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Abstract

As machine learning models continue to grow more complex, poor calibration significantly
limits the reliability of their predictions. Temperature scaling learns a single temperature
parameter to scale the output logits, and despite its simplicity, remains one of the most
effective post-hoc recalibration methods. We identify one of temperature scaling’s defining
attributes, that it increases the uncertainty of the predictions in a manner that we term
homogenization, and propose to learn the optimal recalibration mapping from a larger class
of functions that satisfies this property. We demonstrate the advantage of our method over
temperature scaling in both calibration and out-of-distribution detection. Additionally,
we extend our methodology and experimental evaluation to recalibration in the Bayesian
setting.

Keywords: uncertainty quantification, recalibration, out-of-distribution, temperature
scaling, entropy

1. Introduction

In supervised learning, probabilistic models are essential to improving the reliability of the
predictions. In the context of multiclass classification, a model’s confidence, the probability
of the predicted class, can be used to determine whether or not to reject giving a prediction
(Chow, 1957; Hiillermeier and Waegeman, 2021). In addition, the predicted probabilities
can also be used to determine whether or not a test observation is out-of-distribution (OOD)
(Hendrycks and Gimpel, 2017; Mozejko et al., 2018). However, many modern machine learn-
ing models are overconfident, assigning high probabilities to blatantly incorrect predictions
(Guo et al., 2017). This severely limits the usefulness of the models’ probabilistic outputs for
high-stakes settings, such as healthcare (Seoni et al., 2023). Such model overconfidence has
led to the development of post-hoc recalibration methods, in which a recalibration mapping
is learned from validation data to apply to the pre-trained model. Inspired by Platt scaling
(Platt, 1999), which learns a logistic regression model to obtain probabilities from a sup-
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port vector machine, temperature scaling (Guo et al., 2017) simply learns one temperature
parameter to scale the logit predictions of a neural network.

Recent Recalibration Methods. Many other recalibration methods have been proposed to
improve upon temperature scaling. These methods tend to be significantly more complex,
often involving learning another neural network on the output logits (Rahimi et al., 2020).
Joy et al. (2023), Balanya et al. (2024), and Ding et al. (2021) consider performing adaptive
temperature scaling, where a different temperature is used for each input, which necessi-
tates learning significantly more parameters based on the input observation/logit vector.
Meanwhile, Kull et al. (2019) and Frenkel and Goldberger (2021) consider improving the
class-wise performance of the base model, but this does not necessarily translate to better
overall performance. In general, these methods focus on traditional calibration metrics such
as expected calibration error; there has been less exploration of the effects of recalibration
on out-of-distribution (OOD) detection performance.

We develop a recalibration method that improves the calibration performance of tem-
perature scaling while retaining the OOD detection performance. To do so, we identify a
process called homogenization that describes how the uncertainty in the prediction increases
after applying temperature scaling, and we show that this process implies that the uncer-
tainty also increases in terms of entropy and variation ratio. In our approach, we propose to
learn a mapping from a softplus family of functions that that increase the uncertainty in this
manner by constraining the slope of the candidate mappings. We experimentally demon-
strate that using the more flexible softplus functions improves the in-distribution calibration
performance, while enforcing homogenization maintains the OOD detection performance.

Some recent work that also discuss the effect of recalibration on OOD detection perfor-
mance include Esaki et al. (2024) and Krumpl et al. (2024), with Esaki et al. (2024) also
showing that their method outperforms temperature scaling in terms of calibration and
OOD detection performance. We note that the method of Esaki et al. (2024) is somewhat
more complex than ours, requiring generating synthetic training samples using their Multi-
Mixup method. Both methods also require access to some intermediate values of the base
neural network model for recalibration, while our method only uses the last-layer logits.
Most significantly, these approaches do not explore the impact that homogenization has on
OOD detection performance.

Recalibrating Bayesian Models. Most current work in the recalibration of probabilistic
models for classification focuses on the standard point prediction setting, where probabilities
are obtained from a single logit output. This raises the question of how to apply recalibration
to Bayesian models, which involve the aggregation of multiple intermediate predictions to
obtain the probability output. One common example is in dropout neural networks, where
a distribution of predictions is produced by repeatedly applying dropout to approximate a
Bayesian neural network (Gal and Ghahramani, 2016). In this setting, we cannot directly
apply standard recalibration methods that act on vector-valued predictions. Recalibration
has not been extensively explored in the Bayesian setting, although Laves et al. (2020b,a)
have proposed an approach to extend temperature scaling to dropout predictions.

We show how to extend our method to the Bayesian setting and conduct additional
experiments showing that its advantages from the point prediction setting carry over. We
introduce three approaches to perform recalibration in this setting. In our first two ap-
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Figure 1: Left: Overconfidence on an in-distribution observation. Right: Overconfidence on
an out-of-distribution observation. Temperature scaling reduces overconfidence
in both cases.

proaches, we consider two ways to use a point prediction recalibration mapping to trans-
form a distribution of predictions, while in the third approach, we consider converting the
Bayesian classifier into a point prediction classifier. We experimentally demonstrate that
regardless of the approach, enforcing homogenization allows us to improve the calibration
performance of temperature scaling, while retaining the OOD detection performance.

2. Background and Definitions

We consider the multiclass classification setting with C' classes. We denote our input space
by X and our output space by YV = {1,...,C}. We will specifically consider probabilistic
classifiers, which return a probability distribution over the classes: q : X — A¢, where Ao
is the C-dimensional unit simplex:

AC:{peRC;p1+~-+pC=l,pCZOforce{l,...,C}}.

That is, we assume that our classifier returns a probability prediction over the classes, rather
than just a single class prediction. In this section, we discuss two ways of evaluating the
quality of the probabilistic predictions, as well as the task of improving predictions through
recalibration.

2.1 Evaluating Probabilistic Classifiers

How do we evaluate whether or not the predicted probabilities are any good? Modern neural
networks are known to suffer from overconfidence, predicting high probabilities for misclas-
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sified observations (Guo et al., 2017; Lakshminarayanan et al., 2017; Minderer et al., 2021).
We can distinguish between overconfidence on in-distribution data and overconfidence on
out-of-distribution data. For example, consider a neural network trained on CIFAR-100
(Krizhevsky, 2009). In the left part of Figure 1, we show the prediction on a “dinosaur”
image, which is one of the classes from CIFAR-100; the model is 80% confident that the
image is “willow_tree”. In the right part of Figure 1, we show the prediction on a StreetView
House Numbers (Netzer et al., 2011) (SVHN) image; the model is 80% confident that the
image is “tiger”.

2.1.1 CALIBRATION

First, we discuss the concept known as calibration, which is used to evaluate the in-
distribution probability predictions of a model. Formally, a classifier q is perfectly calibrated
if

P (Y — arg max go(X) | max go(X) = p> —p
cel:C cel:C

for all pe (0,1) (Guo et al., 2017). In other words, if the predicted probability of the class
prediction of a particular observation is p, then probability that we are correct should also
be p. Here, we see that overconfidence means that our the accuracy of our predictions will
be lower than our predicted probabilities, which can be a significant problem. Hence, most
works focus on improving a classifier’s calibration. To measure the level of miscalibration,
the expected calibration error (Naeini et al., 2015) (ECE) is often used (see Section D.5 for
details and discussion of related metrics). Note that a model can also be underconfident
in some cases as well, but reducing overconfidence is especially important, particularly in
high-risk applications (Gawlikowski et al., 2023): in medical image analysis, low-confidence
predictions should be given to human experts for further investigation (Kompa et al., 2021),
while in object detection for autonomous driving, low-confidence predictions should alert the
user to take caution (Feng et al., 2018). In these settings, the consequences of overconfidence
are serious.

2.1.2 OUT-OF-DISTRIBUTION DETECTION PERFORMANCE

Next, we discuss how to evaluate a model’s out-of-distribution probabilistic predictions. For
an OOD observation, we want the prediction to be as uniform as possible, because it does not
correspond to any of the classes. However, we also want to appropriately penalize a classifier
that returns a uniform prediction for all observations, including in-distribution observations.
Accordingly, a standard approach to measuring a model’s OOD performance is to evaluate
its performance on a binary classification task of predicting whether an observation is in-
distribution or out-of-distribution. For example, if we have a model trained on CIFAR-100,
an OOD detection task could consist of adding an equal number of SVHN observations to the
test data set. We follow the approach described in Hendrycks and Gimpel (2017), which is
a standard approach in the literature (see, e.g., Ren et al., 2019; Liu et al., 2020; Sun et al.,
2022, etc.)

Given a classifier g, we can define an OOD score function o : Ac — R, which should
return higher values for OOD observations and lower values for in-distribution observations.
Some OOD score functions used in the literature include:



EXTENDING TEMPERATURE SCALING WITH HOMOGENIZING MAPS

e Entropy: H(p) = —Zf;lpc log p. (Ren et al., 2019)
e Variation Ratio!: vratio(p) = 1 — maxee1.c pe. (Hendrycks and Gimpel, 2017)

Then, given an observation x, we can define the OOD detection function d : X — R by
d(x) = (ooq)(x), which predicts the extent to which an observation x is OOD. To use d(x)
to predict in/OOD, we would need to specify a cutoff value; however, we can avoid this
by computing the AUC of the receiver-operating-curve of the OOD score and the in/OOD
labels. In terms of OOD detection performance, an overconfident classifier would mistakenly
assign too much probability to an OOD sample, which would decrease the performance.

2.2 Recalibration

The task of improving the probabilistic predictions of a classifier is known as recalibration.
Most classifiers can be expressed in a two-stage approach

g=hof, f:X—->Z h:Z->Ac (1)

for some prediction space Z. First the input x is mapped to an element z € Z with an
intermediate prediction function f, which is then mapped to a probability vector with h.
In the standard setting, Z = R, and h is the softmaz function n:

) = exp (z1) o exp (z¢) '
n(z) <Z]’ , )

cC:1 exp (z¢) chzl exp (zc)

For example, f could be represented with a neural network that outputs a logit prediction,
which then is transformed into a probability vector using the softmax function. In Section
4, we will consider the case where Z is the set of cumulative distribution functions (CDFs)
over R,

In the task of recalibration, we use a separate validation data set Dy = {(z;,v:)})Y,
to learn a recalibration mapping g : Z — Z to apply to our predictions. After applying the
recalibration mapping g, the recalibrated classifier becomes:

g=hogof.

In order to learn g, we identify a parametric class of calibration functions gy(z) for some
parameter space ©, and a loss function £. We compute the logit predictions z; = f(x;) on
Dyal, and we solve the optimization problem

arg min ]Zvl €((h 09p)(zi), yi>. (2)

0cO i—1

Typically, ¢ is set to be the cross-entropy loss, and gradient based methods are used to
perform the optimization.

1. The term “variation ratio” is taken from Gal et al. (2017).
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Figure 2: The result of applying temperature scaling on the logit prediction and correspond-
ing effect on the probability prediction. The dotted lines represent the value after
temperature scaling. Left: The differences between each class decreases in the
logit scale. Right: The classes are divided into two groups; one group that in-
creases in probability and one group that decreases in probability.

2.3 Temperature Scaling

Introduced by Guo et al. (2017), temperature scaling is one of the simplest recalibration
methods. We learn a single parameter 7' > 0, which we use to rescale the logit predictions:
the function g is of the form

g(z)=[T-z - T 2].

When T < 1, the logits are scaled closer to 0, which has the effect of making the
output probability more uniform. This helps to reduce the degree of overconfidence in the
classifier. In the bottom portion of Figure 1, we see that temperature scaling decreases the
overconfidence in both the in-distribution and out-of-distribution input image. The main
drawback to temperature scaling is its lack of flexibility, since it only learns one parameter
to linearly scale the logits. Additional flexibility can be added in several ways, such as by
learning a more complex function as in Rahimi et al. (2020) or learning an input-dependent
temperature as in Joy et al. (2023), and can result in substantial improvement to calibration.

Despite its simplicity, temperature scaling has some advantages over competing calibra-
tion methods. There have been many more flexible methods proposed, many of which learn
entire neural network functions. These methods are more time-consuming and difficult to
optimize, yet it remains difficult to consistently outperform temperature scaling (see, for
example, the results in Rahimi et al., 2020, which shows that temperature scaling performs
quite well on some data sets and architectures, even compared to much more sophisticated
methods). We can hypothesize that one reason for this is that due to the simplicity of
temperature scaling, it very rarely overfits the data. Hence, in our approach, we aim to
retain much of the simplicity of temperature scaling.
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3. Recalibration by Enforcing Homogenization

In this section, we introduce our approach to recalibration based on constraining the slope
of a more flexible class of functions than the linear functions used in temperature scaling.
We introduce a process that we term homogenization which describes how a probability
vector becomes more uniform after applying temperature scaling, and we show that enforc-
ing homogenization implies that the entropy and variation ratio also increases. We then
introduce a slope-constrained family of softplus functions for recalibration which enforce
homogenization in the recalibrated probability.

To begin, we visually inspect the effect that temperature scaling has on the probability
prediction in Figure 2 when the temperature is less than 1. The left plot shows the logit
prediction, the right plot shows the probability prediction, and the dotted lines show the
temperature scaled prediction. Given a logit vector z with corresponding probability p =
1n(z), let us denote the recalibrated logit by Z = Tz and the recalibrated probability by
p = n(2). In what sense is p more uniform than p? In Figure 2, we can see that temperature
scaling contracts the input logit vector in the following way:

|Zi—§j|<|2’i—2’j|, foralli,je{l,...,C}. (3)

That is, all of the differences between each component of the logit vector decrease. However,
the same cannot be said for the resulting probability vector:

Ipi —pj| X |pi —pil, foralli,je{l,...,C}.

For example, we see that the difference in probability between class 4 and class 3 actually
increases after temperature scaling. Accordingly, we introduce a weaker notion comparing
the uncertainty between two probability vectors.

3.1 The Homogenization Property

Given a probability vector p, one basic way of making it more “uniform” is to take some
of the probability mass from a class with a lot of probability, and add it to a class with a
little probability. A slightly more general procedure is to divide the classes into two groups:
one with high probability mass, and one with low probability mass, and to take probability
mass away from the first group, and transfer it to the second group. We will refer to this
process as homogenization. In the following definition, we define a probability vector to be
more homogenous than another if we can arrive at the probability vector from this process.

Definition 1 Given p,p € Ac, we say that p is more homogenous than p if there exists
ke{l,...,C} such that for the sets S1,S2 defined by

Sl = {CE {1770} |P0<Pk}, S2 = {06{17"-76} |pc>pk}
the following conditions hold:

1. For all c€ S1, we have p. = p. and for all c € So we have that p. < pe.

2. For all c€ Sy and ¢ € Sy, we have that p. < Py .
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That is, there is some cutoff p; that divides the probability components into two groups. In
the group less than or equal to the cutoff, the recalibrated probability increases; in the group
greater than the cutoff, the recalibrated probability decreases. The second condition states
that after the probability transfer, the larger probability group still has larger probability
than the smaller probability group.

In Figure 2, the probability vector after applying temperature scaling is more homoge-
nous than the original probability vector: we took probability mass from classes 6 and 7
and distributed it among classes 1 through 5. This property turns out to be a somewhat
strong property in comparing the uniformity of two probability vectors. Specifically, we can
show that it is also related to the change in entropy and variation ratios:

Proposition 2 If p € A¢ is more homogenous than p, then both H(p) > H(p) and
vratio(p) > vratio(p).

The proof is given in Section A.2 of the Appendix. The general idea behind the proof of
how the entropy increases is as follows: we know that by transferring a small amount of
probability mass from a higher probability class to a lower probability class will increase the
entropy. If p is more homogenous than p, we can decompose the difference into a sequence
of individual probability transfers, each of which increases the entropy.

Note also, that the reverse statements do not necessarily hold; it is possible for the
entropy or variation ratio to increase when p is not more homogenous than p; we list some
examples in Section B.1 of the Appendix. The fact that the entropy and variation ratio is
guaranteed to increase plays a significant role in OOD detection using either metric, since
we want these metrics to increase on OOD data.

3.2 Enforcing Homogenization in Recalibration

In the previous section, we introduced a formal definition to describe in what sense temper-
ature scaling increases the uniformity of the original probability output. In this section, we
will describe how this property can be enforced in recalibration mappings. This will enable
us to propose a recalibration method that always increases the uniformity of the proba-
bility predictions in the same sense as temperature scaling. First, we introduce the order-
preserving property (Rahimi et al., 2020): A mapping g : R — R® is order-preserving
if given any input logit vector z € R® and indices i, j € {1,...,C}, we have

9i(z) < gj(z) = 2z < 2.

This is an important property for a recalibration mapping to hold because it ensures that the
predictions do not change. In Definition 1, this property ensures that the second condition
is satisfied. Next, based on (3), we first introduce a definition to compare the extent that
two recalibration mappings increase the uniformity of the input prediction.

Definition 3 Given two recalibration mappings gV, g : RC — R, we say that gV is
more homogenizing than g2 if, given any z € RC and pair of indices i,j € {1,...,C},
we have

97 (2) — g (2)] < 197 (2) — 4P (2)].
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As a special case of this definition, if g is more homogenizing than the identity function,
then we just say that g is homogenizing.

Definition 4 A recalibration mapping g : R® — RC is homogenizing if it is more ho-
mogenizing than the identity function, id : R® — R® given by id(z) = z.

We note that the degree to which a mapping homogenizes the logit vectors may be more
relevant than just the fact that homogenization is satisfied. Since our goal is to improve
upon temperature scaling, we can consider two approaches: learning a recalibration mapping
that is homogenizing, and learning a recalibration mapping that is more homogenizing than
temperature scaling. In our experiments in Section 3.4, we show that both have important
consequences on the OOD detection performance.

Now, if gM) is more homogenizing than g(?), we can show that given any input logit
vector z, the softmax probability returned by g(*) is more homogenous than the softmax
probability return by g(®.

Proposition 5 Given order-preserving functions gW.g@ . RC - RE, suppose gV is
more homogenizing than g@. Then for all z € RS, p(t) = (nog(l))(z) is more homogenous
than p1 = (nog®)(2).

The proof is given in Section A.3 of the Appendix. By setting g(® to be the identity
function, this result states that a homogenizing recalibration mapping always increases the
uncertainty in the probability output in terms of homogenization. Now, for recalibration
mappings that are not homogenizing, this means that there exists some input z such that
the recalibrated probability is not more homogenous than the original probability. It is
still possible that for all test observations, we never see this occur, although we find in our
experiments that there usually are some observations for which this occurs. Likewise, there
are some observations for which the entropy decreases or the variation ratio decreases.

3.3 Enforcing Homogenization by Constraining the Slope

In this section, we introduce our approach to recalibration based on using a family of
softplus functions in the optimization (2). To begin, we describe our approach to learning
homogenizing recalibration mappings. Then, we describe our approach to learning mappings
that are more homogenizing than temperature scaling. In the previous section we showed
that this guarantees that the probability predictions become more homogenous in the sense
of Definition 1, which intuitively should be desirable in OOD detection.

3.3.1 HOMOGENIZATION IN DIAGONAL FUNCTIONS

First, let us identify one more property that we want our recalibration mappings to satisfy,
which is known as the diagonal property (Rahimi et al., 2020): A function g : R — R is
diagonal if it has the form

9(z) = [q1(z) - golz)] =[g(z1) - TFl(ac)]

for some univariate function g : R — R. This property serves as regularization, limiting the
class of functions that we can select, preventing overfitting.
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In order for a diagonal function to be order-preserving, we need g to be an increasing
function. In order to additionally be homogenizing, we first note the following equivalence
if g is increasing: given z € R®,

[9(zi) — (%) < |zi — 2| foralli,je{l,...,C}
— () —9(2j) < zi — 2 for all 4, j € {1,...,C} such that z; > z;
— g(2) — 2z < g(z5) — 2 for all 4,j € {1,...,C} such that z; > z;. (4)

Thus, we observe that g will be homogenizing if the function z — g(z) — z is decreasing.
For differentiable g, this implies that ¢’ < 1. Since g must also be increasing, we have that
0<g <1.

3.3.2 HOMOGENIZING SOFTPLUS RECALIBRATION

Now, these constraints naturally suggest the application of the sigmoid function, in order
to squash the output of the slope to be between 0 and 1. That is, we model the slope as a
function of the form

1
~ 1+exp(—2)

9(2) = o(l(2)), o(2)

Here, the function [ can be specified to be as complex as desired. For example, [ can
even be modeled with a neural network, and we could learn the parameters using the
approach in Wehenkel and Louppe (2019), as described by Rahimi et al. (2020). However,
for our purposes, we elect to use the simplest choice for I: a linear function. We define
l(z;a,b) = —a - (2 — b), where a determines how quickly the function changes from 0 to
1, and b determines where the change occurs (the negative sign means that for a > 0, the
sigmoid function starts at 1 and lowers to 0). This choice for the slope results in a simple
form for the actual function:

d(z;a,b) = —(1/a)log(1 + exp (—a(z — b))).

We can recognize this as a variant of the softplus activation function commonly used in
neural network architectures. It also has been used in recalibration methods as well, such
as in Balanya et al. (2024), although not directly applied to the logits as in our case.

Given logit predictions z1, ..., zy on the validation data set Dy, using the class of soft-
plus functions for recalibration in the optimization problem (2) corresponds to the following
homogenizing recalibration mapping:

N
a*,b* = arg minE n(g(zi;a,0),v:), G*(2) =g(z|a*,b").
a>0,beR ;7

We call this the basic softplus method (SP-1).

3.3.3 SCALING THE SIGMOID FUNCTION

In order to assess the impact of the homogenization property, we will consider a variation
of the approach described above where we apply a scaled sigmoid function to the output:

7 (z;a,b,c) =c-o(l(z;a,b), ¢>0 (5)

10
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Figure 3: Three different sigmoid functions to model the slope and the corresponding soft-
plus function.

which corresponds to the scaled version of the softplus function:

9(z,a,b,¢) = —(c/a)log(l + exp (—a(z — b))).

This adds a new learnable scale parameter c¢. We call recalibration with this class of func-
tions the unconstrained softplus (SP-U) method, and corresponds to the following learned
recalibration mapping:?
N
CL*, b*a = arg min Z e(n(g(zlv a, ba C))? yz)v g*(Z) = E(Z‘CL*, b*v C*)'

a>0,beR,c>0 ;¢

We plot a few examples of different softplus functions in Figure 3. The general shape
bears a strong resemblance to the increasing function learned in Rahimi et al. (2020),
with a fraction of the complexity. Observe that modeling the slope with a scaled sigmoid
function constitutes an extension to temperature scaling. Given a temperature 7', we can
approximate the linear temperature scaling function by setting ¢ = 7' and setting b to be
arbitrarily large. In Figure 4, we show visually how increasing the value of b causes the
function to become closer to a linear function.

If ¢ is learned to be greater than 1, this results in a recalibration mapping that is not
homogenizing. In Section 3.4, we explore the impact that adding this parameter has on
the calibration metrics and the OOD detection metrics. Intuitively, we might expect that
the increased flexibility improves the calibration metrics, but the lack of homogenization
worsens the OOD detection metrics.

3.3.4 USING TEMPERATURE SCALING TO CONSTRAIN THE SLOPE

We motivated modeling the slope with a sigmoid function with the idea of enforcing the
homogenization property. However, it’s possible to enforce this property in a minimal way.
For example, it is possible that our learned mapping always increases the homogenization,

2. Note that we are overloading the definition of g; to make this consistent with the definition of g from
the previous section, we adopt the convention that ¢ = 1 by default if it is omitted as an argument.

11
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Figure 4: Plots of sigmoid and corresponding softplus functions with ¢ = 1,¢ = 0.8, and
different values of b. Note that we add a constant to each function so that
the leftmost values are equal for each (adding a constant does not change the
recalibrated probabilities since the softmax function is applied.)

but only by a negligible amount. In that case, this mapping would not be particularly
useful in reducing our base model’s overconfidence. In this section, we consider learning
a mapping that increases the homogenization more than temperature scaling (Definition
3). Given a temperature scaling map with temperature 7', using the same logic as in the
discussion of (4), a diagonal and order-preserving function will be more homogenizing than
the temperature scaling map if and only if the function z — g(z) — Tz is decreasing; for
differentiable g, this means 0 < g’(z) < T. Accordingly, our recalibration method is as
follows: we first find the optimal temperature using temperature scaling:

N
T* = argmin Z n(Tz),y) (6)
T>0 ;5
and we fix ¢ = T* in (5). Then, we optimize over a and b. We call this recalibration method
temperature scaled softplus (SP-TS) and it corresponds to the following learned mapping:

N
a®,b* = arg minZ 0n(g(zi;a,0,T%)),y:), 7 (2) =7g(z|a*,b*,T%).
a>0,beR ;4
Since g is more homogenizing than temperature scaling, from Proposition 5, this implies
that in the probability output, the entropy and variation ratio of the probability prediction
is also greater than temperature scaling. Additionally, as b increases, the solution converges
to the temperature scaling solution, as illustrated in Figure 4. In Section 3.4, we compare
this approach with temperature scaling, and find that it results in improved calibration
with comparable OOD detection performance.

Note that in the optimization (6), we do not constrain 7" < 1, which means we could
have T* > 1, which corresponds to a temperature scaling mapping that is not homogenizing.
In this case, the SP-TS recalibration mapping would still be more homogenizing than TS,
but not more so than the identity mapping (Definition 4). However, experimentally, we
found that this never occurred; due to the typical overconfidence of the trained models, T*
was always less than 1.
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3.4 Evaluation on CIFAR-100

In this section, we will evaluate our proposed softplus recalibration methods, as well as
temperature scaling, on various deep learning models trained on the CIFAR-100 data set.
Our goal is to demonstrate the effectiveness of our methods by showing that using the more
flexible softplus functions enables us to improve the calibration of the resulting classifier to
a greater extent than temperature scaling. Additionally, we want to show that the homoge-
nization property of temperature scaling is important for OOD detection performance, and
placing suitable constraints on the slope of the softplus functions is beneficial for the OOD
detection performance. To do so, we also compare our methods to the unconstrained SP-U
recalibration.

We use the standard training split of CIFAR-100 to train five models®: ResNet (He et al.,
2016), SE-Net (Hu et al., 2018), DenseNet (Huang et al., 2017), Xception (Chollet, 2017),
and Inception (Szegedy et al., 2017). The standard test split of CIFAR-100 consists of 10000
observations. We randomly sample 8000 observations to create the validation data set D,
which we will use to learn the recalibration mappings for each method. We perform the
optimization using gradient descent, which is automatically implemented using PyTorch.
For more implementation details, see Section C.3 of the Appendix.

We use the remaining 2000 observations for testing. Next, we introduce the metrics
that we use to evaluate the in-distribution performance of the recalibrated classifiers. We
compute the ECE with 10 bins to measure calibration, and we also report the OOD detection
performance by measuring the AUC when using each of the classifiers for OOD detection.
Specifically, we consider two experiments: in the first, we add 2000 observations from the
SVHN data set to the test data set, and for the second, we add 2000 observations from the
classroom split of the LSUN (Yu et al., 2015) data set to the test data set. For the OOD
detection function, we will use the entropy, as we find that it produces the best results in
general; in Section D.4 of the Appendix, we also show the results when using the variation
ratio.

3.4.1 RESULTS

We display the results in Figure 5. First, we observe in the top portion that each base model
has extremely poor calibration, with ResNet performing the worst. Using any recalibration
method results in dramatic improvement. In terms of OOD detection, we find that base
models also perform poorly, although the differences in performance with the recalibrated
models is not as large in magnitude. In ResNet, SE-Net, and DenseNet, all recalibration
methods improve the AUC. However, with Inception, SP-U actually results in a slightly
lower AUC than the base method. The fact that SP-U, the only method that is not con-
strained to be homogenizing, is also the only method that sometimes decreases the OOD
detection performance supports the principle that homogenization is beneficial for OOD
detection.

Next, we turn to the bottom portion, which provides a closer look at the performance
of each of the recalibration methods. We observe that temperature scaling universally has
the highest ECE on each of the models. This suggests that the increased flexibility of the

3. The code for the implementation and training of the models is taken from https://github.com/
weiaicunzai/pytorch-cifar100.
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Figure 5: Evaluation metrics for each method and neural network model on CIFAR-100. In
the bottom set of plots, we omit the results from the base model to more easily

see the differences between each method.
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Avg. Entropy Difference Avg. % Entropy Decrease
Method || Res SE | Xcept | Dense | Incept || Res | SE | Xcept | Dense || Incept
TS 1.102 | 0.958 | 0.416 | 0.835 | 0.478 || 0.0 | 0.0 | 0.0 0.0 0.0

SP-TS || 1.122 | 0.977 | 0.444 | 0.857 | 0.496 | 0.0 | 0.0 | 0.0 0.0 0.0
SP-1 0.682 | 0.542 | 0.201 | 0.47 | 0.224 || 0.0 | 0.0 | 0.0 0.0 0.0
SP-U 0.63 | 0.493 | 0.009 | 0.386 | 0.037 || 0.0 | 0.0 | 0.597 | 0.023 | 0.575

Table 1: In the Avg. % Entropy Decrease column, we show the proportion of observations
on SVHN that see a decrease in entropy after recalibration. In the Avg. Entropy Dif-
ference column, we show the average difference in entropy of the predictions after
applying recalibration (a positive number means the average entropy increases).

softplus methods allows for improved calibration. We find that each of the softplus methods
results in similar improvement in ECE. Interestingly, although SP-U has the advantage of an
additional free parameter, this does not appear to provide any benefit in terms of ECE; sim-
ply using the softplus function alone is sufficient. In terms of OOD detection performance,
we observe that TS and SP-TS have the highest AUC, with nearly equal performance.
Meanwhile, on both data sets, we see that SP-U and SP-1 both have significantly lower
AUCs than SP-TS. This suggests that the degree of homogenization that SP-TS provides
is more important than just enforcing homogenization in the SP-1 method. Nevertheless,
SP-1 always has a small advantage over SP-U in terms of AUC, with the largest difference
on Inception. These results support the conclusion that the homogenization property in
general is important in OOD detection performance. We find that SP-TS strikes the best
balance between the goals of calibration and OOD detection performance in terms of ECE
and AUC, respectively.

Impact of Homogenization. Next, let us analyze the impact of the homogenization property
in more detail by examining how each method changes the entropy of the SVHN predictions
in Table 1 (see Section D.1 for the corresponding table for LSUN). First, we note that of
all the methods, SP-U was the only one that can result in a decrease in entropy. This is
reflected in the “Avg. % Entropy Decrease” column of Table 1. On Xception and Inception,
this proportion is quite large, while it’s small on DenseNet, and 0 on ResNet and SE-Net.
In the “Avg. Entropy Difference” column, we show the difference in average entropy after
recalibration. In most cases, recalibration will increase the average entropy, but we can see
that SP-U results in the smallest change in entropy. SP-1 has a larger change, followed
by TS, and then SP-TS. This supports the conclusion that the degree of homogenization
plays a large role in OOD detection performance, which explains why SP-TS performs much
better than SP-1.

However, we also note that SP-TS, being more homogenizing than TS, also increases the
entropy of the OOD observations more than TS, but we do not see an improvement in AUC.
This may be because the average entropy difference metric does not perfectly correlate to
improved AUC. In this case, it appears that the additional entropy increase produced by
SP-TS does not actually help separate additional OOD observations from in-distribution
observations. Future work should investigate approaches to make the additional entropy
increase “sharper” to help separate the OOD observations.
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Figure 6: Difference between the evaluation metrics when learning shift parameter and the
original evaluation metrics for each method.

Impact on Underconfidence. In this work, we have mainly focused on addressing overconfi-
dence. However, this raises the question of the risk of introducing excessive underconfidence
in the predictions, which also may be undesirable. First, in terms of OOD detection per-
formance, underconfidence would manifest itself in a worse AUC due to increasing the
uncertainty of in-distribution observations. The results in Figure 5 indicate that this is
not an issue for SP-TS. Despite increasing the uncertainty of the predictions more than
TS, the AUC of both methods are nearly the same on both OOD data sets. In addition,
compared to the base model, all recalibration methods have improved OOD detection per-
formance, except for SP-U with Inception. In terms of calibration, underconfidence refers
to the predicted probabilities being lower than the true accuracy. We show additional eval-
uation metrics to assess the degree of underconfidence introduced in Section D.5 of the
Appendix. Our results show that SP-TS does result in increased underconfidence compared
to temperature scaling, albeit to a small extent. This should be taken into consideration if
underconfidence is highly discouraged. In this case, SP-1 offers a balance between the two,
with lower overconfidence than TS and lower underconfidence than SP-TS.

3.4.2 PERFORMANCE AFTER ADDING COMPLEXITY

The homogenizing property generally helps to improve the OOD detection ability of the
model, although ensuring greater homogenization than temperature scaling is more benefi-
cial than just ensuring homogenization. We note that homogenization is a general property
that can be satisfied by any recalibration mapping. In this section, we investigate the effect
of homogenization on a slightly more complex suite of recalibration mappings, in which we
find that it can protect significantly against degradation of OOD detection performance.
Unlike simple temperature scaling, our softplus recalibration mappings are not invariant
to location shifts in the input logit vector. That is, given a logit vector z € R and a scalar
a € R, we have that in general, n(g(z + a)) # n(g(z)). One simple way to add flexibility
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Avg. Entropy Difference Avg. % Entropy Decrease
Method || Res ‘ SE ‘ Xcept ‘ Dense ‘ Incept || Res ‘ SE ‘ Xcept ‘ Dense ‘ Incept
SP-TS | 1.125 | 0.974 | 0.443 | 0.863 | 0.496 0.0 0.0 0.0 0.0 0.0
SP-1 0.604 | 0.499 | 0.185 | 0.464 | 0.203 0.0 0.0 0.0 0.0 0.0
SP-U 0.485 | 0.393 | -0.069 | 0.328 | -0.055 || 0.106 | 0.127 | 0.651 | 0.219 || 0.638

Table 2: Avg. % Entropy Decrease and Entropy Difference when learning additional shift.

to the base method is to learn a value a(z) to add to the input logit before applying the
recalibration mapping. Specifically, we consider the function a(z) = w'z (note that the
idea of learning a vector to take an inner product with the input logit is also seen in, for
example, Balanya et al., 2024). Given a recalibration mapping g, and a vector w € R, we
define a new mapping g by

g(z) =g(= + w'z, ..., 20+ sz).
This serves to add more flexibility to the base method by adding an additional learnable
parameter w. Note that if g is homogenizing, then given z € R® and indices i, j € {1,...,C},
we have

13i(2) = 3j(2)| = |gi(zi + w' 2) — gj(z + w 2)|
<lzit+w'z— (2 +w'2)|

= |zi — 7]

so g is also homogenizing. We apply this to our softplus methods to show the effect of
enforcing the homogenization property in a method that involves learning more parameters.
We apply this to our softplus methods to show the effect of enforcing the homogenization
property in a method that involves learning more parameters (w is learned jointly with the
original parameters).

We show the results in Figure 6. In this plot, we show the difference between the value
of the metric after applying the shift and before applying the shift (TS is not displayed
because the shift does not affect the prediction). We can see that adding the shift tends to
decrease the ECE of each method, with SP-TS improving the least and SP-U improving the
most. However, these differences in improvement are quite small. On the other hand, we see
comparatively much larger differences in the degradation of OOD detection performance.
On SP-TS, there is almost no change, and the decrease in AUC on SP-U is significantly larger
than the decrease in AUC on SP-1. In Table 2, we show the average increase in entropy
and the average proportion of observations that decrease in entropy for each method. In
comparison to Table 1, we observe that the proportion of observations for which SP-U
decrease in entropy increases. Furthermore, the average increase in entropy also decreases.
These experiments further demonstrate the importance of the homogenization property
on OOD detection performance. Minimally enforcing homogenization helps to limit the
decrease in performance, while enforcing the homogenization to be greater than temperature
scaling almost reduces it to 0.
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4. Extension to the Bayesian Setting

In Section 3, we explored the effects of enforcing homogenization when recalibrating with
softplus functions. We found that using the softplus functions improves the ECE over
temperature scaling, while enforcing the homogenization property helps to improve the
OOD detection performance, being able to match the performance of temperature scaling.
In this section, we continue our exploration of the effects of homogenization, now in the
Bayesian setting. First, we define the form of a Bayesian classifier using the two stage
approach (1). Then, we provide three approaches to extend a point prediction recalibration
mapping to Bayesian classifiers. Finally, we repeat our experiments from Section 3 in the
Bayesian setting.

4.1 Bayesian Classifiers

In the point prediction setting, the intermediate prediction function fpeint takes in an input
x € X and returns a logit vector z € R®, which is transformed into a probability vector
using the softmax function. In contrast, in the Bayesian setting, we do not obtain the
probability prediction from one logit prediction; rather, we obtain it from a distribution
of logit predictions. Formally, we specify these distributions using their CDF: we have an
intermediate prediction function fiayes : X — Z, where Z is the set of CDF's on RC. Given
an input x, we obtain a CDF prediction F : R — [0,1] by F = Soayes(). Equivalently,
we can imagine predicting a logit vector z, now a random variable with distribution F', and
to obtain a probability prediction p € A¢, we take the expectation of n(z):

p=E..p[n(2)] (7)

In the lens of the two-stage approach (1) from Section 2.2, the probabilistic classifier q :
X — A has the form q = h o fiayes, where h : Z — A is given by h(F) = E,.p[n(z)].

4.2 Recalibration in the Bayesian Setting

Recalibration in the Bayesian setting can still be formulated using the framework from
Section 2.2. We learn a recalibration mapping gpayes : £ — Z, which now is a function that
maps a CDF to another CDF, and the recalibrated classifier is given by:

q =ho Gbayes © fbayes' (8)

As a result, the space of potential recalibration mappings is enormous. How can we learn
Ghayes! In this section, we discuss two approaches to obtain a mapping gpayes, given an
ordinary point prediction mapping gpoint : R¢ — R® to the Bayesian setting. This will
result in a family of Bayesian recalibration mappings that are parameterized in the same
way as the point prediction mappings, so we can learn the optimal Bayesian mapping via
gradient descent. We also consider a third approach that converts the Bayesian classifier to
a point prediction classifier to learn gpeint normally.
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Figure 7: An illustration of each approach to recalibrate a three-component independent
Gaussian distribution using a softplus point prediction mapping. We can see that
Approach 1 results in a much more complex change in the initial distribution than
Approach 2.
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4.2.1 EXTENDING POINT PREDICTION RECALIBRATION MAPPINGS

We summarize our three approaches utilizing gpoint to obtain the recalibrated probability
prediction p as follows:

P = Ezr[n(gpoins(2))] (Approach 1)
P=E.r[n(z—Z+ gpoint(2))] (Approach 2)
D= Tl(gpoint (E(h))) (Approach 3)

where Z = B, p[2] and 2P = ! (Ez~r[n(2)]), with n~!(p) = logp — % 5:1 log pe.

In Approach 1, we directly apply gpoint to z, which is a generalization of the approach
from Laves et al. (2020b), originally applied to temperature scaling. In Approach 2, we
shift the mean of z from Z to gpoint(Z). From the lens of the two stage framework (8), we
can view these two approaches as taking the expectation over z with a transformed CDF
F' = ghayes(F): the recalibrated probability prediction is now given by p = E, z[n(2)],
where we have that

gbayes(F) =Fo ggolint (Approach 1)
Gbayes(F) = F((+) + Z — gpoins (%)) (Approach 2)

Specifically, we have that in Approach 1,

p= ngﬁ[n(*%)] = Egpoint(z)wﬁ[n(gpoint(Z>)]
=K (2)~Fog_ k.. [7(gpoint (2))] = Ez~p[1(gpoint(2))],

9point

and similarly in Approach 2,

p=E. i@ =E, ., iz =2+ goomn(2)]
= B 2t g (D)~ F(()42)gpornn (3)[1(Z = Z + Gpoint (2))]
= ]Ez~F[Ir](z —z+ gpoint(z))]'

In contrast, in Approach 3, we bypass the task of learning a CDF-valued recalibration
mapping altogether by converting the Bayesian classifier into a point prediction classifier.
Given a probability prediction p = E,.p[n(z)], we can find a logit vector 2*) € R that
satisfies n(E(h)) = p. In the case of the softmax function, it is invariant to shifting by a
constant, so in our selection of the inverse function 1!, we simply assume that the original
logit vector sums to 0 (note that due to the nonlinearity of the softmax function, (") # ).

Visualization of each Approach. In Figure 7, we visually illustrate each approach in a toy
example with C' = 3 where the base distribution prediction corresponds to an independent
normal distribution, which we represent by plotting the three marginal probability density
functions. We can see that Approach 1 applies a rather complex transformation to the
original distribution of the logits. This is our motivation for introducing Approach 2, which
transforms the distribution in a much more interpretable way by keeping the shape the
same and only changing the mean. Approach 3 is the simplest because it does not even
learn a mapping on the distribution. However, in some applications, the output probability
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is not the only quantity of interest; the logit distribution predictions are themselves of
some utility, such as in epistemic uncertainty quantification (Hiillermeier and Waegeman,
2021). If Approach 3 is used, there is no corresponding recalibrated logit distribution to
obtain these uncertainties. Regardless, with our current set of experiments, this limitation
does not manifest itself, since the OOD score function is taken to be the entropy of the
final probability vector, so the distribution-level predictions of Approaches 1 and 2 are not
needed.

4.2.2 IMPLEMENTATION USING DROPOUT

One common situation where Bayesian classifiers arise is when we have a neural network
trained with dropout, and we use dropout to output multiple predictions for a given test
point. We can view the set of predictions as a discrete probability distribution: given a test
point @, we can use dropout to output L predictions (z1,...,z7) which corresponds to a
discrete distribution with positive probability mass at points 21, ..., zr, and (7) amounts to
taking the average of the softmax dropout predictions: p = % Zlel n(z).

To learn the recalibration mappings, we obtain dropout predictions for each observation
on the validation set Dyay: {(zi1, - - - 7ZiL)}Z’]\i1- In the optimization framework (2) of Section
2.2, each approach corresponds to solving the following optimization problems:

N L
. 1
arg min Z l (L Z(n o gp)(zi1), yZ> (Approach 1)

e | =1
N 1 L
arg min Z ¢ (L n(za — Zi + 90(zi)), yz) (Approach 2)
06 = =1
N
argergin 1231 1 <(77 ©gp) (Ez(h)), yi) (Approach 3)

where zZ; = %Zle z; and El(-h) = n_l (% Zlel n(zil)).

Computationally, we can see that Approach 3 has the advantage because we can pre-
compute the equivalent logit vectors beforehand, and the optimization becomes the same
as the point prediction setting. In contrast, Approaches 1 and 2 require that we keep all
the dropout predictions on hand during the optimization. This can be expensive in terms
of memory usage, especially if a large number of dropout samples is used. In this case,
it may be necessary to load the dropout samples in batches in each iteration. Between
Approaches 1 and 2, Approach 2 has the advantage in computational efficiency because the
recalibration mapping only needs to be applied to the mean dropout logit vector in each
iteration, while in Approach 1, the recalibration mapping needs to be applied to all of the
dropout logit vectors. This becomes more significant as the recalibration mapping increases
in complexity.

4.3 Evaluation on CIFAR-100

We apply the experiment from Section 3.4 to each of the three approaches. Note that
in each approach from Section 4.2, gpayes has the same parameterization as gpoint, so the
optimization process is done in the same way using gradient descent. For each deep learning
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Figure 8: Evaluation metrics for each of the three approaches to recalibration in the
Bayesian setting.
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Avg. Entropy Difference Avg. % Entropy Decrease

Type ‘ Method || Res ‘ SE ‘ Xcept ‘ Dense ‘ Incept || Res ‘ SE ‘ Xcept ‘ Dense ‘ Incept
Appr. 1 TS 0.659 | 0.574 | 0.342 | 0.356 | 0.427 0.0 | 0.0 0.0 0.0 0.0
Appr. 1 | SP-TS || 0.677 | 0.59 | 0.369 | 0.372 | 0.444 0.0 | 0.0 0.0 0.0 0.0
Appr. 1 SP-1 0.357 | 0.266 | 0.159 | 0.15 0.194 0.0 | 0.0 0.0 0.0 0.0
Appr. 1 | SP-U 0.292 | 0.244 | -0.048 | 0.055 0.0 0.042 | 0.0 | 0.685 | 0.348 | 0.636
Appr. 2 TS 0.64 | 0.563 | 0.346 | 0.361 | 0.424 0.0 | 0.0 0.0 0.0 0.0
Appr. 2 | SP-TS || 0.647 | 0.571 | 0.37 | 0.367 | 0.44 0.0 | 0.0 0.0 0.0 0.0
Appr. 2 SP-1 0.376 | 0.289 | 0.162 | 0.154 | 0.195 0.0 | 0.0 0.0 0.0 0.0
Appr. 2 | SP-U 0.342 | 0.288 | -0.041 | 0.111 | 0.009 0.0 | 0.0 | 0.684 | 0.051 | 0.626
Appr. 3 TS 0.685 | 0.593 | 0.347 | 0.377 | 0.425 0.0 | 0.0 0.0 0.0 0.0
Appr. 3 | SP-TS | 0.696 | 0.602 | 0.374 | 0.387 | 0.443 0.0 | 0.0 0.0 0.0 0.0
Appr. 3 SP-1 0.383 | 0.29 | 0.164 | 0.154 | 0.192 0.0 | 0.0 0.0 0.0 0.0
Appr. 3 | SP-U 0.333 | 0.276 | -0.045 | 0.063 | 0.003 | 0.005 | 0.0 | 0.685 | 0.35 0.637

Table 3: Avg. % Entropy Decrease and Entropy Difference for each approach in the
Bayesian setting on SVHN.

model, we obtain L = 200 dropout predictions. We show the results in Figure 8; for results
that include the base model, see Section D.2 of the Appendix. Overall, we can see that
the results are similar to the point prediction setting, and the conclusions from Section 3.4
remain the same. We also see that the metrics are superior to the metrics in the point
prediction setting, indicating that the aggregation of multiple predictions in a Bayesian
model is beneficial in general.

In terms of ECE, using the softplus family of functions still proves superior to tempera-
ture scaling, although we observe that the difference is not as great as in the point prediction
setting. For example, in Approach 2, all the methods perform similarly in ResNet, SE-Net,
and DenseNet, although SP-TS still matches or performs better than TS in each model.
However, there still are many situations where the ECE of TS can be improved signifi-
cantly, such as in Xception. In terms of AUC, the results are similar to the point prediction
setting, with TS and SP-TS performing the best, SP-TS having equal performance to TS,
and SP-1 performing better than SP-U. Overall, the results still indicate that SP-TS strikes
the best balance in terms of calibration and OOD detection performance. In Section D.3
of the Appendix, we compare each of the different Bayesian recalibration approaches. For
SP-TS, we find that they perform similarly, but Approach 3 has the highest AUC, followed
by Approach 2, and then Approach 1.

Impact of Homogenization. In Table 3, we show the Avg. % Entropy Decrease and Entropy
Difference metrics for each of the approaches on SVHN, see Section D.1 for results on LSUN.
The results are similar to those of the point prediction setting: only SP-U sees a decrease
in entropy on some observations, and the ordering in entropy difference goes SP-TS
TS ; SP-1 ; SP-U (notably, the average entropy difference for SP-U is now negative on
Xception). We note that in Proposition 5, we only showed that homogenization guarantees
that the entropy increases in the point prediction setting; this does not necessarily hold in
the Bayesian setting. See Section B.2 of the Appendix for an example where this occurs.
Nevertheless, the fact that we never see such an entropy decrease in the homogenizing

23



QIAN, LIANG, AND ADAMS

mappings, while we do in the non-homogenizing mapping, suggests that using homogenizing
point-prediction mappings in the Bayesian setting is advisable if increasing the uncertainty
of the predictions is desired. In Approach 1, we guarantee that the entropy of the individual
dropout predictions increase, and in Approach 2, we guarantee that the output probability
corresponding to the mean of the logit vectors increases in entropy. These properties may
help explain why the actual output probability also increases in entropy, as well as why the
results for Approaches 1 and 2 are similar.

Impact on Underconfidence. As in the point prediction setting, the results in Figure 8 do
not present evidence of problematic underconfidence in OOD detection with SP-TS, as it
still matches the performance of TS despite the fact that it increases the uncertainty in
predictions more than TS. In Appendix Section D.5, we also show calibration underconfi-
dence/overconfidence metrics for each method. As before, we find that SP-TS does result
in increased underconfidence, which should be taken into consideration when selecting a
recalibration method. The value of TS also increases compared to the point prediction
setting, since it displays a lower level of overconfidence. SP-1 still offers a balance, with
lower overconfidence than TS and lower underconfidence than SP-TS.

5. Conclusion

Based on the homogenization property of temperature scaling, we proposed an approach
to recalibration based on learning a homogenizing softplus recalibration mapping by con-
straining the slope. We then presented experimental results showing the impact of the
homogenization property in both the point prediction and Bayesian setting. We conclude
that enforcing homogenization can result in significant improvements to OOD detection
performance, while still maintaining better calibration over standard temperature scaling.
Future work should investigate the impact of homogenization for more complicated recali-
bration functions. In the Bayesian setting, the effect that recalibration has on applications
using the intermediate logit distributions, such as epistemic uncertainty estimation, should
be investigated.
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Appendix A. Proofs

A.1 Lemma for Proof of Proposition 2

In our proof of Proposition 2, we first introduce the following lemma, which states that
if we take probability mass from a component with high probability and transfer it to a
component with low probability, the entropy will increase.

Lemma 6 Given a probability vector p € Ac, let i,j be indices such that p; < pj. Then
given a € [0, P52], define

P =p+ae; —ae;j
where given ce {1,...,C}, we define e. € R by
ec=1, ey =0forc #c.
Then H(p) = H(p).
Proof Given p € A, consider the function g : R — R defined by
g(a) = H(p + ae; — ae;)
C
—(pi + a) log(pi + a) — (p; — @) log(p; — a) = D (¢ #i,¢ # j)pclog pe.
=1

Taking the derivative with respect to a, we have that

o) = (1+ loglp; — ) — (1 + log(pi + ) = log (22

Observe that ¢'(25™) = 0 and ¢'(a) > 0 for a € (0, %5), so g(a) is increasing on [0, Z524].

This means H(p) = H(p + ae; — ae;) = g(a) = ¢g(0) = H(p). [ |
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A.2 Proof of Proposition 2

Proof First, we note that the fact that vratio(p) > vratio(p) immediately follows from
the fact that if ¢ = arg max,;.c p, then po > pg, so we must have that ps > pe, i.e., the

maximum probability decreases, so the variation ratio increases.

To show that the entropy increases, we first enumerate the elements of S7,So by 57

{u,...,ur}, S2 = {v1,...,v;} and we define a; = py,—py, fori e {1,..., I} and b; = p,;—py,

for j € {1,...,J}. By Condition 1, @ € R, b € R’ are non-negative. Note that we have

I

J
p=p+ Z €u; Ai — Z evjbj
j=1

i=1
J
i (Z pUj _ﬁvj>
Jj=1

Furthermore, note that

Ze-g

1

= Zﬁ — Du;

J=1 i=1

I J

= Zﬁuz + Zﬁvj - Zpui - vaj
i=1 j=1 i=1 j=1
C

= 2 e — ch
c=1 c=1

)

so let us define the common sum by s = Z{Zl a; = Z}']:1 b;.

Next, define matrix D € R/*! by Dj; = bja;/s and define q® =p. Forje{l,...,

define
q(j) — q(J'J)7 q(j,O) — q(jfl)

Y

qU) = gUi=) 4 Dji(ey; — ey;), forie{l,...,I}.

I}
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(4,i—1) __(4,i—1)
Hence, if we can prove that foralli € {1,...,I},j€ {1,...,J}, we have Dj; € [O #],

we can apply Lemma 1.1 to each step in (9) to complete the proof. Since a,b are non-
negative, we just need to show that

Dj; < (qﬁi’i‘” — g2,

Given i e {1,...,I},j€{1,...,J}, note that

7j—1
qz()Z’L 1) qz(LjZ’L 1 p’UJ Z D]’L (pul + Z D]/’L)
=1

i—1 j—1
vy = X aubj/s = (pu; + ), aiby/s). (10)
=1

=1
Using the assumption that py < py for all i’ € Sy, 5’ € Sy (Condition 2), we have

ﬁvj 2 ﬁul Aaand pv] - + a;

by > p
1 J
= py; — (Z il j/s) = py, + Z a;bji/s (11)

J'=1

I J J
= Pu; — Z ibj/s + Z ag j/8> Z Py; + ECLibj//S—I— 2 agbj /s

=i+l i'=1 7'=j+1

J

= Dv; — (Z ai/bj/s) Zpui + Z aibj//s (12)
=1

=1

i—1 j—1
= py; — Z aybj/s —aibj/s — (pui + Z a;bj /s + aibj/s> =0

i'=1 j'=1

i—1
= Py — Z aybj/s — (pu + Z a;b; /s) a;bj/s + a;b;/s

— ql(gl 1) q({’ifl) > a;b;j/s + a;bj/s (13)
— Dji < (qu’iil) JZ b )/2
where (11) follows from the identity Zi[':1 a; = 23-],:1 bj = s, (12) follows because a;, b; are
non-negative, and in (13), we substitute in (10).

Finally, we conclude the proof by formally applying induction. Specifically, we want to
prove the following statement for j € {0,1,..., J}:

P(j) : H(gY)) = H(p).
Base Case:

By definition, we have ¢(¥ = p, so H(q(?)) > H(p).
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Inductive Step:

Assume that P(j —1) holds for some j € {1,...,J}, so we have that H(gU—1) >
H(p). By definition, we have qY) = qD. Now, we use induction to prove the
following statement for i € {1,...,I}:

Q(i) : H(g¥") > H(p).
Base Case:
By definition, ¢\%9) = ¢—1) so H(q(j’o)) = H(q(jfl)) > H(p).
Inductive Step:

Assume that Q(i — 1) holds for some ¢ € {1,...,1}, so we have that
H(q~Y) > H(p). By definition, we have that

q(]:z) — q(]vlil) + D]l(eul — er)

(4,i=1) __(5,i—1)

and we have previously shown that Dj; € [O, K = ] Thus,

we can apply Lemma 6 corresponding to indices u; and v; to conclude
that H(gY") > H(q¥"~Y) = H(p).

Thus, by induction, we have that H(qU") > H(p) for all i € {1,...,I}, so we
have that H(q¥")) = H(qW") > H(p).

Finally, by induction again, we have that H(q")) > H(p) for all j € {1,...,J}, so we can
conclude H(p) = H(q)) = H(p). [ |

A.3 Proof of Proposition 5

Proof Given z € R%, let p(1) = (o gM)(2), p? = (nog?)(z), and we define Z to be
the set of indices for which the recalibrated probability produced by g() is greater than the
recalibrated probability produced by g(?:

7= {ce{1,...,0} | Y >p*g2>}.

Observe that Z must be non-empty: suppose, by way of contradiction, that Z is empty, so we
have that p(l) < 139) for all ¢ € {1,...,C}. Then, we also have that Z 1pc1 < 2521131(:2)
This is a contradiction, since p(!) and p( ) must sum to one, since they are both outputs of
the softmax function.

Next, we define k* = argmax .7 pﬁ?) (if there is more than one maximum, we let k* be
the largest numbered index). That is, £* is an index in Z that satisfies ﬁ](ci) ( ) for all
c € Z. The goal is to show that k* satisfies the role of “k” in Definition 1, where p( ) plays
the role of “p” and p@ plays the role of “p”. That is, we want to show that the subsets
S1, 5% given by

Si={ee (L0 130 <2}, S={ee(lonn0) |59 = 52}
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satisfy Conditions 1 and 2 of Definition 1.

First, we show Condition 2, that for all ¢ € S; and ¢ € S, we have that p((; ) <p
<p

~(2) ~ 5(2) =(2) _ ~(2) ~(2)

)a
Given ¢ € S1,c € Sy, by definition, we have that pe’ < p,y and p;’ > Py, SO Pe )

~(1
C
~(2
Do -
Furthermore, since g(!), g(? are order preserving, we also have that

() < ]3(,2) = 2. < 2y = ﬁgl) < ﬁ(/l).
Thus, Condition 2 of Definition 1 holds.
Next, we need to show that Condition 1 holds: that for all ¢ € 57, ;59) = 15&2), and for

all c e Sz,ﬁgl) < ;39). For the second part, given ¢ € So, so that 1322) > ﬁ,(ﬁk), we have by

definition that ]5,(;) > ﬁ((f) for all ¢ € Z, so we must have that ¢ ¢ Z, which by definition
~(1) _ ~(2)

means pe -’ < Pe .
Finally, we show the first part of Condition 1. First, given c € {1,...,C}, we have that

o ewle(z)  _ ew(g?(2)
)

5 > pl >
S S en(P(z) | 2o, exp(e? (2))
— d-exp(gM(2)) = exp(g? )( )
— gD(z)— gP(2) + logd > (14)

where d = ZC, 1 exp(gC (z ))/ZC, 1 exp(g£ )( )). Now, given ¢ € Sy, so that ﬁg) < ]3,(5*), by
the definition of the softmax function, we have that g£2)(z) gli*)( ). Since gV is more
homogenizing than g, we have

1982(2) — g (2)] <1912 (2) — 9P (2)] = 912 (2) — 9P (2).
In particular, this implies the following:
g0 (2) = g(2) < g2 (2) — 4P (2) = ¢V (2) — P (2) = ¢ (z) —¢!2(z).  (15)

Since k* € Z, we have that p(l) p,(c*), so applying (14), we have

9 () — 93 (2) + logd > 0 (16)
and combining (15) and (16), we have
g (z) — ¢ (2) +logd = 0.

Finally, applying (14) again, this implies that }5((;1) > 1522). Thus, Condition 1 of Definition

1 holds. This completes the proof. |
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Appendix B. Additional Numerical Examples

B.1 Examples of Entropy Increase and Variation Ratio Increase without
Homogenization

In this section, we provide some examples of entropy increase without homogenization or
variation ratio increase and variation ratio increase without homogenization or entropy
increase. Consider the following probability vectors:

p=1[0.01 015 025 059], p=1[0.01 001 04 0.58].

Here, p is not more homogenous than p, because there does not exist a cutoff that divides
the components into a group that increases in probability and decreases in probability. The
variation ratio increases from 0.41 to 0.42 and the entropy decreases from 0.9885 to 0.7746.
Next, consider the following probability vectors:

p=[0.01 0.01 04 058, p=][0.001 02 0218 0.581].

Again, p is not more homogenous than p. In this case, the variation decreases from 0.42 to
0.419 and the entropy increases from 0.7746 to 0.9764.

B.2 Examples of Entropy Decrease in Bayesian Setting with Homogenizing
Point Prediction Recalibration Mapping

In Section 4.2, we showed how to apply a point-prediction recalibration mapping to the
Bayesian setting. In Section 3.2, we proved that in the point prediction setting, applying a
homogenizing recalibration mapping to a logit prediction always increases the uncertainty
in terms of homogenization. However, the same is not necessarily the case in the Bayesian
setting. In this section, we provide an example. Consider a three-class setting where the
CDF prediction F : R? — [0,1] is given by

0 1 0
F(z)=N 01,0 1
—1 0 0

o O

3.982

Ne)

We can numerically verify that the corresponding probability prediction is nearly uniform:
p=E..r[n(z)] =[0.333,0.333,0.334].

Consider a temperature scaling recalibration mapping with 7" = 0.5. With temperature
scaling, the corresponding recalibrated probability predictions are given by

p= [7(0.5- z)] =[0.341,0.341,0.319] (Approach 1)

Ez~F
E.-r[n(z + (0,0,0.5)] = [0.312,0.312, 0.376] (Approach 2)

a1
[

which corresponds to a change in entropy from about 1.0986 to 1.0981 and 1.0947 for
Approaches 1 and 2, respectively.
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class BottleNeck(nn.Module):
expansion = 4
def __init__(self, in_channels, out_channels, stride=1):
super () .__init__Q)
self.residual_function = nn.Sequential(
nn.Conv2d(in_channels, out_channels, kernel_size=1, bias=False),
nn.BatchNorm2d (out_channels),
nn.ReLU(inplace=True),
nn.Conv2d(out_channels, out_channels, stride=stride, kernel_size=3,
padding=1, bias=False),
nn.BatchNorm2d (out_channels),
nn.RelLU(inplace=True),
#nn.Dropout (),
nn.Conv2d(out_channels, out_channels * BottleNeck.expansion,
kernel_size=1, bias=False),
nn.BatchNorm2d (out_channels * BottleNeck.expansion),

Figure 9: Modification to resnet.py

Appendix C. Implementation Details
C.1 Training the Base Models

To train each model, we use the PyTorch implementation from https://github.com/
weiaicunzai/pytorch-cifar100. Note that by default, no dropout layers are present
in ResNet, DenseNet, SE-Net, and Xception, so we add in a dropout layer with dropout
probability 0.5 within the model. In Figure 9, Figure 10, Figure 11, and Figure 12, we show
code chunks that we added the layer into. We train each model for 150 epochs using the
default parameters from the implementation: SGD optimizer with learning rate 0.1, mo-
mentum 0.9, and weight decay 5e-4. During training, a random crop, horizontal flip, and
rotation is applied to the image. In addition, when training and testing, the input image is
normalized by subtracting/dividing by the following mean and standard deviation:

mean:=[0.5070751592371323 0.48654887331495095 0.4409178433670343]
std:=[0.2673342858792401 0.2564384629170883 0.27615047132568404]

C.2 Obtaining Dropout Predictions

After training each model, we use it to obtain predictions on the CIFAR-100, SVHN, and LSUN
data sets. For each data set, we include 10,000 observations, and we obtain 200 dropout
predictions for each observation. During testing, we apply the same normalization as during
training, but we do not apply the random crops, flips, and rotations. For CIFAR-100, we
obtain predictions on all observations from the test split. For SVHN, we obtain predictions
on a subset of the train split. For LSUN, we obtain predictions on a subset of the validation
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class BottleneckResidualSEBlock(nn.Module):
expansion = 4

def __init__(self, in_channels, out_channels, stride, r=16):
super () .__init__()

self.residual = nn.Sequential(
nn.Conv2d(in_channels, out_channels, 1),
nn.BatchNorm2d (out_channels),
nn.ReLU(inplace=True),

nn.Conv2d(out_channels, out_channels, 3, stride=stride, padding=1),
nn.BatchNorm2d (out_channels),
nn.ReLU(inplace=True),

#nn.Dropout (),

nn.Conv2d(out_channels, out_channels * self.expansion, 1),
nn.BatchNorm2d (out_channels * self.expansion),
nn.ReLU(inplace=True)

Figure 10: Modification to senet.py

split. Also, we rescaled the LSUN images to be 32 x 32, the same dimensions as the CIFAR-100
and SVHN images.

C.3 Recalibration
C.3.1 ALTERNATIVE PARAMETERIZATION

In our implementation of the recalibration methods, we use a slightly different parameter-
ization for the softplus functions as the one in the presentation. Instead of learning three
parameters a, b, ¢ using a function of the form

g(x) = —(¢/a)log(1 + exp(—a(z — b)),

we learn four parameters of a, b, ¢, u using a function of the form

g(x) = —(c/a)log(u + exp(—a(z — b))).
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class ExitFLow(nn.Module):

def __init__(self):

super () .__init__Q)

self.residual = nn.Sequential(
nn.ReLUQ),
SeperableConv2d (728, 728, 3, padding=1),
nn.BatchNorm2d (728) ,
nn.RelLU(Q),
SeperableConv2d (728, 1024, 3, padding=1),
nn.BatchNorm2d (1024) ,
nn.MaxPo0l2d(3, stride=2, padding=1)

self.shortcut = nn.Sequential(
nn.Conv2d (728, 1024, 1, stride=2),
nn.BatchNorm2d (1024)

self.conv = nn.Sequential(
SeperableConv2d (1024, 1536, 3, padding=1),
nn.BatchNorm2d (1536) ,
nn.ReLU(inplace=True),
#nn.Dropout (),
SeperableConv2d (1536, 2048, 3, padding=1),
nn.BatchNorm2d (2048) ,
nn.ReLU(inplace=True)

Figure 11: Modification to xception.py

class Bottleneck(nn.Module):
def __init__(self, in_channels, growth_rate):
super () .__init__Q)
inner_channel = 4 * growth_rate
self.bottle_neck = nn.Sequential(
nn.BatchNorm2d (in_channels),
nn.ReLU(inplace=True),
nn.Conv2d(in_channels, inner_channel, kernel_size=1, bias=False),
nn.BatchNorm2d (inner_channel),
nn.ReLU(inplace=True),
#nn.Dropout (),
nn.Conv2d(inner_channel, growth_rate, kernel_size=3, padding=1,
bias=False)

Figure 12: Modification to densenet.py
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Note that the addition of u is redundant if it is greater than 0, since we can absorb it into
the b parameter:

c/a)log(u + exp(—a(z — b)))

c¢/a)log(u(l + (1/u)exp(—a(x — b))))

g9(z) = —(c¢/a)
—(c/a)
—(c/a)logu — (¢/a)log(1l + (1/u)exp(—a(z — b)))
—(c/a)
—(c/a)
—(¢/a)

c/a)logu — (c/a)log(1l + exp(—log(u))exp(—a(x —b)))
c/a)logu — (c/a)log(1l + exp(—a(z — b) — log(u)))
(¢/a)

c/a)logu — (c/a)log (1+eXP(_a<x_M>)>

a

¢

—(c/a)log (1 + exp( - a(x - M)))

a

and since we end up applying the softmax function to g(z), the constant (¢/a)logu term can
be ignored. In addition, we constrain the parameters a, c,u to be nonnegative by squaring
them in our implementation. Even though u is redundant, we find that adding it in helps the
optimization. For SP-1 and SP-TS, we set initial parametersa = 1, b = 1, u = 0.1. For
SP-U, we set initial parameters a = 0.135, b = 1, u = 0.1. For the shift experiments
of Section 3.4.2, we initialize the shift parameter to a vector of Os.

C.3.2 EXPERIMENTAL SETTINGS

In each experiment, we do not train new models or generate new dropout predictions. To
obtain variation over different seeds, we randomly divide the size-10,000 test data set into a
validation data set of size 8,000 and a test data set of size 2,000. In addition, we randomly
sample 2000 observations from the OOD data set to compute the OOD detection metrics.
For each method and base model, we use the precomputed dropout predictions on the
validation data set to learn the optimal recalibration mapping by gradient descent using
the Adam optimizer with learning rate 0.1. In our experiments, to conduct recalibration in
the point prediction setting, we simply throw away all of the dropout predictions, except
for the first one. To conduct recalibration in the Bayesian setting, we utilize all of the
dropout predictions according to the approaches described in Section 4. For each type of
experiment, we need to train for a different number of epochs to achieve convergence. The
settings used are shown in Table 4. We repeat each experiment over 20 random seeds.

Appendix D. Additional Experimental Results

D.1 Avg. % Entropy Decrease and Entropy Difference Tables on LSUN

In Table 5, Table 6, and Table 7, we show the same Avg. % Entropy Decrease and Entropy
Difference values as in Table 1, Table 2, and Table 3, respectively, in the main text, but
now with LSUN as the OOD data set. Overall, the results are similar to those with the SVHN
data set, and do not change our conclusions. In Table 5, we see that with SP-U on Xception
and Inception, the average entropy actually decreases after applying recalibration, and a
greater proportion of observations have a decreased entropy than with SVHN. However, we
note that the average entropy difference also decreases for the homogenizing methods, and
from Figure 5, there does not appear to be an increased difference in relative performance
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[ Model [ Setting [ TS [SP-TS [ SP-1[SP-U
ResNet PointPred | 200 300 800 | 1200
SE-Net PointPred | 200 300 800 | 1200
Xception | PointPred || 200 300 600 | 1300
DenseNet | PointPred | 200 300 800 | 1200
Inception | PointPred || 200 300 800 | 1400

ResNet Shift 200 600 800 | 1200
SE-Net Shift 200 | 600 800 | 1200
Xception Shift 200 | 300 600 | 1300
DenseNet Shift 200 600 800 | 1200
Inception Shift 200 | 600 800 | 1400

ResNet | Approach 1 || 250 300 1100 | 1000
SE-Net | Approach 1 || 250 300 1000 | 300
Xception | Approach 1 || 250 300 600 | 1300
DenseNet | Approach 1 || 200 300 1000 | 400
Inception | Approach 1 || 200 300 800 | 1300
ResNet | Approach 2 || 200 | 400 1000 | 1000
SE-Net | Approach 2 || 200 300 1000 | 400
Xception | Approach 2 || 200 300 800 | 1100
DenseNet | Approach 2 || 200 300 1000 | 300
Inception | Approach 2 || 250 300 900 | 1100
ResNet | Approach 3 || 200 | 400 900 | 1000
SE-Net | Approach 3 || 200 600 1000 | 400
Xception | Approach 3 || 250 | 400 900 | 1200
DenseNet | Approach 3 || 250 300 1200 | 1000
Inception | Approach 3 || 200 300 800 | 1200

Table 4: Epochs used for each experiment. “Shift” refers to the approach from Section 3.4.2
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Avg. Entropy Difference Avg. % Entropy Decrease
Method || Res SE | Xcept | Dense | Incept | Res | SE | Xcept | Dense || Incept
TS 1.129 | 0.926 | 0.396 | 0.822 | 0.448 || 0.0 | 0.0 | 0.0 0.0 0.0

SP-TS || 1.142 | 0.937 | 0.419 | 0.84 0.46 0.0 0.0 0.0 0.0 0.0
SP-1 0.664 | 0.492 | 0.18 | 0.441 | 0.193 | 0.0 | 0.0 | 0.0 0.0 0.0
SP-U 0.595 | 0.43 |-0.029 | 0.344 | -0.012 || 0.0 | 0.0 | 0.681 | 0.02 0.696

Table 5:  Avg. % Entropy Decrease and Avg. Entropy Difference metrics on LSUN.

Avg. Entropy Difference Avg. % Entropy Decrease
Method || Res ‘ SE ‘ Xcept ‘ Dense ‘ Incept || Res ‘ SE ‘ Xcept ‘ Dense ‘ Incept
SP-TS || 1.141 | 0.936 | 0.421 | 0.843 | 0.461 0.0 0.0 0.0 0.0 0.0
SP-1 0.572 | 0.443 | 0.163 | 0.431 | 0.174 | 0.0 0.0 0.0 0.0 0.0
SP-U 0.424 | 0.319 | -0.109 | 0.281 -0.1 0.09 | 0.146 | 0.717 | 0.25 0.714

Table 6: Avg. % Entropy Decrease and Entropy Difference when learning additional shift
on LSUN.

with the homogenizing methods. The same observations also apply to Table 6 and Table 7,
where the average entropy differences decreases on LSUN compared with SVHN, but there is
not much difference in the difference in relative performance with other methods.

D.2 Evaluation Metrics for Base Model in Bayesian Setting

In Figure 13, we show the results from Figure 8, but now with the base (unrecalibrated)
model added. Similar to the results from Figure 5, the base model suffers from poor
calibration, although the degree of miscalibration is less than in the point prediction setting.
In terms of OOD detection performance, the base model is also more competitive, now
beating SP-U on Inception on all three approaches, and DenseNet on Approach 1. However,
it still performs significantly worse than TS and SP-TS in all cases. Similar to how SP-TS
being more homogenizing than TS helps maintain the OOD detection performance of TS,
it appears that SP-1 being homogenizing (more homogenizing than the base model) helps
prevent the OOD detection performance from decreasing.

D.3 Comparison of the Bayesian Approaches

We compare the evaluation metrics for each of the three Bayesian approaches. Which one
should be used? We show the results in Figure 14. We observe that each method produces
relatively similar results, but there are a few differences. For temperature scaling, we see
that Approach 2 approach performs the best in terms of ECE, and always outperforms
Approach 1. This aligns with the intuition that the complex transformation that Approach
1 produces may not be desirable. Approach 3 performs best in terms of OOD detection per-
formance on TS and SP-TS, but Approach 2 performs better on SP-1 and SP-U. Approach
1 performs the worst overall, and never has the advantage in AUC in any experiment.
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Figure 13: Evaluation metrics for each method, including and neural network model on
CIFAR-100 in the Bayesian setting.
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Avg. Entropy Difference Avg. % Entropy Decrease

Type ‘ Method || Res ‘ SE ‘ Xcept ‘ Dense ‘ Incept || Res ‘ SE ‘ Xcept ‘ Dense ‘ Incept
Appr. 1 TS 0.677 | 0.558 | 0.324 | 0.354 | 0.402 0.0 | 0.0 0.0 0.0 0.0
Appr. 1 | SP-TS || 0.688 | 0.568 | 0.347 | 0.367 | 0.415 0.0 | 0.0 0.0 0.0 0.0
Appr. 1 SP-1 0.337 | 0.236 | 0.141 | 0.138 | 0.167 0.0 | 0.0 0.0 0.0 0.0
Appr. 1 | SP-U 0.253 | 0.209 | -0.084 | 0.03 | -0.045 || 0.011 | 0.0 | 0.764 | 0.453 || 0.753
Appr. 2 TS 0.64 | 0.535 | 0.327 | 0.352 | 0.399 0.0 | 0.0 0.0 0.0 0.0
Appr. 2 | SP-TS | 0.644 | 0.54 | 0.348 | 0.357 | 0.41 0.0 | 0.0 0.0 0.0 0.0
Appr. 2 SP-1 0.352 | 0.254 | 0.144 | 0.141 | 0.168 0.0 | 0.0 0.0 0.0 0.0
Appr. 2 | SP-U 0.308 | 0.253 | -0.076 | 0.093 | -0.034 0.0 | 0.0 | 0.763 | 0.066 || 0.741
Appr. 3 TS 0.695 | 0.572 | 0.327 | 0.371 | 0.401 0.0 | 0.0 0.0 0.0 0.0
Appr. 3 | SP-TS | 0.702 | 0.577 | 0.351 | 0.379 | 0.413 0.0 | 0.0 0.0 0.0 0.0
Appr. 3 SP-1 0.36 | 0.256 | 0.145 | 0.14 | 0.166 0.0 | 0.0 0.0 0.0 0.0
Appr. 3 | SP-U 0.294 | 0.24 | -0.081 | 0.038 | -0.043 || 0.001 | 0.0 | 0.763 | 0.46 0.752

Table 7: Avg. % Entropy Decrease and Entropy Difference for each approach in the
Bayesian setting on LSUN.

D.4 Experimental Results Using Variation Ratio

We show the results when we use the variation ratio as the OOD score function rather than
the entropy in Figure 15. First, we see that entropy results in significantly higher AUC
across each set of experiments. Intuitively, we might expect that entropy would perform
better at OOD detection, because it uses the entire probability vector, whereas variation
ratio only uses the probability of the most confident class. Otherwise, we see that similar
conclusions follow when using both methods. In particular, enforcing homogenization is still
beneficial, as we still have that TS and SP-TS outperform SP-1, which outperforms SP-U.
However, in contrast to the results using entropy, we see that SP-TS has slightly worse
performance than TS. Regardless, this does not change the conclusion that SP-TS strikes
the best balance between calibration and OOD detection performance, as the difference
is small, and using entropy as the OOD score function is preferred anyway, where the
performance is equal.

D.5 Analysis of Overconfidence and Underconfidence

In this section, we show additional evaluation metrics to assess the impact of recalibration
on overconfidence and underconfidence. To do so, we utilize three related metrics to the
ECE. For reference, given a test data set D = {(ar:l,yz)}ZT=1 and a probabilistic classifier
q: X — Ac, the ECE with M bins is given by:

M
1
ECE = mZ=1 | Byn||conf(By,) — ace(By)] (17)
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Figure 15: Evaluation metrics when using variation ratio as the OOD score function.
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Figure 16: Boxplots of overconfidence/underconfidence metrics.

where for m € {1,..., M}, the set of observations that belong to bin m is denoted by
m=1{ie{l,....,T} | = (x;) < 3%} (with the first bin also including 0) and

COl’lf maxq w accC (ar maxge\T;) = )
( ‘ Z cel:C e ( ’Bm|ze; (il:C c( z) Yi

denote the average confidence and accuracy of each bin, respectively (note that the accuracy
is computed with the classifier that outputs the highest-probability class as the prediction).

As discussed in Pearce and Meger (2022), the ECE can be decomposed into portions
reflecting the overconfidence and underconfidence of the predictions by splitting the previous
absolute value into positive and negative components, as follows:

ECEUC = Z | B | max (acc(Bp,) — conf(By,),0),

m 1

ECEOC = | By | max (conf(B,,) — acc(By,),0).

1

) =
ﬁM:

This allows us to determine how much of the ECE is a result of overconfidence, and how
much is a result of underconfidence. A related metric is known as the miscalibration score
(MCS) (Ao et al., 2023), or the net calibration error (Groot and Valdenegro-Toro, 2024),
which simply removes the absolute value bars from (17):

1 M
MCS = T mZ::l | Bin|(conf(By,) — acc(By,))

The significance of the MCS is that it describes the direction of miscalibration in the ECE;
a positive value signifies overconfidence, while a negative value signifies underconfidence.
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Figure 17: Boxplots of overconfidence/underconfidence metrics in the Bayesian setting.
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D.5.1 RESULTS IN THE POINT PREDICTION SETTING

We show boxplots for the overconfidence/underconfidence metrics for each method and
model in the point prediction setting in Figure 16. For brevity, we omit results the base
(unrecalibrated) model, since almost all of the ECE comes from overconfidence. First, we
observe that TS, SP-1, and SP-U tend to skew towards overconfidence and SP-TS skews
towards underconfidence. However, the degree of overconfidence in TS is greater than
the other methods; as indicated by the lower MCS, SP-TS, SP-1, and SP-U are much
more balanced in terms of overconfidence and underconfidence. If low underconfidence is
especially valued, then the results slightly favor T'S. However, SP-1 does nearly as well in
underconfidence, while also having significantly lower overconfidence. If low overconfidence
is valued, then SP-TS is the clear choice as it has the lowest overall ECEOU in for each
model. If overconfidence and underconfidence are treated equally, then all of the softplus
methods are reasonable choices.

D.5.2 RESULTS IN THE BAYESIAN SETTING

In Figure 17, we show the metrics with the three Bayesian approaches. As before, TS,
SP-1, and SP-U skew towards overconfidence, while SP-TS skews towards underconfidence.
The results from Approach 1 match the point prediction setting, with SP-TS, SP-1, and
SP-U being more balanced in terms of overconfidence and underconfidence, compared to
TS. Notably, the degree of overconfidence in TS is less than in the point prediction setting.
This makes sense, since as we saw in Figure 8, the performance of TS is closer to the softplus
recalibration methods overall in the Bayesian setting. In Approaches 2 and 3, we notice
that SP-TS now skews towards underconfidence to a greater extent, having a lower MCS
(although the ECEUC does not noticeably get higher). In addition, the overconfidence of
TS is reduced further; this is most noticeable on ResNet, SE-Net, and DenseNet. As before,
if low underconfidence is prioritized, then TS is the preferred choice, albeit now to a greater
extent, and SP-1 still serves as an option with lower ECEOU than TS, but higher ECEUC.
SP-TS now has an even lower overconfidence, especially in Approaches 2 and 3, and if
overconfidence and underconfidence are treated equally, then all of the softplus methods
are still reasonable choices.
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