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Abstract

We consider deep neural networks in a Bayesian framework with a prior distribution sam-
pling the network weights at random. Following a recent idea of Agapiou and Castillo
(2024), who show that heavy-tailed prior distributions achieve automatic adaptation to
smoothness, we introduce a simple Bayesian deep learning prior based on heavy-tailed
weights and ReLU activation. We show that the corresponding posterior distribution
achieves near-optimal minimax contraction rates, simultaneously adaptive to both intrinsic
dimension and smoothness of the underlying function, in a variety of contexts including
nonparametric regression, geometric data and Besov spaces. While most works so far need
a form of model selection built-in within the prior distribution, a key aspect of our ap-
proach is that it does not require to sample hyperparameters to learn the architecture of
the network. We also provide variational Bayes counterparts of the results, that show that
mean-field variational approximations still benefit from near-optimal theoretical support.

Keywords: Bayesian deep neural networks, fractional posterior distributions, heavy-
tailed priors, Variational Bayes, overparametrized regime.

1. Introduction

The last decade has seen a remarkable expansion of the use of deep neural networks (DNNs)
through a broad range of applications such as imaging, natural language processing, inverse
problems to name a few. In parallel to this spectacular empirical success, theory to provide
understanding of the performance of these methods is emerging. Among the key elements
playing a role in the mathematical and statistical analysis of DNNs are their approximation
properties (e.g. Yarotsky (2017); Schmidt-Hieber (2020); Kohler and Langer (2021)), the
choice of parameters in particular the network’s architecture, and the convergence of the
sampling or optimisation schemes (e.g. gradient descent, variational criteria etc.) involved
in the training.
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Using a Bayesian approach for inference with deep neural networks is particularly ap-
pealing, among others for the natural way to quantify uncertainty through credible sets of
the posterior distribution. A first contribution on theoretical understanding in this direc-
tion is the work by Polson and Rockové (2018), who show, building up in particular on
the approximation theory derived in Schmidt-Hieber (2020), that assigning spike-and-slab
prior distributions to the weights of a DNN with ReLU activation leads to a near-minimax
posterior convergence rate in nonparametric regression. While from the mathematical per-
spective spike—and—slab priors can be seen as a form of theoretical ideal, they can suffer from
a particularly high sampling complexity; indeed, sampling from the associated posterior dis-
tributions often faces combinatorial difficulties, as one needs to explore a high number of
possible candidate models. While a possible answer, as we discuss in more details below, is
to deploy a Variational Bayes (VB) approximation, it is particularly desirable (and even if
VB is chosen as an approximation) to develop simpler prior distributions, that still retain
most mathematical properties but are easier to implement in practice.

A number of recent contributions have considered prior distributions beyond spike—and-—
slab (SAS) priors for the DNN’s weights. From the theoretical perspective let us cite the work
by Lee and Lee (2022), who broadens the results for SAS of Polson and Ro¢kova (2018) and
considers a class of shrinkage priors (whose characteristics depend on smoothness parameters
of the function to be estimated); the work by Kong et al. (2023) considers masked Bayesian
neural networks, where the ‘mask’ determines the position of zero weights, and which allows
for more efficient reparametrisation in view of computations compared to SAS posteriors.
The preprint Kong and Kim (2024) uses non-sparse Gaussian priors on weights, building on
the approximation theory of Kohler and Langer (2021). From the algorithmical perspective,
the work by Ghosh et al. (2019) considers using horseshoe priors on weights. More discussion
on the previously mentioned priors and their relation to the present work can be found in
Section 4 below.

Let us mention also two lines of work in Bayesian deep learning that are somewhat
different from our approach but with natural connections, in particular in terms of the
tails of the distributions arising in the networks. The first considers DNNs in the large
width limits, following seminal ideas of Neal (1996): using Gaussian priors on weights,
Sell and Singh (2023) use the approximation by a Gaussian process obtained obtained in
large width to propose posterior sampling schemes; the work by Lee et al. (2023) instead
considers the large width limit with heavier-tailed distributions on weights, obtaining a
mixture of Gaussian processes in the limit. The second line of work has no activation
functions involved, but models directly random functions accross layers, which leads to
deep Gaussian processes as introduced in Damianou and Lawrence (2013) and recently
investigated in terms of convergence by Finocchio and Schmidt-Hieber (2023) and Castillo
and Randrianarisoa (2024).

Variational Bayes is a particularly popular approach in machine learning and statistics,
where the idea is to approximate a possibly complex posterior distribution by an element of a
simpler class of distributions, effectively requiring to solve an optimisation problem, see e.g.
Blei et al. (2017). This is a method of choice for approximating posteriors in deep neural
networks, with a statistical-computational trade-off through the choice of the variational
class, which is often taken to be mean-field, thereby requiring a form of independence along
a certain parametrisation. Following general ideas from Alquier and Ridgway (2020) (see
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also Yang et al. (2020); Zhang and Gao (2020)), the work by Chérief-Abdellatif (2020) proves
that taking a mean-field variational class combined to the spike-and-slab prior of Polson and
Rockovéa (2018) leads to a variational posterior that converges at the same near-optimal rates
towards the true regression function. Simulations using stochastic gradient optimisation for
this variational posterior, and some extensions, are considered in Bai et al. (2020). Using
simpler sieve-type priors on DNNs but requiring a form of model selection, the work Ohn
and Lin (2024) considers adaptation within a family of variational posteriors.

For more discussion and further references on Bayesian deep learning we refer to Papa-
markou et al. (2024), Alquier (2024), Castillo (2024), Chapter 4, and to the review paper
Arbel et al. (2023).

Let us now turn to a summary of the contributions of the paper. We prove that putting
a suitably rescaled heavy-tailed distribution on deep neural network weights leads to an
optimal rate of convergence (up to logarithmic factors) of the corresponding posterior dis-
tribution in nonparametric regression with random design. The best rate is automatically
attained without assuming any knowledge of regularity parameters of the unknown regression
function, achieving in particular simultaneous adaptation to both smoothness and intrinsic
dimensions when the regression function has a compositional structure with effective in-
trinsic dimensions (typically) of smaller order than the input dimension. We derive similar
results for scalable (mean-field) Variational Bayes approximations of the posterior distribu-
tion; each coordinate of the VB approximation has only two parameters to be fitted, one for
location and one for scale.

To help putting the results into perspective, we note that many fundamental statistical
results so far on DNNs are often stated with an ‘oracle’ choice of the network architecture:
for wide and moderately deep DNNs for instance, if the network width is well chosen in terms
of both smoothness and dimensionality parameters, Schmidt-Hieber (2020) and Kohler and
Langer (2021) show that an empirical risk minimiser on neural networks of the prescribed
(oracle) architecture achieves a near-optimal minimax contraction rate for compositional
classes. Similarly, Suzuki (2018) shows that deep learning methods are ‘adaptive’ to the
intrinsic dimension for anisotropic smoothness classes, with adaptation meaning here that
the achieved rate depends only on the intrinsic dimension (as opposed to the input dimen-
sion); however the results are achieved with a network architecture that still depends on the
smoothness and intrinsic dimension parameters, which are typically unknown in practice.
Building up on the seminal approximation results of the just cited papers (as well as Nakada
and Imaizumi (2020) for data on geometric objects), we show that well-chosen heavy tailed
weight distributions enable one to obtain statistical adaptation, simultaneously in terms of
smoothness and dimension parameters, using Bayesian fractional posterior distributions or
their mean-field variational counterparts. Beyond classes of compositions in nonparametric
random design regression, to illustrate the flexibility of our method we consider two other
applications: geometrical data through the use of the Minkowski dimension as in Nakada
and Imaizumi (2020) and anisotropic classes as in Suzuki and Nitanda (2021). For both
we show that simultaneous statistical adaptation is achieved for fractional posteriors and
mean-field VB.

Outline of the paper. In Section 2, we introduce the statistical framework, deep neural
networks, and the proposed method; the heavy-tailed prior distribution on network weights



CASTILLO AND EGELS

is defined, as well as the fractional posterior distribution and its variational approximation.
In Section 3 we present our main results, declined along three settings: compositional classes
in Sections 3.1-3.2, geometric data in Section 3.3 and anisotropic classes in Section 3.4; in
each setting results are derived for the fractional posterior distribution, and a mean-field
VB approximation. in Section 3.5, we discuss the impact of the network architecture, par-
ticularly its depth. Then, we also explore extensions of our results in multiple directions:
in Section 3.6, we consider the choice of activation function; in Section 3.7, we address
the question of knowledge about the noise variance; and in Section 3.8, we examine the
case of the standard (non-fractional) posterior. Section 4 contains a discussion on possible
choices of prior for Bayesian deep neural networks, discussion on sampling and algorithms
and future work and open questions. Section 5 contains the proof of the main results. The
Appendix includes a number of short technical lemmas, a lemma on bounds of weights of
neural networks and proofs for all possible extensions of our main results.

Notation. For any real number 3, let |3] be the largest integer strictly smaller than f.
We write the set of positive real numbers as Rsg. For any two sequences we write a,, < by,
for inequality up to a constant and a,, < b, whenever a,, 2 b, is also satisfied. For two real
numbers a, b, we write a V b = max(a,b) and a A b = min(a,b). For " > 1 an integer, [T
denotes the set of integers {1,...,T}. For 1 < p < oo, we denote | - |, (resp. |-||,) the

P (resp. LP) norms and | - ||z»(,) When we want to specify the integrating measure, say .

For d > 1 an integer, F > 0 and D C R?, let Cg(D,F) be the ball of d-variate S-Holder
functions

CﬂDI%:jﬂDCW%R:Zﬂ%Nw+§:SWMM@%WW@”SF

5 14]
k<8 k=181 =¥EP 1w =yl

Elements of this ball have all their partial derivatives up to order |3] bounded, and their
partial derivatives of order |3| are (8 — |5])-Holder-continuous. We denote by KL(P, Q)
and D, (P, Q) respectively the Kullback-Leibler and Rényi divergence of order o between
probability measures P and @ (see Appendix A for their definitions).

2. Bayesian deep neural networks

Let us now introduce the notation and statistical framework used to express our results.

2.1 Statistical framework

We consider the nonparametric random design Gaussian regression model with possibly
large (but fixed) dimension d > 1: one observes n independent and identically distributed
(iid) pairs of random variables (X;,Y;) € [0,1]¢ x R, 1 < i < n, with, for 79 > 0,

Y; = fo(Xi) + 10&:. (1)

The design points (X;) are iid draws from a distribution Px on [0,1]¢ and, independently,
the noise variables (&;); are iid with N (0, 1) distribution. From now on and unless stated
otherwise we assume for simplicity that 7y is known and take 79 = 1. In Section 3.7 we
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extend our results to the case where the noise level 7 is unknown. The function fy belongs
to a parameter set F of functions to be specified below. Writing Py, for the distribution
of (X1,Y1), the joint distribution of the observations (X,Y) := {(X;,Yi);} is P}%m. The
inferential goal here is to recover the ‘true’ function fj from the observed data (X;, Y;);, and
our contraction rate results will be given in terms of the integrated quadratic loss

1o = FllZa(pyy = /(fo — f)*dPx.

The minimax rate of estimation of a S—smooth function fp, in the Holder sense say, in
squared-integrated loss in this model is known to be of order n=2%/(28+d)  which suffers
from the curse of dimensionality, as this rate becomes very slow for large d unless fy is very
smooth. In recent years regularity classes based on compositions of functions have emerged
as a benchmark for the performance of deep learning methods: indeed, these classes enable
to model smaller effective dimensions compared to the input dimension d, with optimal
rates, to be described in more details below, that only depend on the intrinsic dimensions
at the successive steps of the composition.

Compositional structure. Let ¢ > 1 be an integer, K > 0, d = (do,...,dg+1), t =
(to,...tq) vectors of ambient and effective dimensions such that ¢; < d; and 8 = (5o, ..., 5q)
a vector of smoothness parameters. Following Schmidt-Hieber (2020), define a class of
compositions as

G(g,d,t,8,K) := {f =gg0 990 1 gi = (Gij)jeldira) * [@ir i)™ = [aig1, biga]

9ij Ecgi([aiabi]tivK)a |al‘7|bl’ SK}a

where we denote with a slight abuse of notation Cg ‘ the Holder ball of functions g;; :
[ai, bi]% — R that can be written

Gij (21, -, za;) = hij(2q,, - - .,zqti),

for {q1,...,q:,} a subset of ¢; indices among {1,...,d;} and h;; : [a;,b;]" — R a Hélder
function. We also set dyg = d and dy41 = 1 (for an alternative definition, see also Finocchio
and Schmidt-Hieber (2023)). Let us emphasize that even if the g;;’s take as input a vector
of size d;, the value of the output depends on at most ¢; < d; variables, which allows one to
model low-dimensional structures. We further note that a function fy from G(q,d,t, 3, K)
does not have a unique decomposition as a composition of g;’s. This is not a concern here,
as we are solely interested in estimating fy and not g;’s themselves. Many models, such
as additive models and sparse tensor decompostions, fall within this framework, see e.g.
Schmidt-Hieber (2020), Section 4, for more discussion.

The minimax rate of estimation of fy over the above compositional class, in terms of the
quadratic loss as defined above turns out to depend only on the effective dimensions ¢; and
‘effective smoothness’ parameters, for 0 < i < g,

q

Bt =8 [ Ben). (2)

k=i+1
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An intuition behind this is that Hélder regularities larger than 1 cannot in general ‘propagate’
through inner layers of composition to make the overall Holder smoothness larger than
individual regularities of the components, but regularities smaller than one can decrease the
overall smoothness.

Schmidt-Hieber (2020), Theorem 3, shows that if ¢; < min(dp, ..., dgy1) for all 4, then

__A
¢, = max {n 2BiHt } . (3)

0<i<q

is a lower bound for the minimax rate of estimation in the regression model for compositional
functions and squared-integrated loss.

2.2 Deep ReLU neural networks

The rectified linear unit (ReLU) activation function is defined for any real z as
p(x) := max(0, ).

When z is a multi-dimensional vector, we simply apply p coordinate—wise. Throughout most
of this paper we focus on DNNs with ReLLU activation as it is one of the most commonly
used and studied activation functions in deep learning. We provide a simple way to extend
our results to other smooth enough activation functions in Section 3.6. Let L > 1 be an
integer and r = (rq,...,rz+1) € NET2) we say that a function f : R™ — R+ is the
realisation of a ReLU neural network with architecture (or structure) (L,r) if there is a
family of matrix-vectors {(W;, v) }ie(r41], with (W, v) € R™*7-1 x R™ such that

f:AL+1OpO"'OpOA17 (4)

where A; is the affine map y — Wjy 4+ v;. Here L and r are respectively called the length
(or depth) and the width vector of the network architecture. Here we take the convention
that the composition in (4) ends with an affine transformation with a shift (as in Kohler
and Langer (2021)) and not simply a linear one. The network weights are the entries of the
matrices (W;) and shifts vectors (v;) of the successive layers. The total number of weight
parameters of a network with architecture (L, r) is

L L+1

T=T(L,r):= Z Tirie + Z 7. (5)
=1

=0

Let 0 := (Or)1<k<T € R” be a vector containing all the network weights written in a given
order (the choice of the order does not matter, but is fixed once and forall). Given a family
of matrices-vectors {(W;, vy) }ie(z41] specifying a neural network, to simplify the notation it
is sometimes easier to consider the shift vector v; to be the 0-th column of W; so that the set
of parameters is (0 : k € [T]) = (I/Vl(”) cleL+1], (4,7) e {1,...,m} x{0,...,m—1}).
This is made rigorous from the fact that

s Wy sy

o) W ey 2(r11)
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The set of networks F(L,r) of architecture (L,r). Let F(L,r) be the set of all realisations
of ReLU neural networks with structure (L,r), for L > 1 a given depth and r a vector of
widths. Also define F(L,r,s) as the set of realisations of neural networks that have at most
s active parameters, that is F(L,r,s) := {f € F(L,r), #{k € [T]; 0 # 0} < s}, with #S
the cardinality of a finite set S.

2.3 Heavy-tailed priors on deep neural networks

Frequentist analysis of tempered posteriors. The reconstruction of fj from the data (X, Y;);
given by the regression model (1) will be conducted through a (generalised—) Bayesian anal-
ysis. From a prior distribution IT on a (measurable) parameter space F containing fy, given
a € (0,1), one can construct a data-dependent probability measure on F called tempered
posterior distribution, given by, for any measurable A C F,

II.JAIX. Y] := fA e 2 ?:1(Yi—f(xi))2dn(f)
a[ | ) ] = = ’.l:l(Yi—f(Xl.))de .
fee (/)

(6)

Setting a equal to 1 in the last display leads to the classical posterior distribution, the
conditional distribution of f given X,Y in model (1), when f is equipped with a prior
distribution II. Here we (mostly) work with a tempered (or ‘fractional’) posterior instead,
which corresponds to rising the Gaussian likelihood to a power «, here taken to be smaller
than 1, which effectively downweights the influence of the data; a result for the classical
posterior (o = 1) and an augmented prior is discussed in Section 3.8. Tempered posteriors
are particular cases of so-called Gibbs posteriors, where the (log—)likelihood is itself replaced
by a user-chosen empirical quantity; both objects are particularly popular in both machine
learning and statistical applications, see e.g. L’Huillier et al. (2023) (or the more general
references Ghosal and van der Vaart (2017); Alquier (2024)) for more discussion. The reason
we consider fractional posteriors with a < 1 is mainly of technical nature and related to our
choice of prior below; we refer to the discussion in Section 4 for more on this.

To analyse the convergence of the fractional posterior distribution, we take a frequentist
approach, which means that we analyse the behaviour of II,[-| X, Y] in (6) under the as-
sumption that the data has effectively been generated according to model (1) with fy a fixed
‘true’ regression function. The goal is then to characterise the rate at which the fractional
posterior distribution concentrates its mass around the true function fy (if at all). It turns
out that a sufficient condition for this is, for contraction in terms of a Rényi-type diver-
gence, that the prior distribution puts enough mass on a certain neighborhood of fy (see e.g.
Bhattacharya et al. (2019), L’Huillier et al. (2023) and references therein); the version we
use in the present paper can be found as Lemma 17 in Appendix A below. For more context
and references on general theory of frequentist analysis of (possibly generalised—) posterior
distributions, we refer to the book by Ghosal and van der Vaart (2017) and the monograph
Castillo (2024).

Known upper-bound on fo. Asis common in the analysis of deep learning algorithms, we
assume for simplicity that an upper-bound Mj on the true regression function fy is known:
Il folloo < Mp. Our results continue to hold in slightly weaker form if this is not the case.
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Heavy-tailed priors on network coefficients. For a given depth L and width vector r, we
define a prior distribution on F(L,r) as follows. Importantly, in our method, the choice of
L,r are deterministic and given in (11), (12) (or (13)) below.

Let T be the total number of parameters in the network, and recall the notation [T'] =
{1,...,T} and that we order network parameters in a fixed arbitrary order. The heavy-tailed
prior samples the network coefficients as

Vke[T], Ok =0k, (7)
e where the scaling factors oy, for k € [T] are positive real numbers to be chosen below;

e the random variables (;’s for k € [T] are independent identically distributed with a
given heavy-tailed density h on R that satisfies the following conditions (H1) to (H3):
there exist constants c¢1,cs > 0 and x > 0 such that

(H1) h is symmetric, positive, bounded, and decreasing on [0, +00),

(H2) for all z > 0,
log (1/h(x)) < c1(1+1og' (1 + ),

(H3) for all z > 1,

H(z) = /+OO h(u)du < %2

Let us now give typical examples for (o) and h as well as some intuition behind this choice of
prior. The conditions on A accommodate many standard choices of densities with polynomial
tails, such as Cauchy and most Student densities: all these verify (H2) with k = 0 for a
sufficiently large constant ¢; > 0; a typical possible choice of o} allowed in all theorems
below is exp(—logZ*9 n) for § > 0, independent of k (i.e. one takes this same value for
all network coefficients), with a decrease in n just slightly faster than a polynomial (which
would correspond to exp(—alogn)).

This type of priors has been recently introduced by Agapiou and Castillo (2024) for use
in a number of classical nonparametric models such as regression, density estimation and
classification, where it is shown to achieve optimal convergence rates (up to log factors) for
tempered posteriors with automatic adaptation to smoothness; efficient simulations using
infinite-dimensional MCMC schemes are also considered therein.

There are two key ideas behind this choice of prior. First, the heavy tailed distribution
enables one to model large values if needed (here ‘large’ will mean at most of the order of a
polynomial in n); second, the scaling factors are taken sufficiently small to prevent overfit-
ting. Unlike for spike-and-slab priors (e.g. Polson and Ro¢kova (2018), Kong et al. (2023))
the prior sets no coefficients exactly to zero. This is often an advantage computationally, as
modelling exact zero coefficients in the prior typically requires performing a form of discrete
model selection in the posterior sampling, which can have a large computational cost even
for moderate sample sizes. Note also that the architecture of the network is non-random:
we refer to Section 3 for two possible specific choices of L,r. This is in contrast to model-
selection type priors where a prior is put on r, L or both. Again, performing model selection
for instance on the width r is a form of hyper-parameter selection problem which often leads
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to additional computational cost, as one needs to obtain the posterior on the hyperparame-
ter; see also the discussion section in Agapiou and Castillo (2024), where similar comments
are made with respect to Gaussian process priors in regression, for which hyperparameters
need to be calibrated (e.g. the key lengthscale parameter if one uses a squared-exponential
kernel).

The overall prior II on DNNs. We are now in position to define the prior on functions
f we consider:

1. choose the architecture (L, r) according to one of the two deterministic choices (11)—
(12) or (11)—(13) as specified at the beginning of Section 3 below;

2. given (L,r), sample network weights 0 according the heavy-tailed prior as defined
above; next form the neural network realisation f as in (4).

A final remark is that the choice of architecture parameters we make below places us in
the overparametrized regime: namely, our prior always fits more weights than the optimal
number predicted by the classical bias-variance trade-off, see the Discussion below for more
on this.

2.4 Heavy-tailed mean-field tempered variational approximations

Let us now turn to a variational approach, where the idea is to approximate the tempered
posterior on a subset S of (simpler) probability distributions on the parameter space F.
The variational tempered approximation (on S) Qo = Qa(X ,Y) is defined as the best
approximation of the tempered posterior I1,[- | X, Y] by elements of S in the KL-sense
Qq = argmin KL(Q, II,[- | X, Y]), (8)
QeS

where the KL(P, @) is Kullback-Leibler divergence between P and @ (see Appendix A).
Below we consider a mean-field approximation, which consists in taking a class S of distribu-
tions of product form, assuming F has a natural parametrisation in coordinates (61, ..., 0r),
which is the case here for DNNs by taking the collection of network weights. The individual
elements of the product are taken below to belong to a scale-location family of heavy tailed
distributions.

For h a (heavy-tailed) density function on R and p € R,¢ > 0, we let h, ¢ be the shifted
and re-scaled density h, ¢ : x — h((x — p)/<)/< and set

H=H(h):={Q : dQ(z) = hy(x)dx, peR,¢>0}.

That is, @ belongs to H(h) if it has a density with respect to the Lebesgue measure hy,
on R for some f, c. Although the class H(h) can be defined for an arbitrary function h, note
that we use the same notation ‘h’ as for the prior density from the previous section, since in
our variational results below (see Theorem 5), we use a shifted-and-rescaled function that
matches the prior density. For h a density and A > 0, we denote its A-th moment by

mx(h) = / 2P h(z) da. ()

9
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Definition 1 (Heavy-tailed mean-field class) Let h be a density function satisfying (H1),
(H2), (H3) with finite second order moment ma(h) < co. For T > 1 an integer, we define
the heavy-tailed mean-field class (generated from h) as

T
Sr(h) = {Q - dQ(0) = [ dQw(6h), with Qi € H(h)}. (10)

k=1

Mean-field variational approximations such as (10) are particularly popular (Blei et al.,
2017) in that, by removing dependencies along a decomposition of the parameter space
F as above, they often allow for scalable computation of the minimizer defined by the
optimisation problem (8). The mean-field class (10) corresponds to our heavy-tailed prior
on DNNs defined by (7). Variational approximation for spike-and-slab priors on neural
networks have been studied previously by Chérief-Abdellatif (2020) and Bai et al. (2020).
Adaptive variational concentration results for hierarchical uniform priors have been recently
obtained by Ohn and Lin (2024). Concentration tools for variational approximations are
recalled in Appendix A following ideas of Alquier and Ridgway (2020), Yang et al. (2020),
Zhang and Gao (2020) (see also Castillo (2024) for an overview). For more context and
discussion we also refer to the review paper on variational Bayes by Blei et al. (2017) and
the review on Bayesian neural networks Arbel et al. (2023).

3. Main results

We now consider the convergence of tempered posteriors for heavy tailed-priors on the
network weights. To illustrate the flexibility of our approach, we explore simultaneous
adaptation to intrinsic dimension and smoothness in three different settings: nonparametric
regression with compositional structures, geometric data through the control of Minkowski’s
dimension and anisotropic Besov spaces. For the last two, our method is the first to achieve
simultaneous adaptation to dimension and smoothness to the best of our knowledge.

A given overparametrized architecture. In learning with deep neural networks, a key
aspect is the choice of architecture (L,r). In our approach, we choose a logarithmic depth:
fix § > 0 and let

L := [log' ™ n]. (11)

Also, we fix beforehand a (relatively) large common width for network layers by setting
r(/7) = (d, [V, [V, 1), (12)
with r(y/n) of size L + 2. Below we will also consider a slightly larger choice of width
r(n):=(d,n,...,n,1), (13)

with r(n) again a line vector of size L + 2. More generally, it is easily seen from the proofs
of the results below that any choice of widths r; of polynomial order r; < n®, for arbitrary
given a; > 1/2 is compatible with the obtained rates, naturally placing the prior in the
overparametrized regime (and already so for the smallest possible choice a; = 1/2). Since
one main choice of prior on weights below places the same distribution on each weight, this

10
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means that the prior places no special ‘penalty’ term for picking more coefficients.

Choice of scaling factors 0. We consider two main choices of scaling parameters oy,
for the heavy-tailed prior on coefficients (7). The main choice discussed in the paper, and
referred to as constant oys (although the constant depends on n, but not on k) is, for § > 0
asin (11) and any k= 1,...,T,

_ 2(146)
e (logn)

o) = , (14)

or equivalently log(1/01) = log?+%) 5 which is independent of k.

We next consider a more general choice that includes (14) as a special case, and referred
to as directed ops. It involves a little more notation, as the network weights may now depend
on their relative positions in the network (recall their ordering is fixed though arbitrary) so
may be skipped at first read. Recall from the notation as in Section 2.2 that we interpret
shift vectors v; as the 0-th columns of the weight matrices W;. Suppose we work with an
architecture (L,r), so that the network weights ()) are in one—to—one correspondance with
coefficients VVZ(”) for l € [L+1],i € [r] and 7 € {0,1,...,7_1}. We set, whenever 6
corresponds to I/Vl(” ) ,

op = 0,7, (15)

where for any admissible 1,4, j as above, and § > 0 as in (11),
log2(1+9) (iVj) < log(l/al(ij)) < log?(1+9) 5. (16)

The choice (14) corresponds to taking the second inequality in (16) to be an equality. If one
takes instead equality in the first inequality in (16), one obtains a (double-index) version of
the weights considered in Agapiou and Castillo (2024) (who set o}, = exp(— log? k) with one
index k). The later choice enables one, with higher prior probability, to have larger values
on a number of weights (those with small k), which may be useful in practice to avoid too
many very small weights. We refer to Section 4 for more discussion on the choice of weights.

In the sequel, for k > 0 the parameter in condition (H2) on the prior density (x = 0 for
polynomial tails) and 6 > 0 as in (11), we denote

v =2(1+0)(1+k)+1. (17)

3.1 Adaptive contraction rate in regression

For a class of compositions G(q,d,t,3, K) and v as in (17), let us introduce the rate

*

By
log” n) 267 +1;

(18)

0<i<q n

¢ = max <

This coincides up to the logarithmic factor with the optimal rate ¢; in the minimax sense
as in (3) for estimating a fp in the regression model if it is a composition as in the class G.

Theorem 2 Consider data from the nonparametric random design regression model (1),
with 1o = 1, fo € G(q,d,t,3, K) and arbitrary unknown parameters. Let I1 be a heavy-tailed
DNN prior as described in Section 2.8 with

11
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e architecture (L,r) with L as in (11) and r = r(y/n) as in (12);
o network weights 0, = oy independent as in (7), with

— scaling factors oy, verifying either (14), or more generally (16);

— random (i with heavy-tailed density h satisfying (H1)-(H3).

Then for any o € (0,1), for M > 0 large enough, D, the a—Rényi divergence, as n — 0o,
EfOHa [{f : Da(fa fO) > M(ﬁ%} ‘Xa Y] — 0.

Let us now formulate a corollary in terms of the squared integrated loss. For B > 0, let Cp(-)
be the ‘clipping’ function Cp(z) = (—B) V (x A B). Define a clipped tempered posterior as
OB[|1X,Y] = 0,[-|X,Y] o CEI. Equivalently, if f ~ II,[-| X, Y], then

9= Cs(f) ~IF[|X,Y].

The next Corollary shows that the rate above in terms of Rényi divergence carries over to
the L2(Px) loss as long as one works with a clipped posterior, which only requires to assume
that an upper bound on || fo||o is known, which is often assumed in theory for deep learning
methods (Corollary 3 itself is a direct application of Lemma 21 below). In the sequel, for
simplicity we always state results in terms of D, but similarly results in the L?(Px) loss
can be derived as in the next Corollary.

Corollary 3 Under the setting and conditions of Theorem 2, and IB[|X,Y] as defined in
the last display, for any B > || follco, any o € (0,1), as n — oo,

Ep 117 {f = IIf = follzpy) = Mén} | X, Y] — 0.

Theorem 2 shows that, when performing a re-scaling of every coefficient of wide struc-
tured deep neural networks, by a well-chosen factor o, the heavy-tailed prior leads to nearly
minimax adaptive concentration of the tempered posterior regarding both the smoothness
and the hidden compositional structure of the true function fy. Indeed, neither the smooth-
ness parameters (f;) nor the intrinsic dimensions (¢;) were used to define the prior II. Theo-
rem 7 below shows that a similar prior also leads to adaptation to low-dimensional structure
on the input data (X;).

Theory of deep neural network approximation (see for example Kohler and Langer (2021)
or Lu et al. (2021)) suggests that, given a true regression function fj in a model displaying
low-dimensional structure (for example compositional structure on fy) there is a ‘minimal’
approximating network structure (L*(3,t),r*(3,t)) in terms of depth and width. To achieve
adaptation one could recover this structure via model selection with a hierarchical prior (see
for example Polson and Rockova (2018), Kong et al. (2023), Ohn and Lin (2024)). Here
instead we show in Theorem 2 (resp. Theorem 7 below) that with our heavy-tailed prior
no hierarchical step is required to achieve adaptation and it is sufficient to take a fixed
(‘overparametrized’) network architecture, independent of 3 and t (resp. independent of /3
and t* in the result below) and draw independent coefficients. We refer to Section 3.5 for
more discussion on the choice of the architecture.

12
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We allow for some flexibility in the choice of the decay coefficients 0. One can for
example chose the same decay o = exp(— log2(1+5) n) for every coefficient so that the 6’s
are independent and identically distributed. We refer to Section 4 for a brief discussion on
other possible choices.

Remark 4 a) The rate ¢, includes a logarithmic factor which we did not try to optimise;
one can make the power v slightly smaller by taking a slightly different depth, albeit with
a slightly different choice of o ’s. For simplicity we do not pursue such refinements here.
b) Recall that we have assumed that an upper bound My on fo is known: this is only used
through the fact that we take a ‘clipping’ function to state Corollary 3, where B has to be
larger than My. If this is not assumed, then the conclusion of Theorem 2 still holds in
a—Rényi divergence.

3.2 Contraction of mean-field variational approximation

Let us now consider taking a variational approach, and instead of sampling from the tem-
pered posterior distribution II,[- | X, Y], sample from the variational approximation @, de-
fined in (8), where the variational class is mean-field with heavy-tailed components.

Theorem 5 Consider data from the nonparametric random design regression model (1),
with 1o = 1, fo € G(q,d, t, 3, K) and arbitrary unknown parameters. Let I1 be a heavy-tailed
DNN prior as in Theorem 2, with heavy-tailed density h such that maoy11.)(h) < c3 for
some cg > 0 and k as in (H2). Suppose the scaling factors oy, verify (14).

Let § = Syr(h) be the mean-field class generated from h as in Definition 1 and let Qa
be the associated variational tempered posterior as in (8).

Then for any o € (0,1), for ¢, as in (18), for M large enough, as n — oo,

B, [ Dalf f0)dQu(f) < M62.
In particular, for any diverging sequence M,, — 0o

Ef,Qa [{f : Dalf, fo) > Magy}] = 0.

Theorem 5 establishes contraction of the heavy-tailed mean-field variational approxima-
tion with the same adaptive rate as in Theorem 2. The definition (1) of the variational class
is independent of any unknown quantities linked to f such as ¢ and 3, has no hierarchical
structure and only requires two parameters (m,s), avoiding the choice of a sparsity level
hyperparameter required in model selection priors such as spike and slab priors (as in e.g.
Chérief-Abdellatif (2020); Bai et al. (2020)). The moment restriction on h allows for a re-
sult in expectation at the level of the variational posterior and guarantees consistency of
the variational posterior mean (see also Remark 19 below), restricting however the choice of
the prior to fixed decay as in (14). Up to somewhat more technical proofs, we believe that
one could also weaken the conditions to derive a result in probability as above but without
moment condition on A, as well as to allow for scalings verifying the more general decay
(16). For simplicity here we do not investigate such further refinements.

Similarly as for Theorem 2, one may deduce from Theorem 5 a convergence rate result
for the variational tempered posterior Qa in terms of the L?(Py) loss by post-processing
Qa through a simple ‘clipping’ operation.

13
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3.3 Geometric data

Rather than making assumptions about the structure of the unknown regression function
fo (e.g. in terms of compositions as in Sections 3.1 and 3.2), we can instead permit the
observed data itself to exhibit a low-dimensional structure.

For instance, one can assume that the distribution Px of the design points (X;) is
supported on a smooth manifold of lower dimension than d. This notion is frequently
employed to describe intrinsic dimensionality and various results are available to approximate
functions on such manifolds using deep neural networks, see for example Chen et al. (2019),
Schmidt-Hieber (2019) and Fang et al. (2024). Here we follow the more general setting of
Nakada and Imaizumi (2020), which includes design points sitting on a manifold as a special
case while also allowing for rougher sets (such as fractals, although for the discussion below
we focus on a manifold example for simplicity) via the following notion of dimension.

Definition 6 (Minkowski Dimension) Let E C [0,1]%, the (g, 00)-covering number of E,
written N'(E,¢) is the minimal number of lx-balls of radius € > 0 necessary to cover E.
The upper Minkowski dimension of E is defined as

dimys E := inf{t > 0 : lim sup N'(E,¢)e" = 0}.
el0

The Minkowski dimension gives insight on how the covering number of F changes com-
pared to the decrease of the radius of the covering balls.

Assumption 1 Suppose that t* := dimp; Supp Px < d.

Assumption 1 is satisfied in the case that Supp Py is a smooth compact manifold of dimen-
sion d* strictly less than d, as then t* < d* < d, as established in Lemma 9 in Nakada and
Imaizumi (2020).

We show below that, under Assumption 1, our construction of heavy-tailed priors can be
adapted to lead to hierarchical-free adaptation to the Minkowski dimension of the support
of the design points (X;). Let us set, for k the constant appearing in (H2) and ¢ > 0,

—B/(2B8+t
en(t) = (n/ log2(1Hm)+1 n) [ . (19)

Theorem 7 Consider data from the nonparametric random design regression model (1),
with 1o = 1, fo € Cg([(), 1]9). Suppose Assumption 1 holds and let T1 be a heavy-tailed DNN
prior as described in Section 2.5 with

e architecture (L,r) with L = [logn]| and r = r(n) as in (13);
o network weights 0y, = o independently as in (7), with

— scaling factors oy, verifying (14);
— random (i with heavy-tailed density h satisfying (H1)-(H3).

14
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Let €,(t) as in (19), for a given arbitrary t > t*. Then for any o € (0,1), for M large
enough, as n — oo,

EpIo [{f © Dalf, fo) = Mey(t)} | X, Y] — 0.

Assume further that mQ\/(l_j’_N)(h) < oo and let Qa be the heavy-tailed tempered variational

approzimation defined by (8) on Syr(h). Then the contraction of Qa as stated in Theorem
5 holds here with ¢, replaced by €,,.

As a special case, if Supp Pyx is a smooth compact manifold of dimension d* strictly less
than d, Theorem 7 gives a contraction rate £, (¢) in particular for any ¢t > d*, that is a rate
en(d* +n) for any fixed arbitrarily small > 0, which is near-optimal (the optimal minimax
rate being €, (d*)). The proof of Theorem 7 in given in Appendix C.3.

In Theorem 7, we use the choice r = r(n) as in (13), that is, we increase the network
width quadratically compared to (12). Indeed, in order to establish the above posterior
concentration, we rely on an approximation result of functions in such a setting by ReLU-
deep neural networks by Nakada and Imaizumi (2020). Such a result, recalled as Lemma
25 below, uses sparse approximations (i.e. many network weights are equal to zero), in a
similar spirit as the corresponding result in Schmidt-Hieber (2020), which has the effect to
increase (quadratically) the width of the network compared to Theorem 2 and Theorem 5,
for which we used the recent fully-connected approximation results of Kohler and Langer
(2021) (as opposed to Schmidt-Hieber (2020), Theorem 5). It should also be possible to
use fully-connected approximation results in the present setting, for example in the spirit of
Theorem 6.3 of Jiao et al. (2023) (which, similar to Kohler and Langer (2021), has at most
polynomially increasing weights).

Also, here we have considered only the case of constant scaling factors (14). The same
remarks as in the discussion below Theorem 5 apply: the statement can presumably be
adapted to directed decay of the network weights up to using a slightly more technical
proof.

A number of other geometrical settings of interest could also be considered within the
framework of the present work. Among others, one could consider the case of design points
not exactly supported on the manifold but rather in a neighborhood of it. While such
extensions are very interesting, they fall beyond the scope of the present contribution. We
refer to the Discussion in Section 4 for some comments on how to possibly extend our results
to design points lying in a tubular neighborhood of an unknown manifold.

3.4 Anisotropic Besov classes

Instead of assuming the true function to be in a Holder space as in Theorem 2, we now
investigate the case that the smoothness of the true function is both depending on the
location (non-homogeneous smoothness) and the direction (anisotropic). For simplicity of
presentation we focus on the setting without additional compositional structure, but one
could also derive results in case of compositions as in Section 3.1; the case of a single function
is already illustrative of the adaptation properties at stake. In the following we recall a
definition of anisotropic Besov spaces through the moduli of smoothness. For properties of
these spaces and equivalent characterizations (for example through multiresolution analysis)
we refer to Giné and Nickl (2015), Section 4.3. and to the monograph Triebel (1983).
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For a function f : R? — R, the m-th difference of f in the direction v € R? is
AT() (@) = AP )@+ o) = AP (@), ANS(@) = f(2).

Definition 8 For a function f € LP([0,1]%), where p € [1,00), the m-th modulus of smooth-
ness of f is defined by

wmp(fiu) = sup AT, foru=(ur,... uq), u;>0.
veERY : |v;| <wy

Definition 9 (Anisotropic Besov space) Let p € [1,00), 8 = (Bi,...,84) € RS, and

m = max;|B;| + 1. Let the seminorm | - |55 be defined as
pp
b ZOO k VLA [
|f|ng‘ k:0|:2 wm,p<f,(2 a---72 )):| .

For HfHng =|fllp + ]f]ng and M > 0, the anisotropic Besov ball of radius M on [0,1]¢ is

Bo, (M) i={f € L’([0,1]%) : |Ifllyp <M}

Optimal minimax rates on such anisotropic Besov balls can be expressed in terms of the
harmonic mean smoothness, defined as

B_l = Zﬁk_l (20)

Let us set, for v the constant given by (17) and 8 defined by (20),
€n = (n/log? n)_B/(2B+1) . (21)

Theorem 10 Consider data from the nonparametric random design regression model (1),
with o = 1, fo € ng(l) and B = (Bi1,...,B4) € RE,. Assume p <2 and 3 > 1/p, and let
II be a heavy-tailed DNN prior as described in Section 2.3 with

e architecture (L,r) with L as in (11) and r = r(n) as in (13);
o network weights 0y, = o independently as in (7), with

— scaling factors oy, verifying (14);
— random (i with heavy-tailed density h satisfying (H1)-(H3).

Then for any o € (0,1), for M > 0 large enough it holds, as n — oo, for €, as in (21)
EpIIo [{f : Do(f, fo) > Men} | X, Y] — 0.

Assume further that m2v(1+n)(h) < 00 and let Qq be the heavy-tailed tempered variational

approximation defined by (8) on Sgyr(h). Then the contraction of Q. as stated in Theorem
5 holds here with ¢, replaced by €,.
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Whenever p < 2 and 8 > 1 /p, functions in ng are continuous and in-homogeneously
smooth in terms of the L2-norm (see for instance Suzuki and Nitanda (2021) and Donoho and
Johnstone (1998)). An interesting feature of Theorem 10 is the adaptation to the anisotropic
smoothness it provides. Anisotropy itself may help mitigate the curse of dimensionality.
Indeed, when 8 = (5o,..., ), we have B = Bo/d, and one obtains the usual rate for a
homogeneously smooth function in R%. However, when fj is not very smooth only in a small
number of directions, the estimation rate n~?/(28+1) depends only on this specific small
number of coordinates rather than on the whole ambient dimension d.

The proof of Theorem 10 can be found in appendix C.4. Similar remarks as for Theorem
7 can be made. In particular, . Also, the proof uses the sparse approximation of Suzuki and
Nitanda (2021) recalled as Lemma 26 below, which again explains why it is natural to use
the width r = r(n) as in (13).

3.5 Influence of the network architecture

In the next lines, we discuss possible choices of the architecture. We consider in particular
our proposed choices (that is, (12) or (13)), but also contrast these with different ones, ex-
amining the impact on rates and optimality. For simplicity we discuss the simplest setting
of estimating a S—Holder function (without the compositional structure), first in dimension
1 (see the end of the Section for the case of dimension d), that is, on [0, 1], for which the
minimax rate in squared integrated norm is of order £2 = n~—28/(26+1)

Deterministic Architecture. In this work, we have chosen a prior with a fixed (determin-
istic) width and depth. This choice aligns with common practice for deep neural networks
where practitioners typically select a fixed architecture prior to learning network weights
(e.g. by gradient descent or a variational optimisation algorithm). Among Bayesian ap-
proaches so far for deep neural networks, those that have claimed adaptation with respect
to the smoothness parameter 5 > 0 have involved sampling either the nonzero coefficients,
or the architecture itself, from a hyper-prior: this is the case in Polson and Rockova (2018)
where the prior is a spike-and-slab distribution that sets to zero a number of coefficients
at random and very recently Kong and Kim (2024), where the width in the architecture is
random. A key insight from our results is that the deterministic (and overparametrized)
choice of architecture, where all networks coefficients are non-zero under the prior, is not
detrimental to optimality and statistical adaptation properties.

Moderate depth. In the present work, we have restricted the depth of the network to grow
logarithmically with the sample size n. This restriction is primarily technical, since, as we
explain in more details now, our arguments (as well as those used so far in the theoretical
study of Bayesian DNNs, to the best of our knowledge) are presently difficult to extend
to the ‘very deep’ case. A crucial challenge in posterior contraction analysis (even in the
non-tempered case, & = 1) is verifying the so-called ‘mass condition’ (Lemma 17), which
ensures the prior places enough probability mass near the true function. In the present
setting, this is achieved using the sufficient condition in Lemma 24. This result quantifies
how much two network realisations are far appart if we control individual distances between
weights. Using this ‘error propagation’ Lemma requires controlling the distance between
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the ‘true’ coefficients (of a neural network approximation of fy) and those sampled from
the prior, uniformly over the network (in particular independently of the depth). Notably,
the required precision for this control increases polynomially with width (for fixed depth)
and exponentially with depth (for fixed width). This makes analyzing ‘very deep’ priors
significantly more challenging, as it would require having a very precise prior mass control
for coefficients very deep in the network. We believe that such a result is beyond the scope
of the present paper as it would involve arguments specifically tied to the study of very deep
neural networks, but an interesting direction for future work (in particular the understand-
ing of depth-dependence one should put on the decay coefficients when randomly initializing
a neural network is of significant interest and has been studied for instance, in the case of
very-deep Res-Nets in a slightly different context by Marion et al. (2022)).

Choice of the width. Having fixed the network depth L to a slowly growing logarithmic
term as in (11), the only degree of freedom left on the architecture is now the width of
the network (the activation function is in principle another degree of freedom; activations
beyond ReLU are discussed in Section 3.6 below). The fully-connected approximation re-
sult from Kohler and Langer (2021), recalled in Proposition 33 below, implies that for a
logarithmic depth L as above, there is an oracle width r* := r(N*) such that networks
with architecture (L, r*) approximate S—Holder functions with the desired target accuracy
€n, and the corresponding width N* is proportional to pl/{2(26+1)} (recall we have assumed
here that d = 1). We say that a neural network architecture is underparametrized (resp.
overparamterized) if its width parameter is smaller (resp. greater) than r*.

overparametrized vs underparametrized architecture. Consider a prior construction where
the network width is deterministic and set to n® for some a > 0, leading to an architecture
(L,r(n%)). There are two cases

1. @ = 1/2 (our choice) or a > 1/2. As shown in Theorem 2, when a = 1/2, the
heavy-tailed prior with architecture (L, r(n®)) achieves the minimax adaptive posterior
contraction rate. It is not hard to check that the result of Theorem 2 continues to
go through larger values of a, that is @ > 1/2. For a > 1/2, we are always in the
overparametrized regime since n® > N* = n/{22B+D} for any possible smoothness

8> 0.

2. a < 1/2. Then there exists a regularity index S, > 0 for which a < 1/(2(28min+1))
by definition and in that case the architecture is undersmoothing. In this case, it is
possible to show that approximation by a ReLU-DNN with architecture (L,r(n%))
cannot be fast enough to reach the desired optimal estimation rate e, for fy. Indeed,
applying Lemma 1 from Schmidt-Hieber (2020) (a lower bound in the L?-norm is also
available, as noted in the remark therein), one obtains the following lower bound on
the approximation rate

sup inf 1f = folloo Z 1 (22)
foecgmin([O,l]) fEJ:(L,r(n ))

18



DNNS WITH HEAVY-TAILED WEIGHTS

where 7, ~ n=2%min up to logarithmic factors. Since a < 1/(2(2Bmin + 1)), this rate
is strictly slower than the minimax rate n=Pmin/(2mint1) for that regularity. The proof
of Theorem 2 would then give a suboptimal contraction rate.

Our choice: an overparametrized architecture yet leading to optimal rates. In conclusion,
the smallest deterministic width for the architecture (given L has been chosen as above),
for which one still achieves statistical adaptation to smoothness, is the overparametrized
choice n'/? corresponding to a = 1/2 (our choice in Theorem 2). Finally, in the case of
estimation on [0,1]¢, the oracle width within the setting of Kohler and Langer (2021) is
nd/2@8+d)} g6 once again the overparametrized width n'/? is the smallest one that still
verifies n1/2 > n@/{228+d)} for any value of 8> 0,d > 1.

3.6 Extension to other activation functions

All results so far have been stated in the case where the activation p in (4) is the ReLLU
function = — max(0,z). We now see how to extend our main first result, Theorem 2, to
other, sigmoid-type, smooth, activation functions. Here we state this extension in a slightly
informal way, and refer the reader to the Appendix Section C.6 for a formal statement that
adapts Theorem 2 to other activation functions (Theorem 32 therein). One can easily follow
the steps developed in Section C.6 to also adapt Theorems 7 and 10. Within the proof of
Theorem 2, only two properties are required from the activation function p:

e a result similar to Lemma 24 should hold; the latter gives a control of how errors on
individual weights ‘propagate’ into an error at the level of the function realised by the
neural network;

e there should exist a wide neural network having p as activation function, such that
the neural network approximates the function fy with the correct rate and such that
the weights of the network are bounded ‘sub-exponentially’ in that the magnitude of
the weights is at most exp(cq log® n)) for some positive constants cq, co.

Note that instead of requiring a polynomial control of the weights in the second point above,
one allows for a slightly larger growth in n, so that the condition is significantly milder, a
fact we crucially exploit in our proof for p-activations.

Let us now comment on how to check these two properties. Regarding the first point,
it can be checked that if the activation p is Lipschitz-continuous, Lemma 24 still holds up
to a constant (see Lemma 29). To ensure the second required property on p, one could
prove an approximation result for DNNs with activation p as long as such result provides an
appropriate control on the magnitude of the weights of the approximating network (this is the
approach we take in Appendix D to prove Theorem 2). We propose here another approach
that, under some smoothness conditions on p, enables to start from a ReLLU approximation
with polynomially bounded weights to obtain the required approximation with activation p.

Definition 11 A function p: R — R is said to be admissible if
e p is non-decreasing, bounded and Lipschitz-continuous,
e p is three times continuously differentiable, with bounded derivatives and there exists

a point x, € R such that p'(z,) # 0 and p"(x,) # 0,
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e there exists two real numbers a < b, and a constant c, > 0, such that,

sup |zp(x) — max(az, bx)| < c,.
rzeR

The smoothness conditions in Definition 11 ensure that p is a sigmoid-type function. In
particular the third condition states that p should converge asymptotically at least as fast as
1/]z| towards the horizontal line {y = a} (resp. {y = b}) when z — —oco (resp. y — +00).
These conditions are satisfied by most sigmoid-type activations commonly used in deep-
learning, for instance the logistic activation x — (1 + e~*)~! satisfies the conditions with
a = 0 and b = 1. Both the hyperbolic tangent (tanh) and the error (erf) activation functions
satisfy these conditions with ¢ = —1 and b = 1.

Claim. If p is admissible according to Definition 11, every previous Theorem still holds
with p in place of the ReLU activation.

Let us now give a brief intuition of the proof, referring to Appendix C.6 and Theorem 32
therein for a formal statement and proof. Noticing that for a < b and any « € R, we have

(max(ax, bx) — ax),

1

ReLU(z) =
eLU(z) e
If p is admissible results from Kohler et al. (2022) show that the ReLU function can be ap-
proximated by a p-DNN with constant width and depth and polynomially bounded weights.
From this it follows (Lemma 31) that any ReLU-DNN approximation results with logarith-
mic depth transposes to a p-DNN result with same architecture and sub-exponential weights.

Let us emphasize that, in the current proof, going from a ReLLU result to an admissible
p result requires one to be able to work with weights going to infinity with n at a possibly
slightly faster than polynomial rate (but slower than exponential). This shows that our
heavy-tailed priors are also suited for a wide range of sigmoidal activation functions, which
might be of interest in practice. Indeed, as we have mentioned, and as opposed to priors
requiring hyper-priors on the architecture, our priors with fixed architecture are suitable
for both MCMC and variational procedures; even though ReLU activations are popular
in methods involving backpropagation because of the gradient being essentially a Boolean
(therefore very fast to compute), in MCMC algorithms involving more complex dynamics
(for example HMC Neal (2011)) it might be of interest to work with a smoother activation
function so that the target log-density is smooth, as suggested in Dinh et al. (2024).

3.7 Extension to unknown noise level 7y

So far in model (1), we have taken the noise variance 702 to be equal to 1; however in practice
this quantity may be unknown. If 7 is unknown, let us write Py, ,, for the distribution of
(X1,Y1) under model (1), the parameters being now (f,72) € F x R~q. We put a prior II
on (f,7%) of the form II = Iy ® w2 where IIf is a heavy-tailed DNN prior as before and
w2 is a distribution on Rsg with a density bounded away from 0 on a neighborhood of 7y:
dmy2(x) = q(x)dz, inf  q(x) > ro, (23)

z€[TE—€,72+¢
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for some € > 0 and rg > 0, which is satisfied by standard choices of priors on variance
parameters, such as exponential or inverse-gamma distributions with fixed parameters.
Contraction of the tempered posterior as stated in Theorems (2, 7 and 10) still holds true
when 7y is unknown as long as one chooses a prior on 72 satisfying Condition (23). We only
state below the generalisation of Theorem 2, the same holds true for the other Theorems.

Theorem 12 Consider data from the nonparametric random design regression model (1),
with unknown 19 > 0 and fo € G(q,d,t,8,K) for arbitrary unknown parameters. Let
II =11y ® w2 be a prior on (f, 72) where I1; is the heavy-tailed DNN prior as in Theorem
2 and 7,2 is a prior on Rsq satisfying condition (23). Recall that ¢, is the rate as in (18).
Then for any o € (0,1), for M > 0 large enough, as n — oo,

By, H(f,72) : Da(Pyr2, Ppy ) < Mgzﬁ} |X,Y} 1.
Furthermore, assuming ||fo||co < B, the clipped posterior TIB[-| X, Y] satisfies, as n — oo,
Ep 15 [{(f,7%) 2 If = follizpy) < M, 17° = 751 < M} | X, Y] = 1.

The proof of Theorem 12 can be found in Appendix C.5. We note that the second part of
the statement entails posterior contraction around the unknown variance parameter 73.

3.8 Extension to standard posteriors (o =1)

For technical reasons we have so far focused on fractional posterior distributions with o < 1.
This enables one to focus on prior mass conditions, which is particularly handy when dealing
with heavy-tailed priors. Although one can conjecture (this has been shown to be true for
heavy-tailed series prior in the technically easier Gaussian white noise regression model in
Agapiou and Castillo (2024)) that all previous results continue to go through under exactly
the same prior and conditions, this seems technically non-trivial and presently hard to reach
with currently available techniques, see the discussion in Section 4 for more on this.

However, one considers an augmented prior that also models the variance of the noise,
which one would do anyways under unknown noise level as in the previous Section 3.7, then
one can use a recent idea from Castillo and Randrianarisoa (2024) (who took inspiration from
an idea of Mai (2024), see also the references therein, in a different high-dimensional context)
who show that, in the present random design regression model, augmenting a given prior on
f with a well-chosen prior on 72 enables one to transfer an already obtained contraction rate
for a fractional posterior on f with a < 1 (such as ones obtained above) to a contraction
rate for the standard posterior (« = 1) on f.

As in the previous Section 3.7, we write Py, -, for the distribution of (Xi,Y7) under
model (1), the parameters being (f,72) € F x Rsg. We put a prior I on (f, 72) of the form
IT =TIy ® 2 where Il is a heavy-tailed DNN prior as before and 7,2 = 72 ,, the following
distribution on Rsg, for some fixed b € (0, 1),

T2 = Gamma({lT_b}n +1,b), (24)

where Gamma(ay, az) denotes a Gamma distribution with shape parameter a; > 0 and rate
parameter as > 0, of density proportional to z — % ~1e~92% on (0, 00). This prior induces
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a posterior distribution II[- | (X, Y)] jointly on f and 72. Similar to the result on the clipped
posterior in Corollary 3, let IIZ[- | (X,Y)] denote the clipped posterior (where the clipping
function operates only on the f part, not on 72).

The next result shows that, if the conditions of Theorem 2 are satisfied for the prior II,
then the classical marginal posterior on f, that is II[f € -, 72 € R+ | (X, Y)] also contracts
at the same rate as the one from Theorem 2.

Theorem 13 Let I1 be a prior on (f,72) of product form I @ w2, with w,2 given by (24).
Suppose the conditions of Theorem 2 are satisfied. Then for IIP[-| X, Y] the clipped posterior
as defined above, for any B > || follso,

Ep 1P [{f : If = follLzpe) = Mon} | X, Y] — 0.

That is, the conclusion of Corollary 5 holds for the clipped marginal in f of the classical
posterior I1[- | (X,Y)] (a=1).

Let us note that this result also automatically handles the more practical setting where, as

in the last subsection, the noise variance 7'02 is unknown.

4. Discussion

A main key take-away from this work is that putting suitable heavy-tailed distribution on
weights of deep neural networks enable automatic and simultaneous adaptation to intrinsic
dimension and smoothness. This prior distribution allows for a soft selection of relevant
weights in the network, that get higher values under the posterior, while less important
weights can get very small values. The approach does not use a ‘hard’ variable selection
approach, which would either set some weights to zero, and hence require the need to sam-
ple from the posterior distribution on the support points, or attempt to sample the network
architecture at random, which would require to sample from the posterior on (L,r), thus
requiring in both cases to sample from ‘support’ hyperparameters, which can be costly com-
putationally.

Another key idea is that the approach allows for a wide variety of choice of over-
parametrized architectures. We have seen, say in the setting of standard nonparametric
regression to fix ideas, that any choice of a common width for the layers that is polynomial
in n with a power at least 1/2, that it 7; < n® with @ > 1/2 is compatible with optimal rates
with our method. We note that we have not investigated here the case of very deep networks
with polynomial depth, but the idea could in principle apply there too. We also allow for
a fairly wide variety of scalings o} of the individual weights, showing that the optimality of
the rates is robust to different choices of scalings.

4.1 Discussion: priors for Bayesian deep neural networks

Priors for Bayesian deep neural networks. For networks of large width (possibly increasing
with the sample size, but finite) and moderate depth, a number of natural prior distributions
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have been proposed in recent works. We provide now a quick overview of recent results and
refer to Fortuin (2022) for a recent specific review on choices of priors for BNNs.

Let us first discuss some differences of our approach with another natural family of priors
that directly induces sparsity. One approach directly applies sparsity to the weights by draw-
ing exact zeros through spike-and-slab (SAS) priors, which were among the first to receive
frequentist theoretical guarantees for full posteriors by Polson and Ro¢kova (2018) and for
their variational approximations by Chérief-Abdellatif (2020). A tractable variational Bayes
(VB) algorithm was later proposed by Bai et al. (2020) to handle these priors, allowing for a
continuous relaxation of the spike-and-slab and updating the variational parameters through
stochastic gradient descent. Another type of sparse prior enforces sparsity at the node level,
for instance via masking functions, as explored by Kong et al. (2023), who also provide an
MCMC algorithm for this setting. One difference is that here we use the recent ‘dense’
approximation results of Kohler and Langer (2021) that enable us to be more parsimonious
(if this is desired) in terms of the total number of parameters that should be sampled in
the posterior. Contrary to our ‘dense’ approach, these sparse priors require some additional
hyper-priors on the sparsity level, increasing computational costs. Updating the proofs from
Polson and Roc¢kova (2018), one could also deploy SAS priors with denser architecture but
SAS priors still have more (hyper-)parameters overall, with the probability of being nonzero
to be tuned as well as the slab parameter (the same remark applies for their variational
counterparts). We also note that currently all these priors achieve adaptation through a
form of hyper-prior on the architecture, which complicates the use of adaptive MCMC al-
gorithms and may make them intractable as the width of the model grows. This challenge
reinforces the need for more scalable (though only approximative) VB algorithms, where
(in contrast to MCMC) adaptivity can be managed through sampling over different archi-
tectures, a process made significantly more efficient and parallelizable by recent techniques
from Ohn and Lin (2024). Contrary to SAS, our heavy-tailed priors enable both sampling
from the full posterior with usual MCMC methods (see the paragraph on simulations below)
as well as the use of mean-field variational approximation.

Two other recent natural constructions are the priors considered in Lee and Lee (2022)
and the ones in Kong and Kim (2024). The work Kong and Kim (2024) adapts, as we
do, the approximation theory of Kohler and Langer (2021) to allow for dense (non-sparse)
approximations, thus avoiding the need for forcing some weights to be zero — as a side note,
let us mention that more or less simultaneously the need for a control on the amplitude
of the weights for use in Bayesian arguments has been recognised by several authors that
have adapted Theorem 2 in Kohler and Langer (2021) to include quantitative bounds on
network coefficients; see for example Theorem K.1 in Ohn and Lin (2024), and Theorem
1 in Kong and Kim (2024) and Appendix D for our own construction —. However, an
important difference of our work with the approach of Kong and Kim (2024) is that the
latter requires to sample from the width of the network to achieve adaptation; as noted
above, such hyper-parameter sampling can be costly for simulations, as it requires access to
a good approximation of the posterior on the width (similar to the calibration of the cut-
off of sieve priors in nonparametrics, see Agapiou and Castillo (2024) for more discussion
on this); this hyper-parameter sampling is not required here, as we use a deterministic
‘overparametrized’ architecture.
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The work Lee and Lee (2022) allows for heavy-tailed priors, such as mixture of Gaus-
sians, although crucially the conditions of Theorem 3 therein are non-adaptive (i.e. the
priors’ parameters depend on the unknown smoothness of the regression function). A main
insight of the present work, following the idea recently introduced in Agapiou and Castillo
(2024) in nonparametric settings, is that by taking an (‘overparametrized’) width, heavy
tails on weights make the (tempered) posterior automatically adapt to unknown structural
parameters, let it be smoothness, intrinsic dimension(s) or compositional structures. The
simulation aspect of the work Lee and Lee (2022) is also relevant here, since therein the
authors develop and run MCMC algorithms that enable to sample from the corresponding
neural network posteriors.

Finally, let us mention the work by Ghosh et al. (2019), who provide algorithms to
sample from variational approximations of posteriors corresponding to horseshoe priors on
weight parameters. Although the authors provide no theoretical back-up for their empirical
results, this is related in spirit to our approach; in fact, although there are some notable
differences in the prior’s choice (e.g. the horseshoe has a pole at zero and has a tuning
sparsity parameter) we think that our approach and proofs could presumably be adapted
in order to provide theoretical understanding and validation of their method; this idea is
also supported by current work in progress Agapiou et al. (2025), where we derive theory
for horseshoe priors for nonparametrics.

4.2 Discussion: from Gaussian to Heavy-tailed weights

As we have seen, two main families of priors for Bayesian DNNs are 1) sparsity-inducing
priors and 2) priors on fully-connected architectures. In this section, we focus on the latter:
perhaps the most natural choice of prior on the weights seems to be an isotropic Gaussian.

We discuss two ways in which heavy-tailed priors naturally emerge in this context. First,
in a classical frequentist setting, where Gaussian weights are used as initializations for finding
an empirical risk minimizer via gradient descent, the weights tend to become increasingly
heavy-tailed during training. Second, in a Bayesian framework, the output distribution of a
neural network with isotropic Gaussian weights becomes progressively more heavy-tailed as
the network depth increases.

Regarding the first point: starting from an isotropic Gaussian initialization of weights,
empirical evidence indicates that when using MCMC, in order to improve the posterior
performance, the likelihood has to be raised to a certain power a > 1, this is the so-
called "cold-posterior effect" (Wenzel et al. (2020)) suggesting that the Gaussian prior is
misspecified (in the sense that it does not correctly represent the data). When training
a feedforward neural network in a frequentist manner, such as with stochastic gradient
descent, it has been observed (for instance by Fortuin et al. (2022)) that the weights become
progressively more heavy-tailed during training. This suggests that an heavy-tailed prior
would be less misspecified and indeed Fortuin et al. (2022) show that the influence of the
"cold-posterior effect" tends to vanish for heavy-tailed priors such as Laplace and t-Student.
These priors perform well in reconstruction tasks for any power «, whereas the Gaussian
prior appears to require more tuning for this parameter. Note that we show in all our
theorems that the heavy-tailed posterior contracts at minimax rate for any a < 1; the
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aforementioned experimental studies on "cold posteriors" suggest that for our heavy-tailed
prior the choice of « has little effect on the predictive capabilities of the estimate, contrary
to its Gaussian counterpart.

Now, turning to the second point: interestingly, heavy-tailed priors can heuristically be
connected to the simple isotropic Gaussian prior. Indeed, it has been showed by Vladimirova
et al. (2019) that while starting from an isotropic Gaussian prior, the marginal distribution
of the post and pre-activations (the input and output of the neurons) become more and
more heavy-tailed as the depth increases, which indicates that heavier-tailed distributions
are a natural occurrence in neural-network priors. We refer to the review paper of Arbel
et al. (2023) for more discussion and references on this.

In summary, this discussion reveals interesting links between isotropic Gaussian priors
on weights and heavy-tailed ones; a better understanding, in particular from the theoretical
point of view, is left for future work.

4.3 Discussion: algorithms.

Algorithms. Although an in-depth simulation study is beyond the scope of the present paper,
we note that algorithms are readily available to sample from the heavy-tailed tempered pos-
teriors introduced here. As mentioned above, since there are no structure hyper-parameters
to sample from (such as the network architecture, or the position of the non-zero coefficients
in the case of SAS priors), one can use an MCMC algorithm such as the one from Lee and
Lee (2022). Another possibility is the use a variational Bayes algorithm for heavy tailed pri-
ors, such as the one considered in Ghosh et al. (2019) for the horseshoe prior. This is left for
future work. We note that having both feasible MCMC and variational algorithms makes it
an interesting setting. Indeed, it is known that mean-field VB, not being as complex as the
posterior, may distorts certain aspects of the latter, such as posteriors for finite-dimensional
functionals. On the other hand, unlike VB, the full posterior on network will retain corre-
lations, which are believed to be particularly important for deep neural networks. It will
be interesting to compare the behaviour of both algorithms through an extended simulation
study; this will be considered elsewhere.

In principle possible, hyperparameter posterior sampling (such as posterior sampling
from complexity-based priors with hyper-priors on the complexity) is often believed to be
delicate in terms of mixing of MCMC (a classical reference discussing this is, for example,
Brooks et al. (2003)), and one may heuristically think that such hyper-sampling, on top
of possibly begin time and/or ressource consuming, may add some ‘noise’ to the MCMC
output. One may argue that any prior distribution, including a prior on the complexity for
instance, has a ’constant’ to be tuned, but we believe that it is fair to say that any prior
with ‘one level of hierarchy less’ is (at least philosophically) computationally simpler.

Although MCMC sampling is made easier with a fixed architecture, it is expected that for
very large networks, using current methods, MCMC sampling will become computationally
intractable, the posterior being a multi-modal distribution of very high dimensionality. Re-
cent techniques to accelerate sampling using MCMC for BNNs have been obtained by Hron
et al. (2022) and Pezzetti et al. (2025). As the size of the architecture grows, a practician
might consider using VB to obtain a computable approximation of the posterior, perhaps at
the cost of the quality of uncertainty quantification, another choice would be for example to
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use a Laplace approximation, see e.g. Arbel et al. (2023) for more references on this aspect.
Although our results provide theoretical support for a Heavy-tailed mean-field VB approxi-
mation it is the case that most practical algorithms are developed with Gaussian priors in
mind and a study of efficient VB algorithms for more general distributions is an interesting
research path. Note that in the Gaussian case, up until now adaptation is theoretically
supported only when an hyper-prior is used on the architecture (e.g. as in the work of Kong
and Kim (2024)). In order to obtain a scalable variational result for such a prior one would
have to adapt parallelization techniques, using for example the approach suggested by Ohn
and Lin (2024), where a variational class with uniform prior has been studied. This remains
to be done to the best of our knowledge.

Another relevant aspect of the approach in practice is the possibility to make different
choices for scaling sequences (oy). For simplicity we have mostly focused on the constant
choice as in (14). Other choices may be interesting, in particular for small sample sizes,
for instance taking scalings matching the lower bound in (16). Indeed, since one expects
a number of coefficients to be of significant amplitude, it may help to have at least a few
scalings of the order of a constant, as is the case for the latter choice. This may accelerate,
in small or moderate samples, the ‘soft selection’ of the weights of highest amplitude in the
network. Again we leave investigating this for future work.

4.4 Discussion: fractional posteriors (o < 1) and classical posteriors (o = 1)

The main (technical) reason for which we have primarily focused on fractional posteriors
is that proving convergence for these only requires a prior-mass control. In particular,
one avoids the necessity to build sieve sets for which the complexity (e.g. entropy) needs
to be controlled, as in the usual conditions using a generic theorem such as the one of
Ghosal et al. (2000). A first reason why building a sieve set is difficult here is that we use
a overparametrized prior, that is, all weights in the neural network are modeled, so one
cannot take as sieve the set of neural networks built on the optimal ‘oracle’ architecture
(one that gives the optimal convergence rate). A second reason is connected to heavy-tails:
the usual contraction Theorem in Ghosal et al. (2000) requires exponentially fast decrease
of the prior mass of the complement of the sieve sets. But working with heavy-tailed priors
on the weights makes verifying this difficult, unless the sieve sets are very large.

To illustrate this discussion, it is helpful to consider the example of priors on functions
defined as random series on a given orthonormal basis. In the case of normally distributed
coefficients, the work van der Vaart and van Zanten (2008) shows optimal posterior con-
traction following the generic approach of Ghosal et al. (2000); this has been extended
to p-exponential priors in Agapiou et al. (2021) (p € [1,2], the case p = 1 correspond-
ing to Laplace priors on coefficients, the case p = 2 recovering the Gaussian case), their
proofs strongly relying on exponential-type decrease of complements of sieve sets. The case
of heavy-tailed coefficients has been recently investigated in Agapiou and Castillo (2024);
therein, it is proved that the (classical) posterior distribution for a heavy-tailed series prior
indeed converges at a near-optimal adaptive minimax rate for a very specific model, namely
the Gaussian white noise: although one cannot apply the generic contraction theorem, for
that model one is able to prove convergence by a direct analysis of the posterior. For more
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complex models (such as random design regression or classification), proving this is an open
problem. We refer to the discussion in the Appendix of Agapiou and Castillo (2024) for
more technical details on how one could attempt to prove a posterior rate for the classical
posterior in general settings.

In Section 3.8, we provide a result for the classical posterior (o = 1) for the augmented
prior that also models the noise variance. By exploiting a link between classical and frac-
tional posterior in this case, one is able to circumvent the use of sieve sets and control of
the complexity of these.

Coming back to fractional posteriors (o < 1), although our results do not enable to
discriminate between different choices of «, this choice is an important practical question.
More generally, the question of how to choose « for fractional posteriors goes much beyond
the scope of the present contribution, but we give now a few pointers to recent work on this
point. One motivation for the use of a—posteriors for statistical inference is their greater
robustness to model misspecification compared to the usual Bayesian posterior, as discussed
for instance in works by Griinwald (2012) and by Bissiri et al. (2016). The latter work
also discusses possible ways to choose a. Other works in this direction include Holmes and
Walker (2017); Lyddon et al. (2019); Syring and Martin (2019). Although beyond the scope
of the paper, extending the results to possibly misspecified models with additional insight
on the choice of « is an interesting research direction.

4.5 Discussion: possible extensions with geometric data

In Section 3.3, we work under Assumption 1, which assumes that the covariates (X;) are
supported on a compact set with bounded Minkowski dimension. A natural extension of
this model would involve adding noise to these covariates. For example, one could assume
that observations are sampled from points on a compact manifold with some additive noise
locally perpendicular to the manifold. Alternatively, one could assume the covariates are
supported within a tubular region around a compact manifold.

Another interesting but more complex model would combine both anisotropy (as in
Section 3.4) and manifold assumptions by, for instance, allowing the true function to exhibit
different levels of smoothness along and orthogonal to the manifold. Although this is beyond
the scope of the present paper, such a model has been studied within a nonparametric
Bayesian framework (with simpler priors, not neural network ones) in density estimation by
Berenfeld et al. (2024).

We now discuss what happens in the case of a tubular region. Assume that there exists
a compact manifold M C [0,1]? with dimension d* < d and a “noise level" § > 0 such that
the distribution of the covariates Px is supported on the d-tubular region around M,

Ms := {z €[0,1]¢ : d(z, M) < 6}.

The first step for applying our analysis (as in Theorem 7 for instance) would be to
establish an approximation result for fy on Ms using wide DNNs. Since this assumption
is strictly weaker than Assumption 1, one would expect a slower approximation rate that
depends on both d* and é. In fact, when ¢ is too large, minimax approximation results
may not be feasible due to the increased difficulty of the problem. For a Holder-smooth

27



CASTILLO AND EGELS

fo € CB(F), one such approximation result is given in Jiao et al. (2023). By following the
proof of their Theorem 6.1 and applying our usual enlargement of the network (for instance
as in Proposition 14), one can show that there exists a DNN realization f, with depth log?n
and width /n, such that as n — oo,

N 8
1f = follzz(pyy S 2P,

where d,, = O(d* logd), provided that the tubular region is not too large in the sense that

§ < C’n_ﬁ(logn)*w/d”, with a constant C' explicitly derived by Jiao et al. (2023).
Notably, this rate includes a factor of d*logd rather than d* as in the exact manifold case,
resulting in a slightly slower rate.

A second step would involve verifying that the weights of this approximating neural
network are bounded polynomially in terms of the sample size. This could be achieved by
following the proofs in Jiao et al. (2023) to track these bounds, in a similar way as we did
for the results by Kohler and Langer in Kohler and Langer (2021) in Appendix D.

4.6 Further work and open questions

Let us mention a few further natural questions arising from the present results beyond the
just-mentioned aspects on simulations. First, although we are able to derive a result for the
classical posterior with an augmented prior, the question is left open as to whether posterior
contraction still holds without putting a prior on the noise variance. In the setting of random
series priors, the simulation study in Agapiou and Castillo (2024) conducted in regression
(as well as density and classification models) for both fractional and classical posteriors
suggests that there is no visible phase transition when « increases from e.g. 1/2 up until
1 (included); we conjecture that all the theoretical results presented here (with no prior on
72) still go through for standard posteriors (a = 1).

Also, as mentioned above, a promising direction is to derive results for horseshoe priors,
for instance in the spirit of Ghosh et al. (2019), as well as to compare with the present
heavy-tailed priors. We are currently investigating this in the simpler setting of white noise
regression with series priors in Agapiou et al. (2025).

Finally, it would be interesting to understand more the effect of overparametrization with
our approach: as we have noted, we can choose a polynomial width with large power for the
network; also, for the specific choice of constant o, the prior is exchangeable and does not
particularly penalise a high number of large coefficients; one may then think that this setting
may be particularly appropriate to test for the presence of a double descent phenomenon,
which features a decrease of the risk for very overfitted models. It is conceivable that for very
large widths one sees this appear in the present context: this deserves further investigation.

5. Proofs of the main results

In this section we give the proofs of the main results for the compositional models.

5.1 Fully connected ReLU DNN approximation

We recall here the approximation result we will use to study posterior contraction towards
compositional functions as in Theorems 2 and 5.
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Proofs are done in appendix C. For Proposition 14 we follow the same approach as
Schmidt-Hieber (2020, Theorem 1), simply using the fully-connected architecture from
Kohler and Langer (2021) for the elementary building blocks, as it is better suited to our
prior. Note that Kohler and Langer (2021) does not give a explicit bound on the magnitude
of the coefficients in the approximating neural network f . Such a bound is fundamental in
the study of the properties of our prior and is provided in appendix D.

Proposition 14 Let f € G(q,d,t,8,K), L as in (11) and ¢, as in (18). There ezists a
ReL U network .
feF(L,x(Vn),s)
with
s <ng2log T n
such that for sufficiently large n, )
Additionally, all coefficients of f satisfy |9~k\ < n®, where cg > 1 is a constant only depending

Remark 15 We can be more precise in Proposition 14 and construct the network f i such
a way that the position of the active coefficients is known. From the proof given in Appendix
C.2 it follows that there is an integer

L_t
*
« n 2285+t
rT X max ,

0<i<q \ log"n

such that if (W, ;) are the coefficients of f, we have for alll € [L+1], VNVZ(U) = 0 whenever

iV j>r* and 17,(:) = 0 whenever i > r*.

5.2 Proof of Theorem 2

Proof In view of Lemma 17, it suffices to show that there exists C' > 0 such that for
sufficiently large n,

(| = folloo < ¢n) > e 0.

Applying Proposition 14, we obtain fy € F (L,r(v/n),s) a ReLU neural network that
approximates fy for large enough n with || fo — folleo < ¢n/2 and s < n¢2log!™" n. Using
the triangle inequality,

(IS = folloo < @n) = T (I1F = follo < én/2)

It suffice to control the difference in the supremum norm between two networks of the same
structure. For this purpose we use Lemma 24. Let 6} (resp. ék) be the coefficients of f
(resp. fo). We know from Proposition 14 that supy [6x| < n where ¢g > 1. Recall that
V=TI~ o(r7 + 1) thus using lemma 24 and independence,

T
s 0 On c
II (Hf — folleo < ¢n/2) > klzlln (’914 — 0| < m; 10k <n ﬁ) . (25)
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From remark 15 there is an integer

L%
n 2287 +1;
r* < max < ) ' (26)

0<i<q \ log" n

such that, for all [ € [L + 1], V~Vl(ij) = 0 whenever iV j > r*. Let
Zn = bn /(20T V (L 4 1)), (27)

note that z, — 0 when n — oo, so that 0 < 2z, < 1 when n is large enough.

We can then split the right hand side in (25) and first take care of the possibly large
coefficients (but still bounded by n“) using the heavy tails properties of the prior. To do so
we use Lemma 27 with z,, on every coordinate such that ¢V j < r*. We get a large enough
constant Cy > 0 such that when n is sufficiently large,

L+1
H H II (|I/Vl(”) . VT/I(U)| <z, |VVZ(U)| < nCB)
I=1 Vj<r*
L+1 -
> H H Zp €XP (—C’o 10g1+“ <(1 +ncﬁ)(al(”))_1)) .
=1 iVj<r*

=A
Recall that V = [[/_o(r1 + 1) = (d + 1)([v/n] + 1)* and L = [log"*® n], thus there is ¢’ a
large enough constant such that, when n is sufficiently large,
2n L (L + 1)V < eloe™n, (28)
Using log ((Ul(ij))*1> < log2(1+5) n from (16), this leads to the bound, for C3 a large enough
constant

—C"log?td n—Cp log! T+ ((1+ncﬁ)(al(ij))’l> —C310g2(1+0)(145)

A> ope > ¢pe

Now since ¢, < (n/log” n)~" for some v > 0, there exists a constant C4 > 0 such that

(29)

L+1
[ [ AzeCtrrron
=1 ivj<r*

Finally since (r*)?L < s < n¢? log! ™" n, we get for the indices such that iV j < r*, a
large enough constant C' > 0 such that

L+1
I] I] & <|Wl(z'j> WD <y W) < W) > ¢~ COné?
=1 ivj<r*
Now we take care of the small coefficients using the decay (o). For the indices such
that ¢ V j > r*, recall that we have V~Vl(” ) =0 for all [, leaving us to bound

Lt1 o L41 B y
ll;ll ivgr*n (|Wl s Zn) B ll;[l ivgr* [1 —2 <Z"/Ul ’ )} ’
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here we have used the symmetry of h and the fact that z, < n% for n sufficiently large.
Using log? 9 (i v j) < log(l/gl(”)) from (16) and the expression of r* given by (26), we

have a large enough constant C5 such that whenever ¢ V j > r*, we have
1/0l(z’j) > 610g2(1+5)(i\/j) > elog2(1+5) e log2<1+§>n'

Recall that by assumption (H3), H(z) < co/x for all x > 1. Noting that log(1 — 2z) >
—4z whenever z < 1/4 and using the bound (28) on V', one gets that for sufficiently large
n satisfying

Zn€C5 10g2(1+5)n Z 1 v 462,

there is a constant Cg such that

2(148) ,,

).

1-2H (Zn/O'l(ij)> >1- 2622’;16_05 log?(1+9) p, > eXp(—C6z;16_C5 log

Recall T is the total number of parameters of the network, this leads to the lower bound

L+1
T TT 1t (w1 < 20) 2 exp(~Coy e s,

=1 Vji>r*

Whenever n is large enough and for our choice of architecture, we have T' < n 10g1+5 n, using
again the bound (28) on V one gets for n sufficiently large,

TncﬂLV(L =+ 1) S n(log(1+5) n) ecl 10g2+5 n S nqbiec"’ log2(1+5> n

Finally we have a large enough constant C' > 0 such that

L+1 -
H H H (|VVZ(7J)| S Zn) Z e—CTL(f)%.
=1 tVvj>r*

5.3 Proof of Theorem 5

Proof We give the proof for k = 0, giving the fastest rate, the proof in the general case
being similar. In this setting v = 2(1 +6) + 1. Let fo € F(L,r(y/n),s) be the network
approximating fo from Proposition 14. Using ||f — fOH%?(PX) <2|f - ng%g(PX) + 2| fo —
ng%Q(PX), Lemma 18 gives

By, ( [ bt fo)an(f)> < Lo = ol

<
‘ N . KL(@, IT)
{5 1 g 100+
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Since || fo — ngQLQ(PX) < ¢2 when n is large enough, it is enough to show that Sgr(h)
contains a distribution Q* satisfying the extended prior mass condition (see Remark 19),

JIF = il 4@ (N <6 and KLQD < n?. (30)

For h the heavy-tailed density taken as prior on coefficients, let us define Q* := ®;‘g:1 Q; €
Sur(h) by setting for all k € [T,

dQy, . O — 0\ )
T (Or) == Jh< o >—h9k70k(0k)7

where o, = P R | {ék} are the coefficients of fp, such that Q; € H(h).
Using Lemma 24 and setting w,, := n?*¢LV?2(L + 1), we get

J17 = il 4@ (0 < [1F = Falle dQ* () < wi [ muaxife - 8P Q" (1),
Recall the definition (9) of the moments of h, from the definition of Q* it follows,

—2 log2<1+6) n

Mﬂ

/max|9k — Qk’2dQ < Z/wk — 9k:| ko Hk mg

k:

Clog?t?

Using inequality (28), we get w,T < e " for C' > 0 sufficiently large. Since ma(h) <

cg/ (2v(+r) by assumption, we have ma(h)w,Toi < ¢2 if n is large enough.

We just showed that Q* satisfies the first condition in (30), let us check the second one.
We can write IT = ®;_, I}, where,

dIly, 1 O
00 = 0 () = o 00

By additivity using independence we have KL(Q*,IT) = Ek | KL(Qj, ITy,). Let us write
So = {k € [T], 6}, # 0} the support of the collection of coefficients of fo, since Qf = Tl
whenever 6, = 0, we get

= 3 KL(Q}. TTy).

keSo
Let k € Sp. Using the fact that h is bounded,

h, U—Uk _.,
KL(Q;,Hk)z/log — ot 1h<9 9’“) do
() )
1 1 -0
<log||h||ec + [ log —h 6= O df .
h(i) Ok Ok
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Using the heavy-tailed assumption (H2) with k = 0 on h, for all § > 0, we get

log (h(@iﬁ) < ci(1+log(1+ 00, 1)).

Splitting the integral I in two and using the symmetry of h leads to

+o0 _~ “+00 ~
Ikg/ log [ 1) Lp (0= d9+/ tog [ ) Ln (2% 4
0 h(Go,") | ok Ok 0 h(fo, ") | ok Ok

“+o0o ) 400 ~
s/ e1 [1+log(1 4+ 607Y)] —h <0 9’“) d9+/ e1 [1+log(1 4+ 607Y)] —h <9+0’“> .
0 0

Ok Ok Ok Ok

I+

i k

One can suppose 0 > 0, given the symmetry in I ,j and I, . Considering first I, we have,
by changing variables,

_ oo 0y
I, <ci+c log(1+—+4u]h(u) du.

0 /o Ok

The integral in the last display is bounded as follows

+oo ék ék “+o0
log(1+—4u|h(u)du<log|l+2— |+ log (1 +2u) h (u) du
0y /o, Ok Ok 01 /o
O
<log | 14+2— | +2m(h).
Ok

For I ]j , we have, changing variables

/;OO log <1—9~k+u> h (u) duS[Jroo log (14 u) h(u) du < mq(h).

k/ok Ok Ok /o
In the case of k > 0 one gets mj.(h) instead of the first order moment, this quantity is

10k
ok

also bounded by assumption. Finally, we have Iy < 1+ log (1 +2 ) for n large enough.

Using the fact that |6 < n° we obtain

KL(Q5, 1) <1+ log <1 + 2|0k|> < log?(1+9) 1 = 10g7 1 .
O

Recalling that [Sp| = s < n¢2 log! ™7 n, we finally get,
KL(Q", 1) S slog”™ n < nej.,

which concludes the proof. |
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Appendix A. Tempered posterior contraction

In this appendix we recall some results regarding the concentration of posterior distributions.

Definition 16 Let o € (0,1) and P,Q be two probability measures. The Kullback-Liebler
(KL) divergence between P and Q is defined by

dpP
KL(P,Q) := /log (dQ) dP if P Q, and + oo otherwise.

Let p be any measure satisfying P < u and QQ < p. The a-Rényi divergence between P and

Q is defined by
1 dP\® [(dQ\'°
DB Q) ::a—llog</(dﬂ> (5) d“)'

For an overview on properties of such divergences we refer to van Erven and Harremoes
(2014). In particular, if Py, -2 is the probability measure such that (X:,Y) i Py, -2 in the

regression setting (1), using additivity of the Rényi divergence for independent observations,
for any f € F and 72 > 0, we have

1 n mn
Da(Pyy2, Pryr3) = —Da(PEls, Pirs). (31)

f?TQ’ f07T02

When 7 is supposed to be known (e.g. 79 = 1) we simply denote
Dalf. fo) = Da(Py2, Ppy 2)-

A.1 Contraction Lemmas : case of known variance 75 = 1.

In order to simplify the reading of this section we first state the results we use to prove our
Theorems in the case where the noise variance 79 = 1 is known. A more general version
used in the unknown variance case can be found below.

Lemma 17 Let fo € F and assume 19 = 1 is known. Let II be a probability measure on F.
For any a € (0,1), any positive sequence (e,)n such that e, — 0, ne2 — co and

T/ I = folloo < en}] > e ™0,
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there is a constant C > 0 such that as n tends to infinity,

2

n } ]X,Y} — 0,
o

L, Hf  Dulf,fo) = C

ae
1—
where Ey, denotes the expectation under Py, .

This is Theorem 4.1 in L’Huillier et al. (2023) written in our regression setting, noting that
the KL-neighborhood therein simplifies to an L*°—neighborhood via Lemma 20. The version
of this result that accounts for possible unknown noise variance 7g is Lemma 23 below.

Lemma 18 Let fy € F and assume 19 = 1 is known. Let Il a probability measures on F
and S a set of probability measure on F. For a € (0,1) let Qo be the tempered variational
approzimation on S defined by (8). Then

B ([ Dalt.1)400(n) < ot {5 %5 [1 = Aoy d@n) + S S0

This is Theorem 2.6 from Alquier and Ridgway (2020) written in our regression framework,
using (A.2) with 79 = 7 = 1, to express the Kullback divergence therein as an L?(Px)-
squared norm.

Remark 19 If there is €, > 0 such that

By, ([ Dald. )00 ) <2
then by Markov’s inequality, for any M, — oo, as n — oo,

EfOQa [{f : Da(fa fO) > Mngi}] — 0.

Moreover, if we consider the clipped posterior Qf as i Corollary 3 we obtain convergence
of the variational posterior mean in L?(Px)-distance, as then Lemma 21 gives

Ep|| / FAQE() = foll y2(pyy < Eo / 1S = follLa(py) Q8 (f) S en.

A.2 Extended Lemmas : unknown variance case

We provide now a sufficient condition for tempered posterior contraction, recalled in Lemma
23 below, it involves putting enough prior mass on the Kullback-neighborhood

Bu((fo,78)en) = {(f.7%) : KL(Py, 12, Pyr2) < eq, Va(Py, o2, Prp2) < e}, (32)

where

deo,Tg ’
VZ(Pfo:Tg’Pf»TZ) = / <log ( dP; ;2 > o KL(Pfoﬂ'g’ Pf772)> deo,Tg'

In the regression setting, simple calculations allow us to identify the KL-neighborhood (32)
as an L°°-type ball.
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Lemma 20 One can find a constant C > 0 sufficiently large, such that it holds, for any
en — 0 asn — oo,

{(£;7%) = |If = folloo < en, 172 = 75| < 2} C Bu((fo,75), Cen)-
In particular when 19 = 1 is known,
{f 2 If = follo < €n} C Bulfo,Cen).

Proof Simple calculations (see for instance Lemma 19 in Castillo and Randrianarisoa (2024))
lead to

1 9 1 72 Tg
KL(Pyy,r, Ppr) = 272Hf - fOHLQ(PX) + 9 log(ﬁ) + 2 1),
0

72 12 — 72)2 1
Vo(Por: Pr) = 1= Sl By + Dt (1o = Fllbacoyy — 1o = Fldaeyy)-

Using for any p > 1, || fo — fllze(py) < |If — folloo < €n and |72 — 75| < €2 as well as €, — 0
when n — oo, we get

2 2

€ 1 €
KL(Py, 12, Py r2) < 2 _”52 + 5 log(1+ T—;;) < Ce2
n
2.2 4
THE 3e 9
Velhsy Phee) < G e ¥ At - e = O

The contraction Theorems for tempered posteriors in Section 3 are obtained applying Lem-
mas 17 and 18 above (or Lemma 23 in the case of unknown variance), therefore the rates
are formulated in terms of Rényi divergences. In the random design Gaussian regression
model (1), one can relate such rates to usual L?(Py) ones, provided the true function fy has
a known upper bound M.

Lemma 21 Let Psz,PfO,Tg be probability measures of the regression model (1) and let
a € (0,1). Assume ||f|loos || folloo < Mo for some My > 0. One can find a constant
C = C(a, 78, M) such that for any &, — 0, as n — oo, it holds that

{(f77—2) : Da(Pf,T27Pf0,Tg) < E%L} - {(f77—2) - fOHLZ(PX) < Cey, |T2 _Tg’ < Cep}.

In particular, if 702 =1 is known, we have
QO onf2e(1—
Da(f. fo) = 5e M= 1 £ — follF2(pyy-

Proof Let us express Da(Pf,Tz,PfO,Tg), more explicitly. By using the standard formula
expressing the D,-divergence between two univariate Gaussians we get

lo
g — )
7'01 Yra

Da(N(f (), 72), N (fo(x),78)) = s (f(x) — fol@))? +

2
275

l1—a

36



DNNS WITH HEAVY-TAILED WEIGHTS

where 72 := (1 — a)7% + a7, see e.g. van Erven and Harremoes (2014) eq. (10), one has

«

Da(Pj 2, Py, 12) = 1 ]Og/e(a—l)Da(N(f(m),T2)7N(fo(x)7T02)) dPx(z)
y sTH

a—1
1 Ta 1 — 202 (f(a)— fo(x))?
_ 1 1 273 dP
T Og<7(}—a7a>+a1 og/e x ()
- (I) + (I1).

We have both (I) > 0 (e.g. by concavity of the logarithm) and (I7) > 0. From the assump-
tion De (P2, Pfo,rg) < &2 it follows that (I) < &2 and (II) < &2. From Lemma 22 below,
there is a constant C' > 0, such that |72 — 7| < Ce,,. Note that (IT) = Do (Py .2, Py, r2).
Since |72 — 72| < Ceyp, using &, — 0, we get 72 < 78 + C(1 — a)e, < 278 for n large

enough. Therefore (IT) > Da(Pf,zTganO,zTg)a where we used that the a-Divergence is a
non-increasing function of the variance parameter. Now, using first 1 —z < — log z and next
1—e* > xe™ 7, leads to

o [1 - [ew (O‘(O‘l)u - fo)2> dPX]

l—« 47’5

S o / o@D~ ) /(U7) (f _ £\2 gy
- 473

@ _oM2a(l—a) 2
2 172° ORI = SollTzipy)-

Therefore, |[f — follz2(py) < Cen for a suitable constant C' > 0. [ |

Lemma 22 Let ¢ = 1, be a function defined on R, for 0 < a <1 and 79 > 0, by

(1—a)r?+ oz702>
COETEI

wwwﬁ%(

There is a constant ¢ = c(a, Tg) > 0, such that for any €, — 0, as n — oo,
{r? : (%) S e} {7 — 73] < en-
Proof Denoting 72 := (1 — a)7% + a7d, one gets
V() = a(l - o)1 - 75 /7%)(70) 7,

so that ¢/(73) = 0, ¥ is decreasing from +oc to ¥ (73) = 0 on (0, 7¢] and increasing from 0
to +oo on [7,00). Also,
l—a (1-a)?
"2y _
(T (r2)2 (22

«

so that ¥ (78) =: 2m > 0. By continuity of ¢, there exists an interval I := [7& & 7], for
some 7 = n(73, a), such that ¥ > m on I. Set

¢ = e(rd, @) = min(m /2, (8 — 1), ¥(r2 +m))-
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Let 72 verify ¢(72) < ce2. For n large enough we have 1/(72) < ¢ and by monotonicity of
1) on each side of 7§ one must have |72 — 7| < 1, i.e. 72 € I. Recall ¥(7¢) = ¢/(78) = 0,
computing the Taylor expansion of ¢ at 7§ gives, for any 72 € I, and some ¢ € I,

Y(r?) = (O = 75)°/2 > (m/2)(7° - 13)?,

where we used that 1" > m on I. Therefore as soon as 1(72) < cg,, and n is large enough,
we have |72 — 72| < \/2¢/me,,, which gives the result using 2¢/m < 1 by definition of c.
|

Lemma 23 Let fo € F and 19 > 0 and Il be a probability measure on F x Rsg. For any
a € (0,1), any positive sequence (e,)n such that e, — 0, ne2 — co and

I [{(f,7) : [If = follo < en, |72 — 13| < 2}] > e 0,
there is a constant M > 0 such that, as n — oo,

Mo

B, H(f,#‘) : Da(Pry2, Pryr) 2 1 _aei} |X,Y] -0,

where E, denotes the expectation under Py ra.

Appendix B. Additional properties of ReLU DNNs

We list here some well-known properties of ReLU neural networks, which are very useful for
combining different networks:

e Width enlargement: F(L,r,s) C F(L,r',s’) whenever r < r’ component-wise and
s <.

e Composition: Given f € F(L,r) and g € F(L',r") with r;41 = r(, we can define the
network whose realization g o f is in the class F(L + L', (r,77,...,77,, 1))

e Depth synchronization: To synchronize the number of hidden layers between two net-
works, we can add layers with the identity matrix as many times as desired,

F(L,r,s) C F(L+4q,(ro,...,r0,T),8+ qro).
———

q times

e Parallelization: Given f € F(L,r) and g € F(L,r’) with 7o = r{, one can simulta-
neously realizes f and g within a joint network whose realization (f, g) is in the class
F(L,(ro,m1 + 71,y "Lt + 77 41))-

Following is a very useful Lemma giving a bound on the distance between two ReLLU
neural networks realizations in terms of the distance between their coefficients. These types
of inequalities are well established in the literature. The version presented below appears in
the proof of Lemma 3 in Suzuki (2018).

38



DNNS WITH HEAVY-TAILED WEIGHTS

Lemma 24 Let f and f* € F(L,r) with total number of parameters T and coefficients (0f)
and (05). Suppose that for all k € [T], |0x] < b, |05 < b, and |0 — 0| < 6. Define

L
V=TT +1), (33)
=0

then
[f = Lo (jo,10) < OV (DV DEL+1).

For reader’s convenience we recall below the approximation results that will be used
to prove Theorems 7 and 10, these are respectively borrowed from Nakada and Imaizumi
(2020) and Suzuki and Nitanda (2021) where the constants are made explicit.

Lemma 25 (Theorem 5 in Nakada and Imaizumi (2020)) Let f € Cg([O, 119, K) and
assume that dimps Supp Px < ¢ holds witht < d. Lete > 0. There is a ReL U neural network
f with constant depth L = L(8,d,t) and sparsity § < e~ t/B such that, when ¢ is small enough,

I[f - f||Lw(PX) <e,

moreover there is a constant ¢ = c(B,d,t) such that the weights {04,k € [T]} of f all satisfy
‘Hk’ <e ¢

Lemma 26 (Proposition 2 in Suzuki and Nitanda (2021)) Let p € (1,2), 8 € RZ,

such that B>1/pand f € ng(l), Let N be a large enough positive integer, there exists
feF(L,(dr...,r1),s) with L SlogN, r <N and s S NL such that

Hf_fHOO SN_Bv

additionally all the weights in f are bounded by a universal constant.

Appendix C. Additional proofs
C.1 A technical Lemma

Lemma 27 Let 0 < 0,2 < 1, 0 < |0] < B for some B > 1 and 0 = o - ¢, where  is a
random variable on R with heavy-tailed density h satisfying properties (H1), (H2) and (H3).
Denoting by Py the induced distribution on 0, there is a large enough constant C' > 0 such
that,

Py(|0— 0] < 2, |0| < B) > zexp(—Clog" ™ ((B + z)0 ).

Proof Write B_ := (—B) V (§ — z) and B := B A (0 + z) so that

B B+1 T
_ < < = — — .
Py(|0— 6| <z, 10| < B) /B_ Uh( )daf

g

Using the fact that |§] < B one gets, when 6 > 0,

B"=BA@+2)>0, B_=0-z
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andwhen§<0, y : ~
tT=0+z, B_=(-B)V(0-2)<80.

Using the symmetry of h, one can reduce the problem to the case # > 0. Using the positivity
of h and the fact that o < 1, one gets

5 0
P10 —d < =,10) < B) 2/~ n (%) d.
0—=z

g

Using the monotonicity of h, we have

/;Zh (;) drx >z xh (W) > zh((B + z)o1).

Now simply use the fact that (B + z)o~! > 1 and the heavy tail property (H2) of h to
conclude. ]

C.2 Proof of Proposition 14
Proof First express f = gg0---0gp : [0, 1]¢ — R as the composition of functions defined
on hypercubes [0, 1]%. To do thls, forall 1 <4< g —1, define
gi(2K-—K) 1
hg i = =— + = = =
0 2K + ha oKk 2
Such that fo = hgo---0hg and for all 7,

hg = g,2K - —K). (34)

hoj € CL0(10,1]%0,1),  hi; € C([0,1)%, (2K)%),  hg; € C2([0,1)', K (2K)7).

We can now approximate each of the h;; by a network realisation using Lemma 33, before
that, let us provide a propagation result that links the approximation quality of h;; to that
of the total composition.

Lemma 28 (Lemma 3 from Schmidt-Hieber (2020)) Let h; = (hi;); be functions as
in (34) with K > 1. There is a constant C = C(K, B) such that for any functions h; := (h;;);
with hij : [0,1]% — [0, 1], we have,

Hk 1+1(ﬂk/\1)

q
||hq0 cv-ohg— hq O"'th”LOO([OJ]d) < CZH’}L h |°°||L°° ([0,1]%)

i=0
We can now apply Lemma 33 to each of the h;; separately, using at i € {0, ..., q} fixed,
L ~
M = M; = ’7( n )2(261- +ti)-‘ . We get for all (4,7), hij € F(L;, (ti,7},...7},1)) such that

log"n

1hij — hijlloe S M;27, (35)

~

where L := Cylogn and r} := C,M}* with C; and C,, two constants given by lemma 33
only depending on (3, t).
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To apply lemma 28 we need to make sure each iLZ'j with i < ¢ takes values in [0, 1]. This
can be done through the two layer network (1 —(1—z)4)4. Let L; = L} +2 and keep calling
the new networks Bw Since the h;; takes values in [0, 1] inequality (35) still holds with the
two extra layers.

Now computing the networks ﬁij in parallel lends h; = (iLw) jeldiy,] 0 the class

F(LH (dla Tiyeoos T,y di+1)>7
where r; := d;17. Now from inequality (35) we immediately get,

Hiciia (BeAD) =287 (36)

|||h h‘ |00||Loo Ol]d) ~ 7

Finally we compute the composite network f = hq o---0hy in the class

-F(LO_‘_"'+an(d77a7"'77471))7 (37)

where r := [maxr;. Using lemma 28 and (36), for n large enough, we get,
<i<q

q
e <30 M7 25
1f = fllo S ) M, ,Smlale. < bp.
i=0

Now we have for sufficiently large n, Lo+ --- + Ly = (¢ + 1)Cylogn < log'*® n and
r < [y/n]. Thus, for n sufficiently large the space (37) can be embedded into

F([log'*nl, (d, [Vnl,...,[Vn],1),s),

where

ti

n 28%+t;

s <r?logn < max Y x logn < ng? log! TV .
& 0<i<q <10g7n> B~ an &

Now for the bound on the coefficients, in view of proposition 34, for sufficiently large n every
coefficient 6 of the network satisfies
0] < max (M BZH)V <n‘
0<i<q

where cg > 1 is a constant only depending on (/3;);.
This completes the proof. |

C.3 Proofs for data with low Minkowski dimension support

Proof [Proof of Theorem 7|The proof is very similar to that of Theorem 2. Since we will
use a sparse approximation result the position of the zeros in the network is not precisely
known.
In view of Lemma 17 it suffices to show that there exists C' > 0 such that for sufficiently
large n,
I(|f = folloo < 2n) = e
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) —B/(28+1)

We apply Lemma 25 for ¢t > t* and 2e = ¢, := (n/ logQ(l“""H'1 n . When n is large

enough there is a network fo with constant length, number of non-zero parameters § < ¢, t/8

and magnitude of coefficients maxy, |0 < e7¢ < n¢, such that || fo —foHLz(pX) < &,/2. Since
§ < n when n is large enough, we can embed fy in the space F(logn, (d,n, ..., n,1),s) where
s < 5logn. Write (6) (resp. (6;)) for the coefficients of f (resp. fo). Recall that there is a
constant Cy > 0, such that

V.=
l

(1 +1) < Cvleg®n, (38)

L
=1

Let So = {k € [T] : 0 # 0}, recall [So| < s < ent/? logn and let
Zn = en/(2n°LV (logn + 1)).

Using triangle inequality and applying Lemma 24 we need to bound from below

T
IL(IIf = foll L2(py) < €n) > H I (’91@ — O] < 20, |0k < nc) -
)

We can follow the proof of Theorem 2, splitting the product in the last display on whether
or not k is in Sy. For k € Sy we apply Lemma 27 and get a large enough constant C7 > 0
such that

2(1+5) 4,

[[o (|9k — O] < 2n, |0k] < nc) > zhe”CTelos
keSo

Using the bound (38) we have a large enough constant Cf, such that

2nFV (logn + 1) < v log®n

2(1+k) ,, < 87;t/ﬂ 10g2(1+ﬁ)+1

Finally, use slog n < ne2 to get C' > 0 large enough such that

H 11 (’619 — ék| < ZzZn, ‘Hk’ < nc> > eicngi.
k€eSp

For the zero coefficients, k ¢ Sy we can simply follow the proof of Theorem 2 and get

T 1 (0k] < 20) > e,
ké&So

which, according to Lemma 17 gives us concentration of the tempered posterior in terms of
the a-Rényi divergence D,,.

For the concentration of the variational posterior, using the existence of fo € F(L,r(n), s)
such that for n large enough || fo — fg||L2(pX) < £,/2 and slog?1+%) n < ne2 | one can easily
follow the steps of the proof of Theorem 5 to get to the result. |
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C.4 Proofs for anisotropic Besov spaces

Proof [Proof of Theorem 10 | We apply Lemma 26 with N = [n/log” n] 1/(26+1)  We get
foe F(L,(d,A,...,A,1),s) such that when n is large enough, L <logn, A < N and

sSNL S egl/ﬁlogn < ne2logt™ 7 n.

The network realization fy satisfies || fo — folloo < €n/2 and the coefficients of f are uni-
formly bounded by a constant. When n is large enough we can embed fo into the space
F(log'™ n,r(n), s) and assume that maxy, |#;| < n. From here one can follow the proofs of
Theorems 5 and 7 to get the desired results. |

C.5 Proofs for unknown noise level 1y and the case o =1

Proof [Proof of Theorem 12| In view of Lemma 23 (a generalized version of Lemma 17) it
is enough to show

I{(f,72) : If = folloo < ¢, |72 — 73| < ¢2}] > e C0,

for some sufficiently large constant C' > 0. Since II = Il ® 7,2, it suffices to verify

Ie({f : [If = folloo < Pn) > e—(C—l)ng{)EL’
ma({r? |12 =1 < ¢2}) > %

Since Il is the heavy-tailed DNN prior used in Theorem 2, the first inequality of the last
display as been proved in Section 5.2. The second inequality immediately follows combining
Condition (23) and the fact that ¢,, is polynomial in n~'. A direct application of Lemma
23 leads to contraction of II,[-| X, Y] around (fy,73) at rate ¢, in a-Rényi divergence. For
the clipped posterior IIZ[-| X, Y], one uses Lemma 21 to relate the a-Rényi neighborhood to
the L?(Px)-type one. [ |

Proof [Proof of Theorem 13| We apply Proposition 1 in Castillo and Randrianarisoa (2024):
the latter shows that, provided that one chooses the prior 72 as in (24), that the prior on
f verifies the prior mass condition, for some D > 0,

()l — follee < en] = ™7, (39)
and that the posterior on f is clipped by B > || fo|lo, then
Eio 1[I f — f0||%2(px) < Mep |(X,Y)] = 1.

Since (39) is verified within the proof of Theorem 2 for ¢, = c¢,, for some constant ¢ > 0,
and since we work under the conditions of the latter Theorem, the proof is complete. |
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C.6 Proofs for general activation functions

We want to prove that if p is admissible according to Definition 11, all of our results still
hold for p-DNNs. As stated in Section 3.6 it is sufficient to show that a result similar to
Lemma 24 still holds for p-DNNs and that ReLU : z +— max(0,z) can be approximated
by a p-DNN. We provide in Lemma 29 a version of Lemma 24 for Lispchitz-continuous
activations; it follows by a similar proof as for a ReLU activation, tracking the Lipschitz
constant throughout the proof, see e.g. the proof of Proposition 1 in Ohn and Kim (2019),
Appendix B therein.

Lemma 29 Let p: R — R be a C,-Lipschitz-continuous activation function and f, f* two
p~DNNs with width vector r = (d,N,...,N,1), depth L and coefficients (0) and (6).
Suppose that for all k, |0 < b, |05 < b, and |0 — 0| < 9.

1 = f*lloo < SL(Cp(bV 1)(N +1))".
For the approximation result we use the following Lemma.

Lemma 30 Assume p is admissible according to definition 11, for any D > 1 and for any
K > 1 both taken large enough, there exists a p-DNN, fﬁ’iU, with constant width and depth,
such that

5 1
sup | fuy(x) — ReLU()| £ -
z€|—D,D]

Additionally all the weights of fl’%’ele satisfy 0] < K2DS.

Proof From Definition 11 of an admissible activation function, there exists a < b € R, such
that for any « € R and any K > 1,

|zp(Kz) — max(az,bz)| < 1/K.

Notice that for all x € R, using a < b, we have

1
ReLU(z) = max(0,z) = bi(max(am, bx) — ax). (40)
—a
From Lemma 1 and Lemma 2 in Kohler et al. (2022), for any D > 1 and any K > 1 both
large enough, there exists two p-networks f£ and f2, with constant width and depth, such
that the absolute values of their weights is bounded respectively by B( fﬁ ) < KD? and
B(fP) £ K?D5 and such that,

sup |fi(x) —x| S1/K  and sup | f2(x,y) —ay| S1/K.
z€[—D,D] z,y€[—D,D]

For K > 1 large enough and any x € [~D, D] we have |fD(x)| < D + |fD(x) — 2| < 2D.

We set
1

PR (@) = o [P (fR (@), oK) - aff ()]

which matches the expression (40) of the ReLU activation and gives the desired p-network.
|

Using Lemma 30 we can transpose the ReLU-DNN approximations to p-DNN results.
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Lemma 31 Assume p is Lispchitz-continuous and locally quadratic. Let fo : [0,1]¢ —

R be a function such that, there exists a large enough N > 1 and a ReLU-DNN, f €
F(L,(d,N,...,N,1)) with length L <log(N), satisfying

1fo = flle S N7,

where n > 0, and the weights of f are bounded by N° for some ¢ > 1. Then there exists a
p-DNN, fP with width N < N and depth L < L, such that

1fo = FPllec SN,

with weights bounded by eélOgQN, where ¢ > 1 is a large enough constant depending only on

c and n.

Proof By assumption we have~a sequence of affine transformations (A4;)1<i<r+1 such that
the ReLU-network realization f € F(L,(d,N,...,N,1)) is written

fi:=Ap;10oReLUoAs o---0ReLUoA; (41)

and is a good approximation of fy. Here ReLLU refers to the real valued function x — x V0,
we recall that in (41), the one-dimensional function ReLU is applied coordinate-wise to the
output of the affine transformations A;. Note that for any = € [0,1]%, we have, |A1z|s <
(d+ 1)N¢ < Nt for N large enough. Let K > 1, to be chosen (large enough) below
and let ff be the p-DNN of Lemma 30 with precision K and D = D; := N1 there is a
constant C' > 0 such that, for all 2 € [0,1]¢, as N gets large enough,

70 A(e) ~ ReLU oAy (@) < .

By Lemma 30, weights of f are bounded by K2DS. Using |ReLU(x)| < |z|, we have

|4z 0 f{ 0 A1(2)]oc < (N + )N°|Jf 0 A1(2)]oo

0o <
< (N +1)N¢(|ReLU 04 (2)| o0 + C/K)
< (N 4+1)N%D; + C/K)
< 2NHAHD(1 4+ 1/K) =: Dy.

By recursion, we can set, for all 1 <! < L + 1, (with the convention Bf = A;),
Dy = NUeHDol=1(1 4 1/K)!"Y and B :=Ajoff oA j0---0ffoAy, (42)

such that the p-networks flﬂ are generated by Lemma 30, their weights are bounded by
K 2Dlﬁ, and they satisfy

|ff o B (z) — ReLU 0B/ (2)] o < and  |Bj(2)]eo < Dy. (43)

=1 Q

Now define . ~ -
fPi=Bry=Ap0ffoApo---ofl oA (44)
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Equation (44) is similar to the definition of f, given in equation (41), once one replaces the
ReLU activations with their p-approximations. Recall that each p-network realization flp :
R — R has constant width and depth and is applied coordinate wise to the N-dimensional
outputs B) |(x). Therefore the p-network fi has width N = N and depth L = L and
weights bounded by K 2DG. To conclude it is enough to show that, taking K appropriately
large, we get || f* — f|oo 5 N~". Define, for any 1 <[ < L, (with convention Fy, = A1),

E;:=Ar110ReLUocAp o---0ReLUoA;, 1.

Since ReLU is 1-Lipschitz (with respect to the sup-norm) and A; is N¢*!-Lipschitz, one
easily checks that Fj is Aj-Lipschitz with Ay < N (e+D)(L+1=D)  Recall (42) the definition of
Dy and B?, writing f? — f as a telescopic sum and using (43), one gets

L
() = f(@)]oo = ZEl ° flp o BY(z) — E; o ReLU 0B/ (x)
=1 ~

N(L+1)(c+1)
1=1 1=1

Now, since L = log N, to get || f*— f||so < N7, it is sufficient to take K large enough, so that
NEADAD)+n < K We take K = e€1/2108” N f;. & > 1 large enough, depending only on ¢

and 1. The welghts of f7 are all bounded by DY K? = NOEHD(LAD)9L(1 41 /K)Lelilog® N <

eClog? N , where ¢ > 1 is a large enough constant. u

Theorem 32 Consider p to be an admissible sigmoid activation according to definition 11.
Suppose the conditions of Theorem 2 are satisfied, 11 being a p-DNN prior on f, with depth
L = [log' ™0 n], width r = r(v/n) and decay (c1,) on the weights given by

log®1+9) (5 v 5) < log(l/a ) < log3(1+9)
Then for TIB[.| X, Y] the clipped posterior as defined above, for any B > || follso,

E IS [{f 2 I1f = follepy) = M)} | X, Y] =0,
where @), is the rate given in (18) with v = 3(1+§)(1 + k) + 1.

Proof We check that the steps of the proof of Theorem 2 still hold. One start from the ReLU-
approximation given by Lemma 33, this provides the exact setting to apply the transfer
Lemma 31 with n = 23/d. This shows that any Holder function in C?([0,1%]) can be
approximated with precision N=28/4 with a p-DNN of depth L =< log N, width r =< N and
Weights bounded by eClog” N , for N large enough (here N plays the role of M? in Lemma

33). We obtain an equivalent of Prop 14 for p-DNNs following the proof given in Appendix
C.2, for fo € G(g,d,t,3,K) and ¢;, as in (18) with 7" = 3(1 + 0)(1 + x) + 1, there is a
p-DNN fo with depth L = [log'*® n], width [/n] and sparsity s < n(¢’) log! ™7 n such
that || fo — follso < ¢/,, Additionally, all coefficients of fy satisfy 0| < 18’ where ¢ > 1
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is a large enough constant. Note that the differences from Prop 14 is the magnitude of
the weight increasing sub-exponentially as exp(clog®n) (instead of polynomially as n¢) this
induces some extra log-factors in the rate ¢/, and the decay 0. To conclude we check that
the prior mass still holds under these new conditions. Notice that in the proof of Theorem
2 the magnitude bound is required first in equation (28) which then becomes

3448 n

2€cLlog2n(L + 1)V < eC/ log
and equation (29) that involves the control of

c’ 10g3+5 n — Cylog!™ ((1 + edog%)(al@j))_l) .

Taking (oy) such that log((al(ij))*l) < 1log®+%) n, shows that equation (29) becomes

A > (b 6703 10g3(1+5)(1+n)n
jti n .

The condition log?+9) (i v ) < log(1/ O'l(ij )) ensures the rest of the proof follows the one of
Theorem 2. |

Appendix D. Bound on the coefficients

In this section we give the main steps of the proof of Kohler and Langer (2021) leading to
Lemma 33. Here the goal is to track the bounds on the coefficients of the constructed network
in order to obtain a quantitative upper-bound in terms of the number of parameters. For
the individual construction of each subnetwork and their approximating capacity we refer
to the proof of Kohler and Langer (2021).

The goal is to approximate f € Cg ([0,1]¢, F) with precision M =2 on hypercubes of
size M2 using local Taylor polynomials of f. The network used to find on which of these
sub-cubes we are, will lead to the coefficients of highest magnitude through the important
quantity

By = [M2B+1)7,

Note that, in the following, if g is the realization of a neural network with coefficients
0., we denote the scale of its coeflicients as

B(g) = mpx|0y.

Recall the Lemma

Lemma 33 (Theorem 2 in Kohler and Langer (2021)) Let f € Cg([O, 114, F) be a func-
tion of reqularity B > 0, and let M > 2 be an integer such that the inequality

M? > (1 F)*5HD

holds for a sufficiently large constant C' > 1.
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Let L,r € N satisfy
L > 5+ [logy(M**)] ([logy(d V [B] +1)] +1)

and

r> 64 <d +dL”BJ)2dd2(LBJ +1)M¢

There exists a ReLU network fuige € F(L,(d,r,...,7, 1)) such that
1f = Fuidelloo S (1 FY*P+D 20,

Proposition 34 Let By, := [M?PtD], every coefficient 0 of the network fuwide of the pre-
vious Lemma satisfies
0] < max{2(F V 1)e*, B2,}.

Here are the step leading to Proposition 34.

D.1 Recursive definition of Taylor polynomials

Lemma 35 Let f € C5([0,1]%, F) and xo € RY. Define

T—z
Tpom@ = 3 @) E,
JEN4|4<|8]
then, for all x € R%,
|f (%) = Tt g (@)] S |12 = o5

We conduct the following study on [—1,1]¢ to match Kohler and Langer (2021) results, the
same can be done on the unit cube [0,1]%. Set Py := {Ch2}reppq) a partition of [—1, 1]¢
into M2 cubes and for all z € R%, (Cp,(z)), the leftmost corner of the cube in Py that
contains z, from the previous lemma,

Vo € =119 [f(z) = Tf g0, ), (@) S M.

The crux of the proof is to approximate these polynomials by ReLLU neural networks, to
do so a recursive definition is given. Note that to compute Tfﬁ’(o%(x))g we need to compute
about M?? derivatives of f. Although it is possible to do so in a single layer of width M?? a
significant improvement here from sparse neural classes comes from the fact that between 2
layers of size M? in a fully-connected network there are about M?¢ connections. Therefore
the derivatives are set as the weights of the networks, decreasing quadratically the width of
the structure. To do this Kohler and Langer (2021) introduce another partition of broader
scale, namely Py := {Cy1}pearq) @ partition of [—1, 1]¢ into M? cubes.

Now for any i € [MY], let {éj’i}jE[Md] be the cubes of Py that are in Cj;. Thus
Py = {éi7j}1§i7jSMd and for all z € RY,

Ty p(Cry@n, @) = D Trpc.,),® 1, (@) (45)
1<i,j< M4

In order to compute this as a neural network, the expression (45) of the local Taylor
polynomial of f can be written recursively as follows:
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1. first find in which broader cube of P; the point z is located and compute derivatives
of f on each smaller cube of size 1/M? inside,

P11 =1,
Md
¢2,1 = Z(Ci,l)g 1C¢,1($)7
i=1
. M4 .
o7 =0 N(Cra)e) 1c, (2),
i=1

for all j € [M?] and |I| < [B].

2. then find the small cube of Py containing x and gather the corresponding derivatives
from the first step; to do this first note that for all 1 < k,i < M¢,

v := (Cri)g — (Cin)g (46)

takes values in {0,2/M?,... 2(M — 1)/M?} and there is j € [M?] such that,

Cp,(x) = A9 = {z e RY, o) + 0l <a® < o) 1o y2/M2, Whe {1,...,d}).

Then set,

$12 =,
Md

G2 = (P21 +v5) 140 (d1,1),
=1
Md

! Lj

¢:(),)2 = Z ¢§,2]) 146y (b1,1)-

=1

3. finally compute the local Taylor polynomial as

o) -
bra= > ], (f1,2 — P22) .

JENL|H<[B]

Lemma 36 ¢;3 = Tf,ﬁ,(Cp2 (x))g(x)

In the next step we construct an approximation of ¢ 3 by ReLU neural networks. This
approximation will be correct as soon as x is not too close to one of the boundaries of a P,
cube. More precisely, if C' is a cube and 9 is a strictly positive real number, let Cg be the
set, of points in C' at a distance of at least § from the boundary of C.
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Lemma 37 There is f € F(L,(d,N,...,N,1)) such that || f]lec < 2(F V 1)e2* and

MZd

Vo € | J(Cj2)) ppease  If(@) = fl@)] S M2
j=1

Furthermore, L < log M, N < M% and B(f) < FV B2, with By := [M?+2].

The boundary condition arises from the fact that through ReLLU networks, only continu-
ous piecewise affine functions can be realized. Therefore, it is necessary to approximate the
indicator functions in the definition of ¢ 3. Moreover, we will see that the accuracy of the
approximation of these indicators controls the magnitude of the largest coefficients of the
network.

D.2 Auxiliary networks for the construction of ¢; 3

To approximate polynomial functions through ReLLU networks the first step is to approxi-
mate the multiplication between two numbers, this construction comes from Schmidt-Hieber
(2020)

Lemma 38 For any positive integer R there is foui € F(R,18) with B(fmult) < 4, such
that,

Vm,y € [_1a 1]’ |fmult(337y) - $y| < 4_R-

Starting from Lemma 38, it is quite easy to provide an approximation result for polynomials
in several variables. Let N € N, denote the set of d-variables polynomials of total degree at
most N by,

d
Pn = Vect (H(x(k))rk s "1+ +71g < N) .
k=1
Since dim Py = (dzN% write my,... > T (&4 all the monomials in Py. Let rq,... T ()
d d

be real numbers, for all z € [~1,1]? and yy, ... Y (N € [—1,1], set
d

("d")

p(l‘ayla"'ay(dZN)) = Z Tkykmk(z)
k=1

Lemma 39 Let R > log,(2 x 420N+ be an integer and 71, . . 5 T () real numbers, set
d

7(p) := max |rg|. There is a fully connected neural network of length R[logy(N + 1)] and
width 18(N + 1)(dJZlN) whose realisation f, is such that B(f,) <4V r(p), and,

)fp(x7y17"‘7y(d';N))_p(xayl)"wy(d‘;N)) Smllil—i
for all x € [—1,1]%, 31, . .. VY (N €[-1,1].
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As seen in the previous Section one also needs to approximate indicator functions, this
is where the coefficients of highest magnitude will appear.

Lemma 40 Let R € N and a,b € R such that for all b —a® > 2/R for alli € {1,...,d}.
Let

Kyjp = {;g e RY, 2D ¢ [a® a® + 1/R[UDBD — 1/R,6D], for alli € [d}} .
1. There is find[a’b[ € F(2,2d) with B(fmd[a,b[) < max(R,1/R,|a|so, |bloc) such that

Vz € Kl/Ra find[a,b[(q:) = 1[a,b[(aj)7

and
Vr € Rd7 ‘find[a,b[( ) -1 ab[( )’ <L

2. Let|s| < R, there is ftest(.,a, b,s) € F(2,2(2d+2)) with B(ftest) < max(R?,1/R, |a|so, |b|oo)
such that
Vr € Kl/R? ftest(x7 a, b7 8) = Sl[a,b[(x)7

and

Ve € RY, | frest(z,a,b, 8) — sl pp(@)| < |s].

Also it is clear that one can realise the identity function of R with a ReLU network of
arbitrary length, write ffd such network of length ¢ > 2. Choose [1, ... ,l(d+ |81 such that
d

{l17...,l(d+$ﬁj)} ={(s1,-.-,5q) ENd, s1+ -+ sq < |B]}.

Here are the networks deployed to approximate ¢; 3, where for the fmd and ftest networks
we use Lemma 40 with R = By := [M?$%2]. Let J := (1,...,1)T € RY,

él,l = fz%l(‘r)7

Md
$21 =Y (Cin)g finac,, (),
=1
Md
A(lvj)  — 8 A.
3,1 - ( f)(( )Q)flndCZ'J (37),
=1
$12 = fy(d11),
Md
éékg) =) frest(d1,1, P21 + Vi, P21 + v +2/M? T qb + o),
=1
Md
O =" frest(br1, St + viy bt + vy +2/M2 - T, 38D,
=1

o1



CASTILLO AND EGELS

Now, for any u € {1,..., (d%m)} set vy, = dgglg) and 7, := 1/(l,)!, the approximating
network of ¢3 1 is given by Lemma 39 with

R = BM,p = Dog4(2 . 42(/8+1) . (2 \Vi F)2(6+1))‘|’

through R o X
$1,3 = foldr12 — d22,v1, .. -y(d%m))-

The network q§173 satisfies conditions of Lemma 37, we only provide the bound on the co-
efficients and refer to Kohler and Langer (2021) for a proof on the approximating properties.
It is clear that B(¢1,1) = B(¢1,2) = 1. Using Lemma 40 one gets

B(y,1) < max {max 1(Ci1)gloos B 1/BM} < max(2/M, B%,) < B,
and for all [ € {1,..., (dJrClLﬂJ)} and j € [M1],

B < max {muax 0 (1)) B 1/ Bas | < PV By

From the proof of Kohler and Langer (2021) it appears that the networks previously
defined (gggkl), égf )) are all in the set of bounded functions {g : ||g||cc < 1V F}, thus using
Lemma 40 one gets, for all k € {1,...,d} and [ € {1,..., (d%ﬁj)},

B(d4y) < FV B}, and B(d)) < FV Bi,.

One can check that |1 2—doo| < 2 and ||d32]le < F. Now since 7(p) = max |1/(,)!| < 1
and By; > 4 from M > 2, Lemma 39 yields,

B(¢13) < max{F, B3, By} < FV B3,

D.3 Approximation of wp,(z) - f(x)

The next step in the proof deals with handling the case where z is such that the approxi-
mation provided by Lemma 37 is no longer valid. To address this, define a weight function
wp, for all z € R? by

d

wp, (z) = [ [ <1 — M?

k=1

1
(Cp, ()5 + e 2

>+ . (47)

This function reaches its maximum at the center of the cube of Py containing x and is
zero outside. Moreover, it takes very small values near the boundaries of the cube. More
precisely, we have,

M2d
for all z € U ng \ (Cj72)(1)/M25+27 wp, (:1:) < M*Qﬁ‘ (48)
j=1
In this step we want to construct a network that will realise a good approximation of
wp,(x) - f(z) on the whole cube. In the final step we will aggregate these approximations
using a partition of unity argument to get back to f.
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Lemma 41 There is f € F(L,(d,N,...,N,1)) with L < logM, N < M?% and B(f) <
BJQ\/[ V F, such that

va € [-1,1]7,  |f(x) —wp,(2) - fla)] S M.
First approximate wp, with wide neural networks.
Lemma 42 There is a network fwPQ € F(L,(d,N,...,N,1)) such that |]fw7,2 loo <2 and

M2d

vr € (J(Cinlppanins g, (@) = wp, ()] < M7,
=1

with L $log M, N < M? and B(fuy,) < B3V F.

From (47) it is clear that such network exists using g5272 to get (Cp,(z))y and <ZA>1,2 to get x.
Those yield good approximations since x is “far” from the boundary of the cube and from
previous calculations,

B(prg) < ma'X{47B((£1,2)7B((£2,2)7M27 1/M2} < B]2\/[ V F.

Lemmas 37 and 42 already show that there is a network that will approximate correctly
wp,(2) - f(x) whenever z is at least M2t away from the boundaries of Cp,(x). The
idea now is to change a bit this network so that it is zero whenever z is too close to the
boundaries. The resulting network will be a good approximation of wp,(z) - f(z) on the
whole cube because of (48). The following lemma defines a network that checks the relative
position of z with respect to the boundaries of Cp, ().

Lemma 43 There is fcheckpz € F(5,(d,N,...,N,1)) such that chheck'p2||oo <1 and

M2d M2d
ve ¢ | (Ci,2)(1)/M25+2 \ (Ci,z)S/sz, Fenearry(z) =1( | Cj2\ (Cj,2)(1)/M23+2),
=1 =1

with N < M® and B(foheerp,) < B3;.

First find which cube of P; contains z using Lemma 40 with R = By,

Md
fi=1- med(c,-,l);’/mﬁ”,
=1

previous calculations have shown that B( fl) < B2,. Then find which smaller cube of Py
contains x using lemma 40 again with R = Bys. Recall J = (1,..., 1)T € RY,

Md
Fo(@) =1=" frest(f2(x), o +vj+ M2 J oy +v;+2/M? - T+ M0 3 1),
j=1

53



CASTILLO AND EGELS

From previous calculations we know B( fQ) < maX{B%W,B(égJ)} < BJQ\/[. Recall p(z) =
max{0,z} and define

fcheck’Pg ($) =1- p(l - fQ(x) - f?d(fl(x)))

This network satisfies conditions of Lemma 43.

To construct a network satisfying the conditions of Lemma 41 let fp, be the network
defined by Lemma 37 and Byye := 2(1 V F)e?? be an upper bound on its supremum norm.
Set

ng,true = p(fpg - Btrue : fchECkPQ) - p(_fpz - Btrue . fcheck’/’z))
this network is zero whenever z is less than M =21 close from the boundaries of C'p, and

otherwise it will be a good approximation of f. Thus f = fmult( fpzytme, prg) is always a
good approximation of wp,(x) - f(z) and satisfies conditions of Lemma 41. Indeed, we have

B(fpg,true) < maX{Btruea B(fPQ), B(fcheck'Pg)} < maX{Q(F \ 1)62da B]2\4}a

and
B(f) < ma’X{B(fPQ,tTUB)7B(f’wP2)} < max{2(F Vv 1)e2d7 B]2\4}

D.4 Partition of unity through wp,

For the final step, construct a partition of unity using the wp, weight functions. To do so
shift the partitions 7; and P, by shifting at least one of the coordinates by 1/M?2. This leads
to two sets of 27 partitions { P} ,,v € {1,...,29}} and {Ps,,v € {1,...,29}}. Enlarging the
original hypercube if necessary the resulting family of weight functions {wp, , } is a partition
of unity on [—1, 1]d. If we set fl, to be the network given by Lemma 41 for the partition
Pay then fuige = Zidzl f, yields a good approximation of f = > wp,, f and satisfies all
the conditions of Lemma 33, in particular

B(fuwide) < max{2(F v 1)e*¢, B%,}.
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