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Abstract

Random reshuffling techniques are prevalent in large-scale applications, such as training
neural networks. While the convergence and acceleration effects of random reshuffling-type
methods are fairly well understood in the smooth setting, much less studies seem available
in the nonsmooth case. In this work, we design a new normal map-based proximal random
reshuffling (norm-PRR) method for nonsmooth nonconvex finite-sum problems. We show that
norm-PRR achieves the iteration complexity O(n~1/3T~2/3) where n denotes the number of
component functions f(-,7) and T counts the total number of iterations. This improves the
currently known complexity bounds for this class of problems by a factor of n~1/3 in terms
of the number of gradient evaluations. Additionally, we prove that norm-PRR converges
linearly under the (global) Polyak-Lojasiewicz condition and in the interpolation setting.
We further complement these non-asymptotic results and provide an in-depth analysis of
the asymptotic properties of norm-PRR. Specifically, under the (local) Kurdyka-Lojasiewicz
inequality, the whole sequence of iterates generated by norm-PRR is shown to converge to a
single stationary point. Moreover, we derive last-iterate convergence rates that can match
those in the smooth, strongly convex setting. Finally, numerical experiments are performed
on nonconvex classification tasks to illustrate the efficiency of the proposed approach.
Keywords: Proximal random reshuffling, normal map, complexity, asymptotic conver-
gence, nonconvexity, nonsmoothness

1. Introduction

In this work, we consider the composite optimization problem

min ¢(w) := f(w) + p(w), (1)
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where f : R? — R is differentiable but not necessarily convex and ¢ : R? — (—o0, 00] is a
weakly convex, lower semicontinuous (Isc.), and proper mapping. Composite models of the
form (1) are ubiquitous in structured large-scale applications and stochastic optimization,
including, e.g., machine learning (Bottou, 2010; Bottou et al., 2018; LeCun et al., 2015),
statistical learning and sparse regression (Tibshirani, 1996; Hastie et al., 2009; Shalev-Shwartz
and Tewari, 2011), image and signal processing (Combettes and Pesquet, 2011; Chambolle
and Pock, 2011).

We are interested in the case where the smooth part of the objective function has a
finite-sum structure, i.e., f can be represented as follows:

Flw) = =7 flw,i). &)
=1

In machine learning tasks, the number of component functions, n, is typically connected
to the number of underlying data points and is often prohibitively large. In this scenario,
computing the full gradient V f is highly expensive or even impossible. Nonetheless, many
classical approaches for solving (1) require exact gradient information in each step, see (Lions
and Mercier, 1979; Mine and Fukushima, 1981; Attouch et al., 2010, 2013). In this paper, we
adopt a stochastic approximation-based perspective and assume that the gradient of only
one single function f(-,4) is available at each iteration. Furthermore, the evaluation of the
proximity operator of ¢ is assumed to be tractable (as is the case in many applications,
(Combettes and Wajs, 2005)). Our main objective is to develop a novel proximal random
reshuffling algorithm for problem (1) with convincing practical and theoretical properties.

1.1 Related Works and Motivations

Smooth problems. When ¢ = 0, (1) reduces to a standard smooth optimization problem. In
this case, the stochastic gradient descent method (SGD) proposed in the seminal work by
Robbins and Monro (1951) is the prototypical approach for solving (1). The core step of
SGD is given by:

whtt = wk — a, Vf(wk, i), where iy is chosen randomly from [n]. (SGD)

SGD has been studied extensively during the past decades; we refer to (Chung, 1954;
Rakhlin et al., 2012; Nguyen et al., 2018; Gower et al., 2019, 2021). In the strongly convex
setting, SGD was proven to converge to the optimal solution w* almost surely with the rate
|wF — w*|| = O(1/vk), (Chung, 1954). Moreover, the lower bounds derived in (Nemirovskij
and Yudin, 1983; Agarwal et al., 2009; Nguyen et al., 2019) indicate that the rate O(1/vk) is
tight for SGD up to a constant. In the nonconvex case, convergence of SGD can be expressed
in terms of complexity bounds,

i E[IVF@h)? = 0T,

see, e.g., (Ghadimi and Lan, 2013). Recently, empirical evidence in (Bottou, 2012; Shamir,
2016; Mishchenko et al., 2020) suggests that variants of SGD with without-replacement
sampling can attain faster convergence. Incorporating such sampling scheme leads to the
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so-called random reshuffling method (RR), which is shown below:

Set w’f = w* and generate a random permutation 7* of [n];

For i=1,2,...,n do: wf , =wk— o,V f(wk,xk); (RR)

177

k1 — ok
Set w" T = w, 4.

For problems with the finite-sum structure (2), RR exhibits superior theoretical guarantees
compared to SGD (Giirbiizbalaban et al., 2021; Mishchenko et al., 2020; Nguyen et al., 2021,
Li et al., 2023). In (Girbiizbalaban et al., 2021), the first theoretical guarantee for faster
convergence of RR is provided. In particular, in the strongly convex case, the sequence of
g-suffix averaged iterates is shown to converge to the unique optimal solution at a rate of
O(1/k) with high probability. Following this pioneering work, subsequent research has began
to explore and understand the theoretical behavior of RR, (Haochen and Sra, 2019; Nagaraj
et al., 2019; Mishchenko et al., 2020; Nguyen et al., 2021). In the nonconvex case and under
a general variance bound, the authors in (Mishchenko et al., 2020; Nguyen et al., 2021)
established the complexity bound

ming=1, .7 E[||V f(w*)|] = O(n~1/37=2/3),

for RR, when a uniform without-replacement sampling scheme! is applied. In addition, Nguyen
et al. (2021) show liminfy_o ||V f(w®)|| = 0 for step sizes {ay}y satisfying Y poar = 0o
and Y 77y < oo. In (Li et al., 2023), this was strengthened to full asymptotic convergence,
Vf(wk) — 0, and to last-iterate convergence of the form ||w* — w*|| = O(1/k), k — oo,
under the Kurdyka-Lojasiewicz (KL) inequality. Here, w* generally denotes a stationary
point of the problem min,, f(w), i.e., Vf(w*) = 0.

Composite problems. The proximal stochastic gradient method (PSGD) is a standard stochas-
tic approach for solving the composite problem (1). The update of PSGD is given by:

wh = proxaw(wk — apVf(w*,it)), where i is chosen randomly from [n]. (PSGD)
In contrast to SGD, the convergence behavior of PSGD is less understood, especially when f
is nonconvex. Davis and Drusvyatskiy (2019) present one of the first complexity results for
PSGD in the nonconvex setting, i.e., it holds that

ming_,..7 E[|Gy(w")|P) = 052107 / Choyaw), A >0, (3)

where Gy (w) := A~ (w — prox,,(w — AV f(w))) is a basic stationarity measure for (1). Earlier
studies of PSGD for nonconvex f appeared in (Ghadimi et al., 2016), where convergence is
shown if the variance vanishes as k — co. Asymptotic convergence guarantees are discussed
in (Majewski et al., 2018; Duchi and Ruan, 2018; Davis et al., 2020; Li and Milzarek, 2022)
under (almost) sure boundedness of the iterates {w*}, or global Lipschitz continuity of
¢. The easier convex and strongly convex cases have been investigated, e.g., in (Ghadimi
et al., 2016; Atchadé et al., 2017; Rosasco et al., 2020; Patrascu and Irofti, 2021). If f

1. Every Vf(-,i), ¢ € [n] has equal probability to be selected without-replacement.
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is convex and v is strongly convex, convergence in expectation to the unique solution w*,
E[||w* — w*||?] = O(1/k), can be ensured, (Rosasco et al., 2020; Patrascu and Irofti, 2021).

Naturally and in order to improve the performance of PSGD, we may consider suitable
combinations of without-replacement sampling schemes and PSGD. An intuitive and straight-
forward extension of RR is to perform additional proximal steps “prox,, ,(-)” after each inner
iteration i = 1,...,n of RR. However, as highlighted in (Mishchenko et al., 2022, Example
1), such a combination prevents the accurate approximation of the full gradient V f after one
epoch. Based on this observation, Mishchenko et al. (2022) develop a different proximal-type
RR. Unlike PSGD, the proposed method performs a proximal step only once after each epoch.
Therefore, we will refer to this approach as epoch-wise proximal random reshuffling method
(e-PRR). The main iterative step of e-PRR is shown below:

Set w¥ = w* and generate a random permutation ©* of [n];
For i=1,2,...,n do: wf , =wl—a,Vf(wl,zF); (e-PRR)

k+1 _ k
Set w = proxnaw(wnﬂ).

In the nonconvex setting and under an additional bound connecting V f and the stationarity
measure Gy, Mishchenko et al. (2022) derive the complexity bound?

ming1,..7 E[|Gr(w")[P) = O +n ' T72%), A~ 1713, (4)

for e-PRR, where A > 0 is a step size parameter. In a recent study of e-PRR, Liu and Zhou
(2024) provide additional convergence rates for the objective function values {(w”*)}; in the
convex setting (i.e., each f(-,7) and ¢ are assumed to be convex).

1.2 Contributions

We design a new proximal random reshuffling method (norm-PRR) for nonconvex compos-
ite problems. In contrast to existing stochastic proximal methods, our approach is based on
the so-called normal map which swaps the order of evaluating V f and the proximity operator
prox,,. We show that this exchanged order generally exhibits a better compatibility with
without-replacement sampling schemes. In particular, similar to PSGD but different from
e-PRR, norm-PRR performs proximal steps at each inner iteration which allows maintaining
feasibility or the structure induced by ¢. We now list some of our core contributions:

e We derive finite-time complexity bounds for norm-PRR in the nonconvex, nonsmooth set-
ting. In contrast to previous related works (Davis and Drusvyatskiy, 2019; Mishchenko
et al., 2022), our convergence results are formulated in terms of the subdifferential 9
of the original objective function v, rather than using the natural stationarity measure
G». Specifically, under standard assumptions, we establish

ming—; 7 dist(0, 9 (w*))? = O(T~2/3) and

5
ming—; 7 E[dist(0, 9 (w*))?] = O(n=1/3 772/3), ©)

2. The explicit bound in (Mishchenko et al., 2022, Theorem 3) is ming=1..._ 1 E[||Gn~ (w*)||?] = O(nyT)~* +
n%y? + ny?) with step sizes o, =y < ﬁ By replacing A = nry, we obtain ming=1,.._ 7 E[[|Gxr(w®)|?] =

O(T~2/® 4+ n='T~2/3) for the optimal choice A ~ T~1/3,
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Convergence: Nonconvex Setting
Alg. complexity * global conv. local rate (KL) Reference
= " Mishchenko et al.
LY max{y/n, YALE} () - - (2020)
RR
(smoot?7 Ly | ByA/mil ) [V f (w*)|| = 0() - Nguyen et al. (2021)
p=0
= IV f(w*)] =0 [wk —w*|| = (9(%) Li et al. (2023)
L B2 (d) _ Davis and
L 1,8
ez max{l, &} Drusvyatskiy (2019)
X Duchi and Ruan
PSGD (2018); Majewski
= [1Ga (w®)|| — 0 et al. (2018); Davis
et al. (2020); Li and
Milzarek (2022)
o PRR '—E\/zH max{y/n, £, %} () X X Mishchenko et al.
(2022)
_ = i ‘e k k _ % =0 1
o | gy Sy A =06 |
[p(w*)—9*| = O(3%)

Table 1: Comparison of convergence guarantees for RR and proximal-type methods.

* This column shows the number of individual gradient evaluations K =T (PSGD) and K = nT (RR, e-PRR,
,,,,, 7 E[||Gx(w")||] < & where X is a (step

size) parameter. Note that both PSGD and norm-PRR execute a proximal step after each (stochastic) gradient

norm-PRR) required to reach an e-accurate solution satisfying ming—1

step, whereas e-PRR only performs a proximal step after each epoch. Hence, e-PRR generally has a better
complexity in terms of proximity operator evaluations.

(a) Based on the variance condition = 37" ||V f(w,i) — Vf(w)||* < 2A[f(w) — fin] + B>

(b) Based on the assumption £ 37, V£ (w, ) — Vf(w)|2 < Al[V f(w)]]? + B? and if v < E.

(c) Nguyen et al. (2021) provide the weaker result lim infy_,o | Vf(w®)| = 0.

(d) For PSGD, L denotes the Lipschitz constant of V f; For the other RR-based methods, L denotes the
common Lipschitz constant of all Vf(-,4). Based on the condition 237" ||V f(w,i) — Vf(w)|* < B* and
AS %, where p is the weak convexity parameter of .

(e) The results in (Duchi and Ruan, 2018; Majewski et al., 2018; Davis et al., 2020) require almost sure
boundedness of {w”}1; Alternatively, the analysis in (Li and Milzarek, 2022) uses Lipschitz continuity of ¢.
(f) The result in (Mishchenko et al., 2022) holds for the choice A = { min{%, m} if |[VF(w)|? <
G (w)]|* + ¢ for all w € dom(p) and if £ 37 |V f(w,i) — Vf(w)|* < B for all w € R%.

(g) Our work does not make any explicit bounded variance assumptions. Instead, in Lemma 6, it is shown
that when ax = 2, 3% nd < &, A< §, we have 2577 |V f(w",i) — Vf(w")[|* < B? with B VL; see
also Theorem 7 and Remark 10. Note that we provide complexity bounds in terms of dist(0, &p(wk))z, cf.
Corollary 8. By (10), these bounds can be readily expressed using the natural residual ||Gx(w®)||? if A < %

where T counts the total number of iterations®. The first result in (5) is a worst-case
deterministic complexity bound that is applicable to any shuffling scheme. The second

3. The measures G and dist(0, 9y(-)) are closely connected, i.e., we have (1—Xp)||Gx(w”)|| < dist(0, dp(w*))
for all k and A < p~', cf. (10). Hence, our results can also be naturally expressed in terms of Gy.

5
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result shown in (5) holds for a uniform without-replacement sampling strategy. Both
bounds match those of RR in the nonconvex smooth setting, (Mishchenko et al., 2020;
Nguyen et al., 2021). Compared to the complexity (4) for e-PRR?, the in-expectation
bound for norm-PRR has a better dependence on n. We further prove that the sequence
{1p(w*)}x can converge linearly to an optimal function value ) (w*) under the Polyak-
Lojasiewicz condition and in the interpolation setting V f(w*,1) = --- = V f(w*,n).

e We provide an in-depth asymptotic analysis of norm-PRR. For diminishing step sizes
{ar}r with Y72 g = oo and Y22 aj < oo, we derive dist(0, oY(wr)) — 0 and
Y(w*) — 1. To our knowledge, this is the first asymptotic convergence guarantee for a
proximal-type RR method. Moreover, when v satisfies the KL inequality, we establish
convergence of the whole sequence of iterates, i.e., w* — w*, where w* is a stationary
point of ¥. We further quantify the asymptotic rate of convergence of norm-PRR when
using polynomial step sizes a ~ k™7, v € (%, 1]. The derived rates depend on the local
geometry of ¢ around the stationary point w* which is captured by the KL exponent
0 €[0,1). In the case v = 1, 6 € [0, 3], we obtain

lw —w*| = O(k™1),  dist(0, 80 (w")) = O(k™),  [(w") —v(w")| = OKk?).

These rates match existing results in the smooth or strongly convex setting, cf. (Giir-
biizbalaban et al., 2021; Li et al., 2023). Comparable asymptotic rates for PSGD and
e-PRR do not seem to be available in the general nonconvex case.

e Finally, we present experiments that corroborate our theoretical findings on feasibility
and potential linear convergence of norm-PRR and we conduct numerical comparisons
on a nonconvex binary classification and deep learning image classification problem.

An additional overview and discussion of the obtained results is provided in Table 1.

1.3 Basic Notations

By (-,-) and || - || := || - ||2, we denote the standard Euclidean inner product and norm.
For n € N, we define [n] := {1,2,...,n}. By convention, we set Z,’L:kl n; = 0 for any {n}.

2. Preliminaries, the Full Algorithm, and Preparatory Lemmas

We now present technical preliminaries, the main algorithm, and first preparatory results.

2.1 Basic Nonsmooth Concepts and First-Order Optimality

We first recall several useful concepts from nonsmooth and variational analysis. For a
function h : RY — (—o0, 00], the Fréchet (or regular) subdifferential of h at x is given by

Oh(z) :={g € R": h(y) > h(z) + (g,y — ) + o(|ly — z||) as y — x},

4. The bounds (4) and (5) capture the complexity of e-PRR and norm-PRR in terms of gradient evaluations.
By design, e-PRR has a better per-iteration dependence on proximal evaluations compared to norm-PRR.
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see, e.g., (Rockafellar and Wets, 1998, Chapter 8). If h is convex, then the Fréchet subdif-
ferential coincides with the standard (convex) subdifferential. The mapping h is said to be
p-weakly convex if h+ 5| - ||, p > 0, is convex. The p-weak convexity of h is equivalent to

hy) 2 hia) + (s,y —a) = Glle =y, ¥y, Vs e oh), (6)

see, e.g., (Vial, 1983; Davis and Drusvyatskiy, 2019).
The first-order necessary optimality condition for the composite problem (1) is given by

0 € dp(w) = Vf(w) + dp(w). (7)

A point satisfying this inclusion is called a stationary point and crit(¢) := {w € dom(yp) :
0 € 0¢(w)} denotes the set of all stationary points of ¢. It is well-known that the condition
(7) can be equivalently represented as a nonsmooth equation, (Rockafellar and Wets, 1998),

Ga(w) := )\_l(w - prox)\@(w —AVf(w))) =0, A>0,

where Gy is the so-called natural residual. The stationarity measure Gy is widely used in
the analysis of proximal methods. If ¢ is p-weakly convex, then the proximity operator
prox,,(w) := argmingcga ¢(y) + sxllw —yl[%, A€ (0,p71), is (1 — Ap)-cocoercive, i.e.,

(w — y, prox,,,(w) — proxy,(y)) = (1 — Ap)||proxy, (w) — prox,,(¥)||*, YV w,y, (8)

see, e.g., (Hoheisel et al., 2020, Proposition 3.3). In particular, prox,,, is Lipschitz continuous
with modulus (1 — Ap)~!. In this work, we use the normal map (Robinson, 1992),

Fooe(2) := V[ (prox,,(2) + A1z = prox,,(2)) € d(proxy,(2)), A>0,  (9)

as an alternative stationarity measure for (1). Here, the condition F (z) € Y (prox,,(2))
follows directly from z — prox,,(z) € AJp(prox,,(z)), see (Hoheisel et al., 2020, Proposition
3.1). The normal map and the natural residual are closely related via

(1= A)[[Gx(proxs, ()| < dist(0, I (proxy,(2))) < [[Faoe(2)[ ¥ 2, (10)

where the first inequality can be shown by applying (8) and following the proof of (Drusvy-
atskiy and Lewis, 2018, Theorem 3.5). Throughout this work and motivated by (10), we will
typically measure and express convergence in terms of the distance w — dist(0, 0y (w)).

2.2 Algorithm Design

From proximal gradient to normal map steps. We motivate our approach by introducing an
alternative representation of the traditional proximal gradient descent (PGD) method, (Mine
and Fukushima, 1981), that separates the gradient and proximal steps. Let us define the
auxiliary variable z*t! = w¥ — AV f(w*). The PGD update, w**! = prox, (w* — AV f(z¥)),
can then be expressed in the following form:

=2k o[V + X7 —wh)] and WPt = prox)\so(zkﬂ) where a=A. (11)
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Algorithm 1: norm-PRR: Normal map-based proximal random reshuffling
1

Input: Initial point 2! € R, w

for k=1,2,...do
Generate a permutation 7% of [n]. Set 2§ = ¥ and wf = w

= prox,,(z') and parameters {ag}r C Ry, A > 0;

k.
fori=1,2,...,ndo

Compute 2f,; = 2 —ar(Vf(wf, 7f) + 5 (2f —w})) and wf ) = prox,,(2f,y);
end

k+1 _ Lk k+l _ k.
Set 2" =z and W = wyq;
end

This equivalent formulation naturally introduces the normal map F . (2) = Vf(w)+ A" (z —
w) where w = prox,,(z). Normal maps have been extensively used in the context of classical
variational inequalities for the special case where the proximity operator prox,, is given as
the Euclidean projection onto a closed, convex set. We refer to (Facchinei and Pang, 2003)

for more detailed background.

Advantages. A remarkable feature of the normal map is its direct connection to the subdif-
ferential of the objective function 1. Specifically, based on (9), we have F (2*) € 9y (w"),
i.e., the normal map F2\ (2*) is a special subgradient of ¢ at w*. By contrast, it holds
that Gy(w*) € Vf(w) + dp(w**1), i.e., the natural residual Gy(w¥) is not necessarily a
subgradient of . Our aim is to leverage this new perspective and to study the behavior
of the auxiliary iterates {z*}; using the normal map F7_ as the underlying stationarity
measure. Indeed, by (9), the stationarity condition || F . (2)| < ¢ immediately ensures that
dist (0, 9¢(w¥)) < €. Such a direct connection does not seem to exist between the traditional
natural residual ||Gy(w®)|| and dist(0, vy (w")).

In addition, the formulation (11) facilitates the decoupling of the proximal parameter
A from the step size a. In particular, the constant step size « can be substituted with
a sequence of varying step sizes {ay }r without necessitating adjustments of the proximal
parameter A. This methodological flexibility can be advantageous in stochastic settings where

diminishing step sizes are typical to mitigate stochastic errors.

Incorporating reshuffling. We now discuss the full procedures of norm-PRR. Let IT = {r :
7 is a permutation of [n]} denote the set of all possible permutations of [n]. At each iteration
k, a permutation ¥ is sampled from II. The algorithm then updates w* to w*** through n con-
secutive normal map-type steps by using the stochastic gradients {V f(-,7¥),..., Vf(-,7%)}
sequentially:

2y = 2 — an(V (b, 7b) + A7 (e —wf) and wh = prox, (), i=1,...,n. (12)

Here, ¥ represents the i-th element of the permutation 7% and the term V f (w¥, %)+ A1 (2 —
wk) approximates 7\ (2¥) by replacing the true gradient Vf(wf) with the component
gradient V f (w¥, 7¥). In each step of norm-PRR, only one single gradient component V f(-, 7¥),
i € [n] and one proximal operator is evaluated. The pseudocode of norm-PRR is shown in
Algorithm 1. In the case ¢ = 0, norm-PRR coincides with the original RR method.
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Based on (12), we can express the update of 2* compactly via

L= 2 o FA(2F) + eF, (13)

where the error term e* is given by

k " X oLk Aok n E _k k
et im = |3 (o) = BN + >0 (Vi (wfnb) = Wr@h)] . (1)
We note that, in the deterministic case n = 1 and e¥ = 0, norm-PRR reduces to PGD once
setting A = ag. As motivated, the procedure (13) can be interpreted as a special proximal
gradient-type method with errors.

2.3 Assumptions and Error Estimates

Assumption 1 (Functions & Sampling) We consider the following basic conditions:
(F.1) Each mapping Vf(-,1), i € [n], is Lipschitz continuous on dom(yp) with modulus
L>0.

(F.2) The function ¢ : RY — (—o0, 00| is p-weakly conves, Isc., and proper.

(F.3) There are fi,, om € R such that f(w,i) > fip and p(w) > @, for all w € dom(p)
and i € [n]. This also implies Y (w) > i, = fib + @b for all w € dom(yp).

(S.1) The permutations {m*};. are sampled independently (for each k) and uniformly without
replacement from [n].

The conditions (F.1) and (F.2) are standard in nonconvex and nonsmooth optimization,
see, e.g., (Ghadimi et al., 2016; Davis and Drusvyatskiy, 2019; Yang et al., 2021). In (F.2),
we only assume ¢ to be weakly convex. The class of weakly convex functions is rich and
allows us to cover important nonconvex regularizations, including, e.g., the student-¢ loss
(Aravkin et al., 2011), the minimax concave penalty (Zhang, 2010), and the smoothly clipped
absolute deviation penalty (Fan and Li, 2001). Combining (F.1) and (F.3) and using the
descent lemma, we can derive the following bound for the gradients V f(-,):

IV £ (w,d)|* < 2L[f(w, i) = fi], Vi€ [n],

see, e.g., (Nesterov, 2018) or (Li et al., 2023, eqn. (2.5)). Assumption (S.1) is a standard
requirement on the sampling scheme used in random reshuffling methods, (Mishchenko et al.,
2020, 2022; Nguyen et al., 2021).

We now establish first estimates for the error term e* defined in (13). In particular, we
provide a link between the errors {e*}; defined in (14), the step sizes {ay }x, the variance

1 n
2. - k o\ ky 2
ot = o3 VSt i) - Vb (15)
and the normal map Frf‘or. To proceed, let us also formally define the filtration {Fj}; where
Fip i=o(nl, ... ,7Tk) is the o-algebra generated by the permutations 7!, ..., 7. (We may

also set Fy := o(z')). Then, it follows z**1 w1l ek € F. for all k£ > 1. Let us further
introduce Eg[-] := E[- | Fr—1].
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Lemma 2 (Error Estimates) Let the conditions (F.1)~(F.2) be satisfied and let {w"*};, and

{z¥}1 be generated by norm-PRR with \ € (0, %), 0<ar< ﬁ, and C := 4{%} .

1-Xp
(a) It holds that ||e¥||> < Cntal[||Fao, (2M)|1? + o] for all k > 1.
(b) Additionally, under (S.1), it follows
Ex[lle¥|1?] < Cntat[|FA NP +nte?] Y E>1 (almost surely).

The proof of Lemma 2 is presented in Appendix B.2. Next, we provide an upper bound
for the variance terms {07 }.

Lemma 3 (Variance Bound) Let {w*}; C dom(y) be given and assume that (F.1) and
(F.3) are satisfied. Then, it holds that

o <2L[f(w") — fin] < 2L[(w*) — ] V k.

Proof Using ||a — b||? = ||a|* — 2(a,b) + ||b]|?, we have

2 n .
o = V£ (w")]* + Z NVF@t P == (i), V(b))

*Z V)12 < 2L[f(wF) — fin) < 2L (wF) — ),
where the last line is due to Y1 | [|Vf(w,i)]|? < 2LY " [f(w,i) — fin] = 2Ln[f(w) — fi)]
and f(w) — fiy < ¢¥(w) — ¢y, for all w € dom(p). [ |

2.4 Merit Function and Approximate Descent

Descent-type properties serve as a fundamental cornerstone when establishing iteration
complexity and asymptotic convergence of algorithms. In the classical random reshuffling
method and in its proximal version e-PRR, descent is measured directly on the objective
function f and v, respectively (Mishchenko et al., 2020, 2022; Nguyen et al., 2021; Li et al.,
2023). By contrast and motivated by the subgradient condition Fp, (z) € dv(proxy,(2)),
we analyze descent of norm-PRR on an auxiliary merit function H, that is different from 1.

The merit function H, was initially introduced by Ouyang and Milzarek (2024).

Definition 4 (Merit Function) Let the constants T,A > 0 be given. The merit function
H, :R% = R is defined as follows:

Hr(z) := 9(proxy,(2)) + *H Fooe (2|
Provided that A € (0, ﬁ), we will typically work with the following fixed choice of 7:

B 1—4XMp
2(1 =2 p+ A2L2%)°

(16)

We now present a first preliminary descent-type property for norm-PRR using H,. The
detailed proof of Lemma 5 can be found in Appendix B.3.

10
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Lemma 5 Suppose (F.1)~(F.2) are satisfied and let the iterates {w*}y and {z¥} be generated
by norm-PRR with A € (0, ﬁ) and 0 < oy, < 15 Setting T = Wm, it holds that

k k TNOY nak k 1 k k 1 &
H () = () < =0 (14 S IR I = g b+ — w2 4 et

Based on Lemmas 2, 3 and 5, we can establish approximate descent of norm-PRR.
Lemma 6 (Approximate Descent) Let (F.1)~(F.2) hold and let {w*}y, {z*}x be gener-
ated by norm-PRR with X\ € (0, 4—1/)) and step sizes {ay}i satisfying

1 -1
0<ar < - -max{\/QC, 10L, 4C)\7'_1} =:

:_\ Qi

Here, C and 7 are defined in Lemma 2 and (16). We set A(t) := 2LC exp(2LCt)[H,(21) —bp).

(a) The following descent-type estimate holds for all k > 1:

Sy 1Y T wh|? = | F (NI + Crlagog.

HT(ZkJrl) < HT(Zk) _

Furthermore, if (F.3) holds and we have Y jo a3 < oo, then Coz < A(n®> 30, a3).
(b) Additionally, if the sampling scheme satisfies condition (S.1), it holds that

Ey[H, (251 < H. (%) — 2+ Cnaio?  (almost surely).

1 Fror (2

Moreover, under (F.3) and 2202104% < o0, we have CE[o7] < A(n? Y2, af).

Proof Applying Lemma 5 and Lemma 2 (a), we obtain

1 Tnak
H (MY — Ho (%) + —— " — b2 + =22 AL ()2

87104]c (17)
[Cnak B 7} n H nor( k)HZ + Cn3a3ai < Cn® O%Uk,
where the last inequality follows from oy < ;7. Moreover, when (F.3) is satisfied, we can

use Lemma 3 in (17). This yields

Hp (51 = Ho ()4 [ — w24 T2, (1) 2 < 2LCnP o[ (wh) =] (18)

8nay,
Subtracting vy, on both sides of (18) and noting ¥ (w*) < H,(z¥), this further implies
Hy (28 — by, < (14 2LCn3ad) [Hy (2F) — b)) YV k> 1.

Hence, using 1 + = < exp(x), x > 0, we can infer

H.(z k“ — Y < H 1 + 2LCn3oz§’) [H,(2') — 4y
< exp (2LCn3Zi:1a§> [H,(2) — ¢p) < exp <2LCn3ZZIO¢?) [H,(2Y) — ).

11
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Thus, we have ¢(w¥) — ¢y, < H-(2%) — by, < exp(2LCn3Y 50 o) [H, (1) — ) for all k > 1
and it follows Co? < A(n3Y 32, a3).

We continue with the proof of part (b). Taking the conditional expectation in Lemma 5
and using Lemma 2 (b) and aj, < 475, we obtain

Tnozk

Ex[H-(251)] = Hr (") + 1 Fror ()11

k k
1o (29)12 + T%Ek[lle 1) < Cn*aiio}.

T?’L Oék

Taking the total expectation and applying Lemma 3, this yields

Tnak

E[H (")) < E[H.(<")] -

Elll Foor(2")11%] + 2LCn RE[H (%) — ). (19)

Mimicking the previous steps, we can infer E[H, (2*) — ¢pp,] < exp(2LCn%Y 2 o) [H, (1) —
Y] and CE[o7] < A(n?>°:°, o) which finishes the proof. [ |

3. Iteration Complexity and Global Convergence

Based on the approximate descent properties of the merit function H; in Lemma 6, we
now establish the iteration complexity of norm-PRR. Applications to constant and polynomial
step sizes are presented in Corollaries 8 and 11

Theorem 7 (Complexity Bound for norm-PRR) Let the conditions (F.1)~(F.3) hold and

let {w"}), and {2*}y be generated by norm-PRR with A € (0, £ 1,) and step sizes {ay}y satisfying

o = Z’j and 0 < ni < a. Then, the following statements are valid:

(a) If Y02 mi < ﬁ, then, for all k > 1, it holds that

44241
mnin dist (0, 9y (w*))? < +2AULCY

1 - .
—1,..T ST o [Hr(27) — )

(b) In addition, under the sampling condition (S.1) and if Y poy np < 5, it holds that

4 241L.C
min  E[dist(0, 9 (wh))?] < T 24 ik
S S

- [Hr(2) = ).
Here, the constants C,7,& > 0 are defined in Lemma 2, (16), and Lemma 6, respectively.
Proof Applying Lemma 6 (a) with o, = & and dropping the term [|wk+T —wF||2, we have
7'77k:
[Hr (2" = i) + —= (1 Fe (P < [H (%) = v + A2 400) - 1k

(20)
< [H, (%) = ¥) + 6LC[H, () — vw]n},

12
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where the last line is due to A3 "2 n?) < 2LCexp(1)[Hr(2') — ) < 6LC[H(21) — ).
Summing (20) from k& =1 to T, we obtain

T

12l )P < [ (1) = ] + 6LCIH () = o3, i

oo
which further implies ming—1__7 || Fip, (25)]|? < 4[HT(ZI)7w1b]+274£CT[H:7(Z1)ﬂblblz’“:lni. Noticing
k=1"lk
dist (0, 9 (w*)) < ||F,.(2%)]], this completes the proof of part (a).
To prove (b), we invoke Lemma 6 (b), take total expectation, and set oy, = “&:
E[H (") — ] + E[[| Foor (2°)I°] < E[H- () — ] + A(n ™' S22 07) -

IN

E[H,(2*) — ) + 6LC[H, (") — ¢|n~ "7

The rest of the verification is identical to part (a). [ |

We now study specific complexity results for norm-PRR under constant step size schemes.

Corollary 8 Assume (F.1)~(F.3) and let {w*}i, {z¥}x be generated by norm-PRR with
A e (0, 4—1p) and o = o for all k.

(a) If a=+l5 wzth 0 <n <min{(2LC)~ 5 aTS} then we have

ming—; 7 dist(0, dp(w*))? < 16(ryT3)HH, (1) — ] = O(T72/3).

U ith 0 < 1 <

(b) Moreover, if the sampling condition (S.1) is satisfied and if « = v

min{(QLC)fé,CmféT%}, it holds that

min_ E[dist(0, 9 (w ))2]_16[ (2') — Y]

_ —1/3—2/3
k=1,..,T nl/3T2/3 O(n T )-

Proof We substitute n, = n/T"/3 for all k < T and n, = 0 for all k > T in Theorem 7 (a).
Observing 73 < ﬁ, this yields

16[H- (") — ]
™nT2/3 '

4+ 24n3L
_min dist (0, Oy (w*))? < 4424 LC

1
~ — <
=1,..T T77T2/3 [H-(27) — ] <

Similarly, setting n, = nn'/3/T/3 when k < T and n;, = 0 when k > T in Theorem 7 (b)
allows completing the proof of part (b). [ |

Remark 9 In the smooth setting, it holds that dist(0, 0y (w¥)) = ||V f(w®)| and the results
shown in Theorem 7 and Corollary 8 match the existing (nonconvex) complexity bounds
presented in (Mishchenko et al., 2020, Theorem /) and (Nguyen et al., 2021, Theorem 3 &
Corollary 2). The complexity result in Corollary 8 (b) improves the best bound for e-PRR in
(Mishchenko et al., 2022, Theorem 3), in terms of gradient evaluations, by a factor of nl/3.
Moreover, our results do not require a link between the natural residual Gy and the gradient
mapping V f as assumed in (Mishchenko et al., 2022, Assumption 2 € Theorem 3).

13
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Remark 10 Let € > 0 be given and let us set p = 0 (i.e., ¢ is convexr) and N\ = % We
then obtain C = 4[3L+ 2A71)> = 100L?, 7 = 1, and & = ;555r. Let us consider the constant
step size o, = a = %min{ 16(1]0n, (QOOT)L%QB}. Thus, following our previous derivations,

Theorem 7 (b) is applicable and we can infer

k:n?in E[dist (0, 9y (w*))?] < [Tlna—I—GOOLSnaQ] 16(H-(24) — i)

geeey

1600 200%/3 600L 2
= [Lm { T ’T2/3n1/3}+(200T)2/3n1/3] 16(Hr(2") = ) = O(="),

provided that the total number of gradient evaluations satisfies Tn > IOL‘Q‘/E max{160/n, @}
This recovers the result shown in Table 1 and confirms that RR and norm-PRR have similar
complezities. Hence, the comparisons between the complezities of RR and SGD in (Mishchenko
et al., 2020; Nguyen et al., 2021) can also be transferred to norm-PRR and PSGD.

Next, we discuss the corresponding complexity results for polynomial step sizes o ~ k=7,
€ (0,1). Step sizes of this form are common and popular in stochastic optimization, see,
e.g., (Robbins and Monro, 1951; Chung, 1954; Bottou et al., 2018; Nguyen et al., 2021).

Corollary 11 Assume (F.l)f(F.B) and let the sequences {w"*};, and {z*}1, be generated by
norm-PRR with A € (0 ,4p)

(a) If o = =% with v € (3,1) and 0 < a < min{a, (3g|_cl) 3}, then

: : 16[H(2") — ) (-
kyy2 < — 1=y,
k:ml’m,T dist (0, 0y (w"™)) ra(TT=7 = 1) o(r )
(b) Under the samplz'ng condition (S.1) and if a =

—a With v € (%,1) and 0 < a <
min{o’m*% (3=t oC ) }, then it holds that

2 16[HT(Z1) - wlb] . —1/3—(1—7
knlnn E[dist (0, 9 (w"))?] < W e —1) O(n~ B3~y

As the proof is a routine application of the integral test and Theorem 7, we will omit an
explicit derivation here.

The complexity bounds presented in Theorem 7 and Corollaries 8 and 11 do not directly
imply convergence of the stationarity measure dist(0, d¢(w*)) — 0, i.e., accumulation points
of {w”*}, are not automatically stationary points of the problem (1). This subtle technicality
is caused by the presence of the min-operation, i.e., the results in Theorem 7 and Corollaries 8
and 11 do not apply to the last iterate w”. In the following, we close this gap and establish
global convergence of norm-PRR under suitable diminishing step size schemes.

Theorem 12 (Global Convergence of norm-PRR) Let (F.1)-(F.3) hold and let {w*}y,
{2*}1 be generated by norm-PRR with \ € (0, 4—1p) and step sizes {ay}r satisfying

0<ap < %, Zzozlozk =o00, and Zzozlozi < 0. (21)

Then, F,(2%) — 0, dist(0, 0¢(w)) — 0, and ¥ (w*) — 1) € R as k tends to infinity.

14
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Theorem 12 ensures that accumulation points of the iterates {w*}; are stationary points
of the objective function 1)—independent of the realization of the permutations {m*}.

Proof sketch. By the approximate descent property in Lemma 6, we first show that
the merit function values { H,(z*)}) converge and we have > 2%, oy || F2h (2%)]|? < o0.
In the next step, invoking (F.1) and 3_7° ; ay = 00, we verify limy_,o0 || Fi, (2%)[| — 0.
The convergence of {1)(w*)}) then follows from the convergence of the sequences

{H,(z")}y and {||F2,(2%)|[}. A full proof of Theorem 12 can be found in Appendix C.

nor

4. Convergence under the Polyak-Lojasiewicz (PL) Condition

We now study convergence of norm-PRR under the well-known Polyak-Lojasiewicz (PL)
condition (Polyak, 1963; Lojasiewicz, 1959, 1963; Karimi et al., 2016).

Definition 13 (PL Condition) The function v is said to satisfy the PL condition if there
is i > 0 such that the following inequality holds:

dist (0, O (w))? > 2up(w) — *]  where ¢* := inf (w). (22)

weR?

The PL condition is a common tool in stochastic optimization; it provides a measure of
the “strong convexity-like” behavior of the objective function without requiring convexity of
1. Furthermore, under the PL condition, every stationary point w* € crit(1)) is necessarily
an optimal solution to the problem (1). To proceed, we introduce the set of optimal solutions
and the variance at optimal points:

. L :
Wi={weR: (w) =¢*} and o2 := sggv [EZjZIHVf(w,j) — Vfw)|?].  (23)

In the following, under the PL condition and using constant step sizes oy ~ «a, we show
that norm-PRR converges linearly to an O(a?02)-neighborhood of W.

Theorem 14 Let (F.1)~(F.2) hold and assume that v satisfies the PL condition with W # ().
Let {w*}y, {z*}1 be generated by norm-PRR with \ € (0, 4—1p) and

P } S i)
2LV6C ) 3(1+prA)

(a) For all T > 1, it follows (w' 1) — ¢* < exp(~Tva) -

(b) In addition, under the sampling condition (S.1), we have

ap =

3e

,  a < min {&, 1/_1,

Hr(21)—y* 6Ca’o2
1+ptA pur o

H,(zY) —y*  6Ca?o?

Elp(w"™) = 9" < exp(=Tve) - =T == npt

, VYT >1.

Here, ¢* :=inf,, ¥ (w), C > 0 and & are defined in Lemmas 2 and 6, and T is given in (16).

15
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Remark 15 [t is possible to express the convergence results shown in Theorem 14 in terms
of the distance, dist(w, W), to the set W. Indeed, by (Bolte et al., 2017, Theorem 5 and 27)
or (Karimi et al., 2016, Theorem 2), the PL condition (22) implies the following error bound
or quadratic growth condition:

dist(w, W)? < 2u 1 [ih(w) —¢*] ¥ w e R4 (24)

If W = {w*} is a singleton (which is the case, e.g., if 1 is strongly convex), then Theorem 1/
ensures linear convergence of the iterates {w"*};, to an O(a?0?)-neighborhood of the optimal
solution w*. Hence, in the interpolation setting V f(w*,1) = --- = V f(w*,n), the iterates
{w*} generated by norm-PRR converge linearly to w*.

Remark 16 (Comparison with e-PRR) As shown in (Mishchenko et al., 2022, Theorem
2), applying e-PRR with constant step size in the strongly convex case yields linear convergence
to an O(azagad)—neighborhood of the optimal solution w*. Here, the shuffling radius a%ad 18
bounded by O(o2)+O(||V f(w*)||?). Hence, even if f(-,1) = --- = f(-,n) (indicating o2 = 0),
linear convergence of e-PRR can not be guaranteed since V f(w*) generally does not vanish
in composite problems (1). We illustrate this effect numerically in Section 6.2.

Proof of Theorem 14 Recalling F, (2*) € 9¢(w*), the PL condition implies || F\, (2%)]|? >
241(1h (wk)—1p*). In addition, using the definition of the merit function, H,(z) = Y (proxy,(2))+
%HFI%OI'(Z)HQ? we can infer

[Ho(5) =] and [|E() P 2 o [ () — 7). (25)

ky _ *

Thus, applying Lemma 6 (a) with (25) and subtracting ¥*, it follows

UTNO

k+1y _ )% _
Hr (") = S[l 2(1 4 ptA)

] [H,(2%) — %] + Cndajol. (26)
We now bound the variance of = 13 ||V f(w*,i) — Vf(w*)|? in terms of o2, cf. (23).
Setting w} := projyy, (w¥) and using Young’s inequality, (F.1), (24), and (25), we have

of = lz;uww’“, i) = Vf(wi,§) + VI (wi, ) = Vf(wp) + V(wp) = Vf(w")]?

= %Z:;l [va(wa) - Vf(w};,z)HQ + Q(Vf(wk, 7’) - vf(wzv i)? Vf(w;;, 7’) - vf(wlt»
+ 2V f(wh, i) = Vf(wi,i), Vf(wg) = V() + |V f(wk, i) — V f(wp)]]”
+2(V f(wi,1) = VF(wi), VF(wh) = Vb)) + [V f(wp) = VF ()]

< 22|l — wi|? + 202 < AT (wh) — ¥ + 207 < AL [H(2F) — 4] + 202,

Hence, we obtain

4CL2n3ai
p(L+pTA)

H (1) g < [1 - pfimass o | 1A (%) — 4] + 2Cnado?

(27)

< 1 - gpmmoss ] [H. (=) —v7] + 2Cndao?,

16



NORMAL MAP-BASED RR FOR NONSMOOTH NONCONVEX FINITE-SUM PROBLEMS

Fixing a; = & and unfolding the recursion (27), it follows

ied a2 < T _
where we applied o < 57—

Ho (") = " < [1 = vo] "(Hr (") — 4%) +2Ca%0? - 3 1~ valt

< exp(—Tva)(H, (') — ¢*) + 2Cv 1?02, (28)
where we used (1—x)T = exp(T log(1—z)) < exp(—Tz) and Zgzo(l—x)k = ﬁ <1
in the last line. Thus, invoking (25), we can infer

H (zY) —y*  6Ca’0?
T+1y % < -T . T * .
P(w ) —YP* <exp(—Tra) Y T
Part (b) can be shown in a similar way using Lemma 6 (b). [ |

5. Convergence under the Kurdyka-Lojasiewicz (KL) Condition

The PL condition is generally restrictive and the verification of (22) is often not possible
in many practical applications. To overcome these limitations, we now study the asymptotic
behavior of norm-PRR under a weaker Kurdyka-f.ojasiewicz (KL) setting.

5.1 KL Inequality and Accumulation Points

We first present the definition of the KL inequality for nonsmooth functions; see, e.g.,
(Attouch et al., 2010; Attouch and Bolte, 2009; Attouch et al., 2013; Bolte et al., 2014).

Definition 17 (KL Property) The function 1 : R? — (—o0,00] is said to have the KL
property at a point w € dom(v)) if there exist ¢ > 0, n € (0,00], and a neighborhood U of w
such that for allw € U N {w: 0 < [(w) — ¥ (w)| < n}, the KL inequality’,

[ (w) — (@)|” < ¢ dist(0, 0y (w)), (29)
holds. Here, 0 € [0,1) is the KL exponent of 1 at w.

The KL inequality is satisfied for semialgebraic, subanalytic, and log-exp functions,
underlining its broad generality; see (Kurdyka, 1998; Bolte et al., 2006a,b, 2007). Particular
applications include, e.g., least-squares, logistic and Poisson regression (Li and Pong, 2018),
deep learning loss models (Davis et al., 2020; Dereich and Kassing, 2024), and principal
component analysis (Liu et al., 2019). Intuitively, the KL inequality implies that 1) can be
locally reparameterized as a sharp function near its critical points. It provides a quantitative
measure of how quickly the function decreases as it approaches a stationary point which is
controlled by the constants ¢ > 0 and 6§ € [0, 1). In stark contrast to the PL condition, the
KL inequality in Definition 17 is a local property. It does not necessitate w (€ crit(¢))) to
be a global solution of (1). In Table 2, we list several popular and exemplary optimization
models together with their corresponding worst-case KL exponent 6.

In (Ouyang and Milzarek, 2024, Lemma 5.3), it was shown that the KL property can be
transferred from the objective function v to the merit function H,. We restate this result in
Lemma 18.

5. The specific KL inequality, we use here, is also referred to the (local) Lojasiewicz inequality, see (Bochnak
et al., 1998; Ha and Pham, 2017).
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Optimization model KL exponent Reference
£1-regularized least-squares % (Bolte et al., 2017, Lemma 10)
{1-regularized logistic regression % (Li and Pong, 2018, Remark 5.1)
g‘;ﬁg;i:;ﬁ‘;t;ﬁzi‘:;‘l’;:Vlth 1 (Liu et al., 2019, Theorem 1)
Semidefinite programming % (Yu et al., 2022, Theorem 4.1)
Polynomials of degree r 1- W (D’Acunto and Kurdyka, 2005, Theorem 4.2)

Table 2: Optimization models and the corresponding KL exponent.

Lemma 18 Suppose that ¢ : R* — (—oc0, 00| satisfies the KL property at a stationary point
w = prox/\w(é) with exponent @ and constant c¢. The merit function Hy : R* - R, 7 > 0,

then satisfies the following KL-type property at z with the exponent  := max{0, %}
Ho(2) = Ho(3)° < | F(2), VzeVn{zeR: [H(2) — H(3)| <},

for &:=c+max{1, 3}, some 7j € (0,00], and some neighborhood V of Z.

Let {w*}; and {z*} be generated by norm-PRR and let us define the associated sets of
accumulation points A, and A.:
Ay = {w € R? : 3 a subsequence {£;}, C N such that w* — w}, and

30
A :={z € R?: 3 a subsequence {/;}; C N such that 2% — z}. (30)

In Lemma 19, we list basic properties of the sets A, and A,, which are direct consequences
of Theorem 12. The proof is deferred to Appendix D.1.

Lemma 19 (Accumulation Points) Let the conditions stated in Theorem 12 be satisfied
and let {w*};, be bounded. Then, the following statements are valid:
(a) The sets Ay and A, are nonempty and compact.

(b) We have A, C {z € R?: F) (2) =0} and A, = {w € R?: 3 z € A, such that w =
prox,,(z)} C crit(y).

(¢) The functions v and H., T > 0 are finite and constant on A,, and A,, respectively.

5.2 Strong Convergence
Based on the KL property formulated in Definition 17, our aim is now to show that the

whole sequence {w”}; converges to a stationary point of ).

Assumption 20 (KL Conditions) We consider the following assumptions:
(K.1) The sequence {w*}; generated by norm-PRR is bounded.

(K.2) The KL property holds on Ay, i.e., (29) holds for all w € A,,.

Condition (K.1) is a typical and ubiquitous prerequisite appearing in the application
of the KL inequality in establishing the convergence of optimization algorithms; see, e.g.,

18



NORMAL MAP-BASED RR FOR NONSMOOTH NONCONVEX FINITE-SUM PROBLEMS

(Attouch and Bolte, 2009; Attouch et al., 2010, 2013; Bolte et al., 2014; Ochs et al., 2014;
Bonettini et al., 2017). Moreover, (K.1) can be ensured if 1) has bounded sub-level sets or
dom(yp) is compact. As mentioned, condition (K.2) is naturally satisfied for subanalytic or
semialgebraic functions (Kurdyka, 1998, Theorem L.1).

Theorem 21 (Strong Iterate Convergence) Assume (F.1)-(F.3) and (K.1)~(K.2). Let

{w*}y, {zF}x be generated by norm-PRR with A € (0, 4—1,)) and step sizes 0 < o < o satisfying

o e.) o0 5
Zkzlak =00 and Zk:1ak [Zi:kaﬂ < 00, for some & € (0,1). (31)
We then have
Zk:1ak - dist (0, 9 (w®)) < 0o and Z:k:le"€+1 —wP|| < oo. (32)

In addition, the whole sequence {w¥}y converges to some stationary point w* € crit(z)).

Theorem 21 not only ensures convergence of the iterates {w*}, but, invoking (32), we
also have min;_; _ j dist(0, 9y (w?))? = (’)(1/(2?21 @;)?). This bound is faster compared to
the global complexity min;—;_j dist(0, 9y (w?))? = (’)(1/(2?:1 «;)) obtained in Theorem 7.

Proof sketch. By Theorem 12, we conclude that every accumulation point of {w*}y
is a stationary point of 1. Based on the approximate descent property Lemma 6 (a),
the conditions in Lemma 19, and the KL assumptions (K.1)-(K.2), we can show that
S au - dist(0, 09(wF)) < 152, all F, (G < 00 and 332wk +! — wk| < oo.
The latter result indicates that {w*}; is a Cauchy sequence and thus, {w*} converges
to some stationary point of the objective function . The full proof and further details
are presented in Appendix D.2.

5.3 Convergence Rates under Polynomial Step Sizes

In this section, we establish convergence rates for the sequences {w*}, {dist(0, d1(w*))},
and {w(wk)}/rC under more specific step size strategies. We consider polynomial step sizes,
(Robbins and Monro, 1951; Chung, 1954; Bottou et al., 2018), of the form:

a

1
= ith > - 1].
oy, CEOR with a >0, B>0, 76(2, ] (33)

1
Note that the first two step size conditions in Theorem 21 are satisfied when k > (na/a&)> — 5.
We now present several preparatory bounds to facilitate the derivation of the rates.

Lemma 22 Let £ € [0,1) be given and let us consider step sizes {au}i of the form (33).
(a) For all k > 1, we have

o) 3 Oy 00 3 2¢ [02%
Zj:ko‘j < (k + B)>—1 and oy {ijk%] = (k + B)(1+6)7-2¢ (34)

where a, > 0 is a numerical constant depending on o and .
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(b) Moreover, if £ > 3177—]1, then for all k > 1, we have

00 o] 13 Qa
Zt:kat [Zj:taﬂ = (k + 5)(1+£3§)v—(1+£)’ (35)

where ag > 0 is a constant depending on §.

Proof Using the integral test and noting that 3y > 1, we obtain
3 3 oo 3
o 4 00 « « 3 Bia%e" 1
> — < ——dx < .
Zj:kaﬂ Zj:k (j + 5)37 - (k + B)S’y +a /k (JU + ﬁ)?fy T > 37 -1 (k‘ + ,8)3'7*1

In addition, it follows that ag[>"2, ad]* < a1+65(35’11)2 : (k+ﬁ)2£%37_1)+7. Noting a!*6 <

(1 + )7, this completes the proof of the statement (a). Part (b) can be shown by applying
the results in (a) and the integral test; we refer to (Li et al., 2023, Lemma 3.7). [ |

Based on Theorem 21 and Lemma 22, we can ensure the strong-limit convergence of
norm-PRR under the polynomial step size rule (33).

Corollary 23 (Strong Convergence: Polynomial Step Sizes) Assume that the condi-
tions (F.1)~(F.3) and (K.1)~(K.2) hold. Let the iterates {w*} be generated by norm-PRR
with A € (0, 4—1p) and polynomial step sizes {oy, Y1, of the form (33). Then, {w*}) has finite
length and converges to some stationary point w* € crit(¢).

Proof We need to verify that oy, = ﬁ satisfies (31) in Theorem 21. Due to v <1 and

o, — 0, we have oy, < 2 (for all k sufficiently large) and Y"p2; oy = 0o. Using Lemma 22 (b),

it holds that "7 oy, (Z;’iko@)g < oo forall £ € (31;—_71, 1) € (0,1). Therefore, Theorem 21

is applicable and {w"}, has finite length and converges to some stationary point w* of ¢». B

Next, we derive the convergence rates for {1 (w¥)}y, {dist(0, 9y (w*))?}x and {w*}y.

Theorem 24 (Convergence Rates) Assume (F.1)~(F.3) and (K.1)-(K.2). Let {w*}}, be
generated by norm-PRR with A € (0, ﬁ) and step sizes satisfying (33). Then, {w*}) converges
to some w* € crit(v) and for all k > 1 sufficiently large, it holds that

O(k~G=1) if0 <6 < g1,
max{dist(0, ¢ (w"))?, [ (w*) — P(w*)|} = ifve (31

Ok~ 21)  if gy <<,

and
O(k==1)y  if0 <0< 31,
|| _ v : 1
—w'| = (1-6)(1—) ify € (5’ 1).
k™21 ) df 377_1 <f<1,

lw*

Moreover, if 0 € [0, %], v =1, and a > 16¢2/(n), it follows
max{dist (0, 9y (w*))?, [¢(w*) — p(w)[} = Ok™?) and [w" —w*|| = O(K).

Here, 0 € [0,1) is the KL exponent of ¢ at w* and é > 0 is the corresponding KL constant
introduced in Lemma 18.
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Remark 25 Theorem 2/ establishes the convergence rates of the function values and the
stationarity measure for norm-PRR. To the best of our knowledge, this is the first time
that such rates have been derived for an RR method in the nonconver setting and under
the KL inequality. Moreover, Theorem 21 and Theorem 24 show strong convergence of the
iterates {w¥}y, which is the first among proximal-type RR methods. If 0 € [0, %], the rate in
Theorem 2/ aligns with the strongly convex smooth case (cf. Giirbizbalaban et al. (2021)).

Remark 26 As shown in Corollary 11 and using polynomial step sizes, the iteration com-
plexity of norm-PRR s given by min;—; _ dist(0, 9(w'))? = O(k==7)). When v € (3,1),
we clearly have 1 —v <3y —1and 1 —~v < 210_—_71 (if 0 > ﬁ) Consequently, the asymptotic
rate derived in Theorem 2/ is faster than the complexity bound as long as v > % Furthermore,
wn stark contrast to Theorem 7, Theorem 24 provides last-iterate convergence guarantees.

5.4 Proof of Theorem 24

In this section, we present a detailed proof of Theorem 24. Upon first reading of the
manuscript, the reader may safely skip to Section 6.

Proof By Corollary 23, {w*}}, converges to some stationary point w* € crit(¢)). Let 6 € [0,1)
and ¢ > 0 denote the KLi exponent and constant of ¢ at w*. Applying Theorem 12 and the

definition of F,, we may infer 2% = wk — AV f(w") + F . (2F) = w* — AV f(w*) =: 2* € A,.

Moreover, we notice ay — 0 and H- (%) = ¢ := (w*) (by Lemma 19) as k tends to infinity.
Hence, there exists k > 1 such that oy, < min{1, 2}, [H(z*) — ¢| < 1, and

& FN ()| > [H-(2F) — 91?0 = max{3,0}, forall k >k, (36)

where (36) follows from Lemma 18. Clearly, due to [H,(z*) — ¢| < 1, (36) also holds for
every exponent 1 > 6. Thus, we may work with the following f.ojasiewicz inequality

&\ Fooe (29| = |H (2%) =4[, 9 €10,1), forall k> k. (37)

In the following, we always assume k > k. Rearranging the terms in Lemma 6 (a), we have

IEA ()P where g i= Ho(2%) 4w~ wp:=DY . af, (38)
i=k

and D :=n3A(n 321 103) < 0o. Due to Hr(2%) — 4, ur — 0, and (38), the sequence {ry}
monotonically decreases to 0 and it holds that rp > 0.

Tnak

Tk — Tkl =

Step 1: Rate for {r;};. We first establish a rate for {ry}; through which we can easily
derive the rates for {|1(w¥) —1|}r and {||F2,,(2%)||?}x. Combining (37) and (38), it follows

TnOék - 129 Tnak 9 TNAE 9y

rk =Tkt > o [He(2) = P = SR (H () = 0+ ) - —
TnOék — 29 TN 29 TNo 29 TNOoY, 29

2 gz () =9 bl = Tl = i —

where the last line is due to Minkowski’s inequality, i.e., |a|?? + [b|>” > |a + b|*? /2 for all
¥ e [1 1), a,b € R. For simplicity, we limit our discussion to the case 5 = 0. Substituting
o = % and using Lemma 22 (a) and D*’ < max{1,D}*” < max{1,D?}, we obtain

29

o’ E _ TnQaa,
32 + L(160)7-20 where E:= 12

rop1 < T — -max{1, D?}. (39)
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In the following, we provide the convergence rates of {ry}; based on different exponents o.
Our derivations are based on classical convergence results for sequences of numbers shown
in (Polyak, 1987, Lemma 4 and 5). For ease of exposition, we state those results in Lemma 27.

Lemma 27 Let {yx}x CRy and b >0, d,p,q >0, s € (0,1), t > s be given.
(a) Suppose that {y}r satisfies

d
1—— — Vk>1
yk‘-i—l ( k‘-'-b) Yi + (k—i—b)p—’_l’ =

If ¢ > p, it holds that yx < ;% - (k+b)"P + o((k + b)"F) for all sufficiently large k.

(b) Let the sequence {yx}x be given wzth k1 < (1= e ) ue + k+b ~forallk > 1. Then,
it follows yp, < g . (k + b)S—t + 0((k 4 b)s—t)’

Let us now continue with step 1 and with the proof of Theorem 24.

Case 1: ¥ = 1. In this case, the estimate (39) simplifies to

™a 1 E
et = | e | T e

If v < 1, the rate is 7, = O(k~37~Y) by Lemma 27 (b). Moreover, if y = 1 and a > 17622,
then Lemma 27 (a) yields r, = O(k~2).
29

Case 2: ¢ € (%, 1), v # 1. In this case, the mapping x — hy(z) := 2=V is convex for all
x > 0 and we have

ho(y) > hy(x) + hy(z)(y — ) = 202291y + (1 — 20)hg(x) ¥V z,y > 0. (40)

Our next step is to reformulate the recursion (39) into a suitable form so that Lemma 27 is

applicable. To that end, in (40), we set x = ¢k~7 and y = r, where ¢ := (%)1/(2’9—1) and
_ =29

o= min{;g—jl, 37y —1}. Then, it follows 7"219 > 1T6§m" k@gkl)u 4+ d ]32132,62 . Using this bound

n (39), we obtain

<[ 20 E (20 — D)tnac® 1
et S LT e e | TR T2 82 k2o

Noticing v + 200 < v+ 29(3y — 1) = (1 + 69)y — 20 (by definition of o), there exists ¢ > 0
such that

o 1%
Tt S [1 a m+(2191)0] Tk ky+290°

Lemma 27 then yields r, = O(k~7). Since the parameter o is determined by the adjusted
KL exponent ¥ € [max{3,6},1), to maximize o, we shall always choose ¥ = 6 when § > 1.
On the other hand, if 6 € [0, %], we set 1 = % and the results in Case 1 apply.

Therefore, we can express the rate of {ry}x in terms of the original KL exponent # and

the step size parameter ~:
3y—1 iffe [0,37 7]

= O(k—R(G,v)) where R(6,7) := . when 7 € (%, 1),
le if0 e (37 )
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and R(0,v) :=2 when v = 1,0 € |0, f] and o > 16C )

Step 2: Rate for {H F2 . (z%)|?}x. Based on our discussion of {ry}, we now compute the
rate for {||F,(2%)||?}x using the sufficient descent property (38) and Lemma 28:

Lemma 28 Assume (F.1)~(F.3) and let {w*}r and {z*};, be generated by norm-PRR with
A € (0, %) Let ¢ > 0 be given such that

Qsexp(Qs) < 5 where Q:=(1—Ap) ' (L+2X\"! — p)nmax{l, VCE2L + 1)n}
and C > 0 is introduced in Lemma 2. Consider the following additional assumptions:
e There exists P > 0 such that we have max{||F,(zF)||%, ¥ (w*) —yp} < P for allk > 1.
e Fork > 1, there exists i = i(k) > 1 such that Z;;% aptj <6

. i—1
Then, the relation ||[Fy,(2"7)||? > 1| Fa.(zF)|1> — %(Z;:O aj ;) holds.

A proof of the auxiliary results in Lemma 28 is presented in Appendix D.3. The first
Condltlon max{||F, (%)%, ¢(w*) =} < P, in Lemma 28 is guaranteed by the convergence
of {th(w*)}x and {F3,.(2*)} (cf. Theorem 12). The conditions ay — 0 and > 7o oy = 00
imply that for every k sufficiently large, there exists an integer ¢ = ¢(k) > 1 such that
5 < Z;;B aj+j < <. Hence, the requirements in Lemma 28 are satisfied for all k sufficiently

large and all i = 1,...,t(k), Le., we have || Fo, (zF7) |7 > I Foue (2M)II° — 52 (32700 @i )
for all 1 <i <t(k). Noting t = t(k:) and summing (38) for k,k +1,...,k +t, this yields
TN —t-1 ,
Tk 2Tk — Tktt = a1 i—0 ak+1H nor( k+2)H2

™ t—1 k Prn «—=t-1 i—1 9
> 372 [Z ak+l] H nor( )H2 - @ i=1 (07X [ijo ai—l—j] .
Since § < Z;;%) ap4; < ¢ and {oy}y is monotonically decreasing, we further obtain
™G ™ t—1 Prn —=t-1 i—1 9
|| nor( )”2 < 372 [Z k+z] || nor( )”2 <rg+ —— 16§2 ak—l—i [ijo O‘Z—‘rj]

Prn «—t-1 t—1 9 PTng , o
Tk T 16§2 (07 W] akz Oék+]] S Tk -+ 16 g = O(k. ( ,'y)).

The last line is due to a2 = (’)(k*h) and 2y > R(0,7).
Step 3: Rate for {y)(w*)}). Recalling ry = H. (%) +u,—v = P(w?) —p+ 3| F (25| +

uy, and invoking the triangle inequality, it follows

W(wk) - r&‘ =Tk — T)\H nor( )H2 —ug| < ‘Tk’ + T)\H nor k)H2 +ug = O(kiR(aﬁ))?

where the last equality holds due to u = O(3_72, a;’) = O(k=31) (cf. Lemma 22 (a)) and
3y —1> R(0,7).

The last step of the proof, i.e., the derivation of the rate of convergence of the iterates {w"}y,
can be found in Appendix D.4. [ ]
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Figure 1: Performance of PSGD, e-PRR, and norm-PRR on the toy example (41). We report
10 independent runs; the average performance is shown using a thicker line style.

6. Numerical Experiments

In this section, we compare norm-PRR with two prevalent proximal stochastic algo-
rithms; the standard proximal stochastic gradient (PSGD, Duchi and Singer (2009)) and
the epoch-wise proximal random reshuffling method (e-PRR, Mishchenko et al. (2022)). In
the experiments, we typically evaluate the performance of the tested algorithms based on
the following two criteria: (i) The relative error is defined as (¢ (w*) — min)/max{1, Ymin},
where ¥y is the smallest function value among all generated iterations of the algorithms;
(ii) the natural residual Gi(w) := w — prox,,(w — V f(w)). Similar to norm-PRR and e-PRR,
we will keep the step size ay, fixed in each epoch when applying PSGD.

6.1 A Toy Example: Testing feasibility

We consider a one-dimensional toy example with smooth component functions R > w +—
f(w, 1) that are not well-defined for w ¢ dom(yp):

I . 1 100 sin (25 )w? + log? (w + 1)
weR nzizlf(w’z) +eo(w) ; 100 £~i=1 2 + e, (), (41)

where (g, denotes the indicator function of Ry. In this case, the proximity operator reduces
to the projection onto the half space R . Notice that the function f is not well-defined for
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Figure 2: This plot illustrates that norm-PRR (and PSGD) can achieve linear convergence
when 02 = 0, whereas e-PRR converges to a neighborhood of w*. Left: A in (42)

is generated using a uniform distribution and all methods use o = Li‘n. Right: A

follows a Student’s ¢ distribution and we apply the step size oy = %. We depict
the relative error (1(w*) — 9 (w*))/ max{1,v(w*)} = (w*) of 10 independent

runs. The average performance is shown using a thicker line style.

w < —%0. Hence, once we detect iterates w® with w* < —%, we stop the tested algorithm

and mark such run as “failed”. (Due to the projection steps in PSGD and norm-PRR, failed
runs can only occur when testing e-PRR).

Implementation details. We set w® = 10, A = 1, and use diminishing step sizes of the
form ay, = a/k. Here, o takes values from the set {1,0.1,0.01}. We conduct 10 independent
run of each algorithm and depict their overall performance in Figure 1.

In Figure 1 (a), when o = 1, the success rate of e-PRR is 0%, i.e., every run of e-PRR
returns invalid values. Both PSGD and norm-PRR show larger fluctuations. In Figure 1 (b),
when « = 0.1, the success rate of e-PRR increases to 40%. norm-PRR converges faster with
less oscillations compared to the other two algorithms. In Figure 1 (c¢), when ao = 0.01, the
success rate of e-PRR is 100%; its performance is similar to PSGD. As expected, both PSGD
and norm-PRR are not affected by the potential infeasibility dom(p) C dom(f) # R.

6.2 Linear Convergence and Interpolation

We now numerically illustrate the convergence results obtained in Section 4 and study
convergence of norm-PRR in the interpolation setting as discussed in Remarks 15 and 16. We
consider the problem

. 1 n . 1 n T 9 T
min fzizlf(w,z) + p(w) == Ezizl [0.5(% w—b))*+c¢ w] + tpa(w), (42)

weERE N

where A? := {w : w; € [0,1]and 1 "w = 1} is the d-simplex. We choose n = 5000, d = 250,
and select A = [ay,...,a,]" € R"™? randomly following a uniform distribution, a;; ~ [0, 1],
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or a Student’s ¢ distribution with degree of freedom 1.5. We generate w* € A%, b, and ¢, via
w; =02,VieZ, w/=0,Vi¢Z b=Aw", ¢=0,VieZ, ¢ ~U0,1],Vi¢gTZ,

where Z C [d] is a random index set with |Z| = 5. We have Vf(w*,1) =--- = V f(w*,n) =
V f(w*) = c and by construction, it holds that —(c,y —w*) = =} ;7 ciys <O forall y € A,
ie., =V f(w*) € Naa(w*). Hence, w* is a solution to (42). In the tests, we generate A such
that AT A is invertible, i.e., problem (42) is strongly convex with ¢? = 0. We run PSGD,
norm-PRR, and e-PRR with v’ =e,, A = %, and constant step sizes aj = & and o = %
where L = 1||Al|o. The results are presented in Figure 2.

6.3 Nonconvex Binary Classification

Next, we consider a nonconvex binary classification problem with ¢;-regularization (Mason
et al., 1999; Wang et al., 2017; Milzarek et al., 2019):

min " flw,i) + p(w) = %Z;u ~tanh(b; - aTw)] + vlwly.  (43)

Here, tanh denotes the hyperbolic tangent function and the parameter v is set to v = 0.01.
We conduct the binary classification task on real datasets (A4,b) € R"*4 x {0,1}". In our
tests, we use the datasets CINA, MNIST, and GISETTES. (In MNIST, we only keep two features).

Implementation details. For all algorithms, we use polynomial step sizes of the form oy =
a/(L+ k) with o € {0.01,0.05,0.1,0.5,1}; the Lipschitz constant is L = 0.8 - Aax(AA ") /n;
the index k represents the k-th epoch. We run each algorithm for 200 epochs with w® = 0;
this process is repeated 10 times for each dataset. The parameter X is set to A = 1. The
results are reported in Figure 3.

Across all datasets, norm-PRR appears to converge faster than PSGD and e-PRR and is
relatively robust w.r.t. the choice of a.. In the initial phases of the training, rapid convergence
can be observed for all methods. However, norm-PRR typically achieves a smaller relative
error and natural residual than PSGD and e-PRR. This improved performance might originate
from the design of norm-PRR: it incorporates without-replacement sampling and applies the
{1-proximity operator at each iteration to maintain sparsity.

Varying the parameter A\. In Figure 4, we additionally evaluate the performance of
norm-PRR using different values of the hyperparameter A € {0.1,1,10}. As illustrated in
Figure 4, larger values of \ generally lead to an improved performance when solving the
problem (43) across the tested datasets. In this experiment, the overall convergence behavior
norm-PRR seems to show similar trends when using different A. Note that in the previous
tests presented in Figure 3, we select A = 1. The results in Figure 4 indicate that better
performance can be potentially achieved if the parameter X is tuned more carefully.

6.4 Deep Learning for Image Classification

In this subsection, we study multiclass image classification for the dataset CIFAR-10
(Krizhevsky, 2009). CIFAR-10 contains 10 classes of images and each class contains 6,000

6. Datasets are available at http://www.causality.inf.ethz.ch/data and www.csie.ntu.edu.tw/"cjlin/
libsvmtools/datasets.
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Figure 3: Performance of PSGD, e-PRR, and norm-PRR on the nonconvex binary classification
problem (43) using different step size parameters a.

images. In this experiment, we split the dataset into nipaim = 50,000 training samples and
Ntest = 10,000 test samples. We consider standard ResNet-18 (He et al., 2016) and VGG-16
(Simonyan and Zisserman, 2015) architectures with the cross-entropy loss function (Yang
et al., 2021; Tang et al., 2021) and elastic net regularizer (Zou and Hastie, 2005):

n exp(T (w, a;) " eb)
weRd N é—i=1 Zjl.il exp(T (w,a;)Tel)

+rifwl + vefwl®. (44)
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Figure 4: Performance of norm-PRR on the nonconvex binary classification problem (43) for
different choices of A > 0.

Here, the tuple (a;,b;) is a training sample with the color image a; € R32*32%3 and the
corresponding label b; € [10]. The operator T (w, -) : R32X32X3 3 R10 which maps an image
to a ten dimensional vector, represents the neural network architecture with the weights w.
The vector e/ € R1? is a unit vector with its j-th element equal to 1. To avoid overfitting
while maintaining the sparsity of the parameters of the model, the elastic net regularizer is
applied with parameters set to v; = 107% and v, = 1074,

Implementation details. We use adaptive step sizes (ReduceLROnPlateau with initial step
size a = 0.1 in PyTorch (Paszke et al., 2019)) and set A = 10~2 for norm-PRR (in both
architectures). We train ResNet-18 and VGG-16 for 100 epochs with batch size 128 and run
each algorithm 5 times independently.

The results in Figure 5 show that norm-PRR achieves the lowest training loss. While all
tested methods reach a low training error at the end, norm-PRR seems to slightly outperform
PSGD and e-PRR. Similar trends can also be observed when considering the test error.

7. Conclusion

In this paper, we propose a new proximal random reshuffling method (norm-PRR) for
large-scale composite problems. Our approach adopts a normal map-based perspective and
uses stochastic gradient information generated through without-replacement sampling. The
obtained complexity results match the existing bounds for RR in the smooth case and improve
other known complexity bounds for this class of problems in terms of gradient evaluations.
Under the (global) Polyak-FLojasiewicz condition and in the interpolation setting, norm-PRR
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Figure 5: Performance of PSGD, e-PRR, and norm-PRR on the deep learning problem (44)
applying the same learning rate policy. The performance is evaluated on CIFAR-10
using the neural network architectures ResNet-18 and VGG-16.

provably converges to an optimal function value at a linear rate. In addition, accumulation
points of a sequence of iterates {w*}; generated by norm-PRR are shown to correspond to
stationary points of the problem. Finally, under the (local) Kurdyka-Lojasiewicz inequality,
we establish last-iterate convergence for norm-PRR and derive asymptotic rates of convergence.
Numerical experiments illustrate that the proposed method effectively maintains feasibility
and performs favorably on nonconvex, nonsmooth problems and learning tasks.
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Appendix A. Preparatory Results
A.1 Basic Mathematical Tools

In the following, we present several fundamental results concerning sequences {yg }x of
real numbers and their convergence. We start with a discrete variant of Gronwall’s inequality
(Borkar, 2009, Appendix B).

Lemma 29 (Gronwall’s Inequality) Let {ax}r, {yx}rx € Ry and p,q > 0 be given. As-
sume Yr+1 < p+ QZ§:1 a;y; for all k > 1. Then, yp41 < p-exp(q Z?Zl a;) for all k > 1.

In order to establish global convergence of norm-PRR, we will use the well-known super-
martingale convergence theorem, see, e.g., (Bertsekas, 2016, Proposition A.31).

Theorem 30 Let {yx}r, {pr}r, {qk}tr, and {yx}r C Ry be non-negative sequences. Assume
that > 22 vk < 00, Y poq gk < 00, and Yp+1 < (1 + vk)yk — Pk + qi for all k > 1. Then,
{yr}r converges to some y >0 and it follows Y p- | pr < co.

A.2 Sampling Without Replacement

In the following lemma, we restate results for the variance of sampling a collection of
vectors from a finite set of vectors without replacement, (Mishchenko et al., 2020, Lemma 1).

Lemma 31 Let Xi,...,X, € R? be given and let X := 23" | X; and 0? := 15" | || X; —
X||? denote the associated average and population variance. Let t € [n] be fived and let
Xrys-oos X, be sampled uniformly without replacement from {X1,..., Xn}. Then, we have

oo _ ciop  m—t 9 S S e
E[X;]=X and E[|X;—- X||*] = m -o°, where X, = ;Zilem.
Appendix B. Approximate Descent of the Merit Function
B.1 Basic Estimates

In this subsection, we provide two basic estimates that will be used in the derivation of
the approximate descent property of H, stated in Lemma 6.

Lemma 32 Let (F.1)(F.2) hold and let {w*}; and {z*}} be generated by norm-PRR with

A € (0, %) and step sizes {ai} CRiy. Then, for all k > 1, we have

_ L+ 1
B = () () + XA = 28,0k - |5 = 3 b - ot
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Proof First, invoking L-smoothness of f, (6), and A~!(zF+1 —wk*1) € 9p(wh*1), we obtain
(W) — g (w")
L
< (Vf(wF), w T —wh) 4 §||wk+1 — wP |2 4 p(proxy, (251)) — p(prox,,(2*))

L+
< (VH(h), whtt — of) + Bttt — w2 4

Using Fi,(2%) = V f(wF) + A71(2* — w¥), this yields
D) = (w")
< (Vf(w), ! —wk) + #Hwkﬂ — wF[? + (Fooe (%) = Vf ("), —wh)
s S S B e e L

L 1
_ [ +r )\] [F Y — w2 4 (FA(25) + AL (R 2R), bt k),

KL gkl gkt kY,

3

2

which completes the proof. |

Lemma 33 Under the conditions stated in Lemma 32, we have

IO < [1 = 28] IR M+ [+ A2 ]2 4 e

e
A2
3 [ TS ) AT A @) = V() = (@b = ) + o)

+ 22X UV (Pt — Vf(wh), eF) — 2272k, wh L — wh).

Proof Applying the definition of F and (13), we can expand F (zF*1) as follows

Frf\or( k+1) _ Vf( k+1) I )\71<2k+1 _ ,wk+1)
= Fooy(25) 4+ (V@) = V) + A7 (= 25 4 wh — o)
= [1= 5] Foue (&) + (V5 (@) = V() =AM @b+ — k) + ATk,

A
Using the L-smoothness of f, we can infer
1 For (2" )12
noyg 9
- [ 7] [ Fe (2P + |V F(wF ) — W f(wh) |2 — ﬁ(ek,wk“ —wh)

2 1= S (B (&), (V@) = W (wh) = A7 (@b — )+ a7eh)
+ 2<vf(wk+1) _ Vf(wk), )\—lek _ )\—l(wk-I—l _ wk)) +

2
noy 1
L e e &

+ 2\ (Vf(wk+1) — Vf(wk)7€k> + )\72H€kH2 _ 2)\—2<ek’wk+1 B ’wk>

k+1 k”Q k||2

p”w p”e
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2 (1= PO R (), AT S ) — D7 (k) — (- k) 4 k),

as desired. ]

B.2 Proof of Lemma 2

Proof We start with the proof of part (a). Using the definition of the error term e¥ in (14)
and the triangle inequality, we have

el < a1 Foee(2F) = Py |+akHZ Vf(wf,7f) - Vfwh, )
+OZ]<;HZ Vf(w Vf(wf)
<Y (IR (eh) — Pz )H+Lllw — ] WHZ WCREAAC]
< @Y IFn(eh) = B 4 o en > [l = 2 (45)

where we applied the Lipschitz continuity of the proximity operator, ||wf — w*|| < ||zF —
2¥|| /(1 — Ap), in the last line, cf. (8). Similarly, it holds that

H nor( Z ) nor( )H va(wf) - vf(wk) + )‘71[(25 - Zk) - (wf - wk)]H

< (LAt w427k - ) < ROk )
Combining (46) and (45), we readily obtain
le¥|| < C akz Hz — 2% where C,:= 3L—i—12_)\;\;—p = \f (47)
Based on (12), (13) and applying (46), it follows
21 = 21 = ol |iFo () + 32 [Fabe(2h) = Fougl2) + Vf(wl, w) = V]|
<dag||EA (R 4 (L+ 2071 = p)(1 = Mp)~ Oékz Hz —zkH
o] Yo [Vl ) - Vs h)]| (48)
for alli=0,...,n— 1. We now continue with the last term in the estimate (48). Setting

= ||Z; UV F(wh, k) V f(wk)]|| and using the triangle inequality, the L-Lipschitz
Contlnulty of the Component gradients Vf(-,7), i € [n], and the (1—\p)~!-Lipschitz continuity
of the proximity operator prox,,, it holds that

HZ i w’?,ﬂ’?)—w(wf)}”

<Z [V (wy, 75) = VI (b, 7)) + IV f () = VF(w)]] + T (49)
2L
< 2LZ —wF| T < 5 v jzluz]’? — 2 T
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Hence, combining (48) and (49), we can infer
/L‘ .
Iy 24 < e [l EM GO+ C 1 - AT Viel-1  (50)

Consequently, summing the term ||z¥ — z¥|| from i = 1 to n and using (50), we obtain

n n—1
Zilezf -2 = Z szkﬂ ol
n—1
<Cakzz 12; 1”2 _Zk”JFO‘kZ HOT )H+T]
TL( ) n—1
<oy k=2 + N Fper () + e Y

Rearranging the terms in the previous inequality, it follows

2

n n<—n n— IT
Zi:1‘|zz{€_zkH < ak’[ H nor( )H"‘E ]_ |: 2H nor H+2Z }7

1 - Crnay

where the last line is due to Cynag < % Inserting this estimate into (47), we obtain

k 2 2k "
ek < C Oék{ 1P N +2 Tz]'

Taking squares on both sides of this inequality and using (Egzl a;)2 <j Z{Zl a? with j = 2
and j =n — 1, this yields

4112 < 2C2a [t F, ()P + a(n = )3 12 (51)

Thus, noticing that T? < iZ?:1|]Vf(wk,j) — Vf(w*)||> = ino? and Z?:_lli = w, we
finally obtain
¥ < 2CTn g [[| For (2°)|1* + 2077

We continue with the proof of part (b). Taking the conditional expectation Eg[-] in (51),
we have

By [lleh]?) < 220 [ (P + 4(n — )3 Y] (52

According to Lemma 31, it holds that

-5 |5 st - rh|f]

- MZLHW(W) — V@b =

i(n—i)o} no?

n—1 —4(n-1)

Using this in (52), it follows Eg[[e*|[2] < 2C2nad[||FX, (M) ]2 + %]. n
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B.3 Proof of Lemma 5
Proof Applying Lemmas 32 and 33, it follows

HT(ZIH-I) o HT(Zk)

" -
< % o X Hwk—i—l _ wkH2 + <Fri\or(zk) + /\—1(Zk+1 _ Zk),wk+1 _ wk)

L 2 ]

+ 7[\IF$or(zk“)\|2 — | Eaor (Z0)11%)

" -
< ;rP -5 o+ — |2 4 (FA(25) 4 AL = o) - A Trek bt k)

2 _—%2_ N N o kY kD k

I O I |-G R (R I N

no
7 [1 = B (B ) MV @) = Vb)) + )
TA _ T
+ 5 L+A Pl — wh|? 4 (VM) = Vf(wF), e") + 5”6’“!\2
noy

= —rna |1 = 58| B ()2 4 (BF bt — )

7 [1 = B (B ) AV L@ = Vb)) + F) + (T () = Tf (), )

Lr(LA+2)+(L+p) 2—7
5 . o ”wk+1 . wkH27

T k2
+ ol | (53)

where h¥ 1= F (zF)+ A7 (2P —2F) — 7[1 — 296 F2 (2%) — A1 7eF. Furthermore, according

to the definition of F} and e* in (13) and (14), we have

nor

1 T
R = (1 7) Flu() 4 £ (5 = 28 = T [k — man (2]
1—-7 1 1 1—7
—(1_ b R+l ky 1y |2 okl ey, 2T Tk
=(1—-71)F5, (%) + \ (2 2)=(1-7) [)\ nak](z z)+nake.
Inserting this expression into the estimate (53), we obtain
H (M4 = Hy () (54)
Nk | oA (k12 Voo ek kb by T kg2
< _ _ R —_(1— - _ _ _ -
< —rnay [1 = S| I1F ()2 = (1 = 7) [nak J (=2 bt —wh) 4+ e
+ LT(L)\+2)+(L+p) o 2-7’ ||wk+1—u)k||2—|— 1_T<ek,wk+1—wk>
2 2\ noyg
na
+ VL) = V), &) 4 [1 = ZEE (L) AT FhY) = V) + ef).

We now estimate and bound the different terms appearing in (54). First, due to 7 € (0, 1)
and nay, € (0, ) for all k, the coefficient in front of the inner product (zF+1 — 2% w1 — k)
is negative. Hence, using (8), we have

_(Zk—H _ Zk,’wk—H _ wk) < _(1 _ )\p)Hwk—H _ wkHQ.
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Applying the Cauchy-Schwartz inequality, the Lipschitz continuity of V f, Young’s inequality—
(a,b) < 5llall* + £[|b]|?, a,b € R? and e > 0—(with a = wF? —w*, b=e" and e = 1), we
further obtain

L L
(VI = V), ") < Lwt —wbfllef] < Sl —wf? + Sl

and, similarly, (e¥, wF*! — wk) < L||wh T — w||2 4 $||e¥||2. Moreover, setting a = F7y.(2),
= MV f(wkt!) — Vf(w¥)) and € = nay in Young’s inequality and applying the Lipschitz
continuity of V f, it holds that

nak

2
(Foor (Z), MV F (M) = V f(wF))) < 5| Fron (25) 1 + QQ%IIVf(wk“) — Vf(wh)|?

nak

/\

L2A2 i
%Hw o w HQ-

| /\

I Foe ()17 +

Repeating this step once more with a = Fy.(2%), b = e¥ and & = 25& | we have (Fj,.(2"), ¥) <

nek || Fne (ZF) |17 + o —L_||e¥||2. Plugging these different estimates into (54), we can conclude
HT(Zk+1) o HT(Zk)
nop 3 noy
< —rnan. |1 = 3 (1= ") | IR PP

T 1—7 Lt T noy k2 Lr(LA+2)+(L+p) 2—7
L (2 Bk _
+[2)\+2nak+2+nak< A)]He”Jr[ 2 2\

11\ 1-7 Lr L2
—(1—7)(1—/\p)<—>+ S+ T(l—wﬂﬂwkﬂ—wkHQ

nog A 2nog 2 2no A
_ Tnoy nak k112 1+7 E_i k2
o e | R

g_ﬁ_L—i—p_T—i—Q/\p(l—T)_(1—7‘)(1—2)\p)—L2/\27' w1 — wh|?
2 2 2A nay, v Wi

By assumption, it holds that A\p < % and we have 7 = Wﬁ% < % We then may infer

2 2 2\ 2nog — 4 dnoy,

slr Ltp (1=2)7+20p (1-7)(1—-2Xp) -L*N°7 5L 1

147 Lt 1
and 2nay, + 2 2 < 4nak

5L 1 1
4 dnoy, < " 8nay
estimate, we finally obtain

+ 4 The ch01ce of the btep sizes {ay}x implies = 5L < and

— 8no¢

hence, it follows and 4m +L 1< 7ar . Using these bounds in the previous

1 Tno no 1
k k k k k k k k
HA() = Ho(29) gt — | < =8 [ S LR (M) P + et

as desired. ]
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Appendix C. Global Convergence: Proof of Theorem 12

Proof Invoking Lemma 6 (a), we have

TTLOék

H: (") < H (%) — 1 For (=) 1% + Dag,

where D := n?A(n®Y % a?) < co. Thus, the sequence { H,(2*)}}, satisfies a supermartingale—
type recursion. Consequently, applying Theorem 30 and using the lower bound H,(z*) >
Y(w*) > 4y, (as stated in assumption (F.3)) and the condition Y 32, o < oo (as stated in
(21)), we can infer H,(z*) — 1, k — oo for some ¢ € R and

o0
k
S aull B < . (55)
Due to > ;2 1o<k = 00, this immediately implies lim infg_, || nor( )| = 0. In order to show
limy, o0 [|F2(2%)|| = 0, let us, on the contrary, assume that {||F,(2%)|/}x does not converge

to zero. Then, there exist € > 0 and two infinite subsequences {t;}; and {¢;}; such that
tj <tj <tjir,
DN =26, [Fan(z9) <e, and  [[F (")) > € (56)

‘ ‘ I'IOI‘

forall k =t;+1,...,¢; — 1. Combining this observation with (55), this yields

Y2 s 257 b1
OO>Zk k| Froe () Zezjzlzkztjak’

which implies lim; o, 5; := Ef;j;t;ak = 0. Next, applying the triangle and Cauchy-Schwarz
inequality, we obtain

k+1 kH]

HZJ_ZJH<Zk t\/*|:||z =

21 ”Zk—i-l _ Zk:HQ k+1

1 9 1
<[ DT s v [T
Using the recursion (13) and Lemmas 2 and 3, we further have
S A =P <23 ek P (R 1P + o ek
<2)" " (0 + Cntad)ar|[ F (1) + Cntado)
< 2(n? + C”25‘2)Z:O: apl| FAL ()12 + 2DnZZ°:1a2 < oo,

where the last line is by (21), (55) and Co? < A(n? Y 7%, ) = n% (cf. Lemma 6 (a)). Hence,
taking the limit j — oo in (57), it follows

[N

limj o [[2% — 2% = 0.
Moreover, applying (56), the inverse triangle inequality, and (46), it holds that

. , L+22 "t —p, , ,
€< ‘H nor( )H H nor( )H’ < H nor ) Fri\or( K )H < ﬁ”z& - Zt]H'
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Taking the limit j — oo, we reach a contradiction and thus, we conclude limy,_, o | F2\, (2%)]| =
0. Finally, recalling H, ( R) i= (k) + 27| FAL(2%)]] and H,(2%) — 9, we have

Y = lim HT(zk) = lim w(wk) + lim H Ilor( k)|| = lim w(wk).
k—oo k—o0 k—o00 k—00
This completes the proof. |

Appendix D. Strong Convergence
D.1 Proof of Lemma 19

Proof By the definition of the normal map, we have z¥ = AF (%) +w® — AV f(w*). Since
F2 (%) — 0 (cf. Theorem 12) and {w"}, is bounded, we can conclude that the sequence
{#*}, is bounded. This verifies (a).

The inclusions A, C {z: F},(2) = 0} and A,, C crit(¢) follow directly from Theorem 12.
Next, let @ € A, with w’ — @ be arbitrary. Then, we have z%* — @ — AV f(w) =: Z and
w = limg_0 prox)\ip(zf’“) = prox,,(z). Conversely, let w = prox,(z) with z € A, be given.
Thus, by definition, there is z* — Z and using the Lipschitz continuity of the proximity
operator, it holds that ||w’ — @] = Hprox/\‘p(zzk) — prox,,(2)[| < | 2% — 2||/(1 — Ap) — O.
This verifies w € A,, and finishes the proof of part (b).

For part (c) and due to the structure of A4,,, we may pick some arbitrary z € A, and
w € Ay with w = prox,,(2). Let {{;} be a subsequence such that 2% — z and w' — .
Applying Theorem 12, we conclude (w*) — 1) € R. Since z Y(prox,,(2)) is continuous,
we further have ¥ = limy, oo w(proxw(zek)) = ¥(prox,,,(z)). This implies limy_, o 1 (w kY =
Y(w) = ¢ for all @ € A,. Finally, we have H,(2) = ¢(w) + Z|FX.(2)]|? = ¢(w) = 1 for
all 7 > 0, i.e., H; is constant on A,. [ |

D.2 Proof of Theorem 21

Proof The properties in Lemma 19 allow us to apply the uniformization technique in (Bolte
et al., 2014, Lemma 6) to the KL- type inequality derived in Lemma 18. Specifically, there
ex1st(,c>0 7 € (0,1], and9€[ 1) such that for all z € A; and z € V; , ={z e R?:

dist(z,A.) < (}N{z € R%: 0 < |H(2) — 9| < H}, we have

& B > Ho(2) = 91 > [He(2) = 9,

where ¥ := max{0, £} and ¢ = ¢(w) = H,(2) (for all z € A,). Setting py(s) := &5 st
this can be written as B
0y(|Hr(2) = ¥l) - | Faoe ()] = 1. (58)

Since dist(2*, A,) — 0 and H,(z¥) — 1), there exists k& > 1 such that z¥ € Vi forall k> k.
Applying Lemma 6 (a), it holds that

Tnak 1
HT(ZkJrl) < HT( ) H nor( k)H2 - M”wk+1 - wkH2 + Dazv
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where D = n3A(n?Y % a3) < co. Defining uy, := ) _ka and adding ug1 on both sides
of this inequality, it follows

Tno
Ho (M) 4wy < He(2F) g — k

1
oo (ZEIP = o™+ — w2, (59)
8nay

In the following, without loss of generality, let us assume 2* ¢ A, or uy, # 0 for all k > k. Let
us set 0y, := 09(H(2*) — 9 + ug). Due to the monotonicity of the sequence {H,(2*) + uy
and H,(2%) +wuy, — 1, 0y is well defined as H,(z¥) — 1 +ug, > 0 for all k£ > 1. Hence, for all
k > k, we obtain

O — Og1 > 0 (Hr (2F) — b+ up) [Hy (27) 4+ up — Hp (2" — ugyq]
> oy (|Hr(2%) = 9| + up) [He (2%) + ug — Hy (2F7) = ]

- TTLOék
> 0y(|Hr () = 0l un) | = ()P + o[ — )
TnakH nor( k)||2‘j‘ﬁ”wk+l_wk“2 nakH nor( k)HQ 2m |’wk+1_wk||2 (60)
[ (IHF(2%) =)™t + [h(we)] ™t~ 4 awllFoor(ZP)] + onloy(ue)] =17

where the first inequality uses the concavity of gy, the second inequality is due to monotonicity
of s — oly(s) = és7?, the third inequality is from (59), the fourth inequality follows from
subadditivity of [0} (s)] ™} —i.e., [0)y(s1+ s2)] 7 < [y (s1)] 7 + [0y (s2)] 7! for all s1,89 > 0—
and the last inequality applies the KL inequality (58). Rearranging the terms in (60), this
further yields

40 — Ok+1)

R [ | e () + e[ ()] )

1 1 2
k k k k: k
P 4 o ()P 2 g [ o ! = | B ()

for all k > k, where we used a? + b% > (a + b)?/2. Multiplying both sides of (61) with 8 and
taking square root, we obtain

(61)

> o2 I

2 a4 2 B < O] ot )+
< SO 0) | () + ol ue)] ™ (62)

where the last inequality is due to the AM-GM inequality, Vab < (a +b)/2. Summing the
inequality (62) from k = k to T, we obtain

T =t Yl B < SR S e (69

Since gy is continuous with py(0) = 0, we have d741 — 0 as T'— oo. In addition, by (31)
and using ¥ > &, it follows Y >z [0y (ug)] 7t = e zaul < co. Thus, taking the limit
T — oo in (63), it holds that

[o.¢] (o)
k
S il EA P <00 and 30wkt b < oo
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The second estimate implies that {w*} has finite length, and hence it is convergent to some
w*. Finally, by Theorem 12, the limit w* is a stationary point of . |

D.3 Proof of Lemma 28
Proof Similar to (46), we have

k+i) L+2>‘_1 _pH k+i

— 2F ;> >1. 4
Froe()] < Y M Vi>1landk>1 (64)

” nor(

Applying Lemmas 2 and 3 and max{||F_(2%)||?, ¥(w") — ¢y} < P, it further follows
ekl < VEn2a (| Fooe (9|2 + 2L [ (w) — vn))? < /CPRL+ 1)naf. (65)

Setting C; := y/C(2L + 1)n, the update rule (13) and the estimate (65) imply

. i—1 . i—1 .
[ =2k <0 377 sl ()l + Y0 ek
Sk -1 k+j
<0 [IEM G + D2 arrilEon(24) = E()] + QP 37 o

where the last line is due to Z %) aptj <. Defining Cy:= (1 — Ap) " (L+ 22" — p)n and
combining the previous estlmates we obtain

k —1y ki
1 F 7o (M) < Cpn IR =2

% i—1
<Y il En () = FA) + € [l M)+ CVR ST o]

( k:-H) FA

nor

We now apply Gronwall’s inequality (Lemma 29) upon setting Q := Cymax{1,C;},
i-1
b= QCH nor( k)” =+ Q\/E ijo ai—i—jv q = Qa aj = Qf1j,

y] = H nor(zk+]) Fri\or(

#)||, and ¢ := i — 1. This establishes the following upper bound:

(1) — En(H)] < Qesp(@0) [sI BRI+ VP Y21 o).

[patee
Noticing ¢ > 0 and Qg exp(Qg) < % (per assumption), we can infer

e ()| < 1 For (2°F7) = Fon ()| + | Fron (259

k VP il
5” nor( )H—i_H nor( +z)||+ 2% Z]’:O Q-

Rearranging the terms yields || nor( k“)H Z] —0 akﬂ > 2|| nor(

F)||. Taking square
1
and using a” +b? > 3(a+b)?, we have [|Fy,, (2 k“)H2 + 22 (Xm0 0y)* 2 Sl E ()2 m
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D.4 Proof of Theorem 24: Rate of {w"},

Proof In this section, we complete the proof of Theorem 24 and provide rates for the
iterates {w*}z. Applying (63) with 7' — oo, we have

V2o * V2 & it+1 i 80k & / -1
WHM —w'f| < Wzi:kllw i< — Zi:kai[gﬂ(“i)] ; (66)
for all k > k, where 8 := 09(71), 0s(s ) 555177, and ¥ € [max{3,60},1). (As argued in

the first parts of the proof, due to w* — w* and z¥ — 2*, we can directly work with the
KL exponent # and adjusted constant ¢ instead of using the uniformized versions 6 and ¢).
Hence, based on the rate for {r}; and using R(v,7) < R(¢,~) and Lemma 22 (b), we have

o = O(1/KI=IROD) and 3 aufoly ()]~ :O<kaaiuf) = O(1/kB=D9=0-7),

Note that the adjusted KL exponent ¢ Can be selected freely. Thus, we may increase it to
ensure ¥ > 3 = such that 32, [0y (us)] ™! — 0 as k — co. Hence, provided ¢ > 35—, the

convergence rate for {w*}y is
Jw® — w*|| = Ok~ CPM)  where Q(¥,7) := min{(1 — 9)R(Y,7), (3y — 1)J — (1 —~)}.

We observe that Q(J,7) = 3y —1)9—(1—~)if J € (37_17 5 1] and Q(9,7) = 4(1*21919)(11*7) if
S (ﬁ, 1). This means that the mapping Q(-,~) is increasing over the interval (s—% 3 x, ?WV 7]
and decreasing over (3 1 1). Therefore, we can choose ¢ in the following way to maximize
Q(¥,7): when § < 315, set J = 1; otherwise, set ¥ = #. In summary, we obtain

2y — 1 if 0 € [0, =2~]
[w* — w*|| = Ok Fw@))  where Ry(6,7) = o

UDU=D g g e (324,1)

and R, (6, )flwhenfyflﬁe[of]aunda>16C [ |
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