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Abstract

We consider the task of predicting a response Y from a set of covariates X in settings
where the conditional distribution of Y given X changes over time. For this to be feasible,
assumptions on how the conditional distribution changes over time are required. Existing
approaches assume, for example, that changes occur smoothly over time so that short-term
prediction using only the recent past becomes feasible. To additionally exploit observations
further in the past, we propose a novel invariance-based framework for linear conditionals,
called Invariant Subspace Decomposition (ISD), that splits the conditional distribution into
a time-invariant and a residual time-dependent component. As we show, this decompo-
sition can be employed both for zero-shot and time-adaptation prediction tasks, that is,
settings where either no or a small amount of training data is available at the time points
we want to predict Y at, respectively. We propose a practical estimation procedure, which
automatically infers the decomposition using tools from approximate joint matrix diago-
nalization. Furthermore, we provide finite sample guarantees for the proposed estimator
and demonstrate empirically that it indeed improves on approaches that do not use the
additional invariant structure.

Keywords: invariance, distribution shift, time adaptation, zero-shot learning, joint block
diagonalization.

1. Introduction

Many commonly studied systems evolve with time, giving rise to heterogeneous data. In-
deed, changes over time in the data generating process lead to shifts in the observed data
distribution, and make it in general impossible to find a fixed model that consistently de-
scribes the system over time.

*. NP is now at Lakera in Ziirich but most of this work was done while NP was at the University of
Copenhagen.

(©2025 Margherita Lazzaretto, Jonas Peters, Niklas Pfister.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v26/24-0699.html.


https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v26/24-0699.html

LAZZARETTO, PETERS, PFISTER

In this work, we analyze the problem of estimating the relation between a response Y;
and a set of covariates (or predictors) Xy, t € N, both of which are observed over some period
of time, with the goal of predicting an unobserved response, when new observations of the
covariates become available. Two types of distribution shifts across time that can arise are
(i) variations in the mechanism relating the response to the covariates and (ii) variations in
the covariate distribution. Under distribution shifts, successfully predicting an unobserved
response from covariates requires assumptions on how the underlying data generating model
changes over time.

In regression settings, varying-coefficients models (e.g., Hastie and Tibshirani, 1993; Fan
and Zhang, 2008) are a common approach to deal with dynamic system behaviours re-
lated to changes in the functional relationship between a response and some covariates. In
these works, the model coefficients are usually assumed to change smoothly, and smoothing
methods are used in their estimation. Another approach for online estimation of smoothly
changing parameters uses state-space models and filtering solutions (see, for example, Durbin
and Koopman, 2012). In general, smooth changes or other kinds of structured variations
such as, for example, step-wise changes, allow us to learn a regression function using pre-
vious time points from the recent past. To exploit information further in the past, one
can look for invariant patterns that persist through time. In this spirit, Meinshausen and
Bithlmann (2015) define the maximin effect as a worst case optimal model that maintains
good predictive properties at all observed times.

Distribution shifts in time-series models are conceptually similar to distribution shifts
across domains. In both cases a key problem is to find invariant parts of the observed data
distribution and transfer it to the new domain or time-point. Unsupervised domain adapta-
tion methods aim to predict an unobserved response in the target domain: for the problem
to be tractable, they rely, for example, on the invariance of the conditional distribution of
the response given the covariates (Sun et al., 2017; Zhao et al., 2019) or on independently
changing factors of the joint distribution of the covariates and the response (Zhang et al.,
2015; Stojanov et al., 2021). Solutions to the unsupervised domain adaptation problem are
often based on aligning the source and target domains by minimizing the discrepancy either
between the covariates’ distributions (Zhang et al., 2015) or between the covariates’ second
order moments (Sun et al., 2017), or by finding low-dimensional invariant transformations
of the variables whose distributions match in the domains of interest (Zhao et al., 2019;
Stojanov et al., 2021). Other unsupervised domain adaptation approaches such as the one
proposed by Bousmalis et al. (2016) rely on learning disentangled representations, where
disentangled means that changes in one representation do not affect the remaining ones.
This approach is also explored in non-stationary settings, when changes in the covariate
distribution happen over time instead of across different domains, for example in the works
by Yao et al. (2022); Li et al. (2024). The goal of these works is not prediction, but rather
the identification of generalizable latent states that could be used for arbitrary downstream
tasks.

The field of causality widely explores the concept of invariant and independently changing
mechanisms, too. In causal models, changes in the covariate distribution are modeled as
interventions, and different interventional settings represent different environments. In this
context, Peters et al. (2016) propose to look for a set of stable causal predictors, that
is, a set of covariates for which the conditional distribution of the response given such
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covariates remains invariant across different environments. The same idea is extended by
Pfister et al. (2019a) to a sequential setting in which the different environments are implicitly
generated by changes of the covariate distribution over time. Such invariances can then
be used for prediction in previously unseen environments, too (e.g., Rojas-Carulla et al.,
2018; Magliacane et al., 2018; Pfister et al., 2021). Other works on causal discovery from
heterogeneous or nonstationary data, such as the ones by Huang et al. (2020); Giinther
et al. (2023), study settings in which the skeleton of the causal graph remains invariant
through different contexts or time points, but the causal mechanisms are also allowed to
change. Their goal is then to identify the causal graph on observed covariates. To detect
whether a mechanism changes, the context or time is included as an additional variable
in the graph. As the context or time can be assumed to be exogenous, this often leads
to additional identification of causal edges in the graphs. Feng et al. (2022) develop and
apply similar ideas in a reinforcement learning setting. Their interest is in learning the
causal graph and improving the efficiency of non-stationarity adaptation by disentangling
the system variations as latent parameters.

In this work, we build on invariance ideas both from the maximin framework proposed
by Meinshausen and Biihlmann (2015) and from the covariates shifts literature, and exploit
them for time adaptation. We propose an invariance-based framework, which we call invari-
ant subspace decomposition (ISD), to estimate time-varying regression models in which both
the covariate distribution and their relationship with a response can change. In particular,
we consider a sequence of independent random vectors (X, ¥;)ieny € RP x R satisfying for
all time points ¢t € N a linear model of the form

Y= X, 01+ e (1)

with Ele; | X¢] = 0, where 704 is the (unknown) true time-varying parameter. We allow
the covariance matrices Var(X;) to change over time, assuming that they are approximately
constant in small time windows. Regarding changes in vy ¢, we only need to assume smooth-
ness during test time (if there is more than one test point)—we provide more details later
in Remark 2. Having observed the X; and Y; up until some time point n, our goal is to
learn g+ for some t* > n, which we then use to predict Y« from X;«. We propose to
do so by considering the explained variance, which, for all ¢, is given for some function f
by AVar(f) := Var(Y;) — Var(Y; — f(X}:)). Using the explained variance as the objective
function provides an intuitive evaluation of the predictive quality of a function f: negative
explained variance indicates in particular that using f for prediction is harmful, in that it
is worse than the best constant function. Under model (1), f is a linear function fully char-
acterized by a parameter 3 € RP, i.e., f(X;) = X,' 8, and the true time-varying parameter
can always be expressed as

v0,+ = arg max AVar:(3). (2)
BERP

Key to ISD is the decomposition of the explained variance maximization into a time-invariant
and a time-dependent part: we show in Theorem 1 that, under some assumptions, for all
t € N, v, can be expressed as

v0,+ = arg max AVar(f) + arg max AVar,(3), (3)
IBESinv BESFCS

=:ginv =:67°°
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where AVar(f) = %Z?:l AVary(8), and S, 8™ C RP are two orthogonal linear sub-
spaces, with S™ @ 8™ = RP, assumed to be uniquely determined by the distribution of
(X1,Y1),...,(X,,Y,). The decomposition of RP into S™¥ and &' from observed data is
achieved by exploiting ideas from independent subspace analysis (e.g., Gutch and Theis,
2012). Unlike works on latent representations, we do not reduce the overall dimensionality
of the problem but partition the observed space into two lower dimensional subspaces, S™
and 8™5. This in particular implies that the two sub-problems in (3) each have less degrees
of freedom than the original one. The first sub-problem can be solved using all available het-
erogeneous observations, which we call historical data: its solution /™ is a time-invariant
linear parameter that partially describes the dependence of Y on X at all times. The sec-
ond sub-problem is a time adaptation problem that tunes the invariant component to a time
point of interest: its solution 0}* explains the residuals Y; — X, ™V: the sum B 4 67
gives an estimator for the time-varying linear parameter of interest 7o ;. In order to estimate
the residual component §;°, we assume the model is approximately stationary in a small
time window preceding ¢ and use this local subset of the data, which we call adaption data,
for estimation. We distinguish two tasks: (i) the zero-shot task, where adaption data is not
available and we approximate vy by B and (ii) the time-adaption task, where adaption
data is available and we solve both sub-problems to approximate 7o ; by B 4 61, A two-
dimensional example of 7o and its ISD estimates is shown in Figure 1. The same example
is presented again in more detail in Example 1 in Section 2.1 below and used as a running
example throughout the paper.

The fundamental assumption we make to apply the ISD framework to new data (As-
sumption 2) is that the decomposition inferred from available observations generalizes to
unseen time points. This guarantees that the estimated invariant component can be mean-
ingfully used for prediction at all new time points, either directly or as part of a two-step
estimation that is fine-tuned by solving the time adaptation sub-problem.

The ISD framework allows us to improve on naive methods that directly maximize the
explained variance on RP using only the most recent available observations and on methods
focusing on invariance across environments or time points such as the maximin by Mein-
shausen and Biihlmann (2015), which do not account for time-adaptation. We show in
particular in Theorem 3 that isolating an invariant component and reducing the dimension-
ality of the adaptation problem guarantees lower prediction error or, equivalently, higher
explained variance compared to to naive methods. An example is provided for a simulated
setting in Figure 2, which shows on the left the average explained variance by the invariant
component computed at training time on historical data, and on the right the cumulative
explained variance by the invariant (zero-shot task) and the adapted invariant component
(time-adaptation task) at testing time when new observations become available. For the
zero-shot task, we compare the ISD invariant component with the standard OLS solution,
computed on all training observations, and with the maximin effect (5™) by Meinshausen
and Biithlmann (2015), which maximizes the worst case explained variance over the available
observations. For the time-adaptation task, we compare the ISD with the standard OLS
solution computed on a rolling window over the latest new observations. For both tasks, the
ISD estimates achieve higher cumulative explained variance at new time-points.

The remainder of the paper is structured as follows. In Section 2 we introduce the ISD
framework, starting from the identification of the invariant and residual subspaces for or-
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Figure 1: Example of two-dimensional true parameter 7p; varying on a one-dimensional
subspace of R?, and its estimates using ISD (right) compared to rolling window OLS (left).
Time is visually encoded using a color map. (Left) True parameter 7o, (hexagons) on 350
test points and OLS estimates 4°™5 based on rolling windows of size 16. (Right) Same
test data and true parameters ~¢, but now we additionally use 1000 prior time-points
as historical data (not shown) to estimate the decomposition of R? into the orthogonal
subspaces 8™ and S™* (dashed lines). Next, we estimate 8™V using the historical data and
S, Then, using the same rolling windows as in the left plot as adaption data, we estimate
0;° using 8. The ISD estimates are then given by &{SD = Bim’ + Sies. All details on the
generative model are provided in Example 1. The subspaces S™ and S do not need to
be axis aligned, so ISD is applicable even in cases where the conditional of Y; given X; and
all conditionals of Y; given subsets of X; vary over time.

thogonal covariates transformations and showing the explained variance separation (3) in
Theorem 1. In Sections 2.2 and 2.3 we define population estimators for the invariant and
residual components, solutions to the two sub-problems in (3). We then describe, in Sec-
tion 3, the two tasks that ISD solves, namely zero-shot prediction and time-adaptation, and
provide a characterization of the invariant component as a worst-case optimal parameter. In
Section 4 we propose an estimation method for ISD, and provide finite sample generalization
guarantees for the proposed estimator. Finally, in Section 5, we illustrate ISD based on nu-
merical experiments, both on simulated and on real world data, and validate the theoretical
results presented in the paper.
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Figure 2: For the data-generating model in Section 5.2, we plot (left) the average explained
variance (distribution over 20 runs) obtained at training time (historical data) and (right)
the cumulative explained variance obtained testing time (adaptation data) (in one of the
20 runs); in this example, the time-varying components in the historical and adaptation
data have disjoint support. The example considers p = 10-dimensional predictors and
an invariant component of dimension 7. As baselines, we use (i) the true time-varying
parameter o, which maximizes the explained variance at all observed time points ¢, and
(ii) the oracle invariant component ™. 6000 historical observations are used to estimate:
(iii) the invariant component 3™ of the ISD framework, (iv) the OLS solution 35, (v) the
maximin effect 3mm Starting from ¢t = 0 after the observed history, windows of length 3p
are used to estimate: (vi) the adaptation parameter 5{65 for Binv to obtain the ISD estimate
415D and (vii) the rolling window OLS solution 4°%S. While at training time on historical
data the ISD invariant component A is the most conservative, with the lowest average
explained variance, after a distribution shift (adaptation data) the same component can
explain higher variance than other methods based on historical data only (BOLS, Bmm), and
can be tuned to new time points to improve on estimators based on adaptation data only

(°19).

2. Invariant subspace decomposition

We formalize the setup described in the introduction in the following setting.

Setting 1 Let (Xy,Y;)ien € RP xR be a sequence of independent random vectors satisfying
for all t € N a linear model as in (1), with v, € RP and Ele; | X¢] = 0. Assume that
for all t € N the covariance matriz of the predictors ¥y = Var(Xy) is strictly positive
definite. Moreover, for alln € N, let [n] :== {1,...,n} and assume we observe n observations
(Xt, Yi)ie[n) from model (1), which we call historical data. Additionally, let 724 C N be an
interval of consecutive time points with m = |I?| > p and min;czaat > n. Assume we
observe a second set of observations (Xy,Y;)iezaa from the same model but succeeding the
historical data, which we call adaptation data. Finally, denote by t* > max;c7aa @ time
point of interest that occurs after the adaptation data and assume that, for allt € IadU{t*},
the quantities vo+, Xrand Var(e) in model (1) are constant (in practice, being approximately
constant is sufficient).
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Zero-shot task: observe (X¢, Y1)ig[n) and Xy« predict Y«
Adaptation task: observe (Xt,Yt)ie[n], (X34, Y2d), c7aa and Xy« predict Yy

historical data adaptation data
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Figure 3: Illustration of the historical and adaptation data and the zero-shot and adaptation
tasks.

Our goal is to predict Y;+ from X;+. A naive solution is to only consider the adaptation
data in 78! (see also the analysis in Section 3): we aim to improve on this approach by
additionally exploiting historical data in [n]. In particular, depending on whether we only
have access to the historical data or we additionally have access to the data in 724, we
can solve (i) the zero-shot task or (ii) the adaptation task, respectively. The full setup
including the different tasks is visualized in Figure 3. The two tasks correspond to the two
sub-problems in (3): the solution to (i) is a time-invariant parameter "™ € RP, defined
formally below in Section 2.2; the solution to (ii) is an adaptation parameter 6;*° formally
defined in Section 2.3 that satisfies BV 4 51 = Y0,t-

We start by defining what a time-invariant parameter is. To do so, we first consider the
explained variance for a parameter 8 € RP at time ¢ € N, defined by

AVar(B) == Var(¥;) — Var(Y; — X,/ B).
Under model (1), the explained variance can be equivalently expressed as

AVar(8) = 2 Cov(Yy, X' 8) — Var(X, B)
=2Cov(Y; — X' 8, X,/ B) + Var(X,' B). (4)

A desirable property for a non-varying parameter S € RP is to guarantee that its explained
variance remains non-negative at all time points. We call parameters g € R? never harmful
if, for all ¢ € N, AVary(3) > 0. Intuitively, parameters with this property at least partially
explain Y; at all time points ¢ € N, and are therefore meaningful to use for prediction.!
In this paper, we consider the subset of never harmful parameters § € RP that satisfy
AVary(B) = Var(X, B) or equivalently, using (4), Cov(Y; — X,'3, X, 8) = 0; thus, the
explained variance of these parameters reflects changes of Var(X;) (over ¢) but is independent
of changes in g .

Definition 1 (time-invariance) We call a parameter 5 € RP time-invariant (over [n]) if for
all t € [n],
Cov(¥; - X/ B, X/ ) = 0. (5)

1. Under an assumption similar to Assumption 2 below, the maximin framework by Meinshausen and
Biithlmann (2015) allows us to estimate never harmful parameters: we provide a more detailed comparison
between our approach and the maximin in Remark 3.
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We use this definition, in Section 2.1, to define the subspaces S™ and S™ that allow
us to obtain the separation of 7; as in (3). In particular, as we show in Proposition 2,
the definition of the invariant subspace S™ guarantees that the invariant component A
maximizing the pooled explained variance over S™ is always a time-invariant parameter
according to Definition 1.

While we consider the explained variance here, one can equivalently consider the mean
squared prediction error (MSPE).

Remark 1 (exchanging explained variance with MSPE) Under model (1) mazimizing the
explained variance at time t € [n] is equivalent to minimizing the MSPE at t, MSPE,(5) :=
E[(Y: — X, B)?]. More precisely, assuming that all variables have mean zero,

arg max AVar,(3) = arg min Var(Y; — X, 8) = Var(X;) ! Cov(Xy, Y;) = arg min MSPE;(3).
BERP BERP BERP

The remaining part of this section is organized as follows. Section 2.1 explicitly con-
structs the spaces S™¥ and S™ and shows that they can be characterized by joint block
diagonalization. In Section 2.2 we then analyze the time-invariant part of (3), leading to
the optimal time-invariant parameter 8"V, and show in Proposition 2 (4ii) that its solution
corresponds to the maximally predictive time-invariant parameter and is an interesting tar-
get of inference in its own right. In Section 2.3 we analyze the residual part of (3), leading
to the optimal parameter 6;.

2.1 Invariant and residual subspaces

We now construct the two linear subspaces S™ and S*™ that allow us to express the true
time-varying parameter as the solution to two separate optimizations as in (3). For a linear
subspace § C RP, denote by Ils € RP*P the orthogonal projection matrix from RP onto
S, that is, a symmetric matrix such that II% = IIs and, for all vectors v € RP, IIsv € S
and (v — HS’U)THS'U = 0. We call a collection of pairwise orthogonal linear subspaces
Si,...,8¢ € RP with @?:1 Sj = RP an orthogonal and (Xy);e[,)-decorrelating partition (of
cardinality q) if for all 4,7 € {1,...,q} with i # j, and for all ¢ € [n] it holds that

COV(HSiXt,HSth) =0. (6)

Moreover, we define an orthogonal and (Xt)te[n]—decorrelating partition as rreducible if there
is no orthogonal and (Xt)ten)-decorrelating partition with strictly larger cardinality. We will
construct ™ and S from an irreducible orthogonal and (X¢),[,-decorrelating partition.
Given a (not necessarily irreducible) orthogonal and (X;);c[nj-decorrelating partition
{Sj}?zl, the true time-varying parameter can be expressed as the sum of ¢ orthogonal
components each lying in one subspace of the partition. These components can be expressed
in terms of the covariates and of the response at time ¢ as shown by the following lemma.

Lemma 1 Let {Sj}?:l be an orthogonal and (Xy)yc[n)-decorrelating partition. Then it holds
for all t € [n] that yo+ = 2321 s, v0, and for all j € {1,...,q} that

Is, 0.+ = Var (ITs, X;)' Cov (Ils, X;, ) (7)

where (-)1 denotes the Moore-Penrose pseudoinverse.
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Each component is in particular the projection of 7o on the corresponding subspace S;, as
well as a maximizer of the explained variance in S;, as shown by Lemma 2.

Lemma 2 Let N C N and let {Sj}?zl be an orthogonal and (Xy)ten -decorrelating parti-
tion.> Then it holds for all j € {1,...,q} and for allt € N that

arg max AVar,(8) = Var(Ils, X¢)! Cov(Ils, X3, V7). (8)
BGSJ'

Combining Lemmas 1 and 2 implies that

q
Yot = Z arg max AVary(3). (9)
5683'

j=1
Therefore, any orthogonal and (Xt)te[n]—decorrelating partition allows us to split the opti-
mization (2) of the explained variance into separate optimizations over the individual sub-
spaces. In order to leverage all available observations in at least some of the optimizations
by pooling the explained variance as in (3), we need the optimizer to remain constant over
time. More formally, we call a linear subspace S C RP opt-invariant (optimum invariant)
on [n] if for all ¢, s € [n] it holds that

arg max AVar, (/) = arg max AVars(f). (10)
BES BesS

For all terms in (9) corresponding to an opt-invariant subspace, we can—by definition of
opt-invariance—use all time-points in the optimization. For an irreducible orthogonal and
(Xt)ten)-decorrelating partition {S; }?:1, we therefore define the invariant subspace S™ and
the residual subspace S by

) je{l,...q}: S; and S =P Je{l,...q}: Sjs (11)

S; opt-invariant on [n] Sj not opt-invariant on [n]

respectively. The invariant subspace S is opt-invariant (see Lemma 7). Moreover, by
definition, it holds that S = (Sin")l, where (-)* denotes the orthogonal complement in RP,
and that {S™, 8"} is an orthogonal and (Xt);c[nj-decorrelating partition (see Lemma 6).
To ensure that these two spaces do not depend on the chosen irreducible orthogonal partition,
we introduce the following assumption.

Assumption 1 (uniqueness of the subspace decomposition) Let {S;}{_, and {Sj}?zl be
two irreducible orthogonal and (Xt)ye[n)-decorrelating partitions. Then, it holds that

D JE{L,....q}: S;=6&D je{l ...} Sj.

S; opt-invariant on [n] S; opt-invariant on [n)
Assumption 1 is for example satisfied if an irreducible orthogonal and (X¢)[,-decorrelating
partition is unique. As we show in Appendix A.l, the uniqueness does not always hold
(e.g., if for all ¢ € [n] the multiplicity of some eigenvalues of ¥; is larger than one and shared

2. This is defined analogously to an orthogonal and (X});c[n-decorrelating partition.
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across all such matrices). Assumption 1 is, however, a mild assumption; for example, the
uniqueness of an irreducible orthogonal and (X¢);c[,)-decorrelating partition is satisfied if
there exists at least one t € [n] such that all eigenvalues of ¥, which we have assumed to
be non-zero, are distinct (see Lemma 8 and Proposition 1 below). Whenever Assumption 1
holds, the invariant and residual spaces S™ and 8™ do not depend on which irreducible
orthogonal partition is used in their construction.

Example 1 This example describes the setting used to generate Figure 1. Consider a 2-
dimensional covariate X; € R?, and assume that model (1) is defined as follows. We take,
for all t € [n]

ot = 1.5v/3+1—+/3t/n and S, — L] 3oyt + o024 V3(o24 — o14)
0t t/n—154+3 tT g \/3(0’2,1: —01¢) o1t + 3024

where o1 and o2 are two fived sequences sampled as two independent i.i.d. samples from
a uniform distribution on [0, 1]. In this example, we have that an irreducible orthogonal and
(Xt)te[n]—decowelatmg partition is given by the two spaces

0.5v/3 0.5
&= <[ —0.5 ]> 52 = <[0.5\/§]>'
Indeed, it holds for all t € [n] that Cov(Ils, X¢, IIs, X;) = Ils, 34Ils, = O04x4. Moreover,
since 014 and o2y are the eigenvalues of X, the irreducible orthogonal partition defined by

S1 and Sy is unique (i.e., Assumption 1 is satisfied by Lemma 8) if 014 # o2+ for some
t € [n]. It also holds that

1
HSQ’YO,t = |:\/§:| 5

which does not depend on t (it can be verified that the same does not hold for Ils, vot). As
shown in Lemmas 1 and 2, it holds that

arg max AVar,(f) = arg max Var(Y;) — Var(Y; — XtTHSj B) = 1Ils;70.t-
BES; BES;

It follows that the subspace Sy is opt-invariant, whereas Sy is not, and therefore S™ = S
and 8™ = 8§1. The two spaces 81 and Sy also appear in Figure 1: the true time-varying
parameter yo ¢ does not vary with t in the direction of the vector [0.5, 0.5v3]T generating Sa;
S1 can be visualized when connecting the circles.

In order for S™ and 8™ to be useful for prediction on future observations, we assume
that the subspace separations we consider remain fixed over time.

Assumption 2 (generalization) For all irreducible orthogonal and (X )|, -decorrelating
partitions, 8™ and S defined in (11) satisfy the following two conditions: (i) for all
t € N it holds that Cov(Ilginw Xy, Ilsres X¢) = 0 and (i) S™ is opt-invariant on N.

As shown in the following theorem, Assumption 2 ensures that the two sets satisfy a
separation of the form (3) for all observed and unobserved time points ¢t € N, as desired.
For unobserved time points ¢ € N\ [n], Assumption 2 does not require (6) to hold for all
i,j € {1,...,q}, but only for all i,j € {1,...,q} such that S; C ™ and S; C &*.

10
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Theorem 1 Assume Assumption 2 is satisfied. Let S™ and S* be defined as in (11) for
an arbitrary irreducible orthogonal and (Xt)sc|n)-decorrelating partition. Then, it holds for
allt € N that
70, = arg max AVar(f) + arg max AVar,(53), (12)
ﬂesinv ﬁesres

where AVar(B) = %Z?:l AVar,(B). Moreover, if Assumption 1 is satisfied, the separation
in (12) is independent of the considered irreducible orthogonal and (Xt)te[n]—decorrelatmg

partition.

The proof of Theorem 1 can be found in Appendix E.1 and relies on the fact that, un-
der Assumption 2, the invariant and residual subspace form an orthogonal and (X;)ien-
decorrelating partition.

2.1.1 IDENTIFYING INVARIANT AND RESIDUAL SUBSPACES USING JOINT BLOCK
DIAGONALIZATION

We can characterize an irreducible orthogonal partition using joint block diagonalization
of the set of covariance matrices (¥)c[,). Joint block diagonalization of (), consists
of finding an orthogonal matrix U € RP*? such that the matrices ¥y = U %,U, t € [n],
are block diagonal and we can choose ¢V blocks such that the indices of the corresponding
submatrices do not change with ¢ (the entries of the blocks may change with ¢ though). Let
qY.. be the largest number of such blocks and let (it,l)te[n]a cee (it,qgax)te[n} denote the
corresponding common blocks with dimensions pq, ... PgU_ that are independent of t. We
call U a joint block diagonalizer of (X¢)e[,). Moreover, we call U an irreducible joint block
diagonalizer if, in addition, for all other joint block diagonalizers U’ € RP*P the resulting
number of common blocks is at most ¢{.. Joint block diagonalization has been considered
extensively in the literature (see, for example, Murota et al., 2010; Nion, 2011; Tichavsky
and Koldovsky, 2012) and various computationally feasible algorithms have been proposed
(see Section A.3 for further details).

In our setting, joint block diagonalization can be used to identify the invariant and
residual subspaces, since an irreducible joint block diagonalizer U of the covariance matrices
(23t)tepn) corresponds to an irreducible orthogonal partition, as the following proposition
shows.

Proposition 1 (i) Let U € RP*P be a joint block diagonalizer of (X¢)epn). For all j €
{1,...,qY..}, let S; € {1,...,p} denote the subset of indices corresponding to the
J-th common block ¥y ;. Moreover, let u® denote the k-th column of U and, for all

je{l,...,qY,..}, define
S; = span{u® | k € S;}.

U
Then, {Sj}?’;‘}" is an orthogonal and (X¢)e[y-decorrelating partition. Moreover, if the
joint block diagonalizer is irreducible, then the corresponding orthogonal partition is
wrreducible.

(11) The converse is also true. Let {Sj}gzl be an orthogonal and (X).e|n)-decorrelating
partition. Then, there exists a joint block diagonalizer U € RP*P of (3t),c|n) such that
for all t € [n] the matriz Xy = U %,U is block diagonal with q diagonal blocks it,j =

11
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(U TsU%, j € {1,...,q¢} of dimension |S;| = dim(S;), where S; C {1,...,p}
indezes a subset of the columns of U. If the orthogonal partition is irreducible, then U
is an irreducible joint block diagonalizer. Moreover, lls, = USJ'(USJ')T.

If Assumption 1 is satisfied, any irreducible joint block diagonalizer U, via its corresponding
irreducible orthogonal and (X¢)e[n-decorrelating partition constructed in Proposition 1(i),
leads to the same (unique) invariant and residual subspaces defined in (11).

It is clear that Assumption 1 is automatically satisfied whenever the joint block diag-
onalization is unique up to trivial indeterminacies, that is, if for all orthogonal matrices
U,U’ € RP*P that jointly block diagonalize the set (3¢)ie[n) into g5, irreducible common
blocks, it holds that U is equal to U’ up to block permutations and block-wise isometric
transformations. Explicit conditions under which uniqueness of joint block diagonalization
is satisfied can be found, for example, in the works by De Lathauwer (2008); Murota et al.
(2010). Intuitively, these conditions are satisfied whenever there is sufficient variability
across time in the covariance matrices (X¢);ep)-

Given an irreducible joint block diagonalizer U, the invariant and residual subspaces can
be identified using Proposition 1 and Lemma 1, by checking for all j € {1,...,¢%. .} whether
ILs; 0,6 = US3i(US3) Ty, remains constant (S; € S™) or not (S; C §™) on [n]. We denote
by U™ and U™ the submatrices of U formed by the columns that span the invariant and
the residual subspace respectively.

Example 1 (continued) In Ezample 1 so far, we expressed Sy and Sy in terms of their
generating vectors. These can be retrieved using Proposition 1 by joint block diagonalizing
the matrices (Et)te[n]' In this specific example, an irreducible joint block diagonalizer is

given by
U — 0.5v3 05
| =05 05V3]°

which is a (clockwise) rotation matriz of 30 degrees (see Figure 1 and use Sy = {1} and
Sy = {2}). In particular, we have that ¥y = U S,U = diag(o14,09¢): therefore, ¢4, = 2
and each block has dimension 1. Moreover, it holds for all t € [n] that

1.5v3 —/3t/n

1
HSl'YO,t = U51 (Usl)T,y()’t — |: t/n _ 1k :| and HSg'YO,t — USQ(US2)T’70¢ _ |:\/§:| :

and therefore S™ = Sy and S™ = S;.

2.2 Invariant component

In Theorem 1 we have shown that the true time-varying parameter o ; can be expressed as
the result of two separate optimization problems over the two orthogonal spaces S™ and
S5, In this section we analyze the result of the first optimization step over the invariant
subspace S™. To ensure that the space S™ is unique, we assume that Assumption 1 is
satisfied throughout Section 2.2.

Definition 2 (invariant component) We denote the parameter that mazimizes the explained
variance over the invariant subspace by

B := arg max AVar(j). (13)
Besinv

12
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The parameter 5™ corresponds to the pooled OLS solution obtained by regressing Y; on
the projected predictors IIginv Xy, and can be computed using all observations in [n]. The
whole procedure to find A, by first identifying S™ via joint block diagonalization and then
using Proposition 2 (¢) below, is summarized in Algorithm 1 (see Section 2.4). Proposition 2
summarizes some of the properties of 5V,

Proposition 2 (properties of ™) Under Assumption 1, f satisfies the following prop-
erties:

(i) For allt € [n], B™ = Hginvyo, = Hgin¥o, where Yo := = 37 yo,.
(ii) B™V is time-invariant over [n], see Definition 1.

(iii) If, in addition, it holds for all B € RP time-invariant over [n] that f € S™ then
Bmv = argMaxgcRe time-invariant AV&I‘(B)

Definition 1 guarantees, for all ¢ € [n], that the explained variance for all 5 € R?P time-
invariant over [n] is AVary(3) = Var(X ) = 37%;3. Point (ii) of Proposition 2 therefore
implies that, for all ¢ € [n], AVar, (™) = (™) T%,81. Under Assumption 2, we have
that the same holds for all t € N: 8"V is therefore a never harmful parameter and for all
¢t € Nit is a solution to arg maxgeginv AVar; (). Moreover, Proposition 2 (ii7) implies that,
under an additional assumption, the parameter 8™ is optimal, i.e., maximizes the explained
variance, among all time-invariant parameters. In particular, ™ represents an interesting
target of inference: it can be used for zero-shot prediction, if no adaptation data is available
at time ¢ to solve the second part of the optimization in (12) over S™. Using U™ as defined
in Section 2.1.1, we can express ™ as follows.

lBinv _ Uinv((Uinv)'I'@(X—)UHW)—1([Jin'v)Tﬁ()(7 Y) (14)
where Var(X) = 13" | Var(X;) and Cov(X,Y) := 131" Cov(Xy,Y;). We derive this

expression in Lemma 10, and we later use it for estimation in Section 4.2.

Example 1 (continued) Considering again Evample 1, we have that S™ = Sy, and there-
fore the invariant component is given by

. N 1
mv — AV. =g 7, = )
B8 arﬂgerg?ax ar(B) S270 [ \/3]

Moreover, we can express B under the basis for the irreducible subspaces using the irre-
ducible joint block diagonalizer U, obtaining U g™ = [0, 2]T: the only non-zero compo-
nent is indeed the one corresponding to the invariant subspace Sa.

2.3 Residual component and time adaptation

Under the generalization assumption (Assumption 2), Theorem 1 implies that we can par-
tially explain the variance of the response Y; at all—observed and unobserved—time points
t € N using ™. It also implies that for all t € N we can reconstruct the true time-varying

13



LAZZARETTO, PETERS, PFISTER

parameter by adding to ™ a residual parameter that maximizes the explained variance at
time t over the residual subspace 8™, i.e.,

Yo = B™ + arg max AVar(B).
ﬁesrcs

In this section we focus on the second optimization step over S™. We assume that As-
sumptions 1 and 2 hold, and for all ¢ € N we define the residual component §;* =
arg maxgegres AVarg (). Using (7), (8) and (11), we can express 6; as

6;08 = VaI‘(HSreth)T COV(HSreSXt, }/;f) (]‘5)
= Va,r(HSreth)T COV(HSTGSXt, 1/;5 - Xt—rﬁlnv)

We can now reduce the number of parameters that need to be estimated by expressing 6;* as
an OLS solution with dim(S") parameters. To see this, we use that, under Assumption 1,
Proposition 1 allows us to express the space S™° in terms of an irreducible joint block

U
diagonalizer U corresponding to the irreducible orthogonal partition {S; }gzal" as
S™ = span{u” | 3j € {1,...,¢%,.} : S; not opt-invariant and k € S;}.

Moreover, the orthogonal projection matrix onto S is given by Igres = U™(U™) T, Hence,
using Lemma 5 we get that

611;05 — yres Var((UrOS)TXt)—l COV((UrCS)TXt, Y, — XtT,Binv), (16)

where Var((U*) T X;)~! Cov((U™) T X}, Y;— X, ™) is the population ordinary least squares
solution obtained by regressing Y; — X,/ ™ on (U)X, € RIm(S™),

Example 1 (continued) In Ezample 1, we have that for allt € [n] the residual component
07 is given by

511;65 = arg max AVart (ﬁ) - H31 'YO,t =

BES

[1.5;2—_\1/.?;:/71} .

Moreover, we can express 6;°° under the irreducible orthogonal partition basis (given by the

two vectors generating S1 and Sa), obtaining UT5{eS = [3 — 2t/n, O}T, which indeed only
has one degree of freedom in the first component. This component takes the following values:
for all t € [n] we have 3 —2t/n € [1,3].

2.4 Population ISD algorithm

We call the procedure to identify ™ and 6/ invariant subspace decomposition (ISD). By
construction, the result of ISD in its population version is equal to the true time-varying
parameter at time ¢ € N, i.e.,

70,t — Binv + 5£es' (17)

The full ISD procedure is summarized in Algorithm 1. In the algorithm, the invariant
and residual subspaces are identified through joint block diagoanlization as described at
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Algorithm 1 Population ISD
Input: distributions of (Xy, Y}).epn
Output: BV, §res
(Bt)ien) < {Var(Xe) bepn)
{0, hepm < {Var(Xy) ™ Cov(Xy, Yi) hiepn
U,{S;}{-, + irreducibleJointBlockDiagonalizer((%¢);e[n]) > Prop. 1
> Find the opt-invariant subspaces to identify &™V, S
Sinv’ Sres o @
for j=1,...,qdo
IIs, < Ui (U%)T
if Ils;70, constant in [n] then S §invy §; > see Prop. 2
else 5™ « S US;

10: > Define estimators for the invariant and residual component of ~q ;:
11: Hginv UmV(UmV)T

12: BV« LS Var(gine Xi) T Cov(ITgine X¢, V) > see Prop. 2, Lemmas 1,2
13: 65 < U Var((U) T X,,) 7L Cov(U™) T X,,, Y, — X, BY) > see Eq. (16)

the end of Section 2.1.1. The number of subspaces ¢ in the irreducible orthogonal and
(Xt)te[n]—decorrelating partition is inferred by the joint block diagonalization algorithm. If
Assumption 1 is not satisfied, then the decomposition in (17) and therefore the output
of Algorithm 1 depends on the irreducible orthogonal and (Xt)te[n]—decorrelating partition
used.

In Appendix C we show that a decomposition of the true time-varying parameter similar
to (17) is also obtained when considering (Xt);c[nj-decorrelating partitions that are not
orthogonal, i.e., such that (6) holds but the subspaces in the partition are not necessarily
pairwise orthogonal. In this case, in particular, we can still find an invariant and residual
parameter as in (14) and (16), respectively, where the matrix U is now a non-orthogonal
irreducible joint block diagonalizer.

Remark 2 (changes of v, and ¥; over time) For the ISD procedure to work in practice,
we assume that the covariance matrices Xy are approzimately constant in small time windows
(e.g., smoothly changing or piece-wise constant). This is required to obtain accurate estimates
of X, which we then (approzimately) joint block diagonalize (see Section 4.1.1). Similarly,
we assume that yo . is approximately constant in the adaptation window, in order to perform
the adaptation step (see Setting 1). In the historical data, however, v can vary arbitrarily
fast in the residual subspace (| v remains constant, of course). Intuitively, even if Yo,t does
not change in a structured way, its projection gy on the invariant subspace remains
constant across time points. We provide an example in which vo; is quickly varying in
Appendiz A.2.
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3. Analysis of the two ISD tasks: zero-shot generalization and time
adaptation

We now analyze the two prediction tasks that can be solved with the ISD framework intro-
duced in the previous sections, namely (i) the zero-shot task and (ii) the adaptation task.
We consider Setting 1 and assume for (i) that only the historical data is available, while
for (ii) we assume to also have access to the adaptation data. Throughout the remainder
of this section we assume that the invariant and residual subspaces are known (they can be
computed from the joint distributions), which simplifies the theoretical analysis.

3.1 Zero-shot task

We start by analyzing the zero-shot task, in which no adaptation data are observed, but only
historical data and X+. Under the generalization assumption (Assumption 2), S™ is opt-
invariant on N and we can characterize all possible models defined as in (1) by the possible
variations of the true time-varying parameter in the residual space S, or, equivalently, by
all possible values of yp; — ™ € S™. We then obtain that 8™ is worst case optimal in
the following sense.

Theorem 2 Under Assumptions 1 and 2 it holds for all t € N that

B = arg max inf AVar(5).
BERP ~Yo,t €ERP:
Yo t_ﬁinvesres

We further obtain from Proposition 2 (ii7) that, under an additional condition, 8™ is worst
case optimal among all time-invariant parameters. This characterization of ™ allows for
a direct comparison with the maximin effect by Meinshausen and Bithlmann (2015), which
we report in more detail in Remark 3. In absence of further information on 6;°, Theorem 2

suggests to use an estimate of Bin" of B to predict Y-, i.e., Yy = X;BinV.

Remark 3 (relation to maximin) The mazimin framework introduced by Meinshausen and
Biihlmann (2015) considers a linear regression model with varying coefficients, where the
variations do not necessarily happen in a structured way, e.g., in time. Translated to our
notation and restricting to time-based changes, their model can be expressed for t € [n] as

}/t = XtTfYO,t + €t,

where Ele; | X] = 0 and the covariance matriz ¥ := Var(X;) does not vary with t. The
mazimin estimator mazimizes the explained variance in the worst (most adversarial) scenario
that is covered in the training data; it is defined as

S = arg max min AVar ().
BeERP  t€[N]

The mazimin estimator guarantees that, for all t € [n], Cov(Y; — X, g™™, X, pmm) > 0
and therefore AVar, (™) > 0 (see Meinshausen and Bihlmann, 2015, Equation (8)). This
means that the maximin relies on a weaker notion of invariance that only requires the left-
hand side of (5) to be non-negative instead of zero. This implies that ™ is in general
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more conservative than ™™ in the sense that, for all t € [n], AVar (™) > AVar, (™).
By finding the invariant and residual subspaces, we determine the domain in which o4
varies and assume (Assumption 2) that this does not change even at unobserved time points.
The parameter B™ is then worst case optimal over this domain, and guarantees that the
explained variance remains positive even for scenarios that are more adversarial than the
ones observed in [n], i.e., such that AVarg(f™™) < minsp,) AVar,(8™™") for some s €
{n+1,n+2,...} (see, for example, the results of the experiment described in Section 5.1
and shown in Figure 2). Furthermore, the decomposition allows for time adaptation (see
Section 2.5), which would not be possible starting from the maximin effect.

3.2 Adaptation task

We now consider the adaptation task in which, additionally to the historical data, adaptation
data are available. Adaptation data can be used to define an estimator for the residual
component 0;°, which we denote by 6res. This, together with an estimator /Y for [V
fitted on the historical data gives us an estimator 5P = Bin" + 3;?8 for the true time-
varying parameter. We compare this estimator with a generic estimator 4;+ for vp+ which
uses only the adaptation data.
To do so, we consider the minimax lower bound provided by Mourtada (2022)|Theorem

1] for the expected squared prediction error of an estimator 4 computed using n i.i.d. ob-
servations of a random covariate vector X € RP and of the corresponding response Y. It is
given by

inf sup Ep[(X T (5 — 7))?] > 0?2, (18)

¥ PeP
where P is the class of distributions over (X,Y) such that Y = X "y 4 ¢, Ele | X] = 0 and
E[e? | X] < o2. It follows from (18) that, for a generic estimator 44+ of 79+ based on the
adaptation data alone, we can expect at best to achieve a prediction error of azd%, where
02, is the variance of ¢ for ¢ € 724 (which is assumed to be constant). We can improve on
this if we allow the estimator 44+ to also depend on the historical data. To see this, observe
that we can always decompose 4+ = B+ 0+ with 3 € 8™ and 6+ € S™. Moreover, under
Assumption 2 we can split the expected prediction error of 44« at t* accordingly as

E[(X¢: (e = 704+))*] = E[((Tgime Xoo) (8 = ™)) + E[((Tsres Xp) T (8 — 655%))7)-

Then, B represents an estimator for 5™ and can be computed on historical data®, whereas

dp estimates 0;°° and is based on adaptation data: by decomposing 44+ in this way, the
dim(S™) | dim(S™)
n + m

best prediction error we can hope for is of the order . In Section 4, we
prove that 'Ayg*SD indeed achieves this bound in Theorem 3. If the invariant subspace is non-
degenerate and therefore dim(S™) < p, and n is sufficiently large, this implies that AISD

has better finite sample performance than estimators based on the adaptation data alone.

3. In principle, an estimator for 8™ could be computed using both historical and adaptation data. However,
the ISD procedure is motivated by scenarios in which the size of historical data is very large (and n > m):
this means that it could be computationally costly to update the estimate for the invariant component
every time new adaptation data are available, without a significant gain in estimation accuracy. For this

reason, we only consider estimators for AV that use historical data.
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4. ISD estimator and its finite sample generalization guarantee

We now construct an empirical estimation procedure for the ISD framework, based on the
results of Section 2.2 and on Algorithm 1 described in Section 2.3. Throughout this section,
we assume that Assumptions 1 and 2 are satisfied.

We assume that we observe both historical and adaptation data as in the adaptation
task. We use the historical data to first estimate the decomposition of R? into S™ and
8™, employing a joint block diagonalization algorithm (Section 4.1). We then use the
resulting decomposition to estimate S™. Finally, we use the adaptation data to construct
an estimator for 6;° in Section 4.2. In Section 4.3 we then show the advantage of separating
the optimization as in (3) to estimate 7+ at the previously unobserved time point t*, by
providing finite sample guarantees for the ISD estimator.

4.1 Estimating the subspace decomposition
4.1.1 APPROXIMATE JOINT BLOCK DIAGONALIZATION

We first need to find a good estimator for the covariance matrices ;. Since only one
observation (Xi,Y;) is available at each time step ¢ € [n], some further assumptions are
needed about how ¥; varies over time. Here, we assume that ¥; varies smoothly with ¢ € [n]
and is therefore approximately constant in small time windows. We can then consider a
rolling window approach, i.e., consider K windows in [n] of length w < n over which the
constant approximation is deemed valid, and for the k-th time window, k € {1,..., K}, take
the sample covariance 3% as an estimator for ¥ in such time window.

Given the set of estimated covariance matrices {ik}ﬁil, we now need to estimate an
orthogonal transformation U that approximately joint block diagonalizes them. We provide
an overview of joint block diagonalization methods in Section A.3 in the appendix. In our
simulated settings, we solve the approximate joint block diagonalization (AJBD) problem
via approximate joint diagonalization (AJD), since we found this approach to represent a
good trade off between computational complexity and accuracy. More in detail, similarly
to what is proposed by Tichavsky and Koldovsky (2012), we start from the output matrix
V' € RP*P of the uwedge algorithm by Tichavsky and Yeredor (2008), which solves AJD for
the set {i]k}szl, i.e., it is such that for all k € {1,..., K} the matrix V3,V is approxi-
mately diagonal. We then use the off-diagonal elements of the approximately diagonalized
covariance matrices to identify the common diagonal blocks. As described more in detail in
Section A.3, this is achieved by finding an appropriate permutation matrix P € RP*P for the
columns of V' such that for all k € {1,..., K} the matrix (VP)T$;(V P) is approximately
joint block diagonal. The estimated irreducible joint block diagonalizer is then given by

U = VP. We denote by qgax the number of estimated diagonal blocks and by {3] }?YE? the
estimated irreducible orthogonal and (X;)ycpnj-decorrelating partition.

4.1.2 ESTIMATING THE INVARIANT AND RESIDUAL SUBSPACES

We now estimate the invariant and residual subspaces using the estimated irreducible joint
block diagonalizer U. To do so, we first estimate the true time-varying parameter 7o ; using
similar considerations as the ones made in Section 4.1.1. We assume for example that g is
approximately constant in small windows (for simplicity, we consider the same K windows
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defined in Section 4.1.1). This assumption is helpful to define the estimation procedure, but
is not strictly necessary for the ISD framework to work. We show in Appendix A.2 that
the procedure can still work if this assumption is violated. We then compute the regression
coefficient 45, of Yj on X, where Y;, € RY*! and X € RY*P are the observations in
the k-th time window?. We use the estimates 9 to determine which of the subspaces
identified by U are opt-invariant. For all j € {1,...,q¢Y,.}, we take the sets of indices
S; as defined in Proposition 1, and consider the estimated orthogonal projection matrices
1I 5= USi (U Si)T from RP onto the j-th subspace Sj of the estimated irreducible orthogonal
partition. It follows from Lemma 1 that we can find the opt-invariant subspaces by checking
forall j € {1,...,qY,.} whether HSj Ak remains approximately constant for k € {1,..., K}.

To do so, let 4 = (3, Var(9x)~1)~' 2K | Var(4,) "4, be the average of the estimated
regression coeflicients inversely weighted by their variance. We further use that, by Lemma 9,
if Sj is opt-invariant on [n] then the weighted average of the (approximately constant)
projected regression coefficient I1 3 g, 1.e., 11 S}ﬁ’ approximately satisfies the time-invariance
constraint (5). This approach is motivated by Proposition 2 (7i7). If the corresponding
assumption cannot be assumed to hold, other methods can alternatively be used to determine
whether I1 3 Ak is constant, e.g., checking its gradient or variance. In (5), we can equivalently

consider the correlation in place of the covariance, that is, corr(Y; — X,'8, X, ) = 0:
an estimate of this correlation allows us to obtain a normalized measure of (5) that is
comparable across different experiments. Formally, we consider for all k£ € {1,..., K} and

for all j € {1,.. -7qu;J1ax}
éi = Corr(Yy, — Xk:(HSA]./?)7 Xk(HSjﬁ))

and check, for all j € {1,... ,qgax}, whether

<A (19)

for some small threshold A € [0,1]. The threshold A can be chosen, for example, using
cross-validation (more details are provided in Section A.4 in the appendix). An estimator
of the invariant and residual subspaces is then given by

sw= PH 0§, &= b s (20)
FE{L 05 TE{L G}
(19) is satisfied (19) is not satisfied

where we approximate opt-invariance with the inequality (19) being satisfied.

4.2 Estimating the invariant and residual components

Let U™ and U™ be the submatrices of U whose columns span S and Sres, respectively.
We propose to estimate 8™ using the following plug-in estimator for (14)

Binv — lj‘inv((lj'inV)TXTX(]inV)—l (0inv>TXTY. (21)

4. We have so far omitted the intercept in our linear model, but it can be included by adding a constant
term to X; when estimating the linear parameters. We explicitly show how to take the intercept into
account in Section B in the appendix.
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We consider now the new observation of the covariates X;» at time t* and the adaptation
data (X;,Y})sezaa introduced in Setting 1, and denote by X* € R™*P and Y24 € R™*!
the matrices containing this adaptation data. Similarly to 4™, using (16) we obtain the
following plug-in estimator for ;<°

res — Ures(([jreS)T(Xad)TXadf]res)—l(0reS)T(Xad)T(Yad o XadBirW). (22)
We can now define the ISD estimator for the true time-varying parameter at t* as

AISD ﬁmv +5res' (23)

A prediction of the response Y+ is then given by Vi = X LAED.

We provide the pseudocode summarizing the whole ISD estimation procedure in the
Appendix B.

Example 1 (continued) Assume that in Example 1 the true time-varying parameter at time
pointst € {n+1,n+2,...} is given by

ad _ [140.5v3 = 1.5v/377 sin® (775 +1)
’70 n
V3= 0.5+ 152 sin?(L=2 4 1)

for some T € N. We can verify that HSQ’)/S% = Ils, Y0+ = B™, and therefore the invariant
and residual subspaces defined on [n] generalize to {n + 1,n+2,...} and Assumption 2 is
satisfied. Moreover, we obtain that for t € {n+ 1,...} the residual component expressed
under the irreducible orthogonal partition basis is

UT(;;eS _ |:1 — 3ﬂ Sll’l2(/}7n + 1):| .

n
0
The first entry now takes values in [—1.5,1], which is disjoint from the range of values of
the first coordinate observed in [n] (which was [1,3]).

We now take T' = 350 and consider an online setup in which we sequentially observe X}
at a new time point t* € {n+1,...}, and assume that Yy; is observed until t = t* —1. We take
as historical data the observations on [n], and consider as adaptation data the observations
in windows I?4 = {t* —m, — 1} of length m = 16. After estimating 5™ on historical
data, we use the adaptatzon data to estimate 6;<° and the OLS solution 'thLS. We repeat this
online step 350 times (each time increasing t* by one). Figure 1 shows the results of this
experiment.

4.3 Finite sample generalization guarantee

Considering the setting described in Section 2.3, we now compare the ISD estimator in (23)
with the OLS estimator computed on Z2¢ | ie., 4905 = ((X2d)TxXad)=1(Xad)Tyad  We
assume that we are given the (oracle) subspaces S™ and 8™, and consider the expected
explained variance at t* of 4P and 'AytgLS. More in detail, the expected explained variance
at t* of an arbitrary estimator 4 of g+ is given by

E[AVar. (§)] = E[Var(¥;-) - Var(Yi- — X1 | 9)] (24)

20



INVARIANT SUBSPACE DECOMPOSITION

Evaluating (24) allows us to obtain a measure of the prediction accuracy of 4: the higher
the expected explained variance, the more predictive the estimator is. This also becomes
clear by isolating in (24) the term E[Var(Y;« — X4 | 4)], which represents the mean square
prediction error obtained by using 4 (see Remark 1). Our goal is to show that the explained
variance by 415P is always greater than that of the OLS estimator.

Theorem 3 Assume Assumption 2 and that, in model (1), vo; and the variances of X;
and € do not change with respect to t € T*3 U t*, and denote them by Yo,t¢, 2= and agd,
respectively. Moreover, let c,o? > 0 be constants such that for all n € N it holds that

€,max
02 max = Maxgep, Var(e,) and for all m € N with m > p, Amin (£ (X2 TX2d) > ¢ almost
surely, where Apin(+) denotes the smallest eigenvalue. Further assume that the invariant and
residual subspaces S™ and S* are known. Then, there exist Ciny, Cres > 0 constants such
that for all n,m € N with n,m > p it holds that
~ ~ di Sinv . Sres
MSPE(’Y;?D) = ]E[(Xt* (’7%§D — 70,7&*))2] é 0'2 71m( )Cinv + O'gdidlm( )CI‘BS'

€,max n m

Furthermore, for all n,m € N with n,m > p it holds that

MSPE(325) — MSPE(§5P) > o2, 4S2) _ 52| dnlS By
From the proof of Theorem 3 it follows that Cies can be chosen close to 1 if we only consider
sufficiently large m. Moreover, because MSPE(218) — MSPE(45P) = E[AVary (5/°P)] —
E[AVar (42%5)], Theorem 3 implies that if dim(S™) > 1 and n sufficiently large then

E[AVary(550)] > E[AVary (5255)].

The first term in the difference between the expected explained variances (or MSPEs) de-
pends on the dimensions of the invariant subspace and of the time-adaptation window Z?d:
there is a higher gain in using 45" instead of 4255 if the dimension of S™ is large and only

a small amount of time-points are available are available in the adaptation data.

5. Experiments

To show the effectiveness of the ISD framework we report the results of two simulation
experiments and one real data experiment. The first simulation experiment evaluates the
estimation accuracy of the invariant component 3inv for increasing sample size n of the
historical data. The second simulation experiment compares the predictive accuracy of
AP and APS for different sizes m of the adaptation dataset, to empirically investigate the
dependence of the MSPE difference on the size of the adaptation data shown in Theorem 3.

In both simulation experiments we let the dimension of the covariates be p = 10, and
dim(8™) = 7, dim(8™) = 3, and generate data as follows. We sample a random orthogo-
nal matrix U, and sample the covariates X; from a normal distribution with zero mean and
covariance matrix U f]tU T where f]t is a block-diagonal matrix with four blocks of dimen-
sions 2,4, 3 and 1, and random entries that change 10 times in the observed time horizon n.
We take as true time-varying parameter the rotation by U of the parameter with constant
entries equal to 0.2 (we set these entries all to the same value for simplicity, but they need
not to be equal in general) corresponding to the blocks of sizes 4 and 3, and time-varying
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entries—corresponding to the blocks of sizes 2 and 1—equal to (1 — 1.5¢sin?(it/n + 1)) /n,
where i € {2,...,8} is the entry index (the values of these coefficients range between —0.25
and 1). The noise terms ¢; are sampled i.i.d. from a normal distribution with zero mean
and variance a?t = 0.64. The dimensions of the subspaces, S™ and S™, and the true
time-varying parameter 7o, are chosen to ensure that, in the historical data, X, ™ and
X,T 67 explain approximately half of the variance of Y; each. This choice allows for better
visualization in the described experiments.

In Section 5.3 we repeat the same experiments on real data coming from a controlled
physical system (light tunnel) developed by Gamella et al. (2025). The data is taken
from the smooth_polarizers experiment in the 1t_walks_v1 dataset, available at https:
//github.com/juangamella/causal-chamber. The code for the presented experiments
is available at https://github.com/mlazzaretto/Invariant-Subspace-Decomposition.
The implementation of the uwedge algorithm is taken from the Python package https:
//github.com/sweichwald/coroICA-python developed by Pfister et al. (2019b).

5.1 Invariant decomposition and zero-shot prediction

We first estimate the time invariant parameter S for different sample sizes n of the histori-
cal data. We consider n € {500, 1000, 2500, 4000, 6000}, and repeat the experiment 20 times
for each n. To compute Bim’, we use K = 25 equally distributed windows of length n/8 (see
Section 4). Figure 4 shows that the mean squared error (MSE) || — 5"V||2 converges to
zero for increasing values of n.

We then consider a separate time window of 250 observations in which the value of the
time-varying coefficients (before the transformation using U) is set to —1. We use these ob-
servations to test the zero-shot predictive capability of the estimated invariant component,
i.e., they can be seen as realizations of the variable X+ introduced in Setting 1 (we refer to
this window as test data). We compare the predictive performance of the parameter Binv on

1.25 . Sinvii2
— g™ - g™

1.00 HﬂmVH%
0.75
0.50

0.25 1

0.00 1

500 1000 2500 4000 6000
n

Figure 4: MSE of A for increasing size of the historical data n (see Section 5.1). For larger
values of n, the estimation of the invariant subspace decomposition becomes more precise
and leads to smaller errors in the estimated invariant component 3™V,
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zero-shot prediction

in-sample prediction (test sample size = 250)
1.0 1.0
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x ) _ A =
—0.5 1 . ﬂinv . BOLS —0.5 1
—1.0 6"1\/ 6mm ~1.0 4
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500 1000 2500 4000 6000 500 1000 2500 4000 6000
n n

Figure 5: Normalized explained variance (R2?) by B and comparison with gnv, gmm
and BOLS: training (historical data, left) and zero-shot generalization (test data, right),
for different sizes n of the historical data (see Section 5.1). The dashed line indicates the
population value of the (normalized) explained variance by B,

the historical and test data with that of the oracle invariant parameter 8™V, the maximin ef-
fect Bmm (computed using the magging estimator proposed by Biithlmann and Meinshausen,
2015), and the OLS solution BOLS, both computed using the historical data. We show in
Sy (Var(Yy) —Var(Yi—X," §))
>t Var(Yy) ’
Figure 5 shows that the R? coefficient of the oracle invariant component 8™ remains
positive even for values of vy, in the test data that lie outside of the observed support in

Figure 5 the results in terms of the R? coefficient, given by R? =

the historical data; for increasing n the same holds for the estimated Bin". Using BOLS or
ﬁmm leads instead to negative explained variance in this experiment.

The main limitation of the ISD method lies in the estimation of the invariant and residual
subspaces. As outlined in Section 4, this process consists of two main steps, approximate
joint block diagonalization and selection of the invariant blocks, both of which are in practice
sensitive to noise. In both steps, we implement our estimator to be as conservative as
possible, that is, such that it does not on average overestimate the number of common
diagonal blocks or the dimension of S™, to avoid including part of the residual subspace
into V. This behavior is however hard to avoid if the size of the historical dataset is
not sufficiently large, therefore requiring large values of n for the ISD framework to work
effectively, see Figures 4 and 5.

5.2 Time adaptation

In the same setting, we now fix the size of the historical dataset to n = 6000, which we
use to estimate Bin", and consider a test dataset in which the time-varying coefficients
(before the transformation using U) undergo two shifts and take values —0.5 and —2 on
two consecutive time windows, each containing 1000 observations. We assume that the

23



LAZZARETTO, PETERS, PFISTER

m=1.5p m=2p m=5p m=10p
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Figure 6: MSPE comparison: 4/°P (blue dots) vs. 4258 for p = 10 and various adaptation
window lengths m (see Section 5.2). The ISD estimator achieves lower MSPE than the OLS
for smaller sizes m of the adaptation window, while the two estimators become comparable
for increasing m. The orange dots show the MSPE of 8™ (oracle) + 01 vs. 4°5S: if the
subspace decomposition is known, then the ISD always achieves lower MSPE than the OLS.

test data are observed sequentially, and take as adaptation data a rolling window of length
m contained in the test data and shifting by one time point at the time. We use these
sequential adaptation datasets to estimate the residual parameter 5{65 and the OLS solution
AOLS  We then compute the squared prediction error of 4/5P = B 4 5{95 and 4°S on the
next data point X1, i.e., (thl(fyo,tﬂ —4;))? and approximate the corresponding MSPE
using a Monte-Carlo approximation with 1000 draws from X;;; (these correspond to the
1000 sequential observations in each of the two windows of the test data). We repeat the
simulation 20 times for different sizes of the adaptation window, m € {1.5p, 2p, 5p, 10p}, and
plot the obtained MSPE values for %)LS against %SD. The result is shown in Figure 6, and
empirically supports Theorem 3, in particular that the difference in the MSPEs of the OLS
and ISD estimators is proportional to the ratio dim(S™) and is therefore larger for small
values of m and shrinks for increasing size of the adaptation data (additional details on this
simulation are provided in Section A.5 in the Appendix). The ISD framework is particularly
helpful in scenarios in which the size of the available adaptation window is small (two first
plots from the left in Figure 6). Indeed, from Theorem 3 it also follows that the larger the
dimension of the invariant subspace the greater the advantage in using the ISD framework
for prediction rather than a naive OLS approach. A further benefit of the ISD estimator
is that it allows us to estimate 5{65 for small lengths m of the adaptation window where
dim(8*) < m < p and OLS is not feasible.

We run a similar experiment to show (Figure 7) the average cumulative explained vari-
ance on the adaptation data over 20 runs, both by estimators computed only on the his-
torical data and estimators that use the adaptation data. For visualization purposes, we
now consider the time-varying coefficients (before the transformation using U) equal to
(0.5 — tsin?(it/n +14))/n, where i € {2, ...,8} is the coefficient index, in the historical data,
and constantly equal to —0.3, —0.65 and —1 in three consecutive time windows of size 150 on
the time points after the historical data. We estimate 5{63 and 425 on a rolling adaptation
window of size m = 3p. The plot in Figure 7 shows that, on average, the ISD framework,
by exploiting invariance properties in the observed data, allows us to accurately explain the
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Figure 7: Average cumulative explained variance on the adaptation data and one standard
deviation intervals (over 20 runs) by the true time-varying parameter vp; and various es-
timators (see Section 5.2). When few data points are available for adaptation at time ¢,
the explained variance of the ISD estimator is significantly higher than that of the rolling
window OLS, and improves on invariance-based estimators such as the invariant component
3inv or the maximin 3mm. Due to a shift of 79 in the residual subspace, the OLS computed
on historical data can perform worse than the zero function.

variance of the response by using small windows for time adaptation, significantly improving
on the OLS solution in the same time windows.

5.3 Real data example

We now present a toy example that applies ISD to real data. The data used for this
experiment are collected using a controlled physical system developed by Gamella et al.
(2025). The system, shown in Figure 8, consists of a light tunnel with a light source Xrap
whose emitted light passes through two polarizers with relative angle # between them and
is captured by a sensor placed at the end of the tunnel, behind the polarizers. At the end
of the tunnel there are two additional LED light sources, Xr,,, and X,,, whose emitted
light is unaffected by the polarizers. The sensor Y := I3 measures the overall infrared light
at the end of the tunnel, which is affected by the intensity of the RGB source and by the
two LEDs. As described by Gamella et al. (2025), the effect of Xrgp on Y is linear and
depends on 6, more precisely, it holds that Y o cos?(#) Xrgp. The dependence of Y on the
two LEDs is instead independent of §. We take Y as our response, consider the covariates
vector [XraB, Xsy, X L32]T € R? and assume that the angle € is unknown. Since we control
the three light sources independently, and we expect the dependence of the infrared light Y
on the two LEDs to remain the same across time, we hope to detect a nontrivial invariant
subspace related to the two LED covariates.

The available dataset contains 8000 observations, collected under changing values of the
angle 6. The historical dataset contains the first 7000 observations, and the test dataset the
remaining 1000. Figure 9 shows the dependence of the response on the three covariates, as
well as the values of the response and of cos?(f) through time.
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Figure 8: Illustration of the light tunnel, see Section 5.3. The figure is taken from Gamella
et al. (2025) (published under a Creative Commons Attribution 4.0 International License
(https://creativecommons.org/licenses/by/4.0/)). The variables of interest in our ex-
periment are the RG' B values of the light source, the LEDs intensities Ls; and Lso, and the
measurement of the light sensor at the end of the tunnel Is.

R? ‘ historical data | test data (zero-shot prediction)

[y 0.019 0.062
[OLS 0.558 -10.703
[from 0.477 -2.194

Table 1: Normalized explained variance (R?) by Bin" and comparison with BOLS and /S’mm:
training (historical data) and zero-shot generalization (test data); see Section 5.3.

We apply ISD on the historical data to find an invariant component Binv. For com-
parison, we also compute the maximin Bmm(Bﬁhlmann and Meinshausen, 2015) and the
OLS solution BOLS on historical data. We then use these estimated parameters for zero-
shot prediction on test data. Table 1 shows the Ri\coefﬁgi\ent, defined as in Section 5.1
Sy (Var(Yy) —Var(Yi—X,[ )

>2i—y Var(Y)
test data. The invariant component Bin" is the only estimator that achieves positive ex-
plained variance on test data. This is because Bin" only captures the parts of the variance
that can be transferred to the test data, as can be seen from the lower explained vari-
ance compared to BOLS on the historical data. The estimated invariant subspace Sy —
span{[—0.13910168, —0.95836843, —0.24936055] " } has dimension 1 and shows in particular
that most of the invariant information is encoded in the two LEDs, with highest weight
given to Xr,,,. This is expected since the LEDs intensities are not affected by the changing
angle between the two polarizers. Also the relatively small R? is expected: since the RGB
light source is stronger than the two LEDs at the end of the tunnel, most of the variance

as the fraction of explained variance R? = , on historical and
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Figure 9: Dataset of the experiment discussed in Section 5.3. The top four figures from the
left show the dependence of the infrared measurement Y on the covariates and on time ¢
(encoded by the colormap) for historical data. The angle of the polarizers changes over time
(top right) and thus has an influence on the linear relationship between Y and Xgrgp (top
left). For this experiment we assume that the angle 6 is unknown. The second row shows
the same quantities during test time, where the polarization angle is much smaller (bottom
right). The dependence between Y and the two LEDs is small but significant (testing a
reduced linear model without either L3y or L3o against the full model results in p-values
smaller than 10~%, both for historical and test data).
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Figure 10: Cumulative explained variance on the adaptation data by the time adaptation

estimators 4P and 4°S and by the zero-shot predictors Bin" and BOLS; see Section 5.3.

in Y is explained by the non-invariant component Xrgp (see Figure 9). However, it is not
the case that the whole subspace spanned by the two covariates corresponding to the LEDs
is invariant, as we would have assumed from the knowledge of the physical system. An
explanation is that due to the data collection process there is nonzero observed correlation
between Xrap and Xr,,, but not between Xrgp and X, (on the historical data, we have
corr(XraB, XLy, ) = 0.004 with p-value 0.723 and corr(Xras, XLs,) = —0.107 with p-value

smaller than 10719).
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We also run the adaptation step considering as adaptation data a rolling window of size
m = 8 shifting through the test data. We show in Figure 10 the cumulative explained
variance obtained by ISD, by the OLS solution computed on the same adaptation data
and by the OLS solution and the invariant component computed on historical data. The
plot shows that 479 achieves the highest explained variance, with a small improvement on
the rolling window OLS 49%9. Indeed, in this particular example the size of the invariant

subspace is small (dim(S™) = 1) and by Theorem 3, we expect only a small improvement.

6. Summary

We propose Invariant Subspace Decomposition (ISD), a framework for invariance-based time
adaptation. Our method relies on the orthogonal decomposition of the parameter space into
an invariant subspace S™ and a residual subspace S™, such that the maximizer of the
explained variance over 8™ is time-invariant. The estimation of the invariant component
B on a large historical dataset and the reduced dimensionality of 8™ with respect to the
original parameter space RP allow the ISD estimator to improve on the prediction accuracy
of existing estimation techniques. We provide finite sample guarantees for the proposed
estimation method and additionally support the validity of our theoretical results through
simulated experiments and one real world data experiment.

Future developments of this work may investigate the presented problem in the case
of nonlinear time-varying models. For instance, Eastwood et al. (2023) show how to adapt
invariant nonlinear features to heterogeneous environments in classification tasks: extending
similar ideas to the regression setting considered here could be of interest. Future work may
further study how to incorporate the ISD framework in specific applied settings such as
contextual bandits.
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Appendix A. Supporting examples and remarks
A.1 Example of non-uniqueness of an irreducible orthogonal partition

Assume that for all ¢t € [n] the covariance matrix ¥; of X; takes one of the following two
values (and each value is taken at least once in [n])

2 0 0 300
=10 2 0o|,¥2=10 3 0
00 1 00 2

Define for all j € {1,2,3} the linear spaces S; = (ej), where e; is the j-th vector of the
canonical basis. Then since ! and Y2 are (block) diagonal the partition Sp, Sy, S3 is an
irreducible orthogonal and (X¢);c[,,-decorrelating partition. Consider now the orthonormal
matrix

1/vV2 1/v/2 0
U:=|-1/vV2 1/vV2 0

0 0 1
It holds that
Ulsiy =x!
UTy2U = 2.

Therefore, the spaces

) 1/v2 ) 1/v2 ) 0
S1=( _1/\6 ),  S2=( 1/\/5 ), Sz=(|0])
0 0 1

also form an irreducible orthogonal and (Xt),c|,-decorrelating partition (this follows, for
example, from Proposition 1) but {Si, S2,S3} # {S1,S2,Ss3}.

Then, if we assume for example that vo; = [1, t, I]T, given the first partition
we obtain S™ = &7 @ S3, whereas given the second partition it holds that Hglfyo,t =

[%, %, O]T and Hggfyoi = [%, %, O]T and therefore SV = 5'3, leading to As-

sumption 1 not being satisfied.

A.2 Example of quickly varying ~o; and zero-shot generalization

We repeat the same simulation described in Section 5.1 but now consider non-smooth vari-
ations of ;. More specifically, the only difference from the simulation described in Sec-
tion 5.1 is that we let the 3 time-varying entries of 7o (prior to its rotation by U) vary
quickly with ¢. More specifically, at each time point each one of the 3 entries is sampled
uniformly in an interval of width 1 centered around a value which changes 20 times in the
observed time horizon n. These centers are randomly sampled in [0, 1.2]. These choices of
the sampling intervals ensure that the experiments are comparable for different sizes n of
the historical data and that there is a shift in vy ; outside of the observed support in the test
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Figure 11: MSE of Binv for increasing size of the historical data n. For larger values of n,
the estimation of the invariant subspace decomposition becomes more precise and leads to

smaller errors in the estimated invariant component S™V.
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zero-shot prediction
(test sample size = 250)
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Figure 12: Normalized explained variance (R2) by ™ and comparison with ginv, gmm
and BOLS: training (historical data, left) and zero-shot generalization (test data, right), for
different sizes n of the historical data. The dashed line indicates the population value of the
(normalized) explained variance by ™. In the historical data, o, is quickly varying.

data (which is generated as in Section 5.1). This experiment supports Remark 2, showing
that we do not need assumptions on the type of changes in 7o, in the historical data.

In particular, Figure 11 shows that the MSE of Bin" converges to zero for increasing
values of n, that is, we are able to estimate the invariant component even when ~g; is
quickly varying in the historical data.
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Moreover, Figure 12 shows the results in terms of the R? coefficient. In particular, for n
large enough, the R? coefficient of the estimated invariant component 3™ remains positive
even for values of the test data that lie outside of the observed support.

A.3 Methods and computational complexity of joint block diagonalization

In the context of joint block diagonalization, we can differentiate between methods that solve
the exact problem (JBD), i.e., are such that the transformed matrices have exactly zero off-
block diagonal entries, and approximate methods (AJBD), which assume the presence of
noise and aim to minimize the off-block diagonal entries, without necessarily setting them
to zero.

JBD is in general an easier problem, and algorithms that solve it have been shown to
achieve polynomial complexity (see, e.g., Murota et al., 2010; Tichavsky et al., 2012). Many
of these methods, e.g., the one presented by Murota et al. (2010), are based on eigenvalue
decompositions. Alternatively, as shown by Tichavsky et al. (2012), some algorithms that
solve the problem of approximate joint diagonalization (AJD) of a set of matrices, such as
uwedge developed by Tichavsky and Yeredor (2008), can also be used for JBD. More in
detail, a solution to AJD is a matrix that maximally jointly diagonalizes a set of matrices by
minimizing the average value of the off-diagonal entries; if the matrices in the set cannot be
exactly jointly diagonalized, the transformed matrices will have some non-zero off-diagonal
elements. Adding an appropriate permutation of the columns of the joint diagonalizer allows
to reorganize the non-zero off-diagonal elements into blocks, leading to jointly block diagonal
matrices: in Section 4.3 of their work Gutch and Theis (2012) argue that if the matrices to
be block diagonalized are symmetric, then the solution found in this way is also an optimal
JBD solution.

However, in general, methods for JBD cannot be directly applied to solve AJBD. Algo-
rithms that solve AJBD directly—based on the iterative optimization of a cost function via
matrix rotations—have been developed, for example, by Tichavsky and Koldovsky (2012)
and Févotte and Theis (2007), but require the number of diagonal blocks to be known in
advance. Alternatively and similarly to how JBD can be solved by AJD methods, one can
also, with some slight modifications, use AJD methods to solve AJBD. More specifically,
some heuristics need to be used to determine the size of the blocks: these can consist, for ex-
ample, in setting a threshold for the non-zero off-block-diagonal elements in the transformed
matrices.

In the (orthogonal) settings considered here, we have found the last approach to work
effectively. More specifically, in Section 4.1.1, we have denoted by V the AJD solution for the
set of estimated covariance matrices {i]k}ff:l Similarly to how Tichavsky and Koldovsky
(2012) suggest to determine a permutation of the AJD result, we proceed in the following
way. To discriminate the non-zero off-block-diagonal entries in these matrices, we start by
computing the following auxiliary matrix using V'

= maxgeqr, xy [V SV,
where the maximum is taken element-wise. The matrix ¥ captures in its off-diagonal entries

the residual correlation among the components identified by AJD, for all the K jointly
diagonalized matrices. For all thresholds 7 € R, we let P(7) € RP*P denote one of the
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permutation matrices satisfying that P(7) X P(7) is a block diagonal matrix if all entries
smaller than 7 are considered zero. We then define the optimal threshold 7* by

Pbd(T)
»

K
* € argmin % S OBD,(|(VP(r))TSk(VP(r)]) + v

T k=1
where OBD,(-) denotes the average value of off-block-diagonal entries (determined by the
threshold 7) of a matrix, ppq(7) is the total number of entries in the blocks induced by
7 and v € R is a regularization parameter. The penalization term 7"’;757) is introduced
to avoid always selecting a zero threshold, and the regularization parameter is set to v =
% le )\min(ik) where Apin () denotes the minimum eigenvalue. The optimal permutation

is then P* := P(7*) and the estimated irreducible joint block diagonalizer is U=VP*

A.4 Threshold selection for opt-invariant subspaces

In the simulations, we select the threshold A in (19) by cross-validation. More in detail, we
define the grid of possible thresholds A by

U
A:{a§z£u¢ww§zﬁn$m@,

where, for all j € {1,...,¢Y .} and k € {1,...,K}, é;{ = @(Yk - Xk(HSj@),Xk(Hsjﬁ/)).
We then split the historical data into L = 10 disjoint blocks of observations, and for all
je{l,...,J} denote by X, and Y, the observations in the ¢-th block and by X_y and Y_,
the remaining historical data. For all possible thresholds A € A we proceed in the following
way. For all folds ¢ € {1,..., L}, we compute an estimate for the invariant component as
in (20) using X_; and Y _y4, which we denote by Bin"’_ﬁ()\). Inside the left-out ¢-th block
of observations, we then consider a rolling window of length d = 2p and the observation at
t* immediately following the rolling window: we compute the residual parameter 3{55()\) as
in (22) using the d observations in the rolling window, and evaluate the empirical explained
variance by 8™ ¢(\) 4 61 (\) on the observation at t*, i.e.,

AVary(A) = (¥Vpr)? = (Y — XL(B™ 7N + 6 (V))2.

We repeat this computation for all possible t* € Z,, where Z, denotes the time points
in the /-th block of observations excluding the first d observations, and define AVar? =
ﬁ > ez, AVarp(A). For all A € A, we denote the average explained variance over the

L folds by AVar = %25:1 AVarz\ and the standard error (across the L folds) of such
explained variance as se(AVar)‘) = %\/ ZeLzl(AVarg\ - AVar/\)z. Moreover, let A™& :=

arg max,c AVar’. Then, we choose the optimal threshold as

ma;

A* := min {)\ €A ‘ AVar' > AVar -t se(AVar/\max)} ,

which is the most conservative (lowest) threshold such that the corresponding explained

variance is within tg (in our simulations, we choose tge = 1) standard errors (computed
across the folds) of the maximal explained variance.
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A.5 Further simulation details: MSPE comparison

In Section 5.2 we present a simulated experiment in which we compare the ISD estimator
and the OLS estimator on the time adaptation task. Figure 6 shows that the difference in
the MSPE for 4255 and 4;°P is positive and decreases for increasing values of m. To further
support the statement of Theorem 3, we show in Figure 13 the value of such difference
against agd%, when computing 'Ay,{SD both with the estimated and oracle invariant
component. The figure shows that the difference in the MSPEs indeed satisfies the bound
stated in Theorem 3, i.e., it is always greater than Uzd%. Moreover, it shows that
for small values of m the gain in using the ISD estimator over the OLS is even higher than
what the theoretical bound suggests, indicating that it is not sharp for small m. We further
show in Figure 14 the MSPE of 4/°P (again computed both with the estimated and oracle
invariant component) against ozd%, obtaining in this case an empirical confirmation
of the first bound presented in Theorem 3.

—— MSPE(4°%) — MSPE(4}°P)

0]
2 MSPE(49L5) — MSPE(B™ + §te) r;_I
_—a 2 dim(sil’!V)
O™ m 8
1 -
0100 - _ O -
| T T T T I
Y VY P Q >
2 dim(sin\/)
Oad m

Figure 13: Difference in the MSPE of "AytOLS and 4/5P (and an oracle version of 4/5P based on
the true ™) with respect to agd% for different values of m. The computed difference
is larger than Usd%‘sim) for all values of m (in the oracle case), empirically confirming the
lower bound obtained in Theorem 3. The filled dots in the boxplots show the mean over 20

runs (while the empty dots represent the outliers).
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1.0
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Figure 14: MSPE of 4/5P (and an oracle version of 4;°P based on the true ™) with respect
to agd% for different values of m. The computed MSPE is smaller than agd%
for all values of m (in the oracle case), empirically confirming the upper bound obtained in
Theorem 3. The filled dots in the boxplots show the mean over 20 runs (while the empty

dots represent the outliers).

Appendix B. ISD estimation algorithm

We provide here the pseudocode summarizing the ISD procedure described in Section 4.
The algorithm includes the estimation of the intercept, that is, it considers for all ¢t € N the
model

Yy =0, + X, o0 + € (25)

satisfying the assumptions of Setting 1 but with the addition of 'yg’t € R. In the estimation
of the intercept, the algorithm distinguishes between two cases: (a) the intercept remains
approximately constant in [n]UZ,q and (b) the intercept changes with time but is assumed to
be approximately constant in Z,q. In case (a), the computation of 4% in line 21 of Algorithm
2 is done by averaging the estimated values of the (approximately constant) intercept on
historical data. Alternatively, in case (a) we could estimate the intercept simultaneously to
the invariant component 3™: the whole vector (including the intercept) can be computed by
taking the OLS solution of regressing Y on [1n XUinV} and premultiplying it by [el U inv]
(where e is the p-dimensional vector with the first entry equal to 1 and the remaining equal
to zero) in place of lines 16 and 21 of Algorithm 2 (see Remark 4). In case (b), the intercept
can instead be estimated simultaneously to the residual component 5;65: the computation
in line 22 of the algorithm is equivalent to taking the first component of the OLS solution
of regressing Y24 — XadBinV on [lm xadgr res}, premultiplied by [el Ures].

Remark 4 Recall that the population OLS solution for the linear model (25) at time t can
be found by adding a 1 to the vector X; and solving

arg min [Yt — 1 X/ Do]r

70,y
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The problem has closed form solution

[70} B [ 1 EX)T ]‘1 [ E[Y)] ] B [IE[Yt] —E[X;]T Var(X;)~! Cov(X, V)
v T |E[X] E[X:X[] E[X,Y;]| Var(X;) ! Cov(Xy, V) '

Algorithm 2 ISD: estimation
Input: observations (X¢, Y;)ie[njuz,q> Xt+, number of windows K, A € [0, 1]
Output: 5™, Sifs, Ay A

1 (X )ke[k] < ([X(k}l)na-qu%"]T)ke[K]
2 (Yi)ker) < (Vocim, - Vin kel
3 (Sirerr) < {Var(Xp) bre(x)
20
{ H } fousvi [, x)}
k K ke[K]
ke[K]
7 LK |
5 | ¢ R k= |
Y Yk
6: U, {Sj}?-zl < approxIrreducibleJointBlockDiagonalizer((X);c|n)) > see Sec. 4.1.1
7: > Find the opt-invariant subspaces to estimate SV, S™es:
3: Sfinv Sres — 0
9: for j=1,...,qdo

S USi(USi)T

11 () rep) + (Corr(Yy, — Xp(Ig,7), Xk (g 4))nex]

12: if % Zszl 6’]76 < A then S ¢ §v Sj > see Eq. (19)
13: else 5™ ¢« Gres(y S*j

14: > Invariant component estimation:

15: X+ [X1... X, Y« [V1...Y,]"

16: fI0 ﬁin"\/f;‘(XUinv)_léo\v(Xﬁinv,Y) > see Eq. (21)
17: > Adaptation step:

18: X [(X)yeqea] ', Y = [(Ye)egea] T

19: 5{55 — Ures\/k;(xadﬁres)_IC/()\\/(XadUres, Yad — XadBinV) > see Eq. (22)
20: > Intercept estimation:

21: if {4} e[k approximately constant then 37 < 4"

22: else AL  E[Y?d — Xadginv] _ f[xad)gres

23: A < BV 4 Oiifs > see Eq. (23)
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Appendix C. Extension to non-orthogonal subspaces

In Section 2.1 we have defined an orthogonal and (X¢);e[,-decorrelating partition as a col-
lection {S;};eq1,..,q1 of pairwise orthogonal linear subspaces of R? satisfying (6). Finding
the orthogonal subspaces that form the partition means in particular finding a rotation of
the original X-space such that each subspace is spanned by a subset of the rotated axes,
and the coordinates of the projected predictors onto one subspace are uncorrelated with
the ones in the remaining subspaces. In this section, we show that orthogonality of the
subspaces in the partition is not strictly required to obtain a separation of the true time-
varying parameter of the form (7), that is, more general invertible linear transformations
can be considered besides rotations. In particular, we briefly present results similar to the
ones obtained throughout Section 2 but where the subspaces in the partition are not nec-
essarily orthogonal. To do so, we define a collection of (not necessarily orthogonal) linear
subspaces Si,...,S; C RP with @?:1 Sj = R? and satisfying (6) a (X¢);g[,)-decorrelating
partition (of cardinality q), and further call it irreducible if it is of maximal cardinality. A
(Xt)te[n]—decorrelating partition can still be identified through a joint block diagonalization
of the covariance matrices (¥¢).e|n as described in Section 2.1.1 but with an adjustment.
More specifically, instead of assuming that the joint diagonalizer U is an orthogonal matrix,
we only assume it is invertible and for all j € {1,..., ¢}, the columns of U i are orthonor-
mal vectors. A version of Proposition 1 in which the resulting partition is not necessarily
orthogonal follows with the same proof. Moreover, similarly to the orthogonal case, the
uniqueness of an irreducible (X¢),¢|,-decorrelating partition is implied by the uniqueness of
an irreducible non-orthogonal joint block diagonalizer for (Zt)te[n]Q explicit conditions under
which such uniqueness holds can be found for example in the work by Nion (2011). In the
results presented in the remainder of this section we adopt the same notation introduced in
Section 2.1.1, and we additionally define the matrix W = U"T.

A (X¢)sg[n)-decorrelating partition of cardinality ¢ allows us to decompose the true time-
varying parameter into the sum of ¢ components. To obtain such a decomposition via
non-orthogonal subspaces, oblique projections need to be considered in place of orthogonal
ones. Oblique projections are defined (see, e.g., Schott, 2016) for two subspaces S;,So C RP
such that §; @ S = RP and a vector x € RP as the vectors 1 € S and 9 € S such that
T = x1 + xo: x1 is called the projection of z onto S; along Ss, and xo the projection of
r onto Sz along S;. For a (X¢)g[y-decorrelating partition {Sj};]':p we denote by Ps;|s_
the oblique projection matrix onto S; along @i€{17.."q}\{j} S;: this can be expressed in
terms of a (non-orthogonal) joint block diagonalizer U corresponding to the partition as
Ps s, = U% (W9%)T. Orthogonal and (Xt)ien)-decorrelating partitions {S;}_; are a
special case of (X¢)yc[n-decorrelating partitions. In particular, if the subspaces are pairwise
orthogonal, it holds for all j € {1,...,q} that Ps,|s-i = ls;.

By definition of oblique projections, for all ¢ € [n], we can express 7o as

q
You =Y Ps;is_You-
i=1

Similarly to how we define opt-invariance on [n] for orthogonal subspaces in Section 2.1,
we say that a subspace S; in a (X¢)se[nj-decorrelating partition is proj-invariant on [n] if it
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satisfies for all ¢, s € [n] that
Ps,is_;70,t = Ps;|s_;70,s-

By Lemma 1 it follows that for orthogonal partitions proj-invariance is equivalent to opt-
invariance. For an irreducible (X;);c[nj-decorrelating partition, we now define the invariant
subspace S™ and residual subspace S™* as

S™Vi=@  jeqr.qn Sj and 8™ =P JE{L,a}: Sj-

Sj proj-invariant on [n] S;j not proj-invariant on [n]

It follows directly by the definition of partitions that {S™,S™} is a (Xt)em)-
decorrelating partition. Moreover, 8™ is proj-invariant on [n] since Pginv|sres 0.t
> JE{1,q): Ps,1s_;704. We finally define the invariant and residual components
S; proj-invariant on [n]
by
61HV = PSinv|Sres'70 and 6}15‘68 = PSres‘Sinv’}/O’t.

We show in the following proposition that the expressions (14) and (16) used to construct
our estimators for the invariant and residual component in the case of orthogonal partitions,
remain valid in the case of non-orthogonal partitions.

Proposition 3 Let {Sj}j.’:l be a (Xt)te[n]-decorrelatmg partition and let U be a joint block
diagonalizer corresponding to that partition. Then, the following results hold.

(i) For allt € [n] and for all j € {1,...,q}

Ps,is_ Yo = U% Var(U%) " X))~ Cov((U%) " Xy, V7). (26)

(i) B™ is time-invariant over [n] and

Binv _ Uinv((Uinv)TW(X)Uinv)—l(Uinv)Tﬁ(X’ Y)

(iii)
5;68 _ Ures((UreS)T Var(Xt)Ures)fl(Ures)TCOV(Xt, Y;g . XtT,BiHV).

Proposition 3 implies in particular that, apart from the joint block diagonalization dif-
ferences, estimating 5™V and §° in the non-orthogonal case can be done as described in
Section 4. Moreover, it holds that the parameter 5™V defined for non-orthogonal (Xt)iem)-
decorrelating partitions is still a time-invariant parameter. Under a generalization assump-
tion analogous to Assumption 2, S has positive explained variance at all time points t € N
and can be used to at least partially predict 7o+ (we have not added this result explicitly).
In addition, also in the non-orthogonal case the estimation of the residual component only
requires to estimate a reduced number of parameters, that is, dim(S"*) .

In the case of non-orthogonal partitions, however, we cannot directly interpret ISD as
separating the true time-varying parameter into two separate optimizations of the explained
variance over S™ and S,
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Example 2 (non-orthogonal irreducible partition) Let X; € R® with covariance matriz ¥y
that for all t € [n] takes one of the following values

1 =05 0 4 -2 0
-05 1 0 or -2 7/2 0
0 0 1 0 0 1

These matrices are in block diagonal form and in particular the 2 x 2 submatrices forming the
first diagonal block do not commute. This implies that an irreducible (orthogonal) joint block
diagonalizer for these matrices is the three-dimensional identity matrixz I3, and the diagonal
blocks cannot be further reduced into smaller blocks using an orthogonal transformation. It
also implies that an irreducible orthogonal and (Xt)te[n]—decorrelatmg partition is given by
{Sj}?zl with Sy = (e1,e2) and Sy = (e3), where e; is the j-th vector of the canonical basis
for R3.

There exists, however, a mon-orthogonal joint diagonalizer for these matrices, i.e., a
non-orthogonal matriz U such that ¥y = U S4U is diagonal. It is given by

1/vV/5 1 0
U=12/V/5 0 0
0 01

U induces an irreducible (Xt),c[n)-decorrelating partition by

1/V/5 1 0
Si=(|2/V5|) =({U™), Sa={(|0])=(U), S:={(|0])=(U%).
0 0 1

Let 8™ and 8™ be the invariant subspaces associated with the irreducible orthogonal par-
tition {Sj}?zl and the irreducible partition {Sj}]g-:p respectively. As any irreducible or-
thogonal and (Xi).e|n)-decorrelating partition is also a (Xt)ye[n)-decorrelating partition, it in
general holds that . _

dim(S™) < dim(S™).

Moreover, as in the explicit example above, the inequality can be strict.

Appendix D. Auxiliary results

Lemma 3 Let B € R™*™ be a symmetric invertible matriz, U € R™*™ an orthogonal block
diagonalizer of B and Sy, ...,S4 C {1,...,m} disjoint subsets satisfying

(usH)TBUSr 0 - 0
U'BU = 0
: " " 0
0 o0 (U)TBU®

Then it holds for all j € {1,...,q} that
(Is, Blls,)" = Ils, B~ '1Is,,
where Ils; == USi(Usi)T.
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Proof The pseudo-inverse A of a matrix A is defined as the unique matrix satisfying: (i)
AATA = A, (ii) ATAAT = AT, (iii) (AAT)T = AAT and (iv) (ATA)T = ATA.

Fix j € {1...,q} and define A = Ils, Blls; and Af = ngB_ll_[g].. Moreover, define
B:=UTBU and for all k € {1,...,q}, By, == (US)T BUS:. We now verify that conditions
(i)-(iv) hold for A and AT and hence AT is indeed the pseudo-inverse. Conditions (ii) and
(iv) hold by symmetry of B and Ilg. For (i) and (iii), first observe that by the properties of
orthogonal matrices it holds that B l'=UTB- 1y, and, due to the block diagonal structure
of B,

E;l (US1)T
Bl = = : B~H{US ... US. (27)
éq—l (USq>T

Hence we get that B 1= (US)TB~US:. For (i), we now get

Ils, BIls,I1s, B~ 1l I1s, Blls, = U (U T BU® (U®) T B~'US (U®) T BU® (US)T
= U%B;B; ' B;(U%)"
=I5, Bllg,.

Similarly, for (iii) we get

(s, BT, TTs, B~ 'Is,) T = (US (US) T BUS (US) T B~ (U5)T)T
= (USB;B; N (US)T)T

= (Is,) "

s

J

This completes the proof of Lemma 3. |

Lemma 4 Let N C N and let {S; }?:1 be an orthogonal and (Xy)ien -decorrelating partition.
Then, there exists a joint block diagonalizer of (Xi)iens. More precisely, there exists an
orthonormal matrizx U € RP*P such that for all t € N the matrix f]t = U'S,U is block
diagonal with q diagonal blocks Et] (USH) TS USi, 5 €{1,...,q} and of dimension |S;| =
dim(S;), where S; C {1,...,p} indexes a subset of the columns of U. Moreover, Ils; =
USi(Usi)T

Proof Let U = (uq,...,up) € RP*P be an orthonormal matrix with columns u1, ..., u, such
that for all j € {1,..., ¢} there exists S; C {1,...,p} such that S; = span({uy | k € S;}).
Such a matrix U can be constructed by selecting an orthonormal basis for each of the disjoint
subspaces {S; }221. Furthermore, assume that the columns of U are ordered in such a way
that for all 4,5 € {1,..., ¢} with ¢ < j it holds for all £k € S; and ¢ € S that k < £. As the
matrix U is orthogonal, it holds for all j € {1,..., ¢} that the projection matrix IIs, can be
expressed as Ils;, = USi(U®)7 and hence using the definition of orthogonal partition (see
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(6)) it holds that, for all t € NV,

i1 0 -~ 0
S = UTSU = 9 o
R |
0 -~ 0 X
where for all j € {1,...,q} we defined it’j = (US) T5,U%. [ |

Lemma 5 Let {S; };1-:1 be an orthogonal and (Xt),c[n)-decorrelating partition. Then it holds
for allt € [n] and, for all j € {1,...,q}, that

Var (Is, X;)" = IIs, Var (X,) ™' T, (28)

Proof Let U € RP*? be an orthonormal matrix such that, for all ¢ € [n], ¥; == U %,U
is block diagonal with ¢ diagonal blocks it,la ce it,q of dimensions dim(Sy),...,dim(S,).
Such a matrix exists by Lemma 4 and each diagonal block is given by f]t,j = (U SJ')TZtU S
and the projection matrix Ils; can be expressed as Ils, = U Si(U%)T. The statement then
follows from Lemma 3. [ ]

D.1 Proof of Lemma 1

Proof Let U € RP*P be an orthonormal matrix such that, for all ¢t € [n], ¥; == U %,U
is block diagonal with ¢ diagonal blocks im, cey it,q of dimensions dim(Sy), ..., dim(S,).
Such a matrix exists by Lemma 4 and each diagonal block is given by it’j = (U%) T8, U%
and the projection matrix Ils; can be expressed as Ils, = U Si(USi)T.

Now, for an arbitrary ¢ € [n] it holds using the linear model (1) that ~p; =
¥, ! Cov(Xy,Y;) and hence we use U to get the following expansion

Yor = B, ' Cov(Xy, V)
=US'UT Cov(Xy, Y7)
bty
=U U Cov(Xy,Yy)
I S

3,1 (US)T Cov(X,, V)

|4 (US) T Cov(Xy, V)
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By the properties of orthogonal matrices it holds that f]t_l = UTZ;IU, and, due to the
block diagonal structure of ¥,

S CEON
»l= = : st [Ust L USe]. (29)

This implies that it_ jl = (U%) T2, U5 and therefore

(USHTS AU (US)T Cov(Xy, Vi)
vo,6 = U :
(US) Ty U (U%) T Cov(Xy, V)
(USHTS AU (US)T Cov(Xy, V)
(US) Ty U (U%)T Cov(Xy, V)

Ui (U T U5 (USH) T Cov(Xy, V)

<
Il
-

|
AMQ

IIs,5; s, Cov(Xy, Y)

Il
.MQ

<
Il
—

I
M=

IIs, %, s, ITs, Cov(Xy, Y3)

<
I
—

I
.MQ

Var(Ils, X;)" Cov(Ils, X;, V7).

<
Il
—_

In the second to last equality, we have used that Ils; is a projection matrix and thus
idempotent. In the last equality we have used that Var(Ils, X))t = s, 1H5j, by Lemma 5.
It now suffices to show that Ils;0+ = Var(ng Xt)T Cov(ng Xy, Y:), which follows from the
following computation

q
Is,v00 = s; » s, Var(X;) ™ 'TIs, Cov(ITs, Xy, Y7)
=1
= IIs, Var(X;) 'IIs, Cov(Ils, X, Y})
= Var(Ils, X;)' Cov(Ils, X¢, Y2),

where the first equality follows from the first part of this proof and and the third equality
follows from Lemma 5. |
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D.2 Proof of Lemma 2
Proof For all j € {1,...,q}, for all 8 € S; and for all ¢ € NV it holds that
AVar(8) = 2 Cov (Y, X;)B — B Var(X;)
=2 Cov(Y;, (37, Us, X)), 8 — BT ILs, Var(> 7 _, s, X¢)Is, B
= 2Cov(Yy, (s, X¢))Is, B — B ' 1ls, Var(Ils, X;)I1s, 3
=2Cov(Y, (Is, X,))B — B Var(Ils, Xi)B, (30)

where the first equality follows by (4) and the third equality follows from the definition of
an orthogonal partition. It follows that

V(AVar,)(8) = 2 Cov(Ils, X, ¥;) — 2 Var(Ils, X;)3,

where V denotes the gradient. The equation V(AVar;)(8) = 0 has a unique solution in S;
given by Var(Ils, X))t Cov(Ils; Xt, ;). To see this, observe that all other solutions in R? are
given, for an arbitrary vector w € RP, by

Var(Ils, X;)" Cov(ILs, X¢, ;) + (I, — Var(Ils, X¢)' Var(Is, X;) )w (31)

where I,, denotes the identity matrix. Let U € RP*P and ()ten be defined for the orthog-
onal and (X;)iep-decorrelating partition as in Lemma 4. We now observe that

Var(Ils, X,) Var(ITs, X;) = g, 55 TIs, g, Si1ls, (32)
— USj (US]' )TEt—IUSj (USj)TZtUSj (USj)T
= UL 15,,;(U%)"
~ Tls,.

where the first equality follows from Lemma 3, since U jointly block diagonalizes the matrices
(X4)ten by Lemma 4. We can therefore rewrite (31) as

Var(Ils, X;)" Cov(Ils, X, Yy) + (I, — IIs, Jw.

For all w € Sj, this expression equals Var(HSth)T Cov(Ils; X¢,Yy). For all w ¢ Sj, it is not
in §;. This concludes the proof of Lemma 2. [ ]

Lemma 6 {S™, S8} is an orthogonal and (Xt)te[n) -decorrelating partition.

Proof Let {S;}?_, be a fixed irreducible orthogonal and (X;),c,-decorrelating partition
JSj=1 €[n]

according to which ™ and S™ are defined. By orthogonality of the subspaces in the
partition and by definition of S™ and S, ™ = (S"™)L. Moreover, by definition of
orthogonal and (X;);e[n-decorrelating partition, it holds that

COV(Hsiant,HSreSXt) = COV( Z HSth, Z Hstt) =0.
J€{1,....q}: JE{1,....q}:
S; opt-invariant on [n] S; not opt-invariant on [n]
|
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Lemma 7 S™ is opt-invariant on [n].

Proof That S™ is opt-invariant on [n] can be seen from the following computations. It
holds for all ¢, s € [n] that

arg max AVar,(3) = Var(Ilginw X;)T Cov(Ilgiv X¢, V7)

Besinv
= > Var(ILs, X;)! Cov(ILs, Xy, Yy)
JE{L,....a}:
S; opt-invariant on [n]
= Z arg max AVar,(53)
JE{L, -} Pes;
S, opt-invariant on [n]
= Z arg max AVar,(3)
JE{L, Pes;
S, opt-invariant on [n]
= arg max AVar (/).
Besinv

The first equality holds by Lemma 2, since {S™', 8™} is indeed an orthogonal and
(Xt)te[n]—decor}relating partition, see Lemma 6. The second equality follows from the
definition of S™V and can be proved by Lemma 1 and observing that the set of subspaces
{§; | 7 € {1,...,q} : S; opt-invariant on [n]} is an orthogonal and (IIginvXt)scin)-
decorrelating partition. The third equality holds by Lemma 2 and the fourth by definition
of an opt-invariant subspace on [n]. [ |

Lemma 8 Let {A:}}, be a set of n symmetric strictly positive definite matrices. If there
exists a matriv A € {A¢}7, that has all distinct eigenvalues, then any two irreducible joint
block diagonalizers U,U for the set {A:}1, are equal up to block permutations and block-wise
isometric transformations.

Proof We start by observing that if a matrix is symmetric and has all distinct eigenvalues,
then its eigenvectors are orthogonal to each other and unique up to scaling. We define
Q € RP*P as the orthonormal matrix whose columns are eigenvectors for A: @ is then
uniquely defined up to permutations of its columns.

We now exploit the results by Murota et al. (2010) used in the construction of an irre-
ducible orthogonal joint block diagonalizer for a set of symmetric matrices {A;}*; (not nec-
essarily containing a matrix with all distinct eigenvalues). In the following, we translate all
the useful results by Murota et al. (2010) in our notation introduced for joint block diagonal-
izers in Section 2.1.1. Murota et al. (2010) show in Theorem 1 that there exists an irreducible
orthogonal joint block diagonalizer U such that, for all t € [n], U A,U = D (Im; @ Arj),
where ¢, m; € N, 0 < ¢,m; < p are such that qgax = ?:1 mj, and A ; are square matrices
(common diagonal blocks). Here & denotes the direct sum operator for matrices and ®
the Kronecker product. They further propose to partition the columns of the matrix U
into ¢ subsets, each denoted by Ui, with j € {1,...,¢} indexing the diagonal blocks and
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S; C{1,...,p} denoting the subset of indexes corresponding to the selected columns in U Si
such that, for all t € [n], (U%7)T A,US = I, ® Ay ;. They then argue that, as a consequence
of Theorem 1, the spaces spanned by such subsets of columns, i.e.,

U; = span{u” | k € S;}

are uniquely defined. We therefore only need to prove that, if at least one matrix in the
set {A;}7-, has all distinct eigenvalues, then for all j € {1,...,¢}, m; = 1. Such condition
implies that the diagonal blocks indexed by S;, j € {1,...,q}, are irreducible, and “..=q

The uniqueness of the spaces U; then implies the uniqueness of the irreducible joint
block diagonalizer U up to block permutations and block-wise isometric transformations.
To show this result, we now use Murota et al. (2010, Proposition 1). In particular, if the set
{A:}}" contains at least one matrix A with all distinct eigenvalues then the assumptions
of Proposition 1 are satisfied. Let {Q1,...,Q,} be the set of eigenspaces of A and for all
ie{l,...,p}let m; :=dim(Q;) = 1. The proposition then implies that for all i € {1,...,p}
there exists j € {1,...,q} such that Q; C U;. Moreover, for all ¢ such that Q; C U; it holds
that m; = m;. As a consequence, we obtain that, since the eigenvalues of A are distinct,
myq = --- = my = 1 and therefore for all j € {1,...,q}, m; = 1. This concludes the proof
for Lemma 8. |

Lemma 9 Let {Sj}gzl be an irreducible orthogonal and (Xt).e|n)-decorrelating partition.
Then, for all j € {1,...,q} it holds that

n T n
S 1 1
arg max AVar(f3) = (n E Var(ngXt)> — g Cov(Ils; Xy, Yy).
BES; t=1 [t

In addition, for all j € {1,...,q} such that S; is opt-invariant on [n|, it holds for all t € [n]
that
arg max AVar(3) = Is;70, = IIs;%.
663]'
Moreover, Ils,%o is time-invariant on [n)].

Proof Let U € RP*P and (it)te[n] be defined for the orthogonal and (X¢),¢[,-decorrelating
partition as in Lemma 4. For all j € {1,...,¢} and for all 5 € S; it follows from (30) that

— 2 — 1<
AVar() = ~ > Cov(Y;, Is, Xy) 8 — 5% > Var(Ils, X1)8
t=1 t=1
which has gradient
S 2 — P
V(AVar)(8) = - > Cov(Ils, X, V) — - > Var(Tls, X1)8.
t=1 t=1

The equation V(AVar)(8) = 0 has solution equal to

. -
1 1
= (nZVaT(HSth)> EZCOV(HSJ‘X“YI?)'

t=1 t=1
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By Lemma 3, it holds that (1 37 | Var(Ils, X,f))T =1Is, (L >0, Var(Xy)) - IIs, and there-
fore 8* € §;. In order to apply Lemma 3, we in particular use that U is such that, for all
t € [n], ¥y = UT%,U is block diagonal with diagonal blocks given, for all j € {1,...,q}, by
¥y = (US)T5,US. This implies that U (327, $;) U is also block diagonal with diagonal
blocks (U%)T (321, %) USi. Moreover, its inverse is block diagonal and, by the properties
of orthogonal matrices, its diagonal blocks are (U%)T (3°1, %)t US. It now remains to
show that this is also the only solution in S§;. All other solutions in R? are given, for an
arbitrary vector w € RP, by

n T n
g+ | I, — (:z ;\/ar(nijt)> (711 ;Var(HSth)> w

:5* + (Ip — ng) w

The equality follows from the following computation

n T n
(i > Var(HSth)> (i > Var(ngXt)>
t=1 t=1
n -1 n
= 1, (Z Var(Xt)) Is, 105, (Z Var(Xt)> IIs,

=USi (U’ (Zzt> 1US7 Uiy’ (Zz)

= Ils;.
The first equality follows again from Lemma 3. For all w € S, 8* + (I, — Ils; )w equals 3*.
For all w ¢ S;, B* + (I, — Is,)w is not in S;.
For all §; opt-invariant on [n] and for all ¢ € [n] it holds that

arg max AVar((3)
BES;

= arg max — AVarg(3)
pes; ”Z; )

= arg max AVar(3)
,BESJ'

= Var(Ils, X;)" Cov(Ils, Xy, ;)
= HS]- Y0,t5
where we used the definition of opt-invariance on [n] for the second equality, Lemma 2 for

the third equality and Lemma 1 for the fourth equality. Since the result holds for all ¢ € [n],
it also follows that

HS]' Y0t = HSj Yo0-
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We now need to prove for all t € [n] that Cov(Y; — X,/ Is,90, X Ils,7) = 0. To see this,
fix t € [n]. Then

Cov(Y; — X,/ TIs,90, X Is,;70) = Cov(X, (70, — s, v0,¢), X s, v0,0)

q
= COV(XRZ s, 70, — s,70.), X Is, 0.t

i=1
= COV(_X}—r Z HS/YO,tv XtTHSjryoyt)
i€{l,...,q}1i#]
= Z ’YoT,t Cov(Ils, Xy, ILs; Xt )0t
i€{1,....q}it)

=0.

The last equality follows from the definition of an orthogonal and (Xt)te[n]—decorrelating
partition. |

Lemma 10 Let {Sj}?zl be an irreducible orthogonal and (Xi)icp,-decorrelating parti-
tion and let 8™ be the corresponding invariant subspace. Moreover, let Var(X) :=
LN Var(Xy) and Cov(X,Y) = 130"  Cov(Xy,Y;). Finally, let U™ be the subma-
trix of an arbitrary irreducible joint block diagonalizer U corresponding to the irreducible
orthogonal and (Xt)te[n}—decorrelatmg partition whose columns span S™ . Then,

Binv — Uinv((Uinv)T@(X)Uinv)fl(Uinv)Tﬁ()Q Y)
Proof Expanding the definition of 8™, we obtain that

B = arg max AVar(j3)
Besinv
n

1
= argmax — » AVar(5)
Besinv n ;

n

1
= arg max — g (2 Cov(Yy, Hgine X;) B — BT Var(Ilgiw X3) )
ﬁesinv n —1

n T n
1 1
= (n Zvar(ﬂsiant)> E ZCOV(HSinVXt,Y;)
t=1 t=1
= M ginv Var(X) g Cov(X,Y)
— UiHV((UiHV)TW(X)UinV)fl(UinV)Tm()QY)'
The fourth equality follows from Lemma 9. The fifth equality follows by Lemma 3

(see the proof of Lemma 9). In the last equality we used that (U™)'Var(X) U™ =
((U™)TVar(X)U™)~!, which follows from the properties of orthogonal matrices and
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the block diagonal structure of U'Var(X)U: these imply that (UTVar(X)U)™' =
UTVar(X)~'U and

(US) T Var(X)U51)~!

(%) TVar(X)U ")~
(US1 )T@(X)flUsl

(USa) TVar(X)~1U%

Appendix E. Proofs
E.1 Proof of Theorem 1

Proof Let {Sj}gzl be an irreducible orthogonal and (X¢);[,-decorrelating partition and
define S™ and S as in (11). By Assumption 2, {S™, 8™} form an orthogonal and
(Xt)ten-decorrelating partition and S™ is opt-invariant on N. Therefore, using Lemma 1
and Lemma 2, we get for all ¢ € N that

70+ = arg max AVar () 4+ arg max AVar.(5).
BeSinv BESTes

Furthermore, 8™ opt-invariant on N implies that the first term, arg maxge ginv AVar(3),
does not depend on t and hence it holds for all ¢ € N that

~0,t = arg max AVar(f) + arg max AVar,(3).
Besinv BESTes

Moreover, Assumption 1 ensures that the invariant and residual subspaces can be
uniquely identified from an arbitrary irreducible orthogonal and (X¢);ef,-decorrelating
partition, and therefore all the above results do not depend on the considered partition.
This concludes the proof of Theorem 1. |

E.2 Proof of Proposition 1

Proof (i) For all j € {1,...,¢Y..}, let U denote the submatrix of U formed by the
columns indexed by S;. Then, the orthogonal projection matrix onto the subspace S; can
be expressed as Ils, = U% (U%)". It follows for all t € [n] that

Cov(Ils, Xy, s, Xt) = Ils, %11,
— USi (USi)TEtUSj (US]-)T
=0,
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where the last equality holds since (U%)T%,US is the (i,7)-th (off-diagonal) block of

f]t .= UTX,U, which is zero due to the block diagonal structure of 3;. Irreducibility of the
orthogonal partition follows from the irreducibility of the joint block diagonal decomposition.

(ii) The statement follows from Lemma 4, taking N = [n]. Irreducibility of the joint
block diagonalizer follows from the irreducibility of the orthogonal partition. |

E.3 Proof of Proposition 2

Proof (i) First, observe that, by Lemma 6, {S™,8"} is an orthogonal and (X;)sep-
decorrelating partition and that, by Lemma 7, S™ is opt-invariant on [n]. Then, by defini-
tion of A" and by Lemma 9 we get for all ¢ € [n] that

B = arg max AVar(8) = g0, = HgiavYo-
ﬁGSinv

(ii) We need to prove for all ¢t € [n] that Cov(Y; — X,/ ™V, X,T B'"V) = 0. To see this, fix
t € [n]. Then
COV(Y} o XtTﬁinv’XtTBinV) _ COV(X;(’)/O,t _ 6inv)’Xt—|—ﬂinV)
= C()V()(tT (HSinv’Y(Lt + HSTQS’Y()’t - /BIHV)’ X;F(Hsinvﬁlnv))
= COV(X:HSreS’YO7t,Xt—rHSinv,ﬁinv)
= ")/S:t COV(HSreth, Hsiant)ﬁinV
=0,
where the third equality uses ™Y = IIginvy0,: by Proposition 2 (i) and the last equality
follows from the fact that ™, 8™ are an orthogonal and (X;)e[,j-decorrelating partition
by Lemma 6.
(iii) Let B™ denote the set of all time-invariant parameters over [n]. By assumption,
we have that B" C S™. Moreover, by point (i), we have that " € B". Therefore, by

definition of f™ we obtain that ™V = arg maxgepn AVar(f). This completes the proof of
Proposition 2. |

E.4 Proof of Theorem 2

Proof Under Assumptions 1 and 2 and using the definitions of 3™ and 6/, we can write
the explained variance of 8 € RP at time ¢t € N for the true time varying parameter v ; € R”
as

AVar,(f) = 27(—); Var(X;)s8 — BT Var(X;)3
= 2(8™ + 6;°) " Var((TIgiw + Igres) X;)8 — B Var(X,)8
= 2(8™) T Var(ILginv X ) ILginv B + 2(67%%) T Var(ILgres X; ) gres f — 87 Var(X;)5.
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Using this expansion, we get, since 0}° = o, — S, for all 3 ¢ S™ that

inf AVar(f3) = —oo.
’YO,tAERp:
'YO,tfﬁmv cSres

Therefore,

arg max inf AVar(f3) = arg max inf AVar(B)

BERP Y0, €RP: Besinv Y0,t ERP:
,yO’t_ﬁlnvesres ,Yoyt_ﬁlnvesres
= arg max AVar:(f3).
ﬂESi"V

Since by assumption it holds that S is opt-invariant on N, it further holds that for all
teN

arg max AVar, () = arg max AVar(p).
Besinv ﬂesinv

The claim follows from the definition of 5™V, |

E.5 Proof of Theorem 3

Proof We assume without loss of generality that the observed predictors X; have zero mean
in t € 724 Ut*. Alternatively, as mentioned in Section 4.1.2, a constant term could be added
to X; to account for the mean. We also observe that 4255 and 0} are both unbiased

estimators for g ¢+ and §;%, respectively (this can be checked using standard OLS analysis).

We now start by computing the out-of-sample MSPE for 415P.

MSPE(35P) = E[(X[ (35P — 20-))?

— E[(X (Mg + T (7 + 555 — 5™ — 53892

— trace(B[(F™ — F™)(F™ — 5™)T] Var(Tgm X;-))
+ trace(E[(05 — 07%%) (87 — 67%%) 7] Var(ITgres X+ ))

= trace(E[Var(f™ | X)] Var(Ilgin X;-))
+ trace(E[Var (87 | X)) Var(ITgres X))

= trace(E[Var(4™ | X)] Var(I gy X))
+ % trace(Ilsre E[( 1 (X24) T X)) "I gres Var(Tgres Xy+)),

where we have used that Var(§5® | X2d) = 02 T gres ((X24) TX?) "I gres. We further observe

that
Var(™ | X) = Hgin (X X) Mgine X " Var(e) X gin (X TX)  Mgin,

where Var(e) is a n x n diagonal matrix whose diagonal elements are the error variances
at each observed time steps, (Var(et))iep,. Let aimin ‘= minyep, Var(e) and o2, >
maxe[, Var(e;). Then,

0'2 ]._.[Sinv (XTX)ill_.[Slnv j Val‘(ﬁAinv | X) j U?,maXHSinV (XTX)ill_.[Sinv,

€,min
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where =< denotes the Loewner order, and it follows from diag, (o, =< Var(e) =
diag,, (02 ,ax), With diag,(-) denoting an n-dimensional diagonal matrix with diagonal el-
ements all equal. We have used in particular that for two symmetric matrices A, B € R™*™
such that A > B and a matrix S € R™*" it holds that ST AS > STBS (see, for example,
Theorem 7.7.2. by Horn and Johnson, 2012). Using this relation and Jensen’s inequality, we

obtain that the first term in MSPE(%{*SD) is lower bounded by

6 mln)

trace( [Var(8'™ | X)] Var(Igin X))
trace(I g E[(X T X) ™ gin Var(Ilgiw Xp+))

emln

2
z"Tm trace(Iginv 2 Tginy S gin ),
where X = E[%XTX] Using now that, by assumption, {S™, S} is an orthogonal and
(X¢)ten-decorrelating partition, let U € RP*P be defined for such a partition as in Lemma 4
and let UV ¢ RP*dim(S™) 16 the submatrix of U whose columns form an orthonormal
basis for S™, such that Mg = U™ (U™)T. Moreover, let 3™ = (U™)TSU™ and
ii&“’ = (U™) TS U™ denote, as in Lemma 4, the diagonal block corresponding to S™
of the block diagonal matrices U'2XU and U'%.U, respectively. By the properties of
orthogonal matrices, (X"™)~! = (U™)TS-1y™, For all i € {1,...,dim(S™)}, let \;
denote the i-th eigenvalue in decreasing order. Then, we can further express the above
lower bound as

062’17““‘ trace(I giny X~ T giny e M giny )
:# trace(U™ () TS 1 (7imvy Ty, griny (inv) T
:tﬁ% trace(U™ ()~ L5y (grin) T)
20'37min dim(ﬁs - ::aigtjv))

2 dim(S™)

— “€,min n Cinv,

where we define ¢,y = )\min(iiﬂv) / )\max(iin"). The same term in MSPE('y%*SD) is upper
bounded by

trace( E[Var(5™ | X)] Var(Iginv X))
trace(I g E[(X " X) ™ ginw Var(Ilgi X+ ))

6 max
2 dlm(smv)
§U€7max n mv

where Cppy == 1 + trace(ILgin (E[(1 X TX) 1] — Yo M giny Var(HSiant*)). Proceeding in a

similar way, we can express the second term in MSPE(9/°P) as

oa d\T~rady—1 o2
ﬁd traCe(HSreSE[(%(Xa ) :)(a )7 ]nges VaI'(HSreSXt*)) = ﬁdhres(m),
where hyes(m) = trace(IlgresE[(L (X?d) T X)) 1[I gres Var(ILgres X3+ )). Since we have as-

sumed that for all ¢ € Z® U {#*} the distribution of X; does not change, by Jensen’s
inequality and by the fact that HsresEt:lHSres Y gres = Igres (see Lemma 6 and (32)) we
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have that hyes(m) > dim(S™), and limy,— o0 hres(m) = dim(S8**). Moreover, we can find an
upper bound for Aes(m) in the following way.

hres(m) = trace(ILgres E[( -1 (X)) TX) ™I gres Var (ILgres X+ ))
= trace(E[(1 (X*) T X)) ™| Var(ITgres X¢+ )
< trace(E[(+ (X2 TxX2)71]) trace(Var (ITgres X))
<JE[(E X "X 7| op trace(Var (I gres Xp+ ) )
<E[| (L (xad)Txady=1|| ] trace(Var(ITgres X))
< M Amax (B¢ ) dim (S™).

Summarizing, we obtain that

MSPE( ISD) > 0_2 ) dim(Sinv) Cine + O 2 dim(STes)

€,min n m

and .
MSPE(F22) < 02 10 ) Oy + 02 ) O

€,max

where Cles == c_l)\max(zt*) is the constant introduced in the theorem statement.
We now compute the MSPE of 4255,

MSPE(32%) = E[(X: (325 — 70.4))”]
= trace(E[(42%5 — Vo,t*)(&gLS - VO,t*)TXt*XtID
= trace(E[(92"° — 70.4+) (52" — 70.+) '] Var(X;-))
= trace(IE[Var(%*Ls | Xad)] )
= o2, trace(E[(X*)) TX2) 1%, )
— % trace(B[(L (X2) TX2)"15,.)).,
We can further express MSPE(5215) as

N

% trace(E[( 5 (X*) T X)) 71]5)
% trace((gin + Mres)E[(k (X*) TX*) 7! (I giny + Mgres) Var((Tginy + Mgres) X))
=Zad trace(gm E[( (X)) TX*) "I ginw Var(Igi X¢+))

2
+ % trace(IgreE[(5 (X*) TX) ! |TTgres Var (Tgres X))

lO

lO

In particular, the second term in the above sum also appears in MSPE(%{*SD) Taking now

the difference between the MSPE of 4958 and 4/SP, we obtain that

MSPE(12M%) — MSPE(4SP) = e ad trace(ITgm E[(L (X)) TX) ™ T gine Var(Igine X))
- trace(E[Var(Binv | X)] Var(Ilgin X¢+))
We have already obtained an upper bound for the second term in the difference, namely

2 dim(S™)
€,max n

%Zd trace(ILgres E[( - (X24) TX ) 71T gres Var(Ilgres X4+)) and hyes(m). In particular,

g

Cliny. For the first term, we can make the same considerations made above for

Tag 1 (yead\ T xcady—1 _ o
W trace(H81nvE[(H(X ) X ) ]Hsinv Vavr(H81ant*)) — Whad’inv(m)
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where

Rad,inv (m) = trace(Igim E[(L (X)) T X)) " gy Var(Iginv X+))
satisfies Nad iny(m) > dim(S™) and hag iny (M) < ¢ Amax (S ) dim(S™Y) (as for hyes(m),
we observe that limy,, o0 Rad inv(M) = dim(S™Y)). Therefore, we obtain that

MSPE(y2%) - MSPE(y?) > 02, ®3™) — o2 | IOy
and o o
MSPE(%QLS) - MSPE(’YtI*SD) < Uid%‘s)cad,inv —o? dim(S )Cinw

€,min n

where Cyg inv = c_l)\maX(Et*). In particular, this difference is always positive if n is suffi-

ciently large. Finally, we can observe that the expected explained variance (24) for 4, where

2 _ AISD 2 _ 4~0LS :.
=40 or y =4z, is

E[AVar-(5)]
= E[Var(Yy-) — Var(Y- — X/14 | )]
= Var(X o, + €)= E[Var(XL (Yo —4) + e+ | 7))
= 0.4 Var(Xp )v0,0 + 02 — E[(your — %) " Var(Xps) (o — )] — 02
= 04+ Var(Xe)y0,e — Eltrace((o+ — %) (Yo,er — )T Var(Xy-))]
= 70 Zt=Y0,4+ — MSPE(¥)

and therefore the same inequalities found for the MSPEs difference equivalently hold for
E[AVar (4°P)] — E[AVar (3259)]. u

E.6 Proof of Proposition 3

Proof (i) By definition of a (non-orthogonal) joint block diagonalizer, it holds for all ¢ € [n]
that the matrix ¥ := U " %;U is block diagonal with ¢ diagonal blocks Y = (U T, U%,
j€{l,...,q}. Define now the matrix W :=U —T . and observe that the following relations
hold

S =WEWT, 27 =US7UT and
S =WTS "W block diagonal with blocks i;jl = (W) Ty twsi,
The last relation is obtained by observing that
i (W)’
Sl = = : st L W]

Moreover, it_j = Var((U®7)TX;)~!. We observe that, because WU = I,, it holds for all
i,j € {1,...,q} that (W%)TU% =0, that is, the space spanned by the columns of Wi is
orthogonal to the space spanned by the columns of U®. Moreover, the matrix USs (I/VSJ')T
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is an oblique projection matrix onto S; along ®i€{1,...,q}\{j} S;. Fix j € {1,...,q}. Then,
using these relations we obtain that
Ps,is Yo = U (W) TS Cov(Xy, V)
= Ui (WSS 'WUT Cov(Xy, Yy)
(ol
=US (W) Ts;t [(wo L W] : Cov(Xy, Yr)
(Uo7
= US (W) T ' Wi (U5) T Cov(Xy, V)
= U%S, 1 Cov((U%)T X1, Y7)
= U® Var(U%) T X;) ™ Cov((U*) T X4, V7).
The fourth equality follows from the block diagonal structure of WTE; YW, which implies
that, for all j # 1, (W) TS 1WSi = 0.

(ii) By definition of 5™ and using point (i) of this proposition and that {S™, S} form
a (X¢)iefn-decorrelating partition, we obtain that, for all ¢ € [n],

Binv — Uinv Var((USinv)TXt)_l(UinV)T COV(Xt, th)

We now observe that ™ := Var((US™)TX,)~1(U™)T Cov(X;,Y;) is the OLS solution
of regressing Y; onto (U™)T X, (as we assume all variables have zero mean). Moreover,
this quantity is constant by proj-invariance of S™V. In particular, this means that Bi“" =
arg Min g _p aim(sinv) E[% Sb (Ve — X,J U™ B)?], which implies that

Binv _ ((UinV)TW(X)UinV)—l(UinV)T@<X7 Y)
Therefore, i = UMY ((U™) T Var(X)U™)~1(U™) TCov(X,Y).

(iii) The claim follows from the definition of 6/°, from the fact that {S™¥, S} forms a
(Xt)tefn)-decorrelating partition and from point (i) of this proposition. ]
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