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We study the classification problem under the two-component anisotropic sub-Gaussian
mixture model in high dimensions and in the non-asymptotic setting. First, we derive lower
bounds and matching upper bounds for the minimax risk of classification in this framework.
We also show that in the high-dimensional regime, the linear discriminant analysis classifier
turns out to be sub-optimal in the minimax sense. Next, we give precise characterization
of the risk of classifiers based on solutions of ¢;-regularized least squares problem. We
deduce that the interpolating solutions may outperform the regularized classifiers under
mild assumptions on the covariance structure of the noise, and present concrete examples
of this phenomenon. Our analysis also demonstrates robustness of interpolation to certain
models of corruption. To the best of our knowledge, this peculiar fact has not yet been
investigated in the rapidly growing literature related to interpolation. We conclude that
interpolation is not only benign but can also be optimal, and in some cases robust.

Keywords: benign overfitting, minimax classification, high-dimensional statistics, ro-
bustness, regularization

1. Introduction

The topic of overparameterization has gained increasing attention in recent literature on
problems in high-dimensional statistics. Previously, it was widely believed that estimators
given by solutions to properly regularized optimization problems, discussed for instance in
(Bickel et al., 2006; Wainwright, 2014; De Vito et al., 2021), yield the best generalization
power. Recently, it was discovered (see Belkin et al., 2019b; Oymak and Soltanolkotabi,
2019; Liang and Rakhlin, 2020; Hastie et al., 2022, among other works) that the estimators
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which interpolate the training data also yield good generalization error bounds when the
number of covariates exceeds the sample size. This phenomenon, termed “benign overfit-
ting” Bartlett et al. (2020); Chinot and Lerasle (2021), has been extensively investigated in
the regression and classification settings Chinot et al. (2021); Liang and Recht (2021). A
closely related notion of “double descent” which, broadly speaking, refers to the situation
when both the models with relatively low complexity as well as the models with very high
complexity that perfectly interpolate the training data achieve small generalization error
Belkin et al. (2019a). In this work, we focus on the high-dimensional classification prob-
lem. We derive the bounds for the generalization error under different sets of assumptions
and compare the interpolating solution to the estimators that have previously been studied
in the literature. We emphasize the different phenomena that play key roles in the low
dimensional and the high dimensional settings.

1.1 Notation and definitions

For 6 € RP, we denote its Euclidean norm by ||#|| and its Mahalanobis norm corresponding
to a positive definite matrix 3 by ||0||% := ' S71¢. For a symmetric matrix A € RP*P
with eigenvalues A\ > --- > A,, we define the spectral norm of A via ||A|le := A1 and

the Frobenius norm by [[A|lp := 1/>F_; A2, For a positive semidefinite (PSD) matrix

A=3"P Ao #0p, A € RP*P, we define its trace via Tr(A) = S°P_| \;, its effective rank
by

Tr(A)
A)i=—+= 1
"= al )
and its k-effective rank by
PR
r(A) = SRS :: . (2)

Moreover, we define the orthogonal projectors my(A) := Zle viviT , where Ay > Ay > .-+ >
Ap is the non-increasing sequence of eigenvalues of A. For given sequences {a,},>1 and
{bn}n>1, we say that a, = Q(by,) (resp. a, = O(by)) if for some ¢ > 0, a, > cby, (resp.
an, < cby) for all integers n large enough. We will also write a, = o(b,) or a, < b, if
an/bp — 0 as n goes to oo.

1.2 Statement of the problem

Consider the two-component sub-Gaussian mixture model, where for i = 1, ..., n we observe
pairs (Y;,n;) such that

Y, = 0772‘ + W;. (3)
Here, 6 € R? is a fixed but unknown vector, n; € {—1,1}, ¢ = 1,...,n are independent
labels with uniform marginal distribution, and W; € RP, i =1,...,n are i.i.d sub-Gaussian

vectors with covariance matrix ¥ of full rank p. Moreover W; and 7); are independent. More
precisely, given the spectral decomposition ¥ = VAV T, we assume that

Wi = VA,
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where w; has components that are independent and 1-sub-Gaussian, meaning that for all
A € RP
E(exp(ATwr)) < exp([[A%/2).

Here, || - || denotes the Euclidean norm. We mostly focus on the supervised setting, where
we are interested in constructing a classifier ) from the training data

(Y,ﬁ) = (Ylv"?l)a cee (Ynynn)'

Let (Yn+41,Mn+1) be an independent copy of (Y1,71). The generalization error is defined via

(1) =P (Y, 1); Ynt1) # | (Y, 7)),

both in probability and in expectation, where P is the probability under the model described
above. Observe that

E#s (1) =P 0((Y,n); Ynt1) # Mnt1) -

When there is no ambiguity, we will omit the subscript ¥ from %x (7). We will primarily
focus on the minimax risk

inf sup  E(Zs(9)),

TN0I>> A2 o
where A > 0 controls the degree of “separation” between the components of the mixture.
Our main goal is to understand the precise dependence of the minimax risk on the key
parameters of the problem, namely the dimension p, the sample size n, the effective rank
of ¥, formally defined in display(1) below. This will allow us to deduce the necessary
and sufficient conditions for consistent classification expressed in terms of parameter A.
Here, consistency refers to vanishing minimax risk: we are interested in the necessary and
sufficient conditions on the sequence (A,,),>1 such that

inf  sup  E(Zx()) — 0,
T10112>A% |Znlloo oo

where A, p, and ||3,|| can change with n. Note that we are interested in the separation
with respect to the Euclidean norm rather than the “Mahalanobis norm” given by

102 := 6" =16,

The Euclidean distance is often the preferred choice in estimation problems as its definition
does not depend on the unknown covariance ¥ but at the same time the error bounds can
be adaptive to X, as will be the case in our framework.

The isotropic case > = I,, where the Euclidean and the Mahalanobis distances coincide,
was previously investigated in Ndaoud (2022). In particular, it was shown that

. N Al
H%fHSﬁlszE(%E(n)) = exp <—(1 + 0n(1))2(A2+2)> !

1. We write ay < by, for two nonnegative sequences {an }n>1, {bn}n>1 if bT” < ay, < ¢by, for some ¢ > 0 and
alln > 1.
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When ¥ is known and the noise W is normally distributed, it is easy to see that $~1/2Y
follows the isotropic Gaussian mixture model where the signal vector is given by ©~1/24.
Following the reasoning similar to Ndaoud (2022), we can show in the general case that

| ) = exp (—(1 4 0n (1) 20
o B < (- en )

In particular, the condition ||0]|% > \/p/n + 1 is necessary and sufficient for consistency
under the norm || - ||z. Moreover, the minimax optimal classifier is produced by the Linear
Discriminant Analysis (LDA) and is given by

fALpA(y) = sign <<E_1 (Z Yz”?z’) ,y>> : (4)
i=1

The LDA estimator and its adaptive variants have been recently studied by several authors.
Representative papers include Bing and Wegkamp (2022); Wang et al. (2020); Davis et al.
(2021); Chen and Zhang (2021) and Cai and Zhang (2018). Most of these works consider
anisotropic mixtures in the low-dimensional case. In this paper we are interested in the
high-dimensional case (p > n), moreover, we assume that 3 is unknown. In this situation,
the problem of estimating # and ¥ presents bigger challenges.

Another problem we are interested in is related to the risk Z(7) of certain classifiers 7
of the form

i(y) = sign (07y)

where 0 is associated with a separating hyperplane. More precisely, we will focus on the
minimum fo-norm solutions of the optimization problems corresponding either to the Ordi-
nary Least Squares (OLS) or the Support Vector Machines (SVM). The hard margin SVM
classifier éSVM is the solution to the problem

Oy = arg;n]iRer) 10]|? subject to ;;07Y; > 1, Vi=1,...,n. (5)
€

Similarly, éOLS is defined as the solution to the problem

foLs = argél’nlikn 16]|? subject to ;0T Y; =1, Vi=1,...,n. (6)
cRp

While SVM is more commonly used for classification, both approaches have attracted sig-
nificant attention, in part due to the discovery Hsu et al. (2020) of the phenomenon known
as “Proliferation of Support Vectors” (SVP). Specifically, SVP corresponds to the situation
when éSVM = éOLS, and typically occurs in the high-dimensional setting.

2. Related work and contribution

This section reviews key contributions to benign overfitting and its implications for high-
dimensional classification while also outlining our own contributions.



CLASSIFICATION IN THE ANISOTROPIC MIXTURE FRAMEWORK

2.1 Related work

Recent papers such as Belkin et al. (2018) and Belkin et al. (2019b) suggest that interpolat-
ing solutions (specifically, solutions that fit the training data perfectly) can achieve optimal
rates for the problems of nonparametric regression and k-nearest neighbour clustering re-
spectively. Termed “benign overfitting” by Bartlett et al. (2020), this phenomenon has
been studied analytically in the framework of linear regression with isotropic noise. It was
extended to the anisotropic case later in Wu and Xu (2020), where the authors proposed
a fruitful idea of “alignment” and “misalignment” between the signal and the covariance
matrix of the noise.

There is a number of recent works exploring the subject of overfitting in regression,
while our focus is on the derivation of tight bounds for the misclassification rate in the
framework of anisotropic sub-Gaussian mixture models. In moderate dimensions (p < n),
this problem has been studied extensively. The recent works on the topic include Wang
et al. (2020); Davis et al. (2021) and Chen and Zhang (2021), and efficient approaches such
as perturbed gradient descent and modifications of Lloyd’s algorithm have been proposed.
When overparametrization (corresponding to the case p > n) is possible, support vector
proliferation Muthukumar et al. (2020) has emerged as an important aspect of the analysis
of interpolating SVM classifiers. In particular, papers including Ardeshir et al. (2021);
Wang and Thrampoulidis (2020) establish sufficient conditions for the consistency of SVM
interpolation. On the other hand, the work Liang and Recht (2021) approaches the topic
in a more general setting via analyzing properties of Reproducing Kernel Hilbert Spaces
(RKHS). Recent papers Cao et al. (2021) and Wang and Thrampoulidis (2020) are closely
aligned with our work, but only consider the case when r(X) = Q(n) and no regularization
is present. We summarize their key findings in Table 1.

)

Wang and Thrampoulidis (2020) ‘ Cao et al.12021)
SVP
conditions | Tr(Z) > C (HEHF - ny/Tog(n) + ||| - 732 1og(n)) Te(%) > C max {n®2[|% oo, nl|[|p }

and Tr(X) > Ciny/log(n)d 70 and  Tr(X) > Ciny/log(n)dT X0
Error

- 2
7(”9”2*01&2)20702 " OTEQ) o)
bound (777
ouhds P, max{1,";@(;)%9}||z||§,+c49729 XD\ 0TS0+ /n+ DI

Table 1: Existing error bounds for the OLS interpolating classifier and the corresponding
SVP conditions.

For the ease of interpreting the results given in table 1, let us consider the case ¥ = I,.
In this case, results of both works imply that the risk of the interpolating classifier is upper

bounded by \
c'jo|] >
exP( p/n+ 1017

where €’ is a numerical constant. As we will demonstrate later, this result implies that
the OLS interpolating solution 7jors is optimal in the case under consideration. In order
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to extend their result to the SVM interpolating solution, both papers impose the condition
p = Q(n??), up to the logarithmic factors. This requirement is rather restrictive, as SVP
phenomenon happens under the milder condition p = Q(nlog(n)) in other models. Authors
of Wang and Thrampoulidis (2020) suggested that sharpening their requirement for SVP
can be an interesting research question.

2.2 Contributions

Our main results are summarized below and compared with the previous state of the art.

e In section 3, we derive minimax bounds for the classification risk in the anisotropic sub-
Gaussian mixture model, and show that the “averaging classifier”, formally defined
below, is adaptive and minimax optimal.

e In section 4, we study classification risk of a family of classifiers associated with solu-
tions of regularized least squares problems. We deduce that, under mild assumptions,
the interpolating solution 7jors is minimax optimal in the high-dimensional regime.
Our results in this direction constitute an improvement over the existing bounds. We
also expose interesting cases where the interpolating solution strictly outperforms the
averaging classifier, which itself is closely related to the regularized classifiers, under
mild assumptions on the covariance structure of the noise.

e In section 5, we show that the support vector proliferation phenomenon occurs under
the mild conditions, namely, 7(X) = Q(nlog(n)) and Tr(X) = Q(ny/log(n)030). As
a consequence, we deduce the risk bounds for the hard-margin SVM classifier. The
aforementioned conditions are strictly better than the previously known ones, as the
latter require that () = Q(n*?log(n)).

e Finally, in section 6, we propose the outlier contamination framework where interpo-
lation leads to robust minimax optimal classifiers over large classes of signal vectors,
while both the averaging and the LDA estimators fail. We conclude that not only
interpolation is benign, but it can also lead to optimality and robustness.

3. Minimax rates for classification

In this section we consider the supervised classification problem with sub-Gaussian noise
with unknown covariance ¥. In order to do so, let us define Z¢(A,r) to be the class of
distributions of the pair (Y, 7) where Y = 70+ %'/2w, 1 is a random sign and w ~ A4 (0, 1,).
Moreover, the mean and covariance of the marginal distribution of Y satisfy the inequalities

r(3%) =7, [[Zllee > 0, [|0]* > A5

The class Psq(A,r) is defined similarly, with the only difference being that w can have
a sub-Gaussian distribution that we defined in section 1.2, instead of only Gaussian. The
following theorem presents the minimax lower bound over the class Zg(A,r) (hence, it
automatically holds over the larger class Psq(A,r)).
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Theorem 1 Let A,r > 0. Then

A4
inf sup E(%x(n)) > Cexp <—c> ,

1 Pa(Ar) A+

for some absolute constants ¢,C' > 0 and where the infimum is taken over all measurable

classifiers based on {Y;,n;i}7;.

Notice that the inequality is stated in terms of the Euclidean norm of 6, and not the Maha-
lanobis norm that would lead to a different lower bound. This particular choice is motivated
by the fact that the LDA classifier, that is minimax optimal under the Mahalanobis norm
separation, is not adaptive as it requires prior knowledge of 3. Here, we are seeking adaptive
classifiers that are optimal over large classes of ¥ which is typically unknown in applica-
tions. The proof of the lower bound is inspired by the argument in Ndaoud (2022) that
only holds for the isotropic noise. As for the upper bound, we show that the “averaging”
linear classifier defined as

Aave(y) 1= sign <<éavea y>) ,

where Ogpe = % > Yin;, is minimax optimal. More specifically, we will prove the following
inequality.

Theorem 2 Assume that (Yi,nm;), i = 1,...,n are distributed according to model (3).
Then, with probability at least 1 —§ — e~ 1",

. s
H(flave) < C exp <_CQ 0Ty + D Tog(/5) | -

n

Moreover, for any A,r >0,

A4
sup  E(Z(Mave)) < Cexp (—03r> :
Psa(Ayr) A% + n

Here, ¢, co,c3 and C are positive absolute constants.

Theorem 1 and Theorem 2 together imply that a necessary and sufficient condition, in the
minimax sense, for consistency under the Euclidean norm is given by

1017 > [[Elo (v/7(22) /0 +1).

In order to complete our result, we state here a corresponding lower bound for the averaging
classifier that shows that our pointwise upper bound can not be improved in general.

Proposition 3.1 Let n,7(X2) be large enough. Then for any 0 € RP

) o)
E(%(fjave)) = C"exp | —¢ H
(Z (Nave)) = C" exp < ¢ 9T29+Tr(22)/n> ’

for some absolute constants ¢/, C’ > 0.
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One way to understand superiority of the averaging classifier in this case is to observe
that the price of estimating 6 under the Euclidean norm, depends on r(3) while it depends
on p under the Mahalanobis norm. This fact is stated explicitly next.

Proposition 3.2 Let p > n. Then for any 0 € RP

A ol
E(Z%(fiLpa)) > Cexp (—c :
o) oIz +2

n

for some ¢,C > 0.

Among other conclusions, this statement implies that from a minimax perspective, the
averaging classifier outperforms the LDA . This phenomenon is surprising as the LDA
classifier is nothing but the Bayes classifier with 6 replaced by its unbiased estimator. We
remark that the following upper bound for the risk Z(71,pa) can be deduced immediately
from Theorem 2 applied to the “whitened” data £1/2Y: in this case, we simply need to
replace 6 by £7/20 and ¥ by I, leading to the inequality

. 19115
%(ULDA) < CeXp <_C2 ||9||2E + ptlog(1/6)

n

that holds with probability at least 1 — 3§ — e~“". Observe that in the worst case scenario,
the vector 6 is chosen so that X0 = ||X||ocf, whence the upper bound for the risk of 7,ye is
smaller than the lower bound for Z (7jLpa ), implying its sub-optimality. This phenomenon
is only possible in high dimensions. In this worst case scenario, consistency of the averaging
classifier requires that [|0]|> = Q(||2|leo(1 + \/7(X2)/n)) while for the LDA classifier, the
requirement is [|0]|*> = Q(||2]|oo(1 + /p/n)). Let us emphasize here that our choice of
separation under the Euclidean norm leads to conditions that depend on the “intrinsic”
dimension of the problem expressed in terms of r(X), while under the Mahalanobis norm
the optimal separation threshold depends on dimension p.

The picture is rather different in low dimensions. It is in fact easy to see that when
p < n, LDA outperforms the averaging classifier for any given vector # whenever consistent
classification is possible (i.e. [|0]|?/||X]|cc — 00). Indeed, in this case

1],

o = QL ([|0]%) -
1o1% + %
Moreover, it is always true that
0l
)% > Ly
” ||Z — HTZH

Hence, whenever consistency is achievable and whenever p < n, we have that

ol _ o
101% + » 6Txh + = )

n

Notice that the last statement is stronger than minimax comparison. We conclude that the
LDA classifier always outperforms the averaging classifier in low dimensions.
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4. Interpolation versus regularization in the Gaussian mixture
framework

In this section, we study the risk of the regularized OLS estimators. While it is more
common to study SVM for classification, recent works Ardeshir et al. (2021); Hsu et al.
(2020) have shown that in high dimensions (specifically, p = Q(nlogn)), SVM and OLS
solutions coincide under mild conditions. This phenomenon is known in the literature as
the “proliferation of support vectors”. One of its implications is that in high dimensions,
it is sufficient to study the properties of the least squares estimator and then demonstrate
that it coincides with the hard-margin SVM. For the rest of this section, our goal is to study
the risk of the family of supervised estimators defined as solutions to the problem

1 o ]
min — Z(m - <Yi,9>)2 + )‘HQHQ'

Observe that the case A — 0 and p > n leads to interpolation, specifically to the minimum
fo-norm interpolating solution, or equivalently 8y = fors. For each A > 0, the corresponding
estimator 6 is proportional to

- 1 1
0y = — <Mp - YYT>
n n

1 1o+ \"
Yn=-Y | AL,+-Y'Y 7.
n n

Each estimator é)\ leads to a linear classifier defined via

i) = ()

In what follows, we will derive upper bounds for the risk Z()). We will also provide suf-
ficient conditions for the matrix ¥ ensuring that the interpolating classifier (corresponding
to A = 0) achieves at least the same performance as the averaging classifier that is minimax
optimal. Notice that )\é)\ —> Have (where Ha,ue =1 Z?:l Y;n;) and hence we recover the

averaging classifier as A — oo Indeed it is true that

é)\ _ Aé)\ Oave

= = = — as A — oo.
10l IAOAl [10avell

it follows that 7, converges

0x
t0 Mave as A — 00. We emphasize here that if we re!)lallce the regularization term [|0]|? by
10|%, then our claims may no longer be true.

As a side note, we conjecture that the excess risk of estimating 6 itself gets smaller for
large values of A\ although this is not necessarily the case for the classification risk. It is
therefore reasonable to suggest that the estimation risk associated to the parameter 6 may
not be the right metric to evaluate classification performance.

4 i . . . .
Recall that r(A) = ZZ;% In order to state the main result of this section, we will
need to introduce the following quantity. For a given covariance matrix >, we define the
function £5, via

nA

k+1

kg()\):min{kzo, keZ: rg(2)+ ZCln}.

9
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Here, C1 > 1 is a sufficiently large absolute constant and k3 (A) := p + 1 if the above set
is empty. The reader may observe that ki (-) is decreasing with A and that k§(\) = 0 if
r(¥) > Cin. In what follows, we will require k() to be smaller than n/2. For A = 0,
this means that we are not allowing more than a fraction of all eigenvalues to be much
larger than the remainder of the spectrum. This condition encompasses many covariance
structures of interest, and in particular covers the case when ¥ = I, + R where R can be
viewed as a low rank perturbation/corruption component. In what follows, 7« will stand
for the orthogonal projection my«(X).

Theorem 3 Let A > 0, > 0. Assume that k3;,(\) < n/2 and that |74+
Then for some absolute constants ¢, C' > 0,

2 < [161*/5.

o1

K2 A s A2(E) | (R AR AAR. ) log(1/9)
n + -

Z(Ny\) < Cexp | —c

0T20(1 + k*) +
with probability at least 1 — 6 — e~ ", where k* = k% (X).
Remark 4

1. The condition ||mp0|> < [|0]|?/5 connecting 0 with ¥ can be understood as follows.
One may think of the k* eigenvectors corresponding to largest eigenvalues of ¥ as
“outliers,” or directions affecting dramatically the rest of the spectrum. Our condition
prohibits 6 from concentrating too much of its mass in the subspace spanned by the
latter eigenvectors. For instance, if 6/||0|| is a random vector with uniform distribution
on the unit sphere then ||m+0| ~ %HGH < ||0]|. The same remark also holds if we fix
0 and think of the range of m, as being a random subspace uniformly distributed over
the Grassmannian, thus making w0 a random vector. In other words, the condition
|mr- 0|2 < ||160]12/5 simply means that the vector 0 is only allowed to be aligned with
the “clean” part of the spectrum of the covariance .

2. When k3 (X\) = 0, or equivalently r(X) > Cin, we recover the bound obtained in Cao
et al. (2021) by taking 6 = e~ “". Notice that in this case the “alignment condition”
1m0 < ||01|%/5 is always satisfied, as T« = 0p. Our result is stronger since we
show that the bound holds with probability 1 — e~ while in Cao et al. (2021) authors
only prove that the same bound holds with probability 1 — 1/n.

3. Whenever v(X) > Cin and under the additional mild assumption r(X2) > log(n),
Theorem 4.1 with the choice 6 = 1/n implies that

A o1
Z (M) < Cexp <—CW

n
with probability at least 1 — 1/n. Therefore, taking the limit as A — O (interpolation)
leads to the same bound as the averaging classifier (A — o0) in this case. The risk
bound for the latter is given in Theorem 2). In other words, all reqularized classifiers
have similar performance whenever r(¥) > cin.

10
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In the case of moderate values of k*, recalling that k*(-) is a decreasing function of \, we
see that k*A7, + >_,_ 4+ A? is an increasing function of A such that

KA+ ) A < Tr(22).
i>k*

The quantity k*)\i* D ik /\Z2 could be viewed as a truncated trace of ¥2, where truncation
is applied to the large eigenvalues of Y. Unlike the previous works Cao et al. (2021); Wang
and Thrampoulidis (2020), our result is more general since we allow k* to be non-zero. The
upper bound of Theorem 3 in particular gets smaller as A goes to 0, which indicates that
interpolation (corresponding to A = 0) may outperform regularization for large values of
A (corresponding to the averaging classifier in the limit A\ — o0), in particular in the case
where a small number of eigenvalues of ¥ are much larger than the rest of the spectrum.
To illustrate this fact, let us present a concrete example.

Example 1 Assume that p > 2C1n and let 3 be a covariance matriz with A\;(X) = 1+27"*i,u
fori=1,...,7 and \y(X) =1 fori=r,...,p. We choose the parameters r and u such that
r < Cin/4 and p > 4p/(Cin). In this case,

Tr(X) =p+ p(2" — 1), and

Cp—kp o)
- 1 _|_2r—k—1u

Tk(z)

for any k < r, and r(X) = p — k for any k > r. On the one hand, we see that k* :=
k3,(0) = r and that
A+ > N =r(l+p)’+(p-r)
i>k*

which is of order ru? 4+ p. On the other hand, we see that
4" —1

Tr(3?) = p + 1 +2u(2" - 1),

which is of order 4" u*+p. Hence, asr grows, we conclude that Tr(X?) > k*)2, +D ik M2
Observe that if 6 is chosen so that X0 = ||| w0, Proposition 3.1 implies that the averaging

classifier requires ||0]|*> = Q (27"#(1 + 4/ 4T“:L+p)> to guarantee consistency. On the other

hand, it suffices that
2
ol = (2% ( = n+p>>

for the interpolating classifier, in view of Theorem §. If r is chosen so that 2"y >
max(ry/n, /p), we deduce that the interpolating classifier is strictly better.

In the case when k* is large, we get the following result without any further assumptions
on Y. Let us define
G- (2) := {0 € RP,  ||mp0]| < [|6]]/V/5}. (7)

11
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Proposition 4.1 Let A > 0, A\ > 0. Assume that k3;,(\) < n/2. Then there exist absolute
constants ¢, C' > 0 such that

A4
sup  E(Z(ny)) < Cexp oy |+ e "
102> A2][2 A? + =0

0, ()

This result suggests that under a mild condition on the covariance of the noise, not only
interpolation is benign but it is also minimax optimal on the set €%+ (X). This also means
that interpolation is better for classification than for regression since it does not suffer from
a bias term which often leads to bad worst-case performance Bartlett et al. (2020).

5. Proliferation of support vectors in high dimensions under the
sub-Gaussian mixture model

In this section, we provide sufficient conditions for proliferation of support vectors. Based
on the results in Hsu et al. (2020), Ogyn and fors, as defined in display (5)-(6), coincide if
and only if

Vi=1,....,n me; (YY) lp>0,

where (€;)i=1,..» is the Euclidean canonical basis. In the remainder of the section we denote
k* := k%(0). The main result is stated next.

Theorem 5 Assume that k*log*(n) < Cn, 3, AX2nlog(n) < C(X ;o p Ai)? and /0T S0(1 + k*) log(n) <
CY iy Ai/n for some absolute constant C > 0. Then with probability at least 1 —1/n,

Osvm = 0oLs.

As a consequence, fisyy attains the same performance as g under the conditions of Theorem
5. When k* =0 (i.e. 7(X) = Q(n)), sufficient conditions read as

e /0T30log(n) < CTr(X)/n;
e Tr(X?)nlog(n) < C(Tr(X))>%

The first condition (that is signal-dependent) is also required in prior works Cao et al. (2021);
Wang and Thrampoulidis (2020). As for the “dimension-dependent” second condition, it is
much milder than the one proposed in the previous papers on the topic. To compare these
results, consider the case ¥ = I,,, where our condition requires that p = Q(nlog(n)) while
the earlier known versions need p = Q(n%?log(n)). Our result also supports the claim that
r(X) = Q(nlog(n)) suffices for proliferation under the sub-Gaussian mixture model, which
is the general conjecture stated in Hsu et al. (2020).

6. Application to robust supervised classification

In this section, we present the framework for robust classification in the Gaussian mixture
model. In the rest of this section we consider the case of Gaussian noise with identity
covariance X = I,. We will assume that the training set has a different covariance than the

12
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covariance of the new observation to be classified, due to the action of a malicious adversary.
More precisely, given the vector of observations Y, the adversary can corrupt the sample
as follows: she chooses up to r < n/4 eigenvalues of the covariance matrix ¥ and positive
scalars O1,...,0O,, and then adds i.i.d. random noise to Y such that the new observations
become

Y, =Y+ 0% =00+ W; + 0%, Vi=1,...,n,

where ¢; are i.i.d. standard normal vectors that are also independent from Y, and O =
>icr Oieie] where {e1,...,e,} is the canonical Euclidean basis of R? and R is the set of
indices corresponding to the corrupted eigenvalues. Observe that the covariance of the noise
is now given by I, + O. In what follows, m, denotes the projection m,.(0) := >, p e/ .
Our goal is to show that under minimal assumptions, the interpolating classifier 7g is still
minimax optimal while both the averaging and the LDA classifiers fail to perform well.
Recall the definition (7) of the set €, (I, + O).

Theorem 6 Assume that r < n/4 and that A? > p/n. Then

A* >
su EZ () <Cexp| —c-——— | +e .
s BEH(n) < Cop (e

0c%,(1,40)

One implication of this theorem is the fact that 7o is minimax optimal on the set € (I,+O)
and robust with respect to corruption, for the moderate values of p. When r < n/4 and the
direction of € is not too closely aligned with the eigenvectors corresponding to the corrupted
part of the spectrum, then 7y mimicks the performance of the averaging estimator in the
absence of outliers. In order to compare the bound stated above to the bounds available
for other estimators, we rely on the next proposition.

T

Proposition 6.1 Assume that the noise is Gaussian and that O satisfies O =ny ., ee;

where r = n/4. Then for any 0 such that ||0]|*> < /n,

E(%E(ﬁLDA)) A E(%E(ﬁave)) >C
for some absolute constant C' > 0.

In summary, when r < n/4, there exists a regime (namely, when p/n < ||0]|*> < /n)
such that interpolation 7g is minimax optimal over a large class of vectors 6, under the
contamination model we presented, while both 7., and frpa can fail with constant non-
zero probability.

7. Numerical experiments

The goal of this section is to compare the performance of several estimators 7 for different
values of A\. The case A = 0 corresponds to interpolation, while A = oo recovers the averaging
classifier Maye. In all our simulations we will only consider Gaussian noise and the situation
when 6/]|0|| has uniform distribution over the unit sphere.

Our simulation setup is defined as follows. We choose p = 500 and n = 30 to allow for
overparametrization. We compare 4 estimators: the interpolating classifier 7j, classifiers

13
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Figure 1: Comparison of the generalization error of four classifiers. The left plot corresponds
to the case of large effective rank while the right one corresponds to medium effective rank.

fa for A = 0.5 and A = 3, as well as the averaging estimator fav.. For each value of |||,
simulation was repeated 1000 times; finally, we plot the empirical generalization error.

For our first experiment (Figure 1), we compare performance of the four classifiers in
two cases:

e The case of large effective rank where we choose ¥ to be a diagonal matrix with
Ai=(p—i+1)/pforalli=1,...,p. This case corresponds to k*(0) = 0;

e The case of medium effective rank where we choose ¥ to be a diagonal matrix with
AM=X=X=1and \y =--- =\, = 0.01. This case corresponds to k*(0) = 3.

Consistent with the theoretical predictions, our simulations suggest that all classifiers
have similar performance in the regime of large effective rank. Interestingly, interpola-
tion seems to perform best when the effective rank is smaller than n. This confirms our
observation that interpolation can be superior to regularization in some cases.

As for our second experiment (Figure 2), we choose £ = I,, and we corrupt the training
sample, as explained in Section 6, by setting randomly n/2 diagonal entries of the covariance
to 1000. Remember that this modification only impacts the training sample while the test
sample has isotropic noise.

In this case, the averaging classifier fails to predict new labels correctly while the in-
terpolating classifier is still able to classify well despite the corruption. Observe also that
regularized classifiers (corresponding to the small regularization parameter) perform similar
to the interpolating classifier. This occurs simply due to the fact that k% (A) = k£ (0) for all

values of A much smaller than the magnitude of the corruption, where Y is the corrupted
covariance matrix. We conclude by reaffirming the claim that interpolation is not only

14
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0.6 \

error

0.4 \

Figure 2: Comparison of the performance of four classifiers under corruption.

harmless in high dimensions, but can outperform regularization and in some cases exhibits
an unexpected feature of robustness.

8. Future directions

In summary, our findings establish that in high-dimensional scenarios, the interpolating
classifier attains minimax optimality and has the potential to surpass regularized classifiers.
This holds true under mild assumptions on the covariance structure of the noise. Addition-
ally, we presented a scenario wherein interpolation exhibits robustness to corruption while
other classifiers do not.

Our analysis for the interpolating solution hinges on the SVP property. Unfortunately,
this phenomenon only occurs under strong conditions on the separation, i.e. VOTX0 =
O(p/n), up to the logarithmic factors. While it is clear that SVP becomes harder to achieve
as the separation gets larger, it is natural to expect that the SVM interpolating solution will
still do well, especially under large separation. A particularly interesting direction to explore
would be to prove similar results under large separation of the mixtures. In order to do
so, we would need novel proof techniques beyond the ideas based on the SVP phenomenon.
Another direction worth exploring is related to robustness. While our contamination setup
is rather simple, it would be interesting to show that SVM is robust under more general
corruption models.
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Appendix A. Proofs of minimax bounds for classification

A.1 Proof of Theorem 1

Fix A\,7 > 0 and let X be a diagonal positive semidefinite (PSD) matrix such that r(¥%?) = r
and ||X]|cc = A. Then

inf sup sup Ry, () >inf sup Rx(n).
T r(X2)=r,Zollco=A [|0]2>A2X T 10]2>A2

Therefore, we can focus on establishing the result for the diagonal matrix . We will use
the fact that

2 ir}f sup E(%E (ﬁ)) > ir}f EWE(G,n,r]n+1)m((K 77); Yn—l—l) - 77n+1|
T617=A%N K

for any prior 7 on (6,7, 7n41) such that [|0]|* > A2X. The quantity B, .,)(-) stands for
the expectation corresponding to (Y;Y,,+1) following model (3). The proof is decomposed
into two steps.

e A dimension-independent lower bound: Let 6 be a fixed vector in RP such that
10| = A2X. We place independent Rademacher priors 7; on each n; fori = 1,...,n+1
(that is, 7;’s are random signs). It follows that

i%f ErE G000 7((Y,1): Yos1) — | > i%f Bt B@ ) 1(Yn41) — Mgl (8)

where (Y1) = E(@((Y,n); Yot1)|Yny1) € [—1,1] as we average over (Y,n). The
last inequality holds in view of Jensen’s inequality and the independence between
(Y,n) and 7,11. We define, for e € {—1,1}, fc(-) the density of the observation Y1
conditionally on the value of 7,11 = €. Now, using Neyman-Pearson lemma and the
explicit form of fe, we get that the selector n* given by

17" = sign (éTE_lYn—H) ,

is optimal as it achieves the minimum of the RHS of (8).

To show that, we remind the reader that t_he distribution of Yy, 41 = 710 + Wiyt
conditionally on 7,41, is given by A (n,416,%). Hence

fe(Yng1) = (271')*10/2‘2’71/267%(Ynﬂfeé)TE*l(YnH,eg).
It follows that

fl(Yn+1) :(
fa1(Yns1) |

o) B2 | 12 DTS Vi)
27T)—p/2‘2’—1/26*%(Kz+1+§)TZ_1(Yn+1+é)

20T 1Y,
By Neyman-Pearson lemma, we can now conclude that
1* = sign (H_TZ_lYnH) .

16
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Plugging this value in (8), we get further that
i%f Er[7(Yat1) = tnta| = 2EZ5(n").
It is straightforward to see that
E(%5(n")) = 3° (m) > O~ =7,

for some ¢, C' > 0 where ®(-) is the standard normal cumulative function. The last
inequality holds for any @ as long as ||0]|> = A2)\. The worst case is reached for
being co-linear with the top eigenvector of ¥ since ' 2710 = A2, Hence we get the
lower bound

inf sup E(%Zx()) > Ce 2,

T 6]2=A2x

In order to conclude we only need to derive the other lower bound

inf sup E(%Zx(n)) > Ce AT,
012> A2A

For the rest of the proof we only focus on the case where 100 < A% < 10r/n, otherwise
the dimension independent lower bound dominates.

A dimension-dependent lower bound:

Since ¥ is diagonal, we write ¥ = diag(dy,...,dp) where A=dy > dy > --- > d), > 0.
According to Theorem 1 in Ndaoud (2022) we have

2inf sup E(Zx(9))
M 0]2=A%x

> nf BB, DY) Yier) = | = 2167 < A2),

for any prior m on (6,7,7,4+1). The second term in the above lower bound accounts
for the constraint on . In what follows, we fix n and choose 7 to be a product prior
on (0,mp+1) such that 7,41 is a Rademacher random variable and 6 is an independent

random vector such that 6 ~ A47(0,D), where D is a diagonal matrix such that
2

d
Dj; = 2A2/\Zp7]d2. Using the Hanson-Wright inequality Rudelson and Vershynin
t=1 "1

(2013b), we deduce that
P (||0]]> < A%\) < Ce™,

for some ¢, C' > 0. Since A% < 10r/n, we only need to show that, for n large enough,
we have
it EBg,y,.0)T((Y.0): Yas1) = thusa| = O3,
Te[-1,1]
for some ¢, C' > 0. We define, for € € {—1,1}, fe to be the density of the observation
(Y;Y,41) €RP x(n+1) given Nn+1 = €. Using Neyman-Pearson lemma, we get that

*k 1 if fl(Ya Yn+1) Z f;l(Y7 Yn+1),
g —1 else,
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minimizes B, pEg ., )|[T(Y; Yni1) —nn1| over all functions of (Y'Y, 11) with values
n [—1,1]. Using the independence of the rows of (Y;Y,, ), we have

where L; is the j-th row of the matrix (YY) and ¥ = d;L, 11+ Djj776775T (here 7
is the binary vector such that n.; =n; for all i = 1,...,n and 7 n41 = €). It is easy
to check that |%¢| = d}(d; + Djj(n + 1)), hence it does not depend on e. A simple
calculation leads to

A Dj;/d?
iyl — (1 d~In—# 3
()7 = ()~ e,
202N/ S0 d? T
=(1/d;)I, — Lt e
202N/ Y, d?
= (L, -
1+ 2(nA2d;)/(Ar)
Hence
L) ﬁe—%LI«z{)*l—(Eil)*)LJ—
f—l(Y) j=1
p 2
20°0/ . d
:jHleXp 1+ (2nA2d;)/ J"HZLJW’C)
2A°N = : jkL],n—l—l
P (zl 3,; JZ:: (2nA2d;)/(wr)
2A%)
- eXp 2 n—i—l; Z nk‘DYk )
(szz =
where D = diag (W) L We conclude that the optimal selector is
v 1=1,..., )
given by
n** = sign (YnTH (Z UkDYk>>
k=1
and that

E(%(n*)) = P((DY1) ' Yai1 < 0)

Let us denote 6 := LS Y =0+ ¢ where £ = 13" Win,;. Then

E(#(;")) = E (@C (W» .
0T DXDé
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Observing that the eigenvalues of D belong to [1/3, 1] and that DXD > /9 in a PSD
sense, it is clear that

- . (3(6,D0) 1611* + (6, D€)?
e (52) sn{75)

for some ¢, C > 0. Therefore

0/[*+ (0, D
wa>en oo (HEEE))

Consider three events

Ar = {[9]* < 2A%A},

Ay = {£73¢ > rX?/2n},

Az = {(0, DE)? < 2A1)?}.
Since A* > A? by assumption, we get

E(Z(n")) > CemmAr(1 = xP(AS) — P(AS) — P(AS)).
Using Hanson-Wright inequality, we deduce that
P (AS) + P(AS) < 2 < 1/4,
since r/n > 10. Moreover, we also have that
P(A§) < 7P (e VIOI) < oA 4 7D (AS) < 1/4,

since A? > 100. The proof is now complete.

A.2 Proof of Theorem 2

Let 6 be a vector in RP. Without loss of generality we may assume that ||0]|* > C107 %6
for some constant C7 > 0 large enough, otherwise the result is trivial as the upper bound
becomes of constant order. For the rest of the proof, we use the notation 7 := 7jaye. We
start by observing that

P((7(Ynt1) # Nnt1) =P <<Z Yini, Yn+177n+1> < 0) :
i—1

Let us denote 6 = LS Yimi =0+ & where £ = 23" | Win;. We get the following upper
bound

. _(8,6)2
P((ﬁ(YnJrl) # 77n+1) = P(<0, 0+ 77n+1Wn+1> < 0) <E (e 2éT2é> .

where we have conditioned on 6 to get the last inequality and used the fact that n,+1wn41
has also i.i.d 1-sub-Gaussian entries. Next, we have that

.07 = 0+602= 00 e g2,
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and that o
0750 < 2|2l )l0]* + 26T SE.

Hence
loft—2¢.0)2

A1) < e 4=lolo+4eTse
Let us define now the event
o = {78 < 3/2Te(3?) /n + [|2]12, log(1/8)/n} N {4(,0)* < ||6]*}.

Since n& B¢ =4 w' A2w = ||Aw||?, E(ET8E) = Tr(X?)/n and /€0 =4 0TV A 2w where
w has independent 1—sub-Gaussian entries. Using Lemma 11, we get that

]I'D(JZ{C) < 5+€fan9H4/9T29 < 5_’_670117
for some ¢ > 0 small enough. Observe that, on event 7, we have

o)t —2¢.0)2

¢ CiMBloo 12146 SE < exp | —c (s
= 0T + DD 108(1/5) | °
n

This show the result in probability. We next assume that ||0]|> > A2||X|«. Replacing
log(1/6) by cnA?, we get that

Al

eat
P(o/%) < 278 < 2¢ 227G
Moreover, on event &7, we have now
_e_loNt—2ee.0)? A4
e ABlclol?+4eTse <exp | —c———— | .
A2

r(32)

Therefore, we see that

»2)

elolt 202 fciA:l(
E(Z(1)) <E|e 4l=lolP+1eT5e1{o7} | +2¢ 2277

We conclude that

A4
A o
E(Z(i))) < Cexp ( A r(22)> :

for some ¢, C > 0.

A.3 Proof of Proposition 3.2

Let 0 be a vector in RP. For the rest of the proof, we use the notation 7 := fjrps. We start
by observing that

P(((Yn41) # 1) =P <<Z SV, E_1/2Yn+1?7n+1> < O) :

i=1
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Let us denote 6 = LS SY2Y;m = Y20 + ¢ where € = s, Y Y2Win;. We get
the following lower bound under the Gaussian noise:

. (=7 2%0.0)2
P((7(Yns1) # Mnr1) = P((0, 2720 + 0,1 27/2 W, 11) < 0) > CE (6 1o )

for some ¢, C' > 0, where we have conditioned on 0 to get the last inequality and used the
fact that 7,41 »-l QWnH has i.i.d standard Gaussian entries. Next, we have that

A 2 2
(0,57120)2 = (57120 ¢, 571%0) <2llollt + 2 (¢, 57 )

and that R
1812 = 16113 + g2 — 2 o= ~1/2%.

This implies that

2H9H‘§+2(5,2*1/26>2

B(#(7)) > OB [ ¢ TRAe-2foTs 7%

Let us define the event
o = {lIg1* = p/2n)} 0 {|oT=71%] < 16)1/8}

Since n||€]|? =4 ||w|? E(|€]?) = p/n and /nE'E71/20 =, ||f]|swi, where =; denotes
equality in distribution and w = (wq, ... ,wp)T has independent standard Gaussian entries,
it is easy to see that

P() <e P+e " <1/2,

for some ¢ > 0 small enough and n, p large enough. Observe that, on event 7, we have the
inequality
201614 +2(e,5—1/26)?
L 2eIg+2(e ) _2lelg+2le13
1002 +1g12—2[oTS=12e] T To1Z+p/(2n) 1611574

(&

Therefore,

2\|9H%+2<5,2*1/29>2

_ 2(10)1&+2)10112

E(%())) > CE | e “lo1Zrlel2—2oT=1/%] 1} | > e CToIZ+p/ -0l /4

for C' = C/2. If ||0||x > 1/2, the result is straightforward. Otherwise, if ||f||x < 1/2, then

2004 + 21013 _ C"
101+ p/ (2n) — 10]15/4 =

and the bound is constant in this case. As a conclusion, we obtain the inequality

n "
<C7,

ol
E % A > !/ _ H %
(o) = C'ex (~epgi )

for some absolute constants ¢, 0’ > 0.
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A.4 Proof of Proposition 3.1

Let 6 be a vector in RP. For the rest of the proof, we use the notation 7 := 7ave. We follow
similar steps as in the proof of Proposition 3.2:

P((7(Ynt1) # Nnt1) =P <<Z Yini, Yn+177n+1> < 0) :
i=1

Let us denote 6 = LS Y =0+ & where € = 231 | Win;. We get the following lower
bound under the Gaussian noise:

A _o6.0)?
(V1) # i) = P60+ tia W) < 0) 2 CB (55 )

for some ¢, C' > 0, where we have conditioned on 6 to get the last inequality and used the
fact that 7,41 »- 2W,+1 has i.i.d standard Gaussian entries. Next, we have that

(0,0) = (0 +£,0)° < 20" +2(¢,0)%,

and that o
0T50>0750+¢ n6—2 (éﬁzg‘ .

Hence

e 2ol +2¢e.0)?
E(#(7) = CE ( 9T29+€T252I0T26I> .
Let us define the event
o = {75 > Te(52)/(20)) N {‘eTg) < ngz:e/s} N {‘Nzg‘ < 4y /.9T239/n} .

Since né"YE =4 | Zw||?, E(ETXE) = Tr(2?)/n and /né v =4 v X2 for a given v, where
w = (wi,... ,wp)T has independent standard Gaussian entries, it is easy to see, using the
Hanson-Wright inequality Rudelson and Vershynin (2013a), that

P() <1/4+e " +e ) <1/2
for some ¢ > 0 small enough and n, r(3?) large enough. Observe that, on event <7, we have

4 T
2)|0)%+2¢£,0)2 —c 2]j0]|*+20 " s0
0TS0re T De—200T 3¢ > o 0T 20+ Tr(2)/(2n) 8| Zlloo\/0 T =0/n
— b

—c
(&

so that

201014 +20 " 50

e 218t 42(€.0)? —c
E(:@(ﬁ))ZCE e 0TS0+ T me—2]0 T ¢ >C'/e 0T29+Tr(22)/(2n)78\|2|\oo\/OTEG/n

for C" = C/2. Using the fact that

8|Z]lo0y /0T 20/ < 07%0/2 + 32|22 /n,
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and that r(3?) is large enough, we deduce that

/__2]]*+26 " s6

E(Z(7)) > C'e © 0T20/271:(=%)/(2n) |

for some ¢ > 0. If #7£60 < ||0||* the result is straightforward. Otherwise, the bound is of
order constant. As a conclusion we get

/ ey

E(Z(7)) > C'e © 0T20/2+1:(5%)/2n) |

for some ¢/, C’ > 0.

Appendix B. Proofs related to the regularization/interpolation results
B.1 Proof of Theorem 3
Recall that

_ (0,602
R(in) <e 37, 9)
conditionally on 6. Observe that 6, = Ox/n + WA/TA)Tln/n where Ay = A, + Y'Y /n and
T = nTA)fln. The risk is invariant by rescaling 6y, hence we rescale it by n/x. Therefore,

without loss of generality, we may assume that 0y =0+ WTH)Tln/ z. Using Lemma 9, we

deduce that
L+ A'WTo/n

nTAy 'y

or = (L~ WA WT /) 0+ WAL Y.
On the one hand,

A TA W T OTW AL 2
(0.6)] > 02 — 07w AT W Toym — AW 0L (0 WAL )

nTAy 'y n-nTA 'y
On the other hand,
T ) 2 1 T 2
0] %6, <2 Hzl/ (1, - wag'w /n)eH
24 2(nTATIW T /n)?
+ (77 Tfi\il 5 /n) nTAxleEWA)_\lT] .
(n'Ax'n)

We will now control the numerator and denominator in the exponent in the right-hand side
of (9) separately.

e Control of the numerator:

Let us denote 6, := 7«0 and § = 6 — 6*. Observing that I, — WA;IWT/n is
nonnegative definite with spectral norm less than 1, we have

07 (I~ WAS'WT /n) 6
> 47 (Ip —WATWT /n) /2 6] (Ip —WATWT /n) f..
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Therefore,
1A, *w e

VT A

10,05 > 110]12/2 — | A} *W T2/ (2n) — [|6.4)* —

Using Lemma 12 and Lemma 13, we get that

- - 670
> 2 4 — _ ™
€6, 001 = [|0]1°/ CIZM* WY CoVoT50,

as ||0.]|? < ||0]|%/4. Since 07X < \p=41]10]?,
(0.0,)] = [16]/8 — CovV/0TS0 > [|6]|*/10 — CoVOTS0.
If ||6)|2/10 < 2C2VHT 6, then the bound in Theorem 3 is trivial. We conclude that
(6,631 = Csll6)?,
for some C3 > 0.

Control of the denominator in (9):
0] %0, < C<9T20 +I=V2W A W T 9)12 /0

2+2(nTA'WTO/n)?
(n" A3 n)?

Using the same bound as for the numerator and the fact that

nTA/\ll/VTEWA/\ln> :

W02 < Cnb" 0

&

with probability at least 1 — e~“", we conclude that

03305 < C (072001 + [51/2W AT |2 /)

? nTATTWTSW AT Y,
+ ([ Do xi/m+x)| +6750 T a—
i>k*

Employing Lemma 11, we see that with probability at least 1 — 9
n AVTWIEWA ) < 3/2Te(A'WTSW ALY
+ AW TEW ALY oo log(1/6).

Hence, using Lemma 14 and Lemma 15, we get further that with probability > 1 — 4§

2
T 41y T —1 x Diske i
n AW I EXWA 77§C<k‘n+n >
A A (Xiske Ai/n 4 A)?

2, \2
Y e Diske AL T A *+1;l
(Zi>k* i/ A+ N)

) log(1/4),
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and that

Zi>k)* )\12/77/ + )\2*+1
(ispe Ai/n+ A)?

ISV2WATY 2 /n< C (k + ) < C(1+ k).

Notice also that
nTAVTWTESW ALY
2

n

< Oy + Oy (k" + 1) log(1/8) /n.

We conclude that with probability at least 1 — §; — do

) ) kj*>\2* ; * )\2
0,26, < C <9T29(1 + k") (1 +log(1/6,)/n) + —E& +nZ’>k :

+(k*)\i* +22..0) log(1/52)>

n

Taking §; = e~ " yields that

X2+ Yo A7

n

0150, < C(GTEG(l + k) +

. (K* AL + A2 y) log(1/62)>

n

In the display above, we have used the fact that k is the smallest integer that satisfies
r(2) + An/Agr1 > bn for b > 1. We treat two cases separately:

(a) If Tr(X)/n + X > b||X||c then we can take k* = 0.

(b) If Te(X)/n 4+ X < b|| oo, then k* > 1 and D, Ai/n+ X < DAps.

B.2 Proof of Proposition 4.1

Let 6 € 6+(X). If k* = 0, the result follows immediately from Theorem 3. We assume
that &* > 0 (hence, Y. ;. Ai/n 4+ X < b||E||s). Following the same steps as in the proof if
Theorem 3, we have the bound for the numerator of the form

(6,001 > Cl6]%,

for some C3 > 0 and with probability > 1 — e™“". As for the denominator,

s < af [ (1, - wagw ) off

24+2(nTATIWTo/n)?
+ (UT )\_1 5 /n) UTAKIWTZWAXITI

(77 A)\ 77)

< 2002Slloe + C (D A/ + A
i>k*
T A=l T -1
—1/2 n AT WIEWA n
+ (Z /\i/n+/\> 1A WToH?/n) A - ATl
i>k*
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again with probability > 1 — e~ “". Since HA;l/QWTHgO/n <1, then
03505 < 1017115l oo,

with probability > 1 — e~“*. Hence,

101> A% A? +

A Al —cn
sup  E(Z(ny\)) < Cexp <_Cr(22)> +e
Oe%”k*(E)

B.3 Proof of Theorem 5

Arguing as in the proof of Lemma 9, we have that

Tov-1, VN 1 TaA-1.8 A=l T 4-1
n(Y'Y) n_HGHdet(A u(l+u A7 v)— A vu' A u),

where A = W'W/n,u = ||0||n/y/nandv = WT8/,/n||0]|? and det > 0. Hencee (YY) p
has the same sign as

el WIW) (1 + 0" (WTW) W) —ef (WTW)"W Ton ™ (W W)~
Using Lemma 10, we also have that

wr — W (W TW) 16

wiw) lw =
AV W) e = e e,

Notice that m = W(WTW)_IWT is a p X p projection matrix. Since W is of full rank with
overwhelming probability, ||W; % — W, 7#W; = W, (I, — 7)W; > 0 with high probability as
well. Hence we only need to show that the following expression is positive:

(L =mW WW W) ) (L + 0" (WTW)TT W) — W) (I, —m)én " (WTW) ™.

We first employ the bound

_ VOTYH
N (WIW)TIWT0 <\ /ATl A AW o)l < O S
Z’i>l€* )\Z/n
that holds with probability > 1 — e~“". Under the condition
VOTS0 < 1/(2C) Y Ai/n,
i>k*

we have that
L+ Ww)=tw'e>1/2.

Next, observe that 1, W, (I, — )@ is 1-sub-Gaussian with parameter ||X/2(I,—7)d|. Using
the bound from the proof of Theorem 3, we get that with probability at least 1 — e™",

I=12(1, —m)l* < CllTZO|P(1 + k).
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The display above yields that with probability at least 1 — C/n?,

VOTZO(1 + k*) log(n)
Ei>k* Ai/n
under the conditions of the theorem. Finally, we have that n; VVl—r W(WTVV)_Iﬁ is 1—sub-

Gaussian with parameter |12 (W T W)~ 14]||. Following the steps of the proof of Theorem
4.1, we see that

mWi (I, = m)on " (WTW) ™'y < C

<1/4,

e 4 22
SY2ww T2 < ¢ <k n + Loizk A >
=l M e N

Diske Ap/n? + Ai*ﬂ/n
(Zi>k* )‘i/”)Q

+ (k*/n—i— >log(1/6).

Therefore,

||Zl/2W(WTW)_1ﬁH2 <C (kz* log(1/8)/n + (D sk )‘12 + Ai*ﬂ log(l/d))/n> '

(Xiske Ai/n)?
Finally, with probability at least 1 — C/n?,
[ Wy W (W TW) |

e N2 log(n)/n + Apx1q log(n)/A/n
e m+¢zz>k 2log(n)/n -+ Ape-41 log(n) / v/

Zi>k}* )\Z/Tl/

We conclude that the desired result is true under the conditions k*log?(n) < Cn and

> i Afnlog(n) < C(3;o 4+ Ai)? the result follows. We can now apply the union bound

over i = 1,...,n and deduce that the final bound holds with probability at least 1 — 1/n.

B.4 Proof of Theorem 6

We will follow the same steps as in the proof of Theorem 3. Recall that, under our contam-
ination framework, the new observations Y; are such that

0771 + il/Qw’b

where w; are i.i.d. standard normal vectors and 3 := I, + O where O = . p Oieie;r.
Recall that
_<97?0>2
%(ﬁo) <e 2(16g112 , (1())

conditionally on éo. We denote W; = »Y/ 2w;. On the one hand, we have

A WTel | (0TWAyty)’
nT Ayt n-nTAy'tn

1(6,60)] > [16]> — 0" WA W 6/n
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On the other hand,

2+2(nT Ayt WTo/n)?
(n" Ay 'n)?

We will now control the numerator and the denominator separately.

H%Ps2(wﬁ+ HA&W"WASO.

e Control of the numerator in (10):

Let us denote 6, := 7,0 and 6 = 6 — §*. Observing that I, — WAEIWT/n is positive
semi-definite and has spectral norm at most 1, we deduce that

07 (I~ WAG'WT /n) 6
> 07 (1, - WAG'W /n) 0/2— 0 (I, - WAGT'W /n) 6.
Hence,

14, W

Vi Ay

Using Lemma 12 and Lemma 13 and replacing k* by r (this is possible since r < n/4),
we get that

16, 80)] > 116]1%/2 — | A4y > W T 8112 /(2n) — [|6.])? —

16,601 2 1012/ - Lo~ capol o
as [|0.]1> < [|0]]?/4. Since [19]]* < [|6]%,
10,00)] = 116]*/8 — C2]|0]| = [16]1*/10 — Ca||6]|\/p/n.
Using the fact that [|0]|> = Q(p/n), we conclude that
10, 00)| > Cs0]1%,
for some C35 > 0.

e Control of the denominator in (10): note that

2+ 2(nT AW TO/n)?
(nT Ag'n)?

Using the same bound as for the numerator and the fact that

WM2£C<WW+- vaﬁw”wugw).

—1/2
14,2 W To)2 < n)g)%,

we get further that

T A=l T -1
. n Ay W WA, n
1617 < € (1017 + (o + o1Ppym) 20 A0,
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In view of Lemma 11, with probability at least 1 — ¢
n"TAGIWITW A ) < 3/2n Tr(Agt) + nl|Ag ! |eo log(1/6).

Hence, we deduce that with probability > 1 — e "

nTAaleWAgln < Cn3/p.

We conclude that X
161> < C([|6]]* + p/n)

cn

with probability at least 1 — e~

B.5 Proof of Proposition 6.1

Define O such that O =AY, eie;r where (eq,...,e,) is the canonical Euclidean basis of
RP. Under our contamination model, the new observations Y; have the same distribution as

where W; are i.i.d. centered Gaussian vectors with covariance I, + O. Let 6 be a vector in
RP. For the rest of the proof, we use the notation 7 := L,paA = fave- Recall that

n
P((7(Ynt1) # Nnt1) =P <<Z Yini, Yn+177n+1> < 0) .
i=1
Let us denote 6 = LS, Yin; = 0 + £ where £ = LS W;n;. We get the following lower
bound under the Gaussian noise assumption:
A 2 fcM
P((n(Yn-H) # "7n+l) = P(<‘9a 0+ 77n+1Wn+l> < 0) >CE|e 197 |,
for some ¢, C' > 0, where we have conditioned on g to get the last inequality and used the
fact that 7,41 Whn+1 has i.i.d standard Gaussian entries. Next, we note that
(0.0)" = (0+¢,0)" <2]0]" +2(¢.0)%,

and that R
1012 = 1611 + g2 — 2 [67¢.

Therefore,

e 2lelt 2.0
E(%(7)) > CE [ e 1o+ —2[Tel |
Next, let us define the event

o = {llg|* = M8y n {[67¢| < 10V/Aml6]]}

It is easy to see that
P(a7¢) < 1/2.
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Observe that, on the event &/ and for n large enough

_e2lelt+2en? 1014 +10125/n
612 +l€1Z—2[0 T €| O ez
e > e ol %+

Hence, for A = n and ||0||*> < \/n we conclude that
E(%(ﬁLDA)) A E('@(ﬁave)) > O/>

for some C’ > 0.

Appendix C. Auxiliary results from linear algebra

Lemma 7 Let u,v € R" and A € R™*" be a symmetric, invertible matriz. Then

(uu” +uv’ +ou’ + A7 — A7
1—v A" A uu A+ 1+ u" A ) A Y uw T +ouT)A™!
(1—vTA ) uT A lu+ (1 +u A-1v)?
ul A7 luA " lon T A1
(1—vTA W) uT A~ lu+ (1 +uT A-1v)2’

Proof We will use the Woodbury matrix identity
A+vcv)t=4a1—A'U(CT +vATIU) VAT

11

vvithU:(uv)ER”XQ,V:UTandC’:(1 0

0 1
(1 _1). Therefore,

>. We start by computing C~1 =

T A1 T A4—-1
1 17 u' A7 1+u'A v
CT+VATU = <1 +ulA v vTA - 1) '

Let us denote by det := (1 — v A "w)u" A~ 'u + (1 +u" A71v)?, then

1 (1 —vlTA w14 uTA_lv)

1 -1 _
(€™ +VATU) 1+u'A 1w —ulA 1y

" det
Moreover.
vict+vatu)Tly

1—v A Wuu” + 1 +u" A )(uw" +ovul) —u A v ™
det '

We conclude observing that

we +w! +ou’ + A=A+ UCV.

30



CLASSIFICATION IN THE ANISOTROPIC MIXTURE FRAMEWORK

Lemma 8 Let u,v € R", and let A € R™*" be a symmetric invertible matrixz. Then

A lu(1+u" A7) — A lou T A1y

T T T -1
A p—
(wu’ +uv’ +ou’ +A)"u (1—vTA W) uT A" u+ (1 +uTA-1v)2’

and

(' +uv’ +ou’ + A"l
CATWA+uTAT o+ T AT ) — A (e T AT o + 0T A )
B 1—vTA ) uT A lu+ (1 +uT A-1v)? '

Proof Using Lemma 7 we have

(uu" +uv’ +ou’ +A)7H— A7
(1—v'A A T A T + (T +u" A7) A Y uw T +ou)A?
(1—vlTA W) uTA " lu+ (1 +ulA-1v)?2
u A"y A gy T AT
(1—vTA ) uT A lu+ (1 +ul A-1v)2’

Hence
Ayl +uTA ) — A v T A
T T T -1
A = .
(wu” +uv” Fou +4)"u 1—vTA W)uTA " lu+ (1 +uT A-1v)?
The second part of the proof is also a straightforward computation. |

Lemma 9 For any A > 0, we have that

L+nTA'WTo/n

nT Ay

WA,

0, = (In — WA;1WT/n) 0 +

where Ay = \,, + WTW/n. We also have for A > 0 that
0x/c=(1— nTWTB;1Wn/n2)B;10 +(1+ GTB/(an/n)B;1Wn/n,
where By = A\, + WW ' /n and ¢ > 0 some constant.

Proof Recall that 0y = <9+WH;177/m where Hy = M, +Y Y /n and z = nTH)Tln. Denote
w :=0/||0|| and note that

9] 0
= O T )™ 4 W T ™) 4+ Mg+ T

By choosing u = ||0||n/\/n, v =W Tw/\/n and A = \,, + WTW/n we get using Lemma 8
that

. Wn -1 TA-1,y _ A=1,. T 2—1
H)‘TI_HHHdetA(A u(l+u A" v)— A vu' A u),
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where detq := (1 —v" A7) u" A~ u 4+ (1 +u" A1), Consequently,

nu' A~y B ntA-lp

T 7—1
Hlp = —
TN T g2 det a det

We also see that

1 Wn —1 Ta-1.4 1T 41
WH, n_HQHdetA <WA u(l+u A" v) — WA vu' A u)

1
N det 4

T

—1
(WAln(l +0 AW O /n) — WWA1WT6> .
n

As a conclusion, we get that

L+nA-'WTo/n

AL,
nT Al WA=

0y - dety = (In - WA—le/n) 0+
On the other hand,
dy = (eeT 00T /n+ Wb /n+ AL, + WIWT /n> 0+ W)
By choosing u = 6, v = Wn/n and B = A\, + WW T /n, we get from Lemma 8 that

Oy = (uu +uv’ +ovu’ + B)"Hu +v)

= (B_lu(l —v'B W)+ B (1 + uTA_lv)) ,
detB

where detp = (1 —v' B~ ')u" B~ u + (1 +u' B~'v)2. Hence

0y -detg = (1—n'WTB 'Wn/n*)B'0+ (146" B~'Wn/n)B~*Wn/n.

Lemma 10 Assume that p > n. Let W = (Wy W) € RP*™ be a full rank matriz and

w= (w1, @) € R". Then

wr — W (W TW) 16
Wil = Wyawy

el(WTW)_lw =

where m = W(WTW)'wT.

Proof The right-hand side is well-defined. Since W is of full rank, W W is invertible and
W12 > W, 7W;. We will use the Schur complement formula (that holds as long as all

matrix inverses exist) to write that

A B\ ' (A4 A 'B(D-BTA'B)"'BTA"! —A-'B(D-BTA!B)"!
BT D) ~ —(D—BTA™1B)"1BT A1 (D—BTA'B)"L,
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If A= ||[W:]|?,B=W,W and D = WTW, then

A B
TWw —
ww= (g 1)

Using Sherman-Morrison formula we deduce that

L 1 - S\t
T A-1py-1 _ T T T
(D-BTA'B)! = (W W W>
1 (T =110 T TH (0 T —1
_ (WTW)—1+ AR (W W)= W Wi W(W W)
- 1 _ Wl
W2

VT~ T W (T )L

AR A
Wwy=+ W2 = Wy i

B E
W2 = Wy W

where E = (WTW)=L(|Wy|]?2 = W' 7#W1) + (W TW)"'W T W, W, W (W TW)~1, Therefore,

L W)W P ORI !

B(D—-B'"A7!B)

T |G
Moreover,
1 1 1
A"+ AT'B(D-BTA™'B)'BTA! = —
i ( ) [Wil|2{ _ WiaWn W2 — Wi neWy
1= T 1
and S o
ALB(D BT A-lg-l - L WIWWIW)Tt W W)~
( )= 2 Wi 2 T :
W] _ Wy W2 — W' nWy
1= T 1
Hence
WTw) ! = L ( 1 —wy W(WTVV)—l)
W12 = W 7wy \—(W W)W T, E
and
e (WTW) lw =2 Wi W(W W) e

WA |2 — W, ey
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Appendix D. Auxiliary results from probability theory

Let us write the eigenvalue decomposition of ¥ as ¥ =3 %, )\wiv;r , and expand W 'TW in
the basis of eigenvectors of ¥. More specifically, let z; = W v;/v/A;. Then (zi)1<i<n 18 a
basis of R™*™ if we assume W to be full rank and W'TW = > )\zzzzlT . With our notations
Ay = %WTW + AL, =), )\;zizg— + A, where X, = \;/n. Let us also define

A—i = Z A;ZJZ;F + )\In, Ak = Z A;ZZZZT + AIna
j#i i>k
and similarly

We can apply Lemmas 9 and 10 from Bartlett et al. (2020) to A%, and Ag. Adding X to

both sides, we get that there exists a constant ¢ > 0 such that with probability at least
1—2¢7me,

e For any £k > 0
]‘ / / / !/
EZ)\i — N+ A < An(Ar) S A (AR) e[ YoM+ Nn | + A
i>k i>k
o Vi >1,

Ak+1(A_i) < )\k+1(z4)\) < Al(Ak) <c <Z )\; + )\ﬁcﬂn) + A
i>k
e 1 <i<k
1 / /
An(Ax) = An(Ai) = An(Ar) > — > X = eXNan + A

i>k

Recall that the k-th effective rank is defined by ri(X) = Z}\%J’:l)” Under the condition
rp(X) + % > bn, the inequalities stated above yield that

o for k= Fk*
1
=Y A/ A < An(Ar) < M(Ar) €D Ni/n+ A
¢ i>k i>k
o Vi>1,
Moy (Ai) < Mepa(Ax) < Mi(Ag) <e ) Ai/n+ A
i~k
o 1 <<k

1
M(AN) > M(AZ) > AN (Ag) > — A A.
(Ax) > A(A) (Ag) c; /n+
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Lemma 11 Let £ € RP be a random wvector with 1-sub-Gaussian i.i.d entries. and let
B € RP*P be a nonnegative definite matriz. Then with probability at least 1 — 26,

€7 BE — Te(B)| < 1/2Tx(B) + C|| B log(1/9)
for some absolute constant C' > 0.

Proof Notice that E¢" B¢ = Tr(B). Using Hanson-Wright inequality Rudelson and Ver-
shynin (2013b), we deduce that for any ¢ > 0 and for an absolute constant ¢ > 0,

POﬁiﬁ—TﬂBﬂ>t>§2mpomm<ﬂ ! >}.

IBII%" 20 Blloo
It follows that for ¢ > Tr(B)/2, we have the inequality 2”§” < Tr(BﬁBH < Hlf”g . There-
o0 o0 F
fore, we get the desired conclusion with C' = 2/c. |

Lemma 12 With probability at least 1 — e~ ",

A,

1A w1 < ¢

for some ¢,C > 0.

Proof Note that
IAPW T2 =0T WA WO < |[WT 0|31 A7 e

Since W 6 has the same distribution as |||y, - £, where ¢ is a random vector with 1-sub-

Gaussian i.i.d entries, Lemma 11 implies that with probability at least 1 — e™“",

JA P T2 < COTS0n]| AL oo

Hence, we deduce that
nd’ £
Zi>k‘* )\Z/TL+ )\7

Ai/n+ A for k = k*. m

1A 2w e < C

since l/HA;\lﬂoo =M(AN) =D ik
Lemma 13 There exist ¢, C1,Cy > 0 such that with probability at least 1 — e~ we have

n
Z’i>k* )\Z/n‘i_)\’

WTAXIW <Cq

and
n

Zi>k* )\Z/n+)\
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Proof The first inequality is straightforward observing that
T 41— _
n A)\177 < nHA,\lHoo-

For the lower bound, we will the sub-Gaussian property of . To lower bound Tr(A;l)
observe that

n/c

. 1
V)= >\i A -1 > .
) ; ( )\) B i;—l C)\k*+17’k* (E)/n + AT )\k*+1’f’k* (E)/n + A

We conclude using Lemma 11. This is possible by choosing § = e~ ¢" with ¢ > 0 small
enough since n|| A} !||e < ¢’ Tr(A}1) for some constant ¢ > 0. [ |

Lemma 14 With probability at least 1 — e~ we have

) A2
Tr(ATITW T SWATY) < e k* 2ivke N
r( X /\)_c n+n(zi>k*)\i/n+/\)2 )

for some ¢ > 0.

Proof Let us denote C' := A"'W TSW A~!. Using the Sherman-Morrison formula for the
inverse of rank-1 perturbations, we get that

Tr(C) = Tr(ATWTEwA™)

= Z Mzi(Nziz! + A) 722
=1
n )\2 TA—2

- Z 1+ )\/ TA )

Then for some [ < k*,

Under the condition 7}(X) + nA/Ag«11 > bn, there exists ¢ such that with probability at
least 1 — 2e~™/°1, for i < k*, Ay(A_;) > 230, 1. Ai/n + A. Hence

|z
(Zi>k* )‘i/n + )‘)2

Let %, be the span of the eigenvectors of A_; corresponding to the n — k* smallest eigen-
values. Then

T A2
2y A 2 <

T, 2|
(Zi>k Ai/n+ A)

z;A:gzi > (Hgizi)T A:%Hgizi > e
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Using the sub-Gaussian property of z;, the condition k£* < n/c and the independence with
%, we see that with probability 1 — e foralli=1,...,n

Iz <2n  and  ||TLgz]* > n/2.
The first sum can be bounded by

k* T A2 k*
Nzl ATz 64"2 S i Nl

; L+ Nzl AT 22— [Tz

< dk*n.

For the second sum, consider the same event where A\, (Ax) > Ag+17%(2)/(nc1) +A. On this
event,

2 2 2 2
Z )\?ZZTA—Q < 1 Zi>k* A [EA < 5N Zi>k* A;

Zi S < .
ik A (Ciske Aifn A e1)? 7 (Lispe Ai/n+ A er)?

Therefore,

Y
Tr(C) <c (kz*n +n Lizk A >

(Disks Ai/n+A)?
for 0 < k* < n/c with probability at least 1 — e~ ".

Lemma 15 With probability at least 1 — e~ ",

A2 42,
ATWTSWAT | < e | k*n + Lizke N+ X ,
A A

(Dimpe Aif/m 4 A)?
for some absolute constant ¢ > 0.

Proof For the first half (elements corresponding to ¢ < k*) we simply bound the spectral
norm by the trace. For the second part, we rely on the estimate

Z A%A;lziz;Agl Z Mz

i>k* i>k*

-1
< 145015

o

o0

Using the previously employed arguments, we see that with probability at least 1 —e™"

Z Mzl <c (Z A2 4 )‘%*-&-1”) .

i>k* i>k*

Hence,
<€ (Ciske A7+ X )
OO YLEY:

Z A?A;lziziTA;l

i>k*

We conclude that

e A2 A2,
HA)_\IWTEWAXIHOO <c k*n—i— Zz>k 7 —1—1727‘ )
(Xisks Ai/n+A)
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