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Abstract

Changepoint detection typically relies on a grid-search strategy for optimal data segmenta-
tion. When model fitting itself is expensive, repeatedly fitting a model on every candidate
segment dominates the computation. Existing approaches mitigate this by pruning the
grid, thus reducing the number of segments (and model fits). We propose Reliever, which
instead cuts the number of model fits directly and nests seamlessly within standard grid-
search routines. Reliever fits a small, deterministic collection of proxy models and reuses
them wherever they apply, making it compatible with a wide range of existing algorithms.
For high-dimensional regression with changepoints, coupling Reliever with an optimal grid-
search method yields changepoint and coefficient estimators that are rate-optimal up to a
logarithmic factor. Extensive numerical experiments demonstrate that Reliever rapidly and
accurately detects changepoints across a wide range of high-dimensional and nonparametric
models.

Keywords: Binary segmentation; Grid search; High-dimensional regression; Multiple
changepoint detection; Optimal partitioning.

1. Introduction

Changepoint detection serves to identify changes in statistical properties such as mean, vari-
ance, slope, or distribution within ordered observations. This technique finds applications
in diverse domains including time series analysis, signal processing, finance, neuroscience,
and environmental monitoring.

To identify the number and locations of changepoints, a common method is to conduct
a grid search to optimize data segmentation by minimizing (or maximizing) a specific cri-
terion. This criterion often integrates a sum of segment-wise losses (or gains, respectively)
with a penalty for excessive segmentation. Grid-search algorithms are broadly categorized
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into optimal and greedy strategies. Optimal strategies use dynamic programming (Auger
and Lawrence, 1989; Jackson et al., 2005; Killick et al., 2012) to find the global minimum,
while greedy strategies, such as binary segmentation (Fryzlewicz, 2014; Baranowski et al.,
2019; Kovacs et al., 2022) and moving windows (Hao et al., 2013; Eichinger and Kirch,
2018), iteratively approximate this minimum. These algorithms necessitate repeatedly fit-
ting models and evaluating loss functions across numerous data segments. Table 1 outlines
the computational complexity of the grid-search step in isolation—that is, it treats the re-
quired model fits and loss values as if they were already available—so that one can compare
how each algorithm scales with the sample size n. These algorithms include segment neigh-
borhood (SN, Auger and Lawrence, 1989), optimal partitioning (OP, Jackson et al., 2005),
pruned exact linear time (PELT, Killick et al., 2012), wild binary segmentation (WBS,
Fryzlewicz, 2014), and seeded binary segmentation (SeedBS, Kovécs et al., 2022). For an
extensive review of grid-search algorithms, please refer to Cho and Kirch (2021).

Table 1: Computational complexity of grid-search algorithms in isolation and total model-fitting
operations, comparing the original implementations and the proposed Reliever implementations.
The notation a, denotes the complexity of fitting a single model on an interval of length n.
The set R is the pre-specified, deterministic collection of intervals on which Reliever actually fits
models, with its cardinality |R| = O(n); see Definition 1.

Optimal Greedy
Grid-search algorithm SN oP PELTT WBS SeedBS
Complexity of the grid-search step (in isolation)
O(Kn?)} O(n?) O(n) O(Mn)? O(nlogn)
Total model-fitting operations
Original O(n*a,) O(n*a,) O(na,) O(Mna,) O(n(logn)ay,)
Reliever O(|Rlan) O(|Rlan) O(|Rlan) O(|Rlan) O(|Rlan)

T For cases when the pruning condition is met (Killick et al., 2012, Eq. (4)); if pruning fails, PELT
reduces to OP.

¥ K: user-specified upper bound on the number of changepoints.

§ M: number of random intervals in WBS.

To evaluate the loss on any candidate interval I C (0, n] with integer endpoints, we must
first fit a model M r on that segment. Across the set of candidate intervals determined
by the grid-search algorithm, the resulting sequence of model fits {M;} often dominates
the runtime in modern changepoint procedures, far outweighing both the associated loss
evaluations {L£([; M 1)} and the modest overhead of iterating through the interval grid. For
instance, consider high-dimensional linear models with changepoints, estimated using the
lasso (Lee et al., 2016; Leonardi and Bithlmann, 2016; Kaul et al., 2019b; Wang et al., 2021b;
Xu et al., 2024). Fitting the lasso on an interval of length n by coordinate descent requires
O(np) operations per iteration, so the number of variables p directly drives runtime. If
the penalty parameter is selected through cross-validation, the cost of a single model fit
increases multiplicatively. Additionally, unlike classical mean-change models—where the
sample mean can be updated incrementally (Auger and Lawrence, 1989)—high-dimensional
fits cannot be adjusted cheaply when observations are added or removed. Consequently, the
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sequence of model fits dominates the overall complexity; see Table 1. Similar computational
bottlenecks arise in changepoint models that incorporate graphical structures (Londschien
et al., 2021), vector autoregressive dynamics (Safikhani and Shojaie, 2022; Bai et al., 2023),
network topologies (Wang et al., 2021a), nonparametric frameworks (Zou et al., 2014; Jiang
et al., 2022; Chen and Chu, 2023), and mechanisms for handling missing data (Follain et al.,
2022).

1.1 Our Idea

Our approach— Reliever—operates as follows. For each candidate interval I C (0,n], a
standard grid-search algorithm A involves fitting an interval-specific model M 1 and evalu-
ating the loss L(I; M 7). Reliever replaces this costly step with a proxy fit: we pair I with
an interval Ry, chosen from a pre-specified deterministic collection R (see Definition 1). We
fit the model M\RI on Ry and evaluate the loss on the target interval I via £([; ]\/4\31). This
substitution continues until the algorithm .4 has visited every candidate interval. Figure 1
illustrates the procedure.

Original Reliever
—| Model fitting [ M\I M\RI J

—
Loss evaluation L(I; j\//\lI) L(I; ./\//\lRI)

.

TmE) AceSy A S

Figure 1: Workflow comparison between a standard grid-search algorithm and the same
algorithm equipped with Reliever.

The collection R is intentionally small—|R| = O(n) in our construction—so only O(|R])
actual model fits are required overall. Consequently, the total fitting cost drops to at most
O(nay,), where a,, denotes the operations needed to fit a single model on an interval of length
n; see Table 1. In practice the cost is often lower because the algorithm A may visit only a
subset of intervals in R. Besides controlling the size of R, each interval R is selected such
that Ry C I and the reminder I \ Ry is short. With this design, replacing the original loss
sequence {L(I; M 1)} by its proxy counterpart {L(I M Rr,)} in the grid-search algorithm
would preserve changepoint-detection accuracy, regardless of how many changepoints lie
within any individual interval I.

To illustrate the benefits of Reliever, we consider a high-dimensional linear model with
multiple changepoints (see Section 4.1), using n = 600 observations and p = 100 variables.
Figure 2(a) compares the average computational time spent on model fits (including loss
evaluations) with and without Reliever, alongside the average time spent solely on the grid
search for each algorithm. Clearly, the primary computational burden arises from model
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fits, and employing Reliever substantially reduces this burden. Figure 2(b) further shows
the reduction in the average number of model fits required along the search path. Finally,
Figure 2(c) presents a boxplot of changepoint detection error, measured by the Hausdorff
distance (see Section 4), confirming that Reliever significantly reduces computational cost
without sacrificing detection accuracy.

Grid-search algorithm [ SN [ WBS [__] SeedBS

1350.93 ® 163306 40

? 1200 A Original % 1500001
Q ©

800 o -
3 E S 301
c 400 1 296.83 5 1000004 o
~ 056 021 007 8852 5 s
OEJ 071 —om o1 005 5520 2780 1299 a S 20+
£ O
< 400 g’ 50000 g e
o)) 38202 a 104
© 800 8)
O>J E 10616
< 1200 Reliever o) 5585_ 4062 1756 ‘ ‘

é 0 [ e B 0
Grid search Model fitting Reliever Original Reliever Original
(a) (b) (c)

Figure 2: Runtime savings and accuracy retention provided by Reliever in a high-
dimensional linear model. (a) Average time spent on grid search in isolation and on model
fits for the SN, WBS, and SeedBS algorithms, with and without Reliever. (b) Average
number of model fits executed along each search path. (¢) Changepoint detection error
(Hausdorff distance); circles mark mean values.

1.2 Our Contributions

We introduce Reliever, a highly flexible framework that speeds up changepoint detection
whenever model fitting is the main cost. While earlier work cuts runtime by reducing the
number of intervals that a grid-search algorithm visits, Reliever follows a complementary
route: it fits models on only a pre-specified deterministic set of O(n) intervals and reuses
those fits wherever possible. Because the grid-search logic itself is left untouched, Reliever
can be dropped straight into common optimal and greedy algorithms like SN, OP, PELT,
WBS and SeedBS.

This sharp cut in model fits greatly shortens running time in both high-dimensional
and nonparametric settings, while maintaining detection accuracy. In the context of high-
dimensional linear models with multiple changepoints—a topic that has garnered significant
research interest—we demonstrate that Reliever combined with the OP algorithm (for ex-
ample, Leonardi and Biihlmann, 2016), produces estimators for both changepoints and
corresponding regression coefficients that are rate-optimal, up to a logarithmic factor.

1.3 Related Works

Comparison with grid-pruning methods. The collection of pre-specified and deter-
ministic intervals used by Reliever resembles the seeded intervals in SeedBS (Kovécs et al.,
2022). These two acceleration ideas, however, serve different aims. Kovécs et al. (2022)
refined WBS by replacing its random intervals with seeded intervals, targeting near-linear
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scaling of the grid search relative to the sample size (as outlined in Table 1). A simi-
lar approach, involving the use of deterministic intervals for constructing scan statistics,
is explored in Chan and Walther (2013). In contrast, our approach retains existing grid-
search schemes but re-uses a proxy model fitted on one deterministic interval whenever that
model is relevant to another data segment. This strategy allows Reliever to adapt to any
grid-search algorithm, including SeedBS and WBS. Because the two kinds of deterministic
intervals target different goals, their construction principles also differ; see Remark 3.
Comparison with two-step methods. Our method’s strategy to reduce intensive model
fitting relates to two-step procedures that use a preliminary set of changepoint candidates.
In the context of high-dimensional linear models with a single changepoint, Kaul et al.
(2019b) proposed an approach involving initial fitting of two regression models, one for
data before and another after an initial changepoint estimator, followed by searching for
the best split to minimize training error. To achieve nearly-optimal convergence rates for
the resulting estimator, the initial estimator must be consistent. For multiple changepoint
scenarios, Kaul et al. (2019a) extended this approach by incorporating multiple initial can-
didates and employing a simulated annealing algorithm to allocate available model fits. This
method presupposes proximities of all true changepoints to some of the initial candidates.
Cho and Owens (2024) uses moving window on a coarse grid to scan for initial changepoint
candidates and then refine their locations, whereas Li et al. (2023) employs dynamic pro-
gramming on a coarse grid to obtain initial candidates before refinement. In the context
of univariate mean change models, Lu et al. (2017) introduced a method that leverages a
sparse subsample to derive pilot changepoint estimators; for these pilot estimators to yield
optimal changepoint estimators, they must accurately reflect both the number and locations
of the changepoints. In contrast, our Reliever framework does not rely on consistent initial
estimators. It offers broad applicability and can be integrated as a foundational component
in a variety of existing changepoint detection algorithms.

1.4 Notation

The Ly norm of a vector z € R is defined by |[z[l; = (3}, zg)l/q. For a p-by-p positive

semi-definite matrix A, we denote ||z||a = (z' Az)'/2. The sub-Gaussian norm of a sub-
Gaussian random variable X is || X ||y, = inf{t > 0 : E{exp(X?/t?)} < 2}. The sub-
Exponential norm of a sub-Exponential random variable X is defined as || X ||y, = inf{t >
0 : Eexp(|X|/t) < 2}. For a vector X € RP, define || X ||y, = sup,cgr-1 v X||w,, where
SP=1 is the unit sphere in RP and j = 1, 2.

2. Methodology

In this section, we first describe the general multiple changepoint models and algorithms
with examples. Then we formally introduce the construction of the Reliever procedure.

2.1 Changepoint Models and Grid-Search Algorithms

Consider a dataset {z;}7 ; from a multiple changepoint model

zi~ Mp, T <i<m, k=1,...,K*+1;i=1,...,n, (1)
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where K* and {7} } denote the number and locations of changepoints, respectively, with 7 =
0 and 7., = n. The notations { M} represent the models governing each data segment,
ensuring that M7 _, # M. These models may describe nonparametric distributions of {z;}
or specific parametric forms with parameters {0} }, where 8} _, # 0;. For specific instances
of these models, please refer to Examples 1-3.

Changepoint detection typically proceeds through a grid-search process, involving a
model fitting procedure, a loss function to evaluate fit quality, and a grid-search algorithm
to determine the optimal segmentation, as illustrated in Figure 1. For a candidate interval
I C (0,n], amodel fitting procedure yields a fitted model M; (or O in parametric scenarios)
based on the data segment {z; : i« € I}. The quality of this fit is evaluated using a loss
function L£(I; M\I) (or £(I38;) for parametric models).

Example 1 (Parametric models, convex M-estimation) Consider the general para-
metric changepoint models within the framework of (1), where each z; € RP and

z; has distribution Po-, 7,1 <i <7, k=1,..., K" +1;i=1,...,n.

In scenarios with small p and large n, one uses M-estimation for model fitting, which yields
6, = arg mingeg ;7 ¥(2:,0), where £(z,0) is a convex function with respect to @ € © C RP.
The loss evaluation is defined as L(I; 51) =D el E(zi,éf). Employing convex losses, such
as the absolute deviation or the Huber loss, is particularly effective in managing heavy-tailed
observations or outliers for changepoint detection (Fearnhead and Rigaill, 2019).

Example 2 (High-dimensional linear models, lasso) In (1), each sample pair z; =
(yi,x;) consists of a response y; € R and covariates x; € RP, modeled by

Yyi=x%, 0 +e, i <i<t, k=1,.. K'+1;i=1,...,n, (2)

where {05} are regression coefficients and {¢;} denote random noises. In high-dimensional
settings where both p and n are large, lasso is used for model fitting, that is,

0, = argmln{z —x; 0)> + )61},
OcR? iel

with A\; as a_tuning parameter. The loss evaluation function is specified as L(I; 51) =
Ziel(yi—x;-re])z. Detecting changes in high-dimensional linear models has recently garnered
considerable attention; see, for example, Leonardi and Bihlmann (2016), Rinaldo et al.
(2021), Wang et al. (2021b) and Xu et al. (2024).

Example 3 (Nonparametric distributions) Within the framework of (1), consider the
samples z; = z; € R and

zi has a distribution function Fy, mh_y <i<7, k=1,....,K*+1;i=1,...,n.
Model fitting is performed using the empirical distribution function {ﬁ[(t) :t € R} for the

data subset {z; : i € I'}. The loss evaluation function, proposed by Zou et al. (2014), is the
negative of an integrated nonparametric mazximum log-likelihood.
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A grid-search algorithm is then employed to minimize a specific criterion over all possible
segmented data sequences. This criterion typically comprises the sum of losses evaluated for
each segment, along with a penalty that accounts for the complexity of the segmentation.

To be specific, let T (dm) = {(71,...,7k) : 0=T0 <71 < -+ < Tk < TK4+1 = Ny Tht1 — Tk >
Om, kK =0,...,K} be the set of K candidate changepoints, where ¢, > 0 is the minimal-
spacing parameter; see Remark 4. For (7,...,7x) € Tx(dm) that partitions the data into

K + 1 segments, the criterion is generally formulated as

K+1

S (71, il Mi) + K, (3)
=1

where v > 0 controls the level of penalization to avoid overfitting. Optimal-kind algorithms
(for example, SN, OP, or PELT, see Section 1) aim to find the exact minimizer over the
entire search space Tk (dm). This involves evaluating a sequence of losses (and fitting the
corresponding models) for all O(n?) intervals I C (0,n] satisfying |I| > 0m, sequentially
explored using a dynamic programming scheme. Although PELT uses a pruning strategy
to skip certain intervals and thus reduces this complexity to O(n), this reduction does not
always apply (see Eq. (4) in Killick et al. (2012)). In contrast, greedy-kind algorithms,
such as binary segmentation (BS), WBS, narrowest-over-threshold, or SeedBS, consider
only a subset of these intervals in a sequential and greedy manner, aiming to reach a local
minimizer. To illustrate, consider the BS algorithm. This algorithm begins by solving (3)
with K = 1, which involves approximately O(n) intervals. The resulting changepoint divides
the data sequence into two segments. The algorithm then repeats the same procedure within
each segment to identify new changepoints. This iterative process continues until a segment
contains fewer observations than d,, or until a stopping rule is triggered. Overall, BS
involves approximately O(nlogn) intervals. Throughout, we regard any interval I = (a,b]
with integers 0 < a < b < n as a search interval and collect all such candidates in the set
Z={I:1cC(0,n]}. Given the collection of loss values {L(I; M) : I € T}, the grid-search
algorithm can be regarded as the operator A = A({L(I; M\I) : I € T}), which maps these
evaluations to a final segmentation. In fact, A inspects only a subset of Z—either because
intervals shorter than a minimal-spacing parameter J,, are excluded or because greedy
strategies (for example, BS) deliberately restrict the search. Whenever it is necessary to
distinguish between the two, we denote this subset actually explored by the algorithm by
TaCT.

The grid-search process becomes computationally demanding when model fits along the
search path, {My : I € T4}, becomes costly. This is particularly evident in scenarios like
those described in Examples 1-3, where a single model fit requires substantial computational
effort, and updating neighboring model fits by adding or removing observations remains
elusive.

2.2 Relief Intervals

Our approach is straightforward yet highly adaptable, and it integrates seamlessly with
any grid-search algorithm 4. We begin by constructing a set of deterministic intervals R.
During the search process, for a search interval I € 7, a proxy or Relief model, M R, fitted
using data from an interval R; € R, replaces M 7 when evaluating the loss £(I; M 7). Each
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interval R; € R is referred to as a relief interval to distinguish it from a search interval
I. Tt is possible for multiple search intervals to correspond to a single relief interval, and
not all relief intervals may be visited during the search. The notation R; indicates that the
selection of a relief interval is dependent on the current search interval I. For simplicity,
we will use R interchangeably with R;, which should not lead to confusion. The key to the
construction of R lies in satisfying two properties. First, it significantly reduces the number
of intervals for which a sequence of models needs to be fitted, as opposed to fitting models
for every search interval. Second, it ensures that the losses computed using the relief models
exhibit behaviors similar to those computed with the original models, thereby allowing for
consistent changepoint detection.

Definition 1 (Relief intervals) Let 6, > 0 be the minimal-spacing parameter. Define
0 <w <1 as the wriggle parameter and b > 1 as the growth parameter. For each 0 < k <
|logy{(1 + w)n/dm}], construct the kth layer of relief intervals, consisting of ny intervals
of length (i, evenly shifted by sy, that is, Ry, = {(qsk,qsk + k] + ax : 0 < g < ny}, where
Uy = b0 /(1 +w), s, = wly, np = |(n— €)/sk], and ap, = n/2 — (b + nysy)/2 is an
adjustment factor to center the intervals in Ry around n/2. The complete set of relief
intervals is R = U,Bi%b{(prw)n/ém“ Ri.

20 60 100 140 180

Figure 3: Illustration of relief intervals with n = 200, 6y, = 50, w = 0.25 and b = 1.25.

The rationale behind the construction of relief intervals is to ensure that for any search
interval I € Z with |I| > dy, there is always a relief interval R € R such that R C I and
|R|/|I] is maximized. We define the coverage ratio as

R
r = min max —’,
IET:|I|>6m RER;RCI ||

0<r<l1.

Proposition 2 (i) In general, |R| < cypn/dm and r > {(1 + w)b} =1, where cyp = {(1 +
w)b}/{w(b—1)}. (ii) Setting (1+w) =b=r"2, |R| = {n(r~2 —1)2}/(6mr). Additionally,
if 0m and r € (0,1) are fized constants, then |R| = O(n). (i) If 0m = C'logn for some
constant C > 0 and w = b—1 = 5;%, then |R| < n{l + (Clogn)_%}2 = O(n) and
r>{1+ (C’logn)fé}_2 ~1-— 2(Clogn)7%.
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Proposition 2 demonstrates that, by selecting appropriate wriggle and growth param-
eters, alongside a minimal-spacing parameter, the number of relief intervals approaches
linearity with the sample size n while achieving a nearly perfect coverage ratio. To facili-
tate practical applications, setting a single coverage ratio parameter r € (0, 1) is sufficient,
with 1 +w=b=1r"2. Figure 3 illustrates the construction of relief intervals with n = 200,
dm = 50, w = 0.25, and b = 1.25 (corresponding to » = 0.64). The parameter r balances
computational complexity and estimation accuracy; see Remark 10. Table 2 reports, for
n = 1200 and §,, = 30, the number of search intervals examined by the original SN im-
plementation (r = 1; that is, |Z4| for SN), as well as the corresponding number of relief
intervals obtained for various coverage ratios of r.

Table 2: Number of model fits required the SN algorithm: Reliever for various coverage ratios r
versus the original implementation (r = 1).

r 0.5 0.6 0.7 0.8 0.9 0.95 0.97 0.99 1
Model fits 440 762 1,298 2,744 12,227 31,699 57,522 196,395 686,206

Remark 3 (Comparison with seeded intervals) The deterministic nature of our relief
intervals is conceptually inspired by the seeded intervals in SeedBS (Kovdcs et al., 2022),
yet they diverge significantly in their design principles due to differing objectives. The
seeded intervals were developed to replace random (wild) intervals in WBS, focusing on
shorter intervals that typically contain a single changepoint to reduce the occurrence of
longer intervals that may encompass multiple changepoints. In contrast, the relief intervals
are designed to ensure that each search interval closely matches a relief interval of similar
length, thereby producing comparable loss values. Our approach is compatible with various
grid-search algorithms, including WBS and SeedBS. A natural question arises: can seeded
intervals serve as proxy intervals in place of relief intervals within the proposed Reliever
framework? Figure 4(a) displays the coverage ratio r against the number of proxy intervals,
revealing that starting at r =~ 0.5, our construction achieves a higher coverage ratio with
the same number of intervals. Notably, using seeded intervals limits the coverage ratio
to approzimately 0.68, even with an increased number of intervals. Figure 4(b) compares
the changepoint detection error between the two constructions, both utilizing 1,000 prozy
intervals, across various grid-search algorithms, under a high-dimensional linear model with
multiple changepoints (as described in Section 4.1). This comparison demonstrates that our
construction, with its higher coverage, typically yields better detection accuracy.

2.3 The Reliever Procedure

(1) Require a gird search algorithm A = A({L(I; M\I) : I € 7}) with a minimal-spacing
parameter 0, > 0 and a model-fitting procedure M; for any interval I such that
|I| > dm, and a coverage ratio parameter r € (0, 1];

(2) Create relief intervals R with the wriggle and growth parameters satisfying 1 4+ w =
b=r3 according to Definition 1;
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Figure 4: Comparison of coverage ratio and changepoint detection error for two proxy
interval strategies within the Reliever framework.

(3) Execute the gird search with relief models, that is, A = A({L(; M\RI) : I € 7}) with
Ry = argmaxpep pey R

The Reliever procedure can be used in conjunction with both optimal- and greedy-kind
grid-search algorithms, as outlined in Section 1, represented by A = A({L(I; M 1)1 €
Z}). The primary distinction when using Reliever compared to the original implementation
is the employment of a relief model M R, to evaluate the loss function L£(I; M 7). This
modification not only maintains versatility but also significantly reduces the number of
model fits required, as each loss evaluation leverages a pre-fitted model from a relief interval,
dramatically lowering computational overhead compared to the original implementations
(refer to Table 1 for computational comparisons).

Remark 4 (On implementations) The minimal-spacing parameter 0y is an inherent
component of the grid-search algorithm, ensuring that the model/parameter is estimatable
on each segment I. For example, in linear models, Bai and Perron (1998) set 6y, = p (with p
the covariate dimension) so that the least-squares estimator is well-posed. Our construction
of relief intervals imposes no additional practical restriction on v, Theoretically, large om
guarantees that My behaves well and converges to its population counterpart as |I| grows—a
standard requirement in nonparametric and high-dimensional settings. For instance, in mul-
tivariate nonparametric changepoint detection via kernel density, Padilla et al. (2023) use
dm = h™Plog(n) (with h the bandwidth and p the data dimension). In high-dimensional lin-
ear models with temporal dependence, Xu et al. (2024) set 6 = O((slog(pVn))?/<~1) (with
p the covariate dimension, s the sparsity level, and ¢ characterizing dependence and noise
tails), which simplifies to O(slog(p V n)) in the independent, sub-Gaussian case (( = 1).
For numerical stability, we use 6y = 20 in simulation studies (Section 4). In Section E.S3,
we investigate robustness to small choice of Om.

The construction of relief intervals also hinges on the coverage-ratio parameter r, which
governs the trade-off between computational cost and estimation accuracy (see Remark 10).

10
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We recommend viewing v as a budget parameter. With ample computing time, choose r = 1
(which recovers the original algorithm). When runtime is critical, pick the largest r that
satisfies the time constraints. FExtensive experiments show that 0.8 < r < 0.9 typically
cuts runtime substantially while maintaining satisfactory detection accuracy compared to
the original implementation; see Section 4. When the set of grid-search intervals is known
(or easily predicted) in advance, the total fitting time for Reliever can be approzimated.
Practitioners may then tune r to match a target runtime with reasonable confidence. Im-
plementation details are provided in Section E.5.

3. Theoretical Justifications

Despite the broad applicability of Reliever across various changepoint detection algorithms
and model settings, establishing a unified theoretical framework for analyzing detection
accuracy is challenging without specific assumptions regarding the model, the fitting proce-
dure, and the grid-search algorithm. Here, we first offer an indirect justification by examin-
ing the variations in loss values resulting from the application of Reliever. This examination
focuses on parametric changepoint models with convex minimization routines for model fit-
ting, as demonstrated in Example 1. Furthermore, in Section 3.2, we present rigorous
theoretical results concerning the estimation accuracy of multiple changepoints in the con-
text of high-dimensional linear models employing lasso, as detailed in Example 2. Unless
stated otherwise, we assume that the observations z; are temporally independent.

3.1 Variations in Loss Values: Convex Minimization

Continue with Example 1. In the original implementation of a grid-search algorithm A,
losses are evaluated as £(1; 07) = Y ier Uz, 6;), where 8; = arg ming. g Y icr Uz, 0). With
the Reliever approach, these loss calculations are replaced by L(I; é\R) = D el K(zi,ég),
where R € R is a relief interval corresponding to I. To analyze the impact of this substitu-
tion, let £(1,0) = EL(I;0) and 85 = arg mingcg L(I,0) denote population loss and its min-
imizer, respectively. Define Gr(a) = |I|7' Y ,c; (2, 07 + a|]]_%) and Gj(a) = EG(a),
where ¢(z,0) = Vgl(z,0).

Under mild regularity conditions for convex M-estimation, Proposition 5 shows that the
difference between the losses L£(I;0;) and L(I;60r) remains uniformly controlled over all
search intervals I € 7, regardless of whether I contains changepoints.

(a) £(-,z) is convex on the domain © for all fixed z and © is a compact and convex subset
of R?.

(b) The expectation Ef(z;, 0) is finite for all z; and fixed 6 € O.

)
(c) The population minimizer 67 uniquely exists and is interior point of ©.
(d) llg(z,0)|lw, < Can for each 0 near 7.

)

(e) L(I,0) is twice differentiable at 69 and H; = |I|7'V2L(1,05) is positive-define.
ral 1 o o o
() 1G1(|112(8 — 67)) — H1(8 — 07)| = Ca2[l6 — 67]3.

11
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(8) llg(zi,0) — g(zi, 07)llw, < Ca3[|0 — 672

(h) |I|7YL(I, ) is p-strongly convex in the compact set ©.

)

)
i) Eg(z;,0) is ¢-Lipschitz continuous w.r.t. 6.
j) Fori e I\ R, ||0% — 672 < A where A, > 0 is a fixed constant.
)

(k) |HZ' —H; Yop < Caal|0% — 652 and [|H; ! ||op < Ca5 for any interval 1.

Proposition 5 Given that the conditions (a)-(k) hold, with probability at least 1 —n~C for
some constant C > 0, the event

2

(1 —7r)logn (logn)?
) @

{5(1 0r)—L(I;0;)} < o(H Y EVel( zl,eR)
II! 1| ieIR

holds uniformly for all intervals R C I € I, where Vgl(-,0) denotes the gradient or sub-
gradient. In particular, in scenarios where I = (s, e] contains no changepoint, or there is
only one changepoint T € I such that min(t — s,e — 7) = O(logn), this event simplifies to

1—r)logn = (logn)?
rl| rAIR )

7 eL:Bn) - (L@n<c(( (5)

\I
where C1 > 0 is a constant.

Remark 6 (On Conditions (a)—(k)) Conditions (a)-(k) parallel the regularity assump-
tions of Niemiro (1992), which analyzed M-estimators obtained through conver minimization
under independent and identically distributed (i.i.d.) data. These conditions fundamentally
concern the smoothness and convexity of the loss function £ and its expectation. Conditions
(a)-(f) are the standard ingredients for deriving estimation error bounds in classical conver
M-estimation with i.i.d. samples. The additional conditions (g)—(k) address distributional
heterogeneity created by changepoints and ensure uniform control of the difference terms
107 — 0%||2 and 18 — Bgll2 for all I € I. The proof of Proposition 5 relies on a novel
non-asymptotic Bahadur-type representation for (9\1 — §R in the presence of changepoints
across all I € T, which may be of independent interest.

In Proposition 5, Eq. (5) indicates that the discrepancy between the Reliever-based loss
L(I BR) and the original loss £([; 01) vanishes when the data within I are (nearly) ho-
mogeneous and (logn)/|I| goes to zero. This provides a justification for employing Re-
liever. Conversely, for heterogeneous I containing changepoints distant from the bound-
aries, this vanishing property of the discrepancy may not hold. Surprisingly, the inequality
L(I OR) > L(I; 91) in Eq.(4) becomes instrumental in excluding inconsistent changepoint
estimators in such scenarios. Therefore, we can expect that Reliever effectively tracks the
original search path. To gain some intuition, consider the scenario with a single changepoint
7% such that min(7*,n—7*) > 0y or 7* € T1(0m). And the grid-search algorithm is specified
as the first BS step. Define the changepoint estimator as Toriginal = arg Min_c7, (5, S}I) (1),

where S}I)(T) = 5(1177,51177) + 5(1277,@2’7), and for any 7, I1 ; = (0,7] and Iz, = (7,n].

12
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The Reliever-based changepoint estimator is then defined as 7 = argmin c7; (s, ) S§R)(T),

where S}R) (1) = E(ILT,HARLT) + ﬁ(IQ’T,é\RQ,T), and R;, C I;, is the corresponding relief
interval for j = 1,2. We present the following corollary, which establishes the consistency
of 7 in the sense that |7 — 7*|/n — 0.

Corollary 7 Assume 0y = Crylogn for some constant Cy, > 0 and the event described in
Proposition 5 holds. If there exists a sufficiently large constant Cy > 0 such that for any
T € Ti(0m) satisfying |7 — 7% > 6 for a constant § > 0,

Sy)(r) - S}I) (%) > Calogn (6)
holds, then |T — 7*| < 4.

Corollary 7 is a direct consequence of Proposition 5. Assume [T — 7% > 4. Since
L(I (/9\3) < L(I; é\]) according to Eq.(4), it follows that S;R) (T) > Sy) (7). Utilizing Eq.(5),
we derive

1—7r nlogn
n g

S}R) (%) < S}I) (") + 201{ } logn.

7*(n — 7)r?
Considering Eq.(6), by setting Co > 2C1{(1—7)r~1+C1r=2}, we have S}R)(?) —S§R) (%) >
[Cy —201{(1 —7)r~ L + C;tr=2}]logn > 0. Therefore, the assumption |7 — 7*| > § leads to
a contradiction, establishing the validity of Corollary 7. Eq.(6) imposes implicit constraints
on the model, ensuring that the original grid-search algorithm produces a consistent change-
point estimator, that is, [Torigina— 7| < 0. Verifying Eq.(6) or establishing a lower bound for
S}I) (1) — S}I) (7*) is a well-accepted technique for justifying the consistency of changepoint
estimators (Csorgé and Horvath, 1997). Corollary 7 demonstrates that the consistency
proof for the original grid-search algorithm can readily be extended to the Reliever estima-
tor. This approach is also applicable to multiple changepoint detection tasks.

3.2 Changepoint Detection Accuracy: Lasso Regression

To deepen our understanding of how variations in loss values impact the accuracy of change-
point detection with the Reliever method, we delve into the detection of multiple change-
points in high-dimensional linear models (cf. Example 2).

We use the OP algorithm (for example, Leonardi and Biithlmann, 2016). The standard
implementation minimizes the criterion

K+1 R
> LTk, 7kl Oy ) K, (7)
k=1

over all candidate changepoints (71, ...,7x) € Tk (dm). For any search interval I € 7 with

|I] > 6m, model parameters are estimated as 8; = argmingegp{>_;c; (i — %, 6)*+ A7[|0]|1},
and loss values are computed as L([; 51) = > et — xiTé\I)Q. The tuning parameter vy
helps avoid overestimating the number of changepoints. Specific values for A\; and ~ are
established through a rigorous theoretical analysis discussed later in this section.

13
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To integrate Reliever with OP, we construct a collection of relief intervals R with a
fixed coverage ratio parameter 0 < r < 1. The optimization criterion within the Reliever
framework is thus reformulated as

K+1

> L((Th-1. k) Or,) + VK, with Ry = argmaxper ge(ne . Bl (8)
k=1

This criterion and the original in Eq.(7) are specific instances of a more general optimization
problem

Nej
~

K+1
min {ZE( (Th—1, Tx; 0((7%—177%]))"‘7[{}- (

(T1,,Ti ) ETK (6m)

Here, 6(I) can be any valid estimator of regression coefficients for I € T such that |I] >
dm- Setting 9( ) = 6, recovers the original criterion (7). Alternatively, choosing 0([ ) =
Or, with R; = argmaxpeg pey|R|, gives us the reformulated problem (8). OP manages

this optimization (9) by integrating a sequence of parameter estimation {5([ )} and loss
evaluation {£; = £(I;6(I))} steps along the search path, with dynamic ordering of intervals
I determined by OP itself.

We first establish a deterministic claim about the consistency and near rate-optimality
of the resulting changepoint estimators, conditional on an event measuring the quality or
goodness of the evaluated losses. We introduce some notations and conditions crucial for
this analysis. For any search interval I € Z, denote 87 = arg mingcry, E{L(1;0)}, and define
Ar = (I > icrllfy — O?HQE)%, where 67 = 6y, fori = 1,...,n. For k =1,..., K", let
Ay = 05, — 05|ls be the magnitude of change at 7;;, with Ag = Ag+y1 = 00

Condition 1 (Change signals) There exists a sufficiently large constant Ceny > 0 such
that for kb =1,..., K"+ 1, 77 = 7/_y > Conrslog(pV n)(Ac%, + A2 + 1),

Condition 2 (Regression coefficients) (a) Sparsity: |Si| < s < p, where S = {1 <
J<p:0p; #0} and 0 ; is the jth component of }; (b) Boundness: |0}, ;| < Cy for some
constant Cy > 0.

Condition 3 (Covariates and noises) (a) Covariates {x;}}' ; are i.i.d. sub-Gaussian
with zero mean and covariance 3, satisfying 0 < k < U% < 00, where K = Apin(X) and
02 = Amax(X) are the minimum and mazimum eigenvalues of ¥, respectively. Furthermore,
||27%Xi||q,2 < Cy for some constant Cy > 0; (b) Noises {€;}_; are i.i.d. sub-Gaussian with

zero mean, variance o2, and a sub-Gaussian norm C..

These conditions are commonly adopted in the literature for changepoint detection in
high-dimensional linear models (Leonardi and Bithlmann, 2016; Wang et al., 2021b; Rinaldo
et al., 2021; Xu et al., 2024). Specifically, Condition 1 introduces a local multiscale signal-to-
noise ratio (SNR) requirement for the spacing between neighboring changepoints, providing
greater flexibility compared to the global SNR condition in existing works like Leonardi and
Bithlmann (2016) and Wang et al. (2021b).
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Lemma 8 (Goodness of loss evaluations) Under Condition 1, for the problem (9) with
dm = Cmslog(p vV n) for a sufficiently large constant Cr, > 0, and v = Cyslog(p V n) for a
constant C, > 0, the solution (71, ...,Tp) satisfies:

N 1 _
K=K" and ma min —AZ|7 — 7| < Cslog(pVn
1§k§)1(<* SR 2 Kl — 7l < g(p );

for some constant C > 0, conditional on the event G = Gy NG, N G; N Gg. Here,

Gy, = {fm’ any I € F,

Lr— Ze?’ < Cgslog(pV n)} ;

el

G; = {for anyIGEQ_,EI—Z 2 A1 > —C’g.gslog(p\/n)},

el

G

{for any I € E;_,EI—Z 2 A1 < Cg.gslog(p\/n)},

icl

G3 = {fOT any I € B3, L1 =Y & > (1— Cs.3>A%\I\} )
i€l
where By = {I : |I| > 6m, A1 =0}, By ={I = (a,b] : |I| > 6m; INT* = {7}, min(7}} —a, b—
) < 2CA?slog(pVn)}, Bf = {I~€ Ey :INT*= {7} |I| > (A2 V 1)Csneslog(p V n)},
and E5 = {I : |I| > (5m,A%]I] > Cslog(p VvV n)}. Here Csi, Cso and Cg3 are positive

constants. In addition, the constants Cy and C only depends on Csnr, Cm, Cs1, Cg2, and
Cy.3.

Lemma 8 presents a deterministic result. The probabilistic conditions come into play
when certifying that the event G holds with high probability for both the standard OP im-
plementation with £; = £(I;0;) and the accelerated Reliever version with £; = £L(I;0g,).
This lemma offers new insights into the necessary conditions for the evaluated losses using
a general model-fitting procedure 6(I) along the OP grid-search path to produce consis-
tent and nearly rate-optimal changepoint estimators, which may be of independent interest.
Theorem 9 further asserts that this event G occurs with high probability under additional
Conditions 2-3.

Theorem 9 Suppose that Conditions 1-3 hold. Let C\ and C., be positive constants, and
0 < Cm < Cenr be sufficiently large constants. The solution (71,...,Tg) of either Problem
(7) or Problem (8) with ém = Cmslog(p V n), \f = Cx\CyroxDr{|I]|log(p VvV n)}%, and vy =
C,yslog(p VvV n), satisfies that
~ 1 ~
IP’{K = K* and 1;22};{* 12;1;1R§A%|TZ; -7 < C’slog(p\/n)} >1—(pVvn)©

where Dr = (C’%A%—FC?)%. The constants C.,, Cy, C and ¢ are independent of (n,p, s, K*).
Moreover, under the same probability event, there exists a constant C > 0 such that for all
1<k<K*+1,

1
~ 1 \Vi 2
10,70 — Okll2 < C{S(:g(pn)} :

*
Te = Tk—1
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Theorem 9 demonstrates that, under mild conditions and with appropriately chosen
tuning parameters v and Aj, both the original and Reliever-enhanced implementations of
OP consistently estimate the number of changepoints and achieve a state-of-the-art local-
ization rate n=!r} — 7| < CA,;Qn_lslog(p V n) with high probability. This rate exhibits
the phenomenon of superconsistency for changepoint estimation in high-dimensional linear
regression with multiple changepoints, extending a well-known result for single change-
point scenarios (Lee et al., 2016). Importantly, our theoretical analysis supports scenarios
where K*, the number of changepoints, varies with n and may potentially diverge. When
K* = O(1), our findings are consistent with those reported in Rinaldo et al. (2021) and
Xu et al. (2024), which use OP-type algorithms. Wang et al. (2021b) allows for K* to
diverge and derives this rate using a WBS-type algorithm. Additionally, it is noteworthy
that the tuning parameter \;, which serves as the regularization factor for the lasso model
within each interval I, not only scales with |/ |% but is also modulated by the change mag-
nitude A% In fact, determining the rate of A; involves examining the uniform bound of a
sequence of mean-zero (sub-)gradients, where the variance is, however, influenced by A%
Previous works, such as those by Wang et al. (2021b) and Xu et al. (2024), typically assume
sup; A? = O(1), which simplifies the dependency of A; to |I |% alone. Theorem 9 under-
scores the nuanced, change-adaptive nature of the regularization parameter A\;. While the
comprehensive exploration of this parameter’s dynamics is outside the scope of our current
study, it marks a promising avenue for future research and merits further investigation.

Remark 10 (Tradeoff between computational time and estimation accuracy) At
first glance, Reliever might appear to provide an advantage without a corresponding cost,
as the localization rate initially appears to be unaffected by the coverage ratio r. However,
a deeper analysis of the underlying proofs reveals that r subtly influences the constant C
in the localization rate, particularly since r is held constant. More precisely, the magni-
tude of C is dependent on several constants including Ceny, Cr, Cs1, Csa, and Css, as
detailed in Lemma 8. By setting Csne and Cr, to sufficiently large values, we determine that
C =2(1 - Cg3)"Y(3Cs1 + 10Cs2). From the proof, it becomes evident that Cyj r=2 for
j =1,2,3. Therefore, as r decreases, the constants Cg ; increase, which in turn elevates C
and leads to deteriorated localization rates for smaller values of r. Similar relation can also
be observed in Proposition 5 for single changepoint detection. The observation illustrates a
pivotal tradeoff: lower values of r enhance computational speed at the expense of localization
precision. As r approaches 1, the distinction between Reliever and the original grid-search
algorithm diminishes, indicating minimal computational gains in exchange for optimal local-
ization accuracy. It is also worth emphasizing that by choosing a fired 0 < r < 1, Reliever
can always reduce the number of model fits to O(n) as Proposition 2 shows. For detailed
derivations and specific values of Cy j, j = 1,2, 3, please refer to Corollary 24 in Section C.35.

3.2.1 TEMPORAL DEPENDENCE: EXTENDING THE LOCALIZATION THEORY

A closer inspection of the proof of Theorem 9 (independent case) reveals that independence
is invoked only inside a Bernstein-type tail bound that establishes oracle inequalities (see
Section C). Replacing this bound with a version suited to dependent data therefore suffices
to extend the theory.
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Xu et al. (2024) establish such a Bernstein bound for functionally dependent sequences.
Incorporating their bound yields Reliever’s nearly rate-optimal localization guarantee for
temporally dependent data. The main ingredients are summarized below; detailed proofs
are deferred to Section D.

Definition 11 (Functional dependent sequence (Wu, 2005; Xu et al., 2024)) For
eacht € Z, let
Xt = gt(FtX)v

where FX = {X}s<t is generated from i.i.d. elements {Xs}sez, and g : Fi¥ — RP is
measurable. The sequence {x;}iez is then called functionally dependent, with dependence
functions {g }rez and generating elements { Xy }ez. Let ]-"t)’g be the same as F{X except that
X is replaced by an independent copy X;. Define, for ¢ > 1, the functional dependence
measure and its cumulative version as

o0

1

0ag = Sl}? [E’VT(Xt —X¢—s)|?] e and Al = g O M E L,
vesSP—l teZ s=m

respectively.
Within the functional-dependence framework, we impose the following conditions.

Condition 4 (Change signals) There exists a sufficiently large constant Ceny > 0 such
that for k=1,...,K* +1, 77 — 7%_; > Ceneslog(p vV n) [A,ﬁl + A,;Q + {slog(p Vv n)}*/¢2
where ¢ € (0,1). We additionally assume K = O(1) and sup;<j<p+ Ar < Ca for some
universal constant Ca > 0. o

Condition 5 (Regression coefficients) |Sx| < s <p, where S, = {1 <j <p:0;  # 0}.

Condition 6 (Covariates and noises) Let (; > 0 and (2 € (0,2] be two constants such
that (¢ 4+ D™ = ¢ €(0,1). (a) Covariates. The sequence {x;}1, is a consecutive sub-
sequence of an infinite functionally dependent sequence {X;}icz, C RP with a time-invariant
dependence function g* (g = g* for allt € Z). Moreover, sup,,>q exp(ch)A;;A < D,,
for some constant Dy > 0. Assume each x; has mean zero and covariance ¥, satisfying
0 < k < 02 < 0o, where £ = Auin(X) and 02 = Amax(X), respectively. Furthermore,
||27%Xi||q,cz < Cy for some constant Cy; > 0. (b) Noises. The sequence {€;}!' | is a
consecutive subsequence of an infinite functionally dependent sequence {€;}iez, C R with a
time-invariant dependence function g¢. Moreover, sup,,>g exp(cmgl)Ain’4 < D¢, for some
constant D, > 0. Assume {e;}?_, are independent of {x;}7,, and each €; has mean zero
and variance o2. Furthermore, l€illw,, < Ce.

Conditions 4-6 mirror their counterparts in the temporally independent setting (Con-
ditions 1-3) in temporal independence scenarios; we additionally assume K = O(1) and
supy<p<s+ Ax < Ca, as in Xu et al. (2024).

Corollary 12 Suppose that Conditions 4-6 hold. Let Cy and C, be some positive constants,
and 0 < Cyn < Csnr be sufficiently large constants. The solution (T1,...,7Tg) of either
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Problem (7) or Problem (8) with 6y = Cm{slog(pVvn)}?/¢=1 A; = C\Cyo{|1| log(p\/n)}%,
and v = Cyslog(p V n), satisfies that

IP’{IA( = K* and max min_AZ|rf — 7] < Cslog(p Vv n)} >1—(pVvn) -
1<k<K* 1<j <K

The constants C, Cy, C and c are independent of (n,p,s, K*). Moreover, under the same
probability event, there exists a constant C > 0 such that for all 1 < k < K* 4+ 1,

1
1 2

10m, 2~ e,t|rzs0{‘“j*"f“”m} |
T = Tp—1

4. Numerical Studies

To evaluate the effectiveness of the Reliever approach compared to the original implemen-
tation of various grid-search algorithms, we explore two scenarios: high-dimensional linear
changepoint models (cf. Example 2) and nonparametric changepoint models (cf. Exam-
ple 3). The grid-search algorithms assessed include SN, WBS (with M = 100 random
intervals), and SeedBS (using a decay parameter a = 2-1/2 as recommended by Kovécs
et al. (2022)), implemented with a known number of changepoints for a fair comparison.
For nonparametric models, we also consider OP and PELT, which do not presuppose the
number of changepoints. The accuracy of changepoint estimation is quantified using the
Hausdorff distance max{OE, UE}, where OE = max, ;g My <h< i |7 — 7j| is the over-
segmentation error and UE = maxj<p<g~ min1gj§f{ |73
error. The following results are based on 500 replications.

— 74| is the under-segmentation

4.1 High-Dimensional Linear Models

In this scenario, we examine changepoint detection in high-dimensional linear models as
outlined in Example 2, with n € {300,600,900,1200} and p = 100. The covariates {x;}
are i.i.d. from the standard multivariate Gaussian distribution, and the noises {¢;} are
ii.d. from the standard Gaussian distribution A(0,1). We introduce three changepoints
at {r7}3_, = {10.22n], 0.55n], |0.77n]}. The regression coefficients {6;} are generated
such that 6, ; = 0 for j = 3,...,p, and 0 ; and 0; 2 are uniformly sampled, satisfying
the SNRs [|01]/3/ Var(e1) = 2 and ||y — 0x_1]|3/ Var(e) = 27! for k = 2,3,4. Here 0y,
denotes the jth element of ;. We set §,, = 20 for numerical stability and employ lasso for
parameter estimation using the glmnet package (Friedman et al., 2010) in R. We apply three
grid-search algorithms, SN, WBS, and SeedBS, assuming a known number of changepomts
K = K* = 3. For each algorithm, we scale the regularization parameter \; = A|I ] , with
A ranging from a set of 30 values. The changepoint detection error for each algorithm is
reported as the minimal Hausdorff distance achieved across all values of A.

Figures 5-6 display the changepoint detection error and the computational time for
each grid-search algorithm across different values of the coverage ratio r. The value r = 1
corresponds to the original implementation. The results indicate that as r approaches 1,
the performance of Reliever approaches that of the original implementation. For r = 0.9,
Reliever delivers comparable results to the original implementations but with substantial
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reductions in computational time. Even when r = 0.6, the performance is still acceptable,
considering the negligible running time.

Grid-search algorithm — SN EI WBS E] SeedBS

Detection error

n=300 n=600 n=900 n=1200
06 07 08 09 095 1 06 07 08 09 095 1 06 07 08 09 095 1 06 07 08 09 095 1
Coverage ratio

Figure 5: Changepoint detection error for various grid-search algorithms across varying
values of the coverage ratio, under the high-dimensional linear model.
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Figure 6: Computational time for various grid-search algorithms across varying values of
the coverage ratio, under the high-dimensional linear model.

4.2 Univariate Nonparametric Models

In the second scenario, we explore changepoint detection for univariate nonparametric dis-
tributions as described in Example 3. We employ the same three-changepoint structure
used in the first scenario. The data within the four segments are generated from differ-
ent distributions, that is, N'(0, 1), X%g) (standardized to have unit variance), X%1) (likewise
standardized), and A (0,1), respectively. We implement SN, WBS, and SeedBS to iden-
tify changepoints, assessing their effectiveness across varying coverage ratios r. Figures
7-8 summarize the changepoint detection error and computational time for each algorithm.
The Reliever method demonstrates robust performance, particularly for r values above 0.7.
Notably, SN maintains consistent accuracy and efficiency across a range of r values.
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Grid-search algorithm EES SN =] WBS == SeedBS
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Figure 7: Changepoint detection error for various grid-search algorithms across varying
values of the coverage ratio, under the nonparametric model.
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Figure 8: Computational time for various grid-search algorithms across varying values of
the coverage ratio, under the nonparametric model.

4.3 Nonparametric Changepoint Detection via Kernel-Density Estimation

This section shows how Reliever integrates naturally with the kernel-density CUSUM frame-
work of Padilla et al. (2023). Consider observations {z;} ; C RP. For any search interval
I = (a,b] € Z and for a kernel IC(-) with bandwidth » > 0, the density is estimated by

fi(z) = {|I|nP} ZieIIC<(z—zi)/h), Vz € RP. Given a split point ¢ € I, define the point-
wise CUSUM contrast f7,(z) = /(b —t)(t —a)/(b — a){f(a’t] (z) — f(t’b] (z)} and the overall
CUSUM contrast || fr4]|2 =n~! > i f?}t(zj). The changepoint within I is then estimated
as arg maxg 5, <i<p—a, | /1.l

Padilla et al. (2023) adopt the SeedBS algorithm; to embed their method in our Reliever
framework we translate the contrast-based CUSUM into a loss-based evaluation. Define the

= Py 2
loss L(I; fr) = >, Eief{hpflK((zj—zi)/h) —f](zj)} . Maximizing the overall contrast
is equivalent to argmin, s <5, £((a,t]; f(a,t]) + L((¢, b]; f(t,b]).
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In the original SeedBS algorithm, f[ and L(I; j/”\[) are computed for every search interval
I € T along the search path. With Reliever, we instead fit fR on only O(n) deterministic
proxy intervals R € R, reuse these fits, and evaluate £(I; fR) for all required I.

We replicate the three-changepoint scenario of Sections 4.1-4.2 (with n = 1200, p = 5,
{r;}3_; = {0.22n,0.55n,0.77n}, 0, = 2). Data are generated similar to those in Scenario
3 of Padilla et al. (2023): two independent sequences {e,;} C RP and {e;} C R? with
i.i.d. entries e, ;; ~ Pareto(3,1) and e, ; ~ Uniform(—+/3,v/3) drive AR(1) processes
z; = 0.3z,_1 + e,; and z, = 0.3z]_, + efm- (starting with zp = zj, = 0). Then for i €
(5, 73]U(75, n], we reset z; by z; = v/0.82;—+/0.2z,. We use a standard radial basis function
(RBF) kernel K with bandwidth h = 1, and set Reliever’s coverage ratio to r = 0.9.

Table 3 reports changepoint detection error and density-fit time. AlthoughAone can
update fr and L(I; fr) in O(p) per step—for instance, f(,p41)(z) = ﬁ{(b —a)fap(z)+
h™PK((z — zp+1)/h)}, Reliever still cuts total fitting time across WBS, SeedBS, and SN,
with almost no change in detection error.

Table 3: Average detection error and density-fit time (centiseconds) for multivariate nonparamet-
ric changepoint detection via kernel density estimation, comparing original and Reliever-enabled
versions (coverage ratio r = 0.9) of WBS, SeedBS, and SN.

Grid search WBS SeedBS SN
Model fitting Original Reliever Original Reliever Original Reliever
Error 38.9 39.6 41.7 41.6 34.8 34.8
Time 91.9 54.9 19.2 14.9 447.1 147.3

4.4 Integration of Reliever with OP and PELT

To investigate how Reliever integrates with OP and PELT, without presupposing the num-
ber of changepoints, we revisit the nonparametric changepoint model discussed in Section
4.2. This model accommodates the applicability of PELT, proposed by Haynes et al. (2017).
Additionally, we examine the data-generating process of Model 1 from Zou et al. (2014)
and Haynes et al. (2017), with K* = 11 changepoints and Student-¢(3)-distributed noises.
Specifically,

K

Zi = thl{i>7_]:} + o€, 1= 1, ey Ny
k=1

where {7;}/n = {0.1,0.13,0.15,0.23,0.25,0.40, 0.44, 0.65, 0.76, 0.78,0.81}, {h;.} = {2.01,

— 2.51,1.51,-2.01,2.51, —2.11,1.05,2.16, —1.56, 2.56, —2.11}, {e;} i t(3), and o = 0.5.
This configuration is designated as Model (B), in contrast to the three-changepoint setting,
which is referred to as Model (A). Table 4 summarises the results for n = 1000. The
findings highlight that while PELT significantly reduces computational time compared to
OP, Reliever can further decrease this burden without compromising the detection accuracy,
remaining nearly identical to those obtained via the original OP algorithm.
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Table 4: Average absolute errors of changepoint number estimates, detection error, and compu-
tational time of OP and PELT, with and without Reliever, under the univariate nonparametric
model with n = 1000 and K* = 11.

Model Coverage ratio  |K — K*| OE UE Time (Second)

OP PELT OP PELT OP PELT OP PELT
(Original) 1.0 0.13  0.13 14.30 14.30 48.18 48.18 2804.17 1098.88

0.9 0.13 0.13 14.01 14.01 49.16 49.16 22.65 19.22

(A) 0.8 0.14 0.14 14.05 14.10 49.05 49.11 7.71 6.60
0.7 0.15 0.15 13.95 14.12 54.36 55.83 3.56 3.01

0.6 0.17  0.17 14.87 15.12 57.39 58.21 2.07 1.72

0.5 0.21 0.21 18.67 19.72 69.16 72.34 1.34 1.07

(Original) 1.0  0.01 0.01 2.32 2.32 254 2.54 3010.80 65.85

0.9 0.01 0.01 229 229 251 2.51 24.26 8.56

(B) 0.8 0.01 0.01 2.25 2.25 247 247 8.22 3.51
0.7 0.01 0.01 237 237 241 2.41 3.80 1.80

0.6 0.00 0.00 2.18 2.18 2.18 2.18 2.19 1.13

0.5 0.01 0.01 245 2.45  2.56 2.56 1.41 0.75

4.5 Integration of Reliever with DCDP

Li et al. (2023) propose the two-stage Divide and Conquer Dynamic Programming (DCDP)
algorithm. Stage I runs dynamic programming (DP, that is, SN) on a coarse grid of candi-
date points, while Stage II locally refines each preliminary changepoint to improve accuracy.
This design reduces computation by largely eliminating the grid-search space. Because
DCDP and Reliever address different bottlenecks, the two can be combined. We therefore
evaluate (i) DP (Original versus Reliever); (ii) DCDP Stage I (Original versus Reliever); and
(iii) DCDP Stages I-1I (Original versus Reliever). Here, “Original” corresponds to Reliever
with 7 = 1 (that is, full model fits). We set » = 0.9 for Reliever and use a coarse-grid step of
20 for DCDP. Results for the high-dimensional linear setting of Section 4.1 (n = 1200) are
summarized in Table 5. Across all three schemes, Reliever cuts fitting time while keeping
error roughly at the same level—so the combined strategy “Reliever + DCDP” is promising
for very large-scale problems.

Table 5: Detection error and runtime for DP and DCDP with/without Reliever in a high-
dimensional linear model (coarse step = 20; coverage ratio r = 0.9).

Grid search DP DCDP 1 DCDP I-I

Model fitting Original Reliever Original Reliever Original Reliever
Error 12.6 13.4 13.9 14.3 13.6 13.9
Time 7,700.0 82.0 32.9 10.7 33.4 11.2
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4.6 Comparison with Two-Step Methods

We present a comparative analysis between the Reliever method and the two-step approach
proposed by Kaul et al. (2019b). The two-step method is specifically designed to detect a
single changepoint in a high-dimensional linear model. It involves an initial guess of the
changepoint, which divides the data into two intervals. Proxy models are then fitted within
these intervals. Consequently, both methods expedite the process of change detection by
reducing extensive model fits. For mitigating the uncertainty in the initialization, multiple
guesses are considered, and a changepoint estimator that minimizes the total loss on both
segments is reported. In our study, we consider the high-dimensional linear model discussed
in Section 5.1 of Kaul et al. (2019b), with n = 1200 and 7" = 120. We consider multiple
initial guesses, specifically 0.25n,0.5n,0.75n. The results presented in Table 6 indicate that
although the two-step method may offer faster computation due to fewer model fits, it
also exhibits larger changepoint detection error. This can be attributed to its performance
being heavily reliant on the accuracy of the initial changepoint estimate (or the quality of
the corresponding intervals). In contrast, the Reliever method demonstrates stability across
a range of choices for the parameter r, varying from 0.9 to 0.3.

Table 6: Comparison of average changepoint detection error and computational time (in cen-
tiseconds) between the Reliever method and the two-step method under the high-dimensional
linear model with single changepoint, and (n,dn) = (1200,30). The numbers in parentheses
represent the corresponding standard errors.

Two-step r=20.9 r=0.7 r=0.5 r=20.3

Error  18.6(3.2) 9.2(1.0) 9.4(1.1) 7.6(0.8) 8.7(1.4)
Time (10ms) 60.7(0.6) 480.5(1.1) 141.0(0.4) 89.0(0.3) 64.1(0.3)

Though without theoretical guarantees, the two-step method can be extended for mul-
tiple changepoint detection by incorporating BS along with the multiple guess scheme, as
suggested by Londschien et al. (2023). This extension can also be applied to WBS and
SeedBS in a similar manner. In our study, we examine the examples presented in Sections
4.1 and 4.2 with n = 1200. Multiple initial guesses are selected as m-equally spaced quan-
tiles within a search interval, following the recommendation by Londschien et al. (2023).
The results depicted in Table 7 reveal that the two-step approach is less efficient for multiple
changepoint detection, and increasing the number of multiple initial guesses can even have
a detrimental impact on its performance. In contrast, the Reliever method (with r = 0.9)
exhibits performances that are almost comparable to the original implementation.

We also report the corresponding average computational time in Table 8. It is note-
worthy to emphasize that, for multiple changepoint detection tasks, even with r = 0.9, the
Reliever method shows comparable computational time to the two-step approach. When
r = 0.8, the Reliever method becomes more efficient. The result is slightly different from
the single changepoint case. The reason is that for multiple changepoint detection algo-
rithms like WBS and SeedBS, the two-step method should repeatedly fit the models for
every wild/seeded interval. In contrast, the relief models are shared with the global system.

Furthermore, we posit that Reliever serves as a complementary tool rather than a rival
to the two-step approach in the domain of multiple changepoint detection. The Reliever
method can be combined with the two-step method for multiple changepoint detection
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tasks. This integration is beneficial because the two-step method still involves a significant
number of model fits within the seeded/wild intervals. The Reliever method can further
enhance computational efficiency by reducing the time required for these model fits.

Table 7: Comparison of average changepoint detection error between the Reliever method
and the two-step method under the multiple changepoint setting in Section 4.1 and
Section 4.2. The numbers in parentheses represent the corresponding standard errors

Example Algorithm m=1 m=3 m=5 r=09 r=0.8 Original
HD WBS 19.7(0.9) 14.7(0.6) 16.8(0.8) 13.3(0.7) 15.1(0.5) 12.1(0.6)
SeedBS  21.4(1.0) 17.3(0.8) 17.8(0.8) 13.9(0.7) 15.2(0.5) 12.0(0.6)

\p WBS  85.5(3.2) 17.4(1.2) 17.5(1.2) 11.1(0.5) 12.3(0.6) 13.6(1.0)
SeedBS  87.5(3.2) 18.7(1.5) 17.6(1.2) 11.4(0.5) 11.9(0.6) 14.1(1.0)

Table 8: Comparison of average computational time (in seconds) between the Reliever
method and the two-step method under the multiple changepoint setting in Section 4.1
and Section 4.2.

Example  Algorithm m=1 m=3 m = r=0.9 r=0.8
HD WBS 20.8(0.2)  37.0(0.6)  52.4(1.2)  49.1(0.8) 16.3(0.3)
SeedBS 17 2(0.1) 30 2(0.3)  42.6(0.8)  24.0(0.4) 10.0(0.1)

NP WBS 2.6(0.1) 5.7(0.2) 8.7(0.2)  20.4(0.1) 6.3(0.1)
SeedBS 1.2(0.1) 2.5(0.1) 3.9(0.1) 7.0(0.1) 3.2(0.1)

5. Concluding Remarks

Searching for multiple changepoints in complex models with large datasets poses signifi-
cant computational challenges. Current algorithms involve fitting a sequence of models and
evaluating losses within numerous intervals during the search process. Existing approaches,
such as PELT, WBS, SeedBS, and optimistic search algorithms, aim to reduce the number
of (search) intervals. In this paper, we introduce Reliever which specifically relieves the
computational burden by reducing the number of fitted models, as they are the primary
contributors to computational costs. Our method associates each search interval with a
deterministic (relief) interval from a pre-defined pool, enabling the fitting of models only
within (or partially within) these selected intervals. The simplicity of the Reliever approach
allows for seamless integration with various grid-search algorithms and accommodates dif-
ferent models, providing tremendous potential for leveraging modern machine learning tools
(Londschien et al., 2023; Liu et al., 2021; Li et al., 2024).

Reliever incorporates a coverage ratio parameter, which balances computational effi-
ciency and estimation accuracy. For high-dimensional regression models with changepoints,
by employing an OP algorithm, we characterize requirements on the search path to ensure
consistent and nearly rate-optimal estimators for changepoints; see Lemma 8. Our analysis
demonstrates that the Reliever method satisfies these properties for any fixed coverage ra-
tio parameter. Further investigation is warranted to characterize the search path for other
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algorithms and broader model classes. Additionally, our theoretical analysis highlights the
importance of adaptively selecting the nuisance parameter based on the underlying change
magnitude. Future research should focus on extending the Reliever to enable data-driven
selection of nuisance parameters. While the Reliever focuses on changepoint estimation, it
is worth exploring the generalization of these concepts to quantify uncertainty in change-
point detection (Frick et al., 2014; Chen et al., 2023) and perform post-change-estimation
inference (Jewell et al., 2022).
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Appendix

The appendix provides proofs of all theoretical results in this article and offers additional
numerical analyses.

Appendix A. Proof of Proposition 5

For a fixed «, denote the random vectors x; by

xi = g (2,607 + — ) — 9(z:.67).

]2

Denote v = (log n)% By (g), uniformly for all |||l < Mwv; (with some constant M > 0),
1% ||w, < C’A_ng]\I]_%. Therefore, by applying an exponential inequality,

— CyCasM 1
sup ]P’DG[(a) - Gr(0) — G[(a)‘ > AT 1v[(logn)5 < 2exp(—Cylogn).
lell2<Mv; b
By (f), °
o _
sup |1~ Crla)| < CapMBHI
lall2<Mo;! |I]2

The above two inequalities imply that

H[a

S CuCasM
1|2

sup P“Gl<a) —G1(0) -

leell2<Mur

|1 vy (log n)é} < 2exp(—Cylogn).
Ch

By the chaining technique for convex function, that is, the d-triangulation argument used
in Niemiro (1992),

H]Oé

1
ME

G](Ot) — G[(O) —

-1 1 4
P| sup > Cagll| " vi(logn)z | < 2|I]2 exp(—Cy logn).

edlle<Muy

By the sub-exponential assumption, we choose M > 0 such that IP’[H|I|%H;1G1(O)H2 >
(M —1)(log n)%] < 2exp(—Cylogn). It implies that with high probability, |I|%H;1G1(O)
is in the ball {x € RP : [|x]2 < (M — 1)(logn)%}. For all e € RP with |e|l2 = 1, let
a = —|I|%{H;1G1(O) + (K logn)|I|~ e} with K = 2C4 6/ Amin(Hy). With probability at
least 1 — 2(1 4 |I|P/?) exp(—C, logn),

e Gr(|I|2H;'G1(0) + (K logn)|I|"7e)
>(K|I| 'logn)-e Hre — CaglI| *logn > 0.
It means that ; is in the open ball {69 — H,'G[(0) + (Klogn)|I| e : |le|2 < 1}. By
taking the union bounds over the intervals I C (0,n], uniformly with probability at least

1 —exp(—Carylogn), R
(6; — 07) = —H,;'G[(0) +ry, (10)

where max| (o, T1||/logn = O(1).
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We have now obtained the uniform Bahadur representation, which holds over I C (0,n]
with high probability. To measure the difference between 8; and g, we first consider the
population one. Recall that R € R is the relief interval of I. First of all, we study the
population minimizers. By the p-strong convexity and the definition of 87 and 6%,

o - o - o [e) o p|I| o o
< L(I,6%) — L(I1,07) < VoL(I,0%)" (6% — 63) — THGR - 65]3.

which implies that

107 — 672 < ‘H > Eg(z:,0%)
i€I\R

’ < NIEZ‘OR 0% = O(1 — 7).

i€I\R

Assume that the Bahadur representation Eq. (10) holds thereafter. We have the fol-
lowing identity of the difference between @; and 6p,

é\] — é\R = 0; — 0% + H}_%IGR(O) — H]G](O) +r; —rg.
For HEIG r(0) — H;G(0), further consider the following decomposition,
H;?lGR(O) —H;G;(0) = (H;%1 — H;l)GR(O) + H;l{GR(O) — Gr(0)}.

For the first part, by the sub-exponential assumption (d), with probability at least 1 —
exp(—Cylogn),

_ _ logn\z logn
H,' — H;H)GR(0)|2 < Cas 67 — 63 :
(R~ B )GROO) 2 < Caslo — 65l | (5 ) + 75

For the second part,
1 1 i
G008 ot 5 0 2 - T
i€ER i€I\R icl
where x; = [g(z;, 0%)|I|/| R[] — g(2i, 07) for i € R and x; = —g(z;,07) for i € I\ R. For any
individual ¢ € R, by assumptions (d) and (g),

o o (1—’/“) o
Isillw, = || oz, 03) — 9020, 0D} + = “a(.03)|

1—17r 1—r
(Casll0f — 672+ Can) < [0 — 67

< 07 — ORll2 +

Forie I\ R,
1xillw, < (Casll07 —07[l2+ Can) < Cag.

In the above two inequalities, we make use of Condition (j), the boundness of parameters.
By Bernstein’s inequality (Lemma 15), with probability at least 1 — exp(—C,, logn),

1 L
IGr(0) = G1(0)]2 < Cag (HQ?—B%H2+7“_%(1_T)%)<Ogn)2 ogn]

1| ri]
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Overall we obtain,

~ o~ R o logn\z logn
161~ 8l < 0( 107 ~ 031z + (1 -} (257 2,

By the definition of OAR, one obtains VgL(I, OAR) = ZieI\Rg(Zi7 53). Similarly, by the
d-triangulation argument used in the proof of the Bahadur representation, with probability
at least 1 — exp(—Cy, logn), uniformly for all intervals I

H Z { (2i,0R) — 9(zi, 0%) — E[g(zi,éR) —9(2;,0%)] }H2 = O(logn),

i€I\R

| 3 Eo(zi.0r) ~g(zi.03)} |, < CL-n|1]105 052 = o<<1-r>{('”1°g”)5+1°g”}),

i€el\R " "
| o], | 5 e

i€I\R

+ O({(1 —=7)|I|log n}2 + logn).

Combining the above three upper bounds,

1|1 31
VoLl(l,0r) _H S Eg(z:,6%) H +o( ﬁ(l fgn>2+0§”>,
i€I\R

By the convexity condition (h),

1 ~ 1 ~
m{ﬁ(-’ ,0r) — L(1,67)} < ﬂvaﬁ(ﬂ Or)"(0r — 6;) < m”voﬁ(f ,0R)|21167 — 012
2 (1-7r)logn (logn)?
= Eg( . 11
~0( P T (1)

When I = (s, €] contains no changepoint, or it is nearly homogeneous such that if a true
changepoint 7 € I, then min(r — s,e — 7) = O(logn), we have } ;. pEg(zi,0p) =
O(min(r — s,e — 7)) = O(logn). Therefore,

~ (1—-7r)logn (logn)?
Appendix B. Proof of Lemma 8

We first introduce some notations. For a given changepoint estimation 7 € [n] and a
changepoint set T ={0=79 <7 < -+ < T < Tk+1 = n}, denote

K+1

Zﬁ To1, k) 0((7h-1, 7))

as the loss function in Eq. (9), Ky (7,7) = ming{k : 74 > 7} and K_(7,7) 2 max{k: 7 <
7}. For simplicity, further denote ky . = K (7,T%), kry = K4 (7, T), kr =K (r,T")
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and k,_ = K_(1,7T). Let T = {7,.. .,T} be the minimizer of Eq. (9). Denote dm =
Cmslog(pV n) and 6, = Cslog(pV n)A,? where Ay, = 1051 — 05lls, and H = {(Ta, Tat1] :
3k € [K*], min(7} — Ty, Tag1 — T4) > Ok}

Assume that H # @, that is, 3k € [K*] such that TN [T — Ok, 7 + 6x] = @. For
such h and a, without loss of generality assume that 7;) — 7, > 6, it can be observed that
(T]: — (5k,7']: + 5k] C (7/:“,?@4_1] and A%?a,?’wrl](?a"'l — ?a) > 26kA%T}:*5k,T,:+6k] = (SkAz/Q =
2-1Cslog(p V n).

To move further, we need the following definitions to divide H into four groups.

Definition 13 (Separability of a point) For a changepoint estimation T and the true
changepoint set T*, let u = k7 _ and v =k} . We say that T is separable from the left if

T—T,; > 0y VOm and separable fmm the right if T; — 7 > 0,V Om. Otherwise, T is inseparable
from the left (right).

Definition 14 (Separability of an interval) For the intervals (1, 7.] € H, we make the
following definitions,

Hi: (7, 7r] € (0,n] is separable if 7 is separable from the right and T, is separable from
the left.

Ho: (11,77] € (0,n] is left-separable if 7 is separable from the right and T, is inseparable
from the left.

Hs: (1, 77] € (0,n] is right-separable if 7, is inseparable from the right and T, is separable
from the left.

Hy: (7,77] € (0,n] is inseparable if 7y is inseparable from the right and T, is inseparable
from the left.

Now the sub-intervals in H have been classified into four groups H = H1 U Ho U H3z U Hy.
We will show that H = & by emptying these groups.
CASE 1: H1 =@
For (Ta,Tat1] € Hi, let h = k% .. Denote T, = 7T = T 0 (Ta, Tay1). Let
T =T UT,. Since v = Cyslog(p Vn),

N h4t—1

L(T) = L(T) = L7, 70s1] — [ﬁ(a,T;} + L g+ D L+ (G 1)

i=h
>(1— C&3)A%?a,?a+1]<?a+1 —Ta) — (t +2)Cgaslog(pVvn) — (t+ 1)y

=(1—=Cks) > 67 =63, - 1% —[(t+2)Cs1 + (t + 1)Cy]slog(p V n)
1€(Ta,Ta+1]
> [(1 — Cy3)(t+1)271C = (t+2)Cs1 — (t + 1)C, | slog(p V 1) > 0,
provided that C > 2(1 — Cg3) 1 (2Cs1 + C,). Therefore H; = @.
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CASE 2: Ho=H3 =0

Without loss of generality, by the symmetry of Ho and Hs, we only show that Hs = &. If the
claim does not hold, one can choose (7,4, Ta+1] € H3 to be the leftmost one. Hence 7, must be
separable from the left by Condition 1. Since H; = & and (7, Ta+1] is the leftmost interval
in H3, one obtains (T4—1,7,] ¢ H. Denote h = k% , and ’T TN (Ta + Omy Tat1 — Om) =

{mh T} @ =0if Ty = @). Let T = (T\Ta)UTh (T\TQ)U{T }hH

+
L(T) = L(T) =Lz pusn) + (LGarpa) = LGairir) [ Z (rrortan) T L Far) + W}

j=
>(1 = Cs3) AL, 2 ) Tatt —Ta) = [(t+ 1)C8 1+ 1Cy]slog(p v n)

4( > q+£@HﬁA—Qa4ﬁO- (12)
1€(Ta,77]
Since (Ty—1,7a] € H and 0 < 7, — 75 < Om, one must obtain that either (7,—1,7,) N T* = @
or 0 <7y | —Tae1 < Op1 = C’A,ﬁlslog(p vV n).
For the first scenario, under G,

Z 6 + ,C(Ta Ve T ﬁ(?a—lyT;t] < 208_1310g(p\/n).
1€(Ta,Tr]

Hence,

L)~ L(T) > (1= Cog) A%~ ((Fass — ) — (£ +3)Cia + £C, s log(p V )
> {(1 — Cs3)(tV1)271C — (t+3)Csy — tC&,}slog(p\/ n) >0,

provided that C > 2(1 — Cg3) 1 (4Cs 1 + C,).

For the second scenario, let I = (T,—1,7,] and Iy = (T4—1,7;]. Firstly, we will bound
the gap A? L2 — A2 |I1]. Since Iy C I, we have A? 2| — A%1|Il| > 0.

Denote dl =T5 | —Ta-1, d2 = To — Tj_4 and d3 = 7, — Tq. Recall that Ay =
165 — 67 _,||s> and the definition of A%, we have

dy(da + d3) A2 didy 5
7,12 &+ do + ds 1, AL 0t dy i
It follows that
d3ds A2 C2(CV Ch
A2 \L| - A} L) = 15520 < (CVCm)  loa(pvn).

(di +d2)(d1 +da +d3) = Cyne(Conr — C V Cn)

where the last inequality is from the conditions dy < 6A;Elslog(p vV n), ds <,V om and
dy +dy + d3 > Csneslog(p V n)[1 + A; 2, + A2]. Denote Cpy i = C*(CV O ) /{Cosnr(Csnr —
CVCm)l}.
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ByO0<7 { —Tu—1 <6p—1 = C~’A,_ﬁlslog(p Vn), A%Hﬂ < A%ng‘ <Cs log(p Vv n). Tt
means that I; C Iy € E;r C FE5 . Hence by G5 N G;,

> G ALl — LG > —(2Cs2 + Ca)slog(p V n). (13)
1€(Ta,Tr]
By Eq. (12) and Eq. (13),
£(T) - £(T)
>(1 - Cs. 3)A(Ta Fona](Tat1 — Ta) = [(E + 1)Cs1 + 10y + 2Cy2 + O] slog(p V n)
>[(1—Cg3)(tV1)2™ 1o~ (t+1)Cs1 —tCy —2Cs9 — Cpp1]slog(p vV n) >0,

provided that C > 2(1 - Cg3)~ (2081 + Cy+2C32+4 Cpy1). Hence HoUH3 =@

CASE 3: Hy =@

Similar to Case 2, let (7,4, Ta+1] € Ha, then 7, is separable from the left and 7,1 is separable
from the right. By the fact that H; U He U Hs = &, we also obtain (7,-1,7,] € H and
(Ta+1,Tat2] € H. Let h = kX | and h +t = kX . Denote 7, = {7,..., 7.} and

Ta +1,—
= (T \ {7a, Ta+1} U Toa. We have

L(T) = L(T) =L, 701) T LG 17+ LGayrarel = L] —
h+t—1

- Z T T +1 t - 1)
(1 - 08.3)A(?a7?a+1](7'a+1 —Ta) — (tCs.1 + (t = 1)C;)slog(p V n)
+[ > €& + Lz 17 F LGuss Fare) = LGarrt] = Lirry Fupoll-

iE(‘T’a vT;ﬂU(T}t+1 7:’-\a+1]

Lizr Fasall

Following the same discussion in Case 2, that is, Eq. (13), we have
2
> €6+ Lzr ) T LGarr Farel = LGacrirt) = Loty Fase)
ie(?a,’r}ﬂU(TZ_‘_l,?aJrl]
— (4Cg.2 4 2Cy1)slog(p V n).
Hence,
L(T) = £(T)
>(1—Cs, 3)A(Ta TGH}(TQH Ta) — [tCs1 + (t — 1)Cy + 4Cx 2 + 20y, 1] slog(p V n)
>{(1= Cya)[(t = 1) V1)27'C = 1Cyy — (= 1)C; — 4Cy — 201 }slog(p V) = 0,
provided that C >2(1 - Cs3) (2081 + C,+4Cs2+2C1).
In summary, we obtain H = & provided that C > 2(1 — Cs3) (2051 + Cy +4Cg2 +

2Cy,,1). Hence maxi<j<p+ m1n1<k<KA |75 — Tkl < Cslog(p V n). It also implies that
K > K*.

31



QIAN, WANG AND ZOU

It remains to show that K < K*. Otherwise, assume that K > K*. Then there must
be j € [0, K*] and k € [1, K] such that 77 — 6; < 71 <7 < Th41 < 7744 + j41. Similar
to the decomposition of ‘H, we can also d1v1de it into four groups.

Gio 7 STt < T < Tt ST

Got 77 =0 <71 <77 and 77 < T < g1 < TS

~

1 < T < T ]+1 and T 11 < Tk+1 <T +1 + 5J+1

IN

"
gg.Tj
Gat 77— 0; S Tpo1 <77 ST ST < Tkt STHq + 04

CASE 1: G =
Let 7 =T\ {7}. We have

L(T) = L(T) = L&y 7001 — LGl — L@Eomina) =7
< (3Cs1 — Cy)slog(pVvn) <0,

provided that C, > 3Cg 1.

CASE 2: GoUG3 =©

We will show that Go = & because the proof for G3 = @ is the same by symmetry. Assume

that the pair (j,k) is the leftmost one that satisfies Go. It implies that 7,_o € [Tj* 1 —
dj—1, T}il—i—éj_l]. Otherwise assume 7j,_o > Tj‘,l—I—(Sj_l. Since max1<j<K* m1n1<k<K AQ\T —

7| < Cslog(p V n), there must be 74 € (771 — 0j—1,7;_1 + 0;j—1] for some h > 2. It

contradicts the fact that G; = @ and the choice of k.
}I;et T = {T;}UT\{?kfl, ?k} Note that (fl'\kfg, ’/7'\]6,1], (Tk—1, ’/7'\]@] € Fy and (Tk—2, ’7’;] S E;,
we have

k
£(;7:) - ﬁ(?) = ‘C(?k_zﬂ';] + E (7 Tkl = [ Z L (Te,Te+1] + 7:|
=k—

t 2

k
- [E(?kfmTj] - ‘C(?’k—sz—ﬂ] + ﬁ(T;‘ka] - [ Z ‘c(?tfurl] + ’Y]
t=k—1

k—
< ﬁ(?k_277;] — E(?k—sz—ﬂ — Z } + (208 1+ Cg9 — Cy)slog(p vV n)

ie(?k,17‘l'j ]

< (2C81+3C32+ Cp1 — Cy)slog(p v n) <0,
provided Cy > 2Cg 1 + 3Cg2 + Cp, 1. The second last inequality is from Eq. (13).

CASE 3: G4, =@

Now G; UGy UGs = &. Assume that {?k 1, Tks Tk+1} satisfies G4. Similar to the analysis of
Gy = @, we have Tj,_o € [7‘;< 1 5j 1, T, 1—|—(5] 1] and 7 Tk+2 € [ Ti+1 —|-5j+1, 41 +(5]+1] Follow
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the same arguments in the proof for H4 = &, we can set T = {T]’-‘, TJ*H}U’?\'\{?;C,D Thy Tk+1} -

L(T) = L(T)
k+1
:L(?FQ,T;] + E(T;Jﬁ_l] + E(T;kaﬁ] — { Z Lozt
t=k—2
:[‘C(?kﬂﬂ'ﬁ — L om) T £(7;+1:?k+2} - ﬁ(?k+1»?k+2]]
k
t Ll — [ > Ll t ﬂ
—k—1

Lo = Lo i) T L Firsl ™ LGt Faral — > fzﬂ

ie(?kfl,T]*]U(T;+1,?k+ﬂ
+ (Cs1 +2Cg2 — Cy)slog(p V n)
<(Cs.1 4 6Cs2 4 2Cp1 — Cy)slog(p VvV n) <0,

provided Cy > Cg1 + 6Cg2 + 2Cy, 1. The second last inequality is from Eq. (13).
Combining the proof in the H and G parts, we can determine the two constants by
solving the following inequalities,

{C’y > Cg1+6Cg2 + 20,1 (14)

C>2(1—Cg3) (2051 + Cy+4C32+2Ch 1)

Since Csnr and Cr, are sufficiently large, we have Cyy, 1 = 52(5\/Cm)/{csnr(csnr_évcm)} =
C?Cm/{Csnr(Csnr — Crm) }. Let C, = Cg1+6Cg2+2Cy, 1, we obtain the following inequality
w.r.t. C,

CinC? (1—Cys3)C
— : > 0.
O G . +3Cs1 + 10Cs2 > 0 (15)

Treat it as a quadratic inequality w.r.t. 5’, we can figure out that there exist solutions if
and only if Cgnr(Csnr — Crm) > 16(1 — Cs.3)"2Cm(3Cs.1 + 10Cs2). And by solving Eq. (15),
we have
~ 2 1 b 2b -1
C=2{a—(a’-b)2} < ——F < — =4(1 — Cg3) '(3Cs1 + 10Cxs2),  (16)
(@—b)F @

satisfies Eq. (14) with a = (1 — C5.3)Csnr(Csne — Cm) /(8C), b = (3Cs.1 + 10Cs 2) Csnr (Csnr —
Cm)/(4Ch,). The last inequality in Eq. (16) holds provided that Csy, is sufficiently large so

that b < 3a2/4. N
It follows that 7 = T provided that Eq. (14) holds. Finally, we obtain

K =K* max min A2|rf — 7| < Cslog(pVn
’1SI€SK* 1§]§I/(\' k’ k ]’ = g(p )a

with any C > 4(1 — Cs3)"*(3Cs.1 + 10Ck.2).
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Appendix C. Proof of Theorem 9

For a interval I, denote the sparsity constant s; = sV {1 < j <p:3Ji € [,67; # 0}].
Observe that s; < (1V |[T*NI|) x s. Define Argg = (|I|7'3,c/1105 — 0]|%)1/9 and let
Arg = Arze be the root average square variation of I and Ar ¢ = maxcr|0; — 0|x
be the maximum variation of I. For simplicity, denote A, = Al’qﬁ?, Ar = Arp and
AI,oo = Al,ooﬂ?-

As stated in Lemma 8, to show that the bound of localization error in Theorem 9 holds,
we only need to certify that the event G holds with high probability for both the original
full model-fitting approach and the Reliever approach with suitable constants. These two
claims are shown in Corollary 22 and Corollary 24, respectively. Finally, the Ly error bound
of the parameter estimation follows the oracle inequality of lasso.

This section is organized as follows. In Section C.1, we introduce several useful non-
asymptotic probability bounds, including the oracle inequality of lasso with heterogeneous
data. In Section C.2 and C.3, we show that G holds with high probability for the two
approaches correspondingly. All the proofs are relegated to the last part.

C.1 Deviation Bounds via the Bernstein’s Inequality

The deviation bounds in this subsection will rely on the following Bernstein’s inequality.

Lemma 15 (Bernstein’s inequality) Let {X;} , be independent, mean-zero random
variables with sub-exponential tails. For every t > 0, we have

n 2
t t
IP’{‘ X; >t}§2exp{—cb< A )},
; ' Y1 Xilly,  maxi|| Xl|w,

where ¢, > 0 is an absolute constant. Choose

Cy 3
0= S (IR A v Xl A

i€[n]

with Cy > ¢y, we have

> t} < 2exp{—CyuAnps}-

n
P{>x;
=1
Here A,, p s is a diverging sequence. For instance, A, p s = log(pVvn) and Ay, ps = slog(pvn).

Lemma 16 (Uniform restricted eigenvalue condition) Assume that Condition 5(a)
holds. For any interval I C (0,n], denote £y = [I|71 >, x;x, . Uniformly for all intervals
I C (0,n] such that |I| > s;log(p V n), with probability at least 1 — exp{—C,y,1log(p V n)},

1

= srlo Vn 1
VTS > v} - CuaClo2{ LY (vl + i), v e R,

and

~ srlog(pVvn)ys 1
VTS < v} + CuaClo2{ R (vl + L) v e R,
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where Cy1 and Cy 2 are two universal constants. Furthermore, let |I| > Cresylog(p V n)
with a sufficiently large constant Cre > 1V (34Cy, 2C202/k)%. For any support set S € [p]
with |S| < s; and v € RP such that ||vge|1 < 3||vs||1, under the same event above,

1 e 3
SIVIE < (1= C)IvIE < vISv < (1+ G [vIE < SIVIE

K S K
SIVIE < (= Cio)lvl3 < v < (0% + Cuan)livI3 < (oF + ) VI,

where Cig = 17Cu7QC§U§I€_1Cre .

=

Proof [Proof of Lemma 16.] For sparsity level s, denote A(s) = {v € RP : |v|2 =
1, [supp(v)| < s}. We will first show that with high probability, supyec 4(2s,) VT (Z—-3)v| =
O(C{|1|" s log(p vV n)}%) uniformly for all intervals {1} such that sup|jj>s, 1og(pvn)- Then
the result follows from Lemma 12 in Loh and Wainwright (2012).

For a fixed interval I, let D = 3, — . For any U C [p] and |U| = 257, let Dy € R251%2s1
be the sub-matrix of D with ¢/ being the set of row and column indices. Let By = {v € RP :
|[v|l2 = 1,supp(v) = U}. There is a 4~ 1-net Ny C By of By with cardinality |Np| < 9257,
For any v € By — Ny, there is u € N, such that |[v —ull; < 47! and ||[v—ull;*(v—u) € Sy.
Therefore,

1
v Dv —u'Du| = |v'D(v—u) +u'D(v — )| < 2|Duflop|[v — ull2 < 5 [Dullop.
By the definition of Dy, we have ||Dy|lop = supy¢p, |v' Dv|. Hence

sup |[v'Dv| <2 sup |v' Dv|.
veBy veNy

Let N = Upyj=2s, Nu. We have [N] < (,7 )9%°7 < (9p)**" and N is the 4~ '-net of A(2s7)
because A(2s1) = Ujy—2s, By Also,

sup |v' Dv| < 2sup |[v Dv]|.
veA(2sy) veN

For a fixed v € A(2s1), by the Bernstein’s inequality (Lemma 15),

t 2 t
P||v'Dv| > } < 2exp[—c ( A )]
[' > "\CloilI] " C202

Set t = ¢, 1 C,,C202{|I|s; log(p V n)}% with C,, > ¢, be a sufficiently large constant. With
probability at least 1 — exp{—Cysylog(pV n)},

srlog(p VvV n) }é
1]

Note that s; > s by its definition. By taking the union bound over v.€ N and {I :
|I| > s;log(p V n)}, with probability at least 1 — n?(9p)? exp{—Cyslog(p V n)} > 1 —
exp{—Cly,1log(p Vv n)} for some C, 1 > 0, uniformly for all I such that |I| > sylog(p V n),

v Dv| < cb_lCuCgai{

sup v (Sr—S)v|<2sup v (S — D)v| < 2¢,1C,C202

{ srlog(p Vv n) }é
veA(2sy) veN

1|
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By Lemma 12 in Loh and Wainwright (2012), under the above event,

a srlog(pVvn)ys 1
VTS - D] < 5y 0,2 { TR g + v,
for all v € R? and all intervals in {I : |I| > s;log(p V n)}. Let Cy2 = 5dc, 'C,. With
probability at least 1 — exp{—C, 1log(p V n)}, for all v € RP and all I such that |I| >
srlog(p vV n),

= srlog(pVvn)ys 1
VTS 2 v} - CuaCoR{ RN (i + ). a7)
and
S srlog(pV n)
VS < viE + ou,zczai{T} (V1B + - IvIE)- (18)

If there exists a support set S 6 [p] with |S| < s7 so that ||vge|l1 < 3||vs|i, we have

Vil < A4fjvs|i < 431 lvsllz < 431 |v]]2. By Eq. (17)—(18) and the inequality that éHvH% <
16[|v||3, we have

~ srlog(pVn)ys
VIS 2 v} - 17C,aCkol { AR i,
and 1
w}wv”g
1] '

Because |I| > Cresylog(p V n) and Cre > 1V (3457 1C, 2C2%02)?, we have

VIS < VI +17C, 20202

17C’u,20£0§|1]_%{51 log(p V n)}% <

RIS

The last two results in the lemma are due to the inequality ||v]|3 < 71| v||3. |

Lemma 17 Assume that Condition 5 holds. For interval I C (0,n] and a fixed 0, with
probability at least 1 — n~2 exp{—Cy1log(p V n)},

N

|2t = )67 - 6) + eixi)
el

C2A% o+ C%Hlog(pVn 3
gcu,gcxam{m%ew?)v( neel m) : )} {I1]log(p v n)}?

where Cy1 and Cy 2 are two universal constants.

Proof [Proof of Lemma 17.] By condition 3, E[},./{(xix] — X)(67 — 0) + e;x;}] = 0.
By Condition 3, x; (67 — 6) is sub-Gaussian with mean zero and Wy-norm C.[|6? — 6||s
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and ¢; is sub-Gaussian with mean zero and ¥y-norm ||¢||y, = C.. Hence x; (65 — 0) + ¢; is
sub-Gaussian with mean zero and

I (87 — 0) + €illw, < (C2]167 — 6] + C2)2.
Then x;{x; (67 — 0) + ¢;} — %(65 — ) is sub-exponential with ¥;-norm:

Ixi{x] (67 —0)+ei} =367 —0)llw, < [[xi{x] (67 —0)+ci}llw, < Coou(C2|07 0|3 +C2)2.
By the Bernstein’s inequality (Lemma 15), for any given v € SP~1,

p{‘ZvT{(xiXJ —D)(6° - 0) + eixi}| > t}

el
Cbt2 cpt
<2exp <— A )
C202(C2A] g+ C2)I|  Cuo, (C2A2__ ,+ C2)3

N|=

Set t = ¢, ' (Cyp1 + S)Cxaz[{(CgA%’e +C2)|I]log(pV n)}% v {(CgA%OO’G +C?)log?(pVn)}2]
with any constant Cy, 1 > ¢,. With probability at least 1 — pexp{—(Cy,1 + 3)log(p vV n)} >
1 —n~?exp{—Cy,1 log(pV n)},

IS txix! = )07 — 0) + exi)

el

<CurCaoe[{(C2A g + )T log(p v )} 3 Vv {(C2A3 g + C2)log?(p v m)} ],

where Cy, 2 = cgl(CuJ + 3). [ |

Lemma 18 (Oracle inequalities for the parametric estimates) Assume that Condi-
tion 2(a) and Condition 3 hold. For any interval I C (0,n], recall that Dy = [(C2A%2+C2?)V
{|I\*1(C£A%OO+CE) log(p\/n)}]%. We have with probability at least 1 —2 exp{—C,, 1 log(pV
n)}, uniformly for any interval I C (0,n] with |I| > Cresrlog(p V n), provided that A\j =
4Cy 2Cr0, Dr{|I]log(p V n)}%, the solution @y satisfies that

. A~ log(pV n)\ 3
161~ 0712 < o418 55 < Cru{ “HEEEI,
~ o log(pVn)ys
161 - 671 < CruDsy { 2L LY

where the model-based constant Cig = 125_10%20101. Furthermore, let St be the support
set of 02, we have HOLS[} — 0;,‘9}’”1 <3|0rs, — 0;331\\1.

Proof [Proof of Lemma 18.] (Oracle inequality for the mixture of distributions.)

In the following proof, we assume that the inequalities in Lemmas 16-17 hold for all
intervals I such that |I| > Cresylog(p V n) and @ = 6. The claim holds with a probability
lower bound 1 — 2exp{—Cy 1log(pV n)}.
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By the definition of 7,

S i — %007 + M6 =D {yi — %07 +x" (67 — 65) +x (87 — 7)) + \11|6s]h

el el

=Y e+ {x/ (67 — 09} + {x/ (67 — 1)} + Ar]|01]lx
el

+2 {ex] (67 — 05) +eix/] (07 —67)} +2(05 —6) T Y x;x] (67 — 67)
i€l i€l

<> (i =% 097 + Ar]021h =D {yi —x/ 67 +x7 (67 — 6)} + A\i]|67
el i€l

=D e {x{ (6] — 0D + 2D ex] (67 — 67) + Ar]|07]]1.
el el

Hence,

> {x] (61— 67)} + Ar]6: ]
el
<2(0; - 09)" > {eixi +xix] (67 — 0)} + Arl|0F][1 < Ar.allOr — 651l + As]|65 )1,
el

where Az = 2||>,c {eixi + xix; (0 — 69)}|oo. By Lemma 17,
)\I,l < 2Cu,2CxUzDI{|I| IOg(p \4 n)}%
where Dy = [(C2A% 4+ C?) v {\nyl(ch%oo + C?) log(p v n)}]l for easing the notation.
Since 3=/ {x/ (01 —07)}* > 0, (A1 = A1) g0 — 6] sollr < s+ D615, — 65 5,1

Choosing A; = 211, we have H§139 - 6] SﬂHl < 3H01751 075,
B yOT

Apply Lemma 16, the uniform restricted eigenvalue condition holds for any interval I
with |[I| > Ciesylog(p V n). Hence 2~ 1\I|||0[ — (9"||Z < ZZE]{X (01 — 00)}2 < A1 1||01 —

07111+ A1]1631h = Arl161ll < A+ A1) 1615, — 67 s, I — /\11||013|:|!1<3/\1181||91—9?H2

1
3)\171312@_%\]91 — 67|lx.. Therefore,

||§ _ GOH 3AI,1E_ESI2 < 12CU,QCwUmDI { ST 1Og(p \ n) };
I I E 2_1‘1‘ - E% ’I‘

Similarly, we have

1
~ 31187 12C,2C.0.Dy [ srlog(pV n)Y 3
0 _00 < k) 9 { } ,
and
3Ar1sr 12C, 2Cr0.Drsy (log(p VvV n) Yz
< 9
16— 67l < 5= wlI| = & { 1] }
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Lemma 19 Assume that Condition 3 holds. For interval I C (0,n] and a fized 6, with
probability at least 1 —n~2 exp{—Cy.1log(pV n)}, uniformly for any sub-interval I C (0,n],

Al _plog(pVn) 3 )
S0 (07 - 001 = Aol < CunC{ Ao v S22 LR gy v )
el

where Cy 1 and Cy 2 are two universal constants.

Lemma 20 Assume that Condition 3 holds. For interval I C (0,n] and a fized 6, with
probability at least 1 — n~2 exp{—Cy1log(p V n)},

A2 plog(pVn) 3
ST 02 - 0)a| < Cuacic] ago v H=0 T 1ogp v -,

i€l

where Cy1 and Cy 2 are two universal constants.

Proof [Proof of Lemma 19-20.] They both follow from Bernstein’s inequality with similar
arguments as in the proof of Lemma 17. |

C.2 Certifying G for the Full Model-fitting

Lemma 21 (In-sample error) Assume Condition 2 (a) and Condition 3 hold. Under the
setting in Lemma 18, with probability at least 1 — 4 exp{—Cy,1log(pV n)}, for any interval
I = (1, 7] such that |I| > Cresylog(p V n),

48C5’2C£O'2D%81 log(p VvV n)

T

2 2
Lr =3 e - Al < :
el -
+Cu2Co(Caldr 00 + 2C)[(AFI]) v {AF  log(p v n)})2 {log(p V n)} 2.
Additionally if Condition 2 (b) holds,
48C2 ,C?02D?s1log(p V n
‘EI_Z %_A%uwg u,2 xo—xI{II g(p )
iel -

+C2Ce(CooaCy + 25, 2CH[(A2]I]) V {02C3s; log(p Vv n)}]2 {srlog(p v n)} 2.

Proof [Proof of Lemma 21.] Assume that the inequalities in Lemmas 16-20 hold for all
interval I such that |I| > Ciesrlog(p V n) and @ = 63. It holds with a probability lower
bound 1 — 4 exp{—C,. 1log(pV n)}.

For any interval I = (¢, d], we will analyze the cost £;. By the definition of the cost Ly,

Lr=> (yi—x01)* = {yi—x 07 +x] (65—}

el el

= {(i— %07+ {x/ (67 - 01)}*} + 2> {xie; + xix] (67 — 67)} (67 — 6;)
el el

> (i — % 09)2 = A0 — 01l > D (v — x/ 65)% — A/]165 — 651,
el el
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where the second last inequality follows from Lemma 17 and the last one is from A; =
2A11 > 0. By the definition of 6y,

Lr=Y (i —x07)” < A\1([167] — [161]11) < Arl|6F — 1]
el
By combining the result in Lemma 18,
12)\%131 - 48C2 ,C2o2D7srlog(p V n)

kIl — K

1= Y = x] 67| < A1]16F — Bl <

(19)
By Lemma 19 and Lemma 20,

>l — xT 0702 — 2] - A3
i€l

=[x 07 - 0112 - Al + Y 2ex] (67 - 67)
el iel

A1 __log(pVn)yi
1o 8 g v )

A%oolog(p\/n) 3 1
S ) llogp v ).

(20)

gcu,ch{A‘}A v

+2CU,QC$CG{A% v

From Eq. (19) and Eq. (20),

2= Y& ad| <

el

48C2 ,C2o2D7sylog(p V n)

K

Af _log(pvn)yi 1
S ) loglp v )

A? log(pVmn)yi
+2C,2CoC{ AF v =L u\< ot v mp.

+Cu,gc§{A}{4 v

1
By Condition 2 (b), Aj o < Cyo,s;. Hence we have

A20010g(p\/n) 1 1
1, . }2{\I!log(p\/n)}% <sp? |:{CBO':(:SI log(pVn) }W{A2|I|s; log(pVn)}z|.

Since A%A < Ar,00Ar7,2, it also holds that

{A%v

A}loolog(p\/n) 1 1
{adav === P i og(o v )

<Coor, [ {Coosilog(p v )} v {AF 1|5 Tog(p v )} .

Finally, we have
e =Y - adin| <
i€l

_1
+C2Ce(CooaCy + 2Ces; 2)(A2I]) V {02C2s; log(p Vv n)}]2 {srlog(p v n)} 2.

48C3726’30326D?31 log(p V n)

K
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Corollary 22 Assume Condition 1, Condition 2, and Condition 8 hold. Under the same
probability event in Lemma 21 and with sufficiently large Cn, > Cle, we have the following
conclusions.

(a) For I such that Ay =0 and |I| > Cyslog(p V n),

‘E[—ZG? <

iel

4805720202023 log(p V n)

[ A&

= Cy.15log(p VvV n).

K

(b) For I = (a,b] such that I NT* = {7}, min(7} —a,b—77) < 5A£2310g(p vV n) and
[I| > Crmslog(p V n),

27 =30 & = AHI|| < Canaslog(p vV m),
el

where Coz = 2C21 + (Cmts) 148C2 ,C202C + Cy2C1(Cu04Cy + 2C){(2Ch0s) V
(C2)}.
(¢) ForI such that |I| = Cmslog(pVn) and A3|I| > 2-1Cslog(pVn) for some sufficiently
large C > 6C302,
Lr—=> & > (1—Cas)A7|,
i€l

where Chy 3 = (Crat) ~1(96C2 ,C202) + 62 Cyy2C, (Cmang n 206) C3 460 Can1.

Proof [Proof of Corollary 22.] All of the results in the three parts of Corollary 22 follow
from the proof of Lemma 21 and the conditions about the change signals, that is, the
variations A?|I].

Part (a). If A; =0, we have D? = C? and A o = 0. Lemma 21 reduces to

48C2 ,C252C2
—— 2 slog(p V ) = Caaslog(p V n).
K

o=y @At <
el

Part (b). Since |[INT*| =1, we have s; < 2s and Lemma 21 holds for |I| > Cy,slog(pVn) >
27 1C s log(pVn) > Cresylog(pVn) with sufficiently large Cpp, > 2Cye. By |I| > Crpslog(pV
n), we have ]I|*1(C'§A%oo + C?)log(p V n) < 2(Cms) 1C202C%s + C? < C? provided that
Ch is sufficiently large. Hence D? = C2A% 4 C2. Combining A2|]| < 2-1Cslog(p V n) and
|I| > Cmslog(pV n), A2 < 2-1C-1C. Therefore by Lemma 21,

"Cf _Z ?_A%’ﬂ’ < Cypaslog(pVn),
el
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where

96C2,C202C2 4802 ,Ct02C _
- T 4 CunCalCroaCh + 20){(2Ch0) V (C

N|=

222 = )}
Part (c). When [I NT*| <1, the discussion in (b) is still valid. We have |I| > Cyyslog(p V
n) > 27'Cnsrlog(p V n) and A?|I| > 47'Cslog(p V n). Otherwise when |[I N T* >
2, by Condition 1, we can obtain |I| > 37'Csnrsylog(p V n) > 27 Chysylog(p V n) and
A2|I] > 671Csylog(p V n) since Cspy is sufficiently large. The above claim becomes trivial
when [T NT*| > 3. When |[I N T*| = 2, the result follows from the fact that s > 3~
Recall that C' > 6C%02. We have A? > (6|I|)~ ICsrlog(pVn) > |1~ 1C%202s1log(p vV n) >
|I\_1A%OO log(p vV n). It implies that D% = C2A? + C2. By Lemma 21,

48C3’ZC§U%(C§A% + C?)sylog(p V n)

K

Lr=Y &> A1 -

el

- u72Cx(Cxang+251 C){A? ]I|5110g(p\/n)}% > (1 — Cyy3) A3, (21)

where

96C2 ,Clo? L 6C2 +6%@,20 (Cy amce+20)

22.3 — @Cm FCV' 02

C.3 Certifying G for Reliever

To proceed, we first introduce some notations used in the theoretical justification for Re-
liever. Let R be the surrogate interval w.r.t. I and J = I\ R be the complement. Denote

oracle change variation for Reliever by Zi = A% 0%, To distinguish the losses for Reliever

from these for full model-fitting, we denote the losses of interval I under the relief model
estimate Ox, named relief losses, by £ = Y icr(Wi — TGR) .

Lemma 23 (Relief error) Assume Condition 2 and Condition 3 hold. Under the setting
in Lemma 18, with probability at least 1 —4 exp{—C, 1 log(pVn)}, for any interval I = (7, 7]
such that |I| > r=1Cyesylog(pVn) so that its relief interval R satisfies |R| > Cresylog(pVn),
the relief loss L satisfies that:

L1 =) e - A%e%]IH
icl
<(1+ Cio)r™'6CTsDiysg log(p V 1)
1
+671r QEC%@;DI,B%DRSR log(p Vv n)
+ 27”%(1 = T)%ﬁéclsDR{A?w;{U‘}%{sRlog(p v n)}%

_1
+ CuaCa(Co0aCo + 2Cesy *) [{Cooast og(p v m)} v {43 g5 1|51 log(p v )} .
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Proof [Proof of Lemma 23| Similarly, we begin with the control of the difference £; — Z?
Observe that,

Lr— LS
=107 — éRH%I +2 Z(yi —x, 02)x; (6% — 65)
iel
=|1|(|6% — ORH%I +2) {(xix] — 2)(67 — 0%) + €eix;} " (0% — Or)
iel

+2 ) (67 - 03)"(0% — Or).
i€I\R

We will derive the upper bounds for the absolute values of the three terms in the above
decomposition.
For the first term, assuming the probability events in Lemma 16 and Lemma 18 hold,
we have: R
1|07 — GRH%I < (14 Cip)r ' uC%iD%sgrlog(p V n). (22)

For the second term, assuming the probability events in Lemma 17 and Lemma 18 hold,
we have:

> {xix] = (65 — 03) + eixi} (0% — On)
el

SHZ{(xixI — )67 — 0%) + eix;}
el

‘OOHH?%_é\Rm

log(p V n) }%

1
<C,2C20.Dr s {1 log(p V n)} 7 x cmDRsR{ T

:12717"7%@0128D1,9%DR3R log(p V n).

where Do = [(C2A] g+ C2) v {|I|7(C2A .  + C2)log(p v m)} 2.
For the third term, assuming the probability event in Lemma 18 holds, we have:
> (67 - 07)T5(6%  0r)|
ieJ
<) 1167 — 6%Is]16% — Orlls

1 srlog(pVn)ys
<y s Cra POV

)sgrlog(p V n) }%

1—7r
<t O D8 5 71y H{ 8

Therefore,
L1 — L3 <(1+ Cig)r ' 6CTs Dhsrlog(p V n)
1 1
+ 6 'r"26Cy Dy g2 Drsglog(p V n) (24)
+ 2573 (1 = 1) 252 CrsDR{A3 g ||} 2 {sr log(p V n)} .
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We now turn to deriving the upper bound of |Z? — e — A%O%HH. By Lemma 19
and Lemma 20, l

|Z(} - Zef - A%,og’—’”
i€l
| [So T (07— 63012 ] - AT 114+ > 2eix] (67 - 67)
i€l 1€l

AIooG log(p V n) L
<CupC{ A 105 v 7 } {I1]1og(p v n)}?

Alooe log(p V n) L
+2C,2C,C{ AF g, v T } {17 log(p v n)}?.

1
By Condition 2 (b), ALOC)’Q% < Cyoysj. Hence we have

AIOOGO log(p V n) i
N 7 V{1 11og(p v )

= 1
<s;? [{Cgoxsl log(pVn)} Vv {A%ﬁ%]ﬂs[ log(pVvn)}z|.
Since A%Aﬂ% < ALOQQ%AL%, it also holds that

AIOOO log(p\/n) i
{Ahae, v == V{1 1]1og(p v

<Cyo, |:{C.90':ES] log(pVn)} Vv {A%e%lﬂs[ log(p Vv n)}% )

Therefore,
~0 2 2
L7 — Zei - AI,G;’JIH
i€l
_1
<CunCy(CoopCy + 2Ces7 %) [{Cgcxé}[ log(p v n)} v {A3 ge |I]srlog(p Vv m)}7 . (25)

By Eq.(24) and Eq.(25),
eI — A% ge 1]
iel
<(1+ Clﬁ)r_lﬁC%SD%%SR log(p VvV n)
+ 6_17"_%/{(:’128D1 o2, Drsrlog(p vV n)
+ 2575 (1 = 1) 252 Cra Dr{A3 g | J|} 2 {sr log(p V n)} 2.

1
+ CunCo(CaoyCo + 2Ces7 ?) [{cgaxsf log(p v n)} v {A3 e |I]srlog(p V n)}%] .

We now proceed to certify that G = G1 NG5 N G; N G3 holds with high probability.

44



RELIEVER: RELIEVING THE BURDEN OF COSTLY MODEL FITS FOR CHANGEPOINT DETECTION

Corollary 24 Assume Condition 1, Condition 2, and Condition 3 hold. Under the same
probability event in Lemma 23 and with sufficiently large Cn, > Cle, we have the following
conclusions.

(a) For I such that A; =0 and |I| > Cpnslog(pV n),

‘E]—ZE? <

el

48C2 ,C202C?slog(p V n
u2~z¥ T g(p )éCm,lslog(p\/n),

K

where Cyy1 = 6+6Cm+’"2 EC%C2? + Cy9Co0p(CoopCo + 2Ces™2)Cy.

(b) For I = (a,b] € E5 such that INT* = {r}}, min(7} —a,b—715) < C’Ak %slog(p V n)
and |I| > Cyslog(p V n),

L’I—Z 2—A 71| > —Ca42slog(p V n),
el

and for I € Ey C Ey such that INT* = {r}}, min(r} —a,b—7}) < CAk 2slog(pVn)
and |I| > (A2 V 1)Cspeslog(p V n),

L1 =Y €& — AJ|I| < Casaslog(pVn),
i€l

where

Cyaz =2{(1 + C16)(r1C% + r2C2C;1C) + 671 (r 2C2 + 72 C2C;;1C) }uC%
+23(r2C.C2 + 77 C,Cy 10)(1—7~)% 3Cig

4 20020 (Ca0oCy + 2Ces; 2)(Cooy + 2 31~ 3C3) + 71 CL1C.

(¢) For I such that |I| > Cmslog(pVn) and A2|I| > 2-1Cslog(pVn) for some sufficiently
large C > 6C302
Lr—=> & > (1—Cas)Ajll,
il
where
Caaz =(1 + C16)sCH{6C2CT 1™ +2(C2 + Chy ,C 1) C'r ™2}
+ KOR{C20 12 4 671(C2 + Chy sCHCR (™2 +772))
1
+ (1= r)2R2C1s{122C.C 212 4+ 2(C2 + Chy sC 1) 2Chm2r 1}
+ Cy2C(Cro,Cy + 2C.) (6Ch0,C + 65075).

Proof [Proof of Corollary 24| All of the results in the three parts of Corollary 24 follow from
the proof of Lemma 23 and the conditions about the change signals, that is, the variations
A2|I]. In the proof, we will also need to analyze the relationship of A%|I| and A% 02, |1].
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Part (a). For I such that A; = 0 and |I| > m, there is not changepoint in I. So s; = sg = s,
0% = 07, Arge, = Ajge = 0. Since Cr, is sufficiently large and r € (0,1] is a fixed constant,
DR = D[,g?% = Ce. Therefore,

L= el
i€l
6 + 6016 + 7“%
{ 67
=Cy415log(p V n),

<

@C’%SC'? + Cy 20304 (Cro,Co + 2058_%)09}8 log(p V n)

Part (b). We study the interval I from the set
Ey ={I = (a,b]:|I| > 6m, INT* = {7}, min(r} —a,b— 1) < CA %slog(p V n)}.

Since I contains only one changepoint, we have sp < s; < 2s, A%%,OO < A%OO’O% <
202C%s.

For the average variation terms, by definition, we have A%L|R| < A%|I| < Cslog(p V n).
It means that A% < T’_IA% <r-c. 1c. Similarly, with some calculation, we can also have
AQJ,B%\J] < A%Q%\I\ <r A% < r~1Cslog(p V n) and A%o% <rlo;iC.

We now discuss the terms D% and D%e%' Since |I| > 6m > Cpslog(p V n) and Cy, is
sufficiently large, we have

11|71 (CEAT o + C2) log(p v n)
<|I|7Y2C%02C3s + C*)log(p V n)
<(2C%02C% + C?s7het < 2

Therefore D? jo = C2A? oo + C? and D% = C2A% + C2.
R ot

Combining Lemma 23, we have

~ 2 2

‘51 - Z € — AI,9§|IH

iel

<(1 4 Cu6)r ' eCEHC?splog(p V n) + (1 + Cie)r ' C%C2 A% sr log(p V n)

+ 6*17"*%@C‘%{Cﬂ?s}pL log(pVn)+ 12*17"*%@C'12803(A% + A%Q%)SR log(p VvV n)

+ 2573 (1= 1) 252 Crs(CrA g + Co){A3 g6 [ J]}2 {sr log(p V n)} 2.

1

+ Cu2Ca(CaaCy + 2Ces; ) [{Coonsr log(p V n)} V {AF go 1|51 log(p V n)}2

<21+ Ci6)(r1C2 4+ 772C2C;, C) + 67 (r72C2 + 172 C2C;, C) }Cys log(p V n)
3, _1 ~1 -1 15 11
+22(r 2C.C2 +1r C,C, C)(1 —r)2r2Cigslog(p V n)
_1 -

+ 20, 2C(Cr0,Cy + 2Ces; ) (Coor + 2*%7“*%0%)3 log(p V n)

20,5 108(p V ).
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For I = (a,b] € E; C E,, since |I| > (A2 V 1)Csnrslog(p V n) and Csy, is sufficiently
large, we have 0 < A? p|I| — A3|I| < r~'Cg, LCslog(p V n). Therefore, for I € Ef,

snr
Lr— Z ZQ — A2|I| < Cosaslog(pVn),
el

with Coy9 = C£4.2 + r~lC IC

snr

For I € F5 , similarly,

Lr— Zf — A > Ly — ZE — A oo I = —Cy95log(pV n) > —Chazslog(pV n).
i€l i€l

Part (¢). For I such that |I| > Cpnslog(p V n) and A?|I] > 2-1Cslog(p V n), it also holds
that A%B%\I\ > A?]| > 2-1Cslog(p V n).
If I contains only one changepoint, we have s; < 2s and sg < 2s. Therefore it holds that
[I| > 27 1Cmsrlog(p VvV n) and |R| > 27 Crprsglog(p V n). If T contains more changepoints,
by Conditions 1 and 2 and provided that Csp, is sufficiently large, it still holds that |I] >
27 Crsrlog(p vV n) and |R| > 271Cprsglog(p V n). Following similar arguments in the

proof of Corollary 22, we can obtain that A2|I| > 6~ LCsrlog(p vV n) > 6~ 'Csglog(p V n).

Therefore we have splog(p V n) < Lﬂ and sgplog(p vV n) < % and sgplog(p vV n) <

splog(p Vv n) < 6C 1A2|I] < 65_1A§,g%\l|.
Then we consider the two terms D% 0, and D%. By the above justifications, we can
obtain that

|I‘71(C§A%,oo,0% + C?2)log(p V n)
§|I‘_1(C£O'§0351 + C'z) log(p V n)
<601(C302C5 + C2s; )AL o

It follows that _
Digo < G2 +{C; +6C1(CF02CF + C2s7 1) }A] 6o

Similarly, B
D% < C? +{C? + 6C™H(C202C3 + C?s3') A%

Denote Ch, 5 = 6(C202C3 + C?). By the above inequalities for the change variation
terms, we have:

’ZI_Z ?_A%B%HH

el
A7 02 1| {(1 + C16)ECH{6C2C 1~ 4 2(C2 + Ch, ,C O 2)
+ KOR{CECT 4 4 6742 + Oy, )0 7 E 7))
+ (1= O (12500 3 E 4 2(C2 4 ChyC )0 r )
+ Cu2Co(CropCy + 2C.) (6Cyo,C~ ' + 62C2)
2024.3A%9?2 |].
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Note that Cy, is sufficiently large, we can set C large enough to make Cy, 3 is sufficiently
small such that Cvy.3 < 1. Finally, we have

Lr=) g>(1- Co43) A7 g 1] > (1 = Caa3) AT|1].
icl

C.4 Final Result

Here, we will finally prove Theorem 9. Recall that in the proof of Lemma 8, we identify
the constant C by solving the inequality (15). It concludes that any C with C > 4(1 —
Cg.3) 1(3Cg1 + 10Cy 2) suffices for Lemma, 8. Since Cy, can be sufficiently large and CC!
can be sufficiently small, by the results in 22 and Corollary 24, we can verify that the feasible
C exists for the inequality C > 4(1—Cg3)~1(3Cs.1 +10Cx.2), both for the full model-fitting
(Corollary 22) and the Reliever (Corollary 24). Furthermore, the C' will only depends on
the constants in the expressions of {C’gg,j}?zl and {024,]-}5?:1. Thus it is independent of
(n,p, s, K*).

In summary, the localization error bound of {7;} in Theorem 9 follows from Lemma 8,
Corollary 22 and Corollary 24. And provided the localization error bound, the error bound
of the parameter estimation follows from Lemma 18.

Appendix D. Proof of Corollary 12

Firstly, note that under Condition 4, Lemma 8 still holds if we replace 0, = Cyyslog(p V
n) by 6m = Cu{slog(p vV n)}?/7=1. The proof will mainly rely on the replacement of
Bernstein’s inequality for independent data (Lemma 15) by the functionally dependent
one. The following lemma is a rearranged result of the functionally dependent Bernstein’s
inequality (Theorem 33 in Xu et al. (2024)) using the notations of this current manuscript.
The proof can be found in the Supplementary Material of Xu et al. (2024).

Lemma 25 (Bernstein’s inequality under dependence) Let {X;}!' | be a consecutive
subsequence of an infinite functional dependent sequence {X;}iez with dependence function
{g{*}. Assume that the sequence is with zero means, exponentially decayed cumulative
function dependence measures:

sup e:x;p(cmCI)Aﬁ2 < (4,
m>0

and exponentially decayed tails SuplSiSmHXiH‘l’gz < Cy for some positive constants Cy and
Cy and ¢ = (TP + G Y1 € (0,1]. Then we have for t > \/n,

IS5 > ) <2em{-afin )}

1
By choosing t = cb_lCu{(nAmp,s)% V (Anps)St with Cy, > ¢, we have

n
il
=1

} < 2exp{—CyuAnps}-
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2
2.1
When n > Af s, we have

{J3

Here A, ;s is a diverging sequence. For instance, A, p s =log(pvn) and A, p s = slog(pvn).

Cu(nA ,p7s)%} < 2exp{—-CyAnps}

By applying Lemma 25, we can obtain parallel results to those in Section C.1. For
example, under Condition 6 (a), we have the restricted eigenvalue conditions in Lemma 16

2
hold uniformly for intervals I such that |I| > {s;log(pV n)}< "

Lemma 26 (Uniform restricted eigenvalue condition under dependence) Assume
Condition 6 (a) holds. For any interval I C (0,n], denote £y = |I|71 3", ., xix, . Uniformly

for all intervals I C (0,n] such that |I| > {srlog(p V n)}%fl, with probability at least
1 —exp{—Cy1log(pVn)},

N srlog(pVn)ys 1
VIS 2 [V - CuaCl2 BRI (1B + i) v e R

and

N srlog(pVvn
VTS < vl + CuaClot B (g 1 L), v e

where Cy 1 and Cy 2 are two universal constants. If additionally |I| > Cresylog(p V n) with
a sufficiently large constant Cre > 1V (34C,2C%02/k)?, then for any support set S € [p]
with |S| < sy and v € RP such that ||vge|l1 < 3|vs|1, under the same event above,

e
*||V||z (1= Co)vlIE < v Erv < (1+ Cog) VI3 < ||V||22,

SIVIE < (1= Con)sclVI3 < V0w < (02 + Canm)lIVI3 < (o2 + ) IVIE,
_1
where Cog = 17C’u,20£0§/£_10re2.

The proof of Lemma 26 is the same as Lemma 16’s by replacing the Bernstein’s inequality
with the functional dependence version.

Note that under Condition 4 (b), we have for any I, R € Z, {AI,q,Aqug%}q:gAm are
all bounded as O(1). The boundness ensures that we can directly apply Lemma 25 in the
following lemma.

Lemma 27 Assume that Conditions 4 (b), 6 hold. For intervals I, R C (0,n] with |I| >
2
{log(p Vv n)}f_ and a fired @ = 6%, with probability at least 1 —n~2 exp{—Cy1log(pVn)},

IS txix! = )07 - 0) + eixi)

i€l

| < Car{l]og(p v )},

for some positive constant Co7 > 0.
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By replacing Lemmas 16-17 with Lemmas 26-27, we have the following oracle inequal-
ities for lasso with functionally dependent data.

Lemma 28 (Oracle inequalities for the parametric estimates) Assume that Condi-
tions 4, 5 and 6 hold. We have with probability at least 1—2 exp{—Cy1 log(p\/n)}, uniformly
for any interval I C (0, n] with |I| > {Clesrlog(pVvn)} V [{ss log(p\/ n)}C Y, provided that
Ar = Ch{|I|log(p V n)} for some constant Cy > 0, the solution 0; satisfies that

srlog(p VvV n) }é

161~ 07> < 5~218r — 7]z < Cos{ ==

~ log(p Vn)Y 3

161 - 651 < Coss { LY

for some constant Caog > 0. Furthermore, let Sy be the support set of 67, we have Hé\l St
7

1,3[13”1 < 3(|01,s, — 055, |11
Lastly, we present lemmas that parallel Lemmas 19-20.

Lemma 29 Assume that Condition 6 and the condition that K = O(1) in Condition 4 hold.
For interval I C (0,n] and a fized 0, with probability at least 1 —n~2 exp{—Cy.1log(pVn)},
uniformly for any sub-interval I C (0,n],

Al ollog(p v n)} '3 1
ST 07 - 0 - Aol <Gzl g v St KT

il

where Cyy.1 and Cy 2 are two universal constants.

Lemma 30 Assume that Condition 6 and the condition that K = O(1) in Condition 4 hold.
For interval I C (0,n] and a fized 0, with probability at least 1 —n =2 exp{—Cy.1log(pV n)},
1,1

A2 lo Vn % 3 1
reno RO 1 vt v )

1|

‘Z x;r(af - 0)62 S Cu,ZCzCE |:A%9 V
el

where Cy,1 and Cy o are two universal constants.

For Lemmas 26-28, only the Bernstein’s inequality (Lemma 15) needs to be replaced
by Lemma 25 in the proofs. However, for Lemmas 19-20, directly applying Lemma 25 will
induce upper bound with order {|I| log(p\/n)}2 which drops the multiplier A 40 and A2 7.0
in the upper bound. It is because in Lemma 25, the tail bound is scaled with n~" in the

2 t2 t2
term rather than Vars %, OF Z?=1||Xi”?p<2 .

To solve this issue, we need the condition that K = O(1) which is also assumed in Xu
et al. (2024) for the functional dependence setting. For an interval I, let {Ij}?zl be the
sub- segments of I divided by the true changepoints 7* N I. Then we can apply Lemma 25
to {ZZEI {x; (90 —6)}? — Ai,e”f”?:l and {Zielj xiT(BZ —0)e;}_; and then taking the
union bound will lead to the deviation bounds in Lemmas 19-20.

Finally, by replacing the deviation bounds in Section C.1 with the above functionally
dependent bounds, we can obtain the results in Corollary 12.
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Appendix E. Additional Numerical Results
E.1 Single-Changepoint Scenario (Section 4.6)

The data in the single changepoint scenario in Section 4.6 are generated from the following
model,
Yi :X;rall{i < T*}—I—X;-FOQI{i > T*}-i-ei, 1=1,...,n,

where {¢;} and {x;} are drawn independently satisfying ¢, ~ AN(0,1) and x; ~ N,(0,%).
Here ¥ is a p x p matrix with elements 3;; = 1/ 2li=il. The regression parameters of the
model are set to be
61 =(1/3,1/3,1/3,1/3,0,...,0),)
and
02 = (01x4,1/3,1/3,1/3,1/3,0,...,0),1.
We set n = 1200 and the true changepoint 7* = 120.

E.2 Extended Comparison with the Two-Step Method

In Figures 9-10, we provide the complementary numerical results of the multiple change-
point scenarios in Section 4.6 with n varying from n = 300 to n = 1200 under both the
high-dimensional linear model and the univariate nonparametric model. In the Reliever
method, we set 7 = 0.9 as recommended. The Reliever provides almost comparable perfor-
mance with the original algorithm in all the cases.

60

Grid—search algorithm EES WBS == SeedBS
0 -
n=300 n=600 n=900

i1 2 3 45RO 12 3 45RO 1 2 3 45RO 1 2 3 45RO
Number of initial guesses

Detection error

Figure 9: Comparison of the modified two-step approach with multiple initial guesses (1-5),
the Reliever method (R) and the original full model-fitting (O), under the setting in Section
4.1.

E.3 Impact of a Small Minimal-Spacing Parameter

For numerical stability, we choose d,, = 20 in all simulations in the main text. Here we rerun
experiments with much smaller values. In high-dimensional linear models, setting d,, = 3
(the smallest value accepted by glmnet without runtime errors) still works effectively—see
Figure 11. The results closely match those with larger éy,, confirming that Reliever is robust
to this choice.
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Figure 10: Comparison of the modified two-step approach with multiple initial guesses (1-
5), the Reliever method (R) and the original full model-fitting (O), under the setting in
Section 4.2.
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Figure 11: Performance of grid-search algorithms with Reliever under a high-dimensional

linear model using a small minimum spacing d,, =

E.4 High-Dimensional Linear Model with Temporal Dependence

We conduct simulations for the high-dimensional linear setting of Section 4.1 under an
AR(1) dependence (p = 0.3) in both covariates and noise, following Xu et al. (2024):

Xi = pXi—1 + V1 —p?X;, € = pei_1 + /1 — p%q,
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~ t.i.d.

with x; ~" N(0,I,) and {€;} i (0,1). Figure 12 shows that, even under dependence,
Reliever matches the accuracy of the original algorithms while greatly reducing runtime.
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Figure 12: Performance under temporal dependence in high-dimensional linear models.

E.5 A Priori Estimation of Model-Fitting Time

In settings where the grid-search intervals can be anticipated, total fitting time for Reliever
can be approximated as follows:

Build relief layers. Follow Definition 1, form the layers Ry so that R = ULIOgb{(1+w)n/6m}J Ri.
Sample a few intervals. From each layer Ry, draw c intervals (with replacement if |Ry| < ¢).

Measure single-fit times. Fit the model on those samples to obtain tTrrEk, the average time
per fit in layer k.

Count expected visits. Estimate numyg, the number of layer-k intervals the grid-search algo-
rithm will actually visit.
— For OP or SN, numy, follows directly from their deterministic schedules.

— For WBS or SeedBS, generate the wild/seeded intervals W and set numy as the size
of {R € Ry, : I(a,b] e W&t € (a,b], R is the relief interval of (a,t] or (¢,b]}.

— For PELT, use the OP count as an upper bound when pruning is inactive.

Total time estimate. Compute Zk ti/raa/rc X numg.
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Table 9: Estimated and realized model-fitting times (in seconds) for the changepoint detection
in the high-dimensional linear model in Section 4.1 with the grid search methods including SN,
WBS and SeedBS, under a single run with n = 1200.

Method T 05 06 07 08 09 09 097 0.98 1.0
SN Estimate 3.1 6.8 11.2 253 94.1 276.6 591.1 1000.0 7011.1
Realization 3.0 6.1 9.6 223 80.7 2672 6009 979.6 7617.3

WBS Estimate 2.7 5.0 103 18.0 55.9 1314 240.5 3134  889.7
Realization 2.9 5.1 9.1 19 56.4 1315 241.8 2994  885.8

SeedBS Estimate 2.0 4.2 69 10.2 235 481 74.6 96.8  221.2

Realization 2.6 3.9 6.5 11.9 27.6 52,5  76.9 108.3  235.5

Using ¢ = 1, we applied this recipe to SN, WBS, and SeedBS on a high-dimensional
linear model; Table 9 shows the estimated versus actual fitting times, which match closely.
Users can therefore select r to match a target runtime with reasonable confidence.
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