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Abstract

Shuffling gradient algorithms are extensively used to solve finite-sum optimization problems in ma-
chine learning. However, their theoretical properties still need to be further explored, especially the
last-iterate convergence in the non-convex setting. In this paper, we study the last-iterate conver-
gence behavior of shuffling momentum gradient (SMG) method, a shuffling gradient algorithm with
momentum. Specifically, we focus on the non-convex scenario and provide theoretical guarantees
under arbitrary shuffling strategies. For non-convex objectives, we achieve the convergence of gra-
dient norms at the last-iterate, showing that every accumulation point of the iterative sequence is
a stationary point of the non-convex problem. Our analysis also reveals that the function values of
the last-iterate converge to a finite value. Additionally, we obtain the asymptotic convergence rates
of gradient norms at the minimume-iterate. By employing a uniform without-replacement sampling
strategy, we further achieve an improved convergence rate for the minimum-iterate output. Under
the Kurdyka-Lojasiewicz (KL) inequality, we establish the challenging strong limit-point conver-
gence results. In particular, we prove that the whole sequence of iterates exhibits convergence to
a stationary point of the finite-sum problem. By choosing an appropriate stepsize, we also obtain
the corresponding rate of last-iterate convergence, matching available results in the strongly convex
setting. Given that the last iteration is typically preferred as the output of the algorithm in applied
scenarios, this paper contributes to narrowing the gap between theory and practice.

Keywords: Shuffling momentum gradient method, last-iterate convergence, strong limit-point
convergence, non-convex optimization, Kurdyka-Lojasiewicz inequality

1. Introduction

In this paper, we consider the following finite-sum optimization problem

min { F@) = -3 fwsi) | (1)
=1

xcRd

where f(-;i) : R? — R is the loss associated with the i-th training sample and is differentiable for
all ¢ € [n]. The problem (1) is also referred to as the empirical risk minimization (ERM) and models
many machine learning tasks, such as training deep neural networks (Bottou et al., 2018; Mandic
and Chambers, 2001). In particular, the number of losses f(-;), denoted by n, is very large in
the context of large-scale machine learning. Due to the computational burden of evaluating the
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full gradient, deterministic algorithms become less effective for solving problem (1). By leveraging
the gradient information of a single sample in each iteration, stochastic gradient descent (SGD)
significantly reduces the computation and storage costs, which iterates as follows.

L4l = Lt — othf(:ct; it)u (2)

where a4 is the stepsize, V f(x;i;) denotes the stochastic gradient, and 4; is randomly sampled
from [n]. The original idea of SGD is proposed by Robbins and Monro (1951), and its convergence
properties are widely studied in Nguyen et al. (2019), Lei et al. (2020), and Wang and Yuan (2023).
To further enhance the performance of SGD, shuffling algorithms employ without-replacement
strategy to sample the index i; for the stochastic gradient. Specifically, the permutation 7! of
the set [n] is introduced to implement sampling without replacement, and then the update of
shuffling-type gradient method (Nguyen et al., 2021) in the ¢-th epoch is given by

Set !, = ;1 and generate a permutation 7’ of [n]
For i=0,1,--- ,n—1do: af , =af—a,Vf(ahin'(i+1)), (3)
Set Zﬁt = $;

where «; is the stepsize, and 7! (i+1) is the i+ 1-th element of 7. The incorporation of permutation
7t enables shuffling algorithms to better learn all the data information during each epoch. Depend-
ing on the specific choice of 7t, shuffling schemes can be categorized into three popular used cases:
random reshuffling (RR), shuffle once (SO), and incremental gradient (IG). More specifically, RR
randomly generates a new 7 at the beginning of each epoch, SO randomly obtains 7 only once and
reuses it in the following epochs, and IG involves applying a deterministic ! in all epochs. Among
these, the superiority of RR over SGD is substantiated through empirical evidence (Bottou, 2009;
Kasai, 2018; Koloskova et al., 2024). Meanwhile, shuffling gradient methods are embedded in many
machine learning frameworks, including PyTorch and TensorFlow. However, the sampling without-
replacement regime leads to the absence of unbiasedness, that is, E[V f(z!; 7! (i+1))|xl] # VF(z!),
which brings significant challenges to theoretical analyses. Further, more involved proof techniques
are required to achieve the convergence of shuffling-based methods. In recent years, a great effort
has been devoted to exploring the convergence properties of shuffling gradient methods in various
settings (Mishchenko et al., 2020; Giirbiizbalaban et al., 2021; Nguyen et al., 2021; Li et al., 2023).
Despite the excellent performance and research advances, there remains a gap between theoretical
results and applied scenarios. In practice, optimization algorithms commonly return the last-iterate
as their output, whereas most of the current analyses rely on the average and minimum iterations
(Ahn et al., 2020; Qin et al., 2023). To this end, we delve into the last-iterate convergence of shuf-
fling momentum gradient (SMG) method proposed by Tran et al. (2021), which is a momentum
version of shuffling algorithm and contains shuffling-type gradient in (3) as a special case. It is
worth emphasizing that our analysis provides last-iterate convergence guarantees for both gradient
norms and iterative sequences in the non-convex setting.

1.1 Related work

Shuffling gradient algorithms have emerged as efficient methods for solving problem (1), with ex-
tensive theoretical investigation in different scenarios. For strongly convex problems, Safran and
Shamir (2020) provide non-asymptotic lower bounds for both RR and SO. Giirbiizbalaban et al.
(2021) analyze the convergence rate of RR, revealing that the ¢-suffix average-iterate converges at
the rate of O(1/T). For general convex objectives, Nagaraj et al. (2019) study the performance
of RR for constraint minimization and deduce the rate of O(1/v/nT) under the bounded gradient
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assumption. Moreover, Tran et al. (2022) introduce Nesterov’s extrapolation technique to propose
the NASG method and provide the last-iterate convergence guarantee for function values.

However, convexity may be absent in many practical scenarios, such as neural network training
and signal processing. Then many efforts are dedicated to establishing the convergence of shuffling
methods in the non-convex setting (Mishchenko et al., 2020; Nguyen et al., 2021; Li et al., 2023). In
the theoretical analysis of non-convex objectives, four types of gradient norms are usually employed
as the convergence measure of the method, including (i) minimum-iterate: min;<;<7||VF(Z:)]?,
(ii) random-iterate: ||VF(&,)||?, (iii) average-iterate: (1/T) Y[, ||[VF(&)|?, and (iv) last-
iterate: |[VF(&,)||?, where 7 is randomly selected from the set {1,2,---,7}, and T is the total
number of epochs. In particular, Mishchenko et al. (2020) investigate the rate of minimum-iterate
convergence for RR, SO, and IG equipped with a constant stepsize. By leveraging the proximal
operator, Mishchenko et al. (2022) propose ProxRR to solve composite optimization problems with
a finite-sum structure and study the behavior of minimume-iterate output. Meanwhile, Wang et al.
(2023) combine randomly reshuffled strategy with AdaGrad, a popular adaptive gradient algorithm,
and achieve the minimum-iterate convergence rate of O(In /7T /v/T). Huang et al. (2023) propose
a distributed version of random reshuffling method, named D-RR, and attain the minimum-iterate
convergence rate of O(1/T2/3). However, the minimum-iterate output calls for accurate calculation
of the full gradients, which is not advisable in modern machine learning. In addition, some studies
focus on the convergence behavior of random and average iterations. Specifically, Tran et al. (2021)
develop the SMG method, in which the momentum technique and shuffling strategy are integrated.
By randomly choosing the output from the whole sequence of iterates according to some probability
distributions, they show that the random-iterate is convergent at the rate of O(1/7%/3). Due to the
high dimension of the data, the storage cost for generating a random-iterate output is expensive.
Under any shuffling strategy, Nguyen et al. (2021) prove that the average-iterate of generic shuffling-
type gradient algorithm converges at the rate of O(1/ 7%/ 3). By combining the gradient estimator
in variance reduction method with different shuffling regimes, Malinovsky et al. (2023) explore the
behavior of SVRG with constant stepsize and attain the average-iterate convergence rate of O(1/T).
For IG and SO methods, Koloskova et al. (2024) provide a tight convergence rate for average-iterate
and emphasize the advantages of exploiting SO. The sign-based RR method presented by Qin et al.
(2023) employs the sign of stochastic gradients to update, and the theoretical behavior of average-
iterate output is analyzed. Notably, the average-iterate can be reformulated as sampling the output
randomly from the iterative sequence following the uniform distribution. As discussed before, the
effort of storing iterative sequences may weaken the application of returning average-iterate output
in large-scale problems. In contrast, the last-iterate requires no additional computation or storage,
making it a commonly adopted choice of output in practice. Nevertheless, the theoretical guarantees
for last-iterate convergence in the non-convex setting are rare. Therefore, there still exists a gap
between the theoretical findings of shuffling gradient methods and their empirical success.

For non-convex problems, the convergence analysis of algorithms under the Kurdyka-Lojasiewicz
(KL) inequality has also attracted much attention (Bolte et al., 2014; Li and Lin, 2015; Zeng and
Yin, 2018), primarily owing to its ease of satisfaction. In particular, the KL inequality is a local
geometrical property that generally holds for many objective functions of learning models (Bolte
et al., 2014; Ge et al., 2016), thereby serving as a mild assumption in the non-convex setting. Under
the KL property, Bolte et al. (2014) establish the convergence of PALM algorithm, showing that
every bounded iterative sequence exhibits global convergence to a stationary point. Moreover, Li
and Lin (2015) propose the monotone APG-type algorithm and study the convergence property
when the objective function is coercive. To further improve the practical performance of APG,
they also introduce a non-monotone variant that reduces the calculation cost of each iteration. For
consensus optimization problems, Zeng and Yin (2018) analyze the convergence rate of DGD and
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Prox-DGD according to different KL exponents. By constructing a separable Lyapunov function
with sufficient descent property, Barakat and Bianchi (2020) explore the convergence behavior of
adaptive gradient algorithm with bounded adaptive stepsizes in the KL setting. Additionally, Guo
et al. (2023a) investigate the global convergence property of linearized proximal ADMM method for
KL functions from the perspective of dynamical systems. Yang and Li (2023) present the PPGD
algorithm with a new projection operator and obtain the convergence rate of O(1/7?) for function
values at the last-iterate. It is worth mentioning that standard theoretical analysis under the KL
condition critically depends on the sufficient descent property of algorithm, whereas most shuffling
gradient algorithms fail to fulfill. More recently, Li et al. (2023) pioneer the extension of classical
KL inequality to non-descent algorithms and analyze the convergence of RR within the proposed
framework. Specifically, they establish the strong limit-point convergence and convergence rate
of O(1/T) under the bound domain assumption, revealing that the whole sequence of iterates
converges to a stationary point. To the best of our knowledge, the results in Li et al. (2023) are the
first to achieve the last-iterate convergence of iterative sequence for RR without strong convexity.
Further, an interesting and challenging topic is to understand the last-iterate behavior of iterative
sequences for other shuffling-based methods in the non-convex KL scenario.

Despite the widespread analysis, the convergence of shuffling gradient algorithms remains not
fully understood, especially for the behavior of last-iterate. To address this issue, we perform the
last-iterate convergence analysis for SMG method (Tran et al., 2021), which is a shuffling gradient
algorithm with momentum and subsumes RR as a special case. It is worth emphasizing that our
theoretical results not only cover non-convex and KL settings but also hold for arbitrary shuffling
schemes. Specifically, we establish the last-iterate convergence guarantees for gradient norms and
iterative sequences under some standard assumptions, and the asymptotic convergence rate of
gradient norms at the minimum-iterate is also obtained for non-convex objectives. In addition, we
investigate the performance of SMG when the uniform without-replacement sampling strategy is
leveraged and obtain an improved minimume-iterate convergence rate. Further, we believe that these
findings can effectively narrow the gap between theory and practice, and the analysis framework
can be extended to derive last-iterate convergence of other shuffling variants.

1.2 Contribution

This paper explores the last-iterate convergence performance of SMG algorithm, which is a momen-
tum variant of shuffling gradient method and includes RR as a special case. The main contributions
are summarized as follows.

e We establish the last-iterate convergence analysis for SMG algorithm with arbitrary shuffling
schemes in the non-convex scenario. Given that the last-iterate is typically returned as the
output of method in practice rather than performing an average or minimum, our theoretical
findings regarding the last-iterate are more in line with actual implementations.

e For non-convex problems, we provide the last-iterate convergence guarantee for gradient se-
quences, that is, limp_,«||VF(Z, )| = 0, which is different from previous results on the min-
imum and average iterations. Additionally, our analysis also demonstrates that the function

values of the last-iterate converge to a finite value, that is, limy_,o F(Z,) = F.

e We obtain the asymptotic convergence rate of minimum-iterate in the non-convex scenario,
that is, miny<;<7||VF(2)[|* = o(1/ Zthl o), where oy is the stepsize. In particular, we show
that the asymptotic rate can be arbitrarily close to o(1/7%/3) with an appropriate polynomial
stepsize. Further, under the uniform without-replacement sampling scheme, we establish the
rate of O(1/(n'/3T2/3)) for constant stepsize, which exhibits a superior dependence on n.
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e Under the KL inequality (see Definition 1) and the coercivity condition (see Assumption 3(a)),
we achieve the well-known strong limit-point convergence results for iterative sequences. In
particular, we prove that the whole sequence of iterates {&;} converges to a stationary point
of the non-convex problem. By choosing a diminishing stepsize, the rate of O(1/T2)+O(1/T)
is attained, matching current results of shuffling methods for strongly convex functions.

Notations

We use [n] to denote the set {1,2,--- ,n} and the bold letters to represent vectors. For any a, b € R,
we follow the convention that a A b = min{a, b} and a V b = max{a,b}. Without loss of generality,
we also follow the convention that 3°_, a; = 0 when k > £. The symbols O(-) and o(-) are the
standard asymptotic notations, that is, if there exists a constant C' > 0 such that |a;/b;| < C, then
a; = O(by), and if lim;_0|a;/bi| = 0, then a; = o(b;). Further, @() is used to hide the logarithmic
factors in O(-). E¢[-] is the conditional expectation with respect to 7wt = {rt(1),7%(2), - , 7 (n)}
conditioned on previous iterations, and E[ -] denotes the total expectation. For clarity, we introduce
the sequences A, ®;, and ¥, to simplify the theoretical proofs in Sections 3 and 4.

n—1
A=Yt - bl = ndad (BIVE@S P + a1 - B)IVE@H)I® +02(1-5)), ()
=0

W, = na (nBE[|[VF (@ )|?] + n(1 - A)(3 + 200)E[|VF(@h)|] + 205(1 - 8) ) (5)

where ! is the iterative sequence generated by Algorithm 1, o7 and o2 are two finite values defined
in Assumption 2, oy > 0 is the stepsize, and 0 < § < 1 is the momentum parameter. Moreover, we
focus on a single sample trajectory of {#;(w)}, then we omit the notation (w) in the convergence
analysis for simplicity.

2. Algorithm and Assumptions

This section first presents the pseudo-code of SMG algorithm in Section 2.1, and then gives some
standard assumptions adopted in our theoretical analysis in Section 2.2.

2.1 Shuffling momentum gradient algorithm

In this section, we provide the pseudo-code of SMG in Algorithm 1 and briefly discuss the relation-
ship between Algorithm 1 and the original SMG method (Tran et al., 2021) as follows.

Notice that the permutation 7! can be generated in both deterministic and random manners,
showing that Algorithm 1 works for arbitrary permutations. As a result, the last-iterate convergence
guarantees achieved in this paper are valid for any shuffling schemes, demonstrating the generality
of our theoretical analysis. Meanwhile, when choosing the momentum parameter § = 0, Algorithm
1 degenerates into the generic shuffling-type gradient method studied by Nguyen et al. (2021) and
Mishchenko et al. (2020), referred to as RR in Li et al. (2023). Additionally, the algorithmic output
and update rule of v} in Algorithm 1 are slightly different from the original SMG method developed
by Tran et al. (2021). In particular, we choose the last-iterate &, as the output rather than the
random-iterate used in Tran et al. (2021), and line 6 of Algorithm 1 indicates that

t 1 t 1 t 1 1 t 1 t 1 t
vn:(1_E>Un—1+;gn—1:”':<1_ﬁ)”'<1_§>U1+ggl+"'+;gn—1
1 1 1
=;(v§+g’i+-~+gﬁl_1)=;(96+g§+---+92_1>=5295- (6)
=0
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Algorithm 1 Shuffling Momentum Gradient (SMG)
Require: stepsize a; > 0 and momentum parameter 0 < 8 < 1;
Initialization: &y € R? and 9y = 0;

1: fort=1,2,---,T do

2 Set 336 =&y_1, mf) = vy_1, and ’06 =0

3 Generate a deterministic or random permutation 7t of [n]
4: fori=0,1,---,n—1do
5
6

Set gf = Vf(zl;nl(i+1))
Update the inner iterate via

mi,, = fmg + (1 - B)g;

t 1 \,.¢ 1t

v = (1- z‘Tl)”i T 719
A t

Tip1 = &) — gy

7: end for

8: Set #; = !, and v; = v},

9: end for

10: Output: the last-iterate .

The iteration of v} in Tran et al. (2021) is v}, ; = v 4+ 1 g! with v{ = 0, showing that

1 1, 1 1 1~
0221’2714'%9;71 :"':Ué+596+ﬁgi+'“+59271 = ;ng- (7)
i=0

Hence, the final expression of v} in equations (6) and (7) remains the same, which is the sum of
simple average of stochastic gradients in one epoch. However, the number of losses n is typically
unknown in advance, then the pseudo-code presented in this paper is more in line with practical ap-
plications. Further, more detailed information regarding the design of momentum in SMG method
can be found in Section 2 of Tran et al. (2021).

2.2 Basic assumptions

In this section, we present the assumptions used in our convergence analysis.

Assumption 1 The function f(-;i) is L-smooth, that is, there exists a constant L > 0 such that
for any =, y € R?,

IVf(m;i) = Vf(y;)l < Lllz —yll,  Vien].
f(-:4) is also uniformly lower bounded by f*, that is, f(x;i) > f* for any * € R? and i € [n].

It should be noted that the L-smoothness of f(-;i) is a standard assumption used in the
convergence analysis of various stochastic optimization algorithms, such as SpiderBoost (Wang
et al., 2019), generic shuffling-type gradient (Nguyen et al., 2021), RelaySGD (Vogels et al., 2021),
D-RR (Huang et al., 2023), and SGDEM (Ramezani-Kebrya et al., 2024). In addition, by combining
Assumption 1 with the finite-sum structure of F' in problem (1), we can obtain

1 o 1 o
IVF(@) - VFO) = || 23 (Vi) - V1) | < & DI G@i) - ¥ rwsol < Ll - ol
i=1

=1
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which means that F' is also L-smooth. Meanwhile, it follows from the lower boundedness of f(- ;1)
that F is also lower bounded by f*, that is, F(z) = 1 37 | f(z;i) > 130 | f* = f*.

Assumption 2 There exist two constants o1 and oo > 0 such that for any x € Rd,

1 — ,
- ZHW’(HC;Z)II2 < o1|VFE(2)|? + o2.
i=1

Note that Assumption 2 is also known as the weak growth condition, which appears frequently
in the analysis of finite-sum problems (Pham et al., 2020; Nguyen et al., 2021; Tran et al., 2021). In
particular, variance assumption of 1 3" ||V f(x;i) — VF(x)||? < 61||VF(z)||> + 62 (Nguyen et al.,
2021; Tran et al., 2021) is equivalent to Assumption 2, differing only in the coefficients. That is,

LS9 @) - VR@) = LY
=1

=1
=;§jWﬂxm%ﬂ\§kwmz
i=1

Thus, the variance assumption = 3% | [V f(w; 1) — VF(x)||* < 61||VF(x)||*> + 0, implies that As-
sumption 2 is satisfied with o1 = 1+ 61 and oy = 5. In addition, if Assumption 2 is satisfied, then
LS NV (i) — VF(x)||? < 01[|[VF(2)||? + 02 holds with 6; = o1 — 1 and 6 = 5.

2

V f (i) ——ZVf:cz

ZIIVf a;i)||* — | VF ()]

3. Convergence and Convergence Rate Analysis for Non-convex Objectives

This section studies the convergence properties of Algorithm 1 for solving non-convex problems,
and the corresponding proofs are placed in Appendix B. Specifically, we first establish the recursive
estimates for the sequence of function values in Lemma 1, considering both arbitrary shuffling
schemes and uniform sampling strategy. Further, the main results on the last-iterate and minimum-
iterate are shown in Sections 3.1 and 3.2, respectively.

Lemma 1 Let Assumptions 1 and 2 hold, if the stepsize oy < then for any t > 2, we have

VTR
Ia t+1 < F t_l L_L t+1 . t)2
(wo ) < F(xg) 2\ nay Hmo x|
na 3nL2D; ,_ Lo
— S IVF@))|? + =58 a 3Ly Y B9, (8)
j=2

where Dy = %(01||VF(3;(1))||2—|—02) is a finite value (independent of n), and ®; is defined in (4). If
additionally assuming that ©* is uniformly sampled at random without replacement from [n], then
for any t > 2, we have

E[F(zf)] < E[F(z})] - ;<nlt _ L> [ttt — ab?]

now

- v el 7] + D2

t
5 B oy +3L% y BT, (9)

=2

where Dy = 25 (o1 E[|[VF(x})||?] + 02) is a finite value (independent of n), and V; is defined in
(5).



LIANG AND XU

3.1 Last-iterate convergence of SMG

In this section, we prove the last-iterate convergence of function values in Theorem 1, and the
gradient norms are demonstrated to be convergent to zero at the last-iterate in Theorem 2. Before
presenting these results, we provide some useful propositions from Bertsekas and Tsitsiklis (2000)
and Liu et al. (2022), which are crucial to achieving last-iterate convergence.

Proposition 1 (Lemma 1, Bertsekas and Tsitsiklis 2000) Let Y;, Wy, and Z; be three se-
quences such that Wy is non-negative for all t. Assume that

)/t—‘rlSY;f_Wt—i_Zty tZO, 17"'7

and that the series Zthl Z; converges as T — o0o. Then either Yy — —oco or else Y; converges to a
finite value and Y32, Wy < cc.

Proposition 2 (Corollary A.1, Liu et al. 2022) Let a; and b, be two non-negative sequences
of real values such that

oo o0
Zat = 0, Zatbf < 00, biy1 — b| < pay
t=1 t=1

for a positive constant p. Then we have limy_,o by = 0.

Note that Propositions 1 and 2 are effective theoretical tools for establishing the last-iterate
convergence of function values and gradient norms. In particular, by leveraging Proposition 1 and
the recursion estimation in Lemma 1, we deduce the following theorem, revealing that the function
values of the last-iterate are convergent when solving non-convex problems.

Theorem 1 Suppose that Assumptions 1 and 2 hold, and &; is generated by Algorithm 1. If the

stepsize oy is non-increasing and satisfies Y -, o} < 0o and oy < ——, where K = max {2, 9(%—;5)

nIVK’
is a finite value, then we obtain that F(&,) converges to a finite point F' € R.

Under the same assumptions as Theorem 1, we show that the squared norm of gradient sequences
is upper bounded in the following Corollary 1. This indicates that the sequence {||VF(%;)||?} has
convergent sub-sequences.

Corollary 1 Suppose that the conditions in Theorem 1 are satisfied. If ; and mﬁﬂ are generated
by Algorithm 1, then there exist two constants G and M > 0 such that for any t > 1, we have

n—1
IVE@)IP <G, > mi > < M.
=0

By further assuming that > ;2 a; = oo, we achieve the convergence of |[VF(&;)| and prove
that | VF(&:)|| converges to zero in Theorem 2. It is worth emphasizing that Proposition 2 serves as
the key technique to attain the convergence of gradient norms at the last-iterate for SMG method.

Theorem 2 Suppose that Assumptions 1 and 2 hold, and &; is generated by Algorithm 1. If the
stepsize oy is mon-increasing and satisfies Y oo, = 00, Y oo @p < oo, and ay < ﬁ, where

K = max {2, 9(%2'3)} 18 a finite value, then we have
lim [[VF(z,)| =0,
T—oo

that is, every accumulation point of the sequence {&,} is a stationary point of problem (1).
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Remark 1 To the best of our knowledge, Theorem 2 establishes the first last-iterate convergence
of gradient norms for SMG algorithm in the non-convex scenario. In particular, the conclusion of
Theorem 2 is slightly stronger than the asymptotic convergence result of liminfr_,||VF(Z, )| =
0 for generic shuffling-type gradient method (8 = 0 in Algorithm 1) obtained in Nguyen et al.
(2021). Meanwhile, most previous analyses for shuffling gradient algorithms focus on the behavior
of minimum-iterate (Qin et al., 2023; Wang et al., 2023) and average-iterate (Nguyen et al., 2021;
Malinovsky et al., 2023) outputs. It should be noted that the last-iterate is more convenient and
cheaper to acquire than the minimum and average iterations, so it is usually taken as the output of
algorithm in practice. Thus, our theoretical findings on the last-iterate are more relevant to practical
applications. In addition, the stepsize conditions in Theorem 2 are often observed in the analysis
of different algorithms. Specifically, the stepsize conditions of Y yoq . =00 and Y ;oq o < 00 are
usually employed to achieve the convergence of shuffling methods (Nguyen et al., 2021; Li et al.,
2023). The requirement of oy < 1/(nLVK) is commonly used to obtain the convergence of various
deterministic and stochastic methods, including GD (Tran-Dinh and van Dijk, 2024), SGD (Nguyen
et al., 2019), and SGDM (Liu et al., 2020). Given that the condition Y ;o o < oo implies that
lims oo p = 0, then oy < 1/(nLVK) is easily satisfied for sufficiently large t. Moreover, the
polynomial-type stepsizes cy = v /tP meet the conditions of Theorem 2 when p € (1/3,1].

3.2 Minimume-iterate convergence rate of SMG

In this section, we establish the asymptotic convergence rate of gradient norms at the minimum-
iterate, as shown in Theorem 3 and Corollary 2. In particular, these results are obtained based on
the following proposition from Liu and Yuan (2022). Moreover, we analyze the convergence rate of
the minimum-iterate under the uniform without-replacement sampling scheme in Theorem 4.

Proposition 3 (Lemma 2, Liu and Yuan 2022) Let {X;} be a sequence of non-negative real
numbers, and {a;} be a non-increasing sequence of positive real numbers such that

oo oo a
t

E (ItXt < 00, E —i—1 = 00,

t=1 t=2 Zi:1 a;

then we have

. 1
min X; =0 | —— | -
e S

Note that Proposition 3, proposed by Liu and Yuan (2022), serves as an essential tool to achieve
the almost sure convergence rates of SGD, SHB, and SNAG. In this paper, we extend the application
of Proposition 3 to analyze the rate of shuffling gradient methods, see Theorem 3.

Theorem 3 Suppose that Assumptions 1 and 2 hold, and &; is generated by Algorithm 1. If the
stepsize oy is mon-increasing and satisfies Y oo, @F < 00, Yoy =gt— = 00, and a; < ﬁ,

ZE:Q Q;

where K = max {2, 9(%—;’8)} is a finite value, then we have

min [VF (@) = o (1> .

T
Ist<T thl Qi1

By employing specific decreasing stepsizes, the following corollary obtains the rate of o(1/ T2 3=€)
for SMG method in the non-convex setting.
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Corollary 2 Suppose that the assumptions in Theorem 3 hold. If choosing the stepsize oy = t1/++6

nLi/F’ 9(‘171;;@} is a finite value. Then we have

1
. ~ 2 _
1ISI?SDTH F@)I=o <T2/3€> ’

Remark 2 It should be noted that previous studies on shuffling gradient algorithms primarily focus
on the non-asymptotic convergence rates (see, Mishchenko et al., 2020; Nguyen et al., 2021; Tran
et al., 2021). More specifically, under the constant stepsize condition, Nguyen et al. (2021) and
Tran et al. (2021) achieve the rate of O(1/T?/3) for generic shuffling-type gradient algorithm and
SMG method, respectively. As shown in Corollary 2, we derive the asymptotic convergence rate
of 0(1/T2/3_€) for SMG method with decreasing stepsizes. In particular, by choosing ¢ — 0 in the
stepsize oy, the asymptotic rate can be arbitrarily close to o(1/T2/3).

for any e € (0,2) and 0 < v < where K = max {2,

In particular, when the uniform without-replacement sampling strategy is employed, Theorem
4 establishes an improved convergence rate for the minimum-iterate of SMG.

Theorem 4 Suppose that Assumptions 1 and 2 are satisfied, and &, is generated by Algorithm 1.

If 7 is uniformly sampled at random without replacement from [n], and the stepsize ay = TLQ/JW
/
for some v > 0, then for any T > 2v/2n~?L3 max {1, %}, we have

. g 1
i BI9F @01 =0 (s )
Remark 3 Notice that the number of loss functions n is often large in practice, making the investi-
gation of n-dependent convergence results important for shuffling gradient algorithms. Specifically,
Ahn et al. (2020) establish the n-dependent convergence rates for shuffling SGD in both strongly
convex and Polyak-Lojasiewicz (PL) settings. For non-conver objectives, Mishchenko et al. (2020)
achieve the minimum-iterate convergence rate of O(1/(n*/3T?/3)) for RR with a constant stepsize.
Additionally, Nguyen et al. (2021) prove that the generic shuffling-type gradient algorithm converges
at the rate of O(1/T%/3) for any shuffling strategy and at an improved rate of O(1/(n'/*T?/3)) under
the uniform sampling scheme. In this paper, we attain the convergence rate of O(1/(n'/3T%/3)) for
the SMG method by leveraging the uniform sampling strategy. It is worth mentioning that the rate
obtained in Theorem 4 demonstrates a better dependence on n than the 0(1/T2/3) rate for arbitrary
permutations and matches the results in Mishchenko et al. (2020) and Nguyen et al. (2021).

4. Strong Limit-point Convergence under the Kurdyka-Lojasiewicz Inequality

This section provides strong limit-point convergence results for Algorithm 1 under the KL inequality,
and the proof details can be found in Appendix C. Specifically, we provide some standard definitions
and assumptions in Section 4.1, and the convergence of iterative sequence {&;} is achieved in Section
4.2. In Section 4.3, we perform the convergence rate analysis under the Lojasiewicz inequality.

4.1 Definitions and assumptions

In this section, we first introduce the definitions of KL inequality and quasi-additivity from Li et al.
(2023), followed by some assumptions adopted in the theoretical analysis.

10
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Definition 1 (KL inequality, Li et al. 2023) The function F' is said to satisfy the KL inequal-
ity at a point & € R? if there exist n € (0, +0o0], a neighborhood U of @, and a continuous and
concave function p: [0, n) — RT with

peCH0,m), p(0)=0, and p'(z)>0 Ve (0,n), (10)
such that for allx € U N{z € R?: 0 < |F(x) — F(&)| <n}, the KL inequality holds, that is,
P (IF(x) - F@)]) - [VF()] = 1. (11)

The KL property in Definition 1 is employed by Li et al. (2023) to establish the strong limit-
point convergence results of RR in the non-convex setting. Specifically, the KL inequality in (11)
is a local property that only needs to hold within a neighborhood of &. In addition, Definition 1
exhibits a slight difference from the classical analysis, with an additional absolute value operation
on the function values, that is, |F'(x) — F'(2)|. It is worth highlighting that the KL inequality in
Definition 1 is also easily satisfied as that used in the classical analysis. To support this claim, we
provide some illustrative examples as follows.

(a) Some of the real polynomial functions, such as F(z) = 22 — 2x + 1 satisfies Definition 1 at the
point £ = 1 € R. Specifically, there exists 7 = 1, a neighborhood U = (0,2), and a concave
function p(z) = 2y/z with p/(z) = 1/4/z for any z > 0, such that for any z € UN{zx € R :
0<a?—-2r+1<1}=(0,1)U(1,2), we have

! - Xr — 2:;1;_ T — — /x
STFE —Fay ~ Ve =k l<e-2= P @),

which indicates that the KL inequality in (11) is valid.

(b) The logistic function F(z) = In(1 + exp(—=x)) fulfills Definition 1 at the point z = —1 € R.
That is, there exist n = 1, a neighborhood U = (—2,0), and a concave function p(z) = 2z
with p/(z) = 2 for any z > 0, such that for all z € UNn{z € R: 0 < |In(1 4+ exp(—z)) — In(1+
exp(1))] <1} = (=2,-1) U (—1,0), we have

1 1 exp(—x) —exp(—x)

P (|F(x) — F(z)]) T2 = 1+ exp(—=x) 11 + exp(—z) = |F'(z)],

where the inequality follows from z < 0 and this means that the KL inequality in (11) holds.

(¢) The non-convex PL function F(z) = 2% + 3sin?(z) presented in Karimi et al. (2016) meets
Definition 1 at the point Z = 0 € R. In particular, there exist n = 1/4 + 3sin?(1/2) > 0,
a neighborhood U = (—1,1), and a concave function p(z) = 8y/z with p'(z) = 4//z for
any z > 0, such that for all 2 € UN {2z € R: 0 < 2% + 3sin’(z) < 1/4 + 3sin?(1/2)} =
(—1/2,0) U (0,1/2), we have
1 22 + 3sin’(x)

p’(]F(az) — F(i’)‘) = 1 < ’21‘ —|—3Sin(2m)] = \F’(x)\,

which implies that the KL inequality in (11) holds.

In particular, due to the non-descent nature of SMG algorithm, the KL property (with absolute
value on function values) in Definition 1 is critical for theoretical analysis. However, only the KL
inequality in (11) is not sufficient enough to attain the strong limit-point convergence. Therefore,
we present an important property of p(x) in the following definition.

11
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Definition 2 (Quasi-additivity, Li et al. 2023) Let p : [0,7) — R™ be a continuous and dif-
ferentiable function. If there exists a constant C, > 0 such that

1 1 1

<ol L] )
Platy) = L) o)

then we say that p(-) satisfies the quasi-additivity property.

Notice that the function satisfying (10) is also called the desingularizing function, see Definition
41 of Lin et al. (2020). Further, if the desingularizing function p is also quasi-additive (see Definition
2), we follow Li et al. (2023) to write it as p € Q,,. In particular, for some ¢ > 0 and any 0 < 0 < 1,
the function p(z) = cz'~? € Q,. This is follows from the fact that p(z) is concave and

0 0 0
/ 1 _(z+y) < 7 LY _ /1 N /1 7 (13)
Plety) cd-0) " c(1=0) c(1-0) px) o)

which indicates that the quasi-additivity in (12) holds with C, = 1.

Further, to achieve the strong limit-point convergence of SMG, we present the definition of ac-
cumulation points. Specifically, let {Z;} be generated by Algorithm 1, then we define the associated
set of the accumulation points as follows.

C= {:E e R?: 3 a sub-sequence {t;} C {t} such that klim Ty, = 5:} (14)
—00

Now, we formalize the main assumptions used to establish the strong convergence results.
Assumption 3 We assume that the following conditions are satisfied.
(a) The function F is coercive, that is, F' is bounded from below, and F(x) — oo when ||x| — oco.

(b) The function F satisfies the KL inequality at each point of the set C, and the corresponding
desingularizing function p € Q, is quasi-additive.

Note that the coercivity condition in Assumption 3(a) is mild and often appears in the conver-
gence analysis of different optimization methods, such as APG (Li and Lin, 2015), Adam (Barakat
and Bianchi, 2020), PIGD (Sun et al., 2021), and PPGD (Yang and Li, 2023). Recently, Josz and
Lai (2023) investigate the global stability of first-order methods for coercive functions from the dif-
ferential inclusion viewpoint. In particular, the objective function in matrix completion (Ge et al.,
2016) and the strongly convex functions are naturally coercive. Moreover, the regularization term
is typically used in many machine learning tasks to avoid over-fitting (Bottou et al., 2018), which
also results in the coercivity of objective functions being easily satisfied. It is worth emphasizing
that Assumption 3 does not imply any convexity or strong convexity. Thus, this section explores
the convergence performance of iterative sequence for SMG method in the non-convex setting.

Next, we present some useful lemmas for the analysis in the KL setting. Specifically, Lemma 2
is also known as the uniformized KL property (Bolte et al., 2014; Guo et al., 2023b), showing that
if F' satisfies the KL inequality at each point of u; € 2 with respect to the neighborhood U and
the function p; € Q,,, then it also satisfies the KL inequality on all w € €2 with respect to the set
2 and the associate desingularizing function satisfies p € Q,,.

Lemma 2 (Lemma 3.5, Li et al. 2023) Assume that Q2 is a compact set and F' is constant on
Q. If F satisfies the KL inequality with a quasi-additive desingularizing function at each point of
€1, then there exist €, 1 > 0 and p € Q,, such that for all u € ) and

we{uecR: dist(u,Q) <elN{uecR?: 0< |F(u) — F(a)| <n},

12
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we have
P (IF(u) = F(@)]) - [VF(u)| > 1.

In particular, uniformized KL property plays an important role in achieving strong limit-point
convergence results (Li et al., 2023; Guo et al., 2023b). To leverage the uniformized KL property in
the analysis of SMG, we derive several properties of accumulation point set in the following lemma.

Lemma 3 Suppose that Assumptions 1, 2 and 3(a) hold, and the stepsize conditions in Theorem
2 are satisfied, then we have

(a) the set C is non-empty and compact.
(b) the set C C {x € R?: VF(z) = 0}.
(c) the function F is finite and takes the value as a constant on the set C.

4.2 Convergence of SMG under the Kurdyka-Lojasiewicz inequality

In this section, we investigate the convergence performance of Algorithm 1 under the KL inequality.
Specifically, we achieve the convergence of sequence {&;} generated by Algorithm 1 in Theorem 5,
and the specific choices of appropriate stepsize for convergence are given in Corollary 3.

Theorem 5 Let Assumptions 1, 2 and 3 hold, and T; be generated by Algorithm 1. Suppose that
the stepsize oy is non-increasing and satisfies

o0 o0
1
3 t— 1
= 00, E o <oo, < , E ,6’ < 00,
p nlv K —

Wb A

t=2 j=t

(7]8 1[~]
2

t=2

where K = max {2, 9(?_';’3)} is a finite value. Then we have
(a) the sequence {Z+} has finite length, that is, > ;= ||@: — Ti—1]| < .
(b) the last-iterate &, converges to some stationary point x* of F.

Theorem 5 discusses the strong limit-point convergence property of SMG under the KL condi-
tion, showing that the last-iterate @, is convergent and converges to a stationary point of F'. Note
that the stepsize conditions in Theorem 5 may not be very intuitive, see equation (15). For clarity,
we then provide the possible selections of stepsize for convergence in the following corollary.

Corollary 3 Suppose that Assumptions 1 and 2 hold, and Assumption 3 is satisfied with p(x) =
cx'™0 (¢ >0, 0< 0 <1). If we run Algorithm 1 with

1 0+1
T 3911

<p<l, (16)
then {&:} has finite length and converges to some stationary point x* of F'.

13
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Remark 4 Note that compared to Theorems 1 and 2, we impose additional conditions on the step-
size oy to achieve the more challenging strong limit-point convergence in Theorem 5. Nevertheless,
the stepsize conditions in (15) are easily satisfied when the desingularizing function p(-) is given.
As shown in Corollary 3, the polynomial-type stepsize in (16) fulfills the conditions of Theorem 5,
thereby establishing the finite length property and the last-iterate convergence of iterative sequence
for SMG method. In particular, the polynomial stepsize in Corollary 3 is often employed to guar-
antee the theoretical convergence of shuffling gradient algorithms (see, Gurbiizbalaban et al., 2021;
Nguyen et al., 2021; Tran et al., 2021; Li et al., 2023).

4.3 Convergence rate of SMG under the Lojasiewicz inequality

In this section, we explore the convergence rate of the iterative sequence {&;} under the Lojasiewicz
inequality (for short, L inequality). Specifically, this section focuses on the KL property with the
popular desingularizing function p(z) = cz'=?, where 0 < # < 1 and ¢ > 0. In this case, the KL
inequality in (11) becomes the L inequality, that is, for all z € U N{z € R?: 0 < |F(x) — F(&)| <
77}, we have

IVF@)| > x| F() - F(@)l, (1)

1-0)

where U is a neighborhood of &, c is the corresponding KL constant, and 0 < 6 < 1 is referred to as
the KL exponent. In particular, the L inequality characterizes the geometric relationship between
gradient norms and function values. In order to achieve the rate of the last-iterate convergence for
SMG method, we first give the following proposition, and the main result is in Theorem 6.

Proposition 4 Let e;, A\: and v; be three non-negative real sequences. Assume that Ay < 1 and
err1 < (1= Ap)er + 4, then we have

T T T
ery < exp ( — Z)\t)el —|—Zexp ( — Z /\i)’yt.
t=1 t=1

i=t+1

By combining the L inequality in (17) and the conclusion of Proposition 4, we can obtain the
convergence rate of {&;} in the following theorem.

Theorem 6 Let Assumptions 1 and 2 be satisfied, and Assumption 3 hold with p(x) = cy/x.

10¢?
nt

|z, —x*| = 0(;) + O(%) (18)

where T* is a stationary point of ', and this means that the squared norm ||&, — z*||? = O(1/T?).

Suppose that &, is generated by Algorithm 1, and the stepsize oy =
T, we have

Then for sufficiently large

Remark 5 For the iterative sequence of the SMG algorithm, Theorem 6 reveals that the last-iterate
&, converges to a stationary point x* of the mon-conver problem (1) at the rate of O(1/T?) +
O(1/T), which is consistent with the state-of-the-art theoretical results for strongly convezx (Nguyen
et al., 2021) and KL (Li et al., 2023) functions. For clarity, we compare the convergence result of
Theorem 6 with some of the existing works in Table 1. In particular, the PL condition is commonly
employed to establish the last-iterate convergence and convergence rate of function values (Lei et al.,
2020; Nguyen et al., 2021), which takes the form of

IVE(2)|> > 2u(F(z) — F*), VR (19)
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where > 0 is a constant and F* = inf g F(x) denotes the lower bound of F'. For the finite-sum
minimaz problems, Das et al. (2022) and Cho and Yun (2023) explore the convergence of AGDA-
RR and SGDA-RR algorithms under the PL condition, respectively. More specifically, when wt is
sampled uniformly without replacement from [n], they obtain the rate of O(exp(—T))+ O(1/(nT?))
for function values by employing a constant stepsize that depends on the total number of epochs T .
Under the L inequality and the diminishing stepsize condition, we prove that the squared norm of the
iterative sequence converges at the rate of O(1/T?) for arbitrary shuffling strategies. In particular,
when the lower bound of F is achievable and the stationary point x* is a global minimizer of problem
(1), we have F* = inf cpa F(x) = F(x*). Thus, it follows from Theorem 6 that

- N - N L, . . 1
Fay) ~ P = F(@,) - F@) < gla, o2 2 o ().

where the first inequality holds because F is L-smooth and x* is a stationary point of F', that is,
VF(x*) = 0. In this case, Theorem 6 can recover the last-iterate convergence rate of function values
for any shuffling strategy under the PL condition, as obtained in Nguyen et al. (2021) (see the fifth
row of Table 1). In addition, the PL condition in (19) needs to be satisfied for all x € R?, whereas
the L inequality only requires (17) to be wvalid within a neighborhood of . Hence, the L inequality
considered in this paper is easier to be fulfilled. Finally, the last column of Table 1 indicates that
the convergence rate can be improved by a factor of n when using the uniform without-replacement
sampling scheme. Whether uniform sampling can enhance the rate of shuffling gradient algorithms
under the L inequality remains an interesting work for future research.

Table 1: Comparison of the convergence results in different problem settings

Settings Algorithms Stepsize Convergence rates”
RR (Mishchenko et al., 2020) constant Ell|, —=*|?] = @(#)
strongly convex ~
SMG (Tran et al., 2024)  constant/exponential E[[|@, — z*||*] = O(ﬁ)
ing- i diminishin E[F(Z,) — F*] =O0(-4
PL condition (19) Slll\?ﬂ'hng tytpelgr;(()i;nt ° (@) ] N (Gre)
(Nguyen et al., ) diminishing F(z,)— F* = O(%)
RR (Li et al., 2023 diminishing z, —x||?=0(
L inequality (17) ( ) |2 I (T2)
SMG (this paper) diminishing &, —x*|* = O(72)

* where T is the total number of epochs, n is the number of loss functions, * is the minimizer in the strongly
convex setting and the stationary point under the non-convex L inequality, and F* = inf_ s F'(x) is the lower
bound of the PL function F'. In addition, the in-expectation results in the second to fourth rows are obtained
under the uniform without-replacement sampling scheme, and the other results hold for any shuffling strategy.

5. Conclusion

This paper has investigated the last-iterate convergence performance of SMG method for solving
finite-sum optimization problems. Specifically, we have provided the last-iterate convergence guar-
antees for non-convex objectives, and the theoretical results hold for arbitrary shuffling strategies.
In the non-convex setting, we have demonstrated that the function values of the last-iterate converge
to a finite value and the gradient norms of the last-iterate exhibit convergence to zero. Moreover,
we have also obtained the asymptotic convergence rate of gradient norms at the minimum-iterate,
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which can arbitrarily approach o(1/7%/3). By leveraging the uniform without-replacement sam-
pling strategy, the convergence rate of the minimum-iterate has been improved to O(1/(n'/3T%/3))
with an additional factor of 1 /nl/ 3. Further, when the KL property is satisfied, our analysis has
achieved the strong limit-point convergence results for SMG method, providing theoretical insight
into the behavior of iterative sequences. In particular, we have proven that the whole sequence
of iterates converges to a stationary point of the non-convex problem. Additionally, we have also
attained the sublinear rate of O(1/7?)+ O(1/T) for SMG method with an appropriate selection of
stepsize. From the practical perspective, the last-iterate typically serves as the output of algorithm
without additional storage or computation requirements. Therefore, the last-iterate convergence
findings presented in this paper can better reflect the actual performance of algorithms, thereby
effectively closing the gap between theory and practice.
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Appendix A. Basic Estimates of SMG

This section provides some basic estimations for the SMG algorithm. Specifically, we first present a
useful result on the uniform sampling in Lemma 4, which plays an important role in analyzing the
convergence of shuffling gradient methods. Next, we establish the upper bounds of Z?:_ol |zt — 2 ||?
and 37" E[||xt—}?] in Lemma 5. The upper bounds of "7 |25 —2!~!||? and Y27, E[||z 1 —
:cf_l |?] are then obtained in Lemma 6. Further, we achieve the bounds related to the sequences ®;
and ¥, in Lemma 7. Additionally, the conclusion of Lemma 8 is adopted to achieve the last-iterate
convergence rate of iterative sequences in Theorem 6.

Lemma 4 (Lemma 1, Mishchenko et al. 2020) Let X1, Xo, --- , X,, be n fived vectors in R?,
and X = %Z?:l X; be their average. Fiz anyk € {1,2 ---, n}, let Xp, Xry, -+, Xr, be sampled
uniformly without replacement from {X1, Xo, --- , Xp}, and X = %Zle X, be their average.
Then the sample average and variance are given by
BI%] =X, E[I% - X = L S - xpe
’ k(n—1)n

Lemma 5 Let Assumptions 1 and 2 hold, if the stepsize oy < ﬁ, then for any t > 1, we have

n—1 t A

> Nt — @bl <np' "D +2) BBy, (20)

i=0 j=2

where D1 = 75 (01||VF(x})||? + 02) is a finite value (independent of n), and ®; is defined in (4).
If wt is uniformly sampled at random without replacement from [n], then for any t > 1, we have

n—1 t
> Rz} - zhl’] <ns T Da+2) By, (21)
i=0 j=2
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where Dy = 4 (01 E[|VF(x)||] + 02) is a finite value (independent of n), and V; is defined in
(5)-

Proof First, by the iteration that @! ; = x! — aym!, | in Algorithm 1, we have

r—1 t
D m;,q, T >S.

Thus, it follows from m! ;| = fm{ + (1 — B)g! that

s—1 t
o . M r<s.
acf, — :I:i, = { ¢ ZZ_T b - (22)

rvs—1 2 rvs—1 2
) — 2l = af|| > mi| =af|Brvs—rAsymi+(1-6) Y gt
1=TA\Ss 1=TA\Ss
rvs—1 2
<Bai(rVvs—ras)?mbl>+(1-B)a7| Y gl (23)
1=r/A\S

where the last inequality holds by the Jensen inequality with respect to the convex function [|-||2.
Upon let’s set r =57 > 0 and s =0, then r Vs = j, r A s = 0 and equation (23) shows

J—1 2
2§ — @flI* < BaFi®|lmb || + (1 - B)ai| Y gf (24)
i=0
It follows from the update of v! in Algorithm 1 that for any ¢ > 2, we have
1 n—1
mh =1 =vi Y gl (25)
=0
Then we can estimate the first term in (24) as follows. Since 7!~! is a permutation of [n], then
—1 2 n—1 2
25 || 1§ 1 11y
il 2T 0| = E s )
' i=0
1 2
- ;> S (A 1) - VA 1) + V)
i=0
1 n—1 2
< 22 3 (Vi i 1)~ VAl 1) |+ 2R P
i=0
9 n—1
< =D VAT AT 1) = VG A G D)+ 2V g I
i=0
< 2Nt 2+ 2|VF 2 26
_nZHw P+ 20 VE (g1 (26)

where the first inequality follows from ||a + b||?> < 2||a||* + 2||b||?, the second inequality holds by
& S aill? < 1 S o llaill?, and the last inequality is due to the L-smoothness assumption, that
is, [V f(x;i) — Vf(y;9)| < L||x — y||. Now, we continue to estimate the second term in (24). For
any 0 <k <l—1<n-—1, we can obtain

-1 2 -1 -1 2
gl = || X (VA@ls G+ 1) = Vi@ r 4+ 1)) + 3V (h i+ 1))
i=k i=k i=k
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_ 2 -1 2
Z( (i +1) = Viahin' (i +1) || +2] Y VS @hin'i+1)
=k i=k

ZIIVf w'(i+1)) = Vf(agr' (i +1)|° + 20—k ZHVf (a3 7' (i + 1))

<2L2%(l—k Z|]w7m0\|2+2l* ZHVf:co, +1))?

i=k
n—1
<2L*(1—k ZH.’B —xb||* +2n(l -k Zuvf (zh;i+ 1))
=0
n—1
<L~ k) Y[t — xb||? + 200n(l — )|V (@h)||? + 209n(l — k), 27)
=0

where the second inequality holds by ||Zi;}C a;l|* < (—k) Zﬁ;}gHaiHQ, the third inequality is from
Assumption 1, the fourth inequality is due to 0 < k <1—1 < n—1, that is, Z ||a|]2 <3 Ha||2
and the last inequality is by Assumption 2. Upon setting k =0 and [ = j in (27) we can get

7j—1 2 n—1
> ogl|| <202 ||zl — xh|® + 201n[|VF(af)[|* + 202nj. (28)
1=0 =0

By substituting (26) and (28) back into (24), we have
L2 o n—1
Jah — a2 < ﬁ“” Dl = o+ 280V F ()
+ 2L7(1 - B)afj ZHCE — xh|” + 201 (1 = B)nafj||VF (ap)||? + 202(1 — B)naij.

Upon summing up the above equation over j from 0 to n — 1, we arrive at

n—1 n—1 n—1

Py ol w2807 ) S IVE(@G P+ 2L (1 - B)

7=0 1=0 7=0

—1
e — atp < 2200k
J

n—1 n-—1

— — n—1
X oy Z]Z| —xb||? +20:(1 -8 nathHVF WP + 202(1 — B)na? Z]

7j=0 =0 7=0
< nQLQﬁa?ZHwt P P+ L (1 - leac - z?
=0
+na? (BIVE(G )P+ o1(1 = AIVE@h)|? + o2(1 - 8)), (29)
Dy

where the last inequality is from 377 5]2 < % and >~ j < ” . Upon setting A; = Z;Z;Hazﬁ -
zt||? and &, = nPa?(B||VE (x5 )|? + o1 (1 — )HVF(:BO)H2 + 02(1 — f3)), then it follows that

At S ’fLQLQﬁOétQAt,1 + n2L2(1 - 5)0&%At + (I)t

18



LAST-ITERATE CONVERGENCE OF SMG UNDER THE KL INEQUALITY

1
<nPL*BalA; 1 +n’L2a2 A + &, < gAt—l + §At + &,

where the second inequality follows from 1 — 8 < 1, and the last inequality holds by the stepsize
Finally, rearranging the above equation, we have

= B°AN¢—2 +2(BP1—1 + B4)

t
<BTIAL £ 2(B TR0y - BBy + By) = TIA +2) BT
j=2

ol 1
condition of oy < Jonl

Ay < BA1 + 2D, < B(BA—2 + 2P 1) + 20,

Using similar technique to (29) and m{ = 0, we can get that Ay < 2A;4n3a?(1-8) (01| VE ()| *+

o2), which implies that Ay < 2n*af(1— 8)(01|VF(zf)||? + 02) < 7% (01]|VF (x()]|* 4 02). Hence,

the conclusion (20) is obtained by substituting the bound of A; in the above equation
Next, if 7* is sampled uniformly without replacement from [n], then for any 0 < k <1—1<n-—1

2 1 -1 2
ZVf ;7' (i + 1)) ] = (I—k)°E ‘l_k;W(wéswt(Hl)) ]
-1
(1 —k)’E, ’ll Vf(xh; 7t (i + 1)) —EZmeO,zH ZVfa:O,H—l)
i=k nz 0
= (I-k)?’E ‘11_1Vf(az L4 1)) —17121me i+1) 2 + (1 = E)?|VF(z)|?
t I— vt 0T n 0’ 0

2
+ (= k) VF (p)]*

n—1 2

1
Vf(wo,Z—Fl _*va $071+1)
=0

+ (U= k)P IVF (o)

<l—k>1i

=0
ZHVf (3 i+ D)I* + 20 = k) [V F () [* + (1 -

=0
(1= k)? HVF( Ol + 201+ o1)(1 = k) [ VF () |* + 202(1 — k),

IN

k)| V F ()|

IN

(30)

IN

where the last equality holds because 7t is uniformly sampled without replacement from [n], thus

Lemma 4 indicates that

-1 _

1 1

Et[l—kzvf xh; (i 41 nE% (xh;i+1
1n—1 2
[ ZVf (zo; 7' (i + 1)) — - Vf(xp;i+1)
=0

n—( 1 1 2

:mﬁ 3 Vf xh;i+1) —fZVf xh:i+1) (31)
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Moreover, in (30), the first inequality holds by k < [ — 1, that is, n — (I — k) < n — 1, the second
inequality follows from ||a + b||? < 2||a||? + 2||b||?, and the last inequality is due to Assumption 2.
Further, similar to the proof of (27), we can obtain

-1 2 2
E[ > gt ] < 2E bomt(i 4+ 1)) ]
Z:kl—l 2
> (Vi@ i+ 1) — V(b +1) ]
i=k
<" 2(1— k)?E[|VF(z} }+4 14 01)(l — K)E[|VF(a)]?]

+ 4oz(l—k)+2(l—k) E[||Vf(ai;n' (i + 1)) = V f(zh; 7' (i + 1))]%]
1=0
21— k)’E[| VF () °] + 4(1+01)( FE[|VF ()]

+ doo(l— k) 4+ 2L%(1 — k) Z [l — 2b[|?] (32)
=0

where the second inequality is from (30) with total expectation and HEi;i a;l]> < (1-k) 00 aill?,
and the last inequality holds by Assumption 1. Then it follows from (24) that

( Jj—1 2
Efzh - o)2] < pod 25 |mi 2] + (1 - Aot || Y
=0
Qn 1
< ofs* (2 S Ellet! — a7 + 2E1VF DI ) + 1 - o

n—1
X <2j2E[|VF(m6)II2} +4(1 + 01)JE[|VF(xh)|*] + 4025 + 2% Y E[||x — wéllﬂ)
i=0

2 [20242 "= 1
g e ZEHw“ 25 1?] + 28352E [V F (& YIP] + 21 — B)a2f*E[|VF(h)])?]

n—1
+4(1 = B)(1+ 01)af S°E[|VF(af)||*] + do2(1 — B)aij +2L%afj Y E[||=) — af|],
=0

where the second inequality holds by the bound of ||7n6|\2 in (26) and (32) with [ = j and k& = 0,
and the last inequality is due to 1 — < 1 and j < j Similar to the proof of (,29)7 summing the
above equation over j from 0 to n — 1 and using >_"'—, i 0 j< "72 and Z;':ol §2 < %3, we arrive at

n—1 n—1
> Efleh - af|*] < n*L?af ZE ;™! — g %) + n?LPad Y Ellef - )]
j=0

=0

+ % (nBE[|VE (@) 2] +n(1 = )3+ 200)E[|VF(h)[[?] +202(1 - 8) ).

Wy
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By introducing ¥; = n%a? (nﬂE[HVF( DI +n(1 = B)(3+ 201)E[|[VE(z})[]?] + 202(1 — ﬁ)) and
using Ay = S |2 — ®t|?, the above equation implies that

1
E[A:] < n?L?Ba?E[A;_1] + n2L2?E[Ay] + ¥, < gE[AH] + §E[At] + 0y,

where the last inequality holds by a; < f T Upon rearranging the above equation, we have

E[Ay] < BE[A1] + 2T < --- < BTE[A +22Bt a7t
7j=2

Finally, recalling that Ay < 7% (01]|VF(24)||*+02) in the last part of the proof of (20), then taking
the total expectation, we have E[A1] < 7% (JlE[HVF(acO)H ]+ 02). Hence, we obtain the conclusion
(21) by plugging the bound of E[A;] in the above equation. This completes the proof. |

Lemma 6 Let Assumptions 1 and 2 hold, if the stepsize oy < f T then for any t > 2, we have

t—1

n—1
Slah !t —al P <2mp Dy +4> gy, (33)

j=2
where Dy = 25 (01||VF (x)||* 4 02) is a finite value (independent of n), and ®; is defined in (4).
If 7t is uniformly sampled at random without replacement from [n], then for any t > 2, we have

t—1

n—1
S E[leh !t -2l P < 208Dy + 4 BT, (34)
=0

=2

where Dy = 2 (o1 E[|[VF(x})||?] + 02) is a finite value (independent of n), and V; is defined in
(5)-

Proof First, setting » =n and s = j < n, we know that r As = j and r Vs = n, and (23) becomes

n—1 2
lzf ' — 27 P < Bai i (n — ) (lmg 1P+ (1= B)ai 1| > gl (35)
=]
For the first term in (35), the equation (26) indicates that for any t > 3,
2 n—1
lmg? < ZHivt 2 — a2+ 2l VF (25 (36)
For the second term in (35), by choosing k = j and | = n in (27), we arrive at
n—1 2
Yot <2r Zuaf L2 2oum(n — ) [Vl )P+ 20m(n ). (37
i=

Then we substitute (36) and (37) in (35) to obtain

2L2Bo
ot — a1 < 220, Zuw” 7|
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+2L%(1 = B)(n — j)ai_4 Z\wafl g P +28af 1 (n — 5)? | VF (a5

+201(1 = B)ai_yn(n — )| VE(zg)|* + 202(1 = B)ai_yn(n — j).

Upon summing the above equation over j from 0 to n — 1, we have

n—1 2L2ﬁo¢2 . n—1 n—1 n—1

_ _ t— . _ _ .
DMl =l P < =y (=) ) e = Y + 2807, Y (0 — )’
=0 j=0 i=0 =0

X IVF (g ?)||* + 2L%(1 = B)ai_ 12% JZHw“ g+ 200

n—1 n—1

x (1= B)aiin Y (n—= )| VF(@g )| +202(1 = B)ai_n Y _(n—j)
7=0 j=0
n—1

<2m’L2Bad 3 et — @l 2|2 + 20 Bad [V F(2h )| + 202L2(1 - B)al
=0

n—1
x Y &t =2l P+ 2001 (1= B)ai [IVF (@ )|” + 2n°02(1 = B)ai_,

n—1
< 2m’L*faj anf 2 —ay 2| 20’ Lai ant Pl
=0
At_g At—l
+2n%al, (BIVF (@5 )2+ 01(1 = B)IVF @] + 0201 - ), (38)
D

where the second inequality holds because » " _ Y(n—j)? < n® and >0 Y(n—j) < n?, and the last
inequality is by 8 > 0. It follows from the definitions of A; and ®; that for any t > 3,

= (38)
Sllah !t -2l < 2n’LPBaf A+ 20°La] Ay + 28

t—1
< BAo+ Apq + 28,1 < 2n372D; + 4 Z g1,
=2

where the second inequality follows from a; < f R the last inequality holds by (20) in Lemma 5,
that is, A; < nB~1D; "‘223':2 B is valid for any t > 1, and Dy = 75 (o1[|VF( wO)HQ +o2)isa
finite value. Similar to the proof of (38), we can apply m{ = 0 to obtain that > "~ H:L' —zl|? <
2n2L2a%A1—|—2n3a%(1—6)(01||VF(:U(1))H2—|—02) < Ar+5 (01| VE(25) P +02) < nD1+nD1 = 2nD;.
Therefore, by combining the bound of ;" Hw — ;|| with the above equation, we can conclude
that (33) holds for any t > 2.

Next, taking the total expectation on both sides of (35), we have

Ef@, " — 2 '1P] < Bai_y(n—)*E[mg |°] + (1 - B)ai,E
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2n1

<ﬁat1n—y( > Bl o] + 2BV F (el m) a B)at1(4<1+ol><n—j>

n—1
E[IVF (@l )] +2(n — j)°E[|VE (g )|*] +doa(n — j) + 2L (n — j) > E[|=i " - w8_1|!2]>
i=0
2L%Bai _ »Qnil t—2 o t—2y2 2 a2 t—2y (12 _
<——(n-J) > E[[l@ — af %] + 2807 (n — 5)’E[|VF (@) |*] +4(1 - B)

1=0
x (1+o1)ai 1 (n = §)E[[VF(zg )?] +2(1 = faiy(n - 5)’E[|VF (25 )]

n—1

+2L%a7 1 (n— ) Y Efllai " — @i ] + 40a(1 = B)ai_y (n — j),
=0

where the second inequality is from the bound of ||m{!||? in (36) and (32) with k& = j and [ = n,
and the last inequality holds by n — j < (n — j)? and 8 > 0. Similar to the proof of (38), we sum
the above equation over j from 0 to n — 1, and then use Zn;olj < n? and ZTZ& 42 < n? to get

n—1 n—1
STE[laf ! -t 2] < 2022802, S E[al"? — 2f%)?] +2n2L2%2 ZEuw“ 5]
7=0

=0

E[A:—2] E[A¢—1]
+ 20203, (nBE[|VF(@h )12] + (1l - B)(3 +200)E[IVF ()] + 202(1 - 5))

W1

By the conclusion (21) of Lemma 5, that is, E[A;] < nf~1 Dy +2 ZE’:Q B9, holds for any t > 1,
we can get that for any t > 3,

n—1
ZE[HmZ_l — 27 ?] < 20°LBaj E[A o] + 2n*LPa] E[A 1] +2W,
=0

t—1
< BE[Ai—2] + E[A¢_1] + 2,1 < 2nB' 2Dy + 42 Ciaad 73
j=2
< \[1 - and Dy = i(alE[HVF(m(l))HQ] + 02) is a finite
value. Recalling that 37|z} —2}||> < A + 75 (01 |[VE(x)||?+02) in the last part of the proof of

where the second inequality holds by a; <

(33), we know that y ;" OlE[Haz 1H | < E[A; ] 25 (01 E[[|[VF (x()||*] +02) < nDy+nDy = 2nDs.
Finally, combining the bound of """, 'Ef|jxl — a:1|| ] and the above equation, we can obtain that
(34) holds for any ¢t > 2. This completes the proof. |

Lemma 7 Assume that oy > 0 is non-increasing, then the following holds.

T t ' 3 3 3 T T
Dy B < 5 O‘; IV (g)|I* + n(fl_zm > B VE@)?+ Z (39)
=2 j=2 j=2 j=2
T t ' 33,3 3 T
S0 Y80, < PIRg o pa ] + 20D S s ] + 25
t=2  j=2 j=2 j=2

(40)
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where ®; and V; are defined in (4) and (5), respectively.
Proof From the definition of ®; in (4), we have

7j=2 7j=2

S0, = 3 9 (e (B F P + (- AIVFEI + 0201 - )

t t t
iy - iy A »
<8 B0V E() )P +oin® Y B0V E(h) | +oan® 3 6003, (41)
= j=2 j=2

~ N——

Ay B Cy
where the last inequality holds by 0 < 1 — 8 < 1. Then it follows from the non-increasing of ay
that oy < o for all j < ¢. Thus, for the first term A; in the RHS of (41), we have

T
ZatAt Z%Zﬁt ]042‘|VF ||2 < ZZBt ]043||VF )H2
t=2 = t=2 j=2

T T

T T o A
> AIVE@ | = Z<Zﬂt)5]aﬁuw<wé‘l>\l2

=2 t=j Jj=2 ~it=j
o0

T T
3 (Zﬁt>ﬁ VP IS S 8 B VR
Jj=2

Il
<.

—
IN=
=

Jj=2 =j

—_

as
BE:aﬂVF “HIP < _ZJVF( )?+ E:aWVF 02 (42)
where (i) and (7i) hold by 0 < 8 < 1 and the last inequality is from the non-increasing of a;. For
the second term B; in the RHS of (41), we use the same approach to get

T
S B = ZatZﬁt T | VF (a WZZ& | VF ()|
t=2 t=2 j=2

T

—Zzﬁt Jad||V F (4 Z( )/3 13|V F (@)

Jj=21t=y =

T

1 o

5 LA BTRIVF@) = 5 2 IV F () (43)
i=2 =2

Then we calculate the last term Cy in the RHS of (41) in the same way as follows

N

T
>t - zatzﬂt o <373 At = 33 o
t=2 j=2 t=2 j=2 J=2t=j

T T
< <Zﬁt>ﬁ‘ja§ < 1_15 S #ip el = — 3 ol (44)
2\ 2 A

By combining the equations (42), (43) and (4
¢

41)
oy E IBt ](I) < n 5 E OétAt—i-O'ln E OétBt—i-Ugn E a;Ch
t=2 t=2 t=2

t=2 j=2

4), we finally have
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T
gm( @I+ 25 S IvFEI?)
j=2

(L AR <o <1iﬁzaﬁ>

_”3ﬁ042 2, ( + ) 3 24 02
= TG IVF@I + T g HIVFEI+ 7255

M'ﬂ

which implies that (39) is valid. For the conclusion in (40), we leverage similar proof technique to
the one used in the above equation, together with the definition of W in (5), to estimate the bound
of Zthg oy 22':2 B=IW,;. Given that (39) and (40) follow a similar proof approach, we omit the
proof details for (40) here. This completes the proof. [ |

Lemma 8 Assume that 0 < 8 < 1, then we have

e Bi—l - 1 1
i T \2(1=8) (1—B)¥

T 0 0 i .
1 1 =] 1 4\/’ \/‘ InT LT
<b)zk27 va 6.2 + ( ) CG;
= St\gis P VI-B1-VB JI-B
where Cg = L+ V2 s g finite value
6= VI=B(-vB? T VI-B :

Proof First, it follows from ¢ > ¢ > k > 2 that % < %, thus we have

where (i) follows from 0 < 8 < 1, (ié) holds by ¢ > k, that is, ; < 7, the last three inequalities are
due to 0 < /B < 1. Next, applying the fact that D jmaaj < Z;:Z aj + > %, a; for any a; > 0, we
can obtain
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t o0 : o0 t )
B NR BT BN~BT 1N
S S ) EF L
j=2 j=t i=j =2
Then it follows that

-3 )
j=t 7
where the second inequality holds by ¢ > j, and the last two inequalities follow from 0 < 8 < 1

(45)
Ut

where inequalities (i) and (i) hold by va +b < v/a + Vb, and the third inequality follows from
the integral test inequality, that is,

i 1 _ /°° L 1 ’oo _ 1
—= —dr=—— — .
e g3 7 S a? t—1 ~ 2(t —1)2
The last inequality in (45) is due to the fact that %

V; as follows. For U;, we have

(46)

< ﬁ for any ¢ > 2. Upon we estimate U; and
T ,

3 T .3
t=k j=2 J?2 k=2 t=k j=k J?
SO BEY A DBy
k=2 t=k  j=2 J?Z k=2t=k  j=k J?
1 T . k B% T oo 00 . IB_%
<oy Dy ()
k=2 =2 J? k=2 j=k t=j J2
J
2
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where (7) holds because Z;ZQ a; < 25_2 a; + z; i @; is valid for any a; > 0, (4¢) is due to t > k
that is, + < L, and the last three inequalities follows from 0 < 3 < 1. Upon using the integral test

inequality, we can get that for any ¢ > 2
2 | 2
(47)

—dr=——+ .
ng /tl.%'2 \/Et—l t—1

Thus, we continue to estimate U; as follows.

(47) 1 1 1 T 9 (47) 9 9 T 1
s (1‘ﬁ)2;ﬁ+1—ﬁk:2‘/’f— = (1—+/B) +1—\/B;W—1
2 2 aN| 2 2(1+2vT)
= (1—\/3)2+1—\/3(1+§\/E)§<1—\/B)2+ 1= VB (48)

where the third inequality holds because Z;}F:z \/% = Z;}F 11 ﬁ <1+ Zk 9 f’ and the last

inequality follows from the integral test inequality, that is,
L1 T T WJT T

=< | —mdv=2VE| =2WT-2<2T.
;2 vk~ /1 Vo Vel -

Then for V4, we can get

T 00 1 T k T 00 1
Vi=) k) :ZWﬂLZ’fZW
k=2 t=k+1

k=2 t=k k=2
S Dy
§2;k—1+él-c—1—2(1+lnT)+2T’ (49)

> 2, thus £ < 2(k —1) and

i 1</°°1dx__ <1
t:kH(t—l)?_ p (=127 x—1lk ~ k-1
1) < 2T and

The last inequality in (49) holds by > k—fl <2 Ef:z 1=2(T -

T1< Ty T
+ZE—1+ : Edaﬁ—l—l—lnxll—l—i—lnT.
k=2

-

ol

b
[\
—

Finally, substituting (48) and (49) in (45), we have
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1 ( 2 +2(1+2\ﬁ)> 2(1+InT) +27T

~ V1I=-8\(1-+pB)? 1-+B 2(1-7)

o1 4 1 4T N V2 N V2(In T +T)

S VISBU-VER  VISBI-VB VIZB ' Vi-§
This completes the proof. |

Appendix B. Proofs for Section 3
B.1 Proof of Lemma 1

Proof First, by combining the L-smoothness of f(+;¢) and the finite-sum structure of F' in (1), we
know that F'is also L-smooth. Thus, the application of descent lemma (Bertsekas, 1999) gives

L
F(ap) < Fap) + (VF(xp), 2t — @) + o [l25" — g

2
noy 1 1
= Pz )+7 VF(z 6)—@@6—%?)
noy 1 L
- BTFE)I? — g e — b7 + Sl - ab?
D r@h) 5 (L) b - ab)?
0/ =5 \ ey 0 0
no no 1 2
t t
- S IVF@)|* + =~ 6)—527"%1 ’ (50)
=0
S

where the first equality holds because —(a,b) = 3[la — b||? — 3||la||? — 1||b||? is valid with a =

vna; VE(zf) and b = \/Tat (xf — xit), and the last equality follows from zj™ = &, = =}, and

equation (22) with r = 0 and s = n. From the iterate of m’, = fmg+ (1 — 3)g}, we estimate the
last term in (50) as follows. For any t > 2, we have

|
—

n—1 2 2

1
S ACORED BETe

J=0

n

(Bmgb+ (1 - B)g})

AR

:%nm_

n—1 n—1
QNS (Vi G+ 1) g ) + DY (Va4 1)~ of)
3=0 Jj=0

Il
=)

J

1 n—1
e - (e )

j=0 ‘
2

= vat) - Zgj)

2

Vi (@hir G+ 1) - gb)|| . (51)

+
_
|
=
SEE
I ng
—~

SﬁHijz;)(Vf(wé; 1) -g) )

~~ -~

It IIt

where (i) is due to the fact that 7/=! and 7' are the permutations of [n], that is,

VF(ah) = BVF(ah) + (1 - B)VF(x})
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Bt o1y, (1=B) syt 4
=EZVf(wo;7r (J+1)+ - D Vf(wmh; (G +1)).
j=0 Jj=0

The last inequality in (51) is from ||Ba + (1 — 8)b||> < Blla|®* + ( )HbH2 Further, we estimate

I; and II; in (51) as follows. Using the Jensen inequality of H L s~ H <1 Sy Hal|| we have
1 n—1 9
1= 2 X (Ve 1) - o) < ZHW whin' 1+ 1) - gl

j:0
2n 1

*ZHVfwo,t (G+1) - VT m G+ )P < Zuw“ 7P (52)

where the last inequality follows from xf = #;—; = @' and Assumption 1, that is, |V f(z;i) —
Vf(y;i)|| < Ll — y||. Then for II; in (51), we have

n—1
1= |23 (Vsahintti + 1) - e Zuw whin'(j 4 1)) - g
j—O
in
*ZHW%‘O, G+ 1) - VFah'G + r|2<f§j||m )

Upon substituting (52) and (53) in (51), we arrive at

(51) 2l 12 n—1
o< anra-pm <o Sl - o 112) + - 0) (- Yl - <)
=0

1 t
B2 (o s-2p, 45" gt ) 4 L= AL (i
< 9 —j i,
< = (208 Di+4> B D, - nB D1+2ZB D,
Jj=2 Jj=2
t—172 4L2t1t 202~ i t—172 6L o~ v
< 2D, —j kel i, < - il ~ip,

< 38 +n25 <I>+n2ﬁ ®; < 38 LD+nZﬁ ®;,  (54)

7J=2 =2 =2
where Dy = 75 (01||VF(x})||? 4+ 02) is a finite value and ®; is defined in (4), the third inequality is

from (20) in Lemma 5 and (33) in Lemma 6, and the last two inequalities holds by 1 — 8 < 1 and
®, > 0, respectively. Finally, we substitute (54) in (50) to get

5 1/ 1 noy noy
Fi) < Plab) — 5 (o= L) b —ab]? - “e VP b + "ot
2 \ noy 2
1/ 1 no 6L2
t t+1 t12 t 2 t—172 t—
< Flap) — 5 (o — L) et = a2 - S IVF (@) + "5 (382201 + ZB )

1 1 no 3nl?Dy , s
= Flab) — 5 (o — L) lht! = abl? - g IVFEpI? + 252t e 31203 55,
=2

Next, if ¥ is uniformly sampled at random without replacement from [n], then taking the total
expectation on both sides of (50), we have

E[F(a})] < E[F(ab)] - (1 - L) Eflaf — ab1?) - "CE[|VF(h)?] + " e

2 \ noy
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Similar to the proof of (54), we leverage (21) in Lemma 5 and (34) in Lemma 6 to get

<o(Z sl e s (2 ZE ERETs)

J=0

9 t—1 . ,
< % <2n,8t—2D2 +4y ﬁt—l—j\pj) + ﬂf)L (nﬂt_lDz +2 Z 5t_J‘I'j>

j*?

212 & .
<3 t— 1L2D = t— ‘]\I’ t_‘]\Ij‘<3 t—lLQD o t— ‘]\I’
s 44 Zﬁ +— jz;ﬁ ;<38 49 Zﬁ
Thus, it follows that

E[F(zj™)] <E[F(z})] - <1t - L) [l — b))

no
no 612 ,
- M|V R (eI + ot (30 e+ I3 i)
7j=2
—E[F(e})] - & [~ — L)E[la" — 7]
0 2 \ noy 0 0
nog 3nL?’Dy , ! .
a TE[”VF@%)HQ} + Tﬁt Loy + 3L2atjz::25t Ty,
This completes the proof. |

B.2 Proof of Theorem 1
Proof We begin the proof with the conclusion (8) of Lemma 1, that is,

1 1
Flal) < Fah) — & ( - L) it —

2 \ noy
_na 3nL?Dy ,_ ! i
5 IVFh)|? + =5 Loy + 3L Y B,
j=2
no 3nL?Dy ,_ ! .
< F(ah) - S IVF(@p)|? + =8 o + 30 y_ 879, (55)

Jj=2

where Dy = 25 (01||[VF(x})||? + 02) is a finite value, ®; is defined in (4), and the last inequality

holds by ay < \/51 T < nlL Upon rearranging (55) and summing over ¢ from 2 to T, we arrive at

o~ no 3nL2D; Tt
Z 5 IVF@))? < Z ( 6+1)) + Tl Zﬁt_lat +3L* Zat Zﬂt_]q)j

=2 =2 t=2 =2

= F(xd) — F(xith) + 3”L 3nl’Dy Zﬁt Loy + 312 Z Zﬁf 1,
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T
S2(F(a:(1))—f*)+(12—t2’8 )LD, 3L22at2ﬁ*3¢],

where the second inequality holds by Assumption 1, that is, F'(x) > f*, the third inequality is due
to0< B <1and ar < f T S np and the last inequality follows from

(50) 1 1 na1 nag
Fad) < F@h) -5 (e — L) lIod = bl = "IV FhI + %52 |[vF

n—1 2
-y m)
n 4 7+1
=0

2 \ noy

< Flad)+ 5 |39F ) + (1 - 97 F@ Z

=0

Bn—l 2
= F(x)) HBVF - Z Vi(xymt(i+1) — V(x);r'(i+1)))
< Fa}) + 57 V(@ ||2+—Z||mo—w I”
n—1 0)

< 2F(wé)—f*+i§\wé—w%\l2 < 2F(ah) — [+ (56)

where the second inequality holds because a; < \/an 7 < ﬁ and m,j1 g = 1- B)gjl., the third
inequality follows from the Jensen inequality and 0 < 8 < 1, the fourth inequality is due to the
L-smoothness of F, that is, |VF(x)||> < 2L(F(x) — f*), and the last inequality holds by (20) in
Lemma 5, that is, .7 | — ! ||?> < nD;. Further, the bound of Y1, ay 2222 Bt ®; established

in Lemma 7 gives

*Zatnw 2 < 2(F(ad) - gy + LE2OLD 3L2(” 50‘2||VF< I

21— B) 1-
T T
P OIS e r - S )
i=2 i
< 2(P(ah) — ) + T 4 VPP

Cy

3L203(a1 + ) & : 3120903 &
+ LD S v R + S o

=2 j=2

n T 3L 02n3 r
<Ci+z > [ VF(h)|* + o, (57)

t=2 t=2
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where we introduce the constant Cy = 2(F(zf) — f*) + 3LD1) +3 35 AL |IVF(x)|? to simplify the

proof, the second inequality is from «a; < \/inL’ and the last 1nequahty holds by a; < TPt v\l/;fTB

From the stepsize condition of > 72, af < oo, we know that there exists a constant Cy > 0 such
that "2" Zt 5 < Cy. Thus, it follows that

T

L2 3 T
Z o[V |2 2 0y + 2020 N s
—2 1-5

Upon recalling the equation (55) and using 22t||VE(z{)||* > 0, we have

L?D Lo
F(af) < F(ab) + 22510, 4 31020, 3 g0, (59)

2 -
7j=2

~~

Zy

Then from the conclusion of Lemma 7, we know that

T t 3 3 3 T T
. n°Pa n°(o1 + B ; o9
Sy s < PO wr@h+ D S R+ Y o
t=2  j=2 Jj=2 J =2
n? a3 2, "o+ B)aq d 2, 92 d 3
< 2VE(@) [P+ ———=L ) V()| + Z o
1-p 1-6 =
58 3
< 7;5 | VF(z )H2+”((’11_+§m1 (C1 +3L%Cy) + Ca,

where the second inequality holds by the non-increasing of ay, that is, oy < a;. This implies that
the series Zthz o 23-:2 Bt77®; is upper bounded. Thus, it follows that

ZZt—BnLDlth 1a +3LZ Zﬂt j(I)j
Jj=

o0

< 3PLDL | BLQZatZﬁH@j < oo, (60)
2(1-5) t=2 =2

where the first inequality follows from 8 < 1 and oy <
(60) and (59), we have

L 7 < ﬁ Finally, by combining equations

1y 22 - (60)
F(O )<F( )—f—Zt, ZZt<OO-
Since F is lower bounded, then Proposition 1 shows that there exists a finite point £ € R such that

lim F(z,)= hm F(zl*™) =F.

T—00

This completes the proof. |
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B.3 Proof of Corollary 1

Proof First, it follows from Theorem 1 that F'(&;) is convergent, then it is also bounded for all t.
Since F is L-smooth, we use Lemma 4 of Li and Orabona (2019) to get ||V F (&) |? < 2L(F (&)—f*).
Thus, ||[VF(2;)||? is also bounded for all ¢, that is, there exists a constant G' > 0 such that

IVE(&:)|* < G.

Further, by using the conclusion (20) of Lemma 5, we have

n—1 t
> llah —apl* < nf DL +2) BB,
=0

j=2
(4) ¢ , - A
< nDy+2Y B (Pl (BIVE (@] P + 11 = BIVF@)IP + 02(1 - 8)))
j=2
< nD, +2n3<ﬂG+01(1 —B)G+o2(1 -0 )Zﬁt ]a

t
< nD +2n3a§(5c:+al<1 — B)G + o3(1 — )Zﬁt j
7j=2
3.2
< nDy+ T (66 + 011 - B)G + oa(1 - B)) 1= Ci, (61)

where Dy = 5 (01||VF(x})||? + 02) is a finite value, the second inequality holds by 0 < 3 < 1, and
the fourth inequality holds by a; < a. Upon applying the L-smoothness of f(-;7), we have

IgHI2 = IV F (@l i+ W)IP = |V flads w0 + 1)) — V(i w0 + 1) + Vi (ahi w0 + 1))
< 2|V f(als 7 (i 4+ 1)) = V flahi 7 (6 + )| + 2]V (b o (i + 1)
< 212||a! — @||? + 4L (f(ah (i + 1) - 7). (62)

where the first inequality follows from |la + b||* < 2||a||? + 2||b||>. Then since F has the finite-sum
structure, we obtain that for any j € [n],

—_

F(z) = *(f(w;1)+---+f(w;j—1)+f(w;j)+f(w;j+1)+~--+f(w;n))
> (f et S @)+ ) =

(x;.4),
where the last inequality holds by f(x;i) > f* in Assumption 1. This indicates that f(x;j) — f* <
n(F(x) — f*). Recalling that F(x}) is convergent in Theorem 1, then it is also bounded. Hence,
f(xl;4) — f* is also bounded for all j, that is, there exists a constant Cy > 0 such that

f(x;9) = f* < Csy Vje[n]. (63)

By the fact that 7'~1(i + 1) € [n], we substitute (63) in equation (62) to get
ZH%HQ < QLQZH-’E — g +4LZ (7' (i +1)) = f7)
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(63) znil t t12 )
< 207 |laf — @bl + 4nLCy < 2L°Cs + 4nLCy = 2L(LCs + 2nCy).  (64)
From the iterate of m! 41 in Algorithm 1, we arrive at
n—1 n—1
Y ollmil® = D l1Bm + (1 - Bgll* < nbllmg|* + E:HQZH2
i=0 i=0

1 n—1 . 2 1
8 ]nzgf anan </32||gf 2+ anln?
=0

(64)
< 2BL(LCs + 2nCy) + 2(1 — B)L(LCs + 2nCy) = 2L(LCs + 2nCy) := M,

where the first two inequality holds by the Jensen inequality. This completes the proof. |

B.4 Proof of Theorem 2

Proof Since Assumptions 1, 2 and the stepsize condition of Y ;°, o} < oo are satisfied, then the
equation (58) in the proof of Theorem 1 still holds. That is, S o[ VF(xh)||? < Cy +3L2Cy is
valid with two finite values C; and Cs, which indicates that > o a¢||VF(x})||> < co. By setting
ar = oy and by = |[VF(z})]|, then it follows that > :° a:b? < oo. Thus, combining the condition of
> r2 1 oy = oo and Proposition 2, we estimate b1 — by| as follows.

e — bel = [[IVF (2™ = IVF(@5)ll] < VF(257) — VF(g)l| < Ljjag™ — ], (65)
where the last inequality holds by the L-smoothness of F. Then by the iterate of =), we have
n—1

<nai Y |lmb | < nMaf,
=0

th—i—l

(22)
x| = ||z, — zh||> = 1

where the first equality is due to $6+1 = x; = x!, the first 1nequa11ty holds by the Jensen inequality,

and the last inequality follows from Corollary 1, that is, Zl: |m!, ,||* < M. Thus, it implies that
|zh™ — xh|| < VnMay. Finally, recalling (65) and using the definition of a; = ay, we have

(65)
b1 — b < Lljxh™ — zf|| < LVnMoy = LvVnMay,

which implies that the condition of |biy1 — b < pay is satisfied with g = Lv/nM. Therefore, we
can apply Proposition 2 to obtain

T+1

lim [VF(&,)| = lim |VF(z h = Jim b, =
T—o0

This completes the proof. |
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B.5 Proof of Theorem 3

Proof Given that Assumptions 1, 2 and the stepsize condition of Y 2, af < oo are satisfied, the
equation (58) in the proof of Theorem 1 still holds, that is, & nS T | VE(ah)|? < C1 + 3L2Cy,
where C; and Cy are two finite values. Upon setting a; = ay+1 and X; = | VEF(z{t)|?, we combine

(58) and the stepsize condition of Y ;°, Z‘;‘t“w = 00 to obtain
=27

o e} [e.e] e}

(58) a «

t+14 (2 t t+1

ZatXt = ZO{t+1||VF(mO+ )H < oo, Z —i—1 = Z —: = 0.
t=1 t=1 D i1 1= Do O

Since a4 is non-increasing, then the application of Proposition 3 gives

1
2 _ 21|12
min [VF@)* = min [VF(eh)]? = (ZL%).

This completes the proof. |

B.6 Proof of Corollary 2

- 1
Proof By the conditions of a; = t1/3+€ and v < fo we know that ay < TIVE and

2/3—¢|t ’y(t2/3_€ _ 1) ’yt2/3_€

t t t
_ Y i _ 0z _
Zai - Z i1/3+e < / £1/3+e dz = — = 2 S 3
i=2

i—2 3¢l 37 € 37 €

Thus, it follows that

3 _ 3 > 3 —
ot Z’L 2041 port 1/3+e ’}/t2/3 € — (t—l— 1)1/3+e $2/3—€ —~ t+1

where the last inequality holds because € < % By the condition that ¢ > 0, we can get

3

Zat o Z $1+3€ < 00.

t=1

Further, we know that the stepsize conditions in Theorem 3 are satisfied. Thus, it follows from the
conclusion of Theorem 3 that

1 1
min [VF@)|? = o [ =o< 2 )
tst=T D i1 Q1 T3¢

where the last equality follows from the definition of little-o and

T

T+1 T 2 2_ 2 —€ T 2 ,2—6
Zat-H Z 772 S S— d:zzv(( +2)5 ) 27( 2 ;
(t+ )1/3+e 1 (z + 1)1/3+€ % —€ 3

where the last inequality holds by the concavity of #2/3~¢ and T' > 1. This completes the proof. B
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B.7 Proof of Theorem 4
Proof It follows from T > 2v/2ny3L3 that oy = 2/377,1/3 < \[1 -

is sampled uniformly without replacement from [n] and the stepsize a; < f 7s We begin the proof
with (9) in Lemma 1, that is,

Then by the condition that 7!

BIF ()] < Bl - 3 (o - L )Ellab™ - 517

2\ noy
t
no 3nL D s
- JE[IIVF( DIF] + =" oy +3L% Y B
j=2
no 3LD
< E[F (xp)] — JE[HVF( OI°] + 2/3“ '+ 3% Zﬁt T,

7j=2

where the second inequality holds by T' > 2v/2ny3L3 > ny3L3, that is, ay = W < . Upon
rearranging the above equation and summing over ¢ from 2 to T+ 1, we have

T+1 T+1 T+1 T+1 t

g R ICHIHEDY (E[F(mg)] — E[F(z5™)] ) 3LD2 Z Bt 4+ 3L2 Z Zﬁt Iy,
t=2 t=2 Jj=
3LD T+1 t
< E[F(2})] - f* + ZZBt 1+3L22at25t a7
T+1 t

< E[F(x})] — f*+ ?’(BLDQ +3L2Z Zﬁt 10
Jj=

T+1 t

<2(E[F(z)] — f*) +W LQZatZBt T;,

where the second inequality holds by the fact that F'(x) > f* in Assumption 1, the third inequality
is due to 0 < 8 < 1, and the last inequality follows from (56) and (21) in Lemma 5, that is,

(56) n—1 (21)
E[F(wg)] < 2E [F(wo)} f + % ZE[||:1:(1) - a:11||2] < QE[F(mé)] — 4+ %,
i=0

where Dy = %(alE[HVF(m(l))HQ] + 03) is a finite value (independent of n). Upon leveraging the
bound of 37, o 22.:2 B9, in (40) of Lemma 7, we have

T+1 ng a
3> B lIVFEhIF] < 2(E[F <w5>]—f*)+““m+3ﬂ( B IV () P]

2(1 - B) 1
MTH ol 202n2 S ol
T g JE[IVF(@))[*) + ﬂg )
o . (14+2B8)LD, 33
<2(B[F@D] - 1)+ 55+ 3q =gz BIVF @)
Co
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6L%n3(o1 + 2) = L2on? 2
LI B[ VF(xp)[] Z o
=2 —

n o 6L oan? o
b o221 3
<Cot 3 2 wE[IVEEI) 5 2

where the second inequality follows from T > 21/2ny3L3, that is, oy < f T and the last inequality

holds because T' > 54v2n° L (01 +2)3/2 i V1=

(1—p)3/2 , that is, ay < m. Upon rearranging the above

equation, we arrive at

T T+1 6C, 36L20 n T
S orE[[VF(ef) ZatE IVF@h)I?] < =2 + 2 Z ;. (66)
t=1

Thus, by the fact that xf, = ;1 and using o = W, we finally obtain

> aen B[IVE (2517

min E[|VF(z )HQ] = min E[|VF(z t+1)H]

1<t<T 1<t<T Zt 1 Qg1
(69 6Cy 1 N 36L%*y%0, 1 1
=y nl/372/3 1—8 nl/372/3 nl/372/3

Notably, since D5 is a constant independent of n, then Cy is also a finite value that is independent
of n, thus the last equality in the above equation holds. This completes the proof. |

Appendix C. Proofs for Section 4

C.1 Proof of Lemma 3

Proof (a) Since the conditions Y72, af < oo and ay < —2

Theorem 1 still holds, that is, F'(&;) is convergent. Then tTILle sequence {F(&;)} is also bounded, that
is, there exists C' > 0 such that F'(x;) < C for all . By the condition that F' is coercive, we know
that all the level sets of F' are bounded. Therefore, the iterative sequence {&;} C {x : F(x) < C}
is also bounded. This indicates that {®;} has a convergent sub-sequence, and the convergent
sub-sequence is also bounded, thus the accumulation points set C is non-empty and compact.

— are satisfied, then the conclusion of

(b) Assume that there exists a sub-sequence {@; } C {&;} such that lim;_, &, = @ € C,
but VF(z) # 0. Then by the continuity of VF and |||, and lim;—||VF(Z)|| = 0 obtained in
Theorem 2, we have limy_,o [|[VF(Z,)|| = [|[VF(2)|| = 0, which is in contradiction to VF(x) # 0.
Thus, if € C, then we can get that VF(z) = 0, that is, C C {x € R?: VF(x) = 0}.

(¢) For any & € C, there exists a sub-sequence {&;, } C {@;} such that limj_,o, &y, = Z.
By the continuity of F', we have limy_,o, F'(Zt,) = F(Z). From Theorem 1, we can obtain that
limy oo F(Z;) = F. Further, by the uniqueness of the limitation, we obtain that F(z) = F € R.
Thus, for any Z € C, we can derive that F(Z) € R is finite and takes the value as a constant of F'.
This completes the proof. |
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C.2 Proof of Theorem 5

Proof Since Assumptions 1 and 2 are satisfied, then we begin with (8) in Lemma 1, that is,

1 1
Flal) < F(ab) - ( - L) et — )
now

3nL?D;

- BV R+ 2

t
,Bt_l(lt + 3L2Oét Z 5t_j‘I)j

Jj=2

t
+ =B +3L°Ray Y B, (67)

j=2

where Dy = ﬁ(mHVF(mé)Hz + 09) and R = n3(BG + 01(1 — B)G + o2(1 — 3)) are finite values,
and the last inequality holds by the definition of ®; and |[VF(z})||?> < G in Corollary 1, that is,

o, @ nof (BIIVF (zf )|* + o1(1 = B)||[VF () ||* + o2(1 — B))

< n?’(ﬂG +01(1—=08)G+o2(1 — ﬁ))at = Ra?.
Upon let’s set

wp = 3nL Dl ZIBZ 10% SLQRZCYZ Z’Bl ]a (68)

By the condition that oy is non-increasing, we have Zt 1ﬂt lay <o prat gt < 15 and

B
T t T t T T T 0o T
NOIEETEIHIREED IETES S O b EFE 3
t=2  j=2 t=2 j=2 j=2 t=j j=2 Nt=j j:2

Thus, it follows that Y 52, 877 lay < oo and limy e Yoo, B?_lai = 0. Moreover, since > 1o, i <
0o, then Y 7, at 2;22 5t_ja? < oo and limy—y00 Yoo, @ Z;ZQ Bi_ja? = 0. Hence, it follows from
the definition of u; in (68) that lim; o uy = 0. Now, adding w41 to both sides of (67), we have

1,1 nozt
Flah™) + e < Flah) = 5 (oo = L)l —wbll* = "5 [VF(ah)” +

3nl?Dy ,
Tlﬂt Loy

t o] 0o 7
, L2D , .
+ 3L%Roy E Btﬂoﬁ + <37121 E B ta; + 3L%R E o g ﬁ’_]ag)

Jj=2 i=t+1 i=t+1 =2
1,1 noy
= F(ah) — 5 (s = L) ™ — b = IV E (b))
3nL2D N L
S D DERIEE ) DUTD DL
i=t i=t =2
1,1
= F(ah) +u — 5 (—— — L) 2§ — b2 = | VF (b)) (70)
2 \noy

From the stepsize condition of ay < \/iln 7 < i, we can obtain that n#at — L > 0. Then equation

(70) indicates that F(zith) + w1 < F(xh) + ug, thus the sequence {F(z) + u;} is decreasing.
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Further, since Assumptions 1, 2 and 3 are satisfied, then the conclusions of Lemma 3 still hold,
that is, C is compact and F' is constant on C. Upon combining the KL inequality at each point of C
in Assumption 3, we can get that the conditions of Lemma 2 are satisfied. Thus, there exist €, n > 0
and p € Q, such that for all € Q and = € {x € R? : dist(x,C) < e} N{z € R*: 0 < |F(z) - F| <
n}, we have p/(|F(x)—F|)-|[VF(x)| > 1, where we use the fact that F(z) = F. From the definition
of C in (14), we have that lim_,. dist(z}), C) = limy_,o0 dist(2¢—1,C) = 0. Thus, there exists t; > 0,
such that dist(z},C) < € for any ¢ > ¢;. In addition, from the conclusion of Theorem 1, we know
that lim;_,o F(x}) = F, then there exists t > 0 such that 0 < |F(x})—F| < n for any t > t5. Upon
let’s take t3 = max{t1, t2}, then for any ¢ > t3, we have dist(z,C) < € and 0 < |F(z) — F| < n,
which means that x} € {x € R?: dist(x,C) < e} N{z € RY: 0 < |F(z) — F| < n}. Thus, it follows
that

P (IF () — F) - [V F ()] > 1. (71)

By combining lim; . F(:L'O) F obtained in Theorem 1 and lim; ., u; = 0 achieved in (69), w
know that lim;_,oo (F( L) + ut) = limy—00 F(x}) + limy0o uy = F. Upon since {F(xz}) + ut} is
decreasing in (70), then F(x}) + u — F > 0, thus p(F(x}) — F + u;) is well defined. So, applying
the concavity of p, we have

p(F(25™) = F + ugy)

< p(F(xf) — F +w) + p/ (F(zf) — F +w) (F(= 6“) F+uy — (F(xh) — F 4 w))
= p(F(xp) = F +w) + p'(F(xh) = F + w) (Fag™) +upn — (F(xp) + ue))
2 (P = F ) + 0 (Fh) ~ ) (5 (oo~ 1) left = afl? - gt IV F(ah)?)
< o(Pleh) — Pt u) — (1) - Pl w) (5 (o - 1) lab™ — bl + 7?||VF<m3>||2)
(74) ; 13 (a — L)l — ab® + 254 | VF (h)
< p(F(xy) — F+ur) — — L —— —
) = ) Py 7] T+ ]
W 1A — Dl = 2+ 2 [V E ()
< p(F(xg) — F+ur) — — ! —
PEGS) )7g, VP + (7]

_ 1 lzg™ — ap||* + 25t |V F (ah) ||
< p(Fah) ~ F+u) - uzm —
P IVE( wo)H +[p (u )]
where the third inequality holds by a; < f 7 and p/(x) is non-increasing, that is, niat —L >0and

, (72)

F(:nf)) —F4u < |F(:c6) —Fl4+u = p (F(mo) —F—l—ut) > p’(|F(a:6) — F| +ut). (73)
The fourth inequality in (72) is due to the condition that p € Q,, that is,
1 1 1
= <C —— +
p(|F(h) = Fl+u) = " Lo/ (IF (@) = FI) — p/(u)
1 1
— J(|F(@h) — F| +u) Z — —- (74)
Co [/ (|F () — FI)] " + [0/ (ur)]

The last inequality in (72) follows from p'(z) > 0 and the stepsize condition of oy <

ﬁ, that iS,

1—noL > % > % Upon setting &; = p(F(x!) — F + u;) and rearranging (72), we arrive at

no —1
Tomalleb™ = @bl + TFHIVE @) < 6 — b (IVF (b + [0/w)] )
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L2650 = 0e)” ”at(HVF( )|y+[p’(ut)]*1)2, (75)

nog

where the last inequality follows from the fact that ab < (a2 +b?) is valid with a = 5%(& —0p41)
and b = Y52 ([ VE(ap)[| + o (w)] 7).
Next, the application of a + b < 1/2(a? + b?) gives

o=l — bl + L2 V() < \/2(10711”9;“ ohl} + " V(e
C2(8: — b nat _
< p(mt 1)’ " (1R + )] )
< 20t \/?vaa)u Y2 )] (70)

where the last inequality holds by va + b < v/a + Vb and §;1 < & in (72). Thus, it follows that

1 t+1 ¢ QCP (5t — 6t+1) 1 1 t vnog -, —1
_ < PN T -
e 1%~ @oll < ;T ”at<2 \/§>HVF(“"0)” oy ()]
2C,(6; — 6 \/ _
< p( t t+1) + nog [pl(Ut)] 1‘
nog 2

Upon multiplying both sides of the above equation by 1/10na;, we arrive at

Vv 10noy
2

el — abll < 2VTOC, (5, — i) + [P w)]

Then summing the above equation over ¢ from t3 to T', we have

d t+1 t d \/ﬁn d ’ -1
> NGt —ahll < 2V106, D (6 — 0rar) + == > o[/ (ur)]

t=ts t=ts3 t=ts3
T
v 10 _
= 2V10C, (6, — dr+1) + > & Z oy [p (ur)] g
t=ts3

It follows from the definition of §; in (75) that §; = p(F (xf) — F + ut). Upon combining the fact
that lim; o F(x}) = F in Theorem 1, lim; o, u; = 0 in (69), and the continuity of p, we have

. BRET ty [ _ _
Jim 6, = lim p(F(2p) — F +u) = p(0) =0, (77)

where the last equality follows from the definition of p(-) in (10). Then we can get that d; is
bounded, that is, there exists C5 > 0 such that |§;| < C5, thus

T
V10 _
Sl — ahl < 20, () + 6 l) + VIO S o[ )]

t=ts3 t=t3

< 4v10C,C5 + \ﬁn Z at[p' (ur)] - (78)

t=ts3
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Now, we estimate the last term in (78) as follows. Recalling the definition of u; in (68), we have

ti:at[pl(ut)]_l :g‘”{” <3nL = Zﬁ’ fa +3L2RZ Zﬁz Jo2 ﬂl
cofa(p(ER S )] unEasod)] )

I; I

where the last inequality follows from the quasi-additivity of p(-) in (12). Then by the non-increasing

of ay and 0 < 8 < 1, we obtain that Y oo, B a; < ag Y 02, 71 < O‘llﬂft; Upon since p(+) is

concave, then p/(-) is non-increasing and [p(-)]~*

(79) [ ,(3nL?D) <= _;_ -1 L (3nL2:Dja - 1\]7!
VPR ()] e

On the other hand, the non-increasing of oy, that is, a; <« for 7 > j, gives

SRS S T w2 I

is non-decreasing, thus

i=t j=2 i=t j=2 1=t j=t
o0 [e.9] ) )
-3 a3 (S
i=t j=t \i=j
t o)
B! —j 3 1 3
_1_5;6 of + 7= j_taj, (81)

where the second inequality holds because Eé-:z a; < Z;ZQ aj —i—Z;:t a; is valid for any a; > 0, and
the last inequality follows from 0 < 8 < 1. Thus, the quasi-addivity of p(-) and the non-decreasing
of [p(-)]~! indicate that

i, 2 { ’<3L2RZaZZﬁ’ ia? >]
1=t
(81) , Bt . 1 [e's) -1
(4 5)
J(3L2R <~ -1 J(3L2R & -1
] e
Upon substituting (80) and (82) in (79) gives

iat[pl(ut)]_l < Co Zat (I +1L) <G, i [ (Wﬂ i

t=ts t=t3

+C§§:at[ <3L Rﬁtzﬁ i3 )] +C§Zat[p'(ilf};§a?)}l<oo, (83)

t=ts t=t3

-1
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where we apply the conditions that >0, ax[p'(B71)] 71 < o0, D52, au[p' (B 22:2 Bl < oo
and > 2%, o' (372, a?)]_l < o0 in the last inequality. Upon recalling equation (78), we have

(78) V100 — 4 (83)
ZH:{:tH zh|| < 4V10C,C5 + 5 Zat[p'(ut)] < 00.
t=t3 t=t3

Thus, we obtain the finite length of {&;}, that is,

0o t3
> Nl — & = ZHle zhl| <Yl — @l + ZHthH ap|| < oo, (84)
t=1

t=1 t=1 t=tg3

where the first equality holds by the iterate of Algorithm 1.

Upon from (84), we can obtain that limy_,o D s p||®: — &—1]| = 0. Then for any e > 0, there
exists t4 > 0 such that ) ;|| — @—1]|| < € holds for any k > t4. Further, for any ¢ > p > t4, the
application of triangle inequality gives

q—1 q—1 0o
[Bg — Epll = || > (@1 — &) || <) |1 — B D[ Beg1 — &l <,
t=p t=p t=p

which implies that {@;} is a Cauchy sequence. Therefore, the iterative sequence {&;} is convergent.
Recalling the conclusion (b) of Lemma 3 that C C {& € R?: VF(z) = 0}, which indicates that for
the sub-sequence {Zy, } C {&:}, if im0 &+, = * € C, then VF(x*) = 0. Thus, it follows from
the convergence of &; that

lim &, = lim &;, =" with VF(z*) =0,
T—o0 k—o00
which means that {&,} converges to some stationary point of F. This completes the proof. |

C.3 Proof of Corollary 3
Proof It follows from p(x) = cx'~? that

1-0) ?
/ — 1 _ 9 —0 — 6(7 _— / -1 =
(@) = (1~ Oz PO =
Then, we perform the proof by checking the stepsize conditions of Theorem 5 in (15), and the proof
is divided in the following four cases.

(a) Since p < 1, we then have S0, & = oo, which meets the condition 7%, ay = co. Then by
the condition that p > 509111 > 3, we have 3p > 1, thus the condition > ;7 o = pOrady t%p < o0 is
valid. Moreover, it is easy to see that the condition a; < ﬁ holds for any ¢t > (nL\/f )1/ P,

(b) Tt follows from [p'(z)]~! = c(iriie) that
% o(t-1) % 1
=1y 8 a1 0(t—1) a1
< - -
Za (5 ;O‘tcu—e)—cu—e);ﬁ S 1o =

where the first inequality follows from a3 < a1, and the second inequality holds because 0 < 5 < 1.
Therefore, the condition Y52 ax[p(B171)] 7! < oo is satisfied.
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¢) Since oy = - and [p -1 = "Eij, we then have
tP c(1-0)

4 @2326‘]@?)}_1 Wenrw)] et (5w

j=2 Jj=2
<Ly (5‘]’ 1>6 L gyl g
Tl o 3P (1-6)" & 3w

where the last inequality follows from 0 < # < 1 and ¢; = B_jj%p > 0, then (23:2 qj)e < 2322 q;-

Further, we use oy < aj = ]ip for any t > j to obtain

=2 j=2 =2 =2
T t T t
1 ot g5 1 1 ot 11
_ a8 309 < 3 s
c(1-190) ; ! ];2 j30p c(1—6) ; ; 4P j30p
1 T t 1 1 T T 1
_ ot —0j _ 0t \ 5—0j
c(l — 9) ;5 ;ﬁ j(39+1)p c(l _ 9) ng (;5 )5 j(30+1)p
1 T 00 1 T
ot \ n—0;
= c(l1-196) jz:; (;ﬂ >ﬁ 4 (30+1)p = c(l— 1 — B9) ; t( 39+1)p

By the fact that p > 399111 > 39+1, we have (30 + 1)p > 1 and Y 7, m < o0o. Thus, we can

conclude from the above equation that Y ,°, a;[p’ (5" 2222 B*ja;’)]*l < 00 is satisfied.
(d) For any t > 2, we use the integral test inequality to get

1-3p |o©

—T
Za _Z Sp /tlx?)p :3p71

where the last inequality follows from p > 399111 > 3, thus 1 — 3p < 0. Upon by the non-decreasing

(t—1)1=3r
i1 sp—1 7

of [/()]~", we can obtain
{”(ia?’)] i [’)<m)] - ol o 3p>6 o 01>)<§p_ ip)j>9’ (86)

Jj=t
where the first equality follows from [p/(x)]~! = c(l 9) Thus, it follows that

IN

(t _ 1) (1-3p)0 (1-3p)0

i“t["'<i“?)]_l(S—G)i;cu—m@p—l) c(1-6) :sp—wi t—l

=2 j=t t=

A

1 > 1
= — — 92 N Gr—ep < %
c(1-0)(3p—1) t:2 (t — 1) Bp=1)+p

where the second inequality is due to L < =nr ) for any t > 2, and the last inequality holds by

p > 309111, then (3p — 1)8 +p > 1. Hence, the condition » %, ax[p’ (372, oz?)]_l is satisfied.
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Finally, combining the above cases (a), (b), (¢) and (d), we know that the conditions of Theorem
5 in (15) hold. Therefore, we can apply the conclusion of Theorem 5 to get that {&,} has finite
length and converges to some stationary point * of F'. This completes the proof. |

C.4 Proof of Proposition 4
Proof It follows from e;11 < (1 — A\¢)er + v and Ay < 1 that

T

<ITu-2a+ 3 (TLa-2)

t=1 t=1 i= t+1

T T

H (—Ae)er + Z ( H eXp(—)\z‘))%

=1 t=1 “i=t+1

T T
= exp ( — Z)\t)el —l—Zexp ( — Z /\i>’yt,
t=1 t=1 i=t+1

where the second inequality follows from 1 — 2 < exp(—z). This completes the proof. |
C.5 Proof of Theorem 6
Proof From the stepsize choice of oy = 1%2, we can obtain that oy is non-increasing, » ;= o =
Yooy 710331536 <00, Y=y 1?;2 = 00, and a; < nLi/? is satisfied for any ¢t > 10c?LvK. In

the rest of the proof, we assume that t > t5 = max{t3, 10c2Lv/K }, where t3 is defined in the proof
of Theorem 5, that is, t3 is a constant such that dist(z},C) < € and |F(z}) — F'| < n holds for any
t > t3. Thus, we begin with (76) in the proof of Theorem 5, that is,

nog (76) 2C (St - 6t+1 TLOét
5 = bl Y SV EE] < P(n% ) VT 9 o)

2@‘&“)+“ZWVF<>

now

L)

(£ I+

1
v 10naoy

I+ 20 o )]

)

where §; = p(F(z})—F+u;) and the sequence u; is defined in (68), that is, u; = 3"L2D1 oo tﬁl Yo+
3L2RY %, oy 23-22 Bi*jai with two finite values Dy = 75 (01[|VF ()| + 02) and R =n3(8G +
01(1 = B)G + 02(1 — B)), and the last equality holds by equation (13), that is, if p(z) = cz'~?, then
C, = 1. Now, rearranging the above equation, we have

il < 20 =0u1)  (V2-1)y/nay VR
\/— ol = ==~ 5 IVE (@)l + == [0 (w)]

20— 0u) VGG gy VR )

noy 5 2

where the last inequality follows from V21> % Thus, it follows that

\/> Ono \/mnoz
IV F (b)) +

bt — @b < 2v/10(0; — 1) — [/ (ur)] "
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Upon summing up the above equation, we have

)
k=t k=t

V100 VI0n o -
ZHwkH zk|| <2\ﬁz Ok — Okt1) — ZakHVF(:BIS)H—I— 5 Zak[pl(uk)] 1
k=t

T T
SENITICAE A L S LS A PO
k=t

k=t
Taking T' — oo and using the fact that limp_, . 0741 = 0 obtained in (77), we arrive at
o0
v10n Vv 10n 1
PDLTAREEEVIURELE SANLEPTIRIRLLE SR AI)

2

= 2 T0p(F ()~ F )~ S e 9@+ A el n] L (s)
k=t

k=t

where the last equality follows from the definition of d;. Upon since p(x) = c¢y/x, we then obtain
that p(z) is increasing. By the fact that F(x) — F + u; < |F(z}) — F| + ut, we have

2 1
2 P ([F(@h) = F| + )

c? 2 i) — F U
<5 Garmy=m * 7)) s (e 2

p(F () — F + up) < p(|F(af) — F| +w) =

o (uy) 2 c c
< C(IvFGy |+ ). (59)
where the first equahty is due to p( ) = 2p ( L the second inequality holds by u; > 0 and equation
(13), that is, p,(z ) < p,%m) + p,(y), the second equality follows from p/(z) = m, and the last

inequality follows from the Lojasiewicz inequality with § = £, that is, [|[VF(x})|| > 2\/|F(x}) — F].
Next, substituting (88) in (87), we arrive at

an’f“—wonmf( (19 F (@) + 229

0 S v F b+ S o )]
k=t

2
k=t

— Vo (V@) + 2L) - YOS o v el Zamﬁ.

)
k=t

Upon adding Q\ﬁ" > pes apy/ur to both sides of the above equation and rearranging it to get

ZH = bl + S e (v + 2L

k=t

< V10¢? <||VF( Ol + 2@) + \/107071 Zak\/tTk—i— Q\ﬁn Zak\ﬁ

= Vioe (I Fabl + 2 ) + 7W”Zakr (%9)
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Further, let’s set

Zn 1= bl + S (1)) + 2 ). (90
k=t

Since a4 is non-increasing and Y52, o < oo, then we can obtain that | VF(z})|| < v/G is bounded
from Corollary 1, u; is bounded from lim¢ oo us = 0 in (69), and Y2, o/, is bounded from
(83) with p(x) = c\f. Thus, there exists a constant T > 0 such that

v, vioe (1 reh + 2 + 7f”zakr<r o1

In addition, we have T;1; < Ty and
10na 2./u
Y= Yo =l = el + L0 (7R + 2.

Thus, it follows that

2./u 5 5
IVF(at)]+ 2 = o (0= Yi) = <t — | € —E— (= Yen). (02

Upon substituting the definition of Y; from (90) and equation (92) into (89), we arrive at

T, < \Fc <||VF( )||+2\£u7> hﬁnzak\ﬁ

(9<2) 5702 (Tt — Tt+1) 7\/777/
n o

Z /U (93)

nog

=cr and rearranging it, we can get

Upon multiplying both sides of (93) by

ng(l—w)n Y10 atzak\ﬁ—<1—>'ﬂ+28\ﬁcz\ﬁ (94)

5¢c2 25¢3

Yt

where the last equality is due to oy = 1OC . By setting Ay = £ and ve = 28v/10c 7 Zk t , the
equation (94) becomes Y;y1 < (1 — /\t)Tt —|— ¢, thus we use the conclusion of Proposmon 4 to get

T T T
TT+1 < exp < — Z )\k>Tt5 + Z exp < — Z )\,-)’yk,
k=ts k=ts i=k+1

where t5 = max{ts, 10c?Lv/ K} is a constant. Without loss of generality, assuming that t5 > 2 is
an integer, thus A\; < 1 holds. Then it follows from the integral test inequality that

ZM—Z>/T+1 n<T;5r1> Z Z>/]€T+1d;p_21 <Z++11)

k=ts k=ts5 i=k+1 i=k+1
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Thus, it follows that

T+1 T+ 1
Tri1 <exp <—21n( >) T + Z exp < (k—l—l))f%

k=ts
T
27, 1 5
IR ERR NS D (k+ 1)y (95)
k=ts

Further, we estimate the second term in (95) as follows. From the definitions of 7% in (94) and
uy in (68), we can obtain

T

S (k4 1 @ 2sviae Y O Z Ve

k=ts k=ts

68 28\/7 Z Qii\l 3nL2D; — BZ_1a +3L2Rzazzl3z Ja
k=ts t= 1=t 7j=2

< k 1( 3nL? Dlzﬁz Lo, + 3L2tha2225z ]Oz>
=t5 1= J

L?’Dq 1
:28@0 3n 1002

2 n k
7 k=t
Cr
(E+1)2 X1
28 3L2R — 96
i R Z 9
< =

Ht

where the first inequality holds by va + b < v/a+ Vb, the last equality follows from a; = 12‘;2, and

we introduce the constants C7 and Cg in the last equality to simply the proof. Now, we estimate
I; and II; in (96), respectively. For I, by the fact that (k + 1)2 < (k + k)2 = 4k2, we have

where the second inequality holds by the condition that ¢t5 > 2, and the last inequality follows from
Lemma 8(a). Upon for II;, we have
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where Cg = —- 4

T \/% is a finite value, and the last inequality follows from Lemma 8(b).

VI-F (1—v/F
Upon substituting (96), (97) and (98) in (95), we arrive at
(95) 27, 1 T , (o100 g2 1
Tri < F e+ Ty ];5(%1) S et e Gkt Gl
27 Cr  2V2 1 Cs 4 AT 42 T+T)
STt TSI v T i v %)
27 Cr 2v/2 CsT 4 4 8v/2
ST+t T vispa-var T @+ 1>2(¢1 —B1-v3 VI B +4G5), - (99)

where the last inequality holds because /T < T and In T < T. Upon recalling the definition of T,

in (90), we know that Ty = 352, ||leht — 2k|| + \/1570" St an(|VF(2E)| + 2\{:@) Since Corollary
3 shows that when 6 = % and p =1, wOTH — x* (T — o0) for some stationary point &* of F. We

then use the triangle inequality to get

o0
lag ™t — 2| < Z lg™ — x| < Yria.

t=T+1
Thus, we finally obtain
(99 ¢27 2v/2
T R [ . LENRNIC S
(T+1)  (T+1)?v1-pB(1-B)?

CsT 4 4 8v/2 1 1
4Cg ) = O = ol = |.
MEESVH v e Rlvi B ) <T2>+ (T)
This completes the proof. |
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