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Abstract

We introduce a (de)-regularization of the Maximum Mean Discrepancy (DrMMD) and
its Wasserstein gradient flow. Existing gradient flows that transport samples from source
distribution to target distribution with only target samples, either lack tractable numerical
implementation (f-divergence flows) or require strong assumptions and modifications, such
as noise injection, to ensure convergence (Maximum Mean Discrepancy flows). In contrast,
DrMMD flow can simultaneously (i) guarantee near-global convergence for a broad class of
targets in both continuous and discrete time, and (ii) be implemented in closed form using
only samples. The former is achieved by leveraging the connection between the DrMMD and
the x2-divergence, while the latter comes by treating DrMMD as MMD with a de-regularized
kernel. Our numerical scheme employs an adaptive de-regularization schedule throughout
the flow to optimally balance the trade-off between discretization errors and deviations from
the x2 regime. The potential application of the DrMMD flow is demonstrated across several
numerical experiments, including a large-scale setting of training student/teacher networks.

Keywords: Wasserstein gradient flow, reproducing kernel Hilbert space, maximum mean
discrepancy, f-divergences, spectral regularization

1. Introduction

Many applications in computational statistics and machine learning involve approximating a
probability distribution m on R? (in terms of samples) when only partial information on 7 is
accessible. For example, in Bayesian inference, 7 is known up to an intractable normalizing
constant for complex models. The setting of interest in this work is the so-called generative
modeling setting (Brock et al., 2019; Ho et al., 2020; Song et al., 2021; Franceschi et al.,
2024) where one assumes access to a set of samples from the target distribution 7, with the
goal being to generate new samples from 7. Recently, a popular framework to perform this
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task involves solving a minimization problem in P(R%), the space of probability distributions
over R?, by choosing the objective function to be a dissimilarity function D(-||7) (a distance
or divergence) between probability distributions that satisfies: D(v|7) = 0 if and only if
v = m. Since only samples from 7 are available, this problem is solved approximately—yet,
the approximate minimizers may converge to 7 as the number of available samples increases.
In particular, in the space of probability distributions with bounded second moment Py (]Rd),
a common approach is to solve this optimization problem by running a (sample-based)
approximation of the Wasserstein gradient flow of the functional F = D(:||r), which defines a
path of distributions with steepest descent for F with respect to the Wasserstein-2 distance.

In generative modeling, the choice of D(:||w) depends on two crucial aspects: First, its
flow should admit consistent and preferably tractable numerical implementations using only
samples from 7, and second, under reasonable assumptions, it should guarantee convergence
of its flow to 7, the unique global minimizer. Combined, these two properties ensure that, in
the large sample limit, this algorithm generates new samples from the target. Unfortunately,
verifying these two properties simultaneously has proved to be a surprisingly challenging
task. For instance, recent approaches based on Maximum Mean Discrepancy (MMD) (Arbel
et al., 2019; Hertrich et al., 2024b), the sliced-Wasserstein distance (Liutkus et al., 2019)
and the Sinkhorn divergence (Genevay et al., 2018) typically admit consistent finite-sample
implementations, but their global convergence guarantees—when they exist—do not apply
to most practical targets 7 of interest. To guarantee global convergence, one could instead
choose D as an f-divergence. For instance, the (reverse) KL divergence and y>-divergence
are geodesically convex (Villani et al., 2009, Definition 16.5) when the target is log-concave
(i.e. m o< e”V with V convex) (Ohta and Takatsu, 2011), and hence their flows enjoy better
convergence behaviour. However, while the population Wasserstein gradient flows of the
x? and KL divergences are well-defined (Jordan et al., 1998; Chewi et al., 2020), they do
not come naturally with consistent and tractable sample-based implementations. Multiple
approaches propose to solve a surrogate optimization problem with samples at each iteration
of the flow (Gao et al., 2019; Ansari et al., 2021; Simons et al., 2022; Birrell et al., 2022; Gu
et al., 2024; Liu et al., 2024a); however, it remains to be formally established whether these
surrogate problems preserve the desirable convergence guarantees of f-divergence flows.

In the face of the trade-offs present in the current approaches, a natural question arises:
Does there exist a divergence functional D(-||7) whose gradient flow both globally converges,
and admits a tractable, consistent sample-based implementation? In this work, we take a step
towards a positive answer by constructing a “de-regularized” variant of the Maximum Mean
Discrepancy (DrMMD) and its associated Wasserstein gradient flow. We prove that the
DrMMD gradient flow converges exponentially to the global minimum up to a controllable
barrier term for targets m that satisfy a Poincaré inequality, in both continuous and discrete
time regimes. To do so, we establish and leverage a connection between the DrMMD and
the x? divergence, an f-divergence whose gradient flow benefits from strong convergence
guarantees. By alternatively viewing DrMMD as MMD with a regularized kernel, DrMMD
flow comes with a consistent and tractable implementation when only samples from the
target m are available. In addition, given the empirical success of using adaptive kernels in
MMD-based generative models (Galashov et al., 2025; Li et al., 2017; Arbel et al., 2018), our
paper shows theoretically that using adaptive kernels through adaptive regularization indeed
improves the convergence of MMD gradient flow.
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This paper is organized as follows. Section 2 introduces the necessary background
on reproducing kernel Hilbert spaces (RKHS), the MMD, y2-divergence, and Wasserstein
gradient flows. Section 3 introduces DrMMD and shows that DrMMD is a valid probability
divergence that metrizes weak convergence. Section 4 uses DrMMD as the optimization
objective to define a Wasserstein gradient flow in P3(R?), and analyzes the convergence
of DrMMD flow in continuous time. Sections 5 and 6 define an implementable DrMMD
particle descent scheme with both time and space discretization and analyze its convergence.
Section 7 discusses other Wasserstein gradient flows related to our DrMMD flow. Section 8
shows experiments that confirm our theoretical results. The proofs of all results are provided
in Section 10, with the technical results being relegated to an appendix.

2. Background

In this section, we present the definitions and notation used throughout the paper.

2.1 Notations

Let £¢ be the Lebesgue measure on RZ. Py(R%) denotes the set of all Borel probability
measures p on R? with finite second moment. For p € Po(R?), u < 7 denotes that p is
absolutely continuous with respect to m. We use g—‘; to denote the Radon-Nikodym derivative.
We recall the standard definition of the Kullback-Leibler divergence, KL(u|7) = [ log(g—ﬁ)d,u
if p << 7, 400 else.

For a continuous mapping T' : R — R9, T denotes the push-forward measure of
by T. For any 7 € P2(R%), L?(r) is the Hilbert space of (equivalence class of) functions
f:R? — R such that [ |f|?dr < co. We denote by || - |z2(r) and (-, ) z2(r) the norm and
the inner product of L?(r). We denote by C°(R%) the space of infinitely differentiable
functions from R to R with compact support. For a vector valued functions ¢ : R — RP,
we abuse the notation of L?(7) and claim g € L?(r) if g; € L?(n) for all i = 1,...,p along
with 9220 = Y, 9il2a 0

If f:R% — R is differentiable, we denote by V f the gradient of f and Hf its Hessian. f
is a-strongly convex if Hf = ol, i.e, Hf (z) — al is positive semi-definite for any x, where I
is the identity matrix (also denotes an identity operator depending on the context). For a
vector valued function g : R — RY, if ¢; is differentiable for all i = 1,--- ,d, V - g denotes
the divergence of g. We also denote by Ag the Laplacian of g, where Ag = V - Vg. We
use || - ||p to denote the matrix Frobenius norm. a A b and a V b denote the minimum and
maximum of a and b, respectively.

2.2 Reproducing kernel Hilbert spaces

For a positive semi-definite kernel k : R? x R? — R, its corresponding reproducing kernel
Hilbert space (RKHS) # is a Hilbert space with inner product (-, )3 and norm || - || (Aron-
szajn, 1950), such that (i) k(z,-) € H for all z € R, and (ii) the reproducing property
holds, e.g. for all f € H, z € R, f(x) = (f, k(x,-))2;. We denote by H¢ the Cartesian
product RKHS consisting of elements f = (f1,..., fq) with f; € H with inner product

(f, 9)ma = Sy (fir gidne-
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When [ k(z,z)dr(z) < 0o, H can be canonically injected into L?(7) using the operator
Ly i H — L*(m), f + f with adjoint «* : L?(7) — H given by

EFC) = / ke, ) f(2)dn ().

The operator ¢, and its adjoint can be composed to form an L?(7) endomorphism Ty = ¢t
called the integral operator, and a H endomorphism . := X = [k(-,z) @ k(-, z)dn(x)
(where (a ® b)c == (b, c)ya for a,b,c € H) called the covariance operator. T is compact,
positive, self-adjoint, and can thus be diagonalized into an orthonormal system in {e;},~, of
L?(m) with associated eigenvalues o1 > ---0; > --- > 0.

In this paper, we make the following assumption on our kernel.

Assumption 1 k: R? x R? — R is a continuous and co-universal kernel, and there exists
K > 0 such that sup, k(z,z) < K.

We refer the reader to Carmeli et al. (2010) for the definition of cy-universal kernel. The
implication of Assumption 1 is that the RKHS H is compactly embedded into L?(r) (Steinwart
and Scovel, 2012, Lemma 2.3), and hence k(x,z’) has a absolute, uniform and pointwise
convergent Mercer representation (Steinwart and Scovel, 2012, Corollary 3.5),

k(z,2') =) oiei(z)ei(@), (1)
i>1

for any x and z’ in the support of 7. Since the kernel is cp-universal, the RKHS H is dense
in L2() for all Borel probability measures 7 (Sriperumbudur et al., 2011, Section 3.1) and
{e;}i>1 becomes an orthornormal basis of L?(7) (Steinwart and Scovel, 2012, Theorem 3.1).
The power of the integral operator 7 is defined as T f := > ;5 07 ([, €i>L2(7r) e, f €
L%*(w). For f € Ran(T)), there exists ¢ € L?(r) such that f = 7q. The exponent r
quantifies the smoothness of the range space relative to the original RKHS H with 0 < r < %

(resp. 7> 1) yields spaces that are less (resp. more) smooth than H with Ran(ﬁrl/z) being
isometrically isomorphic to H (Cucker and Zhou, 2007; Fischer and Steinwart, 2020).

We make an additional assumption—commonly employed in the kernel-based gradient
flow literature (Glaser et al., 2021; He et al., 2024; Korba et al., 2020; Arbel et al., 2019)—on
the regularity of the kernel that will be employed in studying the DrMMD gradient flow.

Assumption 2 k : R? x R? — R is twice differentiable in the sense of (Steinwart and
Christmann, 2008, Definition 4.35), i.e., fori,j € {1,--- ,d}, both 0;0i1qk and 0;0;0i140;+qk
exist and are continuous. There exist constants K14, Koq > 0 such that |V1k(z, )|y :=
S0k, )y < VEia and [[Hik(z,)|lgaxa = 0 2 005k, )y, < VEaa for all
r € RY

Many kernels satisfy both Assumption 1 and 2, including the class of bounded, continuous,
and translation invariant kernels on R% whose Fourier transforms have finite second and
fourth moments. This is easy to verify by employing the Fourier transform representation of
the RKHS (Wendland, 2004, Theorem 10.12) and noting that the finiteness of the RKHS
norm of Vik(-,z) and Hyk(-,z) for all x corresponds to the existence and finiteness of
the second and fourth moments of the Fourier transform of the kernel, respectively. This
condition is satisfied by the Gaussian kernel, Matérn kernels of order v with v + g > 2 and
the inverse multiquadratic kernel.
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2.3 Maximum mean discrepancy and y?-divergence

The Maximum Mean Discrepancy (MMD) (Gretton et al., 2012) between p and 7 is defined
as the RKHS norm of the difference between the mean embeddlngs my, = [ k(z,-)du(z)

and m, := [ k(z,-)dr(z).
MMDWW%ZH/M%%M@%i/M%JW@ﬂHIHmu—mﬂH-

The function m, — m; is often referred to as the “witness function”. When the kernel k
is co-universal, MMD(u||7) = 0 if and only if 4 = 7, and the MMD metrizes the weak
topology between probability measures (Sriperumbudur et al., 2010; Sriperumbudur, 2016).
Given samples (z1,...,z,) and (y1,...,Ym) from p and 7 respectively, the MMD can be
consistently estimated in multiple ways (Gretton et al., 2012). For instance, one can compute
its “plug-in” estimator, e.g. MMD(f|#), where fi:= 13" 6, and T:= 13" 5, .

The x2-divergence — a member of the family of f-divergences (Rényi, 1961) — is defined
as the variance of the Radon-Nikodym derivative 3—5 under 7:

fwm:/(ﬁ—le

when p < 7, and 400 otherwise. The y2-divergence has a variational form (Nowozin et al.,
2016; Nguyen et al., 2010):

2(pl|7) = sup /hd,u /<h+ h2> dm,
he M(R®)

where M(R?) denote the set of all measurable functions from R? to R. When p < , we
prove in Lemma B.1 that the optimal h* = Z—Z — 1 € L%(m) so that it is sufficient to restrict
the variational set to L?(7) in contrast to M(R?) for general f-divergences. Since in most
cases, x2(ji||%) = 400, the y2-divergence does not admit plug-in estimators, and estimating
it consistently involves more complicated strategies (Nguyen et al., 2010).

2.4 Wasserstein gradient flows

Gradient flows are dynamics that use local (e.g. differential) information about a given
functional in order to minimize it as fast as possible. Their exact definition depends on the
nature of the input space; in the familiar case of Euclidean space R?, the gradient flow of
a sufficiently regular F : R? — R given some initial condition zq is given by the solution
(x4)¢>0 of Opxy = —v(zy), where v is the Fréchet subdifferential of F', a generalization of the
notion of derivative to non-smooth functions (Kruger, 2003).

Gradient flows can be extended from Euclidean spaces to the more general class of metric
spaces (Ambrosio et al., 2005). When the metric space in question is Py(R?) endowed with
the Wasserstein-2 distance, this gradient flow is called the Wasserstein gradient flow (p)¢>0.
The Wasserstein gradient flow of F : Po(R?) — R takes the particular form (Ambrosio et al.,
2005, Lemma 10.4.1):

Ot + V- (gvr) = 0, (2)

1. Such mean embeddings are well-defined under Assumption 1.



CHEN, MUSTAFI, GLASER, KORBA, GRETTON AND SRIPERUMBUDUR

where vy is the Fréchet subdifferential of F : Po(R?) — R evaluated at pu; (Ambrosio et al.,
2005, Definition 11.1.1). (2) is an instance of the continuity equation with velocity field
v: under these dynamics, the mass of y; is transported in the direction v; that decreases
F at the fastest rate at each time ¢. While (2) can be time-discretized in various ways
(Santambrogio, 2017; Ambrosio et al., 2005), in this work, we will focus on the forward Euler
scheme, defined as pip41 = (I — yvp)4pn where v > 0 is a step size parameter. Such a
scheme is also known as the Wasserstein Gradient Descent of F.

Just as gradient descent in Euclidean spaces, an instrumental property to characterize
the convergence of the Wasserstein gradient descent of a functional F is given by its geodesic
convexity and smoothness. Among various ways, one can consider to characterize convexity
and smoothness through lower and upper bounds on the Wasserstein Hessian of the functional
F (Villani et al., 2009, Proposition 16.2). Given any ¢ € C>°(R?) that defines a constant
speed geodesic? starting at p: py = (I + tV )4 for 0 <t <1, the Wasserstein Hessian of a
functional F : Po(R?) — R at y, denoted as Hess Fiu» is an operator from L?(p) to L*(p):?

2

(Hess F|, Vo, V) 2(,) = a2 li—o

F(pt)-

A functional F is said to be geodesically M-smooth at p if <Hess]:|uv¢, V¢>L2(#) <
M|Vl r2(.), and is said to be geodesically A-convex at p if (Hess F|, Vo, V)2 >
AVl 2. Additionally, F is geodesically semiconvez if —co < A < 0 and geodesically
strongly convex if A > 0. Generally, a functional F that is both smooth and strongly convex
is preferred, because its Wasserstein gradient descent has an exponential rate of convergence
under a small enough step size v (Boyd and Vandenberghe, 2004, Section 9.3.1)(Bonet et al.,
2024).

Given some probability measure 7 € Py(RY), the MMD flow (resp. x? flow) is the
Wasserstein gradient flow of the functional Fynvp(-) = MMD(:||7) (resp. Fy2(-) = x*(:||7)).
As with the MMD, the MMD flow has an analytic finite sample implementation and may be
used to construct generative modeling algorithms (Hertrich et al., 2024b,a). The Wasserstein
Hessian of Fypp for smooth kernels is not positively lower bounded (Arbel et al., 2019,
Proposition 5), however, so MMD flow only converges up to an unknown barrier (Arbel
et al., 2019, Theorem 6), with global convergence only under a strong (and unverifiable)
assumption (Arbel et al., 2019, Proposition 7). More recent works (Boufadéne and Vialard,
2024) have demonstrated the global convergence of the MMD flow when using the Coulomb
kernel. This kernel is non-smooth, however, which complicates numerical implementations. In
contrast, the Wasserstein Hessian of F, 2 is positively lower bounded (Ohta and Takatsu, 2011)
for log-concave targets , so F 2 is geodesically strongly conver and x? flow enjoys exponential
rate of convergence. The exponential convergence of x? flow towards the global minimum in
fact holds for a broader class of targets 7 that satisfy a Poincaré inequality (Chewi et al.,
2020). The x? flow has so far lacked a tractable sample-based implementation, however, so it
has not been widely used in practice.

2. See Appendix A for the definition.
3. Strictly speaking, Hess FJ,, is an operator over the tangent space 7,,P2(R?) which is a subset of L*(u) (Vil-
lani et al., 2009).
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In the following sections, we will introduce a new Wasserstein gradient flow that combines
the computational advantages of the MMD flow with the convergence properties of the y?
flow.

3. (De)-regularized Maximum Mean Discrepancy (DrMMD)

In this section, we introduce a (de)-regularized version of maximum mean discrepancy, or
DrMMD in short. The DrMMD is rooted in a unified representation of the MMD and the

x2-divergence, given in the following proposition, which is proved in Section 10.1.

Proposition 3.1 (MMD and y2-divergence) Suppose g—fr — 1€ L*(7) for p,m € Po(RY).
Then
d
12 (A
7 (5 -1)

Remark 3.1 The x? identity follows from the definition but is provided for comparison
purposes. Together, these identities express both the MMD and the x2-divergence as functionals
of the (centered) density ratio 3—‘; — 1. While the x2-divergence directly computes the L?(m)

2 2

MAD2 ) = |

d
and ) = 1 (4 1)

L2(m) L3(7)

norm of the centred ratio, the MMD? first computes the image by the operator 7}1/2 before
taking the L?(w) norm. The smoothing effect of the compact operator 7}1/2 —mnote that Tr
1s compact if k is bounded as assumed in Assumption 1—has both positive and negative
consequences: Fanp(-) = MMD?(-||7r) admits finite sample estimators but is not geodesically
convex, making the first-order optimization of MMD objective (as done in generative modeling)
challenging (Arbel et al., 2019). In contrast, F\2(-) = x*(:|7) is geodesically conves for
log-concave targets w (Ohta and Takatsu, 2011) but is hard to estimate with samples.

With these facts in mind, we introduce a divergence whose purpose is to combine the
beneficial properties of both the y2-divergence and MMD. To do so, this divergence computes
the L?(7r) norm of the image of Z—’; — 1 by an alternative operator which interpolates between
I and 7772 We set this operator to be ((7; + AI)~17,)'/2, where A > 0 is a regularization
parameter. The operator ((7; + A)~'7;)'/? can be seen as a (de)-regularization of the
operator ’7}1/ % used by the MMD— a similar idea has been used in kernel Fisher discriminant
analysis (Mika et al., 1999), goodness-of-fit testing (Balasubramanian et al., 2021; Hagrass
et al., 2024b), and two-sample testing (Harchaoui et al., 2007; Hagrass et al., 2024a). We
call the resulting divergence the (De)-regularized Maximum Mean Discrepancy (DrMMD).

Definition 1 (DrMMD) Suppose % —1 € L%(n) where u,m € Po(RY). Then the (de)-
reqularized mazimum mean discrepancy (DrMMD ) between p, ™ € Po(R?) is defined as

2

: (3)

DrMMD (u||7) = (1 + \) H (T + M)~ 72) 2 (du - 1) L2(m)

dm

where A > 0.
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While all three operators, I, 7, and (7, + Al)~!7, are diagonalizable in the same eigenbasis
of L?(7), the key difference between them lies in the behavior of their eigenvalues. The
identity operator I has all eigenvalues 1, the integral operator 7 has eigenvalues (g;)i>1
which decay to zero as i — 0o and the (de)-regularized integral operator (7, + AI)~'7, has
eigenvalues (¢;/(0; + A));~, which either decay to zero or converge to 1 depending on the
choice of X\ as i — oo. (T, + AI)717, is known in the statistical estimation literature as
Tikhonov regularization; alternative definitions of DrMMD could be obtained by using other
regularizing operators, such as Showalter regularization in Engl et al. (1996). In this paper,
we primarily focus on Tikhonov regularization and leave other types of regularization for
future work.

One of the stated purposes of the DrMMD is to retain the computational benefits of the
MMD, which are crucial for its use in particle algorithms for generative modeling. To this
end, we provide an alternative representation of DrMMD which does not involve the density
ratio Z—ﬁ directly, but only kernel expectations.

Proposition 3.2 (Density ratio—free and variational formulations) DrMMD can be
alternately represented as

DrMMD (ji||7) = (1 + \) H(E“ + A2 (my, — m) y (4)

:(1+)\)21€1£{/h du/<’f+h> dwiHhH%{} (5)

with hy, . =2 (3x + AL ! (myu —my) being the witness function.

‘ 2

The proof is in Section 10.2. The density ratio-free representation (4) contains three
expectations under ¢ and 7: the mean embeddings m,, and m,, and the covariance operator
Y. Given samples {x;}M, ~ pu and {y;}}¥, ~ 7, we can construct a plug-in finite sample
estimator in (71) by replacing p and 7 with their empirical counterparts: i = ﬁ Zf\i 10z,
and 7 = %Zf\; Oy, -

The density ratio-free representation (4) frames DrMMD as acting on the difference of
my, and m, similarly to MMD. In fact, up to a multiplicative factor (1 + X), DrMMD is
MMD computed with respect to another kernel k defined as

F@,2') = ((Sn + 2D 72 k(w, ), (B +AD 2 k(') (6)
The derivations are provided in Section 10.3. The kernel k is symmetric and positive semi-
definite by construction, and its associated reproducing kernel Hilbert space is 7. The density
ratio-free representation of DrMMD in Proposition 3.2 is already known in (Balasubramanian
et al., 2021; Harchaoui et al., 2007; Hagrass et al., 2024a,b) in the context of non-parametric
hypothesis testing.

3.1 Properties of DrMMD

In this section, we establish various properties of DrMMD. As discussed earlier, DrMMD
is constructed to interpolate between y2-divergence and MMD to exploit the advantages
associated with each. The following result formalizes the interpolation property.
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Proposition 3.3 (Interpolation property) Let p,m € Po(R%Y). If Assumption 1 holds
and 3—;” — 1€ L%(m), then

lim DrMMD (p||7) = x?(pl|7), and  lim DrMMD(p|/7) = MMD? (7).
A—=0 A—00

Proposition 3.3, whose proof can be found in Section 10.4, shows that DrMMD asymptotically
becomes a probability divergence in the small and large A regimes. We seek to use DrMMD
as a minimizing objective in generative modeling algorithms; however, we need to ensure
that DrMMD is a probability divergence for any fixed value of A. This result holds, as shown
next.

Proposition 3.4 (DrMMD is a probability divergence) Under Assumption 1, for any
A € (0,00), DrMMD is a probability divergence, i.e., DrtMMD (pul||7) > 0, with equality iff
w = m. Moreover, DtMMD metrizes the weak topology between probability measures, i.e.,
DrMMD (j,||70) = 0 iff pun, converges weakly to m € Pa(R?) as n — oo.

As MMD with cp-universal kernels metrizes the weak convergence of distributions (Sripe-
rumbudur, 2016; Simon-Gabriel et al., 2023), Proposition 3.4, whose proof can be found
in Section 10.5, shows that for any A > 0, DrMMD is “MMD-like” topologically speaking,
and is different from the y2-divergence which induces a strong topology (Agrawal and Horel,
2021).

Remark 3.2 DrMMD is a specific case of a so-called “Moreau envelopes of f-divergences
in reproducing kernel Hilbert spaces” introduced in Stein et al. (2025), when the f-divergence
is taken as the x?-divergence. This connection is uncovered by the variational formulation
of DrMMD in (5). In contrast to general f-divergences, the Moreau envelope of the x*-
divergence enjoys a closed-form expression, as we highlight in this paper with various analytical
formulas for DtMMD. The interpolation property (Proposition 3.3) and the metrization
of weak convergence (Proposition 3.4) are proved concurrently in Corollaries 12 and 13 of
Stein et al. (2025), relying on formulation via Moreau envelopes. In our case, we use direct
computations thanks to the closed form of DrMMD.*

4. Wasserstein Gradient Flow of DrMMD

Having introduced the DrMMD in the previous section, we now construct and analyze its
Wasserstein Gradient Flow (WGF). As discussed in Section 2, WGFs define dynamics (p¢)¢>0
in Wasserstein-2 space that minimize a given functional F by transporting pu; in the direction
of steepest descent, given by the Fréchet subdifferential of F evaluated at p;. Given some
target distribution 7 from which we wish to sample, the WGF of Fp,ymp () = DrMMD(+||7),
called DrMMD flow, has the potential to form the basis of a generative modeling algorithm,
since p; progressively minimizes its distance (in the DrMMD sense) to the target 7.

To fulfill this potential, two additional ingredients are necessary. The first is to formally
establish that p; reaches the global minimizer 7, and the second is to design a tractable
finite-sample algorithm that inherits the convergence properties of the original DrMMD flow.

4. We would like to clarify that Stein et al. (2025) appeared on arxiv when our paper was already under
review at ICML 2024.
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We defer the second point to Section 5 and focus in this section on showing how DrMMD
benefits from its interpolation towards y?-divergence such that the DrMMD flow achieves
near-global convergence for a large class of target distributions.

4.1 DrMMD flow: Definition, existence, and uniqueness

To prove that the DrMMD flow is well-defined and admits solutions, the key is to show that
the Fprvimp admits Fréchet subdifferentials, as formalized in the following proposition.

Proposition 4.1 (DrMMD gradient flow) Let A > 0, and po,m € Po (Rd). Under
Assumption 1 and 2, the functional Fprvnvp admits Fréchet subdifferential of the form
(1+ )\)thwr, where hy, - is the witness function defined in Proposition 3.2. Consequently,

the DrMMD flow is well-defined and is the solution to the following equation

Oy — V- (pe(1 + X))V, ) = 0. (7)

In addition, the DtMMD flow starting at pg is unique because FprMMD %S S€MLcONvex, i.e.,
for any ¢ € C(RY) and p € Pa(RY),

2vVK Ko+ Kiq
A

‘<Hess Fon |V, Vo) ., (u)‘ <2(1+A) V6132, ®)

The proof is in Section 10.6. By recalling the discussion of Wasserstein Hessian in Section 2.4,
(8) indicates that Fpyvmp is both geodesically smooth and geodesically semiconver, which
is expected because DrMMD is equivalent to MMD with a regularized kernel & defined in
(6) and Fyrmp is both geodesically smooth and geodesically semiconver (Arbel et al., 2019,
Proposition 5). Proposition 4.1 is proved concurrently in Corollaries 14 and 20 of Stein et al.
(2025) relying on formulation via Moreau envelopes, while our proof uses the closed-form
expression for DrMMD.

4.2 Near-global convergence of DrMMD flow

Having defined the DrMMD flow, we are now concerned with its convergence to the target
7. Since DrMMD is constructed to interpolate between the MMD and the y2-divergence,
DrMMD flow is expected to recover the convergence properties of the y? flow. With this
goal in mind, we first study the Wasserstein Hessian of DrMMD and prove that it becomes
asymptotically positive as A\ — 0 for strongly log-concave targets . Next, to obtain a
non-asymptotic convergence rate, we take another route and show that the DrMMD flow
converges to m exponentially fast in KL divergence up to a barrier term that vanishes in the
small A regime, provided that 7 satisfies a Poincaré inequality.

4.2.1 NEAR-GEODESIC CONVEXITY OF FDrMMD

One popular approach to proving that the DrMMD flow (¢):>0 converges to the target ™
in terms of DrMMD is to show that Fp,vmp is geodesically convexr (Ambrosio et al., 2005,
Theorem 4.0.4), or, equivalently in our definition in Section 2.4, its Wasserstein Hessian is
positive definite. In the next proposition, we show that the Wasserstein Hessian of Fp.vmbD
is indeed positive definite for small enough A; however, as we will see below (remark 4.2), the
form of the result will not allow us to show convergence besides in the limit A — 0, which
leads us to take a different approach in subsequent sections.

10
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Proposition 4.2 (Near-geodesic convexity of Fpamp) Let p,m € Po(RY), p,m < L4
and ¢ € CX(RY). Under Assumption 1 and 2, let w be o strongly log-concave, i.e., T o
exp(=V), HV = ol, and assume additionally that x — HV (z) is continuous. Then for all
w such that x — Vlog u(z) is continuous and Z—‘; —-1e™H,

d
(Hess Fonan V6, V) 50, = a(143) [ (@) Vo) du(w) = RO Va),  (9)

where limy_o R(\, 1, V¢) = 0.

The proof can be found in Section 10.7. To obtain this result, we relate the Wasserstein
Hessian of Fpymmp with that of Fy2. When g—ﬁ — 1 € H, they coincide asymptotically as
A — 0, showing that the interpolation properties of DrMMD to the x?-divergence hold at
the level of Wasserstein derivatives. Together with the fact that the Wasserstein Hessian of
F,2 is positive definite for a-strongly log-concave 7 (Ohta and Takatsu, 2011), we obtain the
lower bound in (9). It is noteworthy that although DrMMD can be viewed as squared MMD
with a regularized kernel %, the near-geodesic convexity in Proposition 4.2 is not observed
for standard MMD with a fixed kernel k& because the latter does not interpolate towards

x2-divergence.

Remark 4.1 (Geodesic convexity /smoothness trade-off in Fp.\vp) The geodesic
smoothness and near-convexity of the functional Fprvmp are characterized by (8) and (9)
respectively via upper and lower bounds on the Wasserstein Hessian of Fprmmp. However,
(8) and (9) impose contradictory conditions on the (de)-regularization parameter \: (8)
indicates that DrMMD is smoother if X is larger while (9) indicates that DrMMD is more
convex if \ is small enough. Consequently, there is a trade-off between the geodesic convezity
and smoothness of FprmMp, which will play an important role in Section 5.

Remark 4.2 Proposition 4.2 shows that for fized pu and V¢, there exists A small enough yet
positive such that <Hess Formmp | Vo, V¢>L2(u) > 0 at . The remainder term R(\, p, Vo) is
only controlled in the limit as A — 0, however, which complicates the use of Proposition 4.2 to
show global convergence of the DrtMMD flow. In the next section, we employ a different set of
techniques that rely on the Poincaré condition on m, a condition which, as we show, will ensure
a sufficient dissipation of KL divergence along the DrMMD flow to obtain non-asymptotic
near-global convergence.

4.2.2 NEAR-GLOBAL CONVERGENCE OF DrMMD FLOW VIA POINCARE INEQUALITY

Even when a functional F is not geodesically convex, convergence guarantees for its Wasser-
stein gradient flow (p:):>0 can still be obtained if the target 7 satisfies certain functional
inequalities. Consider the x? flow (14)1>0, for example: if 7 satisfies the Poincaré inequality,
then (v¢)i>0 converges exponentially fast to 7 in terms of KL divergence (Chewi et al., 2020,
Theorem 1), i.e.,

KL(wrlr) < oxp (- 2 ) KLGolln). (10)

11
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Recall that 7 satisfies a Poincaré inequality (Pillaud-Vivien et al., 2020, Definition 1) if for
all functions f: R? — R such that f, Vf € L?(n), there exists a constant Cp > 0 such that

[ stepas) - ([ f(a:)dw(x>>2 < CplVS 200, (11)

The smallest constant Cp for which (11) holds is called the Poincaré constant. The Poincaré
inequality is widely used for studying the convergence of Langevin diffusions (Chewi et al.,
2024) and x? flow (Chewi et al., 2020; Trillos and Sanz-Alonso, 2020). The Poincaré condition
is implied by the strong log-concavity of 7, and is weaker than strong log-concavity because
it also allows for nonconvex potentials. The set of probability measures satisfying a Poincaré
inequality includes distributions with sub-gaussian tails or with exponential tails. This set is
also closed under bounded perturbations and finite mixtures (see Vempala and Wibisono
(2019) and Chewi et al. (2024) for a more detailed discussion).

Given the interpolation property of DrMMD to y2-divergence, (10) suggests investigating
the convergence of the DrMMD flow (ut):>0 in KL divergence under a Poincaré inequality.
To this end, we first derive an upper bound on KL(y||7) along the DrMMD flow.

Theorem 4.1 (KL control of the DrMMD flow) Suppose k satisfies Assumptions 1 and
2, and the target m and DrMMD gradient flow (Mt)tzo satisfy the following conditions:

1. 7 satisfies a Poincaré inequality with constant Cp.

2. g, <L LY

3. % —1 € Ran(T)) with r > 0, i.e., there exists q; € L*() such that % —1=TIq.

™

<7
L2 (x)

BN

) HV (log Tr)T \Y (M) ‘

7

ey S 5 a2 (%))

5. Foralli=1,....d, lim (h* (z) —2%(35)) (&%(w)) m(x) = 0.

we,m

Then, for any T > 0,

KL(erlln) < exp (2o 27 ) KL ul)

T
2(14+ A
A+ [ e (_(CP)(T - t)) lall oy (T + Tt (12)
0

The proof, which can be found in Section 10.8, leverages the fact that the DrMMD can
approximate not only the y2-divergence, but also its Wasserstein gradient. The DrMMD’s
approximation properties can be combined with functional inequalities to obtain an upper-
bound for the continuous-time dissipation of KL divergence along the flow, given by:

d 2(1+ A)

— KL < -
(mllm) < ~ =

o KL(pel[m) + 41+ M)A lgell 2y (T2 + To), (13)

Approximation error

from which Theorem 4.1 follows upon applying the Growall’s lemma (Gronwall, 1919). The
first term is strictly negative, while the second term is an approximation error term arising

12
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from DrMMD not perfectly matching the x?-divergence for A > 0. When A = 0, Theorem 4.1
recovers the exponential decay of KL divergence along x? flow in (10).

Remark 4.3 (i) The second condition assumes that py and m have densities.

(ii) The third condition that d’” — 1 € Ran(T7)) is a regularity condition on the density ratio
so that it can be well appmmmated by the witness function hy, .. This assumption is known
as the range assumption in the literature of kernel ridge regression (Cucker and Zhou, 2007;
Fischer and Steinwart, 2020). We posit that this assumption can be relaxed to d“ t —1¢€ L?n)
as in Proposition 3.3 if only asymptotic convergence is needed with no explzczt rate.

(i1i) The fourth condition is another regularity condition on the density ratio along the flow.
This condition is automatically satisfied under a stronger range condition (r = %) in the third

condition, 1i.e., % — 1 € H, along with a moment condition on the score function V log.
To see this, notice that we can further write (derivations are provided in Section 10.8)

d#t

V (logm) " < V E1allgll 22z 1V 1og 7| 12y
) (14)
Mt
Al — <V EKoallgtl 12(m
dr /|l g2 (m)

As an illustration, we examine the DrMMD flow under a Gaussian approximation in Ap-
pendiz C, following Lambert et al. (2022); Liu et al. (2024b), with a Gaussian kernel and
Gaussian target m, for which explicit upper bounds T; and J; can be derived.

(iv) The fifth condition is a boundary condition that allows integration by parts equality in
the proof. We highlight that many works (e.g., Theorem 1 of He et al. (2024), Theorem 2 of
Nitanda et al. (2022), Lemma 6 of Vempala and Wibisono (2019)) on Wasserstein gradient
flow apply integration by parts without explicitly stating this condition.

Additionally, if |lg/[z2(r) < Q, Tt < J, It < T for all 0 < ¢ < T, then Theorem 4.1 will
ensure KL convergence of the DrMMD flow up to a controllable barrier term, e.g. near global
convergence.

Corollary 4.1 (Near global convergence of the DrMMD flow) In addition to the as-
sumptions of Theorem 4.1, if ||Qt”L2(7r) <Q, N <J, L <T forall0<t<T, where Q,J,
and I are universal constants independent of \, then for any T > 0,

2(1+ \)

KL(jurm) < exp (— -

T) KL(uol|m) + 2X'CrQ (7 + ).

The proof of Corollary 4.1 follows directly from upper-bounding the second term of (12)
with universal constants Q, J, and Z, and using the closed-form expression of the resulting
integral. Corollary 4.1 provides a condition under which the DrMMD flow will exhibit an
exponential rate of convergence (linear convergence) in terms of KL divergence up to an
extra approximation error term which vanishes as A — 0. If HQt||L2 (m) S <QLH<JL;<T
for all 0 <t < T as shown in Corollary 4.1, the approximation error is of explicit order
O(X\"). Therefore, in the continuous time regime, to have a smaller approximation error, it
is beneficial to use a small (de)-regularization parameter A, so that DrMMD flow operates

13
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closer to the regime of 2 flow. However, as we will see in the next section, when it comes to
time-discretized DrMMD flow, i.e., DrMMD gradient descent, there is a trade-off between
the approximation error and the time discretization error such that the selection of A would
require more careful analysis to strike a good balance. Finally, a smaller Poincaré constant
Cp results in both a faster rate of convergence and a smaller barrier.

Previously, Arbel et al. (2019) established (sublinear) global convergence of the MMD
flow in terms of MMD distance by assuming that a Lojasiewicz inequality (or a variant of it
if additionally performing noise injection, see Arbel et al., 2018, Proposition 8) holds along
the flow. Our result thus complements that of Arbel et al. (2019) by showing that MMD-type
functionals can achieve near-global convergence for targets satisfying a Poincaré inequality
regardless of whether such inequalities hold, by studying their behavior in the f-divergence
interpolation regime.

Remark 4.4 Since DrMMD is asymmetric in its arguments, the reader may wonder why we
focus on the gradient flow of DrMMD(:||7) instead of DrMMD(x||-). From the convergence
standpoint, Theorem 4.1 shows that DrMMD(:||7) converges globally with an exponential
rate up to a small barrier when w satisfies Poincaré inequality along with an extra reqularity
condition on the density ratio. This favorable convergence property is mo longer true for
DrMMD(7||-). Practically speaking, the Wasserstein gradient of DrMMD requires inverting
a kernel integral operator. It is more efficient to do this just once with a kernel integral
operator with respect to w as in (3), rather than with respect to uy, which would happen at
each time (as done by He et al. 2024).

Computing the DrMMD flow is intractable since the dynamics are in continuous-time,
and in practice, we do not have access to 7, but only samples from it. In the next two
sections, we build a tractable approximation of the DrMMD flow which provably achieves
near-global convergence under similar assumptions as the ones in Section 4. Compared
to the DrMMD flow, this approximation combines a discretization in time (introduced in
Section 5) with a particle-based space-discretization (introduced in Section 6). While the
space-discretization techniques that we used are well-known in the Wasserstein gradient
flow literature, our time-discretized scheme deviates from standard approaches, which are
insufficient to guarantee near-global convergence in our case.

5. Time-discretized DrMMD flow

In this section, we first construct and analyze the forward Euler scheme of (7), a simple
time-discretization of the DrMMD flow which we call DrMMD Descent. Compared to the
DrMMD flow, the convergence of DrMMD descent is affected by an additional smoothness-
related time-discretization error that blows up as A approaches 0, thus preventing near-global
convergence. To address this issue, we propose in Section 5.2 an alternative discrete-time
scheme that adapts the value of the regularization coefficient A across the descent iterates,
which we call Adaptive DrMMD Descent. We show that this scheme converges in the KL
divergence up to a barrier term that vanishes as the discretization step size goes to zero.

5.1 DrMMD Descent
The forward Euler discretization of the DrMMD flow (or DrMMD Descent in short) with

14
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step size v > 0 consists of sequence of probabilities (fi,)nen defined by the recursion
Hn+1 = (I - ’7(1 + )\)Vh:nﬂr)# M, Hn=0 = K0, (15)

where by, - =2(3; + At (mu, —mz) is the DrMMD witness function. This scheme was
previously considered in Arbel et al. (2019); in particular, Proposition 4 of Arbel et al. (2019)
shows that the discrete-time MMD dissipation rate along the MMD Descent iterates follows
the (continous time) rate of the MMD flow up to an error term proportional to the step size
~ and the smoothness parameters of the problem®.

Next, we turn to study the convergence of DrMMD descent. One way is to treat DrMMD
as MMD with a regularized kernel k and follow Proposition 4 of Arbel et al. (2019), however
this does not quantitatively take into account the role of (de)-regularization parameter A
that balances the trade-off between geodesic convexity and smoothness of Fp.mmp. Instead,
we adopt the same strategy of Section 4 that exploits the interpolation property of DrMMD
towards y2-divergence: in the following proposition, we study the dissipation of KL divergence
along the DrMMD Descent when the target 7 satisfies a Poincaré inequality, in which the
role of (de)-regularization parameter \ is highlighted in the approximation and discretization
erTors.

Proposition 5.1 (Descent lemma in KL) Suppose k satisfies Assumption 1 and 2, and
suppose the target m and DrMMD gradient descent iterates (pin), o satisfy the following:

1. 7 satisfies a Poincaré inequality with constant Cp and its potential is B-smooth, i.e.,
m x exp(—V) with HV < Sl

2. i, m < L2,

3. dé‘—ﬂ" —1 € Ran(T)) withr > 0, i.e., there exists q, € L*(w) such that CZ‘—W" —1="TIqn.

4 Naallagny < Q. [ VYTV (%) ] e <70 |2 (%) ] poogy ST foralln =1, .

5. Foralli=1,...,d, xlgglo (h;nﬂ(:p) - 2%‘7"(:):)) (&%r"(x)) m(z) = 0.

6. There ezists a constant 1 < ¢ < 2 such that for alln =1, ... nyax, the step size v satisfies
(-1

(16)

¥ < .
2¢(1 + A)/ X2 (pn || ) B3

Then for all0 <n < Npax and 0 < A < 1,

2
KL(ptnt1]l7) = KL(pn || 7) < —C,7PX2(MnH7r)’Y

+ AN Q (T +TI) +82(B+ )X (pallm)
—_—

Approximation error

Kiq+ Kag (17)
—

Discretization error

5. In the MMD flow case, the main smoothness parameters is the Lipschitz constant of the kernel.
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The proof is provided in Section 10.9. Conditions 1-5 of Proposition 5.1 are similar to
conditions 1-5 of Theorem 4.1, which assumes a functional inequality on the target = and
regularity on the density ratio dé‘; —1. In a similar spirit to Theorem 4.1, the fourth regularity
condition is automatically satisfied under a stronger range assumption on %ﬁ — 1. For the
sake of brevity, we directly assume uniform upper bounds in the fourth condition rather than
writing it out in a separate corollary like Corollary 4.1. Compared to the continuous time
regime, two extra conditions are necessary. The first one is a smoothness condition on the
potential, HV =< gI, which is commonly used in the convergence analysis of discrete-time
Langevin-based samplers (Dalalyan, 2017; Dalalyan and Karagulyan, 2019; Durmus et al.,
2019; Dalalyan et al., 2022; Vempala and Wibisono, 2019). It can be relaxed to VV being
Hoélder-continuous with exponent s € [0, 1] (Chatterji et al., 2020). The second one, (16), is
an upper bound on the step size 7, aligning with the principle that step size should be small
enough for the discrete-time scheme to inherit the properties of its continuous analog. This
condition will be more thoroughly discussed in Remark 5.4 when all the conditions on « in
Theorem 5.1 and Theorem 5.2 are presented.

Remark 5.1 (Approximation-discretization trade-off of DrMMD Descent)

If we compare the discrete-time KL dissipation of (17) with its continuous-time counterpart
in (13), we see that the first two terms on the RHS of (17) admit continuous-time analogs
present in (13). The discrete-time KL dissipation contains an additional (positive) term
representing the time discretization error: unlike the approximation error term that vanishes
as A approaches 0, this term actually diverges as A approaches 0. Therefore, replicating the
arguments of the continuous-time result of Theorem 4.1 in the discrete-time regime would
yield a barrier that does not vanish as A — 0, hinting at a trade-off between approximation
and discretization similar to that of Remark 4.1. In the next section, we propose a refined
adaptive discrete-time descent scheme that addresses the convergence issues.

5.2 Adaptive DrMMD Descent

The DrMMD flow and descent dynamics are defined for a value of A that remains fixed
throughout time. The KL dissipation provided in Proposition 5.1 is a function of A, however;
thus, to obtain a sequence of measures with better convergence guarantees than the DrMMD
descent, we now construct and analyze a sequence of iterates obtained by selecting, at each
iteration, the value of A minimizing the sum of the approximation error and time-discretization
error presented in (17). This sequence, which we term Adaptive DrMMD descent, is given by

(8 +¢*) (K1 + K2d>>ril )

firl = (I . ’Y(l + )\)thmﬂ)#um Ap = (2’YX2(NnH7T) Q(J+I)

The particular choice of A\, above minimizes the sum of the approximation error and time-
discretization error presented in (17). This optimal choice indicates that A, should shrink
towards 0 as x2(jun||7) decreases along DrMMD gradient descent: at the early stages of the
scheme, it is desirable to have a larger \,, corresponding to a smoother objective functional
and enabling larger step sizes; then as DrMMD gradient descent iterates u, get closer to
7, a smaller \,, enables the scheme to operate closer to the x? flow regime, which metrizes
a stronger topology and can better witness the difference between u, and 7. Additionally,
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as the potential V' becomes less smooth, i.e., 8 gets larger, then A\, should also increase to
account for the loss of smoothness from V. Unlike the DrMMD descent in Section 5.1, since
the Wasserstein gradient updating p, comes from a different DrMMD at each iteration, the
adaptive scheme of (18) constitutes a significant departure from related works in Wasserstein
gradient descent (Glaser et al., 2021; Arbel et al., 2019; Korba et al., 2021; Hertrich et al.,
2024b, 2023; Chewi et al., 2020).

Remark 5.2 (Adaptive kernel) Recent applications of MMD-based generative modeling
algorithms with adaptive kernels (in particular, time-dependent kernel hyperparameters)
demonstrate improved empirical performance over fized kernels in both Wasserstein gradient
flow on MMD (Galashov et al., 2025) and generative adversarial networks with an MMD
critic (Li et al., 2017; Arbel et al., 2018): the latter can be related to gradient flow on
the critic where p, is restricted to the output of a generator network (see e.g. Franceschi
et al., 2024). As the DrMMD is an MMD with a reqularized kernel k that depends on Ay,
the Adaptive DtMMD Descent thus falls into the former category. Galashov et al. (2025,
Proposition 3.1) demonstrates faster convergence for MMD gradient flow with an adaptive
kernel, for the parametric setting of Gaussian distributions m and py. Our analysis is the
first to prove theoretically that adaptive kernels can result in improved convergence for more
general nonparametric settings. We believe that the theoretical analysis of adaptivity by
varying other hyperparameters (such as the kernel bandwidth for RBF kernels) remains an
interesting avenue for future work.

By leveraging the quasi-descent lemma in KL divergence in Proposition 5.1, we are able
to establish the following theorem, which provides a near-global convergence result of the
Adaptive DrMMD gradient descent iterates in KL divergence.

Theorem 5.1 (Near-global convergence of adaptive DrMMD gradient descent)
Suppose k satisfies Assumption 1 and 2 and K <1, and suppose the target m and adaptive
DrMMD gradient descent iterates (pin), o Satisfy the following conditions:

1. 7 satisfies a Poincaré inequality with constant Cp and its potential is B-smooth, i.e.
m x exp(—V) with HV < Sl

2. i, m <L L2,

3. ‘ZL—W" —1 € Ran(T7)) with v > 0, i.e., there exists q,, € L*() such that dé‘—; —1="TIqn.
dpn
2 (%))

5. Foralli=1,...,d, lim (h;nﬂ(x) - 2?7"(;1?)) (81?7"(;1:» m(x) = 0.

T—00

4. anHLz(ﬁ) <Q, <Tforalln=1,- nNmaz.

L2(r)

7Ty (4)

<J,
)

L2(m

6. There exists a constant 1 < ( < 2 such that the step size v satisfies

T () () (rta) ™ 1 g
T=8\¢ o)\T+z1 Koa B+ C2 1 ¢ Q%K 2 T
(19)
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1
(lerCQ)(KldJrKQd))m A1, we

Then by taking (de)-reqularization parameter A, = <2fyx2(un\]7r) 07D

have

2n
KL(:u‘nma"cHﬂ-) S €xXp <_g,;xfy> KL(IU/O”W)

F Ay CpQ T ((Kld + Kaa) (B + g?)) T + Ty (20)

The proof can be found in Section 10.10. The conditions 1-5 of Theorem 5.1 are the same
as conditions 1-5 of Proposition 5.1. Since the RHS of (19) are all constants, condition 6 is
satisfied when the step size « is small enough.

The implication of Theorem 5.1 is that DrMMD gradient descent exhibits an exponential
rate of convergence (linear convergence) in terms of KL divergence up to an extra barrier of
order (’)(’yﬁ). The barrier term shows up as the result of picking the optimal regularization
parameter )\, that best trades off the approximation error and discretization error in
Proposition 5.1. Theorem 5.1 is reminiscent of the convergence result of the Langevin
Monte Carlo sampling algorithm, whose KL divergence also decreases exponentially up to
an extra barrier, but of order O(y) (Vempala and Wibisono, 2019, Theorem 2). Unlike the
continuous-time result of Theorem 4.1, in which the barrier can be made arbitrarily small by
taking small enough regularization, taking the step size v in Theorem 5.1 to be arbitrarily
small will significantly impact the rate of convergence, even though it is exponential in terms
of nmax. By making the step sizes adaptive with the number of iterations and imposing an
extra condition, the barrier term actually vanishes, as demonstrated in the following theorem.

Theorem 5.2 (Global convergence of DrMMD gradient descent) Suppose that k sat-
isfies Assumptions 1 and 2, and that the conditions in Theorem 5.1 on DrMMD gradient
descent iterates (fn)nen, target distribution m, regularization coefficient A, and step size vy,
are satisfied. If additionally, the step size 7y, satisfies

1 1 L r+1 ) %
" e (Q(j”)) (SCP) ), (21)
foralln=1,--+  Npmas, then
Nmax 1
K1) < [T (1= 0 ) K000l 22

The proof can be found in Section 10.11. Compared with (20), (22) provides a cleaner upper
bound without the barrier term and leads to global convergence.

Remark 5.3 (Iteration complexity) We now turn to analyze the iteration complexity of
DrMMD gradient descent from Theorems 5.1 and 5.2.

(i) From Theorem 5.1, given an error threshold 6 > 0, DrMMD descent would reach
KL(ptn, ||7) < 0 after npmaz > %’log w = (’)((%)% log $) iterations. By compari-
son, when 7 satisfies a Poincaré inequality, Langevin Monte Carlo (LMC) has an iteration
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complexity of O(%) up to logarithmic terms (Chewi et al., 2024, Theorem 7). As an ap-
prozimation to the x? flow, the iteration complexity of DrMMD flow is worse than LMC,
because at each iterate of DrMMD flow, there is an extra approrimation error in addition to
time-discretization error (see our Proposition 5.1). With the optimal choice of reqularization
A that balances these two errors, the overall per-step error is of order (’)(’yH_ﬁ), In contrast,
at each iteration, LMC' only incurs the time-discretization error, which is of order O(v?),
smaller than that of DrMMD flow. As a result, LMC exhibits better iteration complezity than
our DrMMD flow; however, LMC requires knowledge of the score of w, while DrMMD flow
only requires samples from .

(i1) From Theorem 5.2, we consider two cases. On the one hand, if there exists a threshold No
such that x2(us||m) > n~" holds for all n > Ny, then we select step size v, < Cpn~" for all

n > Ny such that both (19) and (21) are satisfied, and consequently [ [;"47 (1 - C%)’m) =

(9( L ) — 0 so the iteration complexity of DrMMD gradient descent is O (%) On

Mmax

the other hand, if such a threshold Ny does not exist, then there exists a subsequence
N1,M2, .. NG, ... such that x*(un,||m) < ng" for all s > 1. Since KL divergence is smaller
than x*-divergence (Van Erven and Harremos, 2014), we have KL(uy,,||7) < ng" for all
s > 1. Notice that KL divergence is monotonically decreasing based on (63), we have
KL(pp||m) < n;" for all ng < n < ngy1 so that lim, oo KL(py||7) = 0. Unfortunately, we
are not able to derive iteration complezity in this case because the growth rate of {ns}s>1 is
unknown.

Remark 5.4 (Step size ) Theorem 5.1 imposes a condition on the step size v in (19)
and Theorem 5.2 imposes an additional condition in (21). These conditions subsume the
condition (16) on step size in Proposition 5.1. (See derivations in Section 10.10.) The
conditions (19) and (21) become more stringent as the potential V' becomes less smooth, i.e.,
when B gets larger, similar to the analysis in Langevin Monte Carlo (Balasubramanian et al.,
2022; Vempala and Wibisono, 2019) and Stein Variational Gradient Descent (Korba et al.,
2020). The condition also becomes more stringent as the density ratio becomes less regular,
i.e., when r gets closer to 0 and Q,J,Z get larger, similar to He et al. (2024).

The adaptive DrMMD descent schemes of (15) and (18) defined via push-forward opera-
tions can be equivalently expressed by the following update scheme that defines a trajectory
of samples (y,)neny Whose distributions are precisely the Adaptive DrMMD descent iterates

(/’Ln)TLENv
Ynt1 = Yn — YL+ M) Vh, 2(Yn), Yo ~ Ho- (23)

Unfortunately, (23) is still intractable in practice because h},. = depends on the unknown
distribution p,. Therefore, an additional discretization in space is needed to approximate
(23) within a tractable algorithm. We propose to do so in the next section through a system
of interacting particles, i.e., DrMMD particle descent.

6. DrMMD particle descent

Suppose we have M samples from the target distribution {x(i)}i]\i 1 ~ 7 and N samples from
the initial distribution {yél)}fil ~ pg. The DrMMD particle descent is defined as:

19



CHEN, MUSTAFI, GLASER, KORBA, GRETTON AND SRIPERUMBUDUR

y =59 — (14 A) VRS, (5), (24)

where fi, = % ZZ]\L 1 (52’#) and 7 = ﬁ Zi‘il J,() denote respectively the empirical distribution

of the particles at time step n and the target, and where hy - =2 (X7 + D)7t (mp,, —mz).
Unfortunately, the KL divergence is ill-defined on empirical distributions fi,, which means the
analysis of Theorem 5.1 is no longer applicable to study the convergence of DrMMD particle
descent. Therefore, in the next theorem, we instead resort to the Wasserstein-2 distance to
analyze the convergence of DrMMD particle descent. For simplicity of presentation below,
we assume K < 1.

Theorem 6.1 Suppose that k satisfies Assumptions 1 and 2 with K < 1, and that all the
conditions in Theorem 5.1 on DrMMD gradient descent iterates (i )nen, target distribution
m, reqularization coefficient N, and step size v are satisfied. In addition, suppose (fn)neN
has bounded fourth moment and the target w satisfies a Talagrand-2 inequality with constant
Cr. Let the number of samples M, N satisfy

_2
1\2 1 M 8nmax) 711 R
s (1 exp TNmax”
)\ T KiGamza G
i=1,0. e < min KL(MHW)Z) Al
1=1,...,Mmax
1 . 8 LR 1 r(dv4)
24 Py} 2r+2
NZ <7> exp me] . v <7 ’ (25)
r+1
<' min KL(MHW)Z) A1
1=1,...,Mmax

where 2 means > up to constants, R = K14+ VK Ksq is a constant that only depends on
the kernel, and Z is a constant that only depends on B3,(, K14, Kogq,Q,J,Z. Then we have

A Nmax _r
E W (finyas ™) < /2CT exp (— Cp7> KL (uo||m) + O (72r+2) ’

where the expectation is taken over initial samples {yéi) ZJ\L 1 drawn from py.

The proof is provided in Section 10.12. Theorem 6.1 shows that for sufficiently large sample
size M and N, DrMMD particle descent exhibits an exponential rate of convergence (linear

_r
convergence) in terms of Wasserstein-2 distance up to an extra barrier of order O (7 2r+2 )

Remark 6.1 (Talagrand-2 inequality) We say that the target distribution w satisfies a
Talagrand-2 inequality with constant Cr if for any v € Pa(R?),

Wa(p, ) < /207 KL(pl|7).

A Talagrand-2 inequality implies the Poincaré inequality in (11) with constant Cp < Cp,
so the condition that w satisfies a Talagrand-2 inequality is stronger than the condition in
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Theorems 4.1 and 5.1. A Talagrand-2 inequality allows linking of the two key components of
Theorem 6.1: the population convergence in terms of KL divergence proved in Theorem 5.1,
and the finite-particle propagation of chaos bound in terms of Wasserstein-2 distance proved
in Proposition 10.1. Talagrand inequality is widely used in finite-particle convergence analysis
of Wasserstein gradient flows (Shi and Mackey, 2024).

Remark 6.2 (Iteration and sample complexity) The choice of v = O <5Lr+2) yields

2r42
E [Wa (fingay, ™)] < 0 with an iteration complexity of nmax = O ((%) " log %), which equals

the square of the iteration complexity in Theorem 5.1 because Wasserstein-2 distance is of
the same order as the square root of KL divergence. From Theorem 5.1, we have

_min  KL(u||7) < KL(pngo[|7) = O (6) -

=1,..;Mmax

Therefore, from (25), the sample complexity is at least
_2__2 _2_ 2 —dva
szolyexp(é v r+1), szolyexp(é v T+1)(9(5 )

The poly-exponential sample complexity originates from the propagation of chaos in interacting
particle systems (Kac, 1956). Although O (5_d\/4) 1s subsumed by the poly-exponential
term, we still make it explicit to show that N suffers from the curse of dimensionality as
expected from the Wasserstein-2 distance between an empirical distribution and a continuous
distribution (Kloeckner, 2012; Lei, 2020). For comparison, the sample complexity of SVGD
in. Theorem 3 of Shi and Mackey (2024) is O(expexp (072)). Similar results have also been
established for mean-field Langevin dynamics (Suzuki et al., 2023; Chen et al., 2024).

Recently, Banerjee et al. (2025) proposed a refined finite-particle analysis of Stein Varia-
tional Gradient Descent (SVGD), which gives a uniform-in-time convergence bound, i.e., the
bound does not blow up exponentially fast as the number of iterations nmax grows. The analysis
of Banerjee et al. (2025), however, heavily relies on the relation that the time derivative of
the KL divergence in the course of SVGD equals the squared kernel Stein discrepancy (KSD),
a fact which does not hold for our DrMMD flow. Recently, Chen et al. (2025) extended that
analysis to finite-particle MMD gradient descent, but their analysis requires noise injection.
We leave a more refined analysis of our finite-particle convergence result to future work.

Having established the convergence of DrMMD gradient flow/descent, we next show that
DrMMD particle descent admits a closed-form implementation. Proposition 6.1 shows that
h;nw in (24), defined through the inverse of covariance operators, is computable using Gram
matrices.

Proposition 6.1 Given empirical distributions [, = %ZZ]\;I yg), T = ﬁ Zf\il 29 and
Gram matrices Ky = k(ztM o1M) ¢ RMXM gng K, = k(zPM ¢l N) € RMXN | the
witness function h/’gn + can be computed as:

2 2 2
A k(- 1:N L k(- 1:M Tr — k(- 1:M M)\nI me 71Kx 1
/‘nﬂr() N)\n (7y ) N M)\n (7x ) M N)\n (7'%. )( + ) yLN
2 .
3 ke AT+ Kow) ™ Koo, (26)

where 1y € RM 1 € RN are column vectors of ones.

21



CHEN, MUSTAFI, GLASER, KORBA, GRETTON AND SRIPERUMBUDUR

Algorithm 1 DrMMD particle descent

Input: Target samples {x(i)}f‘il ~ 7 and initial source samples {y((f) fil ~ uo. Hyperpa-

rameters: step size v, initial (de)-regularization coefficient \g, maximum number of iterations
Nmaz and regularity r.
For n =0 to nymas:
1. Compute witness function hy, # from (26).
2. Compute DrMMD(ji,,, ) with hy,, # from (71).
1

3. Rescale regularization coefficient A\, oc D-MMD(fi,,, 71) 7T
4. Update particles using (24):

y =y = (1 + M) VRS, (5

EndFor '
Output: {y(z) N

Nmax J1=1"

The proof of Proposition 6.1 can be found in Section 10.14. The gradient of h:‘ln + can be
obtained using automatic differentiation libraries such as JAX (Bradbury et al., 2018).
As indicated in (18), the regularization parameter A, should be chosen to be propor-

tional to XQ(unHw)ﬁ. In practice, however, both x2(u,||7) and r are not accessible and
X2 (11n||7) is not even well-defined for the particle descent algorithm. To address this, we
use DrMMD (i, ||7) as a proxy for x?(un||7) (see Algorithm 1), which admits a closed-form
expression with particles. The parameter r is picked via a search over a pre-defined set
{0.1,0.5,1.0}. The step size v should be chosen to satisfy the upper bound (21), which
contains several constants that cannot generally be computed. In practice, our approach
has been to select v to be sufficiently small for the flow to converge empirically. The final
algorithm is summarized in Algorithm 1.

At every iteration, computing hzn’ ~ with adaptive regularization A, has a time complexity
of O(M? + NM + N?) due to matrix inversion and multiplication. For DrMMD particle
descent with fixed \, however, the total computational cost can be reduced to O(NM + N?),
which is exactly the same as MMD flow, because inversion of the M x M Gram matrix is
only required once, and so it can be pre-computed at initialization (see Remark 4.4). In
contrast, when N = M, the complexity of Sinkhorn flow is O(N?/€?) (Feydy et al., 2019)
with € being the hyperparameter in Sinkhorn divergence, and the complexity of KALE flow
is O(N3?) (Glaser et al., 2021).

7. Related Work

In this section, we discuss the works in the literature that are related to our proposed
DrMMD flow and spectral (de)-regularization.
7.1 Gradient flows

Stein Variational Gradient Descent (SVGD) is a popular algorithm for sampling from
distributions using only an unnormalized density. It can be written as either a gradient
flow of the Kullback-Leibler (KL) divergence where the Wasserstein gradient of the KL is
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preconditioned by 7, (Liu and Wang, 2016; Liu, 2017; Korba et al., 2020), or as a gradient
flow of the y2-divergence whose Wasserstein gradient is preconditioned by 7, (Chewi et al.,
2020),

85? =V (UtntVIog ?::) =V (Mtﬁrv(i{l;:> :
Since SVGD may smooth the trajectory too much, He et al. (2024) considered a (de)-
regularized SVGD flow,

% =V- <uf,(7;t + )\I)_lntVlog fﬁ:) ) (27)
which approaches the KL gradient flow (Langevin diffusion) as A — 0, demonstrating faster
convergence than SVGD. A key difference between (de)-regularization in (27) of He et al.
(2024) and our DrMMD flow is that the flow in (27) is driven by the regularized version of
the Wasserstein gradient of KL divergence while DrMMD flow is driven by the Wasserstein
gradient of the regularized x2-divergence. An alternative interpretation of this difference
is that the flow in (27) is the gradient flow of KL divergence w.r.t. the regularized Stein
geometry (Duncan et al., 2023), whereas the DrMMD flow is the gradient flow of regularized
y2-divergence w.r.t. the Wasserstein geometry.

In addition to sampling from unnormalized distributions, Wasserstein gradient flows
(particularly MMD flows) are widely used in the field of generative modelling (Birrell et al.,
2022; Gu et al., 2024; Hertrich et al., 2023, 2024b,a; Galashov et al., 2025). The MMD flow
(with a smooth kernel) (Arbel et al., 2019) can be written as

Ot . dpg B

The MMD flow is known to get trapped in local minima, and several modifications have been
proposed to avoid this in practice, such as noise injection (see Arbel et al., 2019, Proposition
8) or non-smooth kernels, e.g., based on negative distances (Sejdinovic et al., 2013). MMD
gradient flows with non-smooth kernels have better empirical performance (Hertrich et al.,
2024a,b), but they do not preserve discrete measure and rely on approximating implicit time
discretizations (Hertrich et al., 2024a) or slicing (Hertrich et al., 2024b); and they have no
local minima apart from the global one (Boufadéne and Vialard, 2024).
Recall that our DrMMD flow takes the form

8(;? =V- <MtV(7} + D)7 <(illjrt - 1)) ;
which (de)-regularizes the MMD flow similarly to how (27) (de)-regularizes SVGD. It is both
proved theoretically in Theorem 4.1, 5.1, 6.1, and verified empirically in Section 8, that
(de)-regularization results in faster convergence than MMD flow.

Another closely related flow called LAWGD is considered in Chewi et al. (2020), which
swaps the gradient and integral operators of SVGD, leading to the following flow:

One _ dpe
ot v <MtV7;r d7r> '

23



CHEN, MUSTAFI, GLASER, KORBA, GRETTON AND SRIPERUMBUDUR

LAWGD closely resembles the MMD flow in (28), but Chewi et al. (2020) proposes to replace
T, with an inverse diffusion operator, which requires computing the eigenspectrum of the
latter and is unlikely to scale in high dimensions.

KALE (Glaser et al., 2021) kernelizes the variational formulation of the KL divergence
in a similar way as DrMMD kernelizes the y?-divergence in (5), but the KALE witness
function does not have a closed form expression, so it requires solving a convex optimization
problem, which makes the simulation of KALE gradient flow with particles computationally
more expensive. Recently, Stein et al. (2025) studied kernelized variational formulation of
f-divergences (referred to as Moreau envelopes of f-divergences in RKHS), which subsume
both KALE (Glaser et al., 2021) and DrMMD. They prove that these functionals are lower
semi-continuous and that their Wasserstein gradient flows are well-defined for smooth kernels.
They do not study the convergence properties of their proposed flows, however.

The proposed DrMMD interpolates between MMD and x?2-divergence by using a specific
spectral regularization known as Tikhnov regularization (14+\)(7 +AI)~!7, which interpolates
between the identity operator I as A — 0 and 7 as A — oco. DrMMD and its associated
Wasserstein gradient flow can be easily extended to other spectral regularization strategies,
such as the Showalter regularization, Landweber iteration, or cutoff regularization (Engl
et al., 1996) using the techniques in (Bauer et al., 2007; Hagrass et al., 2024a). Alternative
approximations to y2-divergence have been proposed in the literature based on the idea of
mollifiers, whose Wasserstein gradient flows have been constructed and for which convergence
of the flows has been analyzed (Li et al., 2023; Craig et al., 2023, 2025). Compared to
DrMMD flow, these gradient flows rely on additional approximations, such as the use of
log-sum-exp in Li et al. (2023) and the use of numerical integration to estimate convolution
in Craig et al. (2023, 2025)—and are not directly applicable in generative modeling settings
where only samples are available.

7.2 Comparison with diffusion-based generative models

Diffusion-based generative models have been widely adopted in practice and are closely
related to Wasserstein gradient flows (Song et al., 2021; Ho et al., 2020). These models
generate high-quality samples by reversing a pre-defined forward diffusion process, which
gradually corrupts data with noise. To implement the reverse process, the established practice
is to estimate the score function via denoising score matching (Song et al., 2021). In contrast,
Wasserstein gradient flows directly construct a trajectory by descending the objective in
the steepest direction with respect to the Wasserstein metric. In particular, our proposed
DrMMD gradient flow offers a tractable velocity field with a consistent finite-sample estimator
without solving an additional optimization problem like score matching.

We emphasize that the main contribution of our paper is to establish convergence
of the DrMMD flow, and that diffusion models for image generation require additional
implementation details—most notably, the inductive biases introduced by deep neural
networks. One possible avenue for future work is to simulate DrMMD gradient flows
with kernels induced by learned deep neural network features on the data. In the case of
MMD, this idea has been explored by Galashov et al. (2025), who demonstrate generation
performance comparable to established diffusion models. Another promising direction,
proposed by Hertrich et al. (2024b), involves first using MMD gradient flow with Riesz
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kernels to generate particle trajectories, and then distilling these trajectories into a neural
network-based generator. Both approaches would be of interest to extend our DrMMD
gradient flow to domains such as image generation, as a topic for future work.

7.3 (De)-regularization for supervised learning and hypothesis testing

The idea of (de)-regularization is not new, and has been used in kernel Fisher discriminant
analysis (Mika et al., 1999) and kernel ridge regression (Caponnetto and De Vito, 2007;
Scholkopf and Smola, 2002). Subsequently, Harchaoui et al. (2007) employed this statistic in
two-sample testing, where they constructed a test statistic that (de)-regularizes MMD (u||)
with both covariance operators ¥, Y. This work has been recently generalized in Hagrass
et al. (2024a) to more general spectral regularizations. A (de)-regularized statistic is also
employed by Balasubramanian et al. (2021); Hagrass et al. (2024b) in the context of a
goodness-of-fit test. Balasubramanian et al. (2021) refers to (de)-regularized MMD as
‘Moderated MMD’. To the best of our knowledge, the present work represents the first
instance of the (de)-regularized MMD being used as a distance functional in Wasserstein
gradient flow. By only (de)-regularizing with ¥, DrMMD approaches the y?-divergence
in the limit, a crucial property that is exploited in the proofs of the convergence results of
Theorems 4.1 and 5.1.

8. Experiments

In this section, we demonstrate the superior empirical performance of the proposed DrMMD
descent in various experimental settings.

8.1 Three ring experiment

We follow the experimental set-up in Glaser et al. (2021) in which the target distribution 7
(o) is defined on a manifold in R? consisting of three non-overlapping rings. The initial source
distribution pg (e) is a Gaussian distribution close to the vicinity of the first ring. In this
setting, all f-divergence gradient flows, including Langevin diffusion, are ill-defined because
the target 7 is not absolutely continuous with respect to the initial source ug. Nevertheless,
we will simulate x? flow with an existing implementation of Liu et al. (2024a) that estimates
the velocity field with a local linear estimator as one of the baseline methods. In contrast,
kernel-based gradient flows like MMD, KALE, and DrMMD gradient flows are well-defined
in this setting, and are also used as baseline methods for comparison.

We sample N = M = 300 samples from the initial source and the target distributions
and run DrMMD descent with adaptive A for n,,q, = 100,000 iterations, at which point all
methods have converged. As in Glaser et al. (2021), we use a Gaussian kernel k(z,z') =
exp (—0.5]lz — #’||?/1?) with bandwidth { = 0.3. The step size for MMD descent is v = 1072
and the step size for KALE and DrMMD descent is v = 1073. We enforce a positive lower
bound A = 1073 for numerical stability and the regularity hyperparameter r is optimized
over the set of {0.1,0.5,1.0}.

From Figure 2 Left and Middle, we can see that DrMMD descent outperforms MMD,
KALE, and x? descent in terms of all dissimilarity metrics with respect to the target m:
MMD and Wasserstein-2 distance. Figure 1 is an animation plot visualizing the evolution of
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Figure 1: Animation of MMD, KALE, x2 and DrMMD gradient descent on the Three-ring dataset.

particles under these descent schemes, which demonstrates that both KALE and DrMMD
descent are sensitive to the mismatch of support and stay concentrated in the support of the
target 7, while particles of MMD descent can diffuse outside the support of w. Note that
"x2" denotes an alternate estimate of the x? divergence due to Liu et al. (2024a): being
an f-divergence, we would expect "x? descent" to match the support of the target (as in
KALE and DrMMD). This is not the case due to bias in the velocity field being learned from
samples. Compared to KALE descent, DrMMD descent does not suffer from the numerical
approximation error of the optimization routine when solving the velocity field of KALE,
which explains its improved performance.

8.2 Gradient flow for training student/teacher networks

Next, we consider a large-scale setting following Arbel et al. (2019), where a student network
is trained to imitate the outputs of a teacher network. We consider a two-layer neural network
of the form

U(z,2) =G (O + W'e (W02 +1)),

where ¢ is the ReLLU non-linearity and x is the concatenation of all network parameters
(b1, W o9, WP) € RL G is an element-wise non-linear function G : R — R,z + exp(—12?).
The teacher network is of the form: U7 (z,7) = [ zp z,x)dm(x) where m denotes the teacher
distribution, and the student network is U¥(z, p) = [¢(z,x)du(x) where p denotes the
student distribution. Here we consider Gaussian distributed p and 7 for simplicity. The
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Figure 2: Left & Middle: Comparison of DrMMD descent with adaptive A, MMD and KALE
descent on three-ring synthetic data in terms of MMD and Wasserstein-2 distance with respect to the
target 7. Right: Comparison of MMD descent with and without noise injection, DrMMD descent
with and without noise injection on training student /teacher networks in terms of validation MMD?
distance.

student network can imitate the behavior of the teacher network by minimizing the objective®

2
min [E,. Uz, 7) — T (z, , 29
i Eevpy, (V7(m) — 0, ) (29)
where Py is the distribution of the input data. If we define the kernel as the inner product
of the neural network feature maps,

k(x, ') = Banpy,, [V0(2,2) T(2,27)],

then the objective of (29) can be equivalently expressed as

. / /
min [ ket = (@)t - @),
which is precisely the MMD(p||7)? under the kernel k. Since G(z) = exp(—$?), the kernel
is bounded and so the MMD is well-defined. Also, since the kernel k& has bounded first and
second-order derivatives, it satisfies the Assumption 2.

Therefore, the training of the student network with objective (29) can be treated as an
optimization problem of MMD? distance in P2(R?), i.e., as MMD gradient flow. It is shown
in Arbel et al. (2019) that MMD flow and its descent scheme will generally get stuck in local
optima because MMD is not geodesically convex; therefore, noise injection has been proposed
to escape these local optima.

With support from Theorems 4.1 and Theorem 5.1 on the convergence of DrMMD flow
and its descent scheme, we propose to minimize DrMMD(u||7) and use DrMMD descent
rather than minimizing MMD (p||7)? directly. Although this does not directly minimize the
objective in (29), the favorable convergence performance of DrMMD descent should result in
a smaller MMD(p||7)? at convergence.

In our experimental setting, we are given M = 10 particles (1. () from the
teacher distribution 7 = N(0,1) and N = 1000 particle y(()l), e ,y(()N) from the initial student

6. Note that our setting is slightly different from Chizat and Bach (2018) in which u, 7 are measures over
the hidden neurons, while our setting follows Arbel et al. (2019) in which p, 7 are measures over all the
network parameters.
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distribution pg = N(0,1073I). The teacher particles are fixed while the student particles
are updated according to Algorithm 1 at each time step. The initial (de)-regularization
parameter is A\g = 0.1, the step size is v = 0.1, we apply a lower bound A= 1073, and the
regularity r is optimized over the set of {0.1,0.5,1.0}. For the architecture of the neural
network, there are 3 neurons in the hidden layer, and the output dimension is 1. The data
distribution Pgats is a uniform distribution on the sphere in RP with p = 50. 2000 data are
sampled from Pg,t, with 1000 as training dataset and another 1000 as validation dataset. The
kernel k(z,2') = E,p,,,. [1/1(2, z) T (2, x’)] is estimated by the average over 100 randomly
selected samples from the training dataset at each iteration. DrMMD and MMD descent
stop after n,,4, = 15,000 iterations when both converge. The final performance is evaluated
in terms of MMD?(puy,,,.. ||7) with kernel k estimated by the average of 1000 samples in the
validation dataset.

In Figure 2 Right, we report the performance of MMD descent (with and without noise
injection) along with the DrMMD descent (with and without noise injection) in terms of
MMD distance on the validation dataset. We can see that the DrMMD descent does not
get stuck in a local optimum, and leads to much lower validation MMD (... ||7)? even
without noise injection. We also run DrMMD descent with the noise injection scheme
and find that noise injection can further improve the performance of DrMMD descent and
outperforms MMD descent with noise injection. Although it is unclear whether the density
ratio has enough regularity to meet the condition of Theorem 5.1, the kernel k satisfies
the boundedness and smoothness conditions of Assumption 2 and the target 7 satisfies the
Poincaré inequality since it is Gaussian. The DrMMD descent benefits from more favorable
convergence properties, which explains its superior performance.

The code to reproduce all the experiments can be found in the following GitHub repository.
https://github.com/hudsonchen/DrMMD.

9. Discussion

In this paper, we introduced (de)-regularization of the MMD (called DrMMD) and its
associated Wasserstein gradient flow. As an interpolation between the MMD and -
divergence, the DrMMD gradient flow inherits strengths from both sides: it is easy to
simulate in closed form with particles, and it has an exponential rate of convergence towards
the global minimum up to a controllable barrier term when the target 7 satisfies a Poincaré
inequality. Additionally, we provide the optimal adaptive selection of a regularization
coefficient that best balances the approximation and time discretization errors in DrMMD
gradient descent. Our work is the first to prove theoretically that an adaptive kernel through
adaptive regularization can result in improved convergence of MMD gradient flow. The
theoretical results are consistent with the empirical evidence in several numerical experiments.

Following our work, there remain a number of interesting open problems. For example,
(i) Since the kernel bandwidth has been known to play an important role in the performance
of kernel-based algorithms, it is of interest to study the adaptive choice of kernel bandwidth
in the context of DrMMD gradient flow. (ii) To generalize our convergence analysis to the
Wasserstein gradient flow of all Moreau envelopes of f-divergences in reproducing kernel
Hilbert space, even when they do not have a closed-form expression as DrMMD. (iii)
While the current work proposes an approximation to the y?-squared flow in the generative
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modeling setting, i.e., where the target distribution 7 is known only through samples, it will
be interesting to construct approximations to y2-flow in the sampling setting, i.e., where 7 is
known in closed form (at least up to normalization).

10. Proofs
In this section, we present the proofs of the results presented in Sections 3—6.

10.1 Proof of Proposition 3.1

Note that
2

MMDu)? = el = | [ Kt~ [ vt a)anto
) s
~(r (), =P G,

Also recall that the y?-divergence between p and 7 is
2

Cltm = [ (2~ 1>2d7r _ HI (1)

10.2 Proof of Proposition 3.2

H
2

H

12(x)

L2(x)

Let p < 7. In order to prove the alternative form of DrMMD in (4), we start from (4) and
show that it recovers (3).

2

M\H

DrMMD (uf|7) = (1 + \) H (Zn + 2D (my —ma)||

d
(trtr + AI) D <dj; >
1

—(1+)\)<(L b4 D) <dﬂ

d
:(1+)\)< (tntr + M)™ < ) du_1>L2(7r>

— (14 )

l\:'

—( +)\)< (ixs + A) 1<_1> _1> , (30)
dm £2(n)
where the last equality follows by noticing tr (¢itr + N) 77 ok = tptk (eptl + ANI)™ ! Therefore,
-1 d,u
DIMMDI(s[r) = (14 3) (= (7 + AD ( ). %)
dm L2(n)

2

Y

L2(r)

1+ ) H T+)\I “rﬂ)m( )
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which follows from the positivity and self-adjointness of T (T + AI) "' So (4) is proved.
Next, we are going to prove the variational formulation in (5). Similarly, we start from (5)
and show it recovers (3). Consider

(14 A) sup {/hdu /( —i—h) d7r—|]hHH}
heH
—(1+X) 1nf {/dw—/ d,u—d?T)—l—4||h||%{}

A
~(1+A) jnf {4 (B, Srh)yy — (B —ma)y, + 4HhH%}

2
1 ANY2 1 /1 A\ Y2
H
2
1+ A A\ Y2
( : )‘<4z +41> (M, — ma) (31)
H

The last equality follows from completing the squares, based on which it is easy to see that
the infimum is achieved at hy, . =2 (37 + At (my, —myg). For p < m, following the same
derivations in (30), hj, . can be alternatively expressed as

du
B = 2(Ta 4+ M)~ el | 32
=2 (T T (1) (52)
Plugging A7, . back into (31) recovers (3), so (5) is proved.

10.3 DrMMD is MMD with a regularized kernel k
Given the definition of k(z, z') = <(E7r - /\I)_% k(- x), (3, + /\I)_% k(- $/)>H, it is clear that

k is symmetric and positive definite so it has a unique associated reproducing kernel Hilbert
space H (Steinwart and Christmann, 2008, Theorem 4.21) with canonical feature map k(z, -).
Therefore,

DrMMD (p|)

= (LX) || 2+ A% (my — ) :

H

=

— (14 ) <(zw IV /k:(:v, Nd (7 — 1) (2), (S + AT /k:(x’, 3 (7 — ) ()

H

)
=(1+)) </(zﬂ+m%k(;ﬂ, )d (7 — 1) (a;),/(z,rul)%k(x',.)d(w—u) (1:’)>

H

= (14 // <(z7r FAD) "2 k(, ), (Sr + AD) 2 k(2 -)>H d (7 — p) (z)d (7 — p) (=)
=@+ [[ (- ) @d (- ) (@)
=) | [ Fait - o) 2

H
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In the third and fourth equality above, we are using the fact that (X, + )\I)_% k(x,-) € H is
Bochner integrable and the Bochner integral preserves inner product structure. So DrMMD
is essentially MMD? with a different kernel & up to a multiplicative factor of 1 + .

Next, we present the Mercer decomposition of k. Notice that {e;}i>1 are the eigenfunctions
of Tr, so {\/0i€i}i>1 are the eigenfunctions of 3. For x and 2’ in the support of 7, k also
enjoys a pointwise convergent Mercer decomposition

Wz, 2') = <(2ﬂ FAD) T2 k(- 2), (g + AL 72 k(- $')>H

= <(Z,T+)\I)_§ Zgiei(m)ei ,(Zﬁ—i—)\l)_% Zgiei(aﬂ’)ei >

i>1 i>1

0i 0i /
= €i\T)€E;, —F€;\ T )€
<izzl\/9i+)\ (@) ;\/QH-)\ (@) >H

= Qi seil@)ei@). (33)
i>1 =t

More properties of the regularized kernel k are provided in Lemma B.3.

10.4 Proof of Proposition 3.3
Given that fil—‘; — 1€ L*m), so

2 2

dp
LA |
dm

)

DrMMD(ul|m) = (1 + A) H ((TTr +AD~! Tw)m <dﬂ - 1> L2(m)

dm

<)

L2 ()

which is finite for any A > 0. We are allowed to interchange the limit and integration
according to the dominated convergence theorem (Rudin, 1976) to achieve,

. —1 1/2 dp 2
oy (7 07) (2

lim DrMMD =
tirn DIMMD () =

/DIMMD (][7) = vI 1 A H(E,r + A2 (my, — my) y

d 2
|

2
g = *(ulm).

L2 ()

From (4), we have that,

1+ A
A
where the last inequality follows by noticing that ¥ = ¢Z¢, shares the same eigenvalues as
Tr = trt%, and hence the eigenvalues of (2 + AI)~! are (; + A) ™! which all smaller than 1.

Therefore, DrMMD (p||7) < % MMD? (|| 7).

<VItA H(zﬂ FAD 2 » MMD (y1, ), (34)

— <
op [k mWHH =

On the other hand, using Lemma A.10 from (Hagrass et al., 2024a), we have

1
MMD (pl[m) = [[my — mzlly, < [[(Zr + A2 [lop

(e +AD "2 (my = ma)|
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e (S + AD3 [l y/DIVIND () < 4/ 22 /DAVIMD (uf[7),  (35)
BT opV T I =\ XV HIE:

where K is the upper bound on kernel k£ in Assumption 2 and hence an upper bound on the
operator norm of 3. Combining (34) and (35), we have
1+ A
K+

1+ A
MMD2(sr) < DIMMD (sf) < =5 MMD2 (g ).
Therefore, limy_,oo DrMMD (p||7) = MMD?(p||7), and the proposition is proved.

10.5 Proof of Proposition 3.4

To show that DrMMD is a probability divergence, we need to show that DrMMD enjoys
non-negativity and definiteness. It is easy to see that DrMMD(ul|7) is non-negative from its
definition in Definition 1. Then, we prove definiteness, i.e., D-MMD(ul||7) = 0 if and only if
pr = . For the first direction, assume DrMMD (u|7) = 0, so [|(Zx +AD) Y2 (m,, — my) |12, =
0. Since (X + )\I)_l/ 2isa non-singular operator, we must have that m, = m;, which implies
i = as k is co-universal and hence characteristic (Sriperumbudur et al., 2011). For the
other direction, when p = 7, immediately we can see DrMMD (p||7) = 0.

Then we prove that DrMMD metrizes weak convergence. For the first direction, we
know from (34) that DrMMD (u,||7) < 52 MMD?(u,||7) and MMD?(u,||7) — 0 as
converges weakly to 7 (Simon-Gabriel et al., 2023). For the converse direction, we assume
that DrMMD (j,,||7) — 0. From (35), we know that MMD? (u||7) < IfT“'/\)‘ DrMMD (pl|7),
therefore DrMMD (g, [|7) — 0 implies MMD (puy,||7) — 0, implying the weak convergence of
iy, to m, if k is characteristic (Simon-Gabriel et al., 2023).

10.6 Proof of Proposition 4.1

In order to show that Fpyvvp () = DrMMD(+||7) admits a well-defined gradient flow, we
follow the same techniques in Proposition 7 of Glaser et al. (2021) and Lemma B.2 of Chizat
and Bach (2018), where the key is to show that (1 + A\)Vhj, . is the Fréchet subdifferential
of Fprvmp evaluated at 1.7 According to Definition 10.1.1 of Ambrosio et al. (2005), it is
equivalent to prove that, for any u € Pa(R%) and ¢ € C°(RY),

DrMMD (T + V) 4p1l|m) — DMMD (pf[w) > (1 + A) / V(x)"Vhy, - (x)du(z)
+0(IVellr2) - (36)

Define p; = (I + V) gp, o1 : RY = Rz x + tVé(z) and g(t) = DrMMD(p||7). Then
from Lemma B.6 we know that g(¢) is continuous and differentiable with respect to t and

Glo® =N [ VoV @)dute).

7. Although DrMMD can be viewed as squared MMD with a regularized kernel k, we are not using the
technique in Arbel et al. (2019) because it relies on Lemma 10.4.1 of Ambrosio et al. (2005) which only
provides the Fréchet subdifferential on probability measures p that admit density functions. To construct
the Wasserstein gradient flow of Fp,mmvp up to full generality, we resort to the techniques of Glaser et al.
(2021) and Chizat and Bach (2018) instead.
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Since t +— ¢(t) is differentiable, using Taylor’s theorem and mean value theorem (Rudin,
1976), we know that there exists 0 < k < 1 such that

d2

d
) 4+ —
9 + 2

DEMMD (I + V) a]}) — DEMMD (u}) = g(1) — g(0) =

t).
dt‘t:O 9(¢)

-

e ‘tzﬁg(t) >0 (HV¢||L2(M))- To this end,

since we know from Lemma B.6 that ¢ — % g(t) is continuous and differentiable, we have

Therefore, to prove (36), the goal is to prove that &

dt?
+2(1+)\>/V¢ (/Hlk’ (pe(2), pe(y)) du(y /Hlk (pe(z (iy)> Vo(z)du(z),

& DMMD(lr) = 2(1 + A) / / Vo) TV Vk (1 (@), 1 () Voly)du(a)duly)

where k is the regularized kernel defined in (6) and #H is the associated RKHS. Using
Lemma B.3, the first term above can be upper-bounded by,

\2(1 ) [[ 96TV Vak (1l ) V¢(y)du(x)du(y)‘
20+ 3) [ [ 1961|7198 (160, )|, 19600l i)ty
Kiq 2
20+ 05 ([ 196 au) <20+ 05 1V0lE,
Using Lemma B.3 again, the second term can be upper-bounded by
1 / Vo ( / HL (1(2), 00(y) dpy / HL i (1(2), y) dr(y >) V() dp(z)
< ] [vowr ( [k ) du(y)> V() du(z)

+‘ / Vo(x (/ Hik (pi(2), ) d(y ))Ww)du(m)

< [1vstn( [ HHJe<¢t<x>,wt<y>>Hqu<y>) V(@) du(x)

+ [1ve ([ [k )., dnt) ) 196 dute)

VE Koy
IV ellzag,

<2

Combining the above two inequalities to have

21+ 2) 52Vl + 401+ )

VEEK
DrMMD (p¢||7)| < A 2Vl (37)

2
i

Therefore, we have W}t L9(t) = (9(||V¢>H%2(#)) = o([[Vllr2(w) as [Vollr2m — 0. So
(36) is proved, which means that (1 + A\)Vh}, _(z) is the Fréchet subdifferential of Fpmump
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evaluated at p. According to Definition 11.1.1 of Ambrosio et al. (2005), there exists a
solution (g¢)¢>0 such that the following equation holds in the sense of distributions,

oty

and such (y¢)¢>0 is indeed the DrMMD gradient flow, so existence is proved.
Next, we are going to prove uniqueness. (37) indicates that Fpyvmp is geodesically
AVKKog+2K14 : :
—(1 + \)==23=21 semiconvex. Therefore the uniqueness of (j4¢); follows from Theorem
11.2.1 of Ambrosio et al. (2005). (8) is proved in (37).

10.7 Proof of Proposition 4.2

Given p € P (R?) and ¢ € C° (R?), consider the path (p)o<i<i from g to (I+ V¢)up
given by p; = (I+tV@)upu. (pt)o<i<i is a constant-time geodesic in the Wasserstein-2 space
by construction (Appendix A). Define ¢ : R? — Rz + 2 +tVp(z). We know from (Villani
et al., 2009, Example 15.9) (by taking m = 2) that,

d2

@‘t:OXQ(ptHTr) - / %(x) (VV(x)Tqu(x) -V V(b(:c))Q du(x)

n / ;LZ(;p)ng(ﬂ:)THV(SC)V¢($)dN($)

+ [ 4) M@ duo). (38)
V is twice differentiable, so VV as a function from R? to R? is continuous. ¢ € C°(R?)
has compact support, so x — VV(z)TVé(z) — V- Vg(x) is a continuous function over a
compact domain, so its image is also compact and hence bounded. Using similar arguments,
z+— Vo(r) THV (2)V¢(z) and = — |[He(x)||% are also continuous functions over compact
domains, so they are all bounded.

Since g—fr —1€eH C L) and [ g—ﬁ(x)du(x) = Hj—ﬁ - 1”%2(70 + 1 < o0, we have

d2

el orlm) < oo (39

Next, from Lemma B.9 we know that g—;| t:OXQ(ptHﬂ') can be alternatively expressed as,

2 2
Gl oim =2 [ (- (Tsten(e) ) wlopda
+ 2/V¢>(a:)TH (';:g;) Vo(x)u(z)dz. (40)
Recall from Lemma B.6 that
d2
@L:O DrMMD (p;||7)

=2(1+ /\)/ Vo(x) ' V1Vak (z,y) Vé(y)dp(x)du(y)
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+2(1+)\)/V¢ (/H1k z,y) du(y /Hlk z,y)dn(y )> Vo(z)dp(x). (41)

To prove (9) our aim then is to compare and bound the difference of 2 e ’t OXQ(ptHﬂ') in (40)

and 7 + T dt2 ‘ +—o DTMMD (p¢||7) in (41), so we compare and bound their first and second term

separately.
The first term of (40) can be rewritten as

2

/ <V~(V¢(I)u(w))ﬂa)>2 =z< (Vo) ei>L2<ﬂ>
_Z</V (Vo(x ))ei(w)dw) = (/w ) Vei(z)p (az)d:c>2, (42)

i>1 i>1

where we use integration by parts in the last line since ¢ € C2°(R?). And the first term of
(41) after rescaling by 1%\ can be rewritten as,

2/ Vé(z) ' V1Vak (2,y) Vo(y)du(z)du(y)

=2 / Vo(z) V.V, (Z QﬁAei(w)ei(y)> Vo(y)dpu(x)du(y)
i>1 =°

=2 [[ (V- Votan(@)) ) (V- (Vo) ) 3 - 2 ei@eldedy.  (13)

>1 0i + A

Since ™ < L% so (33) is true for all z,y € R?, hence the second equality is true, and the last
equality uses integration by parts since ¢ € Cg° (RY). Notice that

Z 0i + A //
ey ([(v- (Vo )eita) dx)2
. iZ@ </ (v.(Vf(%)u(x)))QMx)dx) (/ ei(x)Qu(x)daf)

i>1

oo [

i>1

ei(@)es(y) (V- (Vo)) (V- (Vo)) ) | dedy

< % </ (V log p(z) ' Vo(2) + V - V¢(x))2du(x)> < 400.

The first inequality uses Cauchy-Schwartz, the second inequality uses Y.<, 0i(ei(7))? =
k(z,z) < K. The last quantity is finite because x+ — Vlog u(x) is a continuous function
and ¢ € CF (Rd) has compact support, hence the integral of a continuous function over a
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compact domain is always finite. Then, by using Fubini’s theorem (Rudin, 1976), we are
allowed to interchange the infinite sum and integration of (43) to reach,

2 / /(v (V¢(fv)u(x))> (v Vo)) 32 2 Esestestiddody
YA @) (V- (Vo)) )eiw)es(y)drdy
_9 gix (/ (v . (V(b(:v)u(x)))ei(x)dx)Q
i>1 =t

ZQlH (/w ) Vei(z)u (:U)d$>2,

i>1

=2

where the last equality uses integration by parts.
So the difference between the first term of (40) and (41) rescaled by 1%\ is,

= </ vole) Veden <’:)d‘”>2‘zglﬂ (/ Vo(2) ' Vei(w)u(z >dx>2
“22; 1 ([ 7o Vet ) } "

Now we turn to the second term. The second term of (40) can be rewritten as

2 [ Vo) 8 (L) Volote)is

= Q/qu(x)TH <Z'l;(x) — 1) Vo (z)p(x)dz

_ i e .
= Z/qu(g;)TH (Z <d77 -1, el>L2(W)el(fv)) Vo(x)u(x)dz, (45)

i>1

and the second term of (41) rescaled by 1—1%\ can be rewritten as,

2/V¢ </H1k‘ z,y) du(y /Hlk z,y) dr(y ) V(x)du(x)

=2 [ Vo) 8 ( [ Ee.nduty) - [ Fa)an) Vo)dnto

~2 [ Vo) 'H (Z 2 ala) [ eyl w><y>> Vo(a)du()

i>1

_9 / Vol TH( Qi A<Zi l,ei>L2(ﬂ)ei(:E)) Vo(@)du(z). (46)
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Since 7 < L%, so (33) is true for all z,y € R¢ hence the third equality is true. From
Lemma B.3, we have [k(z,y)du(y) < If, x +— k(x,y) is second-order differentiable,
sup, |[Hik(z, y)| < 7vK/\K2d. So we are allowed to interchange integration and Hessian in the
second equality using the differentiation lemma (Klenke, 2013, Theorem 6.28). Consider the

difference of (46) and (45), we have

dm

2| [ olo) <d’“‘—1,ei> ei() | Vola)u(e)de
i>1 L2(m)

T Qi dp ) )
/ Vo) TH 302 A<dﬂ 1,ez>L2(ﬂ)ez<w> Vo(x)dp(z)

i>1 ="
—9 /w(x)TH 3 A <d" 1 e-> ei(@) | Vo(z)u(z)dz (47)
=1 0; + A\ dm o L2(7) ' '
Given g—“ — 1 € H, there exists ¢ € L*(m) such that 3—7‘: — 1 =T%¢ so that < —1,¢) =
1/ (q,€;) for all i. For j,r € {1,---,d}, we have
A dp A 1/2
)= | ¥ A (e te) o) =| Y (0, €3)p2(my0rei )
i> M, 0; + A dﬂ' L2(7T) i>Mo 0; + )\
1/2 1/2
AV e 2
< Z <Qz‘+)\) (¢: €i)r2(m) Z 0i (0j0re;(x))
> Mo 1> Mo
1/2 1/2 1/2
< Z <q76z‘>g2(7r) Z 0i (0;0r¢i(x))” < VK Z (g, 61')52(#)
1>Mo 1> Mo 1> Mo
The final inequality holds because,
d
Z > 0i (9;0,ei(x Z > 0i(0;0:k(x, ) ey = > > (0;0:k(x, ), v/aiei)s,
7yr=11>1 7,r=11>1 7,r=111>1
Z 100,k (. )13, = IH1k(z, ) |[5axa < Koa. (48)

7,r=1

Since ||sdq|| 2(xy is bounded, so 3= 5 (g, €i>£2(7r) converges to 0 uniformly as My — oo and
hence gpz,(x) converge to 0 uniformly. Therefore, we are allowed to interchange the Hessian
and the infinite sum (Rudin, 1976) in (47) to achieve,

)T A [du ‘ ,
2| [ Vo) H P A< e 1,eZ>L2(W)ez<x> Vo(a)u(a)da
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A
=2 /qu(a:)T (Z . 1/2<q,61>L2(ﬂ—)H62( )) Vo(z)u(z)dx
\ ) 1/2 ) 1/2
<2 Z(Q,+)\> (€2 (m) > o </V¢ ) "He;(2)V(z)pu(x)d > )
i>1 N i>1
L 1/2 )\ 172
<2 (X (A5) et | (S almetr, ([ Vo@ Vot ))
i>1 i>1
, 1/2 1/2
A
<2(S(,5) wobn| |(TelHa@l, | 19l
i>1 0i + A i>1 p v
, 1/2 1/2
A
<2 (S(, ) @ebe) |Telm F) 196/,
i>1 N i>1
L 1/2
<2 S (,55) @b | VEulVolg, (19
i>1 N

The first inequality uses Cauchy Schwartz, the second last inequality uses that matrix operator
norm is smaller than matrix Frobenius norm, and the last inequality uses (48). Combining
together (44) and (49), we reach

DrMMD(p;||7) —

1d2‘
1+ Xdt?li=o

d2
Gl _telin)

SQZQZJFA (/w ) Vei(z)u (x)d:c>2

1/2
A \2
+2 (Z( . >\> <q’€i>§2(n)) VE2l[Vol 2,
i>1 N\ +
=: R(\, 41, V).

Therefore,
d? d? _
72 |,_o PTMMD(p¢||m) = (1 + A)dt2( X2 (pel|m) — (1 + N)R(A, 1, V)

> (14 ) [ @) V6() TV () Vo(@)du(z) — (1 -+ NRO, 1, V6)
> (14 Mo [ @) V(@) Pdu(x) — (1+ RO, V6),

where the second inequality is using (38) and the last inequality is using HV > al. So (9) is
proved.
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Define R(\, i1, V) := (1+A)R(\, i1, V). The final thing to check is limy g R(\, i, V) = 0,
which is equivalent to check that limy_ R(\, u, V) = 0. Since we know from (39) and (42)
that

5 ([ Vot Vet <x>dx)2 < L)) <.
i>1

using the dominated convergence theorem (Rudin, 1976), we are allowed to interchange
infinite sum and taking limits,

ii_}o </v¢ VI Vei(z)pu(zx )dat) = ;13%) QﬁA (/w ) Vei(z)p (a:)da:)2

:0.

2
Similarly, because (ﬁ) (q, e¢>£2(7r) < Hq||%z(7r) < 00, using dominated convergence
theorem (Rudin, 1976) again, we have,

A

AV e Y
I 0o =S cei)2a ) = 0.
i () @i = Sl (5 55) @i =0

Therefore, we have that
lim R(\, i, Vo) = lim R(\, p, Vo) = 0.
A—=0 A—0

And the proof of the proposition is finished.

10.8 Proof of Theorem 4.1

Considering the time derivative of KL(u||7), we have

d
dt KL (p¢ ||r)

—(1+2X) / Vh,, -(x )TVIOg %(I)ut(x)dx

(14 A) / Vi () Y (@) ()
—-@+ | (Vh:z”x ) - 2V%< ))TV‘ﬁﬁ(x)w(x)dx—mHA) [ @ |[vE@ o
——+ ) [ (Thiele) 29 (P )—1))TVZ’7‘;<x>w<x>dw
~204) [ 7o) |72 i (50)

2
Case one: [ (x) HV%(:U)H dxr < oo. We use integration by parts for the first term in

(50) and we can safely ignore the boundary term due to condition 5 that for i = 1,...,d,
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lim <h;t,7r(35) - 2%@)) <81%(x)) m(x) — 0. So, we obtain

%Kumuﬂ) Y / (h:;t @) -2 (j;:@ 1)) 9 (3@ v @) ) do

YAt
— 1+ )\)/ (h;t,ﬂ(x) 9 <d‘“ )) t(x)) () da
oo et

V- (nv%)

s

2(1 4 N)
5 KLgulm), (51

§(1+)\)‘

dpu
hi —2(———1
pesT <d71' >

where the first part of the last inequality holds by using Cauchy Schwartz, and the second
part holds by the fact that KL(u||7) < x?(ue||7) (Van Erven and Harremos, 2014) and by
applying the Poincaré inequality with f = % — 1 (notice that ||V f||12(x) < oo from Case
one and || f||p2(x) < oo from condition 3),

/7r(a:) Hv‘;’:(x)
due

Since “7* — 1 € Ran (7;) with > 0, using Lemma B.5 we have

* th
’hw‘ (dw‘l)

L2(7) L2(r)

2 1

1
dz > C—PXQ(MIIW) > & KL (g1t |7).

< 2N lgell 2y - (52)
L2(m)

Then, notice that

v (xveie) | / v (r@)vie@)]

™

dm(x)
L2(r)

/ (V@) V(@) + 7(2)V - V()

:/(Vlogw( ) v%( ”AC;/:( )>2d7r(m>

< /2 (v 1og7r(x)Tv‘2’7‘:(x)>2 12 (A‘fl’f(m)ydﬂw)

d 2
=2 HV (logm)' V <dﬂ7:>

2
r2la ()
L2(7) dm

40

<272+ 217 (53)
L2(m)
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Therefore, plugging (52) and (53) back to (51), we have

d ) 2(1+ A
&KLl <40+ 0V o) (4 T~ Do Kl 68)
dt Cp
2
Case two: [ ( Hvd/“ )H dx = oo. The first term of (50) remains the same, and the

second term of (50) now equals infinity which is larger than the finite 2(107?\) KL(pt||), so
we also obtain (54) as in Case one.

Therefore, both Case one and Case two result in (54). Using the Gronwall lemma, we
obtain that for any T > 0,

KL (jirm) < exp (—2“0?)1“) KL (ji0]17)

T 2(1+ A
a4 [ e (<22 - 0) lal 5+ T

which concludes the proof of Theorem 4.1.

10.8.1 DERIVATION OF (14) UNDER STRONGER RANGE ASSUMPTION 7 = %
Notice that for any = € R?, since k is differentiable
dpy dpt dput
— =1 k(z,-),—— —1 <VKig||l—/— -1 .
v < dm > (z) = <V (@,-), dm 2d M "

And since d’” —1 € H, there exists ¢; € L?(r) such that <M -1, e¢>L2( ) = 92'1/2 (at, €i) 2y
s

for all 4, so

dps
dm

2
dpt
1, =2 (- > =3 o i = il
'Z»

H i>1

Combining the above two equations, we have
d
HV (logm)" v (Nt - 1>
dm

Also, for the other one, notice that

() =[G 1)

< [HE(2, ) [lggaxa

dp
Al 222

< VEuallaell 2 1V log 7l 2y

L2(m)
_ dpy
= H<Hk:(x, ), e 1>

d
% _ 1” < VEaallaill2(m)
™ H

F

Therefore,

<V EKoallgel 12 (x)-

L3(7)
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10.9 Proof of Proposition 5.1

We know that pip+1 = (I — (1 4+ A\)Vh)4u, where we drop the subscripts of the witness
function hy,, » when it causes no ambiguity. Denote py = (I — t(1 + X\)Vh)xfin, SO po = fin,
and py = ptp+1. Consider the difference of KL divergence between the two iterates ji,41 and
1n along the time-discretized DrMMD flow:

KL(ptnt1]lm) = KL(pn || 7) = KL(p4 [|7) — KL(po||7)

Y d?
KL( —t)— KL dt. 55
= Gl KL+ [ -0 fgKipma. 53)
For the first term of (55),
dt\ KL(ps|7)
—(1+M\E, v1ogd— Vh| =1+ NE; V=" v
21+ |V . (I NE, Vo2 (2972 —Vh

_ 214\ v%ﬁl ;(7,) (4 A)/ (vaz::(x)f <2v (ch:( ) — 1) - Vh(x)) (z)dz

2

201+ 3 V%: L2(ﬂ)—(1+)\)/(2 (ﬁjj(@-l) ) ( d”" )dx

V- (vdL)

—(1+)\)C?Px2(un7r)+(1+/\)Hh—2 (‘Z“‘ —1) , (56)

™

L2(m)

L2(m)

where the fourth equality uses an integration by parts, and the last inequality uses Poincaré

inequality for the first term under similar arguments in Section 10.8 and uses Cauchy-Schwarz
for the second term. Using Lemma B.5 and the derivations in (53), (56) can be further upper
bounded by

d
Gl KLl <~ Pl + 204 0XQI D). (50)
Then, for the second term of (55), we know from Example 15.9 of Villani et al. (2009) (taking
= 1) that,
2
2 KL(pe||m) = (1 + >\)2/Vh(l’)THV(%:(x))Vh(w)d/in(x)

INCEDY /HHh I—t(l+/\)Hh(x))_1Hidun(:r).

Because 2(1 + \)v1/x? (pollm) % < C—Zl for 1 < ¢ < 2, applying Lemma B.7 we have,

d? 2,02 K4 2,2 2 Kaq
— KL(p¢|[m) < 4(1+ X\)“Bx (unHﬂ)T +4(1+ X)X (pnllm) ——

72 Y\ (58)
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Combining the above two inequalities (57) and (58) and plugging them back into (55), we
obtain

KL(ptnt1([m) — KL(pn|[7) < —Czp(l + X (7)Y + 2(1+ X)X Q (T +I)

Kiqg+ Kaq

+2(1+ M) 2(B + )xP (pal7) X

2
< —C—Px2(ﬂnll7f)'v

, Kig+ K
+ 4N Q (T +I) + 877 (B + )X (nl|m) =,
where the last inequality holds by using 0 < A < 1, and the result follows.

10.10 Proof of Theorem 5.1

In order to use Proposition 5.1 in the proof, first we are going to show that Proposition 5.1
holds under the conditions of Theorem 5.1. Notice that conditions 1-4 of Proposition 5.1
are precisely the conditions 1-4 of Theorem 5.1. To use Proposition 5.1 in the proof of

Theorem 5.1, the only thing left is to check that the condition of step size « in (16) is
satisfied.

1
In Theorem 5.1, A, is selected to be ( (”"””)(S(JFJC?Z()&”K“)) A 1. If )\, is taken
to be the former, then

K
A Ay X152 < oy )2

= 229 Fh2 (a7 (QUT +T) L) i
2r+2 2r+2 2'r+2

)22 X ([ 7) ( ) (KMJFKMBJFCQ) 2d

(*) 2r+1 1 27«1? ﬁ

< (8y)2r+2 Q2r+2 (J +1I)7+ P e K

-1/ 1 \#71 (-1

< < \gre < N (59)

(*) holds because K_ﬁ‘;{gd <1 and
dpy, 2 2 2r 12 2
N P I R S (60)
L4(m

The second last inequality of (59) holds due to the constraint on v in (19), and the last
inequality of (59) holds because 8+ (2 > 1.

On the other hand, if A, is chosen to be 1, similarly based on the constraint on ~ in (19), we
have

K ¢—1
291+ A () 32 = 4 ) Kz < =
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Therefore, all the conditions of Proposition 5.1 have been verified. So, if we select A\, =
(27x (unHW)(ﬁJrCz)(KldJerd)) A1, then

QUI+I)

2
KL(pnt1][m) = KL(pn|[7) < —vcfpx2(ﬂn\lﬂ)

Kiq+ Koq

. (61)

+ 47N Q (T +I) + 8v*(B + ¢*)X* (kn|7)
(A1)

(A2)

By observing (61), the first term on the right-hand side —Clp X2 (jn||7)7 is strictly negative
and is decreasing KL divergence at each iteration n of the DrMMD gradient descent. In
contrast, the second term (A;) := 4yA\"Q(J + Z) and the third term (Asg) := 8¢2(5 +
)2 (i, H7r)m are positive and prevent the KL divergence from decreasing. Denote

G(A\n) = (A1) 4+ (A2) and the optimal )\, is achieved by taking %G(/\ ) = 0, which leads

1
to Ay, = ( X (“"H”)(ggi)z(fld”(?d)) . Plugging the value of A, back to (61) to obtain,

KL (pint1]|) — KL(pn||7)

< — 2l + 4y (2)7 (O () (B + ¢2) (Kra + Kaa)) ™7 (Q(T + 1))

Cp
2 r r L
< — X unlmy + 89T (3 (unllm) (8 + ) (Faa + o) ™ (Q(T +T))71
2 T 2r+1 ﬁ 1
< ol + 89" QY (K + Kaa) (84 %)) (T + T) 7 (62)

where the last inequality holds because of (60). Since x2(uy||7) > KL(pn||7) (Van Erven
and Harremos, 2014, Equation (7)), we have

2
KL(ualn) < (1= 75 ) KLlnl)

r__2r41 P 1
+ 89" QT (K + Kag)(B+ () (T +T)7
After iterating, we obtain

KL (lunmaz ||7T)

<(1-75) " KLlln) + 07 CoQ ¥ (ua + Kas)(5+ €)™ (T + D)7

2 max Trl L
< exp (— - 7) KL(pollm) + 4771 CpQ 1 ((Kra + Kaa)(B+¢3)) 7 (7 + T)77

and the result follows.

10.11 Proof of Theorem 5.2

The proof of Theorem 5.2 is also based on Proposition 5.1 proved in the last section. Recalling
(62) yet with adaptive step size 7, we have

KL(ftn1]17) — KL(j10 )
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7‘

< — ol 8T (7)) (K + K) T (QUT + )7

From (21), we have

8,yr+1 <(K1d+K2d)(ﬁ+C )> s} (Q(j+I)) CL (Mn“ﬂ')"}rl

so that we have
1, 1
KL(ptn41|m) — KL(pn[|7) < = ==X (ptallm) 0 < — == KL(ptn[|7) 70
CP Cp

Hence

1
KL(inln) < (1= g0 ) KLl (63)
After iterating n from 1 to nmax, the theorem is proved.

10.12 Proof of Theorem 6.1

In order to analyze the error of space discretization, we introduce another particle descent
scheme using the population witness function hj, - defined in (15) starting from the same
initialization as that of (24),

70 =79 — 1+ M) VRS L GD), B =) (64)

The corresponding empirical distribution of the particles at time step n is defined as ,, =
~ ZZ 1 yn . Note that (64) is an unbiased sampled version (since it is composed of N i.i.d.
realizations) of (15). The following proposition shows that Wa(fi,,, fin) — 0 as N, M — oo,
i.e., with a sufficient number of samples from py and 7, (24) can approximate (64) with
arbitrary precision. The proof of Proposition 10.1 is provided in Section 10.13.

Proposition 10.1 Suppose k satisfies Assumption 1 and 2. Given initial particles {y(()i)}i]i1
that are i.i.d sampled from pg, a sequence (fi,),cn of empirical distributions arising from
(64), and a sequence (fin),cy arising from (24), then for all n > 1, we have

E[Ws (fin, 1)) < A (\/%:\ + \/IM + \/1N> (exp <7n2(1—;)\)R> — 1) 7

where A = \/12(7](7 foil;éld and R = K14q+ VK Koq are constants that only depend on the kernel,

and \ = . n{lin A; denotes the smallest reqularization coefficient.
i=1,...,n

Now we are ready to prove Theorem 6.1. By the triangle inequality, we have,

E [WQ (ﬂna ﬂ-)] < E [W2 (ﬂ’fh ﬂn)] +E [WQ (/:L’Vlu Mn)] + W2 (,unv 77) .
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From Proposition 10.1, the first term is upper bounded by

E(Ws (jin, 7)) < A ( o jﬁ) <exp @W) - 1)
o ) (o (55) ).

where the second inequality uses A < 1 and K < 1. Since (t4n)n has finite fourth moment,
then by taking p = 2,¢ = 4 in (Lei, 2020, Theorem 3.1) and (Fournier and Guillin, 2015,
Theorem 1), the second term is upper bounded by,

E [W2 (fin, ftn)] = O (N—ﬁ) ,

For the third term, since the Wasserstein-2 distance is upper bounded by the square root
of the KL divergence, if the target 7 that satisfies Talagrand-2 inequality with constant
Cr (Villani et al., 2009, Definition 22.1), we have

W (pin, ™) < /2C7 /KL (pn|7) < v/2C7 exp (—Z,}Z) VKL (pio|[7) + © (VT) ,

where the last inequality follows from Theorem 5.1. Combining the above three terms, we
obtain

54 (i ) () 0 )

+ v/ 2CT exp (—g’;) KL (uol||7) + O (727;2) , (65)

— o
where A = ﬁ. Recall from Theorem 5.1 that A; = (yx?(u||7)Z) ™ A1 for i =

1,...,n where Z is the constant that depends on 5, (, K14, Koq4, @, J,Z. From the condition

2 1
on the number of samples M and N in (25), we obtain that if A = X; = (yx?(p;l|7)2) ™+
for some j € {1,...,n},

r+1 r
1 1 dnyr+1 R
vM Z | —
~ (7) ~min KL(u||m)Z A1 o 2
i=1,...,n < min KL(,u,'Hﬂ')Z) A1
i=1,...,n
1
r+1 T
N 1 1 4nfyr+1R
- i ex
=5\ min KL(w[m)Z P T
=1..,n < Hllin KL(ILL1||7T)Z>
i=1,....n

- 1 < 1 )ril 4n7$R
> | ——— exp
v \KL(yllm)Z (KL(y;|7)Z) 71
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1 < 1 )f”lrl 4n’yr+1R
>\ = exp
v \X(wjlm)Z (x2 M]Hw
nry

r 1 4
= A'y_'r'-HTexp < n'yR) > ’y 27+2Xexp < X ) .

On the other hand, if A= 1, since v < 1,

r+1

1 4n’y$R

exp :
r+1
( min KL(,L/,A]W)Z) A1
i=1,...,n

\/Mz<1

7) min KL(u;||m)Z A1
1=1,....,n

1 T T T 1 4 R
> —exp (4n7mR) >~ 22 exp (4nYR) = mei exp < n):\y > .
Y

Similarly for N, we have

\/>> 2 72 exp <4n R> and N—@a 57%“-
A
Plugging them back to (65), we obtain

E[W2 (i, )] < v/ 2C7 exp <—Z,73> KL (pollm) + O (’ym) 7

which completes the proof.

10.13 Proof of Proposition 10.1

Since the proof below works for any regularization coefficient A, we use a fixed A for the
majority of the analymb and resort back to adaptlve An at the end of the proof. For empirical

distributions fi, = Z 1 yn) and i, = 3 Z 1@7(11 defined in (24) and (64), note that

21,
=c,.

) — 70

N
o 1
EW;(Mmﬂn) < N E E “ ygzl
=1

Consider

-

s
Il
—

1
C = —_—
n+1 N

?|
JE[

;il - @;LH ]

O =g — 042 (Vh;, L) - Vi, W<y$f))>H2]

I
2|

-
Il

)—ygf)

IA
=2|=

@
Il
—
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i ;Eé [+ 3 (5, 68 - om, @0) |

VN Lo,

where we used Minkowski’s inequality,

e { U 2 iEthzm ) — Vh (@9)”2,
=1

N N N
D llas +0ill2 < | D llaall2 + | D lbil?
i=1 i=1 i=1

in the above inequalities. Again, by Minkowski’s inequality, we have

Cnt1 < cp Fy(1+ ) ( ZE {HV fon 7 y” _thnﬁ(yg))HQ]

=1

(@)

=

e o) -] )

1=

~~

(i7)

10.13.1 CONTROLLING (7):

N d
ZEHVh OIS e ] ZE (3K 2. ) — Ok ) b )
= j=1
N
= ZE Z Ha ks, -) Bjk@%"),-)H; L 41{;2(% ol
7= i—1

where the second inequality uses Cauchy-Schwarz inequality and the third follows from using
Lemma B.3 and Lemma B.4. So we have

WK Kz

ZEHV}L Ay Vh;nﬂ@ﬁﬁ)‘fg 2o,

10.13.2 CONTROLLING (i4):

First, we introduce some auxiliary witness functions,

_ %k _
b 7 =2 (3% + Al ! (mg, —mz), h, =2(Z;+ ) ! (mg, —msz),
and for completeness, we recall the witness function we are interested in:

W =25+ A7 (my, —ma), hi s =2(Sz+ M)~ (mp, —ma).
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We know that

(Zl):\/lﬁ ZE[HVhM # yn - Vhy, W(?J@)Hz}
P o "
N —x . 2
S E Hm A@) = Vi @) ]
. i@[uw w»m
=1
1 [ o e

Mnm

" )
S )

where the first inequality follows from Minkowski’s inequality, and the second inequality uses
the fact that for hg, h1 € H,

N —* (|2
B = on

— h* *
#n N Hn, T n P, T

IVt = Vholf3a < [Vik(z, )3 |71 = holl3, < Kia llha = holl3, -

Next, we will bound \/E 105, & —he 2l \/E IR, & — EZH%, and \/IE Hﬁz — by, 13, sepa-
rately.
First, by noticing that hy . =2 (37 + At (mp, —ms) is the witness function asso-

ciated with DrMMD (fi,||7), and Wz =227 + A (mp, —msz) is the witness function
associated with DrMMD (i, ||7), by using Lemma B.4, we have

* 2 4I(ld 2\/}—(7161
\/ Nny o hﬂn:ﬁ' H S \/ )\ W2 (.unmun) S )\ Cn (66)
Second,

n -, E Hz Zr 4+ 2D (g, —me) = 2(x + 2D (g, —ma)|

2
< 2\/153 H(zfr FA) - (2, 4 m_lHHs Img, —mal3,

2
< 4VE\[E H(zﬁ FADT (3 AI)*HHS
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= 4R\ B[ (52 + )7 (S5 4+ A1) — (S, +20) (5 4207 |

1 2 1 |K?
§4\/Eﬁ\/EHEﬁ—EﬂHHS§4\/EF i (67)

where the last inequality follows from using Lemma B.8 and the fact that ||k(z, - )®k(x,-)|lus <

K.
Third,

Ve

2 2
< SVl (mg, —ms) = (my, —mn) |y

2 2 5 4 | K | K
=5 (\/E’mﬂn _mﬂn”’}-[ + \/E [ms — mﬂ”?—t) < by ( N + M) J (68)

where the first inequality follows from Cauchy-Schwartz, and the last inequality from
Lemma B.8 since ||k(z, )|l < VK. Therefore, combining (66), (67) and (68), we have

K 2K32 9K  2VK
(i1) < 2v/K1q M+ + + .
A VMX2  V/NX VM)

2 2

hy =B, = JE |2+ 007 (mg, = me) = 2(E + A (m, = )|

H

N

Combining (i) and (i7), we have

2K Ky + 2K 2K%/2 2K  2VK
Cn+1 < Cp <1+fy(1+)\) 2jl\ 1d)+2'y(1+)\)\/K1d (\/MA2+\/M)\+\/N)\ .

Denoting A = \/12(77 }(I:filld(ld and R = K4 + K Koq as constants that only depend on the

kernel, and using the discrete Gronwall lemma (Lemma 26 from Arbel et al. 2019) along
with ¢y = 0, we obtain

<A< K N 1 N 1 >< < 2(1+)\)R> 1)
Crnmax > ex Nmax——————— | — .
vMN vM VN P A

Since E Wa(fin, jin) < /EWZ(fin, fin) < cn, we reach

K 1 1 20+ MR
E Wy (f i <A —_— ) —-1].
Q(Mnmaz7/“1’nmaz) — (\/M)\ + \/M + \/N) (exp <7nmaX )\ ) )
Finally, the proof is completed by noting that the r.h.s. is monotonically decreasing in A and
therefore the r.h.s. can be bounded by replacing A with A = min ;.

=1,...,Nmax

10.14 Proof of Proposition 6.1
By defining the following operators,

Sy:H—-RM  fo
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M
1
SRM S H, oo — aik(z® ),
\/MZ; ( )
N 1 (1) N
SyiH—RY, fo —— [fW) ™)

Then we have
Si =85S, Koo =MS,S;, Ky =VMNS,S;.
Using these, note that
hiz=2(Zx+ A (mg — ma)

_o <J‘14ik (xa)?.) o k (xm,.) +M> B (leiv;k (y@'),.) N &%k (W))

=1

From the Woodbury inversion lemma, we have that

* -1 _ 1 1 * * —1
(Sme + >\I> = 31— 55885 +AD 'S
Plugging the above into (69), we obtain
h: . =2 1 S*(S Sy 4+ A s, LS*ll —571
7% )\ )\ x \/N yitN — \/7 x+M
_ 2 1 2 1 |
— —S*Il - —5"1 — =S5 =K., + ) — K1
1 -1
20 (Lk4ar) k.1
A (M > MM M
2 p1M 2 1:M -1
2 (M Kpw + M) Kop 1y 7
+ M ( )( + ) M ( 0)

Obtaining DrMMD (4||#) is then easy with A7 - shown in (70).

2

M\»—\

DrMMD (]| 7) = (1+)\)H(E FAD”
~ ) (Ghims =)

] M,Nzk(y )iy
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1421 + 1 - 2 -

1 _ 2 _
— 32 VK (Koo + M) " Royln + w7 L Kaw (Ko + MAT) " Koyly
1 _
_ WILLKM (Kpe + MA) ™! Km]lM>. (71)
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Appendix A: Further Background on (P,(R%), W)

Let 1 and 7 be two probability measures in Py(R%) and let TI(y, 7) denote the set of all
admissible transport plans between p and 7, i.e., II(i,7) = {I" € P(R? x R9); (projl)# I'=
1y (pron)# I' = 7}, where proj; and proj, respectively stand for projection maps (z,y) — x
and (z,y) — vy, and # is the pushforward operator. The Wasserstein-2 distance between p
and 7 is then defined as

1
. 2 2
Watnm) = (it [ o= ylParen)
and (Pa(R%), W>) is a metric space called the Wasserstein space (Panaretos and Zemel, 2020).
Brenier’s theorem guarantees that if 4 is an absolutely continuous measure, then the optimal
transport map is unique and is of the form I'* = (I,T)xpu, i.e., Typ = m (Santambrogio,
2017). T can also be expressed as T'(x) = x + V¢(z), where ¢ is known as the Kantorovich
potential function and is differentiable u—a.e.

For an absolutely continuous p and the optimal transport plan 7' such that Tyupu = 7,
the shortest path (pt)o<t<i from p to 7 is called the (Wasserstein) geodesic given by the
following form:

pr=(1=0O)I+1T)yp=1+tVe), p.

Therefore, in this paper, we always use (I + tV@)xpu with ¢ € C°(R?)® to define a geodesic
curve that starts at u. Define ¢y : R? = R% 2 +— 2 + tV¢(x), then w; : R — R,z
[Vgo got_l] (z) becomes the optimal transport map from p; to 7. Notice that [welp2(,,) =
[Vl L2y for all t € [0,1], so (pr)o<i<1 is also a constant-speed geodesic. The notion of a
constant-speed geodesic is crucial in the introduction of geodesic convexity below.

A functional F : Po(R?) — R is geodesically convex if for any p and =, the following
inequality holds:

Fo) < (1= )F () +tF (r), Vtelo,1], (A.1)

where (pt)te[o,l} is the constant-speed geodesic between p and 7. The geodesic convexity of
F can be equivalently characterized through the Wasserstein Hessian (Villani et al., 2009).
The geodesic convexity ought not to be confused with mixture convexity, which replaces
displacement geodesic p; in (A.1) with the mixture geodesic vy = (1 — t)u + t.

2
8. ¢ is compactly supported because the tangent space of u € P2(R?) is {V4, ) € C (Rd)}L ) (Ambrosio
et al., 2005, Definition 8.4.1).
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Appendix B: Auxiliary Results

In this appendix, we collect all technical results required to prove the main results of the
paper.

Lemma B.1 For y < 7, x?-divergence admits the following variational form.:

2 (p||7) = sup /hdu /(h+ h2> dm,
heL?(w

where it is sufficient to restrict the variational set to L?(m) in contrast to the set of all
measurable functions for general f-divergences (Nowozin et al., 2016; Nguyen et al., 2010).

Proof For ;1 < 7, we have:

x2<u||w>=s%p{/hdu—/2<’f+h) i} |
i () (20
CelfEol
[}

Clearly, the above equation is minimized at h* = 2(— — 1) and x?*(ul|7) = [(5& — 1)%dr

which is finite if and only if 2 9 —1 € L*(m). Therefore, it is sufficient to consider the above
maximization over L2(r). [ |

Lemma B.2 Under Assumption 1 and 2, the mappings x — k(z,-) and x — Vik(z,-) are
differentiable and Lipschitz:

1k (z,-) = Ky, )l < v EKalle =y,
IVik(z, ) = Vik(y, )l < v/ Kaallz = yll.

Proof This is Lemma 7 from Glaser et al. (2021). u

Lemma B.3 Under Assumption 1 and 2, the regularized kernel k defined in (6) satisfies
the following properties:

1. |k(z,y)| < &;
2. 81123(95,?;) = <(E7r + /\I)_laik(mv ')7 k(ya ‘)>7.[;

3. || Vik(z,)||* = XL, dik(z, y)? < Kl
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4- aiai+d%(x7 y) - < (Ew + )\I)_l azk'(xa ')7 82k(y? )>’H’
5. HV1V27€ x,y HF S 0i0irak(z,y)? < %;

7. HH1kxyHF Z” laf)k(x y) S%;

8. ||Vik (z,a) = Vik (y,9/) || < Y522 (& =yl + ]2 = ¥/|)-

Proof Notice that

B y) = ((Sa+A) 7 ko, ), k(p, ), < IR, g IR, g <

so the first bullet point is proved. Before we prove the second bullet point, we first prove the
differentiability of @ + k(x,y). For i € {1,---,d}, consider h € R and denote A; € R? as a
vector of all 0 except the value at i being equal to h. Then, for any y € R?,

k(z + Aiyy) — k(z,y) (B +AD T (k(z + A, ) = k(x,)  k(y: )y

lim = lim

h—0 h h—0 h
<}30f||k< SELCAT R, WFHAH “fm
5

So x +— l;:(a: y) is differentiable for any y € R?. Since the kernel k is differentiable per
Assumption 2, for any f € H, 0, f(x) = <8 k(z f>H. Hence,

Oik(w,y) = O, (K(@, ), (Sx + M) " k(y, ->>H = (Ok(, ), (Se+ M) Ry, )

So the second bullet point is proved.
Next, notice that

- 2 d 2 1 d
Hvlk(x,y)H = Z <8Zk( ), (Bx + )\I) k(y > =532 Z |03k ( HH 1k (y, - )HH
— i1

KKiq
Az

1
< ﬁ Hvlk(x7 )H?—Ld Hk(yv )HH <

So the third bullet point is proved. Similar arguments above lead to bullet points 4 to 7.
Finally, to prove bullet point 8, notice that

- . 2 2
’Vlk(x,xl) — Vik(y,2)|| =

d
> @ib(a.) = aik(y. ) (B + M) k()

1=

H

d
< 55 D 00k Ge, ) = BukCa, B [ ) [ < 57 Ik ) = Wity s [ )
J=1

KKy 2
< B0ty g2,
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where the last inequality uses Lemma B.2. Therefore,

HVll%(x,w’) — Vik(y,y')

< Hvlfﬂ(x,x') — Vik(y, 2’

vVEKKoy
< Y22 (g -y + [l — 1)

‘Vﬂ%(y,m’) — Vik(y,y)

So the bullet point 8 is proved. |

Lemma B.4 For any two distributions ug, pt1 € Pg(Rd), with associated DrMMD witness
functions b}, kY defined in Proposition 3.2, we have

Ho,T LT
2V K
Hhm, hZo,WHH < \ 1dW2 (o, p1),  and Hh;OJTHH <

WK
=

Both the witness function hu and its gradient th are Lipschitz continuous, 1i.e.,

m ™

Brn (@) = By x )| < L(Wala0, 1) + Il = ] )

|98 @) = i )] < £(Walo ) + o =yl )

where the constant L = %max {2\/KK1d, 2VK Koy, 2K1d}.

Proof Let v € I'(u0, 111) be the optimal coupling between pg and pq. Then

2

5= Bl =4 (52 20) ™ ([ oo =)

2

H
4

<4 4K 1d

/M%J—M%%h@y

Hl‘ yH dry €z y) 2 [IZ(MO’Ml)
)\
H

where the first inequality holds because X is a positive and self-adjoint operator, and the
second inequality uses Lemma B.2. Also note that

Il = Hz(zﬂ ) (/k(aﬁ Ydpio — /k(m, -)dﬂ) HH < 2*?

So the first part has been proved. Furthermore, note that

B (@) = B x| < |Bfy () = iy ()] +

B r() = By 2 (0]

<k, Mg 177 = Bl + 1G5 ) = KW, Vg ([l
s‘@f”wamwn+szWx—m
< 2R (i ) + e — ) < L(Walpaoupn) + 1z =)
and
[V, ) = Vi @) < [T @) = T @) + [P ) = T 2 )
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< ||V1]€(.’IJ, )HHd Hh;*uﬂr - h;o,ﬂ'HH + ”vlk(x? ) - Vlk(ya ')”Hd HhZOJTH’H
< S Waluo,m) + 52 o =yl < L(Waluo ) + 1z~ o))
and the result follows. [ |

Lemma B.5 Given two probability measures p < 7 that are both absolutely continuous with
respect to Lebesgue measure. If fjl—‘; —1 € Ran(T) with r > 0, i.e., there exists ¢ € L*(r)

such that Z—Z —1="T!q, then

dp
h—2(-—-1 < 2X\"
H <d7T )HLZ(W) < 2 Ml

where h = 2(X; + NX) 7L (my —m,,) is defined in Proposition 3.2.
Proof Given the assumption that %’f —1 € Ran (7)) with r > 0, there exists ¢ € L*()

such that % —1="T!q and (% — L €i)r2(x) = 0;(q; €i)p2(m)- Since p < m, the Mercer
decomposition of k in (1) holds for any x in the support of p and in the support of ,

- /k(a:, Yl — ) (@) = 2 o (/ ei(2)d(p — W)(.T)) e = Ql-<§’; Y ei>L2(ﬂ)ei.
(B.1)

So we have,

-

L2 (m)

where the last inequality is obtained by using

r ) r 1—r
A :< = ) < A > RPN
0i + A 0i + A 0i + A

Hence the proof. [ ]
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Lemma B.6 Let p € Py (R?) and ¢ € C° (R?). Consider the path (ps)o<s<1 from p to
(I+ Vé)up given by ps = (I+ sV¢)up. Define ps : R — Rz — z + sVp(z). Let k
be the reqularized kernel defined in (6) along with its associated RKHS H. The mapping
s — DrMMD(ps||7) is continuous and differentiable, and its first-order time derivative is
given by

d
— DrMMD(ps||7)

ds
=214 [ Vo) ([ Tikte.o) ool - [ Tik(ea), dn()) dofa). (B2
Moreover,
d
75 lo DrMMD(ps||m)

_ o0+ )\)/qu (/ Viii(x, 2)dp(2) /Vlk 2, 2)dr(z )) dp(z). (B.3)

Additionally, the mapping s — % DrMMD (ps||7) is continuous and differentiable, and the
second-order time derivative of DeMMD (ps||7) is given by

S DN 0) =201+ ) [[ Vo) V1 Vak (), (D VHEpp) (B
+2(1+)\)/V¢5 (/Hlk (05 (), 5 (2)) dp(z /Hlk (s (z)) Vo(x)dp(z),
with
d? -
@L:O DrMMD(ps||7) = 2(1 + X) / V()" ViVak(z, 2)Vo(2)dp(z)dp(z)

+2(1+)\)/V¢ </H1k 2. 2) dp(z /Hlk v, 2) dr(z )) Vo(z)dp(z). (B.5)

Proof Recall that DrMMD is, up to a multiplicative factor of (1 + \), MMD? of the
regularized kernel k defined in (6) and the associated RKHS #. From Lemma B.3, we know
that assumptions (A) and (B) of Arbel et al. (2019) are satisfied for the regularized kernel
k, so using Lemma 22 and Lemma 23 from Arbel et al. (2019), (B.2) and (B.4) are proved.
Then (B.3) and (B.5) are subsequently proved by taking s = 0. |

Lemma B.7 For pg < m, define h = 2(Sx + AI) "L (my — my,) and ¢ : RT — R% 2
x —t(1+ A\)Vh(z). Suppose m x exp(—=V'), HV =< BI, and the step size 7y satisfies

Koy _
200+ Aol 2 < S

for some constant 1 < ¢ < 2. Then, fort € [0,7], the following inequalities hold,
[ Vh@) T HY (1) Vh@)duala) < 4533 o) S (B.6)
1|2 K
[ ne) @ = o0+ e | duota) < 463 uollm) 2. (B.7)
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Proof First, recall (B.1),

IVR()|? = 4|V (S + AD) " (mr — my, ) (@)
2

oi /duo
=4V < 1,ei> ei(x) . (B.8)
; 0;i + A\ dm L2(r)

For any j € {1,--- ,d}, consider

gmy () = Z

> My
1 1
2 d ) 2
< Z Qzajez(l') Z <C%U'0 1, 1>
. ™ 2
i>Mo i>Mo L3(m)
< | D eidjei)’ HCZLO —1
i>My m L2 ()
Since
d d d
DY 0 (9iei@)? =)0 0il0ik(, ) ey =Y (Ok(x, ), Vaies)
i>1 j=1 i>1 j=1 i>1 j=1
d
= N0k, )7, = I Vik(z, )ll3, < Kia, (B.9)
7j=1

SO D i, 0i(9;ei(x))? converges uniformly to 0, and hence gy, (z) also converges uniformly
to 0. Therefore, we are allowed to interchange the derivative and the infinite sum (Rudin,
1976) in (B.8) to achieve,

7 dMO
Vh(z)|* =4 ¢ < -1, z> Ve,
VR =45 S (G L) Vel

i>1
0i dpig 2 2
<4 L —1,¢; 0i || Vei(z)
; (0i + >\)2< dm >L2(7r) ;

2
<3 Z<d“01,ei> > ol Vel | < 4 Guolm L (B10)

A i>1 drm L2(m) i>1

The first inequality follows from Cauchy Schwartz, the penultimate inequality follows by

noting that (Qi"/\) <41 3, and the last inequality follows from (B.9). Given HV =< I, (B.6)

is proved by the followmg,
[ @ B (1) Vh@)dio(a) < 8 [ 19861 dpo(z) < 485 uollm) =10
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We now turn to proving the second statement. Similarly to (B.10), we have

[¥h () 2 < 4 ol ) 22 (B.11)

3

Using 2(1 + M)/ x2(uol|m) £zt < % for some constant 1 < ¢ < 2, the inverse of I —#(1 +
A)HA(x) can be represented by the Neumann series, and hence

(T =1+ NHA) | < D 161 + N Hh(z |yF<Z< (1 4+ N)24/x2(uol|T) A)

m>0 m>0

< Z ( > = (B.12)

m>0
Therefore, (B.7) is proved by combining (B.11) and (B.12),
/HHh(z) (101 +A)Hh(z))—1H2 Ao ()
< [ 1A} = t(0 4+ N BA)) o) < 465 o) 2
and the result follows. [ |

Lemma B.8 Let H be a separable Hilbert space, &1,...,&, : 2 — H are n identical indepen-
dent H-valued random variables satisfying ||&ll,, < B. Then

n

2
E %Zgi_E[&] < \g?;, and Z& El&]|| < %
=1 H H

Proof We know from Corollary 6.15 of Steinwart and Christmann (2008) that

( Z@ E[&]

Then, denote R := [|2 37" | & — E[&]||3, we know that

> t) < 2exp (—2nt2/B2) .
H

E[R] = / P(R > t)dt < 2 / exp(—2nt?/B)dt = Y22
0 0 2v/n
The other part is proved similarly. |

Lemma B.9 (Wasserstein Hessian of F,2) Let p € P2(R?) and ¢ € C°(R?). Consider
the path (ps)o<s<1 from p to (1+ V@)up given by ps = (1 + sVe)yp. Define ps : RE —
Rz 2+ sVe(z) and ws : RT —» R, 2 — [Voop ] (z). For m(z)  exp(—V(z)), the
second order derivative of s — x?(ps||) is given by

2 T
) odm = [ 2 (V@) o) - @) dputa)
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ps(x) T ps() )
+/ () ws () HV(x)ws(x)dps(x)+/ e | Vws ()5 dps(x). (B.13)

Equivalently, the second order derivative of s — x2(ps||7) can also be written as

d? 1’
2ol =2 [ (T ool =) wloo

+2 / ws(z) TH <ps(m)) ws(2)ps(@)dz. (B.14)

m(x)

Proof (B.13) is provided in the Example 15.9 of Villani et al. (2009) by taking m = 2. Now,
we are going to prove (B.14). For ease of notation in the following derivations, we are going
to drop the function input z in ps, 7, and ws. We introduce colors to picture grouping of
terms that will carry over during chains of calculation.

In order to prove (B.14), we need to expand the terms in (B.13) accordingly. We denote
the three terms in the RHS of (B.13) as (A), and (C'). Consider

(A) = / p—g (VVTwS -V w3>2dx

™

2 2
= / Ps (—1V7rTws -V ws> dx
T T

. 9 . 9 )
= / fj;(VTTTwS)z(].I'—FQ//);(VWTCUS)V'LUS(IZI,‘—F / &(V-ws)zd;n

™ s

(A1) (A2) (A3z)
Then we are going to use integration by parts for (A5) and (Aj).
ps T T p; T
Ay)=2 [ = s)V - wsdr = —2 = s) | d
(A2) /FQ(VTF ws)V - wsdx /wSV(WQ(VW w)) x
T T, \Ps T 23
= —4/(w8 Vps) (VT ws)pda@ +4/(w5 V) ﬂ—;daz
p3 p3
- 2/(w5TH7rws)‘;dac - 2/(w;rVwSV7r)‘;dx,
T T

p2 p2 p2
(A3) = /S(V cwg)?dx = /V A(we)V - we = dr = —/wSTV (v : w85> dx
T ™

s

2ps 2
P: dm+/V-ws(wZV7r)p;dx.
T

™

= _/V'WS(WZVPS)

(Asz2) (Ass)

Furthermore, we use integration by parts for (Ass) and (As3), we have
(Ag2) = —2/V . ws(w;ers)%dz = 2/(wjv ((ijpQ%))dm
S S 1
= 2/(w;—szVps)pdm + 2/(w;—Hpsws)pd:E + 2/(w;—Vps)2dx
0 T T
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=2 [ (@] Vp) (@] V) By,

2 2
() = [V ol Ve = = @]9 (@] V02 ) do

2 2
o /(wzv%w)gdx - /(“’JHWS)Z‘Zdw -2 /(wJVps)(w;rvw)Z;dx

+ 2/(wTV7T)2pgdx
S 7r3 °

Having completed (A), now we turn to

p3 p3 p3
—/sw;rHszdx— —/w;rHﬂws‘;d:L‘—i—/(VwTws)z;dx.
s T

s

So, combining (A), and ('), we have

@X%PSHW) = (A) + +(C) = (A1) + (A2) + + (Asz2) + (As3) + +(C)

A 2 2
—4 /(w;rv,()s)(Vﬂ'Tws)Tpr;déE +4/(ij7l‘)2:§dw -2 /(ijﬂ'w@););dL

d 2
=2 [ (@I V,Vm) B do + (ar) + (Aan) + ()

.2
0. -
+ / /—‘SHVwSde:l;.
J w

Since wy, = V¢ o ;! is a mapping from R? to R, denote Wi 1= [ng ) (pgl]i which is a
mapping from R? to R. Notice that ws,i0jws,; vanishes at boundary because ¢ € Cg°. Hence,

2
0= Z/a] <ws,i6jws7¢p7:> dx

Z’J

= Z / ijs iajws Zigdx + Z/ws iajjws l&zd$
— b b 7T — b b 7T
1,7 7

2050; 29;
+ Z/ws,iﬁjws,i ( pswjps Sy 2]7r> dx
i?j

™

p3 2 p3 2ps
= /'S |Vws || dz + / ?S(w;—V(V - wg))dx + /(w;—VwSVps) dx
J w

T
- /(w;—szVﬂ) p‘; dzx.

™

2

Therefore, by replacing | @
, we have the following:

\Vw,||7- dx, and noticing that is exactly

P T \2 T T ,\Ps T 2P
72X (ps||m) = / W‘g(VW Ws) (14’/'—4/(% Vps)(Vr ws)ﬂz(l:zf—i—ﬂx/(ws V) =dz

3
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g 2 g 2
-2 / (ijﬂ'w‘,)% dr — 2 /(UJZVWSVTF)p;(],:I} + + (As2) + (Ass)
T ( T

2

2ps
P d:c—l—/(wSTszVﬂ)p‘;d:r.
T

™

2
—/C:(WJV(V'WS))CL’L'— /(w;—szVps)
Next, we combine the terms and obtain

2
=2 + (As2) + (As3)) + 6/ %(VWTWS)QCZ{L‘ — 4/(w;ers)(V7rTws)7'i;dm

2 2
— 3/(w;rH7rw5)7pr‘;dm — /(w;rVuJSVﬂ) p;

™

dz — 2 / (w;rszVps)%d:c — (Asp) — (As3).

Recall that +(As2)+(Ass) = (As), and replacing (Ass2) and (As3) with their expressions,
we have

. 2 2

= 2/ &(V~w‘<)2d,’r+6/p—Z(Vﬂ'Twsfdm—4/(w:VpS)(V7rTw5)p—;dx

J ™ T
2

2
T Ps T Ps T Ps
- 3/(wS Hﬂws)ﬁdx — /(wS VUJSVﬂ');d.Z‘ — 2/(wS szVps)?dx
_ (2/(w5TszVpﬂ)%dm+2/(wZHpsws)%€dm+2/(wSTVpH)27£_dx — 2/(wZVps)(w:V7T)%dm>
{
2 2 . . 2
— (— /(w:szVﬂ')p—;dx — /(w:Hﬂ'ws)p—;dm -2 /(w;Vps)(wZVﬂ)p—;dx—i—Z /(w;rVﬂ')Qp—idac>
. ™ . s . ™ . ™

2 2
= 2/(w;erSws)%dx— 2/(w;rH7rws)%dx —4/(w;—Vp5)(wZV7r)%dm+4/%(Vwﬂus)?dw

(M)
ps 1 p
+2/—S(V~w5)2dxf2/(wIVpS)27dx74/(wZVwSVpS)—Sda:
T T T
(N1)
—4/(w:HpSws)&dm+4/(w;ers)(w:V7r)p—;dx.
T T

(N2)

Now we analyze (M) and (Ny) + (N2) separately. Notice that

o) =2 [ (78 (%) ) pe

and
i 2 T 21 T Ps
(N1) 4+ (Ng) =2 ?(V cws)dr +2 [ (wg Vps) ;dl‘ —4 [ (wy szVpS)?dx
S 1 S
- 4/(w;—Hpsws)pdx - 4/(wSTVpS)2d:Jc +4/(w;—Vps)(w;rV7r)p2d:p
7r T T

2 1 s
= 2/6:(V - w)?dz + 2/(&};er5)27de — 4/(w;rV(w;ers))Z_dx
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2
=2 / &(V - wg)2da + 2 /(w;ers)zjrdx + 4/V : ws(w;ers)%d:c

™
1\2
= 2/ (V . (wsps)> mdx.
T
Since %X2(,03||7T) = (M) + (N1) + (N2), Lemma B.9 is proved. [ |

Appendix C: An Illustrative Example for Explicit Forms of Z;, J;, ||q||r2(x)

Consider an illustrative example where we simulate the DrMMD gradient flow when the
target is a one-dimensional Gaussian target distribution 7 = A(0,52) and the initialization
is also a one-dimensional Gaussian py = N (0, %62). We take a Gaussian kernel k(z,y) =
exp(—%(m — 9)?) whose eigenvalues and eigenfunctions in its Mercer decomposition have the
following closed form expressions (Shi et al., 2009, Proposition 1),

e A (1 E
GV L reros\gErr) 0 T Vi SR Va2t ) :

where = (1+ 4&2)1/ 4e= B 42(;21 and H; is the i-th Hermite polynomial function. We pick
52 > 2 s0 42 > 3. The Gaussian kernel is continuous, bounded and cy-universal as required
in Assumption 1. It also possesses bounded first- and second-order derivatives, thereby
satisfying Assumption 2.

Consider the DrMMD gradient flow (ut):>0 defined in (7) along with its particle update
scheme dx; = —(1 + X\)Vhy, ~(x)dt, where hy, » is the witness function defined in (32) and
A is a positive regularization parameter. Denote my, o7 as the mean and covariance of j,
respectively, then we have the following update scheme for m;, o7 proved in Lemma C.1:

dmy = —(1+A) B [Vhﬂtv”(xt)] dt,
d(07) = ~2(1+ ) Bayop [Vhpy o (22) - 1] At + 201+ ) B, [V, o (22)] -1y dt,

where the expectations are taken over x; ~ p;. While the resulting distribution is not
necessarily Gaussian, we may follow the existing analysis of Stein variational gradient
descent (Liu et al., 2024b) and Langevin Monte Carlo dynamics (Lambert et al., 2022) and
approximate x; ~ pu; with a Gaussian random variable y; ~ vy = N (my, Utz); this yields the
update scheme:

dmt = (1 + )‘) EytNVt [Vhl/tﬁ(yt)] dt)

(C.2)
d(UtQ) =-2(1+X) Ey, v [Vhwm(yt) ] dt +2(1+ ) Ey, v [thmr(yt)] -my dt,

which gives an evolution of Gaussian distributions 4. From (32), the witness function h,,

admits a decomposition with eigenvalues g; and eigenfunctions e;: hy, »(y) = > ;54 Qﬁ X (% —

L, ei)r2(m€i(y). Therefore, the velocity field %h,,m(y) can be written as,

d 0i dvy d
—hy, ™ = > 17 7 -5 € .
dy ty (y) Z>Zl Qz + )\ <d7T € >L2(ﬂ-) dye (y)
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Notice that if m; = 0, then for odd 7, (M Lei) r2(x) = [eidv — f e;dm = 0 because e; is
an odd function. When i is even, E,, [ yez( y)] =0 because Y= dy ei(y) is an odd function.

As a result, if m; = 0, then E[Vh,, (y:)] = 0 and hence 2 = 0 from the update scheme in
(C.2). Therefore, as long as we initialize the DrMMD gradient flow with vy = N(0, 352), a
zero mean Gaussian distribution, the entire trajectory will remain a zero mean Gaussian
distribution N (0, 0?).

Next, observe that for a zero-mean Gaussian trajectory, if the initial variance satisfies
03 < &2, it is natural to expect that the variance increases monotonically toward the target
variance 62 as the DrMMD flow evolves, i.e. 03 < o} < &% for all t. In Lemma C.2,
we provide a rigorous proof of this claim in the cases A = 0 and A = oo, by showing that
(1+X)Ey,~0, [Vhy, x(yt) - 9] <0, which implies that the variance update in (C.2) is monotone
increasing. The cases A = 0 and A\ = oo correspond respectively to the y? flow and the MMD
flow regimes. For general A > 0, however, we are unable to establish a rigorous proof. Our
argument in Lemma C.2 relies heavily on Mehler’s formula (Liang and Tran-Bach, 2022,
Proposition 2.2), which requires exponential decay of the spectrum (0i)i>1. This condition
is not satisfied for DrMMD, whose spectrum is modified to ( 5 )i>1. Nevertheless, we
conjecture that the monotonicity property continues to hold for all A>0

Checking assumptions in Theorem 4.1 and Theorem 5.1: Now we check the assump-
tions from Theorem 4.1 and Theorem 5.1. The target 7 is a Gaussian distribution which
automatically satisfies a Poincaré inequality, and its potential V' is a quadratic function, hence
satisfies HV < SI. vy, m are Gaussians, hence absolutely continuous with respect to Lebesgue

on R. And most importantly, we have d—';f — 1 € Ran(7?%), i.e., there exists ¢; € L?(7)

dvt

such that ”Cll”t 1 = T%?¢;. To see why, we first need to upper bound (-1, ei>%2(7r).

From Belafthal et al. (2020, Corollary 2), we have the following closed-form expressions for

<% — 1, ei)LQ(ﬂ):

3 1 - %52 5_ 1 . ﬁ/BQ 2 H.(0)
i120 1+ 202c c+§§ V1252 C+ 5 e

when i is even and 0 otherwise. Therefore, we have

7 %

d 2 1 132 2
< Vi 17 €i> < . /8 . ’HZ(O)’2 .9 20261 _ + QO-QB 1
dm 2 1Toc 112 507 c+ 202
By the monotonicity of the variance, 03 = %62 < o0? < 52 and 3% > 3, we have
2k k# k8
0< 4 —1: T 1l< -1 Tl -1
8% + c+ ol c+ 207 c+ 552 6% +1

So we have the following upper bound

dv 2 4 B , [ 282 ‘
e < [ (0))2 —1
<d7r 76>L2(W)_1+52c 2!22| (0) B2+1
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Now we are ready to study the L?(m)-norm of ¢;. Recall the formulas of g; in (C.1), we have

= (- Loy _ 48 X1 s (B2 -1\ (824 1\
||Qt”L2(7r):Z RE < 1+a2czi!2i [H:(0)] <52+1> (52—1>

i=1 i=1

g &1 s (21 ap [P
_1+62czi!2i‘H’(O)‘ ((ﬁ2+1> >_1+02c 2

i=1

The last equality holds by Mehler’s formula (Liang and Tran-Bach, 2022, Proposition
2.2). A quick sanity check for the above derivations is to take r = 0.5 and see that
> Q;1<% -1, ei>%2 () is divergent. This indicates that % —1 ¢ H, which verifies the fact
that the Gaussian RKHS does not contain constant functions (Steinwart and Christmann,
2008, Corollary 4.44). Finally, Z; and J; admit the following explicit formulas as well as

uniform upper bounds

S St A /) NP N L)
L2(n) \/2775‘30'152

Ji = |[V(ogm) TV (21;)

dl/t
8 <d7r>

ve

Empirical verification: While the above derivations demonstrate that a (Gaussian pro-
jected) DrMMD gradient flow satisfies all the required assumptions, it is instructive to
demonstrate that a particle implementation in the discrete time setting, without explicit
Gaussian projection, shows the behavior consistent with the theory. We therefore simulate
our finite particle DrMMD gradient descent fi,, with a step size v = 0.01 and particle number
N = 10,000 and empirically inspect its convergence properties. We take 5 = 6 so 32 = 5.
We estimate the density of the Dr-MMD descent u, from the particles with a kernel density
estimator using a Gaussian kernel with lengthscale 0.1 (Epanechnikov, 1969). Based on the
estimated densities ji,,, we compute the following two quantities: Z,, = ||VVTV(‘Z‘7")|| L2(m)
and J, = HA(CZ‘—;)H r2(x)- Their evolution along the DrMMD gradient descent is shown
in Figure 3. We observe that both quantities decrease over time as desired, which is a

consequence of increasing smoothness of the density ratio dd—w” as u, converges to m. We also
report the evolution of the KL divergence KL(fi,||7) along the flow, estimated from particles.

Lemma C.1 Given the DrMMD gradient flow update scheme dxy = —(1 4+ X\)Vhy, = (z¢)dt,
its mean my = Elx;] and variance o? = Elx?] — E[z4])? update scheme can be expressed as

dmt e —(]_ + )\) ]Eg;th,t [vhut,ﬂ'('xt)] dt’
(o) = =201+ A) Bapp[Vipe o (20) - 21] At + 201+ A) By [V (0)] - 7y
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Figure 3: Evolution of ﬁ(ﬂn\\fr), 7, and J, along DrMMD particle descent, where all three terms
are estimated with samples.

Proof For the mean update, %mt = ]E[%xt] = —(1+A) Egyp [V, o (24)]. For the variance
update,

d d d d

&Uf = T (]E[x?] — E[mt]2) =2E[x; - axt] —2E[xy] - EE[%]

= —2(14+ X)) Egpop, [Vhp o () - 2] +2(1 + X) Egyops, [V, 2 (24)] - My

Hence the result. [ |

Lemma C.2 Let v; be a zero mean normal distribution N'(0,07) and 0 < o7 < 52. For the
eigenvalues (0;)i>1 and eigenfunctions (e;);>1 defined in (C.1), we have

d d
Z <Vt -1, ei> Ezmw, [ez(x)m] <0,
dﬂ' L2(7r) d.%'

i>1

Cll/t d
Z 0i <d77 -1, e,>L2(ﬂ) Eznw, [Ch:el(:z:)x] < 0.

i>1
which correspond to the variance update in (C.2) when A =0 and X\ = oo, respectively.

Proof For the inner product term, we know from Corollary 2 of Belafhal et al. (2020) that

S 17€i
dr L2(m)
1 2
= H,(0) b ! |- 220
‘ i12t 1+ 202 c+ ﬁ

For the expectation term, notice that

d 3 1 1 L)\ d
Fan [dwei(x)x] ~ V2 Vore, / HeRp (‘20336 > i) 4o
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(*) 6 1 / 1 2 ZE2
2y A - —a?) (1-5 ) eia) d
12" /270y P 20?5C o? ci(z) dv
g1 1 ) 1
2 Voo exp —ﬁzx exp(—cz”)H; Tﬂﬁzv dzx

B 1 1 2 2 1 9
12 Vorod | TP\ 202" exp(—ca”)H; | |/ 5= Bz | 2* dx

=: E;1+ E;p.

Here in (%), we use integration by parts in which the boundary term vanishes, because
lim, o0 exp(—22)H;(2) = 0. Next, notice that the second term E; 2 equals precisely the
derivative of F;; with respect to c, rescaled by i. To distinguish it from the other ¢

t
that will show up later in (¥4 — 1,¢;)72(,, we denote it as ¢. The original @ —
dm (m) i>1

1, €i) 12(x) Bz [%ei(x)x] can be written as the sum of two components F + Fy:

1 52\ 3 1 52\ 3
S 0 Lo (o8 P
7121 1+ 202c c+ # 1+ 262¢ c+ % o
t

i>1
ZH | i 5 {1— 1 - =2 1= 1 Eia.
=1 212 1+ 205c C+ﬁ 1+ 264c c+ 5=

From Corollary 2 of Belafhal et al. (2020), we know

Vﬁ QW :
-2 Hz 0 )
120\ 1+ 202¢ 20’t (0)

2Ut

and F; 2 = idiEi 1. The relation between F;; and E; 2 would carry over to Fy and F3 as

well, i.e., Iy = F Next, we compute the first half of F}.
02 ﬁQ 2
2'2@ 1+ 202 Bix
z>1 t¢ 20’t

. 1 ]. Z ,B 1 N #62 2 1 - 20252
1+202c\ 1+ 202¢ = 312t c+ = 2%
1 p2 2 2
— 8,/ — Lo (1o 2=f .1_2ﬂﬁ h
1+ 202c\/ 1+ 20 c—i—ﬁ ¢+
—B < s

(14 2026)(1 +20%¢) — (1+ 20Fe — 261+ 207 — 2 ﬂ

-

M\H

z? 2 2 ot ?
72 2+20t0+20tc)_ <0'25> .
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The second last equality holds by the Mehler’s formula (Liang and Tran-Bach, 2022, Propo-
sition 2.2). Similarly, we can also compute the second half of F7.

LIBQ %
ZH \/ - 2= Eiq
12tV 1+ 20 c+ # ’

i>1

[N

) _
=B <(1 + 252%¢)(1 4 202¢) — (1 + 26%¢c — 8*)(1 + 202¢ — ?252)>
1
2 2 -3
- <1 + 202+ (1+42020) 2L — ‘”52) .
g g

Combining the above two equations, we obtain the following formula of F.

1

of of A\ 2 RN
F=— —2(2+20tc+20tc) <52B> +(1+20’tt+(1+20' 0)62—526>

_1
2

Since Fy = F1, we have

3
2

2 2\ 2\~ 2 2 -
o o o of o
Fy = (52( + 207c+ 203¢) — —52B 3 +205¢+4 (1 + 20 c)—&2 - —52B

Recall that the original ZZ>1< =1, ei)r2(m 9L,N,,t[%ei(:c)as] can be written as the sum of
two components Fy + Fy, and recall that ¢ = ¢ and 32 = 1 + 462¢ by definition. We obtain

o2 2\ \ ~ 3 2\ —1
Z<d”1,ei> Eym, [dei(x)x] — P+ Fy= ( (2”;)) -1+ (2‘7;) .
= dm L2(x) dx o2 o ol

which is negative when 0 < o; < @. So we have concluded the proof of the first claim. Now,
we are about to prove the second claim. Following the same derivations as above, we can

write 2121(91-% —1,ei) r2(m) Eyr, [ ei(2)7] as the sum of two terms G; and Go.

= \/7 L (mm T (=m N g

< ol O G {1202 ('~ ex = 11202\ c+ .5 ol
1 w8\’ L w70\ *

= oilli( 5. (1= i - — | 1- i Eia.

i>1 Z'Ql 1+2O—tc C+P 1“!‘20‘0 C+W

Since g; (gQ +1) defined in (C.1) has exponential decay, hence Mehler’s formula still hold.

Up to some positive multiplier coefficient that do not change the sign, G; can be written as
the following formula

[un

1
2 4\ ~ 32
Gl =— ((2020)2(1 +20%)2 + 221 — Z’;) +((26%¢) (1 +26%¢) (1 +207¢) + 1) 2.
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And similar to Fy, Fo, we have Gy = 0—120%6’1. As a result,
t

3
2 4\ —35 2 2
o o o 14 205¢c o
Gy = ((2020) 2(1 + 20’?0)2 + 2?;2 - 52) : <_t + _t)

3 [1+252
— ((26%¢)2(1 + 26%¢)(1 + 207¢) + 1) 2 - (W + 1) ,

Combined, we obtain

3
2 4N —3 2 2 4
_ _2 \—2 2 32 Ot Oy 2 207c Ot Oy
Gl + GQ = — ((20’ C) (1 + 20’t C) + 2? - 0_4) . ((1 + 20’t 6)7(25'26)2 + ? - g
_2 \—2 _2 2 -3 o\ 20fc
+ ((26%¢)*(1 4 25%¢)(1 + 207¢c) + 1) (1+2 )(252 2

When 0 < 07 < 52, we have the following relations

2 4
(252¢)"2(1 + 202¢)? + 2% - % < (25%¢)72(1 + 262¢)(1 + 202¢) + 1,
202¢ 2 g 202c
2 t t t ~2 t
(14 207c) (2520)2 + = - Fri (1+25%¢) 25202

Therefore,
d d
g 0i <Vt -1, ei> Eznv, [ez(x)x] =G+ G2 <0,
; dm 2 dx
i>1 L2(m)

proving the second claim.
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