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Abstract

We consider the problem of localizing change points in a generalized linear model (GLM),
a model that covers many widely studied problems in statistical learning including linear,
logistic, and rectified linear regression. We propose a novel and computationally efficient
approximate message passing (AMP) algorithm for estimating both the signals and the
change point locations, and rigorously characterize its performance in the high-dimensional
limit where the number of parameters p is proportional to the number of samples n. This
characterization is in terms of a state evolution recursion, which allows us to precisely
compute performance measures such as the asymptotic Hausdorff error of our change point
estimates, and allows us to tailor the algorithm to take advantage of any prior structural
information of the signals and change points. Moreover, we show how our AMP iterates
can be used to efficiently compute a Bayesian posterior distribution over the change point
locations in the high-dimensional limit. We validate our theory via numerical experiments,
and demonstrate the favorable performance of our estimators on both synthetic and real
data in the settings of linear, logistic, and rectified linear regression.

Keywords: change point detection, high-dimensional regression, generalized linear mod-
els, multi-index models, approximate message passing, data segmentation

1. Introduction

Heterogeneity is a common feature of large, high-dimensional data sets. When the data
are ordered by time, a simple form of heterogeneity is a change in the data generating
mechanism at certain unknown instants of time. If these ‘change points’ were known, or
estimated accurately, the data set could be partitioned into homogeneous subsets, each
amenable to analysis via standard statistical techniques (Fryzlewicz, 2014). Models with
change points have been studied in a variety of statistical contexts, such as the detection
of changes in: signal means (Wang et al., 2020; Liu et al., 2021; Li et al., 2024); covariance
structures (Cho and Fryzlewicz, 2014; Wang et al., 2021b); graphs (Londschien et al., 2023;
Bhattacharjee et al., 2020; Fan and Guan, 2018); dynamic networks (Wang et al., 2021a);
and functionals (Madrid Padilla et al., 2022). Change point models have found application
in a range of fields including genomics (Braun et al., 2000), neuroscience (Aston and Kirch,
2012), causality (He et al., 2022), and economics (Andreou and Ghysels, 2002).
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In this paper, we consider high-dimensional generalized linear models (GLMs) with
change points. We are given a sequence of data (y;, X;) € R x RP, for i € [n], from the
model

yi =q((X;)'8YD, &), i=1,....,n. (1)

Here, B8 € R? is the unknown regression vector (signal) for the ith sample, X; € R? is the
(known) covariate vector, ¢; is noise, and ¢ : R x R — R is a known function. We denote
the unknown change points, that is, the sample indices where the regression vector changes,
by n1,...,n0+—1. Specifically, we have

L=mno<m<-<n=n+1,

with 8% % BU=1) if and only if i € {ng}gfl. We note that L* is the number of distinct
signals in the sequence {ﬂ(i)}?zl, and (L* —1) is the number of change points. The number
of change points is not known, but an upper bound L on the value of L* is available. The
goal is to estimate the change point locations as well as the L* signals. We would also like to
quantify the uncertainty in these estimates, for example, via confidence sets or a posterior
distribution. As we describe below, the model (1) covers many widely studied regression
models including linear, logistic, and rectified linear regression.

1.1 Linear Regression with Change Points

In this model, the data (y;, X;) € R x RP are generated as follows:
Yi = (Xi)Tﬁ(i) +e&, t=1,...,n. (2)

Notice that this corresponds to model (1) with ¢(z,v) := z + v, where for i € [n] the
projected signal (X;)T B is observed in additive noise £;. When L* = 1, this reduces to
standard linear regression.

Linear regression with change points in the high-dimensional regime (where the dimen-
sion p is comparable to, or exceeds, the number of samples n) has been studied in a number
of recent works, such as Lee et al. (2015); Leonardi and Bithlmann (2016); Kaul et al. (2019);
Rinaldo et al. (2021); Xu et al. (2024); Li et al. (2023); Bai and Safikhani (2024). Most
of these papers consider the setting where the signals are sparse (the number of non-zero
entries in 3 € RP is o(p)), and analyze procedures that combine the LASSO estimator (or
a variant) with a partitioning technique such as dynamic programming. The work of Gao
and Wang (2022) assumes sparsity on the difference between signals across a change point,
and Cho et al. (2025); Liu et al. (2026) consider general non-sparse signals. The recent
works of Liu et al. (2026); Yang et al. (2025) propose change point detection methods for
high-dimensional linear models that do not rely on strict sub-Gaussian error assumptions,
with performance comparable to that of Xu et al. (2024) in the case of light-tailed additive
noise distributions.
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1.2 Logistic Regression with Change Points

For the logistic model, we first define the function ((z) := log (1 + ). The data (y;, X;) €
{0,1} x RP are then generated according to the following model:

T 3(i) eX0)'BY / T 3(i) )
P[yizl‘(xi) 3 }zng((xg B8Y), i=1,....,n. (3)
We may view this as an instance of (1) with 1, ... ,5n“~’dU[0, 1] and ¢(z,v) = 1{v < {'(2)},
so that y; = q((X;)T8W, &) := 1{e; < ¢'((X;)"B™)} for each i € [n]. When L* = 1, model
(3) corresponds to the standard logistic model.

Logistic models are widely used for classification, and logistic regression with change
points has been studied in number of contexts. In epidemiology, for example, logistic
regression with unknown change points has been used to model the relationship between the
continuous exposure variable and disease risk (Pastor-Barriuso et al., 2003). In medicine, it
has been used to identify relevant immune response biomarkers in patients with potentially
infectious diseases (Fong et al., 2015).

1.3 Rectified Linear Regression with Change Points

In the rectified linear regression model, the data (y;, X;) € R>o x RP are generated as
follows:

y; = max{(X;) ' BYD, 0} +¢;, i=1,...,n (4)

This is an instance of (1) with ¢(z,v) := max{z,0} + v. When L* = 1, the model (4) is
referred to as the ReLU (rectified linear unit) with additive noise. The output function acts
as a threshold that maps negative values of its first input to zero.

Rectified linear regression is an important primitive in the theory of deep learning,
and the problem without change points has been extensively studied in machine learning
in recent years, both from the perspective of designing new algorithms and from that of

computational hardness, as seen in the works of Soltanolkotabi (2017); Diakonikolas et al.
(2021).

Challenges in the High-Dimensional Setting Change point detection in generic, low-
dimensional, GLMs was studied by Hofrichter (2007), and Wang et al. (2023) recently
proposed a method for detecting change points in high-dimensional GLMs with sparse re-
gression vectors. Assuming s-sparse signals, they propose a change point estimator that
combines an ¢;-penalized estimator with a partitioning technique, and show that it is con-
sistent under the sparsity requirement s = o(y/n/logp).

Although existing procedures for high-dimensional change point regression such as Wang
et al. (2023) incorporate sparsity-based constraints, they cannot be easily adapted to take
advantage of other kinds of signal priors. Moreover, they are not well-equipped to exploit
prior information on the change point locations. Bayesian approaches to change point
detection have been studied in several works, such as those of Fearnhead (2006); Lungu
et al. (2022), however they mainly focus on (low-dimensional) time-series.
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Main Contributions We propose an approximate message passing (AMP) algorithm for
estimating the signals {ﬂ(i)}?zl and the change point locations {ng}gl_l in model (1). Under
the assumption that the covariates are i.i.d. Gaussian, we give an exact characterization
of the performance of the algorithm in the limit as both the signal dimension p and the
number of samples n grow, with n/p converging to a constant 6 (Theorem 1). The AMP
algorithm is iterative, and defined via a pair of ‘denoising’ functions for each iteration. We
show how these functions can be tailored to take advantage of any prior information on
the signals and the change points (Proposition 2). We then show how the change points
can be estimated using the iterates of the AMP algorithm, and how the uncertainty can be
quantified via a limiting posterior distribution (Section 3.3). Our theory enables asymptotic
guarantees on the accuracy of the change point estimator and on the posterior distribution
(Propositions 3, 4).

In Section 4 we present a range of numerical experiments that demonstrate the superior
performance of AMP compared to other state-of-the-art algorithms for high-dimensional
regression with change points. We consider synthetic data as well as a real Myocardial
Infarctions (MI) data set sorted by age. In the latter, we identify a change point that is
consistent with medical literature, and further validate this finding using standard logistic
regression analysis.

Although our theoretical results do not explicitly need assumptions on the separation
between adjacent change points, they are most interesting when the separation is of order
n, that is, A := mingezj(n¢e — 1) = O(n). This separation is natural in our regime,
where the number of samples n is proportional to p and the number of degrees of freedom
in the signals also grows linearly in p. Existing results on high-dimensional change point
regression usually assume signals that are s-sparse with s sufficiently small, and demonstrate
change point estimators that are consistent when A = w(s logp/ /@2), where x is a constant
determined by the separation between the signals (Wang et al., 2021c¢; Li et al., 2023; Wang
et al., 2023). In contrast, we do not assume signal sparsity that is sublinear in n, so the
change point estimation error will not converge to zero unless n/p — oo. We therefore
quantify the AMP performance via precise asymptotics for the estimation error and the
limiting posterior distribution.

Approximate Message Passing AMP, a family of iterative algorithms first proposed
for linear regression (Kabashima, 2003; Donoho et al., 2009; Krzakala et al., 2012), has
been applied to a variety of high-dimensional estimation problems including estimation in
generalized linear models (Rangan, 2011; Schniter and Rangan, 2014; Maillard et al., 2020;
Mondelli and Venkataramanan, 2021) and low-rank matrix estimation (Fletcher and Ran-
gan, 2018; Lesieur et al., 2017; Montanari and Venkataramanan, 2021; Barbier et al., 2020).
An attractive feature of AMP algorithms is that under suitable model assumptions, their
performance in the high-dimensional limit can be characterized by a succinct deterministic
recursion called state evolution. The state evolution characterization has been used to show
that AMP achieves Bayes-optimal performance for some models (Deshpande and Monta-
nari, 2014; Donoho et al., 2013; Barbier et al., 2019). We refer the reader to Appendix G
for further background on AMP for Generalized Linear Models.

An important feature of our AMP algorithm, in contrast to the above works, is the use
of non-separable denoising functions. (We say a function g : R™*F — R™*L ig separable
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if it acts row-wise identically on the input matrix.) Even with simplifying assumptions
on the signal and noise distributions, non-separable AMP denoisers are required to handle
the heterogeneous dependence structure caused by change points, and allow for precise
uncertainty quantification around possible change point locations. Our main state evolution
result (Theorem 1) leverages recent results by Berthier et al. (2019) and Gerbelot and
Berthier (2023) for AMP with non-separable denoisers. Non-separable denoisers for AMP
have been been studied for generalized linear models and for matrix tensor product models,
to exploit the dependence within the signal (Som and Schniter, 2012; Metzler et al., 2016;
Ma et al., 2019; Rossetti and Reeves, 2023) or between the covariates (Zhang et al., 2024).
In our setting, non-separable denoisers are required to exploit the heterogeneous dependence
structure caused by change points.

Although we assume i.i.d. Gaussian covariates, based on recent AMP universality re-
sults (Wang et al., 2024), we expect the results apply to a broad class of i.i.d. designs.
An interesting direction for future work is to generalize our results to rotationally invari-
ant designs, a much broader class for which AMP-like algorithms have been proposed for
regression without change points (Ma and Ping, 2017; Rangan et al., 2019; Takeuchi, 2020;
Pandit et al., 2020).

2. Preliminaries

Notation We let [n] = {1,2,...,n}. We use boldface notation for matrices and vectors.
For vectors x,y € R", we write « < y if z; < y; for all i € [n], and let [x,y] := {v €
R™ : x; < v; <5, Vi € [n]}. For a matrix A € R™*" and i € [m],j € [L], we let Aj; ) and
A, j denote its ith row and jth column respectively. Similarly, for a vector 9 € [L]", we
let A4 € R™ denote the vector whose i-th entry is A;y,. For two sequences (in n) of

random variables X, Y,,, we write X, E Y,, when their difference converges in probability
to 0, that is, limy, oo P(| X, — Yu| > €) = 0 for any € > 0. Denote the covariance matrix
of random vector Z € R? as Cov(Z) € R7*9. We refer to all random elements, including
vectors and matrices, as random variables. When referring to probability densities, we
include probability mass functions, with integrals interpreted as sums when the distribution
is discrete. Given a matrix B € RP*L the empirical distribution of the entries of B
is the measure p,(A) := %|{Bj € A :j € [p]}| for any measurable set A C RF. We
say that the empirical distribution of the entries of B converges weakly to the law Pg if
% ?:1 f(Bj) = Epg[f(B)] as p — oo for all bounded continuous functions f : R* — R.

Model Assumptions In model (1), we assume independent Gaussian covariate vectors
X; N(0,I,/n) for i € [n]. We consider the high-dimensional regime where n,p — oo
and % converges to a constant > 0. Following the change point literature, we assume the

number of change points (L* — 1) is fixed and does not scale with n, p.

Pseudo-Lipschitz Functions We will state our results in terms of uniformly pseudo-
Lipschitz functions (Berthier et al., 2019). For C' > 0 and r € [1,00), let PLy, , 4(r, C) be
the set of functions ¢ : R™"*? — R™*? such that

[¢(z) — o()||F lzl=\"" (12l Iz = @|r - _ mnxg
Jm §C<1+<\/ﬁ> +<\/ﬁ) )ﬁ’ Va,x € R4,
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Note that UcsoP Lnmq(r1,C) C Ucs0P Lnmq(r2, C) for any 1 < rqy < rp. A function ¢ €
PLy g q(r,C) is called pseudo-Lipschitz of order . A family of pseudo-Lipschitz functions
is said to be uniformly pseudo-Lipschitz if all functions of the family are pseudo-Lipschitz
with the same order r and the same constant C'. For x,y € R", the mean squared error
o(x,y) = (x —y,x — y)/n and the normalized squared correlation ¢(x,y) = [(x,y)|/n are
examples of uniformly pseudo-Lipschitz functions.

3. AMP Algorithm and Main Results

We stack the feature vectors to form the design matrix X = [X1,...,X,]" € R™P. Sim-
ilarly, we stack the observations and noise elements to form y := [y1,...,y.]’ € R" and
€:=le1,...,en] " € R, respectively. Let n := [11,...,m1+,...,n1] be the vector containing
the true change points, and let

B:=[gm) . gl g0 e jrpxk

be the matrix containing the true signals. Since the algorithm assumes no knowledge of L*,
other than L* < L, the columns L* 4+ 1,...,L of B can all be taken to be zero. Similarly,
NLs =NL*41 =" =NL = N.

Recall that for i € [n], each observation y; is generated from model (1). Let ¥ € [L]"
be the signal configuration vector, whose i-th entry stores the index of the signal underlying
observation y;. That is, for i € [n] and £ € [L], let ¥; = £ if and only if 3%) equals the (th
column of the signal matrix B. We note that there is a one-to-one correspondence between
¥ and the change point vector . With a slight abuse of notation, we can rewrite the
response vector y in a more general form:

y=:¢(XB,¥,¢e) e R", (5)

where ¢ is the known function in model (1), expanded to act row-wise on matrix inputs and
to incorporate ¥, where (¢(X B, ¥, €)), := ¢(X B ¢;) fori € [n]. We note that the mixed
linear regression model (Yi et al., 2014; Zhang et al., 2022; Tan and Venkataramanan, 2023)
can also be written in the form in (5), with a crucial difference. In mixed regression, the
components of ¥ are assumed to be drawn independently from some distribution on [L], that
is, each y; is independently generated from one of the L signals. In the change point setting,
the entries of W are dependent, since they change value only at indices n1, ..., 1 _1).

AMP Algorithm We now describe the AMP algorithm for estimating B and 7. In
each iteration ¢t > 1, the algorithm produces an updated estimate of the signal matrix
B, which we call B, and of the linearly transformed signal ® := X B, which we call .
These estimates have distributions that can be described by a deterministic low-dimensional
matrix recursion called state evolution. In Section 3.3, we show how the estimate ©! can
be combined with y to infer n with precisely quantifiable error.

Starting with an initializer B® € RP*L and defining R = 0,1, for t > 0 the
algorithm computes:

®t — XBt _ ﬁt_l(Ft)T7 Rt — gt (®t’y) ’

. . R 6
Bt+1 _ XTRt o Bt(Ct)T, Bt — ft (Bt) ’ ( )
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where the denoising functions g* : R®*L x R® — R™*L and f! : RP*F — RP*L are used to
define the matrices F?, C* as follows:

1 p
Zazgz 7y Ft:ﬁzdjf;(Bt)
j=1

Here 0! (©,y) is the L x L Jacobian of g w.r.t. the ith row of ©. Similarly, d; ft(Bt) is
the L x L Jacobian of ft with respect to the j-th row of its argument. The time complex1ty
of each iteration in (6) is O(npL +1,), where 7, is the time complexity of computing f*, g
Crucially, the denoising functions ¢g* and f! are not restricted to being separable. (Recall

that a separable function acts row-wise identically on its input, that is, g : R™*F — Rm*L
is separable if for all U € R™*% and i # j, we have [g(U)); = ¢;(U;) = g;(U;).) Hence, in
general, we have

91(©,y) fi(B)

gy = + |, fi(B)=]| :

9n(©,y) fr(B)
Our non-separable approach is required to handle the heterogeneous dependence structure
created by the change points. For example, if there was one change point uniformly dis-
tributed in [n], then ¢'(@,y) should take into account that y; is more likely to have come
from the the first signal for ¢ close to 1, and from the second signal for i close to n. This
is in contrast to existing AMP algorithms for mixed regression (Tan and Venkataramanan,
2023), where under standard model assumptions, it suffices to consider separable denoisers.

State Evolution The memory terms —R'™ (F*)T and —B*(C?)T in our AMP algorithm
(6) debias the iterates ® and B!, and enable a succinct distributional characterization.
In the high-dimensional limit as n,p — oo (with n/p — §), the empirical distributions of
®! and B'*! are quantified through the random variables V(f) and V]';Jrl respectively, where

V= Zp vl + Gy e R, (7)
Vt+1 — By t+1 thl c RPXL. (8)
The matrices p, v, I/E.H REXE are deterministic and defined below. The random ma-

trices Z, G, and G’tJr1 are independent of X, and have i.i.d. rows following a Gaussian
distribution. Namely, for i € [n] we have Z; il N(0, p). For i € [n] and s,7 > 0, (Gg); ~ ved

N(0, ki) with Cov((Gly)i, (GS)i) = ki Similarly, for j € [p], ( )-%dN(o,nB) with
Cov((G');,(G%);) = k3. The L x L deterministic matrices v, kg, vy, and Ky are
defined below via the state evolution recursion.

Given the initializer BY for our algorithm (6), we initialize state evolution by setting
V% := 0, and

1 1 1 1
p:==<lim -B'B, kg = lim —f%B°)" (B (9)

& p—oo p 6 p—oo p

Let gH(Z,V{, . €) := ¢! (V4. q(Z, ¥, ¢)) and let 91,5} be the partial derivative (Jacobian)
w.r.t. the ith row of the first argument. Then, the state evolution matrices are defined



ARPINO, LU, GONTAREK, AND VENKATARAMANAN

recursively as follows:

Vg_l : nh_)rr;o E [Z 013Gl (Z,V,, E)] , (10)
=1
i Lelo Vv o) o (V. )] =
1
t-‘rl T pt+1 t+1
Yo - 5p1i>rgopE [B (Ve )} -
R i g dim  [( V) - B lvg™) T (V) - B g (3)

The expectations above are taken with respect to Z, V§, Vi, Véﬂ and VEH, and depend
on gt, ft, B, €, and ¥. The limits in (10)—(13) exist under suitable regularity conditions on
ft, gt, and on the limiting empirical distributions on B, €; see Appendix B. The parametric
dependence on B, € can also be removed under these conditions—this is discussed in the
next subsection.

3.1 State Evolution Characterization of AMP Iterates

Recall that the matrices (9)—(13) are used to define the random variables (V{, Vgrl) in
(7),(8). Through these quantities, we now give a precise characterization of the AMP
iterates (®%, B'*1) in the high-dimensional limit. Theorem 1 below shows that any real-
valued pseudo-Lipschitz function of (@¢, B**!) converges in probability to its expectation
under the limiting random variables (V{, V]?rl). In addition to the model assumptions in
Section 2, we make the following assumptions:

(A1) The following limits exist and are finite almost surely: lim, . || B||r/ VP
limy o0 | B' B|r/p, and lim, .« ||€||2/v/7-

(A2) For each t > 0, let §* : (u,z) — g¢'(u,q(z,¥,¢)), where (u,z) € R™¥F x R*L,
For each i € [n], j € [p], the following functions are uniformly pseudo-Lipschitz:
ft7 gtv d]fjt7 81Z§f

(A3) For s,t > 0, the limits in (9)-(13) exist and are finite.

Assumptions (A1)—(A3) are natural extensions of those required for classical AMP results in
settings with separable denoising functions. They are similar to those required by existing
works on non-separable AMP Berthier et al. (2019); Gerbelot and Berthier (2023), and
generalize these to the model (5), with a matrix signal B and an auxiliary vector ¥ € [L]".

Theorem 1 Consider the model (5) and the AMP algorithm in (6), with the model assump-
tions in Section 2 as well as (Al) — (A3). Then for t > 0 and any sequence of uniformly
pseudo-Lipschitz functions @,(- ; B) : RP¥EEHD) 5 R and @, (- ; ¥, ¢) : RO L R

P
San(@O? KR ®t7 XB; ¥, E) = EV(g,...,Vé,Z{Qon(VQOa R VC£)7 Z;v, 5)}7 (14)
P
¢p(B',.... BTN B) By, yii{ep(Va,... Vg B)}, (15)
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as n,p — 0o with n/p — &, where the random variables Z, Vg and VEH are defined in (7),
(8).

The proof of the theorem is given in Appendix A. It involves reducing the AMP in (6)
to a variant of the symmetric AMP iteration analyzed in (Gerbelot and Berthier, 2023,
Lemma 14). We use a generalized version of their iteration which allows for the auxiliary
quantities X B, ¥, e to be included. Theorem 1 implies that any pseudo-Lipschitz func-
tion ¢, (@Y, XB; ¥ ¢) := ¢,(0', ¢(XB,¥,¢)) = ¢,(0',y) will converge in probability
to a quantity involving an expectation over (V(f)7 Z). An analogous statement holds for
( Bt—i—l’ B)

Evaluating Performance Metrics Using Theorem 1, we can evaluate performance

metrics such as the mean squared error between the signal matrix B and the estimate

B' = fY(B'). Taking ¢,(B',B) = ||/'(B") - B|}/p leads to | f'(B') - Bl}/p ~

E[|lf{ (V) — B||%/p], where the limiting value of the RHS (as p — 00) can be precisely
computed under suitable assumptions. In Section 3.3, we will choose ,, to capture metrics
of interest for estimating change points.

Special Cases Theorem 1 recovers two known special cases of (separable) AMP results,
with complete convergence replaced by convergence in probability: linear regression when
L = 1 (Feng et al., 2022), and mixed linear regression where L > 1 and the empirical
distributions of the rows of B, ¥, £ converge weakly to laws of well-defined random variables
(Tan and Venkataramanan, 2023).

Parametric Dependence of State Evolution on B, €, ¥ The parametric dependence
of the state evolution parameters in (10)-(13) on B, e can be removed under reasonable
assumptions. A standard assumption in the AMP literature (Feng et al., 2022) is:

(S0) As n,p — oo, the empirical distributions of {B;};c[, and {&;};c[, converge weakly
to laws Pz and Ps, respectively, with bounded second moments.

In Appendix B, we give conditions on fi, g;, which together with (S0), allow the state
evolution equations to be simplified and written in terms of B ~ Pg and & ~ P; instead of
(B,e). We believe that the parametric dependence of the state evolution matrices on the
signal configuration vector ¥ is fundamental. Since the entries of ¥ change value only at a
finite number of change points, the state evolution parameters will depend on the limiting
fractional values of these change points; see (S1) in Appendix B. This is also consistent with
recent change point regression literature, where the limiting distribution of the change point
estimators in (Xu et al., 2024) is shown to be a function of the data generating mechanism.

3.2 Choosing the Denoising Functions f?, ¢’

The performance of the AMP algorithm (6) is determined by the functions {1, g'}:o.
We now describe how these functions can be chosen based on the state evolution recursion
to maximize estimation performance. Using (V{, V5™) defined in (7)—(8), we define the

matrices
Zt=V(p ) = Z+ G (p'vh) L, (16)
B* = ViR WY T = B+ G v ) (17)
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where for i € [n],j € [p] we have Z; "% N(0, p), Gy, "IN (o, kg ), and G i N(0, k%).

(If the inverse doesn’t exist we post-multiply by the pseudo inverse). A natural objective is
to minimize the trace of the covariance of the “noise” matrices in (16) and (17), given by

Tr(i Zj: Cov (zt - ZZ»> > —Tr (((,,ga>—1p)T Hg(yg)—1p> , (18)

1< -
Tr <p ZCOV (Bf"H - Bi> > =Tr <[(1/§H) ]ngl’tﬂ(l/gl) ) , (19)
j=1
where we recall from (10)—(13) that v, K,@ are defined by f!, and I/tJrl ngl I by g.

For ¢t > 1, we would like to iteratively choose the denoisers ft g' to minimize the
quantities on the RHS of (18) and (19). However, as discussed above 1§, K'/te)t, I/gl, ngl’tH
depend on the unknown ¥, so any denoiser construction based quantities cannot be executed

in practice.

Ensemble State Evolution To remove the parametric dependence on ¥ in the state
evolution equations, we can postulate randomness over this variable and take expectations
accordingly. Indeed, assume that (S0) holds, and postulate a prior distribution 7g over [L]".
For example, mg may be the uniform distribution over all the signal configuration vectors
with two change points that are at least n/10 apart. We emphasize that our theoretical
results do not assume that the true ¥ is drawn according to mg. Rather, the prior mg
allows us to encode any knowledge we may have about the change point locations, and use
it to define efficient AMP denoisers f!,g’. This is done via the following ensemble state
evolution recursion, defined in terms of the independent random variables ¥ ~Pg,, B ~Pg,
and € ~ Ps.

Starting with initialization »g := 0, n(()ao = limpy 00 %fo (BYT f9(BY), for t > 0 define:

vl = nh_{rgoﬁZE [0130(Z1, (Vd)1, ¥5,8)] (20)
- 1l _ _ _ = \T
Hg_lyt—i_l = 7}1_{20”2154 [gf (( é)hCJ(Zlv‘I/iaE)) gf (( é)1>Q(Zla\Ili75)) :| ) (21)
1 1<
e . R rt+1 /- t+1\T
T V| =
1 _
S W B t1 1 ST -1
kg : 5pli>rgopZE[(f (V) —(wg™) ' p B)
_ T
(£ (V5 - @5 5 B) } @)
where
V= Zp vl + Gy € R™E (24)
Vit = (05 B + (G'gY)) e RY, (25)
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and for i € [n],j € [p] we have that Z; “*N(0, p), C_J’éa,ii'riv'dN(O, Ry ) and (_;tB,ji'i;dN(()’ &Y.

When 7g is a unit mass on the true configuration ¥, (20)—(23) reduce to the simpli-
fied state evolution in Appendix B. The limits in (20)—(23) exist under suitable regularity
conditions on f?, g, such as those in Appendix B.

We now propose a construction of f!, g' based on minimizing the following alternative
objectives to (18)—(19):

Te ((#6) ') 75 (76)'p) . (26)
([ TR e ) (27)

where the deterministic matrices v, Rg, 1753“, Rgl’tﬂ € RE*E are defined in (20)—(23).
Proposition 2 Assume the limits in (20)—(23) exist. Then, fort > 1:
1. Given DY, F;g, the quantity (26) is minimized when
£U) = f'(U) = E[B|Vg = U], (28)
for U € RP*E j € [p].
2. Given Dfa,f?;té)t, the quantity (27) is minimized when
gi(V,u) = gi'(V,u) =
[Cov (Z1(VE)1 = V)] (BIZ1 (V) = Vi, q(Z1, Ui, ) = ) — E[Z4(

for V.e R 4 ¢ R i € [n].

The proof of Proposition 2, given in Appendix C.1, is similar to the derivation of the
optimal denoisers for mixed regression in Tan and Venkataramanan (2023), with a few key
differences in the derivation of g*!, which is not separable in the change point setting. With
a product distribution on mg, we recover mixed regression and (28)-(29) reduce to the
optimal denoisers in Tan and Venkataramanan (2023)

The denoiser f** is separable and can be easily computed for sufficiently regular distri-
butions Pz such as discrete, Gaussian, or Bernoulli-Gaussian distributions (see Appendix
C.2 of Arpino et al. (2024b)). In Appendix C.2 we show how g*! can be efficiently computed
for the linear and rectified linear models with additive Gaussian noise, as well as for the
logistic model. As detailed in Appendix F, f* and g** can be computed in O(nL?) time,
yielding a total computational complexity of O(npL3) for AMP with these denoisers.

3.3 Change Point Estimation and Inference

We now show how the AMP algorithm can be used for estimation and inference of the
change points {n1,...,nr=—1}. We first define some notation. Let X C [L]™ be the set of
all piece-wise constant vectors with respect to ¢ € [n] with at most (L — 1) jumps. This set
includes all possible instances of the signal configuration vector ¥ in [L]", and without loss
of generality can account for duplicate signals by increasing L. Let the function U : n — ¥
denote the one-to-one mapping between change point vectors n and signal configuration
vectors W. For a vector 7, we let |7)| denote its dimension (number of elements).

11
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Change Point Estimation Theorem 1 states that (©!,y) converges in a specific sense
to the random variable (V§,¢(Z, ®,¢)), whose distribution crucially captures information
about ¥. Hence, it is natural to consider point estimators for i of the form 7(©, y).
In the linear model, for instance, one example is an estimator that searches for a signal
configuration vector ¢ € X such that ®! indexed along 1) is closest in f5 distance to the
observed vector y. That is,

¥(©',y) = argmin ¥ (y; — (0")iy,)’, (30)
PpeX i—1

and (O, y) = Ufl(\il(@t, y)). In (35) we propose a general form for W that is suitable for
a generic nonlinear model. A common metric for evaluating the accuracy of change point
estimators is the Hausdorff distance (Wang and Samworth, 2017; Xu et al., 2024; Li et al.,
2023). The Hausdorff distance between two non-empty subsets X,Y of R is

d(X,Y) = maX{ sg}gd(m,Y), sggd(X, y)},
x y

where d(z,Y) := minycy ||z — y||2. The Hausdorff distance is a metric, and can be viewed
as the largest of all distances from a point in X to its closest point in Y and vice versa.
We interpret the Hausdorff distance between 17 and an estimate 7 as the Hausdorff distance
between the sets formed by their elements. The following theorem states that any well-
behaved estimator 1 produced using the AMP iterate ®! admits a precise asymptotic
characterization in terms of Hausdorff distance and size.

Proposition 3 Consider the AMP in (6). Suppose the model assumptions in Section 2 as
well as (A1) — (A3) are satisfied. Let 7(O!, y) = (O, ¢(X B, ¥, €)) be an estimator such
that (V,z) = UM(V,q(z,®,¢e)) is uniformly pseudo-Lipschitz. Then:

du(n.1(©"y) £ .~ du(n.1(Ve,a(Z,Un)e)))
= Vt VA .

31
o L, . (31)
Moreover, if (V,z)— |n(V,q(z,¥,€))| is uniformly pseudo-Lipschitz, then:

. P A

1(©, y)| =~ Evy zI1(VS,a(Z,U(n). €))|- (32)

The proof is given in Appendix D.1. To prove (31), we show that dy(n, n(®!, y))/n is uni-
formly pseudo-Lipschitz. For each 71, Proposition 3 precisely characterizes the asymptotic
Hausdorff distance and size errors for a large class of estimators 7(©°, y).

Uncertainty Quantification The random variable V§ = Zp~'v§ + GY in (7), com-
bined with an observation of the form ¢(Z, ¥, £€), yields a recipe for constructing a posterior
distribution over W. Recalling that ¥ is the unknown ground-truth signal configuration,
we let ¥ denote a random signal configuration drawn according to density mg, and 1 a
realization of ¥. Using the prior g, the posterior is:

g ()L(V, ultp)

_ (33)
> ma (D) L(V, ul)

p\il|Vé,q(Z,‘i’,§) (’(/)’V7 ’LL) -

12
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where V € R™L 4 € R™. Here, L is the likelihood of (V§,q(Z, ¥, €)) given ¥ = € X,
where the state evolution parameters 1§, ki associated to Vi are computed as in (10)—(13)
with W replaced by . The likelihood £ can be computed in closed form for the linear and
rectified linear models under the assumption of additive and independent Gaussian noise;
for the logistic model, the likelihood can be well approximated. The computations are given
in Appendix C.3.

Since Theorem 1 states that (©7,y) converges in a specific sense to (V§,q(Z, ¥, €)), we
can obtain an uncertainty estimate over ¥ by plugging in (©%,y) for (V,u) in (33). It then
follows from our theory that this uncertainty estimate converges point-wise in probability
to a faithful posterior distribution over the change points in the high-dimensional limit.

Proposition 4 Let (©',y) be as in (6), (V&,q(Z, ¥, €)) be as in (7), and ¢ € X. Sup-
pose the model assumptions in Section 2 as well as (A1)—(A3) are satisfied. Assume
that (V,z) p\i,w(f),q(zj,,é)(wV,q(z,\Il,s)) =: p(¢|V,q(z,¥,¢€)) is uniformly pseudo-
Lipschitz. Then:

p(¥|®", ) = p(| VS, 4(Z, ¥, €)). (34)

Given v and ground-truth variables ¥, e, the right-hand side of (34) can be computed
by sampling (V{, Z), where the state evolution parameters v, kly associated to V§ are
computed exactly as in (10)-(13), and plugging these into p(|-,q(-, ®¥,&)). The proof,
given in Appendix D.2, is an application of Theorem 1. The state evolution predictions on
the RHS of (31) and (34) can be computed under reasonable assumptions, as outlined in
Appendix B.

4. Experiments

In this section, we demonstrate the estimation and inference capabilities of the AMP al-
gorithm in a range of settings, with both synthetic and real data. For synthetic data, for
i € [n], we use i.i.d. Gaussian covariates X; i N(0,I,/n), and we let €; i P- = N(0,02)
in the linear and rectified linear models. The denoisers {gt, f7™!};>¢ in the AMP algorithm
are chosen according to Proposition 2. The computation of f! is standard (outlined in
Appendix C.2 of Arpino et al. (2024b)) and the computation of g* is described in Appendix
C.2. The Jacobians of these denoisers are computed using Automatic Differentiation in
Python JAX (Bradbury et al., 2018). In all the experiments, we use a uniform prior mg
over all configurations with change points at least A apart, for some A that is a fraction
of n. Error bars represent one standard deviation, and all experiments are the result of at
least 10 independent trials with ¢ < 15. Posterior densities are smoothed with a Gaussian
kernel of lengthscale 0.5 for interpretability.

For a given point estimator \il(G)t,y) of W, the iterate @' is obtained by running the
AMP algorithm in (6) and we let §(©!,y) := U~1(¥(O, y)). As discussed in Section 3.3,
the point estimation guarantees of Proposition 3 hold for a large class of sufficiently regular
point estimators of W. For linear models we could use the point estimator in (30), and
for nonlinear models, the mean of the posterior distribution pg|v; 4(z,@.¢) (1O y) defined
in (33). The latter, although justified by the limiting posterior distribution in Proposition
4, involves tabulating the state evolution parameters (v§,kl) from (10)—(13) (with ¥
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Figure 1: Performance of AMP for estimating change points in the linear model under two
ground-truth configurations (left), approximate posterior density over the number
of change points (two plots on the right).

replaced by 1), since these are required to compute the likelihood £ of (V§,q(Z, U g))
given ¥ = 1. In the following experiments, we use an alternative point estimate of W
that is computationally faster, by considering instead the likelihood £ of (V(f), q(Z,¥,¢))
given W = 1. We recall that Vé is defined in (24) through the 1-independent parameters
(Dh, Rly). The point estimator of interest is then defined as follows:

¥(©',y) = argmin pg v 42,86 (%0, 9), (35)

PpeX
h 1 paive oiz.pe WV, u) = —meBEWVuld) 4 imate posterior. Th
where we ca pq,‘véﬂ(zj,’e)(ip] ,u) 5 e DLV ) e approximate posterior e

explicit form of the likelihood £ for each of the linear, logistic, and rectified linear models
is presented in Appendix C.3. Full implementation details are provided in Appendix E. A
Python implementation of our algorithm and code to run the experiments is available at
(Arpino et al., 2024a).

4.1 Linear Model with Change Points

Figure 1 (left) plots the Hausdorff distance normalized by n for varying ¢, for two different
change point configurations ¥. We choose p = 600, Pz = N(0,I), 0 = 0.1, A = n/5
and fix two true change points, whose locations are indicated in the legend. The algorithm
uses L = L* = 3. The state evolution prediction closely matches the performance of AMP,
verifying (31) in Proposition 3.

The two right-most plots in Figure 1 display the approximate posterior over the number
of change points, that is, > s PE|VS (2,9 6) (1|©®!, y) where S contains all configurations
with a specified number of change points. We use p = 200,P5 = N(0,I),0 = 0.1,A =
n/10,L* = 3,w = 4, and a uniform prior over the number of change points (zero to
three). We observe that the approximate posterior concentrates around the ground truth
for moderately large §.

Figure 2 (left) plots the estimated posterior P\i;\vé,q(z,xi:,e—)(‘|®ta y) labelled ‘AMP’, and
the limiting ezact posterior P@|V@§,q(z,\il,§)("v(f)7 q(Z, ¥, e)) labelled ‘Theory’, averaged over
30 trials with true change point locations at n/3 and 8n/15. The posterior is computed
over the grid [0,1] subsampled by a factor of ten. The experiment uses p = 800,P5 =
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Figure 2: Estimated posterior p(-|®! y) plotted against the limiting exact posterior
p(-|VE,q(Z, ¥, €)) as per (34) for the linear (left), logistic (middle), rectified
linear (right) models.

N(0,I),0 =0.1,A =n/5, L = L* = 3, with a uniform prior over all valid configurations. We
observe that the estimated posterior closely matches the limiting posterior and concentrates
around the ground truth as J increases.

Figures 3a and 3b compare the performance of AMP against four state-of-the-art al-
gorithms: the dynamic programming (DP) approach in (Rinaldo et al., 2021); dynamic
programming with dynamic updates (DPDU) (Xu et al., 2024); divide and conquer dynamic
programming (DCDP) (Li et al., 2023); and the complementary-sketching-based algorithm
charcoal from Gao and Wang (2022). Hyperparameters are chosen using cross validation
(CV), as outlined in Section A.1 of Li et al. (2023). The first three algorithms, designed
for sparse signals, combine LASSO-type estimators with partitioning techniques based on
dynamic programming. The charcoal algorithm is designed for the setting where the differ-
ence B — B(e+1) hetween adjacent signals is sparse. None of these algorithms uses a prior
on the change point locations, unlike AMP which can flexibly incorporate both priors via
Ps and mg. Figure 3a uses p = 200,0 = 0.1, A = n/10, L* = L = 3 and a sparse Bernoulli-
Gaussian signal prior Pz = 0.5N(0,6I) + 0.500. AMP assumes no knowledge of the true
sparsity level 0.5 and estimates the sparsity level using CV over a set of values not including
the ground truth (details in Appendix E). Figure 3b uses p = 300, A = n/10,L* = L =3
and a Gaussian sparse difference prior with sparsity level 0.5 (described in (121)). AMP
is run assuming a mismatched sparsity level of 0.9 and a mismatched magnitude for the
sparse difference vector (details in Appendix E). Figures 3a and 3b show that AMP consis-
tently achieves the lowest Hausdorff distance among all algorithms and outperforms most
algorithms in runtime. Figures 8 and 9 in Appendix E show results from an additional set
of experiments comparing AMP with DCDP (the fastest algorithm in Figure 3a). Figure 8
shows the performance of AMP with different change point priors mg and suboptimal de-
noising functions such as soft thresholding. Figure 9 demonstrates the favourable runtime
scaling of AMP over DCDP with respect to p, due to the LASSO computations involved in
DCDP.

Compressed Sensing with Change Points In Figure 4, we consider noiseless com-
pressed sensing, where the signals {ﬁ(i)}@'e[n} are rotated versions of a (255,255) sparse
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(a) Comparison with DPDU, DCDP and DP for sparse (b) Comparison with charcoal and McScan for a
prior Pz = 0.5N(0,6I) 4+ 0.5d0. L* = L = 3. Run- sparse difference prior with sparsity level 0.5. L* =
time shown is the average runtime per set of CV L =3.

parameters.
Figure 3: Linear model with sparse or sparse difference signal prior.
Rotated 0° Rotated 30° Rotated 45° =
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Figure 4: Top: Ground truth images (first row) and reconstruction from AMP (second row)

at § = 0.75. Bottom: Approximate posterior vs. fractional change point locations
for different 9.

grayscale image used by Schniter and Rangan (2014). The fraction of nonzero components
in the image is 8645/50625. We downsample the original image by a factor of three and flat-
ten, yielding an operation dimension of p = 852 = 7225. We set {B3(")}3" to be the image,
{B® 0.0, to be a 30° rotated version, and {,6(")}?:0.711 to be a 45° rotated version. We
run AMP with a Bernoulli-Gaussian prior Pg, A = n/4 and L = L* = 3. Figure 4 shows
image reconstructions along with the approximate posterior pg |yt o Z7¢,7§)(-]®t,y). The
approximate posterior concentrates around the true change point locations as § increases,
even when the image reconstructions are approximate. The experiment took one hour to
complete on an Apple M1 Max chip, whereas competing algorithms did not return an out-
put within 2.5 hours, due to the larger signal dimension compared to Figure 3a (p = 7225
vs p = 200).
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4.2 Rectified Linear Regression with Change Points

For the rectified linear model in (4) with a single change point at (0.6n), Figure 5 (right)
plots the Hausdorft distance divided by n as a function of §. We let p = 600, L = 3, Pg =
N(0,dI), o = 0.3, and average over ten trials. Similarly, Table 1 displays the performance
of AMP in estimating the number of change points in the same setup, where we vary o from
0.5 to 0.3. We observe a close match between the AMP performance and that dictated by
theory in Proposition 3. Figure 2 (right) plots the estimated posterior PE|VY (2.9 €) (@ y)
against its the limiting posterior p\i,‘vévq(zv\iﬁé)(ﬂV(f),q(Z,\Ii,s)), for the rectified linear
model with p = 600, 0 = 0.5, true change point locations at n/3 and 8n/15, and L = 3 with
a uniform prior over all configurations with two change points. We empirically observe a
match between the estimated and limiting posteriors as per Proposition 4.

4.3 Logistic Regression with Change Points

For the logistic model in (3) with change points at 0.35n and 0.7n, Figure 5 (left) plots the
Hausdorff distance normalized by n for varying §. We choose p = 600, A =n/5, and L = 3

15 02 0
with a uniform prior over all valid configurations. We let P = N[ 0, (0.2 15 0
0 0 15

We observe a close match between the AMP performance and that dictated by the state
evolution theory in (31).

Table 1 displays AMP’s estimated number of change points |7(©?,y)| in a variety of
different settings. For the logistic model we set p to be 501 and 751, achieved by respectively
setting Pz = N(0,50-01) and P = N(0,75-6I) in our experiment. We let p = 600, L = 3,
and let the true (single) change point location be at 0.6n (L* = 2). We observe that the
average number of change points predicted by AMP is close to the truth value of 1, and
closely matches the theory from (32).

Figure 2 (middle) shows the estimated posterior p(:|®! y) from (34) and the limiting
(exact) posterior p(-|Vg, ¢(Z, ¥, €)) in the logistic model with two true change points at n/3
and 8n/15. We let p = 600, Pz = N(0,201), and subsample the domain [0, 1] by a factor of
eight. We let L = 3 and place uniform prior over all possible two-changepoint configurations.
We observe a close match with the theory in Proposition 4, and concentration around the
true change point locations as ¢ increases.

Figure 6 compares AMP with the binary segmentation algorithm proposed in Wang
et al. (2023) for sparse logistic regression. We use p = 300, A = 0.15n, and a sparse
Bernoulli-Gaussian signal prior Pz = 0.5N(0,1561I) 4+ 0.5d¢. The true change points are at
n/3 and 8n/15 with L* = 3. The hyperparameters for binary segmentation are chosen as
suggested in the source code of Wang et al. (2023). Both algorithms can take advantage of
prior information on the number of change points. In Fig. 6a, both algorithms assume a
maximum of L = 3 or 4 signals while L* = 3. The algorithms are observed to achieve similar
Hausdorff distance, with AMP enjoying a much lower runtime when assuming L = 3. Fig.
6b compares the two algorithms by assuming there are exactly 3 signals. The performance of
AMP improves significantly with larger d, both in terms of Hausdorff distance and runtime.
We recall that the algorithm in Wang et al. (2023) is tailored to sparse logistic regression,
whereas AMP can account for a broader range of signal priors.
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Logistic p = 501 Logistic p = 751

ReLU o = 0.50

ReLU o =0.30

Theory Mean Std Theory Mean

Std

Theory Mean Std Theory Mean Std

0 =0.75
0=125
0=1.75
0=225

1.00 1.10 0.30 1.00 0.90
1.00 1.30 0.46 1.00 1.20
1.00 1.10 0.30 1.00 1.10

0.30
0.40
0.30

1.10 1.10  0.70
0.80 1.30 0.46
1.00 1.20  0.60

1.00 1.10 0.30
1.00 1.00  0.00
1.00 1.00 0.00

Table 1: AMP performance when estimating the number of change points in the logistic
and rectified linear (ReLU) models. The true (single) change point location is 0.6n

(L* =2), AMP is run with L = 3.

% Theory
£ 0.11 ¢ AMP [0.35n, 0.7n]
f ¢
g ! I I Y
T 0.0 . ? .
0.75 1.25 1.75 2.25
8 =n/p

0.1
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Theory
% ¢ AMP[0.6n]
0.75 1.25 1.75
d=n/p

Figure 5: AMP performance in terms of the normalized Hausdorff distance plotted against
the theoretical predictions of Proposition 3 for the logistic (left) and rectified

linear (right) models.
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(a) Algorithms assume a maximum of 3 or 4 signals
(that is, L =3 or 4).
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(b) Algorithms assume exactly 3 signals.

Figure 6: AMP vs. the binary segmentation (BS) algorithm in Wang et al. (2023) for logistic
regression. The black plots correspond to AMP and the green plots correspond
to BS. Pz = 0.5N(0, 1501) + 0.509, L* = 3.
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Inferring Change Points in Myocardial Infarction Data We consider the Myocar-
dial Infarction (MI) complications data set from Golovenkin et al. (2020), which contains
the medical information of n = 1700 patients (samples) with MI complications. Each sam-
ple has p = 111 medical features such as age, sex, heredity, and the presence of diabetes.
The data set also contains 12 binary response variables for each patient relating to the
state of the patient’s overall heart health, indicating the presence of complications such as
‘Atrial Fibration” and ‘Chronic Heart Failure’ (CHF). We investigate the relation between
the binary CHF response variable and the features of each patient, using the logistic model.
We sort the data by age in the range 26 — 92 and exclude age as a feature, with the aim
of determining whether the relationship between the response and the features changes
markedly at a certain age. We whiten the age-ordered n x (p — 1) feature matrix, replacing
missing values with interpolated estimates. We set L = 2, A = n /500, and select the signal
prior Pg =N <O, {3} 4 3{4]> independently of the data. For mg we first specify a uniform
prior over the number of change points (0 or 1 change points with probability % each); we
then define a uniform prior on the change point location for the case of 1 change point. We
compute the estimated posterior p(1|@%, y) from (34), reporting the existence of a change
point with posterior probability close to 1. Assuming one change point, we plot the esti-
mated posterior over all possible single change point locations in Figure 7 (left). The plot
displays strong concentration of the posterior within the age range 55 — 75, attaining its
maximum value at age 66. This indicates the existence of a change point in the age range
55 — 75 in how the presence of CHF relates to various medical features such as heredity,
sex, and diabetes. This is consistent with findings in the medical literature, where older
patients with the presence of CHF (aged > 75 years) were found to be more often female,
have fewer cardiovascular diseases, and have fewer associated risk factors than patients with
CHF aged 55 years or less (Stein et al., 2012; Azad and Lemay, 2014; Tromp et al., 2021).

We further validate our findings by running fo-regularised logistic regression separately
on the data samples before and after the age of 66. The resulting estimated parameter
vectors are named ‘Estimated Vector 1’ and ‘Estimated Vector 2’ in Figure 7 (right). We
apply class weighting to the loss function to mitigate the effect of class imbalance, and
use b-fold cross-validation to select the regularisation constant. We observe from the plot
in Figure 7 (right) that the found regression vectors differ significantly, with a correlation
coefficient of 0.09, yielding further evidence for a possible change in the underlying data
generating mechanism before and after age 66. Moreover, we observe that the squared
sum of the coefficients of ‘Estimated Vector 2’ (1.9) is significantly smaller than that of
‘Estimated Vector 1’ (5.9), a finding that is consistent with the observation that traditional
risk factors provide less combined evidence of heart failure risk in elderly patients (Tromp
et al., 2021).

5. Discussion
In this work we proposed an AMP algorithm for regression with change points. The al-

gorithm can efficiently incorporate prior information on the change points, and its state
evolution characterization gives rigorous asymptotic guarantees on estimation accuracy. It
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Figure 7: Change point posterior p(:|@®?, y) with respect to age in the Myocardial Infarction
data set (left), coefficients of both regression vectors estimated using samples
before and after the age of 66 (right).

also allows to quantify uncertainty in the change point estimates via a computable posterior
distribution.

In principle, the choice of change point prior could significantly affect the performance
of our proposed algorithm—for example, the performance would be poor if we choose a
prior that assigns very small probability mass to the true change-point locations. However,
our experimental results indicate that an uninformative prior (uniform on both the number
and locations of the change points) consistently gives good performance across a range
of settings. The algorithm also uses priors on the signal B and the measurement noise
e to tailor the AMP denoising functions f?,¢*. A misspecified prior on € or B would
lead to choices on f?, ¢’ that are suboptimal, but we emphasize the algorithm and the
theoretical guarantees remain valid: the performance of the algorithm is characterized by
state evolution parameters, which in turn depend on the denoising functions used within
AMP. Figures 3, 4, 6, 7, 8 illustrate the robustness of our algorithm to lack of exact
knowledge about signal or noise priors.

A limitation of our method is that the AMP algorithm and its theoretical guarantees
are derived assuming that the covariates are i.i.d. Gaussian. We discuss below how this
assumption can be relaxed in certain settings, along with other directions for future work.

Non-Gaussian Design Based on recent universality results for AMP (Wang et al., 2024),
we expect that our algorithm and theoretical guarantees will apply to a broad class of i.i.d.
designs. We also expect that our approach can be generalized to the much broader class
of rotationally invariant designs, for which AMP-like algorithms have been proposed for
regression without change points (Ma and Ping, 2017; Rangan et al., 2019; Takeuchi, 2020;
Pandit et al., 2020).

Gaussian Design with General Covariance In the setting where X; bid N(0, X) for

i € [n] and for some covariance matrix X € RP*P, we can write X; = X'/2X;, where
X, N(0,I,) for i € [n]. The model (1) can then be equivalently written as:

yi = q((X)T (=289, ), i=1,...,n,
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where X € R™ P is now our effective design matrix composed of stacked rows (X,;)T,
and 1280 is our effective signal. If ¥ € RP*P is known or can be approximated with
reasonable accuracy, the user can run the AMP iteration (6) with X in place of X. Since
the entries of X are i.i.d. Gaussian, we can apply Theorem 1 to this iteration to obtain
guarantees on the accuracy of change point estimation (via Proposition 3) and guarantees on
the recovery of /2B (via Theorem 1). Because X is known, this also gives us guarantees
on the recovery of B.

The more realistic setting of unknown ¥ is challenging, and developing effective AMP-
like algorithms for this case is an interesting open question. One idea is to use weighted
versions of standard convex estimators for high-dimensional regression such as LASSO or
M-estimators, where the weights can be chosen to encode prior information on change point
locations. By leveraging the connection between AMP and convex optimization (Section
4.4 of Feng et al. 2022), it is possible to analyze such convex estimators under unknown
covariance X, as in (Zhao et al., 2022).

Design with Temporal Dependence Xu et al. (2024) recently studied the problem
of change point detection in linear regression with temporally dependent data, where the
rows of the design matrix X form a high-dimensional time-series. An AMP framework
has recently been proposed for linear regression when the data are generated from a high-
dimensional time series (Tieplova et al., 2025). Using this framework to generalize our
change point AMP to temporal dependent data is a promising direction for future work.
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Appendix A. Proof of State Evolution

The proof of Theorem 1 relies on a generalization of Lemma 14 in Gerbelot and Berthier
(2023), presented as Lemma 5 below. Let Wy € RV*@Q be a matrix such that | W, Wo|| /N
converges to a finite constant as N — oo, and let A € R¥*N be a symmetric GOE(N)
matrix, independent of W{. Then Lemma 14 in Gerbelot and Berthier (2023) gives a
state evolution result involving an AMP iteration whose denoising function takes as input
the output of the generalized linear model @(AW}), where ¢ : RVX? — RN, Lemma
5 generalizes Lemma 14 of Gerbelot and Berthier (2023) in two ways: i) it allows for the
inclusion of an auxiliary matrix 2 € RV*/= 5o that the generalized linear model in question
is of the form (AW, E), and ii) the state evolution convergence result holds for pseudo-
Lipschitz test functions taking both the auxiliary matrix & and AW} as inputs.

We extend this lemma by considering an independent random matrix 2 € RNV*L=,
serving as input to a set of pseudo-Lipschitz functions ¢ : RV x(@+Ll=) — RN, We then
analyze a similar AMP iteration whose denoising function f* takes p(AWy, =) as input
instead of p(AWY)), initialized with an independent initializer X° € RN*? and M~! :=
0 € RVXQ:

Xt+1 — AMt o Mt—l(bt)T c RNXQ, (36)

M! = (o (AW, B), X1 e RVX@ (37)
1 L aft

b = x7 (¥ (AW, E) . X € ROXQ, (38)
=1 ?

Our result in Lemma 5 presents an asymptotic characterization of (36)—(38) via the
following state evolution recursion:

VO, 190 = 07 (39)

1 - -
0.0 . 0 ON\T £0 0
O — lim — (X X !

r NgnooNf( ) XD, o

1 -
1 . T = —1 %

s Y B )],
1[N

ﬁt+1 — ]\}gnoo NE Z; 811,]0; (ZWm ZWOPI_/[}OVt + VV()I)tL —+ Zt7 E) ; (42)

=

Ht+1,s+1 _ I{S+1’t+1

. 1 ; _ _ . _ T

= ]\}gnoo NE |:(fs (QD(ZWUa ‘=‘)7 ZWopV[}OVS + VVOVS + ZS) - WOPW}OVSJFI)
(]Zt (@(Zwov E‘)a ZWOP‘}}Oyt + WOI)t + Zt) - Wopﬁ}ovt-i_l)} )

(43)

where pw, = limy_ o W Wy, and for i € [n] we have (Zw,); i N(0, pw,). For

i € [n],0 < s,7 < t, we have that (Zwy,); is independent from (Z°); AN (0, k**) with

Cov((Z9)i, (Z7)i) = k7. In (42), we let It (z,u,v) = fYo(z,v),u) and we let Oy, f}

denote the partial derivative of f! with respect to the i-th row of its first argument. We list
the necessary assumptions for characterizing this AMP iteration, followed by the result:

22



INFERRING CHANGE POINTS IN HIGH-DIMENSIONAL REGRESSION

Assumptions.

(B1) A € RN isa GOE(N) matrix, that is, A = G+G " for G € R¥*N with i.i.d. entries
Gij ~N(0,1/(2N)).
(B2) For each t € Nug, ft: (z,u,2) — fi(p(z,E),u) is uniformly pseudo-Lipschitz. For

t
each t € Ny and for any 1 <i < N, (u,z) — g;}'i (p(z,E),u) is uniformly pseudo-

Lipschitz. The function fo : RVXQ  RNXQ js yniformly pseudo-Lipschitz.

(B3) The initialization X° is deterministic, and || X°||r/V'N, W, Wo|2/N, |E|lr/V N
converge almost surely to finite constants as N — oo.

(B4) The following limits exist and are finite:

. L2050\ T 00 %0 LT A0 50
Jim PO TRXO), T W X0,

(B5) For any t € Ny and any k € 55, the following limit exists and is finite:
1 - -
lim ~E /(X" f(p(2,8),2)|
Jim B [(X)T (o(2,5), 2)
where Z € RVX? Z ~ N (0,k @ Iy).

(B6) For any s,t € Ny and any k € S;’Q, the following limit exists and is finite:

1 . -

lim —E|[f*(p(2°,8), 2°) f(¢(2",8), 2")|
N—oo N
where (Z°, Z) € (RVX@)2(Z% Z") ~ N(0,k @ Iy).
Lemma 5 Consider the AMP iteration (36)—(38) and the state evolution recursion (39)—
(43). Assume (B1) — (B6). Then for any sequence of functions ®py : (RN*@)®(+3) 5
RV>*L= 5 R such that (X',..., X', V) = &n(X, ..., XY, VW, E) is uniformly pseudo-
Lipschitz, we have that:
By (X0, X7, .., X', AWy Wy, E) =
Ezlw-wztyZWO [(I)N (XO’ ZWopx_/[}ol/l + W[)])t + le ceey
Zvwopy V' + Wb + Z¢, Zywy; Wi, E)] L (44)

Proof The main differences between the AMP result in Gerbelot and Berthier (2023) and
our characterization are: 1) the ¢ function is allowed to depend on an auxiliary random
variable 2, 2) the test function ®y is allowed to depend additionally on AW, and on
the fixed parameters Wy and E. Assumption (B2) guarantees that f! maintains the same
required convergence properties despite modification 1).

We now address modification 2). Since E and Wj are fixed and (X°,..., X", V)
O (X0 XL .., X V; Wy, E) is assumed to be uniformly pseudo-Lipschitz, these can be
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included in ®x and the right hand side of (44) is unaffected. We now present the argu-
ment for why AWj can be included as in input to ®5 on the LHS of (44), and yield a
corresponding input Zyw, on the RHS of (44). Consider the following “augmented” AMP
iteration, initialized with X290 .= [X? X9] ¢ RNVN*2Q and M*9—1 .= 0 € RV*2Q:

Xaug,tJrl _ AMaug,t _ Maug,tfl(baug,t)—r c RNX2Q , (45)

Maugt faug7 ( aug (AW(()IUQ, E) 7)(aug,t) e RNXZQ , (46)
afaug7

paugit — ~ Z Xaug PMI (AW B, X oty € R2@x2Q (47)

In the above iteration, we define W™/ = [W, W;] € RN*2Q 09 (AW B) :=
(0 (AW, B) ¢ (AW, B)] € ]RNXQQ. Letting X1, X+ ¢ RNXQ take on the defini-

tion
[Xt+1 X‘t+1] . Xaug,t+1
and defining;:

frrot (o (AW, Z), X91) = [l (AW, B), X') €/(X")

for some uniformly pseudo-Lipschitz function £(X 1) with £9(X?) := W, we obtain that:

M*™9t = [M* M!] (48)
bt 0

aug,t __

o= [0 ). (49)

where M? and b' are quantities from the initial iteration (36)-(38), and * denotes an
unspecified matrix in R®*?. We therefore have that the first Q columns of the matrix
iteration (45)—(47) are equivalent to the original iteration (36)—(38). The last ) columns of
the augmented iteration will be used to incorporate AWj.

For t > 1, let (X““g’t)[:7:Q}, (X““g’t)[:g:] denote the N x ) matrices composed of the

first @ columns and of the last @ columns of X9 respectively. Let p := %WOTWO, and

for t > 1 define the following random variables, independent of all else: (Zwy,); i N(0, p)

and (Z'); vid N(0, k't) for i € [n]. We compute the state evolution equations associated
with the augmented AMP iteration for t = 1, outlined in (C.25) — (C.28) of Gerbelot and
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Berthier (2023), to obtain:

1 W, - 1
aug,l __ = 0 0 0 0 0 B p
vt = tim v | [ [P @] =[2 8],
1
~aug,l v- 0
Y [0 0]’
K.}aug,ll — lim —
N—o0
T
E {fo( 0(Zwy, B), Zw,p~ v + Wbt +Zl)} {WO}T[prl 0 }
WO WO 0 IQXQ

({f@( 2(Zw,, B), Zw,p~ 'V + Wop! +Zl>} {Woﬁp—lul 0 D]

Wy
kb0
[ )
Applying Lemma 14 in Gerbelot and Berthier (2023) to the pseudo-Lipschitz function

(i)N (Xaug,l’ B 7Xaug,t) = (I)N ((Xaug7l)[:,:Q]v ceey (Xaug7t)[:,:Q}7 (Xaug71)[:,Q:]) 5

we obtain:
oy (X',..., X", AW))
N ( Xaug, )[:,:Q]7 sy (Xaugﬂ:)[:,:Q]? (Xaung)[:,Q:])
= by (X0l xous)
~ -1,,1 0
g EP N <[ZWO ZWO] |:P OV IQXQ:| + [WO W()] Houg,l [ 0] ,
B .
ez [P0 e wae )
= E(i)N ([Zwop_ll/1 + ‘/‘/()191 + Z! ZWO] ey
P lut 0 ~au, t
(2w, 2Zw] |7 Tovo| (Wo W] o
= E(PN (ZW0p_1V1 + Woﬁl + Zlv ) ZWop_lut + WOV + Zt) ZW()) )
and the result follows. [ ]

We next present the main reduction, mapping the AMP algorithm proposed in this work
(6) to the symmetric one outlined in (36)—(38).

Proof [Proof of Theorem 1| Consider the change point linear regression model (1), and recall
that it can be rewritten as (5). We reduce the algorithm (6) to (36)—(38), following the
alternating technique of Javanmard and Montanari (2013). The idea is to define a symmetric
GOE matrix with X and X' on the off-diagonals. With a suitable initialization, the
iteration (36)—(38) then yields B'*! in the even iterations and for ®* in the odd iterations.
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Let N = n+ p. For a matrix E € RV*L_ we use E(, and E|_}, to denote the first n
rows and the last p rows of E respectively. Recall from (6) that X € R"*?, B, B' ¢ RP*L
and ® = XB,©! ¢ R™. and n/p — § as n,p — co. We let

/0 |Di X _ 0pxr NxL 0 |Onxr

where Dy ~ GOE(n) and V6D ~ GOE(p) are independent of each other and of X. Let
E:=[¥ e] € R and define

1
v: (W, E)r—>q< 5—(15_ Wi, ¥, E)ERN, (51)

for any W € RVN*E. We therefore have (AW, E) = ¢ (X B, ¥, €). Let

ftIRNXLXRN—)RNXL

such that
fth( (AW, E), /5+1 [ (XB,W¥, e))] and
pXL (52)
F2ot + n><L
f (SD(AW07 7 \/ 5 |: U :|
[~ p]
for any U in RV*L,

Next, consider the AMP iteration (36)—(38) with A, Wy, X%, &, ¢, f* defined as in (50)—
(52). Note that the assumptions (B1) — (B6) are satisfied by construction, and hence the
state evolution result in Lemma 5 holds for the iteration (36)—(38). We will now show that
the state evolution equations decompose into those of interest, (10)—(13). First, note that

X2t+1
=(F")T
L (XN
- Xft(Xft,,p—gt—l(Xf,g1,q<XB,E>>-n<i1 X > ’ (53)
szt(XQt ])
X2t

ax2t 1

[n],i

T
B 1 &L 0N (X q(X B, E))
= XTgtfl(X[zf] 'q(XB,E)) - ftil(X[%p]Q) (n '§—1 I

=(Ct-1)T
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and hence observe that X [%]'H and X [2'5 p] Are equal to ®! and B! in (6) respectively. Define

the main iterate Q° = ZWOPW Vi Wopt+Zt e RVXE Fori € [n],let gt : (Z,V,®,€) —
gl (V,q(Z,®,€)) and let 91;G! be the partial derivative (Jacobian) w.r.t. the ith row of the
first argument. Following (39)—(43), we then have that

1 [o+1 05 L g
241 _ " m B'f!
v N ]\;I—Igo N Y & [[Oan '] [ft(QQt )” T \/;nh—wo nE { A = p])

(55)
[6+1 . 1 "QpLY)
v = — A}gnoo ~E [0rxn B'] [ Opr =0rxzr, (56)
19215-1—1 — OL I (57)
. . 6+1
2t = nh_)n;o E [Z@u =1 <\/TZWO’ QQt L €>] , (58)
2t 2s

.
.1 t—1 [ H2t—1 0+1
:TLILIEOEE g ( ] 14 TZWO,[n]a‘I’aE

s— s— o+1
g ! ( [Qn] lvq ( 5ZWO,[n]a‘II7€>>] (59)
(21251

-
.1 S+1 . _ s +1_ 1 o
= lim —F (f (Q[ o)~ 5BpB1y2t+1> (f (Q[z_p]) _ Bpg'v? +1> ’

(60)
where in (60) we used pw, = %BTB = (Si—lpB. Hence, we can associate
v = /6—;— 1}/2t+17 vl = 2, Kl = K2FL2TLls 2t (61)
a [0+1 t A 241 ¢ 2
Z=\ "5 Zwoi Ge=Zy . Gs £z, (62)
2t+1 t d 2t
Qpy Ve = Q) (63)

Substituting the change of variables (61)—(63) into (55)—(60), we obtain (10)—(13). More-
over, substituting (53)—(54) and (63) into Lemma 5 yields Theorem 1. [ |
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Appendix B. State Evolution Limits and Simplifications
B.1 Parametric Dependence of State Evolution on Signal and Noise

In this section, we give a set of sufficient conditions for the existence of the limits in the state
evolution equations (10)—(13), which also allow for removing the parametric dependence of
the state evolution on B,e. Assume (S0) on p.9, and also that the following assumptions
hold:

(S1) As n — oo, the entries of the normalized change point vector m/n converge to con-
stants ag,...,ar suchthat 0 =g <oy < - - < apx < ... < ap = 1.

(S2) Fort > 0, f!is separable, and g* acts row-wise on its input. (We recall that a separable
function acts row-wise and identically on each row.)

(S3) For £ € [L* — 1], the empirical distributions of {g}(Z1, (V§)1, ¥n,,€i) Yicpme,) and
{019{(Z1, (VE)1, Wy €0) Yiclneme,,) converge weakly to the laws of random variables
94,(Z1,(V{)h, ¥y, ,€)) and g}, (Z1,(VE)1, ¥y,, ), respectively, where 9; denotes Ja-
cobian with respect to the first argument.

The assumption (S1) is natural in the regime where the number of samples n is proportional
to p, and the number of degrees of freedom in the signals also grows linearly in p. Without
change points, f!, g' can both be assumed separable without loss of optimality (due to (S0)).
To handle the heterogeneous dependence structure induced by change points, we require
gl to depend on i, for i € [n]. However, Proposition 2 shows that it can be chosen to act
row-wise, that is, ¢/*(©',y) = ¢ (©!,y;). This justifies (S2). When g! is chosen to be
g/t for i € [n], the condition (S3) can be translated into regularity conditions on the prior
marginals mg, and distributional convergence conditions on the noise ¢;, as these are the
only quantities that differ along the elements of the sets {g;(Z1,(V&)1, Yn,, i) Yichmemess)
and {019(Z1,(VE)1, Yy, €0) Yiclnomes,) for £ € [L* —1]. Under assumptions (S0)-(S3), the
state evolution equations in (10)—(13) reduce to:

L-1

V?_I = Z E [fhtn(zl, (Vé)lv \1177276_)] ) (64)
=0
L-1
R = ST B (55, (V) a1(Z1, 0, )) 6, (V)L (21,9, 0)T] . (69)
£=0
L i
ve' = E BT (v ) B+ (GEH)T]. o

s 1 s ] » S p B
re ' = SE [( s ) B+ (GE ) - (e e 1B>

(1T B+ (@) - g TP B) T] (69

where (S2) has allowed us to reduce the matrix products into sums of vector outer-products,
and assumptions (S0)-(S3) have removed the parametric dependence on B and & due to
the law of large numbers argument in Lemma 4 of Bayati and Montanari (2011).
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B.2 Removing Dependencies on Noise on the RHS of (31) and (34)

Under assumptions (S0)-(S3) above, the parametric dependence of V¢ on the RHS of
(31)—(32) on B, e can be removed. Moreover, the parametric dependence of the RHS on €
through 7 can be removed on a case-by-case basis. We expect this to hold, for example,
under (S0)-(S3) for estimators whose parametric dependence on € is via a normalized inner
product. For example the estimator in (30) can be expressed as:

V)l Zi. VL) wls
UV, 9(2.U (). €))) = angmae ) ) ((VOw-).
PYEX n n

(68)

Indeed, the numerical experiments in Section 4 for chosen estimators demonstrate a strong
agreement between the left-hand and right-hand sides of (31) and of (34), when € on the
right-hand side is substituted by an independent copy with the same limiting moments.

Appendix C. Proof and Computation of Optimal Denoisers f,¢' and
likelihood L

C.1 Proof of Proposition 2

This proof is similar to the derivation of the optimal denoisers for mixed regression in Tan
and Venkataramanan (2023), with a few differences in the derivation of g*!. We include both
parts here for completeness. The proof relies on Lemma 6 and Lemma 7, Cauchy-Schwarz
inequality and Stein’s Lemma extended to vector or matrix random variables. Recall that we
treat vectors, including rows of matrices, as column vectors, and that functions h : R? — RY
have column vectors as input and output.

Lemma 6 (Matrix Cauchy-Schwarz inequality, Lemma 2 in Lavergne (2008))
Let A, B € R™L be random matrices such that E||A||% < oo, E||B||% < oo, and E[AT A] is
non-singular, then

E[B'B] -E[BTA|(E[AT A])'E[A" B] = 0. (69)
Lemma 7 (Extended Stein’s Lemma) Let ¢ € RV and h : RF — R be such that for
¢ € [L], the function hy : x¢ — [h(x)]¢ is absolutely continuous for Lebesque almost every
(z; 21 #£) € RETY with weak derivative Ohy(x)/0zp : RY — R satisfying E|0h(x)/0x,| <
oo. If £ ~ N(p, ) with p € RV and X € REXL positive definite, then
E|(@ - mh(@)T| = SER (@), (70)
where h'(x) is the Jacobian matriz of h.

The proof of Lemma 7 follows from Lemma 6.20 of (Feng et al., 2022).

Proof of part 1 (optimal f'). Using the law of total expectation and applying (28), we
can rewrite DG in (22) as:

[E—

1 i ZE[ (V)] = B [B ()] = tE[2 [B (7(V) V4]

(5p—>oop

- gE EBIVA] (1VE) ] = & [0 T] (1)
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where we used the shorthand ff = f}(V}h) and fi = fi*(Vh) = E[B|Vj]. Applying
Lemma 6 yields

B [50nT] - [unT e [RunT] T R [g0mT] =0 (72)
Since (23) can be simplified into

Ry = E[£00)T] - W) o v, (73)

using (71) and (73) in (72), we obtain that

Adding and Tsubtracting Et@’t on the LHS gives Rg — Rg 4+ 0 = 0. Left multiplying by
p' ((Dt )_1) and right multiplying by (&)~ p maintains the positive semi-definiteness of
the LHS and further yields

which implies
Tr <pT ((Dfa)*l)T R%t(ﬂé)*lp> > Tr (Tg) . (75)

Recall from (26) that the LHS of (75) is the objective we wish to minimise via optimal f?.
Indeed, setting f! = f*, (75) is satisfied with equality, proving part 1 of Proposition 2.

Remark 8 When ft = f*', (71) and (73) reduce to F-;t@’t =g — (0h) T p i,
Proof of part 2 (optimal ¢g') Recall from (20) that

1< =

_t4+1 . pd c

o= i S R0l (2 (Vo) 919
1=
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We can rewrite the transpose of each summand as follows:

(V6] }T

[81192 Z17 V@)h \II”Lv 5)]T

Wy {Ezl, {31192 Z1,(VH)1,9,,¢)

{ (Z1|(VE)1) ™"

By, |2, | (2~ B2 (V)] f
= E(ch))l {COV (le( 7é)1)_1

Eyziu.0 |(EZ(VO)1a(Z1, :,8)] - EIZ1(VEN]) of (Vo) a(Z1,9:,9)) | }

@ E {Cov (Z1]( 7(5)1)_1 (E [Z1|(Vé)1.q(Z1,¥4,8)] — E[Z1(

= || (76)

where (a) and (c) follow from the law of total expectation; (b) uses Lemma 7; and (d) uses
(29). In the_last line of (76) we have used the shorthand ¢! = g ((V§)1,¢(Z1,¥;,€)) and
g7 = g (VE)1,4(Z1,;,€)). Substituting (76) in (20) yields

1 ¢ 1
1 e < te T 1 (ATt
i = i Sl )= i e L. (77)
Note that since g, differs across i, gl differs across ¢ and the sum in (77) cannot be reduced.
Lemma 6 implies that

n n

o B o) Y O] I PP E G

Recalling from (20)-(21) that the limiting parameters o' = lim,_,o E [%(gt)—rg*t] and

17
B
Rgl’tH =lim, e E [%(gt)Tgt] exist, we can take limits to obtain

1
lim E [(g*t)Tg*t]
n

n—oo

~ lim E [711 (67 g ] (hm E [1( )TgtD_l lim E [i(gt)Tg*t} =0.  (79)

n—oo n—oo n—oo

(DtB+1)T (Rgl,t+l)*1 Dgl
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Left multiplying Dgl ((ﬁgl)_l)T and right multiplying (Dgrl)_l (ﬁgl)T on the LHS main-
tains the positive semi-definiteness of the LHS to give

1 -1
A ()T i e | Lo ) e T o (R ) o) o,

::1"§r1
(80)
Moreover, since for positive definite matrices I'y and I'y, I'y — 'y 3= 0 implies 1"1_1 Iy <o,
we have that
[(Dg—l)—l]TRgl,t—&-l(Dgl)—l o Fg—l - 07 (81)

which implies
Tr ([ )R T ) ) = T (D).

Recall from (27) that ¢' is optimized by minimising Tr ([(Dgl)_1]TR§1’H1(D§1)_1). In-
deed, by choosing g* = g¢*!, the objective achieves its lower bound, which completes the
proof.

t+1 _ —t+1t41
B .

Remark 9 Note setting g' = g*' leads to v = kg

C.2 Computation of the Optimal Denoiser g*!

In this section, we compute the optimal denoiser ¢*' for the linear, logistic, and rectified
linear models. We shall use ¢(x; u, ) to denote the probability density function (PDF)
of N(, X) evaluated at . We use ¢(z) to denote the PDF of a standard scalar Gaussian
N(0,1) evaluated at x, and ®(x) to denote its cumulative density function (CDF) up to z.
For a generic random vector U, with a slight abuse of notation we will use P(U = u) to
denote its density evaluated at u. We begin with the following standard lemmas as useful
preliminaries.

Lemma 10 (Conditioning property of multivariate Gaussian) Let x € R" and y €
R™ be jointly Gaussian, with

y “y ’ Ty Yy .

H:“x+zxy2y_l(g_”y)v zzzx_zryzglzly-

Lemma 11 (Conditioning property of Gaussian mixtures) Let I' ~ 7p be a cate-
gorical variable supported on [1,2,...,K|. With x € R" and y € R™, suppose

T Mk x Yk xs 2k xy:|> .
~ N 1, : ’ if T =k. 82
[?J} <[%y] [EKW Ly / (82)

Then, with T" is independent of x,y, we have

2521 mr (k) (yo; Mk, y» Ek,y)E[w |y =yo,I' = k]
Elx |y = yo] = 2 : (83)
’ Zé{:l Wr(k)¢(y07 p‘fg’yv Efw)
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C.2.1 COMPUTATION OF ¢g* FOR LINEAR REGRESSION

Assume Gaussian noise £ ~ N(0,02). Using (24), we have

Z ] t t [ P 17%9} t _t\T —1-t _tt
— ~ Nor(0,I"), where I :=| _ , Xy = (v Vg +Kg. (84
[(Véh 21 ( ) (Vé)T Eﬁ/ v=We) p Ve o (84)
Vi] and Cov(Z1|(V4)1 = Vi), the first

Lemma 10 then gives the formulas for E[Z1|(V{)

and last terms of g}* in (29):

Cov(Z1|(VE)1 = Vi) = p— ()T (E4) " b (85)

When f! = f*, we can use the simplifications in Remark 8 to obtain:
Cov(Z1|(V§)1 =Vi) =p—pg and E[Z1|(VE)i=Vi=V,

We now calculate the middle term E[Z1|(V§)1 = Vi, q(Z1,¥;,8) = u;] of gi* in (29).
Recalling from (5) that q(Z1, ¥;,&) = (Z1)g, + & where Z1 ~ N(0, p), we have

E[Z1q(Z1,V;,8) |V; = (] = E[Z1(Z1)d) = pp..g,
Elq(Z1,9;,8) |¥; = (] = B[(Z1)] + & = pes + 02, (86)
E[(V&)14(Z1,0:,8) |U; = 0] = B[(Zp~ ' 05 (Z1)d] = (85) o oy = (#6)i)

)

which implies that conditioned on ¥; = ¢,

_ T

Xy ((Vfa)[&:]) . (87)
(Po)i,] P+’

1 ¢ t
Yo | ~N 0,X"), where X :=
421, e)} 1 (0.3)

Conditioned on ¥; = ¢ the random variables (Z1, (V§)1,q1(Z1, Vi, &)) are jointly Gaussian
with zero mean and covariance matrix determined by (84)-(87). Applying Lemmas 10-11

[ (Vé)

on these jointly Gaussian variables, we obtain:

B2 | (Vo) = Vi 21, 502) = ] = > s, (0 At(@,uz-,e>.£1'<§fi,ui|f>7 (58)
> i Ty, () L1(Vi, ui]l)
where g, 1 £ 3 .- Mg (%) denotes the marginal probability of U;, and
£l = o (| V] 0.3). (%9)
M (Vi,ui, 0) :=E[Z1 | (VE)1 = Vi, 1(Z1,94,8) = ug, ¥ = {]
(90)

_ 1|V
=[P pral (=77 [u] eR".
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C.2.2 COMPUTATION OF ¢g* FOR LOGISTIC REGRESSION

The only term in the expression for g** in (29) that differs from the linear regression case,
and therefore needs to be re-computed, is E[Z1 | (V)1 = Vi, ¢(Z1,9,,¢) = w;]. For k € [L],
we can write

iy, Y U, 2) = wl| = Zleﬂ-\fli(g)xt(‘/i’ui?g)
Bl (Van = Ve a4 =] = S

where
L1(Vi,ull) =P (VE)1 = V;,4(Z1,94,8) = w; | ¥; = 1), (91)
~ w — — —
N (Vi ui 0) = / 2P ((Z0)k=2,(Vd)1 = Vi, ¢(Z1,94,8) = u; | U; = {) dz. (92)

In the rest of this subsection, we provide expressions for £1(Vi, u;|¢) and X (Vj, ug, 0). As
preliminaries, we adopt the following shorthand for ¢ € [L]:

pe = (Vi) = (BLZ1(V) = Vi), . o0 = 0u(Vi) i= \[[Cov(Z1] (V)1 = Vi), (99)

where the quantities on the right are defined in (85). We also recall from (85) that condi-

tioned on (V&)1 = V;,
23] - (] (@),

where
_ _ T
Cov((Z) (Z1) ) - [Pkk PkZ] B l/fa[k,;] (Et )71 Vfa[k,;] o [U% )\M]
R Pre P Vo] v V0. e o2

Applying Lemma 10, this implies that conditioned on (V)1 = V;,

(Z)k | (Z1)e~N (Mk|6702|g) ;

where
by, 2
e = ik + 5 (Z0)e =) o =0 — 25 (94)
Oy Oy

We will also use Lemmas 12-13 below to avoid intractable integrals in the sequel.

Lemma 12 (Logistic approximation, Section 4.5.2 in Bishop (2006)) The logistic
function '(2) in (3) can be approzimated by a standard Gaussian CDF as:

™

((2) = ®(v2), where = 3 (95)
Lemma 13 (Useful Gaussian Identities, Table 1 in Owen (1980)) It holds that
o a
P(a+bx)p(x)dr = , 96
[ o+ om0 2s) 0
o b a
2®(a + bzx)op(x)dx = . 97
/oo ( o) \/1+b2¢<\/1+b2> 0

We will compute Xt(Vi, u;, £) in the k = £ and k # ¢ cases separately.
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Case 1: k= /(. We can rewrite the probability inside the integral in (92) as follows:

P ((Zl)e =% ( _(-t))l =V Q(Zla‘I’i,g) = U | ‘I’Z = f)
P (Vo)1 =Vi)P((Z1)e =2 | (Vé)h = Vi) P (¢(Z1,%4,8) = ui | (Z1)¢ = 2,¥; = ()
= ¢(Vi; 0, 2y)¢(2; e 07) [L{ws = 13 (2) + Ly = 011 = ¢ (2))] , (98)

where we recalled from (3) that P (q(Z1, ¥;,&) = 1| (Z1)¢ = 2, ¥; = £) = ((2). Substituting

(98) into (92), and applying Lemmas 12-13 yields

(Vi ui, €) = ¢(Vis 0, 5%) {1{u; = 1} [m02d(rupe) + pe® (rope)] +
1{u; = 0} (e — 1007 D (Tepse) — pe®(Tepae)] }

where 7, = v/4/1 + 7207 with v = \/7/8 as defined in (95).

Case 2: k # (. We rewrite the density inside the integral in (92) as follows:

P ((Zl)k =2, (Vi) =V;, ¢(Z21,9;,8) =u; | ¥; = E)

= [PV = VP (Z1)e =5 | (V8): = VI P (a(Z1. %1.8) = us | (Z0)e = .%: = 0

P((Z)k = 2| (Z1)e=5,(V)1 = Vi) ds
= 6(V;:0,5%) / " Ot 0?) [1{us = 1)) + 1 = 031~ ¢'(5))] & (=2 e oy ) .
- (99)

Substituting (99) into (92) and applying Lemmas 12-13 yields

XN (Viyui, €) = (Vi 0, 58) {1{u; = 1} [Neereod(ropae) + pu® (repae)] +
L{u; = O} [pr — Meemed(Tepe) — p®(Tepee)]} -

Finally, to compute £1(V;, u;|¢), we sum over z in (98) and apply Lemma 12 to obtain
L1 (Vi uill) = 6(V;; 0, 2y) {1{ug = 1}@(rpe) + L{ur = 0}[1 — S (7epa0)]} - (100)

C.2.3 COMPUTATION OF ¢g*' FOR RECTIFIED LINEAR REGRESSION

Similar to Appendix C.2.2, the only term in the expressions for g*! that differs from linear
regression, and therefore needs to be re-computed, is E[Z:1|(VE)1 = Vi, ¢(Z1,;,€) = uy).
We will express this term using a binary auxiliary variable

Q:=1{(Z1)¢ > 0},

which indicates whether the data are generated through the sloped part or flat part of
the rectified linear unit, conditioned on ¥; = ¢. In many parts of the derivation, variables
depending on 2 exhibit truncated Gaussian distributions. We begin with some useful results
on these distributions.
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Lemma 14 (Useful truncated Gaussian identities) Consider the truncated Gaussian
variables X+ and X~ with probability densities

1 02) = ;. 0°) T N o(w; p,0%)
It holds that
+1 ¢(0;M7U2) -1 __ _ ¢(O;/’L702)
I 177 R - Yy
and it follows that:
¢t (w5 p,0) (25, 7%) = (21,07 + TQ)MW(JU; s 02,
where 1, = Zﬁiﬁf and 0% = U‘Zi:jg.

Equipped with the definitions and lemmas above, we can write for k € [L],

L Nt
- g, (£) Nk, Vi, us, £, w
[(Zl)k | ( )1 _ ‘/;,q<Z1,\I’Z,€) - Uz] _ Ele ZwE{U,l} \I’z( )~ ( _ )7
>oi1 2aefony Ty, (0) L1(Vi, ui, @)

where

L1(Vi,uj,wll) =P (V)1 = Vi, q(Z1,94,8) =u;, Q =w | U; = 1),

Xt(ka %,’U,Z’,E,W) = / zP ((Zl)k =z, ( 7C~t))1 =V, Q(Zla \I/“é:) =u;,Q=w | \IJZ = E) dz.
(101)
In the rest of this subsection, we provide the expression for the terms £1(V;, u;, w|f) and
Nk, Vi, u, 0, w) for w = 0 or 1, respectively.
Case 1: Q =0. This implies that (Z1), < 0, and ¢(Z1, V; = £,2) = max{(Z;)s, 0} +& = &.
Using the law of conditional probability, we have
L1(Viui, Q= 0[0) =P (V{1 = Vi) P(Q =0 (V)1 = V;, &5 = ) -
P(q(zl,\@i,é) = U, ‘ (Vé)l =V;,Q2=0, \I/ E)
= ¢ (Vi;0,2%) @ (—pue/0¢) ¢ (ui30,0%) (102)

where X, is defined in (84), and jy, 0y in (93). To evaluate Xt(k:, Vi, ui, ¢,w), we consider
the k = ¢ and k # ¢ cases separately.

Case la: Q2 =0,k =/. The density inside the integral of (101) can be rewritten as
P((Z1)e =2, (V)1 = Vi, q(Z1,94,8) = u;, Q=0 ¥; = ()
=P(Voh=V)P(Q=0[ (Vo)1 =V;, Wi =1)-

(Z)e=2](VEh =Vi,Q=0,T; =)
(9(Z1,9;,8) = u; | (Z1)e = 2,(VE)1 = V;, 2 =0,¥; = ()
(Vi;0,25,) @ (—pue/00) ¢ (23 e, 07) (w5 0, 0%). (103)
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Substituting (103) into (101) and applying Lemma 14 yields

005 e, o7)
CD(—pue/ov)

Case 1b: Q = 0,k # ¢. Similar to (103), the density inside the integral of (101) can be
rewritten as

Xt(k =0, Vi, uj, 0,Q2=0)=¢ (VZ-; 0, E%,) D (—pp/op) | pe — H(ui; 0,02).

P((Z1)k =2, (Vo)1 = Vi, 0(Z1,9,8) =u;, Q=0 | ¥; = ()
=¢(Vi;0,3%) @ (—pe/a0) P ((Z1)k = 2 | (V&)1 = Vi, @ =0,T; = ) $(u;;0,0°).  (104)

To evaluate the second last term in (104),we apply the law of total probability to obtain
P((Z)k=2](Voh =Vi,2=0,¥; =)

= /IP’ ((Z1)e = s/(V&)1 = Vi, (Z1)e < O) P ((Z1)k = 2[(Z1)e = 5, (V)1 = Vi, (Z1)e < 0) ds

= [ iot)o (w5 oty) s (105)

where pi)¢, Uzlf are given by (94). Substituting (105) into (104) then into (101) and applying
Lemma 14 gives

Nk #£ €,V u;, 0,0 = 0)
=¢ (Vi;0,5%) @ (—pe/o) ¢(uz‘;0702)/¢(S;/M,U?)Muds

A 0; pg, 2 A
:¢(V2;072§/)(I)(_ME/UZ)QZ)(UZ'QO,U2){O_lz;[HZ—UZW}ﬁ- k Ui;,ug}.

Case 2: Q = 1. In this case, (Z1)y > 0, and ¢(Z,V; = £,8) = (Z1)¢ + &. Applying
Lemma 14 yields

P(q(Z1,9:,8) =u; | (Vo) = Vi, =1, =)

= / (I)(,uﬁ*/o-f*)
=P((Z =u; | (V{1 = Vi, (Z1)0 2 0) = ¢(ui pug, 07 + 0%)——-—= 106
(( 1)f+8 Usg | ( @)1 l?( 1)Z = ) ¢(uz,l%ae +o ) (I)(,uz/Cfe) ’ ( )
where
2 2 2 2
U0y + o 9 0,0
= 55 . = . 107
e 0%4—02 Oy 0?4—02 ( )

Using (106)—(107) and the law of conditional probability similarly to (102), we obtain
L1(Viyui, @ = 1)) = ¢ (Vi; 0,2Y) ¢ (uis pe, 07 + 07) @(paes /002 (108)

Next, we evaluate \(k, V;,u;,£,Q = 1) for k = £ and k # ¢ separately.
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Case 2a: Q2 =1,k =/. Analogously to (103), we apply the law of conditional probability
and Lemma 14 to obtain

P((Zl)gzz (Vé) :‘/’iaQ(ZL\IIi,g) :ulagzl ‘ \PZZE)
= (Va0 3) @ (e for) 6 (25 1 02) b 2, 0%)
- ¢ (‘[Lvo 2V) (u27/1’€70—[ +o ) (,U/f*/o_é*) Z ,u'f*uo—l?*) (109)

Substituting (109) into (101) and applying Lemma 14 yields
Nk =0,V u;, 0,0 =1)

=¢ (V;, 0, 2tV) ¢ (ui; e, U(? + 02) (I)(ME*/UE*) |:;U'€* + O

d’(o;ﬂz*,w*)] . (110)

(b(:u’@*/o—@*)

Case 2b: Q = 1,k # ¢. Following the same steps as (104)—(105) and applying Lemma
14, we can write

P((Z1)k =2 (V&)1 = Vi, a(Z1,9,8) = u;, Q=1 ¥; =)
=¢(Vi;0,5y) ® (1e/o0) /d> S; e, 07 ) & (Z Mk|£aak\e> o(ui; s, 0
= ¢ (Vi;0,2Y) ¢(ui; pe, 07 + 0 )‘I’(M*/W*)/d) (3 pigw 07,) & (Z;Mk\zaffz%w) ds  (111)
where g, and JZ| , are defined in (94), while . and o7, are defined in (107). Substituting
(111) into (101) and applying Lemma 14 gives
Nk 0,V ui, 0,0 =1)
= 6 (Vi0,24) 0lusir, oF + 0*)8(pesfo1e) [ 6" (sipresof) [ 20 (55 e ) s

= ¢ (‘/;a 07 Et‘/) Qb(Uw He, O-l? + 02)@(/1’@*/01*) /¢+(87 ot s O’?*)Mk|g ds
= ¢ (V;;0,3%) é(ui; e, 07 + 02)®(pew/0es)

A 0; *,02* A
{ o [,ue* + 5*7(;5( P 71 )] + pr — kgzﬂz}.
U[ (:U’Z*/UZ*) 0y
(112)

C.3 Computation of the Likelihood £

Recall from (33) that £ represents the likelihood of (V{,q(Z,¥,€)) given ¥ = 1), where

Vg, Kl are computed as in (10)—(13) with 1 substituted for ¥. Under the assumption that

& ved N(0, 0?) for some o > 0, the likelihood can be computed in closed form in the case of

hnear regression as follows:

L _ , T
LV ulg) =[] ¢ ({V] 0,3, ) where 3, = |(V0) P7Vo t K5 ((Vo)pw.)
' (V@)Wi,!] Py 0
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In the cases of logistic regression and rectified linear regression with &; i N(0,0?), the
o . _ bt
likelihood £ can be computed by letting 3%, := W) T p Wl + K&,

e = (Vi) == (E[Z1]| (V)1 = Vi), o =0y(Vi) = \/[COV(Zl‘(Vé)l = W)]ﬁ,w
in (100), (102), (108).

Appendix D. Proof of Propositions 3 and 4
D.1 Proof of Proposition 3

Proof Recall that a signal configuration vector ¥ € X is a vector that is piece-wise constant
with respect to its indices ¢ € [n], with jumps of size 1 occurring at the indices {W}f:*l_l.
Without loss of generality, we assume W is also monotone (otherwise, any non-distinct
signal can be treated as a new signal having perfect correlation with the first). Recall that
n € [n]L*_l is the change point vector corresponding to W, that is, n = U~!(¥), and that for
i € [n] the distance of 7; to a change point estimate 5 € [n]=~! is defined as d(n;, {1 f;ll) =
ming oo [ — sz We then have that d(ni, iy }t) < [U(n) = UG)[3 for all

i € [L*—1], and similarly d({m}gfl, 7;) < [[U(n)—U(R)||% for all j € [L—1]. This implies
that dy(n,n) < |U(n) — U®)|l%.

We first prove that (0%, XB) +— dy(n,n(0% ¢(XB,¥,€))/n is uniformly pseudo-
Lipschitz. Consider two sets of inputs, A1) := [(@t)(l) (XB)(l)] e R"2L and A .=
[(©)@ (XB)®)] € R™2L and let H(AY) := 7 (©HWD, ¢(XB)Y, ¥, ¢)), R(A?) :=
7 (0, ¢((XB)?,¥,¢)). We then have that:

1

= |di(n.2(AD)) = dus(n,(AD))]

<~ di(A(AD), 7(A®)) (113)
< ~UGAD) - U(A(A®)) (114)
< Lo UHAY)) = V(D) ¢ (115)

for some constants C' > 0,7 > 1. Here (113) follows from the reverse triangle inequality
for the metric dg, (114) follows from the argument in the paragraph above, (115) follows
from the fact that X C [L]", and (116) follows from the pseudo-Lipschitz assumption on
(V,2) » UN(V,q(z,¥,¢e)). Applying Theorem 1 with

1 X
¢n(0', X B;¥,¢) i= —du(U"'(¥),1(6',q(XB, ¥,¢)),

we obtain the first result in Proposition 3. The result (32) follows directly by applying
Theorem 1 to ¢, (0!, X B; ¥, ¢) := [n(O!, ¢( XB, ¥,¢))|. [ |
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D.2 Proof of Proposition 4

Proof Let ¢, (V,z;¥,¢) :=p(¢p|V,q(2z, ¥,€)). By assumption, ¢, is uniformly pseudo-
Lipschitz with respect to (V, z). Applying Theorem 1 to ¢, we obtain that:

P

p(|©",y) = p(¥|®",q(X B, ¥, ¢)) ~ Eyz zp(¥|Vs,a(Z, ¥, €)) =: 1.
Similarly, we apply Lemma 19 from (Gerbelot and Berthier, 2023), a concentration result
regarding pseudo-Lipschitz functions of Gaussian random variables, to cpn(Vé, Z;¥ g), to
obtain p(¢|V{,q(Z, ¥, ¢)) < tp. Combining the aforementioned results, we obtain that
for any € > 0:

Pllp(¥|©",y) — p(¥| Ve, 4(Z, ¥ €))| > ¢

< Pllp(#1©",y) — iyl > ¢/2) + Pllp(w|Ve, a(Z, ¥, ) — iy > ¢/2] = 0

Appendix E. Further Implementation and Experiment Details

State Evolution Implementation Our state evolution implementation involves com-
puting (64)—(67). We estimate VgH, mgl ot I/g_l, K,t+1 R (64) (67) with finite n, p via

empmcal averages for a given change point conﬁgurat1on {\Ilm} = 0 Specifically, assuming
t,t IR S A ST AR AR |

V@, K, VB, K,B have been computed, we compute vg , kg Vg ,Kp as follows:
Vg~ Z Y. E[0iGi(Z1, (V)1 0y, 8], (117)
£=0 lG[WJIe-s-l)

KL Z Z ]E[ (V&)1 q1(Z1,9,,, )) F((VE)1, (21, Ty, ))}’ (118)

£=0 ZE[WWH)

Vi ~ % [BftJrl(VtJrl)T} 7 (119)
_ _ T
RV L [ V) - BeT ) (v - Ber i) (120)

where | denotes an expectation estimate via Monte Carlo. For example, in the case of
(118), we generate 300 to 1000 independent samples of (Z1, (Gg)1,€), with Z; ~ N(0, p),
(G5)1 ~ N(0, ne) and € ~ Pz. We form (V@)l according to the first row of (7), that is,
(Vi) = Zip g + (GY)1. For ¢ € {0,. — 1}, this yields a set of samples of the
random variables g! (V)1,q1(Z1, ¥y,,£)) and ang(Zl (VE)1, Ty, 8) (the latter function
is computed using Automatic Differentiation (AD)). We then compute E in (117) and (118)
by averaging. The [ terms in (119)—(120) are similarly computed.

The ensemble state evolution recursion (20)—(23) is used to compute the optimal de-
noisers {g*t, f***1},>0 according to Proposition 2. The expectation in the ensemble state
evolution iterates (20)—(23) are estimated through sample averages and AD, similar to the
simplified state evolution iterates.
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1.0 1.0
° —— DCDP with CV © —— DCDP with CV
© 0.8 —}— AMP with CV, L=3 © 0.8 —}— AMP with CV, L=3
2 —— AMP with CV, L=4 2 -4- AMP with CV, L=3, ST
s 061 —— AMP with 4=a=0.5, L=3 s 06 —— AMP with 4=a=0.5, L=3
g 0.41 /*—_"\ so04
(%] (%]
- — :
0.2 0.2
Dl/\__
0.0— = 7 + T t 0.0-— T 7 y e t
05 1.0 15 20 25 3.0 35 05 1.0 15 20 25 3.0 35
6=n/p 6 =n/p
(a) Solid purple: AMP using L = 3,4 and the (b) Dashed purple: AMP using L = 3 and a sub-
optimal denoiser f' with the sparsity level esti- optimal soft thresholding (ST) denoiser f* whose
mated using CV. threshold is selected using CV.

Figure 8: Comparison between AMP and DCDP in the experimental setting of Figure 3a.
Solid red: DCDP with hyperparameters chosen using CV. Solid green: AMP using
L = 3, the optimal denoiser f! with the sparsity level estimated using CV. Solid
black: AMP using the true signal prior.

1.0
§ 08 —— AMP
@© : —
5 0.6 g
£ =
o 0.41 = J
° 5100
g0 M
T =g
0.0 T T T T T 0 T : : . .
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
p p

Figure 9: AMP vs. DCDP for fixed n = 500 and varying p, with ¢ = 0.1, L* = 3 and sparse
signal prior Pz = 0.5N(0, 1) + 0.559. AMP uses A =n/10 and L = 3.

Additional Numerical Results Figure 8 shows results from an additional set of ex-
periments comparing AMP with DCDP (the fastest algorithm in Figure 3a) for the linear
model, using different change point priors mg (Figure 8a) or denoisers f! (Figure 8b). In
both figures, the solid red plot shows DCDP performance with hyperparameters chosen using
CV. Solid black corresponds to AMP using the true signal prior. Solid green corresponds
to AMP using L = 3, the optimal denoiser f! with the sparsity level estimated using CV.
In Figure 8a, AMP performs slightly worse with L = 4 instead of L = 3, because the prior
assigns non-zero probability to the change point configurations with L = 4 signals, which
is mismatched from the ground truth L* = 3. In Figure 8b, AMP performs slightly worse
at lower § when using a suboptimal soft thresholding (ST) denoiser. Nevertheless, in both
Figures 8a and 8b, AMP largely outperforms DCDP despite the suboptimal choices of prior
or denoiser.
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Figure 9 compares AMP with DCDP for n = 500 and varying p, both using hyperpa-
rameters chosen via cross-validation. The runtime shown is the average runtime per set of
CV parameters. For a fixed set of hyperparameters, the time complexity of DCDP scales as
LASSO(n, p) compared to O(np) for AMP. The runtime of DCDP therefore grows faster with
increasing p.

Experiment Details For synthetic data experiments in Section 4, we initialize AMP with
f°(BY) sampled row-wise independently from the prior Pz used to define the ensemble state
evolution (20)—(23). Figures 3a, 4, 6, 8 and 9 use Bernoulli-Gaussian priors taking the form
Pz = aN(0,02I) + (1 — a)dp with a € (0,1). Figure 4 uses a = 1/6 and o = 2.5. Figures
3a, 6, 8 and 9 use @ = 0.5 and 02 = § to ensure that the signal power E[(X;)B"]?
is held constant for varying J, and they use two change points at n/3 and 8n/15 as the
ground truth. In Figures 3a, 8 and 9, AMP uses cross validation (CV) over 5 values of
& :{0.1,0.3,0.45,0.6,0.9} which do not contain the true o = 0.5. DCDP, DPDU, and DP each
have two hyperparameters: one corresponding to the ¢; penalty and the other penalizing
the number of change points. We run cross-validation on these hyperparameters for 12, 12,
or 42 pairs of values, respectively, using the suggested values from the original papers.
For the experiments in Figure 3b, we consider signals with sparse changes between
adjacent signals. The prior takes the following form:
ﬁﬁﬂo) 1}\51 N(O, HQ)
(ne-1) . N
ﬁ](-m) _ { Bj (W:l) with I?robablhty‘l' —« (el (121)
V(Bj + wy), with probability «

where wgi'iifl "N(0,02) creates the sparse change between adjacent signals, and v := , / NQ’_%Q

is a rescaling factor that ensures uniform signal magnitude E[(ﬁj(.no))Q] =...=E[ 5](,77L))2] =
k%. We run the experiment with sparsity level a = 0.5, variance of the entries of the
first signal k2 = 8§, and perturbation to each consecutive signal of variance o2 = 4000,
for varying 6. This ensures that the signal power E[(X;)"8®]? and the signal difference
E[(X:)"B8® — (Xi41)"BU+Y)2 for i € {n}=]' are held constant for varying J. There are
two change points at n/3 and 8n/15. Without perfect knowledge of the magnitude o2 and
sparsity level a of the sparse difference vector, AMP assumes 62 = 250086 and & = 0.9 in

the experiments in Figure 3b.
Appendix F. Computational Cost

Computing ¢**, f**1 For i € [n], the function g;" in Proposition 2 only depends on N
in (88) through the marginal probability of ¥;, that is, Ty, Pl Z{¢:wi:£} mg (). This
means g;! can be efficiently computed, involving only a sum over ¥; € [L]. Indeed, from the
implementation details in Appendix C.2, both f;t and g;* can be computed in O(L3) time
for each i, j. Thus f** and g*! can be computed in O(nL?3). The per-iteration computational
cost of AMP is therefore dominated by the matrix multiplications in (6), which are O(npL).

Computing Change Point Estimators For estimators 7 with O(np) runtime, the
combined AMP and estimator computation can be made to run in O(np) time by selecting
denoisers f?, g as in Proposition 2. For example, the arg max in (30) can be replaced with a
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greedy best-first search: search for the location of one change point at a time, conditioning
on past estimates of the other change points. This will yield at most L rounds of searching
over O(n) elements, resulting in O(np) total runtime.

Computing the Approximate and Exact Posteriors For ¥ € X, the denominator
in (33) only requires evaluating a polynomial number of terms, ( L’il). Therefore, choos-
ing f!,¢' as in Proposition 2, the computational complexity of computing the quantity
PE|VE(2.%.6) (1|®F, y) from (35) along with AMP is O(npL+nL3+nt=1) = O(np+nt—1).
Further, assuming the expectations in (10)—(13) can be well-approximated in O(n) time,
p‘i’\ch»Q(Z,\il,é)(lb\@t, y) from (33) along with AMP can be computed in O(np+nt~1) time.

Appendix G. Background on AMP for Generalized Linear Models

Here we review the AMP algorithm and its state evolution characterization for the standard
Generalized Linear Model (GLM) without change points. As in Section 3, let B € RP*F
be a signal matrix and let X € R™*P be a design matrix. The observation y € R™F is
produced as

y =q(XB,¢e) ¢ R™L, (122)

where € € R” is a noise vector, and ¢ : R — R’ is a known output function. The only
difference between this model and the one in (5) is the absence of the signal configuration
vector ¥. The AMP algorithm for the GLM in (122) was derived by Rangan (2011) for the
case of vector signals (L = 1); see also Section 4 of Feng et al. (2022). Here we discuss the
algorithm for the general case (L > 1), which can be found in Tan and Venkataramanan
(2023). For ease of exposition, we will make the following standard assumption (see (S0) on
p.9): as n,p — oo, the empirical distributions of {B;} ¢, and {&;};c[n converge weakly to
laws Pz and PPz, respectively, with bounded second moments. We also recall that n/p — ¢
as n,p — 0.

The AMP algorithm for the model (122) is the same as the one in (6), but due to
the assumption above, we can take f! g* to be separable, that is, f* : RF — RE and
g' : RE x R — RY act row-wise on their matrix inputs. Then, the matrices F* and C* in
(6) can be simplified to C* = %2?21 dg'(®!,y;) and F! = % ?:1 dft(B;-), where dg’ and
dft denote the L x L Jacobians with respect to the first argument.

State evolution The memory terms —R!™1(F)T and —B!(C")T in (6) debias the iter-
ates ®' and B! and enable a succinct distributional characterization, guaranteeing that
their empirical distributions converge to well-defined limits as n, p — oco. Specifically, Theo-
rem 1 in Tan and Venkataramanan (2023) shows that for each ¢ > 1, the empirical distribu-
tion of the rows of B converges to the law of a random vector V} := Bl + Gy € RI*L
where G’gl ~ N(O,l%g) is independent of B ~ Pg. Similarly, recalling that ® = XB €
R™ L the empirical distribution of the rows of (@, ®!) converges to the law of the random
vectors (Z, Zl+GY), where Gigt ~ N(0, kg) is independent of Z ~ N (0,6(E[BBT])™1).
The deterministic L x L matrices U, fcg, ﬂgt, and Fzg can be recursively computed for ¢t > 1
via a state evolution recursion that depends on f!, g* and the limiting laws Pz and Ps.
The state evolution characterization allows us to compute asymptotic performance mea-
sures such as the MSE of the AMP algorithm. Indeed, for each ¢t > 1, we almost surely have
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limy, o0 %Hft(Bt) — B||2 = E[||fY (V) — B||3], where the expectation on the right can be
computed using the joint law of the L-dimensional random vectors B and ‘71t3 =B ﬂB+é§3.

In the model (3) with change points, we have an additional signal configuration vector
¥, because of which we cannot take the AMP denoising function g* to be separable, even
under Assumption (S0). This leads to a more complicated state evolution characterization,
as described in Section 3.
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