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Abstract

We study the problem of bivariate discrete or continuous probability density estimation un-
der low-rank constraints. For discrete distributions, we assume that the two-dimensional
array to estimate is a low-rank probability matrix. In the continuous case, we assume
that the density with respect to the Lebesgue measure satisfies a generalized multi-view
model, meaning that it is S-Holder and can be decomposed as a sum of K components,
each of which is a product of one-dimensional functions. In both settings, we propose es-
timators that achieve, up to logarithmic factors, the minimax optimal convergence rates
under such low-rank constraints. In the discrete case, the proposed estimator is adap-
tive to the rank K. In the continuous case, our estimator converges with the L; rate
min((K/n)?/ 26+ n=B/(26+2)) up to logarithmic factors, and it is adaptive to the un-
known support as well as to the smoothness § and to the unknown number of separable
components K. We present efficient algorithms to compute our estimators.

Keywords: density estimation, multi-view model, low-rank models, minimax rate of
convergence, adaptive estimation

1. Introduction

Estimating discrete and continuous probability distributions is one of the fundamental prob-
lems in statistics and machine learning. A classical density estimator for both discrete and
continuous data is the histogram, while for continuous densities the most popular method
is kernel density estimator (KDE) see, e.g., Silverman (1986); Devroye and Gyorfi (1985);
Scott (1992); Klemela (2009); Tsybakov (2009); Gramacki (2017); Wang and Scott (2019).

Asymptotically, these estimators can consistently recover any probability density on R™
in the total variation (L;) distance based on n independent identically distributed (iid)
observations, if nh™ — oo, where h is the tuning parameter (bin width for the histogram
in the continuous case and bandwidth for the KDE), and we assume that h — 0, n — oo,

(©2025 Julien Chhor, Olga Klopp and Alexandre Tsybakov.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v26/24-1729.html.


https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v26/24-1729.html

CHHOR, KLOPP AND TSYBAKOV

see, e.g., (Devroye and Gyorfi, 1985, Theorems 1 and 2). On the other hand, smoothness
assumptions on the underlying density are not enough to grant good accuracy of these esti-
mators when m is large, even for compactly supported densities. Their rate of convergence
drastically deteriorates with the dimension if & is chosen optimally, and it remains true for
any estimators under only smoothness assumptions. This gives rise to suggestions of den-
sity estimators that overcome the curse of dimensionality under more assumptions on the
underlying density than only smoothness. An early suggestion is Projection Pursuit density
estimation (PPDE) Friedman et al. (1984), which is an iterative algorithm to estimate the
density by finding a subspace spanned by a small number of significant components. One
may consider PPDE as being adapted to the setting where there exists a linear map that
transforms the underlying random vector to a smaller dimensional random vector with in-
dependent components. This technique is rather popular but, to the best of our knowledge,
theoretical guarantees on the performance of PPDE are not available, see a recent survey
on PPDE in Wang and Scott (2019). A related dimension reduction model for density
estimation arises from independent component analysis (ICA), where one assumes the exis-
tence of a linear bijection of the underlying random vector to a random vector of the same
dimension with independent components Samarov and Tsybakov (2004). It is shown that
under this model there is no curse of dimensionality in the sense that there exist estimators
achieving one-dimensional rates Samarov and Tsybakov (2004, 2007); Amato et al. (2010);
Lepski and Rebelles (2020). Finally, a recent line of work starting from Song et al. (2014)
and further developed in Amiridi et al. (2022b,a); Kargas and Sidiropoulos (2019); Song
and Dai (2013); Vandermeulen and Ledent (2021); Vandermeulen (2023) deals with the
multi-view model for density estimation, that is, a finite mixture model whose components
are products of one-dimensional probability densities. Densities f : R™ — R satisfying the
multi-view model are the form

K m K
f(z) = Zwi H fij(xTej) with Zwi =1,w; >0, (1)
=1 j=1

i=1

where e;’s are the canonical basis vectors in R™ and f;;’s are one-dimensional probability
densities. Weights w; and f;;’s are unknown. The fact that this model is free from the curse
of dimensionality when f;;’s are Lipschitz continuous and supported of [0, 1] is demonstrated
in Vandermeulen and Ledent (2021) through a theoretical analysis of its sample complexity.
However, Vandermeulen and Ledent (2021) does not develop computationally tractable
estimators.

In this paper, we focus on two-dimensional density estimation and consider a new model
that generalizes the multi-view model in two aspects. We call it the generalized multi-view
model. First, in contrast to the usual multi-view model, we do not assume the additive
components to be products of densities but rather products of arbitrary functions. Second,
we do not assume these functions to be Lipschitz continuous. We only need a $-Holder
continuity for some 8 € (0, 1] of the overall two-dimensional density, which is a sum of K
such products. We propose a new estimator that is both computationally tractable and
offers improved statistical guarantees by achieving the one-dimensional estimation rate to
within a logarithmic factor. Our analysis deals with the L; risk of density estimators.
As argued in Devroye and Gyorfi (1985), using the L; norm to characterize the error of
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density estimation has several advantages. Indeed, the L; distance between two densities
is equivalent, up to a multiplicative constant factor, to the total variation distance between
the corresponding probability measures. Moreover, the L; risk for density estimation is
transformation invariant, which is not the case for the Lo risk most often studied in the
literature. From the technical point of view, it is more difficult to deal with the L; risk
than with the Lo risk.

Our approach to tackling generalized multi-view models is based on a reduction to the
problem of estimating multivariate discrete distributions under a low-rank structure that
we also consider in detail. This problem is of independent interest and it arises in many
applications, in particular, if the aim is to explore correlations between categorical random
variables, which is a particularly relevant subject Johndrow et al. (2017); Dunson and Xing
(2009); Diakonikolas et al. (2019); Tahmasebi et al. (2018). Without structural assump-
tions, estimating a discrete distribution on a set of cardinality D in total variation distance
is associated with the minimax risk of the order of \/D/n, where n is the number of obser-
vations (see Kamath et al. (2015); Han et al. (2015) and Corollary 2 below). However, by
imposing certain structure assumptions, it is possible to reduce the estimation risk. Several
assumptions, including monotonicity, unimodality, t-modality, convexity, log-concavity or
t-piecewise degree k-polynomial structure have been considered in the literature (see, for
example, Canonne et al. (2018); Diakonikolas et al. (2015); Durot et al. (2013)). In the
present paper, we deal with a different setting where a multivariate discrete distribution is
estimated under a low-rank structure. Specifically, for two integers di,do > 2, we consider
the problem of estimating a discrete distribution on a set of cardinality D = dyds defined
by a matrix of probabilities P = (P;j)ic(d,],je[d) With rank at most K > 1. This setting
arises, for example, in the analysis of data represented as a table with n rows and 2 columns.
Each row corresponds to one individual, while each column contains information about one
feature of the individual, for instance, (1) eye color, and (2) hair color. We assume that the
value of the cell in the table is a categorical random variable, for example, that hair color
can only take 6 possible values: black, brown, red, blond, gray, white. Thus, each element
of the ¢-th column has a discrete distribution over {1,...,dy}, for some dy > 2, ¢ = 1,2.
The individuals are assumed to be iid but the columns can be correlated. For instance,
hair color can be correlated with eye color. In other words, each row can be viewed as a
realization of a pair of correlated discrete random variables. If we are interested in possible
associations between the two variables, we are lead to estimating their joint distribution.
Assuming that P has low rank means that there exists a reduced representation of the cor-
relation structure. A basic unbiased estimator of P is a histogram Y/n where Y is a d; X do
matrix such that its (¢, j)-th entry Yj; is the number of individuals whose row in the data
table equals (7, j). However, the histogram does not take advantage of low-rank structure
and it only attains the slow rate \/dida/n in the total variation distance. We will suggest
an estimator attaining a faster rate and show that it is minimax optimal up to logarithmic
factors.

2. Motivation

In many applications, one needs to explore relations between two objects that may have
a complex structure, yet are linked via a low-dimensional latent space. This situation
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can be often described by mixture models and low-rank matrix models. For the problem
with discrete distributions, one of the important examples is given by the probabilistic
Latent Semantic Indexing framework for topic models Hofmann (1999). It assumes that
co-occurrences of words and documents are independent given one of K latent topic classes.
Then the joint probability matrix of words and documents is a mixture of at most K matrices
and its rank does not exceed K, which is typically a small number. Another example of
low-rank probability matrix estimation is provided by the Stochastic Block Model Holland
et al. (1983); Abbe (2018). In this case, the problem is to estimate the matrix of connection
probabilities of a random graph under the assumption that its nodes fall into K groups with
constant connection probabilities within and between each two groups. Such a probability
matrix is of rank at most K. Low-rank probability matrix estimation problems also arise
in the context of collaborative filtering, matrix completion and other Candeés and Recht
(2009); Rennie and Srebro (2005).

For the problems characterized by continuous probability densities, multi-view models
provide a nonparametric analog of classical mixture models. In contrast to these classical
models, they do not assume that the components of the mixture depend on finite number
of parameters but rather consider them as functions satisfying some general constraints,
such as smoothness or just integrability. In model (1), the resulting function f is the
probability density of a random vector X = (z1,...,2y) € [0,1]™ with entries z1,..., %y,
that are independent conditional on a latent variable that can take K distinct values. The
generalized multi-view model considered in this paper is broader than the basic multi-view
model (1) as it allows the functions f;; to be integrable real-valued functions rather than
densities. Also, we only assume Holder smoothness of f and not of all the components f;;.
Nevertheless, we will demonstrate that estimation over the class of generalized multi-view
models is, up to logarithmic factors, not harder than estimation over the subclass described
by (1). In this paper, we focus on the setting, where the aim is to explore relations between
two variables (m = 2) and we explicitly construct polynomial-time estimators achieving the
optimal rates for such models.

A relevant question is to check whether the multi-view model holds for a given particular
problem in practice. We address this issue by providing estimators that are adaptive to the
unknown number of components K varying on a wide scale of values. Very large values
of K correspond to the absence of low-rank structure. For such K, our estimator achieves
the same rate as the usual nonparametric density estimator of a smooth density (with
no additional structure), and we show that this is optimal. In other words, our adaptive
estimator achieves the minimax optimal rate regardless of whether the multi-view model
holds or not. Thus, adaptation guarantees that checking the low-rank assumption is not
necessary in practice.

3. Summary of contributions and related work

The importance of low-rank structures in nonparametric density estimation has been dis-
cussed in several papers suggesting and analyzing various estimation methods Amiridi et al.
(2022b,a); Kargas and Sidiropoulos (2019); Song et al. (2014); Song and Dai (2013); Van-
dermeulen and Ledent (2021). In Song et al. (2014), the authors introduced the multi-view
model and proposed a kernel method for learning it but did not study whether it can lead
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to an improvement in nonparametric density estimation. The paper Song and Dai (2013)
provided empirical evidence that hierarchical low-rank decomposition of kernel embeddings
can lead to improved performance in density estimation. More recently, Amiridi et al.
(2022b,a) used a low-rank characteristic function to improve nonparametric density estima-
tion. Finally, Vandermeulen and Ledent (2021) proved that there exists an estimator that
converges at a rate O(n_l/ 3 ) in the L norm to any density satisfying the multi-view model
with Lipschitz continuous marginals. This estimator is not constructed explicitly and is
not computationally tractable in general. Furthermore, Vandermeulen and Ledent (2021)
shows that the standard histogram estimator can converge at a rate slower than O(n_l/ m)
on the same class of densities, where m is the dimension of the data.

A related problem of estimating a low-rank probability matrix from discrete counts has
been considered in Jain and Orlitsky (2020), where the authors propose a polynomial time
algorithm (called the curated SVD) for the case of square matrix, d; = d2 = d, and requiring
the exact knowledge of the rank K. They prove an upper bound on the total variation error

of the curated SVD that scales as ¢(K,d,n) := \/% A1 (to within a logarithmic factor

in K,n) with probability at least 1 — d~2. They also state a lower bound with the rate
W(K,d,n) in expectation by referring to the lower bounds of Han et al. (2015); Kamath
et al. (2015) for general discrete distributions on a set of cardinality D = Kd. Based on that,
the authors in Jain and Orlitsky (2020) claim minimax optimality of the rate (K, d, n),
up to logarithmic factors. However, the lower bound obtained by this argument only holds
under significant restrictions on K, d,n that are not specified in Jain and Orlitsky (2020).
Indeed, the lower bounds of Han et al. (2015); Kamath et al. (2015) for general discrete
distributions are only meaningful under some specific conditions on D, n. For example, the
lower bound of (Han et al., 2015, Theorem 1) is vacuous for D < 1 and the lower bound of
(Kamath et al., 2015, Lemma 8) is vacuous for D =< y/n. These lower bounds are established
only in expectation and it is not legitimate to compare them directly with upper bounds in
probability derived in Jain and Orlitsky (2020). The upper bound in probability in (Jain and
Orlitsky, 2020, Theorem 2) can be transformed into a bound in expectation at the expense
of adding a O(d~2) term to the rate. This imposes one more restriction d=? < ¥(K,d,n)
to match the lower bound up to a logarithmic factor. The algorithm suggested in Jain and
Orlitsky (2020) is based on normalization of the probability matrix by rescaling each row
and column. Similar ideas have been developed in the literature on topic models, where
topic matrices are estimated using an SVD-based technique on a rescaled corpus matrix Ke
and Wang (2022). Our approach is different and based on novel techniques that we call a
localized SVD denoising. The localized SVD algorithm that we suggest does not need to
rescale the input matrix and relies on splitting the matrix into sub-matrices with entries of
similar order of magnitude. It may be of interest in other contexts as well.

The contributions of the present work are as follows.

e We prove minimax lower bounds in the total variation distance for general discrete
distributions on a set of cardinality D. We generalize Han et al. (2015); Kamath et al.
(2015) in the sense that we derive lower bounds not only in expectation but also in
probability and, in contrast to those works, we obtain the lower rate \/% A 1 for all
D,n > 1 with no restriction. Next, under the low-rank matrix structure, we prove
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lower bounds of the order of ¥(K,d,n) both in expectation and in probability, with
no restriction on K, d,n, where d = dy V dy. Moreover, we propose a computationally
efficient algorithm to estimate a low-rank probability matrix P and show that it attains
the same rate ¥(K,d,n) up to a logarithmic factor. Thus, we prove the minimax
optimality of this rate and of our algorithm, up to a logarithmic factor. Unlike the
curated SVD of Jain and Orlitsky (2020), our algorithm applies to non-square matrices
and is adaptive to the unknown rank K.

e We propose a method to estiamte S-Holder densities for 5 € (0, 1] under the general-
ized multi-view model. Our algorithm achieves the rate of convergence (K / n) BB+ \
n~=B/(28+2) up to a logarithmic factor on the class of densities that are (i) S-Holder
over an unknown sub-rectangle of [0,1]? and (ii) represented as a sum of K separable
components. In the two-dimensional case that we consider, we improve upon the prior
work Vandermeulen and Ledent (2021) in the following aspects:

— Our estimator is computationally tractable.

— The study in Vandermeulen and Ledent (2021) was devoted to the case 5 = 1 and
the standard multi-view model while we provide an extension to the generalized
multi-view model described above and to any 5 € (0, 1].

— We prove a lower bound showing that the above convergence rate is minimax
optimal up to a logarithmic factor on the class of densities satisfying the general-
ized multi-view model. We establish the explicit dependence of the minimax rate
on K,n,f revealing, in particular, that it exhibits an elbow at K =< nl/(28+2),
We note that our lower bound is stronger since we prove it for the smaller class
gg P of densities satisfying the standard multi-view model (1) with m = 2, where
fi;’s are probability densities on [0, 1] that are S-Holder on their support.

— We propose an estimator that is adaptive to the unknown number of separable
components K, to the unknown smoothness 3, and to the unknown support of
the density. As shown by our lower bound, this estimator also reaches the mini-
max optimal convergence rate, up to a logarithmic factor, on the class g}}’ L It
can therefore be employed for learning mixture models from the class g;{, 3 while
guaranteeing robustness to the model misspecification since it attains a compa-
rable rate over the substantially larger class of generalized multi-view models.

e We provide a package for computation available at
https://github.com/hi-paris/Lowrankdensity. We run a numerical experiment
demonstrating the efficiency of our estimators both in discrete and continuous settings.

4. Notation

For two real numbers z,y, we define z A y := min(z,y) and z V y := max(z,y). For d € N,
we set [d] = {1,...,d}. For any probability vector or probability matrix P and for any
n € N*, we denote by M(P,n) the multinomial distribution with probability parameter P
and sample size n.

For any matrix A, we denote by A;; its (i, j)th entry and by rk(A) its rank. We denote
by Arj = (Aij)ierjes an extraction of matrix A € R%1%d2 corresponding to the sets of
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indices I C [d;] and J C [d3]. We will use several matrix norms, namely, the operator norm
denoted by ||A||, the nuclear norm ||A[|,, the Frobenius norm ||A]|#, the entry-wise ¢1-norm
|IAll1, and the norms

dy
1 A]l1,00 :jnel[fz{];V\ij‘,
Al = A l[100 VAT 100

The notation || - ||z, is used for the norms in L;([0, 1], Leb) and in L;([0,1]?, Leb), where
Leb denotes the Lebesgue measure.

We denote by ||-|| the Euclidean norm in R?, by Supp(f) = f~* (R \ {0}) the support of
a real-valued function f, by 14(-) the indicator function of set A, and by |A| the cardinality
of finite set A. Throughout the paper, the absolute positive constants are denoted by C'
and may take different values on each appearance and we assume, unless otherwise stated,
that n,dy,ds > 2.

5. Discrete distributions

Consider first the setting with discrete distributions, which provides a base for studying
continuous distributions in Section A. Let Tx be the class of all probability matrices of
rank at most K:

T = {P € Rz

rk(P) SK, Z Pij =1 and Pz'j >0, V(Z,]) S [dl] X [dg]}, (2)
(4,9)€ld1]x[dg

where K < di A ds is a positive integer. Assume that for some unknown P € Tx we are
given iid observations Xi, ..., X, with distribution P, that is, P(X} = (i,j)) = P;; for all
k€ [n], (i,j) € [di] x [da].

We can assume, for example, that P € R% >4 denotes the joint probability matrix of
two categorical variables X € [di] and Y € [d2]. A parsimonious and widely applicable
generative mechanism assumes that there exists a latent class Z € [K] such that X and YV
are independent given Z, where K is small. Then

K

K
Pij :[P(X:l,Y:]) :Zﬂ-kak,i bk»j <= P:Zﬂ-ka’ka’
k=1 k=1

so that rk(P) < K. This low-rank structure encodes dependence through a low-dimensional
latent space and yields substantial statistical savings. Without structure, estimating an
arbitrary dy X dy table in total variation is only possible with the rate \/dida/n, whereas
under the condition rk(P) < K, as we will prove, the rate improves to /K (dy V d2)/n (up
to logarithmic factors).

Low rank assumption arises naturally whenever two high-cardinality categorical views
are conditionally independent given a small latent variable:

e Topic models / word—document co-occurrence (pLSI). Words and documents
are independent given a topic; the word x document probability matrix has rank at
most K when there are K topics.
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e Networks / stochastic block models (bipartite or directed). Edges are inde-
pendent given community labels; the inter-block connection table has rank at most K,
which is the number of communities.

e Collaborative filtering. User and item categories interact through a few latent
“taste x style” factors, yielding a rank-K interaction matrix.

e Latent-class contingency tables. Cross-tabs such as eye color x hair color,
education x political preference, or customer segment x product category are well
modeled by mixtures of a few product tables with rank at most K).

These examples motivate treating P as (exactly or approximately) low rank and justify
estimators that explicitly exploit this structure. In this section, we consider the problem
of minimax estimation of P on the class Tk with respect to the norm || - ||;. We derive
the minimax optimal rate and propose a computationally efficient estimator achieving this
rate, up to a logarithmic factor.

5.1 The localized SVD estimator

We start by formally describing the localized SVD algorithm. In the next subsection, we
will provide some intuition regarding its construction and sketch the ideas of proving the
upper bounds on its performance.

Without loss of generality, assume that the total number of observations is even and
equal to 2n. We use sample splitting to define HD ¢ Rhxdz apnd @) e Rérxdz gg
the matrices of empirical frequencies (the histograms) corresponding to the sub-samples
(X1,...,X,) and (Xp41, ..., Xop) respectively. In what follows, it will useful to express the
matrices P, HY and H® in terms of their columns and rows:

Ly £l
P= [Cl,---,CdQ} = : and HY = [éfg),...,éc(,? = ], for=1,2.
La, Eg;)

We set T' = |logyd] — 1, where d > 2 is a suitably chosen parameter. In this section, we
take d = dj V dy. Other choices of d will be used when applying Algorithm 1 as a building
block for estimation of continuous densities. For any ¢ € {0,...,T} we define

) ~ 1 1 ) ~ 1 1
n={icltl 200 € (g g b A= {ic 180N e (g g] b ®
and set

. =~ 1 ) ~ 1
= el B < g f e ={i €l 100) < g 0

Next, for any k = (t,t') € {0,...,T+1}* we define

Uk = It X Jt/, (5)
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M®) = (Hij ]l{(i,j)EUk}>m~’ P = (Pij ﬂ{(i:j)EUk})i,j' ©)

Algorithm 1: Estimation procedure
1 Input: a>1,d > 2, N > 1, integer n > 1, matrices HO H®),
Output: Estimator P* of P.

N

3 If n < ldadlogN return P* = %(H(l) + H®)
4 Else: T « [logy(d)| — 1
5 For t,t' =0,...,T + 1:

1.k« (t,t); 7 < 12\/05@2_”“' and define M*) as in (6)

2. P®) « argmin (HM(k) - A% +TkHAH*)
AcRd1 xdg

3. P Ypero.riye PP
4. Py« (P V0),,
5 If Py = 0 pd; x4, Teturn P = 2(HW 4+ H®)

Return P* = £+
| P+ l1

In Algorithm 1 above, the parameter N is a user-specified input of the algorithm. It
controls the probability of deviations, see Theorem 4 below. In what follows, the notation
Algl(a,d, N, n, HD, H(Q)) stands for Algorithm 1 with input parameters (o, d, N, n, HD, H(Q)).

5.2 Intuition underlying the localized SVD algorithm

Standard approaches to estimate a low-rank matrix from noisy data consist in using methods
based on global SVD on the underlying matrices. The main drawback of such methods is
that they can be sub-optimal under non-isotropic noise. In particular, it is the case for the
multinomial noise that we are dealing with in our setting since nH® ~ M(P,n) for £ = 1, 2.
Any entry Y;; of a multinomial matrix ¥ ~ M(P,n) has a binomial distribution, Yj; ~
Bin(n, P;;), with variance nP;;(1 — Pj;) that varies across the indices (¢,j). To overcome
this difficulty, Algorithm 1 splits the multinomial matrix into a logarithmic number of sub-
matrices, on which the multinomial noise can be more carefully controlled. Then, each
sub-matrix is de-noised separately using a nuclear norm penalized estimator. Recall that
this estimator is based on soft thresholding of the singular values.

To appreciate why do we split the multinomial matrix as in equations (3) - (4), assume
that Y ~ M(P,n) and for any two subsets I C [d;] and J C [d2], consider the extractions
according to I and J:

Yrs
Yig = (Yij)ajerxs Pro=(Pij)ajerxs, and Wiy = e Pry.
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By Lemma 23 the operator norm of Wy is controlled, with high probability and ignoring
the logarithmic factors and smaller order terms, by a function of column-wise and row-wise
sums of entries of Pry:

1 1
IWesl> S | Prsl = - max (I?QXZH], mz;P) (7)

1
<—a<aL-, aC’-).
<~ maue (mae |, ma 1G5
This bound is accurate enough if we take “balanced” subsets I, J such that

Viel: ||Lij =< I}/lg;{”Ly”l and Vied: ||Clh =< Ijrllg)](HCj/”l,

that is, we split the multinomial matrix according to similar values of ||L;||1’s and ||C}]|1’s
in order for the multinomial noise to be almost isotropic over the considered sub-matrices.

Since the values (||L1||1,. .., ||La, |[1) and (||Cjll1, ..., ||Cd,|l1) are unknown, we use sam-
ple splitting to obtain good enough estimators (||Ly||1, ..., || Lq, |1 and (||C’J|\1, L 1Ca )
from the first half of the data. To simplify the argument, here we do not discuss these
pilot estimators and assume that an oracle gives us the exact values (||L1]1,..., || Ld]1)
and ([|Cjll1, -, 1Cayl1)-

Set d = dy V dg, and for any ¢ € {0,...,|logy(d) — 1]}, define the following index sets

= . 1 1 ~ . 1 1
7o - { Iz € (o 5 } 7= {y 6l € (5] } 0

For T' = |logy(d) | — 1 define

Ip = [di] \ UltandJT_ [da] \ UJt
t<T t<T

Fix t,t' € {O ., T} and set M, o= nYIJ, and P,y = P~~ Then rk(P;p) < K and
H Py D < o M, by construction. The idea is now to take an estlmator Pt v of P,y obtained
from Mt,t/ by performing a soft-thresholding of its singular values, with a threshold based
on Lemma 24 below, which states guarantees for SVD soft-thresholding (nuclear norm

penalized) estimators, see also Giraud (2021). This strategy leads to the following bound
on the error in the Frobenius norm, which holds with high probability:

K
O N 2t/\t’

2
H.Ptt/ _Ptt’

S 1P

Here and below, the sign < hides a logarlthmlc factor. This implies the following bound

Hﬁt,t’ - Pt,t’ |It| |Jt’| (9)

<
1™ 2t/\t’

Denoting by P the d1 X do matrix obtained by concatenation of all the cells I x jt/, and
summing (9) over (¢,t') we obtain

||P_PH1 Z 2t/\t’ ’It||']t’|

tt'=

10
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By the Cauchy-Schwarz inequality and the fact that T = [logy(d)| — 1 this bound can be
simplified as follows:

T
Z 2t/\t’ ‘It||‘]t’| < Z 2t/\t’ ‘ItHJt" Z 1
tt'= tt'= tt'=
T
K /1 1 ~ >
<tomala) | 30 5 (5 + 50 ) 1010
£,t'=0
< K(dl + d2)
~ n )

where the last inequality uses the relations

T
Y ILh|=dy and 22t|ft|—222_t<222ng2
t=0

t=0 jeT, t=0 jeT,

(by the definition of I;), and the analogous relations for the family (J;);.
The above argument outlines a strategy for proving a bound of order % (up to a

logarithmic factor) for the estimator defined by Algorithm 1. The exact statement of the
result is given in Theorems 4 and 5 below.

5.3 Results for discrete distributions

We first provide minimax optimal rates for estimating a general discrete distribution on
a finite set of size D. Without loss of generality, assume that this set is {1,...,D}. Let
Ap = {p € ]Rf : Z]D:1 pj = 1} be the set of all probability distributions on {1,...,D}.
We denote by P, the probability measure of n iid observations drawn from p, by E, the
expectation with respect to [P, and by inf; the infimum over all RP-valued estimators.

Theorem 1 Let D > 1,n > 1. There exist two absolute positive constants c,c’ such that

D
mf sup Py | 1D —plli > C{\/>/\ 1} >, (10)
. = D
inf sup E,||p — pll1 ZC{\/*/\l}- (11)
P peAp n

The lower bound for the expectation (11) improves upon the bounds in Han et al. (2015);

Kamath et al. (2015) that provide the same lower rate \/g under some additional conditions
on D, n. The lower bound in probability (10) is new.

As a corollary of Theorem 1, we get the minimax optimal rate of convergence for the
problem of estimating general discrete distributions. Given § > 0 and a class of discrete

and

11



CHHOR, KLOPP AND TSYBAKOV

distributions P C Ap, we define the minimax in probability rate of estimation of p € P
based on an iid sample (X,...,X,) from p as

Vi (n, P) :inf{w >0 ] inf sup]Pp(Hﬁ(Xl,...,Xn) —p|, > w) < 5}.
b peP

Corollary 2 Let D > 1,n > 1. There exist two absolute positive constants c,c such that,
for all § € (0,¢) we have

c{\/f/\ 1} §¢§(n,AD)§C5{ %/\1}, (12)

where cs > 0 depends only on §. Furthermore,

. ~ D
inf sup Ep|p—plh </ — AL (13)
P peAp n

The proof of Corollary 2 follows immediately by combining Theorem 1 with the standard
upper bound for the empirical frequency estimator (see, for example, Lemma 22 below).

Next, we obtain a lower bound for the class of discrete distributions 7Tx defined by
probability matrices of rank at most K, see (2).

Theorem 3 (Lower bounds for Tx) Let n, K,d;,ds be positive integers such that K <
di ANdy. Set d=dyV dy. There exist two absolute positive constants c,c such that

~ [Kd
inf sup Pp | ||P — PJj1 > c{ — /\1} >, (14)
P PeTk n
~ Kd
inf sup Ep[|P — P|y > c{\/— A 1}. (15)
P PeTk n

The next two theorems give upper bounds matching the lower rate of Theorem 3 up to
a logarithmic factor.

and

Theorem 4 (UpEer bound for 7k in probability) Leta >1,d=d;Vds, N > 2, and
let the estimator P* be obtained by Algl (o, d, N,n,H(l),H(Q)). Then there exist constants
Co, C1 > 0 depending only on o such that

sup Pp Hﬁ* — Plj1 > Cl{\/ Kd log(d) log'/?(N) A 1} < Co(logd)?dN—*.
PeTk n

Note that Theorem 4 can be used for several meaningful choices of IV, such as N = n,
N=dor N=dVn.

12



GENERALIZED MULTI-VIEW MODEL

Theorem 5 (Upper bound for 7k in expectation) Let o > 3/2, d = d; V dg, and let
the estimator P* be obtained by Algl(a,d,dVv n, HY H®)). Then there exists a constant
C > 0 depending only on a such that

~ Kd
sup Ep||P* - P|; < C{\/ —(logn)3% A 1}.
PeTk n

Theorem 3, Theorem 4 with N = d and Theorem 5 lead to the following corollary, which
provides the minimax rate for the class Tg.

Corollary 6 Let v > 0 and § = O(d™7). There exist two constants ¢,C > 0 depending
only on v such that

c{ %d A 1} <Yi(n,Tx) < C{\/?(logd)?’m A 1} (16)

Kd ~ Kd
c{ —A 1} <inf sup Ep||P - P|: < C{\/ —(logn)*? A 1}. (17)
n P PeTk n

If K is substantially smaller than d; Ads the rate of convergence 4/ KTd provided by Theorems

and

4 and 5 is much faster than the estimation rate \/% for general D = djds-dimensional
discrete distributions. This characterizes the gain that is achieved due to the low-rank
structure.

6. Continuous distributions

In this section, we use the ideas developed for discrete distributions in Section 5 to derive es-
timators of probability densities under the generalized multi-view model with known support
[0,1]2. The case of generalized multi-view model with unknown support and adaptation to
the unknown parameters 8 and K is deferred to the Appendix.

We start by defining the class of considered densities. Let L > 0 be a constant. For any
B € (0,1], we say that f :[0,1]> — R is a 8-Hélder function if | f(z) — f(2)| < L||z — #'||%
for all z,2’ € [0,1]2. We denote by 55,[0,1]2 the set of all S-Holder densities supported on
[0,1])%

Eé,[OJP = {f (0,1 - R ’ f is p-Holder probability density supported on [0, 1]2} (18)

For integer K > 1, we define F as the set of functions on [0,1]? that are sums of K
separable functions:

}‘K:{( € [0,1] »—)Zuk ) € R | ug,vx € L]0, 1], Vke[K]}.

We consider the following set of 5-Holder probability densities

gIL{ﬂ,[O’”g = ,C/37[071]2 NFi.

13
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If fe QIL( 5012 We will say that f follows the generalized multi-view model with known

support [0, 1]2. We emphasize that the functions u;, and v;, appearing in the decomposition
flzy) = Zsz1 u(z)vg(y) may take negative values and need not be S-Hélder or contin-
uous, as long as f is a S-Holder probability density over [0,1]2. It is clear that the set
QILQ 5,[0,1]2 contains all the 3-Holder densities on [0, 1] that can be expressed as mixtures of
product densities.

Assume that for some integer K > 1 and some unknown f € QILQ 50,120 We are given n
iid observations X1, ..., X, distributed with probability density f. The goal is to estimate
f based on Xj,...,X,. The minimax rate for estimation of B-Hélder densities on [0, 1]
under the L risk is known to be n=%/(28+2) and this rate is attained by KDE and other
basic density estimators, see Devroye and Gyorfi (1985); Devroye and Lugosi (2001). We
show that the minimax rate of convergence for the class g{a 5,[0,1]2 with a rank-K structure

is faster than n=#/(26+2) and we propose a computationally simple estimator that achieves
this optimal rate up to a logarithmic factor.

Our estimator is defined in Algorithm 2. The main steps can be summarized as follows.
e We partition the domain [0, 1]? into disjoint rectangular cells (Cj j); i := (A; x Ajr);.j

with side length of order h* =< n~=1/(2#+2) A (K /n)Y/ 25+ in both dimensions, up to
logarithmic factors. We define
1

Aj = [jh, (j + 1)h) where h = ak

e Dividing the sample into two equal parts, we construct two independent histogram ma-
trices N and N’ based on this partition of [0, 1]? into (Cj7)j,j- We apply Algorithm 1
with H® = N and H® = N’, which outputs a matrix with entries corresponding to
the cells of the partition. We define our density estimator as a function that takes a
constant value in each cell, proportional to the output of Algorithm 1 in the cell.

In Algorithm 2 we assume without loss of generality that n is a multiple of 2.

In what follows we denote by Py the probability measure induced by (X1,..., X,) when
X;’s are iid distributed with density f, and by E; the corresponding expectation.

Theorem 7 There exist constants Cjy > 0, C1 > 0 depending only on o and L such that
for the estimator f defined by Algorithm 2 with o > 1 we have

R K\ P/ (28+1) 5
sup Py | [If — fll, > Oy () log®?n A n~ 252 < Ch(log n)?nt/ 2+ —a
n
T€9¢ 6 o112
(19)
and for the estimator f defined by Algorithm 2 with o > 4/3 we have
R K\ P/ (28+1) 5
sup  Ef||f — fllz, <O <> log®/?n An~ 242 % . (20)
fegf(,a,[o,lﬁ "

14
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Algorithm 2: Two-dimensional density estimator
1 Input: Xi,..., X, € R? with n = 2k for an integer k > 1; a > 0; K € N; 8 € (0,1]

_B B _1
2 If (K)2541 10g3/%(n) <n 72 set K/ = K else: set K/ = N7,

3 h* = (K'/n) /P and h = r7.

a For (j,5') € {0,..., [5+] = 1}:

5 Cjjr < [7h, (j + 1)h] x [j'h, (7 + 1)A].

6 Gip 2 ¥ lIxec,; Gpe2 Y lxec,;
1<i<n/2 n/2+1<i<n

_B : __B ~ '
7 If (£)z log%(n) >n 2 set P* <+ & where G = (Gyyr) ;s G'=(G)j

8 Else: set P* Algl(a, Lh—l*J,n, 2.G, G’)

P(z,y) = % Zj,j/ P]*j/ Il(m,y)ecjj/

10 Return f: ||§||
L

©

Theorem 7 guarantees that the estimator fadapts to the best rate between (K/n)ﬁ/(zﬁﬂ),
which is a “one-dimensional” rate as function of n but deteriorates as K grows, and
n=B/(26+2) " which is the standard rate of estimating a S-Holder two-dimensional density.
This demonstrates a dimension reduction property. The elbow between the two rates occurs
at K = nl/(26+2),

The lower bound below shows that the rate obtained in Theorem 7 cannot be improved
up to a logarithmic factor. We derive even a stronger lower bound that holds for the subclass
of QILQ B,[0,1]2 containing densities with support [0, 1] that can be decomposed as miztures
of separable densities that are Holder smooth over their support. Specifically, let Q;{%ﬁ7[o7112

be the set of all probability densities f with support [0, 1]? and such that
K
f($ay) :ZwkUk(lU)Uk(y), v (x,y) € [Oa 1]2a
k=1

where ug, vy, are are 5-Holder probability densities on [0, 1] for all &k, and Zle wg =1, wy >
0,Vk. Clearly, g;’(Lﬁ,[OJ]Q C g§757[07”2.

Theorem 8 Let L > 0, 8 € (0,1]. There exist two positive constants c,c’ that can depend
only on L and B such that

inf sup Py (1f — flln, = e (5/m)? @Y An-ﬁ/@ﬁ“)}) >d, (@)
f feg;L,B,[m]?
and B
inf  sup  Ef|f— fllo, > c{(K/n)'g/(wH) A n_ﬁ/(25+2)}, (22)
! feg;L,B,[OJ]Z

15
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where inff denotes the infimum over all density estimators.

For § > 0, we define the minimax estimation rate on Q’IL< [0,1]2 8 follows:

I fegkt

K,B,[0,1]2

@5(n,g§757[071]g):inf {t>0 ‘ inf  sup ]P’f(Hf(Xl,...,Xn)—fHL1 >t) gé}. (23)

Theorems 7 and 8 immediately imply the following corollary.

Corollary 9 For any~y >0, 8 € (0,1], L > 0, there exist two constants c¢,C > 0 depending
only on v, B and L such that

B/ (2B+1) gy =B/ (25+2) L B/(26+1) 3/2 p =B/ (28+2)
— n—"vy 9 .
c{(K/n) AN }<Yp-n(n QK”B’[O’I]Q) < C{(K/n) (logn)°’“An }

Remark 10 (Adaptation) We refer the reader to Appendiz B for a procedure that adapts
to unknown B € [0,1) and K € N.

7. Numerical experiments

We present the results of numerical experiments on synthetic data. We have performed
simulations with different values of parameters d,n and the number of components K. For
the experiments, we use the Python implementation of our algorithm?.

Figures 1 and 2 present numerical experiments with discrete distributions. We compare
the total variation error of our estimator with that of the classical histogram estimator. In
Figure 1, we fix K = 1 and n = 10°, and apply the two estimators on square matrices of
size ranging from d = 10 to d = 1600. To better appreciate the dependency on d, we also
represent the same experiment on a logarithmic scale in Figure 2. We can see that the
total variation error of the histogram estimator is approximately proportional to d, whereas
the error of our estimator is approximately proportional to v/d for the ranges of values
represented in this figure.

Figure 3 presents the dependence of the total variation error on the rank K for fixed
dimension d = 100 and fixed number of observations n = 10°. We also provide in Figure 4 a
representation of this error on a logarithmic scale, which shows that it grows as v/ K. These
two figures are obtained for low-rank matrices close to the set used in the lower bound.

Finally, we provide simulations for the problem of density estimation (Figures 5 and 6).
We compare the standard histogram density estimator with bin width n~1/* and our esti-
mator defined by Algorithm 3 with 8 =1, K = 1. We let n vary from 1000 to 10. Again,
we observe that our estimator performs better than the classical estimator and allows us to
recover the one-dimensional estimation rate n=1/3.

8. Conclusion

In this paper, we obtained minimax near-optimal estimators for the problem of multino-
mial estimation under low-rank matrix constraints and for density estimation under the

1. The code of Lowrankdensity algorithm is available at https://github.com/hi-paris/Lowrankdensity
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generalized multi-view model. In both cases, we demonstrated that the rank constraint can
substantially reduce the worst-case estimation error. Our findings suggest that low-rank
matrix model can be a powerful tool for dimension reduction in the context of density es-
timation. It would be interesting to extend our results to larger dimensions, in particular,
to low-rank multinomial tensors, which presumably needs developing different tools.
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Appendix A. Continuous distributions with unknown support

In this section, we extend the results for probability distribution with support [0,1]? to the
case of unknown support. More precisely, we consider the class of densities whose respective
supports are unknown sub-rectangles of [0,1]? and assume no lower bound on their edge
lengths. This framework is more challenging than the classical one (see Remark 14). To
the best of our knowledge, it was not considered in the existing literature on nonparametric
density estimation.

We start by defining the class of considered densities. Let L > 0 be a constant. For any
B € (0,1], we say that f:[0,1]2 — R is a 8-Hélder function if | f(z) — f(2)| < L||z — #'||%
for all z,2" € Supp(f). We denote by Eé the set of all S-Holder densities supported on
rectangles contained in [0, 1]?:

Supp(f) = [r1, Ra] x [r2, Ra),
Eé ={ f:[0,1]> = R| 371,72, R1, Ry € [0,1] s.t. { f is f-Holder on Supp(f),

fSupp(f) f=1land f >0.
(24)

For integer K > 1, we define Fx as the set of functions on [0,1]? that are sums of K
separable functions:

K
Fk = {(m,y) € [O) 1]2 — Zuk(l‘)vk(y) ER | up, v € L1[0, 1], vk € [K]}
k=1

We consider the following set of S-Holder probability densities
g[L(”B = ﬁg NFi.

If fe Q[I} 5 we will say that f follows the generalized multi-view model. We emphasize that
any function f € QIL(’ 5 is only assumed to be -Holder on an unknown rectangle of the form

[r1, R1] X [r2, R2] and not necessarily over the whole domain [0, 1]2. In particular, f € gIL(, 3
can have jumps at the boundary of its support [r1, Ri] X [ro, Re]. Moreover, the functions
ug and vy appearing in the decomposition f(z,y) = Zle ug(z)vg(y) may take negative
values and need not be g-Holder or continuous. Clearly, the set QILC 5 contains all densities
that are S-Holder on their support and can be expressed as mixtures of product densities.

Since we consider density estimation under the L; risk it is not restrictive to assume that
the support of the density is a compact set. Indeed, it has been highlighted in Ibragimov
and Khas'minskii (1984), Juditsky and Lambert-Lacroix (2004), Goldenshluger and Lepski
(2014), Chhor and Carpentier (2021) that there exist no wuniformly consistent estimators
with respect to the L; norm on classes of Holder continuous densities with unbounded
support. On such classes, the minimax L, rate is of trivial order 1 regardless of the number
of observations. Note also that in our setting the support of f is an unknown set. It allows
us to handle densities that are not necessarily Holder continuous on the whole domain [0, 1]2.
To the best of our knowledge, this setting was not explored in the prior work.
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Assume that for some integer K > 1 and some unknown f € QILQB, we are given n iid
observations Xi,...,X,, distributed with probability density f. The goal is to estimate f
based on X1, ..., X,. The minimax rate for estimation of 3-Hélder densities on [0, 1]? under
the L; risk is known to be n=#/(26%2) and this rate is attained by KDE and other basic
density estimators Devroye and Gyorfi (1985); Devroye and Lugosi (2001). We show that
the minimax rate of convergence for the class Q[L(7 5 with a rank-K structure is faster than
n~B/(26+2) and we propose a computationally simple estimator that achieves this optimal
rate up to a logarithmic factor.

Our estimator is defined in Algorithm 3.
The main steps of Algorithm 3 can be summarized as follows.

e We divide the data into two subsamples of equal size. We estimate the support
[r1, R1] X [re, Ro] by the smallest rectangle that contains all data points in the first
subsample and denote this estimated support as [r1, R1] x [r2, Ra]. In fact, we have

P :min{Hm(Xi) e {1%}} Vm € {1,2}

B :max{l_[m(Xi) Lie {1%}} Vm e {1,2}

where for X € R?, we denote by II;(X) and IIo(X) its first and second coordinates,
respectively: X = (I1;(X), o (X)).

e Assuming first that ﬁl — 71 > h* and fig — 75 > h*, we partition the domain [0, 1]?
into disjoint rectangular cells

(Cjg)ig = (Aj X Bjr)jjrs
so that the estimated support [77, §1] X [T, ﬁg] is exactly covered by a finite subcol-

lection of the cells (C} ;).

More precisely, the cells have side lengths of order h* =< n~1/(28+2) A (K /n)1/(26+1)
in both dimensions, up to logarithmic factors. To this end, we construct a family of
intervals (A;); covering [0, 1], with

Aj = [?1 + jha, 7‘\1+(j+1)h1>, jeE = { - {ﬁl-"’ {121?%}7

where

m =

[(Bin = T /7]
The family (Bj/); is defined analogously. The index set E; is chosen so that (A4;);
covers [0, 1] entirely.

Finally, the partition (A;); is aligned so that the estimated interval [, ﬁl] is exactly
decomposed into some of the A;’s. In particular,

Ag =11, 71 + M, A (R — h1, Ry,

L(Ri—71)/ha] -1 —

so the endpoints 77 and El coincide with endpoints of certain A;’s.
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e Dividing the second subsample in two equal parts, we construct two independent
histogram matrices N and N’ based on this partition of [0,1]% into (Cj;/); ;. We
apply Algorithm 1 with H® = N and H® = N’, which outputs a matrix with
entries corresponding to the cells of the partition. We define our density estimator
as a function that takes a constant value in each cell, proportional to the output of
Algorithm 1 in the cell.

Note also that not knowing the support requires modifying this scheme in some degener-
ate situations. Indeed, the partition of the rectangle [F1, R1] X [F2, Ro] degenerates if either
]Tll —71 or ﬁg — 7 is smaller than the size of the cell h*. If, for example, El —77 is too small
then, due to the S-Holder property, f does not vary much in the first coordinate direction
and we are lead to a one-dimensional density estimation problem over [73, ]/%2], for which we
use Algorithm 4.

In Algorithm 3 we assume without loss of generality that n is a multiple of 4. We denote
by Algd(Z1,...,Zy,, K') the output of Algorithm 4 with input (Z1,...,Z,, K').

Remark 11 (Choice of F; and F5 in Algorithm 3) In order to apply the results of
Section 5, we need the union of cells Cj; in Algorithm 5 to be such that

2. 2 Gir=2, ) Gy=1 (25)

JEE1 j'€ES JEE1 j'€E

This condition cannot be guaranteed if we only take cells that form a partition of [r1, ]?61] X
[T2, Eg] since some data points from the second subsample { Xy, /241, ..., Xn} may fall outside
of the estimated support [?hﬁl] X [?2,§2]. Taking the sets of indices F1 and Es as in
Algorithm 5 ensures that the union of cells (Cj;)jcE, jiep, contains the whole domain [0, 1]*
if fzm —Tm > h* form € {1,2}. In fact, under this condition, Ey and Es are the sets of
indices of smallest cardinality such that the union of (Cjj)jep, jyeE, contains [0,1]%. Of
course, some of these cells Cj; may fall beyond [0, 1]2. Howewver, it does not affect the sums
in (25) since f = 0 on such cells, so that the associated ij/,G;-j, vanish almost surely.
Moreover, the order of magnitude of |E1| and |Ea| remains controlled as needed. Indeed, we
have |Ey| V |Ea| < C/h*, which is sufficient for our purposes.

In what follows we denote by Py the probability measure induced by (X1,. .., X,) when
X;’s are iid distributed with density f, and by E; the corresponding expectation.

Theorem 12 There exist constants Cfy > 0, C1 > 0 depending only on o and L such that
for the estimator f defined by Algorithm 8 with o > 1 we have

n

R K B/@8+) ,
sup Py | [If = fllz, > C1 < > log®?n A n~ 742 < Ch(logn)?nt/ 2B+

f€Gk 5
(26)
and for the estimator f defined by Algorithm 3 with o > 4/3 we have
. K\ P/ (28+1) P
sup EAIF~ fl < cid (5) 7 logan s (27)
feGk 5 n
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Algorithm 3: Two-dimensional density estimator

1 Input: Xi,..., X, € R? with n = 4k for an integer k > 1; a > 0; K € N; 8 € (0,1]

2 For m € {1,2}, set 7, + min {Hm(XZ-) rie{l,..., %}} and
Ry max {11, (X;) :i € {1,..., 2}}.

_B _B _1
s If (£)z log®?(n) < n #+2: set K' = K else: set K' = nTTE
o bt (K )54,

5 If ﬁl—?l < h*:
6 /g\% Alg4(H2(Xn/2+1),...,HQ(Xn),K/)

~
~

T dz,y) = ﬁlxemﬁﬂ 9(y)-
8 Else If }A‘Zz — Ty < h*:
o g Algd(IL (X 241),- - I (Xn), K')

~

10 6y) =51, 5, 9():

11 Else:

12 For m € {1,2}, set h,,, = 67711(J§m —Tm), where ¢,, = L(]/%m — ?m)/h*J
13 For m € {1,2}, set By, = { = [P/ him ]|, ..., | (1 = Tn) /] }

14 For (j,7') € E1 X Es:

15 Aj [?1 + jha, 7/“\1+(j+1)h1>'
16 Bj’ — |:?2 —l-j/hg, T + (]/ + 1)h2)
17 ij/ — Aj X Bj/.
18 ij/ <— % Z ILXZ‘ECJ-]-/; G;]’ A % Z . ]]-XiEij/;
n/2+1<i<3n/4 3n/4+1<i<n

_B __B_
19 If (B)2 0 10g32(n) > n” 22
20 P* « (G +G')/2, where G = (Gjj1)(j.jnepixB G = (G0 jnebixEs
21 Else:
22 ﬁ* <—Alg1(a,|E1|\/|E2|,n>%aGaG/>
23 ¢(2,y) = ﬁ > 2 P;j’ Il(ﬂﬂvy)ecjj'

JjEE1 j'€ES

24 If ngbz 0:

25 Return f: Ljo,12

26 Return f: ”%’”
Ly
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Algorithm 4: One-dimensional density estimator

1 Input: 7y,...,Z, and K’ > 1.
2 Femin{Zie{l,..., |2} ) Remax{Z ie{1,...,]2]}}.
3 h* « (K'/n)l/(26+1),

4 If R—7 < h*, then return #:IL 5

FUIRRD

5 Else:

6 h=0"Y(R—7), where £ = | (R —7)/h*|

7 Aj = [F+ (j — Dh, 7+ jh), for j=1,...,0 =1, and Ay = [F+ (¢ — 1)h, R]
8 For j € {1,...,(}:

©

Nj = Xz n 41 Lziea,

¢
10 Return g = @ '21 FN; g2
]:

Theorem 12 guarantees that the estimator fadapts to the best rate between (K/n)ﬁ/(zﬁﬂ),
which is a “one-dimensional” rate as function of n but deteriorates as K grows, and
n=B/(26+2) " which is the standard rate of estimating a S-Holder two-dimensional density.
This demonstrates a dimension reduction property. The elbow between the two rates occurs
at K = n'/(2A+2) Note that, in our setting with unknown support of f, the possibility to
estimate the density even with the slow rate n=%/(2642) does not follow from the results
on nonparametric density estimation developed in the prior work (see Goldenshluger and
Lepski (2014) and the references therein).

Remark 13 The lower bound for the problem of estimation over the class gé}K follows
directly from Theorem &.

Remark 14 (Need for support estimation) Recall that in the case of support [0,1]?
we used Algorithm 2 that consists in partitioning the domain [0,1]? into equal-sided cells
with side length h =< n~Y@P+2) A (K /n)Y B (to within logarithms) and then applying
Algorithm 1 on the histogram of the data points generated by this binning. However, in
the case of an unknown support, such a procedure does not lead to a reasonable outcome,
whatever is the choice of h. To appreciate why, we can consider the following example. Let
Co be a given cell of the binning and write Cy = [a1,a1 + h] X [b1,b1 + h]. Consider the
unknown probability density f, which is constant on its support, and assume the support is
[a1,a1 + h] X [b1,b1 + h/2]. Note that the support of f is a strict subset of the cell Cy, and
f takes on it the value 2/h%. If we use the binning described above, the resulting histogram
will contain all the observations in the corresponding cell Cy and zero observations in any
other cell. The output of Algorithm 1 on this discretized data set will yield an estimator f
that is equal to 1/h? on the cell Cy and zero outside. The Ly distance between this estimator
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and the true density is constant: || f — f||1 = 1, which yields a worst-case risk that does not
go to zero as n — oco. Note that this argument is valid for any h and not only for h defined
above.

To address this difficulty, we first estimate the support, which allows us to adapt the
domain binning in a more precise way. In the case above, our procedure would detect that,
along the y axis, the domain is narrower than the side-length of a cell and call Algorithm 3
on the estimated support rather than Algorithm 1.

Appendix B. Adaptive density estimation

The density estimators proposed in Section A require knowledge of the number of separable
components K and of the smoothness 5. In this section, we provide an estimator that is
adaptive to both K and S.

Throughout this section, we assume that n > 3. We consider a grid {1, ... og(n) log log(n)] }
on the values of 8 € (0,1], where

1\ i+l
= (1 ) .
b ( + logn

Let Kyax > 2 be an integer. Set m = Kpax[log(n)loglog(n)] and fix o > 4/3. The adap-
tive estimator is obtained by the minimum distance choice from the family of m estimators
( f( K,j)) K €[Kmax],1<j<[log(n) log log(n)]» Where f (K.j) 1s an output of Algorithm 3 with parame-
ters K, B = f3j, a when the input sample is X,..., X,,. The minimum distance estimator
(see, e.g., Devroye and Lugosi (2001)) is defined as follows:

¥ = s gy where (K, j*) € alg{ﬂjnnrggg‘ / ) —Pu(B)), (28)
and B = {Bjy,i,i =1,...,m,i # i'} with Byy = {z : fu(z) > fi(2)} for i,7 € {(K,)
K € [Knax],1 < j < [log(n)loglog(n)]}. For a set B € B, the notation P,,(B) stands for

the empirical probability measure of this set computed from the sample (X1,...,X,).
Note that each f(x ;) is a piece-wise constant function, so that the integrals in the

definition of the adaptive estimator f* can be easily computed. To get f* we need O(m?)
computations of such integrals Devroye and Lugosi (2001), where m is logarithmic in n.
In what follows, we set Kyax = [v/n], which is essentially the smallest sufficient choice.

1
Indeed, /n = Supge(o,1] 272, while (as discussed in Section A) choosing K over the
threshold n26+2 makes no sense since it does not bring any improvement compared to the

__8
standard two-dimensional rate n= 28+2. The next theorem gives a bound on the Lj-risk of
the adaptive estimator f*.

Theorem 15 There exists a constant C > 0 such that estimator f* defined in (28) with
Knax = [\/n] satisfies

~ B
sup Egllf* — fllz, < C{(K/n)’g/(”“) log®/*n A n‘W} , VK >1,8€(0,1].
f€G%k 5
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Note that the result of Theorem 15 holds for all K > 1 while the selection leading to
f* is made only over the estimators f K,j) With K < Kmax = [y/n]. This is because for

K > [y/n] the estimators f (k.j) do not depend on K, cf. the definition of Algorithm 3, and
they achieve the same rate as ﬁ"m7j).

Appendix C. Proofs

C.1 Upper bounds for discrete distributions

Proof of Theorem 4.
Let d = dy V ds, split the sample in two halves and form the histograms H M. H® asin
Algorithm 1. Write the target probability matrix P by rows L;r and columns Cj:

L{
:[Cl,...,CdQ]:
T
Ly,
Step 0: It suffices to control the unnormalized estimator. Algorithm 1 first builds

a matrix P (by blockwise denoising) and then projects it to the simplex by truncation and
renormalization:

(H(l) + H(Q)), if all entries of P are < 0,

P'=4 P, _ Py = (P;V0), .
—_, otherwise, ’
P41

For any probability matrix P one has

N[

|P— P*|l, <2||P - P|. (29)

Indeed, in the first branch || P — P*||1 < 2 while || P — Pl > |P|l1 = 1; in the second branch
1P = Pl < |P = Polly+ | P = PI|, < IP— Pl + 1Pyl — 1] < 2P = Pl Hence i

is enough to prove the theorem for P.

Step 1: Small-n case. If n < l4dadlog N, Algorithm 1 returns P = %(H(l) + H®),

so |[P — P*||y < 2. This already matches the stated bound (for a larger constant), so we
henceforth assume
n > ldadlog N.

Step 2: Data—driven partition of rows/columns and a high—probability event.
Let T = [logy d| — 1 and define row/column buckets from H:

It = {Z : ||L§1)||1 S (2_(t+1),2_t]}’ Jt/ — {] . ||C](1)H1 c (2_(t/+1)’2_t,]},

for ¢,t' € {0,. T} with the “remainder” buckets I = {i : HL (1) H1 < 2T+ and
Jryr=1{j: ||C || <2-(T+D}, For k = (t,t') set Uy = I; x Jy and let

M® = (H 1 pen) PP = (Pylagen), -
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We will work on the event
A={IE@ = 3Ll and IOV = 3G whenever [|Lills V[Cl > 14082 .
Let us evaluate the probability P(A). We will use the following lemma proved in Section D.

Lemma 16 Let Y ~ M(P,n) be a multinomial di X dy random matriz. To any column j €
[da2], we associate a subset of row indices V; C [d1] and a random variable Z; = Zz‘evj Yi;.

We define \j = Zz’evj P = %E(Zj). Let « > 0, N > 1 be such that n > 14alog(N). If
Aj € [%g(),l) for any j € J, where J C [da], then

) Z; O\ 17| +1
P(VieJ:ZL>22)>1 -2~
(]6 n_4>_ Ne

By applying Lemma 16 with V; = [dy] for all j, Z; = n||C Hl, A= 1G] =%, Py,
and J = {j € [do] : |Cj]11 > 1404@} we obtain

log N do +1
<HC |1 > fHC'jﬂl for all j € [da] such that [|C}|l; > 140zoi> >1- QNj; .

Quite analogously,

~ 1 log N di+1
P <||L§1)||1 > ZHLzHl for all ¢ € [dy] such that ||L;||1 > 14« o8 > >1-— - iy

Na
Therefore, since d = dy V do > 2,

di +ds+2

P(A) > 1 - “—2

>1-3dN" (30)

Step 3: Noise level on each block and choice of the penalty. Let W®*) = p(k) —
k). On A,

| P®)||5 == max { max Py, maxy Py t < 227 0A0 (31)
N J ]EJ/ /
JE€Jy 1€1,

Applying Lemma 19 to the extraction on Uy, gives, with probability at least 1 —2d N~ (for
fixed HM),

where the last inequality uses (31) together with n > 14adlog N to let the square-root
term dominate (constants c1,co > 0 depend only on «). Choose the blockwise penalty

/ t/\t
e = C3 Oéh;gN 21

with a large enough numerical constant cs so that ||[W®)|| < 7;./2.
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Step 4: Blockwise denoising error. On U, Algorithm 1 computes the nuclear—-norm
penalized estimator

P ¢ argmin [|M® — A|l% + Tl Al

Since tk(P®) < K and |W®)|| < 7;,/2, Lemma 20 yields

Kalog N 92— (tA)

PP — PW|2 < oy K7 < o5 (33)

n

Moreover, by Cauchy-Schwarz and the block size bound |Ug| < (241 Ad) (284 Ad) (because
the entries of H() are nonnegative and sum to 1),

1P = PO, < VIO PO = PR,

K alog N tnt! KalogN |, s
S%W =5 \/2t+1/\d)(2t'+1Ad) < C7W(22A\/&).

(34)

Step 5: Summing the blocks. Set P = Zk . Using (34) and a union bound over
the (T +2)? < (logd)? blocks,

T+1 T+1

||ﬁ7PH1 < Z HPtt’ tt’ /KoclogN Z (35)

tt'= tt'=

In view of (30), this bound holds with probability over the joint distribution of (H ON;| (2)),
which is at least 1 — (2(T +2)% + 3)dN~% > 1 — Cy(log d)2dN ~* for an absolute constant
Cp > 0. Note that

T+1
Z 2(t\/t’)/2 S2 Z 21‘,/2 :2Z(t+1) 2t/2
(t,t)€{0,...,TH1}? (t,t")e{0,..., THL }2:t >t/ t=0
T+2
T+2 2 2 \2 9
<2 1)2%2dy = 2| -2 2 27/2 _ (—) 97/2 { 2 9u/2
- /0 (@+1) “ m2 " In2 +ln2

8 \, 8 4
(In2)2 (In2)2  In2

Using T = |logy d| — 1 gives 2(772)/2 < \/2d and T + 3 < logy d + 2, hence

4
— 9(T+2)/2 (1112 (T +3) —

T+1

3 a2 ‘if Vi (logy d+2) + (L _ i)  OVdlogy(d)
n

2
o (In2)?2 In2 log 2

It follows that | P—P||1 < C14/%%1og(d) log!/?(N)) with probability at least 1—Cp(log d)>dN~*,
where Cy > 0 is an absolute constant and C; > 0 depends only on a.
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Step 6: Return to the simplex. Finally, (29) transfers the same bound (up to a
factor 2) to || P* — P||1, completing the proof. [ ]

Proof of Theorem 5.
We follow the same argument as in the proof of Theorem 4 with the only difference that
now we set N = dV n in Lemmas 16 and 23. This leads to the bound

- [Kd
|P* — P||; < Cy 71og3/2(dv n),

which holds with probability at least 1 — Cp(log(dV n))2d(d Vv n)~®. Therefore, since ||]3* —
P|j; <2 and a > 3/2 we have

~ Kd Kd
Ep|P* — P|l; < Ciy/ — log®2(d v n) + 2Cy(log(d V n))?n'~* < €/ — log®?(d V n)
n n

‘ o [Kd,,3/2 _
for some constant C' > 0 depending only on a. Noticing that 4/ log Zdvn)Al =
\/KTd log3/2(n) A1 for d,n > 2 completes the proof. [ |

C.2 Lower bounds for discrete distributions

The aim of this subsection is to prove Theorems 1 and 3. Note that it suffices to prove
Theorem 3. Indeed, Theorem 1 is obtained as a corollary of Theorem 3 by taking K = d; =1
and dy = D.

Proof of Theorem 3. We first prove the lower bound in expectation (15) and then combine
it with Lemma 21 (see Section D) to deduce the bound in probability (14).
Proof of (15).

Note first that the result is trivial if d; = do = 1. Therefore, assume that dy > 2
and, without loss of generality, do > dy. Set Dy = |d2/2| and D = 2K D;. Define

v = (4\/% A %) For any € = (e;;) € {—1,1}5%P2_ define a d; x dg matrix P. with the

following entries:

%—l—e,-j'y ifiSKandngg,
(i, 5) € [da] x [do] + Peli,j) = § & — ij_pyy  ifi < K and Dy < j < 2Dy,  (36)
0 otherwise.
Consider the set of d; x dy matrices
P = {P€ | e {-1, 1}KxD2} . (37)

This set consists of 2™ matrices, where m = K Ds. Note also that P C Tx. Indeed, all
matrices P € P are of rank K and have non-negative entries summing up to 1. For any
e,¢ € {—1,1}5%P2 we have

HPe_Pe’Hl :27/)(676/)7 (38)
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K D
where p(e, €') = Z Z 1, oy _denotes the Hamming distance between € and €.
i=1j=

We now apply Assouad s lemma (see Theorem 2.12(iv) in Tsybakov (2009)). Let ¢,¢' €
{—1,1}5%D2 be such that p(e, €') = 1. Denote by (%0, jo), Where ip € [K] and jo € [D2], the
unique pair of indices such that €, ;, = Then the y2-divergence between P, and P
satisfies

'LO 2Jo*

2

=)

) — Pu(i,§))°
P (i, )

M

2(P., P.) f:
_ ("

2 . . . . 2
o;]o) P.(io,jo))”  (Pe(io, jo + D2) — Pu(io, jo + D2))

/\Q

P (io, jo) P (io, jo + D2)
872 9 1
<3 <16y°D (Slnce v < —)
D7 2D
1,41
n" D~ n’

The x2-divergence between the corresponding product measures satisfies, cf. (Tsybakov,
2009, page 86),

V(e pem) = (1448 (PE,P€/)>n Cl<e—1 (39)

for all e,¢ € {—1,1}5%P2 such that p(e,¢’) = 1. Taking into account (38), (39), and
applying (Tsybakov, 2009, Theorem 2.12(iv)) we obtain

~ D 1 1
i%f%S%EPHP — Pl > %exp(l —e) = gexp(l —e) (4\/7D A 2D>

ze’(pgz_e){\/fm}zc{\/?M} (40)

where ¢ > 0 is an absolute constant. This proves (15). |

Proof of (14).
We apply Lemma 21, where we take Py as the set of all d; x do matrices, P as the set of
matrices defined in (37), and we consider the metric v(P, P") = ||P—P’||;. Notice that, under

these definitions, assumption (61) of Lemma 21 is satisfied with U = [% Li<k j<2 DQ] ~and
Z7J

s =D = (%1 DA %), where D, Dy are defined in the proof of (15). Moreover, due to

(40) there exists an absolute constant a > 0 such that assumption (62) of Lemma 21 is
satisfied with the same s. Thus, we can apply Lemma 21, which yields the desired lower
bound in probability. |

C.3 Upper bounds for continuous distributions

Proof of Theorem 7.
Recall that in Algorithm 2 we assume that n is a multiple of 2.
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Since f € Gi g we have the representation f(z,y) = Zszl ug()vg(y) with some func-
tions uy, € L1[0,1], vx, € L1[0,1] for k € [K]. Recall the definitions of the cells Cj; = A; x A,
for any i,j € {0,...,[1/h*| — 1}, where A; = [ih, (i + 1)h] and h = [1/h*]~!. Introduce
the matrix P = (P;;);; with entries

Py = / f(z,y)dzdy

K

— 1/141' ug(z)dz /A]- vg(y)dy

I
M T

Un()Ve(d), 4,5 €{0,..., [1/h7] =1},

B
Il

1

where Uy(i) = [, ux(z)dz and Vi(j fA vi(y)dy for any i,j € {0,...,|1/h*| — 1} and
k € [K]. Set Uk = (Uk(1))ier,, Vi = (Vk(‘y))]eE2 Then we can write

K
P=> UV, .
k=1
The matrix P has rank at most K. Consider now the histogram matrices G = (Gj;); ; and
G’ = (G};)i,j defined in Algorithm 2 with entries

n/2

2 & . .
anee% and G;j:E > Ixec,,  Bje{0,...,|[1/h7] — 1}
{=n/2+1

The matrices G and G’ are mutually independent, and both nG/2 and nG’/2 follow the
multinomial distribution M(P,n/4).
To alleviate the notation, we define the following two quantities

_B __B_
ﬂ}low—rank = (K/n) 28+1 10g3/2(n) and 1[)2D =n 26+2,
The estimator $ in Algorithm 2 has the form

ﬂfy h2ZP /]]'ny)Gij”

By the definition of Algorithm 2, the matrix P* is the output of Algl(a,b,n, %, G, G") with

b= Ll/h*J, and o > 1 if '(plow—rank < ¢2D and f)* = (GJrG/)/Q if Pow-rank > ’QDQD. Therefore,
if Yrow-rank < Yap, then Theorem 4 implies that, for some constants C > 0 depending only

on «,
=~ K K\ P/ (28+1)
15— Pl < 0/ 2 og0) 10g2(m) < € () (log n)?/?

n

with probability at least 1 — Co(log b)?bn~%, where Cy > 0 depends only on a.
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Now, if Yiow-rank > ¥2p, then the relation
1

bi= | ;] < Cln/KN)EPHD, (41)

1
implies that b < Cn?28+2. Using this fact and Lemma 22 we obtain that, conditionally on

Dl = {X17 oo )Xn/2}7
~ b 2alog(n
D) <P(||P*-P ‘D <n°
R ”1>\/n/ \/ e [P) <

where the constant C' > 0 depends only on «.
Combining the cases Yigwrank < Yop and Yigwrank > Yop and using the fact that
||P* — P||; <2 we obtain the bound

~ B
P(HP* — P||; > Cn%72

IP’(H?* — Pl; > C(Mow—ramk A Yap A 1)> < Co(log b)*bn ™, (42)

where the constant C' > 0 depends only on a. This bound will be used to control the
stochastic component |¢ — f||, of the Lj-error of the estimator ¢, where f is piecewise
constant function defined as follows:

flay) =23 if(@y) €Cy

We have fcij f = P;;. On the other hand, by the definition of Algorithm 2, qg(a:, y) = ﬁi’;-/hz
for (z,y) € C;;, and fcij b= ]3;;

The bias component of the error is || f — f||z,. For (z,y) in a given cell C;; we have

1

Fen) = Tl = |35 [ e - 1 Das'ay| < CLo)

which yields that
IF = Fles =3 [ |#@.) = Fa.)| dody < CLHY” (13)

Combining (42)—(43) we obtain that
1f = lly < I = Flloy + 11 = ol
< CL(W)’ + Y|P — Pyl

Z'7j
B/(28+1)
<C <<K> log®?n An~ 2ﬂﬁ+2> (44)
n

with probability at least 1—Cp(log b)2bn~* —4 exp(—n?/3/2). Note also that b < Cn!/(28+1)
This implies that there exist constants Cj; > 0,C' > 0 depending only on « and L such that
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the bound (44) holds with probability at least 1—C}(log n)?n!/ 2+~ Next, since 1éllL, <
1 we have ||f — ¢||z, < 2. Thus, we can replace the bound in (44) by a stronger bound

i\ P/ (28+1) 3/2 __B_ . -
C (W) log®“n An 28+2 § that holds with the same probability. Furthermore, a

bound of the same order is satisfied for ||f — ||z, with the same probability. Indeed, we
have ||f — f||L1 <2|f - $||L1. Thus, the bound (19) of Theorem 7 is proved. Next, if
a>4 L 3 then the bound (20) for the expectation follows easily from (19) and the inequality
Hf - fHLl <2 u

C.4 Upper bounds for continuous distributions: unknown support

Proof of Theorem 12.
Recall that in Algorithm 3 we assume that n is a multiple of 4. Note first that it suffices
—3/2 3/2
%M. Indeed, if the interval (0, —%z)/m] is
non-empty and /3 belongs to this interval then the desired rate from equation (26) satisfies,

for n >4,
B/(2B+1) s 1\%
( > log Zp AnT T > <> log3/2n/\n_
n

((8L)™3/2 A1)%10g®2 4 A ((8L) /2 A1) =: a(L).

to consider the case § > —

N1y

On the other hand, since fis a probability density we have the trivial bound || f — fH L, <2
for all probability densities f. Thus, we immediately get (26) with any C] > 2/a(L).
2log((8L)~ 3/2/\1)

log(n)
Fix a density f € Gk, and consider the marginal densities ¢g; : [0,1] — R and g2 :

[0,1] — R defined by

In the rest of this proof, we assume that § > —

1
:/ f(z,y)dy and go(y /fxy Va,y € [0,1].
0

The functions g1 and gy are S-Holder on [r1, R;] and [ra, Ra], respectively. They are densities
of random variables II; (X;) and II(X;), respectively, where II;(-) denotes the projector onto

the j-th coordinate. Let q(]) and q(f) be the quantiles of order n=1/3 and 1 — n=/3 of the
probability measure induced by g;:

q(_J) 1/3 “+o0o 1/3

/ gj:n*/ and /(j) gj:nf/.

oo g

Since f € G it follows from the definition in (24) that there exist real numbers 1,72, Ry, Ro €
[0,1] (depending on f) such that A; := R; —r; >0, j = 1,2, and

Supp(f) = [r1, Ra] X [r2, Ro],
f is p-Holder over Supp(f),

Jsupp(sy £ =1 and f > 0.
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For j = 1,2, let g; denote the output of Alg 4(T1;(X,,/241), -, I1;(Xy), K'). Let 7; and ﬁj
be the estimators of 7; and R; defined in Algorithm 3. For the rest of this proof, we place
ourselves on the event £ N F, where

5:{@-<q()<q5f)<}§jforj:1,2},

F={llgs = dillz, < O m)?/ D for j = 1,2

5
Here, C' > 0 is the constant from Lemma 17 and K’ = K if ( )25“ log®/?(n) < n~ %2,
otherwise K’ = n?+2. By Lemma 17, if n > 64 and K’/n < (8L)"%/2 A 1 then P(F) >
1—10exp (—n'/3), and P(E) > 1 — 4exp(—n??/2), so that P(ENF) > 1 — 1dexp (—n'/?).
Here, the condition K’/n < (8L)~%/2 A1 is satisfied because, by the definition of K’, we

have K’ < n7TE < n'/? <n((8L)~3/2 A1), where the last inequality is due to the fact that

2log((8L)~3/2A1)
12zB:>-—44475557———.

Let Ej = ﬁj — 7}, j =1,2. We distinguish between the following two cases.

First case: 31 A 32 < h*. ItAsufﬁces to assume that ;1 < h* since the case 32 < h*
is treated in the same way. If Ay < h* the estimator ¢ in Algorithm 3 has the form
o(x,y) = éﬂxe[?lﬁl]ﬁg(y) and we get

1 R1
92 go(y ~
If =l < / / A” dady +/ / QA(I)—qﬁ(a:,y) dudy
R IR N ~ 92y)
< )| da’ pdxd +/ / 2 = | dady.
/y()/xrl{Al/rl ‘f( :Uy‘ ﬂv}fb‘y - A vef1, R zdy

<LAf}

Next we will use that f -y = 31 and split the integral over [ri, R;] into two

xe[ﬂﬁq] N
integrals: one over [, 1] and the other over [r1, Ry] \ [, Ri]:

Y 1 R1 /8 1 1 QQ(y)
If = ol S/ / LAY dzdy +/ dy+/ / _ A dxdy
y=0 Jx=r y=0 y=0 Jxelr1,R1)\[F1,R1] 1

A - A
1 ~ ~ 1 1
< LAY 4 g2 = Gl + 118212 |1 N

A
gz(y)x1 —52(v)

B g
Al g2 Ll

L) (14 1607 W“))BH + C(K)ﬁ/(wﬂ) + 327~ /(@28+D)

n
- n

8 5 ,
) (K/n)2Erif (K /n) 771 log/2(n) < n~ 272
=C
B
n 26+ otherwise
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)B/(2ﬁ+1) log? s

<C’( (n) An~ 752,

n

where the constant C' > 0 depends only on L. Here, we have used the facts that, by
Lemma 17, if £ holds and A, < h* , then Ay — A < 16A1n*1/(25+1) < 16An~ Y25+ and
on the event F we have |/g2 —ggﬂLl < C(K'/n)P/@A+1D)  We conclude that, in the first case,
the bound (26) of Theorem 12 is satisfied.

Second case: 81 > h* and 32 > h*. In this case the estimator (Z in Algorithm 3 has

the form
quy hlZZZ ’]l(xyeC/

JEEL j'€ES

Recalling the notation of Algorithm 3 we have
= |B1| V |Ba| <1+ 2[ht] v2[hy'] < O(n/K")Y P+, (45)

where C' > 0 is an absolute constant. Since f € Gx 3 we have the representation f(z,y) =
Zszl ug(z)vg(y) with some functions uy € L]0, 1], vi € L1]0,1] for k£ € [K]. Introduce the
matrix P = (]Dij)iEE1,j€E2 with entries

K K
P = /Cij fz,y)dxdy = ;/Al ug(z)dx /Bj v (y)dy = ;Uk(z)Vk(j), (i,7) € Eq X Es,

where Uj(1) fA ug(z)dx and Vi(j fB vg(y)dy for any (i,j) € Fy X Fy and k € [K].
Set Uy, = (Ux())icr,, Vi = (Vk(j ))geE2 Then we can write

K
P=> V.
k=1

Matrix P has rank at most K. Consider now the histogram matrices G = (Gij)icE, jeEs
and G’ = (GY;)icE, jep, defined in Algorithm 3 with entries

Z Ixec,; and Gy = - > Ixeec, (i,7) € E1Xx Es.
K n/2+1 {=3n/4+1

The matrices G and G’ are mutually independent, and both nG/4 and nG’/4 follow the
multinomial distribution M (P, n/4).
To alleviate the notation, we define the following two quantities

B 8
wlow—rank = (I(/n)m 10g3/2 (TL) and 1/}2D =n 28+2,

By the definition of Algorithm 3, matrix P* is the output of Algl(a,b,n,%,G,G’) with
b= ’El‘ \ |E2’7 and o > 1 if wlow—rank < 7wD2D and P* = (G + G,>/2 if 77blow—rank > TZJQD‘
Therefore, if Yigwrank < Y2p, then Theorem 4 implies that, for some constants C > 0
depending only on «,

R B/(26+1)
|P* — Plj1 < C\/%log(b) logl/Q(n) <C <K> (log n)3/2

n
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with probability at least 1 — Cy(log b)2bn~%, where Cy > 0 depends only on a.

1
If Yiow-rank > Yop, then (45) implies that b < Cn?+2. Using this fact and Lemma 22
we obtain that, conditionally on Dy = {X1,..., X3,/4},

~ b 2aclog(n
D) <P(|P*—P ‘D <n-C
) <#() ”1>\/n/ ¢ e |P) <o

where the constant C' > 0 depends only on a.
R Combining the cases Yigwrank < Yop and Yigwrank > Yop and using the fact that
||P* — P||1 <2 we obtain the bound

~ B
P(HP* — P||; > Cn?+2

P(Hﬁ* — PHI > C(¢10W_rank Aap A 1)) < C’o(log b)an—oa’ (46)

where the constant C' > 0 depends only on «. This bound will be used to control the
stochastic component |¢ — f||, of the Lj-error of the estimator ¢, where f is piecewise
constant function defined as follows:

_ -Pz'j
f(l', y) - hth

if (z,y) € Cij.

We have [, f = P,;. On the other hand, by the definition of Algorithm 3, ngS z,Y) =
Cij J

P} [(hih) for (z,y) € C;j, and fcij ¢ = P}

The bias component of the error is ||f — f||z,- In order to control it, we need to
distinguish between two cases. Indeed, f can be discontinuous at the boundaries of its
rectangular support, which requires separately analyzing the behavior of fon the cells Cj;
that intersect the boundary of Supp(f). Let ig,i1 € E; be the indices such that r; € A4,
and R; € A;, respectively. Similarly, let jo,j1 € E2 be the indices such that ro € B;, and
Ry € B;, respectively. We note that ig,jo < —1 and that i3 > ¢; and j; > 5. We let B
denote the indices (4, j) of the cells Cj; intersecting the boundary of Supp(f):

B ={(i,j) € E1 X Ey: Cj ;N 0Supp(f) # 0}
1€ {io,il} and ] S [jo,jl]
=< (i,7) € By x B3 : { or
j € {jOajl} and 7 € [iovil]
We define C = U, jep Cij-

We first consider a cell Cj; that does not intersect the boundary of Supp(f), which
means that C;; € C%, that is, (i,j) € (E1 x Eg) \ B. For (z,y) in such cells C;; we have

1
hiha

‘f(a:,y) - f_(xay)| =

/ (f(z,y) = f(a',y)))da'dy'| < CL(R")",
which yields that

1= Floey = 3 / ~ Fla,y)| dedy < CL(H*)P.  (47)

(Z,] E1 XEQ)\B
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We consider now the opposite case (i,j) € B, and we analyze the behavior of <$ on C.
Note that, by construction, the sets Cj; with (4,j) € B cannot belong to the rectangle

[P, R1] X [F2, Ra), which is included in the interior of Supp(f) and represents a union of sets
C;; with some (7,7)’s. Therefore, on the event &£, we have fC f < COn~ 13 < =B+ for
an absolute constant C' > 0. It follows that, on the event &,

1f = Pl < Ifllzaey + 1oy = 201f oy ey < Cn PGP, (48)
Combining (46)—(48) we obtain that

15 = Blle, <17 = Fley +1F = Bl
< =Pl + 1 =Tl + > [ 173

(i,j)EEl X o
< CL(h)P +Cn P80 1 NPy — Pyl
(i,j)€E1 X o

B/(28+1)
<C <<K) log®?n A n_2ﬂi2> (49)

n

with probability at least 1—Cy(log b)2bn~*—4 exp(—n?/3/2). Note also that b < Cn!/(28+1),
This implies that there exist constants Cj; > 0,C' > 0 depending only on « and L such that
the bound (49) holds with probability at least 1—C}(log n)?n!/(2f+1)=a Next, since ||$||L1 <
1 we have ||f — ng5||L1 < 2. Thus, we can replace the bound in (49) by a stronger bound

B/(26+1) __B_
C { (5) logg/ ZnAn 2ﬁ+2} that holds with the same probability. Furthermore, a

n

bound of the same order is satisfied for ||f — f]| L, with the same probability. Indeed, we
have ||f — ﬂ]Ll <2|f — <Z||L1- Thus, the bound (26) of Theorem 12 is proved. Next, if
a > 4/3 then the bound (27) for the expectation follows easily from (26) and the inequality
lf — fH r, < 2. Finally, note that the condition n > 64 used to apply Lemma 17 can

be dropped since for n < 64 the result of the theorem follows from the trivial bound
Hf - fHL1 <2 u

Lemma 17 Let f : R — Ry be a probability density. Assume that for some r, R € [0,1],
the function f is f-Holder on [r,R] and that f = 0 on R\ [r,R]. Let Z,...,Zy be iid
random variables distributed with probability density f, where n > 64 is an even integer.
Definer =min {Z; :i € {1,...,2}} and R = max{Z;:i€{l,...,%}}. Letalso A= R—r
and A = R—7. Let q— and q+ be the quantiles of order n~3 and 1—n=1/3 of the probability
measure induced by f:

" f@)de = n 1, /+“f@mx:n4m.

q+

Define the event £ = {?< - < gt < R\} and set h* = (K'/n)Y @D where K' > 1 is

such that K'/n < (8L)"3/2 A'1. Let § be an output of Algd(Zy,...,Zn, K'). Then the
following holds.
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1. P(E) >1—2e /2,
2. On the event £, if A < h* then A < A [1 n 16n—1/<25+1>],
3. There exists a constant C > 0 depending only on L such that

B (If ~ dllz, < CCC//m)P/CH0) > 1~ desxp (— /%),

Proof The first assertion of the lemma follows from the inequalities

B

P(E%) < P(7 > ¢ )+P(R<q:) =P(Z1 = ¢-)F + P(Z1 < q4)% =2(1-n73) " <272,

(50)

We now prove the second assertion of the lemma. On the event £ and if A< h*, using the
(B-Holder continuity of f we have

S<1-2mB< f dx<AmaXf
2 [7.R]
< ﬁmlnf - LA5+1 < Amlnf + L(R*)PH!
7R [,R]
Sﬁmipf%—l,
mR 8

where the last inequality follows from the fact that L(h*)?*! = L(K'/n)B+D/(26+1) < %
due to the assumption K'/n < (8L)~3/2 A 1. Therefore, f(7) > ming 5 f> 8%.
Set 7 :=7 — %n‘l/(%“) and let us prove that r > 7. Indeed, assume that, on the

contrary, r < 7. Then, on the event £ and if A< h*, using the S-Holder continuity of f we
get

n~13 > /f da;>/f Ydx > (7 —T7)f(r) — L(?—?)BH/(B-i-l)

5-1—1
— o~ 1/(28+1) _ —(B+1)/(28+1)
srilm)
S on-18_ L (%)“1”—(%)/(%1)
- f+1\ 3
_ L(R*)B+1 116\B+1
> 3 _Ar) (22 (B+1)/(28+1)
=20 B+1 ( 3 )
1 16\ 8+1
> op-1/3 _ 10 —2/3 . —1/3
= 8(,8+1)(3> noen
for all n > 64 and B € (0,1], which is a contradiction. Thus, we have r > 7 > 7 —

8An*1/ (26+1) and, similarly, R < R+ 8An~Y (28+1) " which implies the desired inequality
A< A(l + 16n_1/ (26+1)) . This concludes the proof of the second assertion of the lemma.
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Finally, we prove the third assertion of the lemma. We have, for any t > 0,

B(If =Gl > ) <P ({If =G, > thnEN{A <7} (51)
+P({If =3l > N EN{A > 17} ) +P(E).

Consider the first probability on the right hand side of (51). Recall that if A < h* the
estimator of Algorithm 4 is g = #41[? It By continuity of f over [r, R], there exists
xo € [r, R] such that f(zo)(R—1r) = fTRf = 1. Thus, using the second assertion of the
lemma we obtain that, on the event £ and if A < h*,

R 3 R R
I =3l = / (@) - §(a)|da = / f(x)dz + / (@) — 3(x)ldx + /R f(2)de

a

R R
< / () — flao))dz + / F(x0) — §(a)|da + 203

R
< LR )P 4 / f(20) — §(a)|dz + 20173

B+1 ~

SO 1 1
<L (A +16An~Y W“)) +(R-7)

< 25L(h*)ﬂ+1 + % + 2n—1/3

b1, Al6n—1/(28+1)
A

< 25L(K' /n)BTV/CBHD L 18n 713 (since  A/A < 1)

< (25L + 18)(K'/n)P?/(28+1)

< 25L(h*) + 2~ 1/3

for all n > 64 and § € (0,1]. We conclude that the first probability on the right hand side
of (51) vanishes for all t > (25L 4 18)(K'/n)?/(25+1),

Next, consider the second probability on the right hand side of (51). Fix the subsample
Dy = (Z1,...,Zy2) such that A > h*. Then the partition (A;);ck defined in Algorithm 4
is also fixed, where E = {1,...,¢}. By continuity of f over A;, we define z; € A; such that
f(zj)h= fAj f. For any j € E, we define

b= [ f@in and §= [ Gy = 22,
Aj Aj
where N; = Y1 1n/2)+1 1Zi€a;, see the definition of Algorithm 4. Note that g is supported

on [7, R] and (Aj)jer is a partition of [F, R]. Then we have the following bound on the
estimation error of g, which is valid for any fixed subsample D; such that event £ holds and

A > h*:

a R
If =3l = [ f@do+ [ e+ 3

JEE

/ |£(z) - 9(a)|de
Aj
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<2n713 4 Z / |f(#) — g(z)|dz (since € holds)
Aj

JjEE

< 2n_1/3+2/ (f@) = f@)] +[f(z)) - §(x) |) dz (52)
jeE A

<o VB4 y {Lhﬁﬂ +Ips —ﬁj!}
JjEE

0
<2 VB4 Lh? + |pj — Pl (since h=A/¢ <1/0)
j=1
J4
<2~ L 2L(K! )P PPED 1N " pj — By,
j=1

where the last inequality uses the fact that h = Lﬁ/ﬁh*J = h* Lgézij < 2h* = 2(K'/n)V/(28+1)

for A > h*. Lemma 22 stated below yields that, for any & € (0,1),

n

¢
. 2(¢ +log(1/6
P Z|pj_pj|>2\/(0g(/)) D, | <.
j=1

Set § = exp (— nl/(w“)). Then combining this bound with (52) and the fact that ¢ =

Lﬁ/h*J <1/h* < nl/(26+1) we obtain that there exists a constant C, > 0 depending only
on L such that

P <||f —Gllz, > C.(K' /n)P/25+1) ‘ Dl) <exp (- nl/(2’8+1)) if Dy is such that & holds and A > h*.
It follows that
P({1f =l > CulK' )/ BF D} 1 €0 {A > h*}) < exp (= 0!/ 27D,

Plugging this bound and (50) in (51) and recalling that the first probability on the right
hand side of (51) vanishes for t > (25L+18)(K’/n)?/(28+1) we find that, for C > max(25L+
18,C),

P(|lf = GllL, > C(K'/n)?/ @) < exp (— n/ D) 1+ P(£°) < dexp (—n'/?),

where we have used the first assertion of the lemma and the fact that exp (— n?/3/ 2) <
exp (— n1/3) for n > 8. |

C.5 Lower bounds for continuous distributions

Proof of Theorem §.
We define fy = 1jg1)2 and set K' = InY/ @D | ANK, H = [(n/K)Y/C8+D7] b, = 1/K,
hy =1/H. Let ¢ : R — [0, 1] be a non identically zero infinitely many times differentiable
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function with support (—1/2,1/2) satisfying the S-Holder condition with Holder constant
1/2 (see (2.34) in Tsybakov (2009) for an example of such function) For i,j € Z, set

—yt
Ui(x) = L, 1p, /o) (x) where z; = (i — $)he and Vjp L) = ¢ hy/2) - go(%), where

y; = (j — %)hy and y;-r ( )h The supports of the functions cp(h /2) and (h /;)

are disjoint and each of these functions is 8-Hélder with Holder constant (1/2)(h,/2)™"
Hence, Vj, (-) is S-Holder with Hélder constant (h,/2)~". Note also that the functions
Vj n, have disjoint supports in [0, 1] for different j’s and that the functions Vj, integrate
to 0. Similarly, the functions U; have disjoint supports in [0, 1] and are S-Holder on their
support with Holder constant 0 since they are constant over their support.

Set ¢, = 1/4 AN1/(2L). For w = (wj;), where w;; € {0,1} for all ,j, we define the
functions f, as follows:

K’ H
folwy) = Y Ui(a) (1 £ we LBV, <y>). (53)

i=1 j=1

The functions f, belong to the class ]-"m‘gt“reh since they can be rewritten as mixtures of
separable densities that are products of Holder-smooth 1-dimensional densities. Indeed, it
holds that

K’ H
Ju(z,y) = % Z K'Ui(x) (1 + Zwijc*[/hgvj,hy (?J))-

k=1 j=1

The functions K'U; are densities over [0, 1] and are 3-Holder over their support since U; is a
constant function over an interval. Moreover, it suffices to take ¢, small enough to guarantee
that 1+ CLO Zle wijC*Lh5W7hy is non-negative, ensuring that 1+ Cio Zle wijc*Lh{jVj,hy is
a B-Hélder density over [0, 1] since the V5 s have a zero integral and are 3-Holder.

First, we check that each f,, belongs to Gx g C Gk g.

e We have f[o 12 fo =1 by construction.

e We have f,(x,y) > 1/2 for all (z,y) € [0,1]? since c. < (2L)7%, h, < 1, and the
functions (z,y) + U;()Vjn,(y) have disjoint supports and take values in [—1,1].

e We now check the Hélder condition. Let Cj; = [z; & hy/2] x [y; £ hy/2] where
yj = (j — 1/2)hy for any j € Z. Note that for each i € [K'] and j € [H], the cell
Cjj contains the support of the function (z,y) + U;(z)Vjp,(y). Since the cells Cj;
are disjoint and f, = 1 at the boundary of each cell Cj;, it suffices to show that f,
is B-Holder with Hélder constant L/2 on each cell Cj; to obtain that f, is S-Hélder
with Holder constant L on [0,1]2. Fix any two points z, 2’ € [0, 1]?, belonging to the
same cell Cj;. Then, writing z = (z,y), 2’ = (2/,3’) and recalling that the function ¢
is f-Holder with Holder constant 1/2 we obtain:

|fo(2) = ful2)| = . LRS

(@) Vin, () — Ui(z" ) Vin, (y)
— gt I _yT —yT I yT
() - o () - le(G) + ()]

40

= C*th




GENERALIZED MULTI-VIEW MODEL

8 ly — | ’
< ¢ Lh
Y hy /2
L

<2z - )2,

where we have used the facts that hy, < h; and ¢, <1 /4.

e Function f, belongs to Fx» C Fx since it admits a separable representation given
in (53).

Thus, G’ := {f, : w € {0,1}*H} is a subset of G 5, and it suffices to prove the
lower bound with the required rate on this subset. We first prove the lower bound in ex-
pectation (22). We use the version of Assouad’s lemma given in (Tsybakov, 2009, Theorem
2.12(iv)). For any w,w’ € {0,115 *H that only differ in one entry, that is, for exactly one
(40, Jo), we have wj, j, # w;, ;o and w;; = w; ; for all other 4, j, the x2-divergence between
the densities f, and f. is bounded as follows:

SN

)

Uy, (2)ee LREV ’
( O(.Z')C y Vjo,hy (y)) < / 2(C*Lh5)2 — Q(C*th)zhxhy <
C,

2 —
X (fw’7fw)—/ fw(l',y) >

10,J0

where ¢ > 0 depends only on L,3. Thus, the y2-divergence between the corresponding
product densities satisfies

W (18 15) = (143 (furn f)) =12 = 1,

cf. (Tsybakov, 2009, page 86). Moreover, the functions f, and f, are separated in the L;
norm as follows

w = ’ :2*L’8x i :*LIB—H/ .
1o = folls = 22050 [ o725 )by = eoLhaty ™ [ otoya

Therefore, applying (Tsybakov, 2009, Theorem 2.12(7v)) we obtain

!

H » /!
(e LhD) " hahy = S Lhf > c((K/n)ﬂ/@BH) A n—ﬂ/<25+2>),

inf sup Elf — folz, 2 — 2
I fueg’

(54)

where ¢’ = exp(1 — €°) [ p(z)dr and ¢ > 0 is a constant depending only on L and 3. This
implies the lower bound in expectation (22).

To obtain the lower bound in probability (21) we apply Lemma 21 with P = Py = G’,
v(f,9) = |If —gllL, forany f,g € G', and U = 1}y 12 € G'. Note that there exists a constant

C > 0 such that for any f € G’ we have v(U, f) < s, where s = C( (K/n)ﬁ/(wﬂ) A
n=P/ (2/3“‘2)). Therefore, taking into account the bound in expectation (54) we can apply
Lemma 21 with a small enough constant a > 0 to get (21). |
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C.6 Upper bound for the adaptive estimator

Lemma 18 Let 0 < 0 < 1. For any probability density f we have that, with IP¢-probability
at least 1 — 6,

-~ i 2log(2m? /)
— < - oy 2o TP
1= fllz, <3 in 1 fire ) — flle, + - : (55)

and

~ ) -~ 2log(2m?
B~ flla, <3 min Bl ey — Sl +2 252, (56)

Proof This lemma is a simple corollary of Theorem 6.3 in Devroye and Lugosi (2001),
which states that

Hf* - f“Ll <3 min Hf(K,]) - fHL1 +4A,
(K.5)
where A = rélag‘ J5f— IF’n(B)’. Since |B| = m(m —1) it follows from Hoeffding’s inequality
€
and the union bound that, for any ¢ > 0,

Ps(A > t) < 2m(m — 1) exp(—2nt?).
This proves (55). Inequality (56) follows from the fact that E; %u%c‘ Jpf —Pu(B)| <
€

% (see (Devroye and Lugosi, 2001, Lemma 2.2)). [ |

Proof of Theorem 15. R
To establish the adaptivity of f*, we will use the inclusions between the Holder classes:

Indeed, for any 0 < < ' <1, any f € Lz and any z, 2’ € Supp(f), we have ||z—2|« < 1,
and consequently

1f(z) = FE) < Lllz =2 1% < Ljlz = 2']1&.
The embedding of the classes (QIL< 5)pe(0,1) immediately follows:
VO<B<pB <1, VKeN: Ggpg CGipg

Assume first that 5 € [5;, 5j—1] for some j € {2, ..., [log(n)loglog(n)]}. Using the inclusion
g}w C g}wj and (56) we can bound from above the risk of f* over the class g}w as follows:

~ . ~ log(m
sup EflF* — fllo, < sup {3minElF — Fllz, + 0y 25
fegk regk 5 (K9 n

< sup 3Esf|fix,;

log (Kmax log(n) log log(n)
) T fHL1 + C\/ ( )
feGk 5

n
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log(n .
< sup 3 Ef||f(Kj fllz, +C 8(n) since Kpmax = [V1]
fegKB n
K\ Bi/(2B;+1) _ B
<C <> log/?n An~ 25t by Theorem 12. (57)
n

Note that, for ¢ € {1, 2},
B Bi o __cBi-1=5)) cBj 1

_ = < .
2864+c¢ 2Bj4+c 7 (268+¢)(2Bj+¢c) (284 ¢)(2B5 + ¢)log(n) ~ log(n)
Combining this with the bound (57) we obtain

~ _ 1 __B 1
sup  E||f* — fllz, < O{ (n/K) /T (log m)/2 A et |
feGk 5

< C’{(n/K)*ﬁ/(%H)(log n)3/% A n" T }

This proves the theorem for 5 € [Ba, 81] = [Bum, 1], where M = [log(n) loglog(n)]. Finally,
consider the values 5 € (0, Bys). We have

B B Bar B 1\ log(n) loglog(n)\ 1
B2 Bl S Pyl =M (H log(n)> < exp <_ log(n) > = Tog(n)’

Thus, for 3 € (0, Br),
(K /n)P/ @5+ A p=B/CB+2) > =T — 1 /e,

The desired result follows immediately from this inequality and the fact that sup ;. L E f*_

f||L1 <2
[ |

Appendix D. Auxiliary results

First, we recall the definition of the multinomial distribution. Given a finite set {2 and a
probability distribution P = (P,)weq on 2, we say that a random vector Y = (Y,,)weq
follows the multinomial distribution M(P,n), n € N*, if for all (ny)wecn € N satisfying

> ny =n, we have:
we)

P(Y, = ng,Yw € Q) = ——— [ P
WGQ not weN

We denote by Poi(\) the Poisson distribution with mean .

Lemma 19 (Shorack and Wellner (2009), p. 486) Let ¢ ~ Poi()\) be a Poisson ran-
dom variable with mean \. Then

P((<\—x) §exp(—x—()\—x)log<)\)\ )), Va € (0,\), (58)

(§>)\+x)<exp(:v—()\+:n10g( )) (59)
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Lemma 20 (Poissonization) Let d > 2, A > 0, and let p = (p1,...,paq) be a probability
distribution on Q = {1,...,d}. Let n ~ Poi()\) and let Y = (Y1,...,Yy) be a random vector
such that Y |n ~ M(p,n). Then the entries Y; are mutually independent and Y ~ Poi(Ap;)
forallj € {1,...,d}.

Proof For any (ni,...,nq) € N? we have
IP(}71:nl,...,?d:nd)zzp(ﬁ:k) ]P’(?l:nl,...,?d:nd | ﬁ:k)

> —A)\kz

( H ) Ly totng=k

nl

( 1, nd' Hp ) _)\Zﬂn1+'--+nd=k
k=0

7=1

ﬁ e_>‘p7 )\p

j:

bl
o

—_

Proof [Proof of Lemma 16| The elements of the sum Z; = ZZGV Y;; are not mutually

independent. To overcome this difficulty, we use poissonization. Let n ~ Poi(n/2) and
let Y|n ~ M(P,n). We define Z; = Zlevj YZ] for any j € J. Lemma 20 implies that

}71-]- ~ Poi(nP;;/2) for all 7,7, and the random variables (}7;3)” are mutually independent.
It follows that Z; has a Poisson distribution: Z; ~ POi(Zier nP;;/2), and the random

variables (Z]) ; are mutually independent. At the same time, for any k£ > 1 the conditional
distribution of Z; given n = k coincides with the distribution of Z; under Y ~ M(P, k).
It follows from (58) with = A\/2 and A = n);/2 that

nA; n; 7
< — 1 < 91— < _ (1 — -
P (Z 1 > ex p( 1 (1 log2)> < exp( 2(1 log 2)alog(N)> <N
Hence,

nA;j |J]
Z:> 4 >1——-.
<Vj€J > 4) o

On the other hand,

Aj Y
IP(VJEJ Z]zn4>§P(ﬁ>n)+P<weJ:ijn43, and’ﬁgn>
~ ~ Aj| - ~
:P(n>n)+Z]P’<Vj€J:Z~2n43 n:k)P(n:k)

k<n

nA;
=P P 7> =L \P(n=k
LEREDY remray (¥i € 7122 " PG = b
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A.
<P[#>n)+Pyoppn (v]' €J:Zj> ”Aj) : (60)

where we have used the inequality Py vq(p 1) (Vj €J:Z; > %) < Pym(pPn) (Vj cJ:Z; > %)
that holds for all & < n due to stochastic dominance since, under Y ~ M(P, k), each Yj;
has a binomial distribution with parameters (P;;, k). It follows that

nA; |J

Applying (59) with ( =n and A =z = n/2 we get

P(n > n) < exp(n(1/2 —log2)) < exp(14(1/2 — log 2)alog(N)) < %

Combining the last two displays yields the lemma. |

The following lemma, that may be of independent interest, provides a tool for deducing
lower bounds in probability from lower bounds in expectation.

Lemma 21 (Deducing lower bound in probability from lower bound in expectation)
Let Py be a metric space with metric v : Py X Py — Ry, and let P be a subset of Py with
the property that there exists U € Py such that

v(U, P)<s, VYPeTP, (61)

where s > 0. Let {Pp, P € P} be a family of probability measures indexed by P. Assume
that

inf sup Epv(P(Y), P) > as, (62)
P PeP

where a > 0, Ep denotes the expectation with respect to random wvariable Y distributed
according to Pp, and infg is the infimum over all estimators P that take values in Po.
Then

igfsupIF’p(v(lg(Y),P) > as/2) > a/6.
P peP

Proof Consider the set P’ = {P' € Py : v(P',P) < 3s, VP € P}. This set is not empty
since it contains U. Note that it is sufficient to consider estimators taking values in P’, that
is, for any estimator P there exists an estimator P with values in P’ such that

v(P,P) < v(P,P), YPeP. (63)

In fact, let P be any estimator. Define another estimator

5 P if v(P,U) < 2s,
U if v(P,U) > 2s.

Let us check that this estimator P satisfies (63) and~]5 € P’. Indeed, if v(ﬁ,U) < 2s
then (63) obviously holds, and we have v(P, P) < v(P,U) + v(P,U) < 3s for all P € P.
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Otherwise, if v(P,U) > 2s then v(P, P) = v(U, P) < 2s — s < v(P,U) — v(U, P) < v(P, P)
for all P € P.
It follows that

infsupEpv(P,P) = inf supEpv(P,P),

P peP PP’ peP
iIlfsupIPp(v(]B, P) > as/2) = inf supIP’p(v(]g, P) > as/2). (64)
P peP Pep’ peP

Thus, we have

as < inf supEpv(P, P)

Pep! peP
- }3127&,216172 Ep U(P’ P) I[{1)(1’5,13)2as/2} + Ep U(P’ P) ]l{v(ﬁ,P)<as/2}
< 3s inf supIP’p(v(]B, P) > as/2) + as/2,
PeP’ peP
which together with (64) implies the lemma. |
Lemma 22 Let Zy,...,Zy be iid random variables on a measurable space (Z,U). Let

~

pj = % Yot zen, and p;j = P(Zy € Aj), where A, j = 1,...,L, are disjoint subsets of
X. Then, for any § € (0,1),

¢
. Y4 2log(1/d
O I LG
j=1

Proof Set G(Z1,...,Zy) = Z§:1 Ipj — Dj|. We have

l 0 / ¢ -
EG(Z1,. . Zm) =E Y Ip; — 53 < 3 (Ellp; —@-12])1 "< >y < \/%.
j=1 j=1 j=1

Note that G(Z1, ..., Zy) changes its value by at most 1/m if we replace any single Z; by
another Z!. Therefore, by the bounded difference inequality (see, e.g., (Devroye and Lugosi,
2001, Theorem 2.2)),

P(G(Z1,...,7m) > BG(Z1, ..., Zm) +1) < e 2™ vt >0,

which yields the result. |

Lemma 23 (Control of multinomial noise) Leta > 1, N >1,n e N* let P € ]RﬂlrleQ
be a matriz such that 3, ; P;j = 1, and let Y ~ M(P,n). Consider an extraction Q of P
corresponding to two sets of indices I C [di] and J C [do], that is Q = (Pij)ierjes. Let
Wq = (Wij)ier jes, where W = % — P is the multinomial noise. Then

ol|Ql| log N <alogN)2}> S LE]

P (HWQH2 < Qmax{ 0 : -
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Proof We use matrix Bernstein inequality (see, for example, (Vershynin, 2018, Exercise
5.4.15)), which yields that for any independent zero mean matrices Mj, ..., M, € RI/IxIJI
such that, almost surely, |M;|| < K,Vi € [n], we have

- t2/2
P M| >t) <(I+1|J -1 |, vt>0, 65
( Z; > > _(|+||)®q’< g2+1(u3> > (65)
where
02:nmx< > EMM)|, }:EUWIA@)>.
=1 =1

We apply (65) with M; = (XZ' — P) ;> Where X;’s are independent random matrices with

distribution M(P, 1). In this case, the inequality ||M;|| < K holds with K = 2. To prove
this, notice first that if @ is an extraction of a probability matrix P, then [|Q[? < ||Q||5-
Indeed, letting p; = ZjeJ Py, Vi € I, and pmax = max;er p;, we obtain

IQIP<lQIF= > PF<> 1} <pmax Y pi < Pmax < || Q-

i€l jeg il iel

It follows that almost surely for all i € [n] we have

1M < 1) all + 1Q) < 1+ 4/ ||1P|, < 2

Next,

n n

SOEMM])|| = ||SEI(X0) 1 (X)]S] - QQT | = | Diag(piker — QQT |

=1 i=1
< NPmax < nHQ‘

‘:l?

and controlling Hzle E(M," M;)

analogously yields

o* <nf Q|5

Now, we use the fact that nW¢ has the same distribution as > ; M;. Therefore, applying
inequality (65) and the above bounds on 02 and K we obtain that, for all ¢ > 0,

t2/2
IPWnWbH>t)S(UI+L”%ﬂP<nHQH+2w3>'
O

Now, set

t = 3max (\/omHQHD log(N), alog(N)).
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1t n[Q|, > alog(N) then ¢ =3, /an]| Q|| log(N) < 3n[|Q||, and

2 /2

P (|[nWall > t) < ([ +|J]) exp <—3nHQH
O

) < 11+ exp (- Saton(v) ) < 111+ 17)A

Otherwise, if nHQHD < alog(N) then t = 3aclog(N) and the same bound holds:

t2/2

P (lnWoll > 1) < (1] + 7)) exp (—M)g(m

) < ([ +[THN T

Lemma 24 (Deterministic bound for nuclear—norm penalized denoising) LetY =
M 4+ W € R"*42 with rank(M) = r, and fix 7 > 0. Consider

M e i Y — A2 All, L.
argAeflgdlng{H 15+ 7IlAll. }

If |W| < 7/2, then every minimizer M satisfies
IM - M|% < 8rr2.
Proof Set A := M — M. By optimality of ]\//.7,
W = Allf + 7M. < W5+ 7M., (66)

which rearranges to the basic inequality

IAI2 < 2W,4) — 7(IM + Al — |M].). (67)

Let M = UXVT be a compact SVD with rank(M) = r. Define the tangent space
T:={UA" +BV': AcR®*" BecRI*"}

and decompose A = Ay + Ay

(i) Decomposability of the nuclear norm. For any matrix B,
1M+ Bl = [[M][. = [[Brsll = [ Brll (68)

Proof of (68). Take G € 9| - [|«(M) of the form G = UV " + Z with Z € T+ and ||Z]| < 1.
Choosing Z so that (Z, Bpi) = ||Bpy ||« gives

IM+Blle > [|M[«+(G.B) = [M|l«+ UV, Br) +[|Brell = [|M|l«—[|Br |+ Byl

This proves (68).
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(ii) Stochastic term. By duality of operator and nuclear norms and the assumption
Wl <7/2,
2(W,A) < 2w Al < T(IAT]+ [Aps ). (69)

(iii) Combine (67)—(69). Plugging (68) and (69) into (67) yields

IAIE < r(lA7lls + 1A7ell) = 7(1A7ell = A7) = 27 Az

Since rank(Ar) < 27, we have |A7|. < V27 ||Ar|lF < V27 ||A||#, and therefore

AR < 2rV2r|Alr = ||Alr < 2V2rT

Squaring both sides gives H]/W\— M||% = ||Al|% < 8772, as claimed. [ |
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