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Abstract

We provide the first known algorithm that provably achieves e-optimality within O(1/¢)
function evaluations for the discounted discrete-time LQR problem with unknown param-
eters, without relying on two-point gradient estimates. These estimates are known to be
unrealistic in many settings, as they depend on using the exact same initialization, which is
to be selected randomly, for two different policies. Our results substantially improve upon
the existing literature outside the realm of two-point gradient estimates, which either leads
to O(1/e?) rates or heavily relies on stability assumptions.
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1. Introduction

The Linear-Quadratic Regulator (LQR) has been used as a benchmark in optimal control
theory since the sixties, see Lee and Markus (1967). The key distinguishing property of
LQR problems is that the optimal controller is linear and can be fully characterized by
the celebrated Riccati equation (Bertsekas, 1995). Naturally, with the recent increase in
interest in model-free and data-driven methods, the study of LQR problems has resurfaced
in the literature in scenarios where the model parameters are unknown and either need
to be estimated, or model-free strategies need to be used. Even though such settings fall
within the realm of adaptive control, the majority of classical studies addressing this issue
have concentrated on system identification or examining asymptotic outcomes (Lai and Wei,
1982; Chen and Guo, 1987; Chen and Zhang, 1990; Campi and Kumar, 1998; Bittanti and
Campi, 2006).

Recently, the problem has been examined from a machine learning standpoint in both on-
line and offline contexts. In online settings, least-square estimators have been demonstrated
to achieve sublinear regret. This area has seen extensive research focusing on the details of
these estimations (Abbasi-Yadkori and Szepesvari, 2011; Cohen et al., 2019; Mania et al.,
2019; Akbari et al., 2022; Simchowitz and Foster, 2020). This paper focuses on the offline
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setting and builds on a sequence of breakthrough results through a reinforcement learning
lens, starting with Fazel et al. (2018). By establishing a gradient domination/Polyak-
Lojasiewicz property, the results of Fazel et al. (2018) first demonstrate that exact gradient
descent, in the model-based case, converges to the global optimal solution, despite the
non-convex landscape of the LQR problem under study. Using this and in the model-free
settings, gradient estimations are derived from samples of the cost function value, leading
to policy gradient methods. For the undiscounted discrete-time LQR under the random
initialization setting, global convergence guarantees are provided using so-called one-point
gradient estimates. As also explicitly pointed out in later work by Malik et al. (2020), the
convergence rate for obtaining an e-optimal policy established in Fazel et al. (2018) is only
of the order O(1/*) in zero-order evaluations. Note that by zero-order methods, we mean a
setup where gradients are not available and can only be approximated using samples of the
function value. The two most common such methods in the LQR problem are the one-point
and two-point estimates where the former is obtained from a single function evaluation and

the latter from two different such evaluations!.

The next significant development related to our work is presented in Malik et al. (2020),
which considers the discounted discrete-time LQR and employs zero-order methods for
gradient estimation. For the essential case of one-point gradient estimation, an enhanced
analysis is proposed. This analysis does not rely on stability assumptions (i.e., it does not
assume a priori that the policies remain stable throughout the algoritllm), yet improves
the convergence rate reported in Fazel et al. (2018) from O(1/e*) to O(1/£2). Remark-
ably, with a two-point gradient estimate, e-optimality can be achieved using only O(1/¢)
function evaluations. Similar findings are reported in Mohammadi et al. (2022), which are
somewhat restrictive in terms of scaling of probability bounds with respect to dimensions.
The substantial improvement in Malik et al. (2020) stems from the application of sharp
probabilistic estimates on stability regions using martingale techniques, a method we also
heavily rely on. It should be noted that in both mentioned works, a constant learning rate
is employed for the policy update. Interestingly, it is not difficult to observe that there is
no advantage in using time-varying learning rates when the technique developed in Malik
et al. (2020) is applied directly.

It is worth pointing out the literature related to the discrete-time LQR problem with
time-average cost. For instance, Yang et al. (2019) employs an actor-critic approach to
achieve a sample complexity of O(1/£%). Similarly, using actor-critic methods, Zhou and Lu
(2023) demonstrates that a sample complexity of O(1/¢) is achievable, assuming almost sure
stability and boundedness of the policy size throughout the algorithm. However, assuming
boundedness is often unrealistic, and assuming stability is even less so, given the system’s
inherently noisy dynamics. For example, this issue is echoed in the recent work by Ju et al.
(2023), which presupposes the boundedness of policies at every iteration.

As part of our contributions, and somewhat inspired by REINFORCE (Williams, 1992;
Sutton et al., 1999), we propose a different gradient estimate scheme. Our approach relies on
a new take on using policy gradient for gradient estimation based on appropriate sampling
of deterministic policies, and only requires a single noisy cost evaluation, unlike two-point
methods that require two evaluations under an identical noise realization (Malik et al., 2020).

1. We give the formal definitions of these estimates in equations (7) and (8).
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We are able to achieve high-probability upper bounds on our gradient estimations using
moment concentration inequalities. Coupled with the adoption of time-varying learning
rates, our methodology enables us to reach a O(1/e) convergence rate, circumventing the
need for two-point gradient estimations.

Similar to Malik et al. (2020), our gradient estimate relies on an oracle that returns
noisy zero-order evaluations of the cost function. Moreover, we assume access to a single
state observation drawn randomly from the discounted state distribution. We consider this
assumption milder than that of Dean et al. (2020), which requires access to an entire state
trajectory, or Malik et al. (2020), whose two-point method implicitly assumes the ability to
both observe and select a specific random initial state for a second policy rollout-something
that is rarely feasible in realistic systems.

2. Problem Statement

We start with a few mathematical notations that will be used throughout. For arbitrary
matrix M € R™*" we use ||M||, ||M||F, and omin(M) to denote the 2-norm, Frobenius
norm, and the minimum singular value of M respectively. In addition, for a square matrix
M € R™" p(M) denotes the spectral radius of M, tr(M) the trace of M, and K (M) the
Kreiss constant of M:

K(M) = suwp (Jz| = 1)[(zI = M)7".

|z|>1,z€C

We also use (M, M) := tr(M, M) to denote the inner product of the matrices My, Mo €
RmXTL'

Let us now define the problem under study. We consider the discrete-time infinite-
horizon discounted LQR problem

minE Z'ytct st. w1 = Axy + Bug + 2, (1)
t>0

where x; € R"™ is the system state at time ¢, initialized (deterministically or randomly) at
xo; ur € R™ is the control input at time ¢; and z; € R™ is the additive noise of the system
at time t. The stage cost is defined as

c = a;tTth + utTRut,

where () € R™™ and R € R™*™ are positive-definite matrices that parameterize the
quadratic costs. The system matrices are A € R™™ and B € R™ . In most of what
follows, we assume that the pair (A, B) is controllable.

As noted above, randomness is introduced in two different ways in the above problem
formulation: through the initialization or as an added disturbance to the dynamics. This
has led to two separate scenarios considered in the literature:

e Random initialization: where it is assumed that the additive noise z; is zero for all
t > 0, and that the initial state xg is randomly chosen from an initial distribution Dj.
Given the initial state xg, we let Cinit,y(K;20) be the random variable representing
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the cost of implementing the linear policy K € R™*" i.e., choosing u; = —Kux; for
t > 0, from the initial state xq:
o
Clnlt K; xO nyt th + UIRut), (2)
t=0

where 0 < v <1 is the discount factor, and the dynamics is given by (1) with z; = 0.
That is, in this case the trajectories satisfy the dynamics

Tiy1 =Axy + Buy,
U = — KCEt- (3)

Naturally, the objective is to minimize the population cost defined as
Cinit (K) = By, [Cinit (K5 70)]
over choices of the policy K.

Noisy dynamics: where it is assumed z; is drawn i.i.d. for each ¢ from a distribution
D.ad, and that the initial state x¢ is set deterministically to zero. Given a sequence of
random variables Z = {2 }>0, we let Cqyn (K; Z) be the random variable representing
the cost of implementing the linear policy K on a system where the additive noise is
drawn from Z, i.e.,

Cayn(K; 2) Z Y (x) Qry + ul Ruy),

where we have set £y = 0, the dynamics is given by (1) with u; = —Kx; for each t > 0,
and 0 < v < 1 is the discount factor. In contrast to the random initialization setting,
the discount factor in this setting obeys v < 1 to prevent the cost from diverging to
infinity for all K due to the accumulation of noise over time. Once again, the objective
is to minimize the population cost

Cayn(K) = E2~D§dd [Cayn (K Z)].

By classical results in optimal control theory (Kalman et al., 1960; Lee and Markus,

1967), the optimal controller in both cases is linear and can be expressed as u; = —K*x;
where t > 0 and K* € R™*" is the controller gain, and can be explicitly computed. When
the system matrices are known, which is not the case in this paper, the policy K* can be
derived as follows

K*=+v(R+~+yB"PB)"'BTPA,

where P denotes the unique positive definite solution to the discounted discrete-time alge-
braic Riccati equation (Bertsekas, 1995):

P=~ATPA—-~+*A"PB(R+~B"PB)"'B"PA+Q.
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Throughout this paper, we closely follow the notation and terminology that is introduced
in the seminal work of Malik et al. (2020). To start, for a random variable v ~ D where
D € {Dy,Dada}, we assume that

E[v] =0, E[pv'] =1, and |[v]|?> < Cp, a.s. (4)

where as per usual, “a.s.” refers to almost surely. The assumption on the covariance being
identity is without loss of generality, see Malik et al. (2020). Moreover, it is noteworthy
to mention that using the definition (2) with the trajectories following (3), the cost for the
random initialization setting can be rewritten as

Cinit (K5 20) = ¢ P20, (5)
where Pk is the symmetric positive semi-definite solution to the fixed point equation:
Px =Q+ K'RK +~(A - BK)' Px(A — BK).
Consequently, it also holds that

Cinit (K) = Egyupy [Cinit (K5 20)]
= ]E:BONDO [x(—l)—PK:EO]
= Eqoy [tr(Preozg )]
= tr(PrEsonny[roq )
@
D tr(Py), (6)
where (i) follows from assumption (4) on the randomness. Although this formulation is
stated for the cost under the random initialization setting, it turns out that the two costs
are essentially equivalent when the respective systems are driven by noise with the same
first two moments, in the sense that is shown in Lemma 4 to follow. For this reason, we
focus on the random initialization scenario henceforth.

Let us now state the problem that we consider throughout this paper. We recall here
that we assume that the pair (A, B) is controllable, however, unknown. A policy K is said
to stabilize the system (A, B) if we have p(A — BK) < 1. Note that by the controllability
assumption, there exists some policy K satisfying the condition p(A — BK) < 1. Further-
more, we assume access to some stable policy Kj; this is a mild assumption that can be
satisfied in a variety of ways; we refer the reader to Fazel et al. (2018); Dean et al. (2018).
We use Ky to initialize our algorithms, which we shortly introduce.

With this in mind, the main objective of this paper is to find an e-optimal policy K,
i.e., one satisfying

Cinit (K) — Cinit (K™) < ¢,

where K* is an optimal policy. The proposed scheme in the literature crucially involves
forming an estimation of the gradient of the cost function (2), which is then used for a
gradient update with an appropriate learning rate.
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To make our later comparisons precise and to clarify the discussions emphasized earlier,
we now recall the standard forms of the one-point and two-point estimates. The one-point
estimate at a policy K € R™*"™ is computed as

g}«(K) := Cinit (K 4+ 7U; x0) - @ U, (7)

for a smoothing radius r € R and a random matrix U € R"*" drawn uniformly over
matrices with unit Frobenius norm. The two-point estimate instead uses

E(K) = [Cinit (K + rU; 20) — Cinit (K — rU; 20)] - ”2%7 U, (8)

which requires cost evaluations under two different policies, K 4+ rU and K — rU, with
respect to the same initial condition zg. This is often unrealistic in practice, since xq is
typically random and not something the algorithm can choose or reproduce across rollouts.
The estimator we propose later avoids this assumption and instead works by just using a
single noisy cost evaluation along one perturbed trajectory.

In accordance with this, we present an algorithm here, displayed as Algorithm 1, where
we use an estimate inspired by the REINFORCE method (Williams, 1992; Sutton et al.,
1999) with a time-varying learning rate to achieve e-optimality. Below, we present a brief
roadmap of the key contributions and supporting arguments developed in this paper.

Lomma 11 Lemma 12
{ (stability guarantees) ]—) (probabilistic bounds
(.

on the estimate)
J
7

Proposition 9 Lemma 13 Theorem 15
{ (unbiasr;d estimate) (estimate bias condi- (main conver-
tioned on bounded size) gence statement)
~ J

(regularity properties)

L Lemmas 2, 3

Figure 1: Roadmap of the main technical results.

In this diagram, we omit most intermediate steps and highlight (in bold) the main com-
ponents that the convergence theorem ultimately depends on. Among these, Lemma 12
and Proposition 9 are the core novel contributions of this paper. The regularity properties
(Lemmas 2, 3), which we will discuss in detail in the next section, are adapted from prior
work Malik et al. (2020) and included here for completeness.
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2.1 Regularity Properties

We introduce some notations related to the regularity properties of the cost functions; these
will play a crucial role in some of our bounds; the next few results are borrowed from Malik
et al. (2020).

Lemma 1 (LQR cost is locally Lipschitz) (Malik et al., 2020, Lemma 4) Given any
linear policy K with finite cost, there exist positive scalars (g, );(, CKr), depending on the
function value Cinit (K), such that for all policies K' satisfying |K' — K||rp < (x, and for
all initial states xy, we have

|Cinit (K') — Cinit (K)| <Ak ||K' — K||F, and
|Cinit (K5 20) — Cinit (K 20)| <Ak ||K' — K| p.

Lemma 2 (LQR cost has locally Lipschitz gradients) (Malik et al., 2020, Lemma 5)
Given any linear policy K with finite cost, there exist positive scalars (Bk, ¢x), depending
on the function value Cinit(K), such that for all policies K' satisfying |K' — K ||p < Bk, we
have

| VCinit (K') — VCinit(K)||F < ¢k || K" — K||p.

Lemma 3 (LQR satisfies PL) (Malik et al., 2020, Lemma 6) There exists a universal
constant g > 0 such that for all stable policies K, we have

IV Cinit () 1% > paigr (Cinit (K) — Cinie () , 9)
where K* is a global minimizer of the cost function Cinit.

For the sake of exposition, these properties are stated here without specifying the vari-
ous smoothness and PL constants. The explicit expressions for {A\x, Ak, ¢, Br, Cis fligr }
in terms of the parameters of the LQR problem are provided in Malik et al. (2020, Ap-
pendix A). Remark 5 to follow will provide further elaboration on these parameters as
well.

Lemma 4 (Equivalence of population costs up to scaling) (Malik et al., 2020, Lemma 7)
For all policies K, we have

Cdyn(K) = %Cinit(K)-

This result shows that the noisy dynamics and random initialization population costs
behave identically when their respective sources of randomness have the same first two
moments. Therefore, we focus on the random initialization cost from now on and remind
the reader that C(K) := Cinit(K) for ease of notation.

We define the set

G .= {K | C(K) — C(K*) < 10C(Kp)}. (10)
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Since C is ((x, Ak) locally Lipschitz and (8k, ¢k ) locally smooth, both properties hold
simultaneously within a Frobenius norm radius wy := min{fg, (x} of a point K € Glor,
We define the quantities

Plqr == SUp Pk, Agr := sup Ag, and wyg = inf wg.
Keglar Keghar Keglar

It is noteworthy to mention that these values are non-zero and finite, and their explicit
formulation is provided in Malik et al. (2020, Appendix A), see Remark 5 to follow for
further clarification.

Observe that by the definition of these quantities, one can immediately show that for
any K € G and K’ € R™*" such that || K’ — K||p < wiq, we have that

IC(K") — C(K)| <Nl K" — K[, and

Remark 5 We now describe how to specify the set of parameters { A, );(, oK, Brc, Cey Mg ;
in our setting. We start by recalling that a set of parameters {cx,, ¢k, ..., Ck,} is defined
in Malik et al. (2020, Appendix A), which notably depend on C(K). Subsequently, by
replacing said C(K) with supgegiar C(K), they obtain a set of constants {ck;,ck;, -, CKx,}
which are independent of K. For ease of access for the reader, we point out that

Wiqr = CKy, (z)lqr = CKy» and )\lqr = CKg-

Moreover, it holds that max{||K||, |VC(K)|r} < cg, for any K € G see Malik et al.
(2020, Appendix A) and Fazel et al. (2018, Lemma 22). Note that the only required

modification in the values of ¢k, ¢k, ..., K, for our case is having 10C(Ky) + C(K*) as
supgegiar C(K) instead of Malik et al. (2020)’s 10C(Ko) — 9C(K*), due to the difference in
our definition of G'% in (10). o

We now provide an informal statement of our main result, which shows that our proposed
algorithm obtains an e-optimal policy after 6(1 /¢e) iterations. As we outline precisely later,
this algorithm forms an estimate %(Kt) of the gradient at a given time ¢ and updates the
policy K; with a time-varying learning rate ay.

Theorem 6 (Informal Statement of Our Main Result): If the step-size is chosen as
oy = C’ﬁ with N “large enough”, i.e., N ~ O ((log %)3/2) for any chosen &, and C being
a known constant, then after T = O (%(log%)3/2) iterations, provided the discount factor
exceeds a constant threshold strictly less than 1, we have that

C(K7) — C(K*) < ¢

with a probability of at least 4/5 — 6T. In particular, choosing & proportional to 1/T, we
attain C(Kr) — C(K™*) with a constant probability with a sample complexity of O (1/¢).

A precise version of this result is given later in Theorem 15, with the corresponding
algorithm formally stated in Algorithm 1.
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Let us first point out that this result substantially improves the ones in the literature
by achieving a O(1/¢) rate without any additional assumptions. The best previous result
achieves a convergence rate of O(1/¢2) (Malik et al., 2020) in this setting. Indeed, O(1/¢)
rates were only available using so-called two-point estimates which re-use randomness (e.g.,
require being able to initialize the system at a given xy). Note that the limitations of this
assumption become especially evident in the noisy dynamics setting, where access to cost
evaluations of two different policies is required under the exact same infinite sequence of
additive noise. This is significantly more restrictive than in the random initialization setting,
which only requires matching a single random variable—mnamely, the initial condition. In
both cases, however, this coupling is difficult to realize in practice, as one must have perfect
control over a simulator to use such estimates; one cannot implement them for black-box
systems with unknown dynamics which need to learn in the real world, for example. In
contrast, our result only uses gradient estimates with a single zero-order evaluation at each
step.

We now begin the process of collecting the essentials needed to articulate our theorem
precisely and to prove this result, beginning with a fresh examination of the policy gradient
that we employ for gradient estimation.

3. Policy Gradient

Most formulations of the policy gradient require probabilistic policies; in contrast, as can be
seen in (3), we have used a deterministic policy given by u; = — K. To remedy, we use a
control input u;, to be defined shortly, where t is sampled at random from the distribution
pry(t) :== (1 — v)~*, where t € {0,1,2,---}. Keeping this in mind, we now compute

= 1
VC(K) := GQK(ﬂii,ui)vK log mx (ug]x;), (11)
where the control input u; is drawn from the Gaussian distribution N (—Kuz;,021,,) for

some ¢ > 0 only for the selected iteration ¢, and z;=(A—-BK )ixo with zg ~ D as before.
Note that

By, [VO(R)| = 30 4Q" (e, ) Vi log mac (ul),
t=0

where ) .
(up+Kxy)  (up+Kay)
Tr(uley) = ———————e ™z, (12)
(2m)m(a?)m

and

QY (w4, wy) := x) Quy + ) Ruy 4 yCinit (K 2441)
= x;rQ:ct + u;rRut + ¥Cinit (K; Azy + Buy)

D 2] Qe+ ] Rus +~(Az; + Bup) " Pc(Ay + Buy), (13)

where (i) is on account of (5). Note that we can also rewrite u; ~ N'(—Kux;, 0%1,,) as

up = —KJI{ + oy, (14)
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where 7; ~ N(0, I,;,). Moreover, we have the following lemma to provide an alternative way
of representing (11).

Lemma 7 The gradient estimate in (11) can be modified to get

%(K) = — QK(a:tA, —Kax; + 0775)7753:;. (15)

o(l—7)

Proof Following (11), we have that

—~ 1
VC(K) :ﬁQK(fEia ug)V e log me (ug|z;)

@ 1 (u + Kap) T (u; + K l‘f))

= Q" (x4,uy) Vi <—

1—7 202
_ 1 QK(SC )V _u;ui—l—ng—K:ctA—f—J:gKTKxf

1—7 ot 202

1 X tr (2:U£U£TK) +tr (mix;KTK>
=1_~ ny (x,up) Vi | — 53 , (16)
where (i) follows from (12). Now note that
-
Vi tr (2x£utATK> =Vgtr <<2ut:n:> K> =Vk <2u£xg, K> = 2u£$;, (17)

and
Vi tr <:):£xtTKTK) =V, tr (xngTKTK}) + Vg, tr (:vt:c:KQTK)
T
=V, tr <<Kmtx:> K1> + Vi, tr (KQT (Kacg:j))

=V, <Ka:£x;,K1> + Vk, <legmg,K2>
=2Ku;x] . (18)

As a result, combining (17) and (18) with (16) yields

F20) = @) (51 (20 )

L=y
ZLQK(% uz) <—W1’Z)
Q_ 0(11_7)621{(5057 —Kx; + o))
where (i) follows from (14). This finishes the proof. [ ]

We now provide the following remark on the computation of Q* (g, uz).

10
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Remark 8 The Q-function in (15) represents the cost-to-go from time step t. Using the
quadratic stage cost ¢y 1= x;ert + u;rRut, we can write

0o
QK(xfa uf) = Z ’Ytitcta
t=t

where the dynamics follow (3) with control

—Kaxy +ong, ift=t,
U =
! —Kay, otherwise,

and g ~ D. This is analogous to the zero-order oracle in Malik et al. (2020), which
computes

C(K;xo) := Z’ytct with uy = —Kx.
t=0

Accordingly, we also assume access to an oracle that returns a single noisy evaluation of
such costs under the given policy.

Taking the alternative formulation of our gradient estimate provided in Lemma 7 into
consideration, we introduce the algorithm

Algorithm 1 LQR with Policy Gradient

1: Given iteration number 7" > 1, initial policy Ky €

size ap > 0

2: for t € {0,1,..., 7 — 1} do

3: Sample zg ~ D, t ~ ., and n; ~ N(0, I,5,)
4 Simulate K; for t steps starting from zo and observe ;.
5: Up < —Kt.ff + on;
) Y
7

R™*" noise parameter o, and step

VC(Ky) = — iy QF (w7 u5)

: Kt+1 +— K; — Oét@(Kt)
return Kp

Before we state the next result, note that one can compute
o0
VC(K) =2((R+ vB"PgB)K — yB" Pk A)Eyyp [Z V] ] ; (19)
t=0

a proof can be found in Fazel et al. (2018) for the undiscounted case, where v = 1, and
in Malik et al. (2020) for the discounted case. The following proposition plays a key role in
our constructions.

Proposition 9 Suppose u; ~ N (—Kz;, o2I,,) as before. Then for any given K,
E[VC(K)] = VC(K).

11
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Proof Following (15),
E[VC(F)

= Efwuw |:E1’0~D |:E77£~./\/'(0,Im) [@(K)‘ﬂ xO}

v i ] |

Eiep, [Ewa |:_02(1_,Y)En£~j\/'(0,lm) [Q(z;, —Kx; + on;) (o) |E, z0] 2;

i

—~
=

]
] =

where (i) follows from x; being determined when given zy and #, and (ii) from Stein’s
lemma (Stein, 1981). Using (13), we compute

ii 1 .
@ ‘t, aco] xtT

= 7E£~Nw [ExOND —VMQK(xtj,u)

u=—Kx;+on;

1=~ BN (0,10)

VuQ" (z,u) =V, (ngQxf +u' Ru+~(Az; + Bu) ' Pg(Ax; + Bu))
=2Ru + 2yB" P Bu + 2yB' Pg Ax;,

which evaluated at u = —Kux; + on; yields

VuQX (z;,u) —9 ((R + BT PiB)(—Kz; + ong) + VBTPKA@) .

u=—Kx;+on;

Substituting in (20), we obtain

E[VC(K)]
1 )
= ﬁEtANMW |:Ex0~D |:2 ((R + ’YBTPKB)K — fyBTPKA) l’{l’; t:|:|
-2 g ((R+ BTPxB)K — 4B P, A) (A — BK)'E,, plzoz] ] ((A _ BK)E)T
= 1= B, vB' Py vB' Pk 2o~D[Z0Zg
—9 ((R +vBT Pk B)K — yBTPKA) 3" 4(A — BE)'Eqy~plaoad] (A~ BE))'
t=0

1

—
=

ST MA - BE) zoxg ((A - BK)t)T]
t=0

2 ((R +yBTPgB)K — 7BTPKA) o

22 ((R+7BTPkB)K — 4B PicA) By [Z Vo]
t=0

W ve(x),

where (i) is done by employing the linearity of expectation along with replacing £ by t as
it is just a sum variable from that equation forward, (ii) is due to z; = (A — BK)'xg, and

(iii) follows from (19). [ |

12
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Remark 10 (Extension beyond LQR) ? The construction in (15) is not automatically
restricted to linear-quadratic control, but instead relies on the following assumption on the
Q-values which is satisfied in the LQR setting. Suppose the action-value function satisfies

Q"(s,a) =a"H(s)a+ b(s) a+c(s) (21)

with H(s) = H(s)! € R™™. Then V,Q"(s,a) = 2H(s)a + b(s) is affine in a. Let
N(0, I,), ndependent of s, and write ag(s) = pg(s). For f(n) = Q*(s,ag(s) + on) we
have Vo f(n) = o VaQ"(s,a0(s) + on). Stein’s lemma (Stein, 1981) yields

Ey [nf ()] = En [Vof (0)] = 0 Eo[VaQ" (5, a0(s) + )] = 0 VaQ" (s, ag(s)),

where the last equality uses linearity of the integrand in a. Hence

E [0 Q" (s,a0(s) + on)n] = VaQ" (s, aq(s)).
Combining this with the deterministic policy gradient of Silver et al. (2014, Theorem 1),
Vo (0) = Esnpr[Voro(s)' VaQ"(s,0)] ,_,. (o)
gives the unbiased estimator
VJI(0) = Voug(s) (071 Q" (s, ag(s) + on) ], s~ ptn~N(0, Ly).
Linear actor: If ag(s) = Os, then Vgag(s) = I,,®@s', so that

Voag(s)' VaQ"(s,a) = (In,® 8) VaQ*(s,a) = vedVoQ*(s,a)s'],

using the identity (I, ® s)u = vec(us'). Unvectorising recovers the familiar matriz form
Vol (0) = Esupm[VaQ"(s,a)s"], and the estimator in (15) follows by substituting the
Stein-based replacement for V,Q".

It may therefore be possible to extend the gradient estimators discussed here beyond the
LQR setting by establishing that equation (21) holds (perhaps approzimately) for various

classes of nonlinear systems.

Before moving on to the next result, we define the undiscounted cost

o

Cund(K) = EIQND Z( QZIJt + uy R’U,t) s
t=0

subject to (3).

2. Notation in this remark follows Silver et al. (2014) rather than the LQR-specific symbols used elsewhere in
the paper: s€S is the state, a € R™ the action, g the (deterministic) policy, p* the (improper) discounted
state distribution, @Q* the action—value function, J(0) = E[Zt>0 'ytrt] the performance objective, and
n ~ N(0, I,) the Gaussian exploration noise.

13
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Lemma 11 Suppose K is stable and suppose that

76(1—‘7“”@),1)

11Cyna(Ko)

Then

Omin Q)
A — BK) ;
ap f\/ 10C(Ko) + C(K*)’

in particular, the set G4 in (10) only contains stable policies.

(22)

This result shows that this assumption on ~ ensures stability of the policies in the G'9 set.
When ~ is small, the cost becomes heavily concentrated on early time steps and places

less emphasis on the asymptotic behavior, which can lead to the optimal policy being
unstable (Postoyan et al., 2017, Example 1). The assumption on « serves to exclude such

degenerate behavior by making instability more costly. Moreover, this condition on -y is

tied to the particular definition of G'9, and can be relaxed by tightening the required upper
bound on the optimality gap in its definition—provided the resulting set still allows the
analysis to achieve a sufficiently high confidence level. A more detailed discussion is given

in Remark 21 in Appendix A.

Before we provide the proof, we point out that the condition on stability of Ky readily

implies that Cyng (~K0) is finite. 3
Proof Suppose K satifies p(A — BK) > 1. Then we have

o0

C(k) = El‘ow'D Z’)/t(x;rth + u:Rut)
t=0

>Z’70'mm )E||(A — BK)!2q||?

=3 Vo @Elr((A — BR)) (A~ BE)'woa )]

O omn(@I(A - BV}
0

where (i) comes from the linearity of expectation along with the assumption on the noise

(23)

from (4), and (ii) follows from the instability of K and that p(A') = (p(A))! which holds

for any square matrix A. Now as a result of this, if we also show supycgiar C(K)

14

< Omin (Q)

1—v

)



SAMPLE COMPLEXITY OF LQR: A REINFORCEMENT LEARNING LENS

we have proved stability of every K in the set G!%'. We do so as follows:

. () (ii) (iii)
(@ Q10 (ko) 2 110(K) > 100(Ko) +C(K*) > sup C(K),
]. - ’)/ Keglqr
where (i) comes from the assumption on ~, (ii) from the fact that for a given policy, the
undiscounted cost is not less than the discounted cost, and (iii) from the definition of the
set G from (10). This proves the second claim.

For the first part, since for any K € G'% we have that p(A — BK) < 1, we conclude that

C(K) =Ezyp th(%—gert + u; Ruy)
t=0

>3 ' omin(@p((A —~ BK)')?

\
Q
2
2
<
L[

=
=
h S
|
oy
e
=

[—(p(A— BE))®'

where (i) is done the same way as (23) and (ii) follows from v(p(A—BK))? < 1 for K € Glor,
As a result, for K € G, we have that

L= 5(p(4 - )P > T

A(p(A - BK))* < 1- "gi(;g?) =
1 Jmin(Q)

pA—BK) < —=)[1- ClR)

which after taking a supremum gives

1 Jmin(Q) 1 Umin(Q)
A-BK)< — 1 - 1=
Jup N C(K) \ﬁ\/ 10C(Ko) + C(K*)’

concluding the proof. |

We next introduce a high probability upper bound on our gradient estimate on any K € G'9".
1

e

__ &5 ( 1>3/2
VC(K < log =
IVC(K)||F < T g

lgr

Lemma 12 Suppose 6 € (0,=], and 7 is chosen as in Lemma 11. Then for any K € G'7",

we have that

— 0
with probability at least 1 — §, where £1,&2,&3 € R are given by
&= (1Q1 + 20IRller, + 2v(10C(Ko) + C(K™)) ) e*nP P2 (24)
& = (2RIl + 11| BI> (10C(Ko) + C(K™))) enK Oy (25)
1
€y = . ({151/2ml/2> g <§253/2m3/2> , (26)

15
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where IKC is a positive constant. Moreover,

€4

E|VC(K)|% < —4
IVC(K)|[% )

where

54 = %ffm + 2§1§2m(m + 2) + 02§%m(m + 2)(m + 4)

Proof Using the formulation of ﬁ\C(K ) derived in (15), we have

_ 1

VetrRle = HnAwTQK s —Kx; + o

INCU e =| |yt @ (e K+ om) ||
< e QF (x, — Kw; + omy)
~ 77A X Ty, — Xz O"I’]A.
(1 — ~) il i i i

First, note that

. . (i)
5]l = (A = BE)"zo|| < [[(A = BK)"|[||lzo]| < iggll(z‘l — BK)'|C}/?,

where (i) follows from the assumption on the initial state noise mentioned in (4).

Sublemma 3.1 We have that

sup sup||(A — BK)'||
Keglar t20

is finite.

(27)

(28)

(30)

Proof of Sublemma 3.1. We start by arguing that G'9" is a compact set. First, note that
since | K|| < cx, (see Remark 5) for any K € G'% the set G'¥ is bounded. Secondly, since
C(K) is locally Lipschitz in G'9', it is also continuous, and hence, by the definition of G'9
in (10), we have that G!9" is the pre-image of the closed interval [0, 10C(Ky) + C(K*)] under
a continuous map C : G'9' — R, implying G'" is closed as well. As a result of this, we have

that G'9 is compact. Now we move on to show why (31) is finite.
First, let us define

S(aoi K) =3 [l
t=0

16
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where 411 = (A — BK)x;. Moreover, we let

S(K) = ExUNDS(fL'OQ K)
> ||th”2]
t=0

= Egonp [Z I(A — BE)"xo|?
t=0

= ECCOND

| I

=3 Eupep [tr ( (A - BK)")" (A - BE)'zoz{, )}
t=0

=> I(A- BK)'|%
t=0

> |(A— BK)|%,

t=0

which after taking the square root of both sides gives

S(K) = | > _I(A - BE)!|?
t=0
> sup [|(A — BK)'||.
t>0

As a result, we have that

sup||(A — BK)'|| < \/S(K),

t>0

which after taking a supremum over G'9' yields

sup sup ||(A — BK)!|| < sup /S(K).
Keglqr t>0 Keglqr

Now it suffices to show supgcgier /S(K) is finite, which we prove by contradiction. Sup-
pose that this is not the case. Therefore, there exists a sequence {Kj;}72; such that

VS(Kj) I . By compactness, we can pick a convergent subsequence whose limit

we denote by K. We will abuse notation and henceforth use K to refer to the subsequence;
observe that K; should also satisfy /S (Kj) 7%, .

Now since K € G, we have from Lemma 11 that A — BK is strictly stable, and thus,
there exists a Lyapunov function V(x) = 2" Pz where P is a positive definite matrix that
satisfies

(A— BK)'P(A—BK)—-P =—1I.

Therefore, for j large enough,

(A— BK;)"P(A— BK;) — P < —(1/2)I.

17
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Then
V((A - BKj)z) — V(z) = 27 (A - BK;)P(A — BK;)z — ' Px
—(1/2)]}z)?
= T (P (Amax(P)]]1?)

< —mv(m)a

where (i) is due to the fact that V(z) < Apax(P)||z[|?. Thus,

V(A BEK;)z) < (1 - %le(P)) V(). (32)

As a result, we have that

S(xo; K Z |

ZA?MX( )

< [0,
Amln(P)

where (i) follows from V(x) > Amin(P)||z||? and (ii) from (32). Now taking an expectation
over xg ~ D yields

o
S(K;) < MEMHW
22,0,
Amln(P)
222,,(P)
)\mm(P)
222, (P)
Amln(P)
22, (P)
)\mm(p) ’

2o~D tr(acoa;g)
tr <Ex0Np [wmﬂ])

tr(I,)

and hence,

18
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which is finite, resulting in a contradiction, concluding the proof of Sublemma 3.1. o
We now continue with the proof of Lemma 12. Let us first make a remark. By the
Kreiss matrix theorem (Leveque and Trefethen, 1984; Spijker, 1991), we have that

K(A — BK) < sup|/(A — BK)'|| <en K(A— BK). (33)
t>0

Consequently, we can define the following constant

K:= sup K(A—- BK), (34)
Keglar

which is finite as a result of (33) and Sublemma 3.1. Combining (33) and (34) with (30)
gives

Tz SenCl/ZlCA—BK §6n01/2/€, 35
t m m
for any ¢ > 0. Moreover,
QK(xf, —Kx; + on;) :LL‘;J—QI'L? + (—Kz; + anf)TR(—thA + on;)
+7((A — BK)x; + 0Bn;) " Px((A — BK)x; + o Bn;)
®) _
<[QIe*n*L2Con + IR =K 2; + ong||* + Y| Prc ||, + o Bgl|®
(ii) _
<[ QUe*n*L2C + 2| Rl (1K |22l + o [1:]1)
+29C(K) ([lzg |17 + o (| B[|m]1%)
(iii) L . _
< (N + 201 Rllei,? + 29(10C(Ko) + C(K™)) ) e2n2K2Cr
+ (20%|| R|| + 2v0? || B||*(10C(Ko) + C(K*))) [l 1%, (36)

where (i) follows from (35), (ii) from || Pkl < tr(Pg) along with tr(Px) = C(K) as shown
in (6), and (iii) from the fact that ||K| < cg, for any K € G'9 (see Remark 5) along with
reapplying (35) and using the upper bound obtained on C(K) by the definition of the set
G, Now applying the derived bounds (35) and (36) on (29), we conclude that

(IQ1I+ 211 Rllek,* + 25(100(Ko) + C(K™) ) enPK3Ch*

IVC(K) | r < et ol
4 7 RIRI+ 2 BIPA0C(Ky) + C)) enKCil?
o(1—7) M
1 1 5
14 ;51”%” + a&o|ml° ) - (37)

Furthermore, since 1; ~ N(0,1,,) for any ¢, ||n;||? is distributed according to the chi-
squared distribution with m degrees of freedom (||n;|?> ~ x%(m) for any ). Therefore, the
standard Laurent and Massart (2000) bounds suggest that for arbitrary y > 0, we have that

P{||ngl|2 > m + 2/my + 2y} < e V.
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Now since by our assumption 0 < § < 1/e, it holds that y = mlog% > m and thus
P{llngl|* = 5y} < P{llng|* = m + 2/my + 2y} < e,

which after substituting y with its value m log% gives
2 1 —mlog % m
P{lmll" = 5mlog 5} < ™™ % = 6™ < 6.
As a result, we have ||n;]| < 5Y/2m!/2(log %)1/2 and consequently
1
lmgll* < 5%72m*? (10g 5)*/2

with probability at least 1 — ¢, which after applying on (37) yields

—~ 1/2 3/2
19K r < [ 26512mY2 (1og =) + 065%2m%/2 (1og +
1—v\o 1) 1)
1 /1 ay 1\ /2
< <§151/2m1/2 +a§25‘3/2m5/2> <log 5)
g
3/2
_ & (log 1) 7
1—~ 0

proving the first claim.
As for the second claim, note that using (37), we have

—~ 1 1
IFCEE < = (€l + 262l + 0?6l ) (39)

Now since ||;]| ~ x(m) whose moments are known, taking an expectation on both sides of
(38) results in

—~ 1 1
BITCURI <= (STElIP + 266Blil" + 652l

:(1_1”2 <0,12§%m + 28 &m(m + 2) + o2Em(m + 2)(m + 4))
_ G
(1=

concluding the proof. |

Following Lemma 12, we now define the following event for each iteration t of Algo-

rithm 1:
= &3 1\*?
A= IS < 12 (10eg) (39)

Having this, we introduce the following lemma:

20
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Lemma 13 Suppose § € (0,6*3/2], and 7y is chosen as in Lemma 11. Then for any given
K, € glqr, we have that

- 3 1 3/2
IEIVC() 1) - Vel < 05 (1og )

Proof Following Proposition 9, we have that

VC(Ky) =E[VC(K,)]

=E[VC(K)1a,] + E[VC(K)1 4¢).
Therefore,
IE[VC(K1)14,] — VC()||
= |E[VC(K:) 1]l
< B [I¥0() L ]

_E [||€C(Kt)”F1A§}

1—v

(ii) __
< E|[IVC(K)|r1 (1o )2
{HVC(Kt)nsz}

113/2 -
= P{HvAaKt)HF > 53(1?‘;)} E [uvam)HF

e log L 3/2
: V(K| > @(ga)] . (40)

1—7

where (i) follows from Jensen’s inequality and (ii) from the fact that

- : 1 3/2 e 1 3/2
A = {!VC(K})HF > 1%7 <log6> } - {HVC(Kt)HF > 1%7 <10g 5) }

Moreover, it holds that

IVC(E) || || VC(K) |7 >

E &3 (log é)w]

11—~

&3 (log 1)3/2 ﬁs o 1)3/2 P{||VC(Ky)||r > 2} dz

= 5)  cislosd) . (41)

a 1—- — log % 3/2
1 p{ve e > SER ]

Now recall from Lemma 12 that

e 63 1 3/2
P{rvcm)qul 7(1og5) }sa (42)
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for arbitrary &, which implies

L1\ 2/3
P{IFK)r > 2} <o (557)

Now combining (43), (41), and (40) yields

IE[VC(K)1a,] — VC(E)||

—~ 1)3/2 1)3/2 o0 N2
SP{”V%K»HFE& = }53 = / (),
€3

1-— 1-—
k T S ey

() ¢ 1\32 3 N2 3
< — — — —
=14 (5 <10g5> 2 (logé V7o

(i) 3¢, 1)\ 3/2
< Z
S <log 5) ’

where (i) follows from (42) along with a change of variables u = (153 7) z in the integral, (ii)

from the fact that erfc (w /log %) < 4, and (iii) from § < e~3/2. This concludes the proof. W

Before introducing the next lemma, let us denote the optimality gap of iterate t of the
algorithm by

Ay = C(K;) — C(K™). (44)

Moreover, let F; denote the o-algebra containing the randomness up to iteration ¢ of Algo-
rithm 1 (including K; but not VC(K};)). We then define

71 := min {t ’ A > 1OC(K0)}, (45)
which is a stopping time with respect to F;.

Lemma 14 Suppose § € (0,6*3/2], v 15 as suggested in Lemma 11, and the update rule
follows

Kt+1 == Kt - Oétﬁ\C(Kt)
with a step-size oy such that for all t € {0,1,2,...},

Wigr

(677 S .
1\3/2

1537 (log 3)
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Then for any t € {0,1,2,...}, we have

3&3¢Kk, 1\*? b &
E[At+114,[F]1r 5t < ((1 — igrov) Ay + T 71 d <10g 5) ap + q2 : 1= 7)2 Ly >t,

where Ay and Ay are defined in (44) and (39) respectively.

Proof First, note that by the definition of 71 in (45), 7, > t implies K; € G, In addition,
since ay < Slar__ 75, the event A; implies that

3 (log 1)
1Kei1 = Kil| = [las VC(K) || < wigr.
Thus, by local smoothness of C(K}), see Lemma 2, it holds that
(App1 = A)lrsela, =(C(Kip1 — C(Ky))Lr > la,

< (<vc<Kt>7 Koot 1) + 20

| Kty1 — KtH%) 1r>ela,

:<—at<VC(Kt),€C(Kt)> ¢1qr ?

which after taking an expectation conditioned on F; gives
E[Atlr5e1 4, | 7] — E[Adlr 514, | 7]

<~ (VC(K), EITC(K) L1t | ] ) + 2 2B [TCO) [ Lot i)

|rvc<Kt>HF) Lol

Since Ay and 1, > are determined by F%,
E[Ap 1114, |Ft] 17>t

< (Atﬁ[utm ~ 0y (V). ENC(K )14 7] ) + 2 a?EHVAC(Kt)H%lAtIED Lot

—~

i) _ . _
< (0 an (V). BIE() La 7] ) + A BITCRDETD ) 1

—Ailyt — ap (VC(KL), V(K?) + BIVC(K) 14| F] = VO(KD) Y 1yt

+ 8 QRSO [l L
:At]-‘rl>t — Ot <VC(Kt), VC(Kt)> 17—1>t

— a1 (VC(K), EIVC(K) 4 | Fi] = VC(KD) ) 1ryt + ¢;‘“a?Emv7:<Kt>H%rftnm
(ii)
<Alryst — o[ VC(K) |31 >t
¢lqr 2 54
t

+ | VC(K)| FIEIVC(K) 14, | Fi] — VC(K) [ plry 5t + 5 (1_7)2171>t

(iif) 3&3cK, 1)%? Plgr &4
< Aily st — gDl > + 1= =0 <10g 5) ol > + 2q a?mlnn

fgCK 1 3/2 ) r052 &4
= <(1 Mlqrat)At + 15 (1 5) oy + q2 L (1 _7)2 Loy >t

23



NESHAEI MOGHADDAM, OLSHEVSKY, AND GHARESIFARD

where (i) follows from 14, < 1, (ii) from Lemma 12, and (iii) from applying the PL inequal-
ity (9), the fact that |[VC(K,)||r < ¢k, for any K; € G' (see Remark 5), and Lemma 13.
This finishes the proof of Lemma 14. |

We are now in a position to state a precise version of our main result.

Theorem 15 Suppose Kq is stable and vy is as suggested in Lemma 11. If the step-size oy
s chosen as

2 1 2 & (log 1)
oy = ——  for N =max<{ Ny, —753 ( o8 5) , (46)

Kigr t+ N Kigr (1 - V)Wqu

where
4¢lqr§4 2
N; = max 2, , 47
{ 7 (1— )2 C(Ko) )
then for a given error tolerance € such that C(Kq) > 55, and § chosen arbitrarily to satisfy
3
5 < mind 2 x 105,< OtrEiiar ) e,
960&5¢Kk,C(Ko)
( ¢Z¢Jr£4 >3 53 (,Ulqr(l - 7))3 53 (48)
480(1 — v) puigréscrc, N1C(Ko) "\ 24083k, ’

the iterate K of Algorithm 1 after
4
T 0

= T Ne(w) (19)
steps satisfies
C(Kr)—C(K*")<e

with a probability of at least 4/5 — 0T .

It is essential to re-emphasize that, as also evident from the statement of Theorem 15,
there is no reliance on an assumption that the policy remains stable throughout the algo-
rithm; rather, the result is proven to hold with a certain probability. In particular, the
instances of the algorithm that lead to instability at any iteration before T" are factored into
the failure probability 1/5 + §7.

In Appendix A, we show that the success probability in Theorem 15 can be improved
from 4/5 — 0T to 1 — 6T by averaging a batch of gradient estimates to reduce variance
and obtain an estimate that is close to the true gradient with high probability. Moreover,
in Appendix B, we show how our gradient estimation method and convergence analysis,
developed for the random initialization setting, can be naturally extended to the noisy
dynamics setting.

The proof of Theorem 15 relies on an intermediate result, namely Proposition 18, which
we establish next. Before doing so, we provide some observations regarding the statement
of the theorem. First, we have the following remark for J:
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Remark 16 (Selection of § for the probability of failure) The 67 term in the prob-
ability of failure stated in Theorem 15 can be adjusted arbitrarily; however, since 1" depends
on N which depends on ¢ itself, we add some further discussion here. If we want the 0T
term to be less than some arbitrary small ¢’, it needs to hold that

3/2
0T = 5@ max ¢ V1C(K)), _2aClKo) <log 1) <4
€ qurwlqr(l - ’Y) 0
Therefore, § first needs to satisfy

/
§N1C(K0)5§5/2>5< oe

= M) o0

and secondly,

80&5C(Kop) 1 ( 1>3/2 , < 1>3/2 pigigr (1 —7)
—> 6§ |log = <4 =0 |log = < — 2. 51
pgwig(l-7)e \25) = 85) = 806C(Ko) (51)

Now since a* (log %)3/2 < a for any a € (0,1), for (51) to hold, it would suffice to have

Ppwigr(1 — ) ’ /
= (Mekmr) O “2)

Note that (52) is only a loose sufficient bound on ¢ that can be improved (for instance,
the exponents in (52) can be reduced from 3 to 2 considering the other requirements on
d in (48)); however, since the dependence of 7" on ¢ is logarithmic, the looser requirement
only adds a constant and does not change the order.

As a result, adding (50) and (52) to the existing requirements on ¢ in (48), we will have

: _ glawige Prgréa ’
0 < ming 2 x 10 5,( £ e e3, L e3,
{ 960&3¢k, C(Ko) 480(1 — y)mar€scr, N1C(Ko)
fige(1 —7) ’ 3 d'e Higrivigr(1 — ) ’ (5'e)?
240&3¢K, "40N1C(Kp)’ 80&3C(Ky) ’
which will lead to the result of Theorem 15 holding with probability 4/5 — &’ after

N 1 1 \%? 1 1 1) 3/2 /1
Tr=2no|=(log—— —0|=(10og= +1og - —0(=
Yoo (L)) o[t (g rt) ) -0 (1)

iterations of Algorithm 1. o

Secondly, we find it worthwile to provide the following observation on the choice of o:

Remark 17 (Selection of ¢ and its impact on 7)) Note that the value of o in (12) is
at our discretion, so one natural question would be regarding the asymptotic analysis of o
and its impact on our rate 7. Observe that the only effect of ¢ on T is through &3 and
&4 defined in (26) and (28) respectively. Taking everything else as constants, following the
choice of T and N suggested in Theorem 15, we have that 7" > O (max{&s,&4}). Now since
both &3 and &, will grow unbounded as o approaches either zero or infinity, so does T.
Therefore, we choose a non-zero value for ¢ instead. An optimal value can be derived, but
given that this only affects the constants in the rate, we opt for o = 1. o
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Thirdly, note that for any K; € G9, by our choice of a; and N in Theorem 15, we have

1K1 — Kol =]/ VC(K) ||
_ 2 1
_,Uflqrt'i_N
2 1 —~
— K.
— Vel
(i) v
O IVC(Elr

SWigr— a2/
1% (log §)™

IVC(E) |

<

where (i) follows from (46). Now applying Lemma 12 on (53) yields

|Kiy1 — Kil|F S wiqr = inf wg
Keglar
with probability at least 1 — §, where wx = min{fx,(x}. This implies that the local
Lipschitzness and local smoothness properties of the cost hold for the update at iteration ¢
with probability at least 1 — 4.
Fourthly, to help unravel the logical reasoning elucidated in the proof, we introduce the
following stopping times:

. 53 1 3/2
To:=min{t > 1 ’ IVC(Ki—1)||lr > T—~ <log 5)

T :=min{7, 72}, (54)

with 71 previously defined in (45). Essentially, one can observe that as long as t < 7 and
t+1 < 79, it holds that K; € G'9 and || Ky 11— K¢ < Wiqr, implying that local Lipschitzness
and local smoothness properties of the cost hold until that iteration. By the definition of 7
in (54), we have that

1T>t = 17‘1>t17'2>t' (55)

Moreover, following the definition of A; in (39), it also holds that

Iryst+1 = 1rpsielg,. (56)

Finally, we note that the idea of introducing a stopping time (54), which helps identify
the failure of the algorithm and is also used to define a stopped process later on, is inspired
by Malik et al. (2020). However, despite the similarity of our forthcoming statements to
those in the proof of Malik et al. (2020, Theorem 8), the paths we take to prove said
statements are considerably different due to the differences in how we defined our stopping
time (and subsequently the stopped process to be defined later on), our gradient estimation
method, the time-varying learning rate, etc.

Having covered all of the above, we are now ready to present the following proposition:

Proposition 18 Under the parameter settings of Theorem 15, we have
€
E[A7l>7] < 20
Furthermore, the event {T > T} happens with a probability of at least % —oT.
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Proof The following provides us with a stepping stone for proving the first claim:
Sublemma 3.2 Under the parameter settings of Theorem 15, we have that

3 NC(K[))
E[A:1 < — 4+ —
[ tT>t]_40+ FE N
for allt € [T).
Proof of Sublemma 3.2. We prove this result by induction on ¢ as follows:
Base case (t =0):

NC(Ky) . ¢ NC(K,
A017>0§A0§C(K0)_(HEZ\?)SM+O£A(;)’

which after taking expectation proves the claim for ¢ = 0.
Inductive step: Let k € [T — 1] be fixed and assume that

9 + NC(KQ)
=40 " k4N
holds (the inductive hypothesis). Observe that

E[Agl 5] <

o
Nai?

E[Ak+11r5k+1]

E[Ak+1 17’1 >k+1 172>k+1]

,\
A=
E

E[Ak-I—l 17’1>k]-7'2>k1./4k]
E[E[Ak+1 Lo sklnskla, |]:k]]

W BE[AR 1 1 |Fi] L orlry o), (58)

where (i) follows from (55), (ii) from equation (56) along with the fact that 1, >x+1 < 1o >k,
and (iii) is due to 1,,5% and 1, ~x being determined by Fj. By Lemma 14, we have that
(

E[Ak114, | Fillr k) Lrysk

3&3¢ 1\ 3/2 Lal
<<(1 — grak) A + 153 Kis <log 5) ay + ¢1q2 k(lfdiy)Q Irsk | 1>k

=5 3/2
i 2 6¢3¢5, 0 (log 3) 1 2¢14ré4 1
1-—— A >k (99
<< k‘+N> T L= 7) k+N+(1—7)2u12qr(k+N)2 Lk, (59)

o
=

where (i) follows from(55) along with replacing aj with its value in (46). Now due to the

choice of ¢ in (48), we have that
3
0 < 7#1011«(1 ZZ) €3,
240&3¢k,

which after noting that a® (log ?13)3/ 2 < a for any a € (0,1) implies

3/2 1- 6&3¢7,6 (log 1)/
(5 240§3CK1 qur(l — ")/) 40
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Applying (60) on (59) yields

E[Ak+11Ak ’]:k] Lryskle>k

2 e 1 2¢14r€a 1
<((1-—=2Va.+= a 1,
—(( k:+N> RN (1—7)2u12qr(k+N)2> >k

2 € 1 2¢1qr€4 1
< (1 —2 ) Aplop+— ,
—( /<;+N) CrE T 0k N T )2, (kN

which after taking expectation results in

EE[Ag 1114, [Fr]lr skl >k

€ 1 2¢lqr§4 1
<(1- —=—)E[AL — .
—< k+N> (A >k]+40k+N+(1—7)2u12qr(k+N)2

Combining the hypothesis (57) and inequality (58) with (61), we obtain

E[Ak+11r5k+1]

2 3 NC(K()) g 1 2¢lqr§4 1
<(1l———= — 4 —= —
—( k+N) <40+ k:+N)+40k+N+(1—7)2M§qr(k+N)2

<< 4 (1 ! ) NC(Ko) 1 . (NC(KO) __Pwbs )

=40 k+N) k+N  (k+N) (1 — )2,
() e E+N-—1

<— 4 () NC(K

=40 ((k+N)2> C(Ko)

40  k+N-+1’

where (i) follows from the fact that

A1y 2 8P1qr 2¢14r
p’]qr(l - 7) C(KO) (1 - ’Y) /’qur (1 - ’Y) qur
This proves the claim for k£ + 1, completing the inductive step. o

Now due to Sublemma 3.2 and the choice of T' from (49) in Theorem 15,

€ +NC(K0) < £ +NC(KO) _ £

< i Stk DA G =
E[Arlr7] T+N — 40 T 20’

~ 40

which finishes the proof of the first claim of Proposition 18. Now before moving on to the
second claim, we introduce the following sublemma:

Sublemma 3.3 Under the parameter setup of Theorem 15, we have that for all t € [T,

- 3/2
330, 5<10g 1) 7 TR N 7 TR SR 7 TR

o < . (62)
1—7y 5 20-7)2" (=7, t+N+1 7 (1=, t+N
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Proof of Sublemma 3.3. First, substituting oy with its value in (46), inequality (62) becomes

— 3/2
665ck,0 (o)™ 1 261G < 1o >< 2010 ( 2 )
Q=Yg t+N (=92, \(+N)?  t+N+1) = (1-7)%u, \t+N
66ek,0 (log )™ 1 20106 ( 2 21 )
=g t+N = Q=92 \t+N t+N+1 (t+N)?
66ek,0 (log )™ 1 20146 ( 2 1 >
I=mg  t+N = (1=, \(+N)E+N+1) (t+N)?
6¢3ci,0 (log 1)** 1 - 200 ( tN -1 >
(I—=Ppg t+N = (1=5)2ud, \(t+N2(t+N+1)
8/2 b1l t+ N -1
«— §(log= < larsd < )
( g5> ~ 3&er, (1 =Yg \(E+N)(E+N+1)
(63)

Note that for the right-hand side of (63), we have for all ¢ € [T] that

¢1qr§4 (t +N-1 1 ) (;) ¢lqr€4 < 1 >
38k, (=Yg \ t+N t+N+1) 7 685ck, (1 —7) g \t+N+1

> ¢lqr£4 ( 1 >
~ 68ck, (L =Yg \T+ N +1

(i) ¢lqr£4 <1) 4
= 1285¢r, (L= y)pge \T' )’ (9

where (i) follows from the fact that tiivj\f,l > £ which is due to N > 2, and (ii) from

C(Ko) > 55 under the settings of Theorem 15, which results in

40 1 1
7=NC(K)>oN>N41=s — + > 1
S NC(Ko) 22N 2 N+ 1= 7oy 2 o

As a result of (63) and (64), in order to conclude the proof Sublemma 3.3, it would suffice
to show that

3/
) (log 1) < jlqr& <1>
1) 12&3¢k, (1 — ) pge \ T

_ ¢lqr£4 i 1
12€5¢k, (1 — ) pugr 40 NC(Ko)
Praréa 5 1

/»qur (1_7)wlqr

¢lqr£4 3 . 1 /’qurwlqr(l - 7)
= — — min , . 65
126367, (1 — ) figr 40 NIC(Ko)’ 2¢(Kg)es (log 1) (65)

12650, (1= My 40 {NIC(KO), 20 (Ko) &3(log 1)/ }
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For (65) to hold, we need two inequalities to hold as a result of the min{., .} operator. First,
we require

) <log )3/2 < — Plarba E. (66)
(5 480§3CK1 (1 — ’y),ulqu1C(Ko)
Now since a? (log a%)S/Q < a for all a € (0,1) and the choice of § in (48), i.e.,
3
5 S ( _ ¢1qr€4 ) 63,
48083¢kc, (1 — 7)pugr N1C(Ko)
we conclude that (66) holds for the parameter setup of Theorem 15.
Secondly, it needs to hold that
1 3/2 . .
5 (log 5) < jlq Eawig —
960&3¢x, C(Ko) (log )
1\° Prgréawl
< d(log-] < ¢ 67
(Og 5 > = 960¢2ex, C(Ko) &7
Now if bt
lqrs4Wigr < 0.028
96063, C(Ko) —

3
for any § < (%) €3, we have that

1\? Plgréaw
Sllog= ]| < L dr
<°g6) = 960¢2er, C(Ko)

¢lqr§4wlqr
960&5¢Kk, C(Ko)

and if

e > 0.028,

it would suffice to have that

1\3
) <10g 5> < 0.028,

which would hold for any § < 2 x 107°. As a result, due to the choice of § in (48), i.e.,

3
§ < min 2><105,< Plgrbalgr )53 ,
960&2ex:, C(Ko)

we have that (67) will also hold under the parameter setup of Theorem 15. Finally, since
both (66) and (67) hold for ¢ as chosen in (48), inequality (65) is satisfied, finishing the
proof. o

We now prove the second claim. Even though our proof strategy mimics the one in Malik
et al. (2020), the structure of the stopping times in (45) and (54) makes the arguments more
involved. Note that this difference in the definition of the stopping time (and subsequently
the stopped process) can be attributed to the fact that in contrast to Malik et al. (2020)’s
one scenario (leaving the stable region) which may lead their algorithm to fail, there are
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two possible scenarios that may cause the failure of our algorithm. We start by introducing
the stopped process

4¢1qr§4 1

Yii=Ar nlryse +
T (=) t+ N

for each ¢ € [T7].

We next show that this process is a supermartingale. First, we have that

E[Yi41| 7]
4¢1qr§4 1
(1-— 7)2:“12@ t+N+1
4¢1qr£4 1
(1—=7)2pp, t+N+1
4¢1qr§4 1
(1—=7)2pp, t+N+1

=E[Ar nt+11ry>t+1|Ft] +

=E[Ar nt+1 1>+ (Lr<t + Loyse) [ Fe] +

=E[A nt+11ryst+1 1 <t|Ft] + E[A7 at1 1y t11m 56| Fe] + .(68)

Then for the first term on the right-hand side of (68), it holds that

E[Ar a1l se411n <ol Fe] SE[A7 avp1lns e <i| Fe]
:172>15E[A71/\t+1 171§t|]:t]
:172>tE[A71/\t171§t|]:t]
=Ar ntlr>tle <t (69)

As for the second term, we have

E[A A at+1 Lry>t4117 ¢ | F)

E[ Tl/\t+11T1>t1T2>t1At|]:t]
E[At 11 5 lm 14, | F]
=E[At1 114, |Ft]1r >t 1>t

1=

—
—

ii

INE:

3€3CK, ol o2 A &4
(1-— )A o — Lrysels
tgroee) Ay + 1—~ 85 o+ 1= )2 1 >tlry>t

3€3ci, N g &
1—7 A L5 (log = S |
( t+N t+ 1—~ <0g6> Qp + 2 (1—~)? mi>tlry>t

i) 3535;{ 1\*? P &
< Ayl sils L5 (log = Tt S
< 1 >tlr>t + 1—~ <0g5) at + 2 (1—9)7

(iv) 383CK, 1\ %2 hpa; &
= Aratlystlese + 1= 71 0 <log 5) oy + q2 ! [Tk (70)

where (i) follows from (56), (ii) from Lemma 14, (iii) from 1;>:1;,5¢ < 1 along with the

fact that m <1forallt € [T], and (iv) from Ailr >t = Ararley>t.
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Combining (68), (69), and (70), we obtain that for all ¢ € [T7,

E[Yis1|Fe] <Arntlesile <t + Aratleysilese

N 3EsCk (10g 1 )3/2 - P & dgréa 1
1—v ) 2 (1-7)? (1—7)2pp,t+N+1
M 4¢1qr£4 1

<A atlesi(In<e + 17 5¢) + (1— 7)2N12qr t+N

4¢lqr£4 1
(1 —7)2pi, t+ N

A

=Y,

where (i) follows from Sublemma 3.3. This proves the claim that Y; is a supermartingale.
Moreover, define the following events:

51 = {7'2 <7 and 7 € [T]}
E = {7‘1 <mandm € [T]}

E3 = {maXATl/\t172>t > 10C(K0)} ,
te[T]

and hence, we have P{r < T} = P(&) + P(&2). Now since 75 < 71 in & suggests that
IVC(Kqp1)llF > % (log %)3/2 despite A,, 1 < 10C(Kjp) (which implies K, ; € G'o),
after applying union bound on the result of Lemma 12, we have

P(&1) < 0T (71)

Furthermore, note that 7 < 79 in & implies that A ar 1rysr, = Ar and since 7 € [T, it
holds that

Q)
?El[aiz]( A‘r1/\t1‘r2>t > ATl/\Tl 17’2>T1 = ATl > IOC(KO)v
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where (i) follows the definition of 71. As a result of this, we have that & implies €3, and
consequently, P(&2) < P(&3). Finally, since Y; > Ay aels,se for all ¢ € [T, we have that

P(&) <P(&3)

_p Asipilrss > 100(K,
{?ElﬁT?]( At Lyt > 10C( 0)}

<P {math > 10C(K0)}
te[T)

O E[Y
< 70
- 1OC(K0)

Ad1gréa 1
A 1 _SPlgred 1
T1A0LT3>0 + (1_7)2#12qr N

- 10C(K)
() Ag + C(K),/2

=" 10C(Ko)
~C(Ko) +C(Ko)/2
= 10C(Ko)

=50 (72)

where (i) follows from applying Doob/Ville’s inequality for supermartingales, and (ii) from
the condition on the choice of IV in Theorem 15. Employing the acquired probability bounds
(71) and (72), we observe that

P{r < T} =P(&) + P(&2)

3
<6T + —
<ol + 20

which verifies the second claim of Proposition 18, concluding the proof. |

The proof of our main result is a straightforward corollary:
Proof [Proof of Theorem 15] We now show how Proposition 18 can be employed to validate
the claims of Theorem 15. Note that

P{Ar > e} <P{Arl;sr > e} +P{l,<r =1}

(1
SEE[AT17—>T} + P{T S T}

(i) 1 3 1
< 4 L 46T =2 46T
Sopt o™ 0 £t 0T,
where (i) follows from Markov’s inequality and (ii) follows from Proposition 18. [ |

In the next section, we present a brief simulation study using two representative examples
from Malik et al. (2020) to empirically validate our theoretical guarantees and compare
convergence rates.
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4. Simulation Studies

We now revisit several examples introduced from the previous literature (specifically from
Malik et al., 2020) and show empirically that our performance does indeed match 0(6*1)
guaranteed by our theoretical results.

We begin with the following LQR problem:

1 0 -10 1 —-10 0 2 -1 0 5 -3 0
A=|-11 0 |,B=|0 1 0],Q=([-1 2 —-1|,R=|-3 5 =2{,
0 0 1 -1 0 1 0o -1 2 0 -2 5

under the random initialization setting, where the initial state x¢ is sampled uniformly from
the set of signed canonical basis vectors, yielding a mean-zero distribution. The discount
factor is set to v = 0.9. We initialize with a policy K satisfying Cinit(Ko) — Cinit (K*) =
11.716, use a constant step-size of 1074, and set the batch size to N, = 103. This example
was previously considered in Malik et al. (2020) under a two-point gradient estimation
scheme, where an empirical sample complexity of approximately O(e~!) was observed (see
Malik et al., 2020, Figure 2 (b)). As shown in Figure 2(a), our method achieves a fitted
rate of approximately O(¢~193), in line with our theoretical guarantees of O(e~!), with the
small discrepancy likely due to logarithmic factors.

We next consider a second example from Malik et al. (2020), this time under the noisy
dynamics setting:

A=0.1I;, B=0.01l;, Q=100I;, R=10015,

with the discount factor again set to v = 0.9. The system is subject to additive Gaus-
sian noise with zero mean and covariance %Ig. We initialize with a policy Ky such that
Cayn(Ko) = Cayn(K*) + 3.12, and apply a time-varying step-size given by

|
- - 9.10°"
e = X <60t + 2000 ) ’

along with a batch size of Ny = 3000. This choice allows us to apply the time-varying
step-size scheme from Theorem 15 (or, equivalently, from Corollary 25 in Appendix B for
the noisy dynamics setting), although we note that a constant step-size performs similarly
well in practice. The same problem was studied in Malik et al. (2020) under a one-point
estimation scheme, where a sample complexity of approximately O(e~2) was observed (see
Malik et al., 2020, Figure 2 (c)). As can be seen from Figure 2(b), our empirical rate is
approximately O(e~987), satisfying our theoretical guarantee of at most O(e™Y).

5. Summary and Discussion

We have provided an algorithm with e-optimality guarantees with a provable convergence
rate of O(1/e) for the discounted discrete-time LQR problem in the model-free setting. This
was made possible by employing a gradient estimation technique inspired by REINFORCE,
combined with a time-varying step-size. Our results contrast from the ones obtained by
two-point methods—which make the stronger assumption of access to cost for two different
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(a) Random initialization setting. (b) Noisy dynamics setting.

Figure 2: Empirical zero-order evaluations required by the policy gradient method to
achieve e-optimality. Dashed lines indicate the best-fit lines in the log-log scale.
The plots were generated by averaging 20 runs of Algorithm 1.

policies with the same realization of all system randomness—as well as results that assume
stability of the obtained policies throughout the algorithm.

An interesting future direction would be to investigate an actor-critic approach that
could maintain the rate without requiring further assumptions. Moreover, one could con-
sider an extension of the presented results for the undiscounted case; in particular, the
current analysis of gradient estimation with one zero-order evaluation per iteration heav-
ily relies on sampling from a distribution whose definition relies on the discount factor be
strictly less that one.

Appendix A. Improved Probability Guarantee via Minibatching

Following the useful comments of an anonymous reviewer, we dedicate this section to ad-
dressing our constant probability guarantees in Theorem 15. To that end, and inspired
by the approach in Malik et al. (2020, Appendix E), we propose a minibatched gradient
estimation method, in which we average a sufficiently large number of i.i.d. copies of our
original gradient estimate to obtain a more accurate approximation of the true gradient
with high probability. Consider the minibatch gradient estimate

Ve (K) = - 3 VE(K), (73)

where each ?CZ(K ) is an ii.d. copy of @(K ) in (15). We provide the following lemma
regarding the concentration of this averaged estimate around its expectation, which is equal
to the actual gradient as shown in Propositon 9.
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Lemma 19 Suppose K € G, ~ is chosen as in Lemma 11, and 6 > 0 chosen to satisfy

0 < min {6_3/2, 13;37 Hl;ﬁ} . (74)

If N is selected such that

Ns > |VmaX {500078 (10g 5) ’9(10’78)523,L68 (]og (W”L—l—)) ’
- lgr

1286, 1 2(mn—|—1)}

pgr(1 =) e 6

then the minibatch averaged estimate (73) satisfies

IV, (K) = VE(K)|1r < 4/ 2=,

with probability at least 1 — §.

Proof Let us define the following event
— &3 2N, \*/?
5, {chmnF < (1o ,

which holds with probability at least 1 — ﬁ for each i. As a result, following Lemma 13,
we have for all i € {1,2,..., Ny} that

|E[VC:(])15] = VC(K)|r < 5 (76)

3¢5 0 (2N, 3/2
— v 2N 75 ’

where E[?CZ(K )1g,;] holds the same value for all i. Moreover, note that

N,
Ve, (K) ~VC(K) = — > (@i(K)lgg VG (K)1p, — VC(K))

I
=
—~

VCi(K)lpe + VCi(K)1p, — E[ﬂfi(K)lgiD
E[VC;(K)1g,] — VC(K)

_ly (VCi(I)15: + VC:(K) 15, ~ B[VC(K)1s,))

_l_
=
<) i
Q -

1(K)1p,] — VC(K). (77)

Let us now define - -
S; :=VCi(K)lp, — E[VC;(K)1g,),
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so we can use (77) to write
IVCn,(K) — VC(K)||F

Ng N
1 o2 1 & —
S Z IVC(E) el P + Il 5 Z Sillr + [E[VC1(K)15,] = VC(K)||F

' 3¢ 0 2N, */
<*Z||vc \|F15c+u*25||p+ oo (0 25)

where (i) follows from (76). For the first term in (78), we have

N

N,
{ vac |F130—o}>P{ms}21—;ﬂb{8ﬂ21—j

=1

(78)

(79)

Additionally, we can use the matrix Bernstein theorem to bound the second term in (78)
with high probability (Tropp, 2015, Theorem 1.6.2). In order to do so, first observe that

S;’s are i.i.d. random matrices and satisfy

2 2N, ¥/
E[S;] =0, and ||S;||r < 1 537 <log )

J

for all i € {1,2,..., Ns}. Now let
Ns
i=1
We have

E[|Z|F) = Elte(Z" 2)]

S5 Bfun(sTS))

i=1 j=1
N
S E(IS3)
=1
= N.E[|S1]7]
< N,E[|VCi(K)1g,|%]

(i) &
N,—>%
=N

where (i) follows from (27) in Lemma 12. As a result, following Tropp (2015, Theorem
1.6.2), along with an additional vectorization of the matrices (to transfer the results from
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2-norm to Frobenius norm), we have

N,
1 S

P{Hﬁ ZSiHF >t} =P{||Z||r > Nit}
5 =1

N2t?
< (mn+1)exp ; " 5 VY
2Nty + sy (log %5°) ™ Nat
N t?
=(mn+1)exp | — . (80)
¢ 4¢ 2N, \3/2
2y + sy (log 55%) "t

Now letting t = % Mgra

and selecting N as suggested in (75) lets us write (80) as

1 1 [ne| 6
Iqr

Pl Sillp > - <.

{’Nsiz1 ilr =3 }—2

8

(81)

For the third term in (78), note that due to the choice of Ny in (75), we have

3¢5 § (log 2)** )

0 o 3£3§ 1
1—7v2 N —1—7v24/Ny
33 0
1—~v2
(i) 1 [qr€
< o4/ EE 82
< 5y, (52

where (i) follows from the choice of N in (75), and (ii) from (74). Finally, applying (79),
(81), and (82), along with union bound, on (78) concludes the proof.

We are now in a position to present the following result:
Theorem 20 Suppose K is stable, v is as suggested in Lemma 11, and the update rule
follows
Kt+1 = Kt — OéVCNS (Kt)

(83)
with a constant step-size a satisfying

@ S min - Rl (84)
e+ \/@ Aigr” piigr

Then for a given error tolerance € € (0,C(Ko)|, and for any 0 satisfying (74), the update
rule (83), with Ny ~ O(1/e) chosen according to (75), guarantees that after

T = a:qr log (QC(;(O)> (85)
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iterations, we have
C(Kr) —C(K™) <e,
with a probability of at least 1 — 0T

Proof First, assume that K; € G'%, then since N, is chosen as in (75), we have from
Lemma 19 that
Hiqr€

8 )
with probability at least 1 — §. Hence, conditioned on this event, we have the following
bound

[VCn,(K:) — VC(Ky)||r <

laVen, (Ki)llr < a VCx, (K¢) — VC(Ky) + VC(E) | r
< o (I[VCw, (Ki) = VC(K)llp + [IVC(KL) | )

<a < b +c’Ki>

(i) LC(K __
Sa( Hlar=1720) CS( 0) +CK1>

(i)
< Wiqrs (86)

where (i) follows from ¢ < C(Kjp) and (ii) from the choice of a in (84). Note that (86)
ensures that our step-size is small enough for Lipschitz and smoothness properties to hold.
Consequently, we can write

Apr1 — Ay = C(Kip1) — C(K)

<~ (VE(K),aVCw, () + 250 [VC, (K|}

= —a(VC(K;),VC(Ky) + VCn, (Ki) — VC(Ky))
+ 8902 (19C(1) + (Ve (1) — VEU) )

< —a||VC(KY)|[3 + o VC(KL) | P VCN, (K:) — VC(K) |
+ 10 [VCw, (K7) — V() + drqra®IVC(K)

< —a| V()3 + 5 (IVCU) 3 + | VCw, (K:) — V(K |3)
+ $14:0° |V, (Ki) — VC(K) |3 + ¢1qr’ [ VC(KD) ||

= ~SIVCED) I} + b0 [ VC(E) |}

a —_
+ (G + d0?) IVCw, (K2) = VE(ED}

0 « a IS A —
< —SIVC(EDIE + FIVCUED)IE + (5 + ) VO, () — VE(K) I3

o N
< = IVCEDIE + o[ VO, (K1) = V(K|

(i)
< O[,ljllqr At + a:“’l;rg’ (87)
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where (i) follows from the fact that a¢y, < 1/4 due to the choice of o in (84), and (ii) from
the PL inequality (9). Rearranging (87) yields

B < (1- 20) o,y oM 59)

With this in place, we use strong induction to finalize the proof. For each time ¢ €
{1,2,...,T}, let & denote the event that A; < 10C(Kj) (implying K; € G'o) and A; <
(1 - %) JAVERIES amqr We claim that for each t € N, it holds that

P{ni_ &} >1—6t.

We demonstrate this by induction as follows:
Base case (¢t = 0): Since Ky € G'9, we have by Lemma 19 and inequality (88) that

Al < (1_ a[ilqr) A +a #1(8,11"5
Moreover, since a < Nliqr and £ < C(Kp), we have that Ay < Ag + 2C(Kp) < 10C(Ky).
Thus, we have shown that &1 holds with probability at least 1 — §, establishing the base
case.
Inductive step: By induction hypothesis, we have that the event N!_;&; holds with
probability at least 1 — §t. Conditioned on this event, we have by Lemma 19 and inequal-
ity (88) that with probability at least 1 — §, the following holds

:Uflqr8

Ay < <1 — amqr

t .
< (1 _ Oéﬂlqr)tJrl AO + aulqrf Z (1 B CY,Ulqr)z

4
=0
algr t+1 Mlqr5 = algr i
3(1— Ao+ a Z<1—74 )
=0
aulqr>t+1 €
=(1-— A — 89
( 4 0ty (89)

and since ¢ < C(Kj), we also have Ay1; < 10C(Kp). Now combining this with a union
bound shows that N*1&; holds with a probability of at least 1 — (3t + &) = 1 — (¢ + 1),
completing the inductive step.

Finally, conditioned on NZ_;&;, similar to (89), we obtain

T
ATS(I—%) Ao-i—E

2
C(Ko)

@) o 4 qlog(=-*) c

< (1 qr)‘”‘qu Ay + =

= [( 1 ] o+ 2
2C(Kp)

<(_1)10g( 50)A0+§

13 13
2C(K0)AO *y
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where (i) follows from the choice of T'in (85). This, along with recalling P {n’_ &} > 1-6T,
concludes the proof. |

Remark 21 As discussed after Lemma 11, the condition on ~ depends only on the cost
bound used to define the set GY". In particular, from the induction step in the proof of
Theorem 20, one can deduce that this bound can be tightened from 10C(Ky) + C(K™*) to
C(Ko)+C(K™), while still preserving the convergence guarantees (i.e., achieving -optimality
with probability exceeding 1 — 8T for small enough €). This effectively enlarges the allowable
range of ~v; for example, the alternative set

G = (K | C(K) — C(K*) < C(Ky)}

_ _Omin (Q)

admits any v in the interval (1 5Cura (o)’ 1) , which is more permissive than the condition

stated in Lemma 11.

Appendix B. Extension to Noisy Dynamics Setting

In this section, we show how everything from the Random Initialization setting trasnfers
into the noisy dynamics setup. We begin by establishing an exponential decay bound on
|(A — BK)||, which serves as a key technical tool for the results that follow.

B.1 Exponential Decay of ||[(A — BK)!||

Before we introduce the next result, let us define

M= 1OCm1t KO ‘|‘ Clnlt( )

)
mln )

- 1— 05)\m1n<Q)
' 10Cinit (Ko) + Cinit (K*) — 0.5Amin(Q)

and

€(0,1). (90)

Lemma 22 Suppose v € <1 - %, 1). Then for any K € G, it holds that

(A — BK)!||s < Mrt.

Proof Let Pk denote the unique positive-definite solution of the discrete algebraic Riccati
equation
= Q+ K'"RK + (A — BK) " Px(A — BK).

Re-arranging gives the Lyapunov inequality
(A - BK)"Px(A - BK) =P — (Q+ K'RK) < (1 - ak)Px,

where ( - )
)\min Q + K ' RK

= 0,1].

K Amax(PK) 6( ’ ]
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Define bg := /1 —ax € (0,1); then
v(A— BK)'"Pg(A - BK) < b%Pg,
and hence,
bic

[(A— BK)]" Pg(A— BK)' < - [(A— BK)"']" Pg(A— BK)"™!

b2\
<= (f) Py. (91)
Equip R" with the quadratic norm ||z| p, := v/2 T Pxz. From (91), we obtain

br \' .
(A~ BE)ap, < (ﬁ) lelle, Vo e RY,

hence for every integer ¢ > 0

I(A— BK)|p, < ("Jf;)

where ||.||p, is the Pg-induced matrix norm. Because all norms on a finite-dimensional
space are equivalent,

I3 < ApllellBe,  2llBe < Amax(Pr) 3,
so the operator norm induced by || - || satisfies

t )\max(PK) . t )\max(PK) be t
(4= BI) o < 52 A - ae) i < [0 (2]

Now note that we have that for K € glqr,
1OCinit(KO) + Cinit(K*) > Cinit(K) = tl“(PK) > /\max(PK)a
and hence,
Amax (Pr) < 10Cinit (Ko) + Cinit (K*) =2 A1

As a result of this, all the previously used values for bounding ||(A— BK)!|| can be bounded
by constants independent of K:

/\min(PK) > Amin(C2> =: A
L @
- )\max(PK) - )\1

A2

bg = V1 — <y/1—-=
K A < N
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Now since by assumption,

B 0.50min (@) S
11Cund(Kg) - )\1 ’

b\ o f M= de 0 05
Vi) T VA =05x A1 — 0.5)y
A1

050 \"?
A—BE)!o <4/= [1—- —=_
A (e )

y=1

we also conclude that

therefore,

: (92)

which is independent of K as long as we are withing the G'9" set. Substituting the values
of A1 and Ao finishes the proof. [ |

Finally, note that for the noisy dynamics setting, if we let

GYE = {K | Cayn(K) — Cayn(K™) < 10Cayn(Ko)}, (93)

since Cayn(K) = ﬁCinit(K) due to Lemma 4, this set is the exact same as (10) in the
random initialization setting. Therefore, all the bounds leading to (92) hold with exactly
the same values for the noisy dynamics case as well.

The exponential decay bound established in Lemma 22 plays a crucial role in bounding
the gradient estimate under the noisy dynamics setup. We now turn to this estimate,
show that it remains unbiased and admits similar concentration bounds in this setting, and
re-establish the main convergence guarantees for both standard and minibatched policy
updates.

B.2 Gradient Estimation and Convergence Results

Suppose K € Q(lj(;rn, with gi{;rn defined in (93). Now let us define Qg,n(iﬂg, u;) as

)
QK (s up) o= 1] Quy +ul Rup + Y 472/ (Q + KT RK)a,
t=t+1
where
vy = Ax; + Bug + 2,
and
zi+1 = (A — BK)xt + 21,

for all ¢ # ¢, with 2o = 0 and i.i.d. additive noise sequence z ~ D for all t. As a result, for
every t > t+1,

t—t—1

z; = (A — BK) t—i-1 (Aacg + BU£) + (A— BK) t_f_l_izfﬂ-,

~
Il
o
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which is affine in u;. Combining this with the fact that each stage cost z; (Q + K ' RK)x;
is quadratic in x; yields a quadratic function of u;. Therefore,

00
K T T t— t T T
Qfwwpu) = 2/Qr;  + w/Ru; + > 472/ (Q+ K RK)x
Y ™ t=t+1
independent of u;  quadratic in wu; — P

quadratic in u;

is quadratic in w;, satisfying the condtion in Remark 10. Following this, we have that the
gradient estimate

— 1
VCdyn(K) = — )Qé(yn (xl;7 —Kux; + 0'775)77537; (94)

o(l—»
satisfies

Corollary 23 Suppose t ~ py and n; ~ N(0,I,) as before. Then for any given K,

E[VCayn(K)] = VCayn(K).

The proof of this is a direct consequence of Remark 10. We now introduce a result similar
to 12 where we provide some bounds on this gradient estimate in the noisy dynamics setting.

Lemma 24 Suppose 6 € (0, e], and 7 is chosen as in Lemma 22. Then for any K € G,

we have that ~ 3/2
£ 1
n < 1 <
1V Cagn (K) | T \logs

with probability at least 1 — &, where 51,52,53 € R are given by

- MG — (M?r +2)?
= P P rre)
o= T (1Q1+ 21R1c® + 21 (10l + Irpee?) S
oM o\ MB)?
o= 21 (IRl + (1l + IRIE) 2120
s Lz 1 F r3/2, 3/2
53._;(515 m )+a(§25 m )
where M and r are defined in (90). Moreover,
BITC(RE <
(1—=7)

where

G 1= —5tm + 26 om(m +2) + *Gmlm + 2)(m + 1)

Proof First, note that since zg = 0 in this setting, it holds that

i—1

Tp = Z(A - BK)iszlw
i=0
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and hence,
i—1 ' ) =1 i s o Mc%/z
lzgll <Y I(A = BE) [z ll < Y (Mr)Chl* < M2y " r' = T, (99)
i=0 i=0 i=0

where (i) follows from Lemma 22 and assumption (4) on the additive noise. Moreover, we
have

Ty = (A— BK)x; + oBn; + 2,

and thus,
1/2 MC%Q 1/2
lz1ll < 1A = BE|[|27]| + o Bll|ng|l + Caf* < (M) T, T olBllngll +Ch% (96)
Additionally, for all ¢ > ¢ + 1, we can write
X t—t—2 ‘
2= (A—BE)"" ey, + Z (A— BK)'z-1-,
i=0
and hence,
t—t—2 '
lzell < Mllzg |l + D (MrH)CR/
i=0
(i) M%Oﬁ{z MCl/Q
<M|——7— B||||nz 1/2 —
< ( S | Bl + O | + S
MCH2(M?r +2)
< S TS oM B g, (97)
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where (i) follows from (96). We are now in a position to show the following upper bound:

Q(Ifyn(xf, —Kx; + on;)

:x;ng—l—(—K:Ug—l—an{)TR(—K:rﬁ-ant Z S f (Q+ K"RK)x
t=f+1
> ~
- —2
<[|QUllal® + 1 RIN = Kag +ongl* + D+~ (HQH + | Rllex, )HthQ

t=t+1

(i)
<[1QIllzz* + 21 B (1K1 [l1* + 0|1z *)

2
MCY*(M?r +2
L3 t(u@uﬂmncm)( T2 oat Bl
t=i+1
MQC NQMC i
< Q 5 2[R <c 5 +07[n; >
M?C,, M2r+2 —
+2(HQH+HRH0K1) O 22 ¢ a2 B In?) 3 o
= :
t=t+1
M?C,, v
= (HQ!+2!RHCK12+2(HQH+HRHCK1 ) artr 222 )
+202 (IR -+ (101 + 171 ?) 321812 ) P (98)

where (i) follows from (97) and (ii) from (95). Combining (95) and (98), we have

IVCayn (K)||

1

< oy Qi (@n ~ Ky o)l g

O 1 My’ M2 49

L O 1+ 2l + 25 (11 + i) LAY gy
o 2MC’1/2 ., M2||BH2 5
e e (R (TR e e N

1 1~ ~ 3
= (Gélml + o).

which resembles the expression of the bound (37) shown for the random initialization setting.
Therefore, the rest of the proof follows exactly like that of Lemma 12, after substituting
&1, & with &1, & respectively. |

Now note that as a consequence of Lemma 4, and as also pointed out in Malik et al. (2020),
Cayn(K) is also (125 ¢k, Bx) locally smooth, (125 Ak, (k) locally Lipschitz, and globally
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ﬁ pigr-PL. Now similar to before, we recall wx = min{fx,(x} and define the quantities

g v 2

¢dyn ‘= Ssup OK = sup ¢r = d)lqr
keger 1=7 1=V gega 1=
Y B Y
Adyn = sup 1 Ag = 1 sup A = 1 Algr>
Kegyr © v — 7 Keglar -
Wdyn = in? WK = inf1 WK = Wigr,
Kegdqyrn Keg qr

7
Hdyn = E/«qura

where the equalities in the first three lines follow from gi{gm = glqr, which holds due to the
cost equivalence shown in Lemma 4. Building on this, along with employing Corollary 23
and Lemma 24, we have all the necessary tools to provide the equivalent convergence result
of Theorem 15 for the noisy dynamics setting.

Corollary 25 Suppose K is stable and v is as suggested in Lemma 22, and the update
rule follows .
Kt+1 = Kt — atVCdyn(Kt). (99)

If the step-size oy is chosen as

2 1 2 & (log 1)*?
oy for N:maX{Nl, {3(0g5) ,

B Hdyn t+ N Hdyn (1 - V)Wdyn

where

A -
N1 = max {2, Daynés 2 } ,

'U’?iyn(l - 7)2 Cdyn(KO)

then for a given error tolerance € such that Cayn(Ko) > and & chosen arbitrarily to

satisfy

£
207

ng 3
§ <mind 2 x 1075, gbzdyjfzxwdyn )
960€2¢ 5, Cayn (Ko)

~ 3
Payds K <Mdy<1—7>>3 2
480(1 - ’7)#dyn£3gl\(—;Nlcdyn(KO) ’ 240636;; ’

the iterate K1 of (99) after

o 40

3

NCyyn(Ko)

steps satisfies
C(Kp)—C(K*)<e

with a probability of at least 4/5 — 6T
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Furthermore, we can also extend the minibatched gradient estimation argument to this
setting. Let

N,
- A
VCayny, (K) =+ > VCayn,(K),
5 i=1
where each mZ(K) is an i.i.d. copy of V/Cd\yn(K) in (94). We are now in a position to
provide a convergence result similar to Theorem 20 for the noisy dynamics setting.

Corollary 26 Suppose Kq is stable, v is as suggested in Lemma 22, and the update rule
follows
Kt—l—l = Kt - avcdynNS (Kt) (100)

with a constant step-size a satisfying

Wdyn 1 4
) ,
6}: + \/@ 4¢dyn Hdyn

Then for a given error tolerance € € (0,Cayn(Ko)|, and for any § < min {6_3/2, %\ / “%’8},
the update rule (100), with Ny, ~ O(1/€) chosen according to

Ns 2 {max{5000,8 <log > ’9(55 <log(mn+)) |

a < min

d 1- 7)2Mdyn5 d
1286, 1. 2(mn+1) ~ <1>
— = g | =0,
Payn(1 —7)? € & ) }—‘ €

guarantees that after

Po g (Kenth))

A ldyn €

iterations, we have
Cdyn(KT) - Cdyn(K*) < g,

with a probability of at least 1 — 0T .
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