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Abstract

It has become increasingly easy nowadays to collect approximate posterior samples via fast algo-
rithms such as variational Bayes, but concerns exist about the estimation accuracy. It is tempting to
build solutions that exploit approximate samples in a canonical Markov chain Monte Carlo frame-
work. As the dimension increases, a major barrier is that the approximate sample tends to have
a low Metropolis—Hastings acceptance rate when used as a proposal. In this article, we propose
a simple solution named graph-accelerated Markov Chain Monte Carlo. We build a graph with
each node assigned to an approximate sample, then run Markov chain Monte Carlo with random
walks over the graph. We optimize the graph edges to enforce small differences in posterior den-
sity/probability between nodes, while encouraging edges to have large distances in the parameter
space. The graph allows us to accelerate a canonical Markov transition kernel through mixing with
a large-jump Metropolis-Hastings step. The acceleration is easily applicable to existing Markov
chain Monte Carlo algorithms. We theoretically quantify the rate of acceptance as dimension in-
creases, and show the effects on improved mixing time. We demonstrate improved mixing per-
formances for challenging problems, such as those involving multiple modes, non-convex density
contour, or large-dimension latent variables.

Keywords: Conductance, Graph Bottleneck, Mixture Transition Kernel, Spanning Tree Graph,
Latent Gaussian Model

1. Introduction

Bayesian approaches are convenient for incorporating prior information, enabling model-based un-
certainty quantification, and facilitating flexible model extension. Among the sampling algorithms
for posterior computation, Markov chain Monte Carlo is arguably the most popular method and uses
a Markov transition kernel (a conditional distribution given the current parameter value) to produce
an update to the parameter. As one can flexibly choose transition kernel under a set of fairly straight-
forward principles, the algorithm can handle parameters in a multi-dimensional and complicated
space, such as those involving latent variables (Tanner and Wong, 1987; Gelman, 2004), constraints
(Gelfand et al., 1992; Duan et al., 2020; Presman and Xu, 2023), discrete or hierarchical structure
(Chib and Carlin, 1999; Papaspiliopoulos et al., 2007); among many others. A major strength is
that many Markov chain Monte Carlo algorithms have an exact convergence guarantee (Roberts
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and Rosenthal, 2004) — as the number of Markov chain iterations goes to infinity, the distribution
of the Markov chain samples converge to the target posterior distribution. There is a rich literature
on establishing such convergence guarantee for popular Markov chain Monte Carlo algorithms. The
literature covers Gibbs sampling (Roberts and Polson, 1994; Gelfand, 2000), Metropolis—Hastings
(Roberts and Smith, 1994; Jones et al., 2014), slice sampling (Roberts and Rosenthal, 1999; Neal,
2003; Natarovskii et al., 2021), hybrid Monte Carlo (Durmus et al., 2017, 2020), and non-reversible
extensions such as piecewise deterministic Markov process (Costa and Dufour, 2008; Fearnhead
et al., 2018; Bierkens et al., 2019).

On the other hand, Markov chain Monte Carlo is not without its challenges, especially in ad-
vanced models that involve a high-dimensional parameter, latent correlation, or hierarchical struc-
ture. For example, there is recent literature characterizing the curse of dimensionality that leads to
slow convergence of some routinely used Gibbs sampler (Johndrow et al., 2019), which has sub-
sequently inspired many remedial algorithms (Johndrow et al., 2020; Vono et al., 2022). More
broadly speaking, the computing inefficiency happens when the Markov transition kernel creates
high auto-correlation along the chain — under such a scenario, the effective change of parameter
becomes quite small over many iterations. Due to this slow mixing issue, practical issues arise
in applications: the sampler may take a long time to move away from the start region (where the
chain is initialized) into the high posterior density/probability region; it may have difficulty cross-
ing low-probability region that divides multiple posterior modes; it may lack an efficient proposal
distribution that could significantly change the parameter value, due to the dependence on a high-
dimensional latent variable (Rue et al., 2009).

Conventionally, one often views optimization as a competitor to Markov chain Monte Carlo, and
as a class of algorithms incompatible with Bayesian models. This belief has been rapidly changed
by the recent study of diffusion-based methods. To give a few examples, it has been pointed out
that the (unadjusted overdamped) Langevin diffusion algorithm is equivalent to a gradient descent
algorithm adding a Gaussian random walk in each step (Roberts and Tweedie, 1996; Roberts and
Rosenthal, 1998; Dalalyan, 2017); as a result, similar acceleration for gradient descent could be
applied in the diffusion algorithm for posterior approximation (Ma et al., 2021). Mimicking second-
order optimization such as Newton descent, one could obtain a rapid diffusion on the probability
space using the Fisher information metric (Girolami and Calderhead, 2011).

In parallel to these developments, variational algorithms have become very popular. One uses
optimization to minimize a statistical divergence between the posterior distribution and a prescribed
variational distribution, from which one could draw independent samples as a posterior approxi-
mation. The choice of variational distribution spans from mean-field approximation (uncorrelated
parameter elements) (Blei et al., 2017), variational boosting (mixture) (Miller et al., 2017; Campbell
and Li, 2019), to normalizing flow neural networks (black-box non-linear transform) (Papamakarios
et al., 2021). In particular, the normalizing flow neural networks have received considerable atten-
tion lately due to the high computing efficiency under modern computing platforms, and its high
flexibility during density approximation (for continuous parameter). On the other hand, concerns
exist about the accuracy of uncertainty estimates. In particular, the prescribed variational distribu-
tion may not be adequately flexible to approximate the target posterior. For example, the mean-field
variational methods lead to a wrong estimate of posterior covariance, which has motivated the de-
velopment of alternative covariance estimator (Giordano et al., 2018). For neural network-based ap-
proximation, although positive result has been obtained for approximating the class of sub-Gaussian
and log-Lipschitz posterior densities via a feed-forward neural network (Lu and Lu, 2020), for nor-
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malizing flow (as a neural network restricted for one-to-one mapping), severe limitations have been
discovered even for approximating some simple distributions (Dupont et al., 2019; Kong and Chaud-
huri, 2020). Practically, another concern is in the lack of diagnostic measures on the accuracy of
approximation — since the target posterior density/probability often contains intractable normaliz-
ing constant, usually we do not know how close the minimized statistical divergence is to zero.

Naturally, it is tempting to consider combining strengths from both approximation methods
and the canonical Markov chain Monte Carlo framework. One intuitive idea is to adopt the ap-
proximate samples to build a proposal distribution and accept or reject each drawn proposal via a
Metropolis-Hastings adjustment step. Nevertheless, a technical barrier is the acceptance rate often
rapidly decays to zero, as the parameter (and latent variable) dimension grows, which has inspired
several solutions. One remedy is to divide the proposal into several blocks (each in low dimension),
then accept or reject the change in each block sequentially via a Metropolis-Hastings-within-Gibbs
sampler, which unfortunately often leads to slow mixing. Another idea is to use each approximate
sample as an initial state and run multiple parallel Markov chains (Hoffman et al., 2018). Lastly,
a recently popularized solution is to combine approximate samples with a Metropolis-adjusted dif-
fusion algorithm such as Hamiltonian Monte Carlo (Betancourt et al., 2017). For example, Gabrié
et al. (2022) interleave two Metropolis-Hastings steps, one using Langevin/Hamiltonian diffusion
and one using independent proposal from an approximate sampler (normalizing flow); Toth et al.
(2020) approximate the diffusion by training the gradients of a neural network to match the time
derivative of the Hamiltonian, gaining higher efficiency than a differential equation integrator. In
addition, there are a few new adaptive Markov chain Monte Carlo algorithms for multi-modal pos-
terior estimation (Pompe et al., 2020; Yi et al., 2023), based on interleaving the mode estimation
steps and proposal moves between modes. The readers can find comprehensive reviews on acceler-
ated Markov chain algorithms in Robert et al. (2018), and on recent machine learning algorithms in
Winter et al. (2024).

Despite similar motivation, our goal is to build a simple and general Markov chain Monte Carlo
algorithm for which one could exploit an approximate sampler in an out-of-box manner without any
need for customization. The chosen approximation method could be as advanced as a normalizing
flow neural network, or as simple as an existing Markov chain Monte Carlo (which could suffer
from slow mixing). Our main idea is to first collect approximate samples, build a graph to connect
these samples and run the Markov chain Monte Carlo via a mixture transition kernel of a canonical
baseline kernel and a graph jump step. We will demonstrate how this method leads to accelerated
mixing of the Markov chains in both theory and applications.

2. Method

Let # € © C RP be the parameter of interest and our goal is to draw samples from the posterior
distribution I1(0 | y) o< L(y; 0)IIp(6), with L the likelihood and IIj the prior. To be general, this
form also extends to augmented likelihood containing latent variable z in addition to the parameter
of interest 0, T1{(0, z) | y} o< L(y, z; 0)IIo(A), for which one may consider § = (6, z). We use II
to represent both distribution and probability kernel (density or mass function). We will primarily
focus on continuous 6, although the method can be extended to discrete 6.
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2.1 Graph-accelerated Markov Chain Monte Carlo

Using an existing posterior approximation algorithm for II(- | y), suppose we have collected m
approximate samples 3 = (3!,...,3™). Using those m samples, we first build an undirected
and connected graph G = (V, E), with node set V' = (1,...,m), and edge set Eq¢ = {(i,7)};
see Section 2.2 for details. By connectedness, we mean that for any two ¢ and j, there is a path
consisting of edges in E¢ between two nodes, path(i, j) = {(i, k1), (k1, k2),...,(ki,7)} C Egq.
Accordingly, we define a graph-walk distance between nodes dist(7, j) = ming pamn(,;) |path(i, j)|,
with | - | the set cardinality; and accordingly define B(j;r) = {k : dist(j, k) < r}, a ball generated
by this distance centered at node j with radius . We view (G, 3) as a graph with node attributes:
each (37 is a location attribute for node j.

We consider an existing baseline Markov chain Monte Carlo algorithm with Markov transition
kernel K(0, -) and the posterior distribution II(- | y) as its stationary distribution, i.e., if § ~ II(- | y)
and 0’ | 6 ~ K(6,), then ¢ ~ II(- | y). Examples of such baseline samplers include random-walk
Metropolis, Gibbs sampler, or Hamiltonian Monte Carlo sampler, etc. Our goal is to use (G, 3) to
accelerate the mixing of this baseline Markov chain in exploring the posterior surface.

To this end, we draw Markov chain samples via a two-component mixture Markov transition
kernel:

(0t+1 ‘ et) ~ R(0t7 ) = wQ(etv ) + (1 - w)lc(et7 ')7 (D
where w € [0, 1) is a tuning parameter. In each iteration, with probability (1 — w), the sampler will

update 6 using K (¢, -), the baseline algorithm; with probability w, the sampler will use Q(?, -) to
take a graph jump consisting of the following steps:

1. (Project to a node) Find the projection of 6% to one 37, j = N(#") := arg min,||3' — 6*|.
2. (Walk on the graph) Draw a new node ¢ uniformly from the ball B(j; 7).

3. (Relaxation from /3') Draw a proposal §* from a relaxation distribution F'(6* | 3%, 6%).
4. (Metropolis—Hastings adjustment) Accept * as #**! with probability

(O | y)| BG; )| F(0" | 57, 6%)
(0" | )| B(j; )| -1 F (0% | 5, 6")

a(6',0*) = min |1, L[N(0*) = i]; )

otherwise keep 6! as the same as 6.

Here |la — b|| refers to some distance between a and b, such as Euclidean distance or Mahalanobis
distance \/(a — b)’S~1(a — b), with S some p x p positive definite matrix, for example, the sample
covariance matrix based on 3. We assume N(#) is unique almost everywhere with respect to the pos-
terior distribution of 6, and use F to allow #* to take different values from /3*. For low-dimensional
6, one could use common continuous F such as multivariate Gaussian or uniform centered at 5°.
We will discuss specific choices of distance and F' suitable for high dimensional 6 in Section 2.3.

Theorem 1 The graph jump step satisfies the detailed balance condition: TI(0 | y)Q(6%, 0+ =
(0" [ y) Q6" 6").
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Remark 2 Since it is possible that the relaxed 0* has N(0*) # i, we use the indicator function in
the acceptance rate to ensure reversibility. An alternative is to use acceptance rate

) (0" | y)| BIN(O*); 7]~ Xieppngory F (0" | B, 67)
IO [ )| BIN(OY); 7] 1 D ie pinoyry F(OF | 8%, 6°) ]

min

which would be feasible to compute, provided BIN(6");r] and B[N(6*);r] are not too large. For
generality, we will use (2) in this article.

To illustrate the idea, we use a toy example of sampling from a two-component Gaussian mix-
ture, 6 ~ 0.6N{(3), (o' %)} +0.4N{(9), ( _{o ") }. We consider the random-walk Metropo-
lis algorithm with proposal * ~ Unif(#" — 51, 6" + 51,)), with the step size § = 1, as the baseline
algorithm (corresponding to transition kernel XC). Due to the high correlation within each mixture

component and the low-density region separating the two modes, the random-walk Metropolis is

stuck in one component for a long time as shown in Figure 1(a).

01

(a) Traceplot of a Markov
chain produced by a canoni-
cal random-walk Metropolis
algorithm. The sampler is
stuck in one component for a
long time, before moving to
another.

-3 -2 -1 1 2 3

b
(b) Approximate samples
produced by a variational al-
gorithm. Fifty approximate
samples are drawn from
a two-component Gaussian
mixture, with each compo-
nent having an isotropic co-
variance and equal mixture

(c) A graph connecting the
approximate samples, with
the graph optimized to in-
crease the parameter dis-
tances over the edges, while
ensuring small density dif-
ferences between the param-
eters on adjacent nodes.

01
(d) Traceplot of a Markov
chain produced by the
graph-accelerated algorithm.
The sampler now jumps
frequently over the two
components.

weight.

Figure 1: An illustrative toy example: using a graph to accelerate the random-walk Metropolis
algorithm for Markov chain sampling from a two-component Gaussian mixture distribution.

For acceleration, we use a variational distribution 3 ~ 0.5N{(Q),0%I} 4+ 0.5N{(2),03I},
with 0% and o2 numerically calculated via minimizing the Kullbeck-Leibler divergence through the
numpyro package (Phan et al., 2019), and then draw 50 independent approximate samples from
the resulting variational approximation. We obtain a simple graph G, a spanning tree (Kruskal,
1956; Prim, 1957), that connects all those samples, and use the graph-accelerated algorithm in (1)
with w = 0.3 and Gaussian for F'. As shown in Figure 1(d), the sampler now jumps rapidly over
the two components. We run both the baseline and accelerated algorithms for 10, 000 iterations,
and using the effective sample size of 62 per iteration as a benchmark for mixing: the one of the
baseline algorithm is 0.04%, and the one of the accelerated version is 4.5%, hence is roughly 100
times faster.



DUAN AND BHATTACHARYA

Remark 3 Before we elaborate further on the details, we want to clarify two points to avoid po-
tential confusion. First, since approximate algorithms may produce sub-optimal estimates of the
posterior (such as ignoring the covariance as in the above example), we do not want to completely
rely on the graph-jump step Q for Markov chain transition. Therefore, we consider a mixture kernel
RO, ) with w < 1. Second, the graph-jump Q itself does not have to lead to an ergodic Markov
chain (one that could visit every possible state) — rather, we use Q to form a network of highways
and allow fast transition from one region to another one far away, while relying on IC as local roads
to ensure ergodicity.

In the above, we use the mixture-based variational distribution mainly for illustration pur-
pose. For constructing a graph in general high dimensional problems, there are potentially superior
choices such as normalizing flow-based approximation, or a canonical Gibbs sampler — which may
suffer from slow mixing but provide a reasonable starting graph nonetheless.

2.2 Choice of Graph for Fast-mixing Random Walk

Given (B, ..., ™), there are multiple ways to form a connected graph G. To begin the thought
process, one choice for G is the complete graph, in which every pair of nodes is connected by an
edge. However, it is not hard to see that a 37 is likely to have several 3%’s in ©-space neighborhood
with small |37 — 8¥||; intuitively, the values of TI(3* | 3/) of those close-by points tend to dominate
over the points far away. As a result, a jump over G would likely correspond to a small change and
hence be not ideal.

To favor jumps over large |37 — 8¥|| with a simple choice of G, we consider the opposite to
a complete graph, and focus on the smallest and connected graph: an undirected spanning tree G
containing (m — 1) edges. The spanning tree enjoys a nice optimization property, that we can easily
find the global minimum of a sum-over-edge loss function. As a result, we can customize the loss
to balance between the posterior kernel difference and the jump distance. To be concrete, we use
the following minimum spanning tree:

G = argmin Z Cijs
all spanning trees T’ (i,j)€Er
s if | log II(5" | y) — log IL(B7 | y)| < &,
Cij = ; .
" [log IT(B" | y) — log TL(B [ y)|,  otherwise ’

3)

with k£ > 0 some chosen threshold. The minimum spanning tree can be found via several algorithms
(Prim, 1957; Kruskal, 1956). We state Prim’s algorithm (Prim, 1957) here to help illustrate an
insight. One starts with a singleton node set V; = {1} and an empty E7 to initialize the tree, and
Vo = V'\ V1, each time we add a new node j associated with

(t,7) = argmin ¢,
(i,j):iEVl,jGVQ

and add it to F, and move j from V5 to Vp; we repeat until V5 becomes empty. We can see that
this algorithm is greedy, in the sense that it finds the locally optimal ¢; ; in each step; nevertheless,
thanks to the M -convexity (Murota, 1998) (a discrete counterpart of continuous convexity) of the
minimum spanning tree problem, the greedy algorithm will produce a globally optimal tree.
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The equivalence between local and global optimality allows us to gain interesting insight. Each
time we add a new node to the graph, (i) if 5° has all 57 : |log II(B" | y) — logII(37 | y)| > &,
then we will choose one with the smallest kernel difference in order to improve the acceptance rate;
(ii) if there is more than one candidate edge (7,7) : |log II(3? | y) — logII(8? | y)| < K, then we
will choose the one with the largest distance ||3* — 37||. In another word, the choice of ¢; ; is based
two different levels of priorities: (i) ensuring high acceptance rate, (ii) maximizing parameter space
distance if (i) can be met. Note a discontinuity of ¢; ; does exist when log II(5;|y) — log I1(53;]y) =
K, but fixing the discontinuity such as using |log TI(3° | y) — log II(37 | y)|/(1 + ||8* — B?||) in (3)
could disrupt the priorities, hence we decide to use (3) as it is.

We will quantify the effect of x on acceptance rate in Theorem 1. In this article, for simplicity,
we choose k = 1 and r = 3, as they seem adequate to show impressive empirical performance.
Nevertheless, one may also consider two extensions that could further improve the mixing perfor-
mance, although the procedures are more complicated.

First, one could numerically optimize x > 0 and r € {1,...,m} to approximately maximize
the expected squared jumped distance (ESJD), a measure on the mixing of Markov chain (Gelman
et al., 1997; Pasarica and Gelman, 2010). Since at the graph-construction stage, we do not yet have
access to Markov chain samples collected from R, we may use approximate samples S to form an
empirical estimate for expected squared jumped distance in a random walk on the graph GG, (a graph
parameter varying with x):

I Ly TG IBGET Y
mZBH(j;T) Z {1’H(6j\y)\B,{(j;r)\—l}”B Jos |

J=1 1€BL(J;r)

where we use subscript on By (j;7), to indicate that the ball varies with the value of . The maxi-
mization over (k, r) is non-convex, however, one could obtain local via standard grid search.

Remark 4 [If we choose G as a d-regular graph (instead of a spanning tree) and r = 1, we could
instead optimize G under degree constraints to directly maximize the empirical ESJD

1 i B 1Y) THB [ 9) ]y s g2
Ty R el et

although the optimization of d-regular graph is more complex than the one of spanning tree.

Second, instead of focusing on graph choice, one could generalize and focus on optimizing for
a random walk transition probability matrix, equivalently to drawing non-uniform ¢ € B(j;r = 1).
To be concrete, consider a given bidirectional and connected graph G of m nodes, we want to
estimate a transition probability matrix P € [0, 1]™*™ with P; ; the probability of moving from ¢
to j. This matrix satisfies the following constraints:

Pl,, = 1., m3 P =my, P, =0if (i > j) € Eg,

where 73 is a given target probability vector that we want the random walk to converge to in the
marginal distribution (7§ = lim; o, 7 P* for any initial probability vector 7). A sensible specifi-
cation is 75(j) o< II(87 | y). The first equality above ensures that P is a valid transition probability
matrix, and the second one gives the global balance condition for random walk on G.
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Since the convergence rate of WOT P! toward mg depends on the second largest magnitude of the
eigenvalue of P, and its largest eigenvalue 1 corresponds to right eigenvector 1,,, and left eigenvector
mg. We can formulate an optimization problem as

P = argminp||P — 1m7rg\|2

where P € [0, 1]"*™ is subject to the two constraints above, ||.||2 above is the spectral norm. This
is a convex problem that can be solved quickly. Note that when G is a complete graph, we would
obtain a trivial solution P = lmﬂg, corresponding to P; ; o< II(37 | y) for any i — since under

moderate or high dimension, one 3/ will likely dominate over all other 37’s in posterior density,
the trivial solution will likely always draw node j when forming proposal 6*, which would not be
ideal. Therefore, one may want to exclude from G those (i — j) corresponding to short distance
|8* — B7]|. Once we obtain P, we could draw i from B(j;1) with probability P;; {replacing
|B(4,7)|~!in (2)}. This extension is inspired by Boyd et al. (2004); nevertheless, the difference is
that they focus on the random walk on an undirected graph with P = P, with 73(i) = 1/m as the
target. We provide the optimization algorithm and numerical illustration in the appendix.

2.3 Choice of Relaxation Distribution for High-dimensional Posterior

It is known that Metropolis—Hastings algorithms, if employed with a fixed step size for the proposal,
suffer from the curse of dimensionality: the acceptance rate decays to zero quickly as dimension
p increases. Based on existing study for Gaussian random-walk Metropolis algorithm with target
distribution consisting of p independent components (Gelman et al., 1997; Roberts and Rosenthal,
2001), we can estimate that the vanishing speed of acceptance rate under a fixed step size is roughly
O{exp(—¢ép)} for some constant ¢ > 0, with detail given in the appendix.

As a result, if we use a continuous F(0* | 3%, 0") such as multivariate Gaussian in the graph-
jump step, our algorithm will also suffer from a fast decay of acceptance rate as p increase. There-
fore, we propose a special relaxation distribution F' to slow down the decay.

" B j

Figure 2: Diagram illustrating the graph jump using uniform relaxation F' over a line segment
(dashed line in the lower left corner). In the graph jump: (i) 6 is projected to 57; (ii) a node 17 is
drawn from the ball B(j; ); (iii) a new proposal is drawn from F', a uniform distribution on the line
segment crossing 3¢ and parallel to the line #* — 37; (iv) Metropolis-Hastings adjustment is taken.
Each red line represents an edge in the graph.

Figure 2 illustrates the graph jump under a specific F' corresponding to uniform relaxation over
a line segment. The line segment is parallel to the vector connecting # and its projection 7. The
graph jump now consists of the following operations:
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e Find j = N(6%), and calculate the directional unit-length vector between §* and its projection

B0 =(0"=p7) /0" — 3]
e Onthe line {z : x = #° + &v} with £ € R, find the maximum-magnitude a® and b', such that

N(B? + €v) = i V€ € (a',b1), —1 < a' < 0,0 < b <.

e Draw 6* uniformly from {z : z = 8" + £, a’ < £ < b'}.
e Accept 0* as §'+! with probability a(6%, 6%).

It is not hard to see that

1
bi — gt

F(0" | B',0") = 1{]|6* — 8| < I,N(6*) = i},

where [ > 0 is a truncation to ensure properness of F'. We can find the line segment easily using
one-dimensional bisection. The acceptance rate in (2) becomes:

t o) — i |1 O [ IBGE (0 —a)7
OO = (LT ) B TG — 0

In general, to deal with the curse of dimensionality problem in Metropolis-Hastings algorithms, one
often resorts to the Metropolis-Hastings-within-Gibbs strategy, which divides the parameter into
blocks and updates each low-dimensional block sequentially. This can be understood as reducing
the dimension of each proposed change from 6° to 6*.

In our relaxation distribution, although the proposed 6* is different from 6* at almost all of its
coordinates, as the directional vector v is completely determined by 6, only two univariate random
variables are drawn when forming 6*: the choice of ¢ and shift £ € R. Therefore, the effective low
dimension gives an intuition about how the specific F’ slows down the decay of acceptance rate. We
will formally quantify the scaling of acceptance rate in the theory section.

“)

3. Theoretical Results

In this section, we provide a theoretical exposition of the graph-accelerated algorithm. Compared to
the simplicity of the method presented in the previous sections, the results here are more technical
and obtained under a few assumptions set up for a tractable mathematical analysis.

3.1 Accelerated Mixing

We now focus on the mixing time of the accelerated algorithm. To provide the necessary back-
ground, denote the state space by O, and consider a Markov transition kernel M, with Mz, -)
the transition probability measure from state = and 7(+) the invariant distribution of M. Under the
context of posterior estimation, we have 7(-) equal the posterior distribution associated with kernel
(0 | y). We use M¥(2°, ) to denote the distribution after ¢ iterations of transitioning via M with
20 an initial point randomly drawn from 7°. Given a small positive number 1, the 1-mixing time of

a Markov chain is:
min{t : sup |M*(2°, A) — w(A)| < n}.
A€eO
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Therefore, at a given 7, the n-mixing time would be dependent on 7° and M. Since the left-hand
side of the inequality is often intractable, one often derives an upper bound of the left-hand side as
a diminishing function of ¢, and produces an upper bound estimate of the mixing time.

Now we review an important concept of conductance, which is useful for calculating the above
upper bound. Consider an ergodic flow

Dr(A) = /GAM(:U,AC) m(dz),

as the amount of total flow from A to A = © \ A. The conductance of M is a measurement of the
bottleneck flow adjusted by the volume:

. . Dpr(A)
= f .
Vi Acor(Ay<i2 m(A)

The corrollary 3.3 of Lovasz and Simonovits (1992) states that sup 4 |[M!(z%, 4) — 7(4)| <
VMA{L — (¢3,)%/2}, with M = sup 40 7°(A) /7 (A).

Therefore, when comparing two Markov chains, a large conductance 1’} , > ¢\, means that
M has a faster-diminishing upper-bound rate on the total variation distance, hence a smaller upper-
bound estimate on the mixing time, when compared with M’. Although this is not a direct com-
parison between two mixing times, it offers theoretical insights into why one algorithm empirically
shows a faster mixing of Markov chains than the other.

We now focus on the Markov chain generated by the baseline K(6?, -). For a sufficiently small
€ > 0, we define an e-expansion from the infimum

Prc(4)
m(A)

A (K) = {Ac@‘ <w,*c+e,7r(A)<1}.

2
We consider the graph-accelerated Markov chain with R = wQ + (1 — w)K where the transition
kernel Q has the same invariant distribution 7. We have the following guarantee.

Theorem 5 If there exists € > 0 such that Po(A) > Pk (A) VA € AX(K), then there exists
w € (0, 1] such that 3, > %.

The above result shows that Q only needs to improve the ergodic flow on A*(K). This means
that as long as Q improves the flow in .A* (C), the mixture kernel R will have potential acceleration.
We provide further discussion in the appendix.

3.2 Scaling of Acceptance Rate in High Dimension

For the specific relaxation distribution introduced in Section 2.3, we give a theoretical character-
ization of the acceptance rate in terms of its rate of change as p grows. For now, we treat the
approximate sample size m as a sufficiently large number that satisfies the two assumptions below,
and we will discuss the associated requirement on m later.

Our goal is to obtain a lower bound on the expected acceptance rate Egt,\,n(gw)a(et, 0*). Since
Eot (o) (0", 0%) > Egimiopy)1(8° € B)a(6",6*) for B C ©. We now find a BB that could yield
a tractable bound.

10
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We first exclude those 37 : min;e g(; 0\ | log IL(B" | y) —log I(57 | y)| > & with x the chosen
constant in (3). For the remaining Bj ’s, we can form an d-covering, denoted by Bl. That is, for any
xr € By, min; ||z — B2 < 8. We choose § = cop~© with ca > 0 and —oco < c3 < 1/2. We
consider the following assumptions:

e (Al) There exists set By and p-independent constants ¢; > 0 and v > 0 such that for any
(0,0’) € By X By,

[1og TI(6) | y) — log IL(¢" | y)| < c1p”[10 — ¢,
where || - || denotes some norm.
e (A2) B = B; N By has posterior probability J11(0 | y)df = pu3 bounded away from zero.

e (A3) The interval length ratio satisfies (b; — a;)/(b; — a;j) < cq for all (4, ) : i € B(j;7).
Ball size satisfies | B(j; )| < ¢ for all j. Truncation satisfies [ < 0.

In the above, (A1) is commonly referred to as a (¢1p”)-smoothness condition (Bubeck, 2015) if one
uses Euclidean norm, and recently considered by Tang and Yang (2024) in the study of Metropolis-
Adjusted Langevin algorithms. The difference here is that we only impose this condition on a subset
B, C 0, hence the condition is relatively easy to satisfy.

Theorem 6 Under (A1-A3), the expected acceptance rate (4) has the following bound

t p* HB g —c
Egt~riopy) (07, 07) > @e exp{—2c1p(7 3)}.

Remark 7 With suitable vy and c3 < 1/2, we have the acceptance rate vanishing at a rate slower
than O{exp(—¢ép)}, as seen in algorithms such as Gaussian random-walk Metropolis.

We now discuss the required size m on the approximate samples. Obviously, the larger m,
the larger area B and up will be. To more precisely characterize its dependency on p, and suggest
choice for c3, we think of a high posterior probability polytope P = (0 : § = koZé/ 4 ag, l|lz]|1 <
1) with for some ag € O, ¥ positive definite, and some fixed and dimension-independent ky > 0
so that yp = [, TI(0 | y)d6 > 0. That is, we want B; D P. Assuming the approximate sampler
can generate points in P, the key question is how many balls (z : ||z — ;|| < 6) are needed for
covering P?

The answer depends on the type of norm used in || — 6;||. In the following, we consider

using ||z — 0;||n, = \/(x — ;)T  (z — 6;), which simplifies the problem to covering a unit
L1-ball using small L2-balls. The celebrated Maurey’s empirical method (Pisier, 1999) shows that,
to cover a unit L1-ball, we only need at least m = (2p + 1)°(1/%)_many 6,-L2-balls with radius
80, provided that 5y > p~ /2. With appropriate scaling, we reach the choice of § = cop~¢3, with
c3 < 1/2. Substituting into the lower bound of m, we see that m = (2p + 1)°®*®)_ In addition,
we note that if P were an ellipsoid, then there would be a curse of dimensionality in the covering
number (using dp-radius L2-ball) m = O(1/dy)? (Vershynin, 2015).

Therefore, setting ¢3 = 0 yields our suggestion of m = O(p), which balances between control-
ling acceptance rate decay and preventing excessive demand on the number of approximate samples.

11
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Remark 8 Before concluding this section, we provide practical guidance on choosing the approxi-
mation sample size m and graph jump probability w. For the sample size m, when using a reason-
ably good approximate sampler, we find that m = 100 works effectively for low-dimensional prob-
lems where p < 100. As dimensionality increases beyond this, we recommend setting m = O(p).
For the jump probability w, while our proof of Theorem 2 provides theoretical choices based on con-
ductance constants, these are typically intractable in practice. We therefore suggest using w = 0.5
as a default value, which corresponds to alternating between the baseline and graph jump kernels.

4. Simulations

In this section, we provide numerical evidence that the graph-accelerated algorithm works well in
both low and high dimensional settings.

4.1 Sampling Posterior with Non-convex Density Contour

For sampling low-dimensional II(6 | y), the random-walk Metropolis algorithm is appealing due
to its low computational cost. For low dimensional problems, a common choice for random walk
proposal is N(+; 8%, s I), with s > 0 the step size. A potential issue is that when the high posterior
density region is not close to a convex shape, the step size s would have to be small, leading to
computing inefficiency. The following example is often used as a challenging case (Haario et al.,
1999), with likelihood and prior
yi UN(O2 + 05,1%), fori=1,....n, 6~ N(0,L).

If the true parameters are chosen subject to the constraint §3 + 6o = 1, the posterior distribution of
(61, 02) would spread around the banana-shaped curve {(61,62) : 6% + 65 = 1}.

2 2 2 2
1 1 : 1 1
0 0 0 0
-1 -1 -1 -1
~276 500 1000 1500 2000 25 ~276 500 1000 1500 2000 25 2

(a) Traceplot of #; using (b)Markov chain sample of (c) Traceplot of 6; using (d) Markov chain sample
random-walk Metropolis. (01, 02) from the random- the accelerated algorithm. of (61,62) from the ac-

walk Metropolis. The celerated algorithm. The
first 400 sample points and first 400 sample points and
traces are shown in blue. traces are shown in blue,

with successful graph jump
steps shown in red.

Figure 3: Graph-accelerated random-walk Metropolis for sampling a posterior distribution of ba-
nana shape.

Using random-walk Metropolis as the baseline algorithm, we tweak s to around 0.5 so that the
Metropolis acceptance rate is around 0.234. We run the algorithm for 3000 iterations and use the
last 2000 as a Markov chain sample. Figure 3(a)(b) shows that it takes a long time for the sampler
to move from one end to the other.

12
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For acceleration, we first obtain 100 approximate samples from a variational method based on
a 10-component Gaussian mixture Z,lf):l wWiN(fix, I52), then we run the accelerated algorithm.
As shown in Figure 3, the accelerated algorithm jumps rapidly between the two ends, leading to
improved mixing performance. The effective sample size per iteration for 6; from the baseline
algorithm is 0.16%, while the one for the accelerated version is 6.1%.

4.2 Numerical Results on the Change of Acceptance Rate

In Section 3, we gave a lower-bound quantification of the Metropolis-Hastings acceptance rate un-
der a theoretical setting with increasing dimensions. To show empirical evidence that the acceptance
rate remains positive and away from zero in practical settings, we conduct simulations under differ-
ent dimensions p and approximate sample sizes m.

To show empirical evidence that the acceptance rate remains positive and away from zero in
practice, we adopt the latent Gaussian model used in the application (to be presented in Section 5),
but now fit the model to simulated data of different sample size n € {100, 500, 1000, 2000}. We
use 7 = 1, h = 0.25, and r = 2 during data simulation. Since each data point y; is associated
with a latent z;, the effective dimension of variables to sample is p = (n + 3). We run the Gibbs
sampling algorithm (as the baseline algorithm described in the main text) for 2000 iterations, with
first 400 discarded as burn-in, then take a subset of size m as the approximate samples. In each
experiment, we run the accelerated algorithm for 2000 iterations with w = 0.5 and r = 3, and
report the empirical acceptance rate as the number of accepted graph jump steps divided by 1000,
as equal to 2000 x 0.5.

S 00 S 00
e =
Q Q
2] 2]
ap —0.2 on —0.2 4
i) i)
[ (]
= -0.4 2 -0.4
(2 (2
V )
Q Q
S —0.6 A S —0.61
S S
o o
3 3
Q —0.84 Q —0.84
< <
5 5
S -101 S -1.01
-1.2 . . . . -1.2 , , , ,
103 503 1003 2003 200 400 800 1600
Dimension Approximate Sample Size
(a) Acceptance rates (at log,, scale) versus dif- (b) Acceptance rates (at log,, scale) versus dif-
ferent dimensions p, under fixed m = 1600. ferent approximate sample sizes m, under fixed
p = 503.

Figure 4: Numerical result of the Metropolis-Hastings acceptance rate in the graph jump step. The
acceptance rates are calculated from simulated experiments of posterior sampling from a latent
Gaussian model.

We first conduct experiments under m = 1600 and different p € {103, 503, 1003,2003}. We
repeat the experiments for 20 times under each value of p. As shown in the boxplots in Figure 4(a),
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the decrease of the Metropolis-Hastings acceptance rate over p is slow: on average, the acceptance
rate is around 26% when p = 103, and around 17% when p = 2003. Next, we conduct experiments
under p = 503 with different sizes of approximate samples m € {200, 400, 800, 1600}. The Prim’s
algorithm for finding the minimum spanning tree scales efficiently in O(m?), and it takes about 2
seconds to find the minimum spanning tree for m = 1600 on a laptop with Apple Silicon processor.
As shown in the boxplots in Figure 4(b), the average acceptance rates show no clear difference
under different m in the range.

5. Application: Estimating Latent Gaussian Model for Power Outage Data

To show the performance of our algorithm in a relatively large dimension, we experiment with a
latent Gaussian model for count data. We use the power outage count for a zip code area in the
south of Florida collected during a 90-day time period in the 2009 hurricane season. There are
n = 513 records of outage counts y; € Z>¢, reported at irregularly-spaced time points. We rescale
the time records to be in [0, 1], and denote the transformed time by ;.

For modeling count data, it is canonical to consider a generalized linear model with a count dis-
tribution (typically, Poisson or negative binomial) as the stochastic component. We choose negative
binomial due to its tractable form in the Gibbs sampling algorithm with Pélya-Gamma augmen-
tation (Polson et al., 2013). We use the following likelihood with latent Gaussian covariance
¥ (1, h) = Texp[—(t; — t;)?/2h], leading to likelihood:

L(y,z | 7, h) = (27)""2|5(r, h)|"/? exp T{z (r,h)} } H [ :;I;(TZZ))}HM'

In prior specification, we use h ~ Inverse-Gamma(2, 1) for the bandwidth, r ~ N (0, 1) half-
Gaussian for the inverse dispersion parameter, 7 ~ Inverse-Gamma(2, 1) for the scale.

We first describe the baseline algorithm for posterior sampling. Using Pélya-Gamma latent
variable w; (Polson et al., 2013), we have augmented likelihood

{eXp<zl)}T _ —(7"—|—yZ yz /
{14 exp(z)}rtvi 2 exp{( )2i} [ exp(—wiz} /2)PG(w; | T+ yi, 0)dwi.

where PG(- | r + y;,0) is the Pélya-Gamma distribution, and we refer the readers to Polson
et al. (2013) for its mathematical definition, and Abril-Pla et al. (2023) for its sampler imple-
mentation. We have closed-form updates for most of the latent variables and parameters, w; ~
PG(r + y;, z;) fori = 1,...,n, z ~ N{E™ + diag(w;)} " {(r — y)/2}, {7 + diag(w;)} ']
and 7 ~ Inverse-Gamma{n/2 + 2, 2771 (h)2/2 + 1} with ¥; j(h) = exp[—(t; — t;)?/2h]. On
the other hand, since h and r do not have full conditional distribution available in closed form, we
use softplus reparameterization i = log{1 + exp(h)} and 7 = log{1 + exp(7)} and use random-
walk Metropolis algorithm with proposal N{-; (h, #)?, I's} to obtain an update on (h,7) € R2, then
transform to (h,r). In the random-walk Metropolis algorithm, we use the posterior with (7, w) in-
tegrated out, and tweak s so that the acceptance rate is around 0.234. We run the baseline algorithm
for 20,000 iterations, and treat the first 5,000 as burn-in. As shown in Figure 5(a)(b) and (e), the
baseline Gibbs sampling algorithm suffers from critically slow mixing. Even at the 100-th lag, most
of the parameters and latent variables still show autocorrelations near 40%.
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Figure 5: Sampling a posterior distribution of a latent Gaussian model for count data.

For the acceleration algorithm, we obtain approximate samples of 3/ = (z, 7, h,7)? € R!03 by
simply taking the first 1,000 Markov chain samples after the burn-in period from the slow-mixing
Gibbs sampler, then we construct the graph and run the accelerated algorithm for 20,000 iterations
(with the first 5,000 as burn-in). Despite the relatively large dimension, the graph jump steps had
18.4% of success rate {red lines in Figure 5(h)}. As shown in Figure 5(c)(d) and (f), the accelerated
algorithm leads to much-improved mixing performance. Almost all parameters and latent variables
have autocorrelations reduce to small values after the 60-th lag. We plot the posterior mean curve
7 exp(—z;), and the point-wise 95% credible band in Figure 5(i).

Since both algorithms target the same posterior distribution, we expect them to yield almost
identical inference results when collecting equal numbers of effective samples (through running
and thinning the Markov chains). According to the effective sample size comparison in Figure 5(g),
the baseline Gibbs sampler requires approximately 3 times as many iterations as the accelerated
sampler to obtain the same number of effective samples.
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6. Discussion

In our accelerated algorithm, we treat the graph as a fixed object. An interesting extension to explore
is to allow the graph to keep growing, by adding some samples collected from the Markov chain.
This idea is especially appealing in the sense that a chain graph is in fact a special tree graph with-
out branches, which suggests opportunities to develop new algorithms such as Markov tree Monte
Carlo. On the other hand, a critical issue is that the growing of tree graph would break the detailed
balance condition, hence risking a failure of convergence to the target posterior distribution. One
possible solution is to employ the well-known diminishing adaptation strategy (Roberts and Rosen-
thal, 2009), by making the differences between proposal kernels vanish as the iteration increases, or
simply reducing the frequency of graph-updating toward zero as the iteration increases (Chimisov
et al., 2018). Another possibility is to explore algorithms that do not require the detailed balance
condition, such as those non-reversible algorithms (Sohl-Dickstein et al., 2014; Bierkens, 2016) and
unadjusted diffusion algorithms (Durmus and Moulines, 2019; Dalalyan, 2017).

For growing the graph, one could consider alternative graph structures that are more compu-
tationally efficient to learn than those presented earlier in this article. A promising choice is the
approximate nearest neighbor graph, which can be constructed in an online fashion using the Hier-
archical Navigable Small World (HNSW) algorithm (Malkov and Yashunin, 2018). This algorithm
has an insertion complexity of only O(logm), making it particularly suitable for incrementally
growing graphs.

The accelerated algorithm described in this article can be generalized to the posterior sampling
of discrete or combinatorial parameters. Nevertheless, choosing a relaxation distribution in high-
dimensional discrete space can be challenging. This issue could be potentially circumvented using
continuous embedding as considered by several diffusion-based algorithms (Pakman and Paninski,
2013; Nishimura et al., 2020).

For parameter on an assumed known low-dimensional manifold, one could use geodesic dis-
tance instead of the Euclidean distance. On the other hand, extra care is needed for handling issues
such as the possible non-uniqueness of projection (which could affect the algorithm in Figure 2)
and potentially expensive computation of geodesic distance. Furthermore, when the manifold is
unknown, the posterior estimation task becomes more challenging and warrants future work.
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Appendix A. Proof of Theorems
A.1 Proof of Theorem 1

Proof To verify the detailed balance, it suffices to check the case when 0T = 6*. For any 6 and
0%,

(o' | y)Q(o",6%) = > T | y)|BQ;r)| (0" | 5, 6")a(6",6%)
i€BIN(6Y);r}
i€B(jr)
x min |IL(6* | y)|B(i;r)| " F(6" | 87,6%),11(6" | y)| B(j;r)| " F (6" | B, 6")

@ 1[N = 1[N = ]

x min |TH(0" | )| B(i;r)| T F(6" | 87,67),11(6" | y)| B(j; )| F (6" | 5, 0")
where (a) uses the almost sure uniqueness of projection, so that there is only one 7 : 1[N(6*)
i] # 0 at given 0*, and the fact that 1[N(6") = j] = 1. Clearly, the last line is symmetric in (6%, 6*

|

B

hence T1(6 | y)Q(6%, 6%) = T1(0* | y)Q(0*, 6"). [ |
A.2 Proof of Theorem 2
Proof We consider the conductance under two cases:
1) Transitioning from A € A*(K):
For any A € A*(K), we have for any w € (0, 1]:
Dr(A) _ who(A)+ (1 - w)P(4) _ e(A) _
= > .
(A) (A) > 4 =Yk )
2) Transitioning from B € © \ A*(K):
Forany Be B={Ac O :71(A) <1/2,A ¢ A*(K)}, we have O (B)/n(B) > ¥) + €.
Let mp := infpep Po(B)/Px(B) > 0, and for any w € (0, 1] such that:
€
1—
w(l —mpg) < . (6)
we have
Pr(B) _ wPo(B)+ (1 —w)Pk(B) _ Px(B)

i (B) Vi Pi(B)
m(B) = (Yg +e)m(B)
To show that such a w always exists, as well as choosing a large value for w: when mg > 1, we
can choose w = 1; when mp < 1, we can choose w = (1 — mp) /(Y5 + €) —n, withn > 0
sufficiently small so that w > 0.

Combining 1) and 2), we see that there exists w € (0, 1], such that 5, > 9. |

> {wmg + (1 — w)} > k-
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A.3 Proof of Theorem 3

Proof The acceptance rate under our specified F'(8* | 5°, 6%) is

0% — i L1 T T DIBE| b~ a) !
00 =i {1 G e |

We see that min; [|6* — 87| < & by the way we generate 6*, hence §* € B. Consider any ¢! € B,

log I1(0* | y) — log TI(6" | y)

> log II(0" | y) — logII(8" | y) + log II(B7 | y) — log IL(8" | y) — |log TL(5" | y) — log IL(5 | y)]
> —cp?([|0° = B+ 16" — ) — &

—2¢1p70 — K.

AV

Since we know B(j;r) > 1, we have |B(j;7)|/|B(i;7)| < ¢5. Including the bound ratio (b; —
ai)/(bj — a;) < ca, and taking expectation over §' ~ II(6 | y) yields the result. [

A.4 Additional Remarks on the Theory Results

On Theorem 5, the result is qualitative because we are limited to comparing two upper bounds of
mixing time. Nevertheless, the result formalizes our comment in Remark 3 — we do not need
Q alone to form a fast-mixing Markov chain. As an intuitive example, for sampling a k-modal
distribution via the mixture kernel /C, including jumps over a barebone graph with only k& nodes
(each located near a unique mode) as Q will help improve the mixing of Markov chains.

On Theorem 6, we can obtain v < 1/2 for many commonly seen posterior densities. For
example, for log TI(6 | y) = —6’ A0 + o(]|6]|3) with positive definite A, we can find a By inside the
ball {6 : ||0]]1 < a1,/p} which implies ||0]]2 < [|0]|1 < a1,/p. In that case, we have v = 1/2 for
the Euclidean norm.

On the covering number, we focus on a general high-dimensional setting with a high posterior
probability set P. On the other hand, in special but often encountered cases where the high posterior
probability set can be found as a §-neighborhood of a p-dimensional polytope (with p < p, such as
in sparse regression where most elements of 6 are close to 0), we can change the above paragraph to
be based on a p-dimensional L1-ball. A further reduction of m could be possible under additional
assumptions on the p-dimensional polytope.

Appendix B. Optimization Algorithm for Further Improvement on Graph Choice

We provide the details on the optimization of a random walk transition probability matrix P. One
solution is using the dual ascent algorithm. The minimization of spectral norm is equivalent to:

min s
P,s

subject to || P — 1m7rg|]2 <s,5>0
Pl,, =1,, WEP = WE,
Pij=0if (i >j)¢ Eg,  Pij>0
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Using semi-definite programming, we can set up the Lagrangian:

B le 212 SI (P - 1m7Tg)
L(P,Z,s,u,v,Y, ) =s — tr{ [ZITQ Z22] [(P - 1mwg)T st

+u (Pl — 1) + (m§ P — 75 )v — tr(Y P) — As.

where Z = 0 is a four-block positive semi-definite matrix, u € RP,v € RP, A > 0, lastly, Y € RP*P,
except Y; ; > 0if (i — j) € Eg. Clearly, the Lagrangian dual infp  £(-) would be —oo, unless:

— 27}y + Lpu" +omy —Y =0,
1—-tr(Z)—A=0,

which are equivalent to dual feasibility conditions:

Z12(j,1) < W

tr(Z)<1, Z >0

if (i —» j) € Eg,

for the dual problem:

sup 2tr{Z1F2(1m7Tg)} —ut1, — wgv.

Z u,v

We parameterize Z = 77 T with 7 e RP*P_and use log-barrier to enforce inequalities, then use
gradient ascent algorithm {via the JAX package (Bradbury et al., 2018)} to find out Z, @, 0. Then
using complementary slackness condition s - tr(Z11 + Zag) + 2tr{ Z{5 (P — 1m7rg)} = 0 and primal

9, we can find out the value of p.

optimal condition s = [P — 1,73

Appendix C. Numerical Illustration on Different Choices of Graph

For numerical illustration, we use the Gaussian mixture example we consider in the main text. In
addition to (i) the baseline random walk Metropolis and (ii) the accelerated algorithm with spanning
tree graph under default value (r = 1,x = 1), we experiment with (iii) the accelerated algorithm
with greedy optimization on (r, k) to maximize the expected squared jumped distance (with r =
5 and k = 0.65), and (iv) the accelerated algorithm using optimized random walk (with edges
and we compare the mixing performance of those algorithm via the traceplot of 85 in Figure 6. As
can be seen, (iii) and (iv) further improve the mixing compared to (ii), although these two extensions
are much more complicated.
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Figure 6: Comparing acceleration algorithms using different graphs, for sampling a two-component
Gaussian mixture distribution.

Appendix D. Estimate on the Vanishing Rate of Acceptance Probability of Gaussian
Random-walk Metropolis algorithm

It has been shown (Gelman et al., 1997; Roberts and Rosenthal, 2001) that for Gaussian random-
walk Metropolis algorithm with target distribution consisting of p independent components, one
may use a Gaussian proposal with standard deviation at ¢p~'/2, so that the acceptance rate could
stay above zero and converge to 2®(—mc) as p — oo, with some m > 0 depending on the target
distribution and & the standard Gaussian cumulative distribution function.

To roughly estimate the vanishing speed of the acceptance rate under a fixed step size, we can
replace ¢ by ¢p'/? and obtain 2&(—mcp'/?). For z > 0 and t > ,

®(—z) = (2m)"1/2 /00 exp(—t2/2)dt

T

< (2m)~Y? / Oo(t/x) exp(—t2/2)dt = (27) /2 exp(—2?/2) /.

Plugging = = mep'/? yields O(p~ /% exp{—¢ép)} for some constant & > 0. Omitting the dominated
p~ /2 leads to the O(exp{—ép)} rate.

Software

The software is hosted and maintained on github repository under the following link:
https://github.com/leoduan/graph_acc_mcmc
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