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Abstract

Generative networks have shown remarkable success in learning complex data distributions,
particularly in generating high-dimensional data from lower-dimensional inputs. While this
capability is well-documented empirically, its theoretical underpinning remains unclear.
One common theoretical explanation appeals to the widely accepted manifold hypothesis,
which suggests that many real-world datasets, such as images and signals, often possess
intrinsic low-dimensional geometric structures. Under this manifold hypothesis, it is widely
believed that to approximate a distribution on a d-dimensional Riemannian manifold, the
latent dimension needs to be at least d or d + 1. In this work, we show that this require-
ment on the latent dimension is not necessary by demonstrating that generative networks
can approximate distributions on d-dimensional Riemannian manifolds from inputs of any
arbitrary dimension, even lower than d, taking inspiration from the concept of space-filling
curves. This approach, in turn, leads to a super-exponential complexity bound of the
deep neural networks through expanded neurons. Our findings thus challenge the conven-
tional belief on the relationship between input dimensionality and the ability of generative
networks to model data distributions. This novel insight not only corroborates the prac-
tical effectiveness of generative networks in handling complex data structures, but also
underscores a critical trade-off between approximation error, dimensionality, and model
complexity.
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space-filling curve.
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1. Introduction

Generative models, such as generative adversarial networks (GANs, Goodfellow et al., 2014)
and variational auto-encoders (VAEs, Kingma and Welling, 2013), have become a central
topic in machine learning. These models are versatile, addressing various problems ranging
from image generation (Bao et al., 2017; Han et al., 2018), style transfer (Karras et al.,
2019), anomaly detection (Xia et al., 2022), to data augmentation (Tran et al., 2021),
achieving increasingly accurate results across disciplines. Despite these advances, GANs, in
particular, face challenges such as mode collapse, vanishing gradients, and training instabil-
ity, particularly when distributions are not continuous or have disjoint supports (Arjovsky
and Bottou, 2017).

While traditional GANs and VAEs primarily relied on the Kullback—Leibler diver-
gence (KL) to measure distances between input and output distributions, more recent
approaches have greatly improved training performance. The shift from KL to Wasser-
stein distance (Villani et al., 2009) is a notable example, as exemplified in the Wasserstein
GAN (WGAN, Arjovsky et al., 2017), and further extended to Wasserstein VAE (WVAE,
Ambrogioni et al., 2018) and Wasserstein Auto Encoders (Tolstikhin et al., 2017). Beyond
this, there have been substantial enhancements in model architecture, loss functions, and
regularization techniques. Advances such as conditional GANs (cGAN, Mirza and Osin-
dero, 2014) for targeted image generation, auxiliary classifier GANs (AC-GANs, Odena
et al., 2017), and self-attention GANs (SA-GANs, Zhang et al., 2019) have enriched the
versatility and effectiveness of GANs. Similarly, VAEs have seen improvements with tech-
niques such as hierarchical latent variables (Vahdat and Kautz, 2020; Sgnderby et al., 2016)
and incorporation of normalizing flows (Kingma et al., 2016), refining their ability to model
complex distributions. These developments collectively contribute to the generation of high-
quality, high-dimensional data from simpler, lower-dimensional distributions, with notable
impact in fields such as photorealistic image generation (Wang et al., 2018; Sarkar et al.,
2021).

The theoretical advancements in deep generative models, paralleling their practical ap-
plications, have been substantial. In particular, the depth and width of network architec-
tures in these models have been theoretically shown to significantly impact their approxima-
tion capabilities, as detailed in the works focused on neural network expressiveness (Eldan
and Shamir, 2016). Furthermore, the challenges of mode collapse in GANs and the propen-
sity of VAEs to produce overly smooth outputs have catalyzed research into improving
their architectural designs and training methodologies (Goodfellow et al., 2014; Kingma
and Welling, 2013). Collectively, these theoretical advancements have not only deepened
our understanding of the mechanisms behind deep generative models but also guided the
development of more refined and capable generative architectures.

However, the theoretical investigation of the manifold hypothesis in deep generative
models, particularly its implications in approximation theory, remains less developed. The
manifold hypothesis, widely accepted as a crucial reason behind the success of these mod-
els, posits that real-world high-dimensional data often reside on lower-dimensional mani-
folds (Bronstein et al., 2017). This concept is critical because it suggests a fundamental
reason why models such as GANs and VAEs, which operate in low-dimensional spaces, are
able to capture complex data distributions effectively. Although empirical evidence sup-
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ports this hypothesis, a deeper theoretical understanding of how these models approximate
and learn distributions on lower-dimensional manifolds within high-dimensional spaces is
crucial. Further theoretical work in this area is essential, not only to validate the manifold
hypothesis but also to enhance the design and efficiency of generative models in handling
complex, high-dimensional data.

Building on the previous discussion of the manifold hypothesis, Dahal et al. (2022)
offers a noteworthy theoretical contribution in the field of deep generative models. Their
work effectively addresses fundamental questions in approximation theory, demonstrating
that distributions on a d-dimensional Riemannian manifold can be approximated by a deep
generative network through the pushforward measure of an easily sampled distribution in
d+1 dimensions, such as a uniform distribution in a cube [0, 1]4*!. Importantly, they provide
an upper bound on the complexity of these models, revealing that the required number
of layers and neurons is determined by both the approximation error and the manifold
dimension d. This insight offers a direct theoretical justification for the models’ abilities to
learn diverse probability distributions and suggesting avenues for efficiency improvements
in practical applications.

However, the research by Dahal et al. (2022) also brings to light some important, yet
unanswered questions. Primarily, the necessity of using a d + 1 dimensional input space
to approximate a d dimensional manifold warrants further investigation. This approach,
integral for assembling local patches, raises the possibility of achieving similar outcomes
with an input dimension that matches d. Furthermore, in real-world applications where
d is not readily known, the choice of input dimension becomes a critical decision. If the
chosen dimensionality is either greater or lesser than the actual d, how would it impact the
model’s performance and efficiency? Answering these questions is crucial for advancing the
development of deep generative models, potentially leading to more adaptable and efficient
solutions for complex data representation.

In this work, we aim to understand how the input dimension relates to the manifold’s
intrinsic dimension in deep generative models. We adapt the space-filling curve theory to
demonstrate a novel aspect of deep generative models: their ability to learn a target data
distribution from easy-to-sample distributions of arbitrary dimensions. This includes the
capacity to approximate these distributions even from an input as low as a one-dimensional
uniform distribution on the unit interval [0,1] (see Figure 1 for examples of curves filling
2-dimensional manifolds). Intuitively, if the input dimension is smaller than the true di-
mension, the network can learn to “fill out” the true manifold with an increasingly complex
series of structures. However, in order to accurately approximate the higher dimensional
structure, the approximating manifold must fold onto itself in increasingly irregular ways
to fill the space.

In addition, our work establishes the critical interplay among the input dimension, the
true dimension of the manifold, and the approximation error. In particular, our findings
highlight a “trade-off triangle” in deep generative models, where it is unattainable to achieve
low (underestimated) dimensionality, low approximation error, and low network complex-
ity simultaneously, where network complexity is defined to be network width (number of
neurons) in this paper. Specifically, when the input dimension is underestimated and the
approximation error is low, we encounter one corner of this triangle: a significant increase
in model complexity. This complexity, evident in the escalated number of neurons, grows
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Figure 1: Two cases demonstrating the idea of how sufficiently large neural networks can
learn distributions of higher dimension than their input sampling distributions by filling
out the space. Depicted here are 1-dimensional partial space-filling curves beginning to “fill
out” a 2-dimensional unit square (left) and a 2-dimensional cylindrical surface (right). The
blue points represent the training sample from the target distribution used to fit the neural
network, while the orange points represent new points generated by the trained network.

super-exponentially with approximation error, underscoring the complex trade-offs and in-
terdependencies inherent in accurately gauging the intrinsic dimension of the data.

This triangle metaphorically highlights the necessity of balancing these aspects when
designing generative models, a central theme of our contributions. Our contribution also
includes empirical studies to support these findings, which are overlooked in existing liter-
ature (Dahal et al., 2022).

Notably, our proof techniques for the underestimated dimension case are novel, requir-
ing in-depth exploration of mathematical literature in Monge-Ampere equations from the
1990s (Caffarelli, 1990a,b, 1991, 1992a,b, 1996), beyond the scope of existing literature (Da-
hal et al., 2022; Villani et al., 2009).

The structure of our paper is organized as follows: Section 2 lays the groundwork with
preliminaries. Section 3 discusses our main theoretical contributions. In Section 4, we
present simulations on toy cases for illustrative and visualization purposes. Section 5 offers
a sketch of our proof, focusing primarily on the workflow, and is followed by a Discussion
Section. Complete proofs and additional experimental details are provided in the Appendix.

2. Preliminaries

This section covers the essential concepts underpinning our research, including generative
models, optimal transport, Riemannian manifolds, and existing approximation theory for
generative models on Riemannian manifolds. This groundwork is crucial for appreciating
the theoretical advances we present in later sections and situates our research within the
broader context of generative modeling.

2.1 Generative Models

Generative models aim to learn the distribution of a dataset through sampling procedures.
We consider our data following a distribution @ residing in an ambient space R” and
an input distribution p over a simpler space S, such as the uniform distribution on the
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hypercube [0,1]¢. The goal is to construct a generator g : S — R that minimizes a
discrepancy function between the generated (pushforward) distribution gy4(p) and the target
distribution (), expressed as

min Discrepancy(gy(p), Q)-
g€y

In this context, the function class 4 often comprises deep neural networks. A lower discrep-
ancy signifies a closer match, meaning that the data generated from the simpler input space
S closely resemble the true data represented by distribution ). The essence of generative
models is to produce outputs that are “similar” to real data, aligning the generated sam-
ples with the actual distribution. A larger class ¢ usually yields a smaller discrepancy, and
therefore, better performance. However, this enhancement comes at the cost of increased
computational resources. As a result, understanding the balance between the size of ¢ and
the discrepancy is of the utmost importance.

A practical challenge is that @ is often unknown, but instead, we only observe sam-
ples z1,--- ,x, ~ @ that are commonly believed to be independent and identically dis-
tributed (iid) following Q. As a result, we can replace () by its empirical distribution
Q. = %Z?:l 0, where ¢, is the Dirac measure at x. The practical objective of generative
modeling is to minimize the discrepancy between the learned distribution and this empirical
distribution:

min Discrepancy (g(p), Qn),
g€y

where the minimizer is usually denoted by §,,.

2.2 Optimal Transport

In the study of generative models, the choice of discrepancy function is of fundamental im-
portance. The Wasserstein distance, a central concept in optimal transport theory (Villani
et al., 2009), is commonly employed due to its effectiveness in measuring the ‘cost’ of trans-
forming one distribution into another. This aligns well with the objectives of generative
modeling.

Definition 1 The Wasserstein-p distance between two distributions Q) and v in domain
M, is defined as
»
W ) - i f E ~ ) P )
§@) = (| inf | By (cloi?))
where T'(Q, v) is the set of all couplings of Q and v, containing all joint distributions over
M x M with marginals Q) and v, and ¢ : M x M — R is called the cost function.

We focus on the Wasserstein-1 distance with ¢(z,y) = || — y||, also known as the earth
mover’s distance. This specific case is especially relevant for our work in generative mod-
els, offering a robust framework for evaluating the similarity between generated and target
distributions. Wasserstein-1 distance additionally admits a dual form that makes is par-
ticularly suitable for computation, which is a property that Wasserstein-p in general lacks.
However, our theory on convergence is extendable to Wasserstein-p distance in general,
which we investigate in Corollary 9.
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2.3 Space-filling Curves

In this paper, for a set S C RP, we define a space-filling curve to be a continuous curve
M, C RP such that every point in S is within € of some point in M,. Consequently, we
can define a space-filling manifold to be a manifold in R” satisfying the same properties:

Definition 2 A manifold M. C RP is said to be e-space-filling manifold of S C RP if

d(S, M) =sup inf [z —y| <e.
€S yeEM,

M. is called a space-filling curve if it’s a one-dimensional manifold.

When S itself is a manifold, the existence of such e-space-filling manifolds is shown in
Lemma 10. We note that this definition of the space-filling curve/manifold differs from the
standard definition in topology that demands the curve be surjective on the larger space
S. These classical space-filling curves are typically taken as the limit of certain classes of
curves:

Mspace—ﬁlling = eliiglOMq,

where the sequence M., is carefully chosen to preserve desired properties (such as non
self-intersection) in the limit. However, for our purposes, we do not need the limit, only
particular choices of M. satisfying d(S, M) < €, and define space-filling manifolds thusly.
We use the term “space-filling” for intuition purposes, and do not demand a completely
space-filling property from our manifolds.

2.4 Riemannian Manifold

Although data often reside in high-dimensional space RP, there is substantial evidence
suggesting that they lie on some low-dimensional manifolds (Bronstein et al., 2017). This
concept underlies many manifold-based generative models, such as VAEs and GANs.

In the same manner as most existing work in the literature, we assume that the data
are distributed on a d-dimensional orientable compact Riemannian manifold M, isomet-
rically embedded in the ambient space R”, with Riemannian metric g. A manifold is a
locally Euclidean space, with each local neighbor, known as a local chart, diffeomorphic to
Euclidean space R? (Boothby, 1986). The Riemannian metric g defines a smoothly vary-
ing inner product (metric) in each tangent space T, M. The geodesic distance daq(x,y) is
defined as the length of the shortest path connecting z,y € M. In addition, there exists
a well-defined d-form, known as the Riemannian volume form dVolu,, which often serves
as the analog of the Lebesgue measure on Riemannian manifold. This allows us to define
density functions of probability distributions with respect to the volume measure. For more
details, see Do Carmo and Flaherty Francis (1992).

2.5 Existing Work

In previous research on generative models, there has been a focus on low-dimensional data
structures, assuming that high-dimensional data are parametrized by low-dimensional latent
parameters. This approach treats manifolds as globally homeomorphic to Euclidean space,
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implying a single-chart manifold model (Luise et al., 2020; Schreuder et al., 2021; Block
et al., 2022; Chae et al., 2023). However, this assumption presents limitations in dealing
with the complexity inherent in general manifolds with multiple charts.

In contrast, Yang et al. (2022) and Huang et al. (2022) demonstrate that GANs can
approximate any data distribution from a one-dimensional continuous distribution. This
method does not assume a global chart; however, it heavily relies on GANs memorizing
empirical data distributions, posing limitations in generating novel samples.

To overcome the limitations of the above approaches, Dahal et al. (2022) represents
a significant development in this context. By avoiding the single-chart assumption and
the need for memorizing data, they construct an oracle transport map suitable for general
manifolds with multiple charts. This advancement in approximating distributions on Rie-
mannian manifolds with neural network pushforwards paves the way for more sophisticated
and effective generative models. Their study relies on two mild assumptions:

Assumption 3 M is a d-dimensional compact Riemannian manifold isometrically embed-
ded in RP. As a consequence, there exists B > 0 such that ||7|s < B,Vz € M.

Assumption 4 @ is supported on M and has a density function q with respect to the
volume measure Volag with a positive lower bound c: 0 < ¢ < q(z),Vx € M.

We consider the ReLU-type neural networks
g(x) =Wro(Wr_1---o(Wiw +b1) + -+ +br1) +br,

where o is the ReLU activation function (Fukushima, 1969), W is the weight matrix, b is
the bias vector. The function class, denoted by ¥xn(m, L, p, k), contains neural networks
with ReLLU activation function, input dimension m, maximum depth L, maximum width p,
and bounded weights and biases by «:

g4]\71\7(7_”’7-[/71)7 KJ) = {g = (917"’ 79D) :Rm — RD :
gj is in form (2.5) with at most L layers and max width p, |[W;]|« < &, [|bil|cc < K} .

Under the above assumptions, the two main theorems in Dahal et al. (2022) are as
follows:

Firstly, Lemma 5 establishes that certain distributions on compact Riemannian man-
ifolds can be approximated using a deep neural network and a simple input distribution.
Crucially, the dimension of the input space is precisely one more than the manifold di-
mension. Furthermore, Lemma 5 provides detailed complexity bounds on the size of the
network to achieve a specified level of accuracy measured by the Wasserstein loss.

Lemma 5 (Theorem 1 of Dahal et al. 2022) Let p = Unif(0, 1)+, then there exists
a constant 0 < a < 1 that is independent of D such that for any 0 < € < 1, there exists a

deep neural network g € Ynn(d+ 1, L,p, k) with L = O (log (%)), p=0 (De_g>, k= B,
that satisfies W1i(gy(p), Q) < €.

Next, Lemma 6 serves as the empirical counterpart of Lemma 5, addressing scenarios
in which only finite samples following the distribution () are observed. It demonstrates the
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theoretical possibility of identifying such generators using finite samples instead of direct
access to the true distribution ). In addition, this lemma links the network size to the
sample size rather than the approximation error.

Lemma 6 (Theorem 2 of Dahal et al. 2022) Under the same assumption as in Lemma
5, letxy,-+ ,xpn i Q be n iid samples from @, then for any § > 0, set € = n_d%ré in Lemma

5 so that the network class Ynn(d + 1, L,p, k) has parameters L = O (log (n%%>), p =

d
O (Dna(d+5)>, k = B. Then the empirical risk minimizer g, has rate E [W1(gns(p), Q)] <
Cn_ﬁ, where C' is a constant independent of n and D.

These results shed light on how distributions on the manifold can be approximated by a
deep neural network’s pushforward of a low-dimensional easy-to-sample distribution.

However, this approach has several limitations. First, the intrinsic dimension d of the
manifold M is almost never known. Although there is an immense literature on estimating
d (Levina and Bickel, 2004; Zheng et al., 2022; Horvat and Pfister, 2022; Brown et al., 2022),
it has been proven to be an almost insurmountable problem due to its complexity (Fefferman
et al., 2016). Second, even if d is known, the choice of input dimension d 4 1 is unnatural,
as it exceeds the true dimension. Technically, the extra dimension results from the need to
connect local neighborhoods using a pasting algorithm. But this seems superfluous from an
intrinsic perspective, considering partition of unity could potentially serve the same purpose.
Third, in practice, the input dimension is often treated as a tuning parameter, or simply
set based on historical experience or recommendations without rigorous optimization. It
remains unclear how these decisions on input dimension affect approximation performance,
especially when d is underestimated.

To address these issues, our study examines the scenario where the input dimension is
arbitrary, potentially as minimal as one, within the same framework. We will summarize
our primary findings in the subsequent section.

3. Main Theory

We begin with Dahal et al. (2022), which presents a method for approximating distribu-
tions on compact Riemannian manifolds using neural networks with an input dimension
of d + 1. This raises a natural question: can the input dimension be reduced to d, the
manifold’s intrinsic dimension, or even lower, without compromising the approximation’s
effectiveness? In this work, we answer this question affirmatively, leveraging concepts of
space-filling curves and insights from a series of work on Monge-Ampere equations by Caf-
farelli (Caffarelli, 1990a,b, 1991, 1992a.b, 1996). Our theorem demonstrates the feasibility
of using any input dimension m > 1, which can be either smaller or larger than d, even down
to 1. However, reducing the input dimension below the manifold’s dimension introduces a
super-exponential increase in complexity. Finally, we highlight that our approach adheres
to the same foundational assumptions as Dahal et al. (2022).

Our theorem, central to this discussion, asserts the approximation power of these neural
networks under varying input dimensions. It establishes the conditions under which the
networks can effectively approximate distributions on Riemannian manifolds, taking into
account the dimensionality of the input and its impact on the network’s complexity.
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Theorem 7 (Approximation Power of Deep Generative Models) Under Assumptions
3 and 4, and with p as the uniform measure on [0,1]™, for any € > 0, there exists a deep neu-

0 Deafm"b) m<d
0] De_Td> m>d
r = max{B,1}, and Wi(gs(p), Q) < €. Furthermore, when m < d, lim.oa(m,e) = 0,
leading to a super-exponential increase in the width p.

ral network g € Ynn(m, L,p, k) such that L = O (log (%)); p =

The purpose of this theorem is two-fold. Firstly, it demonstrates that neural networks
can approximate distributions on a manifold, with the flexibility to use an input distribution
uniformly distributed over a hypercube [0, 1] of any dimension. This means that the choice
of m can be adapted as needed, whether it’s smaller or larger than the manifold dimension
d. We additionally note that the choice of our generator to be the uniform distribution on
the unit hypercube is non-restrictive. These results can easily be extended to any input
distribution with a density that is upper bounded away from infinity and lower bounded
from zero on the unit cube, such as a truncated normal distribution or uniform distributions.

Secondly, the theorem provides a quantitative link between the complexity of the net-
work and the relationship between the input dimension m and the manifold dimension d.
Notably, when m > d, the rates coincide with those found in Dahal et al. (2022). However,
the situation becomes particularly intriguing when the input dimension m is smaller than

the target dimension d. In this scenario, the width of the neural network no longer increases

e—0

at a polynomial rate of %, but at a super-exponential rate of % where % — 00

This phenomenon implies that, while it is theoretically feasible to abproximate a broad class
of distributions with low-dimensional inputs, choosing an appropriate input dimension is
critical to avoid excessively complex networks; it is often more advantageous to overestimate
d than to underestimate it.

We now turn our attention to the empirical aspect of our theory, examining the statistical

guarantees provided by our model in the presence of iid samples z1, - ,z, ~ Q.
Theorem 8 (Statistical Guarantees of Deep Generative Models) Given iid samples
1
T1, 0 Ty ~ Q with empirical distribution Qp, let d >0, L =0 (log (nm>>,
O (Dn (m+6)o¢?nm,n,d,5)> m S d
b= _d__
O (Dn(‘“é)a) m > d,
k = max{B, 1}, then the empirical risk minimizer g, € 9nn(m, L, p, k) satisfies
_1
E [Wi(gns(p), Q)] < (1 +2C5)n" 445,

where Cy is a constant, independent of n. Furthermore, when m < d, lim, . a(m,n,d, ) =
0, leading to a super-exponential increase in the width p.

Similar to the population version, this theorem demonstrates that deep neural networks
can approximate manifold distributions from n iid observations, with the approximation
error diminishing at a rate of d%r&' However, the complexity of the network, particularly
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the width, increases alongside n. Although a larger n yields a smaller approximation error,
when m < d, the width p grows super-exponentially with n.

These two theorems collectively underscore a “trade-off triangle” of model complexity,
input dimension, and approximation accuracy. In the next section, we illustrate these
concepts through simulations using m = 1,2,3 as case studies for proof of concept and
visualization.

Finally, we also show that Theorem 7 and Theorem 8 can be partially extended to
Wasserstein-p distances in the following corollary.

Corollary 9 Under the same setup as Theorem 7, for any € > 0, there exists a deep neural
network g € Ynn(m, L,p, k) such that Wy,(gz(p), Q) < €. Moreover, under the same setup as
Theorem 8, the empirical risk minimizer g, € Ynn(m, L, p, k) satisfies E [Wp(gns(p), Q)] <

(1+ 2C5)n” .

Note that the bounds for L, p, x are not provided in this case; a more detailed discussion is
presented in the proof in Appendix B.6.

4. Simulation

In this section, we provide empirical evidence on three toy examples for visualization pur-
poses of these deep generative networks’ abilities to learn space-filling curve approximations.
We demonstrate the ability of the standard ReLLU network to map the uniform distribution
on the unit hypercubes of various dimensions [0,1]™ to a variety of target distributions,
where m is the dimension of the input distribution. Note that here we are using a standard
feedforward neural network with a Wasserstein-1 loss function approximation provided in
the Python Optimal Transport package (POT, Flamary et al., 2021). This loss function
takes the role of the “critic” network in a typical GAN model, hence our fitted feedfor-
ward network under this Wasserstein-1 loss function is analogous to the “generator” in a
Wasserstein GAN (Arjovsky et al., 2017). We also report an empirical “fill distance” which
we measure by taking a set of samples x1,...,x, from the true manifold, another set of
samples yi, ..., yny from the generated manifold, and calculating %Z?:l miny. {d(x, y;)}.
This approximates the mean distance over all points in the data manifold to the closest
point on the approximating curve. Hence, this is a measurement of the distance between
the manifold supports of distributions, while the Wasserstein loss (used to train the neural
networks) offers a measurement of the distance between distributions.

In Simulation 1, we show that the problem of finding a generator from the two dimen-
sional square to the two dimensional square is computationally feasible (as in the required
complexity is relatively small). Additionally, we show that the same problem with only
a one dimensional input dimension is relatively harder, and also show the trajectory of
training iterations to visualize how the neural network “learns” the distribution with an
under-dimensioned input. In Simulation 2, we showcase the mapping of the same uni-
form distribution on [0,1] to the uniform distribution on a 2-dimensional cylinder S? C R3
(m=1,d=2,D = 3). We also showcase that the same target distribution can be learned
with much lower complexity when we match the input dimension to the manifold dimension,
that is m = 2 = d. In Simulation 3, we take our target distribution to be the 3-dimensional

10
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uniform distribution on a unit cube [0,1]® (d = D = 3). As in Simulations 1 and 2, we
train ReLU Networks using uniform distributions on the 1, 2, and 3 dimensional hyper-
cubes (m = 1,2,3) and compare performance. Full implementation details and additional
simulations including a study of network complexity and approximation error, the use of
higher input dimension than target manifold dimension (m = d + 1) for each of the three
simulation cases, and the case of non-uniform input or target distributions, along with a
link to a GitHub repository containing all code, can be found in Appendix C.

Iter. 0, Iter. 1000, Iter. 2500,
Wass-Loss=0.8758, Wass-Loss=0.0867, Wass-Loss=0.0118,
Fill-Distance=0.7853 Fill-Distance=0.2167 Fill-Distance=0.0355

Data samples from pg
Data samples from G#|
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Iter. 5000, Iter. 6000, Iter. 7000,
Wass-Loss=0.0037, Wass-Loss=0.0045, Wass-Loss=0.003,
Fill-Distance=0.0265 Fill-Distance=0.0294 Fill-Distance=0.0276

Iter. 8000, Iter. 9000, Iter. 9999,
Wass-Loss=0.0013, Wass-Loss=0.0011, Wass-Loss=0.0009,
Fill-Distance=0.0185 Fill-Distance=0.0174 Fill-Distance=0.0171
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Figure 2: Simulation 1: Training results (left) of a small 2 hidden layer, 10 node each, fully
connected network mapping the 2-D uniform input to a 2-D uniform target data manifold.
The orange surface is generated by the neural network and is “filling in” the data manifold
(blue). Wasserstein loss (top right) and fill distance (bottom right) between generated and
observed data per training iteration for a total of 10,000 iterations.

4.1 Simulation 1

In Simulation 1, we let the data distribution () be a uniform distribution over the unit
square [0,1]% and consider the cases where the input distribution p to the neural network
is a uniform distribution over the unit square [0,1]? € R? and a uniform distribution over
the unit interval [0,1] € R. In this case, the manifold dimension d = 2 is equal to the
dimension of the ambient space D = 2. We first consider the case where the input and
target dimensions are equal.

Aligned with our theory, the required complexity in this case is expected to be signifi-
cantly lower than when the target data dimension is underestimated. In Figure 2, we show
that training a fully connected feed forward network with just 2 hidden layers with 10 nodes
each for 10,000 iterations under Wasserstein loss, again from the Python Optimal Transport
(OT) package, achieves low Wasserstein loss as well as low average empirical fill distance.
Note that in this case, during training the input is taken to be a random sample on the
unit square at each iteration, while the target data is a uniform grid on the unit square, so
that the input sample is not identical to the target data at any iteration.
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Figure 3: Simulation 1: Training results of a 5 hidden layer, 200 node each, fully connected
network for 10,000 iterations. Training trajectory (left), Wasserstein loss (top right), and
fill distance (bottom right) of mapping a uniform distribution on the interval [0, 1] to a
uniform distribution on the unit square [0, 1]2. It can be seen that as the loss decreases, the
fitted curve fills more of the square as expected.

Next we re-examine the target distribution from the case that the input dimension p
is a uniform distribution over the unit interval [0,1]. Figure 3 demonstrates how a stan-
dard feedforward, fully-connected neural network, using ReLLU activation and trained with
Wasserstein loss, effectively maps the unit interval into an increasingly complex, space-filling
curve in a two-dimensional space. Note that now a much larger network size of 5 hidden
layers with 200 nodes each is required to reach a similar level of approximation to the equal
input and target dimensions case. For further simulations regarding the effect of different
network sizes see Appendix C.1, and for the m = d + 1 case see Appendix C.2.

4.2 Simulation 2

Analogous to Simulation 1, in Simulation 2 we consider a situation where the data distri-
bution Q is a uniform distribution over a cylinder embedded in R? and again consider the
cases where the input distribution p to the neural network is a uniform distribution over
the unit square [0,1]? € R? and the unit interval [0, 1] € R.

We first consider when the input distribution (uniform) dimension matches the target
data manifold dimension (also uniform), where m = d = 2. We show that, aligned with our
theory, the required complexity in this case is observed to be much lower than when the
target data dimension is underestimated. In Figure 4, we show the results of training a fully
connected feed forward network with a total of 3 hidden layers with 25 nodes each for 8,000
iterations under Wasserstein loss and that the network is able to achieve low Wasserstein
loss as well as low average fill distance.

In contrast, we consider the same uniform distribution on a cylinder embedded in R3
but with an input distribution of only one dimension. Note again that in this example we
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Figure 4: Simulation 2: Training results of a small 3 hidden layer, 25 node each, fully
connected network for 8,000 iterations mapping a 2-D uniform input to a 2-D uniform target
data manifold on a cylinder embedded in R3. Here the multicolored surface is generated by
the neural network (colored by z-axis height) and is “filling in” the data manifold (blue).

have the manifold M with dimension d = 2, embedded in an ambient Euclidean space with
dimension D = 3. We show again that a feedforward, fully-connected neural network under
Wasserstein loss and ReLLU nonlinearity is still able to learn space-filling curves properly on
the manifold of lower dimension than the ambient space (albeit with a much larger network
size of 7 hidden layers with 250 nodes each). Again, the neural network maps the input
interval into an increasingly complex space-filling curve on the cylinder as the number of
training iterations increases and the loss decreases respectively as seen in Figure 5. For full
implementation details and code, as well as the m = d + 1 case, see Appendix C.

4.3 Simulation 3

In Simulation 3, we consider a uniform distribution on a unit cube [0,1]® in R3, while
now taking as input one, two, and three-dimensional uniform distributions on [0, 1]™ for
m = 1,2, 3 respectively. We show again that a feedforward, fully-connected neural network
under Wasserstein loss and ReLLU nonlinearity is still able to learn “space-filling sheets” on
the manifold of higher dimension than the input.

We again start with the case where the input dimension matches the target dimension
(m = 3). In Figure 6, we show the results of training a neural network with 3 hidden layers
of 128 neurons each. It can be seen that the network achieves both low Wasserstein loss
as well as empirical fill distance in Figure 6. Note that in this case the input data is a
randomly re-sampled each training iteration, while the target remains a fixed grid on the
unit cube, such that the input and target data are not identical at any iteration.

Now we reduce the input dimension by 1, mapping a uniform distribution of dimension
m = 2 to a uniform distribution in a higher target dimension d = 3. We observe in Figure 7
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Figure 5: Simulation 2: Training results of a 7 hidden layer, 250 node each, fully connected
network over 5,000 iterations. Training trajectory (left), Wasserstein loss (top right), and
fill distance (bottom right) of mapping a 1-D uniform distribution on the interval [0, 1] to
a 2-D uniform distribution on a cylinder embedded in R3. As the loss decreases over the
iterations, the fitted curve fills more of the surface.
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Figure 6: Simulation 3: Training results of a 3 hidden layer, 128 node each, fully connected
network over 4,000 iterations mapping the 3-D uniform input to a 3-D uniform target data
manifold on the unit cube. Here the multicolored curve is generated by the neural network
(colored by z-axis height) and is “filling in” the data manifold (blue).

that a larger neural network with 4 hidden layers of 256 nodes each achieves similar loss to
the smaller model used when m = d = 3.

Finally, we reduce the input dimension one more time for the case when the input dimen-
sion is m = 1 and the data manifold is uniform in d = 3 dimensions. We observe in Figure 8
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Figure 7: Simulation 3: Training results of a 4 hidden layer, 256 node each, fully connected
network over 2,000 iterations mapping a uniform distribution on the unit square [0, 1]? to
a uniform distribution on [0, 1], colored by height (z-axis). As the loss decreases over the
iterations, the fitted surface fills more of the space in the cube.
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Figure 8: Simulation 3: Training results of a 5 hidden layer, 256 node each, fully connected
network over 5,000 iterations mapping the 1-D uniform input on the interval [0,1] to a 3-D
uniform target data manifold on the unit cube. Here the orange curve is generated by the
neural network and is “filling in” the data manifold (blue).

that again a larger network with 5 hidden layers of 256 neurons each is required to achieve
similar loss to the m = 2 and m = 3 cases. Together, the three simulations underscore the
networks’ ability to adaptively map lower-dimensional inputs onto higher-dimensional man-
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ifolds in a generalizable manner, effectively demonstrating our main theorems in practice.
Again, see Appendix C for full implementation details and extension to m = d + 1.

5. Sketch of the Proof

In this section, we provide a proof sketch of our main theorems, highlighting key steps while
deferring technical details to the Appendix. We start with the proof of Theorem 7.

5.1 Sketch Proof of Theorem 7

The proof is divided into three cases, depending on the input dimension m: when m > d,
when 2 < m < d, and when m = 1. We start with the simplest case: m > d.

5.1.1 CASE 1: m >d

In this case, since there are m —d redundant input variables, we introduce a layer g; : R™ —
R that effectively ignores these redundant input variables:

G1(215 oy Tm) = (T1,5 0y Tag1)-

g1 is a one-layer ReLLU neural network with zero bias, and a weight matrix

W = [I(d+1)><(d+1) O(d+1)x(m_d_1)} . This step simplifies the network’s input to d + 1 di-
mensions, aligning with the settings of Lemma 5. We then define the pushforward measure
of p via g1, defined on R by g as p/ = g13(p). By Lemma 5, for any € > 0, there exists
a neural network ¢’ € Yyn(d+ 1, L' p', k) such that

Wl(gé(p/)7 Q) < €,

where L' = O (log (%)), p =0 (De_d/o‘), k= B.
Now we let g := ¢’ 0 g1, so we have

Wi(g:(p), Q) = Wi((g' 0 g1)1(p), Q) = Wi(gi(g14(p)), Q) = Wi(gs(p), Q) < e.

Finally, observe that g € ¥yn(m, L, p, k), where L = L'+1 = O (log (%)), p =max{p’,m} =
0] (De*d/a), k = max{B, 1}, which finishes the proof of this case.

5.1.2 CASE 2: 2<m <d

In this case, where the input dimension lies between 2 and d, our strategy comprises several
steps. First, we find a m — 1 dimensional compact Riemannian manifold M/ approximating
M. Then, we project the original distribution @ onto M. to obtain @, an approximation
of @. Next, we smooth @ into Q” to satisfy Assumption 4. Finally, we show that Q! can
be approximated by a deep generative model, as detailed step by step below.

Firstly, the existence of such a m — 1 dimensional manifold M. is guaranteed by the
following Lemma 10 leveraging the idea of a space-filling manifold, with proofs in Ap-
pendix B.1.

Lemma 10 Let M be a d dimensional Riemannian manifold isometrically embedded in RP .
Then, for any 1 < q < d and any € > 0, there exists a g-dimensional manifold isometrically
embedded in RP, denoted by M’ satisfying
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dM,M.) = sup inf |z —y| <e.
reEMyeM.

Secondly, we define Q. = Tey(Q.), Where me : M — MU is the orthogonal projection onto
ML. The Wasserstein distance W1(Q, Q') is then bounded by W1(Q, Q%) < d(M, M.) < e.

Thirdly, since Q. may not satisfy Assumption 4, we cannot directly apply Lemma 5. To
address this, we find another distribution on M., denoted by @Q” that satisfies Assumption
4, with W1(QL, QY) < €, . The existence of such @/ is supported by the following Lemma
11, with proofs given in Appendix B.2.

Lemma 11 Let M’ be a m — 1 dimensional Riemannian manifold isometrically embedded
in RP, and let Q' be a distribution on M'. Then, for any € > 0, there exists a distribution
Q" on M’ satisfying Assumption 4, with

W (Q, Q") <e.

Finally, by Lemma 5, there exists a network g € 9nn(m, L, p, ) such that Wi (gs(p), QY) <

€, where
1 __m
L=0 <10g <>), sz(De a(mﬁ)), k= B.
€

By the triangular inequality, we have

Wi(gs(p), Q) < Wi(gsp, Q7) + Wi(QY, QL) + W1(QL, Q) < 3e.

The remaining step is to show that a(m,e) — 0 as e — 0 for any m, which leads to
the super-exponential complexity. However, this proof is technical, so we summarize it in
Lemma 12 and defer the proofs to Appendix B.3.

Lemma 12 a(m,e) =0 ase — 0 for any 2 < m < d.

5.1.3 CASE 3: m =1

For the case where m = 1, the approach for 2 < m < d is not directly applicable, as Lemma
5 requires the input dimension to be at least two. Thus, we adopt a different strategy
to construct the approximation manifold. Notably, in this case, the input space is a unit
interval [0, 1], with p = Unif(0, 1).

First, we apply Lemma 10 again, with ¢ = 1, to obtain an approximation manifold
M., a one-dimensional space-filling curve. Subsequently, we define Q. = m4(Q), where
e : M — M. is the orthogonal project. This yields Q. as a distribution on M’ satisfying
WI(Q7 Q/e) <e

Lemma 13 guarantees the construction of a smooth parameterization for the curve M.,
given by 7 : [0,1] = M, with Wi (ne(p), Q) < e. The proof is in Appendix B.4.

Lemma 13 Let M. be a parametric curve of dimension 1, and let Q. be a distribution on
ML, then there exists a reparameterization n. : [0, 1] — M. such that

Wi(ne(p), Q) < e
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Next, Lemma 14 allows us to approximate n using a neural network g.

Lemma 14 (Dahal et al. (2022) Lemma 3) Ifn(t) is a Hélder continuous and bounded,
then for any € > 0 there is a ReLU network g such that

/ lo(t) — n(t)dt < e,
[0,1]

and g € Yyn(1, L,p, k), where L = O (log (%)), p=0 (e‘é>, and Kk = B.

Then we obtain g with Wi (ne(p), g:(p)) < € and

W(Q, gs(p)) < Wi(Q, Q1) + Wi(QL mes(p) + Wi(nes(p), 9:(p)) < 3e.

Finally, we node that o = «(e) depends on e through 7., and we claim that «(e) 9% 0.
This is summarized as Lemma 15 with proofs in Appendix B.5, which completes the proof
of this m =1 case.

Lemma 15 af(e) =9 .

5.2 Sketch Proof of Theorem 8

Let z1, ..., z,, be iid samples from @, and let (),, denote the associated empirical distribution.
By Theorem 7, for any € > 0 ,there exists g € 9y (m, L, p, ) such that W1(Q, g:(p)) < €,

where L = O (log (%)), p=0 (Dea(_"?;)), and kK = B.

For the empirical minimizer g,,, we can break down the Wasserstein distance Wi (gns(p), @)
as follows:

Wi (@\nﬁ(p)a Q) < Wl(.anﬁ(p)a Qn) + Wl(an Q) < Wl(gﬂ(p)v Qn) + Wi (Qm Q)
< Wl(gﬁ(p)v Q) + Wl(Q7 Qn) + Wl(Qna Q) <e+ 2W1(Q7 Qn)

Given Assumptions 3 and 4, Lemma 5 of Dahal et al. (2022) implies that for any 6 > 0,
a constant C§ exists such that

__1
]E [WI(Q7 Qn)] S an d+67
1
where Cjy is a constant independent of n. Setting e =n~ 4+5, we have

E [W1(d(p), Q)] < (1+2Cs)n 5.

Thus, we have achieved the claimed expected Wasserstein distance with desired complex-
1 m

ity of gpo: L = O <log (nm>>, 0] (Dn<m+5)°(m7"’dv5)), and x = B. In particular, when

m > d, a(m,n,d,0) remains constant («), while when m < d, lim, o a(m,n,d,d) =

lim¢_,0 a(m, €) = 0 as per Theorem 7.
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6. Discussion

Using the theory of space-filling curves, in this work we establish key relationships between
the input dimension, the true dimension of the data manifold, and the approximation
error of fitting deep generative networks. Specifically, we have shown that deep generative
networks can learn the manifold structure in a generalizable manner regardless of the input
dimension, even when the input dimension is as low as one. Furthermore, we quantify
the complexity trade-off among network size, input dimension, and approximation error,
showing that underestimating the input dimension below the manifold dimension introduces
a super-exponential increase in the width of the network. Furthermore, these results did not
require any additional assumptions compared to previous work (Dahal et al., 2022). Toy
simulation studies on two- and three-dimensional manifolds provide empirical evidence of
GANS learning such space-filling curves from various input dimensions, offering additional
explanation to the success of GANs and similar models to learn distributions without explicit
need for dimensionality estimation in practice.

Based on these results, there are multiple potential directions for future work. First,
although we have derived statistical guarantees for existence, there is no guarantee on being
able to practically fit such models, especially when the input dimension is heavily underes-
timated. Second, while we have established upper bounds on the complexity necessary to
achieve certain approximation errors, identifying lower bounds poses a formidable challenge
and remains an open question. The absence of explicit lower bounds in existing litera-
ture highlights the complexity and novelty of this problem area. Establishing these bounds
would not only deepen our understanding of the behavior of generative networks but also
potentially guide the development of more efficient network architectures. Third, exploring
the phase transition in model complexity versus approximation error as a potential method
for estimating the intrinsic dimension of data manifolds could provide practical insights into
dimensionality reduction and the effective training of generative models. Finally, although
we have shown that neural networks are capable of learning distributions exhibiting low
dimensional manifold structures, there remains situations in which the data do not lie on a
manifold of a single intrinsic dimension throughout, as is the case in the union of manifolds
hypothesis (Brown et al., 2022). Such extension would further elucidate the ability of these
deep generative models to empirically approximate arbitrary datasets in practice.
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Appendix A. Code Availability

All code for experiments and generating paper figures can be found in the GitHub repository
at https://github.com/hong-niu/dgm24. All experiments were run on a single machine
with an Nvidia RTX 4080 GPU with 16 GB of memory and adapted from the Python
Optimal Transport (POT) package Flamary et al. (2021) for computing the Wasserstein
distance.

Appendix B. Additional Proof Details

In this section, we prove five lemmas used in the sketch of the proofs of Theorem 7 and
Theorem 8, namely, Lemma 10, Lemma 11, Lemma 12, Lemma 13, and Lemma 15. Note
that Lemma 14 is directly from Lemma 3 of Dahal et al. (2022), so we skip its proof.

B.1 Proof of Lemma 10

We first prove Lemma 10, which shows that for a compact d dimensional manifold M, there
exists a smaller dimensional manifold M. that approximates the manifold M.
Proof Since R” is a separable metric space, M C RP is also separable. Let E C M be a
dense countable subset of M, enumerated E = {ej, e2,....}. Because E is dense on M, we
have

lim sup inf |z —yl3=0.

n=00 e Myc{er,....en}

Suppose that we can find a sequence of manifolds M, satisfying for all n € N,
E, ={e1,....en} T M,.

We have

0< sup inf |z—y|3<sup inf |z —yl3

TEMyeEMn zeMye{er,....en}
Consequently:
lim sup inf [ —y[3=0.
N0 ze M yeMp

Therefore, for any € > 0, there exists a large enough n such that

sup inf |z —y|3 <e.
xEMyEMn

It suffices to show that for any finite set E,, there exists a Riemannian Manifold M,,
interpolating F,,, that is, F, C M,,.

We know there exists a ¢ dimensional subspace, represented by the associated projection
matrix P, such that, for all i # j, Pe; # Pe;j. We can choose a basis of this subspace to be
the first ¢ coordinates through a change of basis. For convenience, we thus claim without
loss of generality that the projection onto the first ¢ coordinates my(z1, ..., 2n) = (21, ..., Zq)
is injective on E, so that

mg(e;) # mq(ej) when i # j.

Then there exists infinitely many interpolants, f, satisfying y; = f(mq(es)).
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Included in our options are smooth interpolants, such as polynomial interpolants, splines,
variational minimizing surfaces, RBF interpolations, Backus-Gilbert (Wendland, 2004), etc.
We choose the cubic polyharmonic/thin plate spline due to its simplicity (Duchon, 1977):

f= min JL(h),
FEWG (g (M), yi=F (mq(ei)) ()
where J7,(f) = 2 ant . tag=m (M'L'Old' S o <M> H;l:l ;.

This interpolant is a smooth function on a compact domain, with a bounded derivative
and its image is a smooth manifold. Further, we consider the function:

F:mg(M) = R (21, ...,2q) = (21, ..., g, far1(T1, .0, Zg), ooy [r(@1, .0y ).

Note that the image F(m4(M)) is a Riemannian manifold that interpolates F'(m,(e;)) =
e;. Thus, E C F(my(e;)) and

d(F(mq(ei)), M) < di(E, M) <e.

Hence, for any d dimensional Riemannian manifold M and any € > 0, there exists a ¢
dimensional Riemannian manifold M’, such that

dM,M.) = sup inf |z —y| <e
reEMyeM!.

B.2 Proof of Lemma 11

We now prove Lemma 11, which shows that for any distribution on a compact manifold,
we may find a sufficiently close distribution that satisfies Assumption 4.
Proof

The objective of this lemma is to perturb @’ slightly, creating a perturbed distribution
Q" that satisfies Assumption 4. The proof involves the following five steps:

1. Decomposition of the manifold: Partition the manifold M. into a finite union of
balls, with each as a coordinate chart derived from some Euclidean ball.

2. Local pull back distribution: Pull back the local distribution @’ through the
exponential map.

3. Smooth local distributions: Smooth each local pull-back distribution to ensure
closeness to the original pull-back.

4. Pushforward and reweighting: Push these local distributions forward to M’ using
their exponential maps. Paste them together to form a new distribution, and re-weight
it to account for overlaps.
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5. Density adjustment: Add a small uniform density to ensure a positive lower bound
on density and show that this new distribution is sufficiently close to the original
distribution and satisfies Assumptions 4.

Since M’ is compact, the injectivity radius, denoted by ¢, is strictly positive (Do Carmo
and Flaherty Francis, 1992). Fix 0 < r < ¢ and denote U, = exp,(Bz(0,7)), where
exp, is the exponential map at = and B,(0,r) is the Euclidean ball in the tangent space
T, M'’. Again, due to the compactness, there exists a finite covering {expxj (Bg;(0,7)) 1 j =
1,2,..,N}.

Let Q' be the restriction of Q" onto U,,, that is Q’ = [¢1(z € Up,;)dQ'(x). Since
r <, the exponentlal map exp,, is 1nvert1ble on Uy, 50 the the pullback of Q;j through
exp,, (+), denoted by Py, a measure on By (0,7), is well—deﬁned.

However, the pull-back measure P,; may not be smooth enough. To address this, for
6 > 0, we consider the function

Hs(x,y) = Cs(x)1{[lz —y| < 6},
where Cs(z) is the normalizing constant %(:C) = /5 o) 1(||lz —y|| < d)dy
ZJ K
Then denote the locally smoothed measure by Pg‘fj, with density:

P2, () =/ o )Ha(w,y)dij.

Since the transport cost between (Px].,P;fj) is bounded by sup |z —y|| <4, we have

Wl(ij,P‘sj) <.

z,y)=1 ’
T

Pushing P‘S forward through the exponential map onto M’ yields a locally smoothed
distribution on Uz » expy (P ) We have:

Wi(expy 4 (Pr, ), exp, 4(P2)) = inf [ el
x4\ T i\ fyeF(eszjﬁ(PIj),expzjﬁ(ng)) Uy XUy

= inf

v EN(Py;, PY ) /sz (0,7)x Bz (0,7)
<, ot f Iz - yldy,
V€L (Po ;. P7)) J By (0,7) % Ba; (0,1)

where I is the coupling and Ly, is the Lipschitz constant of exp, on By, (0,7) (Do Carmo

| exp,; (x) — exp,; (y)[|dY

and Flaherty Francis, 1992). Note that as § approaches 0, exXpy (P:fj) converges in distri-
bution to @, .
Now we recombine these locally smoothed measures back into a new measure:

N

=1
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Then let N () to be the number of U,; containing x, that is N(z) = Zjvzl 1(x € Uy;) so
that:

N
. R ) o 12
lim Q50 = lim ;expm@j) =/, N@1de'().

To compensate for overlap in the covering, we adjust ()50 to define a new measure

Qs(A) = /A N}x)dczg,o.

It is clear that as § — 0, Qs —4 Q’. Due to the compactness of M’, the cost function is
bounded and thus

lim Wl(Q/, Q(;) — 0.
6—0

So far, however, the density of Qs, denoted by gs may not be positively lowered bounded,
as required by Assumption 4. To fill in the final gap, we conduct the following surgery to
Qs-

By the compactness of M’, the uniform density, denoted by u(x) is well defined on M?”.
Let # > 0 be an arbitrary small number, we define ¢ = (1 — 6)gs + 6u. Let Q" be the
corresponding distribution, we observe that 1):Q"” satisfies Assumption 4 for any ¢ and 6;
2) Q" converges in distribution to " when §,0 — 0. That is, for any e, there exists § > 0
and 6 > 0 such that W1(Q', Q5) < § and W1(Q",Q;s) < §, so that

Wl(Q”> Q/) < WI(Q”a Qé) + Wi (Q(57 Q/) <€,

which closes the proof.

B.3 Proof of Lemma 12

We now prove Lemma 12, which shows that when the input dimension is smaller than the
true dimension, the quantity a(m, €) approaches 0 as e approaches 0.

Proof In existing literature, such as Dahal et al. (2022), « is often treated as a constant,
since the manifold under consideration is fixed. However, in our framework, both the
approximating space-filling manifold M/ and the approximating distribution @. change
with €. In this situation, it becomes imperative to keep track of the “constant” « while the
manifold M. and Q. are evolving. This task is extremly challenging for several reasons.
First, much of the existing literature, including Villani et al. (2009); Dahal et al. (2022) ,
treats « as a constant, without a in-depth discussion. Second, even when we scrutinize their
proofs, they typically establish only the existence of a, without any explicit construction.
Third, the intricacies of « are hidden within the study of Monge-Ampere equations of the
potentials of the density functions of @, a distinct, although related, field of study.

Our analysis begins with the recent contributions of Dahal et al. (2022), who claim that
there exists a constant a so that the complexity p = O(De~%®). The foundation of their
construction of optimal transport relies on Theorem 12.50 from Villani et al. (2009), also
known as Caffarelli’s regularity theory. Within this theorem, the constant «, denoted by 3
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by Villani, is introduced ambiguously as “for some 5 € (0,1)”, without further elucidation
provided. To address this, we examined a series of papers by Caffarelli (Caffarelli, 1990a,b,
1991, 1992a.b, 1996), where we discovered that the constant « depends on the infimum of
the density function of @, denoted by ¢.. In essence, as € — 0, inf ¢ — 0, leading to the
conclusion that a(m,e) — 0. We prove this claim step by step.

e—0

1. Prove Vol(M]) — o0

First we prove that as € — 0, the volume of the space-filling manifold M. goes to
infinity. Note that this volume is the Riemannian volume of the m — 1 dimensional
manifold M., not the volume in the ambient space. By Lemma 10, the tube around
M. with radius 2¢, denoted by To(M.) = {z € RP : d(z, M") < 2¢}, contains M.
Then, by Weyl’s Tube Theorem (Weyl, 1939; Gray, 2003), the volume of the tube is

given by the following series expansion:

VO](TQE(MQ)) =
(77262)D7(72n71) [tm=1)/2] ko (M”)(2¢)%
(D - (m-1)! ; (D—(m-1)+2)(D—(m—-1)+4)---(D—(m—1)+2l)’

where ko (M) is the integrated mean curvature of M. and ko(M.) = Vol(M.) as a

€ €
special case when [ = (. Focusing on the leading term, we have

(m2€?) 2=
Vol(Tae(M0) = 15~ (o~ (VOIME) + O(9) (1)
1 !

Similarly, we estimate the volume of the tube around M, T,(M) as:

D—d

me?) 2
2 :

Now we show that To (ML) D Te(M). For any = € T.(M), there exists y € M

€

such that ||z — y|| < e. By the construction of M., there exists z € M. such that
ly — z|| < e, as a result,

(@, M) < llv = 2|l < [lz = yll + [ly — 2]l < 2¢,
which implies x € Th.(M.) and hence Th. (M) D Tc(M).

Linking the two volumes in Equation (1) and Equation (2), we conclude that

D—(m—1)

(m2e2) 2
(3(D = (m—1))!

(Vol(M.) + O(€?)) > (, (Vol(M) + O(e?))

— Vol(M) 2, Ce™ gL 00,

where the last limit is duetom —1—-d < 0.
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/ e—0

2. Prove inf g¢ — 0.

Since M. is compact and ¢/ integrates to one, we have

1= / gcdVolpag > Vol(My) - inf q..
M

’
€

As a result, we conclude that inf ¢ 9% 0 since Vol(MY) 2% 0.

3. Prove a(m,e) <=9 .

As stated in Theorem 12.50 of Villani et al. (2009), the optimal transport mapping,
denoted by Fy, is represented by its potential F. € C*(m€) guch that F, = Vi, €
Ce(m9) Moreover, we know that g/ (V4).) det D;j9). = ¢ from Equation (1) of Caffarelli
(1992b), where D;; represents the Hessian matrix. The existence of such a(m, €) was
first given by Caffarelli (1991), which replies on the key assumption that there exists
constants Ay, Ao such that

0< )\176 < det Di]’@Z)E < )\276 < 00. (3)

Then, the key quantity we are interested, is defined as a(m,e) = —log, d(€), where
d(e) < 11is the constant such that h. ; 2(z —20) < 0(€) < he1(x—x0), where h g is the
cone generated by xo and the level surface 1) = 8 (see Lemma 2 of Caffarelli (1991)
for more details). The existence of such d(e€) is given by Lemma 2 of Caffarelli (1991).
Since inf ¢/ ﬂ 0, we know that Ay . = supdet D;;1). — oo, which violates the key
assumption in Caffarelli (1991), leading to the fact that ¢ has infinite derivative and

hence infinite local changes and inseparable level sets, so that d(e) <29 1. As a result

a(m,e) = —logy d(€) 20, 0, as desired.

B.4 Proof of Lemma 13

We now prove Lemma 13, which states that an approximating curve for a manifold may
be reparameterized by a differentiable function such that the pushforwards of the uniform
distribution is close to the true distribution.

Proof We first introduce the arc-length parameterization as £(t) : [0, L] — ML, which
makes ¢ invertible with a constant speed ||¢/(¢)|| = 1. For simplicity, we assume the total
length Lc = 1 in this proof. Let P: be the pull back of Q. onto [0,1] through &, that is,
&(Pe) = Q... Then for 6 > 0, define

Hs(z,y) = Cs(x)1{[lz — yl| <4},

where Cs(x) is the normalizing constant:

O /[0 =l < 0}y

)
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Then we define the following density function

1
fe) = | Hwg)dPe< [ sup [Cola)ldpe= sup oo = 5.
[0,1] [0,1] z€[0,1] z€[0,1]

Denote the corresponding distribution as Fs. Let X ~ P and define Y | X = x to be
uniform on the interval [z — §,x 4+ 0] N[0, 1], so that (X,Y") is a coupling in I'(P, F5). The
cost of such a transport is bounded by

EgenlIX — Y = Ex [Ey [|X - Y|| | X]] < Ex [Ey [6 | X]] = 0.
By the definition of the Wasserstein distance, Wi (Fs, P¢) < 6. Subsequently, we can
bound

Wi(&(Fs) Q) = int / le—yldy= ot e — ylldy
MLx M

YET(64(Fs),QL) YET (6 (Fs),E4(Pe)) /ng/vl’6

= inf / E(x) —&(y)||dy < inf / x —y|ld
e o Joixio 1€(z) = &(y)lldy ettt 2 o s | [[dy

= Wl(Fg,PE) < 4.

If the density fs(z) is lower bounded away from 0, then the Cumulative Distribution
Function (CDF) of fs, denoted by Cjs(z), is invertible. Then we use the inverse transform
to approximate Q.:

Wi((€ 0 C5M):(p), Q0) < 6.

Thus, 7¢(t) = &(F; *(t)) is our desired parametrization. Here, we highlight its dependence
on € through the domain M., which is crucial for Lemma 15.

If f5 is not lower bounded away from 0, we can adopt the same technique in step 5 in
the proof of Lemma 11, where we perturb it by a small uniform distribution with density
w: fs(x) = (1 — 0)f5(x) + u, where § > 0. Denoting the CDF of f; as Cf, we define

Ne(t) = f(Cé_l(t)). As a result, there exists 0,60 > 0 such that

Wi(ns(p), QL) = Wi((§ 0 C5 M )y(p), Q1) < e

B.5 Proof of Lemma 15

We now explain the proof of Lemma 15, which shows that lime_,o a(m,€) = 0 when m = 1.
Proof The proof follows the same structure as the proof of Lemma 12, with exactly the
same 3 steps. In fact, the arguments presented in the proof of Lemma 12 are applicable for
any dimension m. |
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B.6 Proof of Corollary 9

In Dahal et al. (2022), the authors first prove the existence of an oracle map g that perfectly
transports the input distribution to the target distribution, that is @ = gy(p). They then
approximate this function g via a neural network f such that || f —gl|.,(,) < €, with explicit
complexity bound on f. Then, in Lemma 2 of their paper, they show that one can further
bound the Wasserstein-1 distance by Wi(fi(p),g:(p)) < Cllf —gllL,(p) < Ce.

To generalize the setting to Wasserstein-p distances, we need two components. First we
extend Lemma 2 of Dahal et al. (2022) to bound Wasserstein-p distances by || f — gllz,()-
Then we find a suitable neural network f to control [|f — gl ,)- We start with the
Wasserstein-p distance:

Wp(fﬁ(ﬂ), gﬁ(p)) = wa(f;?pf) a5(2)) E(z,y)fwr(”x - yHIQ))l/p'

Because the Wasserstein-p distance is the infimum over all couplings, we may find an
upper bound by using any choice of coupling. The most obvious choice of coupling is
(f(2),9(2)) ~ (fs(p), 9s(p)) where z ~ p, which yields the following upper bound:

W, , P = inf Eorllz = ylb
»(f2(0); g:(p)) rer i oo Eew) lz =yl

< B lf(2) - g(2)[2
< / 1£(z) - g(x)|} dp
=[f —gHzp(p)-

According to Dahal et al. (2022), the oracle g may be constructed so as to be o Holder
continuous, and thus continuous. The Universal Approximation Theorem of neural networks
Hornik (1989) states that if g is continuous, we may construct a neural network f such that
|f = gllo <€ Note that || f —gllz,) < IIf — 9glloos SO we have

Wy (fs(p) 95(p) < If —allz, ) < If — glle <,

since p is a probability measure.

For the empirical result, we follow the same line of argument as in the Wasserstein-1
case. Define @),, to be the empirical distribution and g, to be the empirical risk minimizer.
Because @ is bounded, we know it has a finite p-th moment, so we have

Wp(Gng(p), Q) < Wp(Gns(p), @n) + Wp(Qn, Q) < Wy(gs(p), @n) + Wp(Qn, Q)
< Wip(gs(p), Q) + Wp(Q, Qn) + Wp(Qn, Q) < €+ 2W,(Q, Qn).

From Weed and Bach (2019), we know that if the Minkowski dimension of @ is 7, then

1
for all § > 0, there exists C5 > 0 such that E(W,(Q,Q,)) < Csny+3. By assumption,
@ is supported on a compact d dimensional Riemannian manifold and consequently its
1
Minkowski dimension is d. Thus, by choosing ¢ = n~ 4+ as we did before, we obtain

E [W,(Gnt(p), Q)] < (1 +2C5)n" 755
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While we have proved the existence of an approximating deep neural network for the
Wasserstein-p distance, providing specific bounds on the network’s complexity analogous
to those established for the Wasserstein-1 distance in Theorem 7 and Theorem 8 remains
unresolved. In the case of Wi, the complexity bounds are intricately tied to the construction
detailed in Lemma 2 of Dahal et al. (2022). Extending these bounds to W), distances would
require developing a similar foundational lemma tailored to W), settings, a task that involves
substantial theoretical innovation and is not immediately straightforward. Another poten-
tial approach involves leveraging results from Ohn and Kim (2019), which offer complexity
bounds in the L, norm; however, this approach introduces a new challenge as the bound
on network weights, x, becomes dependent on €. Removing the dependency on € in the
bound for network weights is not straightforward, requiring further investigation. Whether
we develop constructions similar to Lemma 2 of Dahal et al. (2022) for W, distances, or
apply theories like those in Ohn and Kim (2019), the challenges are nontrivial. We consider
this an important direction for future research.

Appendix C. Additional Experiments

Below we provide additional simulations elucidating the behavior of the neural networks
within the same toy scenarios based on the simulations of the main paper to further support
our theoretical findings. In Section C.1, we present an additional experiment regarding
neural network complexity and approximation error in the context of Simulation 1. In
Section C.2, we demonstrate consistent findings with the known theory extending each of
the 3 simulations of the main paper to the input m = d + 1 case as proven previously in
(Dahal et al., 2022). In each case we find that a smaller or equivalently sized neural network
can learn comparatively close approximations to the m = d cases presented in the main
paper. Finally, in Section C.3, we show that using a normally distributed input, rather
than uniform, leads again to equally strong approximation performance against a normally
distributed target output. Again, complete implementation notebooks generating each of
the paper figures can be found at: https://github.com/hong-niu/dgm24.

C.1 Extensions to Simulation 1 (Unit Square), m =1,d =2

In this section, we provide an additional study of complexity size and approximation accu-
racy when varying the size of the network. We repeat the same setup as Simulation 1 of the
main paper as a representative example, where the input dimension m = 1 and the target
data dimension d = 2, with the following changes. We present the results of three different
sized networks a) 2 hidden layers, 10 nodes each, b) 3 hidden layers, 100 nodes each, and
c¢) 5 hidden layers, 200 nodes each, and also significantly increase the training epochs to a
maximum of 20,000 iterations for each experiment. In each case, the input distribution is
uniform in 1-dimension, and the data distribution is uniform in 2-dimensions. We observe
that the approximation improves with increasing network complexity, and that aligned with
our theory, a model as small as network a) with two hidden layers is sufficient for fitting
the data manifold when the input dimension is equal to the data, but such network is in-
sufficient for approximating the manifold to the same degree when the input dimension is
underestimated.
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eeeeeee

eeeeeee iter. 0,
Wass-Loss=0.7536,
illDistance=0.8305

a) 2 layers, 10 nodes each  b) 3 layers, 100 nodes each  ¢) 5 layers, 200 nodes each

Figure 9: Training results of 3 different network sizes on mapping the 1-dimensional uniform
input to a higher 2-dimensional uniform target data manifold. Here the orange curve is
generated by the neural network and is “filling in” the data manifold (blue). Networks a)
and b) were trained to 20,000 iterations, while network c) only required 10,000 iterations
to converge. We observe that as the network complexity increases, the model is able to
better fit the target distribution with both lower Wasserstein loss and empirical fill distance
against the true data. Note that the smallest network a) is sufficient when the input and
target data dimension are equal, as was in Section 4.1, but is unable to achieve the same
degree of approximation after 20,000 training iterations now that the data dimension has
been underestimated, aligning with expectations from our presented theory.

Again consistent with our theory, we find that a much larger network c¢) with 5 hidden
layers of 200 nodes each is required to achieve a closer Wasserstein loss and fill distance to
the results of Section 4.1 now that the data dimension has been strictly underestimated,
with a final Wasserstein loss of 0.0016 and fill distance of 0.0213. Furthermore, network c)
improves on the medium sized network in network b) which achieves a final loss of 0.0028
and fill distance of 0.0302. We also note that the largest network c) also consistently achieves
lower losses throughout training than the middle sized network b), despite being trained
for 10,000 fewer iterations.
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Figure 10: [Top Row] Wasserstein loss per training iteration for each of the three networks
presented in Section C.1. [Bottom Row] Fill distance between generated curve and data
per iteration for each of the three networks presented in Section C.1.
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C.2 Extensions to the Case for m=d+1

Next we show that in each of the cases of Simulation 1, 2 and 3 from the main paper,
when the input dimension m is 1 greater than the dimension of the target manifold d, a
neural network can be trained to approximate the manifold as well as the m = d case as is
consistent with previous theory in (Dahal et al., 2022). We note that we were able to find
such a neural network using fewer or equivalently many neurons than that of the m = d
case in each of the three cases.

In Figure 11, we show that a smaller neural network than the 2-D to 2-D analogue of
Simulation 1 is able to learn a mapping between a 3-D uniform input distribution to a
smaller 2-D target distribution. We note that in this case, the number of training samples
used to train the network (900) is identical to the 2-D to 2-D case in Simulation 1 of the
main paper (900), however the number of visualization points for the 3-D uniform input
has been increased to maintain the density of the input grid as the 2-D case.

Iter. 0, Iter. 100, Iter. 500,
Wass-Loss=0.268, Wass-Loss=0.08, Wass-Loss=0.0244,
Fill-Distance=0.39 Fill-Distance=0.1842 Fill-Distance=0.0526

Wasserstein distance

Data samples from pq

. Data samples from G#ny

Ite

Iter. 1000, er. 3000, . 5000,
Wass-Loss=0.0088, Wass-Loss=0.0034, Wass-Loss=0.0021,
Fill-Distance=0.0203 Fill-Distance=0.0191 Fill-Distance=0.0185

0 2000 4000 6000 8000 10000
Rerations

Space Filling distance (Mean)

Iter. 8000, Iter. 9000, Iter. 9999, 10!
Wass-Loss=0.0014, Wass-Loss=0.0018, Wass-Loss=0.0013,
Fill-Distance=0.0172 Fill-Distance=0.0168 Fill-Distance=0.0169

o 2000 4000 6000 8000 10000
Rerations

Figure 11: Training results of a 1 hidden layer, 10 node, fully connected network for 10,000
iterations. Training trajectory (left), Wasserstein loss (top right), and fill distance (bottom
right) of mapping a uniform distribution on the cube [0,1]* to a uniform distribution on
the unit square [0, 1]2. It can be seen that as the loss decreases, the fitted curve fills more
of the square as expected, and as well as the 2-D to 2-D analogue in Simulation 1.

Next, we repeat for m = d 4+ 1 input dimension analogues of Simulation 2 in Figure 12,
and for Simulation 3 in Figure 13. Again, the number of training samples used in both of
these simulations is equal to the respective m = d cases of the main paper, while the neural
networks used in the m = d + 1 cases actually use fewer total neurons to learn similarly
accurate approximations.
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Figure 12: Training results of a 3 hidden layer, 20 node each, fully connected network for
10,000 iterations. Training trajectory (left), Wasserstein loss (top right), and fill distance
(bottom right) of mapping a uniform distribution on the unit cube [0, 1] to a 2-D uniform
distribution on a cylinder. It can be seen that as the loss decreases, the fitted curve fills
more of the cylindrical surface as expected, and as well as the 2-D to 2-D analogue in

Simulation 2.
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Figure 13: Training results of a 2 hidden layer, 128 node each, fully connected network for
10,000 iterations. Training trajectory (left), Wasserstein loss (top right), and fill distance
(bottom right) of mapping a uniform distribution on [0, 1]* to a uniform distribution on the
unit cube [0, 1]3. Tt can be seen that as the loss decreases, the fitted curve fills more of the
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cube as expected, and as well as the 3-D to 3-D analogue in Simulation 3.
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C.3 Extensions to Non-Uniform Distributions

Here, we briefly consider the case when the distributions are no longer uniform. Here we
present two simulations where the target manifold is a 2-D normally distributed sample,
and show that keeping the neural network architecture identical and only varying using
either a 1-D uniform or 1-D normal distribution as the input results in equally accurate
approximations of the target manifold in terms of Wasserstein distance and fill distance as
is consistent with our theoretical assumptions.
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Figure 14: Training results of a 5 hidden layer, 200 node each, fully connected network for
10,000 iterations. Training trajectory (left), Wasserstein loss (top right), and fill distance
(bottom right) of mapping a uniform distribution on the interval [0,1] to a 2-D normally

distributed target sample.
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Figure 15: Training results of a 5 hidden layer, 200 node each, fully connected network for
10,000 iterations. Training trajectory (left), Wasserstein loss (top right), and fill distance
(bottom right) of mapping a 1-D normally distributed input to a 2-D normally distributed

target sample.
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