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Abstract

The paper focuses on mean-field type multi-agent control problems with finite state and action
spaces where the dynamics and cost structures are symmetric and homogeneous, and are affected
by the distribution of the agents. A standard solution method for these problems is to consider
the infinite population limit as an approximation and use symmetric solutions of the limit problem
to achieve near optimality. The control policies, and in particular the dynamics, depend on the
population distribution in the finite population setting, or the marginal distribution of the state
variable of a representative agent for the infinite population setting. Hence, learning and planning
for these control problems generally require estimating the reaction of the system to all possible
state distributions of the agents. To overcome this issue, we consider linear function approximation
for the control problem and provide coordinated and independent learning methods. We rigorously
establish error upper bounds for the performance of learned solutions. The performance gap stems
from (i) the mismatch due to estimating the true model with a linear one, and (ii) using the infinite
population solution in the finite population problem as an approximate control. The provided upper
bounds quantify the impact of these error sources on the overall performance.

1. Introduction

The goal of the paper is to present various learning methods for mean-field control problems under
linear function approximations and to provide provable error bounds for the learned solutions.

1.1 Literature Review

Learning for multi agent control problems is a practically relevant and a challenging problem where
there has been as a growing interest in recent years. A general solution methodology for multi-agent
control problems is difficult to obtain and the solution, in general, is intractable except for special
information structures between the agents. We refer the reader to the survey paper by Zhang et al.
(2021) for a substantive summary of learning methods in the context of multi-agent decision making
problems.

In this paper, we study a particular case of multi-agent problems in which both the agents and
their interactions are symmetric and homogeneous. For these mean-field type decision making prob-
lems, the agents are coupled only through the so-called mean-field term. These problems can be
broadly divided into two categories; mean-field game problems where the agents are competitive
and interested in optimizing their self objective functions, and mean-field control problems, where
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the agents are interested in a common objective function optimization. We cite some papers by
Gomes and Sadde (2014); Carmona and Delarue (2013); Bensoussan et al. (2013); Tembine et al.
(2013); Huang et al. (2007); Anahtarci et al. (2022); Elie et al. (2020); Fu et al. (2020); Guo et al.
(2019); Perrin et al. (2020); Subramanian and Mahajan (2019); Saldi et al. (2018, 2019) and refer-
ences therein, for papers in mean-field game setting. We do not discuss these in detail as our focus
will be on mean-field control problems which are significantly different in both analysis and the
nature of the problems of interest.

For mean-field control problems, where the agents are cooperative and work together to min-
imize (or maximize) a common cost (or reward) function, see Bayraktar et al. (2018); Djete et al.
(2022); Lauriére and Pironneau (2014); Carmona and Lauriére (2022); Pham and Wei (2017); Car-
mona and Lauriere (2021); Germain et al. (2022); Bayraktar et al. (2023); Bayraktar and Zhang
(2023) and references therein for the study of dynamic programming principle and learning meth-
ods in continuous time. In particular, we point out the papers Lacker (2017); Djete et al. (2022)
which provide the justification for studying the centralized limit problem by rigorously connecting
the large population decentralized setting and the infinite population limit problem.

For papers studying mean-field control in discrete time, we refer the reader to Motte and Pham
(2023); Bauerle (2023); Gu et al. (2021, 2023); Motte and Pham (2022); Carmona et al. (2023).
Motte and Pham (2023, 2022) study existence of solutions to the control problem in both infinite and
finite population settings, and they rigorously establish the connection between the finite and infinite
population problems. Béuerle (2023) studies the finite population mean-field control problems and
their infinite population limit, and provide solutions of the ergodic control problems for some special
cases.

In the context of learning, Gu et al. (2021, 2023) study dynamic programming principle and Q
learning methods directly for the infinite population control problem. The value functions and the
Q functions are defined for the lifted problem, where the state process is the measure-valued mean-
field flow. They consider dynamics without common noise, and thus the learning problem from the
perspective of a coordinator becomes a deterministic one.

Carmona et al. (2023) also considers the limit (infinite population) problem and studies different
classes of policies that achieve optimal performance for the infinite population (limit problem) and
focuses on Q learning methods for the problem after establishing the optimality of randomized
feedback policies for the agents. The learning problem considers the state as the measure valued
mean-field term and defines a learning problem over the set of probability measures where various
approximations are considered to deal with the high dimension issues.

Angiuli et al. (2023, 2022) have studied learning methods for the mean-field game and control
problems from a joint lens. However, for the control setup, they consider a different control objective
compared to the previously cited papers. In particular, they aim to optimize the asymptotic phase
of the control problem where the agents are assumed to reach to their stationary distributions under
joint symmetric policies. Furthermore, the agents only use their local state variables, and thus
the objective is to find a stationary measure for the agents where the cost is minimized under this
stationary regime. Since the agents only use their local state variables (and not the mean-field term)
for their control, the authors can define a Q function over the finite state and action spaces of the
agents.

Pésztor et al. (2023) consider a closely related problem to our setting, where they propose
model-based learning methods for the mean-field control. Similar to Gu et al. (2021, 2023), they di-
rectly work with the infinite population dynamics without analyzing the approximation consistency
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between the finite-population dynamics and their infinite-population counterpart. Furthermore, they
restrict the dynamics to the models with additive noise, and the optimality search is within deter-
ministic and Lipschitz continuous controls.

We also note that there are various studies that focus on the application of the mean-field model-
ing using numerical methods based on machine learning techniques, see e.g. the works by Ruthotto
et al. (2020); Achdou et al. (2020); Lauriere et al. (2022).

In this paper, we will consider the learning problem using an alternative formulation where
the state is represented as the measure valued mean-field term. To approximate this uncountable
space, and the cost and transition functions, different from the previous works in the mean-field
control setting, we will consider linear function approximation methods. These methods have been
studied well for single agent discrete time stochastic control problems. We cite papers by Melo et al.
(2008); Carvalho et al. (2020); Szepesvari and Smart (2004); Jin et al. (2020); Meyn (2024 ) in which
reinforcement learning techniques are used to study Markov decision problems with continuous
state spaces using linear function approximations.

Contributions.

e In Section 2, we present the learning methods using linear function approximation. We focus
on various scenarios.

— We first consider the ideal case where we assume that the team has infinitely many
agents. For this case, we study; (i) learning by a coordinator who has access to infor-
mation about every agent in the team, and estimates a model from a data set by fitting
a linear model that minimizes the Ly distance between the training data and the esti-
mate linear model, (ii) each agent estimates their own linear model using their local
information via an iterative algorithm from a single sequence of data.

— In Section 2.3, we consider the practical case, where the team has finitely many agents,
and they aim to estimate a linear model from a single sequence of data, using their local
information variables.

e The methods we study in Section 2 minimize the Ly distance between the learned linear model
and the actual model under a probability measure that depends on the training data. However,
to find upper bounds for the performance loss of the policies designed for the learned linear
estimates in any scenario, we need uniform estimation errors rather than Ly estimation errors.
In Section 3, we generalize Lo error bounds to uniform error bounds.

e The proposed learning methods do not match the true model perfectly in general, due to linear
approximation mismatch. Therefore, finally, in Section 4, we provide upper bounds on the
performance of the policies that are designed for the learned models when they are applied
on the true control problem. We note that the flow of the mean-field term is deterministic for
infinitely many agents, and thus can be estimated using the dynamics without observing the
mean-field term. Therefore, for the execution of the policies we focus on two methods, (i)
open loop control, where the agents only observe their local states and estimate the mean-field
term with the learned dynamics, (ii) closed loop control where the agents observe both their
local information and the mean-field term. For each of these execution procedures, we provide
upper bounds for the performance loss. As in Section 2, we first consider the ideal case where
it is assumed that the system has infinitely many agents. In this case, the error bound depends



BAYRAKTAR AND KARA

on the uniform model mismatch between the learned model and the true model. We then
consider the case with finitely many agents. We assume that each agent follows the policy
that they calculate considering the limit (infinite population) model. In this case, the error
upper bounds depend on both the uniform model mismatch, and an empirical concentration
bound since we estimate the finitely many agent model with the infinite population limit
problem.

1.2 Problem formulation.

The dynamics for the model are presented as follows: suppose NV agents (decision-makers or con-
trollers) act in a cooperative way to minimize a cost function, and the agents share a common state
and an action space denoted by X and U. We assume that X and U are finite. We refer the reader
to the paper by Bayraktar et al. (2025), for finite approximations of mean-field control problems
where the state and actions spaces of the agents are continuous. For any time step ¢, and agent
ie{l,...,N} wehave

zé—&—l = f(xi7ui7uxtawz) (1)

for a measurable function f, where {w!} denotes the i.i.d. idiosyncratic noise process.
Furthermore, px € Py (X) denotes the empirical distribution of the agents on the state space X
such that for a given joint state of the team of agents x := (z!,...,2V) € XV

1 N
() 1= 55 D 0 ()
1=1

where §,,; represents the Dirac measure centered at x*. Throughout this paper, we use the notation
XV =X %o x X
D ——
N times

to denote the space of all joint state variables of the team equipped with the product topology on
X7 We further define Py (X), the set of all empirical measures on X constructed using sequences
of N states in X, such that

Py(X) = {ux : x = (z},...,2") e XV},

Note that P (X) C P(X) where P(X) denotes the set of all probability measures on X equipped
with the weak convergence topology.

Equivalently, the next state of the agent ¢ is determined by some stochastic kernel, that is, a
regular conditional probability distribution:

T('m;”ivﬂxt)' (2)

At each time stage ¢, each agent receives a cost determined by a measurable stage-wise cost function
¢: X x U x Pyn(X) — R. If the state, action, and empirical distribution of the agents are given by
Ty, Ui, Ux, . then the agent receives the cost.

C(xi7 ui’ /"th)'
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For the remainder of the paper, by an abuse of notation, we will sometimes denote the dynamics in
terms of the vector state and action variables, x = (z!,...,z"),andu = (', ...,u"), and vector

noise variables w = (w', ..., w’) such that

Xer1 = f(X¢, Ug, Wi).

For the initial formulation, every agent is assumed to know the state and action variables of every
other agent. We define an admissible policy for an agent i, as a sequence of functions 7" := {1},
where ~} is a U-valued (possibly randomized) function which is measurable with respect to the
o-algebra generated by

It:{xo,...,xt,uo,...,ut_l}. (3)

Accordingly, an admissible team policy, is defined as v := {~',... vV}, where 4 is an admissible
policy for the agent ¢. In other words, agents share the complete information.
The objective of the agents is to minimize the following cost function

T3 (x0,7) = 3 BB (e, )
t=0

where E., denotes the expectation with respect to the probability measure induces by the team policy
v, and where

N
1 .
C(Xta ut) = N Z C(l‘%, U%, :uXt)‘
i=1

The optimal cost is defined by
N,x s N
J5 " (x0) := ;2? Jj (%0,7) “4)

where I" denotes the set of all admissible team policies.

We note that this information structure (3) will be our benchmark for evaluating the performance
of the approximate solutions using simpler information structures presented in the paper. In other
words, the value function that is achieved when the agents share full information and full history
will be taken to be our reference point for simpler information structures.

For example, one immediate observation is that the problem under full information sharing can
be reformulated as a centralized control problem where the state and action spaces are X and U,
Therefore, one can consider Markov policies such that I; = {x;} without loss of optimality.

However, if the problem is modeled as an MDP with state space X” and action space UV, we
face some computational challenges:

(i) the curse of dimensionality when N is large, since X and U” might be too large even when
X, U are of manageable size,

(ii) the curse of coordination: even if the optimal team policy is found, its execution at the agent
level requires coordination among the agents. In particular, the agents may need to follow
asymmetric policies to achieve optimality, even though we assume full symmetry for the
dynamics and the cost models. The following simple example from Bayraktar and Kara
(2024) shows that the agents may need to follow asymmetric policies to achieve optimality
which requires coordination among the agents.
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Example 1 Consider a team control problem with two agents, i.e. N = 2. We assume that X =
U = {0, 1}. The stage wise cost function of the agents is defined as

c(w,u, px) = [|px — @
where
1 1
= =0 —47.
K 5 o+ 501

In words, the state distribution should be distributed equally over the state space {0, 1} for minimal
stage-wise cost. For the dynamics we assume a deterministic model such that

Tt41 = Ut-

In words, the action of an agent purely determines the next state of the same agent. The goal of the
agents is to minimize

oo 1,1 2,2
Z ﬁtEgl,g2 c(xt ) Ut Mxt) + C($t ) Ut MXt)
2
=0

for some initial state values xg = [95(1), x%], by choosing policies g', g°. The expectation is over the
possible randomization of the policies. We assume full information sharing such that every agent
has access to the state and action information of the other agent.

We let the initial states be :U(l) = $(2) = 0. An optimal policy for the agents for the problem is
given by

9'(0,0)=0,  4°(0,0)=1
9'(0,1)=0, 4°(0,1)=1
9'(1,00=1,  ¢°(1,0)=0
g'(1,1) =1,  ¢(1,1)=0

which always spreads the agents equally over the state space. One can realize that, when the agents
are positioned at either (0,0) or (1, 1), they have to use personalized policies to decide on which
one to be placed at 0 or 1.

For any symmetric policy g*(z*, 2%) = ¢%(2', 2?) = g(a!, 2?), including the randomized ones,
there will always be cases with strict positive probability, where the agents are positioned at the
same state, and thus the performance will be strictly worse than the optimal performance.

A standard approach to deal with mean-field control problems when N is large is to consider
the infinite population problem, i.e. taking the limit N — oo. A propagation of chaos argument
can be used to show that in the limit, the agents become asymptotically independent. Hence, the
problem can be formulated from the perspective of a representative single agent. This approach is
suitable to deal with coordination challenges, as the correlation between the agents vanish in the
limit, and thus the symmetric policies can achieve optimal performance for the infinite population
control problem. In particular, for Example 1 in the infinite population setting, the optimal policy
is to follow a randomized policy such that Pr(u = 1) = Pr(u = 0) = 1. We will introduce
the limit problem in Section 1.5 and make the connections between the limit problem and the finite

population problem rigorous.
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1.3 Preliminaries.

Recall that we assume that the state and action spaces of agents X, U are finite (see Bayraktar et al.
(2025) for finite approximations of continuous space mean-field control problems).

Note. Even though we assume that X and U are finite, we will continue using integral signs
instead of summation signs for expectation computations due to notation consistency, by simply
considering Dirac delta measures.

We metrize X and U so that d(x,2") = 1if x # 2/ and d(x, ") = 0 otherwise. Note that with
this metric, for any i, v € P(X) and for any coupling @ of u, v, we have that

EQ[X Y[ =FPo(X #Y)
which in particular implies via the optimal coupling that

Wi(p,v) = [lu—vllrv

where W denotes the first order Wasserstein distance, or the Kantorovich—Rubinstein metric, and
Il - ||7v denotes the total variation norm for signed measures.
Note further that for measures defined on finite spaces, we have that

1 1
= vllzrv = Slln—vii =5 lu@) - v(=)]. (5)

Hence, in what follows we will simply write || — || to refer to the distance between p and v, which
may correspond to the total variation distance, the first order Wasserstein metric, or the normalized
L distance.

We also define the following Dobrushin coefficient for the kernel 7

sup \/UT(-IfB,u,u)v(dUIw)—A}T(‘\f,u,u)v(dUIi)H =: 0 (©)

HyY, T, E

Realize that we always have ér < 1. In certain cases, we can also have strict inequality, e.g. if there
exists some z* € X such that

T(x*|z,u,p) <1—a, VYr,u,p
then one can show that oy <1 — o < 1.

1.4 Measure Valued Formulation of the Finite Population Control Problem

For the remaining part of the paper, we will often consider an alternative formulation of the control
problem for the finitely many agent case where the controlled process is the state distribution of the
agents, rather than the state vector of the agents. We refer the reader to Bayraktar et al. (2025) for
the full construction; in this section, we will give an overview.

We define an MDP for the distribution of the agents, where the control actions are the joint
distribution of the state and action vectors of the agents.

We let the state space be Z = Py (X) which is the set of all empirical measures on X that
can be constructed using the state vectors of N-agents. In other words, for a given state vector
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x = {x',..., 2N}, we consider jx € Py (X) to be the new state variable of the team control
problem.
The admissible set of actions for some state 1 € Z, is denoted by U (1), where

U(p) ={0 € Pn(U x X)|0(U, ) = u(-)}, ()

that is, the set of actions for a state i, is the set of all joint empirical measures on X x U whose
marginal on X coincides with p.

We equip the state space Z, and the action sets U (u), with the norm || - |7y (see (5)) .

One can show that Bayraktar et al. (2025); Bayraktar and Kara (2024) the empirical distributions
of the states of agents y¢, and of the joint state and actions ©; define a controlled Markov chain such
that

Pr(pugy1 € Blug, ... p10,04,...,00) = Pr(pir1 € Blpy, O4)
:= n(B|put, Or) ®)

where 7(-|p, ©) € P(Pn(X)) is the transition kernel of the centralized measure valued MDP,
which is induced by the dynamics of the team problem.
We define the stage-wise cost function & (u, ©) by

1M
k(u,©) := /c(x,u,,u)@(du,dx) = NZc(x’,ul,u). 9)
i=1

Thus, we have an MDP with state space Z, action space U,,czU (1), transition kernel 7 and the
stage-wise cost function k.

We define the set of admissible policies for this measured valued MDP as a sequence of func-
tions g = {go, g1, 92, - . . } such that at every time ¢, g; is measurable with respect to the o-algebra
generated by the information variables

ft = {,uo,...,,ut,@o,...,@t,l}.

We denote the set of all admissible control policies by G for the measure valued MDP.
In particular, we define the infinite horizon discounted expected cost function under a policy g
by

Kj (10,9) = EJl,

> Bk (s, 1)
t=0

We also define the optimal cost by

N, . N
Ky (po) = glfengﬁ (1o, 9)- (10)

The following result shows that this formulation is without loss of optimality:

Theorem 1 (Bayraktar et al. (2025)) Under Assumption 1.1, for any xq that satisfies pix, = o,
that is for any xq with distribution 1, we have that
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K3 (1) = J5 ™ (x0)-

ii.) There exists a stationary and Markov optimal policy g* for the measure valued MDP, and
using g*, every agent can construct a policy 7' : X x Py(X) — U such that for v :=
{442, .. V), we have that

T} (x0.7) = J5" (x0).

That is, the policy obtained from the measure valued formulation attains the optimal perfor-
mance for the original team control problem.

1.5 Mean-field Limit Problem

We now introduce the control problem for infinite population teams, i.e. for N — oo. For some
agent ¢ € IN, we define the dynamics as

JI§+1 = f(mfﬁufﬁlu’%v wrlf)

where 7o ~ o and pi = L£(X}) is the law of the state at time t. The agent tries to minimize the
following cost function:

o0

I3 (o, v) =Y B'E [e(X{, UL, ut)]
t=0

where 7 = {~}; is an admissible policy such that 7, is measurable with respect to the information
variables

I ={af, . ..oz, ul, o U, s 1) -

Note that the agents are no longer correlated and they are indistinguishable. Hence, in what follows
we will drop the dependence on 7 when we refer to the infinite population problem.

The problem is now a single agent control problem; however, the state variable is not Markovian.
However, we can reformulate the problem as an MDP by viewing the state variable as the measure
valued ;.

We let the state space to be P(X). Different from the measure valued construction we have
introduced in Section 1.4, we let the action space to be I' = P(U)IXI. In particular, an action
~v(:|]z) € T for the team is a randomized policy at the agent level. We equip I" with the product
topology, where we use the weak convergence for each coordinate. We note that each action y(du|x)
and state p(dx) induce a distribution on X x U, which we denote by ©(du, dz) = v(du|z)u(dz).

Recall the notation in (2); at time ¢, we can use the following stochastic kernel for the dynamics:

Tt41 ™~ T("wtyuta,ut)

which is induced by the idiosyncratic noise w?. Hence, we can define
preyr = F(pe,m) = /7'('\957uyut)%(dufx)ﬂt(d%)- (1

9
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Note that the dynamics are deterministic for the infinite population measure valued problem. Fur-
thermore, we can define the stage-wise cost function as

ks7) i= [ el (dule) (o) (12)

Hence, the problem is a deterministic MDP for the measure valued state process ;. A policy, say
g : P(X) — I for the measure-valued MDP, can be written as

g(u) = ~y(dulz)

for some p € P(X). That is, an agent observes p and chooses their actions as an agent-level
randomized policy ~y(du|z).

We reintroduce the infinite horizon discounted cost of the agents for the measure valued formu-
lation:

Kg(po,9) = Bk, )
t=0

for some initial mean-field term p¢ and under some policy g. Furthermore, the optimal policy is
denoted by

K5 (no) = inf Kg(uo, 9)-

At a given time ¢, the pair (x, ;4) can be used as sufficient information for decision making by the
agent ¢. Furthermore, if the model is fully known by the agents, then the mean-field flow p; can be
perfectly estimated if every agent agrees and follows the same policy g(u), since the dynamics of
¢ 1s deterministic.

We note that for the infinite population control problem, the coordination requirement between
the agents may be relaxed, though cannot be fully abandoned in general (see Section 1.6). In
particular, if the agents agree on a common policy g(u) = 7y(du|z, i), then for the execution of this
policy, no coordination or communication is needed since every agent can estimate the mean-field
term p; independently and perfectly. Furthermore, every agent can use the same agent-level policy
~v(du|x, ) symmetrically, without any coordination with the other agents.

The following result makes the connection between the finite population and the infinite popula-
tion control problem rigorous Motte and Pham (2022); Béuerle (2023); Bayraktar and Kara (2024).

Assumption 1.1 i. For the transition kernel T (-|x,u, u1) (see (2))
1T (s w, ) = T (o u, 1) || < Kpllp —
for some Ky < oo, for each x,u and for every pi, ji' € P(X).
ii cis Lipschitz in p such that
|e(@, u, 1) — (@, u, 1) < Kellw— 4|

for some K. < oo.

10
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Theorem 2 Under Assumption 1.1, the following holds:

i. Forany uév — Lo,
I; KN,* N _ Koo,* )
N B (1o ) 8 (10)

That is, the optimal value function of the finite population control problem converges to that
of the infinite population control problem as N — oc.

ii. Suppose each agent solves the infinite population control problem given in (11) and (12), and
constructs their policies, say

Goo (1) = Yoo(dulz, p1).

If they follow the infinite population solution in the finite population control problem, for any
,uév — o we then have

Hm K5 (1), 900) = K52 (o).
i K (ug 5 9oo) = K™ (o)

That is, the symmetric policy constructed using the infinite population problem is near optimal
for finite but sufficiently large populations.

Remark 3 The result has significant implications for the computational challenges we have men-
tioned earlier. Firstly, the second part of the result states that if the number of agents is large
enough, then the symmetric policy obtained from the limit problem is near optimal. Hence, the
agents can use symmetric policies without coordination, solving their control problems as long as
they have access to the mean-field term and their local state. Secondly, note that the flow of the
mean-field term (i, (11) is deterministic if there is no common noise affecting the dynamics. Thus,
agents can estimate the marginal distribution of their local state variables xé, without observing the
mean-field term if they know the dynamics. In particular, without the common noise, the local state
of the agents and the initial mean-field term g are sufficient information for near optimality.

However, as we will see in what follows, to achieve near optimal performance, agents must agree
on a particular policy g(pn) = ~y(dulx, p)u(dx). In particular, if the optimal infinite population
policy is not unique, and the agents apply different optimal policies without coordination, the results
of the previous results might fail. Hence, coordination cannot be fully ignored.

1.6 Limitations of Full Decentralization

We have argued in the previous section that the team control problem can be solved near optimally
by using the infinite population control solution. Furthermore, if the agents agree on the appli-
cation of a common optimal policy, the resulting team policy can be executed independently in a
decentralized way and achieves near-optimal performance.

The following example shows that if the agents do not coordinate on which policy to follow, i.e.
if they are fully decentralized, then the resulting team policy will not achieve the desired outcome.

Example 2 Consider a team control problem with infinite population where X = U = {0,1}. The
stage wise cost function of the agents is defined as

T lw— fia||  otherwise

11
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where

1 1
=—0p+ =0
H =50 + 501
fia = dp.
In words, the state distribution should be either be distributed equally over the state space {0,1}
or it should fully concentrate in state O for minimal stage-wise cost. One can check that the cost

function satisfies Assumption 1.1 for some K, < oo (e.g. K. = 1). For the dynamics we assume a
deterministic model such that

Tp41 = Ug-
In words, the action of an agent purely determines the next state of the same agent. The goal of the
agents is to minimize

[} N
. 1 o

K3(po,g) = limsup E 6tE[N E c(xh, uy, fx, )]

N—o0 i—

where the initial distribution is given by py = %50 + %51.
It is easy to see that there are two possible optimal policies for the agents gi(u) =
Y (dulr, p)u(dz) and ga(i) = va(dul, w)u(dx) where

1 1
() = 50() + 501()
Y2(+|z) = do(-)-
If all the agents coordinate and apply either g1 or g2 all together, the realized costs will be 0, i.e.

Kps(po,91) = Kg(po, 92) = 0.

However, if the agents do not coordinate and pick their policies from g1, go randomly, the cost
incurred will be strictly greater than 0. For example, assume that any given agent decides to use g,
with probability 0.5 and the policy go with probability 0.5. Then the resulting policy, say § will be
such that

00 = (;mdurm) + graldule) ) ()

Thus, at every time stept > 1, 3 of the agents will be in state 1 and 3 1 of the agents will be in
state 0, hence the total accumulated cost of the resulting policy g will be

/‘L07 Zﬁt 1_46 > 0.

Thus, we see that if the optimal policy for the mean-ﬁeld control problem is not unique, the agents
cannot follow fully decentralized policies, and they need to coordinate at some level. For this
problem, if they agree initially on which policy to follow, then no other communication is needed af-
terwards for the execution of the decided policy. Nonetheless, an initial agreement and coordination
is needed to achieve the optimal performance.

We note that the issue with the previous example results from the fact that the optimal policy
is not unique. If the optimal policy can be guaranteed to be unique, then the agents can act fully
independently.

12
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2. Learning for Mean-field Control with Linear Approximations

We have seen in the previous sections that in general there are limitations for full decentralization,
and that a certain level of coordination is required for optimal or near optimal performance during
control. In this section, we will study the learning problem in which neither the agents nor the
coordinator know the dynamics and aims to learn the model or optimal decision strategies from the
data.

We have observed that the limit problem introduced in Section 1.5 can be seen as a deterministic
centralized control problem. In particular, if the model is known, and once it is coordinated which
control strategy to follow, the agents do not need further communication or coordination to execute
the optimal control. Each agent can simply apply an open-loop policy using only their local state
information, and the mean-field term can be estimated perfectly, if every agent is following the same
policy. However, to estimate the deterministic mean-field flow p, the model must be known. For
problems where the model is not fully known, the open-loop policies will not be applicable.

Our goal in this section is to present various learning algorithms to learn the dynamics and cost
model of the control problem. We will first focus on the idealized scenario, where we assume that
there exist infinitely many agents on the team. For this case, we provide two methods; (i) the first
one where a coordinator has access to all information of every agent, and decides on the exploration
policy, and (ii) the second one where each agent learns the model on their own by tracking their local
state and the mean-field term. However, the agents need to coordinate for the exploration policy
through a common randomness variable to induce stochastic dynamics for better exploration. Next,
we study the realistic setting where the team has large but finitely many agents. For this case, we
only consider an independent learning method where the agents learn the model on their own using
their local information variables.

Before we present our learning algorithms, we note that the space P(X) is uncountable even
under the assumption that X is finite. Therefore, we will focus on finite representations of the cost
function ¢(x, u, 1) and the kernel 7 (-|z, u, ). In particular, we will try to learn the functions of the
following form

C(.CU, u, ,U’) = @'(I'x’u) (M)e(aj,u)

Tl u, ) = R, ) (1) Q) () (13)
where @, (1) = [@%x u)(u),...,q)‘(ix u)(,u)]T, for a set of linearly independent functions

@{x ) (n) = P(X) — R for each pair (z,u), for some d < oco. We assume that the basis func-
tions @, ,,)(x) are known and the goal is to learn the parameters 0, ,,) and Q ;. ,(-). We assume
O € RY and Q) (+) = [Q%I’u)(-), ce Q‘(i%u)(-)] is a vector of unknown signed measures on
X.

In what follows, we will assume that the basis functions, CIJ{I ) (+) are uniformly bounded. Note
that this is without loss of generality.

Assumption 2.1 We assume that
197, ()l < 1

for every (x,u) pair, and for all j € {1,...,d}.

13
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For the rest of the paper, we will use 6, ,) and 0(z,u) interchangeably; similarly we will use
Q(z,u) and Q(z, u) interchangeably.

Remark 4 We note that we do not assume that the model and the cost function have the linear
form given in (13). However, we will aim to learn and estimate models among the class of linear
Jfunctions presented in (13). We will later analyze error bounds for the case where the actual model
is not linear and thus the learned model does not perfectly match the true model and study the
performance loss when we apply policies that are learned for the linear model.

2.1 Coordinated Learning with Linear Function Approximation for Infinitely Many Players

In this section, we will consider an idealized scenario, where there are infinitely many agents, and a
coordinator learns the model by linear function approximation.

Data collection. For this section, we assume that there exists a training set 7" that consists of a time
sequence of length M. The training set is assumed to be coming from an arbitrary sequence of data.
The data at each time stage contains

z,u ,Xl,C([E , U 7/J'>7M

for all the agents present in the team, i € {1,...,V,...}, where the agents’ states are distributed
according to u at the given time step. That is, every data point includes the current state and action,
the one-step ahead state, the stage-wise cost realization, and the mean-field term for every agent.
Furthermore, we assume the ideal scenario where there are infinitely many agents. Hence, at every
time step, the coordinator has access to infinitely many data points where the spaces X, U are finite.
The coordinator then has access to infinitely many sample transitions observed under (z,u, ),
and thus, the kernel 7 (-|x, u, ;1) can be perfectly estimated for every x such that p(z) > 0 and
v(ulz) > 0, via empirical measures. Here, y represents the exploration policy of the agents. We
assume the following:

Assumption 2.2 For any x € X, the exploration policy for every agent puts positive probability on
to every control action such that

v(ulz) >0, forall (x,u) € X x U.

We define the following sets for which the model and the cost functions can be learned perfectly
within the training data: let z € X, we define

P,:={peT:pu(x)>0}. (14)

P, C P(X) denotes the set of probability measures which assign positive measure to a particular
state z € X that are also in the training data for the mean-field terms. In particular, for a given
(2, u) pair, the kernel 7 (+|z, u, 1) and the cost ¢(x, u, 1) can be learned perfectly for every p € P,
with Assumption 2.2.

For a given z € X, we denote by M, the number of mean-field terms within the set P, (see
(14)). For every (z,u) € X x U pair, the coordinator aims to find 6, ,,) and Q. ,,) such that

1 U
T
7j=1

2
C(:C, u, /‘Lj) - (I).(r,gu) (Mj)e(x,u)

14
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Tl 17) = By (113) Qs )|

is minimized.

The least squares linear models can be estimated in closed form for 6, ,,) and Q; ) (+) using
the training data. We define the following vector and matrices to present the closed form solution in
a more compact form: for each (z,u) € X x U we introduce b(,, .,y € RMz and diyu) € RMax X,

C(:L“,u, Ml) T(a:1|x,u,,u1) T(xQ‘xvuv Ml) s T(x‘XHfE)unul)
c(x,u, MQ) 7-(951|337U,M2) T(x2\$,u, M2) to T($‘XI|$7U,M2)
b(xvu) - : ? d(a:,u) = .
c(x,u, MM£> T(-%'”.%’,U,,LLMOC) T(ZB2’$,U, ,U'Mx) s T($|Xl|x7uaqu)
15)

Furthermore, we also define A, .,y € RA* Mz

Assuming that A, ) has linearly independent columns, i.e. ®(,, ,y(x;) and @, .,y (1) are linearly
independent for p1; # i, the estimates for 6, .,y and Q) can be written as follows

T ot
ﬂm@Z(A@mAmw> AP

Qo = (ALAen) AL dew: a7

Note that above, each row of Q) represents a signed measure on X.

2.2 Independent Learning with Linear Function Approximation for Infinitely Many Players

In this section, we will introduce a learning method where the agents perform independent learning
to some extent. Here, rather than using a training set, we will focus on an online learning algorithm
where at every time step, agent i observes x%, u’, X%, c(x%, u’, u), . That is, each agent has access
to their local state, action, cost realizations, one-step ahead state, and the mean-field term. However,
they do not have access to local information about the other agents.

We first argue that full decentralization is usually not possible in the context of learning either.
Recall that the mean-field flow is deterministic if every agent follows the same independently ran-
domized agent-level policy. Furthermore, the flow of the mean-field terms remains deterministic
even when the agents choose different exploration policies if the randomization is independent. To
see this, assume that each agent picks some policy 7, (du|x) randomly by choosing w € W from
some arbitrary distribution, where the mapping w — ,,(du|z) is predetermined. If the agents pick
w € W independently, the mean-field dynamics is given by

pesa () = [ Tl ) dufo) Pofd)n (o)

where P, (dw) is the distribution by which the agents perform their independent randomization
for the policy selection. Hence, the mean-field term dynamics follow a deterministic flow. Note

15
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that for the above example, for simplicity, we assume that the agents pick according to the same
distribution. In general, even if the agents follow different distributions for w € W, the dynamics
of the mean-field flow would remain deterministic according to a mixture distribution.

Deterministic behavior might cause poor exploration performance. There might be cases where
the mean-field flow gets stuck at a fixed distribution without learning or exploring the ‘important’
parts of the space P(X) sufficiently. To overcome this issue, and to make sure that the system is
stirred sufficiently well during the exploration, one option is to introduce a common randomness
for the selection of the exploration policies. In particular, each agent follows a randomized policy
~w(du|z) where the common randomness w € W is mutual information. Then the dynamics of the
mean-field flow can be written as

e () = Flpw) = / T (fe, e v sl e (d). (18)

The common noise variable ensures a level of coordination among the agents. However, this is
still a significant relaxation compared to full coordination where the agents share their full state or
control data. In this section, we show that agents can construct independent learning iterates that
converge by coordinating through an arbitrary common source of randomness.

We assume the following for the mean-field flow during the exploration:

Assumption 2.3 Consider the Markov chain {p}+ C P(X) whose dynamics are given by (18)
We assume that p has geometric ergodicity with a unique invariant probability measure P(-) €
P(P(X)) such that

|1Pr(p € ) = P()lrv < Kp'
for some K < oo and some p < 1.

Remark 5 We can establish some sufficient conditions on the transition kernel of the system to test
the ergodicity. We note that ((Hernandez-Lerma, 2012, p 56, 3.1.1)) a sufficient condition is the
following: there exists a mean-field state, say p* € P(X) such that

Pr <w : /T(-a:,u, 1) Yo (du|z) p(dr) = ,u*()) > 0, forall p € P(X). (19)

That is, we need to be able to find a set of common noise realizations whose induced randomized
exploration policies can take the state distribution to * independent of the starting distribution .

The assumption stated in this form indicates that the condition is of the stochastic reachability or
controllability type. It requires that from any initial distribution p, there exists a control policy that
can steer the distribution of the system to some target measure |*. We also note that the above can
be generalized to a k-step transition requirement. Analyzing this stochastic controllability behavior
for the mean field systems is beyond the scope of the current paper, however, we give some examples
in what follows.

We look further into (19). We fix some x1 € X, and we define the following values:

U(xvﬂ) = mBXT(SCﬂl‘,U,,U/)
L(z,p) = muinT(:cﬂx,u,,u).

16



LINEAR APPROXIMATIONS FOR MEAN-FIELD CONTROL

Note that * (1) is the average of the probabilities T (x1 |z, ) := [ T (x1|x, u, p) v (du|z) under
the measure | for the x values. Furthermore, by selecting an appropriate randomized policy, we
can control these values in the interval

I(w, 1) = [L(z, p), Uz, p)] -

Thus, if the intersection of these intervals is nonempty, i.e. if

1z, 1) #0 (20)

€z,

then one can set p* (1) to be a value in this intersection independent of . By doing this for all x4,
we can set a reachable 1* from any p € P(X). As a result, if (20) holds for every x1, then (19),
and thus Assumption 2.3 can be shown to hold.

A somewhat restrictive example for (20) is the following: assume that there exists a control
action uw* which can reset the state to some x* from any state x and any mean-field term p, that is

T(x* |z, u*, 1) = 1 forall z, .

This means that 1 € I(x, ) for all x, p when x1 = x*, and 0 € I(x, ) for all x, u when x1 # z*.
Hence, p11(+) = 04+ () can be reached from any starting point by applying the policy v(z) = u*
for all x. If this policy is among the set of exploration policies, the ergodicity assumption for the
mean-field flow would be satisfied.

We note again that a general result would require more in depth analysis, however, the above
gives some idea on the implications of this assumption on the controllability of the mean-field model.

We now define the trained measures, P, € P(P(X)) for each (x,u) pair based on the in-
variant measure for the mean-field flow. Under Assumption 2.2, that is assuming Pr(u|z) =
[ ~w(u|z) Py (dw) > 0 for all (x, u) pairs, we can write

Pr(z,u,p € A)

Pr(z,u)
_ fueA Ly Yo (u|@) Py (dw) () P(dp)
- fMEP(X) .y Yo (u]@) Py (dw) pu(x) P(dps)
fueA M(‘T)P(d”)

N Juepxy 1(@)P(dp) e o

Note that the trained sets of mean-field terms are independent of the control action u, as the explo-
ration policies are independent of the mean-field terms given the state . These sets have similar
implications as the sets defined in (14). In particular, they indicate for which mean-field terms, one
can estimate the kernel 7 (-|x, u, 1) and the cost function ¢(x, u, pt) via the training process.

We now summarize the algorithm used for each agent. We drop the dependence on agent identity
i, and summarize the steps for a generic agent. At every time step ¢, every agent performs the
following steps:

P(p € Alz,u) =

e Observe the common randomness w given by the coordinator, and pick an action such that
ut ~ Y (-|Tt)
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e Collect ¢, ug, T441, fit, ¢ where ¢ = (2, ug, fit)

e Forall (z,u) e X xU

9t+1($7 u) = et(x? U) + Oét(IE, u)‘I’(m, u, ,ut) [C - ‘I)T({E, u, :U't)gt(wa u)] (22)

e Note that the signed measure vector Q;(:|x, u) consists d signed measures defined on X, we
denote by Q] (, u) the vector values of Q;(z/|x,u) for #7 € X where j € {1...,|X]}. For
all (z,u)and j € {1...,|X]}

Qg+1($7 U’) = Qg(‘% u) + at(x7 u)<I>(a:, u, Mt) ]l{xt+1=zj} - <I)T(x7 u, Mt)Q‘z(«T, u) :
(23)

We next show that the above algorithm converges if the learning rates are chosen properly. To
show the convergence, we first present a convergence result for stochastic gradient descent algo-
rithms with quadratic cost, where the error is Markov and stationary. We note that similar results
have been established in the literature for the stochastic gradient iterations under Markovian noise
processes under various assumptions; however, verifying most of these assumptions, such as the
boundedness of the gradient, the boundedness of the iterates, or uniformly bounded variance, is not
straightforward. Hence, we provide a proof in the appendix for completeness.

Proposition 2.1 Let {S;} C $ denote a Markov chain with the invariant probability measure
7(-) where S is a standard Borel space. We assume that {S;} has geometric ergodicity such that
|Pr(S; € ) —w()|lrv < Kpt for some K < oo and some p < 1. Let g(s,v) be such that

g(s,0) = (k(s)Tv = h(s))’

for some k : 8 — R h: S — R and for v € R We assume that k, h are uniformly bounded. We
denote by

Gi(v) = E[g(St,v)]

G(v) = /g(s,v)w(ds).
Consider the iterations

Vi1 = vp — o Vg(Se, vy)

where the gradient is with respect to vy. If the learning rates are such that ), oy = oo and
>, a2 < oo with probability one, we then have that G¢(v¢) — min, G(v) = G(v*) almost surely.

Proof The proof can be found in Appendix A. |

Corollary 6 Let Assumption 2.3 and Assumption 2.2 hold and let the learning rates be chosen such
that a(x,w) = O unless (X, U) = (x,u). Furthermore, Y, i (z,u) = oo and >, o (z,u) < o0
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with probability one for all (z,u) € X x U. Then, the iterations given in (22) and (23) converge
with probability 1. Furthermore, the limit points, say 0* (z,u) and Q’(*x ) (+) are such that

0" (z,u) = argmin /| (@, u, 1) — BT (@, u, 1)0(2, w)|* Pp(dp)
0(z,u)eR4

Q" (x,u) = argmin / TGl . pr) — BT, ()Q ()| Po(dp)

QI (z,u)€R4

for every (x,u) pair and for every j, where Q7*(x,u) is the jth column on (z u)( ). Further-

more, P, (-) denotes the trained set based on the invariant measure of the mean-field flow under the
exploration policy with common randomness (see (21)).

Proof We define the following stopping times
Th1 = min{t > 74 : (X3, Up) = (z,u)}

such that 7y, indicates the k-th time the (x, u) pair is visited.

For the iterations (22), Proposition 2.1 applies such that for each (z,u), vy = 0, (v, u), k(u) =
®T(x,u,pn) and h(p) = c(z,u, ) and finally the noise process s, = pr,. Note that ® and c
are assumed to be uniformly bounded which also agrees with the assumptions in Propositions 2.1.
Furthermore, with the strong Markov property, 1.7, is also a Markov chain which is sampled when
the state-action pair is (x, u). Thus, the invariant measure for the sampled process is P, as defined
in (21).

For the iterations (23), Proposition 2.1 applies such that for each (z,u) and each j, v; =
QJ (x,u), k() = ®T(z,u,p) and h(p) = Lix,—gs}- We note that X1 = f(z,u,p,w) (see
(1)) where w 1is the i.i.d. noise for the dynamics of agents. Thus, the noise process for iterations
(23) can be taken to be the joint process (fi, wy) where 1 is an ergodic Markov process, and wy is
an i.i.d. process. In particular, for every (x,u) pair and for every 7, if we consider the expectation
over (u, w) where 1 ~ P,(+), we get

E []l{Xlzlj}] =FE []l{f(a:,u,mw):zj}} = /T($j|$aUyN)Paz(dﬂ)

for every 2/ € X.
The algorithm in (23) minimizes

/’]l{fxup,w) xi} ( )QJ x ’U,‘ P d:u) w(dw)

for each j where P, is the distribution of the noise term. We can then open up the above term to
write:

. ; 2
aQrg(ml?/ ‘]l{f(x,u,u,w):xf} - @;,U(M)QJ (:L', ’U,)‘ PCC(d/*L)Pw(dw)
J(x,u

= arg min/(]l{f(m,u,u,w)xj})Q - 2]1{f(x,u,u,w):xj}@;,u(”)Qj (l’, u)

Q/(zu)
+ (@] (1) Q7 (z, u))* Po(dp) P (dw)
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= arg i / 0 )y BT () QI (2 10) + (BT, (1) QI (2, 1)) Py (dpe) Py (do)

= argmin/—27( T, u, ) @L (1) Q7 (2, u) + (T, () Q (2, u))* Po(dp)
Q7 (z,u)

= argmin/(T(fjlx,u,M))Q =27 (27|, u, p) @ L, (1) Q (2, u) + (BT, (1) Q (2, u))* Po(dp)
Q/(z,u)

—argmin [ (T(e|o,u.0) ~ #1,(0Q (z, 0)” Puld).
QI (z,u)

Hence, the algorithm minimizes

/ (T (@1, 1)) — BT (1) Q) (2, w))* Po(dps)

for each j. |

2.3 Learning for Finitely Many Players

In this section, we will study the more realistic scenario in which the number of agents is large
but finite. The learning methods presented in the previous sections have focused on the ideal case
where the system has infinitely many players. Although the setting with the infinitely many agents
helps us to fix the ideas for the learning in the mean-field control setup, we should note that it is
only an artificial setup, and the infinite population setup is only used as an approximation for large
population control problems. Hence, we need to study the actual setup for which the limit problem
is argued to be a well approximation, that is the problem with very large but finitely many agents.

We will apply the independent learning algorithm presented for the infinite population case, and
study the performance of the learned solutions for the finitely many player setting. In particular, we
will assume that the agents follow the iterations given in (22) and (23). We note, however, that the
agents will not need to use common randomness during exploration as the flow of the mean-field
term is stochastic for finite populations without common randomness. The method remains valid
under common randomness as well; in fact, the common randomness, in general, encourages the
exploration of the state space. The method is identical to the one presented in Section 2.2. However,
we present the method again since it has some subtle differences.

At every time step ¢, agent ¢ performs the following steps:

e Pick an action such that u} ~ ~v(-|z%)
e Collect %, ui, xiﬂ, pd¥, e where ¢ = c(ai, ul, 1Y) and gy = pix,
e Forall (z,u) e X xU

et—l—l(xa u) = gt(xa u) + Oét(x, U)q’m,u(ﬂi\[) [C - q);,u(uiv)gt(xv u)] (24)

e Denoting by Q/ (z, u) the vector values of Q; (27 |z, u) forall 27 € X where j € {1...,[X|}.
Forall (z,u) and j € {1...,|X]}

QL. () = Qf (2, w) + ar, W)@ (1) Ly, oy — PLL()QY (@ w)]  25)
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Remark 7 We note that the iterates 0y and Q; depend on the agent identity i, in this case, as
each agent can learn the model independently. Moreover, the learning rates oy (x,w) and the basis
functions ®, ,, might depend on the agent identity as well. However, we omit the dependence in the
notation to reduce notational clutter.

Assumption 2.4 Under the exploration team policy v(-|x) = [y'(-|z'), ..., ¥V (-|zV)] T, the state
vector process Xy = |z}, . .., :L‘iv | of the agents is irreducible and aperiodic and in particular admits
a unique invariant measure, and thus the mean-field flow N = px, admits a unique invariant
measure, say PN (-) € Py (X), as well.

Remark 8 We note that a sufficient condition for the above assumption to hold is that there exists
some ' € X such that T (2'|z, u, MN) > € > 0 for any x,u and for any . In particular, this
implies that

r (X = [2', .. 2%t ) HZT g, u, pp )y (ula) > €V >0

=1 u

and thus (Hernandez-Lerma, 2012, p 56, 3.1.1) implies that the process X; is geometrically ergodic.

The next result shows the convergence of the algorithm. Similar to the previous section, we first
define the trained sets of mean-field terms for every (i, u) pair using the stationary distribution of the
mean-field terms. We assume that Assumption 2.2 holds for every policy +* such that v*(u|z) > 0
for every (x, u) pair. Denoting the invariant distribution of the joint state process by P(x), for some
pY € Pn(X), for agent 4, we can write

P(pN|(z', ') = (z,u)) = /GXN Pr(u"|x) P(x|(2",u') = (z,u))

SR CTIED)
- /xeXN ]l{uN*ux}p(xz =7, ul = U)P( x)

B Y (u2) 1 i)
B /XEXN M=o Z'(u!x) (2 = z) &)

_ L a—xiify
- /XEXN ]l{NN_Nx}P(:L-l _ x)P( X)

= P(pN[a’ = x) =: Py(u"). (26)

Note that the trained measure of mean-fields is independent of the control actions; however, it does
depend on the agent identity as the agents follow distinct exploration policies.

Corollary 9 Let Assumption 2.4 hold, and let Assumption 2.2 hold for each policy ~'. Assume
further that the learning rates of every agent satisfy the assumption of Corollary 6 such that
S au(m,u) = oo and Y, a(x,u) < oo with probability one for all (z,u) € X x U. Then,
the iterations given in (24) and (25) converge with probability one. Furthermore, for agent i, the

*

limit points, say 07, and Q. (+) are such that

0*(z,u) = argmin /| el u, ) — T (2, u, 1)0(z, u)|* Pi(du)
0(z,u)eR?
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Q" (z,u) = argmin / TGl s ) — BT (1) Q (, w) > P (dp)

QJ (z,u)€R

for every (x,u) pair and for every j, where Q7*(x,u) is the jth column of QZ‘m u)() Further-
more, Py(-) denotes the trained set based on the invariant measure of the mean-field flow under the
exploration policy with common randomness (see (26)).

Proof The proof is identical to the proof of Corollary 6, and is an application of Proposition 2.1.
The only difference is the ergodicity of the mean-field process x{¥, which does not require common
randomness for exploration policies. |

3. Uniform Error Bounds for Model Approximation

The learning methods we have presented in Section 2 minimize the Ly distance between the true
model and the linear approximate model, under the probability measure induced by the training
data. In particular, denoting the learned parameters for a fixed pair (z,u) € X x U by 0?:67“), and
QF )() we have that

(z,u

2
H(IU —argmm/‘ c(x,u, p) ( )( )0 (zuy| Prldp)
HeR?
: 2
Q" (xz,u) = argmin /’T |z, u, 1) (zu( 1)QY (z,u)| Py(du) (27)
Qi (z,u)ER?

for some probability measure P,(-) € P(X). The measure P,(-) depends on the learning method
used.

e For the coordinated learning methods presented in Section 2.1, P, (-) represents the empirical
distribution of the mean-field terms in the training data for which the state x has positive
measure (see (14)).

e For the individual learning method presented in Section 2.2 for infinite populations, P,(-)
represents the invariant measure of the mean-field flow under the randomized exploration
policies given the state x is observed. See (21).

e Finally, for the individual learning method for finite populations in Section 2.3, P, depends
on the agent identity 7, and thus denoted by P!. Similar to the infinite population setting, it
represents the invariant measure of the process jix, conditioned on the event (! = z), for
agent ¢ where X is the NV dimensional vector state of the team of NV agents. We note that each
agent might have different trained sets of mean-field terms in this setting, since the policies
may be distinct.

When the learned policy is executed, the flow of the mean-field is not guaranteed to stay in
the support of the training measure P, (). Hence, in what follows, we aim to generalize the Lo
performance of the learned models over the space P(X).

In what follows, we will sometimes refer to Py () as the training measure.
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3.1 Ideal Case: Perfectly Linear Model

If the cost and the kernel are fully linear for a given set of basis functions ®(, ,)(1) =
[@%%u) (1), ... <I>‘(1x7u) ()]T then the linear model can be learned perfectly. That is, for the given

basis functions ®(,, .,y (1), there exist 0 and Q7 (+) such that

— &HT *
C(J?, U, :U’) - Q(zﬂt) (/"L)e(x,u)

Tl up) =20, (1) Qg ()

The model can be learned perfectly with a coordinator under the method presented in Section 2.1 if

e the training set 7" is such that for each pair (x, u), there exist at least d different data points.
Furthermore, for a given data point of the form (2*, u’, X7, p1, ¢*)$°, the state-action distri-
bution for this point is such that Pr(z,u) > 0

e and if the basis functions ®,, ,,) (1) and ®, ,,) (1) are linearly independent for every u # '
that is if A ,, (see (2.1)) has independent columns.

For the independent learning methods given in Section 2.2 and Section 2.3, the learned model
will be the true model with no error if the iterations converge.

3.2 Nearly Linear Models

In this section, we provide a result that states that if the true model can be approximated € close to a
linear model, then the models learned with the least square method can approximate the true model
uniformly in the order of ¢ if the training set is informative enough.

The following assumption states that the true model is nearly linear.

Assumption 3.1 We assume the existence of 0 € RY and Q. () € R™IXI with the following
property: denoting by Q’ (z,u) € RY the jth column of Q.. (+), for some € > 0, and €; > 0
sup |T(J’x7 u, :u) - QL,U(M)Q]<‘T7 'U,)} < €j

Z,U, 1

sup |c(x’u7:u) - (I>9Tc,u(u) z,u()‘ <e (28)

Z,U, [

In particular, further assuming > € <6 the above implies that

HT('|$,U,M) - (I’;,u(#)Q(a:,u)()H < %

forall x,u, p.

We note that, in general, there is no guarantee that the learned dynamics constitute a proper
stochastic kernel. This can be guaranteed when the model is fully linear as discussed in Section 3.1
or when we consider a discretization based approximation as described in Section 3.3. However,
for general linear approximations, as in this section, we project the learned model q)gx,u) (M)Qa,u)
onto the set of probability measures P(X), i.e. the simplex over X.

In particular, we use the following notation:

é(xa u, :u') = {);,u (M)ezkx,u)
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T (-2, u, 1) := arg min [l — T , (1) QY ) ()] (29)
HEP(X)

where szx’u) and Qa’u) (+) denote the learned models based on the least square method, see (27).

Proposition 3.1 Let P,.(-) C P(P(X)) denote the training distribution of the mean-field terms for
the state x € X. Let Assumption 3.1 hold. For the estimate models, ¢(x,u, p) and T (-|x, u, p)
defined based on the least square method (see (29)), we have that

2\/&>

(@, u, 1) — (@, u, p)| < e (1 A, e

HT(-|x,u,,u) — f(\x,u,u)H <e <1 + Q;I/jin>

where A is the minimum eigenvalue of [ B(a,u) (,u)gbzx ) (1) Py (dp).
Proof We first note that since the learned 9& u) minimizes the Ly distance to the true model under
the training measure P, (28) implies that

_ 2

2
/P o |01 = B (06| Prld) < [ oo = @], 08| Put) < €

P(X)

In particular, via the triangle inequality (under the Ly norm) we also have that

2 2
Py(dp) < 4€%.

(I)T (:u)g_a:u - ‘I’T (:u)e*xu
/73'(X)‘ (z,u) (z,u) (z,u) (x,u)

‘We can further write that

T _ T *
/7>(x) )q’w) ()00 = B () ()0 ()
/ ], (1) (B — O )‘ZP(d )
= Sy [T e = O )| Falon

_ . T

2

>\min
2

2
Py(dp)

(au) ~ 9&,“))

> He_(x,u) -0

(z,u)

where Ay, is the minimum eigenvalue of [ B(a,u) (,u)gzﬁzx ) () Py (dp). Thus, we have that

2€
2 >\min .

Hg(:v,u) - efz,u)

Finally, using the triangle inequality with the fact that ¢(z, u, u) = ®% ,(u)07

(z,u)

|C(:E, u, :u) - é(l‘, u, #)‘ < ‘C(l‘a u, M) - @ZLU) (:u)e_(m,u) + ‘@'(I’Lu) (:u)g(z,u) - (I)I:,u(/‘)ea,u)
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26\/&

min

< €+ 119 ()2 || Uiy = 0,0,

<e+

where we used ||® ;. ) (12)[]2 < \/d since we assume that ||<I>Zm’u)

For the proof of the error bound of the estimate kernel ’7'(|:v, u, p1) we follow identical steps,
recalling that by construction (I'gx’u) (1)Q*7 (2, u) minimizes the Ly distance to 7 (j|z,u, 1) and
using Assumption 3.1, we write that

(1)]loo < 1 via Assumption 2.1.

_ . . _ . 2
Aoia [ 1) = Q) < [ ], (0@ (o) = @], ) (Q" o) Pala) < 46,

which yields

26j
Vv )\min

where Ay, is the minimum eigenvalue of [ @, ., (,u)égx ” () Py (dp).

||QJ(:L',’LL) - Q*’j(xau)”Q S

*

Since 7 (-], u, j1) is the projection of ®7 ., (1) Q () (+) onto the space of probability measures,
we have, by the definition of the projection, that

1Tl 1) = BT o (1) Q) O < NT Clazy s 1) = T L (1) Q0 (I

We then write the following using the triangle inequality

|7l ) = TClar )|

< |7 ¢k ) - @g,um)%,u)(-)\\ |1 0Q ) () = Ty, )|

< 2T (o) = @, (1)Q (]

< 2| T [ou ) - @, <>QM )+ 2|70 Qeay () = BT Q0 ()|
<e+Z\<I> WQ (z,u) — 1, (1) Q"™ (w,u)]

< e+Z 127 () 219 (@, u) = Qa0
Ve

)\mln

<e€

€, <e+2——
\Y man]

where we used ) ; € < € with Assumption 3.1. |

3.3 A Special Case: Linear Approximation via Discretization

In this section, we show that the discretization of the space P(X) can be seen as a particular case
of linear function approximation with a special class of basis functions. In particular, for this case,
we can analyze the error bounds of the learned policy with mild conditions on the model.
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Let {B;}¢, C P(X) be a disjoint set of quantization bins of P(X) such that UB; = P(X).
We define the basis functions for the linear approximation such that

®, () =15,()

for all (z,u) pairs. Note that in general the quantization bins, B;’s, can be chosen differently for
every (x,u); for the simplicity of the analysis, we will work with a discretization scheme which
is the same for every (z,u). An important property of the discretization is that the basis functions
form an orthonormal basis for any training measure P(-) with P(B;) > 0 for each quantization bin
B;. That is

/<<I>;Zt,u( ) ;L’u >P d,u _]l{z j}

for every (z, u) pair. This property allows us to analyze the uniform error bounds of the discretiza-
tion method more directly.
The linear fitted model (see (27) with the chosen basis functions becomes

i g, c(@,u, p) P(du)
(o) = P(B;)
; T, U d
U= — |p(3:) ) (30)

In words, the learned coefficients are the averages of cost and transition realizations from the training
set of the corresponding quantization bin.
The following then is an immediate result of Assumption 1.1.

Proposition 3.2 Let 0, = [0} ..., 0% ,]T and Quu(-) = [QL,(),.... Q% ()] be given by

(30). If the training measure P( ) is such that P (B;) > 0 for each quantization bin B;, under
Assumption 1.1, we then have that

.'L’U

HT('|$7%M) - x,u( Qx,uH < K¢L

|c(z, u, 1) — B Iu’ < K.L

where L is the largest diameter of the quantizations bins such that

L=max sup |u—u].
p' €B;

4. Error Analysis for Control with Misspecified Models

In the previous section, we have studied the uniform mismatch bounds of the learned models. In
this section, we will focus on what happens if the controllers designed for the linear estimates are
used for the true dynamics. We will provide error bounds for the performance loss of the control
designed for a possibly missepecified model.

We will analyze the infinite population and the finite population settings separately. We note that
some of the following results (e.g. Lemma 16) have been studied in the literature to establish the
connection between the NV-agent control problems and the limit mean-field control problem without
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the model mismatch aspect. That is, existing results study what happens if one uses the infinite
population solution for the finite population control problem with perfectly known dynamics (see
e.g. Motte and Pham (2023); Béuerle (2023); Motte and Pham (2022)). However, we present the
proof of every result for completeness and because of the connections in the analysis we follow
throughout the paper. Furthermore, the existing results are often stated under slightly different
assumptions and settings such as being stated only for closed loop policies, or only for policies that
are open loop in the sense that they are measurable with respect to the noise process.

4.1 Error Bounds for Infinitely Many Agents

As we have observed in Example 2, even when agents agree on the model knowledge, without
coordination on which policy to follow, the optimality may not be achieved. Therefore, we assume
that after the learning period, the team of agents collectively agrees on the cost and transition models
given by é(z, u, s1) and T (-|z, u, ;1) and designs policies for this model. We will assume that

|C(ac,u,,u) - é(l’,u, /’L)’ < A
| TGl ) = Ty, )| < A (3D

for some A < oo and for all x, u, u. That is X represents the uniform model mismatch constant.
We will consider two different cases for the execution of the designed control.

e Closed loop control: The team decides on a policy g : P(X) — T, and uses their local states
and the mean-field term to apply the policy §. That is, an agent ¢ observes the mean-field
term j1¢, chooses §(u¢) = A(+|2, ) and applies their control action according to 4(-|x?, 1)
with the local state 2*. The important distinction is that the mean-field term s is observed by
every agent, and they decide on their agent-level policies with the observed mean-field term.
Hence, we refer to this execution method to be the closed loop method since the mean-field
term is given as a feedback variable.

e Open loop control: We have argued earlier that the flow of the mean-field term p; is deter-
ministic for the infinitely many agent case, see (11). In particular, the mean-field term p;
can be estimated with the model information. Hence, for this case, we will assume that the
agents only observe their local states, and estimates the mean-field term independent instead
of observing it. That is, an agent ¢ estimates the mean-field term /i, and applies their con-
trol action according to 4(-|z*, ji;) with the local state z*. Note that if the model dynamics
were perfectly known, this estimate would coincide with the true flow of the mean-field term.
However, when the model is misspecified, the estimate fi; and the correct mean-field term
will deviate from each other, and we will need to study the effects of this deviation on the
control performance, in addition to the incorrect computation of the control policy.

In what follows, previously introduced constants K., Ky and 67 will be used often. We refer
the reader to Assumption 1.1 for K., Ky, and equation (6) for d7.

For the results in this section, we will require that 3K < 1 where K = K + d7. We note that
this assumption is needed to show the Lipschitz continuity of the value function K g (1) with respect
to u. The following provides an example where this bound is not satisfied, and the value function is
not Lipschitz continuous.
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Example 3 Consider a control-free (without loss of optimality) dynamics, with a binary state space
X = {0, 1}. We assume that

T(0la, ) = u(0)

that is, the state process moves to 0 with probability 11(0)? independent of the value of the state at the
current step. We first notice that || — (/|| = | (0) — i/ (0)| for the binary state space. Furthermore,
we note that this kernel is Lipschitz continuous in (1 with Lipschitz constant 2, that is Ky = 2. To
see this, consider the following for p, ' € P(X)

1T Cla, ) = Tl )|l = % (ITOlz, 1) = T(Olz, )| + |T Uz, ) = T (L, 1))

= [1(0)* — ' (0)] = |u(0) — ' (0)] x |1(0) + 1'(0)] < 2[p(0) — w'(0)] = 2 pa(-) — ' ()|

where we used the bound that |11(0) + ' (0)| < 2 which is the minimal uniform upper bound for all
s -

Hence, the kernel is Lipschitz continuous with constant 2. Furthermore, since the dynamics do
not depend x and u, we have that 7 = 0, and thus K = Ky + o7 = 2.

The stage-wise cost is given by c(u) = u(0). We consider Lipschitz continuity of the value
Sfunction around 1(0) = 1 ,i.e. around p = 0. Note that for some initial distribution 119(0) = a,
one can iteratively show that

t
14(0) = a?.
Hence, we can write the value function as
x
t
Ks(a) =) B'a®.
t=0

To show that this function is not Lipschitz continuous, we consider two points a,b € [0, 1], without
loss of generality assume that a > b:

Kﬁ(a) - Kﬁ(b) _ Zfio Bt(CLQt - th) _ i5t2t02t—1
t=0

a—2> a—2>

t
a2—

t
for some ¢ € [a,b] where we used the mean value theorem for aﬁf . We can see that the above
cannot be bounded uniformly when c is around 1 if § > 1/2, i.e. if BK > 1. This implies that the
value function cannot be Lipschitz continuous if BK > 1.

4.1.1 ERROR BOUNDS FOR CLOSED LoOP CONTROL

We assume that the agents calculate an optimal policy, say g, for the incorrect model (T and é), and
observe the correct mean-field term say i, at every time step ¢. The agents then use

G(e) = A (|, g 32)

to select their control actions u; at time t.
We denote the accumulated cost under this policy g by Kg(t0, ), and we will compare this
with the optimal cost that can be achieved, which is K'; (o) for some initial distribution gg.
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Theorem 10 Consider the closed loop policy § in (32) designed for an estimate model T, ¢ which
satisfies (31) for the infinite population dynamics. Under Assumption 1.1, if BK < 1

(BC — BK +1)

(1- (1 - BK)

Kp(po, g) — Kjz(po) < 2X

where K = (K¢ + 6r) and C = (||c[|cc + K¢).

Proof We start with the following upper-bound
Kis(1,9) = K3(1) < [ K1) = Kap)| + [ Kis() = K1) (33)

where K 5(1e) denotes the optimal value function for the mismatched model. We have an upper-
bound for the second term by Lemma 12. We write the following Bellman equations for the first
term:

Kp(p,9) = k(p, ) + BKp (F (1, %), 9)
Ra() = k(,3) + BKs (F(1,9))

We can then write

Kp(p.9) = Ka()| < [k(n.5
+ B |Kp (F(1,%), 9) — K (F(p,9))
+ 8| K (F(.9) - K (F(n. )|
(F(1,9)
(

+ B |Kj

+ B K}

We note that ‘k:(u, 3) — k(u, &)‘ < Xand | F(1,%) — F(p,4)|| < A. Using Lemma 12 for the third

and the last terms above, we get
K (,4) — Ka()| < A+ Bsup |[Ks(1n,8) ~ Kol
o

BC —BK +1
(1-p)(1-PFK)
Rearranging the terms and taking the supremum on the left hand side over u € P(X), and noting
that || K[| ip < ﬁ we can then write

+%ﬁ< >+MM%mM.

o \ BC — BK +1 pC
Kﬂﬂﬂ)—KbWHEEQ_ﬁg<1+25(ﬂ—5ﬂ1—ﬁkj>+(1—ﬁKi>
:A(u+mw0—ﬁK+U>
(1-8)*(1 - BK)

Combining this bound, and Lemma 12 with (33), we can conclude the proof.
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4.1.2 ERROR BOUNDS FOR OPEN LOOP CONTROL

We assume that the agents calculate an optimal policy, say ¢ for the incorrect model, and estimate
the mean-field flow under the incorrect model with the policy g. That is, at every time step ¢, the
agents use

Q(ﬂt) = ”?(‘\wtyﬂt) (34)
to select their control actions w; at time ¢. Furthermore, fi; is estimated with
A () = TClw,u, i) 3(dula, i) fu(de) (35)

where 7 is the learned and possibly incorrect model. We are then interested in the optimality gap
given by

Kp(po, 9) — Kj(po)

where K 5(p0, §) denotes the accumulated cost when the agents follow the open loop policy §(fi:) =
A(-|z, 1) at every time t. We note that the distinction from the closed loop control is that /i is not
observed but estimated using the model 7.

Theorem 11 Consider the open loop policy g in (32) which is designed for an estimate model that
satisfies (31) for the infinite population dynamics. Under Assumption 1.1, if 6K < 1,

BC - K)+1
(1-58)(1 - BK)

for any o € P(X) where C = ||c||oc + Kcand K = Ky + d7.

K0, 9) — K (110) < 27

Proof We start with the following upper-bound

Kp(po, §) — Kj(o) ’Kﬁ (10, ) — Ks(po) ’Jr ‘KB (10) Kg(uo)‘ (36)

We have an upper-bound for the second term by Lemma 12. We now focus on the first term:

Kp(po,§) — Ko ) Zﬁ ‘k D) umt)‘

where we write 44 := 4(-|x, fi¢), and i} denotes the measure flow under the true dynamics with the
incorrect policy 4, that is

Mooy = B4, ) = / T (o, 1) dul, o)t (de).

‘We next claim that

t—1

it — Al < XD (00 + Kp)™
n=0
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We show this by induction. For ¢ = 1, we have that

i = gl = | [ Tl o)ttt popole) ~ [ Tl o)ttt oot

<A

We now assume that the claim is true for ¢:

s = fiesa | = H [Tl Al o) — [ Tl 3l o)
H [Tl sl ) — [ T e, i)

n H [Tl i3l i) — [ T i ks )

T Clasu, 1) = TCla s )|

< b7y — ful) + sup

T,u

< vl = jull + sup | T, i) = TClar )|

Tl ) = T Loy, )|

+ sup

T

< (01 + Ky)llpe — fuel| + X
t—1

((5T+Kf/\z or + Kp)" + X = )\Z or + Kp)".

where we used the induction argument at the last inequality. We now go back to:
‘KB(MO, 9) — KB Ho ‘ Zﬁt‘k D)) Ht,%)‘

For the term inside the summation, we write
k(ﬂ;:a”?t) - ]%(/lt,;}/t)‘ = ’/C<$vua M;)’?(dumﬂt)ﬂé(diﬁ) - /é(w7u’l[lt):)/(du‘x7ﬂt)ﬂt(dw)
\ [ s sistaule, jonitan) — [ eGe.uiyidule il

T \ [ ety ointda) — [ e usprtdule, )it

< Nellellih = il + sup e, ) — (e, )|

< HCHOOH:ut - ,UtH + Sup }C x?“?:ut) - C(x,u,ﬂt)
+sup |c(z, u, fir) — &(@, u, )]
x,u

< (lelloo + Kol — fuell + A
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Using this bound, we finalize our argument. In the following we denote by K := (K; + dr) and
C = (||¢]|oo + K) to conclude:

K5 (110,9) — Ks(o)| < 3 B [k(st, 30) — B, )
t=0

o0 ) R A
chﬁt\ﬂt—utu“‘l_ﬂ
o) t—1 o)

" n A 11— Kt A
gm;ﬁnzof( +1—ﬁ_0)‘;ﬁl—K+1—6
B CA B CA n A
- (1-p01-K) (1-K)(1-8K) 1-8
_ C)\3 . A :)\B(C—K)+1

1-pA-8K) 1-5 ~(1-p8)01-BK)
This is the bound for the first term in (36), combining this with the upper-bound on the second term
in (36) by Lemma 12, we can complete the proof. |

Lemma 12 Under Assumption 1.1, if BK < 1
pC — BK +1 )

Kp(po) — K5(po ‘S)\<
) = B30l =AM =g )
for any initial distribution p1o € P(X) where C = ||c||oo + K. and K = K¢ + 7.
Proof The proof can be found in the appendix B. |

4.2 Error Bounds for Finitely Many Agents

We introduce the following constant to denote the expected distance of an empirical measure to its
true distribution:

My := sup E [H,uN — MH] 37)
peP(X)

My = sup E[[|p" = pul] (38)
peP(XxU)

where 1V is an empirical measure of the distribution 1, and the expectation is with respect to the
randomness over the realizations of p'.

Remark 13 We note that the constants can be bounded in terms of the population size N. In
particular, for the finite space X and U

K
My < ——
N=UN

where K < oo in general depends on the underlying space X (or the space X x U for My).

Furthermore, for continuous state and action spaces, e.g. for X C RY, the empirical error term is
-1

in the order of O(N 2d ).
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4.2.1 ERROR BOUNDS FOR OPEN LOoOP CONTROL

In this section, we will study the case where each agent in an /N-agent control system follows the
open-loop control given by the solution of the infinite population control problem with mismatched
model estimation. We summarize this for some agent ¢ as follows:

e Collectively agree on a policy g as in (34) according to the agreed upon estimate model
T, ¢ that satisfies (31). Note that this policy is an optimal policy for the infinite population
dynamics under the estimate model.

e Estimate the mean-field term ji; at time ¢ according to (35) using the approximate model T
e Find the randomized agent level policy 4 using §(ji;) = 5(-|x%, fir)
e Observe local state x%, and apply action u} ~ 4(-|xi, fis).

If every agent follows this policy, we have the following upperbound for the performance loss
compared to the optimal value of the /V-population control problem,

Theorem 14 Under Assumption 1.1, if each agent follows the steps summarized above, we then
have that

BC — BK +1 48C

M .
o) )
where C = (||c||oo + K¢), and K = (K + 67).

K3 3) - K ) < 2

Proof For some jig = fig = fixg = "

N N,* ~ ok ok *
K5, 3) = KN ) <[ KY (6, 5) = By (™) + [B3 (™) = K5 (™)
* N %
K5 = K ™))

The second term above is bounded by Lemma 12, the last term is bounded by Lemma 16, finally
for the first term we have

K5 0.4) — R54)] < 3 0F [ Ky 3) — i, )|

t=0

For the term inside of the expectation, we have
‘ ,Uxt,'}/ k(:utv )’

\ [ sl s ) — [ o) ke, )l

<A+ CHIU’Xt - :U’t”

where C' = (||¢||oo + K¢). We can then write

‘KéV(MN,&)—f{g(MN)( giﬁtEHk(MxM) k(s 3 )H

t=0
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o0

Z A+ CE[l|px, — fuell])

[e'e] t—1
<173 A +CY B K"(A +2My)
t=0 n=0
A N BC(\+ 2My)
S 1-4 0 (1-p)(1-BK)
- pC - BK +1 28C
‘A(u—ﬁ)(l—/ﬁff))+MN<1—/3><1—/3K>'

where we have used Lemma 15 which is presented below. |

Lemma 15 Let 2} be the state of the agent i at time t when each agent follows the open-loop policy
4(-|xt, fi) in an N-agent control dynamics. We denote by x; the vector of the states of N agents at
time t. Under Assumption 1.1, we then have that

t—1

E (||, — full] <> K™(A+2My)
n=0

where K = Ky + 0y, and where the expectation is with respect to the random dynamics of the N
player control system.

Proof The proof can be found in Appendix C. |

Lemma 16 Under Assumption 1.1,
26C
(1-p)(1-pK)

where C = (||c||oo + K.) and K = (K + 0r), for any pV € Pn(X) C P(X) that is for any p¥
that can be achieved with an empirical distribution of N agents.

K5 (uN) = K5(u™)| <

5 My

Proof The proof can be found in the appendix D. |

4.2.2 ERROR BOUNDS FOR CLOSED LOOP CONTROL

In this section, we will assume that the agents find and agree on an optimal policy for the control
problem using the agreed-upon mismatched model ¢, 7 with infinite agent dynamics. However,
unlike open-loop control, to execute this policy, they observe the empirical state distribution of the
team of N-agents, say )" at time ¢ and apply 4(-|z, 12 ). We summarize the application of this
policy as follows:

e Collectively agree on a policy ¢ as in (32) according to the agreed upon estimate model
T, ¢ that satisfies (31). Note that this policy is an optimal policy for the infinite population
dynamics under the estimate model.
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e Observe the correct mean-field term fu;.
e Find the randomized agent level policy 4 using §(u;) = 5(-|xi, pr)
e Observe local state ¢, and apply action u} ~ (-|z%, u1¢).

We denote the incurred cost under this policy by K év (1Y, 4) for some initial state distribution
N
w.

Theorem 17 Under Assumption 1.1, if each agent follows the steps summarized above, we then
have that

) . 2(8C — BK + 1) 48C
KA = K500 <0G =) MY TR0 )

where K = (K¢ + 6r) and C = (||c[|cc + K¢).

Proof The proof follows very similar steps to the results we have proved earlier. For some fi9 =

fo = fixg = pi

K5 ,3) = KN ) <[ KY (6N, 5) = Ba(u™)| + [Ka(u™) = K3(u™)
+ | K ™) = K5 ). (39)

The second term above is bounded by Lemma 12, the last term is bounded by Lemma 16. For the
first term we write the Bellman equations:

RS (Y.3) = k) + 8 [ KY G Al ¥, 9)
Ka(u™) = k(u™,3) + BKs (P(u™, 7)) -
‘We can then write
KN (™, 3) = Ky(u™)| < [, 3) = ke, 5)]
+5/ ’Kév(uivﬁ) - f(ﬁ(uiv)‘ n(dpd [N, 4)
48 [ Ratud) ~ Ko (P, ) [ntaud 10, 5)
<A+ up ‘Kév(uﬁ) — Kﬁ(ﬂ)‘

pC — K +1 )
(1-5)(1-BK)

48 [ [R50 - K5 (P 9) [niand 16, 5)

+297

Using almost identical arguments that we have used in the proof of Lemma 16 and Lemma 15, we
can bound the last term as

8 [ s - K5 (PG 0) ntand 1. 5)
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< BIIK5] Lip (MN + 07 My + N)

Re arranging the terms and noting that || K[| iy < ﬁ we can write that

o7 26C (1+5)(BC - BK +1)
sup K5 (1,%) — K <M NpY
ey K5 ) = a0} = MN 51— 5 (1-B)*(1 - BK)
Combining this bound with (39), one can show that
2(BC — BK + 1) 45C

KN (uN,4) = K5 (u) < A

(1-5)*(1 - BK) (1-p)(1 - FK)

5. Numerical Study

We now present a numerical example to verify the results we have established in the earlier sections.

We consider a multi-agent taxi service model where each agent represents a taxi. The state and
action spaces are binary such that X = U = {0, 1}. We assume that at any given time a given zone
is in either a surge or a non-surge mode. The state variable X represents the location of the agent i

e X} =0 — agent is in a surge zone (high demand)
° XL%' = 1 — agent is in a non-surge zone (low demand)
The action variable represents the movement decisions:
e U} = 0 — remains where they are
e U} =1 — relocates to another area.
The cost structure is defined as follows:
e If an agent is in a non-surge zone (X; = 1), they incur a cost S due to lost earnings
e If an agent relocates (U} = 1), they receive a cost R, for movement expenses.

e Furthermore, to encourage a balanced distribution, we penalize deviations from 40%-60%
distribution by introducing a cost 10 x (p(0) — 0.4)% where 1(0) is the fraction of agents in
the surge zones.

For the dynamics, we assume that a non-surge area has a fixed probability 0.2 of becoming
a surge area in the next time step. Furthermore, we assume that a surge area has a probability
0.7 x 1(0) + 0.2 of becoming a non-surge area, indicating that as more drivers there are in a surge
area (11(0) is high), the likelihood of it remaining a surge zone decreases (due to increased supply).
This then defines the transition probabilities as follows:

Pr(X;,, =1X; =0,Uf =0,u) = 0.7 x u(0) +0.2
Pr(X; ., =1X;=0,U =1,u) =0.8
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Pr(Xj, =1X;=1,U/=0,u) =038
Pr(X;, =1X;=1,Uf =1,u) = 0.7 x u(0) + 0.2

We set the parameters as R =1, S = 7and 5 = 0.7.

Near optimality of learned models and infinite population approximations. Figure 1 shows the
value loss for different values of the number of agents in the system. We graph the loss functions
under 3 settings:

e The optimal policy for the infinite population model with perfect knowledge of transition
dynamics and costs.

e The estimate policy for the infinite population model, where the transition-cost function is
learned using discretization basis functions based on the discretization of the measure space
P(X) into 6 subsets (see Section 3.3).

e The estimate policy for the infinite population model, where the transition-cost function is
learned using a class of basis functions:

(1) = [L, 1(0), 1(0)?, 1(0)%, sin((0)), cos(p(0))].

Note that the cost and the transitions are perfectly linear under the basis functions
[1, 1(0), 11(0)?].

For the loss, we compare the value of the learned approximate policy with the optimal value in
an infinite population environment. Furthermore, we assume that the initial distribution is pg =
1/260 + 1/20;.

In the figure, we also plot a scaled \/% line which represents the decay rate of the empirical
consistency term My defined in (37). As verified by the results, the loss in all cases decays at a rate
similar to ﬁ

We also observe that the policies for the learned model with polynomial basis functions perform
as well as the policies under perfect model knowledge, which is expected as the model is perfectly
linear for these basis functions.

For the learned model under discretization, there is a small performance gap, which is also

expected since the model is not perfectly linear under discretization basis functions. Thus, the
learned model does not perfectly match the true model under discretization.
Lack of exploration without common randomness. Another significant observation from the
previous sections about the exploration is also verified in this numerical study. In particular, when
agents perform learning individually, we observe that the mean-field term tends to get stuck in
certain regions without common randomness. However, if agents choose their actions based on a
common randomness, then exploration becomes more efficient as seen in Figure 2. In the right
graph, the agents follow a policy of the form ~!(-|x, w") where w’ is an i.i.d. noise term that is
independent across the agents which results in a deterministic flow of the mean-field term, and
results in poor exploration. In the graph on the left, the agents follow exploration policies of the
form (|2, w") where w" is a common noise that is shared by all agents. As a result, the flow of
the mean-field term becomes stochastic and a better exploration is observed.
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Comparison of Values vs. sqrt(1/N) Rate
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Figure 1: Value comparison under different policies.
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Figure 2: Learned regions with and without common noise.

6. Conclusion

We have studied model-based learning methods for mean-field control problems using linear func-
tion approximations, focusing on both fully coordinated and independent learning approaches. We
have observed that full decentralization is generally not possible even when the agents agree on a
common model. For the independent learning method, although agents do not need to share their
local state information for the convergence, a certain level of coordination is inevitable especially
for the exploration phase of the control problem which is done using a common noise process. For
the learned models, we have provided error analysis which stems from two main sources (i) mod-

eling mismatch due to linear function approximation, (ii) error arising from the infinite population
approximation.

We have observed that the exploration is a key challenge in the learning of mean-field control
systems. The analysis in the paper suggests that the stochastic controllability of the mean-field
systems is closely related to the exploration problem. A natural future direction is then to further
analysis of the controllability and exploration properties of the mean-field control system.
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Appendix A. Proof of Proposition 2.1

Step 1. We first show that E [||v; — v*||?] remains uniformly bounded over ¢. We write
lvern = v [P < floe = 0% |12 = 206(V g (50, v0), v — 0%) + @GV ?g(s4,01) (40)
For E[V2g(s,v)] we have that

E[V?g(st,v)] = E |:’2k(8t)(k(5t)TUt - h(St))ﬂ < KB [2][k(s0)[*|lve]l* + 2[[A(s0) 7]
< KE [Juel® +1] < K (E [[lor = o"[*] + 1)

where the generic constant KX < oo may represent different values at different steps. Denoting by
Ay := E [||v; — v*||?], if we take the expectation on both sides of (40) we can write

At+1 S At — 20[tE [<Vg(3t, Ut),Ut — U*>] + Oé%KAt + a?K
< Ay — 204 E [g(s,v1) — g(s,v)] + 2 KAy + ol K 41)

where at the last step we used the convexity of g(s¢,v;) for every s;. We now introduce §; which
are independent over ¢ and each §; is distributed according to 7(-). For the middle term above we
write

=204 E [g(s1,v) — g(5¢,v")] = — 204 B [(9(5¢,ve) — g(5¢,vt))]
—20¢E [(g(8t,ve) — g(8¢,v7))]
—20¢E [(g(8¢,v") — g(s¢,0"))] (42)

where the expectation is with respect to the independent coupling between s;, ;.
We denote by

bt = =2, E [(g(st,ve) — 9(51,01))]
b; = =20, E [(9(3¢,v¢) — g(31,0"))]
b = =20, E [(g(8¢,v") — g(s¢,v"))].

For b}, we consider its absolute value to and write

b < 200 [|g(s,v1) — (31, v0) ]

<204 E [|(k(se)Tor — h(s1))? — (k(5¢)Tor — h(8))?|]

<20 E[|(k(st)T — k(8)T) ve| [(k(s0)T + k(8¢)T) ve — h(st) — h(3t)]]
<204 B [(2]|Elos Ik (5) — k(o) llloell” + 2[[hlloo 1k (se) — k(3e) | lvell) ]
<20, KE[||k(s) — k(3] E [lvel®] + 20 K E [K|[k(s¢) — k(30)|[] E [||ve]
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<20, KE [||k(s:) — kG| E [[lve — v*])?] (43)

where we used generic constant K < oo for the above analysis that might have different values
at different steps. Furthermore, we used the inequality [v¢||? < 2|jv; — v*||? + 2|[v*]|?. We also
assume that ||vs|| > 1 to use ||vg]| < ||v¢]|%, note that this is without loss of generality as we are
trying to show that E||v; — v*||? is bounded, and for ||v| < 1, the boundedness is immediate. For
the following analysis, we will denote by

e 1= E[[|k(st) — k(50)]]] -
We now consider the series Zfi 1 aeq. Since sy is ergodic with a geometric rate with invariant
measure 7(-) and §; ~ 7 (-), we have that

o0
Z Qpep < 00 (44)
t=1

We now go back to (41)

App1 < Ay — 204 F [g(sg,v¢) — g(s,0")] + a2 K Ay + 02 K
< Ap+ b 024U+ ol K Ay
< Ap 4 20 K e Ay + 205 K ep + b2 + 03 + a2 KA + o2 K
< (14204 Kep + a2 K) Ay 4+ b2 + b5 + o2 K.

For the following we denote by
ct = (1+ 20 Ke; + aiK)
Note that one can show the infinite product [ [;2, ¢; converges if and only if the sum
[ee]
Z 200 K ey + a? K
t=1

converges. We have shown that the sum )~ a¢€; is convergent due to geometric ergodicity, and
we also have that a7 is summable. Thus, we write

00
HCt <C
t=1

for some C' < co. One can then iteratively show that

t t
A1 < [ endo+CD (02 + 5 + 0 K)

n=1 n=1

<CAy+C

t
n=

(b2 +b +alK).
1
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Consider b2 = —20,E [g(3n,v) — g(85,v%)]; since 8 ~ =(-) for all ¢, and since v* =
argmin, G(v) = argmin, [ g(s,v)m(ds), b2 < 0 for all n. Thus, we can simply remove b2
terms to get a further upperbound. For b3, we have that

oo o
DB <> 200 [g(8e, v%) = glsi,v7)| < o0

n=1 t=1
using an identical argument we used to show »  aye; < oo. In particular,
t
lim A, < lim CAo + CZI (b3 + a2K) < 0o
n=

which shows that E|v; — v*||? is bounded uniformly over ¢, which also implies that E|v||? is
bounded.

Step 2. Now we have the boundedness, we go back to (41); using the bound on A; (only for the
second A; in (41)), and summing over the terms, we can write

N N N
Any1— Ao < Z (A1 — Ap) < Z =20 E [g(s¢,v¢) — g(st,v")] + Z@%K
t=1 t=1 t=1
again using the boundedness of A;, and the fact that ) _,°, a? < oo and sending N — oo, we get
oo
E ZQat (g(st,ve) — g(se,0"))| < o0
t=1

We now introduce $; which are independent over ¢ and each $; is distributed according to 7 (-). We
then write

E Z 20 (g(st,v1) — g(8¢,v1))
t=1

by
[ o0
+ B> 200 (g(81,v1) — g(81,0%))
=1 ¢
[ o
+ F ZZat (g(8¢,v™) — g(s,v")) | < o0 (45)
=1
L b}

where we overwrite the definitions of b}, b7, and b} (only changing the signs of these terms, see
(42)).

Recall the analysis for b} in (43), together with the uniform boundedness of A; = E ||v; — v*[|?]
over t, we can write that

E

) |b%y] < 3 20 KE [[lk(s) — k(3] < o
t=1

t=1
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where we exchange the sum and expectation with monotone convergence theorem, and where the
last step follows from what we have shown in (44).

For the last term similarly, we have that E [y "2, b?] < oo, from (44), since s; is geometrically
ergodic with invariant measure 7 and §; ~ 7(+) and v* is fixed.

Going back to (45), now that we have shown the last and the first terms are finite, we can write

E

o0

> 204 (9(3e,v1) — g(5, U*))] < 0.

t=1

Since $; is i.i.d and distributed according to 7(-), the above also implies that

E

< 0

> 204 (Gur) = G(v"))
t=1

which in turn implies that

almost surely. Furthermore, since o4 is not summable, and (G(v;) — G(v*)) > 0 (as v* achieves
the minimum of G(v)), we must have that

G(v¢) — G(v*), almost surely.

Appendix B. Proof of Lemma 12
We begin the proof by writing the Bellman equations

Ka(p) = k(11,%) + BK3(F (11, %))
Ks(p) = k(p,v) + BK5(F (1, 7))

where 4 and y are optimal agent-level policies that achieves the minimum at the right hand side of
the Bellman equations respectively. We can use then use the same agent level policies by exchanging
them to get the following upper-bound

Ky(p) — KE(M)‘ < k(1) = k()| + B ‘ffﬁ(ﬁ(uw)) - KE(F(H»V))‘
< [k, ) = k()| + B | Ka(F(u,7)) - KE(F(%’Y))‘ +8 ‘KE(F(M77)) - KE(F(M,’Y))’

< At Bsup | Kp) = K5(00)] + SIS il F(1,7) = F, )| (46)

We have that

Flur) — Flu )] < H [ TGl b)) — [T il utie)

<A
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Hence, by rearranging the terms in (46), we can write

Ka(p) — K5(p)| < (1 + Bl Ksll Lip) -

A
1-5
Finally, a slight modification of (Bayraktar et al., 2025, Lemma 6) for finite X, U can be used to
show that
C
K* R
163l < =57

which completes the proof that

IA{B(U)_KE(M)‘S)\< pC — BK +1 )

(1-p)(1 - FK)

Appendix C. Proof of Lemma 15

We use the notation py = px, for the following analysis. Note that with stochastic realization
results, there exists a random variable v; uniformly distributed on [0, 1], and a measurable function
4 such that

@(x’vt)

has the same distribution as 4(-|x, /i), where we overwrite the notation for simplicity. Let X; denote
a vector of size IV state variables that are distributed according to fis, i.e. X; = [&},...,2]] such
that #¢ ~ ji; for all i € {1,..., N}. Furthermore, let v; denote a vector of size N where each
element is independent and distributed according to the law of v,. We then study the following

conditional expected difference:

E [H“Xtﬂ - [‘Hlm =FE [E [H'uxt-H - ﬂt“” |Xt’it>vt“ :

Let wy denote the vector of size NV for the noise variables of the agents at time ¢. Note that
we have x;11 = f(x¢, uy, w;) where ui = 4(z%,v}) for each i. We also introduce ; such that
i = 4(#, 0}).

We further introduce another vector of noise variables w; where each element is independently
distributed, and the distribution of w0, agrees the with the kernel 72( |z, u, fit). In other words, we
use the functional representation of 7 (-|x, u, fi;) where

f(x7u7/lt7 wt) ~ %(’HJ, u?:at)

for some measurable f .

We denote by P(dw;) = P(dw}) x -+ x P(dw;") denote the distribution of the vector w;
where it is assumed that w{ and w] are independent for all ¢ # j. Wy is also distributed according
to P(-). For the joint distribution of w¢, W¢, we use a coupling of the form

Q(dwy, dvwr;) = QL (dw}, di}) x - - x QN (dw, dl).

That is, we assume independence over ¢ € 1,..., N, however, an arbitrary coupling is assumed
between the distribution of wy, w;. We will later specify the particular selection of coordinate wise
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couplings Q, ..., QY however, the following analysis will hold correct for a general selection of
QL. ol
For given realizations of x;, X¢, vy, we write

E [||pxes — fres || e, %e, v ] = / |1 £ (e we) — Fes1 || P(dwry)

= / Hﬂ'f(xt»utawt) — fig11 || Q(dwre, dvry)

< / Huf(Xt,ut,Wt) — H g i) || (AW dWe) + / Huf(fct,ﬁt,\fvt) — fl41 H Q(dwy, dwy) (47)
Note that X; is a vector of size N where each entry is independent and distributed according to fi;.
Furthermore, 4% = 4(#%, v}), and thus 4% ~ 4(-|2%, fi;) for eachi € {1,..., N}. Thus, 1
is an empirical measure for fi;1 For the second term above, we then have:

X¢,0¢,We)

E [/ Huf(;q,ﬁt,wt) - ﬂt+1H Q(dwtvdwt)] =E {/ Hﬂf(fct,m,m) - ﬂt+1H P(d"\’t)}
=F [E [Hufit-u - /lt-HH |5(t’ﬁt” =F [H:ufq-;_l - /lt-i-lH] < My (48)

see (37) for the definition of M.

For the first term in (47); we note that fif(x, u,,w,) a0d ff(x, a,,w,) are empirical measures,
and thus for every given realization of w; and W, the Wasserstein distance is achieved with a
particular permutation of f(x;, u;, w;) and f (X¢, 0y, W) combined together. That is, letting o
denote a permutation map for the vector f (X¢, g, Wt ). we have

N
. 1 . . i A
= inf o S (ah ubwh ) — o (G, 0 )]

=1

H’uf(xtvut’wt) - Mf(f(t,ﬁt,wt)
We will however, consider a particular permutation where

H [Tl ey s ) = T Gl s e s )

- jvi |7 Cla ) = o (Tl i )| (49)
=1

For the following analysis, we will drop the permutation notation ¢ and assume that the given order
of f (X, 4y, W) achieves the Wasserstein distance in (49). Furthermore, the coupling €2 is assumed
to have the same order of coordinate-wise coupling.

We then write

Q(dwt, d\x’t)

/“Mf(xt,ut,wt) - Mf(fcz,ﬁt,wt)

N
1 . ) NV A .
S/NZ’f(xzauzawzauxt)_f(‘riauivwivut))Q(dwtadwt)
i=1
1 X R R
= N Z/ ’f(xzvuévwzuuxt) - f(i';,ﬁ;,’lf}%,ﬂt)’ Q(th,th)
i=1
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N
1 N U
= 30 [ [#teh vt vk — it )| 9 ) 50)
=1

The analysis thus far, works for any coupling Q(dwy, dw;). In particular, the analysis holds for
the coupling that satisfies

‘|T('|xt7ut7:uxt) - 72(|j7é’ﬂé?ﬂt)” = / ’f(mi,ui,w,f,pxt) - f(i'é7ﬂé?m;’ﬂt) Qz(dwé,dﬁ)i)

for every i for some coordinate-wise coupling Q(dw?{, di}). Continuing from the term (50), we
can then write

Q (th y dvirt)

/Hﬂf(xt:utth) _Mf(ﬁt,ﬁt,\fvt)
N
<i Qi —fa ot an | Qi tdwt. da
= NZ f(@hs up wi, pxy) — f (8, 0, @y, ) | ' (dwy, dady)
i=1
1 Y o
= [ S|l — Tk )|
i=1

= H/T(-’x,unUXt)N(xt,ut)(du,d%) - /72(‘\%U,ﬂt)u(;{hﬁt)(du,dw)

where the last step follows from the particular permutation we consider (see (49)).
Furthermore, we also have that

H/T(“x7uvuxt)lu’(xt,ut)(duﬂ dw)_/7-('|x7u7ﬂt)/j’(it,ﬁt)(du7 dx)

< H/T("myuaMXt):UJ(xt,ut)(duv dl‘) - /T('|w7ua,u><t)“(5&t,ﬁt)(du7dx)

; H [T sy dnsde) [ TC sy s o)

i H / Ty s fi) s ) (ds ) — / Ty s )i ) (dus de)

< Orllpaee = pise || + Kgll g — fuell + A (51)

where for the first term we use the following bound:

H [Tl sy ) — [ Tl ey s )

_ H [T s ) = [ Tl A ), s )

< 07|l pxy — Bl

Combining (47), (48), and (51), we can then write

E [HMXH—I - ﬂt“m < My + 07 E]||pix, — qull] + KfE[HNXt — e[|} + A
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< (1+467)My + KE[||ptxg, — fie]l] + A
where K = (07 4+ K). Noting that we have assumed /iy, = fio, this bound implies that

t—1

B |l — fell] < 3 K™(A+ 2My)
n=0

where we have used the fact that 7 < 1 to simplify the notation.

Appendix D. Proof of Lemma 16
We start by writing the Bellman equations:
K5(™) = k(i ve0) + BES(F (1", 700))
N % N,*
Ky (u") Zk(uN,@N)JrB/Kg’ (2 )n(dpy [, ©N)
where we assume that an optimal selector for the infinite population problem at 4%V is v, such that
the agents should use the randomized agent-level policy Yo (+|, 7). For the N-agent problem, we

assume that an optimal state-action distribution at z is given by some 6" € Py (X x U), which
can be achieved by some x, u, such that 1y = p”V and Pxu) = o,

We first assume that K E(,uN ) > Kév’*(uN ). For the infinite population problem, instead of
using the optimal selector 7., we use a randomized agent-level policy from the finite population
problem by writing © (du, dz) = vV (du|x)u™ (dz), and letting the agents use V. We emphasize
that the optimal state action distribution for /V-agents is not achieved if each agent symmetrically use
7N (du|z), in other words, 'V is not an optimal agent-level policy for the N -population problem. To
have the equality ©" (du, dz) = yn(du|z)uY (dr) the number of agents needs to tend to infinity.
We can then write

Kj(p™) = K§™ (1) < Kg(u,4N) = K5 (1)
= k(u",AN) = k(u™, 0N) + BKS (F(u™,4N)) B/KN*M )n(dpy ™, )
Note that
B 2) = [ el i) dufon (o) = [ el u)0 (du,do) = ki, ).
Hence, we can continue:
K5(e%) = K0 (u) < B (Fu¥ ™)) = 8 [ 50 Gl Y ™, 07)
</6’/\Kg pN M) = K5 [ n(dud |1, ©7)
+6/‘K2§(u1 ) —Kév’*(uiv)‘n(dﬂivluN,@N)

SBHKEHLW/HF(MN, pd || n(dpd |wN,0N) + 8 sup | Kj(p) — K5 (). (52)
pEPN(X)
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We now focus on the term [ HF AN H n(du |, 0N). We will follow a very simi-
lar methodoly as we have used in the proof of Lemma 15 w1th slight differences. We denote by
P(dw) = P(dw') x - -- x P(dw") denote the distribution of the vector w where it is assumed that
w’ and w’ are independent for all 7 # j. Let x, u such that uy = ¥ and H(xu) = ON. We then
have that

/HF YA = il [ (|, %) = /HF Y™ = g [ P(dw)

where f(x,u,w) = [f(z!,ut,wt, u™), ..., f(@N,uN, w", uV)]. We now introduce (&%, 4%) ~
ON(du,dz) where i € {1,..., N}, which are dlfferent than the state action vectors (x,u) and
H(x,a) forms on empirical measure for ©N whereas p% forms an empirical measure for ;. We fur-
ther introduce W = [1', ..., %"]. W is also distributed according to P(-). For the joint distribution
of w, W, we use a coupling of the form

Q(dw, dw) = QY (dw!, diot) x - x Q¥ (dw?, dw™).

That is, we assume independence over ¢ € 1,..., N, however, an arbitrary coupling is assumed
between the distribution of w*®, w*. We will later specify the particular selection of coordinate wise
couplings Q', ..., Q. We write

JIPGY ) = by Plaw)
<E[/HF NNy - K (%,8,%)

where the expectation is with respect to the random realizations of (3%, 4') ~ O (du, dz). The first
term corresponds to the expected difference between the empirical measures of 1 = F(u¥,+V)
and p itself, and thus is bounded by M.

For the second term, we note that fi¢(x u,w) and (i (z,a,w) are empirical measures, and thus for
every given realization of w and W, the Wasserstein distance is achieved with a particular permuta-
tion of f(x,u,w) and f(%, 0, w) combined together. That is, letting o denote a permutation map
for the vector f(x, 0, ). we have

|+ [y i) — Hcouw) || R(dw, dW)

N
1 S o
0w = s || = nf 5 D2 1@ ' i) = o (F(@t, il i, i),
i=1
We will however, consider a particular permutation where

H [Tl Y s ) = T s )

N
1 i ~isu
= 5 2 T Cle ™) — o (T, u™)|
1=1

For the following analysis, we will drop the permutation notation ¢ and assume that the given order
of f(x, 0, w) achieves the Wasserstein distance above. Furthermore, the coupling €2 is assumed to
have the same order of coordinate-wise coupling.
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We then write

/ |1 p (euw) — Hofxoiw)|| R(dw, dw)
1 X S o
= /N Z |l ul ', o) = f(@ @ i) | Q(dw, dw)
Z/\fxuw,ﬂ) f@ahat, )| Qdw, dw)

NZ/U&U ul,wt, pV) — f(& A, |QZ (dw', di").

The analysis thus far, works for any coupling 2(dw, dw). In particular, the analysis holds for

the coupling that satisfies
Ty w, ™) = T2 @ ™) = / |f(@ ut w', @) = f(@ a0, g QF (dw', di).
for every i for some coordinate-wise coupling 2°(dw?, div*). We can then write

/ [ euw) = Hpzamw || Q(dw, dw)

Z/‘fxuwu) @@ at, vt ‘Q’dwd)

1 NN
:/Nzun.m,u,w)_n.m )|
=1

= H/T(“xvuqu):u(x,u)(dua dm) - /T('|xau7,U«N),u(g7ﬁ)(du,d1;)

We can then write that
JIEGY ) = g | Pl

<F |:/ HF(NN7’YN) - Nf()“c,ﬁ,v“v)H + Huf(f(,ﬁ,\?v) — /“Lf(x,u,w)H Q(dW,d\;V)]

]

where in the last step we used the fact that (3 q) is an empirical measure for pi(x o) = oN.
We then conclude that for the term (52):

< 0+ || [ 7l e o) = [ T s )

< My + E [o7 || ig,a) — bxw||] < My + 6rMy

* N %
K5(u™) = Ky (1)

SB”KEHUP/HF(”N’ i || n(dpt’ |, %) + 5 S K5(n) — K3 ()
HEFN
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< BIIEH N ip (My +07My) + 8 sup  |Kj(u) — K (1) (53)
peEPN(X)

We now assume that K g(,uN ) < Kév* (). To get an upper bound similar to (52), for the finite
population problem, we let agents to use the randomized policy 7~ that is optimal for the infinite
population problem, instead of choosing actions that achieves ©Y which is the optimal selection for

the N population problem for the state distribution ;?V. Let x be such that i, = p!¥, we introduce

u = [ul,...,u"] where u’ = 7(z%,v") for some iid. v’. Denoting by ©Y = 1y ), and

following the steps leading to (52), we now write
KN ) = K306%) < 8 [ KN G (a1, 6%) = I3 )
<5 [ |3 () = K3t )
+B/ |K5(u1) = K (F(u",7e0)) [ n(dpst |, ©V)

<B sup ‘KE(M)—Kév’*(u)(+»6’HKE|L¢p/HF(uN,%o)—uiVHn(duivluN,@N) (54)
pEPN (X)

Following almost identical steps as the first case, one can show that

J1PG 1) = 2 i,
< My +07E [| i) — o ]

where @ ~ pV, jie = N and uf = yoo (2%, v%), 4 = Y50 (2%, v?), and the expectation above is with
respect to the random selections of z* and v*. Note that u* and @* uses the same randomization v*,
hence averaging over the distribution of v*, we can write that

E [lasa) — poow ll] SE oo (dula) px(dz) — Yoo (dulz) s (dz)|]
< Ellpx — pgll] < M.

In particular, we can conclude that the bound (54) can be concluded as:

K3(u™) = K5 (u) < Bl K5l ip (My + 67 M) + B o K50~ K" ()| 659)
HeEPN

Thus, noting that My < My, and combining (53) and (55), we can write

K5 (™) = K5 (™) < BIEG | Lip (M + 57My) + sup K300 = K3 ().
HEPN

Rearranging the terms and taking the supremum on the left hand side over ¥ € Py (X), we can
write

BIEjN Lip(1 = 67) My
3 <

sup |K5(p) — K5 (u)| <
pePn (X) B 1-8

which proves the result together with || K|, < % and 67 < 1.
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