
Journal of Machine Learning Research 26 (2025) 1-37 Submitted 4/24; Revised 6/25; Published 9/25

On the Natural Gradient of the Evidence Lower Bound

Nihat Ay nihat.ay@tuhh.de
Institute for Data Science Foundations
Hamburg University of Technology
21073 Hamburg, Germany

Santa Fe Institute
Santa Fe, NM 87501, USA

Leipzig University
04109 Leipzig, Germany

Jesse van Oostrum jesse.van@tuhh.de
Institute for Data Science Foundations
Hamburg University of Technology
21073 Hamburg, Germany

Adwait Datar adwait.datar@tuhh.de

Institute for Data Science Foundations

Hamburg University of Technology

21073 Hamburg, Germany

Editor: Dan Alistarh

Abstract

This article studies the Fisher-Rao gradient, also referred to as the natural gradient, of
the evidence lower bound (ELBO) which plays a central role in generative machine learning.
It reveals that the gap between the evidence and its lower bound, the ELBO, has essentially
a vanishing natural gradient within unconstrained optimization. As a result, maximization
of the ELBO is equivalent to minimization of the Kullback-Leibler divergence from a target
distribution, the primary objective function of learning. Building on this insight, we derive
a condition under which this equivalence persists even when optimization is constrained to
a model. This condition yields a geometric characterization, which we formalize through
the notion of a cylindrical model .

Keywords: Evidence lower bound, variational gap, natural gradient, information geom-
etry, variational inference

1. Introduction

Generating samples from a complex target probability distribution represents the key chal-
lenge of generative machine learning. Typical examples of such a distribution are given in
terms of natural images or token sequences in large language models. A primary objective
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function for training a generative network is based on the log-likelihood of samples, referred
to as the evidence. In order to train a generative network, a corresponding recognition net-
work has to be trained, with which the evidence is replaced as an objective function by the
evidence lower bound (ELBO). This bound has its roots in variational methods, originally
developed by Feynman (see, for example, Chapter 3, Section 3.4 of Feynman, 1972) in the
context of statistical physics, where it was employed to approximate free energy. These
variational methods have since been adapted for statistical inference and machine learn-
ing, proving especially useful in the formulation of the Helmholtz Machine (Dayan et al.,
1995; Ikeda et al., 1998) and other early applications (Hinton and Van Camp, 1993; Hinton
and Zemel, 1993; MacKay, 1995). In more recent applications, the ELBO has become a
core objective for training deep generative models, such as the Variational Autoencoder
(VAE) (Kingma and Welling, 2013) and other deep generative models (Rezende et al.,
2014). Beyond machine learning, the ELBO also holds a central role in cognitive science
and neuroscience, underpinning the Free Energy Principle (Friston, 2005). More recently, a
generalization of the ELBO called the generalized evidence lower bound (GLBO) has been
proposed for model selection to ensure better generalization (Chen et al., 2018). A closely
related idea of using a so-called Stein gradient instead of the usual gradient of the lower
bound has been pursued in (Pu et al., 2017). As a generalization of the Kullback-Leibler
divergence, Rényi’s α-divergences (related to but different from the α-divergence in infor-
mation geometry) have been studied in (Li and Turner, 2016) where a smooth interpolation
between the evidence lower bound and the log (marginal) likelihood is formalized via the
parameter α thereby unifying a number previously existing approaches.

Intuitively, one should expect that the gap between the evidence and its lower bound,
the so-called variational gap, crucially affects the quality of learning. Various components
of the variational gap and their influence on the learning have been studied, including the
approximation gap, the amortisation gap, and the conditioning gap (Bayer et al., 2021).
While tightening the bound appears to be beneficial at first sight, it has also been observed
that a tighter bound does not necessarily imply an improvement and can even compromise
the objective of learning (Rainforth et al., 2018). Aiming at an explanation of this phe-
nomenon, our article is based on the simple idea that learning in terms of gradient methods
is not so much dependent on the variational gap itself but on its gradient. While the vari-
ational gap can be rather large, its gradient might vanish (in a particular sense that we
are going to specify) and therefore has no effect on the learning. We will pursue this idea
with the help of information geometry (Amari and Nagaoka, 2000; Amari, 2016; Ay et al.,
2017), a framework that is particularly appropriate for analyzing the evidence lower bound
and the variational gap. In particular, we will study the natural gradient (Amari, 1998)
of both quantities, that is the gradient with respect to the Fisher-Rao metric which we
will introduce below. Our analysis will reveal a geometric criterion for the variational gap
to have no effect on the learning. This core result depends crucially on the information-
geometric structures and does not hold for the standard Euclidean geometry that underlies
most existing gradient-based algorithms. In what follows, we briefly outline the framework
of information geometry.

Originating from statistics, information geometry provides efficient methods for the
field of machine learning which are based on duality concepts from differential geometry
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(Amari and Nagaoka, 2000; Amari, 2016; Ay et al., 2017). Most prominently, it suggests as a
fundamental structure a Riemannian manifold (P, g), equipped with a pair (∇,∇∗) of affine
connections that are dual with respect to the Riemannian metric g. A particularly important
situation is given when the two connections are flat, which implies the existence of a pair of
dual affine coordinate systems and a corresponding canonical divergence D : P ×P → R+.
In this case, the geometry is comparable with the Euclidean geometry of Rd, with D being
proportional to the standard squared distance function in Rd. These structures can lead to
highly efficient learning algorithms when consistently used together. To be more precise,
the distinguished canonical divergence D offers a natural way to define an objective or risk
function L : P → R for learning. When optimizing this divergence in terms of the gradient
descent method, the Riemannian metric g should be applied to define the natural gradient
gradpL in p ∈ P via the equation

dLp(A) = gp(gradpL, A) (1)

for all tangent vectors A in the tangent space TpP. This leads to the natural gradient method
which plays a crucial role in the theory of neural networks and machine learning (Amari,
1998; Ollivier, 2015; Martens, 2020). With these choices, the learning trajectories are then
simply straight lines in the above-mentioned dual affine coordinate systems. Loosely speak-
ing, the learning converges to a solution in the most direct way (Fujiwara and Amari, 1995;
Datar and Ay, 2025). This demonstrates the simplicity and efficiency of learning as a result
of a consistent combination of the underlying geometric structures.

Despite the great advantages of the outlined information-geometric approach to learn-
ing, it is a highly non-trivial task to actually utilize and implement this approach within
the setting of machine learning. In what follows, we highlight two complications that are
particularly relevant for this article.

1. The manifold P of the above paragraph plays the role of a high-dimensional ambient
space, equipped with a dually flat structure g, ∇, and ∇∗. Thus, it comes with
a canonical divergence for learning, as outlined above. The learning, however, is
typically restricted to a lower-dimensional model M ⊆ P. The restriction of the
convenient geometric structures on P to the modelM is typically much more complex.
Only in exceptional cases, this restriction preserves the simplicity of the geometry of
P.

2. In addition to that, we face another potential source of complication. Typically, the
expressive power of a learning system has to be increased in terms of a set of latent or
hidden units denoted by H. In this case, the primary model for learning is associated
with the observed or visible units denoted by V . It is obtained as the image MV of
a model M under the marginalization map. Even if M inherits geometric properties
from its ambient space P that are advantageous for learning, these properties need
not be preserved under this marginalization.

To summarize, we face two sources of complexity when designing information-geometric
learning algorithms, the restriction of natural structures from the ambient space P to the
modelM, and the marginalization which mapsM to the modelMV . In this article, we aim
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to disentangle the individual complexities resulting from these two operations by studying
the optimization processes first on P and then extend the analysis to the constrained setting
M. We follow this reasoning in order to discuss the evidence lower bound and the variational
gap from an information-geometric perspective. We relate the maximization of the evidence
to the maximization of its lower bound in view of information geometry and highlight
the simplicity and consistency of both optimization problems when considered in the full
ambient space, without restricting it to a modelM. We show that in this case the evidence
lower bound leads to the same natural gradient field as the original objective function, the
evidence, which we find remarkable. This equivalence is not necessarily preserved when
restricting the optimization to a model M. We provide a sufficient condition for this to
hold, which requires the notion of a cylindrical model.

In this article, we follow two story lines, one referring to the evidence and its lower
bound and one referring to corresponding Kullback-Leibler divergences. We use the former
story line to formulate the main problem and to convey the key findings without assuming
a background in information geometry. The latter story line is more convenient for our
information-geometric studies. Section 2 introduces the primary objective of learning, min-
imizing the Kullback-Leibler divergence from a target distribution on states of the visible
units, and briefly outlines its relation to the evidence and its lower bound. This section
is generally accessible, without a background in information geometry. In Section 3, we
are then going to review basic information-geometric structures, thereby introducing the
notation used in this article. This section also includes results from the previous work (Ay,
2020) on which this article is based. Section 4 deals with the analysis of the optimization
problem for the extended system, including visible and hidden units, and relates it to the
primary optimization problem defined for its visible part. Section 5 relates these results
to the evidence and its lower bound, thereby making statements on their respective natu-
ral gradients. Section 6 concludes with a result that is particularly helpful when dealing
specifically with Bayesian graphical models.

2. Learning a Target Distribution and the Evidence Lower Bound

Throughout this article, we consider a system consisting of visible units V and hidden units
H taking values in state sets XV and XH , respectively. For simplicity, we assume XV and
XH to be finite. The set of all strictly positive probability distributions on joint states
(xV , xH) is denoted by PV,H , which we also abbreviate as P. In order to study learning
in terms of the natural gradient method, we consider a model M consisting of probability
distributions pθ(xV , xH) = p(xV , xH ; θ) which are parametrized by a parameter vector θ in
Rd. Typically, the parameter set is an open subset Θ of Rd, and we obtainM as the image
of the parametrization

ϕ : Θ → M⊆ P, θ 7→ pθ. (2)

The modelM is referred to as a generative model . The objective of learning is to generate a
probability distribution on visible states xV that is close to some target distribution. Here,
we interpret the hidden units merely as auxiliary units to increase the expressive power. The
learning objective should therefore only refer to the visible units. To be more precise, we
denote by PV the set of strictly positive probability distributions on states xV and consider
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the natural marginalization map

πV : P → PV ,

which assigns to a joint probability distribution p(xV , xH) the marginal distribution

p(xV ) :=
∑
xH

p(xV , xH). (3)

The image of the modelM, that is πV (M), is denoted byMV . It consists of all probability
distributions that can be generated by the learning system. With the parametrization (2),
we can parametrize MV in terms of

πV ◦ ϕ : Θ → MV ⊆ PV , θ 7→ πV (pθ).

In this article, we will mostly omit the parameter and simply write p ∈ M and p ∈ MV ,
respectively.

Now consider a target distribution p∗ ∈ PV . The objective of learning is to find p ∈MV

that is close to p∗. To achieve that, we minimize the KL-divergence of p∗ from a distribution
p ∈MV , that is,

D(p∗‖p) :=
∑
xV

p∗(xV ) ln
p∗(xV )

p(xV )
. (4)

Throughout this article, we refer to this function as a primary objective function defined on
MV and therefore only involving visible units. This will be compared with corresponding
lifted objective functions defined on M which involve the visible as well as the hidden
units. Observe that the minimization of D(p∗‖·) is equivalent to the minimization of the
cross entropy

−
∑
xV

p∗(xV ) ln p(xV )

because these two functions differ only by a constant, the entropy of p∗, which is given by

−
∑
xV

p∗(xV ) ln p∗(xV ).

The cross entropy is nothing but the mean value of the surprise, − ln p(xV ). Alternatively,
we can change the sign of the surprise and consider the evidence, ln p(xV ), leading to the
mean value

EVIDENCE(p) :=
∑
xV

p∗(xV ) ln p(xV ), (5)

which we also refer to as the evidence without explicitly highlighting the fact that it is an
integrated quantity. Minimizing the KL-divergence (4) is then equivalent to maximizing the
evidence (5). In order to be tractable, we bound the evidence from below by considering
the set H of hidden units. For any conditional probability measure q(xH |xV ) and p ∈ M,
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we then have

EVIDENCE(πV (p)) = −
∑
xV ,xH

p∗(xV )q(xH |xV ) ln
q(xH |xV )

p(xV , xH)

+
∑
xV

p∗(xV )
∑
xH

q(xH |xV ) ln
q(xH |xV )

p(xH |xV )
(6)

≥ −
∑
xV ,xH

p∗(xV )q(xH |xV ) ln
q(xH |xV )

p(xV , xH)
(7)

=: ELBO(q, p). (8)

The inequality (7) follows from the non-negativity of the KL-divergences between the con-
ditional probability distributions q(·|xV ) and p(·|xV ) in (6). The bound (8) is referred to as
the evidence lower bound . It coincides with the negative of the variational free energy . The
importance of this quantity has been highlighted in the introduction. The evidence lower
bound gives rise to the function

ELBO(q, ·) :M→ R, p 7→ ELBO(q, p).

Replacing the evidence by the evidence lower bound implies a number of simplifications
of the optimization in terms of gradient methods. One instance of these simplifications
will be outlined in some more detail in Section 6. But how much do we alter the original
optimization problem by this replacement? To get a first intuition, observe that the gap
between the evidence and its lower bound is given by the mean value (6) of KL-divergences,

GAP(q, p) :=
∑
xV ,xH

p∗(xV )q(xH |xV ) ln
q(xH |xV )

p(xH |xV )
. (9)

In summary, we have the following relationship between the introduced quantities:

EVIDENCE(πV (p)) = ELBO(q, p) + GAP(q, p).

In Sections 4 and 5, we shall provide arguments supporting the hypothesis that the gap does
not play a major role in learning. The main target of this article is to compare the natural
gradient of ELBO(q, ·) on M with the natural gradient of EVIDENCE or, equivalently,
the objective function D(p∗‖·) on MV . In order to imply the same learning process based
on the natural gradient method, the respective gradients should be consistent in a sense
that we are going to specify. To reveal a condition for such a consistency, we are going to
interpret the derivations of this section in a more geometric way. Before coming to this, we
first review some information-geometric preliminaries.

3. Information-Geometric Preliminaries

The set P of strictly positive probability distributions on some finite set X of states x
represents the most basic example of a model within information geometry. We write a
point p ∈ P as

p =
∑
x

p(x) δx, (10)
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where δx denotes the Dirac measure concentrated in x. The tangent space of P in p is given
by

TpP =

{
A =

∑
x

A(x) δx :
∑
x

A(x) = 0

}
.

For two vectors A,B ∈ TpP, we have the Fisher-Rao metric

gFRp (A,B) =
∑
x

1

p(x)
A(x)B(x), (11)

which is a Riemannian metric on P. (Throughout this article, we also write 〈A,B〉 if there
is no ambiguity regarding the Riemannian metric and the base point.) Furthermore, we
consider the Kullback-Leibler divergence (KL-divergence) which is defined on P × P by

D(q‖p) =
∑
x

q(x) ln
q(x)

p(x)
. (12)

Note that we already used the KL-divergence to define the primary objective function (4).
We can express the Fisher-Rao gradients of the KL-divergence in both arguments:

gradpD(q‖·) =
∑
x

(p(x)− q(x)) δx

= p− q ∈ TpP, (13)

gradqD(·‖p) =
∑
x

q(x)

(
ln
q(x)

p(x)
−
∑
x′

q(x′)

(
ln
q(x′)

p(x′)

))
δx

= q

(
ln
q

p
− Eq

(
ln
q

p

))
∈ TqP.

These gradients satisfy the defining condition (1), where L is the KL-divergence (12) in
the first and the second argument, respectively, and g = gFR as defined by (11). For more
details, see (Ay and Amari, 2015; Ay et al., 2017).

Now we consider the marginalization map πV : P → PV , defined in terms of (3). In
order to relate tangent vectors in TpP to tangent vectors in TπV (p)PV , we consider the
differential

dπV : TpP → TπV (p)PV ,
given by

dπV (A)(xV ) =
∑
xH

A(xV , xH). (14)

Furthermore, we introduce the following orthogonal spaces:

Vp := ker dπV , Hp := Vp⊥,

where the orthogonal complement in the definition of Hp is meant to be with respect to the
Fisher-Rao metric in p ∈ P. We refer to Vp as the vertical space and to Hp as the horizontal
space in p, which is in line with the differential-geometric terminology. This should not
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be confused with the symbols V and H for the visible and hidden units, respectively. In
fact, by an unfortunate coincidence, the latter meaning of the symbols might even suggest
the opposite naming. More precisely, the tangent space of PV can be identified with the
horizontal space Hp and not, as the symbol V in PV might suggest, with the vertical space.
Clearly, we have the orthogonal decomposition

TpP = Hp ⊕ Vp .

Every vector A in TpP has a unique representation as

A = AH +AV ,

where AH ∈ Hp and AV ∈ Vp.
We now consider a modelM in P and its πV -imageMV and thereby restrict attention

to non-singular points. A point p ∈M is admissible if p and πV (p) are non-singular points
of M and MV , respectively, and dπV (TpM) = TπV (p)MV . Admissible points allow us to
locally define the geometric structures that are relevant from the perspective of information
geometry. In particular, the model M carries the induced geometry of P in an admissible
point p, and MV carries the corresponding induced geometry of PV in πV (p). This will
allow us to consider the gradient on M, denoted by gradM, and the gradient on MV ,
denoted by gradMV .

The objective of learning can be formulated as the optimization of a differentiable func-
tion L : PV → R on MV which plays the role of a primary objective function. Examples
are given by the KL-divergence (4), which we should minimize, and the mean evidence (5),
which we should maximize. In what follows, we will mainly refer to the case of minimizing
L onMV by means of the gradient descent method. Alternatively, one could also minimize
the corresponding lifted function L ◦ πV defined on M. More precisely, consider a curve γ
in M that solves the differential equation

γ̇(t) = −gradMγ(t)(L ◦ πV ), γ(0) = p,

where we assume that all points γ(t) are admissible and γ̇(0) 6= 0. (Throughout this arti-
cle, we assume the existence and uniqueness of maximal solutions of differential equations
without explicitly stating the conditions for this to hold.) Furthermore, let σ := πV ◦ γ be
the projected curve in MV . The change of L along σ is then given by:

d

dt
L(σ(t)) =

d

dt
L(πV (γ(t))) =

d

dt
(L ◦ πV )(γ(t)) < 0.

This shows that the minimization of the lifted function L ◦ πV on M provides a useful
strategy for minimizing the primary objective function L on MV . However, even though
L is decreasing along σ, it will typically not be following minus the gradient of L on MV .
From the chain rule we have in general that

σ̇(t) = dπV (γ̇(t))

= −dπV
(

gradMγ(t)(L ◦ πV )
)
. (15)
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Following the Fisher-Rao gradient on MV , however, would require

σ̇(t) = −gradMV

σ(t)L. (16)

The vector fields defined by the respective RHS of (15) and (16) are typically different, but
they point, at least, in a similar direction, which is shown in the following proposition.

Proposition 1 Let M be a model in P, let L : PV → R be a differentiable objective
function, and let p ∈M be an admissible point. Then,

gradMp (L ◦ πV ) = 0 ⇔ gradMV

πV (p)L = 0.

Furthermore, if one of the two gradients does not vanish, we have〈
dπV

(
gradMp (L ◦ πV )

)
, gradMV

πV (p)L
〉
> 0.

Proof For an arbitrary A ∈ TpM, we have〈
gradMp (L ◦ πV ) , A

〉
= d (L ◦ πV )p (A)

=
(
dLπV (p) ◦ dπV

)
(A)

= dLπV (p) (dπV (A))

=
〈

gradMV

πV (p)L, dπV (A)
〉
.

This implies that gradMp (L ◦ πV ) vanishes if and only if gradMV

πV (p)L vanishes (note that

the dπV (A), A ∈ TpM, span the tangent space TπV (p)MV because p is assumed to be

admissible). Furthermore, for the special case A = gradMp (L ◦ πV ) 6= 0, we obtain〈
dπV

(
gradMp (L ◦ πV )

)
, gradMV

πV (p)L
〉

=
〈
gradMp (L ◦ πV ) , gradMp (L ◦ πV )

〉
> 0.

We now ask the question under which conditions the two gradient fields of Proposition 1
are not only pointing in a similar direction but are actually equal. The following definition
specifies the models M for which this is satisfied for any objective function L : M → R,
as stated in Theorem 3. For such models, a projected solution curve σ in MV satisfies
equation (16).

Definition 2 (Definition 1 of Ay (2020)) We call a model M ⊆ P cylindrical in a
non-singular point p ∈M, if

TpM = (TpM∩Hp)⊕ (TpM∩Vp).

If the model is cylindrical in all non-singular points p ∈ M then we call it (pointwise)
cylindrical.
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TpM \ Hp

Figure 1: Illustration of a cylindrical modelM in terms of a cylinder, the Cartesian product
of a circle with a finite interval. The tangent space TpM equals the sum of its
intersections with Hp and Vp.

See Figure 1 for an illustration of a cylindrical model and Appendix A for examples of
cylindrical and non-cylindrical models. It has been shown in (Ay, 2020, Theorem 3) that
a model M is cylindrical if and only if for the restriction πV |M :M→MV the following
holds: Given A,B ∈ (ker dπV |M)⊥, we have

gFRp (A,B) = gFRπV (p) (dπV (A), dπV (B)) , (17)

whenever p is admissible. The equality (17) is central in the definition of a Riemannian
submersion. The property ofM being cylindrical ensures the invariance of the natural gra-
dient, as stated in the following theorem. (This is different from the often stated invariance
of the natural gradient under coordinate transformations, elaborated on in (van Oostrum
et al., 2023).)

Theorem 3 (Theorem 5 of Ay (2020)) LetM be a cylindrical model, let L :MV → R
be a differentiable objective function, and let p ∈M be an admissible point. Then,

dπV
(
gradMp (L ◦ πV )

)
= gradMV

πV (p)L. (18)

Note that the gradient on the LHS of (18) refers to the Fisher-Rao metric on M ⊆
P = PV,H , whereas the RHS refers to the Fisher-Rao metric onMV ⊆ PV . The invariance
of the gradient as formulated in Theorem 3 is quite special and holds only for the Fisher-
Rao metric and cylindrical models (see (Ay, 2020) for further details). Our main example
of a cylindrical model will be the full model M = P. More precisely, all points p are
non-singular and we obviously have TpP = Hp ⊕ Vp = (TpP ∩ Hp) ⊕ (TpP ∩ Vp). This
example will provide the setting in which information-geometric quantities are studied in
the absence of constraints through a lower-dimensional model. Clearly, when dealing with

10



On the Natural Gradient of the Evidence Lower Bound

learning systems, we typically do have constraints. By relating this typical situation to the
situation without constraints we are able to reveal the geometric effect of these constraints.

We conclude this section with a simple statement about the orthogonal projection onto
the tangent space of a cylindrical model.

Lemma 4 Let M be a cylindrical model in P, let p be a non-singular point of M, and let
Πp denote the orthogonal projection of TpP onto TpM. Then,

Πp(Hp) ⊆ Hp, Πp(Vp) ⊆ Vp

Proof Definition 2 implies the following orthogonal decomposition:

TpP = TpM⊕ (TpM)⊥

= (TpM∩Hp)⊕ (TpM∩Vp)⊕ (TpM)⊥ .

Thus, every vectorX ∈ TpP has a unique orthogonal decomposition asX = A+B+C, where

A ∈ (TpM∩Hp), B ∈ (TpM∩ Vp), and C ∈ (TpM)⊥. With this decomposition, we have
Πp(A) = A, Πp(B) = B, and Πp(C) = 0. Now, if X ∈ Hp then its B component vanishes,
so that Πp(X) = Πp(A + C) = Πp(A) + Πp(C) = A ∈ Hp. If, on the other hand, X ∈ Vp
then its A component vanishes, so that Πp(X) = Πp(B + C) = Πp(B) + Πp(C) = B ∈ Vp.

4. The Extended Problem with Hidden Units

In this section, we are going to relate the minimization of the KL-divergence (4), L :=
D(p∗‖·), on MV to the minimization of the lifted function L ◦ πV on M. In general, it is
difficult to minimize L. In particular, we face here various challenges when trying to apply
the natural gradient descent method. On the one hand,MV will typically have singularities
so that gradients cannot be evaluated in these points. On the other hand, even for non-
singular points the Fisher-Rao metric will be difficult to evaluate if we do not assume MV

to have a particularly simple structure. To be more concrete, we first evaluate the gradient
of D(p∗‖·), considered as a function on PV (see equation (13)):

gradPVp D(p∗‖·) = p− p∗ ∈ TpPV . (19)

For the gradient on the modelMV , we then have to project the gradient (19) in p onto the
tangent space TpMV , thereby assuming that p is a non-singular point of MV . This leads
to

gradMV
p D(p∗‖·) = Πp(p− p∗) ∈ TpMV , (20)

where Πp denotes the orthogonal projection onto the tangent space TpMV . Note that
the projected vector Πp(p − p∗) does not have to be particularly simple, even though the
difference vector p− p∗, the gradient in the ambient space, is simple.
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We are now going to modify the problem of minimizing the KL-divergence (4) in several
simplifying steps, thereby tracing the geometric implication of each individual step. The
overall aim of this modification is to relate the minimization of (4), or equivalently the
maximization of the evidence, to the corresponding maximization of the evidence lower
bound, which will be finally addressed in Section 5.

It is well-known that the minimization of the KL-divergence (4) can be simplified by
extending the problem to the space of probability distributions on joint states (xV , xH) that
is PV,H (see Amari (2016), Chapter 8). For that, we consider the so-called data manifold

Q := {q ∈ PV,H : πV (q) = p∗} .

Note that the symbol q here denotes a joint probability distribution whereas previously
we have used the same symbol for the conditional probability distribution. The relation is
given by q(xV , xH) = p∗(xV )q(xH |xV ). Thus, even though it is not visible at first sight,
the data manifold Q incorporates the data distribution p∗. With the monotonicity of the
KL-divergence, we obtain for any p ∈M and q ∈ Q

(L ◦ πV )(p) = D(p∗‖πV (p))

= D(πV (q)‖πV (p))

≤ D(q‖p),

where equality holds for q = πQ(p) defined by

πQ(p)(xV , xH) = p∗(xV )p(xH |xV ). (21)

Thus, we have

(L ◦ πV )(p) = D(πQ(p)‖p)
= inf

q∈Q
D(q‖p)

=: D(Q‖p).

Clearly, a point p̂ minimizes L ◦ πV = D(Q‖·) in M if and only if πV (p̂) minimises
L = D(p∗‖·) in MV . However, there are important differences between the correspond-
ing optimizations in terms of the natural gradient method. On the one hand, M typically
comes with a geometric structure that simplifies the optimization of L ◦ πV . On the other
hand, for the optimization of L it is natural to use the Fisher-Rao metric on MV , whereas
L ◦ πV is defined on M and should be optimized with respect to the corresponding Fisher-
Rao gradient on M. In general, the two ways to optimize basically the same function will
not be equivalent. However, according to Theorem 3, they will be equivalent whenever the
model M is cylindrical.

Theorem 5 (a) Consider first the function D(Q‖·) on P. Then

gradPp D(Q‖·) = p− πQ(p), (22)

12



On the Natural Gradient of the Evidence Lower Bound

where πQ(p) is defined by (21). In order to obtain the gradient of D(Q‖·) in a non-singular
point p ∈M, we have to project (22) onto TpM, that is

gradMp D(Q‖·) = Πp(p− πQ(p)), (23)

where Πp denotes the orthogonal projection TpP → TpM with respect to the Fisher-Rao
metric on P.

(b) If M is cylindrical and p ∈M admissible then

dπV
(
gradMp D(Q‖·)

)
= gradMV

πV (p)D(p∗‖·). (24)

In particular, the equality (24) holds in all points of the maximal model M = P where
MV = PV .

Proof We know that D(Q‖·) = D(p∗‖πV (·)), which is a function of p or, equivalently, a
function of its coordinates p(xV , xH) with respect to the basis vectors δxV ,xH (see equation
(10)). We evaluate the partial derivatives with respect to these coordinates,

∂

∂p(xV , xH)
D(p∗‖πV (·)) = −p

∗(xV )

p(xV )
,

and obtain for the (xV , xH)-component of the natural gradient (see (Ay et al., 2017), Propo-
sition 2.2) (

gradPp D(Q‖·)
)

(xV , xH)

= p(xV , xH)

−p∗(xV )

p(xV )
+
∑
x′V ,x

′
H

p(x′V , x
′
H)
p∗(xV )

p(xV )


= p(xV , xH)

(
−p
∗(xV )

p(xV )
+ 1

)
= p(xV , xH)− p(xH |xV )p∗(xV )

= p(xV , xH)− πQ(p)(xV , xH).

This proves equation (22), and equation (23) follows immediately from that. Finally, the
invariance (24) is a direct consequence of Theorem 3.

The gradients considered in Theorem 5 are graphically illustrated in Figure 2. Theorem
5 reveals a number of insights concerning the complexity and the invariance of the natural
gradients which we are now going to elaborate on. First of all, it highlights the simplicity of
the natural gradient of D(Q‖·) in p ∈ P. It is nothing but the difference vector between p
and its projection πQ(p). Thus, any complexity of the natural gradient of D(Q‖·) on a model
M arises from the projection of that difference vector onto the tangent space TpM and
therefore depends very much on the structure ofM. For a Bayesian graphical model, TpM
decomposes in a convenient way so that some of the original simplicity is preserved after
projection. A corresponding more precise statement will be formulated at the end of this
article, in Proposition 10. Furthermore, the gradient (23) of the function D(Q‖·), defined
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Figure 2: Illustration of the gradients considered in Theorem 5.

on M, can now be compared with the gradient (20) of the original function D(p∗‖·) which
is defined on MV . According to the invariance (24), these two gradients are equivalent,
if M is cylindrical, which implies that gradient descent learning in M yields exactly the
same trajectories as the gradient descent learning in MV . This is a consequence of the
corresponding invariance of the Fisher-Rao metric as formulated by Chentsov and not at
all given for other choices of Riemannian metrics (Chentsov, 1982). While the requirement
for a model to be cylindrical is quite restrictive, it holds for the full model M = P. This
brings us to the last insight of Theorem 5. If we do not restrict the optimization to a
lower-dimensional modelM then all information-geometric structures are consistent in the
sense that the optimization in the extended system, with hidden units, is equivalent to the
original optimization with only visible units. Again, any deviation from the invariance (24)
arises from the restriction of the optimization to M.

We can illustrate the invariance (24) and a possible deviation from it using two example
models, denoted by M(a) and M(b), which we introduce in what follows. (The code for
reproducing the data and figures in this paper is made available at Datar et al. (2024).)
Consider three binary random variables Xs, Xt1 , Xt2 . The manifold P consists of all joint
probability distributions p(xs, xt1 , xt2). With H = {s} and V = {t1, t2}, let πV be the
marginalization map over Xs, i.e.

πV : P → PV
p(xs, xt1 , xt2) 7→ p(xt1 , xt2) =

∑
xs

p(xs, xt1 , xt2).

For a general modelM⊆ P we study the following curves. We let σ0 ∈MV be the integral
curve of the gradient of the primary objective function D(p∗‖·), i.e. solving the differential
equation

σ̇0(t) = −gradMV

σ0(t)
D(p∗‖·), σ0(0) = πV (p). (25)
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Furthermore, we let the curve γ1 in M be the solution of the differential equation

γ̇1(t) = −gradMγ1(t)D(Q‖·), γ1(0) = p, (26)

and σ1 = πV ◦ γ1 in MV be the projection of γ1.

G(a)

s

t1 t2

G(b)

s

t1 t2

Figure 3: Graphical representations of the models M(a) and M(b).

We are now going to define two models in P,M(a) andM(b), given by the corresponding
graphs G(a) and G(b) in Figure 3. We begin with the model M(a), which we define as the
set of probability distributions for which Xs, Xt1 , Xt2 are independent, that is,

M(a) = {p ∈ P : p(xs, xt1 , xt2) = p(xs)p(xt1)p(xt2)}. (27)

Graphically, these are all the distributions factorizing over the graph G(a) in Figure 3. It
can be shown that this model is cylindrical.1 Owing to Theorem 5, we know that the curves

σ0 and σ1 are identical. This is shown in Figure 5, where the modelM(a)
V is plotted by the

blue grid and the indistinguishable curves σ0 and σ1 are denoted by the solid black line.
Note that the black line also represents the gradient curve coming from the evidence lower
bound which is going to be discussed in the next section.

Similarly, we now define

M(b) = {p ∈ P : p(xs, xt1 , xt2) = p(xs)p(xt1 |xs)p(xt2 |xs)}. (28)

It consists of those distributions that factorize over the graph G(b) in Figure 3. In Example

3 of Appendix A we show that this model is not cylindrical. The modelM(b)
V is in this case

the full simplex PV . Figure 6 (top) shows the trajectories of the curves σ0 and σ1 defined by
(25) and (26), respectively, using dashed blue and solid green lines. (The solid red lines are
related to the ELBO objective function elaborated on in the next section.) Figure 6 (bottom-
left) shows the same trajectories in coordinates as functions of time and Figure 6 (bottom-
right) shows the KL-divergence evaluated on these trajectories as a function of time. Note
that now the trajectories of σ0 and σ1 do not coincide, deviating from the situation of
Figure 5, due to M(b) not being cylindrical. In spite of this, the trajectories converge to
the target distribution as evident from the top two rows. Furthermore, the evaluations
of the KL-divergence along these different trajectories is almost indistinguishable. Since
this decay of KL-divergence corresponds directly to the speed of learning, understanding
the effect of a model being cylindrical on the speed of learning is an important question

for future research. Finally, observe that since M(b)
V = PV , the trajectories of the integral

1. See Example 1 in Appendix A for a two-node example of this.
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curves σ0 (dashed blue) of the gradient of D(p∗‖·) are straight lines. This is a consequence
of (13) and has more general implications on the learning (Datar and Ay, 2025).

In order to measure the deviation from the invariance (24) we evaluate the cosine simi-
larity of the involved vector fields. More precisely, we compute the cosine similarity between

the vectors gradMV

πV (p)D(p∗‖·) and dπV
(
gradMp D(Q‖·)

)
in TpM(b)

V , thereby assuming them
to be non-zero. In general, the cosine similarity between two non-zero vectors A and B in
an inner product space is defined as

cos(α) =
〈A,B〉
‖A‖‖B‖ , (29)

where α is the angle between A and B. The cosine similarity reaches its maximal value 1
when A and B point in the same direction and its minimal value −1 when A and B point
in opposite directions. Clearly, in our setting the inner product and the norm are given by

the Fisher-Rao metric in TpM(b)
V . For a fixed p∗, the cosine similarity depends on the base

point p which is sampled from M(b) according to Jeffrey’s prior. The results are plotted in
the histograms in Figure 7 (left). As one can see, most points are close to 1. In fact, more
than 83% of the samples are above 0.7. Furthermore, all of the values are larger than zero,
which means that both vector fields qualify for optimizing the primary objective function
D(p∗‖·). This is not a coincidence and follows directly from Proposition 1.

5. The Natural Gradient of the Evidence Lower Bound

In Theorem 5, we have related the gradient of the primary objective functions D(p∗‖·) to
the gradient of D(Q‖·). We are now going to replace the entire set Q in D(Q‖·) by a single
point q ∈ Q, leading to the upper bound D(q‖·). In Theorem 6 below, we will then relate
the gradient of the primary objective function D(p∗‖·) to the gradient of D(q‖·). This will
finally allow us to study the natural gradient of the evidence lower bound in relation to the
natural gradient of the evidence.

For any q ∈ Q and p ∈M, we apply the Pythagorian relation and obtain

D(Q‖p) ≤ D(Q‖p) +D(q‖πQ(p)) (30)

= D(πQ(p)‖p) +D(q‖πQ(p)).

= D(q‖p) (31)

It can be easily verified that the additional term in (30), D(q‖πQ(p)), coincides with
GAP(q, p) as defined by (9). Now, instead of taking the gradient of D(Q‖·) we take the
gradient of the upper bound (31), with a fixed q, and analyze the effect of this replacement.
For that, let us first rewrite this upper bound as follows:

D(q‖p) = D(Q‖p) + GAP(q, p). (32)

For the gradient of D(q‖·) in P, we obtain

gradPp D(q‖·) = gradPp D(Q‖·) + gradPp GAP(q, ·)
= (p− πQ(p)) + (πQ(p)− q). (by (22) and (13)) (33)
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It is easy to see that the first difference vector in (33), p − πQ(p), is an element of the
horizontal space Hp, whereas the second one, πQ(p)− q, is an element of the vertical space
Vp. Therefore, the dπV -image of the latter difference vector vanishes:

dπV (πQ(p)− q) =
∑
xH

(p∗(xV )p(xH |xV )− q(xV , xH)) (by (14))

= p∗(xV )
∑
xH

(p(xH |xV )− q(xH |xV ))

= p∗(xV )(1− 1) = 0,

or equivalently,
dπV

(
gradPp GAP(q, ·)

)
= 0.

In summary, we obtain

dπV
(
gradPp D(q‖·)

)
= dπV (p− πQ(p))

= πV (p)− p∗
= gradPVπV (p)D(p∗‖·).

This shows that the Fisher-Rao gradient of the primary objective function D(p∗‖·) on PV
is not affected at all by the extension of the problem to the set P = PV,H . When we replace
P by a more general model M this invariance only holds, if M is cylindrical.

Theorem 6 Let M be a cylindrical model in P, let p ∈ M be admissible, and let q ∈ Q.
Then

dπV
(
gradMp GAP(q, ·)

)
= 0, (34)

and therefore
dπV

(
gradMp D(q‖·)

)
= gradMV

πV (p)D(p∗‖·). (35)

Proof We begin with the gradient of GAP(q, ·):

gradMp GAP(q, ·) = Πp

(
gradPp GAP(q, ·)

)
= Πp (πQ(p)− q) = Πp

(
(p− q)V

)
.

We know, by definition, that (p− q)V is contained in Vp. According to Lemma 4, the vector

(p− q)V remains in Vp after projecting it onto the tangent space TpM, that is,

Πp

(
(p− q)V

)
∈ Vp.

Therefore, this vector is mapped via dπV to 0, which proves (34). With this, we have

dπV
(
gradMp D(q‖·)

)
= dπV

(
gradMp D(Q‖·)

)
+ dπV

(
gradMp GAP(q, ·)

)
= dπV

(
gradMp D(Q‖·)

)
,

and with (24) of Theorem 5 we finally obtain (35).
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Figure 4: Illustration of gradients considered in Theorem 6.

The gradients considered in Theorem 6 are graphically illustrated in Figure 4. Note
that while the invariance (35) appears to be very similar to the invariance (24), it is in
fact quite different. The main difference is that the objective function on M, the function
D(q‖·), is not “just” the pull-back of an objective function on MV . It consists of a pull-
back component, the first term on the RHS of (32), and the function GAP(q, ·), the second
term on the RHS of (32), which varies only in vertical direction so that the dπV -image of
its gradient vanishes. Note that this result, expressed by (34), depends crucially on the
information-geometric structures and does not hold for the standard Euclidean geometry
defined in terms of a coordinate system. We give an example in Appendix B.

We illustrate the invariance (35) and a possible deviation from it by revisiting the
example modelsM(a) andM(b) from the previous section depicted in Figure 3. Now, for a
general model M we let the curve γ2 in M be the solution to the differential equation

γ̇2(t) = −gradMγ2(t)D(q‖·), γ2(0) = p,

and σ2 = πV ◦ γ2 the projection of γ2. Since M(a) is cylindrical, we can use Theorems 5
and 6 to conclude that the curves σ0, σ1 and σ2 are identical. This is depicted in Figure 5

where the blue grid represents the cylindrical modelM(a)
V , as a subset of PV , and the solid

black line represents the indistinguishable curves σ0, σ1 and σ2.

For the non-cylindrical modelM(b) we plot the trajectory of σ2 in Figure 6 (top) in solid
red and compare it with the trajectory of σ0 (shown in dashed blue) and σ1 (shown in solid
green). Figure 6 (bottom-left) shows the trajectories in coordinates as functions of time
and Figure 6 (bottom-right) shows the KL-divergence evaluated on these trajectories as a
function of time. Note again that the trajectory σ2 is distinct from σ0 and σ1. However,
σ2 also converges to the same target distribution as that of σ0 or σ1 and the KL-divergence
evaluation is barely distinguishable. In line with the discussion on cosine similarity from
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PV

M(a)
V

Figure 5: The blue grid represents the set of independent probability distributions over two

random variables corresponding to the cylindrical modelM(a)
V , as a subset of PV .

The cylindrical modelM(a) is defined in (27) and depicted in Figure 3. The solid
black line shows the overlapping trajectories σ0, σ1 and σ2, where σ0 satisfies

σ̇0(t) = −grad
M(a)

V

σ0(t)
D(p∗‖·), σ1 = πV ◦γ1 is the projection of the negative gradient

curve γ1 satisfying γ̇1(t) = −gradM
(a)

γ1(t)
D(Q‖·) and σ2 = πV ◦ γ2 is the projection

of the negative gradient curve γ2 satisfying γ̇2(t) = −gradM
(a)

γ2(t)
D(q‖·). Theorem

5 and 6 imply that σ0, σ1 and σ2 are identical.

the last section, we evaluate the cosine similarity between the vectors gradMV

πV (p)D(p∗‖·) and

dπV
(
gradMp D(q‖·)

)
defined in equation (29). We sample p in M(b) according to Jeffrey’s

prior and plot the results in the histograms in Figure 7 (right). As one can see, the points are
still close to 1 but on average lower than the cosine similarities between gradMV

πV (p)D(p∗‖·)
and dπV

(
gradMp D(Q‖·)

)
. Moreover, note that in this case not all points lie above zero

anymore. Investigating conditions under which this cosine similarity is negative is an in-
teresting question for future research. According to equation (35), minimizing the primary
objective function D(p∗‖·) on MV is equivalent to minimizing the function D(q‖·) on M
whenever M is cylindrical. We now show that this is, at the same time, equivalent to
maximizing the evidence lower bound. For any q ∈ Q and p ∈M, we have

D(q‖p) =
∑
xV ,xH

p∗(xV ) q(xH |xV ) ln
p∗(xV ) q(xH |xV )

p(xV , xH)

=
∑
xV

p∗(xV ) ln p∗(xV )︸ ︷︷ ︸
≤ 0

+
∑
xV ,xH

p∗(xV ) q(xH |xV ) ln
q(xH |xV )

p(xV , xH)

= −ELBO(q, p) + const.,
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PV =M(b)
V

Gradient trajectories

σ0 ↔ D(p∗‖·)
σ1 ↔ D(Q‖·)
σ2 ↔ D(q‖·)
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σ0, σ1, σ2 in coordinates
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KL-divergence on σ0, σ1, σ2

Figure 6: These figures study different gradient trajectories on the modelM =M(b) defined
in (28) and discussed on pages 15 and 18. The top figure shows the curve σ0
satisfying σ̇0(t) = −gradMV

σ0(t)
D(p∗‖·) (dashed-blue), the curve σ1 = πV ◦ γ1, with

γ1 satisfying γ̇1(t) = −gradMγ1(t)D(Q‖·) (solid green) and the curve σ2 = πV ◦
γ2, with γ2 satisfying γ̇2(t) = −gradMγ2(t)D(q‖·) (solid red) for a fixed target
distribution (cross). The bottom-left figure shows the trajectories σ0, σ1 and
σ2 in coordinates as functions of time. The bottom-right figure shows the KL-
divergence evaluated on the trajectories σ0, σ1 and σ2.
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Figure 7: Histograms showing the cosine similarity between dπV
(
gradMD(Q‖·)

)
and

gradMVD(p∗‖·) (left) and the cosine similarity between dπV
(
gradMD(q‖·)

)
and

gradMVD(p∗‖·) (right), both with respect to the Fisher-Rao metric.

where ELBO(q, p) is defined by (8). Thus, the gradient of the function D(q‖·) will be the
same as the gradient of −ELBO(q, ·), because the two functions differ only by a constant.
More precisely, we have for all non-singular points p of M

gradMp ELBO(q, ·) = −gradMp D(q‖·).

As we know that the minimization of D(p∗‖·) is equivalent to the maximization of the
evidence, we have the following immediate consequence of Theorem 6.

Corollary 7 Let M be a cylindrical model in P, let p ∈ M be admissible, and let q ∈ Q.
Then

dπV
(
gradMp ELBO(q, ·)

)
= gradMV

πV (p) EVIDENCE. (36)

In particular, the invariance (36) holds in all points of the maximal model M = P where
MV = PV .

The central insight that underlies this result is the following. Under a certain condition,
even though the evidence lower bound “lives” in an extended space and provides a bound
for the evidence, it is equivalent to it in terms of the natural gradient. The gap does not
play any role here. The condition is met, in particular, if we evaluate the gradients on the
corresponding maximal models P and PV . If we replace these maximal models by M and
MV , respectively, then we have to impose a quite strong assumption on M for the equiv-
alence to hold. Therefore, our result has a conceptual rather than a direct methodological
value. It states that in the absence of constraints by a model, the evidence lower bound
does not alter the original optimization at all. This is remarkable and demonstrates the
consistency of the information-geometric structures, which involve the Fisher-Rao metric
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and the KL-divergence on P and PV . Any deviation from the invariance is caused by the
restriction of the optimization to a model.

We now summarize the path that we pursued in this article by means of the following
diagram:

D(Q‖·) // D(q‖·) // ELBO(q, ·) lifted objective functions on M

D(p∗‖·) //
""

Theorem 5

<< OO

~~

Theorem 6

>>

EVIDENCE
||

Corollary 7

<<

primary objective functions on MV

The overall intention was to relate the maximization of the evidence to the maximization of
the evidence lower bound. This has been achieved with Corollary 7. To get there, we have
translated the problem to the information-geometric setting, where the primary objective
function is given by the KL-divergence D(p∗‖·) defined onMV . This has then been modified
in two steps. In the first step, we replaced the primary objective function by D(Q‖·) defined
onM. The interplay between D(p∗‖·) and D(Q‖·) was subject of Theorem 5. In the second
step, we then replaced D(Q‖·) by D(q‖·) which is also defined on M. The interplay of
D(q‖·) and the primary objective function was the subject of Theorem 6. In a somewhat
parallel story line, we can translate this theorem to a statement about the evidence and
its lower bound. This is the subject of Corollary 7. Note that the main results of this
article are crucially dependent on the information-geometric structures, suggesting that the
variational gap does not alter the original objective of learning too much if the corresponding
algorithms are based on the natural gradient. The standard Euclidean gradient, on the other
hand, depends on the parametrization of the given model and therefore does not yield such
parametrization-independent results. An example demonstrating this is presented in the
Appendix B. However, empirical case studies in higher dimensions are required for more
conclusive statements.

We conclude this section with Remarks 8 and 9 which outline further research directions
as possible continuations of the present work.

Remark 8 Theorem 6 states that the gap D(q‖πQ(p)) has no effect on the learning of the
primary objective function D(p∗‖·), if the model is cylindrical. It is remarkable that this
statement is independent of the choice of q so that no adjustment of q is required. However,
if the model is not cylindrical, then the gap will have an effect on the learning. In that case,
one could try to adjust q in such a way that the effect is minimal. A natural way to do
so is by moving q towards the projection πQ(p). Ideally, the gap will then vanish and the
objective function D(q‖p) reduces to D(Q‖p). However, in a typical learning scenario, q is
constrained to a so-called recognition model Q′ which is much smaller dimensional than the
data manifold Q defined by (4). Denoting a minimizer of D(q‖p) with respect to q ∈ Q′ by
πQ′(p), we consider the residual gap

D(πQ′(p)‖πQ(p)).
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This gap vanishes for all p ∈ M, if Q′ is sufficient in the sense that it already contains
all projections of points p ∈ M onto the maximally possible recognition model, the data
manifold Q, that is

Q′ ⊇ {πQ(p) : p ∈M} .
In principle, such a recognition model Q′ has the dimensionality of M. However, repre-
senting it in terms of a graphical model typically leads to a blowup of dimensionality (van
Oostrum et al., 2024; Webb et al., 2018), which forces us to consider smaller recognition
models Q′ for learning with a non-vanishing and even large residual gap. The present work
suggests, on the other hand, that even in this case, the effect on the learning of the primary
objective function D(p∗‖·) can be rather small, if the model is close to being cylindrical.
That opens up a way to define concise recognition models Q′ with limited perturbation of
the primary optimization problem.

Remark 9 In this remark, we outline a way to extend the analysis of the present article
to the general situation where the model M is not assumed to be cylindrical. (Note that
all our results for non-cylindrical models refer to a particular example and are numerical
in nature.) For that, we require the notion of a cylindrical extension M̃ of M. This is a
submodel of P that satisfies the following conditions:

(a) M⊆ M̃, (b) πV (M) = πV (M̃), (c) M̃ is cylindrical.

It is easy to show that any model M in P has a cylindrical extension. For instance, we can
simply consider the set

M̃ = {p ∈ P : πV (p) ∈MV } ,
which is the maximal cylindrical extension of M with respect to set inclusion. We can now
apply Theorem 6 to a cylindrical extension and obtain

dπV

(
gradM̃p D(q‖·)

)
= dπV

(
gradMp D(q‖·)

)
+ dπV

(
grad⊥p D(q‖·)

)
= gradMV

πV (p)D(p∗‖·),

where grad⊥p D(q‖·) denotes the projection of gradM̃p D(q‖·) onto the orthogonal complement

of TpM in TpM̃. This finally gives us the following generalization of (35):

dπV
(
gradMp D(q‖·)

)
= gradMV

πV (p)D(p∗‖·)− dπV
(

grad⊥p D(q‖·)
)
. (37)

Equation (37) suggests a way to establish a relation between the natural gradient of D(q‖·)
and the natural gradient of the primary objective function D(p∗‖·) in the general case, with
no restriction to cylindrical models.

6. Simplification of the Learning in the Extended Space

In this article, we have studied the optimization of a primary objective function defined on
a modelMV , where V denotes the set of visible units. We have compared this optimization
with a corresponding optimization on an extended model M which incorporates hidden
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units. More precisely, the former objective function on MV is the mean evidence, whereas
the latter is given by the evidence lower bound defined on M. We have stated that the
replacement of the primary objective function by a lower bound can greatly simplify the
optimization process. In this section, we are now going to provide an instance of this
simplification in the context of Bayesian graphical models. Such a model is defined in terms
of a directed acyclic graph G = (N,E) with node set N = V ∪ H. The points of the
corresponding Bayesian graphical model, which we denote by PG, are those probability
distributions p in P that factorize according to G, that is

p(x) =
∏
s∈N

p(xs|xpa(s)).

Here, pa(s) denotes the parents of unit s, those units r ∈ N for which (r, s) ∈ E. Typ-
ically, each conditional probability distribution p(xs|xpa(s)), which we interpret as the lo-
cal generative mechanism of unit s, is parametrized in terms of a local parameter vector
θs = (θs,1, . . . , θs,ds), indicated by p(xs|xpa(s); θs). Concatenating all the parameter vectors
θs to one vector θ = (θs)s∈N of size d =

∑
s∈N ds, the overall probability distribution is

parametrized as

pθ(x) := p(x; θ) :=
∏
s∈N

p(xs|xpa(s); θs). (38)

The model M, given by the collection p(·; θ), θ ∈ Θ ⊆ Rd, is a submodel of PG. Whenever
referring to a submodel of a Bayesian graphical model in the following, we mean this kind of
a submodel without explicitly mentioning it. The product structure (38) implies a number of
simplifications which have been discussed in (Ay, 2020). In this article, we add a somewhat
simple but illuminating point to this discussion.

In order to compute the gradient of an objective function in a non-singular point p of
M, we need to project the corresponding gradient in P onto the tangent space TpM of
M in p, in terms of the orthogonal projection Πp. We have encountered this method of
determining the gradient several times in this article. The projection Πp will be particularly
simple, if the tangent space decomposes into orthogonal lower-dimensional spaces. We are
now going to highlight this structure for any submodel M of a Bayesian graphical model.
For θ ∈ Θ, the tangent space ofM in pθ, denoted by TpθM, is typically expressed in terms
of the derivatives

∂s,k(θ) =
∑
x

∂s,k(x; θ) δx,

with

∂s,k(x; θ) :=
∂

∂θs,k
p(x; θ)

= p(x; θ)
∂

∂θs,k
ln p(x; θ)

= p(x; θ)
∂

∂θs,k
ln p(xs|xpa(s); θs). (39)

The vectors ∂s,k(θ), s ∈ N , k = 1, . . . , ds, are clearly contained in TpθM but in general
they need not to span TpθM. To express all elements of the tangent space, we assume
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that the parametrization θ 7→ pθ = p(·; θ) is proper in the sense that the vectors ∂s,k(θ),
s ∈ N , k = 1, . . . , ds, span TθM. On the other hand, assuming a proper parametrization,
we cannot expect these vectors to form a basis of TpθM as they do not have to be linearly
inedependent. For a submodel M of a Bayesian graphical model, however, these vectors
give rise to a natural orthogonal decomposition, which simplifies the projection onto the
tangent space TpθM.

Proposition 10 Let M be a submodel of a Bayesian graphical model, parametrized by θ
(not necessarily by a proper parametrization). Then, for s 6= t, 1 ≤ k ≤ ds, 1 ≤ l ≤ dt, we
have

gFRθ (∂s,k(θ), ∂t,l(θ)) = 0.

Assuming that the parametrization θ 7→ pθ is proper, we obtain an orthogonal decomposition
of the tangent space TpθM into the subspaces

T
(s)
θ M := span{∂s,k(θ) : k = 1, . . . , ds}, s ∈ N.

See Appendix C for a proof.
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Appendix A. Examples of Cylindrical and Non-Cylindrical Models

Example 1: The Independence Model

Let us consider the setting in which P is the set of distributions over two binary nodes s
and t. The state space is given by

X = Xs × Xt,

Xs = Xt = {0, 1},

and we let Xr : X→ Xr, r ∈ {s, t} be the projections. The marginalization map is given by

πV : P → PV ,
p(xs, xt) 7→ p(xt) =

∑
xs

p(xs, xt), (40)

and its differential

dπV : TpP → TπV (p)PV ,

A =
∑
xs,xt

A(xs, xt)δ
(xs,xt) 7→

∑
xt

(∑
xs

A(xs, xt)

)
δxt .
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The vertical and horizontal spaces are given by

Vp = ker dπV

=

{
A ∈ TpP :

∑
xs

A(xs, xt) = 0, xt ∈ Xt

}
= span

{
δ(0,0) − δ(1,0), δ(0,1) − δ(1,1)

}
,

Hp = (ker dπV )⊥

=

{
A ∈ TpP :

A(0, xt)

p(0, xt)
− A(1, xt)

p(1, xt)
= 0, xt ∈ Xt

}
= span

{
p(0, 0)δ(0,0) + p(1, 0)δ(1,0), p(0, 1)δ(0,1) + p(1, 1)δ(1,1)

}
.

(41)

Now we let the model be the independence model, given by

M = {p ∈ P : p(xs, xt) = p(xs)p(xt)}.

s

t

Figure 8: Graph G

This model factorizes over the graph depicted in Figure 8 and can be parameterized as
follows:

p(Xs = 1; θ) = θs,

p(Xt = 1; θ) = θt.

This parametrization gives

pθ = (1− θs)(1− θt)δ(0,0) + (1− θs)θtδ(0,1) + θs(1− θt)δ(1,0) + θsθtδ
(1,1).

The tangent space TpθM is spanned by the parameter tangent vectors given by

∂s(θ) = −(1− θt)δ(0,0) − θtδ(0,1) + (1− θt)δ(1,0) + θtδ
(1,1),

∂t(θ) = −(1− θs)δ(0,0) + (1− θs)δ(0,1) − θsδ(1,0) + θsδ
(1,1).

Note that

∂s(θ) = −(1− θt)
(
δ(0,0) − δ(1,0)

)
− θt

(
δ(0,1) − δ(1,1)

)
∈ Vpθ ,

∂t(θ) = − 1

(1− θt)
(
pθ(0, 0)δ(0,0) + pθ(1, 0)δ(1,0)

)
+

1

θt

(
pθ(0, 1)δ(0,1) + pθ(1, 1)δ(1,1)

)
∈ Hpθ .

Therefore, this model is cylindrical.
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s

t

Figure 9: Graph G

Example 2: Non-Cylindrical Two-Node Model

For the same P and the same πV as in Example 1 (see equation (40)), let us fix a distribution
p̄(xs) and consider the following model:

M = {p ∈ P : p(xs, xt) = p̄(xs)p(xt|xs)},

which factorizes over the graph from Figure 9. This model can be parametrized by

p(Xt = 1|Xs = 0; θ) = θt,1,

p(Xt = 1|Xs = 1; θ) = θt,2.

This parametrization gives

pθ = (1− θt,1)p̄(0)δ(0,0) + θt,1p̄(0)δ(0,1) + (1− θt,2)p̄(1)δ(1,0) + θt,2p̄(1)δ(1,1).

The parameter tangent vectors of TpθM are given by

∂1(θ) = −p̄(0)δ(0,0) + p̄(0)δ(0,1),

∂2(θ) = −p̄(1)δ(1,0) + p̄(1)δ(1,1).

For the intersection of TpθM with Vpθ we have

TpθM∩Vpθ = span

{
1

p̄(0)
∂1(θ)−

1

p̄(1)
∂2(θ)

}
.

Note that this space is only one-dimensional. In order for M to be cylindrical, we would
therefore need that the intersection of TpθM with Hpθ is non-trivial. Let us assume by
contradiction that there exists α, β such that α∂1(θ) + β∂2(θ) ∈ Hpθ . WLOG assume
α = 1. Using the definition of Hpθ from equation (41), we get the following conditions:

−p̄(0)

pθ(0, 0)
= β

−p̄(1)

pθ(1, 0)

and,

p̄(0)

pθ(0, 1)
= β

p̄(1)

pθ(1, 1)
.

Working out these conditions gives β =
1−θt,2
1−θt,1 and β =

θt,2
θt,1

respectively. Therefore, we

conclude that this model is only cylindrical in the points where θt,1 = θt,2 which are exactly
the points for which s and t are independent, and is in general not cylindrical.

27



Ay, van Oostrum and Datar

G

s

t1 t2

G∼

s

t1 t2

Figure 10: (left) Directed graph G; (right) Undirected graph G∼.

Example 3: Non-Cylindrical Three-Node Model

Now, let P be the space of probability measures over the sample space X given by

X = Xs × Xt1 × Xt2 ,

Xs = Xt1 = Xt2 = {0, 1}.
We let Xr : X→ Xr, r ∈ {s, t1, t2} be the projections. The marginalization map is given by

πV : P → PV ,
p(xs, xt1 , xt2) 7→ p(xt1 , xt2) =

∑
xs

p(xs, xt1 , xt2),

and its differential

dπV : TpP → TπV (p)PV ,

A =
∑

xs,xt1 ,xt2

A(xs, xt1 , xt2)δ(xs,xt1 ,xt2 ) 7→
∑

xt1 ,xt2

(∑
xs

A(xs, xt1 , xt2)

)
δ(xt1 ,xt2 ). (42)

The vertical and horizontal spaces are given by

Vp = ker dπV =

{
A ∈ TpP :

∑
xs

A(xs, xt1 , xt2) = 0

}
,

Hp = (ker dπV )⊥ =

{
A ∈ TpP :

∑
xs

A(xs, xt1 , xt2)

p(xs, xt1 , xt2)
(−1)xs = 0

}
.

Now we consider the model given by

M = {p ∈ P : p(xs, xt1 , xt2) = p(xs)p(xt1 |xs)p(xt2 |xs)}.
Note that this model is both equal to the Bayesian graphical model of distributions that
factorise over the graph G, and equal to the distributions corresponding to the Boltzmann
machine with the undirected graph G∼, both in Figure 10. The model can be parameterized
as follows:

p(Xs = 1; θ) = θs,

p(Xt1 = 1|Xs = 0; θ) = θt1,1,

p(Xt1 = 1|Xs = 1; θ) = θt1,2,

p(Xt2 = 1|Xs = 0; θ) = θt2,1,

p(Xt2 = 1|Xs = 1; θ) = θt2,2.
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As in the previous examples, this parametrization gives

pθ = (1− θs)(1− θt1,1)(1− θt2,1)δ(0,0,0) + (1− θs)(1− θt1,1)θt2,1δ(0,0,1)

+ (1− θs)θt1,1(1− θt2,1)δ(0,1,0) + (1− θs)θt1,1θt2,1δ(0,1,1)

+ θs(1− θt1,2)(1− θt2,2)δ(1,0,0) + θs(1− θt1,2)θt2,2δ(1,0,1)

+ θsθt1,2(1− θt2,2)δ(1,1,0) + θsθt1,2θt2,2δ
(1,1,1).

To simplify the ensuing long expressions, we next identify the space of signed measures on
X with R8, where we use the following enumeration of the sample space X:

((0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)).

This gives for example

δ(0,1,0) =



0
0
1
0
0
0
0
0


and pθ =



(1− θs)(1− θt1,1)(1− θt2,1)
(1− θs)(1− θt1,1)θt2,1
(1− θs)θt1,1(1− θt2,1)

(1− θs)θt1,1θt2,1
θs(1− θt1,2)(1− θt2,2)
θs(1− θt1,2)θt2,2
θsθt1,2(1− θt2,2)
θsθt1,2θt2,2


.

The parameter tangent vectors of TpM can similarly be identified as

∂s(θ) =



−(1− θt1,1)(1− θt2,1)
−(1− θt1,1)θt2,1
−θt1,1(1− θt2,1)
−θt1,1θt2,1

(1− θt1,2)(1− θt2,2)
(1− θt1,2)θt2,2
θt1,2(1− θt2,2)
θt1,2θt2,2


,

∂t1,1(θ) =



−(1− θs)(1− θt2,1)
−(1− θs)θt2,1

(1− θs)(1− θt2,1)
(1− θs)θt2,1

0
0
0
0


, ∂t1,2(θ) =



0
0
0
0

−θs(1− θt2,2)
−θsθt2,2

θs(1− θt2,2)
θsθt2,2


,
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∂t2,1(θ) =



−(1− θs)(1− θt1,1)
(1− θs)(1− θt1,1)
−(1− θs)θt1,1
(1− θs)θt1,1

0
0
0
0


, ∂t2,2(θ) =



0
0
0
0

−θs(1− θt1,2)
θs(1− θt1,2)
−θsθt1,2
θsθt1,2


.

We let Bpθ ∈ R8×5 be the matrix with these parameter vectors as columns, i.e.,

Bpθ =

 | | | | |
∂s(θ) ∂t1,1(θ) ∂t1,2(θ) ∂t2,1(θ) ∂t2,2(θ)
| | | | |

 .
In the same spirit as above, the space of signed measures on Xt1×Xt2 can be identified with
R4, where we use enumerate the sample space Xt1 × Xt2 as ((0, 0), (0, 1), (1, 0), (1, 1)). For
example, this gives

δ(1,0) =


0
0
1
0

 .
With the identification of p ∈ P with vectors in R8 and the identification of pV ∈ PV with
vectors in R4, we can identify the map dπp defined in (42) with a matrix J ∈ R4×8 given by

J =


1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1

 .
Note that

dim (TpθM∩Vpθ) = dim (ker JBpθ) .

Similarly, one can derive

dim (TpθM∩Hpθ) = dim
(

ker J̃GpθBpθ

)
,

where

J̃ =


1 0 0 0 −1 0 0 0
0 1 0 0 0 −1 0 0
0 0 1 0 0 0 −1 0
0 0 0 1 0 0 0 −1


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and Gpθ is the matrix representative of the Fisher-Rao metric at pθ, given by

Gpθ =



1/p1 0 0 0 0 0 0 0
0 1/p2 0 0 0 0 0 0
0 0 1/p3 0 0 0 0 0
0 0 0 1/p4 0 0 0 0
0 0 0 0 1/p5 0 0 0
0 0 0 0 0 1/p6 0 0
0 0 0 0 0 0 1/p7 0
0 0 0 0 0 0 0 1/p8


,

with pi = pθ(xi), where xi is the ith element of the sample space X.

In order to show that this model is not cylindrical, we only have to show this for one
specific point. We choose the point θs = θt1,1 = θt2,1 = 1/2, θt1,2 = θt2,2 = 1/3.

For this choice of θ, Bpθ becomes

Bpθ =



−1/4 −1/4 0 −1/4 0
−1/4 −1/4 0 1/4 0
−1/4 1/4 0 −1/4 0
−1/4 1/4 0 1/4 0
4/9 0 −1/3 0 −1/3
2/9 0 −1/6 0 1/3
2/9 0 1/3 0 −1/6
1/9 0 1/6 0 1/6


.

It can be verified that the space ker JBpθ is spanned by the following vectors:
3
0
1
1
0

 ,


3
1
0
0
1

 ,
and is therefore two-dimensional.

Similarly, the space ker J̃GpθBpθ is spanned by
−3/16

9/8
1
0
0

 ,

−3/16

0
0

9/8
1

 ,
and is therefore also two-dimensional. This means that (TpθM∩ Vpθ) ⊕ (TpθM∩Hpθ) is
four-dimensional and therefore unequal to TpθM which is five-dimensional. We therefore
conclude that M is not cylindrical.
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Appendix B. The Natural Versus the Euclidean Gradient of the
Variational Gap

Let us again consider the setting in which P is the set of distributions over two binary nodes
s and t, where t is the visible and s is the hidden node. The state space is given by

X = Xs × Xt,

Xs = Xt = {0, 1}.
Thus, we have the four states (0, 0), (1, 0), (0, 1), and (1, 1) and the corresponding Dirac
measures δ(0,0), δ(1,0), δ(0,1), and δ(1,1). In what follows, we parametrize P in terms of

ϕ : R3 3 θ = (θ1, θ2, θ3) 7→ θ1 δ
(0,0) + θ2 δ

(1,0) + θ3 δ
(0,1) + (1− θ1 − θ2 − θ3) δ(1,1) ∈ P,

where we assume θ1, θ2, θ3 > 0 and θ1 +θ2 +θ3 < 1. To simplify the notation, we abbreviate
1− (θ1 + θ2 + θ3) by θ4. The tangent space of P in ϕ(θ) is spanned by the basis

∂1(θ) =
∂ϕ

∂θ1
(θ) = δ(0,0) − δ(1,1),

∂2(θ) =
∂ϕ

∂θ2
(θ) = δ(1,0) − δ(1,1),

∂3(θ) =
∂ϕ

∂θ3
(θ) = δ(0,1) − δ(1,1).

Application of the differential (14) of the marginalization map πV : P 7→ PV = P{t} gives
us

dπV (∂1(θ)) = δ0 − δ1,
dπV (∂2(θ)) = 0,

dπV (∂3(θ)) = δ0 − δ1.
Here, δ0 and δ1 denote the Dirac measures of the states 0 and 1 of the visible node t. The
Fisher information matrix G(θ) with components gFR(∂i(θ), ∂j(θ)) is given as

G(θ) =
1

θ4


θ4
θ1

+ 1 1 1

1 θ4
θ2

+ 1 1

1 1 θ4
θ3

+ 1

 ,
with inverse

G−1(θ) =

θ1(1− θ1) −θ1θ2 −θ1θ3
−θ2θ1 θ2(1− θ2) −θ2θ3
−θ3θ1 −θ3θ2 θ3(1− θ3)

 . (43)

Given a differentiable function L : P → R, we set

∇L(θ) : =


∂L ◦ ϕ
∂θ1

(θ)

∂L ◦ ϕ
∂θ2

(θ)

∂L ◦ ϕ
∂θ3

(θ)


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and

∇̃L(θ) : = G−1(θ)∇L(θ).

The Euclidean gradient with respect to the standard inner product in R3 is given by

3∑
i=1

[∇L(θ)]i ∂i(θ),

whereas the natural gradient involves the Fisher information matrix:

3∑
i=1

[
∇̃L(θ)

]
i
∂i(θ).

Learning based on the Euclidean gradient ascent method follows the update rule

θm+1 = θm + ε · ∇L(θm), m = 0, 1, 2, . . . , (44)

whereas the natural gradient method suggests

θm+1 = θm + ε · ∇̃L(θm), m = 0, 1, 2, . . . . (45)

One could apply these iteration rules, for instance, to maximize the evidence and its lower
bound, respectively. This article suggests that the replacement of the evidence by its lower
bound will have a less “visible” effect if we use the natural gradient iteration rule (45) in
comparison with the Euclidean iteration rule (44). This can be formally studied by mapping
the gradient of the variational gap via the differential dπV . In what follows, we evaluate
the Euclidean as well as the natural gradient of GAPq := GAP(q, ·), defined by (9). After
some straightforward calculations, we obtain

[∇GAPq(θ)]1 =
p∗(0)

θ1 + θ3
− p∗(1)

θ2 + θ4
− p∗(0)q(0|0)

θ1
+
p∗(1)q(1|1)

θ4
,

[∇GAPq(θ)]2 = −p
∗(1)q(0|1)

θ2
+
p∗(1)q(1|1)

θ4
,

[∇GAPq(θ)]3 =
p∗(0)

θ1 + θ3
− p∗(1)

θ2 + θ4
− p∗(0)q(1|0)

θ3
+
p∗(1)q(1|1)

θ4
.

With the inverse of the Fisher information matrix, (43), this yields[
∇̃GAPq(θ)

]
1

=

(
p∗(0)

θ1 + θ3
− p∗(1)

θ2 + θ4

)
θ1(θ2 + θ4)− p∗(0)q(0|0) + θ1,[

∇̃GAPq(θ)
]
2

= −
(
p∗(0)

θ1 + θ3
− p∗(1)

θ2 + θ4

)
θ2(θ1 + θ3)− p∗(1)q(0|1) + θ2,[

∇̃GAPq(θ)
]
3

=

(
p∗(0)

θ1 + θ3
− p∗(1)

θ2 + θ4

)
θ3(θ2 + θ4)− p∗(0)q(1|0) + θ3.
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Mapping the Euclidean gradient with dπV yields

dπV

(
3∑
i=1

[∇GAPq(θ)]i ∂i(θ)

)
=

3∑
i=1

[∇GAPq(θ)]i dπV (∂i(θ))

=
(
[∇GAPq(θ)]1 + [∇GAPq(θ)]3

)
(δ0 − δ1).

The same formula holds for the natural gradient where we simply replace ∇ by ∇̃. Thus, in
both cases we can analyze whether the image of the gradient under dπV vanishes by simply
adding the respective first and third components. Let us begin with the natural gradient:[

∇̃GAPq(θ)
]
1

+
[
∇̃GAPq(θ)

]
3

=

(
p∗(0)

θ1 + θ3
− p∗(1)

θ2 + θ4

)
θ1(θ2 + θ4)− p∗(0)q(0|0) + θ1

+

(
p∗(0)

θ1 + θ3
− p∗(1)

θ2 + θ4

)
θ3(θ2 + θ4)− p∗(0)q(1|0) + θ3

=

(
p∗(0)

θ1 + θ3
− p∗(1)

θ2 + θ4

)
(θ1 + θ3)(θ2 + θ4)−p∗(0)q(0|0)− p∗(0)q(1|0)︸ ︷︷ ︸

−p∗(0)

+θ1 + θ3

= p∗(0)(θ2 + θ4)− p∗(1)(θ1 + θ3)− p∗(0) + θ1 + θ3

= p∗(0)−p∗(0)(θ1 + θ3)− p∗(1)(θ1 + θ3)︸ ︷︷ ︸
−(θ1+θ3)

−p∗(0) + θ1 + θ3

= 0.

This exemplifies our core result (34) in terms of local coordinates. The same calculation for
the Euclidean gradient does not lead to this result. Thus, generically we have

[∇GAPq(θ)]1 + [∇GAPq(θ)]3 6= 0.

Appendix C. Proof of Proposition 10

Proof [Proof of Proposition 10] Without loss of generality, we identify the unit set N with
the set {1, . . . , n}, n = |N |, in a way that is consistent with the graph G = (N,E). That
means, whenever i ∈ pa(s) we have i < s. Note that such an identification is always possible
for a directed acyclic graph. Furthermore, we assume s < t. Then:

gFRθ (∂s,k(θ), ∂t,l(θ))

=
∑
x

1

p(x; θ)
∂s,k(x; θ) ∂t,l(x; θ) (by (11))

=
∑
x

1

p(x; θ)
(by (39))

×
(
p(x; θ)

∂

∂θs,k
ln p(xs|xpa(s); θs)

)(
p(x; θ)

∂

∂θt,l
ln p(xt|xpa(t); θt)

)
=

∑
x

p(x; θ)
∂

∂θs,k
ln p(xs|xpa(s); θs)

∂

∂θt,l
ln p(xt|xpa(t); θt)
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=
∑
x

∂

∂θs,k
ln p(xs|xpa(s); θs)

t∏
i=1

p(xi|xpa(i); θi)
∂

∂θt,l
ln p(xt|xpa(t); θt)

×
n∏

i=t+1

p(xi|xpa(i); θi)︸ ︷︷ ︸
=1

=
∑

x1,...,xt

∂

∂θs,k
ln p(xs|xpa(s); θs)

t∏
i=1

p(xi|xpa(i); θi)
∂

∂θt,l
ln p(xt|xpa(t); θt)

=
∑

x1,...,xt−1

∂

∂θs,k
ln p(xs|xpa(s); θs)

∑
xt

t∏
i=1

p(xi|xpa(i); θi)

× ∂

∂θt,l
ln p(xt|xpa(t); θt)

=
∑

x1,...,xt−1

∂

∂θs,k
ln p(xs|xpa(s); θs)

t−1∏
i=1

p(xi|xpa(i); θi)
∑
xt

p(xt|xpa(t); θt)

× ∂

∂θt,l
ln p(xt|xpa(t); θt)

=
∑

x1,...,xt−1

∂

∂θs,k
ln p(xs|xpa(s); θs)

t−1∏
i=1

p(xi|xpa(i); θi)
∂

∂θt,l

∑
xt

p(xt|xpa(t); θt)

=
∑

x1,...,xt−1

∂

∂θs,k
ln p(xs|xpa(s); θs)

t−1∏
i=1

p(xi|xpa(i); θ)
∂

∂θt,l
1

= 0.

References

Shun-ichi Amari. Natural gradient works efficiently in learning. Neural computation, 10(2):
251–276, 1998.

Shun-ichi Amari. Information geometry and its applications, volume 194. Springer, 2016.

Shun-ichi Amari and Hiroshi Nagaoka. Methods of information geometry, volume 191.
American Mathematical Soc., 2000.

Nihat Ay. On the locality of the natural gradient for learning in deep Bayesian networks.
Information Geometry, pages 1–49, 2020.

Nihat Ay and Shun-ichi Amari. A novel approach to canonical divergences within infor-
mation geometry. Entropy, 17(12):8111–8129, 2015. ISSN 1099-4300. doi: 10.3390/
e17127866. URL https://www.mdpi.com/1099-4300/17/12/7866.

35

https://www.mdpi.com/1099-4300/17/12/7866


Ay, van Oostrum and Datar
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