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Abstract

Physics-informed neural networks have proven to be a powerful tool for solving differential
equations, leveraging the principles of physics to inform the learning process. However,
traditional deep neural networks often face challenges in achieving high accuracy without
incurring significant computational costs. In this work, we implement the Physics-Informed
Kolmogorov-Arnold Neural Networks (PIKAN) through efficient-KAN and WAV-KAN,
which utilize the Kolmogorov-Arnold representation theorem. PIKAN demonstrates su-
perior performance compared to conventional deep neural networks, achieving the same
level of accuracy with fewer layers and reduced computational overhead. We explore both
B-spline and wavelet-based implementations of PIKAN and benchmark their performance
across various ordinary and partial differential equations using unsupervised (data-free) and
supervised (data-driven) techniques. For certain differential equations, the data-free ap-
proach suffices to find accurate solutions, while in more complex scenarios, the data-driven
method enhances the PIKAN’s ability to converge to the correct solution. We validate our
results against numerical solutions and achieve 99% accuracy in most scenarios.

Keywords: Differential Equation Solving, Physics informed models, Kolmogorov-Arnold
Neural Network (KAN), Efficient-KAN, WAV-KAN

1. Introduction

The advent of deep learning and its use cases in solving complicated tasks related to com-
puter vision, natural language processing, speech, etc., has led to state-of-the-art applica-
tions in industries like healthcare, finance, robotics, to name a few. Further, using deep
neural networks (DNNs) in solving differential equations through Physics Informed Neural
Networks (PINNs) is another breakthrough that offered a new framework for solving par-
tial differential equations (Raissi et al. (2019)). Since then the field of PINN has received
a lot of attention (e.g., see review Cuomo et al. (2022) and is extended to solve fractional
equations, integral-differential equations, and stochastic partial differential equations (Pang
et al. (2019); Yuan et al. (2022); O’Leary et al. (2022)). PINN has been developed to be
more robust and accurate (Wang et al. (2023)) because the original form of PINN has draw-
backs (Lawal et al. (2022); Krishnapriyan et al. (2021); Ji et al. (2021); Fuks and Tchelepi
(2020); Dwivedi et al. (2021)), which are emanate from deep networks.

Recently, a promising alternative to the traditional multilayer perceptron has been pro-
posed: the Kolmogorov-Arnold Neural Network (KAN) (Liu et al. (2024)). While the
universal approximation theorem (Cybenko (1989)) is foundational to deep learning, KAN
is based on the Kolmogorov-Arnold representation theorem. This theorem establishes that
any multivariate continuous function can be decomposed into sums of univariate continu-
ous functions. KANs leverage the power of splines and multi-layer perceptrons, as KAN
is essentially a combination of the two. KAN offers a distinct advantage over traditional
Multi-layer Perceptrons (MLPs) by incorporating learnable activation functions in addition
to learnable weights (Liu et al. (2024)). This characteristic enhances the ability of KANs
to approximate solutions to differential equations with greater accuracy and fidelity com-
pared to conventional neural networks (e.g., PINNs). By allowing the activation functions
themselves to adapt during training, KANs can better capture the intricate dynamics and
behaviors inherent in differential equations, thereby producing solutions that closely align
with actual solutions.
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A KAN-based physics-informed neural network (PIKAN) has been shown to solve the
2D Poisson equation (Liu et al. (2024)) for a variety of geometries as well as other partial
differential equations (Wang et al. (2024)). KAN was also successfully applied to system
identification (Koenig et al. (2024)). A thorough comparison of PIKAN based on different
variations of KAN have been made in Shukla et al. (2024). However, more recent im-
plementations of KAN, such as WAV-KAN (Bozorgasl and Chen (2024)) or efficient-KAN
(Blealtan (2024)), have not been utilized for solving differential equations.

In this article, we present a PIKAN analysis of various differential equations via efficient-
KAN and WAV-KAN. We explore the data-free approach — Data-Free PIKANs (DF-PIKANS),
which solve equations without relying on external data, making them ideal for problems
where data is scarce or unavailable. Also, the data-driven approach is utilized — Data-
Driven PIKANs (DD-PIKANS), which uses existing datasets to enhance solution accuracy.
The use of data provides guidance during training, helping the model to learn more ac-
curately. We will demonstrate the performance of both approaches, drawing parallels to
similar concepts PINNs. Note that the key advantage of using PIKANSs is that they require
less experimentation with different architectures. This is because PIKANs (via efficient-
KAN and WAV-KAN) can effectively capture the solutions of differential equations with
simpler, lower-complexity architectures.

The rest is organized as follows: In Section 2, we provide an introduction to KAN, dis-
cussing its theoretical foundation and advantages over traditional neural networks. Section
3 focuses on the implementation details of the PIKAN, explaining the construction and
training process of PIKANSs, including both B-spline and wavelet-based approaches. Sec-
tions 4, 5, 6 and 7 present a series of case studies that showcase the effectiveness of PIKANs
in achieving high accuracy across different types of differential equations, validated against
numerical solutions. Finally, in Section 9, we summarize our findings, highlighting the
benefits and potential future directions for PIKANS in the context of differential equations
analysis.

2. Introduction to Kolmogorov Arnold Networks (KAN)

Recall that DNNs is based on the Universal Approximation Theorem, which reads as follows:
Let ¢ be any continuous sigmoidal function. Then finite sums of the form

N
g(x) = Zaja (WJTX + bj) , where x,w; € R", aj,b; € R
7=1

are dense in the set of continuous functions on [0,1]" (Cybenko (1989)). Thus, for any
continuous function f(x), there is a sum g(x) of the above form such that

l9(x) = f(x)] <e.

In neural network context, this theorem shows that a sufficiently smooth function f(x)
can be approximated arbitrarily closely on a compact set using a two-layer neural network
(NN) with appropriate weights and activation functions (Funahashi (1989); Hornik et al.
(1989)). A two layer NN is a network that consists of an input layer, one hidden layer, and
an output layer. The hidden layer has neurons with activation functions, and the output
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layer typically performs a weighted sum of the hidden layer outputs.

KAN is based on the Kolmogorov-Arnold representation theorem stating that any con-
tinuous function of multiple variables can be represented as a superposition of continuous
functions of a single variable and addition (Givental et al. (2009); Braun and Griebel (2009);
Kolmogorov (1957)). Formally, it states that, given a continuous function f : [0,1]" — R,
there exist univariate continuous functions ¢; ; and 1); such that

2n+1 n

FOO) = fan,ma,mn) = > i | D dij (x))
=0 j=1

The above formulae consists of two layers of univariate continuous functions. The inner layer
applies univariate functions ¢; ;j(z;) to each input variable, and their outputs are summed.
The outer layer then applies another set of univariate functions ¢; to the sums.

Note that the potential of utilizing KAN for constructing neural networks has been at-
tempted previously (Lin and Unbehauen (1993); Lai and Shen (2021); Sprecher and Draghici
(2002); Leni et al. (2013); Montanelli and Yang (2020); Fakhoury et al. (2022)). However, in
Liu et al. (2024), the shortcomings of the previous attempts were finally resolved, resulting in
the comprehensive construction of neural networks (KANs) utilizing the Kolmogorov-Arnold
theorem. In KANSs, nodes perform the function of summing incoming signals without intro-
ducing any non-linear transformations. Conversely, edges within the network incorporate
learnable activation functions, which are weighted combination of basis function and a B-
splines. Throughout the training process, KANs optimize these spline activation functions
to match the target function. Further, the learning parameters are fundamentally different
from those in traditional neural networks, which use weights and biases. In KANs, the
primary parameters are the coefficients of the learnable uni-variate activation functions. In
KANSs, the primary parameters are the coefficients of the learnable uni-variate activation
functions.

In this paper, we will use efficient-KAN (for code implementation refer to Blealtan
(2024)), a reformulation of originally proposed KAN (Liu et al. (2024)) which significantly
reduces the memory cost and make computation faster. Further, we also utilize an alter-
native to KAN (or efficiemt-KAN) called as Wavelet Kolmogorov-Arnold Networks (WAV-
KAN) (Bozorgasl and Chen (2024)) which uses wavelets instead of B-splines.

In this paper, we will leverage both the use of efficient-KAN and WAV-KAN in solv-
ing various differential equations. Note that we will use the name PIKAN consistently,
regardless of the type of KAN being used. However, we will make it clear if we use the
efficient-KAN or WAV-KAN for solving the differential equation.

3. Implementation of PIKAN

The implementation of PIKAN (either with efficient KAN or WAV-KAN) is similar to that
of PINN except for the fact that instead of using DNNs, one uses KANs. For simplicity,
we will define it for an ordinary differential equation and introduce DF-PIKAN. For the
differential equation subject to the initial condition as follows:

W) fy(a).a) =0, y(a) = o @
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where x € [0, 1], the aim is to train a neural network which finds a function gg(x) such that
satisfies the equation in an approximate manner, i.e.,

dgp(x) X X

“de f(Go(z),z) =~ 0, Jo(a) = ya (2)
within the specified domain of the original differential equation. Note that 6 denotes the
tunable parameters (e.g, weights, biases) of neural networks. In KANs, these parameters
are the coefficients of the learnable uni-variate activation functions applied to each input.
In order to achieve the approximate accurate form gg(z), the main trick is to introduce the
correct loss function for the neural network. Let us define the residual of the differential
equation as

o die(xy) NP
Ro(at) = 02— f(go(al), ) 3)

where {xfn}ZN:Tl represents specific points in the domain of the variable . These points are
either vertices of a fixed mesh or points that are randomly sampled during each iteration

of a gradient descent algorithm. Now using the residual loss defined above, physics loss is
defined as:

8]

1 Ny 9
L= [Rotad) (4)
T =1

To ensure that the right-hand side (RHS) of Eq 2 is approximately zero, we need to minimize
the physics loss. This involves reducing the discrepancy between the derivative of the neural
network output dyfli;x) and the function f(9y(z),z) at the mesh points 22. By making the
physics loss as small as possible, we ensure that the neural network solution adheres closely
to the underlying physical laws represented by the differential equation.

However, we have not yet considered how to incorporate the information about boundary
condition/initial conditions. This can be done as either hard or soft constraints. In the
hard constraint style, to incorporate the initial condition y(a) = yg, the output of the
neural network is modified such that gy(z) — yo + (2 — a)ys(z). In such a case, the physics
loss is the only term in the loss function. In the soft constraint style, the initial condition
information is included in the loss function. Thus, including boundary condition as a soft
constraint, the final loss function for the neural network becomes

Eﬁnal = ﬁr + £bc

1 ala i 2 1 Mo . i i 2 (5)
=N Z |R9(‘Tr)‘ + Ny, Z ‘y9(xbc) - ya}
" i=1 ¢ i=1

)

Where N, is the maximum number of collocation points used to evaluate the residuals
and Ny is the maximum number of boundary collocation points. In our example, Ny, = 1,
since we have only one boundary condition.

However, as straightforward as the formulation may appear, it is not without subtleties.
First, note that different terms in the loss function can have different magnitudes and,
therefore, some terms might dominate the training process, while others are neglected. In
order to ensure that all parts of the loss contribute appropriately to the training process,
the weights are often multiplied in the loss function to balance different terms. In such a
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case, the loss function with multiplicative weight (also including initial condition if any)
takes the following form

»Cﬁnal = Ar»cr + )\bc»cbc + Aicﬁic (6)

The DF-PIKANS utilize the loss function as in Eq (6). Note that
['ﬁDnlgl = Lfinal (7)

where the superscript DF' in Eé)nl;l denotes that it pertains to a Data-Free approach.

In this section, we will now delve into DD-PIKANSs (similar to DD-PINNs as in Refs.
Raissi et al. (2019); Yang et al. (2024)) where the loss function Eq (6) is modified to include
observational or simulated data. In other words, DF-PIKANSs rely on governing physical
equations for learning, while DD-PIK ANs use additional data in the loss function to improve
accuracy and robustness during training. The loss function is given by

ﬁﬁDngl = )‘r[’r + )\bcﬁbc + )\icﬁic + )\dataﬁdata (8)

where

which ensures the solution fits the observed collocation data points (;Uéata, U (acfiata)).

For completeness, we write the DD-PIKAN loss function for differential equation with
two variables, for example, Burger equation. Burgers’ equation in one spatial dimension x
and time ¢ is given by:

ou ou 0%u

at Yar ~ Vou2

where u = u(x,t) is the velocity field, and v is the kinematic viscosity — a given parameter.
The initial condition specifying the value of w at the initial time ¢ = 0 is given by

u(x,0) = up(x)

and the boundary condition that specifies the behavior of u at the boundaries of the spatial
domain z, often x =0 and x = L :

w(0,t) = ur(t), w(L,t)=up(t)
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The residual term, physics loss, initial condition loss, boundary loss and the total loss are
the following

_E u%_yﬁ’

1 ) 2
Lic = N Z (u(a;fc,()) - uo(azlc)> ,
c ]:1
Nbc
1 ) 2
§1= 5 2 (#0180 —ur(tf)
¢ k=1
Nbc
1 R 2
S2= 2 (L 1o —un(the))
¢ k=1
Ly = 51+ So,
'Cﬁnal £I” + ﬁic + Ebc- (10)

We note that it is well-known that the data-free approach of PINNs presents some
limitations in finding a correct solution to many differential equations. For example, for
one-dimensional convection problems, PINNs achieve a good solution only for small values of
convection coefficients (Krishnapriyan et al. (2021); Yang et al. (2024); Huang and Agarwal
(2023); Rohrhofer et al. (2023)). In scenarios like this, adopting a data-driven approach
yield a significant improvement. By incorporating a data loss term, the training process is
guided more effectively toward achieving correct solutions . We will demonstrate that the
same applies to the Burger equation below.

4. Linear ordinary differential equation

Consider the following initial value problem:

dy

-2 = 322, 0) = 1. 11
Yoz 0 (1)
Let us define the residual loss function as
dye(x) 2
R = -—= —3z°,
0(@) dx o

where gg(x) is the PIKAN solution which we intend to learn. From Eq (6) and Eq (7), the
final loss function reads as

ﬁnal Z ‘RQ } + ’y& ) - 1|2 (12)

where z¢ are the collocation points with the weights A\, = A\jc = 1 and Ap. = 0.
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Training Loss 2009 —— PIKAN
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—24 150
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Figure 1: (a) Illustrates the relationship between loss (Eq. (12)) and epoch. (b) A com-
parison between the PIKAN predicted solution and numerically exact solution of
Eq. (11).

Architecture ‘ Spline-order ‘ Grid size ‘ Basis Activation ‘ Loss
[1,5,4,3,1] | 3 | 5 ] sin | 1076

Table 1: The architecture details for Sec. 4.

We utilized the efficient-KAN method to solve the differential equation, employing col-
location points IV, = 100 equally distributed on the interval —1 < z < 1. The model was
trained for 5000 epochs with the learning rate n = 0.001. The base activation function is
sin. At the end of the 5000 epochs (see Fig. 1a), the recorded mean squared error (MSE)
loss was on the order of 1076, Further details are listed in Table 1. The comparison of the
PIKAN Predicted solution and the exact Numerical result of Eq (11) are given in Fig. 1b.

5. System of Ordinary Differential Equations

In this section, we employed PIKAN to solve coupled linear and non-linear differential equa-
tions that have been previously solved using PINN (Uddin et al. (2023)) and by Galerkin
Method with Cubic B-Splines (Kasi Viswanadham (2019)).

We begin by considering the simple case

For which the residuals are defined as

R = 2 o), myw) = D )
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Note that @(z) and 0(x) are the PIKAN solution to be learned. Note that henceforth, we
drop the parameter 8 in the notation of the PIKAN solution. Hereinafter, the weights A;, Ajc
and Apc in the final loss function (8) are all set to unity. As a result, the final loss becomes

Ny
o8 = > (IRGDI + [RiED[?)
T i=1

—— PIKAN
=% = Numerical

—— PIKAN
=% = Numerical

) ~
5 0.0 - 5 0.0 -
= 4
—05- ~0.5-
-1.0- —1.0-
] ] ] ] ] ] ] ] ] ] ] ] ] ]
0 1 2 3 4 5 6 0 1 2 3 4 5 6
X X
(a) (b)
04 Training Loss
_2_
_4_
2
o0
=)
- 8-
710_
_12_
0 2000 4000 6000 8000 10000
Epochs

()

Figure 2: (a) and (b) Illustrates the comparison between the PIKAN-predicted solution and
the numerically exact solution of Eq. (13). (c¢) Illustrates the evolution of the loss,
defined in Eq. (14), with training epochs.

In coupled differential equation we have seen that the convergence of the efficient-KAN
is not satisfactory and to resolve this, we have used WAV-KAN employing collocation points
N, = 100 equally distributed on the interval 0 < x < 27. The model was trained for 10000
epochs and Adam optimizer with a learning-rate 7 = 0.001 is used.The recorded mean
squared error (MSE) loss was of the order of 107%. Further details can be obtained from
Table 2. The comparison of the PIKAN predicted solution and the numerically calculated
solution of Eq. (13) is shown in Fig 2a & 2b.
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Architecture ‘ Wavelet type ‘ Loss
[1,3,2] | sin | 1076

Table 2: Architecture details of the model used in section 5.

5.1 System of Linear Ordinary Differential Equations
Consider the linear coupled system with boundary conditions (Uddin et al. (2023)):

u"(z) + zu(z) + 20'(z) = w,
u(z) + 0" (x) + 2v(x) = us,

2

u(0) =0
?}/(1) + U(l) = COS(l) + Sln(l) (15)
u(1) =2
U/(O) =1.

Here, 0 < # < 1 and the non-homogeneous terms are u;(z) = 2% + 22 + 2 4 2 cos(z) and
ug(w) = 22 4+ x + sin(x), respectively.
The residuals read

Ri(z) = 0" (x) + zt(z) + 20" (z) — up (z),
R2(x) = a(x) + 0" (z) + 20(x) — ua(x).

As a result, we have the physics loss, the boundary loss and the final loss as

L :1§(‘R1((L‘Z)
r Nr — o\'r

‘ 2

LPE = L+ L.

We have utilized the efficient-K AN method to solve the coupled-linear differential equa-
tion (15), employing collocation points N, = 100 equally distributed on the interval 0 <
x <1 (Uddin et al. (2023)). Note that we have observed that there is not much difference
between the performance of WAV-KAN and efficient-KAN for this problem, but the conver-
gence of WAV-KAN is faster than efficient-KAN. The model was trained for 10000 epochs
and AdamW optimizer is used with a learning rate n = 0.001. At the end of the 10000
epochs, the recorded loss was of the order of 107°. Further details about the model used
are listed in Table 3. The comparison of the PIKAN predicted solution and the numerically
exact solution of u(x) and v(x) is shown in Fig 3a & 3b.

5.2 System of Nonlinear Ordinary Differential Equations
Consider the problem (Uddin et al. (2023)):

10
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— PIKAN 0.8= =— PIKAN

=% - Numerical

=% - Numerical
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~
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0.0-
1 1 1 1 1 1 1 1 1 1 1 1
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24
0+
I~ 2
£
- 4
)
)
- 6
—8
-10
“124
T T T T T T
0 2000 4000 6000 8000 10000
Epochs

()

Figure 3: (a) and (b) Shows the Comparison between the PIKAN-predicted solution and
the numerically exact solution of Eq. (15). (c) shows the plot of loss vs Iterations,
defined in Eq. (16), with training epochs.

Architecture ‘ Spline-order ‘ Grid size ‘ Basis Activation ‘ Loss
[1,2,3,2] | 3 \ 5 \ sin | 1075

Table 3: Architecture details of the model used in section 5.1.

u”(x) + zu(x) 4+ 2zv(x) + :pu2($) =

( U
z?u(x) + ' (2) + v(z) + sin(x)v?(r) = us(z),
(

u(0) =0, wu(l)=0,
v(0) =0, o(1)=0.

11

(17)
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where,

uz(z) = 2xsin(rz) + 2° — 22 + 22 — 2,
ug(z) = 23(1 — ) + sin(rx) (1 + sin(z) sin(7z))
+ 7 cos(mx).
Let us define the residual Rj(z) and R(x) using PIKAN to-be-learned solutions i(z) and

o(z) as
Ri(z) = 0" (x) + zt(z) + 220 (x) — uz(x),

R2(x) = a(x) + 0" (x) + 20(x) — ug(x).

As a result, the physics loss, boundary loss and final loss becomes

N,
L= ;g (IR + [RE[) (1)
Lo = (i(0) — 0)° + (8(1) — 0)* + (2(0) — 0% + (6(1) ~ 0)° (19)
LEE = Ly + L. (20)

We have utilized the WAV-KAN method to solve the coupled-nonlinear differential
equation (17), employing collocation points N, = 100 equally distributed on the interval
0 <z <1 (Uddin et al. (2023)). The interesting point is that there is not much difference
between the performance of WAV-KAN and efficient-KAN for this particular problem but
the convergence rate of WAV-KAN was faster than efficient-KAN. The model was trained
for 10000 epochs and AdamW optimizer is used with a variable learning rate starting from
n = 0.01, and at the end of every 1000 epochs the learning rate is updated following the
given rule, Npew = 77"% . At the end of the 10000 epochs, the recorded loss was of the
order of 107°. Further details about the model used is listed in Table 4. The comparison of
PIKAN predicted solution and the numerically computed solution is shown in Fig 4a, 4b.

Architecture ‘ Wavelet type ‘ Loss
[1,7,2] | sin | 1075

Table 4: Architecture details of the model used in section 5.2.

5.3 The Lorenz Equations

The Lorenz equation is a system of ordinary differential equations that was originally de-
veloped to model convection currents in the atmosphere (Lorenz (1963)). It is an iconic
example in the chaos theory and has significantly influenced our understanding of dynamic
systems. We focus on exploring the non-chaotic solutions of the Lorenz system. Consider
the following set of equations (Robinson et al. (2022)),

2 (t) = oly(t) — a(t)), 2(0) =1,
Yt =wlp— =) — (1), y(0) =1, (21)
(1) = 2(y(t) — B=(0). 2(0) =1,

12
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Figure 4: (a) and (b) illustrate the comparison between the PIKAN-predicted solution and
the numerically exact solution of Eq. (17). (c) illustrates the evolution of the loss,
defined in Eq. (20), with training epochs.

Let us define the following residuals using to-be-learned PIKAN solutions Z(t), g(¢) and

2(t) as,
Ro(t) = 2'(t) — o(§(t) — &(t))
Rj(t) = §'(t) — (2(t)(p — 2(t)) — §(t))
Rj(1) = 2'(1) — (2(1)g(t) — B2(t))
and the physics loss, initial loss and final loss function takes the form:
N,
L= —Z(metz )+ [REE[ + [REED[)

Lic = (#(0) — 1)2

[’ﬁnal »Cr + ﬁjc.

+(5(0) = 1) + (2(0) = 1)?,

13

(22)

(23)
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—— PIKAN 1 —— PIKAN
=#—=Numerical 0.8- —+— Numerical
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Figure 5: (a)—(c) Comparison between the PIKAN-predicted solutions and the numerically
exact solution of Eq. (21). (d) Evolution of the loss, defined in Eq. (23), as a
function of training epochs.

Architecture ‘ Wavelet type ‘ Loss
[1,12,8,3] | sin [ 107°

Table 5: Architecture details of the model used in section 5.3.

To solve this differential equation we have used both WAV-KAN and efficient-KAN,
however the performance of WAV-KAN was better than the efficient-KAN. We have taken
collocation points N, = 100 equally distributed over the interval 0 < ¢ < 20. The model was
trained for 10000 epochs and to minimize the loss function we have used used the AdamW
optimizer with a learning rate 7 = 0.001. At the end of learning [Fig. 5d|, the recorded
mean squared loss (MSE) was on the order of 107°. Further details of the model can be
obtained from the Table 5. The comparison between the PIKAN predicted solution and
the numerical solutions are shown in Fig. 5a, 5b, 5c.

6. Oscillatory dynamics
6.1 Simple Harmonic Oscillator

Consider the problem

(6 +Ay(t) =0, {y@ o 24

14



PIKAN

Training Loss — PIKAN

Log(Loss)
y(®

0 5000 10000 15000 20000 25000 30000 35000 40000 o P P
Epochs t

(a) (b)

Figure 6: (a) Illustrates the relationship between loss (Eq. (25)) and epoch.(b) Compar-
ison between the PIKAN predicted solution and numerically exact solution for
Eq. (24).

Architecture \ Wavelet type \ Loss
[1,8,6,8,1] | sin | 0.06

Table 6: Architecture details of the model used for the section 6.1.

where wg = 25 is the normalized angular frequency , where 0 < t < 1. Let us define the
following residual

Ro(t) =" (t) + wiii(t)

Consequently, the physics-loss term, the initial condition loss term and the final loss terms
are

1 Ny 12
L= Z Ro(#)],
Lie = [(5(0) — 0.1))% + (§(0) — 40)7],
LY = Lo+ Lic. (25)

We have utilized WAV-KAN to solve the Eq (24) employing the collocation point Ny =
100 equally distributed over the interval 0 < ¢ < 1. We have trained the neural network
for 40000 epochs and we have used Adam optimizer with a variable learning rate n starting
from 0.01 and decreasing 1 by a factor of 10 after every 10* epochs. At the end of 40000
epochs, the recorded mean squared error (MSE) loss was on the order of 107!. Further
details of the model can be obtained from Table 6. The comparative analysis of the PIKAN
predicted solution and the numerically exact solution are given in Fig. 6b.
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Figure 7: (a) Illustrates the relationship between loss(Eq. (27)) and epoch.(b) Comparison
between the PIKAN predicted solution and numerically exact solution of Eq. (26).

6.2 Non-linear Pendulum

The non-linear pendulum Eq. (26) with a sine function, provides an exact depiction of the
pendulum’s dynamics for all oscillation amplitudes;

0)=0.1
")+ w2 sin(y(t) =0, 49 ’ 2
0+ efsinye) =0, (Y 17T (20)
where wg = 25 is the normalized angular frequency, where 0 < ¢ < 1.
Let us define the residual as
Ro(t) = §"(t) +wi sin(g(1))
and the physics-loss, the initial condition loss as well as the the final loss are given by
1 12
L, = N Z ‘Rg(ti) ,
T i=1
Lie = [(5(0) = 0.)) + (§/(0) — 40)°],
‘CﬁDnil = Ly + Lic. (27)

We have utilized WAV-KAN to solve the Eq. (26) employing the collocation point N; = 100
equally distributed over the interval 0 < ¢ < 1. We have trained the neural network for
40000 epochs and we have used Adam optimizer with a variable learning rate n starting
from 0.001 and decreasing n by 10 after every 10* epochs. At the end of 40000 epochs, the
recorded mean squared error loss was on the order of 107!, Further details of the model
can be obtained from Table 7. The comparative analysis of the PIKAN predicted solution
and the numerically exact solution are given in Fig 7b.
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Architecture ‘ Wavelet type ‘ Loss
[1,8,6,8,1] | sin | 09

Table 7: Architecture details of the model used in section 6.2.
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Figure 8: (a) Illustrates the relationship between loss (Eq. (29)) and epoch,(b) Comparison
between the PIKAN predicted solution and numerically exact solution of Eq. (28)
fora=3,5=1.2.

6.3 Mathieu Equation

Mathieu’s equation stems from his 1868 study on vibrations in an elliptical drum (Mathieu
(1868)). Mathieu’s equation is a linear second-order ordinary differential equation distin-
guished from a simple harmonic oscillator by its time-varying (periodic) stiffness coefficient
(Kovacic et al. (2018); Ruby (1996)). Consider the initial value problem (Rahman et al.
(2024)):

y(0) =1,

y'(0) = 0. (28)

y"(t) + (a + Beost)y(t) =0, {
The residual corresponding to this equation is

Ro(t) = §"(t) + (a + Beost)j(t)

Consequently the physics-loss term, the initial condition loss term, and the total-loss
terms are

2
)

1 .
Ly = ﬁr zz; }Rg(ti)

Lie = [(§(0) — 1))* + (5(0))),
ﬁf?nFal - [’1” + ‘Cic'

(29)
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Figure 9: (a) Illustrates the relationship between loss (Eq. (29)) and epoch,(b) Comparison
between the PIKAN predicted solution and numerically exact solution of Eq. (28)
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Figure 10: (a) Illustrates the relationship between loss (Eq. (29)) and epoch, (b) Compar-
ison between the PIKAN predicted solution and numerically exact solution of
Eq. (28) for a = 0.25, 8 = 0.05.

We have utilized WAV-KAN to solve the Mathieu equation (28) employing (N, = 100)
collocation points equally spaced on the interval 0 < ¢ < 10. The model is trained for 3000
epochs and we have taken Adam optimizer with a learning-rate n = 0.001. At the end of
3000 epochs we have recorded mean squared error loss on the order of 1076, The further
details of the model is given in Table 8. The comparison of PIKAN predicted solution
and exact numerical solution for different values of the parameters o and S are shown in

Figs. 8b, 9b and 10b.
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Architecture ‘ Wavelet type ‘ Loss
[1,12,8,1] | sin | 1076

Table 8: Architecture details of the model used for section 6.3.

Architecture ‘ Wavelet type ‘ Loss
[1,12,8,1] | sin | 1077

Table 9: Architecture details of the model used for section 6.4.

6.4 Van der Pol Equation

The Van der Pol equation describes the behavior of a nonlinear oscillator with damping
that varies with the amplitude of oscillation. Consider the following initial value problem
for Van der Pol equation (Rahman et al. (2024))

y'(t) + € (co + ¢1 cos(wt) + ayz) y'(t) + wfby(t)

= fo + fisin(wt) (30)

The parameters are

co=—-1, €=02 w,=1,
c =1, a=1, w=0.12, fy=04

We will consider two cases depending on the value of the parameter f; =1 and f; = 1.7
respectively.
The residual term is given by

Ro(t) = [§"(t) + 0.2 (—1 + cos(0.12¢) + §(t)*) 7/ (¢)
+ij(t) — 0.4 — sin(0.12t)]?,

and the physics loss, the initial condition loss and the total loss takes the form
1 12

Lie = [(5(0) — 0)* + (5/(0) — 2)?],
Ei?nFal - ET + ‘Cic'

(31)

We have utilized WAV-KAN to solve the Eq (30) employing N; = 100 collocation points
equally spaced on the interval 0 <t < 20. The model is trained for 4000 epochs and we have
used Adam optimizer with a variable learning rate 7 starting from 0.001 and decreasing 7
by 10 after every 300 epochs. At the end of learning, we have recorded a mean squared loss
on the order of 1075 (see Fig. 11c and Fig. 12c, respectively). Further details are listed in
Table 9. The comparison of PIKAN predicted solution and exact numerical solution are
given in Figs. 11a,11b and 12a, 12b.
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Figure 11: (a) and (b) Illustrate the comparison between the PIKAN-predicted solution
and the numerically exact solution of Eq. (30) for f; = 1. (c¢) Illustrates the
evolution of the loss, defined in Eq. (31), with training epochs.

0 500

7. Non-linear partial differential equations
7.1 Burgers’ Equation

The Burger equation, first introduced by Bateman (Bateman (1915)) and later solved by
Burger (Burgers (1948)), has a wide range of applications in classical dynamics, nonlin-
ear harmonics, and plasma physics (Bonkile et al. (2018); Bec and Khanin (2007); Vallee
and Moreau (2007)). An interesting aspect of this equation is its strong dependence on
boundary conditions and the parameter v = 0.1 [see Eq. (32)]. Depending on the bound-
ary condition, we have divided our investigation of Burgers’ equation into two different
cases because they require very different approaches: Case 1 can be resolved by minimizing
MSE-Loss constructed from training examples, while Case 2 requires more precise training

data generated for a specific time scale. This method is known as the data-driven approach
(Raissi et al. (2019)).
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Figure 12: (a) and (b) illustrate the comparison between the PIKAN-predicted solution
and the numerically exact solution of Eq. (30) for f; = 1.7. (c) illustrates the
evolution of the loss, defined in Eq. (31), with training epochs.

Consider Burger’s equation with the following boundary and initial condition (Uddin
et al. (2023))

u(z,0) = sin(nx)
ug(x,t) + ulx, ug (2, t) = vug,(z,t), u(0,t) =0 (32)
u(1l,t) =0,

where z € [0,1] and ¢ € [0, 1].
We can now define the residual term using the PIKAN to-be-learned solution 4(z,t) as
follows

Ro(x,t) = Ut + Uy — Viigy.
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The physics loss, initial condition loss, boundary loss, data-driven loss and the total loss
are the following

1 &
ﬁr = 37 Z? ’Rg(l’i,ti)ﬁ,
T i=1
N.
1 c . 2
Lic = N (a(xfc, 0) — sin(ma, )) , (33)
ic 52
1 Nbc Nbc
Lhe =+ > (a(o,t’gc)) DY (ﬂ(l,tlﬁc» ,
be k=1 be k=1
1 Ndata 9
Liata = U (:L‘ﬁata) -—u (‘Tgata)} )
Ndata =1
L:f?ngl = ACr + »Cic + Lbc + Edata- (34)

where N;, Ni., and Ny are the number of points used to calculate the residual, initial
condition loss, and boundary condition loss, respectively.

Training Loss

0.8+

Log(Loss)
L
1

—— =0.001s_PIKAN
—=- t=0.001s_Numerical
—— =0.095 _PIKAN

—=- t=0.09s_Numerical

0.0

0 2000 4000 6000 8000 10000 | | : . | |
Epochs 0.0 0.2 0.4 0.6 0.8 1.0

(a) Loss vs Epoch. (b) PIKAN solution vs numerical solution.

Figure 13: Results for the 1D Burgers’ equation: (a) training loss vs iterations for

PIKAN(b) comparison between PIKAN predicted solution vs numerically ex-
act solution.

The solution of Burgers’ Equation (32) is done using the data-driven method (8). We
have computed the numerical solution first and then we have taken only 10 % of the data
from the numerical solution and these data points were chosen randomly. Now we have
added an extra loss term (34) that corresponds to the data-driven loss [Egs. (34) and (8)].
To train the model we have utilized the efficientKAN by employing N, = 100 and N; = 100
collocation points distributed uniformly over the interval 0 < z < 1 and 0 < ¢t < 1. The
model is trained for 10000 epochs and to minimize the loss function we have used the
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Architecture ‘ Spline-order ‘ Grid size ‘ Basis Activation ‘ Loss
2,8,4,1] | 3 | 5 | sin | 107°

Table 10: The architecture details for Sec. 7.1.

AdamW optimizer with a variable learning rate n starting from 0.005 and decreasing 1 by
a factor of 0.1 after every 103 epochs. At the end of training, we have recorded a mean
squared error loss on the order of 107° (see Fig. 13a). Further details of the model is listed
in Table 10. The comparison of the predicted solution of PIKAN, PINN vs the numerically
exact solution of Eq. (32) computed for different times is shown in Fig. 21, especially in
b and c. Figure 14 displays the full solution u(z,t) obtaine via PIKANN and a standard
numerical solver.

Numerical

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Figure 14: Comparison of the Burgers’ equation solution u(x, t) obtained using the proposed
PIKAN and a standard numerical solver. The figure illustrates the evolution of
u(z,t) over the spatial domain [0, 1], with the initial condition u(x,0) = sin(7x)
and Dirichlet boundary conditions u(0,t) = u(1,t) = 0.

7.2 Allen-Cahn Equation
7.2.1 CaAsE -1

The Allen-Cahn equation serves as a valuable model in materials science for elucidating
phase separation and interface dynamics in multi-component alloy systems. This particular
reaction-diffusion equation is employed to depict the progression of an order parameter
that distinguishes between different phases of a material. In this section, we will delve into
solutions for this highly nonlinear system using PIKAN (Hussain et al. (2019)).
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Architecture ‘ Spline-order ‘ Grid size ‘ Basis Activation ‘ Loss
2,12,8,12,1] | 3 \ 5 \ sin | 1076

Table 11: Architecture details of the model used in section 7.2.1

The Allen-Cahn equation is provided below, and for this particular equation, we have
selected a value of v = 0.001,

utzz/um—u?’—i—u,

u(z,0) = 0.53x + 0.47sin(—1.57z)
u(l,t) =1 (35)
u(—=1,t) = -1,

where z € [—1,1] and ¢ € [0,1].
The residual, physics loss, initial condition loss, boundary condition loss, and total loss
are the following:

Ro(x,t) = iy + 0> — 1 — Viigs,

Z’Rg xs tz

1 Nic
Lic = N, Z( ( {cvo) ( fmo))
c ]:1
Nbc
Loo =5~ 2 |(@(Lthe) = 1) + (=1, 8h) +1)?
be —1
ﬁﬁnal Ly + Lic + Lpe. (36)

We have utilized efficient-KAN to solve Eq. (35), employing N, = 100 collocation points
for space and Ny = 100 for time, uniformly spread over the interval —1 < z < 1 and
0 <t < 1. The model is trained for 4000 epochs and to minimize the loss function we
have used the AdamW optimizer with a learning-rate 7 = 0.001. At the end of learning,
we have recorded the MSE loss on the order of 107%. Further details of the model is listed
in Table 11. The comparison between the PI-KAN predicted solution and the numerically
exact solution of Eq. (35) for different time is shown in Fig. 15a, 15b & 15c¢ (Hussain et al.
(2019)).

7.2.2 CASE - 2

Now, we will solve a slightly more challenging version of the Allen-Cahn equation (Raissi
et al. (2019))

u(z,0) =22 cos(rx)
U = Vigy — Hu’ + 5u, u(1,t) =1 (37)
u(—=1,t) =-1,
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Figure 15: Panels (a) to (c) show the comparison between Allen-Cahn Case-1 PDE solu-
tions obtained using the PIKAN method and the numerical solution obtained
using the finite-difference method at ¢ = 1.00ms, t = 4.00ms, and t = 9.00ms,
respectively. Panel (d) illustrates the relationship between the loss (Eq. (35))
and epoch.

where v = 0.0001, x € [-1,1], and ¢ € [0, 1].
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Architecture ‘ Spline-order ‘ Grid size ‘ Basis Activation ‘ Loss
2,8,4,1] | 3 | 5 ] sin | 0.08

Table 12: Architecture details of the model used in section 7.2.2.

The losses are

Ro(x,t) = Gy + 50° — 50 — Vilyy,

1 &
L= — Ro :L'i,ti 2,
= 3 SR )
L = 1 S 0) — (5 cos(mal )

7

J=1

Ldata =

LED = L+ Lic + Loe + Laata. (38)

The solution of the Allen-Cahn equation (37) is obtained using the data-driven method (8).
Initially, the numerical solution is computed, and then only 10% of the data from the nu-
merical solution is randomly selected. An additional loss term (38) has been included in
the loss function, corresponding to the Data-driven loss [Egs. (38) and (8)]. To train the
model, we have utilized the efficient-KAN with N, = 100 and N; = 100 collocation points
uniformly distributed over the interval —1 <z <1 and 0 < ¢ < 1. The model is trained for
20000 epochs, using the AdamW optimizer with a learning rate of n = 0.001 to minimize
the loss function. At the end of training, a mean squared error loss on the order of 1072
is recorded (see Fig. 16d). Additional details of the model are provided in Table 12. A
comparison of the PIKAN predicted solution and the numerically exact solution of Eq. (37)
for different time steps is shown in Fig. 16a, 16b & 16¢. Figure 17 depicts the solution
u(z,t) for equation (37) in the domain = € [-1,1] and ¢ € [0, 1].

8. Comparing Physics-Informed Models: PINN and PIKAN

The PIKAN method marks a step forward in solving differential equations, offering improve-
ments over the traditional PINN approach. A major advantage of PIKAN is its simplified
hyperparameter tuning compared to PINNs. Further, PIKAN stands out for its faster con-
vergence rates, enabling quicker and more reliable solutions. This is a crucial benefit, as
it means complex differential equations can be tackled more efficiently and with higher
accuracy.

To comprehensively assess the capabilities of physics-informed models, we evaluated
performance across five commonly used challenging benchmark problems, each designed to
highlight distinct computational difficulties. The Mathieu equation (section 6.3), with its
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Figure 16: Panels (a) to (c) show the comparison between Allen-Cahn Case-2 PDE solutions
obtained using the PIKAN method and the numerical solution obtained using
the finite-difference method at ¢ = 0, t = 0.05, and t = 0.9, respectively. Panel
(d) illustrates the relationship between the loss (Eq. (37)) and epoch.

parametric forcing, serves to probe the stability of the model and the handling of periodic
coefficients. The van der Pol oscillator (section 6.4), characterized by relaxation oscilla-
tions, presents a stiff system with fast-slow dynamics that tests the robustness of numerical
methods. The Lorenz system (section 5.3), renowned for its chaotic behavior, evaluates
short-horizon accuracy under conditions of extreme sensitivity to initial conditions. The
Allen—Cahn equation (section 7.2.2), a reaction—diffusion problem, features thin interfaces
and metastability, demanding precise resolution of sharp solution features. Finally, Burg-
ers’ equation 7.1, with its development of steep gradients and shocks, challenges models to
accurately capture discontinuous phenomena. These five benchmarks cover a wide range
of problems, including ODEs and PDEs, with solutions that can be smooth or sharp, and
behaviors that range from stable to chaotic.

Before diving into the comparative analysis, it is crucial to understand the PIKAN
architecture, which can be represented as a graph, where nodes denote summation operation
and edges — learnable activation functions. Consider, as an example, the KAN architecture
of form [I, a, b, O], where I denotes the number of input variables, a represents the number
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Figure 17: Side-by-side comparison of the Allen—Cohen equation solutions computed via
PIKAN method (left) and a conventional finite-difference numerical scheme
(right). Both panels display the solution u(x,t) for equation (37) in the do-
main x € [—1,1] and ¢ € [0,1]. The close agreement between the two confirms
the accuracy of the trained PIKAN model.

of nodes in the first hidden layer, b — the number of nodes in the second hidden layer, and
O - the number of output nodes.

Let us now explore how PIKAN simplifies hyperparameter tuning compared to PINNs.
First, for the case of the system of two linear equations (15), two separate neural networks
have been trained in Uddin et al. (2023): The PINN model approximating u(z) [Eq. (15)]
has 20 neurons and 4 hidden layers, and the PINN model for v(x) has 10 neurons and 5
hidden layers. A single PIKAN model presented in Section 5.1 with architecture [1,2, 3, 2]
(recall that there is only two intermediate layers) already performed well. For the system
of equations represented by (17), the PINN model required 8 hidden layers with 8 neurons
each, as detailed in Uddin et al. (2023). In contrast, the corresponding PIKAN model
(in Section 5.2) achieved similar accuracy with just a single layer having an architecture of
[1,7,2].

In Table 14 (see Figs. 18a, 19a, and 20a), we present a comparative analysis of five
commonly used benchmarks evaluated using both PINN and PIKAN.

Processor ‘ RAM ‘ Operating System
12th Gen Intel® Core™ i5-1235U @ 1.30 GHz, 10 cores, 12 threads | 16 GB [ Windows 11

Table 13: System configuration used for all experiments.
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Figure 18: (a) Illustrates the Numerical vs PIKAN vs PINN sollution for x(t), y(t), z(¢) (b)
Illustrates the training loss comparison between the PINN model and PIKAN
model.
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19: (a) Illustrates the comparison between the Numerical vs PINN vs PIKAN so-

lution for two dynamical variables (b) Illustrates the training loss comparison

between the PIKAN Model and PINN model.
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Figure 20: (a) Ilustrates the Numerical vs PINN vs PIKAN sollution and (b) Illustrates
the training loss vs Iterations curve of PIKAN and PINN.

As shown in Table 14, across the ODE benchmarks, PIKAN matches or surpasses the
accuracy of standard PINNs while training substantially faster and with far more stable
optimization dynamics. On the Mathieu equation, PIKAN attains a lower terminal resid-

ual (3.92 x 1076 vs.

4.92 x 107%) in less than half the time (25.76s vs. 58.48s). The

advantage widens on the chaotic Lorenz system, where PIKAN reduces the final loss by an
order of magnitude (3.76 x 107° vs. 2.34 x 10~*) and still converges sooner (124.58s vs.
189.55s). Burgers’ equation shows the largest gap: PIKAN reaches 3.23 x 107° compared
with 6.43x10~% for PINN nearly a 20 x improvement while cutting wall-clock time by ~ 1.6 x
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Figure 21: (a) Illustrates the relationship between loss (Eq. (34)) and epoch for both PIKAN
and PINN, (b) Comparison between the PINN predicted solution and numeri-
cally exact solution of Eq. (32), (¢) Comparison between the PIKAN predicted
solution and the numerically exact solution of Eq. (32).

Numerical

Figure 22: Comparison of the Burgers’ equation solution u(x,t) obtained using the pro-
posed PINN, PIKAN and a standard numerical solver. The figure illustrates
the evolution of u(z,t) over the spatial domain [0, 1], with the initial condition
u(z,0) = sin(rz) and Dirichlet boundary conditions u(0,t) = u(1,t) = 0.

(457.73s vs. 746.21s). The Van der Pol oscillator is the lone case where PINN achieves a
smaller terminal residual (~ 1079 vs. ~ 107?), yet the trajectories produced by PIKAN are
indistinguishable from the numerical reference and PIKAN converges ~ 3x faster (86.12s
vs. 253.558). These quantitative gains are mirrored in the training curves: PIKAN’s losses
decay smoothly and monotonically, whereas PINN curves exhibit pronounced saw-tooth
oscillations and plateaus, signaling optimizer-induced instabilities (Table 14; Figs. 18b-20b
and 21a).

The PDE benchmarks listed in Table 14 reinforce this pattern. For the Allen—Cahn
equation, PIKAN better tracks the finite-difference solution at ¢ = 0, 0.05, and 0.9 with
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Figure 23: Panels (a) to (c) show the comparison of Allen-Cahn Case-2 PDE solutions
obtained using PIKAN, PINN, and the finite-difference method at t = 0, ¢t =
0.05, and t = 0.9, respectively. Panel (d) illustrates the relationship between the
loss (Eq. (37)) and epoch comparing PINN and PIKAN approaches.

fewer boundary artifacts, settles to a lower and steadier loss floor, and completes training
about 1.4x faster (2171.72s vs. 3090.20s) (Fig. 23d). For Burgers’ PDE, PIKAN captures
sharp features without overshoot and maintains a stable, steadily declining loss, in contrast
to the high-amplitude oscillations observed for PINN (Figs. 21a- 23d). Crucially, these
advantages are achieved with a compact architecture [1,12,8,1] for PIKAN versus the
deeper, wider MLPs typically used for PINNs, yielding a better accuracy—efficiency trade-
off. Summarizing across all the benchmarks, PIKAN delivers lower final residuals in three
of four ODEs and across the PDEs, consistent speedups of roughly 1.4x-3x, and markedly
improved training stability, establishing it as a superior alternative to standard PINNs for
physics-informed learning as available in Figs. 18a— 23d.

Our results demonstrate not only the accuracy (alternatively, a lower loss) but also the
computational efficiency of each model, revealing that KAN consistently outperforms the
neural network in terms of inference speed across all test. Furthermore, it is shown in Cui
et al. (2025) that when solving the Navier—Stokes equations, KAN converges quicker and
achieves better accuracy than PINN. We believe that the superiority of PIKANSs is due
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Figure 24: Side-by-side comparison of Allen—Cahn equation solutions computed via PINN
(left panel), a conventional finite-difference scheme (center panel), and the
PIKAN method (right panel). The three panels display the solution u(z,t)
for equation (37) in the domain x € [—1,1] and t € [0, 1]. The close agreement
among all three solutions demonstrates the accuracy of the PIKAN approach.

Model ‘ Type ‘ Architecture ‘ Optimizer ‘ Epochs ‘ Loss ‘ Time

. _ PINN [1,128,64,32,16,1] Adam 3000 | 4.92x 100 | 58.48s
Mathieu Equation (28) | prpe sy [1,12,8,1] Adam 3000 | 3.92x 1076 | 25.76s

, . PINN [1,128,128,128,64,32,16,1] Adam 4000 | 4.22 x 1079 | 253.55s

Van der Pol Equation (30) | pppe 1,12,8,1] Adam 4000 | 4.49 x 1075 | 86.12s
Lorenz Equation (21) PINN [1,128,64,32,3] Adam 10000 | 2.34 x 107 | 189.56s
renz Bquation PIKAN 1,12,8,3] Adam 10000 | 3.76 x 107> | 124.58s
. PINN | [2, 512, 512, 256, 128, 64, 16, 1] | Adam 20000 | 1.50 x 10T | 3090.20s
Allen-Cahn Equation (37) | ey n 2,8,6,1] Adam 20000 | 8.16 x 102 | 2171.72s
Burger. Equation (327 | TINN [2,64,128,32,16,1] Adam 10000 | 6.43 x 10~ % | 746.21s
et Bquatio PIKAN 2,8,4,1] Adam 10000 | 3.23 x 1075 | 457.73s

Table 14: Comparisons of PINN and PTKAN.

to the employment of adaptive activation functions. Moreover, identifying an appropriate
architecture for PIKAN is significantly more straightforward compared to PINNs, thereby
reducing the time and effort typically required for architecture tuning. This advantage holds
greater practical importance than mere computational efficiency, especially given that ar-
chitecture search in PINNSs is often time-consuming. For example, in the case of the Van der
Pol equation (Sec. 6.4), the optimal PINN architecture involved numerous hidden layers and
required considerable experimentation to arrive at a satisfactory configuration. Therefore,
a fair and comprehensive comparison between PINN and PIKAN should not be limited to
computational efficiency alone, but should also account for architectural simplicity, which
directly translates to reduced development time and effort.

9. Conclusion

We have demonstrated that physics-informed modeling using KAN via efficient-KAN and
wave-KAN are versatile and efficient tools. We showcased their performance on a series of
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differential equations using data-free and data-driven approaches and conducted a compar-
ative analysis in terms of architectural complexity and performance with PINN.

10. Data availability

All codes used in this study can be found in https://github.com/AI-and-Quantum-Computing/
PIKAN.
The system configuration used by us are summarized in table 13.
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