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Abstract

This paper studies the problem of learning Bayesian networks from continuous observa-
tional data, generated according to a linear Gaussian structural equation model. We con-
sider an fyp-penalized maximum likelihood estimator for this problem, which is known to
have favorable statistical properties but is computationally challenging to solve, especially
for medium-sized Bayesian networks. We propose a new coordinate descent algorithm to
approximate this estimator and prove several remarkable properties of our procedure: The
algorithm converges to a coordinate-wise minimum, and despite the non-convexity of the
loss function, as the sample size tends to infinity, the objective value of the coordinate
descent solution converges to the optimal objective value of the ¢y-penalized maximum
likelihood estimator. To the best of our knowledge, our proposal is the first coordinate
descent procedure endowed with optimality guarantees in the context of learning Bayesian
networks. Numerical experiments on synthetic and real data demonstrate that our coordi-
nate descent method can obtain near-optimal solutions while being scalable.

Keywords: Directed acyclic graphs, ¢p-penalization, Non-convex optimization, Struc-
tural equation models

1. Introduction

Bayesian networks provide a powerful framework for modeling causal relationships among
a collection of random variables. A Bayesian network is typically represented by a directed
acyclic graph (DAG), where the random variables are encoded as vertices (or nodes), a
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directed edge from node i to node j indicates that ¢ causes j, and the acyclic property of
the graph prevents the occurrence of circular dependencies. If the DAG is known, it can be
used to predict the behavior of the system under manipulations or interventions. However,
in large systems such as gene regulatory networks, the DAG is not known a priori, making
it necessary to develop efficient and rigorous methods to learn the graph from data. To
solve this problem using only observational data, we assume that all relevant variables are
observed and that we only have access to observational data.

Three broad classes of methods for learning DAGs from data are constraint-based, score-
based, and hybrid. Constraint-based methods use repeated conditional independence tests
to determine the presence of edges in a DAG. A prominent example is the PC algorithm
and its extensions (Spirtes et al., 1993; Tsamardinos et al., 2006). While the PC algorithm
can be applied in non-parametric settings, testing for conditional independencies is gener-
ally hard (Shah and Peters, 2018). Furthermore, even in the Gaussian setting, statistical
consistency guarantees for the PC algorithm are shown under the strong faithfulness con-
dition (Kalisch and Biithlmann, 2007), which is known to be restrictive in high-dimensional
settings (Uhler et al., 2012). Score-based methods often deploy a penalized log-likelihood
as a score function and search over the space of DAGs to identify a DAG with an optimal
score. These approaches do not require the strong faithfulness assumption. However, statis-
tical guarantees are not provided for many score-based approaches and solving them exactly
suffers from high computational complexity. For example, learning an optimal graph using
dynamic programming takes about 10 hours for a medium-size problem with 29 nodes (Si-
lander and Myllymaéki, 2006). Several papers (Kiiciikyavuz et al., 2023; Xu et al., 2025) offer
speedup by casting the problem as a convex mixed-integer program, but finding an optimal
solution with these approaches can still take an hour for a medium-sized problem. Finally,
hybrid approaches combine constraint-based and score-based methods by using background
knowledge or conditional independence tests to restrict the DAG search space (Tsamardinos
et al., 2006; Nandy et al., 2018).

Several strategies have been developed to make score-based methods more scalable by
finding approximate solutions instead of finding optimally scoring DAGs. One direction to
find good approximate solutions is to resort to greedy-based methods, with a prominent
example being the Greedy Equivalence Search (GES) algorithm (Chickering, 2002). GES
performs a greedy search on the space of completed partially directed acyclic graphs (an
equivalence class of DAGs) and is known to produce asymptotically consistent solutions
(Chickering, 2002). Despite its favorable properties, GES does not provide optimality or
consistency guarantees for any finite sample size. Further, the guarantees of GES assume a
fixed number of nodes with a sample size going to infinity and do not allow for a growing
number of nodes. Another direction is gradient-based approaches (Yu et al., 2019; Zheng
et al., 2018), which relax the discrete search space over DAGs to a continuous search space,
allowing gradient descent and other techniques from continuous optimization to be applied.
However, the search space for these problems is highly non-convex, resulting in limited
guarantees for convergence, even to a local minimum. Finally, another notable direction is
based on coordinate descent; that is iteratively maximizing the given score function over
a single parameter, while keeping the remaining parameters fixed and checking that the
resulting model is a DAG at each update (Aragam and Zhou, 2015; Aragam et al., 2019;
Fu and Zhou, 2013; Ye et al., 2020). While coordinate descent algorithms have shown
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significant promise in learning large-scale Bayesian networks, to the best of our knowledge,
they do not come with convergence and optimality guarantees.

Contributions: We propose a new score-based coordinate descent algorithm for learn-
ing Bayesian networks from Gaussian linear structural equation models. Remarkably, unlike
prior coordinate descent algorithms for learning Bayesian networks, our procedure provably
i) converges to a coordinate-wise minimum, and ii) yields optimally scoring DAGs in the
large sample limit despite the non-convex nature of the problem. Moreover, we characterize
the convergence rate as a function of both the sample size and the number of nodes. A
byproduct of our analysis is a characterization of the optimization landscape: in the large-
sample regime, all local minima achieve objective values close to a global minimum, and
exactly match it in the limit—a result that may be of independent interest.

As a scoring function for this approach, we deploy an £y-penalized Gaussian log-likelihood,
which implies that optimally-scoring DAGs are solutions to a highly non-convex £y-penalized
maximum likelihood estimator. This estimator is known to have strong statistical consis-
tency guarantees (van de Geer and Bithlmann, 2013), but solving it is, in general, in-
tractable. Thus, our coordinate descent algorithm can be viewed as a scalable and efficient
approach to finding approximate solutions to this estimator that are asymptotically opti-
mal (that is, match the optimal objective value of the ¢y penalized maximum-likelihood
estimator as the sample size tends to infinity).

We illustrate the advantages of our method over competing approaches via extensive
numerical experiments. The proposed approach is implemented in the python package
micodag, and all numerical results and figures can be reproduced using the code in https:
//github.com/AtomXT/coordinate-descent-for-bayesian-networks.git.

2. Problem Setup

Consider an unknown DAG whose m nodes correspond to observed random variables X €
R™. We denote the DAG by G* = (V, E*) where V' = {1,...,m} is the vertex set and
E* CV x V is the directed edge set, where (i,7) € E* indicates ¢ — j in graph G*. We
assume that the random variables X satisfy the linear structural equation model (SEM):

X =BTX +e, (1)

where B* € R™*™ is the connectivity matrix with zeros on the diagonal and B;k # 0 if
(j,k) € E*. In other words, the sparsity pattern of B* encodes the true DAG structure.
Further, e ~ NV (0,9*) is a random Gaussian noise vector with zero mean and independent
coordinates so that Q* is a diagonal matrix. We use the Bachman-Landau symbols O to
describe the limiting behavior of a function. Furthermore, we denote z < 1 to express
z=0(1) and 1/z = O(1). Assuming, without loss of generality, that all random variables
are centered, each variable X in this model can be expressed as the linear combination of
its parents—the set of nodes with directed edges pointing to j—plus independent Gaussian
noise. By the SEM (1) and the Gaussianity of ¢, the random vector X follows the Gaussian
distribution P* = N (0,X*), with ¥* = (I — B*)""Q*(I — B*)~'. Throughout, we assume
that the distribution P* is non-degenerate, or equivalently, ¥* is positive definite. Our
objective is to estimate the matrix B*, or as we describe next, an equivalence class when
the underlying model is not identifiable.
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Multiple SEMs are generally compatible with the distribution P*. To formalize this, we
need the following definition.

Definition 1 (Graph G(B) induced by B) Let B € R™*™ with zeros on the diagonal. Then,
G(B) is the directed graph on m nodes where the directed edge from i to j appears in G(B)
if and only if B;; # 0.

To see why the model (1) is generally not identifiable, note that there are multiple tuples
(B, Q) where G(B) is DAG and Q is a positive definite diagonal matrix with ¥* = (I —
B)"TQ(I — B)™' (van de Geer and Biithlmann, 2013). As a result, the SEM given by
(B, Q) yields an equally representative model as the one given by the population parameters
(B*,Q*). When G* is faithful with respect to the graph G*, the sparsest DAGs that are
compatible with P* are precisely MEC(G*), the Markov equivalence class of G* (van de
Geer and Biithlmann, 2013). Next, we formally define the Markov equivalence class.

Definition 2 (Markov equivalence class MEC(G) Verma and Pearl, 1990) Let G = (V, E)
be a DAG. Then, MEC(G) consists of DAGs that have the same skeleton and same v-
structures as G. The skeleton of G is the undirected graph obtained from G by substituting
directed edges with undirected ones. Furthermore, nodes i,j, and k form a v-structure if
(i,k) € E and (j,k) € E, and there is no edge between i and j.

With these preliminaries and definitions in place, we next describe the proposed ¢y-
penalized maximum likelihood estimator. Consider n independent and identically dis-
tributed observations of the random vector X generated according to (1). Let 3 be the
sample covariance matrix obtained from these observations. Further, consider a Gaus-
sian SEM parameterized by connectivity matrix B and noise variance Q with D = Q1.
The parameters (B, D) specify the following precision, or inverse covariance, matrix © :=
©(B,D) := (I — B)D(I — B)". The negative log-likelihood of this SEM is proportional
to £,(0) = trace(O%) — logdet(0). Naturally, we seek a model that not only has a small
negative log-likelihood but is also specified by a sparse connectivity matrix containing few
nonzero elements. Thus, we deploy the following #/y-penalized maximum likelihood estima-
tor with a regularization parameter A > 0:

i t, (I-B)D(I-B)") +\|B t. G(B)is a DAG. 9
BeRminwf’%eDL (( ) D ( )) + ANBllg, st G(B)isa (2)

Here, D7, denotes the collection of positive definite m x m diagonal matrices and || B||¢,
denotes the number of non-zeros in B. Note that the ¢y penalty is generally preferred
over the ¢; penalty or minimax concave penalty (MCP) for penalizing the complexity of
the model. In particular, ¢y regularization exhibits the important property that equivalent
DAGs—those in the same Markov equivalence class—have the same penalized likelihood
score, while this is not the case for ¢; or MCP regularization (van de Geer and Biihlmann,
2013). Indeed, this lack of score invariance with ¢; regularization partially explains the
unfavorable properties of some existing methods (see Section 6).

The Markov equivalence class MEC(G(BP?)) of the connectivity matrix B°Pt obtained
from solving (2) provides an estimate of MEC(G*). van de Geer and Bithlmann (2013) prove
that this estimate has desirable statistical properties; however, solving it is, in general,
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intractable. As stated, the objective function ¢,((I — B)D(I — B)T) is non-convex and
non-linear function of (B, D). Furthermore, the logdet function in the likelihood ¢,, is not
amenable to standard mixed-integer programming optimization techniques. To circumvent
the aforementioned challenges, Xu et al. (2025) derive the following equivalent optimization
model via the change of variables T' < (I — B)D/2:

min f(I') st. G (I —diag(T")) is a DAG. (3)
FeRmxm

Here f(I) := 327, —2log(Ts;) + tr(TTTS) + A2 || T — diag(T)]|4,, and diag(T) is the diagonal
matrix formed by taking the diagonal entries of I".  The optimal solutions of (2) and (3)
are directly connected: Letting (BPY, D°P) be an optimal solution of (2), then Pt =
(I — BoPY)(DOP*)1/2 is an optimal solution of (3). Furthermore, the sparsity pattern of
[opt _ diag(f‘(’pt) is the same as that of BOpt; in other words, the Markov equivalence class
MEC(G(B°P")) is the same as the Markov equivalence class MEC(G(I'°Pt — diag(I'°Pt))).

Xu et al. (2025) recast the optimization problem (3) as a convex mixed-integer program
and provide algorithms to solve (3) to optimality. However, solving (3) is, in general, NP-
hard, and obtaining optimality certificates may take an hour for a problem with 20 nodes
(Xu et al., 2025).

3. A Coordinate Descent Algorithm for DAG Learning

In this section, we develop a cyclic coordinate descent approach to find a heuristic solution to
problem (3). The coordinate descent solver is fast and can be scaled to large-scale problems.
As we demonstrate in Section 4, it provably converges and produces an asymptotically
optimal solution to (3). Given the quality of its estimates, the proposed coordinate descent
algorithm can also be used as a warm start for the mixed-integer programming framework
in Xu et al. (2025) to obtain optimal solutions.

3.1 Parameter Update Without Acyclicity Constraints

Let us first ignore the acyclicity constraint in (3), and consider solving problem (3) with
respect to a single variable I'y,, for u,v = 1,...,m, with the other coordinates of I" fixed.
Specifically, we are solving

: . o - Ty 2 1
Jnin, g(Pu) = ; 2log(T'i;) + tr (FF E) + A7 — diag (L) [|¢, (4)

with I';; being fixed for i # u, j # v.

Proposition 3 The solution to problem (4), foru,v=1,...,m and v # u is given by
A 2 < AL, — Ay + 1/ A2, + 163
fooo e INsEL L o T VA T R
0, otherwise. 4%

where Ay, = Z Fjuiju + Z Fkuiuk and Ay, = Z Fjvi:ju + Z Fkviuk
J#u k#u J#u k#u
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Proof The original objective function g with £p-norm is nonconvex and discontinuous. To
find the optimal solution, we compare ¢g(0) with g(§y,) for some 4, # 0.
For any u € V', we have

m m
tr <FFTE) = Z Twi | TwiXuw + Z [jiXju | + Z Z Tri | TuiXur + Z Fjizjk . (5)
=1

jFu k#u i=1 jFu

We begin by analyzing off-diagonal entries 'y, (where u # v). For each nonzero Ty,
optimizing g(I'y,) is equivalent to minimizing tr(I'T"X). From equation (5), the derivative
of tr(I'T"Y) with respect to I'y, is given by

otr(ITTs)

ar.. = 22WFW + Z Fjviju -+ Z Fkviuk = 22uuruv + Ay

JFu k#u

Setting the derivative to zero, and defining 9y, := — Ay, / (22%), we obtain

argmin g(I'y,) =T

uv

N Yuw, I 9(Guw) < 9(0),
uv T .
0, otherwise.

Furthermore, we observe that %tr(FFTi) = QEW > (0. This positive second derivative
implies that optimizing g(I',) for Lz;ny nonzero off-diagonal entry reduces to solving a convex
optimization problem.

Given that g(Ju.) represents the optimal objective value for any nonzero I'y,,, comparing
it with g(0) allows us to determine the optimal solution. Note that g(uy) —g(0) = 42, Swu+
AuvAww + A2, Thus, g(Juw) < g(0) is equivalent to A\? < Aiv/(élfluu).

Now we consider the update of I'y, when u = v. We have:

og(’ -2 - - A -2 .
%(F“u) = T + QEuuFuu + Z ]-_‘juzju + Z Fkuzuk = T + 22uuruu + Auu
Setting 9g(Tuu) /0wy = 0, we obtain: Ty, = (— Ay + (A2, + 163,,)2) /(4544). [ |

3.2 Accounting for Acyclicity and Full Algorithm Description

Algorithm 1 fully describes our procedure. The input to our algorithm is the sample covari-
ance f}, regularization parameter A € R, a super-structure graph Fgquper that is a superset
of edges that contains the true edges, a positive integer C, and a topological ordering O
that is a permutation of {1,2,...,m}. We allow the user to restrict the set of possible
edges to be within a user-specified super-structure set of edges Eguper- A natural choice of
the superstructure is the moral graph, which can be efficiently and accurately estimated
via existing algorithms such as the graphical lasso (Friedman et al., 2007), neighborhood
selection (Meinshausen and Buhlmann, 2006), or fp-regularized pseudo-likelihood-based es-
timator (Behdin et al., 2023). This superstructure could also be the complete graph if a
reliable superstructure estimate is unavailable. The input topological ordering O governs



COORDINATE DESCENT FOR LEARNING BAYESIAN NETWORKS

the order in which the coordinates of I' are updated in our coordinate descent algorithm
(see Remark 4 for more discussion).

We start by initializing I" according to input I'™* and permute the rows and columns
of 3 according to O. Then, for each pair of indices u and v ranging from 1 to m, we
update 'y, based on specific rules. If u = v (a diagonal entry), we update it directly
according to Proposition 3. Among the off-diagonal entries, we only update those within
the superstructure. Specifically, if u # v, and (u,v) is in the superstructure, we check if
setting 'y, to a nonzero value violates the acyclicity constraint. (We use the breadth-first
search algorithm (see Ellis and Wong, 2008; Fu and Zhou, 2013) to check for acyclicity.) If
it does not, we update 'y, as per Proposition 3; otherwise, we set I'y, to 0. We refer to a
full sequence of coordinate updates as a full loop. The loop is repeated until convergence,
when the objective values no longer improve after a complete loop. We keep track of the
support of I's encountered during the algorithm. When the occurrence count of a particular
support of I's reaches a predefined threshold, C, a spacer step (Bertsekas, 2016; Hazimeh and
Mazumder, 2020) is initiated, during which we update every nonzero coordinate iteratively.
Note that in the spacer step, we use 4y, which is the optimal update without considering
the sparsity penalty, that is, we use A2 = 0. The use of spacer steps stabilizes the behavior
of updates and ensures convergence. After finishing the spacer step, we reset the counter
of the support of the current solution.

Remark 4 The effect of the input ordering O is that Algorithm 1 iteratively updates the
coordinates of I' in a particular order: updating row by row in the order given by O, and
within each row, according to O. In Section 4, we show that regardless of the input ordering
O, as well as the initialization Uiny, Algorithm 1 converges, and is asymptotically optimal
(matches the optimal objective value as the sample size tends to infinity). However, while
different orderings result in similar final objective values, the associated Markov equiva-
lence classes can vary significantly. Thus, a given ordering or initialization may result in a
Markov equivalence class that is far from the population one. In Section 5, we discuss this
challenge, and advocate for using an existing algorithm to find a suitable ordering, and use
this ordering as input to Algorithm 1. Finally, we note that the input topological ordering
O is simply an initialization to Algorithm 1. Indeed, the topological ordering corresponding
to the output I can in general be different than O. Finally, we note that the default initial-
ization Tt = T tends to perform well in practice and is comparable to other initialization
values, especially when a good ordering O is selected; see Section 6.

4. Convergence and Optimality Guarantees

We provide convergence and optimality guarantees for our coordinate descent procedure
(Algorithm 1). Specifically, we follow a similar proof strategy as Hazimeh and Mazumder
(2020) to show that Algorithm 1 converges. Remarkably, we also prove the surprising result
that the objective value attained by our coordinate descent algorithm provably converges to
the optimal objective value of (3). Throughout, we assume the super-structure Egyper that
is supplied as input to Algorithm 1 satisfies E* C Egyper where E* denotes the true edge set;
see Xu et al. (2025) for a discussion on how the graphical lasso can yield super-structures
that satisfy this property with high probability.
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Algorithm 1 Cyclic coordinate descent algorithm with spacer steps

1: Input: Sample covariance ﬁ, regularization parameter A € R, super-structure Fquper,
positive integer C, any topological ordering O that is a permutation of {1,2,...,m},
initial matrix '™ (default: identity matrix).

2. Initialize: T < Mt . ¢ « 1;
3: ¥« 3 with rows and columns permuted according to O.
4: while objective function f(I'*) continue decreasing do
5. for u=1tom do
6: Ffw = f‘uu, where fuu is calculated from Proposition 3 using the recently updated
I't.
for v =1 to m such that (u,v) € Egper do
If T, # 0 violates acyclicity constraints, set I'Y,, = 0. R
9: If T, # 0 would not violate acyclicity constraints, set T, = T'y,.
10: t+t+1.
11: Count[support(I'*)] < Count[support(I')] + 1.
12: if Count[support(T'*)] = Cm? then
13: ['**1 < SpacerStep(T?). (Algorithm 2)
Count[support(I'*)] = 0.
14: t<+—t+1.
15: end if
16: end for

17:  end for
18: end while

19: T« T WitAh rows and columns reordered back to the original Va{iable order.
20: Output: I" and the Markov equivalence class MEC(G(I" — diag(T"))).

Algorithm 2 SpacerStep

1: Input: I
2: for (u,v) € support(I'¥) do
3: Set thl — Yuw
4
5

. end for
: Output: I'‘f!

Our analysis relies on the notion of coordinate-wise minimum (Hazimeh and Mazumder,
2020), which represent solutions Algorithm 1 obtains under different input orderings O.

Definition 5 (Coordinate-wise (CW) minimum) A connectivity matriz TCWV € R™*™ of
a DAG is the CW minimum of problem (3) if for every (u,v),u,v = 1,...,m, TSV is a
minimizer of g(Tyy) with other coordinates of TV held fized.

4.1 Convergence

Our convergence analysis requires an assumption on the sample covariance matrix:
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Assumption 1 (Positive definite sample covariance) The sample covariance matric S is
positive definite.

Assumption 1 is satisfied almost surely if n > m and the samples of the random vector X
are generated from an absolutely continuous distribution. Under this mild assumption, our
coordinate descent algorithm provably converges to a coordinate-wise minimum.

Theorem 6 (Convergence of Algorithm 1) Let {I''}22, be the sequence of estimates gener-
ated by Algorithm 1. Suppose that Assumption 1 holds. Then, for input topological ordering
O or initial point T to Algorithm 1:

1. the sequence {support(I'*)}°, stabilizes after a finite number of iterations; that is,
there exists a positive integer M and a support set E C {(i,7) : i,7 = 1,2,...,m}
such that support(I'Y) = E for all t > M.

2. the sequence {T''}$2, converges to a coordinate-wise minimum T" with support(l’) = E.

The proof of Theorem 6 is provided in Appendix A and adapts the analysis in Hazimeh
and Mazumder (2020), which was originally developed for coordinate descent in variable
selection, to our problem setting.

4.2 Optimality guarantees

Let dmax = max; |[{j : (j,i) € Esuper}|, the maximum degree of a node in Egyper. Our
analysis for optimality guarantees requires an assumption on the population model. For the
set £ C{(i,j):4,j =1,2...,m}, consider the optimization problem

m
'}, = arg min Z —2log(Ts;) + tr (ITTY*)  s.it. support(T') C E. (6)
FeRmxm i=1

Assumption 2 There ezists constants &,k > 0 such that 0pmin(I'}) > & and 0me(I'}) < &
for every E C Egper where the graph (V,E) is a DAG, where opmin(-) and opmin(-) are the
smallest and largest eigenvalues respectively.

Theorem 7 Let I' be the solution of Algorithm 1 with any input topological ordering O or
initial point T and let [Pt pe an optimal solution of (3). Suppose Assumption 2 holds
and let the regularization parameter be chosen so that \* = O(logm/n) where m and n
denote the number of nodes and number of samples, respectively. Then,

1. f(T) = f(T°PY) =p 0 as n — oo,

2. if n/log(n) > O(m?logm), with probability greater than 1 — 1/O(n), we have 0 <
FL) = f(LP) < O(\/d3,gm* log m/n).

In other words, regardless of the input ordering O, the objective value of the coordinate
descent solution converges in probability to the optimal objective value as n — oo. Further,
assuming the sample size n is sufficiently large, with high probability, the difference in
objective value is bounded by O(+/d2,,,m* logm/n).

max
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We prove Theorem 7 by showing the results for any coordinate-wise minimum of problem
(3) (see Definition 5). Our proof relies on the following lemmas. Throughout, we let E be
the support of T, that is, £ = {(4,7),T; # 0}.

Lemma 8 Let I', P! be the solution of Algorithm 1 and optimal solution of (3), respec-
tively. Then, i) for any u,v = 1,2,...,m, Ay, + M oS = 2(ZAT)W where Ay, 18 defined
in Proposition 3. ii) if Tyy # 0, then (D), = 0, and i) the matriz TTTY has ones on
the diagonal. Moreover, these properties also hold for the optimal solution [opt,

Proof [Proof of Lemma 8] For u,v = 1,...,m, by the definition of A, Ay, + M o =

(EI‘)W, proving item i. Since any solutlon from Algorithm 1, T' satisfies Proposition 3, for
any (u,v) € E, (4EWFW + Aw)? = A2 + 16, and Ay = —20uSuy. Combining the
previous relations, we conclude that ( ) » = 0. Therefore, for any (u,v) € E, we have
Lo =# 0 and (EF)M = 0, resulting in Fw(ilf)m, = 0. This proves item ii. Plugging Auu into

the previous relations, we arrive at I‘uu(EF) « = 1. Thus, (IT E)“ = Z S (I‘ E)JZ =
I’Z-Z-(F E)ii = 1, proving item iii. Since ['°Pt is an optimal solution, it must satisfy the condi-
tions stated in Proposition 3; otherwise, we could update ['°Pt to achieve a better objective
value. Therefore, the same arguments apply to [opt, |

Lemma 9 Let E C {(4,j) : 4,7 = 1,2,...,m} be any set where the graph indezxed by tuple
(V,E) is a DAG. Consider the estimator:

m
['p = argmin Z —2log(Ty;) + tr (FFT2> s.t. support(I') C E. (7)
FngXm i=1
Suppose that 4/mi|%—X* |2 < min{k/(8/m#?2), =} and that S is positive definite. Then,
P — Tylle < 4y/malS — ]l

Proof [Proof of Lemma 9] The proof follows from standard convex analysis and Brouwer’s
fixed point theorem; we provide the details below. Since I' follows a DAG structure, the
objective of (7) can be written as: —2log det(T')+||T%'/2||2. The KKT conditions state that
there exists Q with support(Q) N E = @ such that the optlmal solution T'g of (7) satisfies
—QFE +Q+2FEE =0 and support(I‘E) CE. Lt A=Tp— I';;. By Taylor series expansion,
[t = (5 + A =T%71 —T%5 TADL ™ + R(A), where R(A) = 2I%, 71 3200, (A% )R,
For any matrix M € Rmxm, deﬁne the operator I* with I*(M) := QFE_TMF%_I + 2M ¥
Let K be the subspace K = {M € R"*"™ : support(M) C E} and let Pg be the projection
operator onto subspace K that zeros out entries of the input matrix outside of the support
set E. From the optimality condition of (6), we have Py [QF*E_l — 2I'};,¥*] = 0. Then, the
optimality condition of (7) can be rewritten as:

Pr [H*(A) L 2A(E — T¥) — 2R(A) + Hy| =0, (8)

where H,, = 2I‘}‘5(2 — ¥*). Since I'g € K and I'}; € K, we have that A € K. We use
Brouwer’s theorem to obtain a bound on ||A||r. We define an operator J as K — K:

J(6) = 6 — (Pel*Pr) (P;C [H*P;c(é) —9R(6) + Hyy + 26(S — 2*)]) .

10
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Here, the operator PxI* Pk is invertible since opmin (I*) = omin (T’ j{;_l)z > ,%2 Notice that any
fixed point & of J satisfies the optimality condition (8). Furthermore, since the objective
of (7) is strictly convex, we have that the fixed point must be unique. In other words,
the unique fixed point of J is given by A. Now consider the following compact set: B, =
{6 € R™>™ . support(5) C E,||6||p < r} for r = 4y/mi||2 — $*||2. By the assumption,
r < min{x/(8y/mk?), o b }. Then, for every d € By, we have ||0I'}||r < kr < 1/2, and
IR@)r < 2Vl 13 oumin(CR)I0]E ey < 2R s < AR/, Since
1Hallr < 2v/m|T5 2] - £*[|2 and @ )IIF <K [HH I7 + 2(RO)|F + 2[]6(X — X*) | #],
we conclude that ||J(d)||r < S‘FH g ”27" + 2f’
that J maps B, onto itself. Appeahng to Brouwer’s fixed point theorem, we conclude that
the fixed point must also lie inside B,. Thus, we conclude that |Al|z < r.

< r. In other words, we have shown

Lemma 10 With probability greater than 1—1/O(n), we have |S—X*||2 < O(y/mlog(n)/n),
15]oe < 272, Tmin(2) > £2/2, |IT]|oo < 27 and omin(L) > £/2.

Proof [Proof of Lemma 10| From standard Gaussian concentration results, when n/log(n) >
O(m), with probability greater than 1—O(1/n), we have that | X—X*||2 < O(y/mlog(n)/n).
By Assumption 2, with probability greater than 1 — O(1/n), S is positive definite, with
ISl < 2R% and omin(X) > k2 — O(y/mlog(n)/n) > k?/2. Furthermore, appealing
to Lemma 9, ||’ — Illr < O(y/m?log(n)/n). Thus, IT]lo0 < [T%[l2 + & < 2% and
Omin(T) > & — O(y/mlog(n)/n) > K/2. |

Proof [Proof of Theorem 7] Part 1). First, observe that by definition, T'°P* is the optimal
solution of the problem

- %in f() st. G(I'—diag(l')) is a DAG,

e mXm

where f(T') := 37, —2log(Ty;) + tr(TT™E) 4+ AT — diag(T")|¢, is the penalized negative
log-likelihood function. The negative log-likelihood part of f is convex with the optimal
value being ming{— log det(©) + tr(©%)}. Clearly, 327", —2log(T'oP") + tr(TOPHTPHTS) >
ming{— log det(0) + tr(©3)}. Therefore,

F(IoPY) > min{—log det(6) + tr(O%)} = logdet(S) + m. (9)
Now,
0 < f(I) = f(IP) < f(T) — logdet(S) — m = —log det(I'T"%) + A?||T" — diag(T)|lo,

where the second inequality follows from (9), and the equahty follows from appeahng to
item iii. of Lemma 8 to conclude that f(I') = —logdet(I'L™) + m + A\2||I" — diag(I)|o,
because tr(O%)} = m

Our strategy is to show that as n — oo, IR converges to a matrix with ones on the
diagonal and whose off-diagonal entries induce a DAG. Thus, log det(ffo]) —log [t 1=

11
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0 as n — co. Since A2 = 0 as n — oo and ||I’ — diag(I")|jo < m?2, we can then conclude the
desired result. For any u,v =1,2,...,m:

m
(CT"S)uy = > Tui(C0)i = Cuu(ED)ou + Cuw(BD)ow + Y Tui (5T s, (10)
=1 ZEFuv

where Fyy := {i | i # u,i # v, (u,i) € E,(v,i) € E}. Here, the second equality is due to
item ii. of Lemma 8; note that if FM(EF)M # 0, then i € Fy, as otherwise either [wi =0
or (XT),; = 0. We consider the two possible settings for (u,v),u # v: Setting I) (u,v) € E
which implies that (v,u) ¢ E as T' specifies a DAG, and Setting II) (u,v), (v,u) € E. (Note
that (u,v), (v,u) € F is not possible since I" specifies a DAG.)

Setting I: Since (u,v) € E and (v,u) € E, we have

A A A A A o 1 A A 1A
(FFTZ)vu = Z Fvi(zr)ui = Z Fvi (2Auz +Fui2uu> = Z §FviAui‘

Here, the first equality follows from appealing to (10), and noting that I'yu = 0 and that
(ﬁ]f)uv = (0 according to item ii. of Lemma 8; the second equality follows from item i. of
Lemma 8; the final equality follows from noting that fm =0 for i € Fy,.

For each i € F,,, Figure 1 (left) represents the relationships between the nodes w, v, i.
Here, the directed edge from u to v from the constraint (u,v) € Eis represented by a dashed
line, the directed edge from v to ¢ from the constraint ¢ € Iy, is represented by a solid line,
and the directed edge that is disallowed due to the constraint i € F, is represented via a
crossed-out solid line.

Since there is a directed path from w to i, to avoid a cycle, a directed path from i to u
cannot exist. Thus, adding the edge from u to i to E does not violate acyclicity and the fact
that it is missing is due to A\? > A2,/ (4f]uu) according to Proposition 3. Then, appealing
to Lemma 10, we conclude that with probability greater than 1 — O(1/n): (DTS | <
D icE,. %\fm-|2)\( W)/? < 4ANR%dpay. In other words, in this setting, [(IT"%)y,] — 0 as
n — 0.

Setting II: Since (u,v), (v,u) € E, we have

U . (1 .. . /1 - LyiAui
(FFTE)uv = Fuu (2Avu + Fvuzvv> + Z Fui (2Avi + Fvizvv) - Z m2 o . (11)
ZEF’U.’U ZGFU’U

U{u}

Here, the first equality follows from plugging zero for [wo in (10) and appealing to item i.
of Lemma 8; the second equality follows from plugging in zero for I'y; and Tyy,. Since T
specifies a DAG, there cannot simultaneously be a directed path from u to v and from v to
u. Thus, either directed edges (u,v) or (v,u) can be added without creating a cycle. We
consider the three remaining sub-cases below:

Setting I1.1. Adding (u,v) to E violates acyclicity but adding (v,u) does not.
For each i € F,,, Figure 1 (middle) represents the relations between nodes u,v, and i.
Here, due to the condition of Setting II, nodes u and v are not connected by an edge, which

12
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is displayed by a solid, crossed-out, undirected edge. Furthermore, the directed edge from
u to ¢ from the constraint ¢ € F, is represented via a solid directed edge, the directed edge
v to ¢ that is disallowed due to the constraint ¢ € F, is represented via a crossed-out solid
line. Finally, the directed edge u to v that is disallowed due to acyclicity is represented via
a crossed-out dashed line.

Since adding the directed edge (u,v) to E creates a cycle, then we have the following
implications: i. adding (v,u) to E does not violate acyclicity (as both edges u — v and
v — u cannot simultaneously create cycles) and ii. there must be a directed path from v to
u. Implication i. allows us to conclude that Iy, must be equal to zero due to the condition
433,,A2 > A2 from Proposition 3. Combining implication ii. and the fact that there is a
directed edge from u to 7 in E allows us to conclude that there cannot be a directed path
from ¢ to v as we would be creating a direct path from w to itself. Thus, the fact that
the directed edge (v,7) is not in E, or equivalently that Ly = 0, is due to 43,502 > Agi
according to Proposition 3. From (11) and Lemma 10, we conclude with probability greater
than 1 — O(1/n), |(FT"S)u| < iepmuoguy 311020 (E0) 2 < 4RA(1 + dinay)- In other
words, in this setting, [(TTTE),,| — 0 as n — oo.

Setting I1.2. Adding (u,v) or (v,u) to E would not violate acyclicity.

For each ¢ € F,, Figure 1 (right) represents the relations between the nodes u,v, and
i. Here, due to the condition of Setting II, nodes u and v are not connected by an edge,
so this is displayed by a solid crossed-out undirected edge. Furthermore, the directed edge
from u to ¢ from the constraint ¢ € Fy, is represented via a solid directed edge, the directed
edge v to i that is disallowed due to the constraint i € F),, is represented via a crossed-out
solid line.

In this setting, recall that the directed edges v to v and v to u are not present in the
estimate E. Since neither of these two edges violates acyclicity according to the condition
of this setting, we conclude that 433,,A> > A2,. There cannot be a path from i to v because
then there would exist a path from u to v, which contradicts the scenario that an edge from
v to u does not create a cycle. As a result, an edge from v to ¢ does not create a cycle and
[y = 0 is due to 43,2 > A%i according to Proposition 3. Thus, from (11) and Lemma 10,
we conclude that, with probability greater than 1 — O(1/n), |(FTT%) | < 4RA(1 + diay)-
In other words, |(ITT"),,| = 0 as n — co.

Setting 11.3. Adding (v,u) violates acyclicity but adding (u,v) does not.

In this case, even if (ff‘Ti)uv does not converge to zero, we have by the setting assump-
tion that adding (u,v) to E does not violate DAG constraint. Since F specifies a DAG, the
off-diagonal nonzero entries of the matrix I'T'"Y specifies a DAG as well.

Putting Settings I-—II together, we have shown that as n — oo, the nonzero entries in
the off-diagonal of ITTs specify a DAG. Furthermore, according to item iii. of Lemma 8, the
diagonal entries of this matrix are equal to one. Since the off-diagonal pattern corresponds
to a DAG, we can permute the rows and columns of this matrix to transform it into an
upper triangular form without changing its determinant. Given that all diagonal entries
are one, the determinant of the matrix is one, and hence — log det(ffol) — 0 asn — oo,
and, consequently, f(I') — f(I'°P*) — 0.

13
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(i) S (i)

Figure 1: Left: scenario for Setting I, middle: scenario for setting I1.1, and right: scenario
for setting II.2; solid directed edges represent directed edges that are assumed to be in
the estimate F , crossed out solid directed edges represent directed edges that are assumed
to be excluded in the estimate E, crossed out solid undirected edges indicate that the
corresponding nodes are not connected in F, and crossed out dashed directed edge indicates
that the edge is not present in E as adding it would create a cycle.

Part 2) When the sample size n is finite, the entries of the nonzero value of IS that
would be zero in the ideal DAG structure are instead small but nonzero, due to esti-
mation error in the sample covariance matrix. We use the matrix A to capture these
small perturbations. Then, using the proof of Theorem 7 part i), we can immediately
conclude that the matrix I'T'TS, can be decomposed as the sum N + A. Here, the off-
diagonal entries of N specify a DAG, with ones on the diagonal and under the assump-
tion on n, with probability greater than 1 — O(1/n), ||Allcc < 4R(1 4 dpax)\ with zeros
on the diagonal of A (here, || - ||cc denotes the maximum entry of the input matrix in
absolute value). Consequently, [|Alls < 4m&(1 + dmax)A. Furthermore, by Lemma 10,
we get Umin(ffTﬁ)n) > Umin(f‘)Qamin(ﬁl) > k%/4. The reverse triangle inequality yields
Omin(N) > £*/4—4mR? (14 dpmax)A. Consider any matrix N with |]\_fij — N;j| <]Ajj]. Using
the reverse triangle inequality again, we get ouin(N) > £* — 8mA2(1 + dpax)\ With proba-
bility greater than 1—O(1/n). By the assumption that the sample size satisfies n/log(n) >
O(m?logm), N is invertible, and so we can use the first-order Taylor series expansion to
obtain —logdet(N + A) = —logdet(N) — tr(N~tA). Since logdet(N) = 0, we obtain the
bound — log det(N+A) < —tr(N~1A) < [|[N72]|All« with [|-||, denoting the nuclear norm.

N — 4m2Rr2(1 dmax) A
Thus, —logdet(N + A) < [[N7'2]|All < 1Al < ﬁ4/£;m%2tl+dm)ax),\' As N =

O(logm/n), by the assumption on the sample size, f(I') — f(I'°Pt) < O(\/d2 xymtlogm/n).

max
]

4.3 On the Optimization Landscape of Problem (3)

The optimization problem (3) is highly non-convex, due to the ¢y penalty as well as the DAG
constraint. As a result, its landscape may contain many local minimizers. The following
corollary to Theorem 7 analyzes these local minimizers.

quollary 11 Consider the setup in Theorem 7. Let T be any local minimizer to (3). Then,
fF(T) = f(T°PY) —=p 0 as n — oo. Furthermore, if n/log(n) > O(m?logm), with probability
greater than 1 — 1/O(n), we have 0 < f(T') — f(I'°PY) < O(\/d2,,,m*logm/n).

max
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Algorithm 3 Topological Ordering (Chen et al., 2019)

1: Input: 3 € RP*P (estimated) covariance of X

2: C <0

3: fort=1,...,mdo

4 * ¢ arg min 2, — 3 oS5 N0, = 1
J gjeV\C iy 75,C=c,c~C.j I

Scugpou)

5. Append j* to C
6: end for
7. Output: C

This corollary follows from Theorem 7 and the fact that coordinate-wise optimality is weaker
than local optimality; therefore, any local minima of this problem satisfies the same result.
This result implies that when the sample size is large, all local minima achieve objective
values close to a global minimum; moreover, in the infinite sample regime, all local mini-
mizers are global minimizers. Given the non-convexity of our objective function, this result
offers significant insight into the optimization landscape of the problem.

5. Selecting a Suitable Ordering for Coordinate Descent Updates

A significant challenge for nonconvex optimization problems is that selecting a good starting
point and/or an effective coordinate update order is crucial for achieving good solutions.
For example, in our setting, the performance of Algorithm 1 can be sensitive to the input
ordering O for coordinate descent updates. To address this challenge, we propose estimating
a topological ordering of the underlying DAG G* and using it as the input ordering O. A
valid topological ordering of G* is a permutation (aj,as,...,a,) of (1,2,...,m) such that
for every edge ¢ — j in G*, the index a; precedes a; in the ordering.

To estimate a good topological ordering, we use an algorithm proposed by Chen et al.
(2019). This procedure, outlined in Algorithm 3, iteratively selects the node with the
smallest conditional variance given the variables selected in the previous step. When the
variances of the noise (i.e., variance of the coordinates of € in (1)) are identical, they show
that with high probability, their algorithm correctly recovers a valid topological ordering of
g*.

We improve upon the theoretical results of Chen et al. (2019) and show that we can
still use Algorithm 3 to recover a valid topological ordering, even when the noise variances
are not identical. Our result assumes that the noise variances are not too far apart—that
is, the noise distribution is nearly homoscedastic.

. . . e . * 2 * e
Assumption 3 (Near homoscedastic noise) Define( := mln(j,k)EE(Bjk) . Let Q. =
max; {27 ; and QF ., = min; QL- denote the mazrimum and minimum error variance, respec-
tively. We assume 05, < Q. (14(); that is, the mazimum and minimum error variances

are not too far apart.

Theorem 12 Let X be variables defined in (1). Let Amin > 0 be the smallest eigenvalue of
the population covariance matriz X*. Suppose Assumption 3 holds. If
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2m2 + 2m Q* 2 2
2 max
n > 128m* log <€ ) <1 + 479*aL ) (rjnélxﬂ%)

% 1 + QQ:naxQ?nin(l + C) ?
)\min (anln(l + C) - Q?nax))‘?nin 7

then Algorithm 8 recovers a valid topological ordering of G* with probability at least 1 — e.

The proof of Theorem 12, presented in Appendix B, adapts the argument from Chen et al.
(2019). Theorem 12 shows that, under Assumption 3 and with a sufficiently large sample
size, Algorithm 3 recovers the correct topological ordering with high probability. Unlike
the result in Chen et al. (2019), which assumes equal noise variances (homoscedasticity),
our analysis allows for heteroscedastic noise, provided the variances are not too dissimilar,
as formalized in Assumption 3. This generalization is important in practice, where the
assumption of exactly equal noise variances can be unrealistic.

Remark 13 (Statistical consistency.) Suppose a valid topological ordering of the m vari-
ables is given. Then, under such ordering, the true weighted adjacency matriz I'* of the DAG
is strictly upper-triangular, and the population covariance satisfies ©* = I*"TT* 1. This
implies that T* = L*~", where L* is the Cholesky factor of ¥*, i.e., ¥* = L*L*". Thus, the
problem of finding the DAG reduces to the known sparse Cholesky factor estimation problem.
In fact, consistency (in Frobenius or operator norm) of the sparse Cholesky factor follows
directly from existing results on regularized Cholesky-factor estimation; see, for example,
Theorem 10 of Lam and Fan (2009).

6. Synthetic and Real Experiments

In this section, we illustrate the utility of our method in Algorithm 1 on synthetic and
real data and compare its performance with competing methods. We dub our method CD-
fy as it is a coordinate descent method using £y penalized loss function. The competing
methods we compare against include greedy equivalence search (GES) (Chickering, 2002),
NOTEARS (Zheng et al., 2018), and the mixed-integer convex program (MICODAG) (Xu
et al., 2025). We also compare our method with other coordinate descent algorithms (CCDr-
MCP) (Aragam and Zhou, 2015; Aragam et al., 2019; Fu and Zhou, 2013), which use a
minimax concave penalty instead of £y norm and are implemented as an R package sparsebn.
To obtain an input ordering O for CD-{y, we use the algorithm of Chen et al. (2019)
(presented in Algorithm 3). Consequently, we include in our comparisons the method of
Chen et al. (2019), which performs statistical testing to infer a network structure using this
estimated ordering. All experiments were conducted on an Intel Xeon Gold 6230R. CPU
with eight cores and 8 GB of memory, using Gurobi 10.0.1 as the optimization solver.

As the input super-structure Eguper, we supply an estimated moral graph, computed
using the graphical lasso procedure (Friedman et al., 2008). In all experiments, we set
the graphical lasso penalty to 0.01 (using a larger value for some data sets to avoid ill-
conditioning) and then threshold the estimated precision matrix by retaining only those
entries with absolute value > 0.1. To make our comparisons fair, we appropriately modify
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the competing methods so that Egyper can also be supplied as input. Note that we count the
number of support after each update in Algorithm 1. Converting the graph into a string key
at each iteration is inefficient. Therefore, in the implementation, we count the support only
after each full loop, setting the threshold to C instead of C'm?. Throughout this paper,
C is set to 5. We experimented with different initializations of I'™* beyond the default
value and observed similar performance across the various choices. As a result, throughout
this section, we use the default I'™* = identity. We emphasize again that our theoretical
convergence and optimality results in Section 4 hold for any initialization.

We use the metric depgag to evaluate the estimation accuracy as the underlying DAG is
generally identifiable up to the Markov equivalence class. The metric dcpdag is the number
of different entries between the unweighted adjacency matrices of the estimated completed
partially directed acyclic graph (CPDAG) and the true CPDAG. A CPDAG has a directed
edge from a node ¢ to a node j if and only if this directed edge is present in every DAG
in the associated Markov equivalence class, and it has an undirected edge between nodes
i and j if the corresponding Markov equivalence class contains DAGs with both directed
edges from ¢ to j and from j to i.

The time limit for the integer programming method MICODAG is set to 50m. If the
algorithm does not terminate within the time limit, we report the solution time (in sec-
onds) and the achieved relative optimality gap, computed as RGAP = (upper bound —
lower bound)/lower bound. Here, the upper bound and lower bound refer to the objective
value associated with the best feasible solution and best lower bound, obtained respectively
by MICODAG. A zero value for RGAP indicates that an optimal solution has been found.

For each method, we report results under oracle tuning, i.e., selecting the parameter
that yields the best performance. This provides a benchmark of the best-case potential of
the methods.

Setup of synthetic experiments: For all the synthetic experiments, following the exper-
imental setup in Xu et al. (2025), once we specify a DAG, we generate data according to
the SEM (1), where the nonzero entries of B* are drawn uniformly at random from the
set {—0.8,—-0.6,0.6,0.8}. Unless otherwise specified, the diagonal entries of 2* are drawn
uniformly at random from the set {0.8,1,1.2}. This generation of noise variance introduces
some heteroscedasticity. Later, we vary this set to study how our method performs under
different levels of heteroscedasticity.

6.1 Convergence of CD-/; Solution to an Optimal Solution

Theorem 7 states that as the sample size tends to infinity, CD-{; identifies an optimally scor-
ing model. To observe how quickly the asymptotics take effect, we generate three synthetic
DAGs with m = 10 nodes, where the total number of edges is chosen from the set {7,12,21}.
We obtain 10 independently and identically distributed data sets according to the SEM
described earlier with sample size n = {100, 200, 300, 400, 500, 800, 1000, 1600, 3200}. In
Figure 2, we compute the normalized difference (obj™th°d — ohjoPt) /obj°P! as a function of
n for the three graphs, averaged across the ten independent trials. Here, obj™*""°d ig the
objective value obtained by the corresponding method (CD-/g or GES), while obj°P' is the
optimal objective of (3) obtained by the integer programming approach MICODAG. For
moderately large sample sizes, CD-{y attains the optimal objective value, whereas GES does
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Figure 2: Convergence of CD-{y to an optimal solution
Left: normalized difference of CD-{y with 3 different random orderings; Middle: normalized difference for
different graphs; Right: normalized difference of objectives of solutions obtained from MICODAG and
GES. All results are computed and averaged over ten independent trials.

not. Meanwhile, CD-{y obtains a near-optimal solution at about 0.1% of time, as compared
to MICODAG. In the left panel of Figure 2, we run CD-{y with three different random
orderings. In all cases, the objective converges to zero as expected, though at varying rates.

The worse-case rate is O(y/d2,,,m*logm/n) according to Theorem 7.

6.2 Comparison to Benchmarks Under Near-homoscedastic Error

We next generate data sets from twelve publicly available networks sourced from Manzour
et al. (2021) and the Bayesian Network Repository (bnlearn). These networks have different
numbers of nodes, ranging from m = 6 to m = 70. We generate 10 independently and iden-
tically distributed data sets for each network according to the SEM described earlier with
sample size n = 500. Since the diagonal entries of * are close (with the largest deviation
being 0.8 to 1.2), our algorithm performs very similarly to TD, since the topological ordering
obtained by Algorithm 3 is likely to be correct in this near-homoscedastic case, and both
methods perform well. For this reason, we present the results for the nearly homoscedastic
case in Appendix C, and instead focus on a slightly higher degree of heteroscedasticity to
highlight that our method is more robust to heteroscedasticity than TD. To that end, the
diagonal entries of Q* are drawn uniformly from {0.6,1,1.2}.

Table 1 compares the performance of our method CD-£y with the competing ones. First,
consider small graphs (m < 20) for which the integer programming approach MICODAG
achieves an optimal or near-optimal solution with a small RGAP. As expected, in terms of
the accuracy of the estimated model, MICODAG exhibits the best performance. For these
small graphs, CD-{y performs similarly to MICODAG but attains the solutions much faster.
Next, consider moderately sized graphs (m > 20). In this case, MICODAG cannot solve
these problem instances within the time limit and hence finds inaccurate models, whereas
CD-{y obtains much more accurate models much faster. Finally, CD-{y outperforms CCDr-
MCP, GES, TD, and NOTEARS in most problem instances. The improved performance of
CD-4y over CCDr-MCP highlights the advantage of using £y penalization over a minimax
concave penalty: £y penalization ensures that DAGs in the same Markov equivalence class
have the same score. In contrast, this property does not hold for other penalties. Our
method outperforms NOTEARS in terms of the dcpqag for most graphs. Both methods
are designed for computational efficiency, but NOTEARS uses a least squares loss, which
implicitly assumes homoscedastic (equal variance) noise (van de Geer and Bithlmann, 2013).
In contrast, our approach directly optimizes the original likelihood function, allowing us to
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MICODAG CCDr-MCP GES TD NOTEARS CD-¢y
Network(m) Time RGAP depdag Time depdag Time depdag Time depdag Time depdag Time depdag
Dsep(6) <1 0 20(£0) <1 20(x0) <1  20(£0) <1 21(+03) <1 20(£00) <1  2.0(+0)
Asia(8) <1 0 20(£0) <1  2.3(£09) <1 21(£03) <1 21(£03) <1 3.5(x24) <1 21(£0.3)
Bowling(9) 1.2 0 20(£0) <1  31(£19) <1 118(#8.0) <1 22(+06) <1 3.6(x08 <1  2.0(x0)
InsSmall(15)  >750  .007  7.2(¥1.0) <1 27.0(£41) <1 57 2+47) <1 3.9(£48) <1 109(£1.6) <1  4.0(+4.6)
Rain(14) 56.0 0 20(£0) <1 85(x21) <1 (iZ 2) <1 66(£21) <1 54(£21) <1  55(£2.0)
Cloud(16) 9.7 0 12.7(£5.5) <1 8.5(%4.5) <1 10 6(i8 2) <1 11.9(£78) <1 17.6(£3.7) <1 11.6(£6.5)
Funnel(18) 8.0 0 20(£0) <1  33(£L7) <1  26(%13) <1 64(%25) <1 29(*14) <1 54(+20)
Galaxy(20) 18.6 0 LO(£0) <1 9.1(x43) <1 262(x06) <1 1L7(6.7) <1 124(£21) <1 9.7(£4.9)

)
Insurance(27) > 1350 272 18.5(+£8.5) <1  32.5(£6. <1 24.2(£7.9) <1 16.8(%22) <1 12.8(+4.0 <1 18.3(%x1.9
)

)
( 0) ( (£4.0) )
Factors(27) ~ >1350  .242  60.4(x7.3) <1 65.1(£64) <1 685(%9.3) <1 26.9(+64) <1 4L7(%51) <1 25.2(£9.7)
Hfinder(56) ~ >2800 181  127(+4.6) <1 14.9(+3.8) <1 27.5(+x144) 1.2 383(+77) 1.1 17.3(+4.0) <1 45.1(+8.9)
Hepar(70) >3500 868  45.6(£9.8) <1 5L6(+9.5) <1 TLY(£19.7) 2.6 54.2(+9.8) 22 439(£54) <1  38.5(£5.9)

Table 1: Comparison of our method, CD-f{y, with competing methods
Here, MICODAG, mixed-integer convex program (Xu et al., 2025); CCDr-MCP, minimax concave
penalized estimator with coordinate descent (Aragam et al., 2019); GES, greedy equivalence search
algorithm (Chickering, 2002); TD, top-down method (Chen et al., 2019); NOTEARS, (Zheng et al., 2018);
dcpdag, differences between the true and estimated completed partially directed acyclic graphs; RGAP,
relative optimality gap. All results are computed over ten independent trials, where the average dcpdag
values are presented with their standard deviations.

CCDr-MCP GES CD-4y
Network(m) Time depdag Time depdag Time depdag
Pathfinder(109) 5.5 206.6(+4.86) <1 253.8(+19.52) 24.0 95.0(£18.40)
Andes(223) 12.6  121.5(£5.23) 1.9 152.8(£22.26) 108.9 98.4(+6.82)

Diabetes(413) 42,6  322.9(£9.39) 10.7 458.7(£28.73) 732.3 158.4(%10.76)

Table 2: Comparison of our method, CD-{y, with competing methods for large graphs
See Table 1 for the description of the methods. All results are computed over ten independent trials,
where the average dcpaag values are presented with their standard deviations.

account for heteroscedasticity. This results in improved accuracy and robustness under
varying noise conditions.

Large graphs: We next demonstrate the scalability of our coordinate descent algorithm
for learning large DAGs with over 100 nodes. We consider networks from the Bayesian
Network Repository and generate 10 independent data sets similar to those in the previous
experiment. The method TD is excluded since it cannot scale to very large graphs. Table 2
presents the results where we see that our method CD-¢j can effectively scale to large graphs
and obtain better or comparable performance to competing methods, as measured by the
dcpdag metric.

6.3 Severe Heteroscedastic Error and Limitations of Our Method

One limitation of our algorithm is that under severe heteroscedasticity, recovering an accu-
rate topological ordering becomes difficult, which can degrade performance. To demonstrate
this, we draw diagonal entries of Q* uniformly at random from the set {0.2, 1,5}, so that the
noise distribution is highly heteroscedastic. In this setup, Assumption 3 is unlikely to hold,
making the input topological ordering less reliable for both TD and our method. Despite
this, the results in Table 3 show that both approaches remain competitive.

Our algorithm CD-£y does not rely on a specific topological ordering and can take any
ordering as input—mnot just the one produced by TD. In practice, if an accurate method for
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dcpdag

Network(m) GES TD CD-4y
Dsep(6) 49(£14)  5.4(£0.8)  4.7(£1.2)
Asia(8) 6.4(£2.8)  14.4(£1.6)  16.4(£1.0)
Bowling(9) 82(£6.8)  10.0(£0)  10.0(%0)
InsuranceSmall(15)  22.5(£5.1)  18.7(£2.5)  17.2(%+1.6)
Rain(14) 26.6(+£1.8) 10.5(£2.8)  9.9(£2.3)
Cloud(16) 14.9(£3.6)  19.4(£1.8)  19.0(£3.8)
Funnel(18) 10.0(£2.1)  9.4(£2.1)  7.6(£L4)
Galaxy(20) 6.0(£2.4)  35.6(£3.9)  26.5(£1.6)
Insurance(27) 6L1(£7.7)  65.8(£3.6) 46.9(+4.1)
Factors(27) 74.1(+4.8)  AT.5(£7.5)  40.0(£10.0)
Hfinder(56) 41.0(£5.1)  93.6(£2.8)  100.0(£3.7)
Hepar(70) 68.5(£11.9) 124.1(£8.7) 91.5(+12.5)

Table 3: Comparison of GES, Top-down (TD), and CD-{, using data sets with very large
heteroscedasticity.

T 20

(a) Ground truth (d) depdag comparison

(b) GES

(¢) CD-£y

Figure 3: Learning causal models from causal chambers data in Gamella et al. (2025)
Here, a. ground-truth DAG described in Gamella et al. (2025), b-c. the estimated CPDAGs by GES and
CD-4p for sample size n = 10000, d. comparing the accuracy of the CPDAGs estimated by our method
CD-/4p and GES with different sample sizes n; here the accuracy is computed relative to CPDAG of the
ground-truth DAG and uses the metric dcpdag-

obtaining the topological ordering in a heteroscedastic setting is available, it can be used
as input to Algorithm 1.

6.4 Real Data from Causal Chambers

Recently, Gamella et al. (2025) constructed two devices, referred to as causal chambers,
allowing us to quickly and inexpensively produce large data sets from non-trivial but well-
understood real physical systems. The ground-truth DAG underlying this system is known
and shown in Figure 3(a). We collect n = 1000 to n = 10000 observational samples of
m = 20 variables at increments of 1000. To maintain clarity, we only plot a subset of the
variables in Figure 3(a, b, c). However, the analysis includes all variables. With this data,
we obtain estimates for the Markov equivalence class of the ground-truth DAG using GES
and our method CD-{y and measure the accuracy of the estimates using the d.pgag metric.

Figures 3(b-c) show the estimated CPDAG for each approach when n = 10000. Neither
method picks up the edges between the polarizer angles #; and 6, and other variables. As
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mentioned in Gamella et al. (2025), this phenomenon is likely due to these effects being
nonlinear. However, with a large sample size, CD-{y produces graphs with fewer false
positive edges. Figure 3(d) compares the accuracy of CD-fy and GES in estimating the
Markov equivalence class of the ground-truth DAG for different sample sizes. We observe
that CD-¢y and GES perform similarly on average.

7. Discussion

In this paper, we propose the first coordinate descent procedure with proven optimality
guarantees in the context of learning Bayesian networks. Numerical experiments demon-
strate that our coordinate descent method is scalable and provides high-quality solutions.
We showed in Theorem 6 that our coordinate descent algorithm converges. It would
be of interest to characterize the speed of convergence. In addition, the computational
complexity of our algorithm may be improved by updating blocks of variables instead of
one coordinate at a time. Further, an open question is whether, in the context of our
guarantees in Theorem 7, the sample size requirement and the rates of convergence to an
optimal solution can be improved. Finally, another open question is to provide statistical
consistency guarantees for our algorithm. Xu et al. (2025) showed that, for sufficiently large
n, any feasible I' for (3) whose objective value differs from the optimum by at most O(\?)
also belongs to the population Markov equivalence class. According to Theorem 7, the gap
achieved by coordinate descent can be much larger. It would be interesting to investigate
whether under some orderings O, the gap obtained by coordinate descent can be on the
order A\? so that we can attain consistency. Indeed, the synthetic result in Figure 2 (left)
suggests that some orderings have much faster convergence to optimality than others.
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Appendix A. Proof of Theorem 6

The proof of Theorem 6 relies on the following definitions and lemmas, and it closely follows
the approach outlined in Hazimeh and Mazumder (2020). With a slight abuse of notation,

we let ((T) = > %, —2log(Ty) + tr(I'T"Y,) to be the negative log-likelihood function
associated with parameter I' € R™*™,

Definition 14 (Coordinate-wise (CW) minimum Hazimeh and Mazumder, 2020) A con-
nectivity matric TCW € R™™ of a DAG is the CW minimum of problem (3) if for every
(u,v),u,v = 1,...,m, TSV is a minimizer of g(Tyy) with other coordinates of T°W held
fized.

Lemma 15 Let {Fj};“;l be the sequence generated by Algorithm 1. Then the sequence of
objective values {f(T7) 721 is decreasing and converges.

Proof The Hessian matrix of function ¢(I") with respect to I is 2diag (1/F%1, e 1/anm) +
230, Therefore, by Assumption 1, ¢(T') is strongly convex and thus bounded below, and so
is f(I'). If IV is the result of a non-spacer step, then the inequality f(I'/) < f(IV~!) holds
trivially. Similarly, we know that if 'V results from a spacer step, then, £(I'V) < ¢(IV~1).
Since a spacer step updates only coordinates on the support, it cannot increase the support
size of TV71, that is, ||V — diag(T7)[s, < ITV7! — diag(T771) |4, thus f(I7) < f(IV71).
Since f(I7) is non-increasing and bounded below, it must converge. [ |

Lemma 16 The sequence {I''}°, generated by Algorithm 1 is bounded.

Proof By Algorithm 1, I'* € G := {T' € R™*™ | f(I') < f(I'")}. Tt suffices to show that
the set G is bounded. From Proposition 11.11 in Bauschke and Combettes (2011), if the
function f is coercive, then the set G is bounded. Since f(I') > ¢(T") for every I, it suffices
to show that the function ¢ is coercive. By Assumption 1, we have that the function £ is
strongly convex. The lemma then follows from the classical result in convex analysis that
strongly convex functions are coercive. |

The following lemma characterizes the limit points of Algorithm 1.

Lemma 17 Let E be a support set that is generated infinitely often by the non-spacer steps
of Algorithm 1, and let {Fl}leL be the estimates from the spacer steps when the support of

the input matriz is E. Then:
1. There exists a positive integer M such that for alll € L with 1 > M, support(I') = E.

2. There exists a subsequence of {Fl}leL that converges to a stationary solution TCW,

]_"CW

where, is the unique minimizer of Ming oo (rch oI).

3. Every subsequence of {T'};>¢ with support E converges to TCW.
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Proof Part 1.) Since spacer steps optimize only over the coordinates in E, no element
outside E can be added to the support. Thus, for every [ € L we have support(T') C E. We
next show that strict containment is not possible via contradiction. Suppose support(I'*) C
E occurs infinitely often, and consider some [ € L where this occurs. By the spacer step
of Algorithm 1, the previous iterate I'~! has support E, implying HFl_lHO — HI‘lH0 > 1.
Moreover, from the definition of the spacer step, we have £(T'*) < ¢(T'=1). Therefore, we get
FOEY — £ = o1 — (0 + X2(| 1Yo = ITY]o) > A2. Thus, when support(I') C E

occurs, f decreases by at least \2. Therefore, I'¥ C E infinitely many times implies that
f(I') is not lower-bounded, which is a contradiction.

Part 2.) The proof follows the conventional procedure for establishing the conver-
gence of cyclic coordinate descent (CD) (Bertsekas, 2016; Hazimeh and Mazumder, 2020).
We obtain T by updating every coordinate in E of I'~1. Denote the intermediate steps
as Tl .. THEl where THIEl = Y. We aim to show that the sequence {T'“E1},c; con-
verges to a point TV, and similarly, other sequences {I'“*}icr,i = 1,..., |E’] — 1, also
converge to V. By Lemma 16, since {Fl"E|}l€ 1 is a bounded sequence, there exists
a converging subsequence {I*°1#1}, ¢, with a limit point TCW. Without loss of general-
ity, we choose the subsequence satisfying I' > M, VI’ € L'. From Part 1 of the lemma,
(' Yyepr, .. {TE=1 0 all have the same support E. For {TV:1FI=11, 1/ we have
FEUIESDY — p(@IED = g(VIEI=1y — o0V, If the change from TVEI=1 to TP is on
a diagonal entry, say I'y,, then,

; (PMEH) iy (pz’w\)
A 1| A 2 N n 2 S /A a5
— — 21og (U1 /TP o+ (PP = (1)) S (L - T A,
1 1 1B e 2 2 EN2 e
= 2log (T /TUE) 4 (KUE T s, 2 (1E) 5, (12
AT, ¢ (T A,,
ATl 1|7 AT S\ 2 A
= 2log (ML) ¢ (P T s,
+ Q(FmE‘il - FZ&‘EUFZ{JE‘EML + (FZ{L‘EFI - FZ&'E‘)Auu'
From the update rule in Proposition 3, we have
(ATLNEISS )+ Ay)? = A2, + 1634,

which gives
AT IS 2
PUEIS Ly + Ay = ———. (13)
V| B
FU’U,

Combining (12) and (13), we have

/ (Fl',\E|—1> iy (Fz',|1§|>

I 1B 1B I I I P AN\ 2 A
= (— log (LU P11 /TP 4 T P 1) 4 (PP e s,
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Since a—1 > log(a) for a > 0, each of the two terms above is non-negative. From Lemma 15,
as I — oo, f(TVIEI=LY — £(DVIEN or equivalently £(T1FI=1) — ¢(TVIE]) converges to 0 as
I! = oo. Combining this with the fact that ¢(TV>IZI=1) — ¢(TV-IEl) > 0 and that each term
Vi El-1

in (14) is non-negative, we conclude that must converge to TVEl as I — co. Since

rtlEl converges to TV, Y IEI=1 must also converge to 'V, Repeating a similar argument,
we conclude that TV converges to IV for all j = 1,2,..., ]E\

If the change from T'Y>1FI1=1 to TVIEI is on an off-diagonal entry, say Iy, with u # v,
then, after some algebra,

f (Fz',|1§|—1> —f (FHE\) ) (Fz’,|E|—1> iy (Fl’,\E|> _ (FZ{JE‘_l _ FZL\E|>2 S

Again, appealing to Lemma 15 as before, we can conclude that T'*>IZI=1 converges to TCW
as I’ = oco. Similarly, "/ converges to TV for every j =1,2,...,|F| — 1.

Consider k,l € L’ with k£ > [ such that for the j-th coordlnate in E, f(Fk) < f(IH) <
f(T49). Here, Fl’J equals to T/ except for the j-th nonzero coordinate in E. As k,l — oo,
we have, from the above analysis, that there exists a matrix T’V such that T'* — FCW
and T — TCW. Thus, IV and limy_,o I differ by only one coordinate in the j-th
position. We conclude that f(I'°W) < f(lim;_,s I'*/). In other words, TV is coordinate-
wise minimum. Furthermore, since the optimization problem minsupport(r) cEk £(T) is strongly

convex by Assumption 1, W is the unique minimizer of this optimization problem.

Part 3.) Consider any subsequence {I'*},cx such that support(I‘k) = E. We will
show by contradiction that {I'*} ek must converge to FCW Suppose {T'*},cx has a limit
point I # T CW " Then there exist a subsequence {F }k’e k', with K/ C K, that con-
verges to I'. Therefore, limy o f(T*) = £(T') + A?|E|. From part 1 and part 2, we have
that, for the subsequence {r" } limy o f(TV) = £(TCW) + )\2|E| By Lemma 15, we have
limy oo f(TF) = limy_,0e f(T'V). Thus, we conclude that £(T') = ¢(I°V), which contradicts
the fact that TV is the unique minimizer of minsupport(r)g 7 (') Therefore, we conclude

FCW

that any subsequence with support E converges to as k — oo. |

The next lemma shows that if the limit point of {I'*} has a certain support, then that
support must appear infinitely often in the sequence.

Lemma 18 Let T be a limit point of {T*}2 | with support(I') = E. We have support(I'¥) =
E for infinitely many k’s.

Proof We prove this result by contradiction. Assume that there are only finitely many k’s
such that support(I'¥) = E. Since there are finitely many possible support sets, there is a
support E/ # E and a subsequence {Fk/} of {T'*} such that support(Fk/) = FE’ for all ¥/,
and limy_0o I¥ = I'. However, by Lemma 17, the subsequence converges to a minimizer
W with support(T°V) = E’ and thus TV # I'. This is a contradiction. [ ]

This lemma rules out the possibility that a coordinate remains nonzero throughout the
sequence, gradually decreasing to zero in the limit.
We are now ready to complete the proof of Theorem 6.
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Proof [Proof of Theorem 6] Let I" be a limit point of {Fk} with the largest support size and
denote its support by E. By Lemma 18, there is a subsequence {I'"},cr of {T'*} such that
support(I'") = EVr € R, and lim,_,oo I = I'. By Lemma 17, there exists an integer M
such that for every » > M and 7+ 1 is a spacer step, we have support(I'") = support(I'"*+1).
Without loss of generality, we choose the subsequence for which r > M,Vr € R. We will
demonstrate by contradiction that any coordinate (u,v) in E cannot be dropped infinitely
often in {T'*}. To this end, assume that (u,v) ¢ {support(T'¥)};~ys infinitely often. Let
{T""}vcrs, where R’ C R, be the subsequence with support(F"lH) = E\ {(u,v)},¥"' € R".
Since ' > M and the support has been changed, 7’ + 1 is not a spacer step. Therefore,
using Proposition 3, we have f(I'"")— f(I" 1) = ¢(T"") —¢(T"' 1) 4 A2 = N2 4T (T7, Zuv +
Auy) = N2 — A2 /43, > 0, where we use the update rule that I = —Au,/(25.).
By Lemma 15, we have lim,. ) f(Ty = f(O7+1) = 0. Thus, A2 = uv/4ﬁ3uu, where
Aww = D, FJUEJU + Dkt I k. By Proposition 3, in step ' + 1, we have [T7.F!| =

AV Suu > 0, which contradicts the definition of {I"'}cr. Therefore, no coordinate in
E can be dropped infinitely often. Moreover, no coordinate can be added to E infinitely
often as F is the largest support. As a result, the support converges to E. With stabilized
support E, by Lemma 17, we have that {I'*} converges to the limit 'V with support E.
From Algorithm 1 and Proposition 3, we have I'y, is a minimizer of f(I'y,) with respect to
the coordinate (u,v) and others fixed. Therefore, TV is the CW minimum.

|

Appendix B. Proof of Theorem 12

To facilitate the proof, we first introduce several technical lemmas that extend the ho-
moscedastic case of Chen et al. (2019)’s Theorem 2 to our setting with mild heteroscedas-
ticity. These lemmas rely on standard terminology and structural properties of directed
acyclic graphs, which we recall below.

In a directed graph G(B*) induced by B*, if there is an edge k — j, then k is a parent of
j, and j is a child of k. We write pa(j) for the set of parents of j and ch(yj) for its children.
If there is a directed path k& — --- — j, then k is an ancestor of j, and j is a descendant of
k. The sets of ancestors and descendants of j are denoted by an(j) and de(j), respectively,
with j € an(j) and j € de(j) by convention. A set C'is ancestral if an(j) C C for all j € C.

The first lemma clarifies that the sources in G(B*) are characterized by minimal vari-
ances.

Lemma 19 Let X be the variables defined in (1), we have
o Ifpa(j) =0, then var(X;) = Q3;.

o Ifpa(j) # 0, then var(X;) > Q5 + Qj¢ for some l € V.

Proof Recall that X = (I — B*")7'e. Let Il = (m;x) = (I — B*')~!, where ;3 denotes
the total causal effect from node k to node j in the DAG defined by B*. we have

Var E Qkkﬂ-]k
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If pa(j) = 0, then 7r]2./,C =0 for all k£ # j, and thus

*  O*
var(X;) = {2, JJ = ;.

If pa(j) # 0, then by acyclicity of G(B*), there exists a node [ € pa(j) such that
de(l) Npa(j) = {l}. Then
]l - > Ca
and

var(X;) = Q5 + Y Q> QF + Qi > Q) + Qi
k#j

The next lemma shows that by conditioning on a source, or more generally, an ancestral
set, one recovers a structural equation model whose associated graph has the source node
or the entire ancestral set removed. For a variable X; and a vector X¢ = (X, : k € C), we
define X; o = X; — E(X;|X¢).

Lemma 20 Let C be an ancestral set in G(B*). Then (X ¢ :j ¢ C) is associated with the
submatriz B*[~C] = (Bjk); kec-

Proof Let j ¢ C. Since C is ancestral, X¢ is a function of e = (¢ : k € C) only and
thus independent of €;. Hence, E(¢;|X¢) = E(¢;) = 0. Because it also holds that X, o =0
for k € C, we have that

Xjo= Y BuXec+e
kepa(j)\C

Before proving Theorem 12, we give a lemma that addresses the estimation error for
inverse covariances.

Lemma 21 (Lemma 6 in Chen et al. 2019) Suppose all (¢+1) x (¢+ 1) principal sub-
matrices of the covariance matriz X* = E(XXT) has minimum eigenvalue at least Amin > 0.
If for e,m > 0 we have

2m? + 2m Q)2 2/ pAmin + 1) 2
2 max * min
> e flos (B oo (1) (e ) (B58) 09

then

max x )l (s -1 <
C§V7‘C|§q+1||( c.c) (Xco) oo <m

with probability at least 1 — e.
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1 1
200k 295, (10
Lemma 21 thus implies that, with probability at least 1 — ¢, we have, for all subsets C' C V,

Proof [Proof of Theorem 12| Our assumption on n is as in (15) with n =

A 1 1
Seo) = (8 —1H < _ . 1
H( c.c) (Xc,c) S 20 T2 (14 0) (16)

Let j be a source in G(B*), and let k be a non-source. Note that the variance of j
conditional on some set C' is

1
{Cougreogy) ™},

*
e

For an ancestral set C C V' \ {4, k} such that pa(j) C C and pa(k) € C,
1 1 1 1

Yout N P> -1 P — > — .
{estneom) hyy{Gesmem) e = 0~ 0r T 0p,0 % 0 0,050
(17)
Using (16), we obtain that
A _1 e 1
{(ECU{j},Cu{j}) }M - {(ZCU{kzLCU{k}) }kk > 0. (18)

Thus, Q?IC < Qilc, which implies that Algorithm 3 correctly selects a source node at
each step. In the first step, C = (), which is trivially an ancestral set. By induction, each
subsequent step then correctly adds a sink to C, so C' remains ancestral and a correct or-
dering is recovered. [ ]

Appendix C. Results of near homoscedastic case

Table 4 presents results for a near-homoscedastic scenario, where the diagonal entries of (2*
are sampled uniformly from {0.8,1,1.2}. Because the variance differences are small, the TD
method is able to identify an good topological ordering, leading to comparable performance
across methods.
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MICODAG CCDr-MCP GES TD NOTEARS CD-£y
Network(m) Time RGAP depdag Time depdag Time depdag Time depdag Time depdag Time depdag
Dsep(6) <1 0 20(0) <1 20(x0) <1 2.0(0) <1 2000 <1 2000 <1  2.0(x0)
Asia(8) <1 0 20(0) <1 23(£095) <1  21(%032) <1 32(£1.93) <1 28(&L75) <1 3.2(£1.93)
Bowling(9) <1 0 20(0) <1 31(£191) <1  24(%1.26) <1  20(£0) <1 38(x063) <1  2.0(x0)
InsSmall(15) 569 007  122(£2.74) <1 27.0(£4.08) <1 202(£569) <1  80(x0) <1 67(x149) <1  8.0(0)
Rain(14) 36.7 0 22(20.63) <1 85(x212) <1  42(£333) <1  20(0) <1 34(£250) <1  2.0(0)
Cloud(16) 30.0 0 50(0) <1 85(+445) <1 5.0(%0) <1 32(£1.03) <1 191(273) <1 52(£2.62)
Funnel(18) 144 0 21(£032) <1 33(£L70) <1 89(%1029) <1  20(x0) <1 B32(£155) <1  2.0(0)
Galaxy(20) 1254 0 1LO(£0) <1 9.1(%4.33) <1  21(£348) <1 1.2(£0.63) <1 17.0(%291) <1  1.2(=0.63)
Insurance(27) 1379.5 .220 15.8(£5.12) <1 32.5(£6.04) <1 28.8(+4.61) 0.124 11.7(%£2.67) <1 12.7(£5.93) 0.111 10.3(%1.49)
Factors(27) 1490.9 217 65.1(£6.69) <1 65.1(£6.37) <1 67.0(+8.26) <1 187(£3.92) <1 184(%4.27) <1 20.9(+4.28)
Hfinder(56) 3940.4 .156 12.9(£4.09) <1 14.9(£3.84) <1 29.6(+£11.65) 1.50 14.1(£7.34) 1.66 18.2(£3.88) <1 14.7(£9.19)
Hepar(70) 4132.8 732 32.6(£6.54) <1 51.6(£9.50) <1 76.6(£29.45) 3.60 18.5(x7.37) 3.21 42.6(£5.68) 1.23 11.6(%6.33)

Table 4: Comparison of our method, CD-{y, with competing methods
Here, MICODAG, mixed-integer convex program (Xu et al., 2025); CCDr-MCP, minimax concave
penalized estimator with coordinate descent (Aragam et al., 2019); GES, greedy equivalence search
algorithm (Chickering, 2002); TD, top-down method (Chen et al., 2019); NOTEARS, (Zheng et al., 2018);
dcpdag, differences between the true and estimated completed partially directed acyclic graphs; RGAP,
relative optimality gap. All results are computed over ten independent trials where the average dcpdag
values are presented with their standard deviations.
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