
= /R?d o Flyr, (1 = t)zy + too) doyy, g, (21, 22)dA Py (Y1)

—/(Rd . )Qf(yl,(l—t)xl+tx2)da(y1,w1,y2,wz)
>< m

- / Fder)sa — / £ dus,
(RdxR™)2 R4 xR™
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which proves that (1), is indeed the disintegration of y; with respect to Py-. By Proposition
1 ii) we know that ay,, € P(R?™) is optimal in (3) for Py-a.e. y € R% By (9) this implies
that (u)y is a geodesic in Po(R™).

iii) Recall (see (Ambrosio et al., 2005, Section 5.1)) that a sequence u; € P(R") is said
to converge weakly to p € P(R™) if limp_yoo [gn f(@) dpr(z) = [gn f(x)dp(z) for all
f € Cp(R™). By the dominated convergence theorem, we have for 1, = (es)ya and every
f € Cy(R? x R™) that

li dps = li 1— , — ) d
Ly . fdps = lim R F( = $)(yr1,21) — s(y2, 22)) da
=/ f((l—t)(y1,x1)—t(y2,x2))da=/ fdpe,
(REXxR™)2 R4 xR™
which finishes the proof. |

Proof of Proposition 6. The proof of i), ii), iv) is almost identical to the proofs of (Ambrosio
et al., 2021, Theorem 17.2, Lemma 17.3). For the convenience of the reader and because
we also need measurability of v; in ¢t we include a slight adaptation of their proof. We
let e : [0,1] x R x R™ x RY x R™ — [0,1] x R? x R™ be defined by e(t,y1, 21, Y2, 22) =
(t, (1 —t)(y1, 1) + t(y2, x2)). For L the Lebesgue measure we have that

\/[01] R+ f(t7y7x>d€ﬁ (£®a):/[01] /RQdJ,-Q f(t7et(yb$17y2,$2))dadt
X m , m

= / / f(ta Y, x)det ﬁadt = / / f(t,y,x)d,utdt
[0,1] JRA+™ ' [0,1] JRd+m

for every bounded £ ® a measurable function f. In particular using f = 1p for a Borel
set B € B(R? x R™) we see that s : [0,1] x B — R is a Markov kernel, i.e. the measure
fol pedt is well defined, and e; (L ® o) = fol pedt. Hence (Ambrosio et al., 2021, Lemma
17.3) (with e :=e, p = L® a, v = (y2,22) — (y1,21), w = v) implies that there exists

v E L?fﬂtdt([o’ 1] x R x R™) such that

1
es (42:22) — (1, 1)L ® @) = v /0 puad (22)

and we can choose a Borel measurable representative of v. Since for test functions f we
have the following identities

1
/ fdes (((y2,2) — (y1,71)) L ® ) = / / fdegy (((y2, z2) — (y1,21))c) dt
[0,1] x R4 x R™ 0 JRIXR™

1 1
/ fd <U/ Mtdt> = / / Jurdpdt
[0,1] xRE xR™ 0 0 JRIxR™
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we obtain from (22) that e,y (((y2,z2) — (y1,21))a) = v(t,y, )y for £ a.e. t € [0,1] which
shows 7). By (Ambrosio et al., 2021, Lemma 17.3) we obtain that

[oe(y, )22, < (g2, 22) = (Y1, 21)) |2 = Wa,y (ko, )

for a.e. t € [0,1] and hence we can conclude 7).
Towards iii), note that it holds for any Borel measurable set U C (R? x R™)2 and j < d

that
< [ = ylda< [ ), = )lanf o
7T1’3(U)

— / (y2); — (y1);] A Py
w13(U)

2/ ly; — yjl dPy = 0.
A W)

Thus, for any Borel measurable set V C [0,1] x R x R™ and j < d, we obtain by Part i)

that
/vjd;ztdt:/ des((y2); — (y1);)(£L ® a)) / / Y2)j j)dadt =0
1% \%4

where V = (nt)~'(e~'(V)). This implies (v(t,y,z)); = 0 for fo pedt-ae.  (t,y,z) €
[0,1] x R? x R™ and we can choose a Borel measurable representative of v such that v; =0
for all (t,y,z) € [0,1] x RY x R™

Next we proof iv). Let ¢ € C2°((0,1) x R? x R™). Then by the chain rule

gt( (t,er) = (;@) o (t,er) + (Vyazo(t,er), (Y2, x2) — (y1,71)).

Consequently

L 0 L 0
= = = t,er)dadt
/0 /Rd+m ot Pyt /0 /R2d+2m <8t<p> ° (t e)da

1
- / / %(@(t’ et)) - <Vy,z$0(ta et)a (y27 m?) - (yh $1)>dadt
0 R2d+2m

Lo
= v t dadt
/0 ot /R2d+2m wltser))da

1
- / / (Vo (ts ), (s 22) — (g1, 21))dadt
0 R2d+2m

() (y1); da

1
=0 —/ / (Vyap, ey, v2) — (y1, 21)da)dt
0 Rd+m

1
- / / (Vyzp, ve)dpdt
0 Rd+7n
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where we used

Lo
/ (915/ o(t, er))dadt :/ o(1,e1))da —/ ©(0,e0))da =10
0 R2d+2m ]R2d+2m R2d+2m

since ©(1,-) = (0, -) = 0 because ¢ is compactly supported on (0,1) x R? x R™. |

For the proof of Proposition 8 we need the following proposition. Since we have not
found a proof in the literature, we give it for convenience.

Proposition 16 Let ug, i1 € (P2(R™), Wa) which fulfill one of the following conditions:

i) po, 1 are empirical measures with the same number of points and T is an optimal
map with associated optimal plan o € T'(po, p1), or

i) po, 1 both admit densities po, p1 which are supported on open, convex, bounded,
connected subsets g,y C R™ on which they are bounded away from 0 and oo.
Assume further that po € C?(Q), p1 € C*(Q1). Let T be the optimal Monge map with
associated optimal plan o € T'(po, p1)-

Let py = (er)px and vy € Lit (R™ R™) with vipy = (eg)y(w2 — x1)or which then satisfy the
continuity equation. Then there is a Borel measurable representative vy such that there exists
a solution of the flow equation

d

& = v,

QSO('%') =7,
and py = Gy ypto. Furthermore, we have

vi(¢e(x)) = T(x) —
for pp-a.e. x € R™.
Proof i): Let g = 237 | 64, 11 = 2 37 | 6, and let T' be a optimal map. The associated
optimal plan is then o = 2 3% | O, T(a;)- Using e g(wa—21)a = vypug and iy = IS, 0T, (as)
for Ty(z) = (1 — t)z + tT'(z) we can conclude
v (1 —t)a; +tT(a;)) = T(a;) — a;.

Furthermore, we have
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and thus ¢, := T} fulfills the flow equation and vi(¢¢(x)) = T'(x) — = for pp-a.e. z € R™.

ii): First, note that by (Ambrosio et al., 2021, (16.12)) if there exists an invertible Monge
map T then the geodesic between pg, 1 fulfills the continuity equation with vector field

vy = (T —1d) o T; !

where T; = (1 — ¢)Id + ¢tT. By Caffarelli’s regularity Theorem (Villani, 2009, Theorem
12.50, ii)), we get the existence of a unique Monge map T € C!(Qq) mapping pg to u1 and
U € C'(21) mapping p1 to pg. By (Ambrosio et al., 2021, Theorem 5.2) we know that
ToU=Idon Q and UoT =1d on Qg and thus T : Qy — Q; is a C* diffeomorphism and
in particular det(VT) # 0 on €. Since we know by (Ambrosio et al., 2005, Proposition
6.2.12) that VT is positive definite u; a.e. on £y we can deduce from det(VT) # 0
that VT is positive definite on €. Consequently for T; = (1 — ¢)Id + tT" we have that
VT, = (1 —t)Id 4+ tVT is positive definite on 2y and thus the image of Qg under T} is open.
Furthermore, we know by the proof of (Ambrosio et al., 2005, Proposition 6.2.12) that T} as
a Monge map from pug to py is injective on all points where VT; is positive definite, which is
on the whole g, and thus 7; is a diffeomorphism onto its image. Consequently, it possesses
a C! inverse T, ' : Ty(Qp) — Qo. Furthermore (t, ) — (t,Ti(x)) is an bijective Borel map
from [0, 1] x Qg onto its Borel measurable image which we denote by Q C [0,1] x R™. Thus
T;7! is a Borel measurable map from Q — Q. Then for v; := (T —1d) o T, ' : Ty(Qp) — R™
we have that v; is Borel measurable on €2 and also ¢, = T3 : 9 — R is Borel measurable.
Furthermore, we have

Since we can set ¢y (z) = x on R™ \ Qg and v;(x) = 0 for x € R™ \ T;(€p), we obtain the
claim. -

Proof of Proposition 8. We will use the results from Proposition 16 and stack them with
respect to y;. The main obstruction is the measurability of the resulting objects which we
address in the following.
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For e;((y1, 1), (y2,z2)) = (1 —t)(y1, z1) + t(y2, x2) and é;(z1,x2) = (1 —t)z1 + txe, it holds

/ f(y, ) d(er)s((y2, 22) — (Y1, 21)0) = / foer-((y2,72) — (y1,71)) da
Rd xR™ (RdxR™)2

— %Z foer ((yisz1), (yi, 72)) day,

2
i=1 Y R#™

fZ F((yir (1,22))) (0,22 — 21)dayy,

R2m

= —Z Fd(€:)4(0, 22 — x1) ey,

R2m

and thus (e;)s((y2, 22) — (y1,21)a) = L 30 1 6, @ (0, (61)s((z2 — 21)eyy,)). Combining with
Proposition 6, we conclude

Vil = Zéyl ® ( (xz - ﬁUl)Oéyz))

Furthermore, we have
1 n
Vet = /d vedpeydPy = n Z Oy; @ ve(Yiy ) s
R i=1
which implies (&) ((z2 — z1)ay,) = 72 0 (v(Ys, )ity for all i € {1,...,n}. By Proposition
16 we know that there exists ¥y, € L%(ury,) with (€:)s (x2 — 21))ay,) = Upy, (-) ey, such
that there exists a pg4,-measurable solution ¢y, of

d -
aqbt:yi = Uty (@bt,yi)

for poy, a.e. x € R™ and pugy, = (dry;)io,y;- Since Py is a finite empirical measure
also ¢¢ : R? x R™ — R? x R™ defined on (y;,z) as (y;, dty, () is gt measurable and
O (Yi, ) = (0,0p4,(x)) is in Lit and coincides with v; as element of Lit. The latter is
true since they coincide on {y;} X R™ up to a p,, null set N; because of

7 0 (ve(Yi, )it = (E0)g (w2 — 21)0ry,) = By g, ity

Thus they coincide up to the set
Uit {yit x NiU{(y,2) e Ry @ {y1,...,yn})
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which is a p null set. Hence
d -
30 = 0t(%r)

for po-a.e. (y,x) € R% x R™. Note that since @, is Borel measurable on [0, 1] x R™ we can
assume that @; is Borel measurable on [0, 1] x R? x R™ and similarly for ¢;. Furthermore

(ée)gpiola x b) = / duo = / / Ao (2)dPy (3)
(y,0t,y(x))€axb yea J oy y(x)€db

//d¢t,yﬁﬂ0,ydPY //d,u,tydPy

= pe(a X b)

shows p; = (¢¢)gp0. The last claim follows from
0t ((Yir Pry,; (@) = (0, Ty, (z) — )

for igy,-a.e. © € R4, [

Proof of Proposition 9

In this paragraph we give a precise statement of Proposition 9 as well as its proof. Recall
that convex domain 2 C R™ is called uniformely convex, if for every € > 0 there exists a
d = () > 0 such that for any two points z,y € § satisfying || — y|| > €, the midpoint
m = L;y fulfills dist (m, 89) > . Here 0f2 denotes the boundary of 2. Furthermore we say
that a function f : Q — B for Q C R” open and B a Banach space, is a C' map if it is
continously Frechet differentiable.

Assumption 1. We say that a measure Py € Po(R?) fulfills Assumption 1, if there exists
a uniformly convex bounded open C? subdomain Qy C R? such that Py(Qy) =1 and it
admits a density py € C?(Qy) such that there exists 0 < § < € such that § < py(y) < € for
all y € Qy.

Assumption 2. A measure p € Po(R? x R™) is said to fulfill Assumption 2 if u = Py x u?
for u? € P2(R™) a measure such that there exists a uniformly convex bounded open C?
subdomain 7 C R™ such that pz(€2z) = 1 and it admits a density pz € C?(2z) such that
there exists 0 < 0 < e such that 6 < pz(z) < e for all z € Q.

Assumption 3 A measure y € Pyy (R% x R™) is said to fulfill Assumption 3 if there exists
a disintegration p = p¥ x, Py (y) such that there exists a uniformly convex bounded open
C? subdomain Q2 C R™ such that p¥(Q2) = 1 and it admits a density p¥ € C?(Q) such that
there exists 0 < 0 < e such that 6 < pY(x) < e for all x € Q.

Proposition 17 Let Py € Pao(R?) satisfy Assumption 1, uo = Py x pf satisfy Assumption
2 and let py = pi Xy Py satisfy Assumption 3 with density p{ of pf on Q. Assume further
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that the map y — py : Qy — C?(Q) be a C* map. Then there exists a Wa y -optimal
transport map T : (y,x) — (y,Ty(x)) i.e. a = (Id,T)spo € T'oy (1o, 1) where Ty, is the
optimal transport map for ,ug and py. Let py = (er)ya with associated vector field vy € wa
where (v); = 0 for all j < d. Then there is a representative of vy such that the flow equation

S o= (o) ooly.x) = (.)
admits a global solution and iy = (¢¢)gpo. Furthermore, we have
vi(¢e(y, x)) = T(y, ) — (y,2) = (0, Ty(x) — x)
for po-a.e. (y,x) € R4 x R™.

Proof We will first construct a vector field which describes the inverse curve starting
in y1 and ending in po first. Let 7Y be the C' Monge map between u and pZ, which
exists and is unique by the Caffarelli’s regularity Theorem, see (Villani, 2009, Theorem
12.50, ii)). In order to use the latter theorem we need assumptions 2 and 3. Note that
we have that T}/ (z) == (1 — t)x + tT¥(z) is a invertible C! map from €; onto its image by
the proof of Proposition 16 ii). Using assumptions 1-3 the assumption that y — p¥ is C!,
by (Gonzalez-Sanz and Sheng, 2024, Corollary 1.2) we have that T'(y,x) = (y,TY(x)) is
continuous. Thus we can conclude that 7" is measurable and hence it is a Monge map with
respect to Way for p11 and 9. More precisely we have that (Id, T)yu1 € I'oy (g1, t0) which
follows e.g. from (6).

Claim: For t € [0,1] the map Ty(y,z) = (y,T/(x)) as map Ty : Q1 x Qy — RIH™ s
continuous and injective and its image, denoted by Oy C R4T™ is a Borel set. The continuity
follows from the continuity of T" and the injectivity from the injectivity of the individual
T!. The image of Q1 x Qy is Borel measurable as image of an open set under a injective
continuous map.

Claim: Let vy = Tygpi. Then vy = pi—y and Oy C supp(vy) as well as v4(O) = 1. These
claims follow from straigthforward computations

Claim: Let O be the image of (Id,T}) : [0,1] x Q1 x Qy — [0,1] x R¥™. Then O is Borel
measurable and we can define a Borel measurable map Tt_1 : O — RH™ which we can view
as element in L*( [ vdt, R“™). This follows since (Id, T}) is continuous and injective and
thus has Borel measurable image. Furthermore it is injective which is why we can invert it
on its image.

Claim: The map u;(y,x) = (T —Id) o T; " is well defined as function in L?( [ dt). This
follows from above.

Claim: For ¢y =Ty we have that %qf)t(y, x) = u(e(y,x)) and

uy = ey (((y2, v2) — (y1,21))(Id, T)gpn)) -

Both claims can be verified from straightforward computations.
Claim: Then vy == —ui—y and T~' fulfill the claim. Note that one can easily see that
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T is a Monge map for ug and p1. Furthermore T-!(y,z) = (y, (TY)~!) and (TY)" ! is a

Monge map between uf and pf. By definition we have pp = (T71); 4p0 for (T71)i(y, ) =
(1—t)(y,z)+tT (y,z) = (y, (1—t)z+t(TY)"L(x)). It is easy to see that (T 1); = Ty _oT*
and in turn we know that its image is a Borel set with unit mass under p; = v1_; making
vy € L?(py) well defined. Furthermore & (771); = 7-! —Id. Computing

vio (T =—ui_yo (T 1)y =—(T-1d) o T; Y (T1—4 o T7Y) =71 —1d

we can conclude the claim. [ |

Appendix E. Proofs of Section 6

Proof of Proposition 10. Denote by ooy the optimal transport plan associated to the
conditional Wasserstein metric W), y. Since it is only Y diagonally supported, we have that

(Y1, 21) — (Y2, 22) [P = df((y1, 21), (y2, 22))

for appt a.e. (y1,1,Y2,22) € (A x B)?. Thus, for an optimal plan « for W), g, we conclude

Wy (po, 11)? = /
(Ax B)?

> / d((y1,21), (y2, 22)) da
(Ax B)?

[(y1, 21) = (y2, 2)||” dovopr = / d((y1,21), (y2, 22)) dagpt
(AxB)?

=> [ o —mlrartta+s [ -l dnte
B2 A?

1,3
>5[ o —wlpdnfa
A2

and thus the claim. [ |

In order to proof Proposition 12 we need some auxiliary results, in particular the following
lemma which is a variant of (Ambrosio et al., 2005, Proposition 7.1.3).

Lemma 18 Let § > 0 and let p, — p, v, — v with respect to weak convergence for
s Uny s v € Pa(RY x R™).  Then there exists a subsequence of optimal plans oy, for
Wa,d5 (Mg > Vny,) and an optimal plan o € Py ((]Rd X Rm)Q) for Wa a, (11, v) such that a,,, — a
weakly.

Proof Let f:R% x R™ — R% x R™ be defined by (y,z) + (v/By,z). Then for juy, ps €
Py(R? x R™) we have that Waas(p1, p2) = Walfspa, fyuz) since there is a bijection of
couplings

a— (f, fi (23)
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and we can compute

/ (g2, z2) — (1, 22)[|2d(f, f)sa _/
(RdxR™)2 (R

; Bllyz — wnl]* + [|w2 — z1]|da

xR™

which implies that optimal couplings are mapped to optimal couplings. Since also fju, —
fape, fsvn — fav we can use (Ambrosio et al., 2005, Proposition 7.1.3) to guarantee the
existence of a subsequence of optimal plans &y, for Wa(fitin,, fivn,) such that &,, — &
for an optimal plan & for Wa( fyu, firv). Thus by (23) there exists a subsequence of op-
timal plans v, for Wa g, (4n, vp,) such that a,,, — « for an optimal plan « for Woa,(p,v). B

Remark 19 A useful well known observation is the following. Let oy, € T'(u,v),n € N
where i, v € Po(RY). Assume that we have weak convergence oy, — « for some a € P(R?).
Then o € T'(u,v) and for any measurable function f : R? — R such that |f(x1,22)| <
[21]|? + ||lz2||* we have that [po fdam — [pa fda. The latter claim follows from (Ambrosio
et al., 2005, Remark 5.2.3) which implies that ||z1||? + ||x2||? is uniformly integrable w.r. to
{an,n € N} since it has fired marginals p, v with finite second moments. Then (Ambrosio
et al., 2005, Lemma 5.1.7), which states that lim,_, [ fday, — [ fda for uniformly
integrable f and weak converging o, — «, implies the latter claim. It is immediate that
a € I'(p,v) since T'(u,v) is compact and thus closed in the weak topology by (Ambrosio et al.,
2005, Remark 5.2.3).

Note that (Hosseini et al., 2024, Proposition 3.11) states the following proposition only
under some regularity conditions on p,~ which ensures uniqueness of optimal plans. But
this is not needed in their proof if one is only interested in the existence of a optimal limit
point. For the convenience of the reader we include a proof adapted to our situation but
claim no originality.

Proposition 20 Let u,v € ngy(Rd x R™) and let B, € RY be a monotonly increasing
series with B, — co. For a choice of optimal plans o for ngﬁk (1, v) the the closure of

the set {a*}ren in T'(pu,v) is compact with respect to the weak convergence topology and
every accumulation point o is a optimal plan for Way (p,v).

Proof By (Ambrosio et al., 2005, Remark 5.2.3) the set I'(u, ) is compact with respect
to the weak convergence topology and thus also the closure of {a® : k € N} is compact.
Consequently accumulation points exist. Let a € I'(, v) be an accumulation point and by
abuse of notation let a®* — o € T'(u, v). Then by Remark 19 also

1,3
/ ly1 = y2)*da’ — / lyr — yol*der = / ly1 = yol*dmy e,
R2d+27n R2d+2'm RQd
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Since the limes on the left is 0 by Proposition 10 we know that 7rﬁ1 S is only supported on

the diagonal. Thus for any 7Tﬁ1 o measurable bounded function f:R?* — R we have that

f=foAonr! for Wé’?’oz a.e. (y1,v2) € R? and hence

/ fd7rﬁl’3a = folAo 7T1d71'ﬂ1’304 = / JdAy Py
R2d R2d R2d

which implies 7rﬁl’3a = AyPy ie ac Fglf (p,v). Furthermore note that Wy 3 < Wy y since
every admissible plan for Wy y is also admissible for W5 4, with equal costs and thus

/R2d+2 1y, 21) = (yQ’xQ)szaIBk < Way (u, V)2

for all £ € N. Using Remark 19 we can conclude that

/]R2d+2 [(y1,21) — (y2,22)[|*de = lim [(y1, 1) — (y2, 22)[|2da’s < Way (u,v)2.

k—oo JRp2d+2m

Hence « is an optimal plan for Wy y (4, v) and thus the claim. |

Proof of Proposition 12. By (Bogachev and Ruas, 2007, Theorem 8.3.2) we know that
weak convergence of probability measures is metrizable and we denote by dycqr @ metric on
P (RQd X RQm) that metrizes weak convergence. Let «;, be a an optimal plan for u,, v, and
Wa.ds, (#n; vn). Then by (Ambrosio et al., 2005, Proposition 7.1.3) and Lemma 18, there
exists a subsequence of a,, optimal for W27dﬂk (ftn, vp) converging weakly to an optimal plan
aPr for WQ’dﬁk (p,v). Thus we can find a sequence of optimal plans o, for W2’dﬁk (Hnys Vny)
such that dweak(aﬁk, ap,) < % We know by (Hosseini et al., 2024, Proposition 3.11) resp.
Proposition 20 that ag, — o with respect to dyeqr for an optimal plan o € Fgl/(,u, v) for
Way (1, v). Thus, for € > 0, there exists a k such that % + dyear (@, @) < € and we obtain

1
dweak(ank7a) < dweak(anka aﬂk) + dweak‘(aﬁky Oé) < E + dweak(aﬂka a) <e€

which proves the claim. |

Appendix F. Implementation Detalils

We use a setup similar to (Tong et al., 2023), using the time dependent U-Net architecture
from (Nichol and Dhariwal, 2021; Dhariwal and Nichol, 2021) which are trained using Adam
(Kingma and Ba, 2015). As in (Tong et al., 2023) we clip the gradient norm to 1 and
use exponential moving averaging with a decay of 0.9999. The differences are we use a
constant learning rate of 2e-4, 256 model channels and no dropout. We train using 50k
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target samples for 500 epochs using a batch size of 500 for the minibatch OT couplings and
a batch size of 100 for training the networks. We set the same random seed during training
to be able to compare runs for different sources of couplings. The conditional coupling plans
are calculated using the Python Optimal Transport package (Flamary et al., 2021). For
inference simulate the corresponding ODEs using the torchiffeq (Chen, 2018) package. To
evaluate our results, we use the Fréchet inception distance (FID) (Heusel et al., 2017)%. We
compute the distance on 50k training samples, for which we generate 50k samples given the
same labels as the training samples.
Further generated samples for the best performing method i.e § = 100:

2. We use the implementation from https://github.com/mseitzer/pytorch-fid.
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Figure 5: Uncurated samples sorted by class labels of the OT Bayesian Flow matching

method with 5 = 100.
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