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Abstract

Projected policy gradient (PPG) is a basic policy optimization method in reinforcement
learning. Given access to exact policy evaluations, previous studies have established the
sublinear convergence of PPG for sufficiently small step sizes based on the smoothness and
the gradient domination properties of the value function. However, as the step size goes to
infinity, PPG reduces to the classic policy iteration method, which suggests the convergence
of PPG even for large step sizes. In this paper, we fill this gap and show that PPG admits
a sublinear convergence for any constant step sizes. Due to the existence of the state-wise
visitation measure in the expression of policy gradient, the existing optimization-based
analysis framework for a preconditioned version of PPG (i.e., projected Q-ascent) is not
applicable, to the best of our knowledge. Instead, we proceed the proof by computing the
state-wise improvement lower bound of PPG based on its inherent structure. In addition,
the finite iteration convergence of PPG for any constant step size is further established,
which is also new.
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1. Introduction

Reinforcement learning (RL) is essentially about how to make efficient sequential decisions
to achieve a long term goal. It has received intensive investigations both from theoretical
and algorithmic aspects due to its recent success in many areas, such as games (Mnih
et al., 2015; Silver et al., 2016; Berner et al., 2019; Vinyals et al., 2017), robotics (Hwangbo
et al., 2019; Lee et al., 2020; Miki et al., 2022) and various other real applications (Agarwal
et al., 2016; Chen et al., 2019; Mirhoseini et al., 2021). Typically, RL can be modeled
as a discounted Markov decision process (MDP) represented by a tuple M (S, A, P,r,v, i),
where S is the state space, A denotes the action space, P(s'|s, a) is the transition probability
or density from state s to state s’ under action a, r : S x A x S — R is the reward function,
v € [0,1) is the discounted factor and p is the probability distribution of the initial state
so. In this paper, we focus the tabular setting where S and A are finite, i.e., |S| < co and
|A| < oo. Let A(A) be the probability simplex over the set A, defined as

A
AA)=S0eRA:6,>0> 6i=1,. (1)

i=1

The set of admissible stationary policies (i.e., the direct or simplex parameterization of
policies) is given by

II:={rm = ()5 | 7 € A(A) forall s € S}, (2)

where 7, := 7(+|s) € RMl and 7 € RISIXIAL
Given a policy 7 € 11, the state value function at s € S is defined as

VT(s):=E {Z’ytr (8¢, a, St+1)|s0 = 8,7['} , (3)

t=0

while the state-action value function at (s,a) € S x A are defined as

Q" (s,a) :=E {Zytr (S, at, St+1)|S0 = s, a0 = a,ﬂ} ) (4)

t=0

Overall, the goal of RL is to find a policy that maximizes the weighted average of the state
values under the initial distribution p, namely to solve
VT . 5
max V™ (1) ()
Here V7™ (p) := Es), [V™ (5)] for any p € A(S).
Policy optimization refers to a family of effective methods in reinforcement learning. In
this paper, we focus on projected policy gradient (PPG) which is likely to be the most

direct optimization method for solving (5). Given an initial policy my € II, PPG generates
a policy sequence {7¥} for k = 1,2,3, ... as follows:

1 2
7F ! = arg max {nk <V7rV7T (1) ezt s 70— 7Tk> 2 HW B WkH } ’
well 2 ’
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T — Tk

= arg max {Z (Uk: <VTFSV7r (1) |k > TTs — 7T§> N % ’

mell €S

or state-wisely,

1 = angma (i (Vo V7 0 oo = 1)~ 5
TE

According to the policy gradient theorem (Sutton et al., 1999),

4. (8) om
= ﬁ@ (s:°)

where dJ; is the state visitation probability defined as

vﬂ's Vﬂ (/’L)

oo
d; (8) = (1_’7)E{Z’7tﬂ[sts]|50NM77r}- (7)
t=0
Thus, PPG can be written explicitly in the following form:

k defi(s)

(PPG) mi™" = Projaca (Ws + ﬁ@k(s, -)) , Vs€S, (8)

where dﬁ and Q¥ (s,-) are short for d¥ and Q™ (s, -), respectively, and Proja(4y denotes
the projection onto A(A), i.e., Proja(4) (v) = argmin [[p — v||3. Note that removing the

PEA(A)
visitation measure dﬁ(s) in the PPG update leads to the projected Q-ascent (PQA) method,
(PQA)  7hH! = Proja(q) (b +mQ (s,)), Vs €S, (9)

PQA is indeed a special case of policy mirror ascent methods (e.g. Geist et al., 2019; Shani
et al., 2020; Lan, 2021; Xiao, 2022; Cen et al., 2022; Zhan et al., 2023; Li et al., 2023;
Johnson et al., 2023) where the Bregman distance is the squared ¢>-distance and it can also
be seen as a preconditioned version of PPG.

1.1 Motivation and contributions

The convergence of PPG has been investigated given the access to exact policy evaluations
(Agarwal et al., 2021; Bhandari and Russo, 2024; Zhang et al., 2020; Xiao, 2022). More
precisely, it is shown that PPG converges to a global optimum at an O(1/v/k) sublinear rate
(Agarwal et al., 2021; Bhandari and Russo, 2024), which has been subsequently improved
to O(1/k) (Zhang et al., 2020; Xiao, 2022). The analyses in these works all utilize the
smoothness property of the value function, and thus require the step size to be smaller than
1/L, where L = % is the smoothness coefficient of the value function (Agarwal et al.,
2021). However, as my goes to infinity, it is easy to see from (6) that PPG approaches the
classic policy iteration (PI) method. Therefore, due to the convergence of policy iteration,
it is natural to expect PPG also converges for large step sizes.

Motivated by the above observation, we extend the convergence studies of PPG to any
constant step sizes in this paper. The main contributions of this paper are summarized as
follows:
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e The O(1/k) sublinear convergence of PPG has been established for any constant
step sizes, see Theorem 15. In order to break the step size limitation hidden in the
existing optimization analysis framework, we adopt a different route and leverage
the more explicit form of the projection onto the probability simplex to derive
a state-wise improvement lower bound for PPG. It is worth noting that, due to
the ezistence of the visitation measure in PPG, the analysis for PQA within the
framework of policy mirror ascent (Xiao, 2022; Lan, 2021) is not applicable for
PPG, to the best of our knowledge. In fact, the sublinear convergence results of
PPG (only for sufficiently small step sizes) and PQA (for any constant step sizes)
have been established separately based on different techniques in Xiao (2022).

We further show that PPG indeed terminates after a finite number of iterations. The
finite iteration convergence of PQA for any constant step size can also be obtained
in a similar way. Note that, as a special case of a general result, the homotopic
PQA can be shown to converge in a finite number of iterations (Li et al., 2023).
However, this does not imply the finite convergence of PQA for any constant step
sizes and the homotopic PQA basically requires an exponentially increasing step
size to converge. As a by-product, we present a new dimension-free bound for the
finite iteration convergence of PI and VI, which does not explicitly depend on |S]|
and |A|.

In addition to the main contributions, we also give a brief discussion on the v-rate linear
convergence of PPG using non-adaptive geometrically increasing step sizes, as well as the
equivalence of PPG and PQA to policy iteration when the step size n; is larger than a

k

threshold that can be calculated from the current policy =7".

The existing convergence

results and our new results on PPG (as well as on PQA for completeness) are summarized

in Table 1.1.

Table 1: Convergence results for PPG and PQA.

PPG

PQA

Existing results

Sublinear convergence when 7, <
1/L (Agarwal et al., 2021; Bhan-
dari and Russo, 2024; Zhang et al.,
2020; Xiao, 2022)

This paper

1) Sublinear convergence for any
constant 7; 2) Finite iteration
convergence for any constant ng;
3) ~-rate linear convergence for
geometrically increasing step sizes

1) Sublinear linear convergence
for any constant 7, (Lan, 2021;
Xiao, 2022); 2) Finite iteration
convergence for homotopic PQA
(Li et al., 2023); 3) y-rate/linear
convergence for geometrically in-
creasing step sizes (Xiao, 2022;
Johnson et al., 2023)

Finite iteration convergence for
any constant 7y
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1.2 Notation and assumptions

Recalling the definitions of the state value function (3) and the state-action value function
(4), the advantage function of a policy 7 is defined as

A" (s,a) == Q" (s,a) — V7 (s).

It is evident that A™(s,a) measures how well a single action is compared with the average
state value. Moreover, we use V*(s), @*(s,a) and A*(s,a) to denote the corresponding
value functions associated with the optimal policy 7*, and use V¥(s), Q*(s,a) and A*(s, a)
to denoted the corresponding value functions associated with the policy output by the
algorithm in the k-th iteration. In the sequel we often use the shorthand notation for ease
of exposition, for example,

Teai=m(als), mi=7(ls) QI :=Q(s,a), and QT :=Q7(s, ).

Given a state s € S, the set of optimal actions A% at state s is defined as,

A% = argmax Q*(s,a) = arg max A*(s, a).
s gaej\(Q( ) Sy (s,0)

Given a policy w € I, a state s € S and a set B C A, define
s (B) = Z 75 (a)
acEB

as the probability of 7; on B and denote by b7 the probability on non-optimal actions,
b7 =ms (AN AD).

When b7 is small for any s € S, it is natural to expect that m will be close to be optimal.
Thus, 07 is a very essential optimality measure of a policy. The set of m-optimal actions at
state s, denoted A7, is defined as

A7 = argmax A" (s,a),
acA

with A* being the abbreviation of Agk. The following quantity is quite central in the finite
iteration convergence analysis, which has also appeared in previous works, see for example
Mei et al. (2020); Khodadadian et al. (2021).

Definition 1 The optimal advantage function gap A is defined as follows:

A= min A% a), (10)
s€S,ag Ax

where S = {s € 8§ : A* # A} denotes the set of states that have non-optimal actions.

Without loss of generality, we assume S # 0. It is trivial that A > 0 since A*(s,a) < 0
holds for all non-optimal actions. Additionally, we will make the following two standard
assumptions about the reward and the initial state distribution.
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Assumption 1 (Bounded reward) r(s,a,s’) € [0,1], Vs,s' € S, a € A.

Assumption 2 (Traversal initial distribution) f := migu (s) > 0.
s€

Recall that dj; defined (7) is the state visitation measure following policy 7. We use dj,
to the state visitation measure following the optimal policy 7* and use dﬁ to denote the
visitation measure following the policy output by the algorithm in the k-th iteration. For
mell, pe A(S) and s € S, it follows immediately from Assumption 2 that

ar(s) > (1) (11)

1.3 Organization of the paper

The rest of the paper is outlined as follows. In Section 2, some preliminary results are
provided which be used in our later analysis. The sublinear convergence of PPG with any
constant step size is discussed in Section 3, followed by the finite convergence in Section 4.
The dimension-free bound for the finite iteration convergence of PI and VI is also presented
in Section 4. In Section 5, we present the results of linear convergence and equivalence to
PI under different step size selection rules.

2. Preliminaries

2.1 Useful lemmas

As we assume the reward function r is bounded in Assumption 1, all the value functions
are bounded as they are discounted summations of rewards.

Lemma 2 For any policy m € Il and (s,a) € S x A,

1 1 1 1
VT(s) € |0, ——|, Q" 0, |, a IR
(S)e[’1—7]7Q(S’a)€[71—7]7 (s,a)e[ 1_7,1_7]
By leveraging the structure property of the MDP, we further have the lemma below.

Lemma 3 For any policy m ,

o Q"= Qo <AIVF =V,

o AT = AT < VT = VT

o [VF¥—VT|| < W for any p € A(S) such that p := migp(s) > 0.
se
Proof Recalling the definition of state-action value function (4), one has
|Q7r (s,a) - QF (s, a)| =7 ‘ES/NP(~|S,G,) [Vﬂ (S,) -V (S,)] ) <z ||V7r — V*HOO .

6
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For the advantage function, one has
AT (s,a) = A% (s,0) = (V7 () = V" (s)) = (Q (s,0) = Q" (s,0)).
On the one hand,
AT (s,a) = A% (s,0) S V7 (s) = V7 (s) < V" = VT .
On the other hand,
A% (s,a) = A" (s,0) < Q" (s,a) = Q" (s,a) < [[V" = V7.
Thus ||[A™ — A*|| < [|[V* = V7. For the bound on ||[V* — V7|, a direct computation

yields

p(s
p(s

g (V* (5) = V™ (5)) < V*(p) ; V™ (p)

)

V=V <>

which concludes the proof. |

The performance difference lemma below is a fundamental lemma in the analysis of
RL algorithms (e.g. Agarwal et al., 2021; Mei et al., 2020; Khodadadian et al., 2021; Liu
et al., 2023; Xiao, 2022). It characterizes the difference between the value functions of two
arbitrary policies can be represented as the weighted average of the advantages.

Lemma 4 (Performance Difference Lemma, (Kakade and Langford, 2002)) For any
two policies 71,72, and any p € A(S), one has

T 7T 1 s
14 1(10) -V 2(p) - E}Eswdzl [anﬂ1(-|s) [A Q(Sva)]] .

Recall that b7 denotes the probability on non-optimal actions which can be viewed as

an essential measure for the optimality of a policy. The following two lemmas establish the
relation between b7 and the mismatch V*(p) — V7™ (p).

Lemma 5 (Khodadadian et al., 2021, Theorem 3.1) For any policy = € Il and p €
A(S),

Vi(p) = V7™ (p) < “Esar [b7]-

(1—7)?

Lemma 6 For any policy m € Il and p € A(S),

Ve(p) =V (p)

]ESNP [b;r] S A
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Proof According to the performance difference lemma,
Vi(p) =VT(p) ==(V"(p) =V (p))
1 - .
= T 20 () 2w (als) (-4 (5,0)

a

1 T *
e SLACH DEICORV ]

seS ag A;
1
> F ~d;;(s) > w(als)- A
seS ag A;
A T s us
=— dy (s)bg > A-Esop [05] -
s€S
The proof is complete after rearrangement. |

2.2 Basic facts about projection onto probability simplex

Recall that Euclidian projection onto the probability simplex is defined as
Proja()(p) = argmin|ly — p||*.
YEA(A)

This projection has an explicit expression, presented in the following lemma.
Lemma 7 For arbitrary vector p = (pa),e 4 € RMI

Projaa) (p) = (p+ A1),
where X is a constant such that ), c 4 (pa + ), = 1.

Proof This fact can be obtained by studying the KKT condition of the projection problem,
see for example Wang and Carreira-Perpinian (2013) for details. |

Remark 8 I[t’s trivial to see that the projection onto probability simplex has a shift-invariant
property. That is, Projacay (p) = Projacay (p+cl) holds for arbitrary constant ¢ € R.
Therefore, PPG and PQA can also be expressed in terms of advantages functions. For
example, we have the following alternative expression for PPG:

dk
wf“ = ProjA(A) (Wf + 4771; f(,j)Ak(& )> , VseS.

Lemma 7 implies that the projection onto the probability simplex can be computed
by first translating the vector with an offset, followed by truncating those negative values
to zeros. Moreover, the next lemma provides a characterization on the support of the
projection, which will be used frequently in our analysis.
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Lemma 9 (Gap property) Let B and C be two disjoint non-empty sets such that A =
BUC. Given an arbitrary vector p = (Pa)aeq € RMI| et y = Projacay (p). Then

Va' €C, yy =0 & E <pa—maxpa/> > 1.
a’'eC
a€B +

Roughly speaking, this lemma indicates that if the entries of p in the index set C are
generally smaller than those in the index set B and the cumulative gap is larger than 1,
then the index set C will be excluded from the support set of the projection y. The proof of
this lemma is essentially contained in the argument for Theorem 1 in Wang and Carreira-
Perpindn (2013). To keep the presentation self-contained, we give a short proof below.
Proof [Proof of Lemma 9| First note that Va € A,

(a) (0)
Ya =0 <= A< —py Z (pa'—Pa)+21,
a’c€A

where (a) follows from Lemma 7 and (b) is due to > 4(pa+ M)+ = 1 and the monotonicity
of (+)+. Thus we have

' =0, Va' €C < min —po)y > 1& — max pg >1
Ya vee %(pa Pa )+ = aze;l (pa a’eé( Pa >+ =

= — ’ >1
> (- maxnw) =1
a€B +

which completes the proof. |

Based on Lemma 7, we can now rewrite the one-step update of PPG in (8) and PQA
in (9) into a unified framework with an explicit expression for the projection. This is the
prototype update that will be mainly analysed. Given an input policy 7 € II and step size
n > 0, the new policy 7T is generated via

(Prototype Update) 77;':&(778) = (Tsa +Ns AL, + )\S)Jr , VseS§,ac€ A, (12)

where g is a constant such that ), 7r8+7a = 1. Note that, given a constant step size 7,

Ns = %(j) for PPG while n; = n for PQA.

2.3 Basic properties of prototype update

Before presenting the sublinear convergence of PPG, we give a brief discussion on the basic
properties of the prototype update. The lemma below presents all the possibilities for the
support set of the new policy 7 (n) (the subscript s in 7 will be omitted in this section for
simplicity).

Lemma 10 Consider the prototype update in (12). Denote by Bs(n) the support set of mf:
By(n) :={a:ml,(n) >0},
Then for any n > 0, Bs(n) admits one of the following three forms:
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1. Bs(n) & A7,

3. Bs(n) = AT UCs(n), where Cs(n) € A\ A7 is not empty.
Proof Without loss of generality, assume A7 # A. Then it suffices to show that if B,(n)
contains an action a’ ¢ AT, all m-optimal actions are included in Bs(n). Given any a € AT,

define
A, = {a ceA:mgq+ 77147.;,@ > Tsa + 7714?,&} .

Next we will show that

I:= Z (7['5,(1 + nA;r,a - (7’['3,{1 + nA;r’&))-‘r

acA

= Z (7Ts,a + 77A§,a - (ﬂ-Sad + WAQ,&))
aefis

= Z (71'57(1 — 7T57&) + Z (7rs,a —Tsat1 (A;r,zz - A;r,d)) <1,
a€ANAT a€A;\AT

from which the claim follows immediately using Lemma 9.

If A, \ AT # ), then
Z (ﬂ's,a — Ts,a +n (A;a - A;T,[z)) < Z (Ws,a - 773,&)7

a€AN\AT a€ANAT
since A7, < A7, fora € A\ A7. Consequently,
I< Z (7Ts,a - 775,[1) + Z (7Ts,a - ﬂs,d) <1
acAsNAT acAs\ AT

On the other hand, if A, \ AT = () , one has A, C AT. In this case,

=) (Ma—mea) < ms (A7) <1,

a€AT

where the last inequality is due to the fact that Bs(n) contains an action a’ ¢ AT. [ |

The last lemma implies that at least one m-optimal action is included in the support
set Bs(n). In addition, it is not hard to verify that when step size 1 goes to infinity every
m-suboptimal actions will be excluded from the support set of w7, which suggests that Bs(n)
might shrink as n increases. The following lemma confirms that this observation is indeed
true.

Lemma 11 For n; > n2 > 0 we have

Bs(m) € Bs(n2)-

10
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Proof Since the relation holds trivially when Bg(n2) = A, we only consider the case
Bs(n2) # A. First the application of Lemma 9 yields that

> [w + AT, — max (me. +nAT)| >1 (13)
’ a’ZBs(n) ’
a€Bs(n) +
and
a & Bs(n) <= Z [71'57(1 +nAS, — (Ts,ar + nAg’a/)]Jr > 1. (14)
a#a’

If Bs(n2) € AT (i.e. the first two cases in Lemma 10), then for any o’ & Bs(n2) we have

Z [Ws,a + nlAga - (7rs,a/ + 77114?,(1')] +

aa’

> Z [Ws,a =+ 77114?7(1 - (Ws,a’ + 771A75T,a/)]+
a€Bs(n2)

(a)
> Z [ﬂ-s,a + 77214?;(1 - (7rs,a’ + 772A75T,a’)]+ =1,
a€Bs(n2)

where (a) is due to the fact (A7, — A7 ) > 0 for Va € Bs(nz2) € A7. This implies that
a' & Bs(n1), and thus Bs(n1) C Bs(n2).
For the case that Bs(n2) = As U Cs(n2), fixing a’ & Bs(n2), it follows from (13) that

Z [Ws,a + 7]214?,(1 - (Ws,a’ + 772A§,a/)] +
a€Bs(n2)

> E |:7Ts,a + ?7214?,(1 — mnax (ﬂ-s,a’ + 772A§,a/) > 1.
a’@Bs(n2) +
a€Bs(n2)

Furthermore, since o’ & Bs(n2) it is trivial to see that Va € Bs(n2), 7s.q + N AS, > Tsar +
n2 A% /. Therefore,

Z [7"57@ + 772A§,a - (WS,a’ + 772A;r,a’)] +

a€Bs(n2)

= Z [Ws,a + 772A;r7a - (ﬂ-s,a’ + 772A;r,a’)]
a€Bs(n2)

= Z [775,(1 — Tsa + 772<A§,a - Ag,a’)]
a€Bs(n2)

> 1,

which yields 3 cp () (450 — AT ) 2 0, as mz > 0. Consequently,

Z [Ws,a — s + M (A5, — A;r,a')] 4 Z [Ws,a — s +02(A5, — Ag,a')] n
a€Bs(n2) a€Bs(n2)

11
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= Z [Ws,a — g0/ + 771(A7sr,a - A;r,a')]Jr_ Z [775,& — Mg + 772(A7sr,a - ;r,a’)]

a€Bs(n2) a€Bs(n2)
> Z [778,61 — Tsa’ M (A;r,a - A;r,a’)] - Z [st“ — Tsa’ + 772(‘47;41 - A;r,a’)]
a€Bs(n2) a€Bs(n2)
= (771 - 772) Z (Ag,a - A;r,a’) >0,
a€Bs(n2)
yielding
o Mo —Tow +m(AL, — AT, = D [ea—Tew +m(AT, — AT)] |
a#a’ a€Bs(n2)
> Y [Tea—Tew (AL~ AL, > 1
a€Bs(n2)
Together with (14) we have a’ & Bs(n1), which implies Bs(m1) C Bs(n2). |

The following lemma shows that A7 , should be sufficiently large in order to be included
in the support set of 7}, which is reasonable.

Lemma 12 Consider the prototype update in (12). We have
275 (A \ A7)

A7T > r;léii( A;r’a — #87 Va < BS<77>

Proof It suffices to consider the third case in Lemma 10. According to Lemma 9, for any
action a € Bs(n) \ A%, we have

1> Z (71'57(1/ +nALy — Tsa — 7714?,@)+
a’'eA

> Z (Ws,a’ +nASy — Tsa — nA;r:a)—F

a’€ AT

= <7Ts,a' — Tsa+1 (maxA A;r’a))
+

a’€ AT
Tsa — Ts,a+ 1 (maxA“~ — A§ >>
a EA”
— o (A + 7 (1 (g Za — 4T, ) = 7 )

s T 1 —ms (“ Vsr) 1 s T
m JUp— < — 27 4 4 < A ./4 .
n (aea’j(AS,a As,a> — 7T8,a + |A;r| — <1+|Ag’> Ts ( \ s) — 27T5 ( \ S)

The proof is complete after rearrangement. |

v

It follows that

12
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3. Sublinear convergence of PPG for any constant step size

As already mentioned, the sublinear convergence of PQA for any constant step size has
already been developed (see for example Xiao, 2022; Lan, 2021. FEwven though PPG and
PQA are overall similar to each other, to the best of our knowledge, the technique for the
sublinear convergence analysis of PQA cannot be used to establish the sublinear convergence
of PPG for any constant step sizes due to the existence of the visitation measure. Instead,
we fill this gap by utilizing the explicit form of the projection onto the probability simplex
to establish the lower bound for the one-step improvement,

2
(macAﬁGL)
k41 gk a€ ’
TETTAY > —~———2 Vs eS.
Z S0 750 = max Ak + C
aceA acA ’

Combining this result with the performance difference lemma yields that
2
VELG) V) 20 (v - v 0)).

which directly implies the sublinear convergence of PPG.
Following the notation in the prototype update, the key ingredient in our analysis is

fs(ﬁs) = Zﬂ-;a(ns)A;r,av
acA

nd7,(s)
1—y

where 1 = for PPG. We first give an expression for fq(ns).

Lemma 13 (Improvement expression) Consider the prototype update in (12). For any
ns > 0 one has

T \2 1 x
fS(ns) =1MNs Z (As,a) - m Z As,a

a€Bs(ns) a€Bs(ns)

1
v [ AT, AT,
2 e | ) 2 e ATe)

a’€ A\Bs(ns) a€Bs(ns)

The proof of Lemma 13 is deferred to Section 3.1. Based on this lemma, we are able
to derive a lower bound for f4(ns), as stated in the next lemma whose proof is deferred to
Section 3.2.

Theorem 14 (Improvement lower bound) Consider the update in (12). For any ns >
0 one has

(maxg A;a)Q

215IA] -
Ms

fs(ns) >

max, AT, +

13
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With this lower bound, the sublinear convergence of PPG can be established together
with the performance difference lemma.

Theorem 15 (Sublinear convergence of PPG) With any constant step size np = 1
and distribution p € A(S), the policy sequence 7% generated by PPG satisfies

1

11 |4
k(1—7)?

* 1k
Vi (p) = V¥(p) < )

Remark 16 Note that Assumption 2 on the initial distribution is necessary for us to es-
tablish the convergence of PPG. Otherwise, consider the following two-state MDP,

S= {807 51}7 -/4 = {aoaal}a
P(50|80,CLO) = P(80|So,a1) = P(51|51,a0) = P(81|51,CL1) = 1,

r(s0,a0) =r(s1,a0) =0, 7(so,a1) =r(s1,a1) =1.

That is, sg and s1 are not connected and ay is the optimal action for both the states. Assume
p(s0) = 0 and p(s1) = 1. It can be easily verified that for any m € 11 there holds dj,(so) = 0,
thus PPG (equation (8)) does not update the policy on s, i.e., T¢(-|sg) = 7°(-|s0) for all
k. Therefore, V¥ generated by PPG cannot converge to V* if 7°(ay|so) < 1. Despite this
negative example, we would like to point out it is not clear whether the traversal initial
distribution is still needed if the states are connected.

Remark 17 Compared with the previous results (Xiao, 2022; Agarwal et al., 2021; Zhang

et al., 2020), the result in (15) remowves the constraint n; < % on the step size, where L =
27| A
(1)’
rate for PPG in prior works is achieved when n, = %, leading to the result

2
). (16)
(1-y)?

By setting n, = % = 1Al and p = p in (15) we can obtain the bound

is the smoothness coefficient of the value function. The best sublinear convergence

du

vwmvwm§o('&“'\ﬂ

N 1 1 d;, 2v]A[ (2 +5]A])
Vi) V(M)Sk(l—v)2 p oo<1+ 1-"h )

&
W

1 2 1
IR TR,
k (1 - '7) oo M
Compared with (16), the new bound has the same dependency on the discounted factor.

Moreover, Theorem 15 suggests that the best sublinear convergence rate for PPG is indeed
achieved when ni, =n > %'“4' rather than n, = %, yielding the rate

oa=r il

14

&
P




CONVERGENCE OF PPG FOR ANY CONSTANT STEP SIZES

Remark 18 Our analysis technique is also available for the establishment of the sublinear
convergence of PQA. However, the result is not as tight as the one obtained in Xiao (2022);
Lan (2021) based on the particular structure of PQA within the framework of policy mirror
ascent. Thus, we omit the details. It is worth emphasizing again that, to the best of our
knowledge, the analysis technique in Xiao (2022); Lan (2021) for PQA is not applicable for
PPG due the existence of the visitation measure.

Proof [Proof of Theorem 15| By the performance difference lemma (Lemma 4) and Theorem

14, one has
2
(a2 )
k10 k k1 ( k+1 gk ac ’
v (P) 14 1 _ Z d Z Tsa As a = Esvp Ak 2+5| Al
7 es acA aea e o

max Ak il acA
A e
d* -1
p k
23] B o (e 2
O ||d5|| ™" A
> || - g | Esugs |ma , 17
2] o (B |y at]) ()
where g (z) := M’:ﬁ is a convex and monotonically increasing function when z > 0,
ni
k
(a) is due to n¥ = nf“f(j) > nj according to inequality (11), and (b) is due to the Jensen

Inequality. Notice that

acA 1-—

= (1= (V) - V(). (18)

1
Eswd;‘) [max A§7a:| Z ESNd;; [Ea,\,ﬂ—; [AI;,a:|:| = (1 — "y) |:E8Nd* |:E(ZN7T; |:A§7ai|i|:|

Let 6 := V*(p) — V¥(p). As g is monotonically increasing, plugging (17) into (18) yields
that

d* - d* — (1 - )2 52
Since §; < by Lemma 2, we have
d* —1 (1 )2 52
_ _P AR ]
Ok = Ok+1 2 ‘ P 1+ 2+5\A\

15
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This inequality implies that J; is monotonically decreasing. Dividing both sides by 5,% yields

Ll btk G BT A=
Ok+1 Ok Oklps1 02 T lp 14 2+5|A|
Consequently,
1 1 1
O0p = — =

_ <
1 1 - k—1 1 1

| 2 4 54|
oo ((1 —e nﬂ(1—7)2> ’

and the proof is complete. |

3.1 Proof of Lemma 13
Noting that

= Z ”;a = Z W;a(ns) = Z [WS,a +1sAL .+ /\5(778)]_,_

acA a€Bs(ns) a€Bs(ns)
= Z [Ws,a + nsA;r,a + As (7]5)] ’
a€Bs(ns)

we have

1
)\S s) = T35 7 N1 1- SCL+ SA;r(l
= g\, 2 el

1 ™
SE |2 Teamme D AL (20)

a€A\Bs(ns) a€Bs(ns)

It follows that

fs(ns) = Z F;a(ns)Ag,a = Z [7"8,11 + 778A75T,a + /\5(775)] A;r,a

CLEBS(Tlg) CLEBS(WS)
Z AS at s Z (A7T )2 - Z 7rs,cl’AZsr,a'
a€Bs(ns) a€Bs(ns) o’ €A\Bs(ns)
2
=1Ns Z (A;r@
aGBs(Tis)
1

+ Z Ts,a/ Z (A;r,a - A;r,a’) ’

o/ €A\B. (n:) 1Bl o5t

where (a) utilizes the fact >

aGB )7T57aA‘7;7a == 0-

16
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3.2 Proof of Theorem 14

Without loss of generality, we only consider the case Bg(ns) \ AT # 0. First recall the
expression of fs(ns) in Lemma 13:

2
1
fss) =mns | D (AT,)? - Bl > Al
a€Bs(ns) sAre a€Bs(ns)
Iy

1
§ s, | T2 7o N E Aﬂ—a - A;ra’
+ T s ’BS(T’S)| ( S, 5 )

a'€A\Bs(ns) a€Bs(ns)

Iz

For the term Iy, it is evident that

1 = 1B,(15)| (Bamtr [(42)%] = (Banir [AT,])) = Bo(ne)] - Varawws [A7,]

where U denotes the uniform distribution on Bs(ns). Letting AT, := max ALy — A e

Iy = |Bs(ns)| - Vara~v [AZ,] = |Bs(ns)| - Varewu [AL,]

2
1
= AgaQ_i Aga
2 W | 2 A
a€Bs(ns) a€Bs(ns)
2
(@) T \2 1 ™
- Z (As,a) _m Z As,&

a€Bs(ns) a€Bs(ns)\ AT

> Z (AW )2_ ‘Bs(ns)\Aﬂ Z (Aﬂ~)2

a€By(ns) 1B ()] GEBs(ns)\ AT

1Bs(ns) \AW|) o |Bs(ns) N AT 2
=(1- > Z (A;r,a) = s Z (A;r,a)
|Bs(ns)] €B.(1s) |Bs(ns)| a€By(ns)

1 o \2
2 B 2 (Al

a€Bs(ns)

where (a) leverages the property that AT, = 0 for 7-optimal actions a € A7.
For the term I, we can rewrite it through the notation A™ as follows:

L= Y 7w (AT, —AD),
a’€A\Bs(ns)

17
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where AT := = Bl B »l > aeB.(n) A%q- By lemma 9, for any action o’ ¢ Bs(n) we have

§ : [71'57,1 + nA;ra - (71-87(1/ + nAga’)] > E : Ts,a + nAga — Imax (7’[’57(1/ + ﬁAg a’)
’ ’ T wéBs(n) ’
a€Bs(n) a€Bs(n

P> [”s,ﬁnAza— max <ws,af+nA§a/>} =
’ a/&Bs(Tl) ’ =+
a€Bs(n)

where (a) is due to a € Bs(n) and o’ ¢ Bs(n), implying 75 o +nAZ, > meo +nA7 . It
follows that

1< Z [71'370, — Ts,a’ T n(Ag,a - A;r,ll')]

a€Bs(n)
=1 Z (A;r,a - A;r,a/) - |BS(77)|7rs,a’ + Z Ts,as
a€Bs(n) a€Bs(n)
which yields
1 Ts,a’
1B, (1)) Z (A;r - AL ) |B Z Tsa + |Bs ()| Ms0r | = ——
S aeBin K a€B, () K
Using the notation of AT, and AT, this inequality can be reformulated as
Va' € A\By(n,): AT, —AT > WT (21)
Let Bs(0) := supp(ms) = {a : w54 > 0}. By (21) we know that
Va' € (A\By(n,)) NBy(0): AT, — AT > 7:7— > 0. (22)
Furthermore,
_[2 = Z 7‘(‘57a/ (Aga/ - A;T) = Z 7‘(‘57a/ (A;I—ﬂ/ — A;T) .

a’€A\Bs (1) a'€(A\Bs(ns))NBs(0)

Combining I; and I together, we have

folns) = 2 ST (AT) + 3 Tow (AT, — A7),

Bs(ns
| (77 )‘ a€Bs(ns) a’€(A\Bs (ns))NBs(0)

By Cauchy-Schwarz Inequality,

Ns AT — Ag
aeBs(ns) ale(A\BS(nS))mBS(O) 5,0
Ex ID DI ISALED DU PITS -
ST aeBa(ns) a’€(A\Ba (15))NBs (0)

18
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2
AT,
A T =2

s oeBatne) o/ €(A\Bs (ns))NBs (0) s
2
2
> Z 7"'s,(JLA;r,a + Z Ts,a’ Ag,a’ = <%1éﬁ( Ag,a) :
a€Bs(ns) o/ €(A\Bs (ns))NBs (0)

Therefore, we can obtain
1 2
) 2 g (meg )

where

a€Bs(ns) a€(A\Bs(1s))NBs (0) sa s

Gl GQ

Next we will give an upper bound of G. For the term G, it is straightforward to see that

2
Bs (ns A
PRI A R
s aEBs(ns) s
For the term Gs, a direct computation yields that,
(A%.)°
R D v

a€(A\Bs(ns))NBs(0) ’
_ 3 (81— (A + (A7)

ac(A\Bs(ns))NBs(0) Aga B A;r
= Z s AT+ AT 4 7(535)2_

e\ T T T AL - Ay
a€(A\Bs(ns))NBs(0) '
- T ~ 2 Ts,a

<Y madL AT X mar (A X ot

acA a€(A\Bs(ns))NBs(0) a€(A\Bs(ns))NBs(0) =

- X ~ 2 Ts,a
= I;le%i( As,a + As Z Ts,a + (As) Z m. (23)
a€(A\Bs(ns))NBs(0) a€(A\Bs(ns))NBs(0) =
Lemma 12 shows that
27 T 2 - 2
VaeBs(ns):A;ragMg— — AT< -, (24)
' Ns MNs s

Plugging (22) and (24) into (23) we have

2 2 2 Ts,a
Gosmax Al +.= D, mat <> 2. 1

a€(A\Bs(n:))NBs(0) 157 ae(A\Ba(1:))NBs (0) s " 50
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- 2 4
=max Ag, + e >, Mot > 1
a€(A\Bs(ns))NBs(0) a€(A\Bs(ns))NBs(0)

244
acA ’ Ns

Thus we can finally obtain

24504
G =G+ Gy <max A7, + 2F9 AL
acA ’ Ns

and

(max,q Ag,a) 2 - (maxg A§7a)2

= 215A] °
G maxg A7, + =

fs(ns) >

4. Finite iteration convergence results

4.1 Finite iteration convergence of PPG and PQA

(25)

In this section, we show that both PPG and PQA output an optimal policy after a finite
iteration ko and we will use the sublinear analysis (Theorem 15 for PPG and (32) for PQA)
to derive an upper bound of kg. The overall idea is first sketched as follows. For an arbitrary
s € S, letting B= A%, C = A\ A} in Lemma 9 (recall that A} is the set of optimal actions,

i.e. m*-optimal actions), we have

Vol ¢ AL, 7w, =0 = > <7r + AT, — max (o0 + nsA;ja,)>

ac A} +

By the definition of b7 and A,

by =75 (A\ AL, A= min [|A*(s,a)l,
sES,ag A

when V7 is sufficiently close to V*, we know that for any o’ ¢ A%,

2 : ~ T AT A* _ A*
Ts,a ~ L As,a As,a’ ~ As,a As,a’ > A.
ac A}

Since 7y s < bY, we asymptotically have

ac A +

Z <7r3,a +nsAgq — r};é% (ﬂ's’a/ + T]sA;a/)) >1-0(0b])+0(A).

(26)

This implies that if b7 is sufficiently small, the condition in (26) will be met. Then both

PPG and PQA will output the optimal policy.

Lemma 19 (Optimality condition) Consider the prototype update in (12). Define

E;r,a = (A;T,a - A:,a) and Eg = [gg,a]aEA‘

20
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If the input policy 7 satisfies,

s ™ nSA
b5+ leslloo = 5= Vs €S, (27)

then ©™ is an optimal policy.

Proof For any s € S, a direction computation yields that

Z (7{'5’& + nsA;r’a — max (Ws,a’ + USA;r’a/))
a'¢ A% +

ac A} °
>y <7r57a + 115 AT . — max (g e + nsAg,a’)>
ac A} v
@ Z (7Ts,a + nsAg,a - (ﬂ—svd + 77514?,&))
ac A}
= Z |:(7Ts,a —Ns |A:7a‘ + 5];,@) — (Ws,a — s ‘A:,a‘ + 5?@)}
ac A}
(:) [(Wsa—i‘fsa) _(Ws,&_ns‘Asa‘—i_ggd)}
ac A}

> [(WS,a — Tsa) +NsA + (Eg,a - 5?,&)] > Z (5,0 — 0F) +nsA —2 ||52—Hoo]

ac A ac A
= D Moa+ AL (0D =07 = 2|eTlloc) = 1= b7 + AL (98 = 07 =27 |.)
ac A}

> 1= |AG| 6 + [AS (nsA = b7 = 2[5l o0) = 1+ [AST [nsA = 2 (6F + [l€5]lo0)] = 1,

where G := argmaxy¢ 4- {Wfa, + s AP a,} in (a), (b) is due to A3 , = 0 for all @ € A3, and
(c) follows from the definition of A. Combining this result with Lemma 9 we obtain that

7, =0, Vd ¢ AL
which means 7T is an optimal policy. |
Next we will show that the LHS of (27) is actually of order O (HV* - VkHOO) . Thus the

condition (27) can be satisfied provided the value error converges to zero and step sizes are
constant (in this case the RHS of (27) is O(A)).

Lemma 20 (Optimality condition continued in terms of state values) Consider the
prototype update in (12). If the state values of the input policy m satisfies,

A JYAN
e —vr, < =—

2 2 P
~ S ST A Vs e S, (28)

then ™ is an optimal policy.
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Proof For any s € S, setting p (-) = I(- = s) in Lemma 6, where I is the indicator function,
yields that

V() = V() _ V= VTl

<
b= A A

Combining this result with Lemma 3 we have

1 1
< — ‘/*7‘/” =+ s ‘/*—‘/7T = — 4+ s [/*7&” . 2

b’Tl' v
max bg + [le3

The proof is completed by noting the assumption and Lemma 19. |

Since the sublinear convergence of PPG (Theorem 15) and PQA ((32)) has already
been established, there must exist an iteration kg such that HV* — VkHOO is smaller than
the threshold given in Lemma 20.

Theorem 21 (Finite iteration convergence of PPG) With any constant step size n =

n > 0, PPG terminates after at most
2 1 1 & 2+ 5|4

k03:’7<1+ — )~ £ <1—f—~

A npA ) fi(1—~)? o0 ni

k
Proof Since n* = 1u(3) ni for PPG, the RHS of (28) satisfies

7

iterations.

1=y
A kA A niA
A s > 2 ny > (30)
2 1+nkA = 2 1+npA
According to Lemma 3 and Theorem 15,
* _ Yk d*
HVKJMH VW -Vi 1 IVQAJ }Q+2+§A0
o0 fi k(L= p o B nii
A A
< - 1
< ST A (31)
where the last inequality follows from (30) and the expression of k. |

Theorem 22 (Finite iteration convergence of PQA) With any constant step size n =
n > 0, PQA terminates after at most

o= |3 (0a) Ga )

iterations.
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Proof Note that the following sublinear convergence of PQA has been established in Xiao
(2022) for any constant step size,

ESN*[ﬂj—ﬂgﬂ
vy e L (el

k41 2n (1 — ) +(1_ry)2 (32)

Plugging ps (+) := I{- = s} into (32) yields that

Esugs |||mh — 7rOH2
* o k ]- $ dPs |:H s s 2:| ].
Ve V) S 27 (1 =7) +(1—7)2

1 1 1
<1 Grm o)

Since this bound holds for any s, it also holds for ||[V* —V¥||o,. Then it can be easily verified
that the condition in Lemma 20 is satisfied given the expression of kg. |

Before proceeding, we give two short discussions on the finite iteration convergence of PPG
and PQA. Firstly, it will be shown that a condition similar to that in Lemma 19 can be
obtained based on the optimality condition of the optimization problem. Secondly, though
the finite iteration convergence for the homotopic PQA is discussed in Li et al. (2023),
it does not imply the finite iteration convergence of PQA for any constant step size. A
simple bandit example is used to illustrate that the homotopic PQA requires sufficiently
large step size to converge (in fact, the finite iteration of the homotopic PQA is established
for exponentially increasing step sizes in Li et al. (2023)).

4.1.1 SHORT DISCUSSION I

Recall that the update (12) corresponds to the following optimization:

1 1
e —angma {1n(Q7(s, 1)~ o = 7l p=arg max f (47(s. )= o = w13 -
PEA(A) PEA(A)

The optimality condition for this problem is given by (see for example Rockafellar, 1996)
(s A™(s,-) =7l + 5, p' =) <0, V' € A(A). (33)
Define Na(p) as the normal cone of A(A) at p,
Na(p) ={g 9" (' —p) <0,Vp' € A(A)}.
The condition in (33) can be equivalently expressed as
nsAT(s,-) — m +ms € Na(nl).
Moreover, note that (see for example Beck, 2017)

Na(md) ={(g1,--+ .94 | 91 < 95 = go, Vi & supp(n]) and V5, £ € supp(n})} .
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Therefore, if Vs € S, it can be shown that there exists g7. € Na(n), such that Va € A}
and a' ¢ A%,

95— 95w = (AL, — Th oy + Tsa) — (nsA’;a/ — Tt ﬂs,a/) > 0, (34)
we can conclude that
VseS,d ¢ AL d &supp(n]),
which implies 7 is an optimal policy.
Recalling the definition of €5 , = 7 (Aga — A;a) in Lemma 19, one has
950 = Goa = (MsAsa 50— Taa+ Tsa) — (nsA;‘,ar tely — Tt ﬂs,af)

=ns (A5 — Aser) + (00 —€5w) — (Mo = Toa) + (7 — Toa)

> 0sA = 2|el [l — |17 — 7slloo — b5 (35)
In addition, setting p’ = 7 in (33) yields

+ 2 + AT + ™ der (S/) + ™
Hﬂ-s - 7TSH2 <1s Z Trs,aAs,a < s Z Z 71-5’7@‘45’,& = s dﬂ-+( /) Zws’,a s'a
a s/ a 1 s a

S/

s Tt T Ns " -
< W(V (1) = V() < W(V (1) = V7 (1))

Together with (35), one has g7, — g7, > 0 provided

b7+ 20|71 +mm{\/(lj”w<v*<m — V), 1} < mA.

It is clear that this condition (but not as concise as the one presented in Lemma 19) can
also be used to derive the finite iteration convergence of PPG and PQA for any constant
step size.

4.1.2 SHORT DISCUSSION II

In Li et al. (2023), the finite iteration convergence of homotopic policy mirror ascent meth-
ods under certain Bregman divergence is investigated. When considering the case where
the Bregman divergence is generated by the squared Euclidean distance, it reduces to the
following homotopic PQA method:

T 1
wi = argmax i [(Q"(s,),p) — Zllp — 70I3] - Sl — 73
pEA 2 2
. 1 1 k Nk k 2
=argmin - ||p— ————m, — ——Q"(s
pen 2 H Ltneme ® 14k ( 2

:ProjA( L by M Qk<s,->)

™
1+ np7i 14 np7r
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: 1 Mk k
= Pro o+ A%(s,) |,
JA<1+77ka B 1% (s)
where 70 is a uniform policy, 74 is the regularization parameter, and the last line follows

from the fact that ; +’777’; - Vk(s)-11is a vector with all the same entries. It follows that there

exists A\¥ such that!

1

k+1 _ k AF _ )\k) d k41l _
Ts,a 1+ ne7s (ﬂ-s,a + Nk (S’a) s) an ;ﬂ-s,a

Consider the case where np7y is fixed, for example 1 4+ n7 = 1/ with 0 < v < 1 as

considered in Li et al. (2023). Then the update reduces to

1 1
k+1 _ k k 1k k k 1k .
Msa — 1/'}/ (Ws,a + leA (37 a) )‘s>+ and Ea : <7Ts,a + TIkA (57 a’) >‘s>+ ’7. (36)

Note that this update is overall similar to the update of PQA, differing only in the extra
factor 1/% However, next we will use a very simple example to show that it requires 7 to
be sufficiently large for (36) to be able to convergence. Therefore, even the finite iteration
convergence of (36) holds, it does not leads to the finite iteration convergence of PQA for
any constant step size.

More precisely, consider the bandit case where there are only two actions a; and as.
Assume a; is the single optimal action. Suppose 7* is already optimal, i.e., 7751 =1 and

mk =0. Then A% =0 and A¥, < 0. Letting A = |A¥ |, there exists a A¥ such that

Tt = (1= M), e = (A — )y

al

Moreover,
k k 1
(1_)\)++(_77kA_)\)+:;>1- (37)

First note that there must hold A* < 0; otherwise the above equality cannot hold since
A > 0. Assume A < % — 1. Then it is easy to verify by contradiction that one should

have —\* > n, A in order to satisfy (37). It follows that
1 1
MW=l -1/y—mA)>1——.
51— md)>1-

Therefore, when 7 A < % — 1, one has ijjl =~(1—=A¥), < 1. That is, 7**! is not optimal

anymore. In other words, in order for 7%*! still to be optimal, one must have 7, A > 1/y—1,

that is, x> (1/v — 1) /A which can very large when A is small.

1. Note that in Li et al. (2023), a slightly different version is indeed considered. That is, if vaa = 0, the
starting point can be negative due to the requirement for the careful selection of the subgradient in order
to establish the finite iteration convergence of the algorithm for exponentially increasing step sizes.
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4.2 Finite iteration convergence of PI and VI

As a by-product, we will derive a new dimension-free bound for the finite iteration conver-
gence of policy iteration (PI) and value iteration (VI) in terms of A in this section. The
following lemma demonstrates that once a vector is sufficiently close to the optimal value
vector, then the policy retrieved from that vector is an optimal policy.

Lemma 23 For any V € RIS (not necessarily associated with a policy), define QV €
RISXIAL 45 follows:

QV(Sa a) = IEs’rv]:’(ﬂs,a) [r(s,a, 5/) + IYV(S,)]'

IfA[[V* = Ve < %, then arg max Q" (s,) C A%. That is, the greedy policy supported on

argmax QY (s, a) is an optimal policy.
a

Proof First, it is easy to see that Vs, a,

Q% (s,a) = QY (5,0)| = Y[Eyp(fsa)V*(s) = V()] SAIVF = Voo < ?
It follows that for s having non-optimal actions, a € A* and o’ ¢ A%, we have
QY (s,a) > Q*(s,a) — ? > Q*(s,d’) + 23A >QV(s,d) + ? > QY (s,d),
which concludes the proof. |

Theorem 24 (Finite iteration convergence of PI) PI terminates after at most
1 3
11—~ (I-7)A

Proof Notice that the value error generated by PI satisfies (see for example Bertsekas,
2019 for a proof)

iterations.

HV*_Vk:H <’kaV*—V0H < o
o 00—1_7’

According to Lemma 23, when

k+1 A

v

_

we have A¥ C A* after that. It’s trivial to verify that (38) holds for 7% when k > k. Since
PI puts all the probabilities on the action set A¥ in each iteration, we have A* C A% when
k > ko, which implies PI outputs an optimal policy after k. |
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Remark 25 [t is well-known that PI is a strong polynomial algorithm (see for example
ISIIAI
1=y
tions. Compared with this strong polynomial bound, the bound in Theorem 24 is dimension-
free but relies on the parameter A that depends on the particular MDP problem. The

Scherrer, 2013), which means PI outputs an optimal policy after (9( log ﬁ) itera-

dimension-free bound is better in the case % =o0 (WIISHA\)

Theorem 26 Let % be the sequence of greedy policy generated by V* in VI (Note that V*
is not necessarily a value function of ™). Then after at most

1 3V = VY
k‘o.— ’71_710g< A

is an optimal policy.

iterations, ik

Proof The value error generated by VI satisfies
A
HV*_VkH S’VkHV*—VOHOOS =,
00 3
where the second inequality follows from the assumption. Then the application of Lemma 23
concludes the proof. [ ]

Remark 27 It is worth noting that since VI does not evaluate the value function of 7 in
each iteration, Theorem 26 does not really mean the algorithm terminates in a finite number
of iterations.

5. Linear convergence and equivalence to PI
5.1 Linear convergence of PPG under non-adaptive increasing step sizes

In Theorem 15, we have established the sublinear convergence of PPG for constant step
sizes. In this section, we further show that with increasing step sizes n > O (#), the

classical y-rate linear convergence of PPG can be achieved globally. Note that this result
can indeed be obtained based on a similar argument for PQA (see Johnson et al., 2023).
Here, for the sake of self-completeness, we present a different proof based on Lemma 12
instead of the three point descent lemma used in Johnson et al. (2023).

Theorem 28 Consider the prototype update in (12). Suppose the step size in the k-th
iteration satisfies

k > . k k
Ns = 72k+160 27TS (A\As> ) Vs € 87 (39)

for a given constant co > 0. Then the value errors satisfy

co
1_

[ve=v4 <o (v = vollo+

2
~
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k k
M. According to Lemma 12, for any

Proof For simplicity of notation, let 7 T

k>0and s €S,
PILRPED DL <maxc2 ﬁf) — max Qt; — ik
acA acA “
Then
V*(s) — yk+l (s) =V*(s) — E, . s [Qk—&-l} <V*(s) — an;ﬁl [Q’;a}
Qha+it <v||[vr—vh|_+ik,

<V* (5)_ (maXQsa 773) _maXQsa_maX
€A ae

where in the first inequality we have used the fact Qk“ > Qg , due to the improvement. It

H HX) <FYH HX) mSa,SXTIS
S

2 * k-2 ~k—1 ~k
=7 HV -V ”w+71§1€3}§<775 ‘1‘1?6&5(775 -
k—1
<v HV —V0H00+2<I?€a§<17§>7 1= (40)
i=0

2i+1 Plugging it into (40) yields

Notice that the condition (39) is equivalent to rnag( 7% < coy
se
k—1 c
* k E ||/ % 0 241, k—1— k * 0 0
[V = VA <t v = VOl e o0 < <HV _y Hoo+1_7),

i=0
n

which completes the proof.
(8)

The v-rate linear convergence of PPG follows immediately by noting that n¥ =

in PPG and dﬁ( ) > (1 —~).

Proposition 29 For PPG, if np > % 2 then

1
co ,Yk+17

N ) . (41)

Remark 30 Recalling from Lemma 20 that when the value error satisfies
A an

L N e )

the prototype update in (12) outputs an optimal policy. Using the step sizes in Proposition
29 for PPG, it is easy to see that the RHS of (42) satisfies

A fA A | A | Al 2
= 1— >—\|1—-— ) > — . 43
< ) < 1+77kﬂA> -2 <Co+2> (43)

214+nkA 2 14+ nkA
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Combining (41), (42) and (43) together implies that, after at most

o= [ e ()|

iterations, PPG with the non-adaptive increasing step sizes achieves exact convergence.

5.1.1 EMPIRICALLY VERIFY THE CONVERGENCE OF PPG

Here we conduct numerical experiments to verify the convergence of PPG under the constant
and geometrically increasing step sizes on a random MDP problem. The sizes of the state
and action spaces are set to |S| = 50, |A| = 15, and the discount factor is set to v =
0.98. The reward r(s,a) and transition model P(s'|s,a) are uniformly generated from [0, 1]
(P is further normalized to be a probability matrix), and p is chosen to be the uniform
distribution over S (so i = 1/|S|). PPG is tested with a constant step size n = 2 and
the geometrically increasing step size of the form 7, = 0.05/(iy?**1), and we plot the log
value error log (V*(u) — V¥(u)) versus the number of iterations in Figure 1. It is evident
that PPG with increasing step size exhibits faster convergence than that with constant step
size. Moreover, in both cases, PPG can find an optimal policy within a finite number of
iterations.

—— PPG with ny=2
04 | PPG with ny = 0.05/(dy2+1)

—15 A

log value error

—20 A

_25 4

_30 4

0 80 160 240 320
iters

Figure 1: Numerical tests of PPG on a random MDP problem.

5.1.2 DISCUSSION ABOUT INExXAcCT PPG

As in Xiao (2022), we can study the convergence of inexact PPG under non-adaptive in-

creasing step sizes, as well as the sample complexity under a generative model. The key is

still the advantage lower bound for support actions in Lemma 12, but in an inexact form.
Consider the following inexact PPG:

me Tt = Proja(nf +nfQY) = Proja(m{ +nfAD),

29
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where
Ak k k Ak k k
s,a sa+wsa7 A = _V A +wsav ]C:O,l,'”,

with w¥ , being the estimation error. We will assume HwkHoo < w. Noticing that the proof
of Lemma 12 does not utilize any particular property of AT . there still holds

s,a?

27k (A\ AY) in 2 in 2
nk ~ aed

AF > max A¥, — . Va € Bi(n}),
’ acA ’

where B,(n¥) is the support of mhtl Ak = argmaxg A¥_and the last inequality follows

8(17

from n¥ = nkdﬁ( )/(1 —~) > n*fi. From this, a simple algebra yields that

Zﬂk+1Ak = Z AR —wk ) > maxAlga — i —w> mafoa — £~ — 2w.
’ ’ 5@ acA nk i acA n*
a€Bs(nk)
By the performance difference lemma, one has
vkt VF(u) > ——F E Ak 2,
(:U’) - (N) =7 _ - swdﬁ+1 aromk 1 Iglle%i{ s,a kﬂ — 4w
> L (- y)a S di(s) max Ak, — 2 (= 1o
_ < _ 2 (=
_1_7 P)/lu’s 1% a S,a 1_,}/ leﬂ
> (1—9)j (V*(u) Vk(ﬂ)) - <1 w>
L—v \n¥i
It follows that
% - " 2 1
V) = VE ) < (1= (=R - V) + 2 ().
Therefore, under the condition
F2 (- a1 —y)) Y k=0, T - 1, (44)
it is not hard to obtain the following result:
V() =V () < (1= (L= | (V¥ () = V(i) + = : 2} - 5 (45)
PP =v)2] B(l—7)

Consider the Monte Carlo estimation under the generative model adopted in Xiao (2022).
For each iteration kK = 0,...,7 — 1 and every state-action pair (s,a), the model generates
M independent trajectories, truncated by horizon H,

Ts(,ka’i) = {(S(()Z),a(()l))>...,(ng])_l,asfl)_l) ‘ 3(()) =3, a(()) a}ﬂk7 i=1,---, M,

where the subscript 7% means that the trajectories are generated by policy 7*. Then the
estimated action value is given by

T

-1

1 M
Z ’)”I" St 7a§1))'

z:l t

I
<)
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It has been shown in Xiao (2022, Theorem 16) that if

—2H )
02 T g (HSIALTY

then with probability at least 1 — 6,
. o~H
1QF — Qoo < 1 2w, VE=0,...,T -1
L—n
Plugging this result into (45), it can be directly verified that when

1 8

O p
e(1=7)h

T> log

> (logy~") " log ETEEPIER

> pog<1-<1——w)ﬂ)‘l]‘110g€<1_fi02ﬁ2’

e(1 —7)2p?
there holds
1— )2
w< W and V*(u) = V7T () <e.
Then the total sample number of state-action samples is given by |S||A|-T - M - H >

O <%) , where a poly-logarithmic factor is hidden in O(-).

In fact, when the number of samples are sufficiently large, w can be enough small so that
we can also obtain the sample complexity for inexact PPG to achieve the finite iteration
convergence under the non-adaptive increasing step sizes specified in (44). To this end, first

note that Lemma 19 still holds if we replace A7, with the inexact Ag}a. This implies that if

A pf—iA

V= VT Mo +w < T —205—,
> 214+9l71A

then the exact PPG will output an optimal policy at the T-th iteration (cf. condition in
(28) for the exact case). Noticing that nf =1 > 1 and A < 1/(1 — ~), this condition can be
relaxed to

(1 —7)aA’

L e

(48)

Thus, setting ¢ = % in (46) and (47), one has

NS A2 N2- NS A2
A—ypA~ wSE(l MR (L= 7)pAT

[VF= Ve < ] 4 - 8

;WVm—vWMhs

Therefore, (48) can be satisfied with the probability at least 1 — § under the sample com-

plexity O ((175‘17%‘24&7)
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5.2 Equivalence of PPG to PI under adaptive step sizes

As already mentioned, it is easy to see PPG should converge to a PI update when ny — oco.
In this section, we study the convergence of PPG with adaptive step sizes and identify the
non-asymptotic step size threshold beyond which PPG is equivalent to PI. The analysis
of this section is similar to that for the finite iteration convergence. We utilize the gap
property (Lemma 9) again to show that once the step size is large enough, then the action
set A\ A¥ will be eliminated from the support set of the new policy.

Theorem 31 Consider the prototype update in (12) and suppose the step size n satisfies

Isneig ns > F" = Ar " lnax {ms (A\ AD)}, (49)
where A™ := min |maxAT , — max AT ,|. Then the new policy at state s (i.e., w5 ) is

scS |a'eA %@ a'gAT 7
supported on the action set AL, which implies that the prototype update is equivalent to PIL.

Proof Notice that for each state s € S and a ¢ Af, A7, < max A7 ;. By Lemma 12,

a’'¢ AT
when the step size satisfies
2 ™
2ms (AN AT) < maxA~ ,, — max AT
Ns aeA 7 a’gAT 7
or equivalently
maxAT , — max AT '

a’eA 5° a'¢gAr 59

all the a’ ¢ AT are not in Bs(ns). That is, the new policy 7 is supported on AT. It’s triv-
ial to see that the condition (49) implies (50) for every s € S, thus the proof is completed. B

The equivalence of PPG to PI follows immediately from this theorem, which is similarly
applicable for PQA.

Corollary 32 If the step size satisfies n > %f”k, PPG is equivalent to PI.

Corollary 33 If the step size satisfies ny > fﬂk, PQA is equivalent to PL

Remark 34 [t is worth noting that the step size threshold in the above two corollaries only
relies on the current policy T".
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