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Abstract
We introduce a (de)-regularization of the Maximum Mean Discrepancy (DrMMD) and
its Wasserstein gradient flow. Existing gradient flows that transport samples from source
distribution to target distribution with only target samples, either lack tractable numerical
implementation (f -divergence flows) or require strong assumptions and modifications, such
as noise injection, to ensure convergence (Maximum Mean Discrepancy flows). In contrast,
DrMMD flow can simultaneously (i) guarantee near-global convergence for a broad class of
targets in both continuous and discrete time, and (ii) be implemented in closed form using
only samples. The former is achieved by leveraging the connection between the DrMMD and
the χ2-divergence, while the latter comes by treating DrMMD as MMD with a de-regularized
kernel. Our numerical scheme employs an adaptive de-regularization schedule throughout
the flow to optimally balance the trade-off between discretization errors and deviations from
the χ2 regime. The potential application of the DrMMD flow is demonstrated across several
numerical experiments, including a large-scale setting of training student/teacher networks.
Keywords: Wasserstein gradient flow, reproducing kernel Hilbert space, maximum mean
discrepancy, f -divergences, spectral regularization

1. Introduction

Many applications in computational statistics and machine learning involve approximating a
probability distribution π on Rd (in terms of samples) when only partial information on π is
accessible. For example, in Bayesian inference, π is known up to an intractable normalizing
constant for complex models. The setting of interest in this work is the so-called generative
modeling setting (Brock et al., 2019; Ho et al., 2020; Song et al., 2021; Franceschi et al.,
2024) where one assumes access to a set of samples from the target distribution π, with the
goal being to generate new samples from π. Recently, a popular framework to perform this

c©2025 Zonghao Chen, Aratrika Mustafi, Pierre Glaser, Anna Korba, Arthur Gretton, and Bharath K.
Sriperumbudur .

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v26/24-1574.html.

https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v26/24-1574.html


Chen, Mustafi, Glaser, Korba, Gretton and Sriperumbudur

task involves solving a minimization problem in P(Rd), the space of probability distributions
over Rd, by choosing the objective function to be a dissimilarity function D(·‖π) (a distance
or divergence) between probability distributions that satisfies: D(ν‖π) = 0 if and only if
ν = π. Since only samples from π are available, this problem is solved approximately—yet,
the approximate minimizers may converge to π as the number of available samples increases.
In particular, in the space of probability distributions with bounded second moment P2(Rd),
a common approach is to solve this optimization problem by running a (sample-based)
approximation of the Wasserstein gradient flow of the functional F = D(·‖π), which defines a
path of distributions with steepest descent for F with respect to the Wasserstein-2 distance.

In generative modeling, the choice of D(·‖π) depends on two crucial aspects: First, its
flow should admit consistent and preferably tractable numerical implementations using only
samples from π, and second, under reasonable assumptions, it should guarantee convergence
of its flow to π, the unique global minimizer. Combined, these two properties ensure that, in
the large sample limit, this algorithm generates new samples from the target. Unfortunately,
verifying these two properties simultaneously has proved to be a surprisingly challenging
task. For instance, recent approaches based on Maximum Mean Discrepancy (MMD) (Arbel
et al., 2019; Hertrich et al., 2024b), the sliced-Wasserstein distance (Liutkus et al., 2019)
and the Sinkhorn divergence (Genevay et al., 2018) typically admit consistent finite-sample
implementations, but their global convergence guarantees—when they exist—do not apply
to most practical targets π of interest. To guarantee global convergence, one could instead
choose D as an f -divergence. For instance, the (reverse) KL divergence and χ2-divergence
are geodesically convex (Villani et al., 2009, Definition 16.5) when the target is log-concave
(i.e. π ∝ e−V with V convex) (Ohta and Takatsu, 2011), and hence their flows enjoy better
convergence behaviour. However, while the population Wasserstein gradient flows of the
χ2 and KL divergences are well-defined (Jordan et al., 1998; Chewi et al., 2020), they do
not come naturally with consistent and tractable sample-based implementations. Multiple
approaches propose to solve a surrogate optimization problem with samples at each iteration
of the flow (Gao et al., 2019; Ansari et al., 2021; Simons et al., 2022; Birrell et al., 2022; Gu
et al., 2024; Liu et al., 2024a); however, it remains to be formally established whether these
surrogate problems preserve the desirable convergence guarantees of f -divergence flows.

In the face of the trade-offs present in the current approaches, a natural question arises:
Does there exist a divergence functional D(·‖π) whose gradient flow both globally converges,
and admits a tractable, consistent sample-based implementation? In this work, we take a step
towards a positive answer by constructing a “de-regularized” variant of the Maximum Mean
Discrepancy (DrMMD) and its associated Wasserstein gradient flow. We prove that the
DrMMD gradient flow converges exponentially to the global minimum up to a controllable
barrier term for targets π that satisfy a Poincaré inequality, in both continuous and discrete
time regimes. To do so, we establish and leverage a connection between the DrMMD and
the χ2 divergence, an f -divergence whose gradient flow benefits from strong convergence
guarantees. By alternatively viewing DrMMD as MMD with a regularized kernel, DrMMD
flow comes with a consistent and tractable implementation when only samples from the
target π are available. In addition, given the empirical success of using adaptive kernels in
MMD-based generative models (Galashov et al., 2025; Li et al., 2017; Arbel et al., 2018), our
paper shows theoretically that using adaptive kernels through adaptive regularization indeed
improves the convergence of MMD gradient flow.

2



(De)-regularized Maximum Mean Discrepancy Gradient Flow

This paper is organized as follows. Section 2 introduces the necessary background
on reproducing kernel Hilbert spaces (RKHS), the MMD, χ2-divergence, and Wasserstein
gradient flows. Section 3 introduces DrMMD and shows that DrMMD is a valid probability
divergence that metrizes weak convergence. Section 4 uses DrMMD as the optimization
objective to define a Wasserstein gradient flow in P2(Rd), and analyzes the convergence
of DrMMD flow in continuous time. Sections 5 and 6 define an implementable DrMMD
particle descent scheme with both time and space discretization and analyze its convergence.
Section 7 discusses other Wasserstein gradient flows related to our DrMMD flow. Section 8
shows experiments that confirm our theoretical results. The proofs of all results are provided
in Section 10, with the technical results being relegated to an appendix.

2. Background

In this section, we present the definitions and notation used throughout the paper.

2.1 Notations

Let Ld be the Lebesgue measure on Rd. P2(Rd) denotes the set of all Borel probability
measures µ on Rd with finite second moment. For µ ∈ P2(Rd), µ � π denotes that µ is
absolutely continuous with respect to π. We use dµ

dπ to denote the Radon-Nikodym derivative.
We recall the standard definition of the Kullback-Leibler divergence, KL(µ‖π) =

∫
log(dµ

dπ )dµ
if µ� π, +∞ else.

For a continuous mapping T : Rd → Rd, T#µ denotes the push-forward measure of µ
by T . For any π ∈ P2(Rd), L2(π) is the Hilbert space of (equivalence class of) functions
f : Rd → R such that

∫
|f |2dπ < ∞. We denote by ‖ · ‖L2(π) and 〈·, ·〉L2(π) the norm and

the inner product of L2(π). We denote by C∞c (Rd) the space of infinitely differentiable
functions from Rd to R with compact support. For a vector valued functions g : Rd → Rp,
we abuse the notation of L2(π) and claim g ∈ L2(π) if gi ∈ L2(π) for all i = 1, . . . , p along
with ‖g‖2L2(π) :=

∑p
i=1 ‖gi‖2L2(π).

If f : Rd → R is differentiable, we denote by ∇f the gradient of f and Hf its Hessian. f
is α-strongly convex if Hf � αI, i.e, Hf(x)− αI is positive semi-definite for any x, where I
is the identity matrix (also denotes an identity operator depending on the context). For a
vector valued function g : Rd → Rd, if gi is differentiable for all i = 1, · · · , d, ∇ · g denotes
the divergence of g. We also denote by ∆g the Laplacian of g, where ∆g = ∇ · ∇g. We
use ‖ · ‖F to denote the matrix Frobenius norm. a ∧ b and a ∨ b denote the minimum and
maximum of a and b, respectively.

2.2 Reproducing kernel Hilbert spaces

For a positive semi-definite kernel k : Rd × Rd → R, its corresponding reproducing kernel
Hilbert space (RKHS) H is a Hilbert space with inner product 〈·, ·〉H and norm ‖ · ‖H (Aron-
szajn, 1950), such that (i) k(x, ·) ∈ H for all x ∈ Rd, and (ii) the reproducing property
holds, e.g. for all f ∈ H, x ∈ Rd, f(x) = 〈f, k(x, ·)〉H. We denote by Hd the Cartesian
product RKHS consisting of elements f = (f1, . . . , fd) with fi ∈ H with inner product
〈f, g〉Hd =

∑d
i=1〈fi, gi〉H.

3



Chen, Mustafi, Glaser, Korba, Gretton and Sriperumbudur

When
∫
k(x, x)dπ(x) <∞, H can be canonically injected into L2(π) using the operator

ιπ : H → L2(π), f 7→ f with adjoint ι∗π : L2(π)→ H given by

ι∗πf(·) =

∫
k(x, ·)f(x)dπ(x).

The operator ιπ and its adjoint can be composed to form an L2(π) endomorphism Tπ := ιπι
∗
π

called the integral operator, and a H endomorphism Σπ := ι∗πιπ =
∫
k(·, x) ⊗ k(·, x)dπ(x)

(where (a ⊗ b)c := 〈b, c〉Ha for a, b, c ∈ H) called the covariance operator. Tπ is compact,
positive, self-adjoint, and can thus be diagonalized into an orthonormal system in {ei}i≥1 of
L2(π) with associated eigenvalues %1 ≥ · · · %i ≥ · · · ≥ 0.

In this paper, we make the following assumption on our kernel.

Assumption 1 k : Rd × Rd → R is a continuous and c0-universal kernel, and there exists
K > 0 such that supx k(x, x) ≤ K.

We refer the reader to Carmeli et al. (2010) for the definition of c0-universal kernel. The
implication of Assumption 1 is that the RKHSH is compactly embedded into L2(π) (Steinwart
and Scovel, 2012, Lemma 2.3), and hence k(x, x′) has a absolute, uniform and pointwise
convergent Mercer representation (Steinwart and Scovel, 2012, Corollary 3.5),

k(x, x′) =
∑

i≥1

%iei(x)ei(x
′), (1)

for any x and x′ in the support of π. Since the kernel is c0-universal, the RKHS H is dense
in L2(π) for all Borel probability measures π (Sriperumbudur et al., 2011, Section 3.1) and
{ei}i≥1 becomes an orthornormal basis of L2(π) (Steinwart and Scovel, 2012, Theorem 3.1).

The power of the integral operator T rπ is defined as T rπ f :=
∑

i≥1 %
r
i 〈f, ei〉L2(π) ei, f ∈

L2(π). For f ∈ Ran(T rπ ), there exists q ∈ L2(π) such that f = T rπ q. The exponent r
quantifies the smoothness of the range space relative to the original RKHS H with 0 < r < 1

2

(resp. r > 1
2) yields spaces that are less (resp. more) smooth than H with Ran(T 1/2

π ) being
isometrically isomorphic to H (Cucker and Zhou, 2007; Fischer and Steinwart, 2020).

We make an additional assumption—commonly employed in the kernel-based gradient
flow literature (Glaser et al., 2021; He et al., 2024; Korba et al., 2020; Arbel et al., 2019)—on
the regularity of the kernel that will be employed in studying the DrMMD gradient flow.

Assumption 2 k : Rd × Rd → R is twice differentiable in the sense of (Steinwart and
Christmann, 2008, Definition 4.35), i.e., for i, j ∈ {1, · · · , d}, both ∂i∂i+dk and ∂i∂j∂i+d∂j+dk
exist and are continuous. There exist constants K1d,K2d > 0 such that ‖∇1k(x, ·)‖Hd :=∑d

i=1 ‖∂ik(x, ·)‖H ≤
√
K1d and ‖H1k(x, ·)‖Hd×d :=

∑d
i,j=1 ‖∂i∂jk(x, ·)‖H ≤

√
K2d for all

x ∈ Rd.

Many kernels satisfy both Assumption 1 and 2, including the class of bounded, continuous,
and translation invariant kernels on Rd whose Fourier transforms have finite second and
fourth moments. This is easy to verify by employing the Fourier transform representation of
the RKHS (Wendland, 2004, Theorem 10.12) and noting that the finiteness of the RKHS
norm of ∇1k(·, x) and H1k(·, x) for all x corresponds to the existence and finiteness of
the second and fourth moments of the Fourier transform of the kernel, respectively. This
condition is satisfied by the Gaussian kernel, Matérn kernels of order ν with ν + d

2 ≥ 2 and
the inverse multiquadratic kernel.
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2.3 Maximum mean discrepancy and χ2-divergence

The Maximum Mean Discrepancy (MMD) (Gretton et al., 2012) between µ and π is defined
as the RKHS norm of the difference between the mean embeddings1 mµ :=

∫
k(x, ·)dµ(x)

and mπ :=
∫
k(x, ·)dπ(x).

MMD(µ‖π) :=

∥∥∥∥
∫
k(x, ·)dµ(x)−

∫
k(x, ·)dπ(x)

∥∥∥∥
H

= ‖mµ −mπ‖H .

The function mµ −mπ is often referred to as the “witness function”. When the kernel k
is c0-universal, MMD(µ‖π) = 0 if and only if µ = π, and the MMD metrizes the weak
topology between probability measures (Sriperumbudur et al., 2010; Sriperumbudur, 2016).
Given samples (x1, . . . , xn) and (y1, . . . , ym) from µ and π respectively, the MMD can be
consistently estimated in multiple ways (Gretton et al., 2012). For instance, one can compute
its “plug-in” estimator, e.g. MMD(µ̂‖π̂), where µ̂ := 1

n

∑n
i=1 δxi and π̂ := 1

n

∑n
i=1 δyi .

The χ2-divergence — a member of the family of f -divergences (Rényi, 1961) — is defined
as the variance of the Radon-Nikodym derivative dµ

dπ under π:

χ2(µ‖π) :=

∫ (
dµ

dπ
− 1

)2

dπ,

when µ� π, and +∞ otherwise. The χ2-divergence has a variational form (Nowozin et al.,
2016; Nguyen et al., 2010):

χ2(µ‖π) = sup
h∈M(Rd)

∫
hdµ−

∫ (
h+

1

4
h2

)
dπ,

whereM(Rd) denote the set of all measurable functions from Rd to R. When µ � π, we
prove in Lemma B.1 that the optimal h∗ = dµ

dπ − 1 ∈ L2(π) so that it is sufficient to restrict
the variational set to L2(π) in contrast toM(Rd) for general f -divergences. Since in most
cases, χ2(µ̂‖π̂) = +∞, the χ2-divergence does not admit plug-in estimators, and estimating
it consistently involves more complicated strategies (Nguyen et al., 2010).

2.4 Wasserstein gradient flows

Gradient flows are dynamics that use local (e.g. differential) information about a given
functional in order to minimize it as fast as possible. Their exact definition depends on the
nature of the input space; in the familiar case of Euclidean space Rd, the gradient flow of
a sufficiently regular F : Rd → R given some initial condition x0 is given by the solution
(xt)t≥0 of ∂txt = −v(xt), where v is the Fréchet subdifferential of F , a generalization of the
notion of derivative to non-smooth functions (Kruger, 2003).

Gradient flows can be extended from Euclidean spaces to the more general class of metric
spaces (Ambrosio et al., 2005). When the metric space in question is P2(Rd) endowed with
the Wasserstein-2 distance, this gradient flow is called the Wasserstein gradient flow (µt)t≥0.
The Wasserstein gradient flow of F : P2(Rd)→ R takes the particular form (Ambrosio et al.,
2005, Lemma 10.4.1):

∂tµt +∇ · (µtvt) = 0, (2)

1. Such mean embeddings are well-defined under Assumption 1.
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where vt is the Fréchet subdifferential of F : P2(Rd)→ R evaluated at µt (Ambrosio et al.,
2005, Definition 11.1.1). (2) is an instance of the continuity equation with velocity field
vt: under these dynamics, the mass of µt is transported in the direction vt that decreases
F at the fastest rate at each time t. While (2) can be time-discretized in various ways
(Santambrogio, 2017; Ambrosio et al., 2005), in this work, we will focus on the forward Euler
scheme, defined as µn+1 := (I − γvn)#µn where γ > 0 is a step size parameter. Such a
scheme is also known as the Wasserstein Gradient Descent of F .

Just as gradient descent in Euclidean spaces, an instrumental property to characterize
the convergence of the Wasserstein gradient descent of a functional F is given by its geodesic
convexity and smoothness. Among various ways, one can consider to characterize convexity
and smoothness through lower and upper bounds on the Wasserstein Hessian of the functional
F (Villani et al., 2009, Proposition 16.2). Given any φ ∈ C∞c (Rd) that defines a constant
speed geodesic2 starting at µ: ρt = (I + t∇φ)#µ for 0 ≤ t ≤ 1, the Wasserstein Hessian of a
functional F : P2(Rd)→ R at µ, denoted as HessF|µ, is an operator from L2(µ) to L2(µ):3

〈HessF|µ∇φ,∇φ〉L2(µ) =
d2

dt2

∣∣∣
t=0
F(ρt).

A functional F is said to be geodesically M -smooth at µ if 〈HessF|µ∇φ,∇φ〉L2(µ) ≤
M‖∇φ‖L2(µ), and is said to be geodesically Λ-convex at µ if 〈HessF|µ∇φ,∇φ〉L2(µ) ≥
Λ‖∇φ‖L2(µ). Additionally, F is geodesically semiconvex if −∞ < Λ < 0 and geodesically
strongly convex if Λ > 0. Generally, a functional F that is both smooth and strongly convex
is preferred, because its Wasserstein gradient descent has an exponential rate of convergence
under a small enough step size γ (Boyd and Vandenberghe, 2004, Section 9.3.1)(Bonet et al.,
2024).

Given some probability measure π ∈ P2(Rd), the MMD flow (resp. χ2 flow) is the
Wasserstein gradient flow of the functional FMMD(·) = MMD(·‖π) (resp. Fχ2(·) = χ2(·‖π)).
As with the MMD, the MMD flow has an analytic finite sample implementation and may be
used to construct generative modeling algorithms (Hertrich et al., 2024b,a). The Wasserstein
Hessian of FMMD for smooth kernels is not positively lower bounded (Arbel et al., 2019,
Proposition 5), however, so MMD flow only converges up to an unknown barrier (Arbel
et al., 2019, Theorem 6), with global convergence only under a strong (and unverifiable)
assumption (Arbel et al., 2019, Proposition 7). More recent works (Boufadène and Vialard,
2024) have demonstrated the global convergence of the MMD flow when using the Coulomb
kernel. This kernel is non-smooth, however, which complicates numerical implementations. In
contrast, the Wasserstein Hessian of Fχ2 is positively lower bounded (Ohta and Takatsu, 2011)
for log-concave targets π, so Fχ2 is geodesically strongly convex and χ2 flow enjoys exponential
rate of convergence. The exponential convergence of χ2 flow towards the global minimum in
fact holds for a broader class of targets π that satisfy a Poincaré inequality (Chewi et al.,
2020). The χ2 flow has so far lacked a tractable sample-based implementation, however, so it
has not been widely used in practice.

2. See Appendix A for the definition.
3. Strictly speaking, HessF|µ is an operator over the tangent space TµP2(Rd) which is a subset of L2(µ) (Vil-

lani et al., 2009).
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In the following sections, we will introduce a new Wasserstein gradient flow that combines
the computational advantages of the MMD flow with the convergence properties of the χ2

flow.

3. (De)-regularized Maximum Mean Discrepancy (DrMMD)

In this section, we introduce a (de)-regularized version of maximum mean discrepancy, or
DrMMD in short. The DrMMD is rooted in a unified representation of the MMD and the
χ2-divergence, given in the following proposition, which is proved in Section 10.1.

Proposition 3.1 (MMD and χ2-divergence) Suppose dµ
dπ − 1 ∈ L2(π) for µ, π ∈ P2(Rd).

Then

MMD2(µ‖π) =

∥∥∥∥T 1/2
π

(
dµ

dπ
− 1

)∥∥∥∥
2

L2(π)

and χ2(µ‖π) =

∥∥∥∥I

(
dµ

dπ
− 1

)∥∥∥∥
2

L2(π)

.

Remark 3.1 The χ2 identity follows from the definition but is provided for comparison
purposes. Together, these identities express both the MMD and the χ2-divergence as functionals
of the (centered) density ratio dµ

dπ − 1. While the χ2-divergence directly computes the L2(π)

norm of the centred ratio, the MMD2 first computes the image by the operator T 1/2
π before

taking the L2(π) norm. The smoothing effect of the compact operator T 1/2
π —note that Tπ

is compact if k is bounded as assumed in Assumption 1—has both positive and negative
consequences: FMMD(·) = MMD2(·‖π) admits finite sample estimators but is not geodesically
convex, making the first-order optimization of MMD objective (as done in generative modeling)
challenging (Arbel et al., 2019). In contrast, Fχ2(·) = χ2(·‖π) is geodesically convex for
log-concave targets π (Ohta and Takatsu, 2011) but is hard to estimate with samples.

With these facts in mind, we introduce a divergence whose purpose is to combine the
beneficial properties of both the χ2-divergence and MMD. To do so, this divergence computes
the L2(π) norm of the image of dµdπ − 1 by an alternative operator which interpolates between
I and T 1/2

π . We set this operator to be ((Tπ + λI)−1Tπ)1/2, where λ > 0 is a regularization
parameter. The operator ((Tπ + λI)−1Tπ)1/2 can be seen as a (de)-regularization of the
operator T 1/2

π used by the MMD—- a similar idea has been used in kernel Fisher discriminant
analysis (Mika et al., 1999), goodness-of-fit testing (Balasubramanian et al., 2021; Hagrass
et al., 2024b), and two-sample testing (Harchaoui et al., 2007; Hagrass et al., 2024a). We
call the resulting divergence the (De)-regularized Maximum Mean Discrepancy (DrMMD).

Definition 1 (DrMMD) Suppose dµ
dπ − 1 ∈ L2(π) where µ, π ∈ P2(Rd). Then the (de)-

regularized maximum mean discrepancy (DrMMD) between µ, π ∈ P2(Rd) is defined as

DrMMD(µ||π) = (1 + λ)

∥∥∥∥
(
(Tπ + λI)−1Tπ

)1/2
(
dµ

dπ
− 1

)∥∥∥∥
2

L2(π)

, (3)

where λ > 0.
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While all three operators, I, Tπ and (Tπ + λI)−1Tπ are diagonalizable in the same eigenbasis
of L2(π), the key difference between them lies in the behavior of their eigenvalues. The
identity operator I has all eigenvalues 1, the integral operator Tπ has eigenvalues (%i)i≥1

which decay to zero as i→∞ and the (de)-regularized integral operator (Tπ + λI)−1Tπ has
eigenvalues (%i/(%i + λ))i≥1 which either decay to zero or converge to 1 depending on the
choice of λ as i → ∞. (Tπ + λI)−1Tπ is known in the statistical estimation literature as
Tikhonov regularization; alternative definitions of DrMMD could be obtained by using other
regularizing operators, such as Showalter regularization in Engl et al. (1996). In this paper,
we primarily focus on Tikhonov regularization and leave other types of regularization for
future work.

One of the stated purposes of the DrMMD is to retain the computational benefits of the
MMD, which are crucial for its use in particle algorithms for generative modeling. To this
end, we provide an alternative representation of DrMMD which does not involve the density
ratio dµ

dπ directly, but only kernel expectations.

Proposition 3.2 (Density ratio–free and variational formulations) DrMMD can be
alternately represented as

DrMMD(µ||π) = (1 + λ)
∥∥∥(Σπ + λI)−

1
2 (mµ −mπ)

∥∥∥
2

H
(4)

= (1 + λ) sup
h∈H

{∫
h dµ−

∫ (
h2

4
+ h

)
dπ − λ

4
‖h‖2H

}
(5)

with h∗µ,π = 2 (Σπ + λI)−1 (mµ −mπ) being the witness function.

The proof is in Section 10.2. The density ratio-free representation (4) contains three
expectations under µ and π: the mean embeddings mµ and mπ, and the covariance operator
Σπ. Given samples {xi}Mi=1 ∼ µ and {yi}Ni=1 ∼ π, we can construct a plug-in finite sample
estimator in (71) by replacing µ and π with their empirical counterparts: µ̂ = 1

M

∑M
i=1 δxi

and π̂ = 1
N

∑N
i=1 δyi .

The density ratio-free representation (4) frames DrMMD as acting on the difference of
mµ and mπ similarly to MMD. In fact, up to a multiplicative factor (1 + λ), DrMMD is
MMD computed with respect to another kernel k̃ defined as

k̃(x, x′) =
〈

(Σπ + λI)−
1
2 k(x, ·), (Σπ + λI)−

1
2 k(x′, ·)

〉
H
. (6)

The derivations are provided in Section 10.3. The kernel k̃ is symmetric and positive semi-
definite by construction, and its associated reproducing kernel Hilbert space is H̃. The density
ratio-free representation of DrMMD in Proposition 3.2 is already known in (Balasubramanian
et al., 2021; Harchaoui et al., 2007; Hagrass et al., 2024a,b) in the context of non-parametric
hypothesis testing.

3.1 Properties of DrMMD

In this section, we establish various properties of DrMMD. As discussed earlier, DrMMD
is constructed to interpolate between χ2-divergence and MMD to exploit the advantages
associated with each. The following result formalizes the interpolation property.
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Proposition 3.3 (Interpolation property) Let µ, π ∈ P2(Rd). If Assumption 1 holds
and dµ

dπ − 1 ∈ L2(π), then

lim
λ→0

DrMMD(µ‖π) = χ2(µ‖π), and lim
λ→∞

DrMMD(µ‖π) = MMD2(µ‖π).

Proposition 3.3, whose proof can be found in Section 10.4, shows that DrMMD asymptotically
becomes a probability divergence in the small and large λ regimes. We seek to use DrMMD
as a minimizing objective in generative modeling algorithms; however, we need to ensure
that DrMMD is a probability divergence for any fixed value of λ. This result holds, as shown
next.

Proposition 3.4 (DrMMD is a probability divergence) Under Assumption 1, for any
λ ∈ (0,∞), DrMMD is a probability divergence, i.e., DrMMD(µ‖π) ≥ 0, with equality iff
µ = π. Moreover, DrMMD metrizes the weak topology between probability measures, i.e.,
DrMMD(µn‖π)→ 0 iff µn converges weakly to π ∈ P2(Rd) as n→∞.

As MMD with c0-universal kernels metrizes the weak convergence of distributions (Sripe-
rumbudur, 2016; Simon-Gabriel et al., 2023), Proposition 3.4, whose proof can be found
in Section 10.5, shows that for any λ > 0, DrMMD is “MMD–like” topologically speaking,
and is different from the χ2-divergence which induces a strong topology (Agrawal and Horel,
2021).

Remark 3.2 DrMMD is a specific case of a so-called “Moreau envelopes of f-divergences
in reproducing kernel Hilbert spaces” introduced in Stein et al. (2025), when the f -divergence
is taken as the χ2-divergence. This connection is uncovered by the variational formulation
of DrMMD in (5). In contrast to general f-divergences, the Moreau envelope of the χ2-
divergence enjoys a closed-form expression, as we highlight in this paper with various analytical
formulas for DrMMD. The interpolation property (Proposition 3.3) and the metrization
of weak convergence (Proposition 3.4) are proved concurrently in Corollaries 12 and 13 of
Stein et al. (2025), relying on formulation via Moreau envelopes. In our case, we use direct
computations thanks to the closed form of DrMMD.4

4. Wasserstein Gradient Flow of DrMMD

Having introduced the DrMMD in the previous section, we now construct and analyze its
Wasserstein Gradient Flow (WGF). As discussed in Section 2, WGFs define dynamics (µt)t≥0

in Wasserstein-2 space that minimize a given functional F by transporting µt in the direction
of steepest descent, given by the Fréchet subdifferential of F evaluated at µt. Given some
target distribution π from which we wish to sample, the WGF of FDrMMD(·) = DrMMD(·‖π),
called DrMMD flow, has the potential to form the basis of a generative modeling algorithm,
since µt progressively minimizes its distance (in the DrMMD sense) to the target π.

To fulfill this potential, two additional ingredients are necessary. The first is to formally
establish that µt reaches the global minimizer π, and the second is to design a tractable
finite-sample algorithm that inherits the convergence properties of the original DrMMD flow.

4. We would like to clarify that Stein et al. (2025) appeared on arxiv when our paper was already under
review at ICML 2024.
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We defer the second point to Section 5 and focus in this section on showing how DrMMD
benefits from its interpolation towards χ2-divergence such that the DrMMD flow achieves
near-global convergence for a large class of target distributions.

4.1 DrMMD flow: Definition, existence, and uniqueness

To prove that the DrMMD flow is well-defined and admits solutions, the key is to show that
the FDrMMD admits Fréchet subdifferentials, as formalized in the following proposition.

Proposition 4.1 (DrMMD gradient flow) Let λ > 0, and µ0, π ∈ P2

(
Rd
)
. Under

Assumption 1 and 2, the functional FDrMMD admits Fréchet subdifferential of the form
(1 + λ)∇h∗µt,π, where h∗µt,π is the witness function defined in Proposition 3.2. Consequently,
the DrMMD flow is well-defined and is the solution to the following equation

∂tµt −∇ ·
(
µt(1 + λ)∇h∗µt,π

)
= 0. (7)

In addition, the DrMMD flow starting at µ0 is unique because FDrMMD is semiconvex, i.e.,
for any φ ∈ C∞c (Rd) and µ ∈ P2(Rd),

∣∣∣
〈
HessFDrMMD|µ∇φ,∇φ

〉
L2(µ)

∣∣∣ ≤ 2(1 + λ)
2
√
KK2d +K1d

λ
‖∇φ‖2L2(µ). (8)

The proof is in Section 10.6. By recalling the discussion of Wasserstein Hessian in Section 2.4,
(8) indicates that FDrMMD is both geodesically smooth and geodesically semiconvex, which
is expected because DrMMD is equivalent to MMD with a regularized kernel k̃ defined in
(6) and FMMD is both geodesically smooth and geodesically semiconvex (Arbel et al., 2019,
Proposition 5). Proposition 4.1 is proved concurrently in Corollaries 14 and 20 of Stein et al.
(2025) relying on formulation via Moreau envelopes, while our proof uses the closed-form
expression for DrMMD.

4.2 Near-global convergence of DrMMD flow

Having defined the DrMMD flow, we are now concerned with its convergence to the target
π. Since DrMMD is constructed to interpolate between the MMD and the χ2-divergence,
DrMMD flow is expected to recover the convergence properties of the χ2 flow. With this
goal in mind, we first study the Wasserstein Hessian of DrMMD and prove that it becomes
asymptotically positive as λ → 0 for strongly log-concave targets π. Next, to obtain a
non-asymptotic convergence rate, we take another route and show that the DrMMD flow
converges to π exponentially fast in KL divergence up to a barrier term that vanishes in the
small λ regime, provided that π satisfies a Poincaré inequality.

4.2.1 Near-Geodesic Convexity of FDrMMD

One popular approach to proving that the DrMMD flow (µt)t≥0 converges to the target π
in terms of DrMMD is to show that FDrMMD is geodesically convex (Ambrosio et al., 2005,
Theorem 4.0.4), or, equivalently in our definition in Section 2.4, its Wasserstein Hessian is
positive definite. In the next proposition, we show that the Wasserstein Hessian of FDrMMD

is indeed positive definite for small enough λ; however, as we will see below (remark 4.2), the
form of the result will not allow us to show convergence besides in the limit λ→ 0, which
leads us to take a different approach in subsequent sections.

10
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Proposition 4.2 (Near-geodesic convexity of FDrMMD) Let µ, π ∈ P2(Rd), µ, π � Ld
and φ ∈ C∞c (Rd). Under Assumption 1 and 2, let π be α strongly log-concave, i.e., π ∝
exp(−V ), HV � αI, and assume additionally that x 7→ HV (x) is continuous. Then for all
µ such that x 7→ ∇ logµ(x) is continuous and dµ

dπ − 1 ∈ H,

〈
HessFDrMMD|µ∇φ,∇φ

〉
L2(µ)

≥ α(1 + λ)

∫
dµ

dπ
(x)‖∇φ(x)‖2dµ(x)−R(λ, µ,∇φ), (9)

where limλ→0R(λ, µ,∇φ) = 0.

The proof can be found in Section 10.7. To obtain this result, we relate the Wasserstein
Hessian of FDrMMD with that of Fχ2 . When dµ

dπ − 1 ∈ H, they coincide asymptotically as
λ→ 0, showing that the interpolation properties of DrMMD to the χ2-divergence hold at
the level of Wasserstein derivatives. Together with the fact that the Wasserstein Hessian of
Fχ2 is positive definite for α-strongly log-concave π (Ohta and Takatsu, 2011), we obtain the
lower bound in (9). It is noteworthy that although DrMMD can be viewed as squared MMD
with a regularized kernel k̃, the near-geodesic convexity in Proposition 4.2 is not observed
for standard MMD with a fixed kernel k because the latter does not interpolate towards
χ2-divergence.

Remark 4.1 (Geodesic convexity/smoothness trade-off in FDrMMD) The geodesic
smoothness and near-convexity of the functional FDrMMD are characterized by (8) and (9)
respectively via upper and lower bounds on the Wasserstein Hessian of FDrMMD. However,
(8) and (9) impose contradictory conditions on the (de)-regularization parameter λ: (8)
indicates that DrMMD is smoother if λ is larger while (9) indicates that DrMMD is more
convex if λ is small enough. Consequently, there is a trade-off between the geodesic convexity
and smoothness of FDrMMD, which will play an important role in Section 5.

Remark 4.2 Proposition 4.2 shows that for fixed µ and ∇φ, there exists λ small enough yet
positive such that

〈
HessFDrMMD|µ∇φ,∇φ

〉
L2(µ)

> 0 at µ. The remainder term R(λ, µ,∇φ) is
only controlled in the limit as λ→ 0, however, which complicates the use of Proposition 4.2 to
show global convergence of the DrMMD flow. In the next section, we employ a different set of
techniques that rely on the Poincaré condition on π, a condition which, as we show, will ensure
a sufficient dissipation of KL divergence along the DrMMD flow to obtain non-asymptotic
near-global convergence.

4.2.2 Near-Global Convergence of DrMMD flow via Poincaré inequality

Even when a functional F is not geodesically convex, convergence guarantees for its Wasser-
stein gradient flow (µt)t≥0 can still be obtained if the target π satisfies certain functional
inequalities. Consider the χ2 flow (νt)t≥0, for example: if π satisfies the Poincaré inequality,
then (νt)t≥0 converges exponentially fast to π in terms of KL divergence (Chewi et al., 2020,
Theorem 1), i.e.,

KL(νT ‖π) ≤ exp

(
− 2T

CP

)
KL(ν0‖π). (10)

11



Chen, Mustafi, Glaser, Korba, Gretton and Sriperumbudur

Recall that π satisfies a Poincaré inequality (Pillaud-Vivien et al., 2020, Definition 1) if for
all functions f : Rd → R such that f,∇f ∈ L2(π), there exists a constant CP > 0 such that

∫
f(x)2dπ(x)−

(∫
f(x)dπ(x)

)2

≤ CP ‖∇f‖2L2(π). (11)

The smallest constant CP for which (11) holds is called the Poincaré constant. The Poincaré
inequality is widely used for studying the convergence of Langevin diffusions (Chewi et al.,
2024) and χ2 flow (Chewi et al., 2020; Trillos and Sanz-Alonso, 2020). The Poincaré condition
is implied by the strong log-concavity of π, and is weaker than strong log-concavity because
it also allows for nonconvex potentials. The set of probability measures satisfying a Poincaré
inequality includes distributions with sub-gaussian tails or with exponential tails. This set is
also closed under bounded perturbations and finite mixtures (see Vempala and Wibisono
(2019) and Chewi et al. (2024) for a more detailed discussion).

Given the interpolation property of DrMMD to χ2-divergence, (10) suggests investigating
the convergence of the DrMMD flow (µt)t≥0 in KL divergence under a Poincaré inequality.
To this end, we first derive an upper bound on KL(µt‖π) along the DrMMD flow.

Theorem 4.1 (KL control of the DrMMD flow) Suppose k satisfies Assumptions 1 and
2, and the target π and DrMMD gradient flow (µt)t≥0 satisfy the following conditions:

1. π satisfies a Poincaré inequality with constant CP .

2. µt, π � Ld.

3. dµt
dπ − 1 ∈ Ran(T rπ ) with r > 0, i.e., there exists qt ∈ L2(π) such that dµt

dπ − 1 = T rπ qt.

4.
∥∥∥∇ (log π)>∇

(
dµt
dπ

)∥∥∥
L2(π)

≤ Jt and
∥∥∥∆
(
dµt
dπ

)∥∥∥
L2(π)

≤ It.

5. For all i = 1, . . . , d, lim
x→∞

(
h∗µt,π(x)− 2dµtdπ (x)

)(
∂i
dµt
dπ (x)

)
π(x)→ 0.

Then, for any T ≥ 0,

KL(µT ‖π) ≤ exp

(
−2(1 + λ)

CP
T

)
KL(µ0‖π)

+ 4(1 + λ)λr
∫ T

0
exp

(
−2(1 + λ)

CP
(T − t)

)
‖qt‖L2(π) (Jt + It)dt. (12)

The proof, which can be found in Section 10.8, leverages the fact that the DrMMD can
approximate not only the χ2-divergence, but also its Wasserstein gradient. The DrMMD’s
approximation properties can be combined with functional inequalities to obtain an upper-
bound for the continuous-time dissipation of KL divergence along the flow, given by:

d

dt
KL(µt‖π) ≤ −2(1 + λ)

CP
KL(µt‖π) + 4(1 + λ)λr ‖qt‖L2(π) (Jt + It)︸ ︷︷ ︸

Approximation error

, (13)

from which Theorem 4.1 follows upon applying the Growall’s lemma (Gronwall, 1919). The
first term is strictly negative, while the second term is an approximation error term arising
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from DrMMD not perfectly matching the χ2-divergence for λ > 0. When λ = 0, Theorem 4.1
recovers the exponential decay of KL divergence along χ2 flow in (10).

Remark 4.3 (i) The second condition assumes that µt and π have densities.
(ii) The third condition that dµt

dπ − 1 ∈ Ran(T rπ ) is a regularity condition on the density ratio
so that it can be well approximated by the witness function h∗µt,π. This assumption is known
as the range assumption in the literature of kernel ridge regression (Cucker and Zhou, 2007;
Fischer and Steinwart, 2020). We posit that this assumption can be relaxed to dµt

dπ −1 ∈ L2(π)
as in Proposition 3.3 if only asymptotic convergence is needed with no explicit rate.
(iii) The fourth condition is another regularity condition on the density ratio along the flow.
This condition is automatically satisfied under a stronger range condition (r = 1

2) in the third
condition, i.e., dµt

dπ − 1 ∈ H, along with a moment condition on the score function ∇ log π.
To see this, notice that we can further write (derivations are provided in Section 10.8)

∥∥∥∥∇ (log π)>∇
(
dµt
dπ

)∥∥∥∥
L2(π)

≤
√
K1d‖qt‖L2(π) ‖∇ log π‖L2(π)

∥∥∥∥∆

(
dµt
dπ

)∥∥∥∥
L2(π)

≤
√
K2d‖qt‖L2(π).

(14)

As an illustration, we examine the DrMMD flow under a Gaussian approximation in Ap-
pendix C, following Lambert et al. (2022); Liu et al. (2024b), with a Gaussian kernel and
Gaussian target π, for which explicit upper bounds It and Jt can be derived.
(iv) The fifth condition is a boundary condition that allows integration by parts equality in
the proof. We highlight that many works (e.g., Theorem 1 of He et al. (2024), Theorem 2 of
Nitanda et al. (2022), Lemma 6 of Vempala and Wibisono (2019)) on Wasserstein gradient
flow apply integration by parts without explicitly stating this condition.

Additionally, if ‖qt‖L2(π) ≤ Q,Jt ≤ J , It ≤ I for all 0 ≤ t ≤ T , then Theorem 4.1 will
ensure KL convergence of the DrMMD flow up to a controllable barrier term, e.g. near global
convergence.

Corollary 4.1 (Near global convergence of the DrMMD flow) In addition to the as-
sumptions of Theorem 4.1, if ‖qt‖L2(π) ≤ Q, Jt ≤ J , It ≤ I for all 0 ≤ t ≤ T , where Q,J ,
and I are universal constants independent of λ, then for any T ≥ 0,

KL(µT ‖π) ≤ exp

(
−2(1 + λ)

CP
T

)
KL(µ0‖π) + 2λrCPQ (J + I) .

The proof of Corollary 4.1 follows directly from upper-bounding the second term of (12)
with universal constants Q, J , and I, and using the closed-form expression of the resulting
integral. Corollary 4.1 provides a condition under which the DrMMD flow will exhibit an
exponential rate of convergence (linear convergence) in terms of KL divergence up to an
extra approximation error term which vanishes as λ→ 0. If ‖qt‖L2(π) ≤ Q,Jt ≤ J , It ≤ I
for all 0 ≤ t ≤ T as shown in Corollary 4.1, the approximation error is of explicit order
O(λr). Therefore, in the continuous time regime, to have a smaller approximation error, it
is beneficial to use a small (de)-regularization parameter λ, so that DrMMD flow operates
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closer to the regime of χ2 flow. However, as we will see in the next section, when it comes to
time-discretized DrMMD flow, i.e., DrMMD gradient descent, there is a trade-off between
the approximation error and the time discretization error such that the selection of λ would
require more careful analysis to strike a good balance. Finally, a smaller Poincaré constant
CP results in both a faster rate of convergence and a smaller barrier.

Previously, Arbel et al. (2019) established (sublinear) global convergence of the MMD
flow in terms of MMD distance by assuming that a Lojasiewicz inequality (or a variant of it
if additionally performing noise injection, see Arbel et al., 2018, Proposition 8) holds along
the flow. Our result thus complements that of Arbel et al. (2019) by showing that MMD-type
functionals can achieve near-global convergence for targets satisfying a Poincaré inequality
regardless of whether such inequalities hold, by studying their behavior in the f -divergence
interpolation regime.

Remark 4.4 Since DrMMD is asymmetric in its arguments, the reader may wonder why we
focus on the gradient flow of DrMMD(·||π) instead of DrMMD(π||·). From the convergence
standpoint, Theorem 4.1 shows that DrMMD(·||π) converges globally with an exponential
rate up to a small barrier when π satisfies Poincaré inequality along with an extra regularity
condition on the density ratio. This favorable convergence property is no longer true for
DrMMD(π||·). Practically speaking, the Wasserstein gradient of DrMMD requires inverting
a kernel integral operator. It is more efficient to do this just once with a kernel integral
operator with respect to π as in (3), rather than with respect to µt, which would happen at
each time (as done by He et al. 2024).

Computing the DrMMD flow is intractable since the dynamics are in continuous-time,
and in practice, we do not have access to π, but only samples from it. In the next two
sections, we build a tractable approximation of the DrMMD flow which provably achieves
near-global convergence under similar assumptions as the ones in Section 4. Compared
to the DrMMD flow, this approximation combines a discretization in time (introduced in
Section 5) with a particle-based space-discretization (introduced in Section 6). While the
space-discretization techniques that we used are well-known in the Wasserstein gradient
flow literature, our time-discretized scheme deviates from standard approaches, which are
insufficient to guarantee near-global convergence in our case.

5. Time-discretized DrMMD flow

In this section, we first construct and analyze the forward Euler scheme of (7), a simple
time-discretization of the DrMMD flow which we call DrMMD Descent. Compared to the
DrMMD flow, the convergence of DrMMD descent is affected by an additional smoothness-
related time-discretization error that blows up as λ approaches 0, thus preventing near-global
convergence. To address this issue, we propose in Section 5.2 an alternative discrete-time
scheme that adapts the value of the regularization coefficient λ across the descent iterates,
which we call Adaptive DrMMD Descent. We show that this scheme converges in the KL
divergence up to a barrier term that vanishes as the discretization step size goes to zero.

5.1 DrMMD Descent

The forward Euler discretization of the DrMMD flow (or DrMMD Descent in short) with
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step size γ > 0 consists of sequence of probabilities (µn)n∈N defined by the recursion

µn+1 =
(
I− γ(1 + λ)∇h∗µn,π

)
#
µn, µn=0 = µ0, (15)

where h∗µn,π = 2 (Σπ + λI)−1 (mµn −mπ) is the DrMMD witness function. This scheme was
previously considered in Arbel et al. (2019); in particular, Proposition 4 of Arbel et al. (2019)
shows that the discrete-time MMD dissipation rate along the MMD Descent iterates follows
the (continous time) rate of the MMD flow up to an error term proportional to the step size
γ and the smoothness parameters of the problem5.

Next, we turn to study the convergence of DrMMD descent. One way is to treat DrMMD
as MMD with a regularized kernel k̃ and follow Proposition 4 of Arbel et al. (2019), however
this does not quantitatively take into account the role of (de)-regularization parameter λ
that balances the trade-off between geodesic convexity and smoothness of FDrMMD. Instead,
we adopt the same strategy of Section 4 that exploits the interpolation property of DrMMD
towards χ2-divergence: in the following proposition, we study the dissipation of KL divergence
along the DrMMD Descent when the target π satisfies a Poincaré inequality, in which the
role of (de)-regularization parameter λ is highlighted in the approximation and discretization
errors.

Proposition 5.1 (Descent lemma in KL) Suppose k satisfies Assumption 1 and 2, and
suppose the target π and DrMMD gradient descent iterates (µn)n∈N satisfy the following:

1. π satisfies a Poincaré inequality with constant CP and its potential is β-smooth, i.e.,
π ∝ exp(−V ) with HV � βI.

2. µn, π � Ld.

3. dµn
dπ − 1 ∈ Ran(T rπ ) with r > 0, i.e., there exists qn ∈ L2(π) such that dµn

dπ − 1 = T rπ qn.

4. ‖qn‖L2(π) ≤ Q,
∥∥∥∇V >∇

(
dµn
dπ

)∥∥∥
L2(π)

≤ J ,
∥∥∥∆
(
dµn
dπ

)∥∥∥
L2(π)

≤ I for all n = 1, · · · , nmax.

5. For all i = 1, . . . , d, lim
x→∞

(
h∗µn,π(x)− 2dµndπ (x)

)(
∂i
dµn
dπ (x)

)
π(x)→ 0.

6. There exists a constant 1 < ζ < 2 such that for all n = 1, . . . , nmax, the step size γ satisfies

γ ≤ ζ − 1

2ζ(1 + λ)
√
χ2 (µn‖π) K2d

λ

. (16)

Then for all 0 ≤ n ≤ nmax and 0 < λ ≤ 1,

KL(µn+1‖π)−KL(µn‖π) ≤ − 2

CP
χ2(µn‖π)γ

+ 4γλrQ (J + I)︸ ︷︷ ︸
Approximation error

+ 8γ2(β + ζ2)χ2(µn‖π)
K1d +K2d

λ︸ ︷︷ ︸
Discretization error

.
(17)

5. In the MMD flow case, the main smoothness parameters is the Lipschitz constant of the kernel.
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The proof is provided in Section 10.9. Conditions 1-5 of Proposition 5.1 are similar to
conditions 1-5 of Theorem 4.1, which assumes a functional inequality on the target π and
regularity on the density ratio dµn

dπ −1. In a similar spirit to Theorem 4.1, the fourth regularity
condition is automatically satisfied under a stronger range assumption on dµn

dπ − 1. For the
sake of brevity, we directly assume uniform upper bounds in the fourth condition rather than
writing it out in a separate corollary like Corollary 4.1. Compared to the continuous time
regime, two extra conditions are necessary. The first one is a smoothness condition on the
potential, HV � βI, which is commonly used in the convergence analysis of discrete-time
Langevin-based samplers (Dalalyan, 2017; Dalalyan and Karagulyan, 2019; Durmus et al.,
2019; Dalalyan et al., 2022; Vempala and Wibisono, 2019). It can be relaxed to ∇V being
Hölder-continuous with exponent s ∈ [0, 1] (Chatterji et al., 2020). The second one, (16), is
an upper bound on the step size γ, aligning with the principle that step size should be small
enough for the discrete-time scheme to inherit the properties of its continuous analog. This
condition will be more thoroughly discussed in Remark 5.4 when all the conditions on γ in
Theorem 5.1 and Theorem 5.2 are presented.

Remark 5.1 (Approximation-discretization trade-off of DrMMD Descent)
If we compare the discrete-time KL dissipation of (17) with its continuous-time counterpart
in (13), we see that the first two terms on the RHS of (17) admit continuous-time analogs
present in (13). The discrete-time KL dissipation contains an additional (positive) term
representing the time discretization error: unlike the approximation error term that vanishes
as λ approaches 0, this term actually diverges as λ approaches 0. Therefore, replicating the
arguments of the continuous-time result of Theorem 4.1 in the discrete-time regime would
yield a barrier that does not vanish as λ→ 0, hinting at a trade-off between approximation
and discretization similar to that of Remark 4.1. In the next section, we propose a refined
adaptive discrete-time descent scheme that addresses the convergence issues.

5.2 Adaptive DrMMD Descent

The DrMMD flow and descent dynamics are defined for a value of λ that remains fixed
throughout time. The KL dissipation provided in Proposition 5.1 is a function of λ, however;
thus, to obtain a sequence of measures with better convergence guarantees than the DrMMD
descent, we now construct and analyze a sequence of iterates obtained by selecting, at each
iteration, the value of λminimizing the sum of the approximation error and time-discretization
error presented in (17). This sequence, which we term Adaptive DrMMD descent, is given by

µn+1 =
(
I− γ(1 + λ)∇h∗µn,π

)
#
µn, λn =

(
2γχ2(µn‖π)

(β + ζ2)(K1d +K2d)

Q(J + I)

) 1
r+1

. (18)

The particular choice of λn above minimizes the sum of the approximation error and time-
discretization error presented in (17). This optimal choice indicates that λn should shrink
towards 0 as χ2(µn‖π) decreases along DrMMD gradient descent: at the early stages of the
scheme, it is desirable to have a larger λn, corresponding to a smoother objective functional
and enabling larger step sizes; then as DrMMD gradient descent iterates µn get closer to
π, a smaller λn enables the scheme to operate closer to the χ2 flow regime, which metrizes
a stronger topology and can better witness the difference between µn and π. Additionally,
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as the potential V becomes less smooth, i.e., β gets larger, then λn should also increase to
account for the loss of smoothness from V . Unlike the DrMMD descent in Section 5.1, since
the Wasserstein gradient updating µn comes from a different DrMMD at each iteration, the
adaptive scheme of (18) constitutes a significant departure from related works in Wasserstein
gradient descent (Glaser et al., 2021; Arbel et al., 2019; Korba et al., 2021; Hertrich et al.,
2024b, 2023; Chewi et al., 2020).

Remark 5.2 (Adaptive kernel) Recent applications of MMD-based generative modeling
algorithms with adaptive kernels (in particular, time-dependent kernel hyperparameters)
demonstrate improved empirical performance over fixed kernels in both Wasserstein gradient
flow on MMD (Galashov et al., 2025) and generative adversarial networks with an MMD
critic (Li et al., 2017; Arbel et al., 2018): the latter can be related to gradient flow on
the critic where µn is restricted to the output of a generator network (see e.g. Franceschi
et al., 2024). As the DrMMD is an MMD with a regularized kernel k̃ that depends on λn,
the Adaptive DrMMD Descent thus falls into the former category. Galashov et al. (2025,
Proposition 3.1) demonstrates faster convergence for MMD gradient flow with an adaptive
kernel, for the parametric setting of Gaussian distributions π and µt. Our analysis is the
first to prove theoretically that adaptive kernels can result in improved convergence for more
general nonparametric settings. We believe that the theoretical analysis of adaptivity by
varying other hyperparameters (such as the kernel bandwidth for RBF kernels) remains an
interesting avenue for future work.

By leveraging the quasi-descent lemma in KL divergence in Proposition 5.1, we are able
to establish the following theorem, which provides a near-global convergence result of the
Adaptive DrMMD gradient descent iterates in KL divergence.

Theorem 5.1 (Near-global convergence of adaptive DrMMD gradient descent)
Suppose k satisfies Assumption 1 and 2 and K ≤ 1, and suppose the target π and adaptive
DrMMD gradient descent iterates (µn)n∈N satisfy the following conditions:

1. π satisfies a Poincaré inequality with constant CP and its potential is β-smooth, i.e.
π ∝ exp(−V ) with HV � βI.

2. µn, π � Ld.

3. dµn
dπ − 1 ∈ Ran(T rπ ) with r > 0, i.e., there exists qn ∈ L2(π) such that dµn

dπ − 1 = T rπ qn.

4. ‖qn‖L2(π) ≤ Q,
∥∥∥∇V >∇

(
dµn
dπ

)∥∥∥
L2(π)

≤ J ,
∥∥∥∆
(
dµn
dπ

)∥∥∥
L2(π)

≤ I for all n = 1, · · · , nmax.

5. For all i = 1, . . . , d, lim
x→∞

(
h∗µn,π(x)− 2dµndπ (x)

)(
∂i
dµn
dπ (x)

)
π(x)→ 0.

6. There exists a constant 1 < ζ < 2 such that the step size γ satisfies

γ ≤ 1

8

(
ζ − 1

ζ

) 2r+2
2r+1

(
1

Q

)(
1

J + I

) 1
2r+1

(
1

K2d

1

β + ζ2

) r
2r+1

∧ 1

4

ζ − 1

ζ

1

Q2K2d
∧ CP

2
∧ 1.

(19)
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Then by taking (de)-regularization parameter λn =
(

2γχ2(µn‖π) (β+ζ2)(K1d+K2d)
Q(J+I)

) 1
r+1 ∧ 1, we

have

KL(µnmax‖π) ≤ exp

(
−2nmaxγ

CP

)
KL(µ0‖π)

+ 4γ
r
r+1CPQ

2r+1
r+1

(
(K1d +K2d)(β + ζ2)

) r
r+1

(J + I)
1
r+1 . (20)

The proof can be found in Section 10.10. The conditions 1-5 of Theorem 5.1 are the same
as conditions 1-5 of Proposition 5.1. Since the RHS of (19) are all constants, condition 6 is
satisfied when the step size γ is small enough.

The implication of Theorem 5.1 is that DrMMD gradient descent exhibits an exponential
rate of convergence (linear convergence) in terms of KL divergence up to an extra barrier of
order O(γ

r
r+1 ). The barrier term shows up as the result of picking the optimal regularization

parameter λn that best trades off the approximation error and discretization error in
Proposition 5.1. Theorem 5.1 is reminiscent of the convergence result of the Langevin
Monte Carlo sampling algorithm, whose KL divergence also decreases exponentially up to
an extra barrier, but of order O(γ) (Vempala and Wibisono, 2019, Theorem 2). Unlike the
continuous-time result of Theorem 4.1, in which the barrier can be made arbitrarily small by
taking small enough regularization, taking the step size γ in Theorem 5.1 to be arbitrarily
small will significantly impact the rate of convergence, even though it is exponential in terms
of nmax. By making the step sizes adaptive with the number of iterations and imposing an
extra condition, the barrier term actually vanishes, as demonstrated in the following theorem.

Theorem 5.2 (Global convergence of DrMMD gradient descent) Suppose that k sat-
isfies Assumptions 1 and 2, and that the conditions in Theorem 5.1 on DrMMD gradient
descent iterates (µn)n∈N, target distribution π, regularization coefficient λn and step size γn
are satisfied. If additionally, the step size γn satisfies

γn ≤
1

(K1d +K2d)(β + ζ2)

(
1

Q(J + I)

) 1
r
(

1

8CP

) r+1
r

χ2(µn‖π)
1
r , (21)

for all n = 1, · · · , nmax, then

KL(µnmax‖π) ≤
nmax∏

n=1

(
1− 1

CP
γn

)
KL(µ0‖π). (22)

The proof can be found in Section 10.11. Compared with (20), (22) provides a cleaner upper
bound without the barrier term and leads to global convergence.

Remark 5.3 (Iteration complexity) We now turn to analyze the iteration complexity of
DrMMD gradient descent from Theorems 5.1 and 5.2.
(i) From Theorem 5.1, given an error threshold δ > 0, DrMMD descent would reach
KL(µnmax‖π) ≤ δ after nmax ≥ CP

2γ log KL(µ0‖π)
δ = O((1

δ )
r+1
r log 1

δ ) iterations. By compari-
son, when π satisfies a Poincaré inequality, Langevin Monte Carlo (LMC) has an iteration
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complexity of O(1
δ ) up to logarithmic terms (Chewi et al., 2024, Theorem 7). As an ap-

proximation to the χ2 flow, the iteration complexity of DrMMD flow is worse than LMC,
because at each iterate of DrMMD flow, there is an extra approximation error in addition to
time-discretization error (see our Proposition 5.1). With the optimal choice of regularization
λ that balances these two errors, the overall per-step error is of order O(γ1+ r

r+1 ). In contrast,
at each iteration, LMC only incurs the time-discretization error, which is of order O(γ2),
smaller than that of DrMMD flow. As a result, LMC exhibits better iteration complexity than
our DrMMD flow; however, LMC requires knowledge of the score of π, while DrMMD flow
only requires samples from π.
(ii) From Theorem 5.2, we consider two cases. On the one hand, if there exists a threshold N0

such that χ2(µn‖π) ≥ n−r holds for all n ≥ N0, then we select step size γn � CPn−1 for all
n ≥ N0 such that both (19) and (21) are satisfied, and consequently

∏nmax
n=N0

(
1− 1

CP
γn

)
=

O
(

1
nmax

)
→ 0 so the iteration complexity of DrMMD gradient descent is O

(
1
δ

)
. On

the other hand, if such a threshold N0 does not exist, then there exists a subsequence
n1, n2, . . . , nS , . . . such that χ2(µns‖π) ≤ n−rs for all s ≥ 1. Since KL divergence is smaller
than χ2-divergence (Van Erven and Harremos, 2014), we have KL(µns‖π) ≤ n−rs for all
s ≥ 1. Notice that KL divergence is monotonically decreasing based on (63), we have
KL(µn‖π) ≤ n−rs for all ns ≤ n ≤ ns+1 so that limn→∞KL(µn‖π) = 0. Unfortunately, we
are not able to derive iteration complexity in this case because the growth rate of {ns}s≥1 is
unknown.

Remark 5.4 (Step size γ) Theorem 5.1 imposes a condition on the step size γ in (19)
and Theorem 5.2 imposes an additional condition in (21). These conditions subsume the
condition (16) on step size in Proposition 5.1. (See derivations in Section 10.10.) The
conditions (19) and (21) become more stringent as the potential V becomes less smooth, i.e.,
when β gets larger, similar to the analysis in Langevin Monte Carlo (Balasubramanian et al.,
2022; Vempala and Wibisono, 2019) and Stein Variational Gradient Descent (Korba et al.,
2020). The condition also becomes more stringent as the density ratio becomes less regular,
i.e., when r gets closer to 0 and Q,J , I get larger, similar to He et al. (2024).

The adaptive DrMMD descent schemes of (15) and (18) defined via push-forward opera-
tions can be equivalently expressed by the following update scheme that defines a trajectory
of samples (yn)n∈N whose distributions are precisely the Adaptive DrMMD descent iterates
(µn)n∈N,

yn+1 = yn − γ(1 + λn)∇h∗µn,π(yn), y0 ∼ µ0. (23)

Unfortunately, (23) is still intractable in practice because h∗µn,π depends on the unknown
distribution µn. Therefore, an additional discretization in space is needed to approximate
(23) within a tractable algorithm. We propose to do so in the next section through a system
of interacting particles, i.e., DrMMD particle descent.

6. DrMMD particle descent

Suppose we have M samples from the target distribution {x(i)}Mi=1 ∼ π and N samples from
the initial distribution {y(i)

0 }Ni=1 ∼ µ0. The DrMMD particle descent is defined as:
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y
(i)
n+1 = y(i)

n − γ(1 + λn)∇h∗µ̂n,π̂(y(i)
n ), (24)

where µ̂n = 1
N

∑N
i=1 δy(i)n

and π̂ = 1
M

∑M
i=1 δx(i) denote respectively the empirical distribution

of the particles at time step n and the target, and where h∗µ̂n,π̂ = 2 (Σπ̂ + λnI)−1 (mµ̂n −mπ̂).
Unfortunately, the KL divergence is ill-defined on empirical distributions µ̂n, which means the
analysis of Theorem 5.1 is no longer applicable to study the convergence of DrMMD particle
descent. Therefore, in the next theorem, we instead resort to the Wasserstein-2 distance to
analyze the convergence of DrMMD particle descent. For simplicity of presentation below,
we assume K ≤ 1.

Theorem 6.1 Suppose that k satisfies Assumptions 1 and 2 with K ≤ 1, and that all the
conditions in Theorem 5.1 on DrMMD gradient descent iterates (µn)n∈N, target distribution
π, regularization coefficient λn and step size γ are satisfied. In addition, suppose (µn)n∈N
has bounded fourth moment and the target π satisfies a Talagrand-2 inequality with constant
CT . Let the number of samples M,N satisfy

M &

(
1

γ

)2

 1

min
i=1,...,nmax

KL(µi‖π)Z ∧ 1




2
r+1

exp




8nmaxγ
r
r+1R

(
min

i=1,...,nmax

KL(µi‖π)Z

) 1
r+1

∧ 1


 ,

N &

(
1

γ

) 2r
r+1

exp




8nmaxγ
r
r+1R

(
min

i=1,...,nmax

KL(µi‖π)Z

) 1
r+1

∧ 1


 ∨

(
1

γ

) r(d∨4)
2r+2

, (25)

where & means ≥ up to constants, R = K1d +
√
KK2d is a constant that only depends on

the kernel, and Z is a constant that only depends on β, ζ,K1d,K2d, Q,J , I. Then we have

E [W2 (µ̂nmax , π)] ≤
√

2CT exp

(
−nmaxγ

CP

)√
KL (µ0‖π) +O

(
γ

r
2r+2

)
,

where the expectation is taken over initial samples {y(i)
0 }Ni=1 drawn from µ0.

The proof is provided in Section 10.12. Theorem 6.1 shows that for sufficiently large sample
size M and N , DrMMD particle descent exhibits an exponential rate of convergence (linear
convergence) in terms of Wasserstein-2 distance up to an extra barrier of order O

(
γ

r
2r+2

)
.

Remark 6.1 (Talagrand-2 inequality) We say that the target distribution π satisfies a
Talagrand-2 inequality with constant CT if for any ν ∈ P2(Rd),

W2(µ, π) ≤
√

2CT KL(µ‖π).

A Talagrand-2 inequality implies the Poincaré inequality in (11) with constant CP ≤ CT ,
so the condition that π satisfies a Talagrand-2 inequality is stronger than the condition in
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Theorems 4.1 and 5.1. A Talagrand-2 inequality allows linking of the two key components of
Theorem 6.1: the population convergence in terms of KL divergence proved in Theorem 5.1,
and the finite-particle propagation of chaos bound in terms of Wasserstein-2 distance proved
in Proposition 10.1. Talagrand inequality is widely used in finite-particle convergence analysis
of Wasserstein gradient flows (Shi and Mackey, 2024).

Remark 6.2 (Iteration and sample complexity) The choice of γ = O
(
δ

2r+2
r

)
yields

E [W2 (µ̂nmax , π)] ≤ δ with an iteration complexity of nmax = O
((

1
δ

) 2r+2
r log 1

δ

)
, which equals

the square of the iteration complexity in Theorem 5.1 because Wasserstein-2 distance is of
the same order as the square root of KL divergence. From Theorem 5.1, we have

min
i=1,...,nmax

KL(µi‖π) ≤ KL(µnmax‖π) = O
(
δ2
)
.

Therefore, from (25), the sample complexity is at least

M = poly exp
(
δ−

2
r
− 2
r+1

)
, N = poly exp

(
δ−

2
r
− 2
r+1

)
O
(
δ−d∨4

)
.

The poly-exponential sample complexity originates from the propagation of chaos in interacting
particle systems (Kac, 1956). Although O

(
δ−d∨4

)
is subsumed by the poly-exponential

term, we still make it explicit to show that N suffers from the curse of dimensionality as
expected from the Wasserstein-2 distance between an empirical distribution and a continuous
distribution (Kloeckner, 2012; Lei, 2020). For comparison, the sample complexity of SVGD
in Theorem 3 of Shi and Mackey (2024) is O(exp exp

(
δ−2
)
). Similar results have also been

established for mean-field Langevin dynamics (Suzuki et al., 2023; Chen et al., 2024).
Recently, Banerjee et al. (2025) proposed a refined finite-particle analysis of Stein Varia-

tional Gradient Descent (SVGD), which gives a uniform-in-time convergence bound, i.e., the
bound does not blow up exponentially fast as the number of iterations nmax grows. The analysis
of Banerjee et al. (2025), however, heavily relies on the relation that the time derivative of
the KL divergence in the course of SVGD equals the squared kernel Stein discrepancy (KSD),
a fact which does not hold for our DrMMD flow. Recently, Chen et al. (2025) extended that
analysis to finite-particle MMD gradient descent, but their analysis requires noise injection.
We leave a more refined analysis of our finite-particle convergence result to future work.

Having established the convergence of DrMMD gradient flow/descent, we next show that
DrMMD particle descent admits a closed-form implementation. Proposition 6.1 shows that
h∗µ̂n,π̂ in (24), defined through the inverse of covariance operators, is computable using Gram
matrices.

Proposition 6.1 Given empirical distributions µ̂n = 1
N

∑N
i=1 y

(i)
n , π̂ = 1

M

∑M
i=1 x

(i) and
Gram matrices Kxx = k(x1:M , x1:M ) ∈ RM×M and Kxy = k(x1:M , y1:N

n ) ∈ RM×N , the
witness function h∗µ̂n,π̂ can be computed as:

h∗µ̂n,π̂(·) =
2

Nλn
k(·, y1:N )1N −

2

Mλn
k(·, x1:M )1M −

2

Nλn
k(·, x1:M )(MλnI +Kxx)−1Kxy1N

+
2

Mλn
k(·, x1:M )(MλnI +Kxx)−1Kxx1M , (26)

where 1M ∈ RM ,1N ∈ RN are column vectors of ones.
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Algorithm 1 DrMMD particle descent

Input: Target samples {x(i)}Mi=1 ∼ π and initial source samples {y(i)
0 }Ni=1 ∼ µ0. Hyperpa-

rameters: step size γ, initial (de)-regularization coefficient λ0, maximum number of iterations
nmax and regularity r.
For n = 0 to nmax:

1. Compute witness function hµ̂n,π̂ from (26).
2. Compute DrMMD(µ̂n, π̂) with hµ̂n,π̂ from (71).
3. Rescale regularization coefficient λn ∝ DrMMD(µ̂n, π̂)

1
r+1 .

4. Update particles using (24):

y
(i)
n+1 = y(i)

n − γ(1 + λn)∇h∗µ̂n,π̂(y(i)
n )

EndFor
Output: {y(i)

nmax}Ni=1.

The proof of Proposition 6.1 can be found in Section 10.14. The gradient of h∗µ̂n,π̂ can be
obtained using automatic differentiation libraries such as JAX (Bradbury et al., 2018).

As indicated in (18), the regularization parameter λn should be chosen to be propor-
tional to χ2(µn‖π)

1
r+1 . In practice, however, both χ2(µn‖π) and r are not accessible and

χ2(µn‖π) is not even well-defined for the particle descent algorithm. To address this, we
use DrMMD(µ̂n‖π̂) as a proxy for χ2(µn‖π) (see Algorithm 1), which admits a closed-form
expression with particles. The parameter r is picked via a search over a pre-defined set
{0.1, 0.5, 1.0}. The step size γ should be chosen to satisfy the upper bound (21), which
contains several constants that cannot generally be computed. In practice, our approach
has been to select γ to be sufficiently small for the flow to converge empirically. The final
algorithm is summarized in Algorithm 1.

At every iteration, computing h∗µ̂n,π̂ with adaptive regularization λn has a time complexity
of O(M3 + NM + N2) due to matrix inversion and multiplication. For DrMMD particle
descent with fixed λ, however, the total computational cost can be reduced to O(NM +N2),
which is exactly the same as MMD flow, because inversion of the M ×M Gram matrix is
only required once, and so it can be pre-computed at initialization (see Remark 4.4). In
contrast, when N = M , the complexity of Sinkhorn flow is O(N2/ε3) (Feydy et al., 2019)
with ε being the hyperparameter in Sinkhorn divergence, and the complexity of KALE flow
is O(N3) (Glaser et al., 2021).

7. Related Work

In this section, we discuss the works in the literature that are related to our proposed
DrMMD flow and spectral (de)-regularization.

7.1 Gradient flows

Stein Variational Gradient Descent (SVGD) is a popular algorithm for sampling from
distributions using only an unnormalized density. It can be written as either a gradient
flow of the Kullback-Leibler (KL) divergence where the Wasserstein gradient of the KL is
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preconditioned by Tµt (Liu and Wang, 2016; Liu, 2017; Korba et al., 2020), or as a gradient
flow of the χ2-divergence whose Wasserstein gradient is preconditioned by Tπ (Chewi et al.,
2020),

∂µt
∂t

= ∇ ·
(
µtTµt∇ log

dµt
dπ

)
= ∇ ·

(
µtTπ∇

dµt
dπ

)
.

Since SVGD may smooth the trajectory too much, He et al. (2024) considered a (de)-
regularized SVGD flow,

∂µt
∂t

= ∇ ·
(
µt(Tµt + λI)−1Tµt∇ log

dµt
dπ

)
, (27)

which approaches the KL gradient flow (Langevin diffusion) as λ→ 0, demonstrating faster
convergence than SVGD. A key difference between (de)-regularization in (27) of He et al.
(2024) and our DrMMD flow is that the flow in (27) is driven by the regularized version of
the Wasserstein gradient of KL divergence while DrMMD flow is driven by the Wasserstein
gradient of the regularized χ2-divergence. An alternative interpretation of this difference
is that the flow in (27) is the gradient flow of KL divergence w.r.t. the regularized Stein
geometry (Duncan et al., 2023), whereas the DrMMD flow is the gradient flow of regularized
χ2-divergence w.r.t. the Wasserstein geometry.

In addition to sampling from unnormalized distributions, Wasserstein gradient flows
(particularly MMD flows) are widely used in the field of generative modelling (Birrell et al.,
2022; Gu et al., 2024; Hertrich et al., 2023, 2024b,a; Galashov et al., 2025). The MMD flow
(with a smooth kernel) (Arbel et al., 2019) can be written as

∂µt
∂t

= ∇ ·
(
µt∇Tπ

(
dµt
dπ
− 1

))
. (28)

The MMD flow is known to get trapped in local minima, and several modifications have been
proposed to avoid this in practice, such as noise injection (see Arbel et al., 2019, Proposition
8) or non-smooth kernels, e.g., based on negative distances (Sejdinovic et al., 2013). MMD
gradient flows with non-smooth kernels have better empirical performance (Hertrich et al.,
2024a,b), but they do not preserve discrete measure and rely on approximating implicit time
discretizations (Hertrich et al., 2024a) or slicing (Hertrich et al., 2024b); and they have no
local minima apart from the global one (Boufadène and Vialard, 2024).

Recall that our DrMMD flow takes the form

∂µt
∂t

= ∇ ·
(
µt∇(Tπ + λI)−1Tπ

(
dµt
dπ
− 1

))
,

which (de)-regularizes the MMD flow similarly to how (27) (de)-regularizes SVGD. It is both
proved theoretically in Theorem 4.1, 5.1, 6.1, and verified empirically in Section 8, that
(de)-regularization results in faster convergence than MMD flow.

Another closely related flow called LAWGD is considered in Chewi et al. (2020), which
swaps the gradient and integral operators of SVGD, leading to the following flow:

∂µt
∂t

= ∇ ·
(
µt∇Tπ

dµt
dπ

)
.
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LAWGD closely resembles the MMD flow in (28), but Chewi et al. (2020) proposes to replace
Tπ with an inverse diffusion operator, which requires computing the eigenspectrum of the
latter and is unlikely to scale in high dimensions.

KALE (Glaser et al., 2021) kernelizes the variational formulation of the KL divergence
in a similar way as DrMMD kernelizes the χ2-divergence in (5), but the KALE witness
function does not have a closed form expression, so it requires solving a convex optimization
problem, which makes the simulation of KALE gradient flow with particles computationally
more expensive. Recently, Stein et al. (2025) studied kernelized variational formulation of
f -divergences (referred to as Moreau envelopes of f -divergences in RKHS), which subsume
both KALE (Glaser et al., 2021) and DrMMD. They prove that these functionals are lower
semi-continuous and that their Wasserstein gradient flows are well-defined for smooth kernels.
They do not study the convergence properties of their proposed flows, however.

The proposed DrMMD interpolates between MMD and χ2-divergence by using a specific
spectral regularization known as Tikhnov regularization (1+λ)(T +λI)−1T , which interpolates
between the identity operator I as λ → 0 and T as λ → ∞. DrMMD and its associated
Wasserstein gradient flow can be easily extended to other spectral regularization strategies,
such as the Showalter regularization, Landweber iteration, or cutoff regularization (Engl
et al., 1996) using the techniques in (Bauer et al., 2007; Hagrass et al., 2024a). Alternative
approximations to χ2-divergence have been proposed in the literature based on the idea of
mollifiers, whose Wasserstein gradient flows have been constructed and for which convergence
of the flows has been analyzed (Li et al., 2023; Craig et al., 2023, 2025). Compared to
DrMMD flow, these gradient flows rely on additional approximations, such as the use of
log-sum-exp in Li et al. (2023) and the use of numerical integration to estimate convolution
in Craig et al. (2023, 2025)—and are not directly applicable in generative modeling settings
where only samples are available.

7.2 Comparison with diffusion-based generative models

Diffusion-based generative models have been widely adopted in practice and are closely
related to Wasserstein gradient flows (Song et al., 2021; Ho et al., 2020). These models
generate high-quality samples by reversing a pre-defined forward diffusion process, which
gradually corrupts data with noise. To implement the reverse process, the established practice
is to estimate the score function via denoising score matching (Song et al., 2021). In contrast,
Wasserstein gradient flows directly construct a trajectory by descending the objective in
the steepest direction with respect to the Wasserstein metric. In particular, our proposed
DrMMD gradient flow offers a tractable velocity field with a consistent finite-sample estimator
without solving an additional optimization problem like score matching.

We emphasize that the main contribution of our paper is to establish convergence
of the DrMMD flow, and that diffusion models for image generation require additional
implementation details—most notably, the inductive biases introduced by deep neural
networks. One possible avenue for future work is to simulate DrMMD gradient flows
with kernels induced by learned deep neural network features on the data. In the case of
MMD, this idea has been explored by Galashov et al. (2025), who demonstrate generation
performance comparable to established diffusion models. Another promising direction,
proposed by Hertrich et al. (2024b), involves first using MMD gradient flow with Riesz
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kernels to generate particle trajectories, and then distilling these trajectories into a neural
network-based generator. Both approaches would be of interest to extend our DrMMD
gradient flow to domains such as image generation, as a topic for future work.

7.3 (De)-regularization for supervised learning and hypothesis testing

The idea of (de)-regularization is not new, and has been used in kernel Fisher discriminant
analysis (Mika et al., 1999) and kernel ridge regression (Caponnetto and De Vito, 2007;
Schölkopf and Smola, 2002). Subsequently, Harchaoui et al. (2007) employed this statistic in
two-sample testing, where they constructed a test statistic that (de)-regularizes MMD(µ‖π)
with both covariance operators Σµ,Σπ. This work has been recently generalized in Hagrass
et al. (2024a) to more general spectral regularizations. A (de)-regularized statistic is also
employed by Balasubramanian et al. (2021); Hagrass et al. (2024b) in the context of a
goodness-of-fit test. Balasubramanian et al. (2021) refers to (de)-regularized MMD as
‘Moderated MMD’. To the best of our knowledge, the present work represents the first
instance of the (de)-regularized MMD being used as a distance functional in Wasserstein
gradient flow. By only (de)-regularizing with Σπ, DrMMD approaches the χ2-divergence
in the limit, a crucial property that is exploited in the proofs of the convergence results of
Theorems 4.1 and 5.1.

8. Experiments

In this section, we demonstrate the superior empirical performance of the proposed DrMMD
descent in various experimental settings.

8.1 Three ring experiment

We follow the experimental set-up in Glaser et al. (2021) in which the target distribution π
(•) is defined on a manifold in R2 consisting of three non-overlapping rings. The initial source
distribution µ0 (•) is a Gaussian distribution close to the vicinity of the first ring. In this
setting, all f -divergence gradient flows, including Langevin diffusion, are ill-defined because
the target π is not absolutely continuous with respect to the initial source µ0. Nevertheless,
we will simulate χ2 flow with an existing implementation of Liu et al. (2024a) that estimates
the velocity field with a local linear estimator as one of the baseline methods. In contrast,
kernel-based gradient flows like MMD, KALE, and DrMMD gradient flows are well-defined
in this setting, and are also used as baseline methods for comparison.

We sample N = M = 300 samples from the initial source and the target distributions
and run DrMMD descent with adaptive λ for nmax = 100, 000 iterations, at which point all
methods have converged. As in Glaser et al. (2021), we use a Gaussian kernel k(x, x′) =
exp

(
−0.5‖x− x′‖2/l2

)
with bandwidth l = 0.3. The step size for MMD descent is γ = 10−2

and the step size for KALE and DrMMD descent is γ = 10−3. We enforce a positive lower
bound λ̃ = 10−3 for numerical stability and the regularity hyperparameter r is optimized
over the set of {0.1, 0.5, 1.0}.

From Figure 2 Left and Middle, we can see that DrMMD descent outperforms MMD,
KALE, and χ2 descent in terms of all dissimilarity metrics with respect to the target π:
MMD and Wasserstein-2 distance. Figure 1 is an animation plot visualizing the evolution of
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KALE
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Figure 1: Animation of MMD, KALE, χ2 and DrMMD gradient descent on the Three-ring dataset.

particles under these descent schemes, which demonstrates that both KALE and DrMMD
descent are sensitive to the mismatch of support and stay concentrated in the support of the
target π, while particles of MMD descent can diffuse outside the support of π. Note that
"χ2" denotes an alternate estimate of the χ2 divergence due to Liu et al. (2024a): being
an f -divergence, we would expect "χ2 descent" to match the support of the target (as in
KALE and DrMMD). This is not the case due to bias in the velocity field being learned from
samples. Compared to KALE descent, DrMMD descent does not suffer from the numerical
approximation error of the optimization routine when solving the velocity field of KALE,
which explains its improved performance.

8.2 Gradient flow for training student/teacher networks

Next, we consider a large-scale setting following Arbel et al. (2019), where a student network
is trained to imitate the outputs of a teacher network. We consider a two-layer neural network
of the form

ψ(z, x) = G
(
b1 +W 1σ

(
W 0z + b0

))
,

where σ is the ReLU non-linearity and x is the concatenation of all network parameters(
b1,W 1, b0,W 0

)
∈ Rd. G is an element-wise non-linear function G : R→ R, x 7→ exp(−1

4x
2).

The teacher network is of the form: ΨT (z, π) =
∫
ψ(z, x)dπ(x) where π denotes the teacher

distribution, and the student network is ΨS(z, µ) =
∫
ψ(z, x)dµ(x) where µ denotes the

student distribution. Here we consider Gaussian distributed µ and π for simplicity. The
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Figure 2: Left & Middle: Comparison of DrMMD descent with adaptive λ, MMD and KALE
descent on three-ring synthetic data in terms of MMD and Wasserstein-2 distance with respect to the
target π. Right: Comparison of MMD descent with and without noise injection, DrMMD descent
with and without noise injection on training student/teacher networks in terms of validation MMD2

distance.

student network can imitate the behavior of the teacher network by minimizing the objective6

min
µ∈P2(Rd)

Ez∼Pdata

(
ΨT (z, π)−ΨS(z, µ)

)2
, (29)

where Pdata is the distribution of the input data. If we define the kernel as the inner product
of the neural network feature maps,

k(x, x′) = Ez∼Pdata [ψ(z, x)>ψ(z, x′)],

then the objective of (29) can be equivalently expressed as

min
µ∈P2(Rd)

∫∫

X
k(x, x′)d(π − µ)(x)d(π − µ)(x′),

which is precisely the MMD(µ‖π)2 under the kernel k. Since G(x) = exp(−1
4x

2), the kernel
is bounded and so the MMD is well-defined. Also, since the kernel k has bounded first and
second-order derivatives, it satisfies the Assumption 2.

Therefore, the training of the student network with objective (29) can be treated as an
optimization problem of MMD2 distance in P2(Rd), i.e., as MMD gradient flow. It is shown
in Arbel et al. (2019) that MMD flow and its descent scheme will generally get stuck in local
optima because MMD is not geodesically convex; therefore, noise injection has been proposed
to escape these local optima.

With support from Theorems 4.1 and Theorem 5.1 on the convergence of DrMMD flow
and its descent scheme, we propose to minimize DrMMD(µ‖π) and use DrMMD descent
rather than minimizing MMD(µ‖π)2 directly. Although this does not directly minimize the
objective in (29), the favorable convergence performance of DrMMD descent should result in
a smaller MMD(µ‖π)2 at convergence.

In our experimental setting, we are given M = 10 particles x(1), · · · , x(M) from the
teacher distribution π = N (0, I) and N = 1000 particle y(1)

0 , · · · , y(N)
0 from the initial student

6. Note that our setting is slightly different from Chizat and Bach (2018) in which µ, π are measures over
the hidden neurons, while our setting follows Arbel et al. (2019) in which µ, π are measures over all the
network parameters.

27



Chen, Mustafi, Glaser, Korba, Gretton and Sriperumbudur

distribution µ0 = N (0, 10−3I). The teacher particles are fixed while the student particles
are updated according to Algorithm 1 at each time step. The initial (de)-regularization
parameter is λ0 = 0.1, the step size is γ = 0.1, we apply a lower bound λ̃ = 10−3, and the
regularity r is optimized over the set of {0.1, 0.5, 1.0}. For the architecture of the neural
network, there are 3 neurons in the hidden layer, and the output dimension is 1. The data
distribution Pdata is a uniform distribution on the sphere in Rp with p = 50. 2000 data are
sampled from Pdata with 1000 as training dataset and another 1000 as validation dataset. The
kernel k(x, x′) = Ez∼Pdata

[
ψ(z, x)>ψ (z, x′)

]
is estimated by the average over 100 randomly

selected samples from the training dataset at each iteration. DrMMD and MMD descent
stop after nmax = 15, 000 iterations when both converge. The final performance is evaluated
in terms of MMD2(µnmax‖π) with kernel k estimated by the average of 1000 samples in the
validation dataset.

In Figure 2 Right, we report the performance of MMD descent (with and without noise
injection) along with the DrMMD descent (with and without noise injection) in terms of
MMD distance on the validation dataset. We can see that the DrMMD descent does not
get stuck in a local optimum, and leads to much lower validation MMD(µnmax‖π)2 even
without noise injection. We also run DrMMD descent with the noise injection scheme
and find that noise injection can further improve the performance of DrMMD descent and
outperforms MMD descent with noise injection. Although it is unclear whether the density
ratio has enough regularity to meet the condition of Theorem 5.1, the kernel k satisfies
the boundedness and smoothness conditions of Assumption 2 and the target π satisfies the
Poincaré inequality since it is Gaussian. The DrMMD descent benefits from more favorable
convergence properties, which explains its superior performance.

The code to reproduce all the experiments can be found in the following GitHub repository.
https://github.com/hudsonchen/DrMMD.

9. Discussion

In this paper, we introduced (de)-regularization of the MMD (called DrMMD) and its
associated Wasserstein gradient flow. As an interpolation between the MMD and χ2-
divergence, the DrMMD gradient flow inherits strengths from both sides: it is easy to
simulate in closed form with particles, and it has an exponential rate of convergence towards
the global minimum up to a controllable barrier term when the target π satisfies a Poincaré
inequality. Additionally, we provide the optimal adaptive selection of a regularization
coefficient that best balances the approximation and time discretization errors in DrMMD
gradient descent. Our work is the first to prove theoretically that an adaptive kernel through
adaptive regularization can result in improved convergence of MMD gradient flow. The
theoretical results are consistent with the empirical evidence in several numerical experiments.

Following our work, there remain a number of interesting open problems. For example,
(i) Since the kernel bandwidth has been known to play an important role in the performance
of kernel-based algorithms, it is of interest to study the adaptive choice of kernel bandwidth
in the context of DrMMD gradient flow. (ii) To generalize our convergence analysis to the
Wasserstein gradient flow of all Moreau envelopes of f -divergences in reproducing kernel
Hilbert space, even when they do not have a closed-form expression as DrMMD. (iii)
While the current work proposes an approximation to the χ2-squared flow in the generative
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modeling setting, i.e., where the target distribution π is known only through samples, it will
be interesting to construct approximations to χ2-flow in the sampling setting, i.e., where π is
known in closed form (at least up to normalization).

10. Proofs

In this section, we present the proofs of the results presented in Sections 3–6.

10.1 Proof of Proposition 3.1

Note that

MMD(µ‖π)2 = ‖mµ −mπ‖2H =

∥∥∥∥
∫
k(·, x)dµ(x)−

∫
k(·, x)dπ(x)

∥∥∥∥
2

H

=

∥∥∥∥
∫
k(·, x)

(
dµ

dπ
(x)− 1

)
dπ(x)

∥∥∥∥
2

H
=

∥∥∥∥ι∗π
(
dµ

dπ
− 1

)∥∥∥∥
2

H

=

〈
Tπ
(
dµ

dπ
− 1

)
,
dµ

dπ
− 1

〉

L2(π)

=

∥∥∥∥T
1
2
π

(
dµ

dπ
− 1

)∥∥∥∥
2

L2(π)

.

Also recall that the χ2-divergence between µ and π is

χ2(µ‖π) =

∫ (
dµ

dπ
− 1

)2

dπ =

∥∥∥∥I

(
dµ

dπ
− 1

)∥∥∥∥
2

L2(π)

.

10.2 Proof of Proposition 3.2

Let µ� π. In order to prove the alternative form of DrMMD in (4), we start from (4) and
show that it recovers (3).

DrMMD(µ||π) = (1 + λ)
∥∥∥(Σπ + λI)−

1
2 (mµ −mπ)

∥∥∥
2

H

= (1 + λ)

∥∥∥∥(ι∗πιπ + λI)−
1
2 ι∗π

(
dµ

dπ
− 1

)∥∥∥∥
2

H

= (1 + λ)

〈
(ι∗πιπ + λI)−

1
2 ι∗π

(
dµ

dπ
− 1

)
, (ι∗πιπ + λI)−

1
2 ι∗π

(
dµ

dπ
− 1

)〉

H

= (1 + λ)

〈
ιπ (ι∗πιπ + λI)−1 ι∗π

(
dµ

dπ
− 1

)
,
dµ

dπ
− 1

〉

L2(π)

= (1 + λ)

〈
ιπι
∗
π (ιπι

∗
π + λI)−1

(
dµ

dπ
− 1

)
,
dµ

dπ
− 1

〉

L2(π)

, (30)

where the last equality follows by noticing ιπ (ι∗πιπ + λI)−1 ι∗π = ιπι
∗
π (ιπι

∗
π + λI)−1. Therefore,

DrMMD(µ||π) = (1 + λ)

〈
Tπ (Tπ + λI)−1

(
dµ

dπ
− 1

)
,
dµ

dπ
− 1

〉

L2(π)

= (1 + λ)

∥∥∥∥
(

(Tπ + λI)−1 Tπ
)1/2

(
dµ

dπ
− 1

)∥∥∥∥
2

L2(π)

,
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which follows from the positivity and self-adjointness of Tπ (Tπ + λI)−1. So (4) is proved.
Next, we are going to prove the variational formulation in (5). Similarly, we start from (5)
and show it recovers (3). Consider

(1 + λ) sup
h∈H

{∫
hdµ−

∫ (
h2

4
+ h

)
dπ − λ

4
‖h‖2H

}

= −(1 + λ) inf
h∈H

{∫
h2

4
dπ −

∫
h(dµ− dπ) +

λ

4
‖h‖2H

}

= −(1 + λ) inf
h∈H

{
1

4
〈h,Σπh〉H − 〈h,mµ −mπ〉H +

λ

4
‖h‖2H

}

= −(1 + λ) inf
h∈H





∥∥∥∥∥

(
1

4
Σπ +

λ

4
I

)1/2

h− 1

2

(
1

4
Σπ +

λ

4
I

)−1/2

(mµ −mπ)

∥∥∥∥∥

2

H





+
(1 + λ)

4

∥∥∥∥∥

(
1

4
Σπ +

λ

4
I

)−1/2

(mµ −mπ)

∥∥∥∥∥

2

H

. (31)

The last equality follows from completing the squares, based on which it is easy to see that
the infimum is achieved at h∗µ,π = 2 (Σπ + λI)−1 (mµ −mπ). For µ� π, following the same
derivations in (30), h∗µ,π can be alternatively expressed as

h∗µ,π = 2 (Tπ + λI)−1 Tπ
(
dµ

dπ
− 1

)
(32)

Plugging h∗µ,π back into (31) recovers (3), so (5) is proved.

10.3 DrMMD is MMD with a regularized kernel k̃

Given the definition of k̃(x, x′) =
〈

(Σπ + λI)−
1
2 k(·, x), (Σπ + λI)−

1
2 k(·, x′)

〉
H
, it is clear that

k̃ is symmetric and positive definite so it has a unique associated reproducing kernel Hilbert
space H̃ (Steinwart and Christmann, 2008, Theorem 4.21) with canonical feature map k̃(x, ·).
Therefore,

DrMMD(µ‖π)

= (1 + λ)
∥∥∥(Σπ + λI)−

1
2 (mµ −mπ)

∥∥∥
2

H

= (1 + λ)

〈
(Σπ + λI)−

1
2

∫
k(x, ·)d (π − µ) (x), (Σπ + λI)−

1
2

∫
k(x′, ·)d (π − µ) (x′)

〉

H

= (1 + λ)

〈∫
(Σπ + λI)−

1
2 k(x, ·)d (π − µ) (x),

∫
(Σπ + λI)−

1
2 k(x′, ·)d (π − µ) (x′)

〉

H

= (1 + λ)

∫∫ 〈
(Σπ + λI)−

1
2 k(x, ·), (Σπ + λI)−

1
2 k(x′, ·)

〉
H
d (π − µ) (x)d (π − µ) (x′)

= (1 + λ)

∫∫
k̃(x, x′)d (π − µ) (x)d (π − µ) (x′)

= (1 + λ)

∥∥∥∥
∫
k̃(x, ·)d(µ− π)(x)

∥∥∥∥
2

H̃
.
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In the third and fourth equality above, we are using the fact that (Σπ + λI)−
1
2 k(x, ·) ∈ H is

Bochner integrable and the Bochner integral preserves inner product structure. So DrMMD
is essentially MMD2 with a different kernel k̃ up to a multiplicative factor of 1 + λ.

Next, we present the Mercer decomposition of k̃. Notice that {ei}i≥1 are the eigenfunctions
of Tπ, so {√%iei}i≥1 are the eigenfunctions of Σπ. For x and x′ in the support of π, k̃ also
enjoys a pointwise convergent Mercer decomposition

k̃(x, x′) =
〈

(Σπ + λI)−
1
2 k(·, x), (Σπ + λI)−

1
2 k(·, x′)

〉
H

=

〈
(Σπ + λI)−

1
2


∑

i≥1

%iei(x)ei


 , (Σπ + λI)−

1
2


∑

i≥1

%iei(x
′)ei



〉

H

=

〈∑

i≥1

%i√
%i + λ

ei(x)ei,
∑

i≥1

%i√
%i + λ

ei(x
′)ei

〉

H

=
∑

i≥1

%i
%i + λ

ei(x)ei(x
′). (33)

More properties of the regularized kernel k̃ are provided in Lemma B.3.

10.4 Proof of Proposition 3.3

Given that dµ
dπ − 1 ∈ L2(π), so

DrMMD(µ‖π) = (1 + λ)

∥∥∥∥
(

(Tπ + λI)−1 Tπ
)1/2

(
dµ

dπ
− 1

)∥∥∥∥
2

L2(π)

≤ (1 + λ)

∥∥∥∥
dµ

dπ
− 1

∥∥∥∥
2

L2(π)

,

which is finite for any λ ≥ 0. We are allowed to interchange the limit and integration
according to the dominated convergence theorem (Rudin, 1976) to achieve,

lim
λ→0

DrMMD(µ‖π) =

∥∥∥∥ lim
λ→0

(
(Tπ + λI)−1 Tπ

)1/2
(
dµ

dπ
− 1

)∥∥∥∥
2

L2(π)

=

∥∥∥∥
dµ

dπ
− 1

∥∥∥∥
2

L2(π)

= χ2(µ‖π).

From (4), we have that,
√

DrMMD(µ‖π) =
√

1 + λ
∥∥∥(Σπ + λI)−

1
2 (mµ −mπ)

∥∥∥
H

≤
√

1 + λ
∥∥∥(Σπ + λI)−

1
2

∥∥∥
op
‖mµ −mπ‖H ≤

√
1 + λ

λ
×MMD(µ, π), (34)

where the last inequality follows by noticing that Σπ = ι∗πιπ shares the same eigenvalues as
Tπ = ιπι

∗
π, and hence the eigenvalues of (Σπ + λI)−1 are (%i + λ)−1 which all smaller than 1

λ .
Therefore, DrMMD(µ‖π) ≤ 1+λ

λ MMD2(µ‖π).

On the other hand, using Lemma A.10 from (Hagrass et al., 2024a), we have

MMD (µ‖π) = ‖mµ −mπ‖H ≤ ‖(Σπ + λI)
1
2 ‖op

∥∥∥(Σπ + λI)−
1
2 (mµ −mπ)

∥∥∥
H
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=

√
1

1 + λ
‖(Σπ + λI)

1
2 ‖op

√
DrMMD (µ‖π) ≤

√
K + λ

1 + λ

√
DrMMD (µ‖π), (35)

where K is the upper bound on kernel k in Assumption 2 and hence an upper bound on the
operator norm of Σπ. Combining (34) and (35), we have

1 + λ

K + λ
MMD2(µ‖π) ≤ DrMMD (µ‖π) ≤ 1 + λ

λ
MMD2(µ‖π).

Therefore, limλ→∞DrMMD(µ‖π) = MMD2(µ‖π), and the proposition is proved.

10.5 Proof of Proposition 3.4

To show that DrMMD is a probability divergence, we need to show that DrMMD enjoys
non-negativity and definiteness. It is easy to see that DrMMD(µ‖π) is non-negative from its
definition in Definition 1. Then, we prove definiteness, i.e., DrMMD(µ||π) = 0 if and only if
µ = π. For the first direction, assume DrMMD(µ‖π) = 0, so ‖(Σπ +λI)−1/2 (mµ −mπ) ‖2H =

0. Since (Σπ + λI)−1/2 is a non-singular operator, we must have that mµ = mπ which implies
µ = π as k is c0-universal and hence characteristic (Sriperumbudur et al., 2011). For the
other direction, when µ = π, immediately we can see DrMMD(µ||π) = 0.

Then we prove that DrMMD metrizes weak convergence. For the first direction, we
know from (34) that DrMMD(µn‖π) ≤ 1+λ

λ MMD2(µn‖π) and MMD2(µn‖π) → 0 as µn
converges weakly to π (Simon-Gabriel et al., 2023). For the converse direction, we assume
that DrMMD (µn‖π) → 0. From (35), we know that MMD2 (µ‖π) ≤ K+λ

1+λ DrMMD (µ‖π),
therefore DrMMD (µn‖π)→ 0 implies MMD (µn‖π)→ 0, implying the weak convergence of
µn to π, if k is characteristic (Simon-Gabriel et al., 2023).

10.6 Proof of Proposition 4.1

In order to show that FDrMMD(·) = DrMMD(·‖π) admits a well-defined gradient flow, we
follow the same techniques in Proposition 7 of Glaser et al. (2021) and Lemma B.2 of Chizat
and Bach (2018), where the key is to show that (1 + λ)∇h∗µ,π is the Fréchet subdifferential
of FDrMMD evaluated at µ.7 According to Definition 10.1.1 of Ambrosio et al. (2005), it is
equivalent to prove that, for any µ ∈ P2(Rd) and φ ∈ C∞c (Rd),

DrMMD ((I +∇φ)#µ‖π)−DrMMD (µ‖π) ≥ (1 + λ)

∫
∇φ(x)>∇h∗µ,π(x)dµ(x)

+ o
(
‖∇φ‖L2(µ)

)
. (36)

Define ρt = (I + t∇φ)#µ, ϕt : Rd → Rd, x 7→ x+ t∇φ(x) and g(t) = DrMMD(ρt||π). Then
from Lemma B.6 we know that g(t) is continuous and differentiable with respect to t and

d

dt

∣∣∣
t=0

g(t) = (1 + λ)

∫
∇φ(x)>∇h∗µ,π(x)dµ(x).

7. Although DrMMD can be viewed as squared MMD with a regularized kernel k̃, we are not using the
technique in Arbel et al. (2019) because it relies on Lemma 10.4.1 of Ambrosio et al. (2005) which only
provides the Fréchet subdifferential on probability measures µ that admit density functions. To construct
the Wasserstein gradient flow of FDrMMD up to full generality, we resort to the techniques of Glaser et al.
(2021) and Chizat and Bach (2018) instead.
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Since t 7→ g(t) is differentiable, using Taylor’s theorem and mean value theorem (Rudin,
1976), we know that there exists 0 < κ < 1 such that

DrMMD ((I +∇φ)#µ‖π)−DrMMD (µ‖π) = g(1)− g(0) =
d

dt

∣∣∣
t=0

g(t) +
d2

dt2

∣∣∣
t=κ

g(t).

Therefore, to prove (36), the goal is to prove that d2

dt2

∣∣
t=κ

g(t) ≥ o
(
‖∇φ‖L2(µ)

)
. To this end,

since we know from Lemma B.6 that t 7→ d
dtg(t) is continuous and differentiable, we have

d2

dt2
DrMMD(ρt||π) = 2(1 + λ)

∫∫
∇φ(x)>∇1∇2k̃ (ϕt(x), ϕt(y))∇φ(y)dµ(x)dµ(y)

+ 2(1 + λ)

∫
∇φ(x)>

(∫
H1k̃ (ϕt(x), ϕt(y)) dµ(y)−

∫
H1k̃ (ϕt(x), y) dπ(y)

)
∇φ(x)dµ(x),

where k̃ is the regularized kernel defined in (6) and H̃ is the associated RKHS. Using
Lemma B.3, the first term above can be upper-bounded by,

∣∣∣∣2(1 + λ)

∫∫
∇φ(x)>∇1∇2k̃ (ϕt(x), ϕt(y))∇φ(y)dµ(x)dµ(y)

∣∣∣∣

≤ 2(1 + λ)

∫∫
‖∇φ(x)‖

∥∥∥∇1∇2k̃ (ϕt(x), ϕt(y))
∥∥∥
F
‖∇φ(y)‖ dµ(x)dµ(y)

≤ 2(1 + λ)
K1d

λ

(∫
‖∇φ(y)‖ dµ(y)

)2

≤ 2(1 + λ)
K1d

λ
‖∇φ‖2L2(µ).

Using Lemma B.3 again, the second term can be upper-bounded by
∣∣∣∣
∫
∇φ(x)>

(∫
H1k̃ (ϕt(x), ϕt(y)) dµ(y)−

∫
H1k̃ (ϕt(x), y) dπ(y)

)
∇φ(x)dµ(x)

∣∣∣∣

≤
∣∣∣∣
∫
∇φ(x)>

(∫
H1k̃ (ϕt(x), ϕt(y)) dµ(y)

)
∇φ(x)dµ(x)

∣∣∣∣

+

∣∣∣∣
∫
∇φ(x)>

(∫
H1k̃ (ϕt(x), y) dπ(y)

)
∇φ(x)dµ(x)

∣∣∣∣

≤
∫
‖∇φ(x)‖

(∫ ∥∥∥H1k̃ (ϕt(x), ϕt(y))
∥∥∥
F
dµ(y)

)
‖∇φ(x)‖ dµ(x)

+

∫
‖∇φ(x)‖

(∫ ∥∥∥H1k̃ (ϕt(x), y)
∥∥∥
F
dπ(y)

)
‖∇φ(x)‖ dµ(x)

≤ 2

√
KK2d

λ
‖∇φ‖2L2(µ).

Combining the above two inequalities to have
∣∣∣∣
d2

dt2
DrMMD(ρt||π)

∣∣∣∣ ≤ 2(1 + λ)
K1d

λ
‖∇φ‖2L2(µ) + 4(1 + λ)

√
KK2d

λ
‖∇φ‖2L2(µ). (37)

Therefore, we have d2

dt2

∣∣
t=κ

g(t) = O(‖∇φ‖2L2(µ)) = o(‖∇φ‖L2(µ)) as ‖∇φ‖L2(µ) → 0. So
(36) is proved, which means that (1 + λ)∇h∗µ,π(x) is the Fréchet subdifferential of FDrMMD
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evaluated at µ. According to Definition 11.1.1 of Ambrosio et al. (2005), there exists a
solution (µt)t≥0 such that the following equation holds in the sense of distributions,

∂tµt − (1 + λ)∇ ·
(
µt∇h∗µt,π

)
= 0,

and such (µt)t≥0 is indeed the DrMMD gradient flow, so existence is proved.
Next, we are going to prove uniqueness. (37) indicates that FDrMMD is geodesically

−(1 + λ)4
√
KK2d+2K1d

λ semiconvex. Therefore the uniqueness of (µt)t follows from Theorem
11.2.1 of Ambrosio et al. (2005). (8) is proved in (37).

10.7 Proof of Proposition 4.2

Given µ ∈ P2

(
Rd
)
and φ ∈ C∞c

(
Rd
)
, consider the path (ρt)0≤t≤1 from µ to (I + ∇φ)#µ

given by ρt = (I + t∇φ)#µ. (ρt)0≤t≤1 is a constant-time geodesic in the Wasserstein-2 space
by construction (Appendix A). Define ϕt : Rd → Rd, x 7→ x+ t∇φ(x). We know from (Villani
et al., 2009, Example 15.9) (by taking m = 2) that,

d2

dt2

∣∣∣
t=0

χ2(ρt‖π) =

∫
dµ

dπ
(x)
(
∇V (x)>∇φ(x)−∇ · ∇φ(x)

)2
dµ(x)

+

∫
dµ

dπ
(x)∇φ(x)>HV (x)∇φ(x)dµ(x)

+

∫
dµ

dπ
(x) ‖Hφ(x)‖2F dµ(x). (38)

V is twice differentiable, so ∇V as a function from Rd to Rd is continuous. φ ∈ C∞c (Rd)
has compact support, so x 7→ ∇V (x)>∇φ(x) −∇ · ∇φ(x) is a continuous function over a
compact domain, so its image is also compact and hence bounded. Using similar arguments,
x 7→ ∇φ(x)>HV (x)∇φ(x) and x 7→ ‖Hφ(x)‖2F are also continuous functions over compact
domains, so they are all bounded.

Since dµ
dπ − 1 ∈ H ⊂ L2(π) and

∫ dµ
dπ (x)dµ(x) = ‖dµdπ − 1‖2L2(π) + 1 <∞, we have

d2

dt2
∣∣
t=0

χ2(ρt‖π) <∞. (39)

Next, from Lemma B.9 we know that d2

dt2

∣∣
t=0

χ2(ρt‖π) can be alternatively expressed as,

d2

dt2

∣∣∣
t=0

χ2(ρt‖π) = 2

∫ (
∇ · (∇φ(x)µ(x))

1

π(x)

)2

π(x)dx

+ 2

∫
∇φ(x)>H

(
µ(x)

π(x)

)
∇φ(x)µ(x)dx. (40)

Recall from Lemma B.6 that

d2

dt2

∣∣∣
t=0

DrMMD(ρt||π)

= 2(1 + λ)

∫∫
∇φ(x)>∇1∇2k̃ (x, y)∇φ(y)dµ(x)dµ(y)

34



(De)-regularized Maximum Mean Discrepancy Gradient Flow

+ 2(1 + λ)

∫
∇φ(x)>

(∫
H1k̃ (x, y) dµ(y)−

∫
H1k̃ (x, y) dπ(y)

)
∇φ(x)dµ(x). (41)

To prove (9), our aim then is to compare and bound the difference of d2

dt2

∣∣
t=0

χ2(ρt‖π) in (40)
and 1

1+λ
d2

dt2

∣∣
t=0

DrMMD(ρt||π) in (41), so we compare and bound their first and second term
separately.

The first term of (40) can be rewritten as

∫ (
∇ · (∇φ(x)µ(x))

1

π(x)

)2

π(x)dx =
∑

i≥1

〈
∇ · (∇φµ)

1

π
, ei

〉2

L2(π)

=
∑

i≥1

(∫
∇ · (∇φ(x)µ(x)) ei(x)dx

)2

=
∑

i≥1

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2

, (42)

where we use integration by parts in the last line since φ ∈ C∞c (Rd). And the first term of
(41) after rescaling by 1

1+λ can be rewritten as,

2

∫∫
∇φ(x)>∇1∇2k̃ (x, y)∇φ(y)dµ(x)dµ(y)

= 2

∫∫
∇φ(x)>∇x∇y


∑

i≥1

%i
%i + λ

ei(x)ei(y)


∇φ(y)dµ(x)dµ(y)

= 2

∫∫ (
∇ · (∇φ(x)µ(x))

)(
∇ · (∇φ(y)µ(y))

)∑

i≥1

%i
%i + λ

ei(x)ei(y)dxdy. (43)

Since π � Ld so (33) is true for all x, y ∈ Rd, hence the second equality is true, and the last
equality uses integration by parts since φ ∈ C∞c (Rd). Notice that

∑

i≥1

%i
%i + λ

∫∫ ∣∣∣ei(x)ei(y)
(
∇ · (∇φ(x)µ(x))

)(
∇ · (∇φ(y)µ(y))

)∣∣∣ dxdy

=
∑

i≥1

%i
%i + λ

(∫ ∣∣∣
(
∇ · (∇φ(x)µ(x))

)
ei(x)

∣∣∣ dx
)2

≤ 1

λ

∑

i≥1

%i

(∫ (∇ · (∇φ(x)µ(x))

µ(x)

)2

µ(x)dx

)(∫
ei(x)2µ(x)dx

)

=
1

λ

(∫ (
∇ logµ(x)>∇φ(x) +∇ · ∇φ(x)

)2
dµ(x)

)

∫ ∑

i≥1

%iei(x)2dµ(x)




≤ K

λ

(∫ (
∇ logµ(x)>∇φ(x) +∇ · ∇φ(x)

)2
dµ(x)

)
< +∞.

The first inequality uses Cauchy-Schwartz, the second inequality uses
∑

i≥1 %i(ei(x))2 =
k(x, x) ≤ K. The last quantity is finite because x → ∇ logµ(x) is a continuous function
and φ ∈ C∞c (Rd) has compact support, hence the integral of a continuous function over a
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compact domain is always finite. Then, by using Fubini’s theorem (Rudin, 1976), we are
allowed to interchange the infinite sum and integration of (43) to reach,

2

∫∫ (
∇ · (∇φ(x)µ(x))

)(
∇ · (∇φ(y)µ(y))

)∑

i≥1

%i
%i + λ

ei(x)ei(y)dxdy

= 2
∑

i≥1

%i
%i + λ

∫∫ (
∇ · (∇φ(x)µ(x))

)(
∇ · (∇φ(y)µ(y))

)
ei(x)ei(y)dxdy

= 2
∑

i≥1

%i
%i + λ

(∫ (
∇ · (∇φ(x)µ(x))

)
ei(x)dx

)2

= 2
∑

i≥1

%i
%i + λ

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2

,

where the last equality uses integration by parts.
So the difference between the first term of (40) and (41) rescaled by 1

1+λ is,

2

∣∣∣∣∣∣
∑

i≥1

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2

−
∑

i≥1

%i
%i + λ

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2
∣∣∣∣∣∣

= 2
∑

i≥1

λ

%i + λ

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2

. (44)

Now we turn to the second term. The second term of (40) can be rewritten as

2

∫
∇φ(x)>H

(
dµ

dπ
(x)

)
∇φ(x)µ(x)dx

= 2

∫
∇φ(x)>H

(
dµ

dπ
(x)− 1

)
∇φ(x)µ(x)dx

= 2

∫
∇φ(x)>H


∑

i≥1

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei(x)


∇φ(x)µ(x)dx, (45)

and the second term of (41) rescaled by 1
1+λ can be rewritten as,

2

∫
∇φ(x)>

(∫
H1k̃ (x, y) dµ(y)−

∫
H1k̃ (x, y) dπ(y)

)
∇φ(x)dµ(x)

= 2

∫
∇φ(x)>H

(∫
k̃ (x, y) dµ(y)−

∫
k̃ (x, y) dπ(y)

)
∇φ(x)dµ(x)

= 2

∫
∇φ(x)>H


∑

i≥1

%i
%i + λ

ei(x)

∫
ei(y)d(µ− π)(y)


∇φ(x)dµ(x)

= 2

∫
∇φ(x)>H


∑

i≥1

%i
%i + λ

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei(x)


∇φ(x)dµ(x). (46)
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Since π � Ld, so (33) is true for all x, y ∈ Rd hence the third equality is true. From
Lemma B.3, we have

∫
k̃(x, y)dµ(y) ≤ K

λ , x 7→ k̃(x, y) is second-order differentiable,
supx |H1k̃(x, y)| ≤

√
KK2d
λ . So we are allowed to interchange integration and Hessian in the

second equality using the differentiation lemma (Klenke, 2013, Theorem 6.28). Consider the
difference of (46) and (45), we have

2

∣∣∣∣∣

∫
∇φ(x)>H


∑

i≥1

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei(x)


∇φ(x)µ(x)dx

−
∫
∇φ(x)>H


∑

i≥1

%i
%i + λ

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei(x)


∇φ(x)dµ(x)

∣∣∣∣∣

= 2

∣∣∣∣∣∣

∫
∇φ(x)>H


∑

i≥1

λ

%i + λ

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei(x)


∇φ(x)µ(x)dx

∣∣∣∣∣∣
. (47)

Given dµ
dπ − 1 ∈ H, there exists q ∈ L2(π) such that dµ

dπ − 1 = T 1/2
π q so that 〈dµdπ − 1, ei〉 =

%
1/2
i 〈q, ei〉 for all i. For j, r ∈ {1, · · · , d}, we have

gM0(x) :=

∣∣∣∣∣∣
∑

i≥M0

λ

%i + λ

〈
dµ

dπ
− 1, ei

〉

L2(π)

∂j∂rei(x)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

i≥M0

λ

%i + λ
%

1/2
i 〈q, ei〉L2(π)∂j∂rei(x)

∣∣∣∣∣∣

≤


∑

i≥M0

(
λ

%i + λ

)2

〈q, ei〉2L2(π)




1/2
∑

i≥M0

%i (∂j∂rei(x))2




1/2

≤


∑

i≥M0

〈q, ei〉2L2(π)




1/2
∑

i≥M0

%i (∂j∂rei(x))2




1/2

≤
√
K2d


∑

i≥M0

〈q, ei〉2L2(π)




1/2

.

The final inequality holds because,

d∑

j,r=1

∑

i≥1

%i (∂j∂rei(x))2 ≤
d∑

j,r=1

∑

i≥1

%i〈∂j∂rk(x, ·), ei〉2H =

d∑

j,r=1

∑

i≥1

〈∂j∂rk(x, ·),√%iei〉2H

=
d∑

j,r=1

‖∂j∂rk(x, ·)‖2H = ‖H1k(x, ·)‖2Hd×d ≤ K2d. (48)

Since ‖sdq‖L2(π) is bounded, so
∑

i≥M0
〈q, ei〉2L2(π) converges to 0 uniformly as M0 →∞ and

hence gM0(x) converge to 0 uniformly. Therefore, we are allowed to interchange the Hessian
and the infinite sum (Rudin, 1976) in (47) to achieve,

2

∣∣∣∣∣∣

∫
∇φ(x)>H


∑

i≥1

λ

%i + λ

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei(x)


∇φ(x)µ(x)dx

∣∣∣∣∣∣
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= 2

∣∣∣∣∣∣

∫
∇φ(x)>


∑

i≥1

λ

%i + λ
%

1/2
i 〈q, ei〉L2(π)Hei(x)


∇φ(x)µ(x)dx

∣∣∣∣∣∣

≤ 2


∑

i≥1

(
λ

%i + λ

)2

〈q, ei〉2L2(π)




1/2
∑

i≥1

%i

(∫
∇φ(x)>Hei(x)∇φ(x)µ(x)dx

)2



1/2

≤ 2


∑

i≥1

(
λ

%i + λ

)2

〈q, ei〉2L2(π)




1/2
∑

i≥1

%i ‖Hei(x)‖2op
(∫
∇φ(x)>∇φ(x)µ(x)dx

)2



1/2

≤ 2


∑

i≥1

(
λ

%i + λ

)2

〈q, ei〉2L2(π)




1/2
∑

i≥1

%i ‖Hei(x)‖2op




1/2

‖∇φ‖2L2(µ)

≤ 2


∑

i≥1

(
λ

%i + λ

)2

〈q, ei〉2L2(π)




1/2
∑

i≥1

%i ‖Hei(x)‖2F




1/2

‖∇φ‖2L2(µ)

≤ 2


∑

i≥1

(
λ

%i + λ

)2

〈q, ei〉2L2(π)




1/2
√
K2d‖∇φ‖2L2(µ). (49)

The first inequality uses Cauchy Schwartz, the second last inequality uses that matrix operator
norm is smaller than matrix Frobenius norm, and the last inequality uses (48). Combining
together (44) and (49), we reach

∣∣∣∣
1

1 + λ

d2

dt2

∣∣∣
t=0

DrMMD(ρt||π)− d2

dt2

∣∣∣
t=0

χ2(ρt||π)

∣∣∣∣

≤ 2
∑

i≥1

λ

%i + λ

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2

+ 2


∑

i≥1

(
λ

%i + λ

)2

〈q, ei〉2L2(π)




1/2
√
K2d‖∇φ‖2L2(µ)

=: R̄(λ, µ,∇φ).

Therefore,

d2

dt2

∣∣∣
t=0

DrMMD(ρt||π) ≥ (1 + λ)
d2

dt2

∣∣∣
t=0

χ2(ρt||π)− (1 + λ)R̄(λ, µ,∇φ)

≥ (1 + λ)

∫
dµ

dπ
(x)∇φ(x)>HV (x)∇φ(x)dµ(x)− (1 + λ)R̄(λ, µ,∇φ)

≥ (1 + λ)α

∫
dµ

dπ
(x)‖∇φ(x)‖2dµ(x)− (1 + λ)R̄(λ, µ,∇φ),

where the second inequality is using (38) and the last inequality is using HV � αI. So (9) is
proved.
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Define R(λ, µ,∇φ) := (1+λ)R̄(λ, µ,∇φ). The final thing to check is limλ→0R(λ, µ,∇φ) = 0,
which is equivalent to check that limλ→0 R̄(λ, µ,∇φ) = 0. Since we know from (39) and (42)
that

∑

i≥1

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2

<
d2

dt2

∣∣∣
t=0

χ2(ρt‖π) <∞,

using the dominated convergence theorem (Rudin, 1976), we are allowed to interchange
infinite sum and taking limits,

lim
λ→0

∑

i≥1

λ

%i + λ

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2

=
∑

i≥1

lim
λ→0

λ

%i + λ

(∫
∇φ(x)>∇ei(x)µ(x)dx

)2

= 0.

Similarly, because
∑

i≥1

(
λ

%i+λ

)2
〈q, ei〉2L2(π) < ‖q‖2L2(π) <∞, using dominated convergence

theorem (Rudin, 1976) again, we have,

lim
λ→0

∑

i≥1

(
λ

%i + λ

)2

〈q, ei〉2L2(π) =
∑

i≥1

lim
λ→0

(
λ

%i + λ

)2

〈q, ei〉2L2(π) = 0.

Therefore, we have that

lim
λ→0

R(λ, µ,∇φ) = lim
λ→0

R̄(λ, µ,∇φ) = 0.

And the proof of the proposition is finished.

10.8 Proof of Theorem 4.1

Considering the time derivative of KL(µt‖π), we have

d

dt
KL(µt‖π)

= −(1 + λ)

∫
∇h∗µt,π(x)>∇ log

dµt
dπ

(x)µt(x)dx

= −(1 + λ)

∫
∇h∗µt,π(x)>∇dµt

dπ
(x)π(x)dx

= −(1 + λ)

∫ (
∇h∗µt,π(x)− 2∇dµt

dπ
(x)

)>
∇dµt
dπ

(x)π(x)dx− 2(1 + λ)

∫
π(x)

∥∥∥∥∇
dµt
dπ

(x)

∥∥∥∥
2

dx

= −(1 + λ)

∫ (
∇h∗µt,π(x)− 2∇

(
dµt
dπ

(x)− 1

))>
∇dµt
dπ

(x)π(x)dx

− 2(1 + λ)

∫
π(x)

∥∥∥∥∇
dµt
dπ

(x)

∥∥∥∥
2

dx. (50)

Case one:
∫
π(x)

∥∥∥∇dµt
dπ (x)

∥∥∥
2
dx < ∞. We use integration by parts for the first term in

(50) and we can safely ignore the boundary term due to condition 5 that for i = 1, . . . , d,
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lim
x→∞

(
h∗µt,π(x)− 2dµtdπ (x)

)(
∂i
dµt
dπ (x)

)
π(x)→ 0. So, we obtain

d

dt
KL(µt‖π) = (1 + λ)

∫ (
h∗µt,π(x)− 2

(
dµt
dπ

(x)− 1

))
∇ ·
(
π(x)∇dµt

dπ
(x)

)
dx

− 2(1 + λ)

∫
π(x)

∥∥∥∥∇
dµt
dπ

(x)

∥∥∥∥
2

dx

= (1 + λ)

∫ (
h∗µt,π(x)− 2

(
dµt
dπ

(x)− 1

)) ∇ ·
(
π(x)∇dµt

dπ (x)
)

π(x)
π(x)dx

− 2(1 + λ)

∫
π(x)

∥∥∥∥∇
dµt
dπ

(x)

∥∥∥∥
2

dx

≤ (1 + λ)

∥∥∥∥h∗µt,π − 2

(
dµt
dπ
− 1

)∥∥∥∥
L2(π)

∥∥∥∥∥∥

∇ ·
(
π∇dµt

dπ

)

π

∥∥∥∥∥∥
L2(π)

− 2(1 + λ)

CP
KL(µt‖π), (51)

where the first part of the last inequality holds by using Cauchy Schwartz, and the second
part holds by the fact that KL(µt‖π) ≤ χ2(µt‖π) (Van Erven and Harremos, 2014) and by
applying the Poincaré inequality with f = dµt

dπ − 1 (notice that ‖∇f‖L2(π) <∞ from Case
one and ‖f‖L2(π) <∞ from condition 3),

∫
π(x)

∥∥∥∥∇
dµt
dπ

(x)

∥∥∥∥
2

dx ≥ 1

CP
χ2(µt‖π) ≥ 1

CP
KL(µt‖π).

Since dµt
dπ − 1 ∈ Ran (T rπ ) with r > 0, using Lemma B.5 we have

∥∥∥∥h∗µt,π − 2

(
dµt
dπ
− 1

)∥∥∥∥
L2(π)

≤ 2λr ‖qt‖L2(π) . (52)

Then, notice that

∥∥∥∥∥∥

∇ ·
(
π∇dµt

dπ

)

π

∥∥∥∥∥∥

2

L2(π)

=

∫
[
∇ ·
(
π(x)∇dµt

dπ (x)
)]2

π(x)2
dπ(x)

=

∫
(
∇π(x)>∇dµt

dπ (x) + π(x)∇ · ∇dµt
dπ (x)

)2

π(x)2
dπ(x)

=

∫ (
∇ log π(x)>∇dµt

dπ
(x) + ∆

dµt
dπ

(x)

)2

dπ(x)

≤
∫

2

(
∇ log π(x)>∇dµt

dπ
(x)

)2

+ 2

(
∆
dµt
dπ

(x)

)2

dπ(x)

= 2

∥∥∥∥∇ (log π)>∇
(
dµt
dπ

)∥∥∥∥
2

L2(π)

+ 2

∥∥∥∥∆

(
dµt
dπ

)∥∥∥∥
2

L2(π)

≤ 2J 2
t + 2I2

t . (53)
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Therefore, plugging (52) and (53) back to (51), we have

d

dt
KL(µt‖π) ≤ 4(1 + λ)λr ‖qt‖L2(π) (Jt + It)−

2(1 + λ)

CP
KL(µt‖π). (54)

Case two:
∫
π(x)

∥∥∥∇dµt
dπ (x)

∥∥∥
2
dx = ∞. The first term of (50) remains the same, and the

second term of (50) now equals infinity which is larger than the finite 2(1+λ)
CP

KL(µt‖π), so
we also obtain (54) as in Case one.

Therefore, both Case one and Case two result in (54). Using the Gronwall lemma, we
obtain that for any T > 0,

KL(µT ‖π) ≤ exp

(
−2(1 + λ)

CP
T

)
KL(µ0‖π)

+ 4(1 + λ)λr
∫ T

0
exp

(
−2(1 + λ)

CP
(T − t)

)
‖qt‖L2(π) (Jt + It)dt,

which concludes the proof of Theorem 4.1.

10.8.1 Derivation of (14) under stronger range assumption r = 1
2 .

Notice that for any x ∈ Rd, since k is differentiable

∇
(
dµt
dπ
− 1

)
(x) =

〈
∇k(x, ·), dµt

dπ
− 1

〉

Hd
≤
√
K1d

∥∥∥∥
dµt
dπ
− 1

∥∥∥∥
H
.

And since dµt
dπ −1 ∈ H, there exists qt ∈ L2(π) such that

〈
dµt
dπ − 1, ei

〉
L2(π)

= %
1/2
i 〈qt, ei〉L2(π)

for all i, so
∥∥∥∥
dµt
dπ
− 1

∥∥∥∥
2

H
=
∑

i≥1

1

%i

〈
dµt
dπ
− 1, ei

〉2

L2(π)

=
∑

i≥1

〈qt, ei〉2L2(π) = ‖qt‖2L2(π).

Combining the above two equations, we have
∥∥∥∥∇ (log π)>∇

(
dµt
dπ
− 1

)∥∥∥∥
L2(π)

≤
√
K1d‖qt‖L2(π) ‖∇ log π‖L2(π) .

Also, for the other one, notice that

∆

(
dµt
dπ

)
(x) ≤

∥∥∥∥H
(
dµt
dπ
− 1

)
(x)

∥∥∥∥
F

=

∥∥∥∥
〈
Hk(x, ·), dµt

dπ
− 1

〉∥∥∥∥
F

≤ ‖Hk(x, ·)‖Hd×d
∥∥∥∥
dµt
dπ
− 1

∥∥∥∥
H
≤
√
K2d‖qt‖L2(π).

Therefore,
∥∥∥∥∆

(
dµt
dπ

)∥∥∥∥
L2(π)

≤
√
K2d‖qt‖L2(π).
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10.9 Proof of Proposition 5.1

We know that µn+1 = (I − γ(1 + λ)∇h)#µn where we drop the subscripts of the witness
function hµn,π when it causes no ambiguity. Denote ρt = (I− t(1 + λ)∇h)#µn, so ρ0 = µn,
and ργ = µn+1. Consider the difference of KL divergence between the two iterates µn+1 and
µn along the time-discretized DrMMD flow:

KL(µn+1‖π)−KL(µn‖π) = KL(ργ‖π)−KL(ρ0‖π)

=
d

dt

∣∣∣
t=0

KL(ρt‖π)γ +

∫ γ

0
(γ − t) d

2

dt2
KL(ρt‖π)dt. (55)

For the first term of (55),

d

dt

∣∣∣
t=0

KL(ρt‖π)

= −(1 + λ)Eµn

[
∇ log

dµn
dπ

>
∇h
]

= −(1 + λ)Eπ

[
∇dµn
dπ

>
∇h
]

= −2(1 + λ)

∥∥∥∥∇
dµn
dπ

∥∥∥∥
2

L2(π)

+ (1 + λ)Eπ

[
∇dµn
dπ

>(
2∇dµn

dπ
−∇h

)]

= −2(1 + λ)

∥∥∥∥∇
dµn
dπ

∥∥∥∥
2

L2(π)

+ (1 + λ)

∫ (
∇dµn
dπ

(x)

)>(
2∇
(
dµn
dπ

(x)− 1

)
−∇h(x)

)
π(x)dx

= −2(1 + λ)

∥∥∥∥∇
dµn
dπ

∥∥∥∥
2

L2(π)

− (1 + λ)

∫ (
2

(
dµn
dπ

(x)− 1

)
− h(x)

)
∇ ·
(
π(x)∇dµn

dπ
(x)

)
dx

≤ −(1 + λ)
2

CP
χ2(µn‖π) + (1 + λ)

∥∥∥∥h− 2

(
dµn
dπ
− 1

)∥∥∥∥
L2(π)

∥∥∥∥∥∥

∇ ·
(
π∇dµn

dπ

)

π

∥∥∥∥∥∥
L2(π)

, (56)

where the fourth equality uses an integration by parts, and the last inequality uses Poincaré
inequality for the first term under similar arguments in Section 10.8 and uses Cauchy-Schwarz
for the second term. Using Lemma B.5 and the derivations in (53), (56) can be further upper
bounded by

d

dt

∣∣∣
t=0

KL(ρt‖π) ≤ −(1 + λ)
2

CP
χ2(µn‖π) + 2(1 + λ)λrQ (J + I) . (57)

Then, for the second term of (55), we know from Example 15.9 of Villani et al. (2009) (taking
m = 1) that,

d2

dt2
KL(ρt‖π) = (1 + λ)2

∫
∇h(x)>HV (ϕt(x))∇h(x)dµn(x)

+ (1 + λ)2

∫ ∥∥∥Hh(x) (I− t(1 + λ)Hh(x))−1
∥∥∥

2

F
dµn(x).

Because 2(1 + λ)γ
√
χ2 (µ0‖π) K2d

λ ≤
ζ−1
ζ for 1 < ζ < 2, applying Lemma B.7 we have,

d2

dt2
KL(ρt‖π) ≤ 4(1 + λ)2βχ2(µn‖π)

K1d

λ
+ 4(1 + λ)2ζ2χ2(µn‖π)

K2d

λ
. (58)
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Combining the above two inequalities (57) and (58) and plugging them back into (55), we
obtain

KL(µn+1‖π)−KL(µn‖π) ≤ − 2

CP
(1 + λ)χ2(µn‖π)γ + 2(1 + λ)γλrQ (J + I)

+ 2(1 + λ)2γ2(β + ζ2)χ2(µn‖π)
K1d +K2d

λ

≤ − 2

CP
χ2(µn‖π)γ

+ 4γλrQ (J + I) + 8γ2(β + ζ2)χ2(µn‖π)
K1d +K2d

λ
,

where the last inequality holds by using 0 < λ ≤ 1, and the result follows.

10.10 Proof of Theorem 5.1

In order to use Proposition 5.1 in the proof, first we are going to show that Proposition 5.1
holds under the conditions of Theorem 5.1. Notice that conditions 1-4 of Proposition 5.1
are precisely the conditions 1-4 of Theorem 5.1. To use Proposition 5.1 in the proof of
Theorem 5.1, the only thing left is to check that the condition of step size γ in (16) is
satisfied.

In Theorem 5.1, λn is selected to be
(

2γ χ
2(µn‖π)(β+ζ2)(K1d+K2d)

Q(J+I)

) 1
r+1 ∧ 1. If λn is taken

to be the former, then

2γ(1 + λn)

√
χ2(µn‖π)

K2d

λn
≤ 4γ

√
χ2(µn‖π)

K2d

λn

= 2(2γ)
2r+1
2r+2χ2 (µn‖π)

r
2r+2 (Q(J + I))

1
2r+2

(
1

K1d +K2d

1

β + ζ2

) 1
2r+2

K
1
2
2d

(∗)
≤ (8γ)

2r+1
2r+2 Q

2r+1
2r+2 (J + I)

1
2r+2

(
1

β + ζ2

) 1
2r+2

K
r

2r+2

2d

≤ ζ − 1

ζ

(
1

β + ζ2

) r
2r+2

≤ ζ − 1

ζ
. (59)

(∗) holds because K2d
K1d+K2d

≤ 1 and

χ2 (µn‖π) =

∥∥∥∥
dµn
dπ
− 1

∥∥∥∥
2

L2(π)

= ‖T rπ qn‖2L2(π) ≤ K2rQ2 ≤ Q2. (60)

The second last inequality of (59) holds due to the constraint on γ in (19), and the last
inequality of (59) holds because β + ζ2 ≥ 1.

On the other hand, if λn is chosen to be 1, similarly based on the constraint on γ in (19), we
have

2γ(1 + λn)χ2(µn‖π)
K2d

λn
= 4γχ2(µn‖π)K2d ≤

ζ − 1

ζ
.
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Therefore, all the conditions of Proposition 5.1 have been verified. So, if we select λn =(
2γ χ

2(µn‖π)(β+ζ2)(K1d+K2d)
Q(J+I)

) 1
r+1 ∧ 1, then

KL(µn+1‖π)−KL(µn‖π) ≤ −γ 2

CP
χ2(µn‖π)

+ 4γλrnQ (J + I)︸ ︷︷ ︸
(∆1)

+ 8γ2(β + ζ2)χ2(µn‖π)
K1d +K2d

λn︸ ︷︷ ︸
(∆2)

. (61)

By observing (61), the first term on the right-hand side − 2
CP
χ2(µn‖π)γ is strictly negative

and is decreasing KL divergence at each iteration n of the DrMMD gradient descent. In
contrast, the second term (∆1) := 4γλrnQ(J + I) and the third term (∆2) := 8γ2(β +
ζ2)χ2(µn‖π)K1d+K2d

λn
are positive and prevent the KL divergence from decreasing. Denote

G(λn) = (∆1) + (∆2) and the optimal λn is achieved by taking d
dλn

G(λn) = 0, which leads

to λn =
(

2γ χ
2(µn‖π)(β+ζ2)(K1d+K2d)

Q(J+I)

) 1
r+1 . Plugging the value of λn back to (61) to obtain,

KL(µn+1‖π)−KL(µn‖π)

≤ − 2

CP
χ2(µn‖π)γ + 4γ (2γ)

r
r+1
(
χ2(µn‖π)(β + ζ2)(K1d +K2d)

) r
r+1 (Q(J + I))

1
r+1

≤ − 2

CP
χ2(µn‖π)γ + 8γ1+ r

r+1
(
χ2(µn‖π)(β + ζ2)(K1d +K2d)

) r
r+1 (Q(J + I))

1
r+1

≤ − 2

CP
χ2(µn‖π)γ + 8γ1+ r

r+1Q
2r+1
r+1

(
(K1d +K2d)(β + ζ2)

) r
r+1

(J + I)
1
r+1 , (62)

where the last inequality holds because of (60). Since χ2(µn‖π) ≥ KL(µn‖π) (Van Erven
and Harremos, 2014, Equation (7)), we have

KL(µn+1‖π) ≤
(

1− γ 2

CP

)
KL(µn‖π)

+ 8γ1+ r
r+1Q

2r+1
r+1

(
(K1d +K2d)(β + ζ2)

) r
r+1

(J + I)
1
r+1 .

After iterating, we obtain

KL(µnmax‖π)

≤
(

1− γ 2

CP

)nmax
KL(µ0‖π) + 4γ

r
r+1CPQ

2r+1
r+1

(
(K1d +K2d)(β + ζ2)

) r
r+1

(J + I)
1
r+1

≤ exp

(
−2nmaxγ

CP

)
KL(µ0‖π) + 4γ

r
r+1CPQ

2r+1
r+1

(
(K1d +K2d)(β + ζ2)

) r
r+1

(J + I)
1
r+1

and the result follows.

10.11 Proof of Theorem 5.2

The proof of Theorem 5.2 is also based on Proposition 5.1 proved in the last section. Recalling
(62) yet with adaptive step size γn, we have

KL(µn+1‖π)−KL(µn‖π)
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≤ − 2

CP
χ2(µn‖π)γn + 8γ

1+ r
r+1

n

(
χ2(µn‖π)(β + ζ2)(K1d +K2d)

) r
r+1 (Q(J + I))

1
r+1 .

From (21), we have

8γ
r
r+1
n

(
(K1d +K2d)(β + ζ2)

) r
r+1

(Q(J + I))
1
r+1 ≤ 1

CP
χ2(µn‖π)

1
r+1 ,

so that we have

KL(µn+1‖π)−KL(µn‖π) ≤ − 1

CP
χ2(µn‖π)γn ≤ −

1

CP
KL(µn‖π)γn.

Hence

KL(µn+1‖π) ≤
(

1− 1

CP
γn

)
KL(µn‖π). (63)

After iterating n from 1 to nmax, the theorem is proved.

10.12 Proof of Theorem 6.1

In order to analyze the error of space discretization, we introduce another particle descent
scheme using the population witness function h∗µn,π defined in (15) starting from the same
initialization as that of (24),

y
(i)
n+1 = y(i)

n − γ(1 + λn)∇h∗µn,π(y(i)
n ), y

(i)
0 = y

(i)
0 . (64)

The corresponding empirical distribution of the particles at time step n is defined as µn =
1
N

∑N
i=1 y

(i)
n . Note that (64) is an unbiased sampled version (since it is composed of N i.i.d.

realizations) of (15). The following proposition shows that W2(µn, µ̂n)→ 0 as N,M →∞,
i.e., with a sufficient number of samples from µ0 and π, (24) can approximate (64) with
arbitrary precision. The proof of Proposition 10.1 is provided in Section 10.13.

Proposition 10.1 Suppose k satisfies Assumption 1 and 2. Given initial particles {y(i)
0 }Ni=1

that are i.i.d sampled from µ0, a sequence (µn)n∈N of empirical distributions arising from
(64), and a sequence (µ̂n)n∈N arising from (24), then for all n ≥ 1, we have

E[W2 (µ̂n, µn)] ≤ A
(

K√
Mλ̃

+
1√
M

+
1√
N

)(
exp

(
γn

2(1 + λ̃)R

λ̃

)
− 1

)
,

where A = 2
√
KK1d√

KK2d+K1d
and R = K1d +

√
KK2d are constants that only depend on the kernel,

and λ̃ = min
i=1,...,n

λi denotes the smallest regularization coefficient.

Now we are ready to prove Theorem 6.1. By the triangle inequality, we have,

E [W2 (µ̂n, π)] ≤ E [W2 (µ̂n, µ̄n)] + E [W2 (µ̄n, µn)] +W2 (µn, π) .
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From Proposition 10.1, the first term is upper bounded by

E[W2 (µ̂n, µn)] ≤ A
(

K√
Mλ̃

+
1√
M

+
1√
N

)(
exp

(
nγ

2(1 + λ̃)R

λ̃

)
− 1

)

≤ A
(

1√
Mλ̃

+
1√
N

)(
exp

(
4nγR

λ̃

)
− 1

)
,

where the second inequality uses λ̃ ≤ 1 and K ≤ 1. Since (µn)n has finite fourth moment,
then by taking p = 2, q = 4 in (Lei, 2020, Theorem 3.1) and (Fournier and Guillin, 2015,
Theorem 1), the second term is upper bounded by,

E [W2 (µ̄n, µn)] = O
(
N−

1
d∨4

)
.

For the third term, since the Wasserstein-2 distance is upper bounded by the square root
of the KL divergence, if the target π that satisfies Talagrand-2 inequality with constant
CT (Villani et al., 2009, Definition 22.1), we have

W2 (µn, π) ≤
√

2CT
√

KL (µn‖π) ≤
√

2CT exp

(
− nγ
CP

)√
KL (µ0‖π) +O

(
γ

r
2r+2

)
,

where the last inequality follows from Theorem 5.1. Combining the above three terms, we
obtain

E [W2 (µ̂n, π)] ≤ A
(

1√
Mλ̃

+
1√
N

)
exp

(
4nγR

λ̃

)
+O

(
N−

1
d∨4

)

+
√

2CT exp

(
− nγ
CP

)√
KL (µ0‖π) +O

(
γ

r
2r+2

)
, (65)

where A = 2
√
KK1d√

KK2d+K1d
. Recall from Theorem 5.1 that λi =

(
γχ2(µi‖π)Z

) 1
r+1 ∧ 1 for i =

1, . . . , n where Z is the constant that depends on β, ζ,K1d,K2d, Q,J , I. From the condition
on the number of samples M and N in (25), we obtain that if λ̃ = λj =

(
γχ2(µj‖π)Z

) 1
r+1

for some j ∈ {1, . . . , n},

√
M &

(
1

γ

)
 1

min
i=1,...,n

KL(µi‖π)Z ∧ 1




1
r+1

exp




4nγ
r
r+1R

(
min

i=1,...,n
KL(µi‖π)Z

) 1
r+1

∧ 1




≥ 1

γ


 1

min
i=1,...,n

KL(µi‖π)Z




1
r+1

exp




4nγ
r
r+1R

(
min

i=1,...,n
KL(µi‖π)Z

) 1
r+1




≥ 1

γ

(
1

KL(µj‖π)Z

) 1
r+1

exp

(
4nγ

r
r+1R

(KL(µj‖π)Z)
1
r+1

)
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≥ 1

γ

(
1

χ2(µj‖π)Z

) 1
r+1

exp

(
4nγ

r
r+1R

(χ2(µj‖π)Z)
1
r+1

)

= Aγ−
r
r+1

1

λ̃
exp

(
4nγR

λ̃

)
≥ γ− r

2r+2
1

λ̃
exp

(
4nγR

λ̃

)
.

On the other hand, if λ̃ = 1, since γ ≤ 1,

√
M &

(
1

γ

)
 1

min
i=1,...,n

KL(µi‖π)Z ∧ 1




1
r+1

exp




4nγ
r
r+1R

(
min

i=1,...,n
KL(µi‖π)Z

) 1
r+1

∧ 1




≥ 1

γ
exp

(
4nγ

r
r+1R

)
≥ γ− r

2r+2 exp (4nγR) = γ−
r

2r+2
1

λ̃
exp

(
4nγR

λ̃

)
.

Similarly for N , we have

√
N & γ−

r
2r+2 exp

(
4nγR

λ̃

)
and N−

1
d∨4 . γ

r
2r+2 .

Plugging them back to (65), we obtain

E [W2 (µ̂n, π)] ≤
√

2CT exp

(
− nγ
CP

)√
KL (µ0‖π) +O

(
γ

r
2r+2

)
,

which completes the proof.

10.13 Proof of Proposition 10.1

Since the proof below works for any regularization coefficient λ, we use a fixed λ for the
majority of the analysis and resort back to adaptive λn at the end of the proof. For empirical
distributions µ̂n = 1

N

∑N
i=1 y

(i)
n and µ̄n = 1

N

∑N
i=1 y

(i)
n defined in (24) and (64), note that

EW 2
2 (µ̂n, µ̄n) ≤ 1

N

N∑

i=1

E
[∥∥∥y(i)

n − y(i)
n

∥∥∥
2
]

:= c2
n.

Consider

cn+1 =

√√√√ 1

N

N∑

i=1

E
[∥∥∥y(i)

n+1 − y
(i)
n+1

∥∥∥
2
]

=

√√√√ 1

N

N∑

i=1

E
[∥∥∥y(i)

n − y(i)
n − γ(1 + λ)

(
∇h∗µ̂n,π̂(y

(i)
n )−∇h∗µn,π(y

(i)
n )
)∥∥∥

2
]

≤

√√√√ 1

N

N∑

i=1

E
∥∥∥y(i)

n − y(i)
n

∥∥∥
2
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+

√√√√ 1

N
E

N∑

i=1

∥∥∥γ(1 + λ)
(
∇h∗µ̂n,π̂(y

(i)
n )−∇h∗µn,π(y

(i)
n )
)∥∥∥

2

= cn +
γ(1 + λ)√

N

√√√√
N∑

i=1

E
∥∥∥∇h∗µ̂n,π̂(y

(i)
n )−∇h∗µn,π(y

(i)
n )
∥∥∥

2
,

where we used Minkowski’s inequality,
√√√√

N∑

i=1

‖ai + bi‖2 ≤

√√√√
N∑

i=1

‖ai‖2 +

√√√√
N∑

i=1

‖bi‖2

in the above inequalities. Again, by Minkowski’s inequality, we have

cn+1 ≤ cn + γ(1 + λ)

(
1√
N

√√√√
N∑

i=1

E
[∥∥∥∇h∗µ̂n,π̂(y

(i)
n )−∇h∗µ̂n,π̂(y

(i)
n )
∥∥∥

2
]

︸ ︷︷ ︸
(i)

+
1√
N

√√√√
N∑

i=1

E
[∥∥∥∇h∗µ̂n,π̂(y

(i)
n )−∇h∗µn,π(y

(i)
n )
∥∥∥

2
]

︸ ︷︷ ︸
(ii)

)
.

10.13.1 Controlling (i):

N∑

i=1

E
∥∥∥∇h∗µ̂n,π̂(y(i)

n )−∇h∗µ̂n,π̂(y(i)
n )
∥∥∥

2
=

N∑

i=1

E




d∑

j=1

〈
∂jk(y(i)

n , ·)− ∂jk(y(i)
n , ·), h∗µ̂n,π̂

〉2

H




≤
N∑

i=1

E




d∑

j=1

∥∥∥∂jk(y(i)
n , ·)− ∂jk(y(i)

n , ·)
∥∥∥

2

H


∥∥h∗µ̂n,π̂

∥∥2

H ≤
4KK2d

λ2

N∑

i=1

E
∥∥∥y(i)

n − y(i)
n

∥∥∥
2
,

where the second inequality uses Cauchy-Schwarz inequality and the third follows from using
Lemma B.3 and Lemma B.4. So we have

(i) =
1√
N

√√√√
N∑

i=1

E
∥∥∥∇h∗µ̂n,π̂(y

(i)
n )−∇h∗µ̂n,π̂(y

(i)
n )
∥∥∥

2
≤ 2
√
KK2d

λ
cn.

10.13.2 Controlling (ii):

First, we introduce some auxiliary witness functions,

h∗µ̄n,π̂ = 2 (Σπ̂ + λI)−1 (mµ̄n −mπ̂) , h
∗
n = 2 (Σπ + λI)−1 (mµ̄n −mπ̂) ,

and for completeness, we recall the witness function we are interested in:

h∗µn,π = 2 (Σπ + λI)−1 (mµn −mπ) , h∗µ̂n,π̂ = 2 (Σπ̂ + λI)−1 (mµ̂n −mπ̂) .
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We know that

(ii) =
1√
N

√√√√
N∑

i=1

E
[∥∥∥∇h∗µ̂n,π̂(y

(i)
n )−∇h∗µn,π(y

(i)
n )
∥∥∥

2
]

≤ 1√
N

√√√√
N∑

i=1

E
[∥∥∥∇h∗µ̂n,π̂(y

(i)
n )−∇h∗µ̄n,π̂(y

(i)
n )
∥∥∥

2
]

+
1√
N

√√√√
N∑

i=1

E
[∥∥∥∇h∗µ̄n,π̂(y

(i)
n )−∇h

∗
n(y

(i)
n )
∥∥∥

2
]

+
1√
N

√√√√
N∑

i=1

E
[∥∥∥∇h

∗
n(y

(i)
n )−∇h∗µn,π(y

(i)
n )
∥∥∥

2
]

≤ 1√
N

(√√√√
N∑

i=1

K1d E
∥∥∥h∗µ̂n,π̂ − h∗µ̄n,π̂

∥∥∥
2

H
+

√√√√
N∑

i=1

K1d E
∥∥∥h∗µ̄n,π̂ − h

∗
n

∥∥∥
2

H

+

√√√√
N∑

i=1

K1d E
∥∥∥h
∗
n − h∗µn,π

∥∥∥
2

H

)

=
√
K1d

(√
E
∥∥∥h∗µ̂n,π̂ − h∗µ̄n,π̂

∥∥∥
2

H
+

√
E
∥∥∥h∗µ̄n,π̂ − h

∗
n

∥∥∥
2

H
+

√
E
∥∥∥h
∗
n − h∗µn,π

∥∥∥
2

H

)
,

where the first inequality follows from Minkowski’s inequality, and the second inequality uses
the fact that for h0, h1 ∈ H,

‖∇h1 −∇h0‖2Hd ≤ ‖∇1k(x, ·)‖2Hd ‖h1 − h0‖2H ≤ K1d ‖h1 − h0‖2H .

Next, we will bound
√
E ‖h∗µ̂n,π̂ − h∗µ̄n,π̂‖2H,

√
E ‖h∗µ̄n,π̂ − h

∗
n‖2H, and

√
E ‖h

∗
n − h∗µn,π‖2H sepa-

rately.
First, by noticing that h∗µ̂n,π̂ = 2 (Σπ̂ + λI)−1 (mµ̂n −mπ̂) is the witness function asso-

ciated with DrMMD(µ̂n||π̂), and h∗µ̄n,π̂ = 2 (Σπ̂ + λI)−1 (mµ̄n −mπ̂) is the witness function
associated with DrMMD(µ̄n||π̂), by using Lemma B.4, we have

√
E
∥∥∥h∗µ̂n,π̂ − h∗µ̄n,π̂

∥∥∥
2

H
≤
√
E

4K1d

λ2
W 2

2 (µ̄n, µ̂n) ≤ 2
√
K1d

λ
cn. (66)

Second,
√

E
∥∥∥h∗µ̄n,π̂ − h

∗
n

∥∥∥
2

H
=

√
E
∥∥∥2 (Σπ̂ + λI)−1 (mµ̄n −mπ̂)− 2 (Σπ + λI)−1 (mµ̄n −mπ̂)

∥∥∥
2

H

≤ 2

√
E
∥∥∥(Σπ̂ + λI)−1 − (Σπ + λI)−1

∥∥∥
2

HS
‖mµ̄n −mπ̂‖2H

≤ 4
√
K

√
E
∥∥∥(Σπ̂ + λI)−1 − (Σπ + λI)−1

∥∥∥
2

HS
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= 4
√
K

√
E
∥∥∥(Σπ̂ + λI)−1

(
(Σπ̂ + λI)− (Σπ + λI)

)
(Σπ + λI)−1

∥∥∥
2

HS

≤ 4
√
K

1

λ2

√
E ‖Σπ̂ − Σπ‖2HS ≤ 4

√
K

1

λ2

√
K2

M
, (67)

where the last inequality follows from using Lemma B.8 and the fact that ‖k(x, ·)⊗k(x, ·)‖HS ≤
K.

Third,
√

E
∥∥∥h
∗
n − h∗µn,π

∥∥∥
2

H
=

√
E
∥∥∥2 (Σπ + λI)−1 (mµ̄n −mπ̂)− 2 (Σπ + λI)−1 (mµn −mπ)

∥∥∥
2

H

≤ 2

λ

√
E ‖(mµ̄n −mπ̂)− (mµn −mπ)‖2H

≤ 2

λ

(√
E ‖mµ̄n −mµn‖2H +

√
E ‖mπ̂ −mπ‖2H

)
≤ 4

λ

(√
K

N
+

√
K

M

)
, (68)

where the first inequality follows from Cauchy-Schwartz, and the last inequality from
Lemma B.8 since ‖k(x, ·)‖H ≤

√
K. Therefore, combining (66), (67) and (68), we have

(ii) ≤ 2
√
K1d

(√
K1d

λ
cn +

2K3/2

√
Mλ2

+
2
√
K√
Nλ

+
2
√
K√
Mλ

)
.

Combining (i) and (ii), we have

cn+1 ≤ cn
(

1 + γ(1 + λ)
2
√
KK2d + 2K1d

λ

)
+ 2γ(1 + λ)

√
K1d

(
2K3/2

√
Mλ2

+
2
√
K√
Mλ

+
2
√
K√
Nλ

)
.

Denoting A = 2
√
KK1d√

KK2d+K1d
and R = K1d +

√
KK2d as constants that only depend on the

kernel, and using the discrete Gronwall lemma (Lemma 26 from Arbel et al. 2019) along
with c0 = 0, we obtain

cnmax ≤ A
(

K√
Mλ

+
1√
M

+
1√
N

)(
exp

(
γnmax

2(1 + λ)R

λ

)
− 1

)
.

Since EW2(µ̂n, µ̄n) ≤
√

EW 2
2 (µ̂n, µ̄n) ≤ cn, we reach

EW2(µ̂nmax , µ̄nmax) ≤ A
(

K√
Mλ

+
1√
M

+
1√
N

)(
exp

(
γnmax

2(1 + λ)R

λ

)
− 1

)
.

Finally, the proof is completed by noting that the r.h.s. is monotonically decreasing in λ and
therefore the r.h.s. can be bounded by replacing λ with λ̃ = min

i=1,...,nmax

λi.

10.14 Proof of Proposition 6.1

By defining the following operators,

Sx : H → RM , f → 1√
M

[
f(x(1)), . . . , f(x(M))

]>
,
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S∗x : RM → H, α→ 1√
M

M∑

i=1

αik(x(i), ·),

Sy : H → RN , f → 1√
N

[
f(y(1)), . . . , f(y(N))

]>
,

S∗y : RN → H, α→ 1√
N

N∑

i=1

αik(y(i), ·).

Then we have

Σπ̂ = S∗xSx, Kxx = MSxS
∗
x, Kxy =

√
MNSxS

∗
y .

Using these, note that

h∗µ̂,π̂ = 2 (Σπ̂ + λI)−1 (mµ̂ −mπ̂)

= 2

(
1

M

M∑

i=1

k
(
x(i), ·

)
⊗ k

(
x(i), ·

)
+ λI

)−1(
1

N

N∑

i=1

k
(
y(i), ·

)
− 1

M

M∑

i=1

k
(
x(i), ·

))

= 2
(
S∗xSx + λI

)−1
(

1√
N
S∗y1N −

1√
M
S∗x1M

)
. (69)

From the Woodbury inversion lemma, we have that
(
S∗xSx + λI

)−1
=

1

λ
I− 1

λ
S∗x(SxS

∗
x + λI)−1Sx.

Plugging the above into (69), we obtain

h∗µ̂,π̂ = 2

(
1

λ
I− 1

λ
S∗x(SxS

∗
x + λI)−1Sx

)(
1√
N
S∗y1N −

1√
M
S∗x1M

)

=
2

λ

(
1√
N
S∗y1N −

1√
M
S∗x1M

)
− 2

λ
S∗x

(
1

M
Kxx + λI

)−1 1

N
√
M
Kxy1N

+
2

λ
S∗x

(
1

M
Kxx + λI

)−1 1

M
√
M
Kxx1M

=
2

Nλ
k
(
·, y1:N

)
1N −

2

Mλ
k
(
·, x1:M

)
1M −

2

Nλ
k
(
·, x1:M

)
(Kxx +MλI)−1Kxy1N

+
2

Mλ
k
(
·, x1:M

)
(Kxx +MλI)−1Kxx1M . (70)

Obtaining DrMMD(µ̂‖π̂) is then easy with h∗µ̂,π̂ shown in (70).

DrMMD(µ̂‖π̂) = (1 + λ)
∥∥∥(Σπ̂ + λI)−

1
2 (mµ̂ −mπ̂)

∥∥∥
2

H

= (1 + λ)

〈
1

2
h∗µ̂,π̂,mµ̂ −mπ̂

〉

H

= (1 + λ)

〈
1

2
h∗µ̂,π̂,

1

N

N∑

i=1

k
(
y(i), ·

)
− 1

M

M∑

i=1

k
(
x(i), ·

)〉

H
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=
1 + λ

λ

(
1

N2
1
>
NKyy1N +

1

M2
1
>
MKxx1M −

2

MN
1
>
MKxy1N

− 1

N2
1
>
NK

>
xy (Kxx +MλI)−1Kxy1N +

2

NM
1
>
MKxx (Kxx +MλI)−1Kxy1N

− 1

M2
1
>
MKxx (Kxx +MλI)−1Kxx1M

)
. (71)
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Appendix A: Further Background on (P2(Rd),W2)

Let µ and π be two probability measures in P2(Rd) and let Π(µ, π) denote the set of all
admissible transport plans between µ and π, i.e., Π(µ, π) = {Γ ∈ P(Rd × Rd); (proj1)# Γ =
µ, (proj2)# Γ = π}, where proj1 and proj2 respectively stand for projection maps (x, y) 7→ x
and (x, y) 7→ y, and # is the pushforward operator. The Wasserstein-2 distance between µ
and π is then defined as

W2(µ, π) =

(
inf

Γ∈Π(µ,π)

∫
‖x− y‖2dΓ(x, y)

) 1
2

,

and (P2(Rd),W2) is a metric space called the Wasserstein space (Panaretos and Zemel, 2020).
Brenier’s theorem guarantees that if µ is an absolutely continuous measure, then the optimal
transport map is unique and is of the form Γ∗ = (I, T )#µ, i.e., T#µ = π (Santambrogio,
2017). T can also be expressed as T (x) = x+∇φ(x), where φ is known as the Kantorovich
potential function and is differentiable µ−a.e.

For an absolutely continuous µ and the optimal transport plan T such that T#µ = π,
the shortest path (ρt)0≤t≤1 from µ to π is called the (Wasserstein) geodesic given by the
following form:

ρt = ((1− t)I + tT )# µ = (I + t∇φ)# µ.

Therefore, in this paper, we always use (I + t∇φ)#µ with φ ∈ C∞c (Rd)8 to define a geodesic
curve that starts at µ. Define ϕt : Rd → Rd, x 7→ x + t∇φ(x), then ωt : Rd → Rd, x 7→[
∇φ ◦ ϕ−1

t

]
(x) becomes the optimal transport map from ρt to π. Notice that ‖ωt‖L2(ρt) =

‖∇φ‖L2(µ) for all t ∈ [0, 1], so (ρt)0≤t≤1 is also a constant-speed geodesic. The notion of a
constant-speed geodesic is crucial in the introduction of geodesic convexity below.

A functional F : P2(Rd) → R is geodesically convex if for any µ and π, the following
inequality holds:

F (ρt) ≤ (1− t)F (µ) + tF (π) , ∀t ∈ [0, 1], (A.1)

where (ρt)t∈[0,1] is the constant-speed geodesic between µ and π. The geodesic convexity of
F can be equivalently characterized through the Wasserstein Hessian (Villani et al., 2009).
The geodesic convexity ought not to be confused with mixture convexity, which replaces
displacement geodesic ρt in (A.1) with the mixture geodesic νt = (1− t)µ+ tπ.

8. φ is compactly supported because the tangent space of µ ∈ P2(Rd) is {∇ψ,ψ ∈ C∞c (Rd)}
L2(µ)

(Ambrosio
et al., 2005, Definition 8.4.1).
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Appendix B: Auxiliary Results

In this appendix, we collect all technical results required to prove the main results of the
paper.

Lemma B.1 For µ� π, χ2-divergence admits the following variational form:

χ2(µ‖π) = sup
h∈L2(π)

∫
hdµ−

∫ (
h+

1

4
h2

)
dπ,

where it is sufficient to restrict the variational set to L2(π) in contrast to the set of all
measurable functions for general f -divergences (Nowozin et al., 2016; Nguyen et al., 2010).

Proof For µ� π, we have:

χ2(µ‖π) = sup
h

{∫
hdµ−

∫ (
h2

4
+ h

)
dπ

}

= sup
h

{∫
h
dµ

dπ
dπ −

∫ (
h2

4
+ h

)
dπ

}
= sup

h

{∫ (
h
dµ

dπ
− h2

4
− h
)
dπ

}

= − inf
h

{∫ [
h2

4
− h

(
dµ

dπ
− 1

)]
dπ

}

= − inf
h

{∫ [
h

2
−
(
dµ

dπ
− 1

)]2

dπ

}
+

∫ (
dµ

dπ
− 1

)2

dπ.

Clearly, the above equation is minimized at h∗ = 2(dµdπ − 1) and χ2(µ‖π) =
∫

(dµdπ − 1)2dπ

which is finite if and only if dµdπ − 1 ∈ L2(π). Therefore, it is sufficient to consider the above
maximization over L2(π).

Lemma B.2 Under Assumption 1 and 2, the mappings x 7→ k(x, ·) and x 7→ ∇1k(x, ·) are
differentiable and Lipschitz:

‖k(x, ·)− k(y, ·)‖H ≤
√
K1d‖x− y‖,

‖∇1k(x, ·)−∇1k(y, ·)‖Hd ≤
√
K2d‖x− y‖.

Proof This is Lemma 7 from Glaser et al. (2021).

Lemma B.3 Under Assumption 1 and 2, the regularized kernel k̃ defined in (6) satisfies
the following properties:

1.
∣∣k̃(x, y)

∣∣ ≤ K
λ ;

2. ∂ik̃(x, y) =
〈
(Σπ + λI)−1∂ik(x, ·), k(y, ·)

〉
H;

3.
∥∥∇1k̃(x, y)

∥∥2
=
∑d

i=1 ∂ik̃(x, y)2 ≤ KK1d
λ2

;
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4. ∂i∂i+dk̃(x, y) =
〈

(Σπ + λI)−1 ∂ik(x, ·), ∂ik(y, ·)
〉
H;

5.
∥∥∇1∇2k̃(x, y)

∥∥2

F
=
∑d

i=1 ∂i∂i+dk̃(x, y)2 ≤ K1d
λ2

;

6. ∂i∂j k̃(x, y) =
〈

(Σπ + λI)−1 ∂i∂jk(x, ·), k(y, ·)
〉
H;

7.
∥∥H1k̃(x, y)

∥∥2

F
=
∑d

i,j=1 ∂i∂j k̃(x, y)2 ≤ KK2d
λ2

;

8.
∥∥∇1k̃ (x, x′)−∇1k̃ (y, y′)

∥∥ ≤
√
KK2d
λ (‖x− y‖+ ‖x′ − y′‖).

Proof Notice that

k̃(x, y) =
〈

(Σπ + λI)−1 k(x, ·), k(y, ·)
〉
H
≤ 1

λ
‖k(x, ·)‖H ‖k(y, ·)‖H ≤

K

λ
,

so the first bullet point is proved. Before we prove the second bullet point, we first prove the
differentiability of x 7→ k̃(x, y). For i ∈ {1, · · · , d}, consider h ∈ R and denote ∆i ∈ Rd as a
vector of all 0 except the value at i being equal to h. Then, for any y ∈ Rd,

lim
h→0

k̃(x+ ∆i, y)− k̃(x, y)

h
= lim

h→0

〈
(Σπ + λI)−1 (k(x+ ∆i, ·)− k(x, ·)) , k(y, ·)

〉
H

h

≤ lim
h→0

√
K

λ

‖k(x, ·)− k(x+ ∆i, ·)‖H
h

≤ lim
h→0

√
K

λ

√
K1d
‖∆i‖
h

=

√
K

λ

√
K1d.

So x 7→ k̃(x, y) is differentiable for any y ∈ Rd. Since the kernel k is differentiable per
Assumption 2, for any f ∈ H, ∂xif(x) =

〈
∂ik(x, ·), f

〉
H. Hence,

∂ik̃(x, y) = ∂xi

〈
k(x, ·), (Σπ + λI)−1 k(y, ·)

〉
H

=
〈
∂ik(x, ·), (Σπ + λI)−1 k(y, ·)

〉
H
.

So the second bullet point is proved.
Next, notice that

∥∥∥∇1k̃(x, y)
∥∥∥

2
=

d∑

i=1

〈
∂ik(x, ·), (Σπ + λI)−1 k(y, ·)

〉2

H
≤ 1

λ2

d∑

i=1

‖∂ik(x, ·)‖2H ‖k(y, ·)‖2H

≤ 1

λ2
‖∇1k(x, ·)‖2Hd ‖k(y, ·)‖2H ≤

KK1d

λ2
.

So the third bullet point is proved. Similar arguments above lead to bullet points 4 to 7.
Finally, to prove bullet point 8, notice that

∥∥∥∇1k̃(x, x′)−∇1k̃(y, x′)
∥∥∥

2
=

d∑

i=1

〈
(∂ik(x, ·)− ∂ik(y, ·)) , (Σπ + λI)−1 k(x′, ·)

〉2

H

≤ 1

λ2

d∑

j=1

‖∂ik(x, ·)− ∂ik(y, ·)‖2H
∥∥k(x′, ·)

∥∥2

H ≤
1

λ2
‖∇1k(x, ·)−∇1k(y, ·)‖2Hd

∥∥k(x′, ·)
∥∥2

H

≤ KK2d

λ2
‖x− y‖2 ,
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where the last inequality uses Lemma B.2. Therefore,
∥∥∥∇1k̃(x, x′)−∇1k̃(y, y′)

∥∥∥ ≤
∥∥∥∇1k̃(x, x′)−∇1k̃(y, x′)

∥∥∥+
∥∥∥∇1k̃(y, x′)−∇1k̃(y, y′)

∥∥∥

≤
√
KK2d

λ

(
‖x− y‖+ ‖x′ − y′‖

)
.

So the bullet point 8 is proved.

Lemma B.4 For any two distributions µ0, µ1 ∈ P2(Rd), with associated DrMMD witness
functions h∗µ0,π, h

∗
µ1,π defined in Proposition 3.2, we have

∥∥h∗µ1,π − h∗µ0,π
∥∥
H ≤

2
√
K1d

λ
W2 (µ0, µ1) , and

∥∥h∗µ0,π
∥∥
H ≤

2
√
K

λ
.

Both the witness function h∗µ,π and its gradient ∇h∗µ,π are Lipschitz continuous, i.e.,
∣∣∣h∗µ1,π(x)− h∗µ0,π(y)

∣∣∣ ≤ L
(
W2(µ0, µ1) + ‖x− y‖

)
;

∥∥∥∇h∗µ1,π(x)−∇h∗µ0,π(y)
∥∥∥ ≤ L

(
W2(µ0, µ1) + ‖x− y‖

)
,

where the constant L = 1
λ max

{
2
√
KK1d, 2

√
KK2d, 2K1d

}
.

Proof Let γ ∈ Γ(µ0, µ1) be the optimal coupling between µ0 and µ1. Then

∥∥h∗µ1,π − h∗µ0,π
∥∥2

H = 4

∥∥∥∥
(

Σπ + λI
)−1

(∫
k(x, ·)d(µ1 − µ0)

)∥∥∥∥
2

H

≤ 4

λ2

∥∥∥∥
∫
k(x, ·)− k(y, ·)dγ(x, y)

∥∥∥∥
2

H
≤ 4K1d

λ2

∫
‖x− y‖2 dγ(x, y) =

4K1d

λ2
W 2

2 (µ0, µ1),

where the first inequality holds because Σπ is a positive and self-adjoint operator, and the
second inequality uses Lemma B.2. Also note that

∥∥h∗µ0,π
∥∥
H =

∥∥∥∥2
(

Σπ + λI
)−1

(∫
k(x, ·)dµ0 −

∫
k(x, ·)dπ

)∥∥∥∥
H
≤ 2
√
K

λ
.

So the first part has been proved. Furthermore, note that
∣∣∣h∗µ1,π(x)− h∗µ0,π(y)

∣∣∣ ≤
∣∣∣h∗µ1,π(x)− h∗µ0,π(x)

∣∣∣+
∣∣∣h∗µ0,π(x)− h∗µ0,π(y)

∣∣∣
≤ ‖k(x, ·)‖H

∥∥h∗µ1,π − h∗µ0,π
∥∥
H + ‖k(x, ·)− k(y, ·)‖H

∥∥h∗µ0,π
∥∥
H

≤ 2
√
KK1d

λ
W2(µ0, µ1) +

2
√
KK1d

λ
‖x− y‖

≤ 2
√
KK1d

λ

(
W2(µ0, µ1) + ‖x− y‖

)
≤ L

(
W2(µ0, µ1) + ‖x− y‖

)

and
∥∥∥∇h∗µ1,π(x)−∇h∗µ0,π(y)

∥∥∥ ≤
∥∥∥∇h∗µ1,π(x)−∇h∗µ0,π(x)

∥∥∥+
∥∥∥∇h∗µ0,π(x)−∇h∗µ0,π(y)

∥∥∥
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≤ ‖∇1k(x, ·)‖Hd
∥∥h∗µ1,π − h∗µ0,π

∥∥
H + ‖∇1k(x, ·)−∇1k(y, ·)‖Hd

∥∥h∗µ0,π
∥∥
H

≤ 2K1d

λ
W2(µ0, µ1) +

2
√
KK2d

λ
‖x− y‖ ≤ L

(
W2(µ0, µ1) + ‖x− y‖

)

and the result follows.

Lemma B.5 Given two probability measures µ� π that are both absolutely continuous with
respect to Lebesgue measure. If dµ

dπ − 1 ∈ Ran(T rπ ) with r > 0, i.e., there exists q ∈ L2(π)

such that dµ
dπ − 1 = T rπ q, then

∥∥∥∥h− 2

(
dµ

dπ
− 1

)∥∥∥∥
L2(π)

≤ 2λr ‖q‖L2(π) ,

where h = 2(Σπ + λI)−1(mπ −mµ) is defined in Proposition 3.2.

Proof Given the assumption that dµ
dπ − 1 ∈ Ran (T rπ ) with r > 0, there exists q ∈ L2(π)

such that dµ
dπ − 1 = T rπ q and 〈dµdπ − 1, ei〉L2(π) = %ri 〈q, ei〉L2(π). Since µ � π, the Mercer

decomposition of k in (1) holds for any x in the support of µ and in the support of π,

mµ −mπ =

∫
k(x, ·)d(µ− π)(x) =

∑

i≥1

%i

(∫
ei(x)d(µ− π)(x)

)
ei = %i

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei.

(B.1)

So we have,
∥∥∥∥h− 2

(
dµ

dπ
− 1

)∥∥∥∥
L2(π)

= 2

∥∥∥∥(Σπ + λI)−1 (mµ −mπ)−
(
dµ

dπ
− 1

)∥∥∥∥
L2(π)

= 2

∥∥∥∥∥∥
∑

i≥1

%i
%i + λ

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei −
∑

i≥1

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei

∥∥∥∥∥∥
L2(π)

= 2

∥∥∥∥∥∥
∑

i≥1

λ

%i + λ

〈
dµ

dπ
− 1, ei

〉

L2(π)

ei

∥∥∥∥∥∥
L2(π)

= 2

∥∥∥∥∥∥
∑

i≥1

λ%ri
%i + λ

〈q, ei〉L2(π)ei

∥∥∥∥∥∥
L2(π)

≤ 2λr ‖q‖L2(π) ,

where the last inequality is obtained by using

λ%ri
%i + λ

=

(
%i

%i + λ

)r ( λ

%i + λ

)1−r
λr ≤ λr.

Hence the proof.
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Lemma B.6 Let ρ ∈ P2

(
Rd
)
and φ ∈ C∞c

(
Rd
)
. Consider the path (ρs)0≤s≤1 from ρ to

(I + ∇φ)#ρ given by ρs = (I + s∇φ)#ρ. Define ϕs : Rd → Rd, x 7→ x + s∇φ(x). Let k̃
be the regularized kernel defined in (6) along with its associated RKHS H̃. The mapping
s 7→ DrMMD(ρs‖π) is continuous and differentiable, and its first-order time derivative is
given by

d

ds
DrMMD(ρs||π)

= 2(1 + λ)

∫
∇φ(x)>

(∫
∇1k̃(ϕs(x), ϕs(z))dρ(z)−

∫
∇1k̃(ϕs(x), z)dπ(z)

)
dρ(x). (B.2)

Moreover,

d

ds

∣∣∣
s=0

DrMMD(ρs||π)

= 2(1 + λ)

∫
∇φ(x)>

(∫
∇1k̃(x, z)dρ(z)−

∫
∇1k̃(x, z)dπ(z)

)
dρ(x). (B.3)

Additionally, the mapping s→ d
ds DrMMD(ρs‖π) is continuous and differentiable, and the

second-order time derivative of DrMMD(ρs‖π) is given by

d2

ds2
DrMMD(ρs||π) = 2(1 + λ)

∫∫
∇φ(x)>∇1∇2k̃(ϕs(x), ϕs(z))∇φ(z)dρ(x)dρ(z) (B.4)

+ 2(1 + λ)

∫
∇φ(x)>

(∫
H1k̃ (ϕs(x), ϕs(z)) dρ(z)−

∫
H1k̃ (ϕs(x), z) dπ(z)

)
∇φ(x)dρ(x),

with
d2

ds2

∣∣∣
s=0

DrMMD(ρs||π) = 2(1 + λ)

∫∫
∇φ(x)>∇1∇2k̃(x, z)∇φ(z)dρ(x)dρ(z)

+ 2(1 + λ)

∫
∇φ(x)>

(∫
H1k̃ (x, z) dρ(z)−

∫
H1k̃ (x, z) dπ(z)

)
∇φ(x)dρ(x). (B.5)

Proof Recall that DrMMD is, up to a multiplicative factor of (1 + λ), MMD2 of the
regularized kernel k̃ defined in (6) and the associated RKHS H̃. From Lemma B.3, we know
that assumptions (A) and (B) of Arbel et al. (2019) are satisfied for the regularized kernel
k̃, so using Lemma 22 and Lemma 23 from Arbel et al. (2019), (B.2) and (B.4) are proved.
Then (B.3) and (B.5) are subsequently proved by taking s = 0.

Lemma B.7 For µ0 � π, define h = 2(Σπ + λI)−1(mπ − mµ0) and ϕt : Rd → Rd, x 7→
x− t(1 + λ)∇h(x). Suppose π ∝ exp(−V ), HV � βI, and the step size γ satisfies

2(1 + λ)γ

√
χ2(µ0‖π)

K2d

λ
≤ ζ − 1

ζ

for some constant 1 < ζ < 2. Then, for t ∈ [0, γ], the following inequalities hold,
∫
∇h(x)>HV (ϕt(x))∇h(x)dµ0(x) ≤ 4βχ2(µ0‖π)

K1d

λ
; (B.6)

∫ ∥∥∥Hh(x) (I− t(1 + λ)Hh(x))−1
∥∥∥

2

F
dµ0(x) ≤ 4ζ2χ2(µ0‖π)

K2d

λ
. (B.7)
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Proof First, recall (B.1),

‖∇h(x)‖2 = 4
∥∥∇(Σπ + λI)−1(mπ −mµ0)(x)

∥∥2

= 4

∥∥∥∥∥∥
∇


∑

i≥1

%i
%i + λ

〈
dµ0

dπ
− 1, ei

〉

L2(π)

ei(x)



∥∥∥∥∥∥

2

. (B.8)

For any j ∈ {1, · · · , d}, consider

gM0(x) :=
∑

i≥M0

∣∣∣∣∣%
1/2
i

〈
dµ0

dπ
− 1, ei

〉

L2(π)

∂jei(x)

∣∣∣∣∣

≤


∑

i≥M0

%i∂jei(x)2




1
2

∑

i≥M0

〈
dµ0

dπ
− 1, ei

〉2

L2(π)




1
2

≤


∑

i≥M0

%i∂jei(x)2




1
2 ∥∥∥∥

dµ0

dπ
− 1

∥∥∥∥
L2(π)

.

Since

∑

i≥1

d∑

j=1

%i (∂jei(x))2 =
∑

i≥1

d∑

j=1

%i〈∂jk(x, ·), ei〉2H =
∑

i≥1

d∑

j=1

〈∂jk(x, ·),√%iei〉2H

=

d∑

j=1

‖∂jk(x, ·)‖2H = ‖∇1k(x, ·)‖2H ≤ K1d, (B.9)

so
∑

i≥M0
%i(∂jei(x))2 converges uniformly to 0, and hence gM0(x) also converges uniformly

to 0. Therefore, we are allowed to interchange the derivative and the infinite sum (Rudin,
1976) in (B.8) to achieve,

‖∇h(x)‖2 = 4

∥∥∥∥∥∥
∑

i≥1

%i
%i + λ

〈
dµ0

dπ
− 1, ei

〉

L2(π)

∇ei(x)

∥∥∥∥∥∥

2

≤ 4


∑

i≥1

%i
(%i + λ)2

〈
dµ0

dπ
− 1, ei

〉2

L2(π)




∑

i≥1

%i ‖∇ei(x)‖2



≤ 4

λ


∑

i≥1

〈
dµ0

dπ
− 1, ei

〉2

L2(π)




∑

i≥1

%i ‖∇ei(x)‖2

 ≤ 4χ2(µ0‖π)

K1d

λ
. (B.10)

The first inequality follows from Cauchy Schwartz, the penultimate inequality follows by
noting that %i

(%i+λ)2
≤ 1

λ , and the last inequality follows from (B.9). Given HV � βI, (B.6)
is proved by the following,

∫
∇h(x)>HV (ϕt(x))∇h(x)dµ0(x) ≤ β

∫
‖∇h(x)‖2 dµ0(x) ≤ 4βχ2(µ0‖π)

K1d

λ
.
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We now turn to proving the second statement. Similarly to (B.10), we have

‖Hh(x)‖2F ≤ 4χ2(µ0‖π)
K2d

λ
. (B.11)

Using 2(1 + λ)γ
√
χ2(µ0‖π)K2d

λ ≤
ζ−1
ζ for some constant 1 < ζ < 2, the inverse of I− t(1 +

λ)Hh(x) can be represented by the Neumann series, and hence

∥∥(I− t(1 + λ)Hh(x))−1
∥∥
F
≤
∑

m≥0

‖t(1 + λ)Hh(x)‖mF ≤
∑

m≥0

(
γ(1 + λ)2

√
χ2(µ0‖π)

K2d

λ

)m

≤
∑

m≥0

(
ζ − 1

ζ

)m
= ζ. (B.12)

Therefore, (B.7) is proved by combining (B.11) and (B.12),
∫ ∥∥∥Hh(x) (I− t(1 + λ)Hh(x))−1

∥∥∥
2

F
dµ0(x)

≤
∫
‖Hh(x)‖2F

∥∥(I− t(1 + λ)Hh(x))−1
∥∥2

F
dµ0(x) ≤ 4ζ2χ2(µ0‖π)

K2d

λ

and the result follows.

Lemma B.8 Let H be a separable Hilbert space, ξ1, . . . , ξn : Ω→ H are n identical indepen-
dent H-valued random variables satisfying ‖ξi‖H ≤ B. Then

E

∥∥∥∥∥
1

n

n∑

i=1

ξi − E[ξ1]

∥∥∥∥∥
H

≤
√

2πB

2
√
n
, and E

∥∥∥∥∥
1

n

n∑

i=1

ξi − E[ξ1]

∥∥∥∥∥

2

H

≤ B2

n
.

Proof We know from Corollary 6.15 of Steinwart and Christmann (2008) that

P

(∥∥∥∥∥
1

n

n∑

i=1

ξi − E [ξ1]

∥∥∥∥∥
H

≥ t
)
≤ 2 exp

(
−2nt2/B2

)
.

Then, denote R := ‖ 1
n

∑n
i=1 ξi − E[ξ1]‖H, we know that

E[R] =

∫ ∞

0
P(R ≥ t)dt ≤ 2

∫ ∞

0
exp(−2nt2/B2)dt =

√
2πB

2
√
n
.

The other part is proved similarly.

Lemma B.9 (Wasserstein Hessian of Fχ2) Let ρ ∈ P2(Rd) and φ ∈ C∞c (Rd). Consider
the path (ρs)0≤s≤1 from ρ to (I + ∇φ)#ρ given by ρs = (I + s∇φ)#ρ. Define ϕs : Rd →
Rd, x 7→ x + s∇φ(x) and ωs : Rd → Rd, x 7→

[
∇φ ◦ ϕ−1

s

]
(x). For π(x) ∝ exp(−V (x)), the

second order derivative of s→ χ2(ρs‖π) is given by

d2

ds2
χ2(ρs‖π) =

∫
ρs(x)

π(x)

(
∇V (x)>ωs(x)−∇ · ωs(x)

)2
dρs(x)
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+

∫
ρs(x)

π(x)
ωs(x)>HV (x)ωs(x)dρs(x) +

∫
ρs(x)

π(x)
‖∇ωs(x)‖2F dρs(x). (B.13)

Equivalently, the second order derivative of s→ χ2(ρs‖π) can also be written as

d2

ds2
χ2(ρs‖π) = 2

∫ (
∇ · (ωs(x)ρs(x))

1

π(x)

)2

π(x)dx

+ 2

∫
ωs(x)>H

(
ρs(x)

π(x)

)
ωs(x)ρs(x)dx. (B.14)

Proof (B.13) is provided in the Example 15.9 of Villani et al. (2009) by taking m = 2. Now,
we are going to prove (B.14). For ease of notation in the following derivations, we are going
to drop the function input x in ρs, π, and ωs. We introduce colors to picture grouping of
terms that will carry over during chains of calculation.

In order to prove (B.14), we need to expand the terms in (B.13) accordingly. We denote
the three terms in the RHS of (B.13) as (A), (B) and (C). Consider

(A) =

∫
ρ2
s

π

(
∇V >ωs −∇ · ωs

)2
dx

=

∫
ρ2
s

π

(
− 1

π
∇π>ωs −∇ · ωs

)2

dx

=

∫
ρ2
s

π3
(∇π>ωs)2dx

︸ ︷︷ ︸
(A1)

+ 2

∫
ρ2
s

π2
(∇π>ωs)∇ · ωsdx

︸ ︷︷ ︸
(A2)

+

∫
ρ2
s

π
(∇ · ωs)2dx

︸ ︷︷ ︸
(A3)

.

Then we are going to use integration by parts for (A2) and (A3).

(A2) = 2

∫
ρ2
s

π2
(∇π>ωs)∇ · ωsdx = −2

∫
ω>s ∇

(
ρ2
s

π2
(∇π>ωs)

)
dx

= −4

∫
(ω>s ∇ρs)(∇π>ωs)

ρs
π2
dx+ 4

∫
(ω>s ∇π)2 ρ

2
s

π3
dx

− 2

∫
(ω>s Hπωs)

ρ2
s

π2
dx− 2

∫
(ω>s ∇ωs∇π)

ρ2
s

π2
dx,

(A3) =

∫
ρ2
s

π
(∇ · ωs)2dx =

∫
∇ · (ωs)∇ · ωs

ρ2
s

π
dx = −

∫
ω>s ∇

(
∇ · ωs

ρ2
s

π

)
dx

= −
∫
ω>s ∇(∇ · ωs)

ρ2
s

π
dx

︸ ︷︷ ︸
(A31)

−
∫
∇ · ωs(ω>s ∇ρs)

2ρs
π
dx

︸ ︷︷ ︸
(A32)

+

∫
∇ · ωs(ω>s ∇π)

ρ2
s

π2
dx

︸ ︷︷ ︸
(A33)

.

Furthermore, we use integration by parts for (A32) and (A33), we have

(A32) = −2

∫
∇ · ωs(ω>s ∇ρs)

ρs
π
dx = 2

∫
(ω>s ∇

(
(ω>s ∇ρs)

ρs
π

)
)dx

= 2

∫
(ω>s ∇ωs∇ρs)

ρs
π
dx+ 2

∫
(ω>s Hρsωs)

ρs
π
dx+ 2

∫
(ω>s ∇ρs)2 1

π
dx
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− 2

∫
(ω>s ∇ρs)(ω>s ∇π)

ρs
π2
dx,

(A33) =

∫
∇ · ωs(ω>s ∇π)

ρ2
s

π2
dx = −

∫
(ω>s ∇

(
(ω>s ∇π)

ρ2
s

π2

)
dx

= −
∫

(ω>s ∇ωs∇π)
ρ2
s

π2
dx−

∫
(ω>s Hπωs)

ρ2
s

π2
dx− 2

∫
(ω>s ∇ρs)(ω>s ∇π)

ρs
π2
dx

+ 2

∫
(ω>s ∇π)2 ρ

2
s

π3
dx.

Having completed (A), now we turn to (B).

(B) =

∫
ρ2
s

π
ω>s HV ωsdx = −

∫
ω>s Hπωs

ρ2
s

π2
dx+

∫
(∇π>ωs)2 ρ

2
s

π3
dx.

So, combining (A), (B) and (C), we have

d2

ds2
χ2(ρs‖π) = (A) + (B) + (C) = (A1) + (A2) + (A31) + (A32) + (A33) + (B) + (C)

=

∫
ρ2
s

π3
(∇π>ωs)2dx

−4

∫
(ω>s ∇ρs)(∇π>ωs)

ρs
π2
dx+ 4

∫
(ω>s ∇π)2 ρ

2
s

π3
dx− 2

∫
(ω>s Hπωs)

ρ2
s

π2
dx

−2

∫
(ω>s ∇ωs∇π)

ρ2
s

π2
dx+ (A31) + (A32) + (A33)

−
∫

(ω>s Hπωs)
ρ2
s

π2
dx+

∫
(∇π>ωs)2 ρ

2
s

π3
dx+

∫
ρ2
s

π
‖∇ωs‖2F dx.

Since ωs = ∇φ ◦ ϕ−1
s is a mapping from Rd to Rd, denote ωs,i :=

[
∇φ ◦ ϕ−1

s

]
i
which is a

mapping from Rd to R. Notice that ωs,i∂jωs,i vanishes at boundary because φ ∈ C∞c . Hence,

0 =
∑

i,j

∫
∂j

(
ωs,i∂jωs,i

ρ2
s

π

)
dx

=
∑

i,j

∫
∂jωs,i∂jωs,i

ρ2
s

π
dx+

∑

i,j

∫
ωs,i∂jjωs,i

ρ2
s

π
dx

+
∑

i,j

∫
ωs,i∂jωs,i

(
2ρs∂jρs

π
− ρ2

s∂jπ

π2

)
dx

=

∫
ρ2
s

π
‖∇ωs‖2F dx+

∫
ρ2
s

π
(ω>s ∇(∇ · ωs))dx+

∫
(ω>s ∇ωs∇ρs)

2ρs
π
dx

−
∫

(ω>s ∇ωs∇π)
ρ2
s

π2
dx.

Therefore, by replacing
∫ ρ2s

π ‖∇ωs‖
2
F dx, and noticing that −

∫ ρ2s
π (ω>s ∇(∇ · ωs))dx is exactly

(A31), we have the following:

d2

ds2
χ2(ρs‖π) =

∫
ρ2
s

π3
(∇π>ωs)2dx− 4

∫
(ω>s ∇ρs)(∇π>ωs)

ρs
π2
dx+ 4

∫
(ω>s ∇π)2 ρ

2
s

π3
dx
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−2

∫
(ω>s Hπωs)

ρ2
s

π2
dx− 2

∫
(ω>s ∇ωs∇π)

ρ2
s

π2
dx+ (A31) + (A32) + (A33)

−
∫

(ω>s Hπωs)
ρ2
s

π2
dx+

∫
(∇π>ωs)2 ρ

2
s

π3
dx

−
∫
ρ2
s

π
(ω>s ∇(∇ · ωs))dx−

∫
(ω>s ∇ωs∇ρs)

2ρs
π
dx+

∫
(ω>s ∇ωs∇π)

ρ2
s

π2
dx.

Next, we combine the terms and obtain

= 2((A31) + (A32) + (A33)) + 6

∫
ρ2
s

π3
(∇π>ωs)2dx− 4

∫
(ω>s ∇ρs)(∇π>ωs)

ρs
π2
dx

− 3

∫
(ω>s Hπωs)

ρ2
s

π2
dx−

∫
(ω>s ∇ωs∇π)

ρ2
s

π2
dx− 2

∫
(ω>s ∇ωs∇ρs)

ρs
π
dx− (A32)− (A33).

Recall that (A31)+(A32)+(A33) = (A3), and replacing (A32) and (A33) with their expressions,
we have

= 2

∫
ρ2s
π
(∇ · ωs)2dx+ 6

∫
ρ2s
π3

(∇π>ωs)2dx− 4

∫
(ω>s ∇ρs)(∇π>ωs)

ρs
π2
dx

− 3

∫
(ω>s Hπωs)

ρ2s
π2
dx−

∫
(ω>s ∇ωs∇π)

ρ2s
π2
dx− 2

∫
(ω>s ∇ωs∇ρs)

ρs
π
dx

−
(
2

∫
(ω>s ∇ωs∇ρs)

ρs
π
dx+ 2

∫
(ω>s Hρsωs)

ρs
π
dx+ 2

∫
(ω>s ∇ρs)2

1

π
dx− 2

∫
(ω>s ∇ρs)(ω>s ∇π)

ρs
π2
dx

)
−
(
−
∫

(ω>s ∇ωs∇π)
ρ2s
π2
dx−

∫
(ω>s Hπωs)

ρ2s
π2
dx− 2

∫
(ω>s ∇ρs)(ω>s ∇π)

ρs
π2
dx+ 2

∫
(ω>s ∇π)2

ρ2s
π3
dx

)
= 2

∫
(ω>s Hρsωs)

ρs
π
dx− 2

∫
(ω>s Hπωs)

ρ2s
π2
dx− 4

∫
(ω>s ∇ρs)(ω>s ∇π)

ρs
π2
dx+ 4

∫
ρ2s
π3

(∇π>ωs)2dx︸ ︷︷ ︸
(M)

+ 2

∫
ρ2s
π
(∇ · ωs)2dx− 2

∫
(ω>s ∇ρs)2

1

π
dx− 4

∫
(ω>s ∇ωs∇ρs)

ρs
π
dx︸ ︷︷ ︸

(N1)

−4
∫

(ω>s Hρsωs)
ρs
π
dx+ 4

∫
(ω>s ∇ρs)(ω>s ∇π)

ρs
π2
dx︸ ︷︷ ︸

(N2)

.

Now we analyze (M) and (N1) + (N2) separately. Notice that

(M) = 2

∫ (
ω>s H

(ρs
π

)
ωs

)
ρsdx,

and

(N1) + (N2) = 2

∫
ρ2
s

π
(∇ · ωs)2dx+ 2

∫
(ω>s ∇ρs)2 1

π
dx− 4

∫
(ω>s ∇ωs∇ρs)

ρs
π
dx

− 4

∫
(ω>s Hρsωs)

ρs
π
dx− 4

∫
(ω>s ∇ρs)2 1

π
dx+ 4

∫
(ω>s ∇ρs)(ω>s ∇π)

ρs
π2
dx

= 2

∫
ρ2
s

π
(∇ · ωs)2dx+ 2

∫
(ω>s ∇ρs)2 1

π
dx− 4

∫
(ω>s ∇(ω>s ∇ρs))

ρs
π
dx

− 4

∫
(ω>s ∇ρs)(ω>s ∇

ρs
π

)dx
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= 2

∫
ρ2
s

π
(∇ · ωs)2dx+ 2

∫
(ω>s ∇ρs)2 1

π
dx+ 4

∫
∇ · ωs(ω>s ∇ρs)

ρs
π
dx

= 2

∫ (
∇ · (ωsρs)

1

π

)2

πdx.

Since d2

ds2
χ2(ρs‖π) = (M) + (N1) + (N2), Lemma B.9 is proved.

Appendix C: An Illustrative Example for Explicit Forms of It, Jt, ‖qt‖L2(π)

Consider an illustrative example where we simulate the DrMMD gradient flow when the
target is a one-dimensional Gaussian target distribution π = N (0, σ̄2) and the initialization
is also a one-dimensional Gaussian µ0 = N (0, 1

2 σ̄
2). We take a Gaussian kernel k(x, y) =

exp(−1
2(x− y)2) whose eigenvalues and eigenfunctions in its Mercer decomposition have the

following closed form expressions (Shi et al., 2009, Proposition 1),

%i =

√
1

2σ̄2

1
2σ̄2 + c+ 0.5

(
β2 − 1

β2 + 1

)i
, ei(x) =

√
β

i!2i
exp(−cx2)Hi

(√
1

2σ̄2
βx

)
, (C.1)

where β = (1 + 4σ̄2)1/4, c = β2−1
4σ̄2 and Hi is the i-th Hermite polynomial function. We pick

σ̄2 > 2 so β2 > 3. The Gaussian kernel is continuous, bounded and c0-universal as required
in Assumption 1. It also possesses bounded first- and second-order derivatives, thereby
satisfying Assumption 2.

Consider the DrMMD gradient flow (µt)t≥0 defined in (7) along with its particle update
scheme dxt = −(1 + λ)∇hµt,π(xt)dt, where hµt,π is the witness function defined in (32) and
λ is a positive regularization parameter. Denote mt, σ

2
t as the mean and covariance of µt,

respectively, then we have the following update scheme for mt, σ
2
t proved in Lemma C.1:

dmt = −(1 + λ)Ext∼µt [∇hµt,π(xt)] dt,

d(σ2
t ) = −2(1 + λ)Ext∼µt [∇hµt,π(xt) · xt] dt+ 2(1 + λ)Ext∼µt [∇hµt,π(xt)] ·mt dt,

where the expectations are taken over xt ∼ µt. While the resulting distribution is not
necessarily Gaussian, we may follow the existing analysis of Stein variational gradient
descent (Liu et al., 2024b) and Langevin Monte Carlo dynamics (Lambert et al., 2022) and
approximate xt ∼ µt with a Gaussian random variable yt ∼ νt = N (mt, σ

2
t ); this yields the

update scheme:

dmt = (1 + λ)Eyt∼νt [∇hνt,π(yt)] dt,

d(σ2
t ) = −2(1 + λ)Eyt∼νt [∇hνt,π(yt) · yt] dt+ 2(1 + λ)Eyt∼νt [∇hνt,π(yt)] ·mt dt,

(C.2)

which gives an evolution of Gaussian distributions νt. From (32), the witness function hνt,π
admits a decomposition with eigenvalues %i and eigenfunctions ei: hνt,π(y) =

∑
i≥1

%i
%i+λ
〈dνtdπ −

1, ei〉L2(π)ei(y). Therefore, the velocity field d
dyhνt,π(y) can be written as,

d

dy
hνt,π(y) =

∑

i≥1

%i
%i + λ

〈
dνt
dπ
− 1, ei

〉

L2(π)

d

dy
ei(y).
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Notice that if mt = 0, then for odd i, 〈dνtdπ − 1, ei〉L2(π) =
∫
eidνt −

∫
eidπ = 0 because ei is

an odd function. When i is even, Eνt [ ddyei(y)] = 0 because y 7→ d
dyei(y) is an odd function.

As a result, if mt = 0, then E[∇hνt,π(yt)] = 0 and hence dmt
dt = 0 from the update scheme in

(C.2). Therefore, as long as we initialize the DrMMD gradient flow with ν0 = N (0, 1
2 σ̄

2), a
zero mean Gaussian distribution, the entire trajectory will remain a zero mean Gaussian
distribution N (0, σ2

t ).
Next, observe that for a zero-mean Gaussian trajectory, if the initial variance satisfies

σ2
0 < σ̄2, it is natural to expect that the variance increases monotonically toward the target

variance σ̄2 as the DrMMD flow evolves, i.e. σ2
0 < σ2

t ≤ σ̄2 for all t. In Lemma C.2,
we provide a rigorous proof of this claim in the cases λ = 0 and λ = ∞, by showing that
(1+λ)Eyt∼νt [∇hνt,π(yt) ·yt] < 0, which implies that the variance update in (C.2) is monotone
increasing. The cases λ = 0 and λ =∞ correspond respectively to the χ2 flow and the MMD
flow regimes. For general λ > 0, however, we are unable to establish a rigorous proof. Our
argument in Lemma C.2 relies heavily on Mehler’s formula (Liang and Tran-Bach, 2022,
Proposition 2.2), which requires exponential decay of the spectrum (%i)i≥1. This condition
is not satisfied for DrMMD, whose spectrum is modified to ( %i

%i+λ
)i≥1. Nevertheless, we

conjecture that the monotonicity property continues to hold for all λ > 0.

Checking assumptions in Theorem 4.1 and Theorem 5.1: Now we check the assump-
tions from Theorem 4.1 and Theorem 5.1. The target π is a Gaussian distribution which
automatically satisfies a Poincaré inequality, and its potential V is a quadratic function, hence
satisfies HV ≤ βI. νt, π are Gaussians, hence absolutely continuous with respect to Lebesgue
on R. And most importantly, we have dνt

dπ − 1 ∈ Ran(T 0.25
π ), i.e., there exists qt ∈ L2(π)

such that dνt
dπ − 1 = T 0.25

π qt. To see why, we first need to upper bound 〈dνtdπ − 1, ei〉2L2(π).
From Belafhal et al. (2020, Corollary 2), we have the following closed-form expressions for
〈dνtdπ − 1, ei〉L2(π):

√
β

i!2i



√

1

1 + 2σ2
t c

(
1−

1
2σ̄2β

2

c+ 1
2σ2
t

) i
2

−
√

1

1 + 2σ̄2c

(
1−

1
2σ̄2β

2

c+ 1
2σ̄2

) i
2


Hi(0),

when i is even and 0 otherwise. Therefore, we have

〈
dνt
dπ
− 1, ei

〉2

L2(π)

≤ 1

1 + σ̄2c
· β
i!2i
|Hi(0)|2 · 2



∣∣∣∣∣

1
2σ̄2β

2

c+ 1
2σ2
t

− 1

∣∣∣∣∣

i

+

∣∣∣∣∣
1

2σ̄2β
2

c+ 1
2σ̄2

− 1

∣∣∣∣∣

i

 .

By the monotonicity of the variance, σ2
0 = 1

2 σ̄
2 ≤ σ2

t < σ̄2 and β2 > 3, we have

0 <
2β2

β2 + 3
− 1 =

1
2σ̄2β

2

c+ 1
σ̄2

− 1 <
1

2σ̄2β
2

c+ 1
2σ2
t

− 1 <
1

2σ̄2β
2

c+ 1
2σ̄2

− 1 =
2β2

β2 + 1
− 1.

So we have the following upper bound
〈
dνt
dπ
− 1, ei

〉2

L2(π)

≤ 4

1 + σ̄2c
· β
i!2i
|Hi(0)|2 ·

(
2β2

β2 + 1
− 1

)i
.
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Now we are ready to study the L2(π)-norm of qt. Recall the formulas of %i in (C.1), we have

‖qt‖L2(π) =
∞∑

i=1

〈
dνt
dπ − 1, ei

〉2

L2(π)

%0.5
i

≤ 4β

1 + σ̄2c

∞∑

i=1

1

i!2i
|Hi(0)|2

(
β2 − 1

β2 + 1

)i((
β2 + 1

β2 − 1

)0.5
)i

=
4β

1 + σ̄2c

∞∑

i=1

1

i!2i
|Hi(0)|2

((
β2 − 1

β2 + 1

)0.5
)i

=
4β

1 + σ̄2c

√
β2 + 1

2
.

The last equality holds by Mehler’s formula (Liang and Tran-Bach, 2022, Proposition
2.2). A quick sanity check for the above derivations is to take r = 0.5 and see that∑∞

i=1 %
−1
i 〈dνtdπ −1, ei〉2L2(π) is divergent. This indicates that

dνt
dπ −1 /∈ H, which verifies the fact

that the Gaussian RKHS does not contain constant functions (Steinwart and Christmann,
2008, Corollary 4.44). Finally, It and Jt admit the following explicit formulas as well as
uniform upper bounds

Jt =

∥∥∥∥∇(log π)>∇
(
dνt
dπ

)∥∥∥∥
2

L2(π)

=

1
σ2
t
− 1

σ̄2

√
2πσ̄3σ2

t

· Γ(7/2)
(

1
σ2
t
− 1

2σ̄2

)7/2
≤ 4Γ(7/2)
√

2π
(

3
2

)7/2

It =

∥∥∥∥∆

(
dνt
dπ

)∥∥∥∥
L2(π)

=


 σ̄

2

σ2
t

(
1
σ2
t
− 1

σ̄2

)2

√
2πσ̄2


 ·


 Γ(1/2)
(

1
σ2
t
− 1

2σ̄2

)1/2
+

2Γ(3/2)
(

1
σ2
t
− 1

σ̄2

)

(
1
σ2
t
− 1

2σ̄2

)3/2

+
Γ(5/2)

(
1
σ2
t
− 1

σ̄2

)2

(
1
σ2
t
− 1

2σ̄2

)5/2


 ≤ 2√

2πσ̄4

(
Γ(1/2)
(

3
2

)5/2 +
Γ(3/2)
(

3
2

)3/2 +
Γ(5/2)
(

3
2

)5/2

)
.

Empirical verification: While the above derivations demonstrate that a (Gaussian pro-
jected) DrMMD gradient flow satisfies all the required assumptions, it is instructive to
demonstrate that a particle implementation in the discrete time setting, without explicit
Gaussian projection, shows the behavior consistent with the theory. We therefore simulate
our finite particle DrMMD gradient descent µ̂n with a step size γ = 0.01 and particle number
N = 10, 000 and empirically inspect its convergence properties. We take σ̄2 = 6 so β2 = 5.
We estimate the density of the DrMMD descent µn from the particles with a kernel density
estimator using a Gaussian kernel with lengthscale 0.1 (Epanechnikov, 1969). Based on the
estimated densities µn, we compute the following two quantities: In = ‖∇V >∇(dµndπ )‖L2(π)

and Jn = ‖∆(dµndπ )‖L2(π). Their evolution along the DrMMD gradient descent is shown
in Figure 3. We observe that both quantities decrease over time as desired, which is a
consequence of increasing smoothness of the density ratio dµn

dπ as µn converges to π. We also
report the evolution of the KL divergence K̂L(µ̂n‖π̂) along the flow, estimated from particles.

Lemma C.1 Given the DrMMD gradient flow update scheme dxt = −(1 + λ)∇hµt,π(xt)dt,
its mean mt = E[xt] and variance σ2

t = E[x2
t ]− E[xt]

2 update scheme can be expressed as

dmt = −(1 + λ)Ext∼µt [∇hµt,π(xt)] dt,

d(σ2
t ) = −2(1 + λ)Ext∼µt [∇hµt,π(xt) · xt] dt+ 2(1 + λ)Ext∼µt [∇hµt,π(xt)] ·mt dt,
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K̂L(µ̂n‖π̂) Ĵn În

Figure 3: Evolution of K̂L(µ̂n‖π̂), În and Ĵn along DrMMD particle descent, where all three terms
are estimated with samples.

Proof For the mean update, d
dtmt = E[ d

dtxt] = −(1+λ)Ext∼µt [∇hµt,π(xt)]. For the variance
update,

d

dt
σ2
t =

d

dt

(
E[x2

t ]− E[xt]
2
)

= 2E[xt ·
d

dt
xt]− 2E[xt] ·

d

dt
E[xt]

= −2(1 + λ)Ext∼µt [∇hµt,π(xt) · xt] + 2(1 + λ)Ext∼µt [∇hµt,π(xt)] ·mt.

Hence the result.

Lemma C.2 Let νt be a zero mean normal distribution N (0, σ2
t ) and 0 < σ2

t < σ̄2. For the
eigenvalues (%i)i≥1 and eigenfunctions (ei)i≥1 defined in (C.1), we have

∑

i≥1

〈
dνt
dπ
− 1, ei

〉

L2(π)

Ex∼νt
[
d

dx
ei(x)x

]
< 0,

∑

i≥1

%i

〈
dνt
dπ
− 1, ei

〉

L2(π)

Ex∼νt
[
d

dx
ei(x)x

]
< 0.

which correspond to the variance update in (C.2) when λ = 0 and λ =∞, respectively.

Proof For the inner product term, we know from Corollary 2 of Belafhal et al. (2020) that
〈
dνt
dπ
− 1, ei

〉

L2(π)

= Hi(0)

√
β

i!2i



√

1

1 + 2σ2
t c

(
1−

1
2σ̄2β

2

c+ 1
2σ2
t

) i
2

−
√

1

1 + 2σ̄2c

(
1−

1
2σ̄2β

2

c+ 1
2σ̄2

) i
2


 .

For the expectation term, notice that

Ex∼νt
[
d

dx
ei(x)x

]
=

√
β

i!2i
1√

2πσt

∫
x exp

(
− 1

2σ2
t

x2

)
d

dx
ei(x) dx
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(∗)
= −

√
β

i!2i
1√

2πσt

∫
exp

(
− 1

2σ2
t

x2

)(
1− x2

σ2
t

)
ei(x) dx

= −
√

β

i!2i
1√

2πσt

∫
exp

(
− 1

2σ2
t

x2

)
exp(−cx2)Hi

(√
1

2σ̄2
βx

)
dx

+

√
β

i!2i
1√

2πσ3
t

∫
exp

(
− 1

2σ2
t

x2

)
exp(−cx2)Hi

(√
1

2σ̄2
βx

)
x2 dx

=: Ei,1 + Ei,2.

Here in (∗), we use integration by parts in which the boundary term vanishes, because
limx→∞ exp(−x2)Hi(x) = 0. Next, notice that the second term Ei,2 equals precisely the
derivative of Ei,1 with respect to c, rescaled by 1

σ2
t
. To distinguish it from the other c

that will show up later in 〈dνtdπ − 1, ei〉L2(π), we denote it as c. The original
∑

i≥1〈dνtdπ −
1, ei〉L2(π) Ex∼νt [ ddxei(x)x] can be written as the sum of two components F1 + F2:

F1 =
∑

i≥1

Hi(0)

√
β

i!2i



√

1

1 + 2σ2
t c

(
1−

1
2σ̄2β

2

c+ 1
2σ2
t

) i
2

−
√

1

1 + 2σ̄2c

(
1−

1
2σ̄2β

2

c+ 1
2σ̄2

) i
2


Ei,1,

F2 =
∑

i≥1

Hi(0)

√
β

i!2i



√

1

1 + 2σ2
t c

(
1−

1
2σ̄2β

2

c+ 1
2σ2
t

) i
2

−
√

1

1 + 2σ̄2c

(
1−

1
2σ̄2β

2

c+ 1
2σ̄2

) i
2


Ei,2.

From Corollary 2 of Belafhal et al. (2020), we know

Ei,1 = −
√

β

i!2i

√
1

1 + 2σ2
t c

(
1−

1
2σ̄2β

2

c + 1
2σ2
t

) i
2

Hi(0),

and Ei,2 = 1
σ2
t

d
dcEi,1. The relation between Ei,1 and Ei,2 would carry over to F1 and F2 as

well, i.e., F2 = 1
σ2
t

d
dcF1. Next, we compute the first half of F1.

∑

i≥1

Hi(0)

√
β

i!2i

√
1

1 + 2σ2
t c

(
1−

1
2σ̄2β

2
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2σ2
t
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2
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= −
√

1

1 + 2σ2
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√
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1 + 2σ2
t c
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1
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2σ2
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= −β
√
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√
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1−

(
1−
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2σ2
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1−
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2σ2
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2

= −β
(

(1 + 2σ2
t c)(1 + 2σ2

t c)− (1 + 2σ2
t c−

σ2
t

σ̄2
β2)(1 + 2σ2

t c−
σ2
t

σ̄2
β2)

)− 1
2

= −
(
σ2
t

σ̄2
(2 + 2σ2

t c+ 2σ2
t c)−

(
σ2
t

σ̄2
β

)2
)− 1

2

.
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The second last equality holds by the Mehler’s formula (Liang and Tran-Bach, 2022, Propo-
sition 2.2). Similarly, we can also compute the second half of F1.

∑

i≥1

Hi(0)

√
β

i!2i

√
1

1 + 2σ̄2c

(
1−

1
2σ̄2β

2

c+ 1
2σ̄2

) i
2

Ei,1

= −β
(

(1 + 2σ̄2c)(1 + 2σ2
t c)− (1 + 2σ̄2c− β2)(1 + 2σ2

t c−
σ2
t
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β2)

)− 1
2

= −
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1 + 2σ2
t c + (1 + 2σ̄2c)

σ2
t

σ̄2
− σ2

t

σ̄2
β2

)− 1
2

.

Combining the above two equations, we obtain the following formula of F1.

F1 = −
(
σ2
t

σ̄2
(2 + 2σ2

t c+ 2σ2
t c)−

(
σ2
t

σ̄2
β

)2
)− 1

2

+

(
1 + 2σ2
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σ2
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σ̄2
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)− 1
2

.

Since F2 = 1
σ2
t

d
dcF1, we have

F2 =

(
σ2
t

σ̄2
(2 + 2σ2

t c+ 2σ2
t c)−

(
σ2
t

σ̄2
β

)2
)− 3

2 σ2
t
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−
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1 + 2σ2
t c + (1 + 2σ̄2c)

σ2
t
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− σ2

t

σ̄2
β2

)− 3
2

.

Recall that the original
∑

i≥1〈dνtdπ − 1, ei〉L2(π) Ex∼νt [ ddxei(x)x] can be written as the sum of
two components F1 + F2, and recall that c = c and β2 = 1 + 4σ̄2c by definition. We obtain

∑

i≥1

〈
dνt
dπ
− 1, ei

〉

L2(π)

Ex∼νt
[
d

dx
ei(x)x

]
= F1 + F2 =

(
σ2
t

σ̄2

(
2− σ2

t

σ̄2

))− 1
2

·
(
−1 +

(
2− σ2

t

σ̄2

)−1
)
.

which is negative when 0 < σt < σ̄. So we have concluded the proof of the first claim. Now,
we are about to prove the second claim. Following the same derivations as above, we can
write

∑
i≥1〈%i dνtdπ − 1, ei〉L2(π) Ex∼νt [ ddxei(x)x] as the sum of two terms G1 and G2.

G1 =
∑

i≥1

%iHi(0)

√
β

i!2i



√

1

1 + 2σ2
t c

(
1−

1
2σ̄2 β

2

c+ 1
2σ2

t

) i
2

−
√

1

1 + 2σ̄2c

(
1−

1
2σ̄2 β

2

c+ 1
2σ̄2

) i
2


Ei,1,

G2 =
∑

i≥1

%iHi(0)

√
β

i!2i



√

1

1 + 2σ2
t c

(
1−

1
2σ̄2 β

2

c+ 1
2σ2

t

) i
2

−
√

1

1 + 2σ̄2c

(
1−

1
2σ̄2 β

2

c+ 1
2σ̄2

) i
2


Ei,2.

Since %i ∝ (β
2−1
β2+1

)i defined in (C.1) has exponential decay, hence Mehler’s formula still hold.
Up to some positive multiplier coefficient that do not change the sign, G1 can be written as
the following formula

G1 = −
(

(2σ̄2c)−2(1 + 2σ2
t c)

2 + 2
σ2
t

σ̄2
− σ4

t

σ̄4

)− 1
2

+
(
(2σ̄2c)−2(1 + 2σ̄2c)(1 + 2σ2

t c) + 1
)− 1

2 .
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And similar to F1, F2, we have G2 = 1
σ2
t

d
dcG1. As a result,

G2 =

(
(2σ̄2c)−2(1 + 2σ2

t c)
2 + 2

σ2
t

σ̄2
− σ4

t

σ̄4

)− 3
2

·
(

1 + 2σ2
t c

(2σ̄2c)2
+
σ2
t

σ̄2

)

−
(
(2σ̄2c)−2(1 + 2σ̄2c)(1 + 2σ2

t c) + 1
)− 3

2 ·
(

1 + 2σ̄2c

(2σ̄2c)2
+ 1

)
.

Combined, we obtain

G1 +G2 = −
(

(2σ̄2c)−2(1 + 2σ2
t c)

2 + 2
σ2
t

σ̄2
− σ4

t

σ̄4

)− 3
2

·
(

(1 + 2σ2
t c)

2σ2
t c

(2σ̄2c)2
+
σ2
t

σ̄2
− σ4

t

σ̄4

)

+
(
(2σ̄2c)−2(1 + 2σ̄2c)(1 + 2σ2

t c) + 1
)− 3

2 · (1 + 2σ̄2c)
2σ2

t c

(2σ̄2c)2
.

When 0 < σ2
t < σ̄2, we have the following relations

(2σ̄2c)−2(1 + 2σ2
t c)

2 + 2
σ2
t

σ̄2
− σ4

t

σ̄4
< (2σ̄2c)−2(1 + 2σ̄2c)(1 + 2σ2

t c) + 1,

(1 + 2σ2
t c)

2σ2
t c

(2σ̄2c)2
+
σ2
t

σ̄2
− σ4

t

σ̄4
> (1 + 2σ̄2c)

2σ2
t c

(2σ̄2c)2
.

Therefore,

∑

i≥1

%i

〈
dνt
dπ
− 1, ei

〉

L2(π)

Ex∼νt
[
d

dx
ei(x)x

]
= G1 +G2 < 0,

proving the second claim.
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