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Abstract

Training neural networks with first order optimisation methods is at the core of the em-
pirical success of deep learning. The scale of initialisation is a crucial factor, as small
initialisations are generally associated to a feature learning regime, for which gradient
descent is implicitly biased towards simple solutions. This work provides a general and
quantitative description of the early alignment phase, originally introduced by Maennel et
al. (2018). For small initialisation and one hidden ReLU layer networks, the early stage of
the training dynamics leads to an alignment of the neurons towards key directions. This
alignment induces a sparse representation of the network, which is directly related to the
implicit bias of gradient flow at convergence. This sparsity inducing alignment however
comes at the expense of difficulties in minimising the training objective: we also provide a
simple data example for which overparameterised networks fail to converge towards global
minima and only converge to a spurious stationary point instead.
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1. Introduction

Artificial neural networks are nowadays used in numerous applications (He et al., 2016;
Jumper et al., 2021). A part of their success originates from the ability of optimisation
methods to find global minima, despite the non-convexity of the training losses; as well
as the good generalisation performances obtained despite a large overparameterisation and
an interpolation of the data (Zhang et al., 2021; Geiping et al., 2021; Liu et al., 2020).
The understanding of these two generally admitted reasons yet remains very limited in the
machine learning community. Recently, different lines of work advanced our comprehension
of the empirical success of neural networks. First, Mei et al. (2018); Chizat and Bach (2018);
Wojtowytsch (2020); Rotskoff and Vanden-Eijnden (2022) proved convergence of first order
optimisation methods towards global minima of the training loss for idealised infinite width
architectures. On the other hand, benign overfitting occurs in many different statistical
models, i.e., the learnt estimator yields a small generalisation error despite interpolating
the training data (Belkin et al., 2018; Bartlett et al., 2020; Frei et al., 2022; Tsigler and
Bartlett, 2023).

This surprisingly good generalisation performance of neural networks is often attributed
to the implicit bias of the used optimisation algorithms, that do select a specific global
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minimum of the objective function (Neyshabur et al., 2014; Zhang et al., 2021). For linear
neural networks, implicit bias has been thoroughly characterised (Ji and Telgarsky, 2019;
Arora et al., 2019b; Yun et al., 2021; Min et al., 2021; Varre et al., 2023). In the presence of
non-linear activations, e.g., ReLLU, the implicit bias is much harder to characterise (Vardi
and Shamir, 2021). In the classification setting, the learnt estimator is proportional to the
min-norm margin classifier (Lyu and Li, 2019; Chizat and Bach, 2020). It is yet much
more unclear in the regression case, for which it has only been characterised for specific
data examples. In particular, Boursier et al. (2022) suggest that gradient flow is biased
towards minimal norm interpolators; while other works suggest it induces sparsity in the
representation of the network, in the sense it could be represented by a small number of
neurons (Shevchenko et al., 2022; Safran et al., 2022; Chistikov et al., 2023). Although
different (Chistikov et al., 2023), both notions of minimal norm and sparsity seem closely
related (Parhi and Nowak, 2021; Stewart et al., 2023; Boursier and Flammarion, 2023). A
similar implicit bias towards low rank solutions has been conjectured for matrix factorisation

(Gunasekar et al., 2017; Arora et al., 2019a; Razin and Cohen, 2020).

Due to the non-convexity of the considered loss, the convergence point of training cru-
cially depends on the choice of initialisation. Large initialisation is known to lead to the
Neural Tangent Kernel (NTK) regime, for which gradient descent provably converges ex-
ponentially towards a global minimum of the training loss (Jacot et al., 2018; Du et al.,
2018; Arora et al., 2019b). Unfortunately, this regime is also associated with lazy training,
where the weights parameters only slightly change (Chizat et al., 2019). As a consequence,
features are not learnt during training and can lead to a poor generalisation performance
(Arora et al., 2019b).

On the other hand, smaller initialisations, such as in the mean field regime, yield a
favorable implicit bias (Chizat and Bach, 2020; Jacot et al., 2021; Boursier et al., 2022),
while still having some convergence guarantees towards global minima (Chizat and Bach,
2018; Wojtowytsch, 2020). However, this regime is more intricate to analyse and still
lacks strong results on both convergence guarantees and implicit bias. In this objective,
a recent part of the literature focuses on a complete description of the training dynamics,
for both classification and regression, with specific data assumptions such as orthogonally
separable (Phuong and Lampert, 2020; Wang and Pilanci, 2021), symmetric linearly sepa-
rable (Lyu et al., 2021), orthogonal (Boursier et al., 2022), positively correlated (Wang and
Ma, 2023; Chistikov et al., 2023; Min et al., 2024) or XOR-type data (Glasgow, 2024).

In particular, these works rely on a first early alignment phase, during which the neurons’
weights all align towards a few key directions, while remaining small in norm and having
no or little impact on the estimator prediction. In their seminal paper, Maennel et al.
(2018) first described this key phenomenon, providing general heuristics for infinitesimal
initialisation scale. This phase, specific to small initialisation and homogeneous activations,
thus already induces some sparsity in the directions represented by the network and seems
key to a final implicit bias with similar sparsity induced properties. This early alignment is
not specific to the one hidden layer (Jacot et al., 2021) and has been empirically observed
with more complex architectures and real data (Gur-Ari et al., 2018; Atanasov et al., 2021;
Ranadive et al., 2023).
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Contributions. Our contribution is twofold. First, we characterise the early alignment
phenomenon for small initialisation, one hidden (leaky) ReLU layer networks trained with
gradient flow in a general setup covering both classification and regression. A general study,
i.e., holding for general datasets, of the so-called alignment has only been proposed by Maen-
nel et al. (2018). This previous study however fails at precisely quantifying this alignment,
since it follows heuristic arguments, for infinitely small initialisations. In opposition, we
provide a finite time, macroscopic initialisation and rigorous analysis of the early alignment
phase. As a consequence, our result (Theorem 1) can be directly applied to numerous pre-
vious works characterising the training dynamics of one hidden layer neural networks, to
describe their first phase of dynamics.

Second, we apply this result to analyse the complete dynamics of training on a specific
data example, for which gradient flow converges towards a spurious stationary point. In
particular, our result implies that for small initialisation scales, interpolation might not
happen at the end of training, even with an infinite number of neurons and infinite training
time. This failure of convergence for largely overparameterised networks is suprising, as
it goes in the opposite direction of previous works (Chizat and Bach, 2018; Wojtowytsch,
2020). This negative result highlights the importance of weights’ omnidirectionality to
reach global minima, a property that can be lost by early alignment for non-differentiable
activations.

Overall, our work provides a general description of the early alignment phenomenon for
small initialisations. This early phase presents clear benefits as it induces some sparsity of
the network representation, that can be preserved along the whole trajectory. However, this
benefit also comes at the expense of minimising the training loss, even on relatively simple
datasets.

The concurrent works of Kumar and Haupt (2024); Tsoy and Konstantinov (2024) also
provide a mathematical description of the early alignment, with the main differences that
these results i) hold for a different set of assumptions (e.g. smooth activations or assuming
a unique solution of the gradient flow); ii) do not provide a quantitative bound on the
initialisation scale at which early alignment happens. As a consequence of the second point,
their results do not hold in the limit of infinite width network. In contrast, our main
Theorem 1 holds for this mean field limit, which is a key feature of our no-convergence
result in Theorem 2.

2. Setting

We consider n data points (T, yk)repn) With features x, € R? and labels y, € R. We also
denote by X = [z1,... ,xn]T € R™ 4 the matrix whose rows are given by the input vectors.
A two-layer neural network is parameterised by 6 = (w;, a;) (m] € R™*(@+1) corresponding
to the estimated function

JjE
he : x — Zaja(<wj,:c)), (1)
j=1

where o is the (leaky) ReLU activation defined as o(z) := max(z,yx) with v € [0,1]. The
parameters w; and a; respectively account for the hidden and output layer of the network.
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Note that Equation (1) does not account for any bias term, as a simple reparameterisation
of the features £ = (z,1) allows to do so.

Training aims at minimising the empirical loss over the training dataset defined, for
some loss function £ : R? — R, by

L(9) = %Zﬁ(he(ﬂck), Uk)-
k=1

As the limiting dynamics of gradient descent with infinitesimal learning rate, we study a
solution of the following differential inclusion, for almost any t € R,

deot '

u € —0pL(0"), (2)
where 0y L(0) is the Clarke subdifferential of L at 6 (Clarke, 1990). Although the loss is not
differentiable, the chain rule can still be applied for ReLU networks (Bolte and Pauwels,
2020, 2021), which is crucial to our analysis.

In the following, we consider a general loss function with minimal properties, covering
both classical choices of square loss, £(7,%) = (J — y)?, and logistic loss with binary labels,
U3,y) = In(1 + ).

Assumption 1. For any y € R, the function y — £(y,y) is differentiable. Moreover its
derivative, denoted by 01L4(-,y), is 1-Lipschitz and verifies 014(0,y) # 0 for any y # 0.

The existence of a global solution to Equation (2) is guaranteed (see, e.g., Aubin and
Cellina, 2012, Chapter 2). However, such solutions can be non-unique since the loss function
is not continuously differentiable in #. In the following, any global solution of Equation (2)
is considered.

Initialisation. The choice of initialisation is crucial when training two-layer neural net-
works, since the considered optimisation problem is non-convex. The m neurons of the
neural network are here initialised as

(a?a wjo) -

jm@,uvj), 3)

where A > 0 is the scale of initialisation (independent of m) and (a;,w;) are drawn i.i.d.

such that almost surely®

|aj| = [[w;]| for any j € N7, (4)

-
ihgls

and &? <1 for any k € N*. (5)

1

<
Il

The ﬁ factor in Equation (3) characterises the feature learning (or mean field) regime. In

absence of this ﬁ term, no relevant feature would be learnt as it corresponds to the lazy
regime (Chizat et al., 2019). Since the scale of a? can be controlled through A, Equation (5)

is compatible with any classical initialisation. In particular, it holds almost surely when a;

1. Equation (5) is stated for any k (not just kK = m), since we aim at stating results with constants that do
not depend on the width m.
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is bounded and it holds with high probability if a; is sub-Gaussian. As an example, any

initialisation where
A A A
0 0
aj c {—\/m, \/m} and 'U)J NZ/{ <B(O, \/m)) y
satisfies the above description.

2.1 Notations

We note f(A,t) = O(g(\t)) if there exists a constant ¢ > 0 that only depends on
the dataset® (zx,yr)repn) such that |f(X,2)] < cg(X,t) on the considered set for A and ¢.
Occasionally, we note f(A,t) = On(g(A, t)) if the constant ¢ > 0 depends on the dataset and
an extra parameter a. Conversely, we note f = Q(g) if g = O (f). We also note f = O(g)
if both f = O (g) and f = Q(g).

Along the paper, the detailed proofs are postponed to the appendix, for sake of read-
ability.
3. Weight Alignment Phenomenon

This section aims at precisely quantifying the early alignment phenomenon in the setting
of Section 2. For each individual neuron, Equation (2) rewrites

ditj € a§-©§- and d—tj € <w§-,©§-), (6)

Lo = Lif (wh, xp) >0
where ”}33 = CD(w;-,Ht) = { - analﬁ(hgt(xk),yk)wk VEk € [n],ne ¢ = v if (w},zx) <0
k=1 € [v, 1] otherwise
In the following, we also note by D(w,#) the minimal norm subgradient, which is uniquely
defined and happens to be of particular interest:

D(w,0) = argmin || D]z .
De®d(w,0)

Note that the set Dz only depends on the parameters through the estimated function hy:
and the activations of the neuron A(w?) where A is defined by
RY — {-1,0,1}"

A s (sign((w,24))) ey

where sign(0) := 0 by convention. We thus also note in the following for any v € {—1,0,1}™:
D, =D (w,0) for any w € A~(u), since its definition does not depend on the choice of w.
If u ¢ A(R?), we note ©,, = () by convention.

Our whole analysis relies on a first well known result, corresponding to the balancedness
property (Arora et al., 2019b; Boursier et al., 2022).

2. It is yet independent of the number of neurons m.
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Lemma 1 (Balancedness). For any j € [m] and t > 0, (a§)2 — Hw§|]2 = (a?)2 — Hw?HQ.

Continuity of the neuron weights and Equation (4) then ensure that the sign of a§-
remains constant during the whole training. We also make the following assumption on the
data.

Assumption 2. The data points (xy,yx) for any k € [n] are generated independently,

following a distribution that is absolutely continuous with respect to the Lebesque distribution
on RIFL,

Assumption 2 allows to avoid degenerate situations due to data. In particular, it is
required to ensure the following Lemma 2, as well as Lemmas 9, 10 and 11 in the appendix.

Lemma 2. If Assumptions 1 and 2 hold, then almost surely, for any u € {—1,0,1}"
Dy N <8A_1(u) U —aA—l(u)) —0 or0 €Dy,

where A=Y (u) denotes the closure of A~'(u) and OA~'(u) is the boundary of the manifold
A=Y (u). Also, any family (01£(0, yy)xk)k with at most d vectors is linearly independent.

The boundary of the manifold A~ (u), which is different from the topological boundary
(see, e.g., Tu, 2011, Section 22), is here given by
>0ifu, =1
OA Y (u) = {w € R | Vk € [n],sign((w, z1)) { = 0 if up = 0 and A(w) # u}
<0ifup =-—1

Lemma 2 proves useful in our analysis, as it ensures that all the neuron dynamics at the
end of the early alignment phase occur in the interior of the manifolds A~!(u), enabling to
control these neurons. Following Maennel et al. (2018), Definition 1 introduces extremal
vectors, which are key to the early alignment.

Definition 1. For any u € {—1,0,1}", the vector D € ©,, is said extremal if D # 0 and
De A"t u)UAt(u).

Extremal vectors actually correspond to the critical points (up to rescaling) of the
following function on the unit sphere

Sd —R
w — (w, D(w,0)) (™)

The function G is piecewise linear. It is indeed linear on each activation cone A~ (u) C R%.
As a consequence, it has at most one critical point per cone. In general, the number of
extremal vectors is even much smaller than the number of activation cones, since some of
the cones do not include any critical point. Understanding the function G is crucial, since
it is at the core of the early alignment phase.

Lemma 3. If Assumptions 1 and 2 hold, there exists almost surely at least one extremal
vector.

In the early alignment phase, the parameters norm remains small so that hgy =~ 0.
t

Meanwhile, the vectors % approximately follow an ascending sub-gradient flow of G on the
J



EARLY ALIGNMENT IS A TwO-EDGED SWORD

unit ball of R? (see Equation (8) in the proof sketch of Theorem 1). Since this directional
movement happens much faster than the norm growth of the parameters, the vectors w§
end up being aligned in direction to the critical points of G, i.e., the extremal vectors.
Theorem 1 precisely quantifies this phenomenon for every neuron satisfying Condition 1

below.

Condition 1. The neuron j € [m] satisfies Condition 1 for ag > 0 if both
O
1. (D(w},0) fg —/1—ad||D(w
.7

2. for anyt € R,: w§:0 - w?:Oforallt’Zt.

The meaning and necessity of this individual neuron condition is discussed further in
Remarks 1 and 2 below.

Theorem 1. If Assumptions 1 and 2 hold and the function G defined in Equation (7) does
not admit a saddle point, then the following holds for any constant € € (0, %), ag > 0 and

initialisation scale A < Ay, where Ay > 0 only depends? on the data (xy,yx)k, o and the
eln(X)

activation parameter ; with Dmax = max |D(w,0)| and T := —F-=*,
weR max

(i) output weights do not grow large until 7:

Vit < T,Yj € [m], |a(;|)\2‘E < |a§~| < |a?|)\_2€ and ||w§]| < |a§-|.

(ii) Moreover, for any neuron j satisfying Condition 1 for ap, D(wj,0) is either an
extremal vector or 0, along which w7 is aligned:

1D}, 0)]| > (D(w},0), =2} > [ID(w},0)]| - Ou, ()\ )
J
or i = — D(w},O) .
fwrll =~ [D(wr, 0)]

Also, the direction towards which w]T- is aligned corresponds to a local mazimum (resp.
minimum) of G if a? >0 (resp. a? <0).

Theorem 1 describes for a small enough scale of initialisation the early alignment phase,
which happens during a time of order 5111(%) at the beginning of the training dynamics.
First, the neurons all remain of small norm during this phase—while the term A\~2¢ grows
large as A\ — 0, the other term \a?] also scales in A\, making their product bounded and
arbitrarily small as A — 0.

Second, neurons end up aligned towards a few key directions, given by extremal vec-
tors. There are indeed few such directions: as a first observation, there is at most one
extremal vector D(w,0) per activation cone, and there are at most O (min(3”,nd)) such
cones (see e.g., Cover, 1965, Theorem 4). In general, the number of extremal vectors is
even much smaller. For example, studies describing the complete parameters dynamics
(Phuong and Lampert, 2020; Lyu et al., 2021; Boursier et al., 2022; Chistikov et al., 2023;
Min et al., 2024; Wang and Ma, 2023) all count either one or two extremal vectors—with

3. The exact value of A}, is given by Equation (21) in Appendix D.
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the exception of Glasgow (2024), where the population loss counts 4 extremal vectors (we
refer to Appendix G for more details about this fact). The subsequent work of Boursier
and Flammarion (2024) even goes beyond, by studying the extremal vectors of G when the
number of data points grows to infinity. In particular, they showed that for some linear
data model, there are only two extremal vectors for large number of training samples. A
general understanding of the number of extremal vectors yet remains open. We believe this
quantization of represented directions to be closely related to the implicit bias of first order
optimisation methods and elaborate further on this aspect in Section 6.

Note that some neurons w7 are not aligned towards extremal vectors but instead have
D(w;, 0) = 0. Thanks to the first point of Lemma 11 in Appendix D, this means that the
neuron is deactivated with all data points x;. As a consequence, it does not move anymore
during training and has no impact at all on the estimated function hge, i.e., these neurons
can be ignored after the early alignment phase.

The complete proof of Theorem 1 is given in Appendix D and is sketched below, at the
end of this section.

Remark 1. The first point of Condition 1 only bounds away from —1 the alignment of w§
with D(wﬁ-, 0). When ag — 0, this covers all the neurons with probability 1. However, when
fizing ag > 0 and let m go to infinity, a (small) fraction of neurons does not satisfy this
condition. These neurons are hard to control, as their alignment speed is arbitrarily slow
at the beginning of the procedure (see Equation (8)): they can then take an arbitrarily large
time before being aligned to some extremal vector.

Remark 2. Neurons such that w;(t) = 0 at some time can spontaneously leave 0 in a way
that cannot be controlled—both in the time at which it leaves, and in the direction at which
it does so—due to the multiplicity of subgradient flow solutions of Equation (2). The second
point in Condition 1 then restricts the analysis to natural solutions, by assuming that as
soon as a neuron is 0, it does not move anymore. This is what generally happens in practice
for ReLU activations, where we fiz o’ (0) = 0 in common implementations. Another way
to ensure this point is to consider a balanced initialisation |a?| = Hw?” In that case, a
simple Gronwall argument allows to show that both az- and w§- never cancel, automatically
guaranteeing the second point of Condition 1. Adding weight decay to the optimisation
scheme (with any choice of reqularisation parameter) would also ensure the second point of

Condition 1.

A significant assumption in Theorem 1 is that G has no saddle point. While G can
have saddle points in complex data cases, we stress that the absence of saddles for G is also
a significant possibility and covers all previous works describing the complete parameters
dynamics (Phuong and Lampert, 2020; Lyu et al., 2021; Boursier et al., 2022; Chistikov
et al., 2023; Min et al., 2024; Wang and Ma, 2023; Glasgow, 2024), as well as any 2-
dimensional data.* As a consequence, the first phase of training in these works is fully
grasped by Theorem 1. The additional technical contribution of Glasgow (2024) for the
first phase lies in further bounding the difference between gradient flow and SGD during
this early alignment phase and we detail further in Appendix G how our results can be
applied to the XOR data setting studied by Glasgow (2024). We provide in Appendix E

4. We refer to Lemma 15 for a proof of this fact.
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an adapted version of Theorem 1 that holds in the presence of saddle points, but requires
a stronger condition on the neurons.

The presence of saddle points is much harder to handle in general, as neurons can
evolve arbitrarily slowly near saddle points. Providing a finite time convergence for such
neurons then does not seem possible. Additionally, non trivial phenomena can happen
in the presence of saddle points that are due to the non-continuity of the loss gradient.
Notably some non-zero neurons can spontaneously leave their activation regions in a way
that cannot be uniformly controlled, due to the multiplicity of gradient flow solutions of
Equation (2). In Appendix E, we again consider specific gradient flow solutions to control
such phenomena, via Condition 2.

Recall that Assumption 2 is only required so that Lemmas 2, 9, 10 and 11 hold. A
deterministic version of both Theorems 1 and 3 is then possible without Assumption 2, if
we ensure that Lemmas 2, 9, 10 and 11 all simultaneously hold.

The concurrent works of Tsoy and Konstantinov (2024); Kumar and Haupt (2024) pro-
vide a complementary characterisation of this early alignment phase. Notably Tsoy and
Konstantinov (2024) characterize, for smooth activations, the early alignment as well as
the first growth of neurons cluster occurring after this alignment. As an artifact of their
analysis, they also require an odd data dimension d. On the other hand, Kumar and Haupt
(2024) describe the early alignment for more general network architectures, assuming a
unique gradient flow solution.

In contrast to our work, their results do not quantify the initialisation scale A7 at which
this early alignment phase happens. Theorem 1 indeed provides a quantitative bound on
such a scale, given by Equation (21) in Appendix D. Importantly, this bound does not
depend on the network width m. This point is crucial in Section 4 as it leads to results
that hold for any value of m and thus remain valid in the mean field limit when m — oc.
Our Theorem 2 in Section 4 being valid in the mean field limit is a crucial point, since
it implies that the seminal result by Chizat and Bach (2018) of global convergence of
overparameterised networks does not extend to the non-smooth case. This relation to
Chizat and Bach (2018) is discussed further in Section 6.

Although our scale threshold A} is independent of m, it still depends in the data.
It is unclear how this threshold scales with quantities of interest, such as the number of
training samples n or the data dimension d. Given the generality of the data considered here
(Assumption 2), we cannot expect a more precise description of this dependence. However,
we believe such a description to be both of interest and feasible for typical data models. In
particular, the subsequent work of Boursier and Flammarion (2024) studies the evolution
of this scale threshold with both n and d for a linear data model with Gaussian inputs.

Sketch of proof. The first point of the proof follows from a simple Gronwall inequality
argument on Equation (6), using the fact that \a?\ > ||w§|] for any ¢t by balancedness.
From the first point, hg:(zp) = O ()\2*45) during the early alignment phase. As a
consequence, we can derive the following approximate ODE almost everywhere:
d(w}?,D(w;-,O))
dt

= 1D (wj, 0)|* — {wj, D(wj, 0))* = O (\*7*),, (8)
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¢
where W; = % is the direction of the neuron j. If a§ > 0 (resp. a§- < 0), this equality
J

corresponds to an approximate projected gradient ascent (resp. descent) of G on the unit
ball.

In a first time, thanks to Condition 1, [{w!, D(w},0))] is bounded away from || D(w}, 0)]|,
which ensures that <W§», D(wﬁ-, 0)) is increasing at a rate €2q,(1), until either D(w;Q, 0)=0
or |<w§-2, D(w?, 0))| is close to |[D(w},0)]| for some time ta = Oy (1).

The former case implies that the neuron is deactivated for the remaining of the training,
and thus D(w},0) = 0. The second case implies w} is close in direction to D(w},0).
Moreover since (w’, D(w},0)) is increasing at the start of training and G has no saddle
points, D(wﬁ-, 0) corresponds to a local maximal direction of G if a? > 0 (and minimal if
ag <0).

As a consequence, we can show by studying the local maxima (or minima) of G that
if W§-2 is negatively correlated with D(wﬁ?, 0), it is positively proportional to —D(w?, 0).
From there, w§- stays aligned with —D(w?, 0) until 7 and only changes in norm. If instead
w;? is positively correlated with D(w?, 0), then we have a stability result (Lemma 13 in
Appendix D.5) showing that

A(w}) = A(w?) for any ¢ € [t2, 7). 9)
In other words, D(w§,0) is constant on [ta, 7], so that Equation (8) is close to an ODE
of the form f/(t) = ¢ — f(t)? on this interval. It then implies, by Grénwall comparison,
exponential convergence of <W§<, D(wﬁ-, 0)) towards ||D(w§-, 0)|| and allows to conclude the
second point of Theorem 1. ]

Although these arguments are rather intuitive, their rigorous proof is tedious. Indeed,
the estimated function hg: is not exactly 0. It is only close to 0 during the early alignment
phase, so that the neurons’ dynamics are not exactly controlled by the vectors D(w;?, 0),
but small perturbations of these vectors. As a consequence, we have to control carefully
all the perturbed dynamics. In particular, showing the stability of the critical manifolds,
i.e., Equation (9), is quite technical and is done in Appendices D.4 and D.5. The fact that
stability is still preserved when slightly perturbing the vectors D(w;t-7 0) largely relies on
Assumption 2.

4. Convergence Towards Spurious Stationary Points

As explained in Section 6 below, the early alignment phenomenon has an interesting impact,
especially on the implicit bias of gradient descent. However, it can also lead to undesirable,
counter-intuitive results. This section aims to demonstrate that, in simple data examples,
the early alignment phenomenon can be the cause of largely overparameterised neural net-
works converging to spurious stationary points. Such a result is somewhat surprising, as
most of the current literature suggests that with a large enough number of neurons in the
mean field regime, the learnt estimator converges towards a zero training loss function. This
discrepancy with previous results is discussed further in Section 6.

10
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We consider in this section the particular case of regression with ReLLU activation:
o(z) = max(0,z) and
1

(G:y) = 50— )" (10)

We consider the following 3 points data example (n = 3 in this section).
Assumption 3. The data is given by 3 points (zy,yx) € R3, for some n >0,
21 € (=1, =1+n] x [L,1+n] and y1 € [1,1+n};
xg € [=n,n] x [1 —n,1+ 7] and y2 € (0,7};
xz3 €[1—mn,1)x[1,1+n] and y3 € [1,1 + 7).
This assumption corresponds to a non-zero measure set of R3*3, so that it cannot be
considered as a specific degenerate case. Also setting all the second coordinates of the xy

to 1 is possible and would correspond to the univariate dataset shown in Figure 1 below,
with bias terms in the hidden layer of the network.

0.84
0.6 1
0.44
0.2

—0.75 —0.50 —0.25 0.00 0.25 0.50 0.75
x

Figure 1: example of univariate data verifying Assumption 3 with n = é.
The second coordinate of the features x; is here fixed to 1 to take into
account bias terms of the neural network.

Theorem 2. Let f* = (XTX)f1 X Ty be the ordinary least squares estimator of the data.
If Assumption 8 holds with n < é, then there exists some constant X\ = O(1) such that for
any X < X and m € N, the parameters 6' converge to some 0, such that

ho (xx) = x B for any k € [n].

In particular, it satisfies lim;_ oo L(6%) > 0.

A more refined version of Theorem 2, stated in Appendix F, even states that the learnt
estimator is very close the positive part of the linear, ordinary least squares estimator,
when taking A — 0. With the data example given by Assumption 3, the linear estimator
corresponding to 5* does not fit all the data, while a simple two-neurons network can.
In conclusion, although the data still seems easy to fit, Theorem 2 implies that for an
initialisation scale smaller than 5\, the learnt parameters converge towards a spurious local
stationary point.

11
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The scale of initialisation A does not depend on the width m, but solely on the training
data. In particular, Theorem 2 even holds in the limit m — oco. Even though this result
might seem to contradict known global convergence results in the infinite width limit at
first hand (Chizat and Bach, 2018; Wojtowytsch, 2020), it is actually compatible with these
results and highlights the importance of some assumptions that appear to be technical in
nature (differential activation or infinite data) to get these global convergence results. A
further discussion on this aspect is given in Section 6.

The proof of Theorem 2 describes the complete dynamics of the parameters ¢ during
training. This dynamics happens in three distinct phases, described in detail in Section 4.1.
In particular, the first phase of the proof is a direct consequence of our early alignment result
given by Theorem 1. Because of this alignment, the positive neurons then nearly behave as
a single neuron, which is positively correlated with all data points. From there, adding a
neuron with negative output weights only increases the training loss, for any direction of the
weight. As a consequence, it becomes impossible to activate a new direction while training
and the network remains equivalent to a single neuron one until the end of training.

Remark 3. The condition n < % does not seem to be tight and is only needed for analytical
reasons here. In Section 5, a similar result is empirically observed for a larger n. We
provide in Appendiz A more general data assumptions for which Theorem 2 still holds.

4.1 Sketch of Proof

This section provides a sketch of proof for Theorem 2. In particular, the proof relies on the
description of a three phases training dynamics as follows.

1. The first phase corresponds to the early alignment one, after which all the neurons
with positive output weights are aligned with the single extremal vector.

2. During the second phase, the neurons with positive output weights all grow in norm,
while staying aligned. After this phase, the estimated function hy: is already very
close to the single neuron network represented by 8*.

3. During the last phase, a local Polyak-Lojasiewicz (PL) argument allows to state that
the parameters 6 do not significantly move and converge at an exponential speed
towards the linear estimator 3*.

The first and second phase are a mere consequence of the fact that for our data example,
there is a unique extremal vector given by % > 4—1 Ykxk. The third phase on the other hand
is a consequence of both that i) all positive neurons are aligned and behave as a single neuron
at the end of the early alignment phase; ii) the data is designed so that adding any negative
ReLLU neuron to the linear estimator will only increase the training loss. In consequence, no
additional neuron will be “created” during this third phase and the estimator will remain
equivalent to 5*.

12
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4.1.1 PHASE 1

The first phase of the training dynamics is the early alignment one and can be fully described
by Theorem 1. First define the sets

T={iem]|al>0and 3k € [n], (w?,z;) > 0},

79

N ={iem]|a)<0}.

Also define the vectors
n

1 n
Dl=—-=) (h = i .
- > (hgt(zi) —yr)wr and D - > ykn
k=1 k=1

An important property of the considered dataset is that there is a single extremal vector,
given by D*, and all data points are pairwise positively correlated. During the first align-
ment phase, all the neurons with positive output weights then end up aligned with D* as
stated by Lemma 4 below.

Lemma 4 (Phase 1). Under Assumption 3 with n < %, for any € € (0, %), A< X and
—eln(N)

7— = Dmax .

1. Positive neurons are aligned with D*: ¥i € I,(D*, 1:—;> = ||ID*|| — O(X¥) and o) <
a; < a?)\*%.

2. Negative neurons’ norm decreased: Yi € N,a? < al <0.

3. Remaining neurons do not move during the whole training: Vi ¢ TUN,Vt € Ry, w! =

0 t _ 0
w; and a; = a; .

Lemma, 4 is a direct application of Theorem 1, up to additional minor remarks, that are
specific to Assumption 3. It does not allow to control the directions of the neurons in V.
Such a control is actually not needed since the norm of the neurons in N stays close to 0
in the following phases.

4.1.2 PHASE 2

At the end of the first phase, the neurons in Z are aligned with D* and positively correlated
with all the points x;. From there, their norm grows during the second phase, while the norm
of neurons in A remains close to 0. While the neurons in Z grow in norm, their direction
also changes. Controlling both their direction and norm simultaneously is intricate and
split into two subphases (2a and 2b) detailed below. At the end of this norm growth and
change of direction during the second phase, the group of positive neurons almost behave
as the optimal linear regressor 8*. In other words with 73 the end of the second phase, we
have

Za?w? ~fp* and VieZVke ], (w? ) >0.
1€T

The second inequality implies that each neuron ¢ € Z behaves linearly with the data points
despite the ReLLU activation.

13
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Phase 2a. The subphase 2a is the first part of the phase 2. During this part, the norms of
the neurons in Z grow until reaching a small, but ©(1) threshold given by 3. We choose €5
small enough, so that during this phase D! = D* + O (g3). As a consequence, the dynamics
of the neurons during this part is not much different than in the early alignment phase.
This behavior leads to Lemma 5 below.

Lemma 5 (Phase 2a). Consider e, fized by Lemma 4. Under Assumption 3 with n < %,
there exist constants ¢, e5 = O(1) such that for any ey € [c’/\g,gg] and X\ < A, there is some
Ty € (T,00) such that

1. positive neurons norm reach the threshold: >, .7 (al?)? = e;

2. positive neurons are positively correlated with all data points: Vi € I,k € [n], (w]?, x)) =

Q(1);

3. positive neurons are nearly aligned: Vi,j € L, <W?,W;2> =1-0 ()\1_5);

4. megative neurons’ norm decreased: Vi € N, ag <a* <0.

Note that the third point of Lemma 5 only states that the positive neurons are pairwise
aligned, while Lemma 4 stated that they were aligned with D*. This is because at the
time 719, the positive neurons might not be aligned anymore with D* at a precision level A.
The direction of the positive neurons might indeed have slightly moved away from D*, but
all the positive neurons kept a common direction during this phase. This property proves
useful in the following, as we want the neurons in Z to behave as a single neuron, i.e., we
want them all pairwise aligned.

Phase 2b. At the end of the first part, given by the Phase 2a, the positive neurons’ have
a norm €9 and are on the verge of exploding in norm. The Phase 2b corresponds to this
explosion until the positive neurons almost correspond to the optimal linear regressor 3*.
More precisely for some €3 > 0, the Phase 2b ends when

* T3 T3
B E:ai w;

i€

< £3.

Lemma 6 below states that this condition is reached at some point, while the negative
neurons remain small in norm and the positive neurons are still positively correlated with
all data points.

Lemma 6 (Phase 2b). Consider ,eq, 70 fized by Lemma 5. Under Assumption 3 with
n < %, there exist constants c3 = ©(1) and &5 = ©(1) depending only on the data, such that
if 9 < &5 and 3 > A2 and X\ < A, after some time T3 € [T2, +00),

1. positive neurons behave as the optimal linear regressor: HB* — Y ier a?w?H <es;
2. positive neurons are still nearly aligned: Vi, j € T, (w;*>,w;*) =1 — O (X°);

3. positive neurons are positively correlated with all data points: Vi € I,Vk € [n],

w,
<ﬁ7 l’k) = Q(l)’

14
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4. negative neurons’ norm is small: Vi € N',a) A\~ < a®* < 0.

The main argument in the proof of Lemma 6 is that the Phase 2b happens in a time of

order® O (%ﬁ”’)) Since we choose A very small with respect to €9, €3, this time can be

seen as very short. In comparison, the phase 2a ends after a time of order —In(\). In this
short amount of time, the norm of the negative neurons cannot grow significantly enough
and the positive neurons cannot significantly disalign. Thanks to the latter and the specific
structure of the data, the positive neurons remain positively correlated with all data points
during the whole second phase.

4.1.3 PHASE 3

The third phase is only theoretical since it describes infinitesimal movement towards the
convergence point 8*. For this phase, we define for 4,84 > 0,

= inf{t > 1y ‘ 16 — 07 ||s > e or Fi € T,k € [n)(wh, ) < 54”:%”}.

Lemma 7 (Phase 3). If Assumption 3 holds with n < g,

Lemma 6. There are positive constants A, £5,€1, 03 = O(1) such that if we also have \ < A,
€3 <€}, €4 = € and 64 < &}, then 74 = 0o. Moreover, there then exists 0°° such that

consider €,e9,€3,T3 fized by

1. the parameters converge towards some limit: tlim 6t = 0>;
— 00

2. all the neurons of this limit behave linearly with the training data:
Vi € [m], (Vk € [n], (wi°,z) > 0) or (Vk € [n], (w;°, z) < 0);

3. the active neurons correspond to the optimal linear estimator: Z a;fw® = p*.
i€[m]
Vke[m],(wi®,x) >0

Similarly to Chatterjee (2022), the proof of Lemma 7 relies on a local PL condition. The
condition is a bit trickier here, since it is with respect to the loss obtained by a spurious
stationary point instead of a global minimum. Getting this local PL condition requires to
also control the negative neurons. Controlling them is intricate but possible by showing
that they either act as a linear operator or that they decrease in norm.

Once we derive the local PL condition (see Lemma 22 in Appendix F.4), the remaining
of the proof encloses the dynamics of the parameters in a small compact set and then shows
exponential convergence towards some parameter §° satisfying the conditions of Lemma 7,
which implies that

Vk € [n],hgoo(l‘k) = <B*,xk>,
Vo € RY, hoe (z) = (B%,2) 4 + O (€3 +€4) .

5. Experiments

This section empirically illustrates the results of Theorems 1 and 2. The considered dataset
does not exactly fit the conditions of Theorem 2 to illustrate that Assumption 3 with n < %

5. The vector ), eT atw! is indeed approximating the gradient flow of the linear regression of the data, with
a learning rate lower bounded by e3.
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is only needed for analytical purposes. The dataset is however similar to datasets satisfying
Assumption 3 (see e.g., Figure 1) in the sense that all three data points are positively
correlated, with positive labels; and the middle point is below the optimal linear regressor.
The data points are here represented as unidimensional, since their second coordinate is
fixed to 1 to take into account bias terms in the hidden layer of the neural network.

For the given set of data points, we train a one-hidden ReLU network with gradient
descent over the mean square loss given by Equation (10). Experimental details and ad-
ditional experiments are provided in Appendix B. The code and animated versions of the
figures are also available at github.com/eboursier/early_alignment.

Figure 2 illustrates the training dynamics over time. The left column represents the
estimated function hgt(z) at different training times; while the right column represents the
2-dimensional repartition of the network weights w;» in polar coordinates. In the latter,
the inner circle corresponds to 0 norm and is shifted away from the origin to accurately
observe the early alignment phenomenon. Each star corresponds to a single neuron w§- €

1.50
1.25 ho(2)
oo ° - - (B5)
0754 - - e
0.50 —
180° 0°
0.25
[ ]
0.00
—0.25

.50 T T T T T T T
—-1.00 —-0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00

(a) Estimated function at initialisation (iteration 270°

0
) (b) Weights’ repartition at initialisation

1.50
1.25 — lela)

o - - (BN
1.00 1
R e
0.50 1 180° 0°
0.25

[ J
0.00
—0.25 -
—0.50 ; ; ; ; . . .
—1.00 —0.75 —0.50 —0.25 0.00 025 050 0.5 1.00

(c) Estimated function after early alignment (iter- 270°
ation 3000) (d) Weights’ repartition after early

alignment

Figure 2: Training dynamics (part 1/2).
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180°

—0.25 4

.50 T T T T T T T
—-1.00 —-0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00

(e) Estimated function during neurons’ growth (it- 2100

eration 6500) (f) Weights’ repartition during neurons’
growth

— hg(x)
° - - ()

180°

—0.25

—0.50 T T T T T T T
-1.00 -0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00

(g) Estimated function at convergence (iteration 270°

2 x 10°
) (h) Weights’ repartition at convergence

Figure 2: Training dynamics (part 2/2).

R2, represented in purple (resp. red) if its associated output weight ag- is positive (resp.
negative). The data points directions’ x, are represented by black crosses and the dotted
green lines delimit the different activation cones A~!(u). We recall that the weights w§- are
two-dimensional, as their second coordinate corresponds to bias terms.

Figures 2a and 2b show the parameters at initialisation. Given the small initialisation
scale, the neurons are all nearly 0 norm and the estimated function is close to the zero
function. Moreover, the neurons’ directions are uniformly spread over the whole space.

Figures 2c and 2d then show the state of the network after the early alignment phase.
In particular, all the positive neurons (in purple) are either aligned with the single extremal
vector %22:1 ypxk or deactivated with all data points. The latter then never move from
their initial position. Meanwhile, the neurons’ norm is still close to 0 so that the estimated
function is still nearly 0. Actually, Figures 2c and 2d precisely show the end of Phase 2a (see
Lemma 5), where the positive neurons are on the verge of exploding in norm. Indeed, we
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can see on Figure 2d a small purple bump: the positive neurons just start to considerably
grow in norm.

Figures 2e and 2f show the learnt parameters during the norm growth of the positive
neurons. They can be seen as the end of the Phase 2, where the learnt estimator is close
enough to the optimal linear one. While the positive neurons considerably grew in norm, the
negative neurons remained small in norm and are actually irrelevant to the learnt estimator.

Figures 2g and 2h finally illustrate the learnt parameters at convergence. The learnt
estimator converged to the optimal linear one, as predicted by Theorem 2. In Figure 2h, all
the neurons (including the negative ones) are located in only two activation cones: either
they are activated with all the data points, or they are activated with no data point. This
confirms our theoretical analysis and in particular the description given in the proof of
Lemma 21 in Appendix D. Another interesting observation is that the final direction of
the positive neurons changed from their direction at the end of the early alignment (see
difference between Figures 2d and 2h). As explained in Section 4.1.2, this is one of the
challenge in analysing the complete dynamics of the parameters: simultaneously controlling
the norm growth and change of direction of the neurons is technically intricate.

6. Discussion

Early alignment and implicit bias. Theorem 1 states that neurons satisfying Condi-
tion 1 end up aligned towards a few key directions, given by extremal vectors, at the end of
the early alignment phase. We believe this quantization of represented directions to be at the
origin of the implicit bias of (stochastic) gradient descent. Many recent works indeed sug-
gest that gradient descent is implicitly biased towards small rank hidden weights matrix W
or, equivalently, a sparse number of directions represented by the neurons (Shevchenko
et al., 2022; Safran et al., 2022). Other works evidence that the implicit bias can often
be characterised by minimal norm interpolator (Lyu and Li, 2019; Chizat and Bach, 2020),
which happen to be closely related to this notion of sparse represented directions (Parhi and
Nowak, 2021; Stewart et al., 2023; Boursier and Flammarion, 2023). The early alignment
phase seems to confirm such a behavior, since it enforces alignment of weights towards a
small number of directions, even with an omnidirectional initialisation.

Another interesting point that can be made from both Theorem 2 and the experiments
in Section 5 and Appendix B is that even if the training procedure does not manage to
perfectly fit all the data, there still seems to be an implicit regularisation of the estimator
at convergence. Specifically, for the 3 points example given in Theorem 2 and Section 5,
the network does not manage to fit the data. It actually ends up being equivalent to a
single neuron network, while two neurons are necessary to fit the data. However, there still
seems to be some implicit regularisation at play, as the learnt estimation is very simple.
Even more striking is that the learnt estimator represents the best possible way to fit the
data with a single neuron, which is here given by the optimal linear estimator. A similar
observation is made in Appendix B.2, where the network ultimately becomes equivalent to
a b neurons network, but 8 neurons are required to fit the data. Moreover, it also seems that
the obtained estimator is given by the best way to fit the data points with only 5 neurons
here. Although these claims are pure intuitions and empirical observations, we believe that
the stationary points reached in our different examples are only bad from an optimisation
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point of view, but could still yield good generalisation behaviors. Such an intuition has
been theoretically confirmed in a subsequent work for a linear data model (Boursier and
Flammarion, 2024).

Omnidirectionality of the weights. Omnidirectionality is the property that the weights
(w,sign(a})) cover all possible directions of RY x {—1,1}, in the limit of infinite width
m — oo. This property has been used to show that two layer infinite width networks con-
verge to a global minimum of the loss. In particular with an omnidirectional initialisation,
omnidirectionality is preserved along the whole training if either the activation is differen-
tiable (Chizat and Bach, 2018) or with ReLLU and an infinite dataset (Wojtowytsch, 2020).
This property allows to never get stuck in a bad local minimum, since there is always a
direction along which increasing the neurons’ norm decreases the training loss.

On the other hand, the spurious convergence result of Section 4 is based on the fact that
the early alignment phase can cause loss of omnidirectionality of the weights.® At the end
of the early alignment phase, the neurons with positive output weights only cover a very
small cone around the sole extremal vector, as can be observed in Figure 2. This result
does not contradict Chizat and Bach (2018); Wojtowytsch (2020), since the activation is
non-differentiable and the data finite in our setting. It actually highlights how fragile and
crucial is the omnidirectionality to guarantee convergence towards global minima in the
mean field regime.

Also, Theorem 1 does not necessarily imply a loss of omnidirectionality. The weights
can still cover all possible directions after the early alignment phase. Theorem 1 instead
only implies that a large fraction of them is concentrated around a few key directions. Even
with omnidirectional weights, the key directions thus have a much larger number of neurons
with respect to other directions. We believe this discrepancy between the directions to be
sufficient for getting an implicit bias towards small rank weights matrix.

Scale of initialisation. A strong feature of Theorem 2 is that the scale initialisation
X does not depend on the network width m. The only dependence on m is given by the
ﬁ scaling. The absence of this scaling corresponds to the lazy regime, where conver-
gence towards global minimum happens, yet without feature learning, which can yield bad
generalisation on unseen data (Chizat et al., 2019).

Obtaining Theorem 2 with a threshold A that depends on the width m is technically
easier. However, such a setting would not be compatible with the infinite width network
regimes considered by Chizat and Bach (2018); Wojtowytsch (2020). On the other hand
when fixing A and taking m — oo, our result lies in the infinite width setting. Moreover,
our initialisation regime can be made compatible with the result of Wojtowytsch (2020)
by choosing |a9-| = Hw?” for all j, as explained at the bottom of their second page. As
explained above, the only reason that our result does not contradict Chizat and Bach
(2018); Wojtowytsch (2020) is that we considered non-differentiable activation with finite
data.

A conclusion of Theorems 1 and 2 is that choosing a small initialisation scale should
yield a better implicit bias towards low rank hidden weights matrix, but at the risk of

6. We stress in the paragraph below that our choice of initialisation is compatible with Chizat and Bach
(2018); Wojtowytsch (2020).
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converging towards spurious stationary points (still with low rank matrix). On the other
hand, choosing a large initialisation scale can affect generalisation on new, unseen data
(Chizat et al., 2019). In practice, an intermediate scale might thus be the best trade-off
to yield both convergence to global minima and small generalisation errors. Yet on the
theoretical side, analysing such intermediate regimes is even harder than extremal ones.

Nature of the stationary point. Until now, we only described the convergence point
reached in the no convergence example of Theorem 2 as a spurious stationary point. Its
exact nature, i.e., whether it is a saddle point or a spurious local minimum actually depends
on the choice of initialisation. If the initialisation counts perfectly balanced neurons with
\a?] = Hw?”, the convergence point 0 of the parameters, described by Theorem 4 in the
Appendix, can include zero neurons (a?o =0, wj® = 0), which corresponds to saddle points
of the loss. We can indeed slightly perturb such a neuron in a good direction, so that it
decreases the loss.

If on the other hand we only consider dominated neurons with |a?\ > Hw?”, the con-
vergence point §°° does not include zero neurons, as a3° is non-zero for any j. From there,
computations similar to the proof of Lemma 22, along with the description of 8 by The-

orem 4, yield that the convergence point #° is actually a local minimum of the loss.

Generality of Theorem 2. Theorem 2 states that for some cases of data, convergence
towards spurious stationary points happens. First note that Assumption 3 describes a non-
zero measure set for any n > 0, so that this data example is not fully degenerate. Moreover,
Theorem 2 is proven for n < %, but similar observations are empirically made for datasets
that do not satisfy Assumption 3 (see Section 5).

More generally, we believe that this case of bad convergence happens on many different
data examples. First, Assumption 3 is needed for three technical conditions, detailed in
Appendix A. One of them allows to show that the whole network behaves as a single neuron
after the early alignment. Yet on more complex data examples, the network can still get
stuck after having created several neurons, as can be observed in Appendix B. Having a
precise description of the dynamics then becomes more intricate, but the reason for the
failure of training is the same: the loss of weights omnidirectionality hinders the growth of
neurons in a good direction. We believe that such bad convergence could happen in many
low-dimensional settings (in the sense n 2 d). Indeed in such cases, the early alignment
should lead to a sparse number of represented directions at its end, given by the number of
critical points of the alignment function G. We conjecture this number of directions to be
independent of n in the low-dimensional setting for typical structured data models (such as
the ones that can be found in Bach, 2017, Table 1). Such an independence would then lead
to an impossibility of fitting all data points, since the network would become equivalent to
a smaller network with less than n neurons.

Besides its scale, the initialisation has the property of balancedness given by Equation (4)
here. This property allows to fix the sign of the output weights az-. Without it, some of
the weights aﬁ- change their sign during the early alignment phase. Because of that, the
omnidirectionality of the weights (wj,sign(a;)) on R? x {—1,1} is still preserved when
considering unbalanced initialisations in the example of Theorem 2. The parameters 6
thus converge towards a global minimum for unbalanced initialisation with the data of

Assumption 3.
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We yet believe that this omnidirectionality is not generally preserved with unbalanced
initialisation, as the differentiability of the loss L(0) is the general argument for the con-
servation of the omnidirectionality (Chizat and Bach, 2018; Wojtowytsch, 2020) and would
still not be satisfied. This intuition is empirically confirmed in Appendix B.2, where om-
nidirectionality of the weights is not preserved and the network fails at finding a global
minimum, despite an unbalanced initialisation. Theoretically studying examples where un-
balanced initialisations fail to find global minima however is more complex and left open
for future work.

Theorem 2 focuses on a regression task. Stewart et al. (2023) suggest that finding
global minima is easier for classification than regression tasks and could be a reason for
the empirical success of binning (i.e., recasting a regression task as a classification one).
Whether a similar failure of training is possible with classification tasks is left open for
future work. We believe it is indeed possible, since the early alignment phase still happens
and can lead to the loss of omnidirectionality, which is also key in classification settings.

Additionally, Theorem 2 is specific to the ReLU activations. This particular choice of
activation is crucial to its proof, as it implies that all positive neurons either align in a
short time towards the extremal vector (point 1 in Lemma 4), or are not relevant (point 2
in Lemma 4). Using leaky ReLU activations, neurons in [m]\ (ZUN') become relevant; and
some of them move at an arbitrarily slow rate during the first phase. As a consequence,
omnidirectionality would be preserved during the early alignment phase and convergence
towards an interpolator still happens.” We yet allege that failure of convergence can still
happen with leaky ReLLU activations, yet at the expense of a slightly more intricate data
example where omnidirectionality can be lost.

7. Conclusion

This work provides a first general and rigorous quantification of the early alignment phe-
nomenon, that happens for small intialisations in one hidden layer (leaky) ReL.U networks
and was first introduced by Maennel et al. (2018). We believe that such a result can be
directly used in future works that study the training dynamics of gradient flow for specific
data examples. In particular, we apply this result to describe the training trajectory on
a 3 points example. Despite the simplicity of this example, gradient flow fails at learning
a global minimum and only converges towards a spurious stationary point (corresponding
to the least squares regressor), even with an infinite number of neurons. This example
thus illustrates the duality of the early alignment phenomenon: although it induces some
sparsity in the learnt representation, which is closely related to the implicit bias of gradient
flow, it also comes with a risk of failure in minimising the training loss.
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7. Theorem 2 still holds for leaky ReLU activations if we allow X to depend on m.
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Appendix A. More General Assumptions for Section 4

In this section, we provide more general assumptions than Assumption 3 that still lead to
the spurious convergence result of Theorem 2.
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Assumption 4. For all k, k', (xx,xp) > 0, yr, > 0. Also, n > d and any family (zg), with
at most d vectors is linearly independent.

The goal of this assumption is to have a single extremal vector, so that the early align-
ment leads to a concentration of (almost) all neurons towards the same direction. We
assume the matrix X € R™*? to be full rank with n > d for the sake of simplicity. Note
that the neurons do not move in the orthogonal space of Span(zi,...,x,) with gradient
methods, so that our results can be extended to the case of rank deficient X (or n < d).

Assumption 5. For any k € K, yi||zi|® > /> b1 2 > wrpn Ty Tx)?, where
K = {k € [n] | 3w € R4\ {0}, (w, z1) = 0 and VK € [n], (w, zjs) > o} .

This assumption is needed to assume that in the dynamics of a single neuron network,
this neuron stays activated with all the data points ((w,zr) > 0 for any k) along its
trajectory. It is needed so that our estimator behaves as a linear regression in the whole
second phase of training.

Define in the following for any v € {—1,0,1}" and for 8* as in Theorem 2,

R .
Dg = ﬁ Z ]lukZI(yk - <5 ,l’k))%k, (11)
k=1
Lo € [0, 1] if (wh, zp) =0
o5 = {Ean(yk —x] By, ’ Vk € [n],m § = 1if (w, 2x) >0
k=1 = 0 otherwise

Assumption 6. For any k € IC, (6%, z1) < yx.
Moreover, for any u € A(RY), such that 3k, k' € [n],up = 1 and up = —1, there exists
Oy > 0 such that both

1. infDe@E* up(D, xg) > 0 for any k € KC such that both uy # 0 (mdwefixrlfl(u) |<HL |wk ) <
Ou;

2. for any 6 € (0,0,), inf <l~)5*, ﬁ> > 0, where
weAgl(u)

AV (u) = {w €AV w) |3k K €K, st () BV > § and (— ) Ry < —5}.

lwll” flk | lwll” |

Although technical, this assumption is equivalent to assuming that the least squares
regression estimator S* only gets worse, when a ReLLU neuron with a negative output weight
is added to it. This ensures that after the second phase of training, where the estimator is
arbitrarily close to the least squares, the neurons with negative output weights do not grow
in norm.

In our three points example, the two conditions stated in Assumption 6 are equivalent
and mean that for the two extreme points, (5%, xr) < yg.

1

Lemma 8. If Assumption & holds with n < g,

Assumptions 4, 5 and 6.

then the dataset (x;,y;)i=123 Satisfies
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Proof. 1) First check that Assumption 4 holds. Simple computations indeed lead to (xy, xp/) >
0 if n < 1. Moreover, we indeed have y; > 0. Also, 1, x2, 3 are pairwise linearly indepen-
dent for n < 1/4.

2) Some cumbersome but direct computations (that we here skip for sake of readibility)
show that if n < %, we can then write

To = \1T1 + (3x3

. (12)
with a1 > n and a3 > 0.

From there, we can choose w; # 0 such that (x1,w;) = 0 and (z3,w;) > 0. Equation (12)
then directly leads to (xe,w;) > 0. By definition, this yields 1 € K. Using similar argu-
ments, 3 € K.

Assume for some w # 0, (w,x2) = 0 with (w,z1) > 0 and (w,z3) > 0. Equation (12)
then implies that all the products are actually 0, so that w = 0. Necessarily, we thus have
K = {1, 3} in the considered example.

Let us now check that the inequalities hold for any k € K. By definition of the data, we
have for k € {1,3}:

yellzal* > 1+ (1= n)*)%.

\/m < VPP =) + A+ PP+ (0 =0 + A+ )
k' Ak

=1+ 20+ 202/ (1 + 3n)2 + 1612

And also

n
D vk

k'=1

A simple comparison then allows to have when n < %:

n
yellael® > 1+ (=02 > | S0 02 |3 apan).
k=1 k' £k

So Assumption 5 holds.

3) Let’s now check Assumption 6. Denote in the following for any i € [n], r; :== 2] 8*—y;.
By definition of g*,
3
Z rix; = 0.
i=1

In particular, since x; and x3 are linearly independent, it comes:

rm+aira =0 and 13+ asry=0. (13)
Also, by definition of r;,

ro = ajry + agrs + (a1y1 + a3ys — y2)-
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Since a1y; > yo and a3 > 0, the term in parenthesis is positive, so that the last equality
becomes

T9 > Q1T + Q3r3

= —(a? + a3)rs.

The last inequality comes from Equation (13). Necessarily, this yields ro > 0, but Equa-
tion (13) then yields that r; < 0 and r3 < 0, i.e., for any k € K, yi > (8%, xk).

Now, consider v € A(R?) such that Ik, &’ with up = 1 and up = —1. Since 2 € K, we
can actually choose k and &’ both in K. Assume without loss of generality that uq = 1 and
us = —1. There are now three cases, given by us € {—1,0,1}. If ug = 0, note that the
considered cone is just given by a half line. So that for a small enough §,, > 0, there is no

k € IC such that  inf \(H;‘;—H, ”;—"”H < 0y. The first point is then automatic in that case.
weA™(u) k

If instead ug = 1, then for a small enough d,, k = 3 is the only k£ € K satisfying
inf (7%, %0)| < 8,. From there, note that ®5 = {Dj } and

wedtt gy \Tell” Taul

2

D R o

1 *
= (ys - 3 B )ws. (14)
Since (y3 — 24 8*) > 0, this indeed yields that —(DJ" z3) > 0, which also yields the first
point in that case.

The remaining case is ug = —1. In that case, we similarly only need to check it for k = 1
and

* 1 %
DY = ﬁ(?/l —a{ B*)z1. (15)

This then also yields the first point.

It now remains to check the second point of Assumption 6 in all 3 cases. The cases
ug = 0 and ug = —1 are actually dealt together, since they have the same Dﬁ . In that
case, Equation (15) actually yields that

~ooe W 1 w
inf <D6 ’ > = 7(3/1 - xTB*><‘T1a >
weAS! (u) 7wl n ! [[wll
1 .
e i B*)6]|z1]| > 0.

A similar argument yields in the case ug =1 to

1 *
(s — 23 *)dllzsll > 0.

~ % w
inf (DS, —)>
I NGl v

This concludes the proof. ]
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Appendix B. Additional Experiments

B.1 Experimental Details

In Section 5, we considered the following univariate 3 points dataset:
x1 = —0.75 and y; = 1.1;
x9 = —0.5 and y3 = 0.1;
xg = 0.125 and y3 = 0.8.

The neural network architecture counts bias terms in the hidden layer, which we recall is
equivalent to the parameterisation given by Equation (1), when adding 1 as the second
coordinate to all the data points x;. The activation function is ReLLU, the initialisation
follows Equation (3) with A = 1072 and

We consider a perfectly balanced initialisation for three reasons:
e it is compatible with the initialisation regime described by Wojtowytsch (2020);

e it yields more interesting observations, since the neurons with |a;| > ||w;| actually
align faster with extremal vectors;

e given the remark on the nature of the stationary point in Section 6, convergence
towards a bad estimator is less obvious in this perfectly balanced case and might be
more easily challenged by the use of finite step sizes.

Lastly, the neural network is trained with m = 200 000 neurons to approximate the infinite
width regime. We ran gradient descent with learning rate 10™3 up to 2 millions of iterations.
The parameters clearly converged at this point and do not move anymore.

B.2 Stewart et al. Example

Figure 3 presents the training dynamics on another example of data. The considered ex-
ample is here borrowed from Stewart et al. (2023). Precisely, we consider 40 univariate
data points z; sampled uniformly at random in [—1,1]. The labels y; are given by a teacher
network closely resembling the one® of Stewart et al. (2023), so that y; = f*(z;) where f*
is a 8 neurons network.

The considered neural network follows the same parameterisation as given in Appendix B.1.
We believe this is still a large enough width to approximate the infinite width regime here.
The only other difference with Appendix B.1 is that the initialisation is here unbalanced;
precisely, the weights w; and a; are drawn i.i.d. as

u~)j ~ N((): 12)7
a; ~N(0,1).

8. We just choose a simpler teacher network here by removing a small neuron in the representation.
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This is an important remark as such an initialisation is closer to the initialisation chosen in
practice and does not satisfy Equation (4), which is crucial to our analysis. Besides providing
another, more complex example of convergence towards spurious stationary points, this
experiment thus also illustrates that the balancedness condition given by Equation (4)
might not be always necessary to yield convergence towards spurious stationary points.

As opposed to Figure 2, the figures on the right column do not show the different
activation cones and data points x; here. This is just for the sake of clarity, since there are
40 points and 80 activation cones here.

Optimisation is hard on this example, as the teacher function counts two little bumps
on the left and right slopes. These bumps are hard to learn while optimising, as they are
restricted to small regions, i.e. activation cones. Since omnidirectionality is easily lost
during training, having no remaining weights in this small region should be enough to get
a “bad” training (i.e. convergence towards spurious stationary points).

Figure 3 illustrates this difficulty: these small cones of interest indeed do not contain
any remaining neuron after some point in the training. From there, it becomes impossible

1.0
9 | — hgt(])) .‘\
I\
0.8 1 oo ho+(2) , b
LA "
a ) .\ / ' e
0.6 1 ,/ % ® /’ v
o N \ ) \
e .
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1 Q/ .
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(a) Estimated function at initialisation (iteration 2
0) (b) Weights’ repartition at initialisation
90°
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081 s e e
1
& 0 S .
0.6 1 ,’ ‘, ° , \
> \ \ ) \ 5
e 0
0.4 ,‘ ® . \
: s ¢
[ K / \Q
021, y ¢ ‘
! Q/
0.0 1

—1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00

(c) Estimated function after early phase (iteration
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phase
Figure 3: Training dynamics on Stewart et al. (2023) example (part 1/2).
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Figure 3: Training dynamics on Stewart et al. (2023) example (part 2/2).

to improve the current estimation, leading to convergence towards a spurious stationary

point.
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Figures 3a and 3b show the network at initialisation. Due to small scale of initialisation,
both neurons and estimated function are nearly 0 here.

Figures 3c and 3d give the learnt parameters at the end of the early phase, just when
some neurons start to considerably grow in norm and the estimated function is not zero
anymore. A first interesting observation is that there still seems to be omnidirectionality
of the weights here, as opposed to Figure 2d for the 3 points example. This is because
the early alignment result of Theorem 1 only applies to neurons with |a;| > ||w;||. The
alignment of neurons with |a;| < ||w;|| can happen at a much slower rate. Such neurons are
thus not yet aligned with some extremal vector in Figure 3d.

Figures 3e and 3f show the state of the network after a first neurons growth. At this
point, the estimated function is equivalent to a 1 neuron, constant, network. Also inter-
estingly, Figure 3f highlights that omnidirectionality of the weights is already lost at this
point of training. The neurons indeed seem to be concentrated in some specific cones, while
other cones happen to have no neuron at all. This absence of neurons in key cones is at the
origin of failure of training at convergence.

Figures 3g and 3h illustrates the learnt parameters after the second neurons growth.
After this growth, the network is nearly equivalent to a 4 neurons network (a fifth one is
starting to grow). Again, some activation cones do not include any neuron now.

Finally, Figures 3i and 3j show the state of the network at convergence. The estimated
function is now equivalent to a 5 neurons network and thus fails at fitting all the data that
is given by an 8 neurons network. The neurons that the network fails to learn correspond
to the 2 little bumps mentioned above. At this point the network is unable to learn them,
since the cones corresponding to these bumps are empty (of neurons). The network thus
does not perfectly fit the data in the end. Yet, it gives a good 5 neurons approximation
of the data; which confirms our conjecture made in Section 6 that despite imperfect data
fitting, there still is some implicit bias incurred while training.

Appendix C. Proof of Intermediate Lemmas
C.1 Proof of Lemma 1
From Equation (6), it comes that a.e.

d(aj)® _ djwi]®

tlwt DY) — 24 (wh. D
dt dt € 20’1’ <wi7 ©z> 20’@ <ww ©z>

=0.

The last equality comes from the fact that the scalar product does not depend on the choice
of the subgradient D € D!. Finally, (a!)? — |Jw!||? is constant, which yields Lemma 1.

34



EARLY ALIGNMENT IS A TwO-EDGED SWORD

C.2 Proof of Lemma 2

By contradiction, assume that for some u such that 0 ¢ ©,, we have some D € ©, N
A (u). Let (nk)repn) in [v,1]" such that

1 n
D= - Z nk01(0, yi ),
=1

e =1ifup =1, and n =~ if up = —1.

Let K(u) = {k € [n] | ux, = 0}. Also write in the following
_ 1 <
Dy=—=S Ly -1 +~1y - 1)814(0, .
n;( p=1 + VLuy=—1)014(0, yi )k

Since D € 0A Y (u), (D,xy) = 0 for any k € K(u). As a consequence, D = Ps(u)(Du),
where Pg(,) is the orthogonal projection on {zy | k € K (u)}*. In particular, the previous
argument allows to show the following
D" € ®, is extremal = D" = argmin||D’||. (16)
D'e®,,

Also, D € A~ (u) implies there is at least one k such that uy, # 0 and (D, z) = 0, i.e,

01£(0, Y ) (Lo =1+ Loy =—1) | Ps ) (xk)Hz—i—Z 010(0, ypr ) (L =1+v 1wy =—1){Zk;, Py (7x)) = 0.
K £k
(17)
If at least one of the 1y, ,=1+71y,,=—1 is non-zero in the sum, then observe that conditionally
on z and {xp | ¥ € K(u)} (all non-zero), this sum follows a continuous distribution.
Hence, the event given by Equation (17) has 0 probability.

If instead, all the Ly, =1 + Y1y, =—1 are zero in the sum, then we necessarily have
1,,—1 + v1y,——1 non-zero, as we assumed that 0 ¢ ©,. In that case, Equation (17)
becomes

A0, )t | Py () |2 = 0.

Again, the left term follows a continuous distribution, which leads to the first part of
Lemma 2.

The last part is immediate given Assumption 2 and the fact that 914(0, yx) is non-zero
with probability 1, thanks to Assumption 1.

C.3 Proof of Lemma 3

Consider the maximisation program

max G(w).

wWESy

Since G is continuous and Sy is compact, the maximum is reached at some point w*. The
KKT conditions at w* write

0 € —0G(w*) + pw*,
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for some p € R. Now note that 0G(w*) = D (w*,0), so that the KKT conditions rewrite
pw* € ®(w*,0). (18)

First assume p # 0. For any v € ©(w*,0), (w*,v) has the same value. This means that
any v € ®(w*,0) writes v = pw* + v where v* is orthogonal to w*. As a consequence,
D(w*,0) = pw* by norm minimisation. In particular, A(D(w*,0)) € {A(w*),—A(w*)}, so
that D(w*,0) is extremal.
If instead p = 0, then 0 € ®(w*,0), so that D(w*,0) = 0 and G(w*) = 0. But then

when considering the minimisation program

min G(w),

wWESy
the same reasoning yields that either there exists an extremal vector, or min,,cs, G(w) = 0.
As a conclusion, if there is no extremal vector, G is constant equal to 0. But then, note
that for any k

T 1 "
0=G = b0,y )o({xg, Tp
(o) = lfen] 2 260w (G ze)
1 n 014(0,
= LS 0000, o (o)) + LI
ool 2, "

If Assumption 2 holds, this equality only holds with probability 0, yielding Lemma 3.

Appendix D. Proof of Theorem 1
D.1 Additional Quantities

Define for any u € {—1,0,1}",
Zy = %(515(0, Yi)Ti)ic K (u) € R

where K (u) = {k € [n] | u, = 0}.
In words, the columns of Z,, are given by the vectors w for all ¢ such that u; = 0.

Let also in the following say that a set ©,, is extremal if there is some extremal vector
D € ®,, and define for any u € A(RY) and 6,

DY = D(w,6) for some w € A~ (u),

(19)

1
Du = _E ;(ﬂuk=1 + 'ﬂlw@:*l)alg(o’ yk;)l‘k:

We shorten D,, = D9. Note that the definition does not depend on the choice of w € A~ (u).
We define
o == min(d), d3) (20)
where &), :== min min_ omin(Zy,) min(ng —v,1 —n;)

u, D is extremal k,up=
[{Du, zx)|

and d( = min min
u,Dy, is extremal k,ug7#0 H.’L’kH
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By convention in the following, we note min{) = +oo. In Equation (20), omin(Z,) is the

smallest singular value of Z, and g is the unique vector 5 € R" satisfying® D, = D, + Z.1.

The value of A}, in Theorem 1 is given by

_1

m : l) 5 2—4e
* . n R & T eh . . |61£(07yk)|
)\O‘O - < " <ZZ_1 ||l'k||2 111( e min, ZDmin, 50), min ——— 2 Z%71 ‘ (21)

8 kenl |z
where Dy == u%lé%u foin | D||;
Omin = min(amin,—i—y amin,—); (22)
2
D
Omin,+ = |1— max max ||<w|’||Du>|| (23)
s u — w
’DMZAE (u)zw weA 1(”)\{0} w
2
Omin,— = |1— min min — (24)
u,0¢D, [[wll|Du|

DA (=g wEAT (U)\(0)
and g is defined in Equation (20).

Lemmas 9 and 10 below imply that A7 for any ag > 0.

D.2 Additional Lemmas

Lemma 9. Under Assumption 2, the quantities aumin and Dy, defined in Equation (22)
almost surely satisfy amin > 0 and Dy > 0.

Proof. First show that amin+ > 0. The defined max is reached as the supremum of a
continuous function on a compact set (the constraint set can indeed be made compact by
restricting the problem to the sphere). By contradiction, if amin+ = 0, since the max is
reached, there is u such that D, ¢ A~'(u) and AD,, € A~!(u) for some A > 0. This implies
that D, € 9A~!(u), which contradicts Lemma 2.

The same argument holds to show that amin,— > 0, and thus oy > 0

For Dy, the infimum is also reached as each ®, is a compact set. By definition, it is
necessarily non-zero. O

Lemma 10. Under Assumption 2, the quantity dy defined in Equation (20) almost surely
satisfies g > 0.

Proof. There is a finite number of u and & to consider in the min defined in §{, and §(, so that
we only need to prove that the quantity is positive for each u and k in the constraint set.
We thus consider u and k in the constraint set in the following. Thanks to Equation (16),
we necessarily have 0 € D,,.

9. This vector is indeed unique when Z, is injective, i.e., when omin(Zy) > 0. When it is not definitely
unique, the value is then 0 as omin(Zy) = 0.
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First, it is easy to show that d; > 0. Thanks to Equation (16) again, D,, is extremal.
In particular, for k such that uy # 0, (Dy, zx) # 0, which implies that d; > 0.

It is more technical for &y. Since u # 0, Span ((2x) ke (w)) 7 R? where K (u) = {k €
[n] | ur, = 0}. Lemma 2 then implies that |K(u)| < d and the vectors (91£(0, y:)%r) ke (u)
are linearly independent. By definition of Z,, this directly yields that Z, is injective, i.e.,
Omin(Zy) > 0 and n* is indeed uniquely defined, and by definition of D,,, n}! € [v,1].

By contradiction, assume that 1) = 1 for some k € K(u). Then, we can define @ €

{=1,0,1}"
N lifi=k

It then comes that Dy = D,,. In particular, Dz € —A~ (u)UA™ (u) C —0A (@) UOA~(a).
This directly contradicts Lemma 2, so that ;' < 1. A symmetric argument holds to prove
that n;' > ~. In the end, we proved &, > 0, which allows to conclude. ]

Lemma 11. If Assumption 2 holds, then with probability 1, for any 6 such that % Y opeq The(zr)zk|l2 <
o and for any u € A(RY),

1. D,=0 = D! =0;
2. D, € A Y (u) = DY ¢ A7 (u);
3. D, € —-A"Yu) = DY c —A"(u).

Proof. Let us prove the first two points of Lemma 11. The last part is proven similarly to
the second point.

1) Consider some u € A(R?) such that D, = 0 and define K (u) :== {k € [n] | ux = 0}.
First recall that for some n € [7, 1]

Dy=— Y 00, y)er(Lumt + vlu=m1) = D medil(0, yi)a
kK (u) keK (u)
If (1y,=1 +Ly,=—1) # 0 for some k ¢ K(u), Lemma 2 implies with probability 1 that
|K(u)| > d. This then implies |K (u)| = n, so that (1,,—=1 +y1y,=—1) =0 for any k. As a
consequence, DY = 0.

2) Assume that D,, € A~!(u) \ {0}. By definition of &, for any k ¢ K (u), |(Dy, k)| >
dol|zk||. Moreover, note that by 1-Lipschitz property of 01/,

1 n
ID) — Dy || < - > llho(zw)all.
k=1
So that when 30 ||ho(zy)z|| < o, (DY, z)) has the same sign than (D, zy) for any
It now remains to show for any k € K (u) that (DY, z;) = 0. Let us write D, as

~ 1
D,=D,— —
w=Du—— > 010, yk) ik,
keK (u)

- 1 &
where D,, := - Z 0100, yr)xk(Ly,=1 + Yly,=—1) and nx € [y, 1] for any k € K(u).
k=1
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D, € A~1(u) implies by definition that D,, € ((xk)keK(u))J', so that D, = Ps(u)(Du), where
Pg(y) is the orthogonal projection on the subspace (k) ke K(u))J'

Similarly, define DY := — L 1000, yk)zk(Luy=1 + Ylu=—1). We can also choose
(n;)keK(u)RK(“) such that

~ 1
Psu)(D(w,0)) — D(w,0) = —— > 000, y)w
keK (u)

Note that the ) are not necessarily in [y, 1]. Our goal is now to show they are actually in
[7,1]. Denote for simplicity:

v = PS(u)(Du) - Du
Ua = PS(u)<Dg) — Df.

u

Again, by Lipschitz property of the considered functions, it comes
1 n
lv — 7| < - > g (k)] < o
k=1

Moreover, with the definition of Z, given by Equation (19), note that

6
v =[] = | Zu(n — )|
> Umin(ZU)Hn - "7/”2

So overall, it comes

||77_77/Hoo < do.

Umin(Zu)
Moreover, by definition of dp (which is positive thanks to Lemma 10),

min(ng — v, 1 —ng) > for any k € K(u).

Urnin( u)
This yields that n}, € (v, 1) for any k € K (u), i.e.
. ~ 1
P (DY) € DY — - Z Grrr | G € (7, 1) for any k € K (u)
keS(u)
9 pu—

By minimization of the norm, this necessarily implies D}, Ps(u)<DZ). In particular,
(DY ) = 0 for any k € K (u). This finally yields that A(D?) = u and concludes the proof.

3) The last case is proved similarly to the second one. O

D.3 Proof of Theorem 1 (i)

We prove in this subsection the point (i) of Theorem 1.
Define the stopping time ¢; = min {t >0] Z;”Zl(aé-y > )\2_4‘5}. Thanks to Equation (5),
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t1 > 0. Moreover Equation (6) yields for any ¢ < ¢,
t
o

t t pt
2| < ]l DG}, 6]

1 n
< [l <Dmax +- > IIhet(wk)wkH)

k=1

. )\2—45 n )
< 1] D+ 2 3l )
k

=1

The first inequality comes from the fact that (w;i,D> is independent from the choice of
D e ’D(wé,Gt). The second one comes from observing that HD(wg,Ht) - D(w§,0)|] <
LS 1 |kt (zg)zk |, thanks to the Lipschitz property of Assumption 1. Grénwall’s in-
equality then implies for any ¢ < min(ty, 7):

_ n
lat] < |a%] exp | ¢ Do + 2 4EZIIMIIQ :
gt =17 n i

=1

Plugging the value of 7 yields for A < \*,

A\2—4e
(LFW k=1 ||95kH2)

]a?\ < ]ag|)\_€ < |a?\)\72€ for any t < min(¢y, 7).

This implies t; > 7. Similarly, we have |a%| > ]a9|)\2€ for any ¢ < 7, which yields the first
point of Theorem 1.

The following sections aim at proving point (ii) of Theorem 1. In that objective, we
first need to prove several technical intermediate lemmas that are essential to control the
neurons trajectory.

D.4 Local Stability of Critical Manifolds

For any u € A(R?%), we denote M, := A~!(u) the activation manifold given by u. We also
say a manifold M,, is critical if D,, € — M, UM, U{0} and M,, # {0}, i.e. if it is associated
to a critical direction of G. Similarly to the proof of Lemma 3, a study of the KKT points
of G shows that some vector v € M, is a critical point!’ of G. Due to the absence of
saddle points of G, such a point is actually a local extremum of G. This implies an even
stronger stability property of the manifold M,. This observation is described precisely by
Lemma 12 below.
Before that, define for any v € R%,

Dy(v) = 1tl_i>%1+ D(w+tv,0) for any w € A7 (u).

The definition of D, (v) is valid as it does not depend on w € A~!(u). More precisely, we
have Dy (v) = Dy, where

w(o)s = {uk if ug # 0

sign({(v, zy)) otherwise.

10. v is of the form +-2«_ if D, # 0.

1D |l
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Lemma 12. Assume G does not have any saddle point, Assumption 2 holds, 0 satisfies the
condition of Lemma 11 and for any k € [n], |ho(zi)| < [01£(0, yk)] Then with probability
1, for any critical manifold M, epq € {—1,1}, such that Yv € M=+

EM <'U7 D?L(U)> S 0.

Lemma 12 states that for any critical manifold M, the gradients of G' around M either
all points toward M, or point outside M. The case enq = 1 corresponds to the former
case, in which case a local maximum of G lies in M. In that case, Lemma 12 implies that
the manifold M is locally stable when running gradient ascent over the function G, even
with a small perturbation in the function G due to the parameters 6. Conversely, exq = —1
corresponds to a local minimum, that is stable when running gradient descent over G.

Proof of Lemma 12. Let M = A~'(u) be a critical manifold. Necessarily, there is W €
Sq N M a critical point of G. By assumption it is either a local minimum or maximum of
G. Without loss of generality, we assume in the following it is a local maximum. The case
of local minimum is dealt with similarly, after a change of sign for e 4.

Let us first show that for any v € w', (v, Dyy) < 0. Let v € Sq N w* and define for

any 6 > 0,
w(d) =1 — 562w+ dv € Sy.

Since w is a local maximum of G, it comes for small enough § that G(w) > G(w(d)).
Moreover, as D(w(d), 0) is piecewise constant, it comes for small enough § by definition of
D, (v) that

G(w(9)) = (w(9), Du(v)).
Moreover, by continuity of G it comes G(w) = (w, D,(v)), so that
0> (w(d) — W, Dy(v))-
Noting that w(d) —w = dv + O (52), this necessarily implies that (v, D)) < 0. By a
rescaling argument, we thus have for any v € w+,
Now assume for v € w' that <U,Du(v)> = 0. Let S(u(v)) = Span{zy | u(v)r = 0}. Note

that for any A € S(u(v))*, D w(v) = u(v+tA) for a small enough ¢ > 0. By Equation (25),
we then have for any A € (S(u(v)) U {@w})",

<A, Du(v)> <0

which actually implies (A, Dy,)) = 0 by symmetry, i.e.
Du(v) S S(u(v)) + Rw.

Necessarily, D,y € S(u(v)) + G(w)w since (D, w) = G(w). The KKT conditions at w
imply that D, € Rw and again, this implies that D, = G(w)w. From there, we then have

«y, such that
Du(v) =D, + Z (677%™
k,2u(v)=0
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But by definition of D, and D,,, we also have 7 and 1}, such that

1
k,ur=0

In particular, both equations imply

/ J—
Z (ak%,xk)o 4 e T 551(0,%)) x = 0.

n
k,up=0

Lemma 2 then implies a.s. that either uy = 0 for at least d values of k; or agl(y =0 +

%%aﬁl(O,yk) = 0 for any k such that u; = 0.
The former yields that S(u) = R%. Since @ € S(u)*, this yields @ = 0, which contradicts

w € Sgq. Necessarily, agl, zy—0 + nk_n’“@ﬁl((),yk) = 0 for any k such that u; = 0. In

n

particular, for any k such that u(v)y # 0, n = 77;,. Then note that Equation (26) becomes

1
Du(v) =D, — n Z (W;g - nk)alg(ovyk)xk

k»“(v)k =0

For any k such that u(v)z = 0, 7, is chosen in [y, 1] to minimise the norm of D, ). The
choice 7}, = n then minimises the norm, so that D,) = Dy. In that case Lemma 2
necessarily implies that D,y = 0 (otherwise, we would have D) = D, € ~M UM C

—0A Y (u(v)) UdA™ (u(v))).
We just showed that for any v € w
<1), Du(v)> <0 or Du(v) =0. (27)

Now consider any v € w*. First, if Dyy = 0, then Lemma 11 directly implies that
DY ) = 0. Now assume that Dy) # 0, so that (D,,,v') <0 for any v" € S, where

u(v
Sy = {v € @t | u(v') = u(v)}.
Let i € K(u) in the following. First note that the set Span({zy | k € K(u),k # i}) is of di-
mension at most d—2 with probability 1, since dim (Span({zy | k € K(u)})) < d—1. Indeed,

if this last set was R?, we would have D,, = 0. In particular, ({z}, | k € K (u), k # i} U {w})*
is of dimension at least 1. Moreover, Assumption 2 along with @ 1 K (u) implies that a.s.

x; € Span({xy | k € K(u),k #i}) + Ruw.
This directly implies that
({zx | k€ K(u),k # iy U{w})" ¢ {z:}".

Therefore, there is some v; € ({1 | k € K(u),k # i} U {w})" such that (v;,z;) = 1. Now
note that

02> <vi7 Du(v1)>

/ J— .
= = =L901(0,y:), (28)
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where

1 n
D, = - ; 0L1 (0, yr) T

1
u(vy) — anagl 0 yk)

DT

D

Equation (28) comes from the fact that 7, and ), coincide for any k ¢ K (u); for k € K(u),
we then used the fact that (v, zx) = Lp—;.

In particular, Lemma 10 implies that n; € (v, 1), so that 7, —n;, =1 —mn; > 0. Equa-
tion (28) then implies that 9¢;(0,y;) > 0. This then holds for any i € K(u). By As-
sumptions 1 and 2 the inequality is actually strict. In particular, for any 6 satisfying the
inequality in Lemma 12, it also comes 941 (hg(x;),y;) > 0. Moreover, Lemma 11 also yields
that DY € —M U M. This then yields for any v € M~

0.0y = 57 (h(6) — mel6)OrChalrs), i) (o, ).
keK (u)
u(v)#0
Note that 1, (0) — nx(0) is of the same sign than (v, zy) (or zero). So that finally, every
summand is non-negative.
Finally, we just showed that for any v € /VJ‘ and 6 with hy small enough,

D.5 Global Stability

Lemma 13. If Assumption 2 holds, the function G does not admit any saddle point and
A < A%, then for any j € [m] and t € [0, 7],

-1
aé-D(wj»,Gt) €A (A(w;f)) U{0} and w§ £0 = w €

; (w )) for any t' € [t,7].

(A
Proof. Recall that A] is given by Equation (21) for a9 = 1. The first point of The-
orem 1 holds thanks to Appendix D.3. Thus, for any ¢t < 7, #' satisfies the condi-
tions of Lemma 12, thanks to our choice of A. Let j € [m] and ¢ty € [0,7] such that

tOD( fo glo) € A1 (A(w t0)> U {0} and w} # 0. For u := A(wj ), note that M = M, is a
critical mamfold by definition. Assume in the following that a > 0. The negative case is
dealt with similarly.

The definition of oy, implies if D, is not extremal that

<w7DU>2 2

mn 1————"=2>a«
[[w]]?[| Du|[?

weAil(’UJ)

min-*

First, note that when £ "1 [|hg( ack)ka <4,

20
<

‘HDHH
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As a consequence, our choice of A would imply if'! D, was not extremal that
(w, D§)*

min @ 11— ———7—
lwl?I Dg 1>

we A7 (u)

> 0,

which contradicts that D(w§°,9t0) € A_I(A(w§°)) U {0}. Necessarily, for our choice of A
and thanks to Lemma 11,
DY e AN u) = D, € A7 (u)
— DY e A7 (u).
and similarly with D! € —A~!(u) and D? = 0. As a consequence, for any t € [tg, 7], it
comes that aéD(wé.O,Ht) € A*I(A(w;o)) U {0}.

If £ty = 0, then with probability 1, M is an open manifold of dimension d, i.e. u; # 0 for
all k. The inclusion a?-D(w?O, o) € A_l(A(w;iO)) U {0} then directly implies that the value
of [(xy,w})| is increasing over time on [to, 7] as

dt
Thus for any t € [to, 7], w} € A’l(A(wj.O) U {0}.

Now assume that we cannot choose to = 0, i.c. a)D(w?,0°) ¢ A~ (A(w])) U{0}. The

distance of w;f- to M evolves as follows a.e., with Py the orthogonal projection on Span(M),

= af(zg, D(w, 6")).

dd(w;i, Span(M)) d(wh — Pyy(wh))

_ J J t t
gr = 2( gr ,wi — P (w}))
dwt
= 2<—dt],w§ - PM(U);-)}

dP— (w _
The second equality comes from the fact that W € Span(M), while w} — Pyy(w}) €
M.
Since w§~° € M and wg is continuous in time, there exists 7 > 0 such that for any
t € [to—n,to+n], {k] <$k,w§> = 0} C {k | ux = 0}, where we recall M = M,. As a
dw? _
consequence, % € D(w},0") + Span({zy, | (zy, w}) = 0}) C D(w},0") +Mtn {wj-}L. This
then implies
dd(w?, Span(M)) dwt
12D (Tt P ()

(D(w" Gt),w;t- — P/\—/[(w;-».

Moreover by continuity, we can also choose n > 0 such that for any ¢ € [to — m,to + 1),

D(wt,0") = th(vt) where v' = w} — Py (w}) € M. Lemma 12 then implies a.s. for any

t € [to —n,to +n): o

dd(w?, Span(M))
dt

EM <0. (29)

11. We here use %22:1 lzk| 221 < %Dmina?nin'
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We can choose 1 > 0 so that w§0_77 ¢ Span(M). In that case, Equation (29) implies that'?
em = 1. The epq = —1 case would indeed have resulted in a growth of d(wf, Span(M)) on
[to — m, to], contradicting the fact that it is non zero at ty — n and zero at t.

As a consequence, for any ¢t; < 7 such that w?, we have for similar reasons that
d(w¥, Span(M)) is non-increasing on [t1, t1+7), so that w} € Span(M) for any t € [t1, 147
for a small enough 7. Moreover, note that ag-D(wz«O, o) € A_l(A(wﬁo)) U {0} implies here
again that the values of |(zy,w?)| are non-decreasing for any k as long as w’ € M and
t < 7. The last two points thus imply that the conditions <w§-,mk> = 0 are stable and the
conditions uk<w§., x) > 0 are enforced as long as w§ € M and t < 7. This concludes the
proof of Lemma 13. ]

D.6 Quantization of Misalignment
Lemma 14. For any critical manifold M,, such that D, # 0, if w, € M, NSy is a local
mazimum of G, then either D, € M, or M, NSy = {—”g—zll}.

Similarly for any critical manifold M,, such that D, # 0, if w, € My, NSy is a local
minimum of G, then either D, € — M, or M, NSy = {HIDD—ZH}.

Proof. Consider the first case of Lemma 14. The KKT condition of Equation (18) at w,,

then yields that pw, = D,. Since D, # 0, this necessarily yields that w, = :l:”g—zn.
If w, = ﬁ, we then simply have D, € M,. Now assume that w, = —HB—Z”. Note
that w, is a local maximum of G and G(w,) = —|/D,|| in that case. Now observe that if

My NSy # {—”g—zn}, we can choose w € M, NSy that is not perfectly aligned with —D,,.
In particular
G(w) = (w, Dy) > —[|Dy].

Necessarily, this yields that M, NSy = {_”1[;72”}‘

The second point of Lemma 14 is proved with symmetric arguments. O

D.7 Proof of Theorem 1 (ii)

t

Define for the remaining of the proof W§~ = % and assume both ag-) > 0 and j satisfies
J
Condition 2. We then have a§ > 0 for any t thanks to Lemma 1 (and a simple Grénwall
argument if Hw?” = |a9 ). The symmetric case (a? < 0) is dealt with similarly. Note that
w} € B(0,1). Moreover, we have for any j € [m] the differential inclusion
dw!
- €9 — (wj, Dj)wj. (30)

Here again, the set <w§-, @(wﬁ-, 0)) is a singleton for any 6, i.e. the scalar product does not
depend on the choice of the vector D € ”D(w;i, 6), so that Equation (30) rewrites for any
D,D' € D(wl,0):

d(wi, D) d(w, D)

J’ _ t / t t pt t
2= SR e (04 DY) — (w!, Dl 0)) wh, D).
12. The symmetric case aj- < 0 would here result in epq = —1.
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dD(w%,0)

D(w}t, 0) is piecewise constant, so that —z37— = 0 almost everywhere. Also, the quantity
(w4, D(w?,0)) is absolutely continuous. In particular, for almost any ¢ < 7 and D' €
D (w}, 0),

d{w}, D(w},0))
dt

Note that for any D € D%, there exists D’ € D(w?}, 0) such that || D—D'[| < LSt het (i) 2],
which yields

d(wt, D(wt,0))
77 70 . . t t t
dt = D’erg?f ,0) Dné%lt<D D') - <Wj7D(wj70)><Wj,D(wj79 ))

€ (D', DLy — (w!, D(wh, 0)) (!, D(w!, "))

. D'|| &
- <||D’||2 _ 120y nhmmu) ot Dt 0)) Dt 0,

t
D'e®(wk,0 1

Moreover, thanks to the first part of Theorem 1

d(ws, D(wj, 0) min <||D||2 ||D||>\2 452” )

dt¢ D'ed(w Pt
HD(
— (W, D(w!,0))* — AQ "“EZH:%H2
> || D(wt, 0)[]* — (wt, D(wt,0))? —*HD 0)[|A*~ 4€Z||a:k||2 (31)

The last inequality comes from A < A7 , which yields that the minimum is reached for the
minimal value of |[D'|| in the considered set.

Let uf = A(w}) and Dy = D(w},0) € D, in the following. If D¢ ¢ A~ (uf) U {0},
the definition of qumin+ (which is positive thanks to Lemma 9), given by Equation (22),
implies that

(wj, D(wj,0)) < [[D(wy, 0)[[\/1 = 07y,
Equation (31) implies that as long as || D(w}, O)H2—<w§-, D(w?, 0))2 > 2HD(11)§-, 0)[IAZ4 370 llel?,
the quantity <W§~, D(wﬁ-, 0)) is increasing. In particular, the choice of A}, makes it increasing
as long as Dy: ¢ A~ (uf) U {0} and <w§.,Du;> > —+/1 — min(amin, a9)?| D(wt, 0||. Note
that this inequality holds at initialisation. Moreover when entering a new activation cone,
either (w’, Du§> > —/1 — min(amin,—, a0)2HDu§_ || or Du§_ € —A_l(u§) U {0}. We thus have

by continuous induction that as long as D,: ¢ A_l(uﬁ) U {0} and w} does not enter an
J

activation cone such that D, € —A_l(uﬁ):
J

=[P}, 0)[|\/1 — min(amin, a0)? < (wj, Dye) < | D(wj, 0)] Cipin-
Equation (31) and our choice of A then imply that as long as D, ¢ A‘l(uz-) U {0} and w§-
J

does not enter an activation cone such that Duz_ € —A_l(ué-):

d<w§-,D(w§,0)> D2,

min

dit _2

min(min, 040)2.
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Since (wt-, D(w§, 0)) is bounded in absolute value by Dyax, there is a time ty bounded as
ty < mp—2Dma . — @, (1) such that

2 o MiN(Qmin,a0)

D, € AN (u?) U {0} (32)
or D ut2 € —A" (utZ) and th # u (33)

Note that either A\* = Q,,(1) or to < 7. The first case trivially yields the second point of
Theorem 1, so that we assume from now that to < 7.

In the case of Equation (33), an argument similar to the proof of Lemma 13 yields for
M = Ail(u?) that exq = 1, where e is defined by Lemma 12. This corresponds to the

case where a local maximum of G lies in M. But since D 1, € —Ail(uz?), Lemma 14
implics that M = R* D, . ’
Similarly to the proof of Lemma 13, the conditions <w xy) = 0 are then stable as long

as wj e A M (u! u; ?). But since wj is proportional to Du§_ in this space and Du;? € —A7Y( ;2),

the values of u} can only change all at once when w! = 0. We thus have from here, thanks
to the second point of Condition 1, that either w;ﬁ € RZD 4, for any t € [t2, 7], or wr = 0.
J

The latter actually implies a7} # 0 and

(D(}.0). "2) > D5 0)].

With M = A= (u 2) again, the remaining cases of Equation (32) correspond to

e or Du? € MU{0} and w§2 # 0.
The first case directly yields w} thanks to the second point of Condition 1. The second case
yields, thanks to Lemma 13 that
wg- € M for any t € [tg, T].

Equation (31) then rewrites for any ¢ € [to, 7]
d{w}, D(w}, 0))
dt

9 - n
> || D(w}, 0)||* — (wh, D(w},0))* — EHD(wE,O)HV 3 lal? (34

where D(w},0) is constant on [t, 7]. Solutions of the ODE f'(t) = c? — f2(t) with value
in (—c,c) are of the form f(t) = ctanh(c(t — tg)) for typ € R. A Gronwall type comparison
leads to

Vt € [t2, 7], (Wh, D(w},0)) > ¢; tanh(c;(t — to))

where <W§-2, D(wj-z, 0)) = ¢; tanh(c;(t2 — to))

(35)

and ¢; = | [ D(wy? O)H?—*IID(wt2 0)[[A%= 4EZIIMIIQ
k=1
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Since <W§-2, D(w§2,0)> —|D( th 0 H\/l —min(a?, ,a?), a simple computation using the
inequality tanh(z) < —1 4 €* ylelds

\/1 — min(a?nm, 043)

_ 2 2—4e n 2
nHD(w?,O)H)\ Zk:l ka”

eCj(tQ—to) 2 1—

\/1 — min(a?nin, oz%)
>1-

\/1 min amm,ao)

> min(aznn, ao)

The second inequality comes from the choice of A’ _, while the third one comes from the

_ Vvl sz
convex inequality 1 it >

aQ?

Using tanh(z) > 1 — e™*, we now get for any ¢ € [t9, 7]
(wj, D(wf, 0)) > ¢j(1 — e~z l0)ees 1))

4
>c (1= —cj(t—t2) |
=9 ( min(a?, a%)e

min?

Plugging the values of c¢;, 3 and using the choice of A7 , this finally leads to

ADF v 1D (w0 \/W
07, DT, 0)) 2 D], 0)| - —— D i D o\ B N

min(a?nin ’ a%)

- *HD 0l Z [N

This yields Theorem 1 where the hidden constant!?® ¢, in the O, is

4D 4Dhax > =1 szH 2 n
o = — 2D B ntere o Ve 4 | 2D S lasl2 (36)
min(Qg,, o) n

given that to < 7 (otherwise, we can trivially take co, = 2Dmax)-

Appendix E. General Alignment Theorem

This section provides an alternative version of Theorem 1, that holds even if the function
G has saddle points. In return, it requires a stronger condition on the neurons, that we
explain further below.

Condition 2. The neuron j € [m| satisfies:

1. (D(w},0), -

ho‘uo

>>0;

13. We here use the fact that —zIn(z) < X and € < 3 to deal with the A7 term.
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2. foranyt € Ry ande > 0:
8y (it pt+o -1 ¢ ) -1 ¢
a;""D(wy, 0 ) e ATHAW))) for any 6 € [0,e] = wj+ € A7 (A(wj)) for any 6 € [0,¢].

Theorem 3. If Assumptions 1 and 2 hold, then the following holds almost surely for any

constant ¢ € (0, %) and initialisation scale A < %, where X} > 0 only depends'* on the data
eln(X)

(@k, Yk ) ks with Dyax = max [|[D(w,0)|| and 7 = — 5=,
weRd max

(i) neurons’ norms do not change until T:

Vit < T,Yj € [m], ]ag|)\28 < ]a?—] < |a?\)\_25.

(ii) Moreover, for any neuron j satisfying Condition 2, D(w],0) is an extremal vector,
along which w7 is aligned:

o] 1D o
(D} 0),2) > D] 0) - 0 (A 7osc ).
J

t
Remark 4. The first point of Condition 2 lower bounds the quantity (D(w; t.0), f) by 0 at
.7

o)

is increasing over time, the quantity ||D(w?, 0)| + (D(wt,0), %> is not necessarily mono-
J

initialisation and is needed for the second point of Theorem 3. Even though (D(w 0), -

&\W‘Q”

tone, since HD(w},O)H can drastically change from an activation cone to another. As a
consequence, it becomes challenging to bound <D(w§,0), 1:—5> away from —HD(w;,O)H dur-
ing the whole alignment phase; which would allow to lower bound the alignment rate. The
<D(w?,0),j—§> > 0 condition allows to do so, since it holds during the whole alignment
phase by monotonicity.

In the absence of saddle points of G, a more general condition (D(w)] v 0) —g HHD

t
is used. In that case, we can indeed show that (D(w},0), %> is either bounded away from
J

~[[D(w}, 0)|| when entering a new activation cone, or is exactly —| D(wt, 0)|, in which case
it stays aligned with fD(wﬁ-, 0) for the whole phase. Such a quantisation of the possible val-

t
ues of <D(w§-,0), %) when entering a new activation cone does not hold with the presence

of saddle points.

Remark 5. The second point in Condition 2 roughly states that the neuron j does not
spontaneously leave an activation manifold when it can remain inside this manifold (see
Ezxample 1 in Appendiz E.1 for further insights on the condition). This condition is needed to
avoid degenerate situations that could happen near saddle points of G (or their corresponding
activation manifolds). Lemma 13 indeed states that this point is guaranteed (at least up to
a time T, which is sufficient to prove Theorem 1) with the absence of saddle points.

14. The exact value of A] is given by Equation (21) in Appendix D.
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E.1 TUnderstanding Condition 2
Example 1. Consider a simplified case with a single data point (z,yx) = (1,1). In the

early phase, Equation (2) can then be rewritten with some positive function g;(t) ast®
dw§- ;
TS € gj(t)ag(wj)- (37)

In the case of ReLU activation (v = 0) and w? = 0, the set of solutions of Equation (37)
are described by functions of the following form, for all ty € Ry U {0},

Wt — 0 for any t € [0, to]

J ftg gj(s)ds for any t > tg
In particular, only the constant solution w§- = 0 satisfies the second point of Condition 2.
Condition 2 indeed prevents the neuron to spontaneously leave at a finite time (given by to)

its activation manifold (here given by w = 0) when it can stay within.

Although solutions satisfying the second point of Condition 2 might seem natural from
a gradient flow point of view, we believe that the limits of gradient descent dynamics with
arbitrarily small step size (i.e. Euler solutions) do not necessarily correspond to this kind
of solutions. Non-zero step size solutions can indeed bounce from a side to another side of a
stable manifold (without never being exactly located on this manifold). They could then es-
cape this manifold if it later becomes unstable, due to the changes in the estimated function
hg. Characterising the exact limit of gradient descent with non-differentiable activations is
out of our scope and remains open for future work.

E.2 Proof of Theorem 3
(i) The first point follows the exact same lines as Appendix D.3.

(ii) Consider a neuron j that satisfies Condition 2 and ag > 0. The symmetric case (ag-))
is dealt with similarly. The exact same arguments as in the proof of Theorem 1 in Ap-
pendix D.7 lead again to Equation (31) that we recall here.
d(wt, D(wt, 0)) 2 =
3’ ik ¢ 2 ¢ t a2 ¢ 2-4 2
i 2 DGO 4D}, 0 = ZID(uS 0D

We define again u} = A(w}) and D, = D(w%,0) € D, in the following. If D, ¢
J J J
A_l(uz-) U {0}, the definition of ain,+ (which is positive thanks to Lemma 9), given by
Equation (22), implies that

(wj, D(wj,0)) < [ D(wj,0)[[\/1 - afy, .-
Equation (31) implies that as long as || D(w}, 0)|]2—(W§-, D(w?, 0))2 > 2HD(u)}t-, 0)[|A2=4= 570 (k%

the quantity <W§, D(wﬁ, 0)) is increasing. In particular, the choice of A makes it increasing

15. To be rigorous g;(t) should also depend on (w})s<¢, but this does not change the point.
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as long as D ¢ Ail(uz-) and (W, D) > 0. Since (w?, D,o) > 0 by Condition 2, we have
J J J
again by continuous induction that as long as D, ¢ A_l(uz-):
J
d(w}, D(w},0)) - D?

min 2
dt - 9 Omin- (38)

This then implies that after a time ta, D ¢ € Ail(uég) with
i

ty < —omax
Dminamin
Again, we can observe that either A* = Q(1) or t2 < 7 and we focus only on the latter
case. From there, Lemma 11, proven in Appendix D, implies that for any ¢t € [ta, 7],
D(wg?, o) € Ail(u;?). The second point of Condition 2 then implies that w} € A*I(u?)
for any t € [t2,7]. Equation (31) now rewrites
d{wt, D(wt, 0)) 2 L
22 S DGl )2 — (wh, Dlawt, 0)) — 2 [ D(ut, 0) X2 3
k=1

where D(wg., 0) is constant on [tg, 7]. Again, comparing with solutions of the ODE f/(t) =
c — f2(t), we get
Vit € [ta, 7], <W§, D(wg-, 0)) > cjtanh(c;(t —t2))

2 n
_ t 2 _ %~ ¢ 2-4 2
where ¢; =, |[|D(w}, 0)[|* — || D(wj, 0)[|A*~4 > llzxl?.
k=1
Since tanh(z) > 1 — e~ 7, the previous equation rewrites for any ¢ € [t9, 7]
(Wi, D(w},0)) > ¢; <1 — e_cj(t—m)) .

Using the value of ¢; and bound on to,

(WT, D(w,0)) > ¢; (1 _ ecJtQADmaxff)
% ID@?.0l /255 \\wkI\Q)\I_QEE
> ||D(w;rv 0) ” - DmaxeDminamin A" Dmax "\ nDmax

2 " _
- EHD(wJ,O)HZkaH?AI %,
k=1

This leads to the second part of Theorem 3 where the hidden constant ¢ in the O is

2
2Dmax 222:1 Hrk”2

9 n
c= DmaxeD?nina?“i“ € nDmaxe? + —Dax § ”l’k”Q, (39)
n
k=1

given that to < 7 (otherwise, we take ¢ = 2Dyax)-
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E.3 Absence of Saddle Points for d < 2.

Footnote 4 states that saddles points of GG only exist on sectors of dimension at most d — 2.
A rigorous statement of this affirmation is given by Lemma 15 below. For that we need an
assumption on the data generation, that is slightly weaker than Assumption 2.

Assumption 7. The data (xp,yx) are drawn independently at random, following a distri-
bution such that for any k,k" € [n], the random variable yj( x) admits a density in
R.

Tyt
EME

Lemma 15. If d < 2 and Assumption 7 holds, then for any stationary point w* € Sy of
the function G defined in Equation (7), w* is a local minimum of G on Sy.

Proof. If d =1, then Sy is discrete and so any point is a local minimum.

Consider now d = 2 and a stationary point w* of G. First assume that (w*, zy) # 0 for
any k € [n] such that ypzr # 0. Then G is by definition linear in a neighbourhood of w*,
so that w* is not a saddle point of G.

Now assume instead that Span({zj | (w*,z;) = 0}) has dimension 1—it cannot be
of dimension 2 since w* # 0. Even if it means reordering the data, we can assume that
x1 # 0, (x1,w*) = 0. Moreover, Assumption 7 implies that almost surely, for any k& > 2,
(w1, 2)) are unaligned and so (w*,x;) # 0. Then note that R = Span(x1) &+ Span(w*).
In consequence, we can consider the following neighbourhood of w* in Sy for any é:

xr1 | ‘9‘ < (5} . (40)

sin(6)

[E1

N(b) = {cos(&)w +

At proximity of w* (i.e., for small enough 0),

” (cos(@)w* N sin(@)m) — G(w*) + sin(0) y1\|x1|| 4+ Zyks

1] " H 1||

z)  (41)

1 — cos
Zyk w*, T
k>2

= G(w*) + q1(0) + O (6?), (42)

where ¢1(t) = %(t” + %2@2 y’“<|\%|l’xk>' Note that ¢; is a continuous, piecewise

affine function on R. Moreover, both its left and right slopes at 0 are almost surely non-
zero, thanks to Assumption 7. As a consequence, the piecewise affine terms will dominate
in Equation (42), and w* is necessarily a local minimum—this comes from the fact that a
piecewise affine function in R does not admit any saddle point. O

Appendix F. Proof of Theorem 2

We prove in this section a more general version of Theorem 2, given by Theorem 4 below.

Theorem 4. If Assumptions 4, 5 and 6 hold, then there exists some constant A = O(1)
such that for any A < X\ and m € N, the parameters 0 converge to some 05° such that

hose () = z! B* for any z € C,
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where C = {tz |t € Ry, z € Conv({z | k € [n]})} is the cone generated by the convex hull
of the data points. Moreover

Vz € R?, lim hpe(z) = (z' %) 4.

Jim o (z) = (' B)+

In the following, we prove Lemmas 4, 5, 6 and 7, but in more general versions, as follows:
e Lemma 4 only require Assumption 4 (instead of Assumption 3).

e Lemmas 5 and 6 only require Assumptions 4 and 5.

e Lemma 7 only require Assumptions 4, 5 and 6.

F.1 Phase 1l

w?

Proof of Lemma 4. Note in this proof w! = -f+ A crucial observation is that the only non-

zero extremal vector is D*, which corresponéis to a local maximum of G. Assumption 4
actually implies Lemmas 2, 9, 10 and 11 (and the absence of saddle points), that are
sufficient (instead of Assumption 2), to apply!® Theorem 1. Showing these implications
is direct once we observe D* is the only extremal vector and is omitted for the sake of
conciseness.

1) The only non-zero extremal vector is D*, which corresponds to a local maximum of G.
Also notice that for every i € Z, Assumption 4 implies that (D(w?,0),w?) > 0. Moreover,
we can show that (D(w,8),w) > 0 for any ¢t < 7 and w € RY, so that al is non-decreasing
during the early phase for ¢ € Z. This yields w! # 0 for i € Z and t < 7. As a consequence,
any neuron ¢ € Z satisfies Condition 1. Theorem 1 can then be applied and implies the
neuron ¢ is aligned with D* at time 7 i.e.,

(D%, wi) = [ D*[| = eA®.

Moreover, a? < al < a?A72¢ follows by Theorem 1 and noticing that a! is non-decreasing
on [0, 7] for any i € 7.

2) For the same reason as in 1), a!

T
Lemma 1.

3) By definition of Z and N, note that a.s. for i € ZUN, (w?,z;) < 0 for any k € [n].
As a consequence, any neuron ¢ € Z UN can be ignored, since its gradient is null during
the whole training: @ (w},6") = {0} for any ¢ > 0. O

is non-decreasing, and non-positive thanks to

F.2 Phase 2a

Proof of Lemma 5. Consider some €5 > 0 and define

T9 == inf {t > 7 Z(af)Q > g9 or Z(af)z > 2)\2} .

i€l ieN

16. Otherwise, we could just state Theorem 2 for almost all the datasets in the considered open set.
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First, for any t € [, 2], —O (\yx) < hgt(z1) < O (e2yi) for any k. Thanks to Assumption 4
and our choice of A, this implies the following equality for any t € [r, 9]

D' =||D*|| + O (e2)

As a consequence, for a small enough &5 = ©(1) such that g5 < 3 and positive constants
0k = (yBer, k) — O(e2), this yields

D' e {u eRY | Vk € mxﬁ,m > 5k}.

From there, Equation (30) implies that for any ¢ € [7,72] and as long as (w},zj) > 0 for
any k:
d(w!, )

5 2 D)l (61 — (Wi, k) -

Moreover, (w], zy) > 0 thanks to Lemmas 4 and 16 for a small enough ’l—j This last ODE
then yields that (w},xzy) > 0 for any k € [n] and ¢ € [r,72], which is the second point of
Lemma 5.

Also we can choose €5 = ©(1) and A = ©(1) small enough so |hgt(z1)| < yi for any
t € [1,72]. This then implies that a} is non-decreasing for any i € [m] on [7, 72]. In particular,
this is the case for i € N/, which implies the fourth point of Lemma 5.

Moreover, we can bound the growth of a! for i € Z. In particular, we have for i € Z and
t € [r,)l,

daﬁ = t(wt Dt>>a—§zn:6 (1 -0 1(e2)) (43)
dt = a;\Wy, = : k €2))Yk-

k=1

This implies an exponential lower bound on the growth of aﬁ, and so we have m» < +o0.
Since the second condition in the definition of 75 does not break at 7o (thanks to the fourth
point already shown above), the first condition necessarily breaks at 7. By continuity, this
implies the first point of Lemma 5: Y, 7(a?)? = es.

It now remains to prove the third point of Lemma 5. We can also upper bound the
growth of a’ on [, 7

— al(1+ 0 (\?))(w}, D")
< al(1+0 (X)) D7)

A Gronwall comparison argument then allows to write, with & given by Lemma 4:

1€T P
< 2(HO (N )ID*[[(r2=7) y2—4e
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Since the left term is exactly e, this gives the following bound on 79:

1-2 1
Ty —T > _HD**IT In(\) — O <ln() + >\2>

€2
1—2¢ 1
> ——7"In(\) -0 <ln()> . (44)
(2 €2
Moreover, a similar bound to Equation (43) yields for any i € Z and t € [T, 72]:
1 n
wh D)2 5201 - O exin

*

D *
=(1- 0(52))<W7D )
= (1 -0 (e2))|ID*.

Let 4,5 € Z, we can now study the evolution of (wj, w’) for t € [r,7o]:
d(wt, wt)
A0ttt (1 )

> 2(1 = O (e2))[ID7]] (1 — {wz, ) -

Again, a Gronwall comparison argument implies, using the bound on 79 —7 in Equation (44),

1 (W W) < e 200N (1 (7 wT))

< e_(1_0(€2))(_(2_4€) in()-0(In(1))) (1 —(wf,wj))

<0 (82—1-&—(’)(62)/\(1—0(52))(2—4a)> (1 . <WZ’W;->) ‘ (45)

Moreover, we can bound (1 — (W], W;>>, thanks to Lemma 4. We can indeed write

WiT = <WZ—7

D*  D*
72 [ 724
where (v, D*) = 0 and |[o]||> = O ()\9).

This then implies

D* D*
(wi,wi) = (Wi, i ) (W5, ) + (07, vf)
! D77 | D] !
>1-0(N).

Equation (45) then rewrites
(52—1+0(32))\(1—0(82))(2—4E)+a>

(52—1>\(170(52))(2—4E)+s> ‘

The third point of Lemma 5 then follows for a small enough choice of €5 = ©(1) (that can
depend on ¢€) and g3 = Q(\°). O
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Lemma 16. Consider e, 7 defined in Lemma 4. For any , = <||37:H’xk> — O(ey), there

exists a large enough constant ¢ such that if Assumption 4 holds and g5 > c’)\%, then for
alli € L:
Vk € [n], (W] 2) > .

where &, is defined in the proof of Lemma 5.

Proof. For any ¢ € Z, we use the same decomposition as in the proof of Lemma 5,
D* > D*
[ D*[| " [[ D]
where (v], D*) = 0 and [[o] | = O ()\9).

-
W

=<W¢Ta + v

This decomposition yields thanks to Lemma 4, for some data dependent constant ¢ > 0

(Wl > (1— 0 (X)) <H§:”,xk> — 7 el

C D* £
> (1- >\5> L) — 0 (A5
( o) oo — 0 (%)

> <H1D):]’xk> -0 (A%> )

We thus have for a large enough ¢ with g5 > A%,

(W], x) > 0.

O
F.3 Phase 2b
Define in the following
. . yk:”xz” 1 g 2 / 2
B =i = | 2 v | 2 Gkl 46)
k' #k
(47)

Assumption 5 implies that [ is positive.
Proof of Lemma 6. For this phase, define for some ¢’ = O(1)

£t
B — Z a; w;

1€IUN

or 3i € 7,3k € [n], (i, ax) < &'laxl| or D (ah)? > A2},
iEN

T3 :=inf {t > 7 | < &3 or 3i7j€17<W§’W§>§1_)‘E

Thanks to Lemmas 18 and 19 proven below, we have for any ¢ € [m2, T3]:
Vi € Z,Yk € [n], (W}, 1) > &'||x]|
and Z(a§)2 > e9.

€L
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We note in the following 85 = Zieza wi, H = 1XTX and for any vector w € R%,

ARl
|w||? = w" Hw. The distance between 3* and % then decreases as

dllg* — t 112 t
”defI”H — 2t — 5*)%{% (48)
= 2(gh— )T H (Z( D21+ wlw ) D' (49)
i€L

Equation (49) comes from the fact that neurons in Z are activated along all data points.
Also, note that for any t € |19, 73]

1

n

Dt == (" (o) = i)
k=1
= —*Z ( (BT, xk) — yk)z + Y af(w}, zy, +9Ck)

1EN
— Ly (a4 0 (2%)
= —H(Br—pB)+0(N7%),

For the sake of clarity, we denote in the following o, and o,ax respectively for the smallest
and largest eigenvalue of H. Equation (49) now rewrites with Lemma 17

* _ at |12
d”ﬁ dtBI|H — _2(6% _ B*)TH (Z(af)QId_i_wfwf T) (H(,B%— B*) —-O ()\2—28))

1€L
—2e2(BY — B)TH?(BL — B*) + O (||8* — ALl mX*~%)

<
< —2e00minl|B7 — B*IIF + O (18" - BLlmA*~%) .

This finally yields the comparison for any ¢ € [ra, 73]

dllg” — Brlla

dt 620'm1r1”6_’[ ﬁ*HH + O ()\2726) .

A Gronwall comparison argument gives for t € [y, T3]

N . . oo (e )\2 2e
18" — Bl < 183 — B*||e—c2omntt 2)+o< _ )

As g9 = Q(X\/?), using the comparison between | - [|2 and || - || norms,

18" = Bzll2 < 15 = Bzl

V mln

8% — B3| prec2omin(t= T2>+@< 2fgs>

Inln

Omax || px —€20min (t—72) 2-3¢
S( _— HBH—#—(’)(Ez))e —i—(’)()\ 2).

min
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After some time, the first condition in the definition necessarily breaks. This allows to
bound 73, thanks to our choice of A and €3, which finally yields the bound

S W O Rl G

. 5
Omin€2 €3 — O ()\2_55)

; (50)
+

where Kk = , /% is the condition number of the matrix X.

We already know that the third condition in the definition of 73 does not break at 73,
thanks to Lemma 18. The remaining of the proof shows that neither the second nor fourth
condition can break at 73, given the small amount of time given between 7 and 73.

For the second condition, by following the ODE computed in the proof of Lemma 5 for
any ¢,7 € I,

d(w!, w!)
SR > o) DA (1 - (whwh))

> _QD(l - <W§7W§'>)a

where D = \/% Py yz\/% > k122 + O (), thanks to the bound on || D!|| given in the
proof of Lemma 18. From there, a Gronwall comparison directly yields for any t € [r2, 73]

<W§’W§> >1— (1 _ <W;2’W;2>> 2D (t—72)

2D

“min€2

kB* 4+ O (e2)
g3 — O ()\2_%5>

>1-0 (/\1_6) max | 1,

where we used in the second inequality the bound on 73 — 75 given by Equation (50) and
the bound on (W?,W]T-?) given by Lemma 5. Now, thanks to the choice of A, g5 and &3, for
a small enough c3 > 0 depending only on the data
2D
56* + O (62) min®2
g3 — QO ()\2_g€>

max | 1,

—0(x)

and so
<W§,W§»> >1-0 ()\1_26) .
Thus, the second condition in the definition of 73 does not break for a small enough A since
1
€< 3.
We now show that the fourth condition does not break either. For any i € N, af <0
and we can bound the (absolute) growth of a! as

dat
_ditz < _ameH
< —Daj,
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as the bound on || D!|| actually also holds for any D!. From there, using Lemma 5, for any
t € |19, T3]

Here again, this yields!”

_al = —a%0 ()(%)

(2 K3

This gives the third point of Lemma 6 and also shows that the fourth condition in the
definition of 73 does not break for a small enough A = ©(1). Necessarily, the first condition
in the definition in 73 breaks at 73, which ends the proof of Lemma 6. O

Lemma 17. If A < A for a small enough A\ = O(1), for any t € [y, 73]

> (a)*=0(1).
1€l

Proof. Define

n

o= wiggfd % Z(w, Tp)- (51)
VkE[n],(w,zy)>0 k=1
First note that « is positive. It is defined as the infimum of a continuous function on a
non-empty (thanks to Assumption 4) compact set, thus its minimum is reached for some
w* € Sy such that (w*,zy) > 0 for any k. Since the vectors (zj)) span the whole space RY,
the scalar product (w*,xy) is zero for all k if and only if w* = 0. This necessarily implies
that a > 0.

Now, the decreasing of the loss over time yields for any ¢ > 0:

n

S g an) — ) < 3 (o) — )?

k=1 k=1
=> y+0 ().
k=1

The triangle inequality then implies

2

D he(xe)? = Y v =0(1).
k=1 k=1

17. We indeed just showed in the previous computations that eQD(t_TZ) =0 (/\_E) for t € [12, 73]
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Moreover, note that by comparison between 1 and 2 norms:

ny  he(wk)? > Z het (k)
k=1 k=1
B S WITRANS o) ¥

k=1 i€Z k=14ieN
> na'y" alwl]| - (A“ )
€L

The last inequality comes from the fact that for ¢t € [ro, 73], for any ¢ € Z and k € [n],
(wt, 1) > 0; which allows to bound using « defined above.
Moreover, using the balancedness property (Lemma 1), |[w!| > af — a?, which gives

S allulll = 3 (e — 3 alaf

ieT i€ i€
> () = [ (a))? D (ah)?
i€ i€z i€z

- A
ZEI zEI

Wrapping up the different inequalities, we finally have for t € |19, 3]:

Y _
’LEI ZGI

This then implies that Y, 7(a})? = O

Lemma 18. For small enough X = ©(1) and & = O(1), if X < X, then for any t € [, 73],
Vi € ,Vk € [n], (W}, 1) > & ||z ]|
Proof. Let

Tk

NEN

By continuity, the condition (w!, -2k

, k) > 8" would necessarily break for some k € K
0 TTar | Y

first. It is thus sufficient to show Lemma 18 for any k € Ks. Since for all 4,5 € 7 and
t € [12,T3], <W§,W§~> > 1 — A° by definition of 73, we can use a decomposition similar to

Lemma 16:

Kg = {k € [n] | Fv R, (v, L) = § and VK € [n], (v, —£—) > 5’} .

2l

W; = afjwz + v where a =1+0(X),

Uz'j 1 Wi and ||Uzg|| =0 (X),

where we used the fact that Hth > 1 — A°. Using this decomposition, we can write

hot () Za” 2wl x) + Z Z],.Z‘k> + Z at(wt, o)y

JET JET ieN
< Ak x) + 0 (N9),
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where A = ©O(1) is a constant bounding EI(a )2, thanks to Lemma 17. From there,

1 1
(D', ) = — > (g — hge () (wnr, ) + gk — hoe () |k
K2k

n

1 A
—| > 2 (o — hgr () Z 21?4 2l 2 = = (wh, 2) — O (3.

k=1 " o Zk

v

Using the non—increasing property of gradient flow,

1 n
- Z yr — het(z1))? < - > (= hgo (i)’

k’ 1 k'=1

1 ¢ 2 2
n
k'=1
Note that Kg C K, using the correspondence w = v — ¢’ ”i’“” in the definition of both sets.'®
Thanks to Assumption 5, the constant 8 defined in Equation (46) is positive. This then
implies for any k € Ky and t € [, T3]

(D', ) > B — %(Wf,@ -0 (X9).

Again by our choice of A, it also comes by monotonicity of the loss

1 & 1 < _
|D|| < ;Zyi/ EZIIWIIHO(A):D:@(U-

k'=1 k'=1

From these last two inequalities, for any k € Ky and t € [72, 73], as long as (W', x) > 8 ||z ||
for any k'

d<W§7xk>

ST (D ) — Gt D) i, )

> 5= (5 + D){wh ) — O (X)
> 5 O ((whw)) ~ O (X).

Now note that for small enough A = ©(1), we can choose ¢ = (1) small enough, so that

B8 — (A + D)&'||lzg| — O (X°) > 0 and that (w]?,z)) > &'||zg|, thanks to Lemma 5. This
necessarily implies that (w!, z) > &||zx| for any ¢ € [r2, 73], as (w}, 2x) would be increasing
before crossing the (w!, zx) = &'||zg|| threshold. O

Lemma 19. There exist €5 = ©(1) and &5 = ©(1) small enough such that for e satisfying
the conditions of Lemmas 5 and 6 and any t € |19, 73],

Y (ah)? = e

€L

18. The case w = 0 is a particular case, which implies v = §’ Hi:H and so all the z; would be aligned, which
contradicts the fact that X is full rank.
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Proof. Note that we can chose €5 small enough, so that

D (a))* < 269 = Vk € [,y > hor (z1). (52)
1€

Moreover we have for any ¢ € [m2, 73] the ODE

%_22 WDt

€T
= %Z(aﬁ)z <Z<Wf7$k> (yx — het(xk») :
€T k=1

Thanks to Lemma 18, all the terms (w!, z)) in the sum are positive for ¢ € [r2, 73]. Thanks
to Equation (52), this sum is thus positive as soon as >_,.;(af)?> < 2e5. Thus during this
phase, Ziez(abQ is increasing as soon as it is smaller than 2¢5. By continuity and since it
is exactly 5 at the beginning of the phase, it is always at least €2 during this phase. O

F.4 Phase 3
Define for this proof

Zaw and R; == ZH HIE

1€Ly ZEM

where Z; := {z € [m]‘ﬂk € [n], (wk, zg) > 0}

and N == {2 € [m]’ﬂk,k’ € [n] s.t. (wk, zx) > 0 and (w}, zp) < 0}.

Note the B¢ differs from B% in the proof of Lemma 6, as it does not only count the
neurons in Z, but the neurons in Z; D I.

Lemma 20. For any t € [13,74) and x € R?,

|he () — (B%, )+ | = O ((e3 + ea)z]]) -
Proof. Thanks to Lemma 6,

hows () = (B, )| = O ((e3 + A7) [|]]) -
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Moreover for x # 0,

E u"’“( ) = ho ()] < 3w} - aPup

m
Z o lw; — will2 + laj — a7 |[[wi]2

m
<> laf|llwf — w2 + [af — a7?[laf|

m

> (@) | 116" =672

=1

4.

Lemma 17 yields

D (@) =0(1),
=1
so that
‘het (a:k) — hogrs (xk)] =0 (83 +e4+ )\5) .
This finally yields Lemma 20 as A* = O (g4). O

Note that for any k € [n], (5%, zx)+ = (8", k) in our example.
Consider in the following some 0} > 0 such that Assumption 6 holds with d,, > &} for
any considered u. We then define

a4 = inf inf Dﬁ*wf . 53
4 uGA(Rd) ke uk;ﬁo < v k> ( )
Jk,up=1 JweA~ I(U)de:K ’Hm H>|<6/
3k uyr =1

Assumption 6 directly yields as > 0 since the infimum is over a finite set. We then consider
a small enough 04 = O(min(0}, o)) and define

Sk W

c4 = inf inf (D, —). 54
sty wenmr 00 Tl >4
Hk,ukzl 4
3k uy =1

Here again, Assumption 6 yields ¢4 > 0.

Lemma 21. Under Assumptions 4, 5 and 6, if A\ e3,e4 and 4 satisfy the conditions of

Lemma 7 for small enough constants \,e3,€},03, then

R <O ()\2(1_5)6_04(t_73)) for any t € [13,74).

Importantly in Lemma 21, the O hides a constant that only depends on the data (and
not on t).
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Proof. First not that for any i € Vi, al < 0. Moreover, for u! = A(w!) and DY defined by

in Equation (11).
d||w?||?
1l — st (Dt 01, u)

< 2a}(Dy, wf) — 2af[[ Wil Dy, — Dyt (9%,

where D, (%) = LS4 Lup—1(yk — hgt(25))z). Thanks to Lemma 20 for our choice A,

IDY, = Dy (01| = O (g3 + €4)

The previous inequality becomes
df|wf||?
dt

First, i € N; implies that there are k, k" such that uﬁ = —1 and uf w = 1. Moreover at
time ¢, we have two possibilities:

< 2a{(D), *, i) — 2ai[[wi| O (e3 + e4) (55)

e cither w! € As_l(ug);
4
e or w! ¢ Ag_l(u’;)
4

In the former, Equation (55) yields for small enough €%, ¢} = ©(1)

d||w?||?
I < gegatut | — 208t 0 (5 + <)
~(2c4— O (e3 + ea)) [[wi |1*. (56)
In the latter case, by definition of Afl, we either have <||ZEH’ ka”> < 04 for all k € K or
<leuit;”, IIwkH> < 04 for all k € K. Assume in the following the first case and consider k € K
such that <|| ;”, HmH) < 0. The symmetrlc case is dealt with similarly.
Denote!? in the following w! = o %II From there, it comes
Ak )
Al a; t Tk t byt Tk
€ D, D W) (W, —— > .
L € g (o - b
Thanks to Assumption 6 and the definition of &,
AL ) ~
[z a; ( D )
< —Déy— 0O
G e\ POt Te

t

tll (a4 -0 (54 +e3 +54))

a;
<

[

From there, we can choose €5, &% and 04 small enough (but still ©(1)) so that (W, ‘x’c ) de-

t
creases at a rate Hsﬁ@(oq). This reasoning actually holds for any k € argmaxy,cx (W,

. 1S Can be delined, as w; as long as t.
19. Thi be defined f£0asl i & N,
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as long as i € Ny and w! ¢ Aé_j( %). As a consequence, if all (w!, IIIkH> are smaller than d4
with at least one of them positive for k& € I, then their maximal value (among K) decreases
at the above rate, so that after a time at most ©(1), all the values for k € K become non-
negative for k € K. This would then also imply that all values (W, ”x Teoy) for k € [n] become
non-negative. Indeed, if {k’ | (w,xp) > 0} is non-empty, we can, thanks to Assumption 4,
substract vectors of the form agzg to w. This would decrease all values (w, zy). We can
proceed this strategy until all the scalar products are non-positive and at least one of them
is?Y 0. This would then imply that the &’ for which it is 0 are in K, i.e., {k’ | (w,zy) > 0}
is either empty, or intersects K.

So if at some point i € N; and w! & A(il (u!), then after a time At , i & Nyia; where

At satisfies LA
+ |as| _
stsf O(1). (57)
t

[

Moreover, during this whole time,

dflwil® _ ( lal |\ o
= [[wil[) - (58)
di il

Also, the above argument yields that the sets N; are non-increasing over time on [73, 74].

Indeed, a neuron i cannot enter in the set Vi, as it would either have w! # 0 and (W, z;) = 0

for some k € K at entrance, or w! = 0 at entrance. In the first case, w! ¢ Agl(ug) and is
4

thus immediately ejected out of A (and is hence not entering). In the second case, note

t
that ||Z,it|| is arbitrarily large at entrance in A;. Thus, if w! enters such that w! & Agl(uf),
[ 4
it is also immediately ejected out?! of A;. If instead w! enters such that w! € Ag_l(uf), its
4

norm decreases following Equation (56), while it is actually 0 at entrance. Hence in all the
cases, it cannot enter N;.

For the neuron ¢ € NTS, we can now partition [r3,74) into three successive disjoint
intervals such that

e Equation (56) holds in [73, to];
e the second interval is of the form [tg, {9 + At] with Equations (57) and (58);
o i & Nyin [tg + At,74).

Using this partition, a Gronwall argument then yields for any ¢t € [73,74) and €5, ¢} small

enough,
to+AtL s
P Lien: < Listpsadu? [Pe =) e (0 ([ Jas )
t

o il
= O ([lup P37

20. The vector resulting from these substractions cannot be 0, since it would imply that w is positively
correlated with all data points.

d(wf,wy)

21. A simpler argument is here to directly consider the non-scaled version o
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From there, using the fact that R,, < A2(1-¢) 4 simple summation yields

R, =0 ()\2(1—6)6—%‘@_73)) for any t € [13,74).

Lemma 22. Under Assumptions 4, 5 and 6, if \,e3,e4 and 04 satisfy the conditions of
Lemma 7 for small enough constants X, €%,¢}, 05, then for any t € (13,74):

Vo, € DL el > omin( 8] (L(O) — Lg-) + O (09 F0-))

where Lg« = =57 ((8*, ) —yp)? and owim(H) is the smallest eigenvalue of H =
IXTX.

n

Proof. For any t € (13,74), it comes by definition of 74 that (w!,zy) > 0 for any i € Z and

k € [n]. Tt then holds for any g, € OL(#"), when considering only the norm of its components
corresponding to the derivatives along w! for i € Z:

lgell3 > D (ab)*| D). (59)

€L
Note that by definition of 3t and R;:

hot(zr) = ab(w}, zp) 4+

I

-
I
N

ag((“’f: xk’> + <w€> xk’>—)

|

s
Il
—

Bt k) + Z at(wt, ) .

—~

€N
So that
|hge (i) — (B, k) <D lab||wh |||l
1ENY
< Y@ D wk]P k]
iENG ieNy

< V2R; + A2\ 2Rz ]|

—0 (/\2(175)67%4@773)) ‘
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The last inequality here comes from Lemma 21. By definition of D! and §*,

1 n
Dl=—-=) (h -
- gl( ot (Tk) — Yk) Tk

_ _% > " (hoe (i) — (8%, i)z
k=1

——H(' = 5) = S (@) ~ (3.0

k=1
— —H(ﬁt o /B*) 4 O (AQ(lfs)ef%(t7T3)) .

In the following, we note o, instead of oy (H) for simplicity. Equation (59) now becomes
for t € (7'3,7'4)

laulB = S(at)? (Vo' — 87l — 0 (R0t )

€L
> owin Y_(a})?[18" = 8|} — O (X072 )
1€l
> (HB*HQ -0 (53 + 54))0‘min||ﬁt _ 5*”%{ 0 (AQ(I_a)e_%(t_T3)> 7 (60)

where the second inequality uses a bound ||3* — 3*||2 = O (1), which can be proved similarly
to Lemma 20. Note that we again have >, 7(af)? = O (1) in this phase, thanks to Lemma 17
and the definition of 74.
On the other hand, we also have for Ry(z) :== hg:(z) — (6%, z)
1

n

L(0") = Lp- = o ;(het (k) —ye)® = (8% @) — )
- Qﬁz;«ﬁf,m ) = (8 ) — ) o é(zuﬂt,m — ) Ri(oe) + Rilaw)?)
- ;(ﬂt_ ) TXT(XE - Y) o (8 XX )
g0 22 ()~ 90 Rl) — Rt ?)
< S B Y ) — ) Rl

k=1

The last inequality comes from the definition of 8* that implies X T (X$* —Y) = 0. Recall
that |R(xp)| = O ()\2(1_5)6_%“_73)). Also, note that = 31" | (hge(2x) — yi) = O (1) by
monotonicity of the loss. It yields with Lemma 21:

1 * —e) — A (t—
L(0) = L < 518" = 8* [} + 0 (W20 H ). (61)
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Combining Equations (60) and (61); it finally yields:
0l > omin (181 = O (e + ) 18 = 671 — O (X203 H-)
> 20min ([|8*]] — O (e3 +€4)) (L(6") — Lg+) — O (AQ(l—a)e_%(t_”)) :

Lemma 22 then follows for small enough €3 and €}, so that the first term is larger than
Ouinll 871 (L(6Y) — L. 0

Lemma 23. Under Assumptions 4, 5 and 6, if X e3,e4 and 04 satisfy the conditions
of Lemma 7 for small enough constants \,e3,¢3,05, then for any t € [13,74) and a =

mm( 5 14 )"

L") — Lg- =0 (8%6_(1@_7—3)) .

Proof. By definition of the gradient flow, there is some g; € 0 L(gt) such that ddi: — _g ae
It then comes from Lemma 22 that a.e.??
w — _Hg H2
dt t
< ~min|87I(L(0) = Lge) + O (N2 0mm))

where again we write oy for omin(H). Solutions of the ODE f/(t) = —cf(t) + be~% are of

the form .
ft) = ——( ™ —e ) 4+ f(0)e " ifa#ec

c—a

Since a < opin||5*||, @ Gronwall comparison then yields for any ¢ € |13, 74),
L(0Y) — L < (L(7) — Lg-) e omnllBIE=m) 1 0 (AQ(l_E)e_“(t_T3)) .
Moreover, it comes from Equation (61) that
1
L(8™) = Ly < 5187 — B[ + 0 (32079)
Zox g™ — g3+ 0 (A209)

U‘ga"a?,, +0 (Az(l—f)) ,

IA

IN

where the last inequality comes from Lemma 6. This allows to conclude as A% = O (e3).
O

Lemma 24. Under Assumptions 4, 5 and 6, if \,e3,e4 and 04 satisfy the conditions of
Lemma 7 for small enough constants \,e3,¢},05, then

T4
/ ID!dt = O (es)

3

22. The fact that the chain rule can be applied to L") pere is not straightforward, but is possible a.e. (see

e.g., Bolte and Pauwels, 2021, Lemma 2, Corollary 1 and Proposition 2)
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Proof. We already proved in the proof of Lemma 22 for any t € |73, 74):
1D < Vamll8' — 8l + 0 (W09 =)

Moreover, we also showed

18" = 8 = 2(L(8") — L) + Z(yk—het (o)) Relr) + Relr)?)

3\'—‘

18" = B*llar < /2(L(8") — Lg) + O (A1 H(=))
Thanks to Lemma 23, it comes for our choice of A and e3:

D] <O <€36_%(t_7'3)> ’

where the constants hidden in O do not depend on ¢ but only the dataset. Integrating the
exponential then concludes the proof. ]

Lemma 25. Under Assumptions 4, 5 and 6, if \,e3,e4 and 04 satisfy the conditions of
Lemma 7 for small enough constants \, €%, €4, 95, then for any i € T and t € [13,74):

o |al —a| < (e93) —1)al®;
o [t — wP| < (O + O (e3) — 1) o]
o [lwj —w|| < O(es).
Moreover, for any i € N and t € [13,74),
o laf —a*| <O(1)a
o [wi—wl<O(1)a
where again the constants hidden in O neither depend on t nor i, but only on the dataset.

Proof. For any i € Z, the neuron i is activated along all x, for all ¢ € [r3,74) by definition
of 74. As a consequence, we can bound the derivative of a;f > 0 as:

5]~ g, 1)

< a;|[ D]

Gronwall inequality along with Lemma 24 then yield the first item of Lemma 25. We also
have the following bound:

This yields the third point of Lemma 25. Moreover note that

dW;?
dt

= || D" — {w;, D")wi|

< |10

lwi = wi|| < ag — a7 + af*|lwj — wi?|].
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The second point then follows from the first and third one.

For i € N, the neuron 7 might not be activated along all z;. However, we can use the
same arguments as in the proof of Lemma 21, so that there are time ¢; (potentially oco) and
At;, such that |a}| decreases on [r3, ;] and i is activated along all (or no) zy on [t; + At;, 74)
with At; = O (1). From the first part, it holds for any ¢ € |13, t;]

i — a?| < |a”]

t t
lw; = wi? | < [lwil] + lwi]] < 2la;?].

And a Gronwall argument also yields for any t € [r3,t; + At;], since At; = O (1):

lai — a?| = O (|a*))

lwf = = O (|af*]) .
Also, we can bound the difference in the third part similarly to the case ¢ € Z, i.e., for
any t € [t; + Aty 14):

|a§ _ a§i+Ati| < a§i+Ati€O(63)

||w¢ _ w§i+Ati|| < (60(83) +0 (53)> afii"‘Ati.

(2

Combining these different inequalities then yields the last two points of Lemma 25, using
the fact that e3 = O (1). O

Corollary 1. Under Assumption 6, if A,e3,€4 and 4 satisfy the conditions of Lemma 7
for small enough constants X\, e3,¢}, 0y, then T4 = oo.

Proof. First note that thanks to Lemma 6 and Lemma 25, we have for any ¢ € [13,74),7 € Z
and k € [n]:

(Wi, ) > (Wi, ag) — [lwj — wi?|| |||
> Q1) - O (e3)
> 04|z,

for a small enough choice of €5 and ¢;. This implies that the second condition in the
definition of 74 does not break first. Moreover, thanks to Lemma, 25,

10" =03 < Y (at = af*)? + ot —wP P + Y (ah = af)” + [luf — w]?|*
iel ieN
2
_ (eo(ag) + O (ey) — 1) Y@ +omY (ar)?
1€T ieN

< (9 4+ 0 (e3) - 1)2 0(1)+0 (N1-9),

where the last inequality comes from the bounds on the sum of (al*)? from Lemmas 6
and 19. Now for any ¢j = ©(1) and small enough €3, A\ = ©(1) (depending on €}), the
previous inequality leads to

16" — 6713 < &3
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This implies that the first condition in the definition of 74 does not break first. As a
consequence, neither of the conditions in the definition of 74 break in finite time, i.e.,
T4 = OQ. O

Proof of Lemma 7. First note that we can choose constants e, \, e, £3, €4, 04 = o(1),
such that all the lemmas of Appendix F simultaneously hold for any A < \. An easy way
to verify so is going backward after fixing e, i.e., first fix 4,4, then fixing €3, then e
and finally A. Thanks to Lemmas 24 and 25 and Corollary 1, the parameters 6 and their
variations are both bounded on [13,00). As a consequence, ' does have a limit:

lim 6" = 65°.

t—o00
Moreover, Lemma 21 yields that

lim Ry = 0.

t—o0

This directly implies the second point of Lemma 7. Now denote

00 .__ 00 , 00
B = Z OWLOWE
1€[m]

Vkem] (ws;, k) >0

The second point of Lemma 7 that we just proved implies that

hgeo (x) = (BY, ) for any x € C,

i.e. 65 behaves as a linear regression of parameter 53¢ on the (cone generated by the)
convex hull of the training data. As a consequence,
1 o 2
L(03°) = Lgge = %Z«@Oﬁw& —Yk) -
k=1
Also, Lemma 23 implies that L(63°) = Lgee < Lg«. However, 8* is the unique minimiser
of the least square loss, among the set of linear regression parameters. This implies that
BY° = B*, which concludes the proof of both Lemma 7 and Theorem 2.
The last point of Theorem 4 is obtained by using Lemma 20 and noticing that when
A — 0, we can also choose the constants €3 and g4 such that they converge to 0 when A — 0.

Appendix G. Further Dicussion on (Glasgow, 2024)

In this section, we discuss in more details how the early alignment phenomenon is related
to Glasgow (2024)’s work. Glasgow (2024) studies the convergence of SGD for XOR-type
data with two-layer ReLU network towards four vectors, resulting in a 0 test loss.

We argue that the XOR setting under consideration falls within the scope of our frame-
work. Specifically, the associated population loss exhibits exactly four extremal vectors
corresponding to these four vectors reached at convergence (see details below). From this,
the initial phase of the dynamics described by Glasgow (2024) aligns with the early align-
ment phase analyzed in our work—Theorem 1 has yet to be applied to gradient flow over
the population loss, which requires extending it to the infinite data setting.
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The primary additional technical challenges addressed in Glasgow (2024) involve estab-
lishing analogous results for stochastic gradient descent (SGD) rather than gradient flow,
and under a finite data regime. Their analysis of early alignment, and the broader training
dynamics, for SGD in the XOR setting is achieved by bounding the deviation between SGD
and gradient flow on the population loss via concentration inequalities. Controlling the
growth of the neurons from the early alignment phase also remains challenging, although
simpler to control.

G.1 Computation of Extremal Vectors in Glasgow 2024 Setting.

In this section, we justify that the population loss only counts four extremal vectors in the
XOR setting. For that, we consider the population loss with Gaussian input.

While Glasgow (2024) consider data distributed uniformly over the hypercube, their
proof of the first alignment phase relies on an approximation of the uniform distribution on
the hypercube by a standard Gaussian in high dimension. In that effect, we directly assume
here that the dataset is given by

Tp ~ N(07 Id)
y(w) = —sign(e] zy)sign(es z)

and consider the limit of infinite data. We thus denote the (population) loss of the model
as

L(0) = Eqy [£(ho(x), y(2))],

where £(7,y) = In(1+e~%) is the logistic loss. In this population loss setting, the function
G(w) can still be defined, and its gradient is given by

D(w7 0) = E$7y[yx]lex20]'

In that infinite data setting, the definition of extremal vector also extends to D # 0 such
that both hold (see Boursier and Flammarion, 2024)
1. D= D(w,0)
D w
—_ =t
1D Il
Using computations (see Appendices G.2 and G.3 below) similar to Lemma D.4 (Glasgow,
2024), we can then show that for any w € R%\ {0}:
sign(ws) = —sign((D(w, 0), e1)),

sign(un) = —sign((D(w, 0),e2)) (62

and??
sign((D(w,0), ws.q)) = sign(wiwa)Ly,,,-£0- (63)
From there, assume that D(w,0) is an extremal vector. If w; = 0, then the above imply

that D(w,0) L e; for any j > 2, so that it is not an extremal vector. In consequence, we
necessarily have w; # 0 and wy # 0 for similar reasons.

23. In this section, w; is the i-th coordinate of w and w;.; is the projection of w onto Span(e;,...,e;).
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From there assume w.l.o.g. that wyws > 0 and also assume that ws.q # 0. We then
have by Equations (62) and (63):

<D(U], O)a w1:2) <0,
<D(wa O)a w3:d) > 0.

However, these two inequalities contradict the fact that D(w,0) o« tw, i.e., that it is an
extremal vector. Thus, any extremal vector D(w,0) satisfies ws.q = 0. Necessarily, it must
be of the form D(w,0) = aje; + ages. We can now be more precise and show that (see
Appendix G.4 below) for any w such that ws.q = 0,

if |wi| > |wy| then [(D(w,0),e2)| > [(D(w,0),e1),

if  |wi| < |wz| then [(D(w,0),e2)| < [(D(w,0),e1). (64)

In consequence, any extremal vector must be such that |wi| = |wsl|, i.e., of the form
D(w,0) = ae; £ eg) for some o € R. In consequence, there exist at most 4 extremal
vectors and it is easy to check that for a good choice of a (both > 0 and < 0), this indeed
yields extremal vectors.

We have thus shown that in the XOR setting with population logistic loss and Gaussian
data, there are only 4 extremal vectors, which are proportional to the vectors e; +es, e1 —es,
—eq + eg, e1 + es.

G.2 Proof of Equation (62).

Similarly to Glasgow (2024), we note x = z + £ where z is the projection of z on the first
two coordinates and £ on the last d — 2 coordinates. We also note y(z) = —sign(z122).
Denoting by swap; () = (—x1, z2,...,x4) the flip operator on the first coordinate, we have
using the symmetries of the distribution:

<D(wa O)a €2> = E[y(z)ﬂwT$20$2]

1
= §]E[(]le120 - ]leswapl(m)z[))y(Z)xQ]
1 .
= _iE[(]lexZO - ]leswapl(x)zo)Slgn(xl)|x2H' (65)

Moreover, note that if wy > 0, we necessarily have (1,750 — Ly Tswap, (2)>0) sign((z, e1)) >
0, so that

w1 >0 = (D(w,0),e3) <0.

Moreover if w; > 0, the above expectation is non-zero since there is at least a non-zero
measure subset of R? for which (17,59 — LT swap, (z)>0) 72| > 0. Symmetric arguments
allow to derive Equation (62).
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G.3 Proof of Equation (63).
Similar computations as above yield

<D(U}, 0)7 w3:d> = E[]}'meEOy(z) <£a w3:d>]
%E[(]le(z+§)20 - ]]'wT(z—f)EO)y(Z) <€7 w3:d>]

1
- iE[y(z)ﬂ|§Tw3;d|2|sz| ‘ <§7 w3:d> H
1

= SEE: Ly (o) =1L g T w g ]2 Tw) (€ ws:a) ]
1
= BB Ly o)=L Ty g 22 Tw) (€, waa) ]

Assume w.l.o.g. that wi,ws > 0. For a fixed £ and since y(z) = —sign(z;122), the region
{]ly(Z)=*1]l\€Tw3;d|2|sz| > 0} is smaller (w.r.t. the Gaussian measure) than the region
{Ly)=1LieTwy 27w = 0} It is indeed a consequence of the following observation: if

y(z) = =1 then |zTw| > |swap,(2) Tw], i.e.,
i Ly a)=—1 LTy, g2 Twf = 1
then Ly swap, () =11 j¢ Twg,al>lswap, () Tw] = 1
and swap; (z) also follows a standard Gaussian distribution.
As a consequence, if wi, wy > 0, the previous inequality implies that (D(w,0), ws.q) > 0.

Moreover, if both wy,ws > 0 and ws.q # 0, the above difference becomes positive, so that
(D(w,0),ws.q) > 0. More generally, we have shown by symmetric argument that

sign(D(w, 0), w3.q) = sign(wiwz) Ly, 0

G.4 Proof of Equation (64).
Assume that ws.q = 0, Equation (65) then yields

<D(w7 0)7 62) = _7Ex[( wlz>0 — ]leswapl (x)ZO)Sign(ﬂglﬂﬂg?H
_ sign(w; . :
L) 111 5 g i (01210 ) ]
51gn(w1)

= 9 —FE; []l|w1x1\2|w2$2\|$2|]'

And similarly (D(w,0),e1) = _%Em[ﬂlwzxzmwlm’xlu' Now note that the transfor-
mation & = (z2,21,3,...,24) does not change the data distribution and thus yields the
following inequalities

Ez[ﬂ|w1x1\2|w2x2\’$2u E, []1|w1a:2|2|w2x1\’x1u
< Eo[Lupas > wia [21l] i [wa| 2 |wi]
> Ey [ﬂ|w2x2|2\w1$1|‘$1” if |w2| < |w1|
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Moreover, the inequalities are strict if |wa| > |wy| or |we| < |w1], so that
[(D(w,0),e2)| > [(D(w,0),e1)| if Jwi| > |wal,
[(D(w,0), e2)| < [(D(w,0),e1)| if Jwy| < [ws|.

75



	Introduction
	Setting
	Notations

	Weight Alignment Phenomenon
	Convergence Towards Spurious Stationary Points
	Sketch of Proof
	Phase 1
	Phase 2
	Phase 3


	Experiments
	Discussion
	Conclusion
	Appendix
	 Appendix
	More General Assumptions for Section 4
	Additional Experiments
	Experimental Details
	Stewart et al. Example

	Proof of Intermediate Lemmas
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3

	Proof of Theorem 1
	Additional Quantities
	Additional Lemmas
	Proof of Theorem 1 (i)
	Local Stability of Critical Manifolds
	Global Stability
	Quantization of Misalignment
	Proof of Theorem 1 (ii)

	General Alignment Theorem
	Understanding Condition 2
	Proof of Theorem 3
	Absence of Saddle Points for Dimension 2.

	Proof of Theorem 2
	Phase 1
	Phase 2a
	Phase 2b
	Phase 3

	Further Dicussion on glasgow2024sgd
	Computation of Extremal Vectors in glasgow2024sgd Setting.
	Proof of Equation 62.
	Proof of Equation 63.
	Proof of Equation 64.



