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Abstract

Kernel ridge regression (KRR) is a popular class of machine learning models that has be-
come an important tool for understanding deep learning. Much of the focus thus far has
been on studying the proportional asymptotic regime, n � d, where n is the number of
training samples and d is the dimension of the dataset. In the proportional regime, under
certain conditions on the data distribution, the kernel random matrix involved in KRR ex-
hibits behavior akin to that of a linear kernel. In this work, we extend the study of kernel
regression to the quadratic asymptotic regime, where n � d2. In this regime, we demon-
strate that a broad class of inner-product kernels exhibits behavior similar to a quadratic
kernel. Specifically, we establish an operator norm approximation bound for the difference
between the original kernel random matrix and a quadratic kernel random matrix with
additional correction terms compared to the Taylor expansion of the kernel functions. The
approximation works for general data distributions under a Gaussian-moment-matching
assumption with a covariance structure. This new approximation is utilized to obtain
a limiting spectral distribution of the original kernel matrix and characterize the precise
asymptotic training and test errors for KRR in the quadratic regime when n/d2 converges
to a non-zero constant. The generalization errors are obtained for (i) a random teacher
model, (ii) a deterministic teacher model where the weights are perfectly aligned with the
covariance of the data. Under the random teacher model setting, we also verify that the
generalized cross-validation (GCV) estimator can consistently estimate the generalization
error in the quadratic regime for anisotropic data. Our proof techniques combine mo-
ment methods, Wick’s formula, orthogonal polynomials, and resolvent analysis of random
matrices with correlated entries.
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1. Introduction

Deep neural networks have become the dominant class of models in machine learning,
breaking new benchmarks every few weeks. A certain architecture of deep neural networks,
wide neural networks, is closely related to the kernel methods (Jacot et al., 2018). Kernel
methods (Schölkopf and Smola, 2002; Williams and Rasmussen, 2006) also exhibit many
phenomena previously thought to be specific to deep neural networks (Belkin et al., 2018).
Consequently, understanding kernel models in high-dimensional limits has gathered a lot of
renewed attention due to their analytical traceability (Radhakrishnan et al., 2024).

In recent years, the study of kernel ridge regression (KRR) in high-dimensional settings
has gained attention due to its relevance in understanding modern machine learning phe-
nomena such as benign overfitting (Bartlett et al., 2020; Tsigler and Bartlett, 2023; Bartlett
et al., 2021) and the double descent risk curve (Belkin et al., 2019; Mei and Montanari, 2019).
High-dimensional asymptotics reveal that models can generalize well even in regimes where
the number of parameters far exceeds the number of data points. The multiple descent
curves (Liang et al., 2020) observed in some settings further enrich this landscape. Notably,
the emergence of the neural tangent kernel (NTK) framework (Jacot et al., 2018) has pro-
vided a powerful framework to analyze the training dynamics and generalization behavior of
overparameterized neural networks. NTK connects infinite-width neural networks to kernel
methods, such as KRR, allowing for a tractable theoretical analysis and shedding light on
how such overparameterized models exhibit generalization.

A particular line of attack towards understanding kernel methods has been using asymp-
totic analysis via random matrix theory (El Karoui, 2010b; Mei and Montanari, 2019;
Bartlett et al., 2021; Montanari and Zhong, 2022). The key argumentative piece in these
results is that kernel matrices in the proportional asymptotic regime, i.e., n � d where n
is the sample size and d is the feature dimension of the dataset X, are well approximated
by the Gram matrix of the input data. Consequently, in this regime, the kernel models are
somewhat degenerate and can only be as powerful as linear models (Bartlett et al., 2021;
Ba et al., 2022). While this has provided us with many interesting insights, intuitions,
and limitations of kernel methods, the scope of this asymptotic regime is limited. Many
researchers have analyzed the more general polynomial regime of n � d`, for ` > 1, e.g.,
(Mei et al., 2022; Donhauser et al., 2021; Xiao et al., 2022; Lu and Yau, 2025; Dubova et al.,
2023; Wang and Zhu, 2023). However, general covariance structures of the data distribution
were not considered in most of the previous works beyond the linear regime. One of our
motivating questions in this paper is to tackle this situation:

What is the asymptotic behavior of kernel regression beyond the proportional regime for
general data distribution with a covariance structure?

In this work, we make headway into this question in the asymptotic quadratic regime, i.e.,
n � d2. For a large class of inner-product kernels, the kernel matrices for high-dimensional
datasets are well approximated by a degree-2 polynomial kernel matrix, which depends
on the data matrix X and the kernel function f . Using this approximation, we derive the
precise description of the limiting eigenvalue distribution of the kernel random matrix under
this asymptotic quadratic regime and study the corresponding kernel regression problem
with precise asymptotics for training and generalization errors.
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Kernel in quadratic regime

1.1 Main contributions

We study a large class of inner-product kernels

K(x, z) = f

(
〈x, z〉
d

)
, x, z ∈ Rd. (1)

Consider independent random vectors x1, . . . ,xn in Rd with a covariance structure Σ. De-
note the data matrix by X ∈ Rn×d. The kernel function in (1) applied to the dataset

induces a kernel random matrix K ∈ Rn×n such that Kij = f
(
〈xi,xj〉

d

)
. We prove that

under regularity assumptions for f and certain moment conditions on xi, for i ∈ [n], when
n � d2, the kernel matrix behaves as a quadratic kernel.

In summary, we show the following three main results:

• When n = O(d2), with high probability, the kernel random matrix K can be approx-
imated by a quadratic kernel random matrix K(2) under the spectral norm, where

K(2) = a011> + a1XX
> + a2(XX>)�2 + aIn, (2)

and a0, a1, a2, a are constants depending on f and the covariance Σ given in (7).
Here (XX>)�2 is the Hadamard product of XX> with itself. Our non-asymptotic
concentration bound works for non-isotropic data under a mild moment-matching
condition. In particular, it holds for Gaussian data with a covariance matrix Σ. The
precise statement is given in Theorem 1. The spectral norm approximation bound
shows that K can be asymptotically decomposed as a low-rank part, a quadratic
kernel, and a regularization term. The structural result is important for understanding
kernel ridge regression (KRR) in the quadratic regime.

• When n → ∞ and d2

2n → α, we show the limiting spectral distribution of K is given
by a deformed Marchenko-Pastur law, which depends on the aspect ratio α and the
covariance structure Σ. The detailed statement can be found in Theorem 2.

• Based on the above results, we study the performance of KRR with the kernel function
K in (1) and random training data X. Our analysis reveals that the training and
generalization error for KRR with kernel K can be approximated by the quadratic
kernelK(2). The asymptotic training error is presented in Theorem 3. The asymptotic
generalization error is characterized in Theorems 4 and 7 for different teacher models.
To fulfill the proofs in generalization error, we provide a novel concentration inequality
for quadratic forms of centered random tensor vectors and a general deterministic
equivalence for spectral functions of a centered version of (XX>)�2; see Section E.1
for more details.

1.2 Related work

Kernel random matrices. The study of kernel random matrices has been an important
topic in random matrix theory and high-dimensional statistics. For inner-product kernels,
in the proportional regime where n � d, there are two types of random matrix models
in the literature. For Kij = f(〈xi,xj〉/

√
d), the limiting spectral distribution was first
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studied by Cheng and Singer (2013); Do and Vu (2013). The concentration of the spectral
norm was then analyzed by Fan and Montanari (2019). For a different scaling where Kij =
f(〈xi,xj〉/d), the limiting spectral distribution and spectral norm bound were investigated
by Do and Vu (2013); El Karoui (2010b,a); Amini and Razaee (2021). When f = xk,
K is related to random tensor models recently considered in random matrix literature
(Ambainis et al., 2012; Bryson et al., 2021; Collins et al., 2022; Yaskov, 2023; Baslingker,
2023; Goulart et al., 2022; Au and Garza-Vargas, 2023). In the polynomial regime, recently,
Lu and Yau (2025); Dubova et al. (2023) considered the spectrum of inner-product kernel
matrices and proved a spectral universality result. Their kernel matrix is of the form
Kij = f(〈xi,xj〉/

√
d) whose scaling is different from ours, which is Kij = f(〈xi,xj〉/d).

Although their scaling may better exhibit the bulk information from the nonlinear function,
our matrix concentration and limiting law results can be directly applied to kernel regression
training and generalization errors. An example class of inner-product kernels is of the form
K(x, z) = Ew[σ(w>x)σ(w>z)], where w is drawn from an isotropic Gaussian distribution
when data vectors are of unit length (Wang and Zhu, 2024; Murray et al., 2023).

Kernel ridge regression in the polynomial regime. When n � d, the spectral anal-
ysis of rotational invariant kernels including (1), as studied by El Karoui (2010b), has been
applied to the study of KRR by Liang and Rakhlin (2020); Elkhalil et al. (2020); Liu et al.
(2021b); Bartlett et al. (2021); Sahraee-Ardakan et al. (2022). Under the same regime,
kernel spectral clustering has also been analyzed by Couillet and Benaych-Georges (2016);
Liao and Couillet (2019); Seddik et al. (2019a,b); Liao et al. (2021); Li et al. (2025) in
terms of informative and non-informative eigenstructures in the kernel matrices induced
by nonlinearity. Beyond the proportional case, for general data distribution, Liang et al.
(2020); Donhauser et al. (2021); Aerni et al. (2023); Lu et al. (2023) provided bias and
variance bounds of the generalization error for the consistency of KRR; and under certain
data assumptions, Ghorbani et al. (2020, 2021); Mei et al. (2022) precisely showed that
KRR can only learn low-degree polynomials based on the sample complexity n. When
n � dk, for k ∈ N, the performance of inner-product kernel with data uniformly drawn from
the unit sphere Sd−1 has been recently studied by Xiao et al. (2022), then, Misiakiewicz
and Saeed (2024) proved a dimension-free approximation of KRR via a non-asymptotic
deterministic equivalence given some concentration of the eigenfunctions in the spectral
decomposition of the kernel. Recently, Barzilai and Shamir (2024); Cheng et al. (2024)
considered a non-asymptotic generalization error bound for KRR under a general setting
and obtained conditions for benign over-fitting. Building on the work of Liang et al. (2020);
Ghorbani et al. (2021), Gavrilopoulos et al. (2024) provided a more precise upper bound
for the test error of KRR under a sub-Gaussian design. This advancement has been applied
to data-dependent conjugate kernels, contributing to the research on trained features in
feature learning (Ba et al., 2022; Gavrilopoulos et al., 2024).

Random feature models. Random feature models, as an efficient approximation of
limiting kernel random matrices (Rahimi and Recht, 2007; Liu et al., 2021a), have gained
significant interest in deep learning (Pennington and Worah, 2017; Louart et al., 2018). In
the ultra-wide neural networks (Arora et al., 2019), random feature ridge regression (RFRR)
is asymptotically equivalent to a kernel ridge regression (KRR) model (Jacot et al., 2018;
Novak et al., 2019; Matthews et al., 2018; Wang and Zhu, 2024, 2023), whose kernel is in
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the form of K(x, z) = Ew[σ(w>x)σ(w>z)], with a Gaussian random vector w. When the
width is proportional to n and d, while the random feature matrix will not converge to
the corresponding kernel, the asymptotic behavior of RFRR remains tractable via random
matrix theory. Mei and Montanari (2019); Adlam and Pennington (2020); Liao et al. (2020);
Gerace et al. (2020); Goldt et al. (2022); Hu and Lu (2022) showed that it is comparable
to that of a linear model. Moreover, Hu and Lu (2022) concerns Gaussian equivalence of
random feature models beyond the regression setting and proves a conjecture from Gerace
et al. (2020); Goldt et al. (2022) that in the proportional limit, Gaussian universality holds
for random feature models beyond the square loss. In the proportional regime, deterministic
equivalence and generalization errors of deep random features were studied in (Schröder
et al., 2023, 2024). Notably, their random matrix results hold under general distributional
assumptions of the feature vectors φ(x) in the proportional regime, while this work studies
KRR in the quadratic regime under distributional assumptions on data vectors x.

Beyond the proportional regime, most of these results considered the RFRR with the
data points independently drawn from a specific high-dimensional distribution, e.g., uniform
measure on the hypercube or Sd−1 (Ghorbani et al., 2021; Hu et al., 2024) or under the
hypercontractivity assumption from Mei et al. (2022). Very recently, Latourelle-Vigeant
and Paquette (2023) studied the generalization error of RFRR for deterministic datasets,
and Defilippis et al. (2024) studied the deterministic equivalence of the generalization error
under the concentration property of eigenfunctions. The asymptotic spectra of these random
features or empirical NTK in neural networks have been investigated by Pennington and
Worah (2017); Louart et al. (2018); Mei and Montanari (2019); Fan and Wang (2020);
Benigni and Péché (2021, 2022); Wang and Zhu (2024); Wang et al. (2024); Benigni and
Paquette (2025); Liao and Mahoney (2025). Additionally, Liao and Couillet (2018) studied
the inner-product kernel induced by random features in the proportional limit.

Quadratic regime and learning a quadratic function. The quadratic regime has
appeared in various tasks as an extension of the linear regime. Chételat and Wells (2019)
analyzed phase transition behavior for the GOE approximation of Wishart distributions in

the regimes where d = n
k+1
k+3 , k ∈ N with k = 1 corresponding to the quadratic regime. As

another example, the ellipsoid fitting conjecture (Saunderson et al., 2013) with a threshold
n = d2/4 lies within this regime and was resolved by Hsieh et al. (2023); Tulsiani and
Wu (2025); Bandeira et al. (2024) up to a constant. Here, Hsieh et al. (2023) utilized a
constructed random matrix closely related to our model (2). In our results, we evaluate
KRR under the quadratic regime to learn a quadratic function. The classical phase retrieval
model (Walther, 1963; Balan et al., 2006) belongs to this learning problem. The learning
dynamic of two-layer neural networks to learn a quadratic target function has been studied
by Sarao Mannelli et al. (2020); Arnaboldi et al. (2023); Martin et al. (2024). More closely
related to our work, Ghorbani et al. (2019) examined the population loss of random features
with quadratic activation functions to learn a quadratic teacher.

1.3 Technical novelties

This paper advances the theoretical understanding of kernel ridge regression (KRR) by
extending analysis beyond the commonly studied proportional regime (where sample size
n � d to the quadratic regime n � d2. The central contribution is a rigorous approximation
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Paper Regime Data Assumptions Kernel Approximation

El Karoui (2010b) n ∼ d General covariance Firsr-order Taylor expansion

Ghorbani et al. (2021)
& Mei et al. (2022)

dk+δ ≤ n ≤ dk+1−δ Specific distributions with
hypercontractivity conditions

k-th orthogonal polynomials

Xiao et al. (2022) n ∼ dk Uniform measure on the sphere Gegenbauer polynomials

This paper n ∼ d2 General covariance
under the moment-matching condition

Second-order Taylor
expansion with corrections

Table 1: Comparison of related work on KRR under the polynomial regimes (δ ∈ (0, 1
2)).

of a broad class of inner-product kernel matrices by a quadratic kernel matrix, under general
covariance structures. This includes:

• Spectral norm approximation: A non-asymptotic bound that shows kernel matrices
behave like quadratic kernel matrices with correction terms, not just Taylor approxi-
mations.

• Limiting spectral distribution: A novel characterization of the eigenvalue distribution
of the kernel matrix using deformed Marchenko-Pastur laws.

• Precise training and generalization error analysis: Asymptotic formulas for train-
ing and generalization errors of KRR with both random and deterministic quadratic
teacher functions.

Compared to the existing work (Mei and Montanari, 2019; Xiao et al., 2022; Montanari
and Zhong, 2022; Mei et al., 2022) on the precise asymptotic performance of KRR under
specific distribution assumptions, e.g., uniform measure on Sd−1 and the hypercube, we
make no specific distribution assumption and do not require all moments of the data distri-
bution to be bounded. Instead, we require a moment-matching condition with a Gaussian
distribution. Our result does not share the same condition as (Xiao et al., 2022) since their
data satisfies the uniform measure on the sphere, whose first 8 moments do not match those
of a Gaussian. But formally, our asymptotic generalization error formula in Theorem 4,
when taking Σ = I, agrees with their result in the quadratic regime n � d2. Our result
is new even for isotropic Gaussian data when n � d2. We provide the first asymptotic
analysis of KRR beyond the linear regime for anisotropic data with a covariance structure.
Our technical assumption is the Gaussian moment matching condition, which is necessary
in our moment method proof of kernel approximation in Theorem 1. It is used to explore
the orthogonal properties of the Hermite polynomial in the proof of Theorem 4. In addi-
tion, compared with (Xiao et al., 2022; Ghorbani et al., 2021; Mei et al., 2022), we impose
a stronger smoothness condition on the kernel function f . We view this as a technical
assumption that will likely be relaxed in future work. We summarized the comparison in
Table 1.

To prove the concentration result, we revisit the idea of Taylor expansion of kernel func-
tions in (El Karoui, 2010b). Different from El Karoui (2010b), the higher-order error terms
from the Taylor expansion are more challenging to bound, and new “correction terms” not
seen from the Taylor approximation appear in our corresponding quadratic kernel K(2).
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We then apply a trace method to control the error from higher-order expansion. Although
a direct Hermite expansion relies on weaker regularity assumptions on the kernel function
f (Mei et al., 2022), without the isotropic Gaussian data assumption, controlling the ap-
proximation error of the K−K(2) becomes more challenging since each degree−`-Hermite
polynomial contains lower order terms and it’s difficult to argue they have negligible con-
tribution.

Under the spectral norm, we can approximate K by a simpler quadratic kernel K(2)

defined in (2). By standard perturbation analysis, (XX>)�2 is the leading term in the
limiting spectrum of K. With the “kernel trick” (see, e.g., Vershynin (2010, Exercise
3.7.4)), we can write (XX>)�2 as a Gram matrix with tensor vectors x⊗2

i , i ∈ [n]. We then
use the result of Bai and Zhou (2008) for sample covariance matrices to study their limiting
spectrum.

Finally, equipped with the random matrix results above, we characterize the asymptotic
performance of KRR. The analysis relies on the connection between the spectrum of K and
the prediction risks of KRR. We carefully quantify the approximation error when replacing
K with K(2) in the training and generalization errors for KRR with K. After this simpli-
fication, we analyze the asymptotic behavior of KRR with a quadratic kernel K(2). Then,
the challenge becomes to establish the deterministic equivalences of some functional of K(2)

and its resolvent. To fulfill this, we establish a new concentration inequality (Lemma 30)
related to random quadratic forms of x⊗2

i .

1.4 Preliminaries

Notation. We refer to vectors in boldcase (x), matrices in bold uppercase (X), scalars
in normalcase (x). We use ‖x‖ as the `2-norm of a vector. For a matrix X, ‖X‖ is its
operator norm and ‖X‖F is its Frobenius norm. We use K to represent a kernel function
and K to denote a kernel random matrix. In denotes the n×n identity matrix. Ex[·] means
the expectation is only taken over the random vector x, conditioned on everything else. we
use an . bn to indicate an ≤ Cbn for some constant C independent of n, d.

For a vector x ∈ Rd we denote its tensor product by x⊗2 ∈ Rd2 whose index set is
{(i, j) : i, j ∈ [d]} such that

(
x⊗2

)
i,j

= x(i)x(j), where x(j) is the j-th entry of vector x.

For a matrix A whose (i, j)-th entry is ai,j , we denote the k-th Hadamard product of A as
A�k whose (i, j)-th entry is akij , for any k ∈ N. We will use the following equation: given a

matrix X ∈ Rn×d, the (i, j)-th entry of (XX>)�k is

[(XX>)�k]ij := 〈xi,xj〉k =
〈
x⊗ki ,x⊗kj

〉
, (3)

for i, j ∈ [n], where x>i is the i-th row of X, and the the inner product between x⊗ki and

x⊗kj is the vector inner product in Rdk .

Random matrix theory. We include several definitions from random matrix theory.
For any n × n Hermitian matrix An with eigenvalues λ1, . . . , λn, the empirical spectral
distribution of An is defined by µAn = 1

n

∑n
i=1 δλi . If µAn → µ weakly as n→∞, then we

call µ the limiting spectral distribution of An. The Marchenko-Pastur law (Marchenko and
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Pastur, 1967) with a parameter γ ∈ (0,+∞) has a density:

µMP
γ =

{
(1− γ−1)δ0 + νγ , γ > 1,

νγ , γ ∈ (0, 1],
where (4)

dνγ(x) =
1

2π

√
(γ+ − x)(x− γ−)

γx
1x∈[γ−,γ+]dx, γ± := (1±√γ)2. (5)

Note that when γ > 1, the total mass of νγ is γ−1 and when γ ∈ (0, 1), its total mass is 1.

1.5 Organization of the paper

The rest of the paper is organized as follows. Precise and detailed statements of our main
results are given in Section 2. Additional definitions and lemmas are given in Appendix A.
Proof of the result for spectral norm approximation (Theorem 1) is given in Appendix B.
The proof of the limiting spectral distribution (Theorem 2) is provided in Appendix C. In
Appendices D and E, we provide the proof for the results on training error (Theorem 3) and
generalization error (Theorem 4 and Theorem 7) for kernel ridge regression, respectively.

2. Main results

2.1 Quadratic approximation of inner-product kernel matrices

Consider kernel function of the form K(x, z) = f
(
〈x,z〉
d

)
, where f is a function independent

of n, d. Let xi be independent random vectors in Rd i ∈ [n]. Consider random kernel matrix
K ∈ Rn×n such that it (i, j)-th entry is defined by Kij = K(xi,xj), i, j ∈ [n].

Our results will be stated under the following assumptions on the data distribution and
the kernel function f .

Assumption 2.1 We assume that, for some absolute constant C1 > 0, n
d2
≤ C1.

Assumption 2.2 We assume that xi = Σ1/2zi ∈ Rd, where Σ is a d × d positive semi-
definite matrix, and zi ∈ Rd is a random vector with independent entries. Furthermore, for
i ∈ [n], k ∈ [d], E[(zi(k))t] = E[gt], t = 1, 2, . . . , 8, where g ∼ N (0, 1). And E[|zi(k)|90]

1
90 ≤

C2 for some constant C2 > 0, and z1, . . . ,zn are independent.

Note that in Assumption 2.2, z1, . . . ,zn can have different distributions. Similar to Assump-
tion 2.2, Gaussian moment matching assumptions also appear in non-Gaussian component
analysis (Dudeja and Hsu, 2024) and the universality of local spectral statistics in random
matrix theory (Tao and Vu, 2011). We did not try to optimize the bounded moment as-
sumption. The finite 90-th moment condition in Assumption 2.2 is convenient for deriving
a 1−O(d−1/2) probability tail bound in Theorem 1.

Assumption 2.3 ‖Σ‖ ≤ C3 for some constant C3 > 0, and there exists τ > 0 such that
τ = limd→∞

Tr Σ
d .

Assumption 2.4 Kernel function f : R→ R is a C2-function in a neighborhood of τ , and
is C5 in a neighborhood of 0.
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Denote the data matrix by X ∈ Rn×d, where all row vectors in X are independent
and satisfy Assumption 2.2. Under all the assumptions above, we introduce the following
quadratic kernel matrix K(2) as an approximation of K, where

K(2) =

(
f(0)− f (4)(0)(Tr(Σ2))2

8d4

)
11> +

(
f ′(0)

d
+
f (3)(0) Tr(Σ2)

2d3

)
XX>

+

(
f ′′(0)

2d2
+
f (4)(0) Tr(Σ2)

4d4

)(
XX>

)�2

+

[
f

(
Tr Σ

d

)
− f(0)− f ′(0)

Tr Σ

d
− f ′′(0)

2

(
Tr Σ

d

)2
]

In. (6)

For ease of notation, we write (6) as

K(2) = a011> + a1XX
> + a2(XX>)�2 + aIn, (7)

where

a0 := f(0)− f (4)(0)(Tr(Σ2))2

8d4
, (8)

a1 :=
f ′(0)

d
+
f (3)(0) Tr(Σ2)

2d3
, (9)

a2 :=
f ′′(0)

2d2
+
f (4)(0) Tr(Σ2)

4d4
, (10)

a := f

(
Tr Σ

d

)
− f(0)− f ′(0)

Tr Σ

d
− f ′′(0)

2

(
Tr Σ

d

)2

. (11)

Here, a0, a1, a2 and a are of different orders depending on d. These parameters are important
to yield a sharp approximation of K. Notably, these coefficients are different from a direct,

entrywise Taylor approximation of K. In a0, a1, and a2, the first terms f(0), f
′(0)
d , and f ′′(0)

2d2

are from Taylor expansion of f at 0, respectively. The additional terms in (8)-(10) appear
in the proof when we aim to minimize the approximation error under the spectral norm.

Our first result is a non-asymptotic approximation error bound of K(2) −K.

Theorem 1 (Quadratic kernel approximation) Under Assumptions 2.1-2.4, there ex-
ist constants c, C > 0 depending only on f, C1, C2, and C3 from the assumptions such that
with probability at least 1− cd−1/2, we have∥∥∥K −K(2)

∥∥∥ ≤ Cd− 1
12 . (12)

Theorem 1 shows that for sufficiently large n, the random kernel matrix K can be
approximated by a much simpler quadratic kernel matrix K(2), which can be decomposed
into a low-rank part, a Hadamard product term, and a regularization term. This extends
the linear approximation result of El Karoui (2010b); Couillet and Benaych-Georges (2016);
Bartlett et al. (2021); Sahraee-Ardakan et al. (2022); Ardakan (2022); Couillet and Liao

(2022). The polynomial error rate d−
1
12 might not be optimal (see Figure 4); however, it

suffices to have an o(1) error bound for the asymptotic analysis of kernel ridge regression.
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2.2 The limiting eigenvalue distribution for the kernel matrix

Since the asymptotic structure ofK can be represented byK(2), from standard perturbation
analysis in random matrix theory (Bai and Zhou, 2008), we can compute the limiting spec-
tral distribution of K by understanding the limiting spectral distribution of the Hadamard
product (XX>)�2.

From the tensor representation given in (3), it suffices to study sample covariance
matrices with independent row vectors given by x⊗2

i . For any k, ` ∈ [d], (x⊗2
1 )k` =

x1(k)x1(`) = (x⊗2
1 )`k, hence there are only

(
d+1

2

)
many distinct coordinates in x⊗2

1 . We

can define a reduced tensor product (introduced by Yaskov (2023)), x
(2)
i ∈ R(d+1

2 ) indexed
by {(k, `) : 1 ≤ k ≤ ` ≤ d} such that

x
(2)
i (k, `) =

{√
2xi(k)xi(`) k < `,

|xi(k)|2 k = `.
(13)

Note that x
(2)
i is not centered, e.g., if Σ is diagonal, then for k ≤ ` ∈ [d],

E[x
(2)
i (k, `)] = δk,`Σkk. (14)

With (13), the following identity holds while reducing the dimension of the tensor vectors:

〈x⊗2
i ,x⊗2

j 〉 = 〈x(2)
i ,x

(2)
j 〉. (15)

Let Σ(2) := E
[
(x

(2)
1 − Ex(2)

1 )(x
(2)
1 − Ex(2)

1 )>
]
∈ R(d+1

2 )×(d+1
2 ). This matrix encodes the

covariance information of x
(2)
1 . Under the Gaussian moment matching condition for z1

in Assumption 2.2 and an additional assumption that Σ is diagonal, a quick calculation
implies

Σ
(2)
ij,k` =


0 if (i, j) 6= (k, `),

2ΣiiΣjj if i 6= j, (i, j) = (k, `),

3Σ2
ii if i = j = k = `.

(16)

When Σ = Ex1x
>
1 is diagonal with bounded operator norm, the matrix Σ(2) is also diag-

onal and has a bounded operator norm. In this section, we need the following additional
assumptions for our asymptotic analysis.

Assumption 2.5 There exists α > 0 such that limd→∞
d2

2n = α.

Assumption 2.6 We assume that f ′′(0) 6= 0, Σ is a diagonal matrix, and Σ(2) has a
limiting spectral distribution denoted by µΣ(2).

Our next theorem characterizes the limiting eigenvalue distribution of K after proper
centering and scaling.

10
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(a) Σ = Id. (b) Σ = Σ0.

Figure 1: Spectral distributions of 2α
f ′′(0)(K − aIn) for f(x) = cos(x), n = 10000 and d =

200, and limiting density function of (17) in red curves. For dataset X, we use
Gaussian data with population covariance: Σ = Id and Σ = Σ0 which is defined
by (18).

Theorem 2 (Limiting eigenvalue distribution) Under Assumptions 2.2-2.4 and As-
sumptions 2.5-2.6, the empirical spectral distribution of 4α

f ′′(0)(K − aIn) converges in prob-
ability to a deformed Marchenko-Pastur law µα,Σ(2) defined as

µα,Σ(2) =

{
(1− α)δ0 + α

(
να � µΣ(2)

)
if 0 < α < 1,

α
(
να � µΣ(2)

)
if α ≥ 1,

(17)

where � denotes the multiplicative free convolution defined in Definition 11 and να is defined
in (5). The same limit holds for 4α

f ′′(0)(K(2)−aIn). In particular, when Σ = Id, the empirical

spectral distribution of 2α
f ′′(0)(K − aIn) converges in probability to a distribution given by

µ =

{
(1− α)δ0 + ανα if 0 < α < 1,

ανα if α ≥ 1,
where να is defined by (5).

See Figure 1 for a simulation of the result in Theorem 2 when f = cos(x). We consider
both the isotropic case when Σ = Id and the anisotropic case with

Σ = Σ0 = diag(σ1, . . . , σd), where σi =


0.1, for i = 1, . . . , 0.2d

1.0, for i = 0.2d+ 1, . . . , 0.6d

1.5, for i = 0.6d+ 1, . . . , d

. (18)

For more simulations, see Section 3.

2.3 Training and generalization errors for kernel ridge regression

Consider a dataset X = [x1, . . .xn]> with x1, . . . ,xn satisfying Assumption 2.2. Let

y = [y, . . . , yn]> = [f∗(x1), . . . , f∗(xn)]> + ε (19)

11
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be noisy training labels generated by an unknown teacher function f∗ : Rd → R, and ε ∈ Rn
where εi are i.i.d. sub-Gaussian random variable with

Eεi = 0, Eε2
i = σ2

ε . (20)

With dataset X and training labels y, we are interested in the asymptotic behavior of
kernel ridge regression (KRR)

f̂
(K)
λ = argmin

f∈H

n∑
i=1

(yi − f(xi))
2 + λ ‖f‖2H ,

for certain Reproducing Kernel Hilbert SpacesH(Rd), associated with inner product kernels,
under the quadratic regime n � d2. Here, λ ≥ 0 is called the ridge parameter in KRR. The
estimator of KRR can be written as

f̂
(K)
λ (x) = K(x,X)(K + λIn)−1y,

where K(x,X) = [K(x,x1), . . . ,K(x,xn)] ∈ Rn and K is defined by (12) on dataset X.
In the following sections, we present the asymptotic training and generalization errors of
KRR, given some conditions of f∗.

2.3.1 Training errors

The prediction of KRR on the training dataset X is a n-dimensional vector given by

f̂
(K)
λ (X) = (f̂

(K)
λ (x1), . . . , f̂

(K)
λ (xn))> = K(K + λIn)−1y. (21)

Then, we can define the training error for this KRR as

Etrain(λ) :=
1

n
‖f̂ (K)
λ (X)− y‖22 =

λ2

n
y>(K + λIn)−2y. (22)

Recall the coefficient a defined in (11). We need the following additional assumption on the
kernel function f .

Assumption 2.7 Assume that a0 ≥ 0, a1 ≥ 0 and a2 ≥ 0 for sufficiently large d, where
a0, a1, a2 are defined in (8)-(10), and f defined by (1) satisfies Assumptions 2.4 and 2.6.
We denote that

a∗ := lim
n→∞

a = f(τ)− f(0)− f ′(0)τ − 1

2
f ′′(0)τ2. (23)

In this paper, we aim to show that Kernel Ridge Regression (KRR) in the quadratic
regime can learn more complex functions compared to the proportional regime (El Karoui,
2010b; Bartlett et al., 2021). The simplest setting to observe this difference is with a
quadratic teacher function. Therefore, we adopt the following assumption for the teacher
model, which is similar to the one from Mei and Montanari (2019).

12
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Assumption 2.8 Assume that the teacher model f∗ : Rd → R is defined by

f∗(x) := c0 + c1〈x,β〉+
c2

d
x>Gx. (24)

where c0, c1, c2 ∈ R are constants independent of n, d, β ∈ Rd is a deterministic vector with
‖β‖ = 1, and G ∈ Rd×d is a symmetric random matrix with independent sub-Gaussian
entries of mean zero, variance 1.

The asymptotic training error can be obtained in the next theorem.

Theorem 3 (Asymptotic training error) Suppose λ+ a∗ > 0. Under the assumptions
in Theorem 2 and Assumptions 2.7 and 2.8, as d2/(2n) → α ∈ (0,∞) and n, d → ∞, we
have, in probability,

Etrain(λ)→ λ2

∫ c22
α x+ σ2

ε(
f ′′(0)

4α x+ a∗ + λ
)2 dµα,Σ(2)(x), (25)

where a∗ is defined in (23), µα,Σ(2) is defined in (17), and σ2
ε is defined in (20).

Theorem 3 covers the ridge-less case when λ = 0. In the ridge-less case, the training
error is 0, and K is invertible since a∗ can be seen as an additional ridge regularizer to K(2)

in (7). Note that the limit in (25) does not depend on the constant and linear terms of f
or f∗. In the quadratic regime, the kernel K can completely fit the linear component of f∗
even for λ > 0.

2.3.2 Generalization errors

Given a new data point (x, f∗(x)) where x ∈ Rd is independent with all training data points

xi, the generalization error of KRR estimator f̂
(K)
λ (x) in (21) can be computed by

R(λ) := E[(f
(K)
λ (x)− f∗(x))2|X], (26)

conditioning on the training dataset X. We make the following assumption on the distri-
bution of test data x ∈ Rd.

Assumption 2.9 (Test data assumption) Assume the testing data point satisfies x =
Σ1/2z, where z ∈ Rd is a random vector with independent entries (independent with X).
For k ∈ [d], we assume that E[z(k)t] = E[gt], t = 1, 2, . . . , 18, where g ∼ N (0, 1).

Note that x does not need to have the same distribution as the training data x1, . . . ,xn.

Assumption 2.10 Suppose that kernel function f in (1) satisfies Assumption 2.7 and the
9-th derivative satisfies |f (9)(x)| ≤ C for all x ∈ R. And we further assume that f ′(0) =
f (3)(0) = 0 and f ′′(0) > 0.

Let λ∗ > 0 be the unique positive solution to

1

α
− 4(a∗ + λ)

f ′′(0)λ∗
=

∫
x

x+ λ∗
dµΣ(2)(x), (27)

13
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(a) λ = 0.001. (b) λ = 0.01.

Figure 2: Theoretical curves of bias term B(λ∗) (green), variance term σ2
εV(λ∗) (red), and

the generalization error (yellow) from Theorem 4. We fix d = 1000 and vary the
sample size n. The ridge parameter λ = 10−3, 10−2 and noise level σε = 0.25.
The plot reveals a double-descent phenomenon in the quadratic regime n ∝ d2.

where α, µΣ(2) , and a∗ are defined in Assumptions 2.1, 2.6, and 2.7, respectively. Then,
given λ∗ > 0, we can define

V(λ∗) :=
α
∫
R

x2

(x+λ∗)2
dµΣ(2)(x)

1− α
∫
R

x2

(x+λ∗)2
dµΣ(2)(x)

, (28)

B(λ∗) :=
λ2
∗
∫
R

x
(x+λ∗)2

dµΣ(2)(x)

1− α
∫
R

x2

(x+λ∗)2
dµΣ(2)(x)

. (29)

Theorem 4 (Asymptotic generalization error for random f∗) Suppose in (19), f∗
is a pure quadratic function given by f∗(x) = x>Gx/d, where G ∈ Rd×d is a symmet-
ric random matrix with independent entries satisfying E[Gi,j ] = 0,E[G2

i,j ] = 1 for all
i, j ∈ [n]. Then, under the assumptions in Theorem 2, Assumptions 2.7, 2.9 and 2.10,
as d2/(2n)→ α ∈ (0,∞) and n, d→∞, the generalization error of KRR satisfies

R(λ)− σ2
εV(λ∗)− B(λ∗)→ 0

in probability, for any λ ≥ 0, where V(λ∗) and B(λ∗) are defined by (28) and (29).

Both Theorem 3 and Theorem 4 apply to the case when f∗(x) = x>Gx/d and G is a
symmetric random matrix with independent sub-Gaussian entries of mean zero, variance 1.

In Figure 2, we plot the limiting bias, variance, and generalization error curves in The-
orem 4 for different aspect ratios when f ′′(0) = 2 and a∗ = 0 with two distinct values
of λ. This figure shows that the bias decreases monotonically, while the variance first in-
creases and then decreases. Their combined effect produces a double-descent curve for the
generalization error under the quadratic regime when λ is small.

Remark 5 (Connection to double descent and multiple descent) The double descent
phenomenon concerns the behavior of generalization error in the proportional regime n ∝ d

14
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(Bartlett et al., 2021). More recently, the multiple descent phenomenon has been observed:
when n ∝ d`, the generalization error for kernel ridge regression (KRR) decreases as ` in-
creases (Xiao et al., 2022). Our work is related to these phenomena in the following way:
we show that in the regime n ∝ d2, the generalization error is smaller than in the n ∝ d
case. Moreover, when 2n

d2
→ α−1, the generalization error as a function of α exhibits a

double descent curve (see Figure 2).

In the setting of Theorem 4, the limiting bias and variance terms of KRR are (28)
and (29), respectively. In the regime n � d, similar characterizations are also presented by
Hastie et al. (2022); Bartlett et al. (2021). In the quadratic regime n � d2, our asymptotic
formula matches the proportional regime by changing Σ to Σ(2). More intuitively, we showed
that KRR in the quadratic regime is asymptotically equivalent to linear ridge regression

with reduced tensor product features x
(2)
i ∈ R(d+1

2 ) defined in (13).
We expect the same asymptotic generalization error formula to hold also for the general

quadratic target in (24) beyond the purely quadratic target case (see Figure 5). However,
it is technically challenging to prove that the effect of the linear component c0 + c1〈x,β〉 is
negligible for the generalization error in the quadratic scaling limit. We leave it as an open
question for future work.

Remark 6 Although Mei et al. (2022); Misiakiewicz and Saeed (2024); Gavrilopoulos et al.
(2024) cover the quadratic regime, our data assumptions are more universal. Misiakiewicz
and Saeed (2024) presented a non-asymptotic deterministic equivalence of general KRR sim-
ilar to (28) and (29), but it requires a certain concentration of eigenfunctions in the kernel’s
eigendecomposition, which is challenging to verify in our context, especially for anisotropic
data. Gavrilopoulos et al. (2024) aligns more closely with our setting but necessitates sub-
Gaussian xi, but only offers an upper bound for prediction risk.

When the teacher model f∗ is not a random function but a deterministic quadratic
function depending on the covariance matrix Σ of x, the bias term in the generalization
error vanishes, as stated in the following theorem. This setting is different from Theorem 4,
since the generalization error is not taken over the randomness of the teacher model f∗.

Theorem 7 (Asymptotic generalization error for deterministic f∗) Suppose that teacher
function in (19) is f∗(x) = x>Σx/d. Then, under the assumptions in Theorem 2, Assump-
tions 2.7, 2.9 and 2.10, as d2/(2n)→ α ∈ (0,∞) and n, d→∞, the generalization error of
KRR satisfies

R(λ)− σ2
εV(λ∗)→ 0

in probability, for any λ ≥ 0, where V(λ∗) is defined by (27) and (28).

Remark 8 Compared to the result in the proposal regime of (Bartlett et al., 2021), Theo-
rem 7 demonstrates the advantage of KRR in a quadratic regime. When the teacher model
f∗ is a quadratic function perfectly aligned with the covariance matrix Σ of x, the bias term
in the generalization error vanishes. Our result is consistent with Ghorbani et al. (2019,
Theorem 10), where the authors studied population loss (i.e., first take n→∞ while keep-
ing the width and d fixed) of random features to learn a deterministic noiseless quadratic
function with isotropic Gaussian datasets. When the teacher model perfectly aligns with Σ,
our result is applicable for more general data distributions.
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2.3.3 Generalized cross-validation estimators

The recent work of Misiakiewicz and Saeed (2024) established a dimension-free deterministic
equivalence of the generalized cross-validation (GCV) estimator and the generalization error,
and their approximation is uniform over a range of the ridge parameter λ. Different from
our setting, they assumed abstract conditions on the kernel matrices and feature vectors
φ(x), while our assumptions are on the nonlinear function f and data vectors x. The GCV
estimator (Hastie et al., 2022; Wei et al., 2022) is defined as

GCVλ(K,y) =
ny>(K + λI)−2y

Tr((K + λI)−1)2
=

1
ny
>(K + λI)−2y

( 1
n Tr(K + λI)−1)2

,

which does not depend on the test dataset. With the proof of Theorem 3 and Theorem 4,
we are able to establish the following approximation:

Corollary 9 Under the assumptions of Theorems 3 and 4, we can get

GCVλ(K,y)−R(λ)→ 0,

in probability, as n→∞, where R(λ) is defined by (26).

Corollary 9 verifies the GCV approximation beyond the linear regime considered by Hastie
et al. (2022); Wei et al. (2022). To the best of our knowledge, this is the first GCV approx-
imation for KRR with anisotropic data in the quadratic regime.

3. Numerical simulations

In this section, we provide several simulations to illustrate our theoretical results.

Limiting spectral distributions for K. Following Figure 1, we provide additional
simulations for the spectral distribution of the kernel matrix in Figure 3 for a quadratic
kernel function f(x) = x2 + x with isotropic Gaussian dataset and anisotropic Gaussian
dataset with population covariance Σ0 defined in (18). For an anisotropic Gaussian, the
limiting spectral distribution could have multiple disjoint bulks in Figure 3(d). For these
simulations, we also observe O(d) outliers presented in the subfigures. These outliers may
come from the terms 11> and XX> in our K(2) approximation from Theorem 1.

Approximation error ‖K −K(2)‖. In Figure 4, we consider the approximation error
under the spectral norm between the kernel random matrix K and the quadratic kernel
random matrix K(2) defined in (6) where the kernel function is f(x) = ex. We fix the

ratio d2

2n = 1.2 and 0.8, and vary the values of d. The simulation suggests the order of the

approximation error is between d−1 and d−1/2.

Generalization errors for KRR. In Figure 5(a), we present a simulation for the test
losses of KRR, as n is increasing, and theoretical prediction from Theorem 4 when the
teacher model f∗ is random, defined by (24). We fix d = 160, and use isotropic Gaussian
data, polynomial kernel f(x) = (1 + x)2, λ = 0.01, and σε = 0.5. This simulation also
demonstrates the double descent phenomenon. In Figure 5(b), we present a simulation to
empirically justify Theorem 7 for test losses. The set up is same as Figure 5(a) but using
a deterministic teacher model f∗(x) := 1 + 2〈x,β〉 + 1

d‖x‖
2 where β is a fixed unit norm

vector. For both cases, we can observe the peak of the test loss around α = 1.0.
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(a) Σ = Id, n = 18000 and d = 200. (b) Σ = Σ0, n = 18000 and d = 200.

(c) Σ = Id, n = 25250 and d = 150. (d) Σ = Σ0, n = 25250 and d = 150.

Figure 3: Spectral distributions for kernel function f(x) = x2 + x with isotropic and
anisotropic Gasussian datasets. The red curves are given by the limiting spectral
distribution obtained from Theorem 2. The number of outliers is O(d) plotted in
the subfigures, due to the low-rank terms in K(2); see (6).

4. Conclusion

This paper extends the theoretical understanding of kernel methods by analyzing kernel
ridge regression in the quadratic regime, where the number of samples scales quadratically
with the data dimension. Through a novel quadratic approximation of kernel matrices
under general covariance structures, we derive precise asymptotic characterizations for both
training and generalization errors. These results highlight that, unlike in the proportional
regime, kernel methods in the quadratic regime retain their nonlinear expressive power
and can fully capture quadratic target functions. Our analysis relies on new concentration
inequalities and moment methods, providing tools that can be extended to more general
polynomial regimes. This work bridges a critical gap in understanding the behavior of
kernel models in high-dimensional settings beyond linear approximations and isotropic data
distribution.

Our method, particularly using Wick’s formula, is not only tailored to our problem but
is also broadly generalizable to a wide class of high-dimensional random matrix problems
involving non-linear kernels or polynomial functions of Gaussian-like data. With our proof
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(a) α = 1.2. (b) α = 0.8.

Figure 4: Numerical simulations for the operator norm ‖K −K(2)‖ for exponential kernel

f(x) = exp(x) when varying d and fixing the ratio α = d2

2n = 1.2 and 0.8. For
each n and d, we take 15 trials to average the error.

(a) Random target f∗. (b) Deterministic target f∗.

Figure 5: Test losses (orange points) and theoretical prediction (blue lines) of R(λ) for
different aspect ratios α and teacher models f∗. Fix d = 160, noise level σε = 0.5,
and ridge parameter λ = 0.01. We choose the kernel function as f(x) = (1 + x)2.
For each simulation point, we take 8 averages. (a) The teacher model f∗ is defined
by (24) with coefficients c0 = 1, c1 = 2, c2 = 1 and the theoretical curve is given
by Theorem 4. (b) The teacher model f∗ is identical to (a) but replaces G in (24)
with Id and the theoretical curve is derived from Theorem 7.

technique, for general polynomial scaling n � d`, we expect the k-th moments matching
condition would grow linearly with k � l. This method, along with our trace-based error
bounding techniques, can be adapted to analyze other models, including random feature
models and learning dynamics of neural networks with polynomial activations. Moreover,
our approach sheds light on the structure of random tensor products, which is increasingly
relevant in modern high-dimensional learning theory.

18



Kernel in quadratic regime

Several promising directions remain for future research. One is to extend our results to
higher-order polynomial regimes (n � dk for any k ∈ N). Another is to relax the Gaussian
moment-matching condition to more general sub-Gaussian assumptions. Furthermore, we
anticipate applying our theoretical insights to real-world high-dimensional learning tasks
and revealing novel practical implications for different scalings of sample size, data dimen-
sion, and the size of machine learning models.
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Appendix A. Additional definitions and lemmas

A.1 Additional definitions

Definition 10 (Stieltjes transform) Let µ be a probability measure on R. The Stieltjes
transform of µ is a function m(z) defined on C \ supp(µ) by m(z) =

∫
R

1
x−zdµ(x).

Notice that the Stieltjes transformm(z) uniquely determines this probability measure µ (Bai
and Silverstein, 2010, Appendix B.2). For any n × n Hermitian matrix An, the Stieltjes
transform of the empirical spectral distribution of An can be written as tr(An− zI)−1. We
call (An − zI)−1 the resolvent of An.

Definition 11 (Deformed Marchenko-Pastur law) For a probability measure ν, we
can define a deformed Marchenko-Pastur probability measure denoted by µMP

α � ν via its
Stieltjes transform m(z), for any z ∈ C+ ∪ R−. Then m(z) is recursively defined by

m(z) =

∫
1

x(1− α− α · zm(z))− z
dν(x).

This is also called the Marchenko-Pastur equation with aspect ratio α ∈ (0,∞), see also
results by Marchenko and Pastur (1967); Bai and Silverstein (2010); Yao et al. (2015).
Additionally, let us define the companion Stieltjes transform m̃(z) := αm(z)+(1−α)(−1/z).
Then, we have a fixed point equation of m̃(z), for any z ∈ C+ ∪ R−,

z = − 1

m̃(z)
+ α

∫
x

1 + xm̃(z)
dν(x). (30)
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For a full description of free independence and free multiplicative convolution, see (Nica
and Speicher, 2006, Lecture 18) and (Anderson et al., 2010, Section 5.3.3). The free mul-
tiplicative convolution � was first introduced by Voiculescu (1987), which later has many
applications for products of asymptotic free random matrices.

An example of this deformed Marchenko-Pastur law can be obtained by the following
matrix model (Marchenko and Pastur, 1967). Let X ∈ Rd×n with aspect ratio n/d → α,
where each entry inX is i.i.d. N (0, 1/d). Let Σ ∈ Rn×n be a deterministic PSD matrix with
limiting spectral distribution ν. Then the limiting spectral distribution of Σ1/2X>XΣ1/2

is µMP
α � ν.

Definition 12 (Hermite polynomials) The normalized r-th normalized Hermite poly-
nomial is given by

hr(x) =
1√
r!

(−1)rex
2/2 d

r

dxr
e−x

2/2. (31)

Here {hr}∞r=0 form an orthonormal basis of L2(R,Γ), where Γ denotes the standard Gaussian
distribution. For σ1, σ2 ∈ L2(R,Γ), the inner product is defined by

〈σ1, σ2〉 =

∫ ∞
−∞

σ1(x)σ2(x)
e−x

2/2

√
2π

dx.

Every function σ ∈ L2(R,Γ) can be expanded as a Hermite polynomial expansion σ(x) =∑∞
r=0 ζr(σ)hr(x), where ζr(σ) is the r-th Hermite coefficient defined by

ζr(σ) :=

∫ ∞
−∞

σ(x)hr(x)
e−x

2/2

√
2π

dx.

A.2 Auxiliary lemmas

Lemma 13 (Lemma D.2 in (Nguyen and Mondelli, 2020)) Let x,y ∈ Rd such that
‖x‖ = ‖y‖ = 1 and w ∼ N (0, Id). Let hj be the j-th normalized Hermite polynomial in
(31). Then Ew[hj(〈w,x〉)hk(〈w,y〉)] = δjk〈x,y〉k.

Lemma 14 (Theorem A.45 in (Bai and Silverstein, 2010)) Let A,B be two n × n
Hermitian matrices. If ‖A − B‖ → 0 as n → ∞, then A and B have the same limiting
spectral distribution.

Lemma 15 (Theorem A.43 in (Bai and Silverstein, 2010)) Let A,B be two n × n
Hermitian matrices. If 1

nrank(A−B)→ 0 as n→∞, then A and B have the same limiting
spectral distribution.

Lemma 16 (Wick’s formula for Gaussian vectors) Assume that x = Σ1/2z, where
E[z] = 0, E[zz>] = Id, and z matches the first (a+ b)-th joint moments with the standard
Gaussian vector g ∼ N (0, Id), for some a, b ∈ N and w = Σ1/2g. Then, for any two
deterministic vectors u and v,

Ex[〈x,u〉a〈x,v〉b] = Ew[〈w,u〉a〈w,v〉b]

=
∑

π∈P2(a+b)

∏
(l,j)∈π
l,j∈[a]

u>Σu
∏

(l,j)∈π
a+1≤l,j≤a+b

v>Σv
∏

(l,j)∈π
l∈[a],a+1≤j≤a+b

u>Σv,
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where P2(a+ b) is collection of all pairwise matchings on [a+ b], and (`, j) ∈ π means the
index ` is matched with j.

Proof of Lemma 16 The first identity comes from the moment matching condition be-
tween g and z, and the second one is from Wick’s formula (Wick, 1950) and the fact that
Cov(〈w,u〉, 〈w,v〉) = u>Σv.

Lemma 17 (Whittle’s inequality, Theorem 2 in (Whittle, 1960)) Let x ∈ Rd be a
random vector with independent entries and zero mean. Let γj(s) = E[|xj |s]1/s. Let A =
(ajk)j,k∈[d] ∈ Rd×d be a deterministic matrix. We have for s ≥ 2 and a numerical constant
C(s) depending on s,

E|x>Ax− E[x>Ax]|s ≤ C(s)

∑
j,k

a2
jkγ

2
j (2s)γ2

k(2s)

s/2

.

Lemma 18 (Theorem 1.1 in (Bai and Zhou, 2008)) Let x ∈ Rp be a random vector
and X be a p×n matrix with i.i.d. columns and Σ = E[xx>] with bounded operator norm,

and its limiting ESD is given by µΣ. If p/n → α and E
∣∣x>Ax− Tr[AΣ]

∣∣2 = o(p2) for

A ∈ Rp×p with ‖A‖ ≤ 1, then the empirical spectral distribution of 1
nXX

> converges in
probability to a deformed Marchenko-Pastur law µMP

α � µΣ, where µMP
α is defined in (4).

Lemma 19 (Lemma 2.2 in (Magnus, 1978)) Let A be a d× d real symmetric matrix,
g ∼ N (0, I) be a d-dimensional Gaussian vector, and αs = E[(g>Ag)s]. We have

α2 = (TrA)2 + 2 Tr(A2), α3 = (TrA)3 + 6 TrA(TrA2)2 + 8 TrA3,

α4 = (TrA)4 + 32 TrATrA3 + 12(TrA2)2 + 12(TrA)2(TrA2) + 48 TrA4.

Lemma 20 Let A,B be two real symmetric d × d matrices, and g ∼ N (0, Id) be a d-
dimensional Gaussian vector. Then, we have E[(g>Ag)(g>Bg)] = TrA ·TrB+2 Tr(AB).

Proof

E[(g>Ag)(g>Bg)] =
∑
i,j,k,l

AijBklE[gigjgkgl] =
∑
i,j,k,l

AijBkl (δijδkl + δikδjl + δilδjk) ,

= Tr(A) Tr(B) + Tr(AB>) + Tr(AB) = TrA · TrB + 2 Tr(AB),

where the second identity is due to Wick’s formula (Wick, 1950).

Appendix B. Proof of Theorem 1

To track the dependence on model parameters, in this section, we use an . bn to indicate
an ≤ Cbn for some numerical constant C independent of any other model parameters in-
cluding n, d, f in (1), and we assume C1, C2, C3 > 1 in Assumptions 2.1-2.3 for convenience.
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We first apply the Taylor expansion of f in Section B.1. Since the off-diagonal entries
of K are concentrated around 0 and the diagonal entries are concentrated around Tr Σ

d ,
we expand f at 0 and Tr Σ

d respectively. In Section B.2, we divide the off-diagonal part
of K into three matrices and control their spectral norms by the moment method. This
is the most technical part of the proof. Section B.3 deals with the diagonal terms in K.
Combining the three parts, we finish the proof of Theorem 1 in Section B.4.

B.1 Taylor expansion of the kernel matrix

We begin with a Taylor expansion of K. Since f is C5 around 0, through Taylor expansion
at 0, we have for i 6= j,

Kij =f(0) +
f ′(0)

d
〈xi,xj〉+

f ′′(0)

2d2
〈xi,xj〉2 +

f (3)(0)

6d3
〈xi,xj〉3

+
f (4)(0)

24d4
〈xi,xj〉4 +

f (5)(ζij)

120d5
〈xi,xj〉5, (32)

where ζij is between 0 and 1
d〈xi,xj〉. Similarly, since f is C2 around τ , for sufficiently large

d, Tr Σ
d is close to τ by Assumption 2.3, and we can expand f at Tr Σ

d to obtain that

Kii =f

(
‖xi‖2

d

)
= f

(
Tr Σ

d

)
+ f ′

(
Tr Σ

d

)(
‖xi‖2

d
− Tr Σ

d

)
(33)

+
f ′′(ξii)

2

(
‖xi‖2

d
− Tr Σ

d

)2

.

where ξii is between 0 and ‖xi‖2
d . Next, we control the error of this approximation from

diagonal and off-diagonal terms in Sections B.2 and B.3, respectively.

B.2 Controlling the error in the off-diagonal terms

For i 6= j ∈ [n], we have from (32) and (6),

Kij −K(2)
ij =

f (3)(0)

6d3

(
〈xi,xj〉3 − 3 Tr Σ2 · 〈xi,xj〉

)
+
f (4)(0)

24d4

(
〈xi,xj〉4 − 6 Tr Σ2 · 〈xi,xj〉2 + 3(Tr Σ2)2

)
+
f (5)(ζij)

120d5
〈xi,xj〉5 := T̃ (i, j) + F̃ (i, j) + Ṽ (i, j),

where T̃ , F̃ , and Ṽ are three matrices with (i, j)-entry

T̃ (i, j) = 1{i 6= j}f
(3)(0)

6d3

(
〈xi,xj〉3 − 3 Tr Σ2〈xi,xj〉

)
,

F̃ (i, j) = 1{i 6= j}f
(4)(0)

24d4

(
〈xi,xj〉4 − 6 Tr Σ2 · 〈xi,xj〉2 + 3(Tr Σ2)2

)
, (34a)

Ṽ (i, j) = 1{i 6= j}f
(5)(ζij)

120d5
〈xi,xj〉5, (34b)
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which correspond to the third, fourth, and higher-order terms in the approximation error.
Here T̃ and F̃ correspond to the third and fourth normalized Hermite polynomial h3(x) =
x3 − 3x and h4(x) = x4 − 6x2 + 3, respectively. See Definition 12 for more details.

B.2.1 Third-order approximation

We bound the spectral norm of T̃ by applying the trace method. For i 6= j, define

T ij := 〈xi,xj〉3 − 3 Tr Σ2 · 〈xi,xj〉. (35)

We have

E‖T̃ ‖6 ≤ ETr(T̃
6
) .
|f (3)(0)|6

d18

∑
i1,i2,i3,i4,i5,i6∈[n]

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ]. (36)

There are five different cases in terms of the number of distinct indices among i1, i2, i3, i4,
i5, i6 ∈ [n] in the summation. In the following, we control each case separately.

Case (i). i1, i2, i3, i4, i5, i6 ∈ [n] are distinct. Conditioned on xi1 ,xi3 and xi5 , we have

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 |xi1 ,xi3 ,xi5 ]

= E[T i1i2T i2i3 |xi1 ,xi3 ]E[T i3i4T i4i5 |xi3 ,xi5 ]E[T i5i6T i6i1 |xi1 ,xi5 ]. (37)

We calculate the two conditional expectations separately.

To evaluate (37), we notice that each conditional expectation is a degree-3 polynomial of
random vector inner products. By our moment matching Assumption 2.2, we can easily
calculate them due to Wick’s formula in Lemma 16. Denote by wi := Σ1/2xi = Σzi, i ∈ [n].
With Lemma 16, since zi has the first 8 moments matched with the Gaussian distribution,
we can compute the following expectations explicitly, where x is an i.i.d. sample indepen-
dent of xi,xk for any i, k ∈ [n]:

Ex[〈x,xi〉〈x,xk〉] = x>k Σxi = 〈wi,wk〉 (38)

Ex[〈x,xi〉2〈x,xk〉2] = 2x>k Σxi · x>k Σxi + x>k Σxk · x>i Σxi

= 2〈wi,wk〉2 + ‖wi‖2 ‖wk‖2 (39)

Ex[〈x,xi〉3〈x,xk〉] = 3x>k Σxi · x>i Σxi = 3〈wi,wk〉 ‖wi‖2 (40)

Ex[〈x,xi〉3〈x,xk〉3] = 9x>k Σxi · x>i Σxi · x>k Σxk + 6
(
x>k Σxi

)3

= 9〈wi,wk〉 ‖wi‖2 ‖wk‖2 + 6〈wi,wk〉3. (41)

Ex[〈x,xi〉4〈x,xk〉4] = 72〈wi,wk〉2 ‖wi‖2 ‖wk‖2 + 24〈wi,wk〉4 + 9 ‖wi‖4 ‖wk‖4 (42)

Ex[〈x,xi〉4〈x,xk〉2] = 12〈wi,wk〉2 ‖wi‖2 + 3 ‖wi‖4 ‖wk‖2 . (43)

With Assumptions 2.2 and 2.3, we can also obtain for i 6= k, any integer 1 ≤ s ≤ 45,

E
[
〈wi,wk〉2s

]
= E[(ziΣ

2zk)
2s] .C2s

2 C
4s
3 d

s. (44)
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Similarly, we have for 1 ≤ s ≤ 45,

E
[
‖wi‖2s

]
= E[‖Σzi‖2s] . C4s

2 C
2s
3 d

s. (45)

From Whittle’s inequality (Whittle, 1960) in Lemma 17, with Assumptions 2.2 and 2.3, we
have for any integer 1 ≤ s ≤ 45,

E
[(
‖wi‖2 − Tr Σ2

)2s
]

= E(z>i Σ2zi − Tr Σ2)2s . ‖Σ2‖2sF C4s
2 . C

2s
3 C

4s
2 d

s, (46)

where we use the inequality ‖Σ2‖F ≤
√
d‖Σ2‖ ≤ C2

3

√
d. For convenience, we denote

t := Tr Σ2 = E[‖wi‖2], and from Assumption 2.3,

t ≤ C2
3d. (47)

To bound (37), it suffices to consider E[T ijT jk|xi,xk] for j 6= i, k. We have

E[T ijT jk|xi,xk] = E[〈xi,xj〉3〈xk,xj〉3 | xi,xk]− 3tE[〈xi,xj〉3〈xk,xj〉 | xi,xk]
− 3tE[〈xi,xj〉〈xk,xj〉3 | xi,xk] + 9t2E[〈xi,xj〉〈xk,xj〉 | xi,xk]

= 9〈wi,wk〉 ‖wi‖2 ‖wk‖2 − 9t · 〈wk,wi〉
(
‖wi‖2 + ‖wk‖2

)
+ 9t2〈wk,wi〉+ 6〈wk,wi〉3

= 9〈wi,wk〉
(
‖wi‖2 − t

)(
‖wk‖2 − t

)
+ 6〈wk,wi〉3, (48)

where in the second equation, we use the explicit moment calculations from (41), (40), and
(38). We now denote Wi,k := E[T ijT jk|xi,xk] for any j 6= i, j 6= k. Thus, for distinct
indices i1, . . . , i6, we have

E[E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 |xi1 ,xi3 ,xi5 ]] = E [Wi1,i3Wi5,i3Wi1,i5 ]

≤ 1

3

(
E|Wi1,i3 |3 + E|Wi5,i3 |3 + E|Wi1,i5 |3

)
= E|Wi,k|3

. E
[∣∣∣∣〈wi,wk〉3

(
‖wi‖2 − t

)3 (
‖wk‖2 − t

)3
∣∣∣∣]+ E[|〈wk,wi〉|9]

. E
[
〈wi,wk〉6

]1/2 E [(‖wi‖2 − t
)6
]

+ E[|〈wk,wi〉|9] . C18
3 C18

2 d4.5, (49)

In the second inequality, we use (48), and the third inequality is due to Hölder’s inequality.
In the last inequality, we apply the estimates in (44) and (46). This concludes that

1

d18

∑
i1,...,i6 distinct

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] .
n6

d18
C18

3 C18
2 d4.5 . C6

1C
18
2 C18

3 d−1.5,(50)

where we use the assumption that n ≤ C1d
2 in Assumption 2.1.
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Case (ii). Terms involving five different indices. By symmetry of the indices in sum,
it suffices to consider the case where i1 = i3 and (i1, i2, i4, i5, i6) are all distinct. Then
analogous to (49), we have

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] = E[E[T 2
i1i2T i1i4T i4i5T i5i6T i6i1 |xi1 ,xi5 ]]

= E[Wi1,i1W
2
i1,i5 ] ≤ E[W 2

i1,i1 ]1/2E[W 4
i1,i5 ]1/2. (51)

where the second line is due to Hölder’s inequality. With (45), (44), and (46), we find

E[W 2
i1,i1 ] = E

(
9 ‖wi‖2 (‖wi‖2 − t)2 + 6 ‖wi‖6

)2

. (E‖wi‖8)1/2(E[‖wi‖2 − t)8])1/2 + E‖wi‖12 . C4d
6, (52)

where C4 is a constant depends polynomially on C2, C3. Throughout the entire proof of
Theorem 1, we can take C4 = (C2C3)90. With (48), we have

E[W 4
i1,i5 ] = E

[
9〈wi,wk〉

(
‖wi‖2 − t

)(
‖wk‖2 − t

)
+ 6〈wk,wi〉3

]4

. E
[
〈wi,wk〉4

(
‖wi‖2 − t

)4 (
‖wk‖2 − t

)4
]

+ E〈wk,wi〉12

. E
[
〈wi,wk〉8

]1/2 E(‖wi‖2 − t
)4

+ C4d
6 . C4d

6. (53)

Therefore, (51) satisfies E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] . C4d
6. We can conclude that

1

d18

∑
i1,...,i6 5 distinct indices

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] ≤ n5

d18
C4d

6 . C5
1C4d

−2. (54)

Case (iii). Terms involving four different indices. By symmetry, there are only three
cases we need to consider here:

(a) i1 = i3 = i5 and (i1, i2, i4, i6) are all distinct.

(b) i1 = i3, i2 = i4 and (i1, i2, i5, i6) are all distinct.

(c) i1 = i3, i4 = i6 and (i1, i2, i4, i5) are all distinct.

For (a), we have

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] = E[T 2
i1i2T

2
i1i4T

2
i1i6 ]

= E[E[T 2
i1i2T

2
i1i4 T

2
i6i1 |xi1 ]] = E[W 3

i1,i1 ] . C4d
9, (55)

where the last inequality follows the same way as in (52). Now, we consider Case (b). We
first give an upper bound for the fourth moment of T ij for i 6= j defined in (35):

E[T 4
ij ] . E[〈xi,xj〉12] + t4E[〈xi,xj〉4] . C4d

6, (56)

where we use the estimate

E[〈xi,xj〉2s] . C2s
2 C

2s
3 d

s. (57)
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Based on (56), we know in Case (b),

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] = E[T 2
i1i2T i2i5T i5i6T i1i6 ]

= E[T 2
i1i2T i2i5E[T i5i6T i1i6 |xi1 ,xi2 ,xi5 ]]

= E[T 2
i1i2T i2i5Wi1,i5 ] ≤ E[T 4

i1i2 ]1/2E[T 4
i2i5 ]1/4E[W 4

i1,i5 ]1/4 . C4d
6, (58)

where in the last inequality we use the estimate from (56) and (53). Similarly, with (56),
we can also get a bound for Case (c) by

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] = E[T 2
i1i2T

2
i1i4T

2
i4i5 ] = E[T 2

i1i4E[T 2
i1i2 T

2
i4i5 |xi1 ,xi4 ]]

= E[T 2
i1i4Wi1,i1Wi4,i4 ] ≤ E[T 4

i1i4 ]1/2E[W 2
i1,i1 ] . C4d

9, (59)

where in the last inequality, we use (52). Combining (55), (58) and (59), we can conclude
that for Case (iii),

1

d18

∑
i1,...,i6 have 4 distinct indices

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] ≤ n4

d18
C4d

9 . C4
1C4d

−1.(60)

Case (iv). Terms involving three different indices. By symmetry, we only need to
consider the case where i1 = i3 = i5, i2 = i4 and (i1, i2, i6) are distinct. In this case,

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] = E[T 4
i1i2T

2
i1i6 ] = E[T 4

i1i2E[T 2
i1i6 |xi1 ]]

= E[T 4
i1i2Wi1,i1 ] ≤ (ET 8

i1i2)1/2(EW 2
i1,i1)1/2 . C4d

9,

where in the last inequality, we use (52) and the following estimate similar to (56)

E[T 8
ij ] . E[〈xi,xj〉24] + t8E[〈xi,xj〉8] . C4d

12.

Thus, we can conclude that for Case (iv), we have

1

d18

∑
i1 6=i2 6=i6∈[n]

E[T 4
i1i2T

2
i1i6 ] . C3

1C4d
−3. (61)

Case (v). Terms involving two different indices. We only need to consider the case
where i1 = i3 = i5, i2 = i4 = i6 and (i1, i2) are distinct. In this case,

E[T i1i2T i2i3T i3i4T i4i5T i5i6T i6i1 ] = E[T 6
i1i2 ].

Similar to (56), we have E[T 6
ij ] . C4d

9, then all terms involving two different indices satisfy

1

d18

∑
i1 6=i2

E[T 6
i1i2 ] ≤ C2

1C4d
−5. (62)

In summary, based on (36), (50), (54), (60), (61), and (62), Cases (i− v) verify that E‖T̃ ‖6 .
|f (3)(0)|6C6

1C4d
−1. By Markov’s inequality, with probability at least 1− d−

1
2 ,

‖T̃ ‖ . |f (3)(0)|C1C
1/6
4 d−

1
12 . (63)
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B.2.2 Fourth-order approximation

Now we analyze the spectral norm of F̃ defined in (34a). Recall t := Tr Σ2 = E[‖wi‖2]. We
define F = 〈xi,xj〉4 − 6t〈xi,xj〉2 + 3t2. We have

E‖F̃ ‖4 ≤ ETr(F̃
4
) .
|f (4)(0)|4

d16

∑
i1,i2,i3,i4∈[n]

E[F i1i2F i2i3F i3i4F i4i1 ]. (64)

With the explicit calculations in (42), (39), and (43), we obtain that when j 6= i and j 6= k,

E[F ijF jk|xi,xk]
= E

[(
〈xi,xj〉4 − 6t〈xi,xj〉2 + 3t2

) (
〈xk,xj〉4 − 6t〈xk,xj〉2 + 3t2

)
| xi,xk

]
= 24〈wi,wj〉4 + 72(‖wi‖2 − t)(‖wk‖2 − t)〈wi,wj〉2 + 9(‖wi‖2 − t)2(‖wk‖2 − t)2.(65)

For simplicity, for any j 6= i, k, we denote Ui,k := E[F ijF jk|xi,xk]. When i 6= k, using
the estimates in (44), (46), and the explicit calculation in (65), we have E[U2

i,k] . C4d
4,

and when i = k, E[U2
i,i] . C4d

8. Then, we consider the following 3 cases for the number of
distinct indices involved in the summation of (64).

Case (i) We first assume i1, i2, i3, i4 ∈ [n] are distinct. Conditioned on xi1 and xi3 , we
know that E[F i1i2F i2i3F i3i4F i4i1 |xi1 ,xi3 ] = U2

i1,i3
. Thus, in this case,

1

d16

∑
i1 6=i2 6=i3 6=i4∈[n]

E[F i1i2F i2i3F i3i4F i4i1 ] . C4
1C4d

−4. (66)

Case (ii) Terms involving three different indices. Without loss of generality, it suffices to
consider i1 = i3 and (i1, i2, i4) are all distinct. Similarly, in this case,

1

d16

∑
i1 6=i2 6=i4∈[n]

E[F i1i2F i2i1F i1i4F i4i1 ] =
1

d16

∑
i 6=i2 6=i4∈[n]

E[U2
i,i] . C

3
1C4d

−2. (67)

Case (iii) Terms involving two different indices. By symmetry, we only need to consider
the case when i1 = i3, i2 = i4 and (i1, i2) are distinct. Notice that for i 6= j,

E[F 4
ij ] . E[〈xi,xj〉16] + t4E[〈xi,xj〉8] + t8 . C4d

8,

where the last inequality is due to (57) and (47). Hence, in this case,

1

d16

∑
i1 6=i2∈[n]

E[F 4
i1i2 ] . C2

1C4d
−4. (68)

Combining equations (66), (67) and (68), we can conclude that E‖F̃ ‖4 . |f (4)(0)|4C4
1C4d

−2.
Hence, by Markov’s inequality, with probability at least 1− d−1/2,

‖F̃ ‖ . |f (4)(0)|C1C
1/4
4 d−3/8. (69)
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B.2.3 Higher-order terms

In this section, we bound the spectral norm of Ṽ defined in (34b). For any i 6= j, we
have from (57), E[〈xi,xj〉90] . C4d

45. By Markov’s inequality, with probability at least

1 − n−2d−
1
2 , |〈xi,xj〉| . C

2
90
1 C

1
90
4 d

11
20 . Then taking a union bound over all pairs of i, j ∈

[n], i 6= j, we find with probability 1− d−1/2,

1

d
max
i 6=j
|〈xi,xj〉| . C

2
90
1 C

1
90
4 d−

9
20 . (70)

Recall the definition of ζij in (32). From (70), we have with probability at least 1− d−1/2,

supi 6=j |ζij | . C
2
90
1 C

1
90
4 d−

9
20 . Since f (5) is continuous at 0, there exist constants C5, C6 ≥ 1

depending only on f such that for d ≥ C5C
1

100
1 C

1
200
4 , with probability at least 1 − d−1/2,

supi 6=j |f (5)(ζij)| ≤ C6. Therefore, with probability at least 1− d−1/2, for d ≥ C5C
1

100
1 C

1
200
4 ,

‖Ṽ ‖2 ≤ ‖Ṽ ‖2F . C2
6n

2d−10 max
i 6=j
|〈xi,xj〉|10 . C2

6C
20
9

1 C
1
9
4 d
−1/2.

Hence with probability at least 1− d−1/2, for d ≥ C5C
1

100
1 C

1
200
4 ,

‖Ṽ ‖ . C6C
10
9

1 C
1
18
4 d−

1
4 . (71)

B.3 Controlling the error in the diagonal terms

Recall from (6), the diagonal elements of K(2) can be written as

K
(2)
ii =

(
f(0)− f (4)(0)(Tr(Σ2))2

8d4

)
+

(
f ′(0)

d
+

Tr(Σ2)

2d3

)
‖xi‖2

+

(
f ′′(0)

2d2
+
f (4)(0) Tr(Σ2)

4d4

)
‖xi‖4 + a,

where a is defined in (11). We can reorder the terms and write

K
(2)
ii − f

(
Tr Σ

d

)
=
f ′(0)

d

(
‖xi‖2 − Tr Σ

)
+
f ′′(0)

2d2

(
‖xi‖4 − (Tr Σ)2

)
+
f (4)(0) Tr(Σ2)

4d4
− f (4)(0)(Tr(Σ2))2

8d4
. (72)

And Kii − f
(

Tr Σ
d

)
= f ′

(
Tr Σ
d

) (‖xi‖2
d − Tr Σ

d

)
+ f ′′(ξii)

2

(
‖xi‖2
d − Tr Σ

d

)2
.

Let D̃ be a diagonal matrix such that D̃ii = Kii −K(2)
ii . We first simplify Kii and

K
(2)
ii . Recall xi = Σ1/2zi from Assumption 2.2. With Whittle’s inequality in Lemma 17,

for any integer s ≥ 1, E
(
‖xi‖2 − Tr Σ

)12
= E

(
z>i Σzi − Tr Σ

)12
. C12

2 ‖Σ‖12
F . C12

2 C12
3 d6,

where we use the inequality ‖Σ‖F ≤
√
d‖Σ‖ ≤ C3

√
d. By Markov’s inequality and a union

bound over i ∈ [n], we have with probability at least 1− d−1,

1

d
sup
i∈[n]

∣∣‖xi‖2 − Tr Σ
∣∣ . C 1

12
1 C2C3d

− 1
4 . (73)

28



Kernel in quadratic regime

Recall ξii in (33) is between 0 and 1
d‖xi‖

2. From (73), there exist constant C5, C6 depending

only on f such that with probability 1−d−1, for d ≥ C5C
1/4
1 (C2C3)4, maxi∈[n] |f ′′(ξii)| ≤ C6.

This implies with probability 1− d−1,∣∣∣∣Kii − f
(

Tr Σ

d

)∣∣∣∣ . C 1
12
1 C6C4d

−1/4. (74)

On the other hand, from (73), with probability at least 1− d−1,

max
i∈[n]

∣∣‖xi‖4 − (Tr(Σ))2
∣∣ . C 1

12
1 C4d

7
4 .

From (72), this implies ∣∣∣∣K(2)
ii − f

(
Tr Σ

d

)∣∣∣∣ . C1C4C6d
− 1

4 . (75)

Therefore, from (74) and (75), with probability at least 1− d−1, for d ≥ C1C4C5,∥∥∥D̃∥∥∥ = max
i∈[n]
|K(2)

ii −Kii| . C1C4C6d
− 1

4 . (76)

B.4 Putting all bounds together

Finally, we combine the error bounds in Sections B.2 and B.3 to finish the proof. From the
estimates of the spectral norm for T̃ , F̃ , Ṽ , and D̃ in (63), (69), (71), (76), respectively, we
have with probability at least 1 − 4d−1/2, for d ≥ C1C4C5,

∥∥K −K(2)
∥∥ ≤ ∥∥T̃∥∥ +

∥∥F̃∥∥ +∥∥Ṽ ∥∥+
∥∥D̃∥∥ . C2

1C4C6d
− 1

12 . This completes the proof of Theorem 1.

Appendix C. Proof of Theorem 2

Recall the reduced tensor product x(2) defined in (13). Let X(2) = [x
(2)
1 , . . . ,x

(2)
n ]> ∈

Rn×(d+1
2 ). Then from (15), we have

(XX>)�2 = X(2)X(2)>. (77)

Here, X(2)X(2)> is a sample covariance matrix, where X(2) has independent rows. We will
use Lemma 18 from Bai and Zhou (2008) in our setting.

C.1 Variance of random quadratic forms

Lemma 21 Let x ∈ Rd be a random vector with independent entries and a diagonal co-
variance matrix Σ, where ‖Σ‖ ≤ C for constant C > 0. Assume each entry of x has a

zero mean and bounded 8th moments. Let x(2) ∈ R(d+1
2 ) be a corresponding reduced tensor

vector defined in (13) and we define

x(2) := x(2) − Ex(2). (78)

Then for any deterministic matrix A with ‖A‖ ≤ 1,

E
∣∣∣x(2)>Ax(2) − Tr[AΣ(2)]

∣∣∣2 = O(d3). (79)
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Proof We let A = D +B ∈ R(d+1
2 )×(d+1

2 ), where D is the diagonal part of A, and B is
the off-diagonal component of A. Here the matrix A is index by {(i, j) : i ≤ j, i, j ∈ [d]}.
To show (79), it suffices to bound the contribution from D and B.

(i) Diagonal part. Recall the definition of x(2) from (13). We have

E
∣∣∣x(2)>Dx(2) − Tr[DΣ(2)]

∣∣∣2
= E

∑
i<j

2(x2
ix

2
j −Σ

(2)
ij,ij)Aij,ij +

∑
i

((x2
i −Σii)

2 −Σ
(2)
ii,ii)Aii,ii

2

≤ 4
∑

i<j,k<l

|Aij,ijAkl,kl|
∣∣∣E[(x2

ix
2
j −Σ

(2)
ij,ij)(x

2
kx

2
l −Σ

(2)
kl,kl)]

∣∣∣ (80)

+
∑
i,j

|Aii,iiAjj,jj |
∣∣∣E[((x2

i −Σii)
2 −Σ

(2)
ii,ii)((x

2
j −Σjj)

2 −Σ
(2)
jj,jj)]

∣∣∣ . (81)

Since the 8-th moments of xi are bounded for all i ∈ [d], the contribution from (81) is
at most O(d). For (80), when i, j, k, l are all distinct, by the diagonal assumption on Σ,

xi,xj ,xk,xl are independent. We have E[(x2
ix

2
j − Σ

(2)
ij,ij)(x

2
kx

2
l − Σ

(2)
kl,kl)] = 0. Therefore,

the nonzero contribution of (80) only comes from indices (i, j, k, l) that are not distinct.
Since ‖D‖ ≤ ‖A‖ ≤ 1, we know the contribution with repeated indices (i, j, k, l) in (80) is
O(d3). Therefore, the total contribution from the diagonal part is O(d3).

(ii) Off-diagonal part. We have the following expansion:

E
∣∣∣x(2)>Bx(2) − Tr[BΣ(2)]

∣∣∣2 =
∑

(i1,i2) 6=(i3,i4),(i5,i6)6=(i7,i8)

Ai1i2,i3i4Ai5i6,i7i8E[x
(2)
i1i2
x
(2)
i3i4
x
(2)
i5i6
x
(2)
i7i8

]

.
∑

(i1,i2) 6=(i3,i4),(i5,i6)6=(i7,i8)

|Ai1i2,i3i4Ai5i6,i7i8 | (82)

· |E[(xi1xi2 −Σi1,i2δi1,i2)(xi3xi4 −Σi3,i4δi3,i4)(xi5xi6 −Σi5,i6δi5,i6)(xi7xi8 −Σi7,i8δi7,i8)]|.

For each index sequence i1, . . . , i8, to have a nonzero contribution in

E[(xi1xi2 −Σi1,i2δi1,i2)(xi3xi4 −Σi3,i4δi3,i4)(xi5xi6 −Σi5,i6δi5,i6)(xi7xi8 −Σi7,i8δi7,i8)] (83)

by the independence of the entries in x, there are at most 4 distinct values among i1, . . . , i8.
For sequences with at most 3 distinct indices, their total contribution in (82) is O(d3).
Therefore, it suffices to estimate (82) when the contribution of index sequences with exactly
4 distinct indices satisfies i1 ≤ i2, i3 ≤ i4, i5 ≤ i6, i7 ≤ i8. We have only the following cases
depending on the number of distinct indices in i1, i2, i3, i4:

1. Assume there are exactly 4 distinct indices in i1, . . . , i4. Then, to have a nonzero
contribution, there is a perfect matching between {i1, . . . , i4} and {i5, . . . , i8}. Using
the inequality 2|Ai1i2,i3i4Ai5i6,i7i8 | ≤ |Ai1i2,i3i4 |2+|Ai5i6,i7i8 |2, for an absolute constant
C, the contribution is bounded by

C

 ∑
i1<i2,i3<i4

|Ai1i2,i3i4 |2
 = C‖A‖2F ≤ Cd2‖A‖2 = O(d2).
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2. Assume there are exactly three distinct indices among i1, . . . , i4. By symmetry, we
only need to consider four subcases

• (a) i1 = i2, and i1, i3, i4 are distinct. We can rewrite (83) as

E[(x2
i1 −Σii)xi3xi4(xi5xi6 −Σi5,i6δi5,i6)(xi7xi8 −Σi7,i8δi7,i8)]. (84)

Since there are exactly 4 distinct indices among i1, . . . , i8, and i1 appears exactly
twice, i3, i4, i5, i6, i7, i8 must be distinct from i1, which implies (84) is equal to
zero by independence.

• (b) i1 = i3, and i1, i2, i4 are distinct. We can rewrite (83) as

E[x2
i1xi2xi4(xi5xi6 −Σi5,i6δi5,i6)(xi7xi8 −Σi7,i8δi7,i8)]. (85)

Note that if i5 = i6 and i1, i2, i4, i5 are distinct, the expectation in (85) is zero.
By symmetry, we only need to consider i5 = i7, i5 = i8, or i5 = i2.

– (b.1) If i5 = i7 and i1, i2, i4, i5 are distinct, we must have (i) i6 = i2, i8 = i4
or (ii) i6 = i4, i8 = i2. In case (i), we can bound (82) by∑

i1≤i2,i4,i5

|Ai1i2,i1i4Ai5i2,i5,i4 | · E[x2
i1x

2
i2x

2
i4x

2
i5 ]

.
∑

i1,i2,i4,i5

A2
i1i2,i1i4 +

∑
i1,i2,i4,i5

A2
i1i2,i1i4 . d‖A‖

2
F = O(d3).

In case (ii), similarly, we can bound (82) by∑
i1≤i2,i4,i5

|Ai1i2,i1i4Ai5i4,i5,i2 | · E[x2
i1x

2
i2x

2
i4x

2
i5 ] = O(d3).

– (b.2) If i5 = i8, we must have (i) i6 = i2, i7 = i4 or (ii) i7 = i2, i6 = i4. In
both cases, similar to case (b.1), the contribution is O(d3).

– (b.3) If i5 = i2, we must have (i) i7 = i4, i8 = i6 or (ii) i7 = i6, i8 = i4, and
their contribution is O(d3).

• (c) i2 = i4, and i1, i2, i3 are distinct. Like Case (b), its contribution is O(d3).

• (d) i1 = i4 and i1, i2, i3 are distinct. The same bound O(d3) holds.

3. Assume there are exactly two distinct indices among i1, . . . , i4. We must have i1 =
i2, i3 = i4, i1 6= i3 due to the constraint (i1, i2) 6= (i3, i4). In the same way, we must
have i5 = i6, i7 = i8, i5 6= i7. Since there are 4 distinct indices among i1, . . . , i8, (83)
becomes E[(x2

i1
−Σi1,i1)(x2

i3
−Σi3,i3)(x2

i5
−Σi5,i5)(x2

i7
−Σi7,i7)] = 0. Therefore, the

total contribution in this case is 0.

By the constraint (i1, i2) 6= (i3, i4), there are at least 2 distinct indices among i1, . . . , i4.
Therefore, we have discussed all three cases, and the total contribution for part (ii) is O(d3).
From the estimates in parts (i) and (ii) above, (79) holds.
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C.2 Limiting spectral distributions

We first obtain the limiting spectral distribution of 1
n(XX>)�2 as follows.

Lemma 22 Under Assumptions 2.2-2.4 and Assumptions 2.5-2.6, the limiting spectral dis-
tribution of 1

n(XX>)�2 is a deformed Marchenko-Pastur law µα,Σ(2) given in (17). In

particular, when Σ = Id, the limiting spectral distribution of 1
2n(XX>)�2 is given by{

(1− α)δ0 + ανα 0 < α < 1

ανα α ≥ 1.
(86)

Proof of Lemma 22 From (77), the eigenvalues of 1
n(XX>)�2 and 1

nX
(2)>X(2) is the

same, up to
∣∣∣n− (d+1

2

)∣∣∣ many zero eigenvalues. Now, we apply Lemma 18 to show the

convergence of ESD for 1
nX

(2)>X(2). Notice that

1

n
X(2)>X(2) =

1

n
X

(2)>
X

(2) − 1

n
X(2)>EX(2) − 1

n
EX(2)>X(2) +

1

n
EX(2)>EX(2) (87)

where we define X
(2)

:= X(2) − EX(2), and EX(2) has rank at most d = o(n) due to (14).

From Lemma 15, 1
nX

(2)>X(2) and 1
nX

(2)>
X

(2)
have the same limiting spectral distribution.

Since [X(2) − EX(2)]> has independent columns and
(
d+1

2

)
/n→ α, by (79), Lemma 18, and

(87), the empirical spectral distribution of 1
nX

(2)>X(2) converges weakly in probability to

µMP
α � µΣ(2) where µMP

α is defined by (4). Next, we translate the result to 1
n(XX>)�2.

There are two cases:

1. Suppose α < 1, then the limiting spectral distribution of 1
n(XX>)�2 has a (1− α)δ0

singular part at zero. The remaining part with α probability mass is α
(
να � µΣ(2)

)
.

So the limiting spectral distribution for 1
n(XX>)�2 is (1− α)δ0 + α

(
να � µΣ(2)

)
.

2. Suppose α ≥ 1. Then the limiting spectral distribution of 1
nX

(2)>X(2) is (1 −
1
α)δ0 + να � µΣ(2) , and the limiting spectral distribution of 1

n(XX>)�2 is given by
α
(
να � µΣ(2)

)
.

In particular, when Σ = I, from (16), the limiting spectral distribution of Σ(2) is δ2. There-
fore 1

2n(XX>)�2 has a limiting spectral distribution given by (86).

Proof of Theorem 2 Due to Theorem 1 and Lemma 14, K(2) − aI and K − aI have the
same limiting spectral distribution, where

K(2) =

(
f(0)− f (4)(0)(Tr(Σ2))2

8d4

)
11> +

(
f ′(0)

d
+
f (3)(0) Tr(Σ2)

2d3

)
XX> (88)

+

(
f ′′(0)

2d2
+
f (4)(0) Tr(Σ2)

4d4

)(
XX>

)�2
+ aI,
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and a is defined in (11). The first term and the second term in (88) have rank 1 and rank
d, respectively, which both are o(n) in the quadratic regime n � d2. Therefore, by Lemma

15, 4α
f ′′(0)

(
K(2) − aI

)
has the same limiting spectral distribution as 1

n

(
XX>

)�2
. Finally,

from Lemma 22, the limiting law for 4α
f ′′(0)(K − aI) is µα,Σ(2) defined in (17).

Appendix D. Proof of Theorem 3

D.1 Smallest eigenvalue bounds

Lemma 23 Under the same assumptions as Theorem 3 and the additional Assumption 2.7,
we have λmin(K(2)) ≥ a∗ − o(1), where a∗ is defined in (23). And with probability 1 −
O(d−1/2), λmin(K) ≥ a∗ − o(1). In particular, for sufficiently large n, λmin(K(2)) ≥ a∗

2 ,
and λmin(K) ≥ a∗

2 .

Proof Recall K(2) from (7). Since 11>,XX>, and (XX>)�2 are all positive semidefinite,
from Assumption 2.7, we obtain λmin(K(2)) ≥ a∗−o(1). From Theorem 1, with probability

1−O(d−1/2), λmin(K) ≥ a∗ −O(d−
1
12 )− o(1). This finishes the proof.

D.2 Quadratic approximation of training errors

We define an approximate training error by replacing the original kernel K by K(2) in (6):

E(2)
train :=

λ2

n
y>(K(2) + λIn)−2y. (89)

Then we show the following approximation bound of training error Etrain in (22) via (89).

Lemma 24 For any λ ≥ 0, under the same assumptions as Theorem 3, there exists some
constant C > 0 such that with probability at least 1−O(d−1/2) for sufficiently large d,

|Etrain − E(2)
train| ≤

Cλ2 ‖y‖2

a3
∗n

· d−
1
12 .

Proof Following the proof of Wang and Zhu (2023, Theorem 2.7), we have∣∣∣Etrain − E(2)
train

∣∣∣ =
λ2

n

∣∣∣Tr[(K + λIn)−2yy>]− Tr[(K(2) + λIn)−2yy>]
∣∣∣

=
λ2

n

∣∣∣y> [(K + λIn)−2 − (K(2) + λIn)−2
]
y
∣∣∣

≤ λ2

n
‖(K + λIn)−2 − (K(2) + λIn)−2‖ · ‖y‖2

≤ λ2‖y‖2

n
‖(K + λIn)−1 − (K(2) + λIn)−1‖ · (‖(K + λIn)−1‖+ ‖(K(2) + λIn)−1‖)

≤ 4λ2‖y‖2

a∗n
‖(K + λIn)−1 − (K(2) + λIn)−1‖

≤ 4λ2‖y‖2

a∗n
‖(K + λIn)−1‖ · ‖(K(2) + λIn)−1‖ ·

∥∥∥K −K(2)
∥∥∥ ≤ Cλ2 ‖y‖2

a3
∗n

· d−1/12,
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with probability at least 1− O(d−1/2). In the fourth and the last lines, we use Theorem 1
and the fact that for sufficiently large d, from Lemma 23 and the assumption that a∗ > 0,∥∥∥(K(2) + λIn)−1

∥∥∥ ≤ 2

a∗
,
∥∥(K + λIn)−1

∥∥ ≤ 2

a∗
, (90)

with probability at least 1−O(d−1/2). This finishes the proof.

Lemma 25 Under the same assumptions as Theorem 3, 1
n ‖y‖

2 d−
1
24 = o(1) with high

probability.

Proof Denote f∗ = [f∗(x1), . . . , f∗(xn)]>. Then y = f∗ + ε, and ε is a sub-Gaussian
vector with mean zero and variance σ2

ε . By concentration of sub-Gaussian random vectors
(Vershynin, 2018), ‖ε‖ = O(

√
n) with high probability. Recall f∗(xi) = c0 + c1〈β,xi〉 +

c2
d x
>
i Gxi. And from Lemma 20, we know

Ex,G‖f∗‖2 . n(c2
0 + c2

1β
>Σβ +

c2
2

d2
(2EGTr[(GΣ)2] + EG[(Tr(GΣ))2]))

. n(c2
0 + c2

1 +
c2

2

d2
· d2) = O(n).

Then, by Markov’s inequality, with high probability, ‖f∗‖
2 = O(n · d

1
24 ). Therefore, with

high probability, 1
n ‖y‖

2 d−
1
24 = o(1).

With Lemma 24 and Lemma 25, we obtain with high probability,

|Etrain − E(2)
train| = O(d−

1
24 ). (91)

Let g ∈ R(d+1
2 ) such that for i ≤ j, gii = Gii, gij = Gij . With our definition of x(2) in (13),

x>Gx = 2
∑
i<j

Gijxixj +
∑
i

Giix
2
i =
√

2
∑
i<j

gijx
(2)(i, j) +

∑
i

giix
(2)(i, i)

=
√

2〈x(2), g〉 − (
√

2− 1)

d∑
i=1

giix
(2)(i, i). (92)

From the teacher model defined in (24), the training labels can be represented by y =
u+ ε ∈ Rn, where, within the proof, we temporarily denote

u : = c01n + c1Xβ +

√
2c2

d
X(2)g − v, (93)

where from (92), we have

vi =
(
√

2− 1)c2

d

∑
j

gjjx
(2)
i (j, j). (94)

Then (89) can be written as

E(2)
train =

λ2

n

[
u>(K(2) + λIn)−2u+ ε>(K(2) + λIn)−2ε+ 2ε>(K(2) + λIn)−2u

]
. (95)
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Lemma 26 We have deterministically,∥∥∥(K(2) + λIn)−1/21n1
>
n (K(2) + λIn)−1/2

∥∥∥ ≤ 1

a0
= O(1), (96)∥∥∥(K(2) + λIn)−1/2XX>(K(2) + λIn)−1/2

∥∥∥ ≤ 1

a1
= O(d), (97)∥∥∥(K(2) + λIn)−1/2X(2)X(2)>(K(2) + λIn)−1/2

∥∥∥ ≤ 1

a2
= O(d2). (98)

Similarly, with probability 1−O(d−1/2),∥∥∥(K + λIn)−1/21n1
>
n (K + λIn)−1/2

∥∥∥ ≤ 1

a0
= O(1),∥∥∥(K + λIn)−1/2XX>(K + λIn)−1/2

∥∥∥ ≤ 1

a1
= O(d),∥∥∥(K + λIn)−1/2X(2)X(2)>(K + λIn)−1/2

∥∥∥ ≤ 1

a2
= O(d2).

Proof Since for sufficiently large d, a0, a1, a2, a > 0, we have

a01n1
>
n 4K

(2) + λIn, a1XX
> 4K(2) + λIn, a2X

(2)X(2)> 4K(2) + λIn.

Hence, ∥∥∥(K(2) + λIn)−1/21n1
>
n (K(2) + λIn)−1/2

∥∥∥ ≤ 1

a0
= O(1),∥∥∥(K(2) + λIn)−1/2XX>(K(2) + λIn)−1/2

∥∥∥ ≤ 1

a1
= O(d),∥∥∥(K(2) + λIn)−1/2X(2)X(2)>(K(2) + λIn)−1/2

∥∥∥ ≤ 1

a2
= O(d2).

For the results of K, we can directly apply Theorem 1 and (90).

D.3 Precise asymptotics of training error

We calculate the asymptotic value of E(2)
train by proving the following three lemmas.

Lemma 27 Under the same assumptions as Theorem 3, we have as n, d→∞ and d2/(2n)→

α, in probability, 1
nu
>(K(2) + λIn)−2u→

∫ c22
α
x(

f ′′(0)
4α

x+a∗+λ
)2 dµα,Σ(2)(x).

Proof Recall the definition of v from (93). Let u = u1 + u2 where

u1 = c01n + c1Xβ, u2 =

√
2c2

d
X(2)g − v.

Denote K
(2)
λ = K(2) + λIn. We have the following decomposition:

u>(K(2) + λIn)−2u = u>2

(
K

(2)
λ

)−2
u2 + u>1

(
K

(2)
λ

)−2
u1 + 2u>1

(
K

(2)
λ

)−2
u2

=: S2 + S1 + S3, (99)
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where, by Cauchy’s inequality, we have

S3 := 2u>1

(
K

(2)
λ

)−2
u2 ≤ 2

√
S1S2. (100)

Step 1: Computing S2. We first estimate ‖v‖. From (94),

ExiEG[v8
i ] .

1

d4
Exi

d−1
∑
j∈[d]

xi(j)
4

4

. d−4Exi

d−1
∑
j

xi(j)
16

 . d−4,

where the last line is due to Jensen’s inequality. Therefore with probability at least 1−d−3,
|vi| ≤ d−1/8. Taking a union bound over i ∈ [n], we have with probability at least 1− d−1,

‖v‖ = O(d7/8). (101)

We can decompose S2 as

S2 = S′2 + v>
(
K

(2)
λ

)−2
v − 2v>

(
K

(2)
λ

)−2
√

2c2

d
X(2)g, (102)

where S′2 = g>
(

2c22
d2
X(2)>(K(2) + λIn)−2X(2)

)
g, and

Eg[S′2] =
2c2

2

d2
Tr
[
(K(2) + λIn)−2X(2)X(2)>

]
.

With (98), we can apply Hanson-Wright inequality (Vershynin, 2018) to obtain

1

n
S′2 −

1

n
· 2c2

2

d2
Tr
[
(K(2) + λIn)−2X(2)X(2)>

]
→ 0

with high probability. From the limiting spectral distribution of 4α
f ′′(0)(K(2) − aI) shown in

Theorem 2, we have the following convergence in probability holds:

1

n
· 2c2

2

d2a2
Tr
[
(K(2) + λIn)−2(K(2) − aIn)

]
→
∫ c22

α x(
f ′′(0)x

4α + a∗ + λ
)2 dµα,Σ(2)(x).

Moreover, due to (97) and (96),

1

n
· 2c2

2

d2a2

[
(K(2) + λIn)−2(K(2) − aIn)

]
− 2c2

2

d2
Tr
[
(K(2) + λIn)−2X(2)X(2)>

]
=

1

n
· 2c2

2

d2
Tr

[
(K

(2)
λ )−2

(
a0

a2
11> +

a1

a2
XX>

)]
= o(1).

Therefore,

1

n
S′2 →

∫ c22
α x(

f ′′(0)x
4α + a∗ + λ

)2 dµα,Σ(2)(x) (103)
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in probability. With (101), we have with high probability,

1

n
v>
(
K

(2)
λ

)−2
v = O(d−1/4), 2v>

(
K

(2)
λ

)−2
√

2c2

d
X(2)g = O(d−1/8),

where we use Cauchy’s inequality and (103). Then from (102), we have in probability,

1

n
S2 →

∫ c22
α x(

f ′′(0)x
4α + a∗ + λ

)2 dµα,Σ(2)(x). (104)

Step 2: Controlling S1. By Cauchy’s inequality, we have

1

n
S1 ≤

2c2
0

n
1>n (K(2) + λIn)−21n +

2c2
1

n
β>X>(K(2) + λIn)−2Xβ.

For the first term on the right-hand side, we have

c2
0

n
1>n (K(2) + λIn)−21n =

c2
0

n
Tr[(K(2) + λIn)−21n1

>
n ]

=
c2

0

n
‖(K(2) + λIn)−1(K(2) + λIn)−1/21n1

>
n (K(2) + λIn)−1/2‖

≤ 2c2
0

a∗n
‖(K(2) + λIn)−1/21n1

>
n (K(2) + λIn)−1/2‖ ≤ 2c2

0

a∗a0n
= O(n−1),

where in the first identity, we use the fact 1n1
>
n is rank-1, and the last inequality is due to

(96). For the second term, we have

2c2
1

n
β>X>(K(2) + λIn)−2Xβ .

1

n
‖(K(2) + λIn)−1X‖2

≤ 1

na∗

∥∥∥(K(2) + λIn)−1/2X
∥∥∥2

= O(d/n),

where the last inequality is due to (97). Therefore 1
nS1 = o(1) with high probability. Com-

bining the estimates of S1, S2, Lemma 27 holds due to (104), (99), and (100).

Lemma 28 Under the same assumptions as Theorem 3, the following holds with high prob-

ability:
∣∣∣ 1
nε
>(K(2) + λIn)−2ε− σ2

ε
n Tr(K(2) + λIn)−2

∣∣∣ = o(1). And in probability,

σ2
ε

n
Tr(K(2) + λIn)−2 →

∫
σ2
ε(

f ′′(0)
4α x+ a∗ + λ

)2 dµα,Σ(2)(x). (105)

Proof The first claim follows from Hanson-Wright inequality for sub-Gaussian random
vectors in (Rudelson and Vershynin, 2013) since ε is sub-Gaussian and (90) holds with high
probability. From Theorem 2, the empirical spectral distribution of 4α

f ′′(0)(K(2) − aIn) con-

verges to µα,Σ(2) . Take a test function 1
(x+a∗+λ)2

which is bounded continuous on interval

[−a∗/2,∞). From Lemma 23, for sufficiently large n, λmin(K(2) − aIn) ≥ −a∗
2 . Therefore,

(105) holds from weak convergence.
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Lemma 29 Under the same assumptions as Theorem 3, with high probability,

1

n
ε>(K(2) + λIn)−2u = o(1).

Proof We do a second-moment estimate. Note that

Eε
(
ε>(K(2) + λIn)−2u

)2
= σ2

εu
>(K(2) + λIn)−4u.

Applying the same proof as in Lemma 27, one can show that σ2
ε
n u
>(K(2) + λIn)−4u con-

verges in probability to a deterministic limit. Therefore, with high probability, we have

Eε
(
ε>(K(2) + λIn)−2u

)2
= O(n). Hence, Lemma 29 holds by Markov’s inequality.

Proof of Theorem 3 From (91), it suffices to analyze the asymptotic behavior of E(2)
train.

Therefore, from the decomposition of E(2)
train in (95), with Lemmas 27, 28, and 29, we have

Etrain → λ2
∫ c22

α
x+σ2

ε(
f ′′(0)
4α

x+a∗+λ
)2 dµα,Σ(2)(x) in probability. This finishes the proof.

Appendix E. The analysis of generalization errors

E.1 Preliminary calculations

E.1.1 Concentration of random quadratic forms

The following lemma improves the second moment estimate in (79).

Lemma 30 Assume x = Σ1/2z ∈ Rd, and Σ is diagonal and bounded in operator norm. z
has independent entries with 1st, 3rd, and 5th moments zero, and each entry has finite first

56-th moments. We have for any deterministic matrix A ∈ R(d+1
2 )×(d+1

2 ) with ‖A‖ ≤ 1,

E
∣∣∣x(2)>Ax(2) − Tr[AΣ(2)]

∣∣∣14
= O(d25.5). (106)

And under the Assumption 2.2 for X, for all i ∈ [n], with probability at least 1−O(d−
1
5 ),

1

n

∣∣∣∣x(2)
i

>
Ax

(2)
i − Tr[AΣ(2)]

∣∣∣∣ = O(n−
1
60 ). (107)

Proof We first focus on proving (106). For ease of notation, in this proof, we denote xi as
the i-th entry of x ∈ Rd for i ∈ [d]. We decompose A = D +B, where D is the diagonal
part of A and B is the off-diagonal part of A, and compute their contribution below.
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(i) Diagonal part. Following the same argument as in the proof of Lemma 22, recall
the definition of x(2) from (78), we have

E
∣∣∣x(2)>Dx(2) − Tr[DΣ(2)]

∣∣∣14

=E

∑
i<j

2(x2
ix

2
j −Σ

(2)
ij,ij)Aij,ij +

∑
i

((x2
i −Σii)

2 −Σ
(2)
ii,ii)Aii,ii

14

.E

∑
i<j

(x2
ix

2
j −Σ

(2)
ij,ij)Aij,ij

14

+ E

(∑
i

((x2
i −Σii)

2 −Σ
(2)
ii,ii)Aii,ii

)14

. (108)

For the second term in (108), by independence of entries in x, its contribution is O(d14).
We now expand the first term in (108), which gives∑
i1<j1,··· ,i14<j14

Ai1j1,i1j1 · · ·Ai14j14,i14,j14E
[
(x2
i1x

2
j1 −Σ

(2)
i1j1,i1j1

) · · · (x2
i14x

2
j14 −Σ

(2)
i14j14,i14j14

)
]
.(109)

Since each product in the expectation is centered, to have a nonzero expectation in (109),
each pair in {i1, j1}, · · · {i14, j14} must have at least one index with multiplicity at least 2.
We now divide 14 pairs {i1, j1}, · · · {i14, j14} into 7 groups of 4 indices given by

{i1, j1, i2, j2}, . . . , {i13, j13, i14, j14}.

To have zero expectation in (109), we claim there are at most 21 distinct indices in
i1, j1 . . . , i14, j14. Otherwise, at least one group of indices only appears once. This gives
zero expectation in (109), a contradiction. Hence, in (109), the total contribution is O(d21).
Combining the two terms in (108), the total contribution is O(d21).

(ii) Off-diagonal part. Now we do the following expansion:

E
∣∣∣x(2)>Bx(2) − Tr[BΣ(2)]

∣∣∣14
= E

 ∑
(i1,i2) 6=(i3,i4)

Ai1i2,i3i4x
(2)
i1i2
x

(2)
i3i4

14

(110)

=
∑

(i1,i2) 6=(i3,i4),··· ,(i53,i54)6=(i55,i56)

Ai1i2,i3i4 · · ·Ai53i54,i55i56E
[
x

(2)
i1i2
x

(2)
i3i4
· · ·x(2)

i53i54
x

(2)
i55i56

]
≤

∑
(i1,i2) 6=(i3,i4),··· ,(i53,i54)6=(i55,i56)

|Ai1i2,i3i4 · · ·Ai53i54,i55i56 |
∣∣∣E [x(2)

i1i2
x

(2)
i3i4
· · ·x(2)

i53i54
x

(2)
i55i56

]∣∣∣ .
And

E
[
x

(2)
i1i2
x

(2)
i3i4
· · ·x(2)

i53i54
x

(2)
i55i56

]
(111)

= E [(xi1xi2 −Σi1,i2δi1,i2)(xi3xi4 −Σi3,i4δi3,i4) · · · (xi55xi56 −Σi55,i56δi55,i56)] ,

with the restriction that

i1 ≤ i2, . . . , i55 ≤ i56, (i1, i2) 6= (i3, i4), · · · , (i53, i54) 6= (i55, i56). (112)

39



Pandit, Wang, and Zhu

We estimate (110) with the following three steps.
Step 1: Preliminary estimates. Suppose i1, i2, i3, i4 are 4 distinct indices, then by

Cauchy’s inequality and the fact that ‖A‖F ≤
√(

d+1
2

)
‖A‖F ≤ d,∑

i1,i2,i3,i4∈[d], 4 distinct indices

|Ai1i2,i3i4 | ≤
√
d4‖A‖2F ≤ d

3. (113)

Similarly, if there are at most 3 distinct indices among i1, i2, i3, i4 ∈ [d], we have∑
i1,i2,i3,i4∈[d], 3 distinct indices

|Ai1i2,i3i4 | ≤
√
d3‖A‖2F ≤ d

2.5. (114)

If there are two distinct indices, due to the restriction (112), the entries must be Ai1i1,i2i2
with i1 6= i2, and we have from Cauchy’s inequality,∑

i1,i2

|Ai1i1,i2i2 | ≤
√
d2‖AS‖2F ≤ d

1.5, (115)

where AS is a d × d submatrix of A given by Ai1i1,i2i2 and we use the fact that ‖AS‖F ≤√
d‖A‖ ≤

√
d. We also have the following trivial bound for all i1, i2, i3, i4 ∈ [d]:

|Ai1i2,i3i4 | ≤ ‖A‖ ≤ 1. (116)

By the independence of entries in x, to have a nonzero expectation in (111), there are at
most 28 distinct indices in i1, . . . , i56. On the other hand, if there are at most 25 distinct
indices, the total contribution for those terms is at most O(d25). Therefore, to show (106),
we only need to consider (i1, . . . , i56) where there are 26, 27 or 28 many distinct indices.

We group the 56 indices into 14 tuples: (i4k−3, i4k−2, i4k−1, i4k) for 1 ≤ k ≤ 14. To have
a nonzero zero expectation in (111), with the restriction from (112), there are at least 2
distinct indices in each tuple (i4k−3, i4k−2, i4k−1, i4k) for 1 ≤ k ≤ 14. Among the 14 tuples,
we define a subset called good tuples recursively. The first good tuple is (i1, i2, i3, i4). If
there are s many distinct indices in (i1, i2, i3, i4) for s = 2, 3, 4, we call (i1, i2, i3, i4) a good s-
tuple. According to the lexicographic order, the next tuple that does not share any common
indices with previous good tuples is also a good s-tuple if it has s distinct indices.

Step 2: An algorithm to bound (110). We now describe an algorithm to provide a
bound on (110) with the following steps to bound the contribution from each tuple. The
strategy is to use the better bounds (113), (114), and (115) as many times as possible.

• Start with the first good tuple (i1, i2, i3, i4). Track all the tuples which coincide with at
least one index in (i1, i2, i3, i4). Bound the contribution from all tuples which shared
at least one indices with (i1, i2, i3, i4) in (110) using (116) and bound the contribution
of (i1, i2, i3, i4) using (113), (114), or (115) depending on the number of distinct indices
s. Without loss of generality, we may assume the second to the (s + 1)-th tuples in
lexicographical order share indices with the first tuple. See Figure 6 for an example
when (i1, i2, i3, i4) is a good 3-tuple. In the case of Figure 6, We can bound

∑
i1,i2,...,i10

|Ai1i2,i3i4Ai5i6,i7i8Ai9i10,i11i12 | ≤d2.5

 ∑
i6,i7,i8,i9,i11,i12

1

 .

by using (114), which reduces the sum of 10 indices to a sum of 6 indices.
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1 2 3 4 5 6 7 8 9 10 11 12

Figure 6: In this example, the tuple (i1, i2, i3, i4) share common indices with two tuples
(i5, i6, i7, i8) and (i9, i10, i11, i12) by identifying i1 = i2, i3 = i5, i4 = i10. The
relations among i6, i7, i8, i9, i11, i12 are not specified.

• Find the next good tuple in the lexicographical order denoted by

(i4k−3, i4k−2, i4k−1, i4k),

bound its contribution depending on the number of distinct indices s in the tuple.
Repeat this process until no more good tuples can be found.

• For all the remaining indices that have not been summed using (113), (114), or (115),
let k be the number of distinct indices in the remaining indices and bound their
contribution by dk.

Step 3: Applying the algorithm in 3 cases. (a) Case 1: For the contribution
in (110) with exactly 28 distinct indices in the sum, each is repeated exactly twice. In
this case, there are no good 2-tuples. To see that, suppose there exists one good 2-tuple
(i4k−3, i4k−2, i4k−1, i4k) with i4k−3 = i4k−1, i4k−2 = i4k and i4k−3 6= i4k−2. Then no other
tuples will share the same index with (i4k−3, i4k−2, i4k−1, i4k). By independence of entries
in x, this implies the contribution in (111) is zero. So below, we only need to consider
sequences with good 3-tuples and 4-tuples. By applying the algorithm we described above,
there are several cases:

• Suppose all the good tuples are 3-tuples. We explain this case in more detail, and
other cases below follow similarly.

Since each good 3-tuple has shared indices with at most 2 tuples, among 14 tuples,
there are at least 5 good 3-tuples. We may assume the 5 good 3-tuples are

(i1, i2, i3, i4), (i13, i14, i15, i16), (i25, i26, i27, i28), (i37, i38, i39, i40), (i49, i50, i51, i52).(117)

There are 15 distinct indices in (117) by definition. See Figure 7 for an example.
Applying (114) to the 5 good 3-tuples, and (116) for the rest of the tuples, we can
bound the contribution of this case to (110) by

d12.5
∑

i6,i7,i8,i9,i11,i12

∑
i18,i19,i20,i21,i23,i24

∑
i30,i31,i32,i33,i35,i36

∑
i42,i43,i44,i45,i47,i48

 ∑
i55,i56

1


≤d12.5 · d28−15 = d25.5,

where in the last inequality, we use the fact that there are at most 13 distinct indices
that do not share any indices in (117), which gives the total contribution O(d25.5).
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1 2 3 4 5 6 7 8 9 10 11 12

13 14 15 16 17 18 19 20 21 22 23 24

25 26 27 28 29 30 31 32 33 34 35 36

37 38 39 40 41 42 43 44 45 46 47 48

49 50 51 52 53 54 55 56

Figure 7: An example for the index sequences (i1, . . . , i56) with 5 good 3-tuples. An edge
between an index from a good tuple and another index outside good tuples is
drawn if the two indices are identical.

• Among 14 tuples, there are at least 3 good 4-tuples, which gives a contribution of d9

using (113). And there are 28 − 12 = 16 distinct indices remaining, which gives a
contribution of d16. In total, in this case, the contribution is O(d25).

• There are at least 2 good 4-tuples which give a contribution of d6, and 1 good 3-tuples,
which give a contribution of d2.5. So the total contribution is O(d25.5).

• There are at least 1 good 4-tuples and 3 good 3-tuples. Similarly, the total contribution
is O(d3+7.5+(28−13)) = O(d25.5).

Therefore, from all the cases discussed above, the contribution for case (a) is bounded by
O(d25.5).

(b) Case 2: For the contribution of (110) with exactly 27 distinct indices in the sum.
By counting the multiplicity, we must have one index appearing 4 times (since the third
moment of xi is zero), and the rest of the 26 indices appear twice. In this case, to have a
non-zero expectation, there are no good 2-tuples in (110). Otherwise, there will be at least
two indices appearing 4 times.

Without loss of generality, we may assume the first tuple (i1, i2, i3, i4) contains an index
with multiplicity 4. There are at most 4 tuples containing this index, and we bound their
contribution with (116). For the remaining 10 tuples, we apply the same argument as in
Case (a). We have the following cases:

• 2 good 4-tuples. The total contribution is O(d6+(27−8)) = O(d25).

• 1 good 4-tuple and 2 good 3-tuples, the total contribution is O(d3+5+(27−10)) = O(d25).

• 4 good 3-tuples. The total contribution is O(d10+(27−12)) = O(d25).
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Therefore, all contribution for case (b) is O(d25).

(c) Case 3: For the contribution of (110) with exactly 26 distinct indices in the sum.
By counting the multiplicity, under the assumption that the 3rd and 5th moments of xi is
zero, there are two cases:

• Case (c.1): one index appears 6 times, and the rest of the indices appear twice. To have
a nonzero expectation, there are no good 2-tuples. By a similar argument, assuming
the index with multiplicity 6 is among the first tuple (i1, i2, i3, i4) and is repeated
in the first 6 tuples, we can bound their contribution using (116) and consider the
remaining 8 tuples. For the remaining 8 tuples, we apply the same argument as in
Case (a) in the following cases:

– 2 good 4 tuples: the contribution is O(d6+26−8) = O(d24).

– 1 good 4-tuple and 1 good 3-tuple: the contribution is O(d5.5+26−7) = O(d24.5).

– 3 good 3 tuples: the contribution is O(d7.5+26−9) = O(d24.5).

The total contribution in this case is O(d24.5).

• Case (c.2): 2 indices appear 4 times. And the other 24 indices appear twice. In this
case, we have at most one good 2-tuple.

Case (c.2.1): If there exists one good 2-tuple, then the 2 indices appearing 4 times
must be in the same tuple to make a nonzero expectation. Without loss of generality,
we assume (i1, i2, i3, i4) is a good 2-tuple, and it shares common indices with the next
4 tuples. We may bound the contribution from the first 5 tuples using (115) and
(116), which gives a contribution of O(d1.5). There are 9 tuples left, and we have the
following cases:

– 2 good 4-tuples, the total contribution is O(d1.5+6+24−10) = O(d21.5).

– 1 good 4-tuples and 2 good 3-tuples, the total contribution is O(d21.5)

– 3 good 3-tuples, the total contribution is O(d1.5+7.5+(24−11)) = O(d22).

Case (c.2.2): Suppose there is no good 2-tuple. Without loss of generality, we can
assume (i1, i2, i3, i4) contains one index with multiplicity 4, with shared indices in the
first 4 tuples. We can bound the contribution with (116). We can repeat this argument
with the next 4 tuples: assume (i17, i18, i19, i20) contains one index with multiplicity
4 with shared indices in the next 3 tuples. Now we consider the remaining 6 tuples.
There are several cases: We could have

– 2 good 4-tuples, the total contribution is O(d6+24−8) = O(d22).

– 1 good 4-tuple and 1 good 3-tuple, the total contribution is O(d22.5).

– 2 good 3-tuples with a total contribution O(d5+24−6) = O(d23).

Combining cases (a), (b), and (c), (106) holds. By Markov’s inequality and a union bound
over [n], (107) follows.
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E.1.2 Deterministic equivalence of functions of the kernel

Next, we prove the following limits for the sample covariance matrix X
(2)>

X
(2)

, which will
be utilized in the analysis of generalization error in Section E.2.

Lemma 31 Under the assumptions of Theorem 2, as n→∞, we have in probability,

a2 Tr
(
(a2X

(2)>
X

(2)
+ (a+ λ)I)−1Σ(2)

)
→ f ′′(0)λ∗

4α(a∗ + λ)
− 1,

a2(a+ λ) Tr
(
(a2X

(2)>
X

(2)
+ (a+ λ)I)−2Σ(2)

)
→ f ′′(0)λ∗

4α(a∗ + λ)
− 1

1− α
∫
R

x2

(x+λ∗)2
dµΣ(2)(x)

,

2

d2
Tr
(
(a+ λ)I + a2X

(2)>
X

(2))−2
Σ(2)

)
→ B(λ∗)

(a∗ + λ)2
,

where λ∗ > 0 is defined by equation (27) and B(λ∗) is defined by (29).

Proof Let us define zn := 2d2(a+λ)
nf ′′(0) > 0 for all n ∈ N. Notice that

a2 Tr
(
(a2X

(2)>
X

(2)
+ (a+ λ)I)−1Σ(2)

)
=

1

n
Tr
(
(
1

n
X

(2)>
X

(2)
+ znI)−1Σ(2)

)
=

1

n
Tr
(
(
1

n

n∑
i=1

x
(2)
i x

(2)>
i + znI)−1Σ(2)

)
where x

(2)
i is defined by (78) for i ∈ [n]. Next, we follow the proof of Lemma 2.2 in

(Ledoit and Péché, 2011) to complete the proof (see also (Wang et al., 2024, Theorem

10)). For any fixed z > 0, we define R(z) := ( 1
n

∑n
i=1 x

(2)
i x

(2)>
i + zI)−1 and R(k)(z) :=

( 1
n

∑
i∈[n\{k}] x

(2)
i x

(2)>
i + zI)−1 for any k ∈ [n]. Then, by the Sherman-Morrison-Woodbury

formula, we have
1

n
x

(2)>
i R(z)x

(2)
i = 1− 1

1 + 1
nx

(2)>
i R(i)(z)x

(2)
i

. (118)

Notice that R(z)
(

1
n

∑n
i=1 x

(2)
i x

(2)>
i + zI

)
= I. Taking trace and applying (118), we obtain

1 +
z

n
TrR(z) =

(
d+1

2

)
n

+
1

n

n∑
i=1

1

1 + 1
nx

(2)>
i R(i)(z)x

(2)
i

. (119)

Notice that
∥∥∥R(i)(z)

∥∥∥ ≤ 1/z for all i ∈ [n]. Then, applying (106) in Lemma 30 with matrix

A = R(i)(z) for i ∈ [n] we have, by a union bound over i ∈ [n],

max
i∈[n]

∣∣∣∣ 1nx(2)>
i R(i)(z)x

(2)
i −

1

n
Tr(R(i)(z)Σ(2))

∣∣∣∣ = O(n−
1
60 ) (120)

with probability at least 1− O(d−1/5), for any fixed z > 0. Additionally, by the Sherman-
Morrison-Woodbury formula, we also have

1

n

∣∣∣Tr((R(i)(z)−R(z))Σ(2))
∣∣∣ ≤ 1

n

∣∣∣∣∣ 1
nx

(2)>
i R(i)(z)Σ(2)R(i)(z)x

(2)
i

1 + 1
nx

(2)>
i R(i)(z)x

(2)
i

∣∣∣∣∣ . 1

n
, (121)
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where we applied the assumption of Σ(2), ‖R(i)(z)‖ ≤ 1/z and positive definiteness of
R(i)(z). Then, from (119), (120), and (121), we have with probability at least 1−O(d−1/5),

1 +
z

n
TrR(z) =

(
d+1

2

)
n

+
1

1 + 1
n TrR(z)Σ(2)

+ o(1),

where we used the fact that 1 + 1
n Tr(R(i)(z)Σ(2)) > 1, for any z > 0. Thus, applying

Theorem 2, we can claim that for any z > 0,

1

n
TrR(z)Σ(2) → 1

zαm(−z) + 1− α
− 1 =

1

zm̃(−z)
− 1, (122)

in probability as n → ∞, where m(−z) and m̃(−z) are defined in Definition 11 with ν =

µΣ(2) in Assumption 2.3. Consider z := 4α(a∗+λ)
f ′′(0) > 0. Then, the fixed point equation (27)

defines λ∗ = 1
m̃(−z) > 0. Furthermore, notice that zn → z = 4α(a∗+λ)

f ′′(0) as n → ∞. Thus,
1
n

∣∣TrR(z)Σ(2) − TrR(zn)Σ(2)
∣∣ . |z − zn| → 0. This completes the proof of the first part

of this lemma.

For the second part of this lemma, we follow the proof in Lemma 7.4 of (Dobriban and
Wager, 2018). Notice that (122) holds for any z ∈ C with Re(z) > 0 and 1

n |TrR(z)Σ(2)| . 1.
Based on Lemma 2.14 in (Bai and Silverstein, 2010), we can obtain that

1

n
TrR(z)2Σ(2) → m̃(−z)− zm̃′(−z)

z2m̃2(−z)
, (123)

in probability, for any z ∈ C with Re(z) > 0. From (30), we know that

m̃′(−z)
m̃2(−z)

=
1

1− α
∫
R

x2

(x+λ∗)2
dµΣ(2)(x)

. (124)

Then, because of

a2(a+ λ) Tr
(
(a2X

(2)>
X

(2)
+ (a+ λ)I)−2Σ(2)

)
= zn ·

1

n
TrR(zn)2Σ(2),

we can similarly derive the second part of the results. Lastly, since

2

d2
Tr
((

(a+ λ)I + a2X
(2)>

X
(2))−2

Σ(2)
)

=
4

f ′′(0)(a∗ + λ)

(
λ∗/z −

1

1− α
∫
R

x2

(x+λ∗)2
dµΣ(2)(x)

)

=
4

f ′′(0)(a∗ + λ)

αλ2
∗
∫

x
(x+λ∗)2

dµΣ(2)(x)

z(1− α
∫

x2

(x+λ∗)2
dµΣ(2)(x))

=
λ2
∗

(a∗ + λ)2

∫
x

(x+λ∗)2
dµΣ(2)(x)

(1− α
∫

x2

(x+λ∗)2
dµΣ(2)(x))

,
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we can apply (123) and (124) to conclude the final result of this lemma. Here we also use
the fixed point equation (27) of λ∗:

1− z

λ∗
= α

∫
x

x+ λ∗
dµΣ(2)(x) = α

∫
x2 + λ∗x

(x+ λ∗)2
dµΣ(2)(x).

E.1.3 Spectral norm concentrations

Next, we provide spectral norm bounds on XX> and (XX>)�2 below.

Lemma 32 Under Assumptions 2.1, 2.2, and 2.3, with a probability of at least 1−O(d−
1
48 ),

we have

‖XΣX>‖ . ‖XX>‖ . d2+ 1
24 , (125)

‖(XΣX>)�2‖ . ‖(XX>)�2‖ . d3, (126)

‖X(2) − EX(2)‖ . d1+ 1
12 . (127)

Proof We first show (125) with Latala’s Theorem (Latala, 2005). We can write X> =
Σ1/2Z>, where Z> = [z1, . . . ,zn] is a d × n random matrix with independent entries and
each entry of Z has zero mean and finite fourth moments. By Latala (2005, Theorem 2),
we have E‖Z‖ .

√
n+
√
d+ (nd)1/4 . d. Then by Markov’s inequality, with probability at

least 1−O(d−
1
48 ), ‖XX>‖ . ‖Z‖2 . d2+ 1

24 .

Next, we show (126). Since (XX>)�2 = X(2)X(2)>, it suffices to considerX(2)>X(2) =∑n
i=1 x

(2)
i x

(2)
i

>
, which is a sum of n i.i.d. rank-1 matrices. We will use matrix Bernstein’s

inequality (Vershynin, 2018, Theorem 5.4.1) to prove (126). Consider truncated vectors

z
(2)
i := x

(2)
i 1{‖x(2)

i ‖ ≤ Bd} for a parameter B = n
1
44 . Let Z(2) be the truncated version of

X(2). We have that

P
(
Z(2) 6= X(2)

)
≤ P

(
max
i∈[n]
‖x(2)

i ‖ > Bd

)
≤ nE‖x(2)‖45

(Bd)45
.

n

B45
. n−

1
45 . (128)

On the other hand, almost surely,

∥∥∥∥z(2)
i z

(2)
i

>
− Ez(2)

i z
(2)
i

>
∥∥∥∥ . (Bd)2, and

E
(
z

(2)
i z

(2)
i

>
− Ez(2)

i z
(2)
i

>
)2

4 E
[
‖z(2)

i ‖
2z

(2)
i z

(2)
i

>
]
4 (Bd)2Σ(2) ≤ C(Bd)2I

for some constant C > 0 due to Assumption 2.3. By matrix Bernstein’s inequality (Ver-
shynin, 2018, Theorem 5.4.1), we have with probability at least 1− d2 exp(− 5

66d),∥∥∥Z(2)>Z(2) − EZ(2)>Z(2)
∥∥∥ . d2+ 1

6 .

We also have EZ(2)>Z(2) . nEx(2)x(2)> ≤ Cd3I, where we use the definition of x(2) from

(13). Together with (128), we have with probability at least 1−O(d−
2
45 ), ‖(XX>)�2‖ . d3.
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For (127), we have

‖X(2) − EX(2)‖ ≤ ‖X(2) −Z(2)‖+ ‖Z(2) − EZ(2)‖+ ‖EX(2) − EZ(2)‖. (129)

From (128), with probability 1−O(n−1/45), the first term in (129) is zero. For the second
term in (129), we consider ‖Z(2) − EZ(2)‖2 = ‖(Z(2) − EZ(2))(Z(2) − EZ(2))>‖, where

(Z(2) − EZ(2))(Z(2) − EZ(2))> =
n∑
i=1

(z
(2)
i − Ez(2)

i )(z
(2)
i − Ez(2)

i )>,

and apply the matrix Bernstein’s inequality. We have almost surely, ‖(z(2)
i − Ez(2)

i )(z
(2)
i −

Ez(2)
i )>‖ ≤ 4(Bd)2. And for some constant C > 0,

E
(

(z
(2)
i − Ez(2)

i )(z
(2)
i − Ez(2)

i )>
)2

= E
∥∥∥z(2)

i − Ez(2)
i

∥∥∥2
(z

(2)
i − Ez(2)

i )(z
(2)
i − Ez(2)

i )>

≤ 4(Bd)2E(z
(2)
i − Ez(2)

i )(z
(2)
i − Ez(2)

i )>

≤ 4(Bd)2Σ(2) . C(Bd)2I.

With matrix Bernstein’s inequality (Vershynin, 2018, Theorem 5.4.1), we have with prob-

ability at least 1 − d2 exp(− 5
66d), ‖(Z(2) − EZ(2))(Z(2) − EZ(2))>‖ . d2+ 1

6 . Hence with

probability 1 − O(d−
2
45 ), from (129), ‖X(2) − EX(2)‖ . d1+ 1

12 + ‖EX(2) − EZ(2)‖. Since
each column of X(2) has the same distribution, EX(2) − EZ(2) is of rank 1. We obtain

‖EX(2) − EZ(2)‖ = ‖EX(2) − EZ(2)‖F =
√
nE[‖x(2)‖1{‖x(2)‖ ≥ Bd}]

≤
√
n
√
E[‖x(2)‖2]

√
P(‖x(2)‖ ≥ Bd) .

√
nd2B−45 .

√
d2n−

1
44 = d1− 1

44 ,

where in the second inequality we use (128). Therefore we obtain with probability 1 −
O(d−

2
45 ), ‖X(2) − EX(2)‖ . d1+ 1

12 as desired. This finishes the proof.

E.1.4 Kernel function expansion

Recall x = Σ1/2z and wi = Σ1/2xi for i ∈ [n] and z ∼ N (0, I). Let ti = x>i Σxi = ‖wi‖2
and ui = wi

‖wi‖ . Then

〈xi,x〉 =
√
ti〈ui, z〉, (130)

and for j = 0, . . . , 8 and i ∈ [n], define

T
(j)
i := t

j/2
i

√
j! · hj (〈ui, z〉) , (131)

where hj is the j-th normalized Hermite polynomial defined in Definition 12.

Lemma 33 Under Assumption 2.9, we have for any i, j ∈ [n], Ex[T
(k)
i T

(`)
j ] = 0 if k 6= `

and k+` ≤ 15, and for all k = 0, 1, . . . , 8, Ex[T
(k)
i T

(k)
j ] = k!〈wi,wj〉k, where wi := Σ1/2xi.
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Proof Since the calculation of Ex[T
(k)
i T

(`)
j ] involves only the first 16th moments of z for

k + ` ≤ 15, by the orthogonality property of hj in Lemma 13 and assumption 2.9,

Ex[T
(k)
i T

(`)
j ] = t

k/2
i t

`/2
j

√
k!`! · Ez[hk (〈ui, z〉)h`(〈uj , z〉)]

= δk,` · k!t
k/2
i t

k/2
j 〈ui,uj〉

k = δk,` · k!〈wi,wj〉k.

Hence, Ex[T
(k)
i T

(`)
j ] = 0 if k 6= `. This finishes the proof.

For any i ∈ [n], let us apply the Taylor expansion of f as in (32) to get

K(xi,x) =

8∑
k=0

f (k)(0)

k!dk
〈xi,x〉k +

f (9)(ζi)

9!d9
〈xi,x〉9,

where ζi is between 0 and 1
d〈xi,x〉.

Recall (130), we have

8∑
k=0

f (k)(0)

k!dk
〈xi,x〉k =

8∑
k=0

f (k)(0)

k!dk
t
k/2
i 〈ui, z〉

k,

where ti := x>i Σxi for i ∈ [n]. With Lemma 33 and (131), we can rewrite K(xi,x) as

K(xi,x) =
8∑

k=0

bk,iT
(k)
i +

f (9)(ζi)

9!d9
〈xi,x〉9. (132)

By orthogonality of the normalized Hermite polynomials, we have

b0,i = f(0) + ti ·
f (2)(0)

2!d2
+ 3t2i ·

f (4)(0)

4!d4
+ 15t3i ·

f (6)(0)

6!d6
, (133)

b1,i =
f (1)(0)

d
+ 3ti ·

f (3)(0)

3!d3
+ 15t2i ·

f (5)(0)

5!d5
+ 105t3i ·

f (7)(0)

7!d7
, (134)

b2,i =
f (2)(0)

2!d2
+ 6ti ·

f (4)(0)

4!d4
+ 45t2i

f (6)(0)

6!d6
,

b3,i =
f (3)(0)

3!d3
+ 10ti ·

f (5)(0)

5!d5
+ 105t2i ·

f (7)(0)

k!d7
.

In general, for 0 ≤ k ≤ 8, bk,it
k/2
i

√
k! =

∑8
s=k t

s/2
i

f (s)(0)
s!ds Eg∼N (0,1)[g

shk(g)]. Therefore,

|bk,i| .
8∑
s=k

d−st
(s−k)/2
i . (135)

Utilizing (46), we can easily check that

|ti − Tr Σ2| . d
1
2

+ 1
30 , (136)

uniformly for all i ∈ [n] with probability at least 1−d−1. Thus, 0 ≤ ti . d. Therefore, from
(135), for k = 0, 1, . . . , 8 and all i ∈ [n], with probability at least 1− d−1,

|bk,i| . d−k. (137)
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Lemma 34 Let us denote that

b̃0,i := f(0) + ti ·
f (2)(0)

2!d2
, b̃1,i :=

f (1)(0)

d
+ 3ti ·

f (3)(0)

3!d3
(138)

for any i ∈ [n]. Then, under Assumption 2.4, we have

max
i∈[n]
|̃b0,i − b0,i| . d−2, max

i∈[n]
|̃b1,i − b1,i| . d−3, max

i∈[n]
|a2 − b2,i| . d−3.4

with probability at least 1− d−1, where a2 is defined in (10).

Proof The first two bounds are directly from (136). Recall the definition of a2 in (10).
Then for the last bound, we have

b2,i − a2 =
f (4)(0)

4d4
(ti − Tr(Σ2)) + 45t2i

f (6)(0)

6!d6
.

Applying (136), we can derive that |b2,i − a2| . 1
d4
|ti − Tr(Σ2)| + 1

d6
|t2i | . d−3.4 uniformly

for all i ∈ [n] with probability at least 1− d−1.

E.1.5 Approximation of product of kernel functions

Denote M := E[K(X,x)K(x,X)|X],v := Ex[f∗(x)K(X,x)], where

K(X,x) = [K(x1,x), . . . ,K(xn,x)]> ∈ Rn

and Ex[·] denotes the expectation only with respect to x. Notice that for any i, j ∈ [n],

M ij = (E[K(X,x)K(x,X)])ij = Ex[K(xi,x)K(x,xj)], vi = Ex[K(x,xi)f∗(x)].

We define

b0 = (b0,1, . . . , b0,n)> ∈ Rn, b1 = (b1,1, . . . , b1,n)> ∈ Rn, (139)

b̃0 = (̃b0,1, . . . , b̃0,n)> ∈ Rn, b̃1 = (̃b1,1, . . . , b̃1,n)> ∈ Rn, (140)

where b0,i, b1,i, b̃0,i, and b̃1,i are defined in (133), (134), (140), and (138), respectively. Denote

M (2) := b0b
>
0 + diag(b1)XΣX>diag(b1) + 2a2

2M
(2)
0 , M

(2)
0 := (XΣX>)�2. (141)

In the following, we first provide an approximation of M in terms of M (2).

Lemma 35 Under the same assumptions as Theorem 1, we have that ‖M −M (2)‖ . 1
d9/4

,

with probability 1−O(d−1/48).
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Proof For i, j ∈ [n], we can apply the orthogonality property in Lemma 33 to get

M ij =

8∑
k=0

bk,ibk,j · Ex[T
(k)
i T

(k)
j ] +

8∑
k=0

Ex
[
bk,iT

(k)
i

f (9)(ζj)

9!d9
〈xj ,x〉9

]
+

8∑
k=0

Ex
[
bk,jT

(k)
j

f (9)(ζi)

9!d9
〈xi,x〉9

]
+ Ex

[f (9)(ζi)f
(9)(ζj)

(9!)2d18
〈xi,x〉9〈xj ,x〉9

]
=: Li,j + V

(1)
i,j + V

(2)
i,j + V

(3)
i,j .

Recall that wi = Σ1/2xi for all i ∈ [n]. By the assumption that f (9)(x) is uniformly
bounded in Assumption 2.10, we have from (137), with probability 1−O(d−1),

|V (1)
i,j | .

8∑
k=0

1

d9+k
Ex[|T (k)

i 〈xj ,x〉
9|] .

8∑
k=0

1

d9+k

√
Ex|T (k)

i |2
√
Ex〈xj ,x〉18

.
8∑

k=0

1

dk+9
‖wi‖k‖wj‖9,

where in the last inequality, we use Lemma 33 and Lemma 16 under the Gaussian moment
matching condition in Assumption 2.9. Similarly,

|V (2)
i,j | .

8∑
k=0

1

dk+9
‖wj‖k‖wi‖9, |V (3)

i,j | .
1

d18
‖wi‖9‖wj‖9.

Notice that the leading order |V (`)
i,j | .

1
d8
‖wi‖8 for ` = 1, 2. Recall (45), i.e., E

[
‖wi‖2s

]
=

E[‖Σzi‖2s] . ds for any 1 ≤ s ≤ 45. Thus, Markov’s inequality implies that P(|V (`)
i,j | > t) ≤

1
(d4.5t)s

for all i, j ∈ [n] and ` = 1, 2. Then taking t = d−17/4 and s = 18, then taking union

bounds for all i, j ∈ [n], we can derive that
∥∥∥V (`)

∥∥∥ ≤ ∥∥∥V (`)
∥∥∥

F
. d−9/4 with probability at

least 1 − cd−1/2 for some constant c > 0 and ` = 1, 2. Similarly, we can verify the same
bound holds for ` = 3.

Let us further define matrices L(k) whose (i, j) entry is given by

L
(k)
i,j := bk,ibk,j · Ex[T

(k)
i T

(k)
j ] = k!bk,ibk,j〈wj ,wi〉k

for i, j ∈ [n] and 0 ≤ k ≤ 8, where we applied Lemma 33. We next employ (45) and (46)

to deduce that
∥∥∥L(k)

∥∥∥ . 1
d9/4

, for 3 ≤ k ≤ 8, with probability at least 1−O(d−1/2). Let us

extract the diagonal matrix of L(k) by denoting L
(k)
diag. Set L

(k)
off := L(k) − L(k)

diag. Then, we

bound the operator norms of L
(k)
off and L

(k)
diag separately. First,∥∥∥L(k)

off

∥∥∥ ≤ ∥∥∥L(k)
off

∥∥∥
F
.

n

d2k
max
i 6=j
〈wj ,wi〉k .

1

d2.5
,

with probability at least 1−O(d−1/2), for 3 ≤ k ≤ 8. Next, for the diagonal part, we have∥∥∥L(k)
diag

∥∥∥ . 1
d2k

maxi∈[n] ‖wi‖2k . 1
d3

, with probability at least 1−O(d−1/2), for 3 ≤ k ≤ 8.
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Lastly, let us denote that b2 = [b2,1, . . . , b2,n]>. Hence,

L(2) = 2diag(b2)(XΣX>)�2diag(b2).

Lemma 34 proves that |b2,i − a2| . 1/d3.4 and |b2,i| . 1/d2 with probability 1− d−1 for all

i ∈ [n]. Moreover, |a2| . 1/d2. Then, by Lemma 32, with probability at least 1−O(d−
1
48 ),∥∥∥L(2) − 2a2

2M
(2)
0

∥∥∥ . (∥∥∥diag(b2)(XΣX>)�2
∥∥∥+ a2

∥∥∥(XΣX>)�2
∥∥∥)max

i∈[n]
|b2,i − a2| . d−2.4.

Then, we complete the proof of the approximation on M by M (2).

Lemma 36 With Assumption 2.6, we have

M
(2)
0 =

1

2
X(2)Σ(2)X(2)> − 1

2

d∑
k=1

Σ2
kkνkν

>
k , (142)

where νk := [x1(k)2, . . . ,xn(k)2]> for k ∈ [d] and Σ(2) is defined by (16). Moreover, under

the Assumption 2.9, we have ‖νk‖ . d1+ 1
22 for all k ∈ [d], with probability at least 1− d−1.

Proof By the definition of Σ(2) in (16), we can easily check (142). Notice that E[νk] =
Σkk1 and ‖E[νk]‖ .

√
n. By the Assumptions 2.9 and 2.6, we know that E[‖νk‖2s] =

E[(
∑n

i=1 xi(k)4)s] . d2s, for 0 ≤ 4s ≤ 90. Then, we can conclude the final bound of this
lemma by taking s = 22 and applying Markov inequality for ‖νk‖.

E.1.6 Resolvent calculations

Lemma 37 Under the assumptions of Theorem 1, we have

1>(K + λI)−21 . d−
23
24 , 1>(K + λI)−11 . 1,

∣∣1− b01>K−1
λ 1

∣∣ . d−
23
24

with probability at least 1−O(d−1/48), where b0 := f(0).

Proof Denote K−1
λ := (K + λI)−1. From Theorem 1, there exists a matrix K∗ ∈ Rn×n

such that with probability at least 1−O(d−1/2),

Kλ = K∗ + a011>,
∥∥∥K∗ − a1XX

> + a2(XX>)�2 + (a+ λ)In

∥∥∥ . d− 1
12 .

Thus, by Assumption 2.7 and Lemma 32, cI 4K∗ 4 Cd1+ 1
24 I, for some constants c, C > 0

with probability 1−O(d−1/48). By the Sherman-Morrison-Woodbury formula, we have

K−1
λ = K−1

∗ − a0
K−1
∗ 11>K−1

∗
1 + a01>K

−1
∗ 1

. (143)
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Therefore, we can obtain that

1>K−2
λ

=1>K−2
∗ +

(a01
>K−1

∗ 1)(a01
>K−2

∗ 1)

(1 + a01>K
−1
∗ 1)2

1>K−1
∗ −

a01
>K−2

∗ 11>K−1
∗

1 + a01>K
−1
∗ 1

− a01
>K−1

∗ 11>K−2
∗

1 + a01>K
−1
∗ 1

=− a01
>K−2

∗ 11>K−1
∗

(1 + a01>K
−1
∗ 1)2

+
1>K−2

∗
1 + a01>K

−1
∗ 1

.

Thus, we have

1>nK
−2
λ 1n =

1>K−2
∗ 1

(1 + a01>K
−1
∗ 1)2

≤ 1

ca2
0

1>nK
−1
∗ 1n

(1>nK
−1
∗ 1n)2

.
d1+1/24

‖1n‖2
.

1

d23/24
. (144)

with probability at least 1−O(d−1/48). The second bound in this lemma comes directly from

(143) since a01
>(K+λI)−11 = a01>K−1

∗ 1

1+a01>K−1
∗ 1
≤ 1. Lastly, (143) implies that 1−a01

>K−1
λ 1 =

1
1+a01>K−1

∗ 1
. The same bound as (144) can be employed here to get |1−a01

>K−1
λ 1| . d−

23
24 ,

with probability at least 1−O(d−1/48). Hence,

|1− b01>K−1
λ 1| ≤ |1− a01

>K−1
λ 1|+ |a0 − b0| · 1>K−1

λ 1 . d−
23
24 ,

with probability at least 1−O(d−1/48).

Let us denote

µ> := [t1, t2, . . . , tn], (145)

where ti = x>i Σxi, for i ∈ [n]. Recall X
(2)

= X(2) − E[X(2)] and notice that

(XX>)�2 = X
(2)
X

(2)>
+
(
X(2)E[X(2)]> − E[X(2)]E[X(2)]> + E[X(2)]X(2)>

)
,

where

X(2)E[X(2)]> = µ1>, E[X(2)]>X(2) = 1µ>, E[X(2)]E[X(2)]> = Tr(Σ2) · 11>.

Thus, we define U := [1,µ] ∈ Rn×2. Then,

a2(XX>)�2 = K
(2)
∗ + a2U

(
−Tr(Σ2) 1

1 0

)
U> (146)

where

K
(2)
∗ := a2(X(2) − E[X(2)])(X(2) − E[X(2)])>. (147)

Lemma 38 Under the assumptions of Theorem 1 and Assumption 2.6, with probability at
least 1 − O(d−1/2), 1

d4
µ>K−1

λ µ . d−0.8, where µ is defined by (145). As a corollary, we

also have 1
d2

1>K−1
λ µ . d

−0.4.
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Proof Let µ0 := Eµ = Tr(Σ2)1. Due to (136), we can conclude that

‖µ− µ0‖ . d1.6, (148)

with probability at least 1−O(d−1). Thus,

µ>K−1
λ µ = (µ− µ0)>K−1

λ (µ− µ0) + µ>0 K
−1
λ µ0 + 2(µ− µ0)>K−1

λ µ0.

Here, we know that 1
d4

(µ− µ0)>K−1
λ (µ− µ0) ≤ 1

d4
‖µ− µ0‖

2 ≤ d−0.8, and

1

d4
µ>0 K

−1
λ µ0 =

Tr(Σ2)2

d4
1>K−1

λ 1 . d−2

with probability at least 1− O(d−1/2), because of (90) and Lemma 37. Moreover, the last
term can be bounded by Cauchy-Schwartz inequality:

1

d4
|(µ− µ0)>K−1

λ µ0| ≤
1

d4

(
(µ− µ0)>K−1

λ (µ− µ0)
)1/2 (

µ>0 K
−1
λ µ0

)1/2
. d−1.4.

Then we complete the proof of the lemma.

Lemma 39 Under the assumptions of Theorem 1 and Assumption 2.6, we have with prob-
ability at least 1−O(d−1/48), b>0 (K + λI)−2b0 . d−0.8 and b>0 (K + λI)−1b0 . 1.

Proof Recall the definition of b̃0 in (150). We have∥∥(K + λI)−1b0

∥∥2 ≤ 2
∥∥∥(K + λI)−1(b̃0 − b0)

∥∥∥2
+ 2

∥∥∥(K + λI)−1b̃0

∥∥∥2

. n ·max
i∈[n]
|̃b0,i − b0,i|2 + 1>(K + λI)−21 +

1

d4
µ>K−1

λ µ . d
−0.8,

with probability at least 1 − O(d−1/48), where we use Lemma 34, (90), Lemma 37 and
Lemma 38. Similarly, by Lemmas 34, 37, and 38, and (90), we have

b>0 (K + λI)−1b0 .
∥∥∥(K + λI)−1/2(b̃0 − b0)

∥∥∥2
+
∥∥∥(K + λI)−1/2b̃0

∥∥∥2

. n ·max
i∈[n]
|̃b0,i − b0,i|2 + 1>(K + λI)−11 +

1

d4
µ>K−1

λ µ . 1,

with probability at least 1−O(d−1/48).

E.2 Proof of Theorem 4

In this section, we analyze the asymptotic behavior of the generalization error of KRR when
f ′(0) = f (3)(0) = 0 in the approximated kernel (9) and f∗(x) = x>Gx/d is a pure quadratic
function where G ∈ Rd×d is a symmetric random matrix satisfying E[Gi,j ] = 0, E[G2

i,j ] = 1
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for all i, j ∈ [n]. Hence, under the settings of Theorem 4, the prediction risk of KRR defined
in (26) can written as

R(λ) = Ex,G[|f∗(x)|2] + Tr(K + λI)−1M(K + λI)−1EG[f∗f
>
∗ ]

+ σ2
ε Tr(K + λI)−1M(K + λI)−1 − 2 Tr(K + λI)−1V . (149)

where we only take expectation with respect to G, test data point x and noise ε. In (149),
M is defined in Lemma 35, f∗ := [f∗(x1), . . . , f∗(xn)]>, with f∗(xi) = 1

dx
>
i Gxi and V :=

E[f∗f∗(x)K(X,x)|X] ∈ Rn×n, where K(X,x) = [K(x1,x), . . . ,K(xn,x)] ∈ Rn. Notice
that for any i, j ∈ [n], V i,j = E[K(x,xj)f∗(x)f∗(xi)|X]. Furthermore, Assumption 2.10
provides a simpler approximation of M , and

b̃0 = b01 +
f (2)(0)

2d2
µ, b̃1 = 0, a1 = 0, (150)

where µ is defined in (145), and b̃0 and b̃1 are defined by (140).

Lemma 40 Under the same assumptions as Theorem 1, we have that ‖V −V (2)‖ ≤ c
d2.4

,

with probability at least 1−O(d−1/48) for some constant c > 0, where

V (2) :=
1

d2
(µb>0 + 2a2M

(2)
0 )

and b0, M
(2)
0 , and µ are defined by (139), (141), and (145).

Proof For any j, i ∈ [n], by the definition of f∗(x), we have

V j,i = E[K(x,xi)f∗(x)f∗(xj)|X]

=
8∑

k=0

bk,iEG[Ex[T
(k)
i f∗(x)]f∗(xj)] + Ex,G

[
f (9)(ζi)

9!d9
f∗(xj)f∗(x)〈xi,x〉9

]

=
1

d2
x>j Σxjb0,i +

b2,i
d

EG[f∗(xj)x
>
i ΣGΣxi] + Ex,G

[
f (9)(ζi)

9!d9
f∗(xj)f∗(x)〈xi,x〉9

]

=
1

d2
x>j Σxjb0,i +

2b2,i
d2

(x>j Σxi)
2 + Ex,G

[
f (9)(ζi)

9!d9
f∗(xj)f∗(x)〈xi,x〉9

]

where in the second line we applied (132), Lemmas 33 and 20. Therefore,

‖V − V (2)‖ ≤ 2

d2
‖(XΣX>)�2‖ ·max

i∈[n]
|a2 − b2,i|+

n

d11
max
i,j∈[n]

|Ex,G[x>Gxx>j Gxj(x
>
i x)9]|

.
1

d5.4
‖(XΣX>)�2‖+

1

d9
max
i,j∈[n]

|Ex[(x>xj)
2(x>i x)9]|

.
1

d2.4
+

1

d9
max
i,j∈[n]

‖wj‖2 · ‖wj‖9 . d−2.4,
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with probability at least 1−O(d−
1
48 ), where we utilize Lemmas 32 and 34, and the definition

of f∗. This completes the proof of the lemma.

In the following lemma, we further approximate each term in R̄(λ). Define

R̃(λ) := E[|f∗(x)|2] + Tr(K + λI)−1M (2)(K + λI)−1EG[f∗f
>
∗ ]

+ σ2
ε Tr(K + λI)−1M (2)(K + λI)−1 − 2 Tr(K + λI)−1V (2).

Lemma 41 Under the same assumptions as Theorem 3, for any λ ≥ 0, we have that
|R(λ) − R̃(λ)| ≤ cd−

1
4 , conditioning on G in f∗ defined in (24), with probability at least

1−O(d−1/48), for some c > 0, where R(λ) is defined by (149).

Proof Notice that EG[‖f∗‖2] = 1
d2
∑n

i=1 EG[(x>i Gxi)
2] . maxi∈[n] ‖xi‖4 . d2, with prob-

ability at least 1−O(d−1), because of (73). Applying Lemmas 35 and 40, we can get

∣∣∣R̃(λ)−R(λ)
∣∣∣ ≤ ∣∣∣TrK−1

λ (M (2) −M)K−1
λ EG[f∗f

>
∗ ]
∣∣∣+ 2

∣∣∣TrK−1
λ (V (2) − V )

∣∣∣
+ σ2

ε

∣∣∣TrK−1
λ (M (2) −M)K−1

λ

∣∣∣
≤ (nσ2

ε + EG[‖f∗‖2])‖K−1
λ ‖

2‖M (2) −M‖+ 2n‖K−1
λ ‖‖V

(2) − V ‖ . d
−1
4 ,

with probability 1−O(d−1/48), where in the last line, we utilize (90) and Lemma 25.

Hence, below, we will analyze R̃(λ) instead of prediction risk R(λ).

Lemma 42 Under the assumptions of Theorem 4, we have |R̃(λ)−(σ2
εV+B)| . d−0.4 with

probability at least 1−O(d−1/48), where

V := 2a2
2 Tr(K + λI)−1M

(2)
0 (K + λI)−1

B :=
2

d2
(Tr Σ)2 +

4a2
2

d2
TrK−1

λ M
(2)
0 K−1

λ (XX>)�2 − 4a2

d2
TrX(2)Σ(2)X(2)>K−1

λ .

Proof Recall the assumption of G in f∗(x) = x>Gx/d from Theorem 4. By taking
expectation for G, we can easily simplify the expression of R̃(λ). Notice that given any
deterministic matrix A ∈ Rn×n, we have

EG[f>∗ Af∗|X] =
2

d2
TrAX(2)X(2)> − 1

d2

d∑
k=1

ν>kAνk, (151)
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where νk ∈ Rn are defined by Lemma 36. Considering (77), Lemma 36 and (150), we have

R̃(λ) = E[|f∗(x)|2] + σ2
ε Tr(K + λI)−1M (2)(K + λI)−1

+ 2a2
2 Tr(K + λI)−1M (2)(K + λI)−1E[f∗f

>
∗ |X]− 2 Tr(K + λI)−1V (2)

= E[|f∗(x)|2] + 2a2
2σ

2
ε TrK−1

λ M
(2)
0 K−1

λ

+ 2a2
2 TrK−1

λ M
(2)
0 K−1

λ E[f∗f
>
∗ |X]− 4a2

d2
TrK−1

λ M
(2)
0

+ b>0 K
−1
λ E[f∗f

>
∗ |X]K−1

λ b0 −
2

d2
b>0 K

−1
λ µ

+ TrK−1
λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1

λ E[f∗f
>
∗ |X]

+ σ2
ε TrK−1

λ b0b
>
0 K

−1
λ + σ2

ε TrK−1
λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1

λ

= σ2
εV + B +Rmix − J1 + J2,

where

Rmix :=
1

d2
Tr(Σ2) + b>0 K

−1
λ E[f∗f

>
∗ |X]K−1

λ b0 −
2

d2
b>0 K

−1
λ µ

+ TrK−1
λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1

λ E[f∗f
>
∗ |X]

+ σ2
ε TrK−1

λ b0b
>
0 K

−1
λ + σ2

ε TrK−1
λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1

λ

J1 :=
2a2

2

d2

d∑
k=1

ν>kK
−1
λ M

(2)
0 K−1

λ νk, J2 :=
4a2

d2

d∑
k=1

Σ2
kkν
>
kK

−1
λ νk.

Here, we use M (2) = b0b
>
0 + diag(b1 − b̃1)XΣX>diag(b1 − b̃1) + 2a2

2M
(2)
0 , and b0, b1, b̃0,

and b̃1 are defined in (139) and (140). Notice that b̃1 = 0. Thus, It suffices to control J1, J2

and Rmix below. Notice that with probability 1−d−1, due to Lemmas 26 and 36, and (90),

J1 .
1

d4

d∑
k=1

ν>kK
−1
λ νk . d

− 10
11 .

Similarly, we have J2 . d−
10
11 as well. Next, we further decompose Rmix as

Rmix = R(0)
mix +R(1)

mix +R(2)
mix, R(0)

mix :=
1

d2
Tr(Σ2) + σ2

εb
>
0 K

−2
λ b0 −

2

d2
b>0 K

−1
λ µ,

R(1)
mix := b>0 K

−1
λ E[f∗f

>
∗ |X]K−1

λ b0,

R(2)
mix := TrK−1

λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1
λ (σ2

εI + E[f∗f
>
∗ |X]).

Based on Assumption 2.3 and Lemmas 37 and 38, we can verify that |R(0)
mix| . d−0.4 with

probability at least 1−O(d−1/48). From (151), we know that E[f∗f
>
∗ |X] = 1

d2
X(2)D∗X

(2)>,

where D∗ ∈ R(d+1
2 )×(d+1

2 ) is a diagonal matrix with

(D∗)ij,k` =


0 if (i, j) 6= (k, `),

2 if i 6= j, (i, j) = (k, `),

1 if i = j = k = `.
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Hence, D∗ 4 2I and

E[f∗f
>
∗ |X] 4

2

d2
X(2)X(2)>. (152)

Then by Lemma 37, |R(1)
mix| .

1
d2
b>0 K

−1
λ X

(2)X(2)>K−1
λ b0 . a2b

>
0 K

−1
λ (XX>)�2K−1

λ b0.

Then, (146) allows us to get |R(1)
mix| . b

>
0 K

−1
λ K

(2)
∗ K

−1
λ b0 + b>0 K

−1
λ UDU

>K−1
λ b0, where

K
(2)
∗ is defined in (147). Hence, Lemmas 32 and 37 imply

b>0 K
−1
λ K

(2)
∗ K

−1
λ b0 . b

>
0 K

−2
λ b0 . d

−0.8

with probability at least 1 − O(d−1/48). Then, recall (146) and Lemma 38. We can apply
the Cauchy-Schwarz inequality again to get

|b>0 K−1
λ UDU

>K−1
λ b0|

≤ a2|b>0 K−1
λ 1| ·

(
Tr(Σ2)|b>0 K−1

λ 1|+ |b>0 K−1
λ µ|

)
.

1

d2
Tr(Σ2) · (b>0 K−1

λ b0)(1>K−1
λ 1) + (b>0 K

−1
λ b0)

1
2
( 1

d4
µ>K−1

λ µ
) 1

2 . d−0.4,

with probability at least 1−O(d−1/48). Lastly, because of (90) and (152), we have

|R(2)
mix| . d · ‖diag(b1 − b̃1)‖2‖XX>‖(σ2

ε +
2

d2
‖X(2)X(2)>‖) . 1

d

with probability at least 1−O(d−1/48), where we apply Lemma 34 for ‖diag(b1 − b̃1)‖ and
Lemma 32 for ‖XX>‖ and ‖X(2)X(2)>‖.

Lemma 43 Denote by V0 := a2
2 Tr

(
a2X

(2)X(2)> + (λ+ a)I
)−2
X(2)Σ(2)X(2)>. Under the

assumptions of Theorem 4, there exist some constants c, C > 0 such that |V − V0| ≤ Cd−
1
12 ,

with probability at least 1− cd−
1
48 for all large d and n, and some constant c > 0.

Proof Denote that Kλ,(2) := (K(2) + λI). Because of (90), we know that ‖K−1
λ,(2)‖ . 1

and ‖K−1
λ ‖ . 1. Denote by V(2) := 2a2

2 TrK−1
λ,(2)M

(2)
0 K−1

λ,(2). We first control∣∣∣V − V(2)
∣∣∣ . a2

d2
|Tr(K−1

λ −K
−1
λ,(2))M

(2)
0 K−1

λ |+
a2

d2
|TrK−1

λ,(2)M
(2)
0 (K−1

λ −K
−1
λ,(2))|.(153)

Notice that

a2

d2
|Tr(K−1

λ −K
−1
λ,(2))M

(2)
0 K−1

λ | =
a2

d2
|TrK−1

λ,(2)(K
(2) −K)K−1

λ M
(2)
0 K−1

λ |

.
1

d2
‖K(2) −K‖ · |TrK−1

λ (a2M
(2)
0 )K−1

λ |

. d−
1
12 · n

d2

∥∥∥K−1
λ (a2XX

>)�2K−1
λ

∥∥∥ . d− 1
12 , (154)
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with probability at least 1−O(d−1/2), where we apply Lemma 26 and Theorem 1. We can
get a similar argument for the second term:

a2

d2
|TrK−1

λ,(2)M
(2)
0 (K−1

λ −K
−1
λ,(2))| ≤

a2

d2
|TrK−1

λ,(2)M
(2)
0 K−1

λ,(2)(K −K
(2))K−1

λ |

. d−
1
12 . (155)

Next, we approximate V(2) by V0. Let us denote by V(2)
0 := a2

2 TrK−2
λ,(2)X

(2)Σ(2)X(2)>.

From Lemma 36, we know that V(2) = V(2)
0 −

∑d
k=1 Σ2

kka
2
2ν
>
kK

−2
λ,(2)νk, where the second

term on the right-hand side satisfies∣∣∣∣∣
d∑

k=1

Σ2
kka

2
2ν
>
kK

−2
λ,(2)νk

∣∣∣∣∣ . 1

d3
max
k∈[d]

ν>kK
−2
λ,(2)νk .

1

d3
max
k∈[d]
‖νk‖2 . d−

10
11 , (156)

with probability at least 1 − d−1. Thus, it suffices to control the difference between V(2)
0

and V0. Notice that V(2)
0 = a2

2 Tr
(
a011> +K∗

)−2
X(2)Σ(2)X(2)>, where we define

K∗ := a2X
(2)X(2)> + (λ+ a)I. (157)

Analogously to the proof of Lemma 37, the Sherman-Morrison-Woodbury formula implies(
a011> +K∗

)−1
= K−1

∗ − a0
K−1
∗ 11>K−1

∗
1+a01>K−1

∗ 1
. Thus, we have

V(2)
0 = V0

+
a22(a01

>K−2∗ 1) · (a01>K−1∗ X
(2)Σ(2)X(2)>K−1∗ 1)

(1 + a01>K
−1
∗ 1)2

− 2a22 · a01>K
−1
∗ X

(2)Σ(2)X(2)>K−2∗ 1

1 + a01>K
−1
∗ 1

.

Hence, we only need to control the last two terms on the right-hand side of the above
equation. By Assumption 2.7 and Lemma 32, we know cd−1I 4K−1

∗ 4 CI, with probability
at least 1−O(d−1/48), for some constants c, C > 0. And Lemma 26 indicates that

a2K
−1/2
∗ X(2)Σ(2)X(2)>K

−1/2
∗ 4 C · a2K

−1/2
∗ (XX>)�2K

−1/2
∗ 4 C.

Therefore,

a2
2(a01

>K−2
∗ 1) · (a01

>K−1
∗ X

(2)Σ(2)X(2)>K−1
∗ 1)

(1 + a01>K
−1
∗ 1)2

=
a01
>K−1

∗ 1

1 + a01>K
−1
∗ 1

a2 · (a01
>K−1

∗ (a2X
(2)Σ(2)X(2)>)K−1

∗ 1)

1 + a01>K
−1
∗ 1

≤ Ca2 ·
a01
>K−1

∗ 1

1 + a01>K
−1
∗ 1
.

1

d2
.

Similarly, we have
2a22·a01>K−1

∗ X(2)Σ(2)X(2)>K−2
∗ 1

1+a01>K−1
∗ 1

≤ 2Ca2
a01>K−1

∗ 1

1+a01>K−1
∗ 1
. 1

d2
. Hence, we com-

plete the proof of this lemma.
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Lemma 44 Denote

B0 :=
2

d2
Tr Σ(2) +

2a2
2

d2
TrK−1

∗ X
(2)Σ(2)X(2)>K−1

∗ (XX>)�2 − 4a2

d2
TrK−1

∗ X
(2)Σ(2)X(2)>

where K∗ is defined in (157). Under the assumptions of Theorem 1, there exist some

constants c, C > 0 such that |B − B0| ≤ Cd−
1
12 , with probability at least 1− cd−

1
48 .

Proof Recall Kλ,(2) = (K(2) + λI) and the definition of B in Lemma 42. Define

B(2) :=
2

d2
(Tr Σ)2 +

4a2
2

d2
TrK−1

λ,(2)M
(2)
0 K−1

λ,(2)(XX
>)�2 − 4a2

d2
TrK−1

λ,(2)X
(2)Σ(2)X(2)>.

Then, following the same analysis as (153), (154), and (155), we can obtain that

|B(2) − B| . a2
2

d2
|Tr(K−1

λ −K
−1
λ,(2))M

(2)
0 K−1

λ (XX>)�2|

+
a2

2

d2
|TrK−1

λ,(2)M
(2)
0 (K−1

λ −K
−1
λ,(2))(XX

>)�2|

+
a2

d2
|TrX(2)Σ(2)X(2)>(K−1

λ −K
−1
λ,(2))|

. ‖K −K(2)‖ ·
(
a2

2‖K−1
λ M

(2)
0 K−1

λ,(2)(XX
>)�2K−1

λ ‖

+ a2
2‖K−1

λ,(2)M
(2)
0 K−1

λ,(2)(XX
>)�2K−1

λ ‖+ a2‖K−1
λ X

(2)Σ(2)X(2)>K−1
λ,(2)‖

)
. d−

1
12 ,

with probability at least 1 − O(d−1/2), where we apply Theorem 1 and Lemma 26. Next,
we apply Lemma 36 and define

B(2) = B(2)
0 −∆B,

B(2)
0 :=

2

d2
Tr Σ(2) +

2a2
2

d2
TrK−1

λ,(2)X
(2)Σ(2)X(2)>K−1

λ,(2)(XX
>)�2

− 4a2

d2
TrK−1

λ,(2)X
(2)Σ(2)X(2)>,

∆B :=
4 Tr(Σ2)

d2
+
a2

2

d2

d∑
k=1

Σ2
kkν
>
kK

−1
λ,(2)(XX

>)�2K−1
λ,(2)νk.

Then, analogously to (156), we can have |∆B| . 4 Tr(Σ2)
d2

+ a2
d2
∑d

k=1 ν
>
kK

−1
λ,(2)νk . d−

10
11 .

with probability at least 1 − O(d−1). Finally, the difference between B(2)
0 and B0 can be

controlled similar as the bound of |V0 − V(2)
0 | from the proof of Lemma 43. We ignore the

details for the last step here.

Proof of Theorem 4 Based on all above Lemmas 41, 42, 43, and 44, we have already
known that |R0 − R(λ)| → 0 in probability, as d2/(2n) → α and d → ∞, where R0 :=
σ2
εV0 + B0. Here V0 and B0 are defined in Lemmas 43, and 44, respectively. Hence, to

prove Theorem 4, it suffices to analyze the asymptotic behavior of R0, as d2/(2n)→ α and
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d→∞. Recall the definition of K∗ in (157) and (XX>)�2 = X(2)X(2)>. As d→∞ and
d2/(2n)→ α ∈ (0,∞), it is easy to check that

B0 =
2

d2
Tr Σ(2) +

2a22
d2

TrK−1∗ X
(2)Σ(2)X(2)>K−1∗ (XX>)�2 − 4a2

d2
TrK−1∗ X

(2)Σ(2)X(2)>

=
2

d2
Tr
(
I− a2X(2)>K−1∗ X

(2)
)
Σ(2)

(
I− a2X(2)>K−1∗ X

(2)
)

=
2(a+ λ)2

d2
Tr
(
(a+ λ)I + a2X

(2)>X(2)
)−1

Σ(2)
(
(a+ λ)I + a2X

(2)>X(2)
)−1

=
2(a∗ + λ)2

d2
Tr
(
(a+ λ)I + a2X

(2)>
X

(2))−1
Σ(2)

(
(a+ λ)I + a2X

(2)>
X

(2))−1
+ o(1),

and

V0 = a2
2 Tr

(
a2X

(2)X(2)> + (λ+ a)I
)−2
X(2)Σ(2)X(2)> (158)

= a2 Tr
(
(a+ λ)I + a2X

(2)>X(2)
)−1

Σ(2)
(
(a+ λ)I + a2X

(2)>X(2)
)−1(

a2X
(2)>X(2)

)
= a2 Tr

(
(a+ λ)I + a2X

(2)>X(2)
)−1

Σ(2)

− a2(a+ λ) Tr
(
(a+ λ)I + a2X

(2)>X(2)
)−1

Σ(2)
(
(a+ λ)I + a2X

(2)>X(2)
)−1

= a2 Tr
(
(a∗ + λ)I + a2X

(2)>
X

(2))−1
Σ(2)

− a2(a∗ + λ) Tr
(
(a+ λ)I + a2X

(2)>
X

(2))−1
Σ(2)

(
(a∗ + λ)I + a2X

(2)>
X

(2))−1
+ o(1),

where Σ(2) is the population covariance matrix of x
(2)
i defined in (16). Recall that Σ(2) has

a limiting spectral distribution µΣ(2) as d2/(2n)→ α and n→∞. Therefore, we can apply
Lemma 31 to conclude this theorem.

E.3 Proof of Theorem 7

Following the same notions in Section E.1.5, in the setting of Theorem 7, we know that

R(λ) = Ex[|f∗(x)|2] + f>∗ (K + λI)−1M(K + λI)−1f∗ (159)

+ σ2
ε Tr(K + λI)−1M(K + λI)−1 − 2v>(K + λI)−1f∗.

Let us redefine that

v(2) :=
1

d
Tr(Σ2)b0 +

2a2

d
v

(2)
0 , v

(2)
0 := [x>1 Σ3x1, . . . ,x

>
nΣ3xn]>. (160)

In the following, we first provide the approximations of v in terms of v(2). And analogously
to Lemma 41, in the following, we will use

R̃(λ) = Ex[|f∗(x)|2] + f>∗ (K + λI)−1M (2)(K + λI)−1f∗ (161)

+ σ2
ε Tr(K + λI)−1M (2)(K + λI)−1 − 2v(2)>(K + λI)−1f∗

to approximate generalization errorR(λ). Notice that, under the assumptions of Theorem 7,
f∗ = 1

dµ where µ is defined by (145), and

M (2) = b0b
>
0 + diag(b1 − b̃1)XΣX>diag(b1 − b̃1) + 2a2

2M
(2)
0 .
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Lemma 45 Under the same assumptions as Theorem 1, we have that ‖v − v(2)‖ ≤ c
d2

,
with probability at least 1−O(d−1) for some constant c > 0.

Proof For any i ∈ [n], by the definition of f∗(x) and (132), we have

vi = Ex[K(x,xi)f∗(x)] =
8∑

k=0

bk,iEx[T
(k)
i f∗(x)] + Ex

[
f (9)(ζi)

9!d9
f∗(x)〈xi,x〉9

]

=
b0,i
d

Tr(Σ2) +
2b2,i
d
x>i Σ3xi + Ex

[
f (9)(ζi)

9!d9
f∗(x)〈xi,x〉9

]

where in the second line we applied Lemmas 20 and 33. Notice that

0 < x>i Σ3xi = w>i Σ2wi ≤ ‖wi‖2 ‖Σ‖2 . d1+ 1
15 , (162)

with probability at least 1− d−1 for all i ∈ [n], where we applied (45). Therefore,

‖v − v(2)‖ ≤ 2

d
‖v(2)

0 ‖ ·max
i∈[n]
|a2 − b2,i|+

C

d9
Ex[‖(Xx)�9f∗(x)‖]

.
1

d4.4
‖v(2)

0 ‖+
1

d9
· E[‖(Xx)�9‖2]1/2E[f∗(x)2]1/2

.

√
n

d4.4
max
i∈[n]

x>i Σ3xi +

√
n

d9
max
i∈[n]
‖wi‖9 . d−2.3,

with probability at least 1−O(d−1), where we utilize (162), (45), Lemma 34, and the defi-
nition of f∗. This completes the proof of the lemma.

Lemma 46 Under the same assumptions as Theorem 7, for any λ ≥ 0, we have that
|R(λ)− R̃(λ)| . d−

1
4 , with probability 1−O(d−1/48), where R(λ) is defined by (159).

Proof Since f∗ = 1
dµ, (148) implies that ‖f∗‖ . d with probability at least 1 − O(d−1).

Then, applying Lemmas 35 and 45, we can get∣∣∣R̃(λ)−R(λ)
∣∣∣ ≤ ∣∣∣f>∗K−1λ (M (2) −M)K−1λ f∗

∣∣∣+ 2
∣∣∣f>∗K−1λ (v(2) − v)

∣∣∣
+ σ2

ε

∣∣∣TrK−1λ (M (2) −M)K−1λ

∣∣∣
≤ (nσ2

ε + ‖f∗‖2)‖K−1λ ‖
2 · ‖M (2) −M‖+ 2‖f∗‖ · ‖K

−1
λ ‖ · ‖v

(2) − v‖ . d
−1
4 ,

with probability at least 1−O(d−1/48), where in the last line, we also utilize (90).

Notice that R̃(λ) defined in (161) can be further decomposed by

R̃(λ) = σ2
εV +R1 +R2 +Rmix, (163)
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where V is defined in Lemma 42, and we redefine the terms:

R1 :=
(
d−1 Tr(Σ2)− (a2µ+ a01)>K−1

λ f∗)
2 (164)

R2 :=
2

d2
Tr(Σ4) + 2a2

2f
>
∗K

−1
λ (XΣX>)�2K−1

λ f∗ −
4a2

d
v

(2)
0 K−1

λ f∗ (165)

Rmix := f>∗K
−1
λ (b0b

>
0 − b̃b̃

>
0 )K−1

λ f∗

+ f>∗K
−1
λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1

λ f∗ − 2
Tr(Σ2)

d
(b0 − b̃)>K−1

λ f∗

+ σ2
ε TrK−1

λ b0b
>
0 K

−1
λ + σ2

ε TrK−1
λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1

λ .(166)

Here, we denote

b̃ := a2µ+ a01, (167)

and b0, b1, b̃1 are defined in Lemma 34. The analysis of V is the same as the proof of
Theorem 4. Now recall some notations introduced in Section E.1.6. We denote by

U = [1,µ] ∈ Rn×2 (168)

D :=

(
a0 − a2 Tr(Σ2) a2

a2 0

)
(169)

Then, we have Kλ = UDU> +K∗, where K∗ satisfies

cI 4K∗ 4 Cd
1
6 I, (170)

with probability at least 1−O(d−
1
48 ), for some constants c, C > 0. This is based on Theo-

rem 1 and Lemma 32. Then, applying the Sherman-Morrison-Woodbury formula again, we
can derive that

U>K−1
λ U = U>K−1

∗ U −U>K−1
∗ U(D−1 +U>K∗U)−1U>K−1

∗ U

= (I−U>K−1
∗ U(D−1 +U>K∗U)−1)U>K−1

∗ U

= D−1(D−1 +U>K∗U)−1U>K−1
∗ U

= D−1 −D−1(D−1 +U>K∗U)−1D−1

= D−1 − (D +DU>K∗UD)−1. (171)

Lemma 47 Under the assumptions of Theorem 7, we have |R1| . d−0.4, with probability

at least 1−O(d−
1
48 ), where R1 is defined in (164).

Proof Recall that µ = d · f∗ = [x>1 Σx1, . . . ,x
>
nΣxn]>. Then E[µ] = Tr(Σ2)1. Define

µ̄ := µ− Tr(Σ2)1. Thus, (148) indicates that

‖µ̄‖ . d1.6, ‖µ‖ . d2, (172)
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with probability at least 1 − d−1. Recall the definitions of U and D in (168) and (169).
From the definition of R1, we can simplify it as

R1 =
1

d2

(
Tr(Σ2)− (a2µ+ a01)>K−1

λ µ)2

=
1

d2

(
Tr(Σ2)−

(
a0√
a2

√
a2

)
U>K−1

λ U

(
0√
a2

))2

.

Then, applying (171), we can get

Tr(Σ2)−
(

a0√
a2

√
a2

)
U>K−1

λ U

(
0√
a2

)
=
(

a0√
a2

√
a2

)
(D +DU>K∗UD)−1

(
0√
a2

)
,

where we employ the identity:
(

a0√
a2

√
a2

)
D−1

(
0√
a2

)
= Tr(Σ2). Moreover, by calcula-

tion of the inverse of the 2× 2 matrix, we know that(
a0√
a2

√
a2
)

(D +DU>K∗UD)−1
(

0√
a2

)
=

(a0 − a2 Tr(Σ2))(1>K−1∗ µ̄) + a2µ
>K−1∗ µ− a2 Tr(Σ2)µ>K−1∗ 1

−1− a01>K−1∗ 1 + 2a21>K
−1
∗ µ̄− a2 Tr(Σ2)1>K−1∗ 1 + a22(µ>K−1∗ µ · 1>K

−1
∗ 1− (1>K−1∗ µ)2)

.

Then, we control each term in the above fraction. For the numerator, by (172), we have∣∣(a0 − a2 Tr(Σ2))(1>K−1
∗ µ̄) + a2µ

>K−1
∗ µ− a2 Tr(Σ2)µ>K−1

∗ 1
∣∣ . d2.6 (173)

with probability at least 1− d−1. For the denominator, from (170), we can easily see that

O(d
11
6 ) = nd−

1
6 . a01

>K−1
∗ 1 . d2, (174)

with high probability. Meanwhile, by (170) and (172),

a2|1>K−1
∗ µ̄| . d0.6, a2 Tr(Σ2)1>K−1

∗ 1 . d (175)

with high probability. Lastly, (170) and (172) also indicate that

a2
2(µ>K−1

∗ µ · 1>K−1
∗ 1− (1>K−1

∗ µ)(1>K−1
∗ µ))

= a2
2(µ>K−1

∗ µ · 1>K−1
∗ 1− (1>K−1

∗ µ̄+ Tr(Σ2) · 1>K−1
∗ 1)(1>K−1

∗ µ))

= a2
2(µ̄>K−1

∗ µ · 1>K−1
∗ 1− (1>K−1

∗ µ̄)(1>K−1
∗ µ)) = O(d1.6) (176)

with high probability. Combining (174), (175), and (176), we can get∣∣−1−a01>K−1∗ 1+2a21
>K−1∗ µ̄−a2 Tr(Σ2)1>K−1∗ 1+a22(µ>K−1∗ µ·1>K

−1
∗ 1−(1>K−1∗ µ)2)

∣∣ ≥ d 11
6 .

Therefore, with (173), we can conclude this lemma.
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Lemma 48 Under the assumptions of Theorem 7, we have |R2| . d−1/2, with probability
at least 1−O(d−1/2), where R2 is defined in (165).

Proof By the assumption of Σ, we know that |Tr[Σ4]| . d and µ := df∗. Then for the
second term in R2, we have

a2
2f
>
∗K

−1
λ (XΣX>)�2K−1

λ f∗ .
1

d4
µ>K−1

λ a2(XΣX>)�2K−1
λ µ .

1

d4
µ>K−1

λ µ .
1

d

with probability at least 1 − O(d−
1
2 ), where we employ Lemmas 26 and 38. Lastly, in the

third term of R2, by the definition of v
(2)
0 in (160), with a slight modification of Lemma 38,

we can derive 4a2
d |v

(2)
0 K−1

λ f∗| .
1
d4
|v(2)

0 K−1
λ µ| .

1
d with probability at least 1−O(d−

1
2 ).

Lemma 49 Under the assumptions of Theorem 7, we have |Rmix| . d−0.3, with probability

at least 1−O(d−
1
48 ), where Rmix is defined by (166).

Proof We control the terms in (166), respectively. Firstly, recall b̃ := a2µ + a01 from
(167) and b0 from Lemma 133. Then, for any i ∈ [n], the i-th entry

(b0 − b̃)i =
f (4)(0)

8d4
(ti − Tr(Σ2))2 +

15t3i f
(6)(0)

6!d6
.

Therefore, by (136), we know that ‖b0 − b̃‖ . d−1.9, with probability at least 1 − O(d−1).
Hence, by (172) and (90), we have

|f>∗K−1
λ (b0 − b̃)| .

1

d
‖µ‖ ·

∥∥∥b0 − b̃
∥∥∥ . d−0.9.

Moreover, Lemma 38 verifies that with probability at least 1−O(d−1/2),

|f>∗K−1
λ b̃| .

1

d3
µ>K−1

λ µ+
1

d
|1>K−1

λ µ| . d
0.6.

Thus, combining all the above, we have with probability at least 1−O(d−1/2),∣∣f>∗K−1
λ (b0b

>
0 − b̃b̃

>
0 )K−1

λ f∗
∣∣ ≤|f>∗K−1

λ (b0 − b̃)|2 + |f>∗K−1
λ (b0 − b̃)||f>∗K−1

λ b̃| . d
−0.3.

Similarly, we can verify
∣∣Tr(Σ2)

d (b0 − b̃)>K−1
λ f∗

∣∣ . d−0.9. Next, by (90), Lemmas 32, 34

and 38, we have with probability at least 1−O(d−
1
48 ),

f>∗K
−1
λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1

λ f∗

≤ 1

d2
µ>K−1

λ µ ·max
i∈[n]
|b1,i − b̃1,i|2 · ‖XΣX>‖ . d−2.

64



Kernel in quadratic regime

Moreover, Lemma 39 shows that TrK−1
λ b0b

>
0 K

−1
λ = b>0 K

−2
λ b0 . d−0.8 with probability

1−O(d−
1
48 ). Lastly, by (90), Lemmas 32, 34 and 38, with probability 1−O(d−

1
48 ),

TrK−1
λ diag(b1 − b̃1)XΣX>diag(b1 − b̃1)K−1

λ

≤
√
d‖K−1

λ ‖
2 · ‖XΣX>‖ ·max

i∈[n]
|b1,i − b̃1,i|2 . d−3.

Proof of Theorem 7 Combining Lemmas 46, 47, 48, and 49, we can obtain that
|R(λ) − σ2

εV| . d−1/4, with probability at least 1 − O(d−1/48) for any λ ≥ 0. Here we
utilized the decomposition of R̃(λ) in (163). Hence, it suffices to analyze the limit of the
variance term V defined in Lemma 42. Because of Lemma 43 and the approximation of
V0 in (158), we can copy the analysis of V0 in the proof of Theorem 4 to conclude that
|R(λ) − σ2

εV(λ∗)| → 0, in probability, as d → ∞ and d2/(2n) → α, for any λ ≥ 0, where
V(λ∗) is defined in (105). This completes the proof of Theorem 7.

E.4 Proof of Corollary 9

Based on the proof of Theorem 3 and Theorem 2, we have

1

n
y>(K + λI)−2y → λ2

∫ 1
αx+ σ2

ε(
f ′′(0)

4α x+ a∗ + λ
)2 dµα,Σ(2)(x),

1

n
Tr((K + λI)−1)→

(
4α

f ′′(0)

)
·
∫

1

(x+ 4α
f ′′(0)(a∗ + λ))

dµΣ(2)(x),

in probability. For simplicity, we denote A = 4α
f ′′(0) and z = −A(a∗ + λ). Let the Stieltjes

transform of µΣ(2) be m(z). Then, we have

GCVλ(K,y)→ A

α

(
−zm

′(−z)
m(−z)

+ 1 +
1

2z
− 1

2zm(−z)

)
+ σ2

εA
m′(−z)
m(−z)

. (177)

in probability as n → ∞. Recall the companion Stieltjes transform m̃(z) for m(z) defined
in Definition 11 and the relation between m(z) and m̃(z): m̃(z) := αm(z) + (1−α)(−1/z).
Then we can rewrite (177) in terms of m̃(z). Then, we can apply (4) and Lemma 2.2 by
Dobriban and Wager (2018), and the proof of Theorem 4 to conclude the proof.
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