Journal of Machine Learning Research 26 (2025) 1-55 Submitted 10/24; Revised 11/25; Published 11,25

Identifiability of Causal Graphs under Non-Additive
Conditionally Parametric Causal Models

Juraj Bodik JURAJ.BODIKQUNIL.CH
HEC Lausanne

University of Lausanne

CH-1015 Lausanne, Switzerland

Valérie Chavez-Demoulin VALERIE.CHAVEZ@QUNIL.CH
HEC Lausanne

University of Lausanne

CH-1015 Lausanne, Switzerland

Editor: Jin Tian

Abstract

Existing approaches to causal discovery often rely on restrictive modeling assumptions that
limit their applicability in real-world settings, particularly when data are heavy-tailed or
contain a mixture of discrete and continuous variables. Identifiability of causal graphs has
been established under several structural models, including linear non-Gaussian models,
post-nonlinear models, and location-scale models. However, these frameworks may not
capture the diversity of distributions observed in practice. To address this, we introduce
Conditionally Parametric Causal Models (CPCM), a flexible class of models where the
conditional distribution of the effect, given its cause, belongs to a known parametric family
such as Gaussian, Poisson, Gamma, or Pareto. These models are adaptable to a wide
range of practical situations, where the cause influences not only the mean but also the
variance or tail behavior of the effect. We demonstrate the identifiability of CPCM by
leveraging the concept of sufficient statistics. Furthermore, we propose an algorithm for
estimating the causal structure from random samples drawn from CPCM. We evaluate the
empirical properties of our methodology on various datasets, demonstrating state-of-the-art
performance across multiple benchmarks.

Keywords: causal discovery, structural causal models, identifiability, higher moments,
exponential family

1. Introduction

Understanding causal relations, as opposed to mere statistical associations, allows us to
predict the effects of interventions that modify a system (Pearl and Mackenzie, 2019). Iden-
tifying such causal structures is central to many scientific disciplines (Imbens and Rubin,
2015). Yet different data-generating mechanisms can lead to the same observational dis-
tribution, making causal inference inherently challenging. While observing a system under
interventions can reliably reveal its causal structure, performing interventions is often ex-
pensive, ethically problematic (Greenland et al., 1999), or simply unfeasible. This motivates
the growing focus on estimating causal structure directly from observational data.
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Over recent decades, extensive work has focused on building a rigorous mathemati-
cal framework for the “language” of causal inference, largely formalized through structural
causal models (SCMs) (Pearl, 2009). Consider random variables X = (X1,...,X,;)" € R%
An SCM with an underlying acyclic graph G specifies a data-generating process through
structural equations

Xi:fi(Xpa”Ei)a i:1,...,d,

where f; are causal (link) functions, pa; denotes the set of parents (direct causes) of X; in
G, and g; are jointly independent noise variables. The central objective of causal discovery
is to recover the causal structure, represented by the graph G. If G and the conditional
distributions are known, the joint distribution of X follows directly. Here we face the
inverse task: given only the distribution of X (or a sample from it), we aim to infer G. This
is generally impossible without imposing additional assumptions on the underlying SCM
(Peters et al., 2017).

The existing literature in the field presents numerous methods and corresponding results
for causal discovery under various assumptions on the SCM (Glymour et al., 2019). When
observing multiple environments following different interventions, the assumptions can be
significantly less restrictive (Peters et al., 2016; Mooij et al., 2020; Wang et al., 2024).
However, if the goal is to uncover causal relationships based solely on an observed random
sample, the assumptions become more strict; typically assuming additive noise (Shimizu
et al., 2006; Peters et al., 2014; Mooij et al., 2016; Montagna et al., 2023). This assumption
of additivity X; = fi(Xpa,) + ;i suggests that X,,, influences only the mean of X;, while
the tail, variance, and higher moments remain fixed. This is a strong assumption, as the
tail or other characteristics of the random variable can provide different information about
the causal structure.

In this paper, we develop a framework where X,,,, can arbitrarily affect the mean, vari-
ance, tail, or other characteristics of X;. However, a caution has to be taken because if the
model is too general, the causal structure will become unidentifiable, meaning that multiple
causal structures could produce the same distribution of X.

Example 1 A useful model that allows the parent variables to influence both the mean and
variance of X; is given by the structural equation X; = pu(Xpa,) + 0(Xpa,) €i, where €; is
Gaussian. Equivalently, the model for the conditional distribution is

X ’ Xpai NN(:U’(XPai)’ UZ(XP%))’
Example 2 In certain applications, it may be reasonable to assume
X; | Xpa, ~ Poisson(0(Xpa,)),

where 0 is a function describing the rate of certain phenomena. Such a model is common in
applications when X; represents a number of events occurring in a certain time period.

We introduce a causal model (we call it the conditionally parametric causal model or
CPCM) where the structural equation has the following form:

Xi = fi(XpamEi) = Fil (81; G(Xpai))7 g~ U(O7 ]-)7

. (1)
or equivalently X; | X,q, ~ F(H(Xpai)),

where F' is a known distribution function with a vector of parameters 6(X,q, ).
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1.1 Setup and notation

We adapt the usual notation of graphical models (e.g., Spirtes et al., 2001). We consider a
DAG (directed acyclic graph) G = (V, E) with a finite set of vertices (nodes) V = {1,...,d}
and a set of directed edges F, and write pa;(G), ch;(G) and an;(G) for parents, children and
ancestors of the node i, respectively. In addition, we say that the node i € V is a source
node if pa;(G) = (), notation i € Source(G). Given a random vector X = (X;);ey over some
probability space with distribution Fx, we identify the vertices j € V with the variables X;.
We omit the argument G if evident from the context.

We frequently use the concept of an exponential family, which is a class of probability
distributions whose probability density function can be expressed as:

p(;0) = ha (z)ha(0)eXi=1 /1), )

where h1, ho,T; are measurable functions. We call T; a sufficient statistic, b1 a base measure,
and ho a normalizing function. Note that T; are only unique up to a linear transformation.
Many well-known distribution families belong to the exponential family, including the Gaus-
sian, Poisson, Binomial, and Gamma distributions. We assume that ¢ is minimal in the sense
that we cannot write p(z;0) using only ¢ — 1 parameters; see Appendix A.1 that provides
more information and detailed description.

We use capital F' for distributions and small p for densities. A random variable Z that
is uniformly distributed on (0,1) is denoted as Z ~ U(0,1). Support of a random variable
Z is denoted as supp(Z). We denote a random vector Xg = {X;: s € S} for S C V.

1.2 Related work

Many papers address the problem of the identifiability of the causal structure (for a re-
view, see Glymour et al. (2019)). Shimizu et al. (2006) show identifiability for the linear
non-Gaussian additive models (LINGaM), where X; = X, + ¢; for non-Gaussian noise
variables €;. Biithlmann et al. (2014) explore causal additive models (CAM) of the form
Xi = 3 jepa; 9(X;j) + € for smooth functions g;. Hoyer et al. (2009) and Peters et al.
(2014) develop a framework for additive noise models (ANM), where X; = g(Xyq,) + €.
Under certain (not too restrictive) conditions on g, the authors show the identifiability of
such models (Peters et al., 2014, Corollary 31) and propose an algorithm estimating G (for
a review on ANM, see Mooij et al. (2016)). All these frameworks assume that the variance
of X | Xpq, does not depend on X,,,. This is a crucial aspect of the identifiability results.

Zhang and Hyvirinen (2009) introduce a generalization known as the post-nonlinear
model, defined by X; = g1 (gg(Xpai) + ai), with an invertible link function g;. Park and
Raskutti (2015, 2017) reveal identifiability in discrete models in which var(X; | X,q,] is a
quadratic function of E[X; | X,q,]. If X; | X,q, has a Poisson or binomial distribution, such
a condition is satisfied. They also provide an algorithm based on comparing dispersions
for estimating a DAG in polynomial time. Other algorithms have also been proposed, with
comparable speed and different assumptions on the conditional densities (Gao et al., 2020).
Galanti et al. (2020); Poinsot et al. (2024) consider the neural SCM with representation
Xi=qn (92 (Xpa;), Ei), where g1 and go are assumed to be neural networks.

Recently, location-scale models of the form X; = g1(X,q,) + 92(Xpa,)ei have garnered
attention. Immer et al. (2023) demonstrated that bivariate non-identifiable location-scale
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models must satisfy a specific differential equation. Strobl and Lasko (2022) explored the
problem of estimating patient-specific root causes in location-scale models. Additionally,
Khemakhem et al. (2021) provided more detailed identifiability results under Gaussian noise
g; in the bivariate case using autoregressive flows. Xu et al. (2022) investigated a more
restricted location-scale model, dividing the range of the predictor variable into a finite set
of bins and fitting an additive model in each bin. Klippert and Marx (2025) considered
causal discovery in skewed location-scale models.

Further, several different algorithms for estimating causal graphs have been proposed,
working with different assumptions (Janzing and Scholkopf, 2010; Nowzohour and Biithlmann,
2016; Marx and Vreeken, 2019; Tagasovska et al., 2020; Krali, 2025). They are often based
on Kolmogorov complexity or independence between certain functions in a deterministic
scenario.

Constraint-based methods, like the PC and FCI algorithms (Spirtes et al., 2001, 2013),
are considered a gold standard for causal discovery. They utilize sequential independence
testing for causal discovery, consistently estimating the Markov equivalence class. While
these methods are powerful, they rely heavily on the accuracy of the conditional indepen-
dence tests, making them sensitive to statistical errors and often resulting in many edges
remaining unoriented.

A few authors assume that causal Markov kernels lie in a parametric family of distri-
butions. Janzing et al. (2009) consider the case in which the density of X; | X, lies in a
second-order exponential family and the variables are a mixture of discrete and continuous
random variables. Park and Park (2019) concentrate on a specific subclass of model (1),
where F' lies in a discrete family of generalized hypergeometric distributions; that is, the
family of random variables in which the mean and variance have a polynomial relationship.
To the best of our knowledge, there does not exist any study in the literature, that provides
identifiability results in the case in which F lies in a general class of the exponential family.
This is the focus of this paper.

The structure of the paper is as follows. Section 2 introduces the main definitions
and motivation in a bivariate case. Section 3 presents identifiability results for the causal
structure in the bivariate case, and Section 4 discusses the multivariate extension. In Section
5, we propose an algorithm for estimating the causal graph under assumption (1). Section 6
contains an extensive simulation study. We provide three appendices: Appendix A includes
formal definition of Exponential family and some omitted technical content; Appendix B
details the experiments and Appendix C contains all proofs.

2. Bivariate Conditionally Parametric Causal Models

We focus on the bivariate SCM in this section, with multivariate extensions in Section 4.
The following definition describes the restriction on the SCM, assuming X, | X7 has the
conditional distribution F' with parameters 6(X;) € R? for some ¢ € N.

Definition 1 We define the bivariate conditionally parametric causal model (bivariate
CPCM(F)) with graph X1 — Xo by two assignments:

X1 =¢eq, X2:F71(€2;6(X1)), (3)
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where €1 1L €9 are noise variables, o is uniformly distributed, and F~' is the quantile
function of a distribution function F with q parameters 0(X1) = (61(X1), . .. ,Gq(Xl))T.

We assume that 0; represent measurable functions, where at least one of the functions
01,...,04 is non-constant on the support of X;.

We impose no restrictions on the marginal distribution of the cause. Note that we
implicitly assume causal minimality (Zhang and Spirtes, 2010), as we assume that 6 is
non-constant.

The Gaussian model introduced in Example 1 is equivalent to the CPCM (F') model
with F' being the Gaussian distribution and 6(X7) = (u(X1),0(X1))".

2.1 CPCM(Fy, Fs, ..., Fy) Models
2.1.1 MOTIVATION

Occam’s razor posits that Figect|cause Should be “simpler” than Fi,sejeffect- [n model-based
approaches for causal discovery, we define a “simple distribution” as one that belongs to
a pre-defined class of distributions F. In ANM (Peters et al., 2014), F consists of all
distributions that can be expressed as the sum of a function of the cause and a noise term.
In CPCM, F is a given parametric family of distributions. If F is sufficiently small, we
achieve identifiability of the causal graph G because both Figect|cause 1A Frauseleffect CANNOt
lie in F.

However, the choice of F is crucial, especially when dealing with mixtures of discrete
and continuous distributions. Suppose we observe data as shown in Figure 1. To handle
such cases, F needs to include both continuous and discrete distributions. If we define F as
a class of CPCM (F) with continuous F' (e.g., Gaussian), then Fy, x, can never lie in F.
Conversely, choosing discrete F' leads to Fx,|x, € F.

To accommodate a wide range of applications with various conditional distributions,
we define F as the union of CPCM (F),...,CPCM(F}) models. By selecting F1, ..., Fy
as a collection of “standard simple well-known distributions” (such as Gaussian, Gamma,
Poisson, etc., see Section 5.3), F is composed of “standard simple (conditional) distributions”
with a wide range of possible supports, forms, and properties. We refer to this as the

CPCM(Fl, FQ, ce ,Fk) model.

2.1.2 DEFINITION

Definition 2 Let F1, ..., Fy be a collection of distribution functions, each parameterized by
a q;-dimensional parameter, where ¢; € N and i = 1,...,k. A pair of dependent random
variables (X1, X2) follows the CPCM (Fy, Fy, ..., Fy) model if there exists ani € {1,...,k}
such that (X1, X2) follows a CPCM (F;) model. Specifically, either:

Xi=¢1, Xo=F"(e2;02(X1)), e2~U(0,1), &1 ey or
Xo=¢e, Xi1=F'(c1;61(X2)), e1~U(0,1), e L ey,

1

for some i € {1,...,k}, where 01(-) and 02(-) are suitable parameter functions of dimension
q;, that are measurable and non-constant.
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Figure 1: A dataset generated as follows: X7 ~ N(0, 1), X2 ~ Poisson(|X1|); in other words,
X1, X, follow CPCM(F) with a Poisson F' and DAG X; — Xos.

We can potentially combine other well-known models, such as ANM and discrete QVF
models; however, we will focus solely on CPCM classes for the remainder of this paper. Note
the distinction between ANM and CPCM models: the former assumes that 6(X) corresponds
to the mean, while the latter allows 6(X) to represent any distributional characteristic;
however, CPCM imposes additional assumptions on the noise.

Extending the definition of CPCM (F) to allow multiple data-generating mechanisms
induces the risk of unidentifiability. If the class CPCM (F1,..., Fy) is too large, both
Fefrect|cause aNd Fraygseleffect may lie within it. In the following section, we show that this is
typically not the case as long as F1, ..., Fj belong to the exponential family of distributions.

3. Identifiability results

Identifiability is a prerequisite for causal discovery. We now examine the identifiability of
the causal graph: can the true causal structure be inferred from the joint distribution under
our CPCM model?

Definition 3 (Identifiability) Let Fix, x,) be a distribution that has been generated ac-
cording to the CPCM (F1, ..., Fy) model with graph X1 — Xo. We say that the causal graph
is identifiable from the joint distribution (equivalently, that the model is identifiable) if there
does not exist § and a pair of random wvariables €5 11 €1, where €1 is uniformly distributed,
such that the model Xo = &9, X1 = Ffl(él;é(Xg)) for some i € {1,...,k} generates the
same distribution F(x, x,)-

3.1 Identifiability in CPCM (F)

First, we discuss the Gaussian case. Recall that in the additive Gaussian model, where
Xy = f(X1)+e2, 2 ~ N(0,02), the identifiability holds if and only if f is non-linear (Hoyer
et al., 2009). We provide a different result with both mean and variance as functions of the
cause. A similar result is found in (Khemakhem et al., 2021, Theorem 1) in the context
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of autoregressive flows and where only a sufficient condition for identifiability is provided.
Another similar problem is studied in Immer et al. (2023) and Strobl and Lasko (2022), both
of which discuss identifiability in general location-scale models.

Theorem 4 (Gaussian case) Let (X1, X2) admit the CPCM (F') model with graph X; —
Xo, where F' is the Gaussian distribution function with parameters 0(X1) = (M(X1), O'(Xl))T
as in Example 1.

Let p., be the density of €1, which is absolutely continuous with full support R. Let
w(z),o(x) be two times differentiable. Then, the causal graph is identifiable from the joint
distribution if and only if there do not exist a,c,d,e,a, 6 € R, a > 0,¢c > 0,5 > 0, such that

p()

2
2(2) ax” +c, 2(2) + ex, (4)
for allz € R and
S1[le=? _wm)]
Pey(x) xxo(z)e 20 5 @, (5)

where o< represents an equality up to a constant (here, ps, is a valid density function if and
only if é > %]l[a =0]). Specifically, if o(x) is constant (case a = 0), then the causal graph
is identifiable, unless p(x) is linear and pe, is the Gaussian density.

The proof is provided in Appendix C.1. Moreover, a visual example of an unidentifiable
Gaussian model with a =c=d=e=a = =1 can be found in Appendix C.1, Figure 9.
Theorem 4 indicates that the non-identifiability holds only in the “special case,” when

;LQ(—(Q;)), ﬁa) are linear and quadratic, respectively. Note that natural parameters of a Gaus-

sian distribution are %, %, and sufficient statistics of the Gaussian distribution have a
linear and quadratic form (for the definition of the exponential family, natural parameter
and sufficient statistic, see Appendix A.1). We show that such connections between non-
identifiability and sufficient statistics hold in the more general context of the exponential

family.

Proposition 5 (General case, one parameter) Letq = 1. Let (X1, X2) admit the CPCM (F)
model with graph X1 — Xa, where F lies in the exponential family of distributions with a suf-
ficient statistic T'. The causal graph is identifiable if at least one of the following conditions

18 met:

1. Supports of X1 and Xo differ.
2. There do not exist a,b € R, such that

O(x) =aT(x)+0, Vo € supp(Xy). (6)

3. There does not exist ¢ € R, such that

h(z) o)
— S " A X 7
le(x) X h2[9(x)]e ) T e Supp( 1)7 ( )
where hy is a base measure of F' and hg is the normalizing function of F defined in
Appendiz A.1.
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Idea of the proof While this proposition follows as a special case of Theorem 7, we outline
the key ideas behind the proof.

If the graph is not identifiable, there exists a function 0, such that causal models
X1 =¢e1,Xy = F_l(EQ;G(Xl)), and Xy = g9, X7 = F~ (51,0(X2)) generate the same
joint distribution.

1) If the supports of X and X, differ, then X; trivially can not be written as X; =
- (81, Q(Xg)) since the support of any distribution in the exponential family is fixed. This
immediately rules out non-identifiability in such cases. At the population level, even a
difference on a measure-zero set is sufficient to ensure identifiability.

2) Assuming the causal graph is not identifiable, we decompose the joint density:

Px1,x2) (T, Y) = pxy (2)Pxyx, (0 | ) = px, (W)pxy 1 xo (2 | ), 2y € supp(X1).  (8)

Since F' belongs to the exponential family, we rewrite the conditional densities using notation
from (2):

Pxo|x, (U | ) = hi(y)h2[0(x)] exp[0(x)T(y)], px,|x.(7|y) = hi(2)ha[0(y)] exp[0(y)T(z)].
Substituting this into (8) gives:
px, (€)1 (y)ha[6(x)] exp[8(x)T(y)] = px, (y)ha (z)ha[6(y)] exp]
px: ( ( hi(y) iy _o(x
g { PCIRLEIL {m} —Iy)T@) - 0T, (9)

y)ha[0(y)]
f(@) 9(y)

&

>

[\&)

=

&

Pt
o)
<
S~—
=
B

where the second equation follows from taking the logarithm of both sides after dividing
by hi and hs. Differentiating both sides with respect to z and y, and fixing y such that

T'(y) # 0, we obtain ¢'(z) = T,((y)) T'(z). Integrating this equation with respect to x leads
to (6). Note that we do not need to assume differentiability of #, and we can get around it
by applying Lemma 18.

3) equality (9) implies f(z ) = a1 T (x)+a2T (y)+as for some constants ay, az, a3 €
R. Therefore, fixing y yields f(z {pxl (ZI}(L;)[Q } ) 4+ const. Rewriting this
directly yields (7). [ |

Intuitively, condition (6) rules out joint distributions that are symmetric with respect
to the transformed axis aT'(x) + b, similar to how symmetry around y = a + bz causes non-
identifiability in the Gaussian ANM case (Zhang and Hyvérinen, 2009). In the CPCM (F')
setting, the parameter 6(z) affects the distribution through the sufficient statistic 7'(z). If
0(x) takes the form T'(x) (or aT'(x) + b, since a sufficient statistic is defined only up to
an affine transformation), the joint law has this symmetry, making both causal directions
consistent with the data. By violating (6), the symmetry is broken and the true causal
direction becomes identifiable.

As a consequence of Proposition 5, we extend the results demonstrated by Park and
Raskutti (2015) and Park and Park (2019) for a Poisson DAG model. These authors es-
tablished the identifiability of a Poisson DAG model, where all variables (including source
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variables) given their parents follow a Poisson distribution. We present an analogous result,
relaxing the restriction on the source variables.

Consequence 6 o Let (X1,Xs) admit the CPCM(F) model with graph X1 — Xao,
where F' is the Poisson distribution function with rate X. Then, the causal graph is
not identifiable if and only if

e)\(x)—i-cx

)\([,U) — ea:E-l-b’ P(Xl = 33) X , VLU c {07 1727 ce . },

x!
for some a < 0,b,c € R.

o Let (X1,X2) admit the CPCM (F') model with graph X1 — X, where F' is the Pareto
distribution function. Then, the causal graph is not identifiable if and only if

1
alog(z) + blxctl’

0(z) = alog(x) +b, px,(x)x [ Vo > 1,

for some a,b,c > 0.

o Let (X1,X2) admit the CPCM (F) model with graph X; — Xa, where F is Bernoulli
distribution function. Then, the causal graph is identifiable if and only if supp(X1) #

supp(Xa).

The proof is provided in Appendix C.2, together with definitions of the distribution func-
tions. Observe that if a = 0, then X; 1l X5 and the (empty) graph is trivially identifiable.

Note that in the first two bullet points of Consequence 6, we have three free parameters:
a, b, and ¢. The non-identifiability of the graph in a Bernoulli model arises from the fact
that the joint distribution of (X7, X3) can be fully characterized by only three parameters.

3.2 Identifiability in CPCM(Fy,..., F};) models

We generalize Proposition 5 to the general case. The following theorem establishes that
CPCM(Fy,...,Fy) models are “typically” identifiable, except for a finite-dimensional set
within the space of all possible distributions.

Theorem 7 Let (X1, X2) follow the CPCM (Fy, ..., Fy) model with graph X1 — Xo, where
Fy, ..., Fy belong to the exponential family of distributions with corresponding sufficient
statistics Ty, = (Tmas -+ Tmagn) > m = 1,..., k. Following Definition 2, let m € {1,...,k}
be the index such that Xo = Fﬁ_,bl(e’ig; Hg(Xl)).

The causal graph is identifiable if for all m € {1,...,k}, at least one of the following
holds:

o supp(Fp,) # supp(X1).

e The function 0> is not a linear combination of the sufficient statistics Tin1,. .., Tm.gm
i.e., there do not exist coefficients a; j,b; €R fori=1,...,q7 and j =1,...,qy such
that

qm
O2i(x) = aijTmj(x) +bi, Vo €supp(X1), Vie{l,...,qm}. (10)
j=1
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e There do not ewist constants ci, ..., cq, € R such that the density of X1 satisfies
hm () am e, Tpm,i(z)
px, (x) X —————F—evi=1%"mUT) VY e qupp(X7), 11
(@) o e (x2) (1)

where hiy, 1 45 a base measure associated with Fy,, and hy, 2 is the normalizing function

of Fy, both defined in Appendiz A.1.

Consequentially, the space of non-identifiable distributions is contained in a d-dimensional
space, where
d< > (gm +1)(gm +1) — 1. (12)
me{lL,....k}:supp(Fm)=supp(X1)

The proof is provided in Appendix C.3. It is insightful to examine the dimension of the
space of unidentifiable distributions for different choices of F'. In one-parameter cases, such
as in Consequence 6, the set of all unidentifiable distributions lies within a three-dimensional
space, similar to the case for ANM (Peters et al., 2014, Proposition 21). For the Gaussian
CPCM (F) model, Theorem 4 shows that this dimension is 6, despite Theorem 7 initially
suggesting (24 1)(2+ 1) — 1 = 8. In the proof of Theorem 4, we showed that two of these
coefficients must be zero, confirming that (12) provides only an upper bound and the actual
dimension can be smaller.

Since the space of all distributions is infinite-dimensional (assuming infinite support),
one can argue that identifiability holds for “most distributions,” regardless of the choice of
F. However, when F' has many parameters, the model often lies “close” to an unidentifiable
case, making the finite sample inference significantly more challenging.

Consequence 8 Suppose that supp(X1) = R, supp(Xe) = {0,1,...} such as on Figure 1,
and let (X1, X2) admit the CPCM (Fy, F3) model with graph X1 — Xo, where Fy is a
Gaussian distribution and Fy is a Poisson distribution with rate parameter A. The causal
graph is identifiable if and only if there do not exist constants a1, a2,b,c1,c0 € R, a1,¢1 <0,
such that:

AMz) = ei1e’tarrth px, (z) eC1r e vz € R.

Details and more examples are provided in Appendiz C.4.

4. Multivariate case d > 2

We extend the theory to the case with possibly more than two variables, X = (X,..., X4)".

Definition 9 Let {Fi,...,Fy} be a collection of distribution functions with q1,...,q; pa-
rameters, respectively, where qi,...,q; € N. We define a conditionally parametric causal
model CPCM (Fi, ..., Fy) with an underlying DAG G as a collection of equations:

X, — & if j € Source(G),
T Fﬁl)(gj;ej(xpaj)% where w(j) € {1,...,k}, if 7 ¢ Source(G),

m(J

where (g1,...,eq) " is a collection of jointly independent random variables with £; ~ U(0, 1)
for all j ¢ Source(G), and 0; are non-constant functions in any of their arguments.

10
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Simply said, we assume that X | X, is distributed according to distribution F(;) with
parameters 0;(Xp,; ), where Fy(;) is either Fy, Fy, ..., or Fj. Although we implicitly assume
causal minimality (Zhang and Spirtes, 2010), we do not require the stronger assumption of
faithfulness (Uhler et al., 2013).

The question of the identifiability of G in the multivariate case is in order. Here, it is
not satisfactory to consider the identifiability of each pair of X; — X separately. Each pair
X, X needs to have an identifiable causal relation conditioned on other variables Xg. Such
an observation was first made by Peters et al. (2014) in the context of additive noise models.
We now provide a more precise statement in the context of CPCM (Fy, ..., Fy).

Definition 10 We say that the CPCM (F1, ..., Fy) is pairwise identifiable, if for all i,j €
V, S CV, such that i € pa; and pa; \ {i} C S C nd; \ {i,j}, there exists xs: pg(zs) > 0,
which satisfies that a bivariate model defined as X = €x,Y = Fj*l(éy, é(X)) 18 identifiable
(in the sense of Definition 3), where Fzy = Fy,x4= a5 and 0(x) = 0;(Tpa,\(i}, ), T €
supp(X).

Lemma 11 Let Fx be generated by the pairwise identifiable CPCM (Fy, ..., Fy) with DAG
G. Then, G is identifiable from the joint distribution.

The proof follows as a consequence of Theorem 28 in Peters et al. (2014) and is provided in
Appendix C.5.

Consequence 12 (Multivariate Gaussian case) Suppose that X = (X1,...,Xy) follow
CPCM(F) with a Gaussian distribution function F. This corresponds to Xj | Xpa, ~
N(Mj(Xpaj),O']Z(Xpaj)) for all j =1,...,d and for some functions p;,o;. In other words,
we assume that the data-generation process has the following form:

X = p1j(Xpa;) + 0j(Xpa,) €5, where €; is Gaussian.

Potentially, source nodes can have arbitrary distributions. Combining Theorem 4 and Lemma 11,
the causal graph G is identifiable if the functions 6;(x) := (uj(m),aj(w))T,:I: e Rlpa 9]
j=1,...,d, are not in the form (4) in any of their arguments.

5. Inference
5.1 CPCM algorithm - bivariate case

Our CPCM methodology is based on selecting an appropriate causal model (in our case, the
choice of collection {F, ..., F;}) and a measure of a model fit. In the following subsections,
we measure the model fit by exploiting the principle of independence between the cause and
the mechanism.

We say that a DAG G is plausible under CPCM (F') model if the joint distribution
can be generated via C PC M (F') model with graph G. The Algorithm 1 describes the main
steps to test the plausibility and estimation of G in the bivariate case.

An estimation of #(X1) in Step la) is discussed in detail in Appendix A.2. It can be
performed using any suitable machine learning method, such as GAM, GAMLSS, random
forests, or neural networks (Green and Silverman, 1994; Stasinopoulos and Rigby, 2007). For

11
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Algorithm 1: CPCM(F) - bivariate case

Data: Random sample (2 1, a:271)T, oo (@, azg,n)—r

Result: Estimate G and plausibility of graphs X; — X9 and X3 — X

Step 0) Test independence between X; and Xo.

Step 1) Determine plausibility of X; — X2 using the following:
1a) Estimate 0(X1) in Xo = F~1(e9;0(X1)); compute &y := F(X2;0(X1)).
1b) Test independence between é9 and X;. If the p-value is larger than a = 0.05,
mark X; — X as plausible.

Step 2: Repeat Step 1 for Xo — X;.

Forced estimate (Choose the direction with the higher residual independence):
Return X; — Xy if p-value(ég, X1) > p-value(é1, X2), else return Xo — Xj.

Conservative Estimate:

If Step 0 fails to reject independence, return G =10.

If exactly one of the two graph directions is plausible, return it as G.

If both directions are plausible, return "Unidentifiable case".

If neither is plausible, return "Assumptions not fulfilled".

the independence test in Step 1b), one may use the HSIC test (kernel-based Hilbert—Schmidt
independence criterion; Pfister et al. (2018)) or a copula-based test (Genest et al., 2019).

The conservative estimate G helps guard against unfulfilled assumptions or unidentifi-
able cases. If it returns “Assumptions not fulfilled,” it means that we were unable to fit
the CPCM(F) model in either direction, suggesting that the variables do not follow the
CPCM(F) model. In this case, one should consider increasing the complexity (i.e., the
number of parameters) of . This is discussed further in Section 5.3.

If it returns “Unidentifiable case,” this means that we were able to fit the CPCM (F)
model in both directions. This could indicate that the sample size is too small or that we
are in an unfortunate unidentifiable case, such as the one described in Consequence 8. In
this case, one should consider decreasing the complexity (i.e., the number of parameters) of

F.

While the warnings from the conservative estimate Q are useful, we often require a single
estimate of G for comparison with other benchmark methods.

12
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5.1.1 EXTENSION TO CPCM(F4, ..., Fy)

The following adjustment to Step 1 in Algorithm 1 can be applied to accommodate the
CPCM/(Fy, ..., Fy) model, given a collection {F,..., Fi}.

CPCM (Fy,...,Fy)
Step 1) Determine plausibility of X; — X» using the following:
Step la) Estimate the set S :={j € {1,...,k} : supp(F;) = supp(X2)}. If
empty, return “STOP: Inappropriate choice of F”.
Step 1b) For all j € S, estimate #(X;) in a model Xy = F} (£2;0(X1)), and
compute probability transform ég = F} (XQ; é(X 1))
Step 1c) Compute the p-value of an independence test between é% and X for all
je S. Choose the largest p-value. Direction X7 — X5 is marked as plausible if
this p-value is larger than o = 0.05.

By estimating the set S in Step la), we can preliminarily filter out the Fj choices that
are evidently unsuitable, such as fitting Gaussian model when the data are discrete. We
can apply a simple heuristic under the assumption that supp(Xs) and supp(Fj) for all j are
one of the following: 1) R (Gaussian), 2) RT (Gamma), 3) [0,1] (Beta), or 4) N(Poisson).
The heuristic is as follows: if the number of unique values in (z2,,...,22,) is fewer than
n/10 and the values lie in N, we set supp(Xs2) = N. Otherwise, if all values lie within [0, 1],
we set supp(X2) = [0,1]. To distinguish between R and R*, we use the skewness of the
distribution: if the skewness is close to 0, the distribution resembles a Gaussian distribution,
so we set supp(Xz2) = R. Otherwise, the distribution resembles a Gamma distribution, so
we set supp(Xsz) = RT.

5.2 Multivariate case: CPCM(F) as a score-based DAG optimization

The forced estimate of G in Algorithm 1 can be seen as a score-based algorithm; defining the
score of a graph as a p-value of the corresponding independence test, we simply compare the
scores of graphs X7 — X5 and X9 — X;. In the following, we formalize this idea, leading
to generalizing the CPCM inference to multivariate case.

Following the ideas of Rajendran et al. (2021); Nowzohour and Bithlmann (2016); Peters
et al. (2014), we use the following penalized independence score:

G = argmin s5(G) = argmin p(éy,...,&4) + A(Number of edges in G), (13)
GEDAG(d) GEDAG(d)

where p represents some dependence measure, A is a hyperparameter, DAG(d) is the set
of all DAGs over V. ={1,...,d} and é1,...,&,4 are noise estimators obtained by estimating
0i(Xpa,(g)) and putting &; := F(Xj; éi(Xpai(g))) analogously to Algorithm 1.

With regard to choice of p, we use minus the logarithm of the p-value of the independence
test (Genest et al., 2019) and A = 2. These choices appear to work well in practice, but we
do not provide any theoretical justification of their optimality.

Analogously to the bivariate case, we can define that a DAG G is plausible if the
p-value of the corresponding independence test between (é1,...,¢4) is larger than level

€ (0,1). If every G € DAG(d) is not plausible, it suggests that the variables do not follow
the CPCM (F') model. In this case, one should consider increasing the complexity (i.e., the

13
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number of parameters) of F’; this is discussed in more detail in Section 5.3.4. On the contrary
to the bivariate case, many DAGs can be plausible in an identifiable CPCM (F') model. In
particular, if a true causal graph G is plausible, than any G D G should be plausible.

It is important to note that in a bivariate case, score based estimate (13) is equal to the
forced output of Algorithm 1, given A = —oc.

5.2.1 CPCM/(Fi,...,F)) EXTENSION

Similarly to the extension of Algorithm 1, the following adjustment can be applied to ac-
commodate the CPCM (Fi, ..., Fy) model, given a collection {F1, ..., Fy}:

s(G)=  min p(é{", e ,éfld) + A(Number of edges in G), (14)

J1€S51,+,Ja €54
where S; are estimates of S; = {j € {1,...,k} : supp(X;) = supp(F;)}, and where
égi = F, (Xi;é’i(Xpai(g)))~ If supp(F;) # supp(F}) for all i # j, we end up with a sin-
gle evaluation of the score function for each possible G. Finally, analogously to CPCM (F),
we say that DAG G is plausible if there exist j; € Sy, ..., Jjd € S, such that the p-value of

the independence test between (é]f, e ,éz'ld) is larger than level a € (0,1).

5.2.2 CONSISTENCY

Mooij et al. (2016) demonstrates consistency of a causal discovery algorithm in ANMs. We
establish an analogous result for CPCM (F1y, ..., Fy).

Proposition 13 Let (X1, X2) follow an identifiable CPCM (Fy, ..., Fy) with DAG G. Then,
our score based algorithm presented in Section 5.2 is consistent, meaning that

5 P
Gg—>G asn— oo,

given that we employ a “suitable” estimation procedure for the estimation &;, we use HSIC
score as our choice of p and consistent estimators S; (for definitions, proof and more details,
see Appendiz A.2).

Additionally, in the unidentifiable case, Algorithm 1 detects non-identifiability with high
probability, as stated in the following lemma.

Lemma 14 (Algorithm 1 under unidentifiability) Let (X1, X2) follow an unidentifi-
able model CPCM (Fy, ..., Fy). Assume that Algorithm 1 employs the HSIC independence
test in step 1b) and that the regression function is estimated perfectly, i.e., using oracle es-
timator = 0. Then, for sufficiently large n, Algorithm 1 outputs "Unidentifiable case”
with probability at least 1 — 2a.

Extending Lemma 14 to the non-oracle setting or Proposition 13 beyond the bivariate
case remains technically challenging and is left for future work. Although Pfister et al.
(2018) proved the asymptotic validity of bootstrap-based p-values for the multivariate HSIC
test, estimation error in 0 propagates to the residuals and alters the variability of the HSIC
statistic, complicating its asymptotic analysis. A rigorous generalization would require de-
riving asymptotic distributions for higher-order kernel statistics under estimated residuals,
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which is beyond the current theoretical scope of our work. Empirically, however, as shown in
Section 6.2, the resulting p-values remain well-calibrated even in the presence of estimation
error.

5.2.3 SCALABILITY AND GREEDY ALGORITHMS FOR LARGER DIMENSIONS

The main disadvantage of the proposed method is that we have to go through all graphs
G € DAG(d), which is possible only for very small d. However, even though graph learning
is typically NP-hard (Chickering et al., 2004), numerous algorithms have been proposed to
speed up the process (Chickering, 2002; Silander and Myllyméki, 2006; Ramsey et al., 2016;
Nandy et al., 2018; Rajendran et al., 2021).

The naive-edge-greedy algorithm (Chickering, 2002) is one such algorithm that iter-
atively adds or removes edges to minimize the CPCM score (13). Another is the RESIT
algorithm (Peters et al., 2014), which first estimates a topological ordering and then prunes
redundant edges via independence tests. RESIT can be naturally adapted to the CPCM
framework (Algorithm 4 in Appendix B.1) and retains large-sample consistency guarantees
(Lemma 17 in Appendix B.1). However, its performance tends to deteriorate in higher
dimensions where early ordering errors and type I error introduce spurious edges.

To combine the strengths of both approaches, we introduce a hybrid RESIT-greedy
algorithm that merges Phase 1 of RESIT with the edge-pruning strategy of greedy search;
see Algorithm 2. In Phase 1, the topological ordering is estimated by iteratively removing
the node whose residuals €; exhibit the weakest dependence on the remaining variables; this
node is then appended to the ordering. Alternative procedures for estimating the topological
order also exist (Gnecco et al., 2020). In Phase 2, instead of performing independence tests,
we apply a greedy edge-removal procedure guided by the CPCM score: starting from the
fully connected graph consistent with the estimated ordering, we iteratively remove the edge
whose deletion yields the largest decrease in the CPCM score, stopping when no further
improvement is possible.

In Appendix B.1, we compare these algorithms in terms of accuracy and computational
time. The results (unsurprisingly) show that the exact method achieves the highest accuracy
but is computationally feasible only for small graphs (d < 5). RESIT and naive-greedy
methods are the most scalable but exhibit worst accuracy. The RESIT-greedy algorithm
strikes a balance: it consistently outperforms both RESIT and naive-greedy in terms of
accuracy while maintaining reasonable computational efficiency for moderate dimensions
(d < 10), making it a practical choice in such cases.

For much larger dimensions, a hybrid approach is recommended: using e.g. PC algorithm
to estimate the skeleton and applying the CPCM algorithm only to smaller subgroups of
unoriented edges. Similar strategy has been discussed, for example, in (Goudet et al., 2017),
though a detailed exploration is beyond the scope of this paper.

5.3 Choice of the collection {F}, ..., Fy}

5.3.1 WHY {F},...,Fx} CANNOT BE CHOSEN IN A DATA-DRIVEN WAY

Selecting the collection {F1,. .., Fi} is a crucial step in our approach. Unfortunately, there is
no principled, general data-driven way to select this collection without access to alternative
data. As discussed in Section 2.1.1, alternative methods such as ANM, QVF, bQCD, or
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Algorithm 2: RESIT-greedy algorithm
Input: Random sample of (X7,..., Xy)
Phase 1 (topological order): Obtain topological order 7 via RESIT
(Algorithm 4).

Phase 2 (edge removal): Initialize G < {(j—1) : j precedes i in 7}.

repeat
S + s(G), where s(+) is the score defined in Equation (13) or (14);
"« argmineeg s(G \ {e});
if s(G\ {e*}) < S then G + G\ {e*};

until no improvement;

Output: G

IGCI all predefine the notion of a “simple” distribution. This predefinition is necessary;
otherwise, Occam’s razor loses its meaning. The following lemma formalizes this idea.

Lemma 15 Suppose that the joint distribution F(x, x,) ts generated according to the model
CPCM(Fy) with graph X1 — Xa, where Fy is a distribution function belonging to the
exponential family.

Then, there exists Fy such that the model C PC M (Fy) with graph Xo — X1 also generates
Fix, x5)- In other words, there exists Fy such that the causal graph in CPCM(Fy, Fy) is
not identifiable from the joint distribution.

The proof (provided in Appendix C.6) is based on the specific choice of Fj, such that its
sufficient statistic is equal to the parameter 6, from the original model C PC M (F3).

It is important to note that such an Fj often results in a rather non-standard distribution.
While the notion of a “standard” distribution is somewhat philosophical, some distributions
are objectively considered standard due to physical motivations; for example, the Gaussian
(by the central limit theorem) or the Poisson (which arises when counting independent
events). This motivates the definition of a “standard set of well-known distributions,” which
we discuss in Section 5.3.3.

5.3.2 UNFAIR GAME ISSUE

Even if the theory suggests that it is not possible to fit a CPCM (F, ..., F}) in both causal
directions, this is only an asymptotic result and may not hold in practice with finite samples.
Overparameterized models may overfit and capture spurious patterns, while underparam-
eterized ones may violate key assumptions. To ensure a fair comparison, we recommend
selecting all F; with the same number of parameters (¢; = g;). For example, choosing F;
with one parameter and Fy with three (g1 = 1, g2 = 3) introduces bias, since the more
flexible model is more likely to fit the data regardless of its correctness (unless we are in the
asymptotic regime). We refer to this issue as an “unfair game.”

5.3.3 PRACTICAL CHOICES OF THE SET OF “STANDARD WELL-KNOWN DISTRIBUTIONS”

We define nested sets of “standard set of well-known distributions”; set .7 containing distri-
butions with one parameter, and a more complex set .7 containing distributions with two
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parameters. We do this to avoid the “unfair game” issue. Both sets should be rich enough to
contain a wide range of distributions with different supports and characteristics, but should
not contain many distributions with the same support in order to avoid unidentifiable setups.

For practical purposes, we restrict our attention to distributions that are implemented
in mgev package in family.mgcv (Wood, 2017). These include:

1. .7 consists of the following one parameter distributions: Gaussian with fixed variance,
Poisson, Pareto and Exponential distribution.

2. % consists of the following two parameter distributions: Gaussian, Negative binomial,
Generalized Pareto and Gamma distribution.

These choices are tactically made such that every distribution in the family %) is a special
case of some distribution in .%%; for example, the Poisson distribution arises as a special
(limiting) case of the Negative Binomial distribution (see Casella and Berger, 2024, p. 96).

We emphasize that many other choices are possible, and our collections are neither
exhaustive nor immutable. They may be adapted for specific applications where alternative
distributions could be regarded as “standard.”

5.3.4 /1 OR .57 SEQUENTIAL APPROACH

We propose a sequential approach for the selection between . and 5. We first choose
the (least complex) set .#; if this choice is “not appropriate”, we then extend the set of
distributions to ¥ U . If A U % is also “not appropriate”, we may further extend
the model class by introducing .#3: the class of standard three-parameter distributions.
This hierarchical selection process incrementally increases the complexity of the conditional
distributions until at least one graph is plausible.

We define that .7] is “not appropriate” if there does not exist any plausible graph G €
DAG(d) under CPCM (.#1). This is formally defined in Algorithm 3.

Algorithm 3: Sequential approach for the choice between .7 and %

Exact version: For each G € DAG(d), infer whether it is plausible under
CPCM () (as discussed in Section 5.2). If no graph is plausible, return
S U Y%, otherwise, return ..

Greedy version: When employing a (RESIT-)greedy algorithm, scores are
evaluated for multiple candidate DAGs. For each candidate, test plausibility under
CPCM(.#); if none are plausible, return .1 U .%; otherwise, return .77.

Note: The plausibility check is effectively free, as it relies on the same dependence
measure p(é1,...,&4) already computed in the score.

Fast version: Estimate G. Test its plausibility under CPCM (A); if G is not
plausible return % U .%%; otherwise, return ..

By sequentially expanding .} by .75, and potentially by .#3, we ensure that the simplest
adequate model is chosen while avoiding unnecessary complexity and unfair game issue. As
an example when our data are continuous uni-modal with full support, consider that a
Gaussian model with fixed variance is fitted in both directions X — Y and Y — X. If both
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graphs are not plausible, we expand the model to location-scale Gaussian model. Potentially,
if both directions are again not plausible in this model, we add a shape parameter and
consider Generalized Gaussian model (Nadarajah, 2005).

Consequence 16 Let (X1, X2) follow an CPCM(F) model with DAG G, for some F €
AUS. Assume the conditions of Proposition 13 hold: namely, identifiability of C PC M (U
Sa), employing a “suitable” estimation procedure and the HSIC score. Then, our score-based
algorithm, with the collection {F1,...,Fy} chosen via the Sequential approach (Ezact ver-

. . . 5 P
sion), is consistent: G = G, as n — 00.

6. Experiments

The R code for the presented algorithms, simulations, and application is available at https:
//github.com/jurobodik/Causal_CPCM.git.

e In Section 6.1, we investigate the robustness of our approach against misspecifications
of the choice of F' (the data are generated with F' being an exponential distribution
but we use different choices for F' such as Gaussian or Pareto).

e In Section 6.2, we empirically validate Consequence 6 and Proposition 13, showing
that the distribution of the p-values (scores) produced by Algorithm 1 across different
causal graphs is approximately uniform.

e In Section 6.3 and Section 6.4, we compare our methodology with state-of-the-art
methods using bivariate and multivariate benchmark datasets, respectively.

e In Section 6.5 we consider a toy example on real-world data.

e In Appendix B.1, we evaluate the performance of different greedy algorithms. This
simulation study suggests that RESIT-greedy achieves better accuracy than standard
greedy or RESIT methods, but at the cost of slightly higher computational complexity,
making it a practical choice for moderately sized graphs (d < 10).

e In Appendix B.2, we empirically evaluate the Sequential approach, compared to oracle
choice of F'.

Implementation details. In all experiments, we estimate 6(X;) using Generalized
Additive Models (GAM, Wood et al. (2016)). We use the HSIC as an independence test and
approximate the null distribution with a gamma distribution in order to obtain p-values
(Pfister et al., 2018). In Section 6.2, we use the conservative estimate in Algorithm 1;
elsewhere, for comparability with other methods, we use the Forced/Score-based estimate
(recall that the forced estimate is a special case of the score-based estimate when d = 2).
For the sequential approach, the exact version is applied with the exact CPCM algorithm,
the fast version with RESIT, and the greedy version with RESIT-greedy or edge-greedy
algorithms.
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IDENTIFIABILITY OF CAUSAL GRAPHS UNDER CPCM

6.1 Robustness against a misspecification of F

We consider the structural model X; — Xy, where X7 ~ N(2,1)" (Gaussian truncated to
x> 0) and
X, | X1 ~ Exponential (6(X1)), (15)

for some non-negative function 6. This corresponds to model (3) with F' equal to the
exponential distribution, a special case of the Gamma family with a fixed shape parameter.

The simulation evaluates how misspecifying F affects causal graph estimation. We gen-
erate n = 1000 samples from (15), apply our framework for several candidate families, and
record the proportion of correctly identified directions (using Forced Algorithm 1), averaged
over 100 repetitions.

Results are shown in Table 1. The method is robust when F' resembles the exponential
distribution in support and tail behavior, but accuracy drops sharply for e.g. F' = Gaussian.
Surprisingly, F' = Gamma, the correctly specified family, performs relatively poorly due to
over-parameterization: the reverse model X5 — X can often fit well with two parameters.
Using three-parameter families typically reduces accuracy to about 50%, no better than a
coin toss, showing the importance of controlling model complexity in causal discovery.

Family F #param 6(x) =random O(z)=2 O(z)=2>+1 6O(x)=e"/2
Exponential (oracle) 1 0.99 0.98 0.99 1.00
Gamma, fixed scale 1 0.96 0.96 1.00 0.99
Pareto, shifted support 1 0.99 0.99 1.00 1.00
Gumbel, fixed scale 1 0.36 0.00 0.01 0.00
Gaussian, fixed o 1 0.01 0.00 0.01 0.00
Gamma 2 0.96 0.73 0.64 0.79
Gumbel 2 0.68 0.87 0.91 0.97
Gaussian 2 0.69 0.07 0.32 0.29

Table 1: Accuracy of CPCM estimations for different distribution families F', with the
Exponential distribution as the ground truth. “Random” 6(z) is generated via Gaussian
processes as detailed in Appendix B.3.

6.2 Empirical validation of Consequence 6, Proposition 13 and p-value
distribution in Pareto model

As in Consequence 6, we consider the CPCM Pareto model X; — X5 with

px, () x [ ! X5 | X1 ~ Pareto(0(X1)), 60(z) =2 log(z) + 1, (16)

log(z) + 12’

where 7 € R measures deviation from the unidentifiable case (v = 0). For v > 0, the
causal graph should be identifiable; for v < 0, 6 is nearly constant and X7, Xo are almost
independent.
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Using v € {-2,-1,0, 1,2}, we apply the Conservative Algorithm 1 with Pareto F' and
sample size n = 500. Note that Algorithm 1 has five possible outcomes: 1) X; 1L Xy, 2)
X1 — Xy, 3) X9 — Xi, 4) “unidentifiable setup” (both directions appear to be plausible)
and 5) “Assumptions not fulfilled” (neither direction appears to be plausible).

e Table 4 in Appendix B.3 shows the results averaged over 100 repetitions. The results

align with the theory: if v = 0, we typically estimate both directions to be plausible.
If v > 0, we tend to estimate the correct direction X; — Xo; if v < 0, we tend to
estimate an empty graph since X; and Xy are (nearly) independent.

Figure 6 in Appendix B.3 shows the distributions of the p-values from the independence
test in Step 1b) of Algorithm 1, using data simulated with v = 0 and v = 2. The
distribution of the p-values appears roughly uniform on (0, 1) in the v = 0 case and in
the correct direction X — Y, while the p-values in the direction Y — X are typically
very close to 0 in the identifiable setup v = 2.

Figure 7 in Appendix B.3 shows an empirical validation of the consistency result from
Proposition 13. For a range of sample sizes n, we generate the dataset using v = 1 and
~ = 2 as the hyperparameters, and we compute the percentage (out of 100 repetitions)
of correctly estimated causal direction. The algorithm appears to achieve near-perfect
performance for large sample sizes.

6.3 Comparison with baseline methods: bivariate case

We compare our method with LOCI (Immer et al., 2023), HECI (Xu et al., 2022), RESIT
(Peters et al., 2014), bQCD (Tagasovska et al., 2020), IGCI with Gaussian and uniform
reference measures (Janzing and Scholkopf, 2010) and Slope (Marx and Vreeken, 2019). As
in Mooij et al. (2016), we use the accuracy for forced decisions as our evaluation metric.
Details can be found in Appendix B.3.

We consider seven benchmark datasets, described below. The first five datasets are
taken directly from Tagasovska et al. (2020) and described in Appendix B.3. They consist
of additive and location-scale Gaussian pairs of the form Xo = p(Xi) + o(X1)e2, where
g2 ~ N(0,1). In each case, we generate X1 ~ N(0,/2).

1.

LSg (Location-Scale Gaussian): Here, u and o are nonlinear functions simulated
using Gaussian processes.

. LSs (Location-Scale Sigmoid): In this setup, p and o are sigmoid functions.

. ANMg (Additive Noise Model): Nonlinear additive noise models generated simi-

larly to LSg, but with constant o(X;) =0 ~ U(1/5,4/2/5).

. ANMs (Additive Noise Model): Nonlinear additive noise models generated simi-

larly to LSs, but with constant o(X1) = o ~ U(1/5,/2/5).

MNs (Multiplicative Noise): Nonlinear multiplicative noise models generated sim-
ilarly to LSs, but with p(X;) = 0.

In addition to the models from Tagasovska et al. (2020), we consider two more setups:
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6. POISg (Poisson Model): X5 ~ Pois(A(X1)), where X is generated using Gaussian
processes similar to ¢ in LSg. Observe that X5 is discrete, creating error in some
methods.

7. PARg (Pareto Model): X, ~ Pareto(6(X)), where § is generated using Gaussian
processes similar to ¢ in LSg.

For each of the seven setups, we simulate 100 pairs with n = 1000 data points each. One
realization of each model can be found in Figure 8 in Appendix B.

The results are presented in Table 2. We conclude that our estimator performs well across
all considered datasets, effectively handling the mix of discrete, continuous and heavy-tailed
variables. Under the Gaussian location-scale setups, it provides comparable results to LOCI
and bQCD, which are specifically developed for such cases.

Method ANMg ANMs MNs LSg LSs POISg PARg
g)zgll\fﬁ;;r;hfme) 100 99 88 98 92 94 90
LOCI (NN H) 100 100 99 91 85 79 0
HECI 98 43 29 96 54 — 100
ANM-RESIT 100 100 39 51 11 0 12
bQCD (m-3) 100 79 99 100 98 97 34
IGCI (Gauss) 100 99 99 97 100 0 0
IGCI (Unif) 31 35 12 36 28 0 100
Slope 22 25 9 12 15 0 100

Table 2: Accuracy (%) of different estimators on the simulated datasets. Similar results
(excluding the first row and the last two columns) can also be found in Immer et al. (2023).
Bold entries indicate cases where high accuracy is expected because the data-generating
mechanism aligns with the method’s modeling assumptions.

6.4 Comparison with baseline methods: multivariate case

We compare our proposed CPCM method with several widely used causal discovery algo-
rithms implemented in R. These include LINGAM (Shimizu et al., 2006), ANM (RESIT)
(Peters et al., 2014; Hoyer et al., 2009), PC (constraint-based method that tests for condi-
tional independences, Kalisch et al. (2012)), and GES (score-based algorithm that greedily
searches over equivalence classes of DAGs using the BIC score, Ramsey et al. (2016)). We
also include a random baseline that selects a DAG uniformly at random from the space of
all DAGs on d nodes. Many other methods, such as NOTEARS (Zheng et al., 2018) or
DAG-GNN (Yu et al., 2019), would also be appropriate comparisons. However, we restrict
our evaluation to methods directly available in R to ensure consistency and reproducibility
within our implementation framework. More details can be found in Section B.3.
We generate data from 4 different scenarios:
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Linear (non-gaussian): X; =3, ;) Xk + €k, where &, tid Ezxp(1),

Nonlinear ANM: X; ~ N (u(Xpq,), 1) where u(Xpa,) = > kepa(i) sin(Xg)+ 3 Xk +ex,
where ¢, i N(0,1)

CPCM(Exp): X; ~ Ezp(MXpa,)), where A(Xpa,) = 3 pcpa(n) | Xkl V 0.1,

CPCM(Exp, Gauss): each node is, with probability %, generated either according
to the nonlinear ANM case or the CPCM (Exp) case.

The underlying DAG G is generated uniformly at random by sampling a random ordering
of the d variables and including each of the d(dT_l) admissible edges with probability %,
resulting in an expected total of d edges (following Peters et al. (2014)). We report results
for d = 5; results for d = 10 are similar and omitted for brevity. For each of the four
scenarios, we simulate 50 graphs with n = 1000 data points each. We compare the methods
using the Structural Intervention Distance (SID, Peters and Biithlmann (2013)). For fairness,
undirected edges in the estimated graph are counted as correct if the true edge exists in either
direction.

In the linear case, it performs nearly as well as LINGAM, which is tailored to linear
non-Gaussian models. In the nonlinear ANM scenario, it is only slightly less accurate than
ANM (Peters et al., 2014). The comparison between RESIT and its greedy variant highlights
that in lower dimensions, RESIT-greedy tends to yield better accuracy. Most importantly,
in the non-Gaussian CPCM (F') settings, our method clearly outperforms all baselines,
underscoring its robustness and suitability for non-additive and heterogeneous functional
forms, where standard approaches often fail.

Method / Scenario (Case d = 5) Egi{z‘ I\X);l;; CI;CZJ\g)Efl) F?fg{f)\’/[]gf:iizs
CPCM (Seq. app., RESIT-greedy) 0.22 0.72 2.16 0.92
LINGAM 0.12 4.72 4.52 5.51
ANM (RESIT) 1.10 1.34 12.21 6.21
ANM (RESIT-greedy) 0.12 0.66 11.81 6.84
PC (gaussCltest) 1.90 2.20 4.28 3.15
PC (HSIC) 0.12 1.50 2.32 1.92
GES (Gaussian score) 1.96 2.34 4.24 3.15
Random 7.20 7.58 7.50 7.57

Table 3: Average SID over 100 repetitions between estimated and true graphs under different
methods and scenarios. Bold values are the best (lowest) across methods.

6.5 Illustration using a motor insurance dataset

Understanding the causal relationships between driver and vehicle characteristics is a key
step in insurance analytics, as it informs both risk assessment and premium setting. We
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demonstrate the advantages of CPCM using a subset of the French MTPL motor insurance
dataset (Sarpal, 2025), restricted to four variables: “ClaimNb” records the number of claims
during the policy period (integer between 1 and 16) and lending itself naturally to a Poisson
model. “VehPower” and “VehAge” are vehicles engine power and age, and “Exposure” is the
duration that the policy was active. Exponential/Gamma distribution is a natural model for
variables “VehPower”, “VehAge”, and “Exposure” due to their exponential-type shapes. Since
the dataset contains almost a million observations, we focus on a subset of the first n = 1000
records; results based on different random subsamples are provided in Appendix B.3.

Fitting an LINGAM/ANM to this dataset is problematic for two reasons. First, the
discrete nature of “ClaimNb” violates the continuous additive noise assumption used by most
ANM methods (Peters et al., 2011). Second, the other variables are skewed, non-Gaussian
and heteroskedastic, making CPCM much more natural choice.

Using the sequential family-selection approach within CPCM and the RESIT-greedy
algorithm, we obtain the graph shown in Figure 2. In this case, family .7} was selected, as
the resulting graph was marked as plausible. In contrast, applying LINGAM or ANM-RESIT
yields markedly different structures: LINGAM suggests Exposure — VehAge — VehPower,
while ANM-RESIT recovers only VehAge — VehPower.

Although the ground truth for this dataset is not perfectly clear, the results provide
evidence that CPCM can recover more plausible causal structures in mixed-type insurance
data than existing ANM-based or linear approaches. By accommodating discrete outcomes,
non-Gaussian noise, heteroskedasticity and heavy-tails, CPCM produces graphs that align
better with domain knowledge and avoid the misspecifications that can arise in more restric-
tive frameworks. On the other hand, CPCM can be computationally demanding for larger
datasets, especially when sequential family selection is combined with many candidate par-
ent sets. Furthermore, as with most observational causal discovery methods, CPCM relies
on the assumption of causal sufficiency, which can be restrictive in practical applications.

VehAge VehPower

ClaimNb

Figure 2: Causal graph estimated by CPCM on the French motor insurance dataset subset.

7. Conclusion and future research

We introduced a new family of models for causal inference called Conditionally Paramet-
ric Causal Models (CPCM), designed to flexibly accommodate a broad range of variable
types and distributional forms. Our primary theoretical contributions lie in establishing
the identifiability conditions for the causal structure within this framework. Specifically, we
have demonstrated that the bivariate CPCM (F') models are identifiable, with exceptions
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arising only when the parameters of F' take the form of a linear combination of its sufficient
statistics. Furthermore, we have provided detailed characterizations of identifiability across
various cases such as Gaussian, Poisson, and Pareto, significantly broadening the scope of
identifiable models beyond existing literature. We also explained the multivariate extensions
of these results.

We complement these results with two consistent estimation algorithms for CPCM-
based causal graph recovery. Experiments show competitive performance in Gaussian lo-
cation—scale models, while retaining the ability to operate in much broader distributional
settings, including heavy-tailed, continuous, discrete or even a mixture of these.

CPCM also connects naturally to invariant causal prediction (Peters et al. (2016); Kook
et al. (2024)), offering promising directions for distribution-aware causal feature selection,
as the framework of target-variable causal modeling provides a natural environment for
embedding the CPCM ideology (Bodik and Chavez-Demoulin, 2025). Extensions to time
series settings (Bodik et al., 2024; Assaad et al., 2022) or uncertainty quantification under
distribution shift (Liu et al., 2021; Bodik et al., 2025) would further broaden its applicability.
Integrating these ideas and validating CPCM in diverse applied domains (Gamella et al.,
2025) are key avenues for future work.
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Appendix

This appendix is organized as follows:
e Appendix A provides a detailed definition and assumptions concerning the Exponential
family, which were omitted from the main text for clarity. It also introduces the
notion of F-suitability of an estimator and includes an in-depth discussion and proof

of Proposition 13.

e Appendix B presents additional experiments and elaborates on certain implementation
details.

e Appendix C contains all theoretical results along with their corresponding proofs.
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IDENTIFIABILITY OF CAUSAL GRAPHS UNDER CPCM

A. Exponential family and Proposition 13
A.1 Exponential family

The exponential family is a set of probability distributions whose probability density function
can be expressed in the following form:

q

f(@;0) = hi(x)ha(0) exp [Z@‘Ti(w)]y (2)

i=1

where hi,T; are real functions and ho : R? — R™ is a vector-valued function. We call T} a
sufficient statistic, hi a base measure, and he a normalizing (or partition) function.
Often, form (2) is called a canonical form and

f(@:0) = ha(2)ha(0) exp [ Y hai(0)T;(x)],
=1

where h3; : R? — R,i = 1,...,q, is called its reparametrization (natural parameters are
a specific form of the reparametrization). We always work only with a canonical form
(attention for Gaussian distribution, where the standard form is not in the canonical form).

Numerous important distributions lie in the exponential family of distributions, such as
Gaussian, log-normal, Poisson, Pareto (with fixed support), Weibull, chi-squared, multino-
mial, Binomial, Gamma, and Beta distributions, to name a few.

It is important to note that functions in (2) are not uniquely defined. For example, T;
is unique up to a linear transformation.

The support of f is fixed and does not depend on 6. Potentially, T; and h; do not have to
be defined outside of this support; however, we typically overlook this fact (or possibly define
hi(x) = Ti(z) = 0 for x where these functions are not defined). We additionally assume
that the support is nontrivial in the sense that it contains at least two distinct values.

Without loss of generality, we assume that ¢ is minimal in the sense that f(z;6) cannot
be expressed using only ¢—1 parameters. The sufficient statistics 71, ..., T, are then linearly
independent in the following sense: there exist points x1,...,2, € supp(f) such that the
matrix

Ty(z1) -+ Ty(xa)

Ti(zq) -+ Tolzg)
has full rank. Moreover, 71, ..., T, are affinly independent in the following sense: there exist
Y0, Y1, - - - Yqg € supp(f), such that a matrix

Ty(y) = Ti(yo) -+ Ty(yr) — Ty(vo)
Ti(yg) — Ta(yo) -+ Ty(ye) — To(yo)
has full rank. In this paper (Lemma 18) we assume affine independence of 17, ..., Ty, i.e.,

that condition (18) holds.
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Since the notions of linear and affine independence used here are nonstandard, we illus-
trate them with a simple example. Let Ti(z) = 2 and Ty(z) = 22, corresponding to the
sufficient statistics of a Gaussian distribution. Then matrices (17) and (18) become:

2 2 2
Tl x — —
M1:< 1 %>’ M2:<y1 Yo Z/% 3/(2)>7
T2 XT3 Y2—Y Y2 — Y
both of which are full-rank for the choices (x1,x2) = (1,2) and (yo,y1,y2) = (0,1,2), for
instance. The same analogously holds for all distributions considered in this paper.

A.2 F-suitability: Proposition 13, Consequence 16 and Lemma 14
A.2.1 SUITABILITY OF AN ESTIMATOR

In the following, we define an F'-suitable estimator for a given distribution function F' with
parameters 6. This is a modification of the concept of a suitable estimator for the conditional
expectation discussed in (Mooij et al., 2016, Appendix A.2). In case when F' is location-
distribution (such as Gaussian distribution with fixed variance), our results fully align with
(Mooij et al., 2016).

Let (X;,Y;)?; be a random sample from (X,Y’). We say that the estimator 0 is F-
suitable for X — Y if the following conditions are satisfied:

e (Existence of a point-wise limit) There exists 0 such that 6(x) EA 0(z) as n — oo
for all x € supp(X). Moreover, if it is possible to write Y = F~1(e9;0(X)), with
X 1L g9 ~ Unif(0,1), then this limit is equal to § = 6.

e (Weak residual consistency) It holds that

lim E (; i(ei — ey-)?) =0, (19)

=1

where &; := F(Y;;0(X;)) and &; := F(Y;;0(X;)),i = 1,...,n and where the expectation
is taken with respect to the distribution of the random sample.

We say that the estimator 6 is F-suitable if it is F-suitable for both X — Y and Y — X.
We simply write that 6 is “suitable” if F' is evident from the context.

A.2.2 LITERATURE REVIEW - WHICH ESTIMATORS ARE SUITABLE?

Location family: when F' is location-family distribution, such as a Gaussian distribution
with fixed variance, property (19) reduces to classical notion of a weak universal consistency:
lim,, .00 E[||0(X)—6(X)||?] = 0. Such consistency have been already discussed also in relation
to causal discovery (Zhang et al., 2015; Uemura et al., 2022; Keropyan et al., 2023). The
weak universal consistency has been established for various estimators under appropriate
smoothness assumptions on 6. Examples of such estimators include:

o Kernel estimators (see Theorem 5.1 in Gyorfi et al. (2002))

26



IDENTIFIABILITY OF CAUSAL GRAPHS UNDER CPCM

e Smoothing spline GAM estimators (see Chapter 14.2 in Gyorfi et al. (2002), Claeskens
et al. (2009) or Wood et al. (2016))

e Neural networks (see Theorem 16.1 in Gyorfi et al. (2002) or Drews and Kohler (2024);
Heiss (2024)).

Importantly, these consistency results apply regardless of the causal direction. In the anti-
causal direction, we have X = 60(Y) + ¢, where §(Y) =E[X | Y] and e L Y, E[e | Y] = 0.
Note that ¢ /L Y holds if and only if the model is identifiable. For such case, the same form
of weak consistency remains valid for the estimators listed above (again, under appropriate
smoothness assumptions).

Location-scale family: when F is a location-scale distribution (e.g. Gaussian), sev-
eral consistency results has also been established for various estimators under appropriate
smoothness and regularity assumptions, see e.g. Fan and Yao (1998), or Immer et al. (2023);
Siegfried et al. (2023); Le et al. (2005).

More general families: Consistency results for non-Gaussian families are less ex-
plored in nonparametric settings, with most existing literature focusing on empirical evi-
dence. GAMLSS (Stasinopoulos and Rigby, 2007) offers a broad class of estimators, with
Rigby and Stasinopoulos (2025) presenting extensive empirical evidence on simulations and
hundreds of real-data examples demonstrating consistency. A few theoretical results are
avaliable for GAM estimators; e.g. Theorem 1 in Chen and Samworth (2015) establishes its
almost sure universal consistency for a general one-dimensional exponential family of distri-
butions for Y | X, assuming certain smoothness and convexity /monotonicity conditions on
6. Wood et al. (2016) discusses general framework for smoothing parameter estimation for
models with regular likelihoods constructed in terms of unknown smooth functions of co-
variates. Mammen and van de Geer (1997) discusses the consistency under partial linearity
assumption.

A .2.3 HSIC SCORE

For the definition and discussion of the HSIC score, see (Mooij et al., 2016, Appendix A.1).
We use the same notation and implicitly use bounded non-negative Lipschitz-continuous
kernels such that their product is characteristic, as in the “Data recycling” scenario in (Mooij
et al., 2016, Corollary 21).

A.2.4 PROOFS OF PROPOSITION 13, CONSEQUENCE 16 AND LEMMA 14

Proposition 13 Let (X1, X2) follow an identifiable CPCM (Fy, ..., Fy) with DAG G. Then,
our score-based algorithm presented in Section 5.2 is consistent, meaning that

5 P
Gg—>G asn— oo,

given that we employ a “suitable” estimation procedure for the estimator é;, we use HSIC
score as our choice of p and consistent estimates of S;.

Proof The proof mostly aligns with the proof of Corollary 21 in Mooij et al. (2016). We
use the notation X = X7 and Y = Xs.
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If X 1LY, then G converges to an empty graph, since any other graph has a score of at
least A and €1, . ..,€,4 are independent by definition. From now on, without loss of generality,
let Y = FJ-_1(€2;9(X)),€2 1 X for some j € {1,...,k}. Denote by x = (z1,...,x,) and
y = (y1,...,yn) the observed data. In the following, we compare the asymptotic scores of
graphs X — Y and Y — X.

Graph X — Y Define the “population residual” Ey := F;(Y;6(X)) and the “estimated
residual” &, = (Fi(yl;é(xl)))le, where ¢ = 1,...,k. For the true ¢ = j, we omit the
superscript and write éy = (Fj(yhé(a:l)))?:l By construction, X 1L Ey which implies
HSIC(X, Ey) = 0 (due to Lemma 12 in Mooij et al. (2016)).

Now, since the estimator § satisfies (19), we can use the argument presented in (Mooij
et al., 2016, Theorem 20), and obtain H/SI\C(x,éy) T HSIC(X, Ey).

Since SQ is consistent, we can find ng such that for all n > ng holds P(j € 5’2) >1-9
for given ¢ > 0.

Putting everything together, with probability larger than 1 — ¢ holds

s(X = Y) = min p(x,&2) + A < p(x,€y) + A
Jj2€S2

= HSIC(x,2,) + A & HSIC(X, Ey) + A = A.

By sending § — 0, we obtain s(X —Y) Lo

Graph Y — X: Define the “population residual” Eﬁ( = Fj(X;0;(Y)) and the “estimated
residual” éj)'( = (Fj(zs; éj(yi)))?zl, where 60, is the limit of éj defined in the definition of F}-
suitability.

Due to the assumption of identifiability, Y /I Eﬁ( for all j € {1,...,k}. Therefore, using
Lemma 12 in Mooij et al. (2016), we have HSIC(Y, Eg() > 0. Again, since the estimator 0
satisfies (19), we can use the argument presented in (Mooij et al., 2016, Theorem 20), and
obtain HSIC(y, &%) L HSIC(Y, E%).

Putting everything together

s(Y = X) = minp(y,&.) + A > min IfS'I\C(y,ég() + A

jesy Je{l,....k}
L min HSIC(Y, Eg() +A> A as n — 0o.

Therefore, the score for the correct direction is asymptotically smaller than that for the
wrong causal direction as n — 0o, hence the procedure is consistent. |

Consequence 16 Let (X1, X2) follow an CPCM(F') model with DAG G, for some F €
AUS. Assume the conditions of Proposition 13 hold: namely, identifiability of CPC M (U
S), a suitable estimation procedure, and the use of the HSIC score. Then, our score-based
algorithm, with the collection {F1, ..., Fy} chosen via the Sequential approach (Ezact or Fast

) . . 5 P
version), is consistent: G — G, as n — 0.
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Proof If F € .7, the result follows directly from Proposition 13. Similarly, if F' € % and
the Sequential approach returns .74 U ., the proposition again directly applies.

It remains to consider the case where F' € % but the Sequential approach returns only
1. We will show that, as n — oo, this event occurs with probability tending to zero. In
other words, when F' € .%, the Sequential approach will return . U .% with probability
tending to one.

If X 1LY, then G converges to an empty graph regardless of the choices of F'. Hence,
without loss of generality, assume non-empty causal graph. Consider graph G = X7 — Xo,
and take some F} € %) (that is, wrong distribution F} # F'). In this case, following the
notation of the proof of Proposition 13, we have

HSIC(x1,2%,) & HSIC(X,, EL,) > 0, (20)

where 5&2 = (F} (XQ; éj(Xl)))?zl is the vector of residuals obtained by applying a “suit-

able” estimation procedure, and the “population residual” Eg(Q = F;(X2;0(X1)). This
convergence follows from the same reasoning as in the ‘Y — X’ case in the proof of Propo-
sition 13.

In particular, (20) implies that the variance of the empirical HSIC statistic vanishes:

Var (H/Sﬁ(xl,é}hw —0 asn — oo.

Therefore, according to the construction of confidence intervals for the HSIC test in (Pfister
et al., 2018, Section 3.2.2), the (1 — «) confidence interval will eventually lie entirely within
an interval of the form [HSIC(X1, E,) — 6, HSIC(X1, EY,) 4 4], for arbitrarily small § > 0.
Since the limiting HSIC value is strictly positive, this interval will exclude 0 for large enough
n, yielding p-values smaller than . As a result, the DAG G will be rejected as plausible.
The same argument applies to the case G = X9 — X and for any F; € 71,5 =1,... k.
Therefore, for sufficiently large n, no DAG will be deemed plausible, and the Sequential
approach will return the full set . U .% with high probability. |

Lemma 14 Let (X1, X3) follow an unidentifiable CPCM (Fy, ..., Fy) with DAG G. Then,
for sufficiently large n, Algorithm 1 outputs “Unidentifiable case” with probability at least
1 — 2a, given that we employ a HSIC independence test in step 1b) of Algorithm 1, and
assume access to an oracle regression estimator 6=46.

Proof If the true model is unidentifiable, independence holds in both directions: X L e
and Xo 1l 1. Given an oracle regression estimator 6 = 6, we have &; = ¢; for i = 1,2.
Therefore, Algorithm 1 reduces to performing two HSIC independence tests and returning
“Unidentifiable case” if both tests fail to reject the null.

The HSIC test has asymptotically correct level under the null hypothesis of indepen-
dence (Pfister et al. (2018), Theorem 3.8). Thus, for sufficiently large sample size n, the
probability that the HSIC test fails to reject the null in each direction is at least 1 — a. By
the union bound, the probability that both tests fail to reject is at least (1 — a)? > 1 — 2a.
Hence, Algorithm 1 returns “Unidentifiable case” with probability larger than 1 — 2a. |
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B. Experiments details and additional plots

B.1 Exact, Naive-greedy, RESIT, and RESIT-greedy algorithms: definitions
and comparison

We consider the following algorithms for estimating the underlying causal graph from ob-
servational data using the CPCM score function (13):

e Exact search: This algorithm evaluates the CPCM score for all DAGs on d nodes
and selects the one with the lowest score. Since the number of DAGs grows super-
exponentially with d (e.g., 29,281 DAGs for d = 5), exact search is computationally
feasible only for graphs with d < 4.

e Naive-edge-greedy: Starting from an empty DAG, this algorithm iteratively ex-
plores neighboring DAGs by adding or removing a single edge. At each step, it selects
the neighboring graph with the lowest CPCM score and replaces the current graph
if the score improves. The procedure stops when no further improvement is possible.
While simple and scalable, this greedy approach lacks theoretical guarantees and may
get stuck in local minima, unless we assume some advanced notions of convexity over

the space of all DAGs.

e RESIT (Regression with Subsequent Independence Test): RESIT first esti-
mates a topological ordering by iteratively selecting the variable whose residual is least
dependent on the remaining variables. In the second phase, it removes superfluous
edges using conditional independence tests. See Algorithm 4 for details. The proce-
dure is computationally efficient and comes with statistical guarantees (see Lemma 17).
However, empirical performance in smaller sample sizes tends to be worse than that
of greedy algorithms, particularly due to the accumulation of errors in the ordering
phase and false positives (type I errors) in the Phase 2.

e RESIT-greedy: This hybrid algorithm combines the topological ordering phase of
RESIT with the edge-pruning phase of naive-greedy search. After estimating the
ordering, it starts with a fully connected DAG consistent with the order and iteratively
removes edges that lead to the largest improvement in the CPCM score, until no further
improvement is possible. See Algorithm 2.

Peters et al. (2014) showed that, in the population case, the RESIT algorithm is consis-
tent under identifiable additive noise models, assuming a consistent nonparametric regression
method and a perfect independence oracle. The same reasoning applies directly to CPCM
models.

Lemma 17 (Consistency of RESIT under CPCM) Let X be generated by an identifi-
able CPCM (Fh, ..., Fy) model with underlying DAG Gy. Then, the RESIT algorithm, when
applied with consistent estimators ék and an independence oracle, is guaranteed to recover
the true graph Go from the distribution of X.

Proof A direct consequence of Theorem 34 in Peters et al. (2014). Note that we implicitly
assume the causal minimality condition for CPCM (Fy, ..., F}) as stated in Definition 9. B
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Algorithm 4: Regression with Subsequent Independence Test (RESIT; Peters

et al. (2014)), modified for CPCM (Fy, ..., Fy)

Input: Random sample of (X, ..., Xy); candidate families Fi, ..., Fj
Pre-step (support gating).

For each node i, estimate S; := {j € {1,...,k} : supp(X;) =supp(Fj)}; // See
Section 5.1.1. This filters discrete vs. continuous etc.
If S; = () return “Assumptions not fulfilled”.
Phase 1: Determine a topological order =«
M« {1,....d}; 7« [];
while M # () do
foreach v € M do
foreach m € S, do
Fit parameters 6™ in X, | Xangop ~ Fn(0(-) )
Compute residuals éq(]m) =F, <XU; éq(,m)(X M\{U})>;
Compute dependence score s = p(éq(,m); XM\{U}) ; // p small &
| near independence. Implemention uses HSIC score
Sy — minmegv sz(,m) ; // Best fitting distribution Fj,
v* 4 arg mingeps Sy ; // most source-like variable
M + M\ {v*}; pa(v*) < M,
| prepend v* to w

Phase 2: Prune superfluous edges
for t =2 to d do

v+ m;  C <« pa(v);

foreach ¢ € C do

foreach m € S’U do

Fit 0™, in X, | Xovgny ~ Fn(00());

v,—£

Compute residuals é,(}m) = F, <XU; éi@e(Xc\{g}));

test of Hy:el™ AL {Xnry oo, X1}

o (M),
pei=max, o Pp

if py > a using a = 0.05 then

L pa(v) < C
Output: (pa(l),...,pa(d))

Compute pém) = IndepP(éS,m); {le,...,Xﬂt71}> ; // p-value of the

L C <+ C\{}; // remove ( if residuals are independent
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B.1.1 EXPERIMENTS: COMPARISON OF DIFFERENT GREEDY ALGORITHMS

Experimental setup: We generate random DAGs uniformly over d nodes with p edges,
where p ~ Exp(1/d) and capped at @. On average, each DAG contains approximately d
edges. For a given DAG G, we simulate data from the CPC M (F) model, F' = Exzponential,

defined as follows:
1 _ 1
Zjemi(g) 151 E[XG | Xpa,]

If pa;(G) = 0, then X; ~ N(0,1). Using n = 1000 samples, we estimate G using the score-
based estimator with score defined in Equation (14), with a fixed function class .#; (rather
than the sequential approach) to allow for a fair comparison in both accuracy and compu-
tational cost. We compare the Exact, Naive-greedy, RESIT, and RESIT-greedy methods.
We evaluate their performance using the Structural Intervention Distance (SID, Peters and
Biihlmann (2013)), computing SID(G, G) for each estimated graph.

Results: Figure 3 presents the average normalized % over 50 repetitions.

Xi ~ Exp (AXpay(g) » with A(Xpay(g) =

e The exact method achieves, unsurprisingly, the lowest SID, with the highest compu-
tational cost.

e Both RESIT and naive-greedy exhibit similar performance. The greedy approach
achieves slightly lower SID on average but requires slightly more computation time.
Note that for d > 8, both methods perform as badly as Trivial algorithm (empty

graph).

e RESIT-greedy serves as a middle ground: it significantly improves over RESIT /naive-
greedy methods in terms of SID while incurring higher computational cost.

These experiments highlight the trade-offs between statistical performance and compu-
tational efficiency among the evaluated methods. While the exact method yields the most
accurate graph recovery, its scalability is limited. In contrast, RESIT and naive-greedy offer
faster but less accurate alternatives, with performance deteriorating as graph complexity
increases. RESIT-greedy provides a promising compromise, achieving lower SID than stan-
dard greedy methods at a moderate computational cost. Overall, RESIT-greedy seems
to be a practical choice in graphs with size 4 < d < 10.

B.1.2 STATISTICAL SCALABILITY: SAMPLE SIZE NEEDS TO GROW WITH INCREASING
DIMENSION

Conducting independence tests and performing nonparametric regression becomes increas-
ingly difficult as the number of covariates grows. In high-dimensional settings, these tasks
require substantially larger sample sizes for reliable estimation. Similar limitations are ob-
served in other methods such as ANM-RESIT, LOCI, and bQCD. The experiment below
illustrates how the sample size required for consistent estimation increases systematically
with the dimension d.

Experimental setup. For each sample size n and dimension d, we generated a uni-
formly random DAG with d nodes and d — 1 edges using the bnlearn package in R. Data
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Normalized SID vs. number of nodes Runtime vs. number of nodes
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Figure 3: Performance of different greedy algorithms from Section B.1.1, measured by the
normalized Structural Interventional Distance (SID). Here, the Trivial algorithm always
returns an empty graph. Runtime was measured on a machine with an Intel Core 15-6300U
2.5 GHz processor and 16 GB of RAM.

were drawn from the structural equation model X; = f;(X,q,) + €, where ¢; ~ N(0,1) and
fi(z) = ¢;z T with ¢; ~ Unif(0.5,1.5). The DAG was estimated using the CPCM (F) al-
gorithm (13) with F set to a Gaussian distribution of fixed variance, and structure learning
was performed via the naive-greedy algorithm. Estimation accuracy was evaluated using
the Structural Intervention Distance (SID). We also generate a baseline guess by generating
random DAGs with d — 1 edges uniformly over the space of all DAGs. Each configuration
was repeated 100 times.

Results. Figure 4 reports the ratio between the average SID obtained by the C PC M (F)
algorithm and that of a random-DAG baseline. As the dimension d increases, considerably
larger samples are required to achieve ratios below 0.5, which correspond to meaningful
structural recovery. Specifically, we observe ratios below 0.5 for approximately n = 100
when d = 2-3, n = 500 for d = 4, n = 1000 for d = 5, and n = 2000 for d = 6. These
results indicate that the sample size required for reliable estimation grows rapidly
(potentially exponentially) with the dimension of X.

B.2 Sequential approach vs oracle: empirical performance

We evaluate the empirical performance of the sequential approach for selecting the distri-
bution family, comparing it to CPCM (F') with access to the true (oracle) distribution F.
Experimental setup: The data is generated as follows:

X1 ~N(0,1), Xo=FYe,0(X)), el X, e~U0,1),

where F' € % belongs to either the one-parameter family .#; or the two-parameter fam-
ily 7.

When s = 1, F' is, with equal probability ( i), either a Gaussian distribution with fixed
variance, a Poisson, Pareto, or Exponential distribution. When s = 2, F' is, again with equal
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Figure 4: Scalability experiment from Section B.1.2. The plot shows the ratio between
the average SID obtained by the CPCM (F) algorithm (edge-greedy version) and that of a
random-DAG baseline, across 100 repetitions for different values of n and d. Lower ratios
indicate better structural recovery, while values near one correspond to random performance.
The results suggest that the sample size required for accurate estimation grows rapidly with
the dimension of X.

probability, a Gaussian, Negative Binomial, Generalized Pareto, or Gamma distribution. All
parameters are generated as a transformation of a random smooth polynomial using

tanh (b(z) "u) + 1

O(z) =0.5+45- 5 ,

uj ~ Unif(=2,2), j=1,2,3,

where b(z) denotes the natural spline basis with three degrees of freedom. This construction
yields a smooth parameter function 6(z) € [0.5, 5], ensuring that the conditional distribution
X9 | X; varies continuously with = and that the variance does not explode.

We estimate the graph G = 1 — 2 using both CPCM (Seq.app) and CPCM (F) with
oracle knowledge of F', for various sample sizes n, repeating each experiment 100 times for
both s =1 and s = 2. Figure 5 summarizes the results across sample sizes.

Results. For s = 1, we observe that C PC M (Seq.app) typically performs equivalently to
oracle CPCM(F) for n > 100. For s = 2, the sequential approach tends to select the simpler
class .77 instead of the true two-parameter family . at smaller sample sizes. Nevertheless,
the performance gap between the sequential approach and the oracle method remains almost
negligible. These results indicate that the sequential approach is performing nearly
as well as the oracle CPCM (F), provided that F' € . U.%%.

B.3 Details about sections 6.1, 6.2, 6.3, 6.4 and 6.5

In Section 6.1, we generated random functions 6(x) from zero-mean Gaussian processes

_ N2
with squared-exponential covariance kernel k(z, ') = o2 exp (— (332;) ) , where o0 = 1 and

¢ = 0.2; same choices as in Section 6.3 taken from Tagasovska et al. (2020). Each realization
was then shifted to ensure positivity, 8(x) < 6(z) — min, 6(x) + 0.5.
For Section 6.2, the additional plots are presented in Table 4 and Figures 6 and 7.
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Accuracy: Sequential approach:
Sequential vs Oracle Correct family choice
100 Method 100
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Figure 5: Performance of the sequential approach. Left: percentage of simulations where

G = 1 — 2. Right: percentage of simulations in which CPCM (Seq.app) and CPCM (F)
with oracle F' are equivalent.

vl X =Xy Xo— Xy Empty Both directi9ns Neither direct.ion
graph appear plausible appears plausible
=% 0 0 96 2 2
-1 3 2 0 95 0
7 1 0 92 0
7 5 0 86 2
2 93 0 0 14 3

Table 4: Simulation results for the CPCM model using the Pareto distribution function
F. The table displays the percentage of cases for each type of graph structure estimated
by Conservative Algorithm 1 with the model specified in (16), across various values of the
hyperparameter v € R. The columns indicate the frequency of each graph structure being
estimated, with the highest frequency in each row highlighted in bold.
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P-value distribution: case gamma = 0

direction X->Y Y —> X
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Figure 6: (Simulations 6.2). Distributions of the p-values from the independence test in
Step 1b) of Algorithm 1, for model (16) with v =0 and v = 2.
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Figure 7: (Simulations 6.2). The plot displays the percentage of correctly estimated causal
directions across a range of sample sizes n, using model (16) with hyperparameters v = 1
and v = 2. As n increases, the algorithm demonstrates near-perfect performance, affirming
the theoretical consistency of the proposed method.
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In Section 6.3, the experiments were inspired by Tagasovska et al. (2020) and im-
plementations of other baseline methods are also taken from Tagasovska et al. (2020) and
Immer et al. (2023).

e For LOCI, we use the default format with neural network estimations and subsequent
independence testing (also denoted as NN — LOCIy) (Immer et al., 2023).

e For IGCI, we use the original implementation from Janzing and Schoélkopf (2010) with
slope-based estimation with Gaussian and uniform reference measures.

e For RESIT, we use the GP regression and the HSIC independence test with a threshold
value of a = 0.05.

e For the slope algorithm, we use the implementation of Marx and Vreeken (2019), with
the local regression included in the fitting process.

e For comparisons with other methods such as PNL, GPI-MML, ANM, Sloppy, GR-AN,
EMD, GRCI, see Section 3.2 in Tagasovska et al. (2020) and Section 5 in Immer et al.
(2023).

The random functions were generated in the same way as in Tagasovska et al. (2020). Specif-
ically, Models 1, 3, 6, and 7 are realizations of zero-mean Gaussian processes with a squared-

exponential covariance kernel k(z,2’) = o2 exp ( — (&?_z/)2> , where 0 = 1 and £ = 0.2. Each

202
realization was then shifted to ensure positivity, 6(z) < 6(z) — min, 6(z) + 0.5. Models 2,
4, and 5 use an injective (monotone) nonlinear transformation m(z) = C %, where
A ~ Unif[-2,2], B follows a two-point mixture with B ~ Unif[0.5,2] with probability
0.5 and B ~ Unif[—2, —0.5] otherwise, and C' ~ 1 + Exp(4). This parametrization pro-
duces smooth saturating nonlinear relationships that can be either increasing or decreasing,
thereby capturing a wide range of monotone functional dependencies between the parent
and child variables. Figure 8 shows an example of datasets generated via different models
from Section 6.3.

In Section 6.4, all baseline methods are implemented using the pcalg package (Kalisch
et al., 2012):

e For the PC algorithm, we consider three variants: (1) the default Gaussian conditional
independence test gaussCItest, (2) the HSIC-based test (Pfister et al., 2018), and (3)
the copula-based test (Genest et al., 2019), which is omitted from the table as it yielded
consistently inferior results. We always used significance level o = 0.05.

e The GES algorithm is implemented with the Gaussian observational BIC score and
the default penalty parameter.

e LiINGAM with default parameters.

e For the ANM baseline, we ensure fairness by adopting the same components as in
our CPCM implementation; namely, the GAM estimator and the HSIC dependence
measure.

Regarding Section 6.5, Table 5 shows the relative frequencies with which each edge was
recovered across repeated subsamples of the motor insurance dataset.
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Figure 8: Simulations 6.3. An example of datasets generated via different models.
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Edge Share (%) Edge Share (%)
VehAge — ClaimNb 60 VehAge — Exposure 36
Exposure — ClaimNb 48 Exposure — VehAge 64
VehPower — ClaimNb 42 VehPower — VehAge 54
VehPower — Exposure 44 VehAge — VehPower 30

Table 5: Relative frequency (in %) with which each directed edge was recovered by CPCM
across 50 random subsamples of the French MTPL motor insurance dataset (shown only
those with more than 25% share).

C. Proofs
C.1 Proof of Theorem 4

Theorem 4 Let (X1, X2) admit the CPCM (F') model with graph X1 — Xo, where F is the

Gaussian distribution function with parameters 0(X1) = (,u(Xl),a(Xl))T. Let pe, be the
density of €1 that is absolutely continuous with full support R. Let u(z),o(x) be two times
differentiable.

Then, the causal graph is identifiable from the joint distribution if and only if there do
not exist a,c,d,e,a, 8 €R, a>0,c> 0,8 >0, such that

1 2 p(z)

2(2) ax” +c, 2(2) + ex, (4)
for all x € R and
_1 [M,@]
pe, () x o(x)e 2L B2 @ (5)

where o< represents an equality up to a constant (here, ps, is a valid density function if and
only if % # él[a = 0]). Specifically, if o(x) is constant (case a = 0), then the causal graph
is identifiable unless p(x) is linear and pe, is the Gaussian density.

Proof We opt for proving this theorem from scratch, without using Theorem 7. An
interested reader can try to use Theorem 7 instead. For clarity regarding the indexes, we
use the notation X = X1,Y = Xo.

First, we show that if the causal graph is not identifiable, then u(x) and o(x) must satisfy
(4). Let p(x,y) be the density function of (X,Y’). Since the causal graph is not identifiable,
there exist two CPCM models that generate p(xy): the CPCM model with X — Y and

the function 0( ) = (u(ac),UZ(ac))T and the CPCM model with Y — X and the function
0(y) = (i(y).5%(w)) -
We decompo (corresponding to the direction X — Y)
p(X,Y)(%Z/) = PX(f’?)pY|X(y | ) = pX(fU)éb(y;@(fU))»

where ¢(y;0(x)) is the Gaussian density function with parameters 6(z) = (,u(x),a2(x))T.
We rewrite this in the other direction:

pix)(@,y) = py Wpxpy (@ | y) = py () o (2 0(y)).
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We take the logarithm of both equations and rewrite them in the following manner:

bWﬂMH%16%W2:mmwwmﬁge%%ﬁam
2mo?(x) 2752 (y)
— ()12 b )2
loglpx (z)] —logo(z) — ;W = log[py (y)] — log & (y) — 1[(}2/;;;4)]' 21)

Calculating on both sides #223/, we obtain

o"(x)o(x) — 30’ (x)'o(x) _ 5"(y)o(y) — 36" (y)o’' (y)

oi(z) a o (y) '

Since this has to hold for all x, y, both sides need to be constant (let us denote this constant
by a € R).

Differential equation ¢”(z)o(x) — 30'(x)o’(z) = ao*(x) has solution o(z) =

1

vVa(z+b)2+c
for x , such that a(x + b)? + ¢ > 0.
Plugging this result into (21) and calculating on both sides 82 6 , we obtain
p(z)(a(x +b)? + ¢) 4+ p' (z) (4azx + 4ab) + u(x)2a = 2ab. (22)
Equation (22) is another differential equation with a solution u(x) = % + b, for some

d,e € R for all z: o(z) > 0.
Next, we show that it is necessary that b = 0. If we show b = 0, then u(z) and o?(z) are

. d+ex — 1
exactly in the form (4). We plug the representations p(z) = a@rbrre T0 o(x) = T
and fi(z) = ﬁ +b,5(x) = m into (21). Thus, we obtain

loglpx ()] + 5 logla(x + b)* +

1 r 1
1 y*(ax® + 2abx + ab® + ¢) + y(2d + 2ex) + W)QH]
1. - _
= log[py (y)] +  log[a(y +b)° + ¢
1[
_ = ay? + 2aby + ab® + ¢) + x(2d + 2¢ }
21" #(ay” + 2aby o)+ ol e a(y +0)? +

We can re-write the last expression as

1 1 -
hx(x) + hy(y) = §[y2(am2 + 2abx) + 2yex] — §[m2(dy2 + 2aby) + 2xéy))

1 -
= §[x2y2(a —a) + xy(2aby — 2abx 4+ e — €)],

(23)

where

hx (@) = log[px (2)] + % logla(z + b2+ d 4+ o opd— 2B + o),

2a(x +b)2+c
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1 20,12

T T 2yd — y*(ab” + ¢)].
Since the left-hand side of (23) is in additive form, the right side also needs to have an additive
representation. However, that is only possible if a —a = 0 and 2aby — 2abr + e — € = 0.
Therefore, we necessarily have ¢ = @ and either ¢ = 0 or b = b = 0. The case a = 0
corresponds to a constant o and, hence, also b = b = 0. We have shown that p(z) and o?(z)
have to satisfy (4).

Next, we show that if the causal graph is not identifiable, then the density of px(z) has
form (5). Plugging the form of u(z) and o?(z) into (21), we obtain

v (4) =~ loalpy ()] — 3 loalaly +5)* + +

2
log[px (x)]—logo(z) — ;<y — m> (az® + ¢)

7 ~ 2
= log[py (y)] —loga(y) — ;<:v s ey~> (ay® + ©).

We rewrite

¢ eof]

1 -
loglpx (x)]—logo(x) + 5 |:5£C2 —2zd + P

1 (d + éy)? (24)
_ = 2
= log[py (y)] —loga(y) + B [cy — 2yd + W] :
Since this has to hold for all z,y € R, both sides of (24) need to be constant and we obtain

log[px (z))] o log o(z) — 3 [é2% — 22d + M]. Hence,

ax?4-c

~ 7, (d ez)2 I RCER
pX(x> x O_(m)efé[cx272xd+az%+c} — U(x)e 2[ 52 o2(z) ,

where 3 = 1/V/é and a = %. The condition é > %]l[a = 0] arises from the fact that if
a =0 and 5% < %, then px(x) is not a density function. This is because
_1 (I—L)Q,L(m)} 1 1 e? o _ 2de
o(x)e 2{ B2 2] e_E[IQ(W_T)+x<_237_T)]

for all z € R. This expression is integrable is and only if the coefficient at x2 is positive.
Finally, we deal with the other direction: we show that if u and o satisfy (4) and p.,
has form (5), then the causal graph is not identifiable. Assume that a,c,d,e are given.

Define @ = a,é = e and select ¢,d € R, such that ¢ > 0,¢ %l[a = 0]. Define 521@) =

ay? + ¢, &“;((yy)) = d + éy. Moreover, define

Note that regardless of the coefficients, these are valid density functions (with one exception
when ¢ = % and a = 0, which is why we selected ¢ # %l[a = 0]). In case of a = 0, this is

the classical Gaussian distribution density function.
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Using these values, we obtain the equality

px(@)pyx(y | ) = py (W)pxy (z | y), Vo, y € R,
or more precisely,

_ N2 20 (a2 2 -2 e ()2
B ) I M T S ) S B

V2mo(z) 27a (y)
Since this holds for all z,y € R, we found a valid backward model. The density in (5) uses
the notation o = % and 8 = 1/\@ [ |

An example of the joint distribution of X1, X witha =c=d=e=a = =11is
depicted in Figure 9.

Non-identifiable case when Y|X~Gaussian

Figure 9: Random sample from a joint distribution of (X7, X2), where X; has the marginal
density (5) and X5 | X1 ~ N (u(X1),0%(X1)) with p, o defined in (4) with constants a =
c=d=e=a=F=1. The distribution function is symmetric according to the z = y axis
(red line).

C.2 Proof of Consequence 6

Consequence 6 o Let (X1, X2)admit the CPCM(F) model with graph X; — Xo,
where F is the (discrete) Poisson distribution function. Then, the causal graph is
not identifiable if and only if

eeaa:+b+cz

A(x) = eaerb’ P(X1 = 33) xX ) Va € Ny, (25)

x!
for some a < 0,b,c € R.
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o Let (X1, X2) admit the CPCM(F') model with graph X1 — Xa, where F' is the Pareto
distribution function. Then, the causal graph is not identifiable if and only if

1
alog(x) + blactl’

O(z) = alog(x) +b, px,(x)x [ Vo > 1, (26)

for some a,b,c > 0.

o Let (X1,X2) admit the CPCM (F) model with graph X; — X, where F is Bernoulli
distribution function. Then, the causal graph is identifiable if and only if supp(X1) #

{0,1}.

Proof : First bullet-point: Poisson distribution has one parameter and it can be written
as hi(x) = 1/x!, ho(x) = e=¢", T(z) = 2. Note that we do not use classical form of density
function but its reparametrisation where 0(z) = log(A(z)) where X is the classical rate
parameter.

Plugging this into Proposition 5, we directly obtain (25) with possible a € R. It is not

Euw+b cT . . . .
hard to see that % is integrable if and only if a < 0. In such a case, the backward
eay+c+by

model exist and has a form 0(y) = ay + ¢ and P(Xy = y) o € m

Second bullet-point: Pareto distribution has one parameter and it can be written as
hi(x) =1,he(0) =1/0,T(x) = log(x).

Plugging this into Proposition 5, we directly obtain (26) with possible a,b,c € R. It
is not hard to see that the density is integrable if and only if a,c,b > 0, in which case,

the backward model exist and has a form 6(y) = alog(y) + b, px,(z) o W for

a=ab=cc=0.

Third bullet-point: If supp(X;) # {0,1}, then the causal graph is identifiable due to
the first bullet-point in Proposition 5. Next, consider supp(X;) = {0,1}. In this case, we can
always write a backward model for the Bernoulli distribution. Let P(X; = Xy = 0) = po,
P(Xl = 0,X2 = 1) = Po,1, P(Xl = 1,X2 = 0) = P10 and P(Xl = XQ = 1) = D1 for
P0,P0,1,P1,0,p1 > 0 and po+po1+p1,0+p1 = 1. We can define Xy | X7 ~ Bernoulli(6(X1))

as 0(0) = po,1 and §(1) = p1. On the other hand, we can define X | Xy ~ Bernoulli(0(X>))

as 0(0) = p10 and (1) = p;. Since both models produce the same joint distribution, the
causal model is not identifiable for any values of po,po1,p1,0,P1- |

C.3 Proof of Theorem 7

Before we prove Theorem 7, we show the following auxiliary lemma.

Lemma 18 Letn € N and X,Y C R. Let fi,..., fn,91,---,9n be non-constant functions
on X,Y, respectively, such that fi(x)gi(y) + -+ fu(x)gn(y) is additive in x,y—that is,
there exist functions f and g, such that

fi@)g1(y) + -+ fa(®)gn(y) = f(z) + 9(y), Vo € X,y € V.

Then, there exist (not all zero) constants ai,...,an,c € R, such that 37 | a;fi(z) = c for
all x € X. Specifically for n = 2, it holds that f1(x) = afa(x) + ¢ for some a,c € R.
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Moreover, assume that for some g < n, functions g1,...,gq are affinly independent—that
is, there exist Yo, Y1, ...,Yq € YV, such that a matrix
91(y1) —g1(o) -+ 9q(y1) — 94(%0)
M = . . . (27)
91(Yg) —91(¥0) -+ 94(¥q) — 94(v0)
has full rank. Then, for all i =1,...,q there exist constants ag41,...,an,c € R, such that

filx) =320 1 aifi(x) +c forallz € X.

Proof Fix y;,y2 € YV, such that ¢g1(y1) # g1(y2). Then, we have for all z € X
H@)gi(yr) + -+ fal@)gn(y1) = f(2) + 9(11),
fi@)g1(y2) + -+ fal@)gn(y2) = f(2) + 9(y2),

and subtraction of these equalities yields

fi@)g1(y1) = g1(y2)] + -+ + fa(@)gn(y1) — gn(y2)] = 9(y1) — 9(y2)-
Defining a; = gi(y1) — ¢i(y2) and ¢ = g(y1) — g(y2) yields the first result (with a; # 0).
Now, we prove the “Moreover” part. Consider equalities
Si(@)gi(yo)+- -+ + fu()gn(yo) = f(x) + 9(v0),
fi@)gi(yr)+- -+ fu(@)gn(y1) = f(2) + 9(11),

[i@)g1(yg)+ -+ [u(2)9n(yq) = () + 9(yq),

where yp,...,y, are defined, such that matrix (27) has full rank. Subtracting from each
equality, the first equality yields

fi@)g1(y1) — g1 (wo)l+ -+ - + fu(@)[90(y1) — 9n(v0)] = 9(y1) — 9(v0)

f1(@)[91(yg) — 91(W0)]+ - + fu(@)[9n(yq) — gn(y0)] = 9(yq) — 9(yo)-

Using matrix formulation, this can be rewritten as

fi(z) 9(y1) = 9(yo) = 2 5—q1 fi()[gi(w1) — 95 (v0)]
M ] = . ) (28)

fo(@) 9(q) — 9(yo) — 22711 1i(2)195 (W) — 95(%0)]

Multiplying both sides by M ! indicates that f;(x),i = 1,...,q are nothing else than a
linear combination of fy41(x),..., fn(z), which is what we wanted to show. [ ]

Theorem 7 Let (X1, X2) follow the CPCM (F1, ..., Fy) model with graph X1 — Xo, where
Fy, ..., Fy belong to the exponential family of distributions with corresponding sufficient
statistics Ty, = Ty« Tgm) > m = 1,..., k. Following Definition 2, let m € {1,... k}
be the index such that X9 = Frgl (82; 92(X1)),

The causal graph is identifiable if for all m € {1,...,k}, at least one of the following
holds:
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o supp(Fy,) # supp(X1).

e The function 0y is not a linear combination of the sufficient statistics Tin1,. .., Tm.gm
i.e., there do not exist coefficients a; j,b; €ER fori=1,...,q¢7 and j =1,...,qy such
that

b2,i(x Zaw )+ bi;, Vzesupp(Xi), Vie{l,...,¢gn}- (10)

e There do not exist constants ci, ..., cq,, € R such that the density of X1 satisfies

P 1 (%) scam ()
Px, (T) X ————eswi=1 "iimi Vzx € supp(Xy 11
(@) o s , (x2), (1)

where hiy, 1 45 a base measure associated with Iy, and hy, 2 is the normalizing function

of Fy, both defined in Appendiz A.1.

Consequentially, the space of non-identifiable distributions is contained in a d-dimensional
space, where

d= > (gm + )(gm +1) = 1. (12)
me{L,....,k}:supp(Fm)=supp(X1)

Proof
If the CPCM (Fy, ..., Fy) is not identifiable, then there exists m € {1,...,k} and func-
tions A7 and 65, such that models

X1 = 81,X2 = F%1(€2,92(X1)), and X2 = 62,X1 = F%1(€1,01(X2)) (29)

generate the same joint density function. For simplifying the notation, let m = 1 and m = 2.
1) Trivially, X; can not be generated as X; = F; !(e1,01(X2)) if supp(F1) # supp(X1).
2) For a contradiction, we show that 0 is a linear combination of T 1,.. ., T 4, De-
compose the joint density as

Px1,x2) (@, y) = pxy (2)pxyx, (0 | ) = 0 (W)pxy x0 (7 1Y), 2 € supp(X1),y € supp(Xa).

(30)
Since F; and F5 lie in the exponential family of distributions, we use the notation from
Appendix A.1 and rewrite it as

Dol (U | @) = hua (1) o[ ()] et 021 @) T2 (0),
Pxx2 (T | y) = ha1(z)ha 20 (y)]ezi:191’i(y)Tl’i(x)~

After a logarithmic transformation of both sides of (30), we obtain

log[p(x,,x2) (2, y)] = log[px, (z)] + log[h11(y)] + log{h1 2[02(x)]} + Z 02,i(2)Tai(
(31)
= log[px, (y)] + log[ha.1(x)] + log{h22[01(y)]} + Z O1,i(y) T1i().
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Define f(z) = log[px, (x)]+log{h1 2(0a(x)]} —log[ha 1 (x)] and g(y) = log[h1.1(y)]-log[px, (y)]+
log{h22[01(y)]}. Then, equality (31) reads as

Z 01,i(y)T1i( Z 15,i(y)02,i( (32)

Finally, we use Lemma 18. We know that functions 73 ; are affinly independent in the
sense presented in Lemma 18 (see (18) in Appendix A.1). Therefore, Lemma 18 gives us
that 62;,7 = 1,..., g2 are only a linear combination of T ;,7 = 1,...,q1, which is what we
wanted to show.

3) For a contradiction, we show that px, must have a form (11). Let us rewrite equa-
tion (32) into

log[px, (2)] = — 10g{h1 2[02()]} + log[h2 ()] = 9(y)

+2911 )T i(x ZTW )02, (x

Fix y € supp(F3). Using the form of 6, ; from the previous bullet-point, we can write

a1
Z9lz )Tz ZTQ'L )02,i(z 2911 )T ZTM )[Zaz‘,jTLj(x)-i—bi]
=1
= Z CiTLi(CIZ) + d,
i=1

where ¢; = 01,;(y) — 292, Y5 Toi(y)ai; and d = 3792, b Ty j(y). Therefore, equation 33

can be written as

(33)

log[px, ()] = —log{hi2[02(z)]} + log[hs,1(x)] + Z ciTr( —9(y)].

Applying exponential on both sides, we obtain (11).

Part ”Consequentially’”: We have shown that if (29) holds, then supp(F,,) = supp(X1),
and the joint density p(x, x,) is uniquely determined by the coefficients a; j, b;, ¢; € R, where
i=1,....qn and 7 =1,...,qn.

By counting the number of these coefficients, we find that there are (g, +1)(¢sn+1) —1
of them, with the “—1” term accounting for the normalization of the density function. Con-
sequently, (12) follows by summing over all m € {1,...,k}. [ |

C.4 Proof of Consequence 8

Consequence 8 o Suppose that supp(X1) = R, supp(X2) ={0,1,...} such as on Fig-
ure 1, and let (X1, X2) admit the CPCM (Fy, F») model with graph X1 — Xa, where F}
1s a Gaussian distribution and Fs is a Poisson distribution with rate parameter . The
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causal graph is identifiable if and only if there do not exist constants ay,az2,b,c1,co € R,
ay,c1 <0, such that for all € R

)\(.CI}) _ €a1z2+a2x+b7 PX, (J:‘) x eclx2+cgcc'

o Let (X1,X2) admit the CPCM (F) model with graph X1 — Xa, where F is a Gamma
distribution with parameters 0 = (a, B) 7. If there do not exist constants a,b,c,d, e, f €
R such that

a(z) = alog(z) + bx + ¢, [B(x) =dlog(z) +ex+ f, Vx>0,
then the causal graph is identifiable.

o Let (X1,X2) admit the CPCM(Fy, Fy) model, where Fy is a Gamma distribution
with parameters 01 = (al,ﬁl)T and Fy is a Beta distribution with parameters o =
(a2, B2) 7. If there do not exist constants a;, b;, c;, d;, e;, f; € R, i = 1,2, such that for
all z € (0,1)

ai(x) = arlog(z) + bix 4+ c1, Pi(r) = dylog(x) + ez + fi,
ag(z) = azlog(x) 4+ bolog(l — x) + c2, Pa(x) = dalog(x) + exlog(l — x) + fa,

then the causal graph is identifiable.

Proof Poisson distribution has one parameter and it can be written as hy(x) = 1/x!, ho(z) =
e~¢",T(x) = x. Note that we do not use classical form of density function but its reparametri-
sation where 0(x) = log(A(z)) where A is the classical rate parameter. Theorem 7 gives us
that the causal graph is identifiable if there do not exist constants a1, a2, b, c1,co € R, such
that for all z € R

)\(3:) — ea112+a2x+b X, (:L’) o €c1x2+02x7

)

then the causal graph is identifiable. It is a simple exercise to prove that the joint distribution
is integrable if and only if a1,¢; < 0.

The second and the third bullet-point follow directly from Theorem 7, noting the follow-
ing:

e The density function of the Gamma distribution with parameters § = (o, 3)" is
given by p(z) = %xaflefﬁm, x > 0. The sufficient statistics are [T1(x),Ta(z)] =
[log(), 2]-

e The density function of the Beta distribution with parameters § = (a,f)" is
given by p(z) = %xa_l(l — x)#~1. The sufficient statistics are [T (x), Ta(z)] =

[log(x),log(1 — z)].
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C.5 Proof of Lemma 11

Lemma 11 Let Fx be generated by the CPCM (Fy, ..., Fy) with DAG G and with density
px. Assume that for all i,j5 € G, S C V, such that i € pa; and pa; \ {i} C S C nd; \
{i,7}, there exist xs: ps(xs) > 0, such that a bivariate model defined as X = éx,Y =

Ffl (éy,O(X)) is identifiable (in the sense of Definition 3), where Fry = Fx,|x4— a5 and

0(z) = 0;(@pa;\ (i} ), © € supp(X). Then, G is identifiable from the joint distribution.
Proof Let there be two CPCM (Fy, ..., F)) models, with causal graphs G # G’, that both

generate Fx. From Proposition 29 in Peters et al. (2014) (recall that we assume causal
minimality of CPCM (F1,. .., Fy)), there exist variables L,Y € {X1,..., X4}, such that

oY 2 LinGand L —-Y in G,
o S:={par(G)\ {Y}} U{pay(¢") \ {L}} € {ndr(G) N ndy(G') \ {Y, L}}.

Q R
For this S, select xg in accordance to the condition in the theorem. Below, we use the
notation xg = (x4, X,) where ¢ € Q,r € R. Now, we use Lemma 36 and Lemma 37 from

(Peters et al., 2014). Since Y — L in G, we define a bivariate SCM as !

Y*:éy*, L*:Fil(EL;eL(Y*)),

where &y« 2V | {Xs =xg} and e, 1L Y* er, ~ U(0,1). This is a bivariate CPCM with
Y* — L*. However, the same holds for the other direction: Since L — Y in G’, we can also
define a bivariate SCM in the following manner:

L*=Zp,  Y"=Fyl(ev;by (L),

where £+ 2 | {Xs =xg} and ey L L* ey ~ U(0,1). We obtained a bivariate CPCM
with L* — Y*, which is a contradiction with the pairwise identifiability. Hence, G = G’. B

C.6 Proof of Lemma 15

Lemma 15 Suppose that the joint distribution F(x, x,) ts generated according to the model
CPCM (Fy) with graph X1 — Xa, where Fy is a distribution function belonging to the
exponential family.

Then, there exists Fy such that the model C PC M (Fy) with graph Xo — X1 also generates
Fix, x,)- In other words, there exists Iy such that the causal graph in CPCM(Fy, Fy) is
not identifiable from the joint distribution.

Proof The idea of the proof is the following: we select F}, such that its sufficient statistic
is equal to 6.
Let us denote the original model as

X1 =¢1,Xp = Fy '(e2,02(X1)),e2 ~ U(0,1),e1 L &3,

1. Informally, we consider Y* :=Y | {Xg =xs} and L* := L | {Xs = x3}.
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where (using notation from Appendix A.1) the conditional density function has a form:

Py x, (Y | ) = ho1(y)ha2[02(2)] exp[fa () Ta(y)]-

We define F; from an exponential family in the following manner: consider the sufficient
statistic 77 (x) = 6a(z) for all z in support of X and choose hy1(z) = px, (z)h22[02(z)] and
hi2(y) = % for all y in support of X5. Then, a model where

2

Xy =e9, X1 = F; 1 (e1,01(X2)),e1 ~ U(0,1),61 1L &9,

for a specific choice 6;(y) = T>(y) has the following conditional density function:

Py (@ | ) = (@) 2[00 ()] expl6s (0) T3 ()] = P () 26 (2)] explOa () T ).
PXo (y)

Therefore, the joint distribution is equal in both models, since

Px, (x)
PXx, (y)

px, (96)px2|X1 (y|z)=px, (y)pxl\xg (7] y).

px; (2)h2,1(y)ho,2[02(7)] explb2(2)T2(y)] = px,(y) ha,1(y)ha,2[02(x)] exp[f2(2)T2(y)]

We found CPCM (Fy) model with graph Xo — X; that generates the same distribution.
This completes the proof. |
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