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Abstract
We explicitly construct zero loss neural network classifiers. We write the weight matrices
and bias vectors in terms of cumulative parameters, which determine truncation maps
acting recursively on input space. The configurations for the training data considered are (i)
sufficiently small, well separated clusters corresponding to each class, and (ii) equivalence
classes which are sequentially linearly separable. In the best case, for Q classes of data in
RM , global minimizers can be described with Q(M + 2) parameters.
Keywords: deep learning, classification, loss landscape, interpolation, interpretability,
geometry

1. Introduction

Deep learning algorithms are often thought to involve a trade-off between accuracy and inter-
pretability. Highly overparameterized neural networks are capable of interpolating generic
data, and gradient descent offers a standard way of training the parameters to minimize
some loss function. However, the resulting models function as black boxes, providing lim-
ited insight into their internal mechanisms. In contrast, underparameterized networks cannot
achieve zero training loss unless the data possesses sufficient structure (Chen and Ewald,
2025; Chen and Moore, 2025).

In this work, continuing the program started by the authors (Chen and Ewald, 2023a,b),
we provide an interpretation for the action of the layers of a neural network, and explicitly
construct global minima for a classification task with well distributed data, in a manner that
is independent of the number of training samples. This characterization is done in terms of
a map which encodes the action of a layer given by a weight matrix W , a bias vector b, and
activation function σ,

τW,b(x) = (W )+ (σ(Wx+ b)− b) ,
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Figure 1: A schematic representation of the action of a layer given by a truncation map. On
the left, the original data with three classes contained in balls around the means
x0,j , with X0,1 sitting in the backward cone Cθ, and the remaining classes sitting
in the forward cone. On the right, the truncation map has pushed all of X0,1 to
a single point, the base of the cone. In green, we see the 2-simplex generated by
the means, and the barycenter x. The geometry of the data corresponds to the
assumptions of Proposition 3.

where (W )+ denotes the generalized inverse of W . A neural network with L layers can be
seen as an application of L − 1 such transformations τ on input space, which curate the
data, followed by an affine function in the last layer mapping to the output space,

x(L) = W (L)(x)(τ,L−1) + b(L),

where x(τ,L−1) represents the L − 1 consecutive applications of τ maps to an input x, and
W (L), b(L) are appropriate cumulative parameters. While this works for any given activation
function, we specialize to the case of a ReLU neural network, and in this context call τ the
truncation map. An incomplete, but highly intuitive visualization of its action comes from
looking at cones: For any cone in input space, there exist W and b such that τW,b acts as
the identity on the forward cone, and projects the entirety of the backward cone to the base
point (see Lemma 2).

Consider data in RM to be classified into Q classes. In previous work (Chen and Ewald,
2023a), the tools outlined above were used to construct explicit global minimizers for a
network with constant width M = Q and “clustered” data. In this paper, we extend this to
the case where the width of the hidden layers is allowed to decrease monotonically from M
to Q, for Q ≤ M . As a corollary, we show a reduction in the total number of parameters
needed to interpolate the data. Our first result (informally stated) is

Theorem (Corollary to Proposition 3). Consider a set of training data X0 =
⋃Q
j=1X0,j ⊂

RM separated into Q classes corresponding to linearly independent labels in RQ, for Q ≤M .
If the data is distributed in sufficiently small and separated balls (“clustered”), then there
exists a ReLU neural network with Q(M+Q2) parameters in Q+1 layers which interpolates
the data.

The weights and biases can be explicitly and geometrically described. Moreover, this does
not depend on the size of the data set, |X0|.
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Figure 2: A 2-dimensional representation of a data set X0 =
⋃3
j=1X0,j that is sequentially

linearly separable (Definition 5), but not clustered (cf. Figure 1). Note that the
ordering chosen is the only possible one. The geometry of the data corresponds
to the assumptions of Theorem 6.

The proof can be easily sketched: For each layer, a truncation map can be constructed
which maps an entire cluster to a new point, while keeping the remaining clusters the same
(see Figure 1). The weights and biases can be given in terms of the variables defining the
associated cones.

As the angular aperture of a cone gets larger, it becomes a hyperplane. These are a
well known classification tool, and there are algorithms dedicated to finding hyperplanes
maximizing the distance to the two sets being separated, such as support vector machines
(SVMs). Recent works show that under some circumstances, ReLU networks trained with
gradient descent to perform binary classification tend to find max-margin hyperplanes (see
e.g., Phuong and Lampert, 2020).1

The same algorithms can be adapted to the case of multiple classes, by reducing to
binary classification via several one-versus-all or one-versus-one strategies. However, a neural
network tasked with performing multiclass classification must yield a single function capable
of classifying. When the data is clustered as above, Figure 1 shows how the layers of the
network will push each cluster into a single point. By considering hyperplanes as limits of
cones, this can be generalized to data for which at each step, one class gets mapped into a
single point. Thus, each layer acts to find a one-versus-all hyperplane. If this can be done
so that at the end there are Q linearly independent points, the last layer will complete the

1. The tendency of gradient-based algorithms to find critical points which generalize well or are simple in
some way, e.g. low-rank, is called implicit bias or implicit regularization.
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classification with zero loss. We define data which satisfies this condition as sequentially
linearly separable, and this leads to our next result (informally stated).

Theorem (Theorem 6). Consider a set of training data X0 =
⋃Q
j=1X0,j ⊂ RM separated

into Q classes corresponding to linearly independent labels in RQ. If the data is sequentially
linearly separable, then a ReLU neural network with Q + 1 layers of size d0 = · · · = dQ =
M ≥ Q, dQ+1 = Q, attains a degenerate global minimum with zero training cost, which can
be parametrized by

{(θ`, ν`, µ`)}Q`=1 ⊂ (0, π)× RM × (0, 1),

corresponding to triples of angles, normal vectors and a line segment of base points (resp.)
describing cones and hyperplanes. The parameters do not depend on the size of the data set,
|X0|.

In the work at hand, we focus on geometric structure in zero-loss neural networks,
and leave questions about algorithmic implementations to future work. We note that the
complexity of algorithmic implementations will address the detection of the training data
geometry, instead of the determination of network parameters. Once the training data
geometry is known, the network parameters can be calculated non-algorithmically.

In the case M = Q, the inductive proof of the main result was adapted to give 2Q −
1 suboptimal local minima, associated to the binary choice for each cluster to have the
truncation map act trivially or collapse the data to a point (Chen and Ewald, 2023a).
However, the proof of minimality relied on an exact expression for the norm of local minima
which holds in this case (Chen and Ewald, 2023b, Theorem 3.2). The assumption M = Q is
dropped for our results here, so the local minima cannot be found in the same way. Moreover,
the sequential separability of the data in Theorem 6 might depend on the ordering of the
classes (cf. Figure 2), so that the truncation maps cannot be chosen independently.

Finally, we note that while we do not consider layers with arbitrary width, increasing
the width would only add unnecessary parameters, as we assume the data to be suitably
linearly separable. It is known that data which is not linearly separable can be classified
by an SVM with the use of kernel machines (Boser et al., 1992) which map the data into
a space of higher dimension in such a way that, in this new space, a separating hyperplane
can be found. Moreover, neural networks approximate kernel machines in the infinite width
limit (Lee et al., 2018; Jacot et al., 2018). With these considerations, it could be the case
that for data that is not linearly separable, the first layers of a neural network could be seen
as describing a map to a higher dimensional space where the conditions for sequential linear
separability are now satisfied, and the results above can be applied. An implementation of
this idea for binary classification is given by Ewald (2025).

1.1 Related Work

We give here a short and incomplete survey of related results.
Since the ReLU function acts as the identity when activated, it is instructive to compare

with the linear case. The loss landscape of linear neural networks is very well under-
stood. Its study started with the classic work by Baldi and Hornik (1989), which proved
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(under some assumptions on the architecture and data) that a shallow (one hidden layer)
linear neural network with square loss has only global minima and saddle points, and that
every critical point is a projection of the least-squares estimator onto a subspace spanned by
the eigenvectors of a relevant matrix determined by the data and label matrices.2 Kawaguchi
(2016) extended this to deep linear networks, proving under milder conditions (both on data
and architecture) that there are no suboptimal local minima, and giving some properties of
the Hessian of the loss at saddle points. Zhou and Liang (2018) provided complete character-
izations of all critical points of a deep linear network with square loss, arbitrary architecture
and very mild assumptions on the data. Recently, Achour et al. (2024) gave a complete sec-
ond order analysis of the loss landscape of deep linear networks, with the same assumptions
as Kawaguchi (2016).

The loss landscape of ReLU neural networks, on the other hand, is not as well un-
derstood. Following assumptions adopted in work by Choromanska et al. (2015), Kawaguchi
(2016) treats the activation functions as random variables, and what is computed is the loss
with expectation; under these assumptions, the loss reduces to the loss of a deep linear net-
work. Tian (2017) studied ReLU networks with no hidden layers, Gaussian distributed input
data and target function a neural network with fixed weights, and found that certain types
of critical points are not isolated. Zhou and Liang (2018) studied shallow ReLU networks
with very mild assumptions on the data, characterized all critical points of the square loss
for parameters in certain regions of parameter space (depending on the activation pattern of
the neurons, and not covering the whole space), and gave an example of a network for which
there is a suboptimal local minimum. While not studying critical points of a loss function
directly, Grigsby et al. (2022, 2023) studied functional properties of ReLU neural networks,
such as “functional dimension”3, the level sets of which are contained in level sets of any loss
function.

Finally, the results here show how a trained neural network could take within-class
variability to zero. This is one of the features of neural collapse, a phenomenon which has
been empirically shown by Papyan et al. (2020); Han et al. (2022) to emerge when training
a neural network towards zero loss.

1.2 Outline of Paper

In Section 2, we clearly define the types of neural networks and the cost function under
consideration and fix notation. In Section 3, we define the truncation map, remark on its
action in terms of cones in input space and cumulative parameters, and prove key lemmas.
In Section 4, we give precise statements for Proposition 3 and a corollary. In Section 5, we
define sequentially linearly separable data, and present a precise statement and proof for
Theorem 6. In Section 6.1, we briefly discuss generalization guarantees, and in Section 6.2,
we elaborate on the relationship between our results and neural collapse. In Section 7, we
prove Proposition 3. Finally, we collect some basic results on geometry of cones in Appendix
A.

2. That is, a critical point with rank(W2W1) = r satisfies W2W1 = UrU
T
r Y X+, where Ur is formed by r

columns of U , the matrix of eigenvectors of Σ = Y (X)+XY T . See next section for notation.
3. A simplified definition of functional dimension is the rank of the Jacobian of the network with respect

to its parameters.
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2. Setting and Notation

We will be dealing with neural networks of the form

x(0) = x0 ∈ Rd0 initial input,

x(`) = σ(W`x
(`−1) + b`) ∈ Rd` , for ` = 1, · · · , L− 1, (1)

x(L) = WLx
(L−1) + bL ∈ RdL ,

where W` ∈ Rd`×d`−1 for ` = 1, · · · , L are weight matrices, b` ∈ Rd` for ` = 1, · · · , L are
bias vectors, and the activation function σ is the ramp function which acts component-wise
on vectors, σ(x)i = (xi)+ = max(xi, 0). When considering the action on a data matrix X0

with N columns corresponding to N data points, we write

X(`) = σ
(
W`X

(`−1) +B`

)
,

where

B` := b`u
T
N ∈ Rd`×N

for

uN := (1, · · · , 1)T ∈ RN .

Consider a set of training data X0 =
⋃Q
i=1X0,j ⊂ RM , where points in each subset

X0,j = {x0,j,i}
Nj
i=1 are associated to one of Q linearly independent labels, yj ∈ RQ. Let∑Q

j=1Nj = N , so that |X0| = N . We will be interested in the average of training inputs
associated to each output yj ,

x0,j :=
1

Nj

Nj∑
i=1

x0,j,i,

and the differences

∆x0,j,i := x0,j,i − x0,j .

It will be convenient to arrange the data and related information into matrices, and so
we make the following definitions,

X0,j :=
[
x0,j,1 · · ·x0,j,i · · ·x0,j,Nj

]
∈ RM×Nj ,

X0 := [X0,1 · · ·X0,j · · ·X0,Q] ∈ RM×N ,
∆X0,j :=

[
∆x0,j,1 · · ·∆x0,j,i · · ·∆x0,j,Nj

]
∈ RM×Nj ,

∆X0 := [∆X0,1 · · ·∆X0,j · · ·∆X0,Q] ∈ RM×N ,
X0,j := X0,j −∆X0,j ∈ RM×Nj , (2)

X0 :=
[
X0,1 · · ·X0,j · · ·X0,Q

]
∈ RM×N ,

Xred
0 := [x0,1 · · ·x0,j · · ·x0,Q] ∈ RM×Q,
Y := [y1 · · · yj · · · yQ] ∈ RQ×Q,

Y ext := [y1u
T
N1
· · · yjuTNj · · · yQu

T
NQ

] ∈ RQ×N .
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Then X0,j = Col(X0,j), the set of columns of X0,j , and similarly X0 = Col(X0).
Throughout, we will assume that Xred

0 and Y have full rank Q ≤ M , i.e., that the
averages x0,j and output vectors yj are linearly independent. Since Xred

0 is injective, we
write its generalized inverse as

(Xred
0 )+ = (Xred

0

T
Xred

0 )−1Xred
0

T
∈ RQ×M ,

and this is a left inverse of Xred
0 . In general, for any matrix A ∈ Rm×n, we let (A)+ ∈ Rn×m

denote its generalized inverse, that is, the unique matrix satisfying

A(A)+A = A,

(A)+A(A)+ = (A)+, (3)
A(A)+ and (A)+A are symmetric.

Recall that (A)+A is an orthogonal projector to (ker(A))⊥, A(A)+ is an orthogonal projector
to ran (A), and (A)+ is a left (resp. right) inverse of A if it is injective (resp. surjective).

Finally, for an appropriate neural network defined as in (1) with d0 = M and dL = Q,
we consider the square loss, given by the L2 Schatten (or Hilbert-Schmidt) norm,

‖A‖L2 :=
√

Tr(AAT ),

so that the cost function is

C[X0, Y
ext, (Wi, bi)

L
i=1] :=

1

2

∥∥∥X(L) − Y ext
∥∥∥2
L2

=
1

2

Q∑
j=1

Nj∑
i=1

∣∣∣x(L)0,j,i − yj
∣∣∣2 ,

where | · | denotes the usual euclidean norm. When the data set given by X0 and Y is clear
by context, we will simply denote

C[(Wi, bi)
L
i=1] := C[X0, Y

ext, (Wi, bi)
L
i=1].

3. Truncation Map, Cones and Cumulative Parameters

We recall here the definition of the truncation map (Chen and Ewald, 2023a), making the
necessary modifications for the case where the width is not constant and the weight matrices
might not be square.

Definition 1. Given W ∈ RM1×M0 and b ∈ RM1 we define the truncation map

τW,b : RM0 → RM0

x 7→ (W )+ (σ(Wx+ b)− b) ,

where (W )+ is the generalized inverse defined as in (3).
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Similarly, we can define the action on a data matrix X ∈ RM0×N

τW,b(X) = (W )+ (σ(WX +B)−B) ,

where B = b uTN . This map encodes the action of a layer of a neural network and represents
it in the domain. It has a nice recursive property which makes it possible to extend this
representation to several layers. The following is a small generalization of a previous result
(Chen and Ewald, 2023a) to the case where the dimension of the intermediate spaces given
by the hidden layers is allowed to decrease.

Proposition 2. Assume M = d0 ≥ d1 ≥ · · · ≥ dL = Q, X(`) ∈ Rd`×N corresponds to the
output of a hidden layer of a neural network defined as in (1) on a data matrix X0 ∈ RM×N ,
and all of the associated weight matrices W` ∈ Rd`×d`−1 are full rank. Then the truncation
map defined satisfies

X(`) = W` τW`,b`(X
(`−1)) +B`. (4)

Moreover, defining the cumulative parameters

W (`) := W` · · ·W1 ∈ Rd`×d0 , for ` = 1, · · · , L, (5)

and

b(`) :=

{
W` · · ·W2b1 +W` · · ·W3b2 + · · ·+W`b`−1 + b`, if ` ≥ 2,

b1, if ` = 1,
(6)

we have

X(`) = W (`)(X0)
(τ,`) +B(`), (7)

for ` = 1, · · · , L− 1, and

X(L) = W (L)(X0)
(τ,L−1) +B(L), (8)

where

(X0)
(τ,`) := τW (`),b(`)(τW (`−1),b(`−1)(· · · τW (2),b(2)(τW (1),b(1)(X

(0))) · · · )

= τW (`),b(`)(X0)
(τ,`−1).

Proof Using the fact that W`(W`)
+ = 1d`×d` for all ` = 1, · · · , L, we have

X(`) = σ(W`X
(`−1) +B`)

= W`(W`)
+σ(W`X

(`−1) +B`)

= W`(W`)
+
(
σ(W`X

(`−1) +B`)−B`
)

+B`

= W` τW`,B`(X
(`−1)) +B`,

8
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which proves (4). Going one step further,

X(`) = σ(W`X
(`−1) +B`)

= σ(W`(W`−1 τW`−1,b`−1
(X(`−2)) +B`−1) +B`)

(∗)
= W`W`−1(W`W`−1)

+σ(W`(W`−1 τW`−1,b`−1
(X(`−2)) +B`−1) +B`)

= W`W`−1(W`W`−1)
+σ(W`W`−1 τW`−1,b`−1

(X(`−2)) +W`B`−1 +B`)

= W`W`−1 τW`W`−1,W`b`−1+b`(τW`−1,b`−1
(X(`−2))) +W`B`−1 +B`,

where (∗) follows from the surjectivity of W`W`−1. An iteration of these arguments then
yields (7). Finally,

X(L) = WLX
(L−1) +BL

= WL(W (L−1)X(τ,L−1) +B(L−1)) +BL

= W (L)X(τ,L−1) +B(L).

This lemma, and especially expression (8), suggest that we think of a neural network
with L layers as a concatenation of L− 1 truncation maps acting on the data in input space
Rd0 , followed by an affine map to the appropriate output space RdL . These truncation maps
and the affine map are given by cumulative parameters, so that from now on in this paper
a layer will be defined by prescribing (W (`), b(`)) instead of (W`, b`), for all ` = 1 · · · , L.

We will need the following properties of the cumulative parameters in the case where
d0 ≥ · · · ≥ dL, which applies to the results in Sections 4 and 5.
Lemma 1. Consider a collection {W`}L`=1 of linear maps which can be composed into sur-
jective cumulative matrices {W (`)}L`=1, defined as in (5). Define

P (`) := (W (`))+W (`) (W (`−1))+W (`−1) · · · (W (1))+W (1)

= (W (`))+W (`)P (`−1). (9)

Then

P (`) = (W (`))+W (`), (10)

and

W (`)P (`−1) = W (`). (11)

Proof Note that P (1) = (W (1))+W (1) by definition, and assume P (`−1) = (W (`−1))+W (`−1).
If W (`−1) is surjective, then W (`−1)(W (`−1))+ = 1 and

P (`) = (W (`))+W (`)P (`−1)

= (W (`))+W (`)(W (`−1))+W (`−1)

= (W (`))+W`

(
W (`−1)(W (`−1))+

)
W (`−1)

= (W (`))+W`W
(`−1) = (W (`))+W (`),

9
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which gives (10).
We have proved that P (`) is the projector onto the orthogonal complement of the kernel

of W (`) for all ` = 1, · · · , L. Now, let Q(`−1) = 1− P (`−1) be the projector to the kernel of
W (`−1). Then

W (`)(1− P (`−1)) = W (`)Q(`−1)

= W`W
(`−1)Q(`−1)

= 0,

and we have proved (11).

The next lemma is the key tool used to prove the main results in Sections 4 and 5, as it
describes the action of the truncation map in some particular cases. The activation function
σ acts in such a way that it is the identity on the positive sector

Rn+ :=
{

(x1, · · · , xn)T ∈ Rn : xi ≥ 0, i = 1, · · · , n
}
,

and the zero map on the negative sector Rn− (similarly defined). Figure 3 shows the action
of the truncation map in two dimensions, for W ∈ R2×2 and b ∈ R2. In this simple context,
it is clear that for an invertible weight matrix, the action of τW,b is completely determined
by a cone (given by the blue dashed lines on the first picture). While this is not always true,
it is still fruitful to consider a similar picture in general.

y1

y2

x1

x2
Wx2 + b

Wx1 + b

W−1(y2 − b)

W−1(y1 − b)

Figure 3: The action of τW,b in two dimensions. The image on the left represents the input
space given by coordinates (x1, x2). On the right we see the image of this space
under the map x 7→ σ(Wx + b), where σ acts according to the new coordinate
system (y1, y2): it is the identity on the positive sector (shaded in green), and can
be thought of as projecting along the orange arrows in the other regions, which
gives the total effect of mapping the negative sector (shaded in orange) to the
origin. Pulling this action back to input space produces the cone on the picture
to the left.

10



Interpretable Minima of Deep Neural Networks

We define a cone of angle θ ≤ π around a given vector h ∈ Rn and based at the origin,

Cθ[h] :=

{
x ∈ Rn : ∠(x, h) ≤ θ

2

}
. (12)

When the forward direction h is clear, we will refer to a pair Cθ[h], Cθ[−h] as the forward
and backward cones, respectively. Then, for

θn := 2 arccos

√
n− 1√
n

, (13)

we note that Cθn [un] ⊂ Rn is the largest cone centered around the diagonal un = (1, · · · , 1)T

that is contained fully in Rn+.4 Similarly, the backward cone is fully contained in Rn−. A
cone Cθ[un] of larger angle can be made to fit into Rn+ by a transformation which fixes the
axis un and shrinks every other direction perpendicular to the axis according to

λ(θ, θn) :=


tan θn

2

tan θ
2

< 1, if θ > θn,

1, otherwise.
(14)

Now, in the case where there is no change in dimension, Lemma 2 below states that
for any given cone we can construct W and b so that the truncation map τW,b acts as the
identity on the forward cone, and projects the entirety of the backward cone to its base
point. However, if τW,b is encoding a layer in a network for which there is a reduction in
dimension, its image must also undergo a dimensional reduction. To account for the possible
decrease in width of the network, consider the family of projectors

I(n,m) : Rn → Rm, n ≥ m,

I(n,m)(eni ) =

{
emi , i = 1, · · · ,m,
0, else,

(15)

where {eni }
n
i=1 is the standard basis for Rn, so that the matrix I(n,m) ∈ Rm×n is a block

matrix consisting of an identity matrix 1m×m and zeroes.

Lemma 2. Consider the cone p + Cθ[h] ⊂ Rn centered around a unit vector h ∈ Rn and
based at p ∈ Rn, and consider W : Rn → Rm, b ∈ Rm such that

W = I(n,m)WθR,

b = −Wp,

where

Wθ = R̃ diag(1, λ(θ, θn), · · · , λ(θ, θn)) R̃T ∈ Rn×n, (16)

with λ(θ, θn) defined as in (14) and R, R̃ ∈ O(n,R) are such that

Rh =
un
|un|

, R̃en1 =
un
|un|

.

4. See appendix.
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Then

τW,b(x) =

{
((W )+W )x, x ∈ p+ Cθ[h],

((W )+W ) p, x ∈ p+ Cθ[−h].

Moreover, if P : Rn → Rn is a map such that WP = W , then

τW,b(Px) = τW,b(x). (17)

Proof First, consider x ∈ p+ Cθ[h]. Since

τW,b(x) = (W )+ (σ(Wx+ b)− b) ,

it suffices to show that Wx+ b ∈ Rn+, and so σ(Wx+ b) = Wx+ b. Substituting the given
expressions for W and b,

Wx+ b = W (x− p) = I(n,m)WθR(x− p),

then x ∈ p + Cθ[h] implies (x − p) ∈ Cθ[h], and we observe the action of the maps on the
cones. First, an orthogonal transformation changes the axis, but not the opening angle, of
a cone, and we have

R(x− p) ∈ Cθ[Rh] = Cθ[un].

Then, the map Wθ is constructed so that it fixes the axis, but changes the aperture of the
cone so that WθCθ[un] ⊂ Cθn [un], which is contained entirely in Rn+, so

WθR(Cθ[h]) ⊂ Cθn [un] ⊂ Rn+,

and W (x− p) ∈ Rm+ .
For the backward cone, x ∈ p+ Cθ[−h], similar arguments yield

W (Cθ[−h]) ⊂ Cθn [−un] ⊂ Rn−,

and then W (x− p) ∈ Rm− implies σ(Wx+ b) = 0 and

τW,b(x) = (W )+(−b) = (W )+Wp.

Finally, (17) follows easily from the definition of the truncation map,

τW,b(Px) = (W )+ (σ(W (Px) + b)− b)
= (W )+ (σ(Wx+ b)− b)
= τW,b(x).

We can now use the truncation map and Lemma 2 to generalize the construction of zero
loss global minima (Chen and Ewald, 2023a) in two different directions. First, in Section
4, we keep the training data as sufficiently separated, small enough clusters, but allow for
M = d0 ≥ d1 ≥ · · · ≥ dL = Q. Then, in Section 5, we hold the width of every layer but
the last one constant, d0 = d1 = · · · = dL−1, but allow for M > Q and for a more general
distribution of the training data.

12
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Remark 3. Note that the decomposition

W = WθR

coincides with the polar decomposition of a matrix

W = |W |R

for |W | := (WW T )
1
2 and R ∈ O(n,R). Indeed,

WW T = R̃ diag(1, · · · )R̃TRRT R̃ diag(1, · · · )R̃T

= R̃ diag(1, · · · )2R̃T

= W 2
θ .

4. Clustered Data and Dimensional Reduction

We will consider in this section the same geometry on the data as that adopted by Chen
and Ewald (2023a), which we now briefly recall. Let

x :=
1

Q

Q∑
j=1

x0,j

be the average of all class means, and note that this is not necessarily the average of all data
points. We will assume that

δ := sup
i,j
|∆x0,j,i| < c0 min

j
|x0,j − x| , (18)

for c0 ∈ (0, 14). Moreover, consider

fj :=
x− x0,j
|x− x0,j |

, j = 1, · · · , Q, (19)

the unit vectors pointing from x0,j to x. For each j = 1, · · · , Q, let θ∗,j be the smallest angle
such that ⋃

j′ 6=j
B4δ(x0,j′) ⊂ x0,j + Cθ∗,j [fj ],

and assume

max
j
θ∗,j < π. (20)

Proposition 3. Consider a set of training data X0 =
⋃Q
j=1X0,j ⊂ RM separated into Q

classes corresponding to linearly independent labels {yj}Qj=1 ⊂ RQ. If conditions (18) and
(20) are satisfied, then a neural network with ReLU activation function defined as in (1),
with L = Q+ 1 layers, d0 = M , dQ+1 = Q, and d`−1 ≥ d` ≥ Q for all ` = 1, · · · , L, attains

min
(Wi,bi)Li=1

C[(Wi, bi)
L
i=1] = 0,

13
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with weights and biases given recursively by (5), (6) and the following cumulative parameters:
for ` = 1, · · · , Q,

W (`) = I(d0, d`)Wθ∗R`,

b(`) = −W (`)(x0,` + µ`f`),

for I(d0, d`) ∈ Rd`×d0 a projection, Wθ∗ ∈ GL(d0,R) and R` ∈ O(d0,R) constructed as in
Section 3, and some µ` ∈ (2δ, 3δ); for ` = Q+ 1,

W (Q+1) = Y (Xred
0

(τ,Q)
)+,

b(Q+1) = 0.

This minimum is degenerate.

Since the only constraints on the architecture are that the widths of the layers must be
non-increasing and bounded below by Q, one could construct a network for which the first
hidden layer immediately reduces to Q dimensions, and the following layers have constant
width. This leads to a reduction in the total number of parameters needed, and we have
proved

Corollary 4. For training data X0 =
⋃Q
j=1X0,j ⊂ RM satisfying the same conditions as

above, there exists a neural network with Q(M +Q2) parameters interpolating the data, and
this does not depend on |X0| = N .

Thus, well-distributed data makes it possible to attain zero loss even in the under-
parametrized setting.

We defer the full proof to Section 7.

5. Hyperplanes and Sequentially Separable Data

In the previous section, we assumed that the data had to be neatly contained in sufficiently
small and well spaced balls. However, when using Lemma 2 in the proof, it was sufficient
to check that each ball lay inside a certain backward or forward cone. More generally, for
the action of any given layer described by a truncation map, all that matters is that there
exists a cone such that the class that is being singled out sits entirely within the backward
cone, and the remaining data sits in the forward cone.

From this point of view, the action of each iteration of the truncation map can be thought
of as performing a one-versus-all classification: a particular class is being singled out and
separated from the remaining classes. However, what we obtain is different from simply
breaking down a multiclass classification problem into several binary classification tasks.
Data that has been truncated by a layer will remain truncated, and so the order in which
the one-versus-all tasks are done is important. To account for this, we extend the notion of
linear separability from binary classification to a problem with multiple classes as follows.

Definition 5. We say a data set is sequentially linearly separable if there exists an ordering
of the classes such that for each j = 1, · · · , Q, there exists a hyperplane Hj and a point
pj ∈ Hj such that Hj separates X0,j and

⋃
k<j{pk} ∪

⋃
k>j X0,k.5

5. See Figure 2 in the introduction for an example.

14
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Let H(p, ν) be the hyperplane defined by a point p and a normal vector ν,

H(p, ν) := {p+ x ∈ Rn : 〈x, ν〉 = 0} .

For data that is sequentially linearly separable, we have the corresponding hyperplanes
Hj = H(pj , hj) for some unit vectors hj , j = 1, · · · , Q. We will always consider data sets
to be finite, and so the distance from any such hyperplane to the each of the two sets it is
separating is always positive. Moreover, a pair (p, ν) ⊂ Rn×Rn, along with an angle θ < π,
define a pair of cones p+Cθ[ν] and p+Cθ[−ν] as in (12), and so to each hyperplane H(p, ν)
is associated a family of cones.
Remark 4. Similarly, we note that there exists ε > 0 such that each point pj can be freely
perturbed on an ε-ball around it (possibly moving the corresponding hyperplane Hj as well)
so that (p̃j , H̃j)

Q
j=1 still satisfies Definition 5, for p̃j ∈ (pj + Bε(pj)) ∩ H̃j , j = 1, · · · , Q.

Therefore, we may assume that {pj}Qj=1 form a linearly independent set.

Theorem 6. Consider a set of training data X0 =
⋃Q
j=1X0,j ⊂ RM separated into Q

classes corresponding to linearly independent labels {yj}Qj=1 ⊂ RQ. If the data is sequentially
linearly separable, then a neural network with ReLU activation function defined as in (1),
with L = Q + 1 layers, d0 = M , dQ+1 = Q, and d0 = d` ≥ Q for all hidden layers
` = 1, · · · , Q, attains

min
(Wi,bi)Li=1

C[(Wi, bi)
L
i=1] = 0,

with weights and biases given recursively by (5), (6) for the following cumulative parameters:
for ` = 1, · · · , Q,

W (`) = Wθ`R`,

b(`) = −W (`)p`,

for Wθ` ∈ GL(d0,R) and R` ∈ O(d0,R) constructed as in Section 3; and for ` = Q+ 1,

W (Q+1) = Y (Xred
0

(τ,Q)
)+,

b(Q+1) = 0.

This minimum is degenerate.

Proof For j = 1, · · · , Q, let

Hj = H(pj , hj) (21)

be a sequence of hyperplanes that realizes the sequential linear separability of the given
data, and assume the ordering is correct as given. As X0 is a finite set, for each j there
exists θj,min < π such that any θj ∈ (θj,min, π) implies

pj + Cθj [hj ] ⊃
⋃
k<j

{pk} ∪
⋃
k>j

X0,k

and (22)
pj + Cθj [−hj ] ⊃ X0,j .

15
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We will prove that X(τ,Q)
0,j = pju

T
Nj

, or that for all x ∈ X0,j , x(τ,Q) = pj , for j = 1, · · · , Q.

Induction base ` = 1. Given p1, h1, and θ1 ∈ (θ1,min, π), we have

X0,1 ⊂ p1 + Cθ1 [−h1],⋃
j>1

X0,j ⊂ p1 + Cθ1 [h1]. (23)

Let

W1 = W (1) := Wθ1R1 ∈ Rd0×d0 ,

for Wθ1 defined as in (16), and R1 ∈ O(d0,R) such that

R1h1 =
ud0
|ud0 |

,

and

b1 = b(1) := −W1p1.

Then Lemma 2 implies we have the following truncation map

τW (1),b(1)(x) =

{
x, x ∈ p1 + Cθ1 [h1],

p1, x ∈ p1 + Cθ1 [−h1],

which, according to (23), acts on the data as

X
(τ,1)
0,j = τW (1),b(1)(X0,j) =

{
p1u

T
N1
, j = 1,

X0,j , j > 1,

so that the first layer has successfully shrunk the first equivalence class of data points X0,1

to a single point.

The induction step `− 1→ `. Assume

X
(τ, `−1)
0,j =

{
pju

T
Nj
, j ≤ `− 1,

X0,j , j > `− 1,
(24)

where pj are the points given by (21). We will construct cumulative parameters W (`), b(`)

such that

X
(τ,`)
0,j = τW (`),b(`)(X

(τ,`−1)
0,j ) =


pju

T
Nj

= X
(τ,`−1)
0,j , j < `,

p`u
T
N`
, j = `,

X0,j = X
(τ,`−1)
0,j , j > `.

(25)

By sequential linear separability of the data, there exists a hyperplane H` = H(p`, h`) in the
collection given by (21) separating X0,` and

⋃
j<`{pj}∪

⋃
j>`X0,j . We can use the induction

hypothesis (24) to rewrite

X0,` = X (τ,`−1)
0,` and

⋃
j<`

{pj} ∪
⋃
j>`

X0,j =
⋃
j 6=`
X (τ,`−1)
0,j ,

16
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and so H` separates X
(τ,`−1)
0,` and

⋃
j 6=`X

(τ,`−1)
0,j .

Then by (22), there is a θ` < π such that⋃
j 6=`
X (τ,`−1)
0,j ⊂ p` + Cθ` [h`] and X0,` ⊂ p` + Cθ` [−h`]. (26)

Now we can choose

W (`) := Wθ`R` ∈ Rd0×d0 ,

b(`) := −W (`) p` ∈ Rd0 , (27)

for Wθ` defined as in (16) and R` ∈ O(d0,R) such that

R`h` =
ud0
|ud0 |

,

so that Lemma 2 gives

τW (`),b(`)(x) =

{
x, x ∈ p` + Cθ` [h`],

p`, x ∈ p` + Cθ` [−h`],

which, along with (26), implies (25).

Conclusion of proof. At the end of Q layers, or Q applications of the truncation maps
τW (`),b(`) , we have mapped each equivalence class X0,j to a single point, (X0,j)

(τ,Q) = pj , for
all j = 1, · · · , Q. This implies that (∆X0)

(τ,Q) = 0.
In the last layer, we have

X(Q+1) = W (Q+1)(X0)
(τ,Q) +B(Q+1),

and we wish to minimize 6

min
W (Q+1),b(Q+1)

∥∥∥W (Q+1)(X0)
(τ,Q) +B(Q+1) − Y ext

∥∥∥2
L2
.

This can be achieved by letting

b(Q+1) := 0,

and solving

W (Q+1)(X0)
(τ,Q) = Y ext.

Since

(X0)
(τ,Q) = (X0 + ∆X0)

(τ,Q)

= (X0)
(τ,Q) + (∆X0)

(τ,Q)

= (X0)
(τ,Q),

6. Recall the matrices defined in (2).
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we can equivalently solve

W (Q+1)(Xred
0 )(τ,Q) = Y. (28)

As the collection {pj}Qj=1 is assumed linearly independent (see Remark 4),

(Xred
0 )(τ,Q) = [p1 · · · pQ]

satisfies

((Xred
0 )(τ,Q))+(Xred

0 )(τ,Q) = 1Q×Q,

and so

W (Q+1) = Y ((Xred
0 )(τ,Q))+ (29)

is a solution to (28), and we have in fact produced a collection of weights and biases
(W ∗∗i , b∗∗i )Q+1

i=1 given by the cumulative parameters defined in (27) and (29) that achieves
zero cost,

C[(W ∗∗i , b∗∗i )Q+1
i=1 ] = 0.

Finally, the minimum we have constructed is degenerate: for a fixed collection of hyper-
planes, the angles (θ`)

Q
`=1 of the associated cones can vary in (θ1,min, π)× · · · × (θQ,min, π),

and so parametrize a family of cumulative weights (W (`)[θ`])
Q
`=1.

6. Additional Remarks

We make here a few remarks concerning generalization and neural collapse.

6.1 Generalization

Let ρ ∈ P(Z) be a probability distribution on Z = X × Y , the set of data x ∈ X and labels
y ∈ Y ⊂ R. Following the most general setup in the book by Vapnik (2013), we consider

{Q(z, α), α ∈ Λ}

to be a parametrized set of functions representing the composition of a loss function with a
function fα : X → Y . The real risk of a function fα on data distributed according to ρ is

R(α) :=

∫
Z
Q(z, α) dρ(z).

Given a training set {z1, · · · , zn}, the empirical risk is

Remp(α) :=
1

n

n∑
i=1

Q(zi, α).

18
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Then if a ≤ Q(z, α) ≤ b, the following holds for any α ∈ Λ and with probability at least
1− η:

R(α) ≤ Remp(α) + (b− a)

√
V C(Λ) log(n+ 1)− log(η4 )

n
,

where V C(Λ) is the Vapnik–Chervonenkis dimension of the function class parametrized by
Λ. In particular, for an empirical risk minimizer which achieves zero loss,

R(α∗) ≤ (b− a)

√
V C(Λ) log(n+ 1)− log(η4 )

n
. (30)

In this work, X = Rd0 , Y = RQ, the functions fα : Rd0 → RQ are ReLU neural networks
parametrized by weights and biases, and we consider the squared loss, so

Q(z = (x, y), α) = |fα(x)− y|2 .

The loss function can be bounded, for instance, by imposing bounds on the norms of the
parameters and the input data. See work by Chen et al. (2025) for a more detailed discussion.

If the VC dimension of the function class is finite,7 then (30) implies that the results
obtained in the work at hand generalize well to test data which is identically distributed to
the training data, as they do not depend on the size of the training data set.

6.2 Cost Decomposition and Neural Collapse

Note that since the constructions in this paper do not depend on the cost function chosen,
we can change it to average over each class separately,8

CN [(Wi, bi)
L
i=1] :=

Q∑
j=1

1

Nj

Nj∑
i=1

∣∣∣x(L)0,j,i − yj
∣∣∣2

=
∥∥∥X(L) − Y ext

∥∥∥2
L2N

,

7. It is known that the VC dimension of real valued ReLU neural networks is finite, and explicit bounds
exist (see e.g., Bartlett et al., 2019).

8. Equivalently, we could consider balanced classes.
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where N := diag(Nj1Nj×Nj |j = 1, · · · , Q) and 〈A,B〉L2N := Tr(AN−1BT ). For simplicity,
throughout this section we will refer to CN as C. This can be decomposed as follows

Q∑
j=1

1

Nj

Nj∑
i=1

∣∣∣x(L)0,j,i − yj
∣∣∣2 =

Q∑
j=1

1

Nj

Nj∑
i=1

(∣∣∣x(L)0,j,i

∣∣∣2 − 2〈x(L)0,j,i, yj〉+ |yj |2
)

=

Q∑
j=1

 1

Nj

Nj∑
i=1

∣∣∣x(L)0,j,i

∣∣∣2 − ∣∣∣∣x(L)0,j

∣∣∣∣2 +

∣∣∣∣x(L)0,j

∣∣∣∣2 − 2〈 1

Nj

Nj∑
i=1

x
(L)
0,j,i, yj〉+

Nj

Nj
|yj |2


=

Q∑
j=1

 1

Nj

Nj∑
i=1

∣∣∣∣x(L)0,j,i − x
(L)
0,j

∣∣∣∣2 +

∣∣∣∣x(L)0,j − yj
∣∣∣∣2
 (31)

=

Q∑
j=1

1

Nj

Nj∑
i=1

∣∣∣∆x(L)0,j,i

∣∣∣2 +

Q∑
j=1

∣∣∣∣x(L)0,j − yj
∣∣∣∣2

=

Q∑
j=1

1

Nj

Nj∑
i=1

∣∣∣W (L)∆x
(τ,L−1)
0,j,i

∣∣∣2 +

Q∑
j=1

∣∣∣∣W (L)x
(τ,L−1)
0,j + b(L) − yj

∣∣∣∣2 .
Since both terms are non-negative, the cost will be zero if, and only if, each term is zero, and
so we have the following interpretation for the results presented in this paper: the truncation
maps implemented by the hidden layers have the role of minimizing the first term, by which
all variances are reduced to zero, while the last (affine) layer minimizes the second term,
whereby the class averages are matched with the reference outputs yj .

Han, Papyan, and Donoho (2022) observed that when training a classifier to zero mean
square loss, the following phenomena are observed on the penultimate layer features:

• (NC1) Within-class variability collapse, which for instance occurs if ∆X
(L−1)
0 → 0.

• (NC2) Convergence to simplex ETF: the vectors (x
(L−1)
0,j − x(L−1)) evolve to have

maximal angle between them, and the same length, forming an equilateral simplex, or
simplex equiangular tight frame (ETF).

• (NC3) Convergence to self-duality: f (L−1)j + wj → 0, where f (L−1)j are unit vectors

pointing from x
(L−1)
0,j to x(L−1), defined analogously to (19), and wj are the rows of

WL, for j = 1, · · · , Q.

They consider balanced classes and decompose the mean square loss into the sum of a least-
squares term and the remainder, and then further decompose the least-squares term into
terms associated to the properties above:

C = CLS + C⊥LS = (CNC1 + CNC2,3) + C⊥LS . (32)

Further, they provide empirical evidence that C⊥LS becomes negligible fast during training.
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We will make some remarks comparing (32) with the cost decomposition (31) and the
results in this paper. The last line of (31) can be written in two different ways,

C =

Q∑
j=1

1

Nj

Nj∑
i=1

∣∣∣W (L)∆x
(τ,L−1)
0,j,i

∣∣∣2 +

Q∑
j=1

∣∣∣∣W (L)x
(τ,L−1)
0,j + b(L) − yj

∣∣∣∣2 (33)

=

Q∑
j=1

1

Nj

Nj∑
i=1

∣∣∣WL∆x
(L−1)
0,j,i

∣∣∣2 +

Q∑
j=1

∣∣∣∣WLx
(L−1)
0,j + bL − yj

∣∣∣∣2 . (34)

If we let bL = 0 and WL = WLS be the least squares matrix that minimizes the second term
in (34), then C = CLS , the first term in (34) is CNC1, and the second term is CNC2,3 (up
to constants). Comparing with the interpretation given after (31), this suggests that the
truncation maps in the hidden layers drive NC1, while the last-layer affine map is responsible
for NC2,3.

Let us compare the last-layer weights and biases obtained by minimizing according to

(34) and (33). For the rest of this section we take Y = 1Q×Q, X(τ,`) :=

[
x
(τ,`)
0,1 · · ·x

(τ,`)
0,Q

]
and

X(`) :=

[
x
(`)
0,1 · · ·x

(`)
0,Q

]
. In this work we have minimized with respect to (33),

W̃ (L) = (X(τ,L−1))+, b(L) = 0,

which yields

W̃L = W̃ (L)(W (L−1))+

= (X(τ,L−1))+(W (L−1))+.

Minimizing with respect to (34), as Han et al. (2022), gives

WL = (X(L−1))+, bL = 0.

We rewrite WL: from Proposition 2,

X(L−1) = W (L−1)X(τ,L−1) +B(L−1)

= W (L−1)
(
X(τ,L−1) + β(L−1)

)
for

β(L−1) := (W (L−1))+B(L−1),

assuming W (L−1) is surjective. Define the orthogonal projectors

PW := P(kerW (L−1))⊥ = (W (L−1))+W (L−1), (35)

PX := P
ran (X(τ,L−1)+β(L−1))

=
(
X(τ,L−1) + β(L−1)

)(
X(τ,L−1) + β(L−1)

)+
. (36)
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Then

WL =
(
W (L−1)

(
X(τ,L−1) + β(L−1)

))+
(1)
=
(
PW

[
X(τ,L−1) + β(L−1)

])+ (
W (L−1)PX

)+
,

where (1) follows from a result that can be found in the book by Campbell and Meyer (2009,
Theorem 1.4.1). Now, observe that

ran
(
X(τ,L−1) + β(L−1)

)
⊂ ran (W (L−1))+ =

(
kerW (L−1)

)⊥
, (37)

so

PWPX = PXPW = PX ,

and we conclude

WL =
(
X(τ,L−1) + β(L−1)

)+ (
W (L−1)PX

)+
.

If the sets in (37) are equal, then PW = PX and WL further simplifies to

WL =
(
X(τ,L−1) + β(L−1)

)+ (
W (L−1)

)+
,

so WL and W̃L would differ only in the β(L−1) term. This could be achieved, for instance,
by taking dL−1 = Q and X(τ,L−1) ∈ RM×Q injective (recall we are already assumingW (L−1)

to be surjective). Suppose this is the case, for simplicity, and consider two subcases:

• First, if b(L−1) = 0, then

WL = W̃L and b(L) = WLb
(L−1) + bL = bL = 0

and we are in the setting of Han et al. (2022). This constrains the cone at the last
nonlinear layer to be based at the origin.

• If we wish to consider strong neural collapse (SNC) as defined by Mixon et al. (2022),
then 9

x(L−1) = Q−1
Q∑
j=1

x
(L−1)
0,j = 0,

which implies that X(L−1) ∈ RQ×Q cannot be full rank. To conserve injectivity of
X(τ,L−1), we must have b(L−1) 6= 0, and therefore W̃L 6= WL. Indeed, SNC assumes

WLW
T
L =

√
Q

(
1Q×Q −

1

Q
uQu

T
Q

)
, bL =

1

Q
uQ,

9. Note that SNC is not reasonable if the penultimate layer features come from a ReLU neural network, as
x(L−1) = 0 would imply that x(L−1)

0,j,i = 0 for all j = 1, · · · , Q, i = 1, · · · , Nj . Still, the study of the ranks
of the matrices and comparison with the first subcase is instructive.
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and in that case not only is the last-layer weight matrix not the least squares matrix
(35), it is not surjective. To fit this, the constructions in Proposition 3 and Theorem
6 could be modified so that W (L) ∈ RQ×M has rank Q − 1 while still achieving zero
loss:

W (L) =
(
1Q×Q −B(L)

)
X(τ,L−1)+, b(L) =

1

Q
uQ.

The remarks in this section indicate that the constructions presented in this paper align
well with the framework of neural collapse, at least in certain cases or with minor adapta-
tions. Therefore, employing the truncation map as a tool to investigate the analytic and
geometric properties of deep neural networks could also be advantageous in this context.

7. Proof of Proposition 3

To prove the proposition, we use barycentric coordinates. We consider a point x ∈ RM to
be represented by

x =

Q∑
j=1

κjx0,j + x̃ (38)

where x̃ ∈ (span{x0,j}Qj=1)
⊥, and the means x0,j form the vertices of a Q-simplex for which

x is the barycenter (see Figure 1). Switching to these coordinates can be done when pre-
processing the data.

Proof Assume the data X0 is given in barycentric coordinates. We wish to construct
W (`), b(`), ` = 1, · · · , Q, such that ∆X

(τ,Q)
0 = 0, and the last layer can be explicitly solved

to achieve X(L) = Y ext.
Let

θ∗ := θ0 + max
j
θ∗,j ,

for some θ0 ≥ 0 such that θ∗ < π. For convenience we also require that θ0 is such that
θ∗ ≥ π

2 . Recall from (9)

P (`) = (W (`))+W (`)(W (`−1))+W (`−1) · · · (W (1))+W (1)

= (W (`))+W (`)P (`−1).

Induction base ` = 1. If we choose

W1 = W (1) := I(d0, d1)Wθ∗R1,

for Wθ∗ defined as in (16), and R1 ∈ O(d0,R) such that

R1f1 =
ud0
|ud0 |

,
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and also

b1 = b(1) := −W1(x0,1 + µ1f1),

for some µ1, then by Lemma 2,

τW (1),b(1)(x) =

{
P (1)x, x ∈ (x0,1 + µ1f1) + Cθ1 [f1],

P (1)(x0,1 + µ1f1), x ∈ (x0,1 + µ1f1) + Cθ1 [−f1].

Thus, we wish to find µ1 such that X0,1 is entirely contained in the backward cone, and⋃
j 6=1X0,j is entirely contained in the forward cone. We have chosen θ∗ such that⋃

j 6=1

B4δ(x0,j) ⊂ x0,1 + Cθ∗ [f1],

and so µ1 < 3δ suffices10 for⋃
j 6=1

Bδ(x0,j) ⊂ (x0,1 + µ1f1) + Cθ∗ [f1].

Then, as we have also assumed that θ∗ ≥ π
2 , and since in general11

Bδ(0) ⊂ −2δf + Cπ
2
[f ]

for any δ > 0 and unit vector f ∈ Rd0 , it is sufficient to assume that µ1 > 2δ for

Bδ(x0,1) ⊂ (x0,1 + µ1f1) + Cθ∗ [−f1].

Hence, for µ1 ∈ (2δ, 3δ),

τW (1),b(1)(X0,j) =

{
P (1)X0,j , j > 1,

P (1)(x0,1 + µ1f1)u
T
N1
, j = 1.

The induction step `− 1→ `. Assume

X
(τ,`−1)
0,j =

{
P (`−1)(x0,j + µjfj)u

T
Nj
, j ≤ `− 1,

P (`−1)X0,j , j > `− 1,
(39)

for some collection {µj}`−1j=1 ⊂ (2δ, 3δ). We will construct W (`), b(`) such that

X
(τ,`)
0,j = τW (`),b(`)(X

(τ,`−1)
0,j ) =


P (`)(x0,j + µjfj)u

T
Nj
, j < `,

P (`)(x0,` + µ`f`)u
T
N`
, j = `,

P (`)X0,j , j > `.

(40)

10. This is not optimal.
11. See appendix.

24



Interpretable Minima of Deep Neural Networks

Let

W (`) := I(d0, d`)Wθ∗R`,

b(`) := −W (`) (x0,` + µ`f`), (41)

for I(d0, d`) the projection defined in (15), µ` ∈ (2δ, 3δ) and R` ∈ O(d0,R) such that

R`h` =
ud0
|ud0 |

.

With these definitions and Lemma 2, we have the following truncation map with its associ-
ated cones,

τW (`),b(`)(x) =

{
(W (`))+W (`) x, x ∈ (x0,` + µ`f`) + Cθ` [f`],

(W (`))+W (`) (x0,` + µ`f`), x ∈ (x0,` + µ`f`) + Cθ` [−f`].

Just as in the base case, µ` < 3δ implies⋃
j 6=`

Bδ(x0,j) ⊂ (x0,` + µ`f`) + Cθ∗ [f`], (42)

so that
⋃
j 6=`X0,j sits in the forward cone, and µ` > 2δ implies

Bδ(x0,`) ⊂ (x0,` + µ`f`) + Cθ∗ [−f`]. (43)

so that X0,` sits inside the backward cone. However, now that the data has already been
truncated at least once, it takes a little more work to justify how τW (`),b(`) acts on each

X
(τ,`−1)
0,j .
For j < `, we have from (39) that

X (τ,`−1)
0,j = P (`−1)(x0,j + µjfj),

and since W (`)P (`−1) = W (`) by (11) in Lemma 1, we can use (17) to get

τW (`),b(`)(P
(`−1)(x0,j + µjfj)) = τW (`),b(`)(x0,j + µjfj).

We claim that

(x0,j + µjfj) ∈ (x0,` + µ`f`) + Cθ∗ [f`]. (44)

Indeed, note that for all j′ = 1, · · · , Q,

x = x0,j′ +
∣∣x0,j′ − x∣∣ fj′ , (45)

so it is clear that

x ∈ x0,` + Cθ∗ [f`],
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and if µ < |x0,` − x|, then also

x ∈ (x0,` + µf`) + Cθ∗ [f`]. (46)

By assumption (18),

δ <
1

4
min
j
|x0,j − x| ,

so in particular

µ` < 3δ < |x0,` − x| .

Again by (18) and (45),

µj < 3δ < |x0,j − x|

and (x0,j + µjfj) is in the line segment between x0,j and x, which is entirely contained in
the forward cone by (42), (46) and the convexity of the cone. Having proved (44),

X
(τ,`)
0,j = τW (`),b(`)

(
X

(τ,`−1)
0,j

)
= (W (`))+W (`)X

(τ,`−1)
0,j

= (W (`))+W (`)P (`−1)(x0,j + µjfj)u
T
Nj

= P (`)(x0,j + µjfj)u
T
Nj .

For j = `, we have assumed that

X (τ,`−1)
0,` = P (`−1)X0,`,

and once again by (11),

τW (`),b(`)

(
X

(τ,`−1)
0,`

)
= τW (`),b(`)(X0,`)

and we can use (43) in

X
(τ,`)
0,` = τW (`),b(`)

(
X

(τ,`−1)
0,`

)
= (W (`))+W (`)(x0,` + µ`f`)u

T
N`

(∗)
= P (`)(x0,` + µ`f`)u

T
N`
,

where (∗) follows from Lemma 1.
Similarly, for j > `,

X (τ,`−1)
0,j = P (`−1)X0,j ,
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and we can use (11) and (42) to compute

X
(τ,`)
0,j = τW (`),b(`)

(
X

(τ,`−1)
0,j

)
= (W (`))+W (`)X

(τ,`−1)
0,j

= (W (`))+W (`)P (`−1)X0,j

= P (`)X0,j ,

and we have proved (40).

Conclusion of proof. After L− 1 = Q steps,

X
(τ,Q)
0,j = X

(τ,Q)
0,j = P (Q)(x0,j − µjfj)uTNj ,

so ∆X
(τ,Q)
0,j = 0. In the last layer, we have from (8)

X(L) = W (Q+1)X
(τ,Q)
0 +B(Q+1).

It is easy to check that if (Xred
0 )(τ,Q) is full rank, then

W (Q+1) = Y ((Xred
0 )(τ,Q))+,

b(Q+1) = 0,

solve

W (Q+1)X
(τ,Q)
0 +B(Q+1) = Y ext, (47)

so that the cumulative parameters (41) and (47) define a neural network with weights and
biases (W ∗∗i , b∗∗i )Q+1

i=1 such that

X(L) = Y ext

and

C[(W ∗∗i , b∗∗i )Q+1
i=1 ] = 0.

It remains to check that Xred
0

(τ,Q)
∈ RM×Q is indeed full rank, which is the same as

checking that the set
{
P (Q)(x0,j − µjfj)

}Q
j=1

is linearly independent. First, note that the

set of vectors {(x0,j − µjfj)}Qj=1 is linearly independent: We have assumed that Xred
0 is

full rank, so the means x0,j form the vertices of a Q-simplex which spans a Q-dimensional
subspace of RM . Each −µjfj simply shifts a vertex of this simplex towards the barycenter
x in such a way that {(x0,j − µjfj)}Qj=1 forms a smaller simplex spanning the same Q-
dimensional subspace.
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Next, we need P (Q) to be suitably rank preserving. This can be done by changing the
matrices R̃ and RQ in the definitions of Wθ∗ and W (Q), respectively, as we explain now.
From (10) in Lemma 1,

P (Q) = (W (Q))+W (Q)

= (W (Q))T
(
W (Q)(W (Q))T

)−1
W (Q)

= (Wθ∗RQ)TI(d0, dQ)T (W (Q)W (Q)T )−1I(d0, dQ)Wθ∗RQ,

then Wθ∗RQ ∈ GL(d0,R), and I(d0, dQ)T is an inclusion, and so

(Wθ∗RQ)TI(d0, dQ)T (W (Q)W (Q)T )−1

does not change the rank of any matrix on which it acts.
We now turn to the action of I(d0, dQ)Wθ∗RQ. As we are working in barycentric coor-

dinates (38), we only care about the action of P (Q) on the first Q coordinates of any vector,
and so restrict our attention to the first Q columns of I(d0, dQ)Wθ∗RQ. Moreover, I(d0, dQ)
acts on Wθ∗RQ by cutting off all but the first dQ ≥ Q rows. Altogether, it is sufficient that
the first Q×Q block of Wθ∗RQ be invertible. Using the Laplace cofactor expansion of the
determinant, it can be shown that there exists a permutation of the rows of Wθ∗RQ that
achieves this.

Let P be the elementary matrix that realizes this permutation, and note that P ∈
O(d0,R). Then letting λ := λ(θ∗, θd0) in the following for notational convenience, and
expanding the definition of Wθ∗ from (16),

PWθ∗RQ = PR̃ diag(1, λ, · · · , λ)R̃TRQ

= PR̃ diag(1, λ, · · · , λ)R̃T (P TP )RQ

= (PR̃) diag(1, λ, · · · , λ)(PR̃)T (PRQ)

and so the permutation needed amounts to permuting the rows of R̃ and RQ. Recall the
definitions

R̃ed01 =
ud0
|ud0 |

= RQfQ. (48)

Clearly, Pud0 = ud0 , and so we can pick R̃ and RQ satisfying (48) and such that the block
(Wθ∗RQ)Q×Q is invertible, and P (Q) restricted to span {x0,j}Qj=1 is injective.

Finally, note that the global minimum we have constructed is degenerate, since we have
a family of cumulative bias terms (b

(`)
∗ [µ`])

Q
`=1 parametrized by (µ`)

Q
`=1 ⊂ (2δ, 3δ)Q.
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Appendix A. Geometry

As usual, we define the angle between two vectors u, v,∈ Rn to be

∠(u, v) := arccos
〈u, v〉
‖u‖ ‖v‖

.

Then

∠(u, v) ≤ θ

is equivalent to

〈u, v〉
‖u‖ ‖v‖

≥ cos θ.

A cross section of the largest cone centered around the diagonal in Rn is a closed (n−1)-
dimensional disk inscribed into the n-simplex. The angle θn of such a cone can be obtained
by analyzing a point in its boundary, such as the barycenter of any one of the faces. That
is, if we choose the j-th face, we consider

vj =
∑
i 6=j

1

n− 1
ei

In this case

‖un‖ =
√
n, ‖vj‖ =

1√
n− 1

,

〈un, vj〉 = (n− 1)
1

n− 1
= 1,

so that

∠(un, vj) = arccos

√
n− 1√
n

,

giving the expression (13) for θn.
In the proof of Proposition 3, we make the assumption θ∗ ≥ π

2 . Note that a cone based
at the origin with axis some unit vector f ∈ Rn will contain the ball Bδ(2δf) if it contains

δf + δf⊥

for any f⊥ a unit vector perpendicular to f . The smallest angle for which this holds is given
by

cos(θ) =
〈δf, δf + δf⊥〉
‖δf‖ ‖δf + δf⊥‖

=
‖δf‖√

‖δf‖2 + ‖δf⊥‖2

=
1√
2
,

or θ = π
2 .
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