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Abstract

Despite being a key bottleneck in many machine learning tasks, the cost of solving large
linear systems has proven challenging to quantify due to problem-dependent quantities such
as condition numbers. To tackle this, we consider a fine-grained notion of complexity for
solving linear systems, which is motivated by applications where the data exhibits low-
dimensional structure, including spiked covariance models and kernel machines, and when
the linear system is explicitly regularized, such as ridge regression.

Concretely, let κ` be the ratio between the `th largest and the smallest singular value of
n×n matrix A. We give a stochastic algorithm based on the Sketch-and-Project paradigm,
that solves the linear system Ax = b in time Õ(κ` · n2 log 1/ε) for any ` = O(n0.729).
This is a direct improvement over preconditioned conjugate gradient, and it provides
a stronger separation between stochastic linear solvers and algorithms accessing A only
through matrix-vector products.

Our main technical contribution is the new analysis of the first and second moments of
the random projection matrix that arises in Sketch-and-Project.

Keywords: Linear systems, matrix sketching, sketch-and-project, stochastic optimiza-
tion, random matrix theory

1. Introduction

In the era of big data, the efficient processing of massive data sets has become critically im-
portant across a wide range of areas, from machine learning and statistics to scientific com-
puting and industrial applications. Traditional methods, and especially direct approaches,
for handling such data often face significant computational challenges due to their high
dimensionality and massive volume. In response to this, iterative refinement methods using
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randomized sampling and sketching have emerged as powerful tools for effectively solving
algorithmic tasks in large-scale machine learning and data science. Yet, the computational
cost of these methods is often significantly affected by problem-dependent quantities such
as condition numbers, which make it challenging to characterize how their complexity com-
pares to, and is affected by, recent advances in algorithmic theory.

Perhaps one of the most fundamental tasks impacted by this phenomenon is solving
large systems of linear equations, which has numerous applications in machine learning
such as least squares (Dieuleveut et al., 2017), kernel ridge regression (Alaoui and Ma-
honey, 2015), as well as model training with Newton-type methods on both convex and
non-convex objectives (Erdogdu and Montanari, 2015; Xu et al., 2020). Other applica-
tions include imaging (Natterer, 2001; Hounsfield, 1973), sensor networks (Savvides et al.,
2001), and scientific computing (Xia et al., 2010; Wolters et al., 2008), among others. In
this problem, our goal is to approximately solve Ax = b, given a large data matrix A
and a vector b. Traditional direct approaches for solving linear systems, such as Gaussian
elimination, require O(n3) time to find the exact solution when A is a dense square n× n
matrix. Compared to this, deterministic iterative refinement methods, such as Richardson
or Chebyshev iteration (Golub and Varga, 1961) and Krylov methods including the Lanc-
zos algorithm and Conjugate Gradient (Saad, 1981; Liesen and Strakos, 2013), produce
a sequence of estimates which gradually converge to the solution, having a much cheaper
O(n2) per-iteration cost that comes typically from computing a matrix-vector product with
A. Introducing sub-sampling into the iterations has led to stochastic approaches such as
Randomized Kaczmarz (Kaczmarz, 1937; Strohmer and Vershynin, 2009) and Randomized
Coordinate Descent (Nesterov, 2012), which have an even smaller per-iteration cost but
tend to require more steps to converge.

Another algorithmic approach, which has led to improvements in the time complex-
ity of solving linear systems, is fast matrix multiplication. Initiated by Strassen (1969),
this approach relies on the fact that we can invert an n × n matrix in the time that it
takes to multiply two such matrices. This has led to algorithms with runtime of O(nω),
where ω < 2.371552 is the current exponent of matrix multiplication, which is regularly im-
proved with continued advances in the area (Pan, 1984; Coppersmith and Winograd, 1987;
Williams, 2012; Williams et al., 2024). Unfortunately, except in special cases (Peng and
Vempala, 2021), these algorithmic advances have not led to improvements in the complex-
ity of iterative linear system solvers, due to the fundamentally sequential nature of these
methods, as well as their dependence on the condition number κ.

The traditional analysis of iterative methods runs into a fundamental complexity barrier
of Õ(κ · n2), or Õ(

√
κ · n2) in the positive definite setting, which depends on the condition

number κ of the matrix A, defined as the ratio between its largest and smallest singular
value: κ = σ1/σn, where σ1 ≥ σ2 ≥ ... ≥ σn are the decreasing singular values of A. Yet,
a single condition number does not accurately characterize the cost of iteratively solving
a linear system, particularly in machine learning settings where the singular value profile
of the input matrix exhibits low-dimensional structure determined by the underlying data
distribution or a kernel function.

In this paper, we study the time complexity of iterative linear system solvers through
a more fine-grained notion than a single condition number quantity, in a way that is par-
ticularly well-suited for machine learning and statistical settings. Concretely, we consider
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a parameterized condition number κ`, for ` ∈ {1, ..., n}, which allows the top-` part of the
spectrum to be arbitrarily ill-conditioned, while controlling the condition number of the
tail of the spectrum (related notions of condition number have been considered, see Sec-
tion 2). In this model, we obtain improved time complexity guarantees for solving linear
systems (see Theorems 1 and 2) through a combination of new convergence analysis and ef-
ficient algorithms for stochastic iterative solvers based on the Sketch-and-Project paradigm
(Gower and Richtárik, 2015a; Gower et al., 2018). Our approach not only provides sharper
guarantees for wide classes of matrices, but also enables us to tie the complexity of itera-
tive solvers together with the ongoing algorithmic advances in fast matrix multiplication,
as well as providing a stronger complexity separation between stochastic iterative methods
and classical iterative algorithms such as conjugate gradient (see Theorem 3).

Our fine-grained analysis is well-motivated by many established statistical models of
data matrices. These models are commonly of the form “signal+noise”, which corresponds
to the intuition that most of the information is contained in a low-dimensional component
of the data. A classical example of this is the spiked covariance model (Johnstone, 2001;
Capitaine et al., 2009; Cai et al., 2013; Perry et al., 2018), which describes the data as
a low-rank matrix distorted by noise (i.e., A + εG). Moreover, linear systems are often
regularized before solving (i.e., A + λI), either to achieve better generalization, e.g., for
kernel ridge regression (Alaoui and Mahoney, 2015), or to attain improved convergence in
an optimization method, e.g., damped or cubic-regularized Newton’s method (Nesterov and
Polyak, 2006).

Other motivating examples include matrices arising from feature extraction techniques
commonly used in machine learning, such as kernel machines (Williams and Seeger, 2001),
Gaussian processes (Rasmussen and Williams, 2006), and random features (Rahimi and
Recht, 2007), which lead to well-understood polynomial or exponential singular value decay
profiles (Burt et al., 2019; Santa et al., 1997; Rasmussen and Williams, 2006). For example,
our new results imply improved runtimes for solving linear systems with a polynomial
spectral decay σi ' i−β (see Corollary 4), which arise when using certain kernel functions
(e.g., Matérn, Rasmussen and Williams, 2006), and also, as a result of the power law.

1.1 Main Results

Our main result shows that the Õ(κ · n2) time complexity of iteratively solving a linear
system can be directly improved by replacing the condition number κ = σ1/σn with the
spectral tail condition number, κ` := σ`/σn where σ` is the `th largest singular value of A.
Using fast matrix multiplication, we show that this can be achieved with any ` = O(n0.729).

Theorem 1 Consider an n× n matrix A with singular values σ1 ≥ σ2 ≥ ... ≥ σn > 0 and
an n-dimensional vector b. We can compute x̃ such that ‖Ax̃− b‖ ≤ ε‖b‖ in time:

Õ

(
σ`
σn
· n2 log 1/ε

)
for any ` = O

(
n

1
ω−1
)

= O(n0.729).

Note that the complexity improvement in this result is already significant without resorting
to fast matrix multiplication, in which case, we can use any ` = O(

√
n). Moreover, unlike

with the usual condition number κ, any future improvements in the matrix multiplication
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exponent ω will directly lead to improvements in the exponent of ` in κ`. As ω approaches
2, similarly ` approaches n, until the two paradigms (potentially) meet at Õ(n2).

To underline that this fine-grained notion of complexity is natural, we show that the
above guarantee holds for a remarkably simple stochastic iterative solver (see Algorithm 1), a
combination of two standard techniques: Sketch-and-Project (Gower and Richtárik, 2015a),
which is a randomized iterative framework for solving linear systems that can be viewed
as a simple extension of the classical Kaczmarz algorithm (Kaczmarz, 1937; Strohmer and
Vershynin, 2009); and Nesterov’s acceleration technique (Nesterov, 1983), variants of which
have been used in numerous iterative optimization methods (Liu and Wright, 2016; Ye
et al., 2020; Even et al., 2021). While this combination is not new (Gower et al., 2018), its
convergence has proven challenging to quantify in terms of the spectral properties of A.

We address this challenge by bridging ultra-sparse sketching techniques (Chenakkod
et al., 2024) with a new convergence analysis that builds on recent advances in combinatorial
sampling (Dereziński et al., 2020) and random matrix theory (Brailovskaya and van Handel,
2024). Along the way, we establish technical results that are likely of independent interest,
including a new characterization of the smallest singular value for the family of random
matrices obtained via sparse sketching (Lemma 22).

Positive definite systems. Our algorithmic framework can be adapted to take advantage
of certain types of additional structure present in the matrix A. As an example, we show
that, for positive definite matrices, the dependence on the spectral tail condition number
κ` can be improved to a square root, just as regular condition number κ can be improved
to a square root for deterministic iterative methods (Axelsson and Lindskog, 1986).

Theorem 2 Consider an n× n positive definite A with singular values σ1 ≥ σ2 ≥ ... ≥ σn
and an n-dimensional vector b. We can compute x̃ such that ‖Ax̃− b‖ ≤ ε‖b‖ in time:

Õ

(√
σ`
σn
· n2 log 1/ε

)
for any ` = O

(
n

1
ω−1
)

= O(n0.729).

Separation from matrix-vector query methods. An important implication of our re-
sults, and of our reliance on the spectral tail condition number, is a more distinct than previ-
ously known separation (in terms of complexity) between stochastic solvers, such as Sketch-
and-Project, and classical iterative solvers, which interact with A only through matrix-
vector product queries. Here, representing state-of-the-art matrix-vector query solvers, let
us consider Krylov methods, such as Conjugate Gradient (CG, Hestenes et al., 1952) and its
non-symmetric extensions (Saad, 1981). A careful convergence analysis of Krylov iterations
shows that, given any ` and assuming exact precision arithmetic, they converge ε-close in
O(n2`+κ` ·n2 log 1/ε) time for general linear systems, and in O(n2`+

√
κ` ·n2 log 1/ε) time

for positive definite systems (Axelsson and Lindskog, 1986; Spielman and Woo, 2009). In
both cases, the second term matches our complexity in Theorems 1 and 2, but the Krylov
methods suffer an additional cost of O(n2`) to take care of the top ` singular values of A.

In fact, we show that this additional cost is a fundamental bottleneck of all methods
based on the matrix-vector query model. Specifically, we give a lower bound showing that
any algorithm which accesses the matrix A only through matrix-vector product queries
must incur a worst-case cost of Ω̃(n2` +

√
κ` · n2) arithmetic operations for dense positive

definite linear systems. See Section 9 for a detailed discussion.
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Theorem 3 Given n, ` < n, and κ` ≥ 1, consider the task of solving an n × n positive
definite linear system Ax = b with σ`(A)

σn(A) ≤ κ`. Any algorithm which interacts with A via
adaptive randomized queries of the form v → Av, and solves this task to high precision,
has query complexity at least Ω̃(`+

√
κ`), which for dense systems leads to time complexity

at least Ω̃(n2`+
√
κ` · n2).

Note that, in addition to deterministic solvers like CG, this lower bound also includes
randomized preconditioning methods (Martinsson and Tropp, 2020), which probe matrix
A with Gaussian vectors to construct a low-rank approximation (essentially, estimating the
top part of its spectrum), and use that information to speed up an iterative solver like CG.
Once we go beyond the matrix-vector query model, this preconditioning approach can be
sped up by blocking the queries together and using fast n × n by n × Õ(`) rectangular
matrix multiplication (Le Gall, 2012) to approximate the top part of the spectrum faster.
However, even then, the cost is still Ω(n2+θ) with some θ > 0 for any ` = Ω(n0.33). In
comparison, Theorems 1 and 2 show that Sketch-and-Project with Nesterov’s acceleration
avoids this cost entirely for any ` = O(n0.729).

Application: Polynomial spectral decay. To illustrate how our new results im-
prove on the time complexity of solving linear systems for real-world matrices, we consider
matrices with polynomial spectral decay (power law distribution). Concretely, consider a
matrix A with singular values σi = Θ(i−βσ1) for some positive constant β. Such behavior
can naturally occur in data (Clauset et al., 2009; Eikmeier and Gleich, 2017), or it can arise
when A is the kernel matrix of a data set, i.e., its (i, j)th entry is k(xi, xj) where xi is the
ith data point and k(·, ·) is a kernel function. For example, Rasmussen and Williams (2006)
showed that if we use the Matérn kernel function with parameter ν > 0, then matrix A
exhibits polynomial decay with β = 2ν+1. Solving linear systems with these matrices is the
main computational cost in kernel ridge regression, Gaussian processes, and independent
component analysis, among others. Our results imply the following guarantee for solving
linear systems with polynomial decay.

Corollary 4 Consider an n × n matrix A with singular values σ1 ≥ σ2 ≥ ... ≥ σn and
an n-dimensional vector b. Suppose that c1i

−β ≤ σi ≤ c2i
−β for some absolute constants

0 < c1 < c2 and β ≥ 0.5. Then, we can compute x̃ such that ‖Ax̃− b‖ ≤ ε‖b‖ in time:

Õ
(
n2+ω−2

ω−1
(β−0.5) log 1/ε

)
.

Remark 1 This is better than the best known guarantee in the matrix-vector query model
(Spielman and Woo, 2009) for any β ∈ (0.5, 3.75), and it improves on the prior best known
time complexity in the unrestricted model for any β ∈ (0.5, 1.33). For example, if we
choose β = 1, then we get Õ(n2.135) runtime, whereas the best prior result (obtained by
preconditioning an SVRG-type stochastic solver, see Gonen et al., 2016; Musco et al., 2018b)
achieves Õ(n2.178), and CG obtains Õ(n2.667). For a detailed discussion see Appendix B.

Extensions to sparse least squares. While our algorithms are stated for consistent
linear systems, they can be easily extended to the general inconsistent setting, i.e., least
squares regression. This can be achieved by incorporating a variant of our Sketch-and-
Project algorithm as an inner solver within a sketch-to-precondition type algorithm (Rokhlin
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and Tygert, 2008), obtaining nearly-input-sparsity time algorithms for a tall least squares
task parameterized by the spectral tail condition number κ`. For example, given an n × d
matrix A and an n-dimensional vector b, we can find x̃ such that ‖Ax̃−b‖2 ≤ minx ‖Ax−
b‖2 + ε‖b‖2 in Õ((nnz(A) + d2κ`) log 1/ε) time, where nnz(A) is the number of non-zeros
in A and κ` = σ`(A)/σd(A) for ` = O(d0.729). See Section 8 for further discussion.

1.2 Main Technical Contributions

Our algorithms are built on the Sketch-and-Project framework (Gower and Richtárik,
2015a), an extension of the Randomized Kaczmarz algorithm (Strohmer and Vershynin,
2009). The core idea of Sketch-and-Project is that in each iteration we construct a small
randomized sketch of the linear system, and then project the current iterate onto the set
of solutions of that sketch. Formally, given an n × n linear system Ax = b and a current
iterate xt, we generate a new random k × n sketching matrix S = S(t), where k � n is the
sketch size, and then consider a smaller linear system SAx = Sb. For example, S can be a
subsampling matrix which selects k out of n linear equations (rows of A). In the original
Sketch-and-Project algorithm, we would now compute xt+1 as the projection of xt onto the
subspace defined by the smaller system. A natural extension of this is to use Nesterov’s
acceleration scheme (Gower et al., 2018), which introduces two additional sequences yt and
vt to mix the projection step with the current trajectory of the iterates (see Algorithm 1).

While various Sketch-and-Project algorithms have been proposed and studied across
a long line of works, such as Hanzely et al. (2018); Necoara et al. (2019); LeJeune et al.
(2024); Tang et al. (2023), their complexity analysis has proven remarkably challenging.
Crucially, their convergence rate depends on the spectral properties of a random projection
matrix defined by the sketching matrix S, namely P := (SA)†SA, which is a projection
onto the subspace spanned by the rows of the sketch SA. Matrix P is also central to
other applications of sketching, such as low-rank approximation (Halko et al., 2011; Cohen
et al., 2015, 2017), and so understanding its spectral properties is of significant independent
interest across the literature on randomized linear algebra (Woodruff, 2014; Martinsson
and Tropp, 2020). Our main technical contributions are new sharp characterizations of the
first and second matrix moments of P for a class of ultra-sparse sketching matrices S, as
explained below.

Sketch-and-Project with Nesterov’s acceleration has been proposed in Richtárik and
Takác (2020) and previously studied by Gower et al. (2018). However, these papers char-
acterize the convergence rate of the method only in terms of the properties of the random
projection P, without identifying how these properties are determined by the spectrum of
the input matrix A, or the choice of the sketching matrix S. Specifically, they showed that,
as long as the matrix P̄ = E[P] is invertible, then the iterates converge to the solution
x∗ = A−1b, with the expected convergence rate given by

E
[
‖xt − x∗‖2

]
≤ 2

(
1−

√
µ

ν

)t
‖x0 − x∗‖2, (1)

where µ = λmin(E[P]) and ν = λmax

(
E
[
(P̄−1/2PP̄−1/2)2

])
.

Here, we can think of µ and ν as the first and second moment properties of the random
projection matrix P, since µ requires lower-bounding its first matrix moment P̄ = E[P],
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whereas ν requires upper-bounding its normalized second matrix moment E[(P̄−1/2PP̄−1/2)2].
The core challenge in obtaining these guarantees is that they are fundamentally average-
case properties that cannot be recovered by usual high-dimensional concentration techniques
(consider that we seek a bound on λmin(E[P]) when the matrix P is not even invertible).

While the characterization of the second-order term ν presented in this paper appears
to be the first such guarantee, there has been a number of works analyzing the complexity
of Sketch-and-Project (Rodomanov and Kropotov, 2020; Mutny et al., 2020; Dereziński and
Rebrova, 2024; Dereziński and Yang, 2024) based on quantifying only the first-order term µ.
These works do not consider Nesterov’s acceleration and rely on a weaker convergence
guarantee that follows from (1) by observing that 1 −

√
µ/ν ≤ 1 − µ. This allows one to

only have to lower bound µ, while avoiding the second matrix moment of P, but it also
leads to sub-optimal condition number dependence.

First such guarantees for µ were obtained only recently: initially for specialized com-
binatorial sub-sampling matrices S based on determinantal point processes (DPPs, see
Rodomanov and Kropotov, 2020; Mutny et al., 2020); then, for dense Gaussian sketching
matrices (Rebrova and Needell, 2021), as well as sub-Gaussian matrices with some degree of
sparsity (Dereziński and Rebrova, 2024), and asymptotically free sketching matrices in the
asymptotic regime (LeJeune et al., 2024). All of these sketching/sub-sampling approaches
are still too expensive to yield fast algorithms, however the resulting guarantees exposed a
connection between the first moment of P and the spectral tail condition number κ` when
the sketch size k is proportional to `.

Finally, Dereziński and Yang (2024) gave a reduction showing that after preprocessing
the matrix A with a randomized Hadamard transform (Ailon and Chazelle, 2009), a uniform
sub-sampling matrix S of size k yields a guarantee on µ that is at least as good as a DPP
sub-sampling matrix of size ` = Ω(k/ log3 n). This led to the first efficient sub-sampling
scheme with a convergence guarantee, although requiring the sample size to be larger by a
factor of O(log3 n) than what we might hope to achieve.

Technical contribution 1: First-moment projection analysis via optimal DPP reduction.
In our first main technical contribution, we directly improve on the existing guarantees for
the first matrix moment of the projection matrix P, both for uniform sub-sampling matrices
S, as well as when using ultra-sparse sketching matrices. Our general strategy is similar
to that of Dereziński and Yang (2024), in that we also show a reduction from uniform to
DPP sub-sampling, however the actual reduction is entirely different (it involves designing
a custom DPP sampling algorithm that is then coupled with a uniform sampling oracle;
see Section 5 for details). Overall we show that, after preprocessing A with a randomized
Hadamard transform, a uniform sub-sample of size k yields the same bound on the first
moment of P as a DPP sample of size ` = Ω(k/ log k), which closes the gap in the result
of Dereziński and Yang (2024) from O(log3 n) to O(log k). We note that standard lower
bounds based on the coupon collector problem (Tropp, 2011) suggest that the factor O(log k)
is unavoidable, meaning that our reduction size of Ω(k/ log k) is likely optimal.

Moreover, our first-moment analysis provides a lower bound on the entire matrix moment
of P, rather than just its smallest eigenvalue, which proves crucial for bounding ν later on.
This result can be informally stated as follows: if P is produced from an n × n matrix A

7
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using a sub-sampling or sketching matrix S of size k × n, then:

(Lemma 12) E[P] �δ A>A(A>A + λI)−1, where λ =
1

`

∑
i>`

σ2
i for ` = Ω

( k

log k

)
,

where �δ hides an additive δI. This result in particular implies a lower bound on µ,
which roughly states that µ = Ω(`/(nκ2

` )). As an immediate corollary of our new first-
moment analysis of the random projection matrix P, we can sharpen the complexity of
solving linear systems with ` large singular values, i.e., those where κ` = O(1), the setting
considered by Dereziński and Yang (2024). For comparison, they obtained O((n2 log4 n +
n`ω−1 log3ω n) log 1/ε) for this problem.

Corollary 5 Consider an n× n matrix A with at most ` singular values larger than O(1)
times its smallest one, and vector b. We can compute x̃ such that ‖Ax− b‖ ≤ ε‖b‖ in:

O
(

(n2 log2 n+ n`ω−1 logω `) log 1/ε
)

time.

Technical contribution 2: Second-moment projection analysis via Gaussian universality.
In our second main technical contribution, which is arguably the more significant of the two,
we give the first non-trivial upper bound on the normalized second matrix moment of the
random projection matrix P. Here, our analysis crucially builds on recent breakthroughs
in non-asymptotic random matrix theory (Brailovskaya and van Handel, 2024), which show
that the singular values of certain classes of random matrices are close to the singular
values of a Gaussian matrix with matching entry-wise mean and covariance (we refer to
this property as Gaussian universality). In our case, Gaussian universality is required for
the random sketch SA, where S is a sparse sketching matrix. Fortunately, we are able to
show that even extremely sparse sketching matrices (Dereziński et al., 2021; Chenakkod
et al., 2024), for which computing SA costs only Õ(nk), are sufficient for this to hold. We
use this to show that when an n×n matrix A is preprocessed with a randomized Hadamard
transform, then the resulting projection P = (SA)†SA satisfies:

(Lemma 20) E
[
PP̄−1P

]
-

n

`
· P̄, for ` = Ω

( k

log k

)
,

where recall that P̄ = E[P] (we refer to Lemma 20 for a formal statement). Note that
the result directly implies a bound on the largest eigenvalue of E[(P̄−1/2PP̄−1/2)2], leading
to ν . n/`. Putting this together with the bound on µ, with a careful choice of the
parameters we obtain

√
µ/ν & `/(nκ`), which can be directly plugged into the convergence

rate of Sketch-and-Project with Nesterov’s acceleration (1).
The key reason we rely on Gaussian universality as part of the proof of Lemma 20 is to

establish the following lower bound on the smallest singular value for k × n sketches SA,
which should be of independent interest:

(Lemma 22) σ2
min(SA) = Ω

(
2kσ2

2k +
∑
i>2k

σ2
i

)
with high probability,

where recall that σ1 ≥ σ2 ≥ ... are the singular values of A. Remarkably, this bound appears
to be new even for dense Gaussian and sub-Gaussian sketching matrices S, but crucially,
we are able to show this also for the above mentioned sparse sketching matrices.
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Completing the complexity analysis. To recover the time complexity in Theorem 1, we
must also address the cost of the projection step in each iteration of the algorithm. This step
effectively involves solving a very wide k × n linear system, which can be done inexactly
in time Õ(nk + kω) by relying on standard sketch-and-precondition techniques (Rokhlin
and Tygert, 2008; Meng et al., 2014; Woodruff, 2014). This forces us to extend the existing
convergence analysis of Sketch-and-Project with Nesterov’s acceleration (Gower et al., 2018)
to allow inexact projections, which is done in Section 7. Putting everything together and
choosing sketch size k = Õ(`), our convergence analysis shows that the algorithm requires

Õ(n` κ` · log 1/ε) iterations, each costing Õ(n` + `ω) time. Setting ` = Õ(n
1

ω−1 ) yields the
desired time complexity.

2. Related Work

Next, we give additional background and related work, focusing on different approaches to
iteratively solving linear systems, as well as connections between our techniques and other
areas such as matrix sketching, combinatorial sampling and random matrix theory.

Complexity of iterative linear solvers. A number of prior works have given sharp
characterizations of the convergence of iterative linear system solvers, going beyond the
usual condition number κ in some way, which makes them relevant to our discussion. In
the context of Krylov methods such as CG, early works such as Axelsson and Lindskog
(1986) showed that its convergence rate depends on the “clusterability” of the spectrum of
A, which has been restated in terms of κ`, as discussed earlier (see, e.g., Theorem 2.5 in
Spielman and Woo, 2009).

For stochastic iterative methods, such as randomized Kaczmarz and randomized co-
ordinate descent, a number of averaged notions of the condition number have been used
(Strohmer and Vershynin, 2009; Leventhal and Lewis, 2010; Liu and Wright, 2016; Bol-
lapragada et al., 2024), which depend in a more complex way on the entire spectrum, and
may also lead to sharper bounds than κ. We recover similar averaged condition numbers in
our analysis (Theorems 10 and 11). This has been used to suggest that stochastic methods
can be faster than CG (Lee and Sidford, 2013), although without providing fine-grained
upper/lower bounds, such as those given here based on the parameter `. A few works have
also considered versions of spectral tail condition numbers, similar to κ`, either as part of the
analysis (Gonen et al., 2016; Musco et al., 2018b) or the assumptions (Dereziński and Yang,
2024). Some acceleration schemes other than Nesterov’s momentum have been proposed
for stochastic solvers (Lin et al., 2015; Frostig et al., 2015; Allen-Zhu, 2018; Bollapragada
et al., 2024; Alderman et al., 2024), which can give sharper convergence guarantees in some
cases, at the expense of additional computational overhead. Remarkably, we are able to
show our results for Nesterov’s original scheme, which is both simple and practical.

Matrix sketching and sampling. Randomized techniques for sketching or subsampling
matrices have been developed largely as part of the area known as Randomized Numerical
Linear Algebra (Woodruff, 2014; Drineas and Mahoney, 2016; Martinsson and Tropp, 2020;
Dereziński and Mahoney, 2024), with applications in least squares (Sarlos, 2006; Rokhlin
and Tygert, 2008) and low-rank approximation (Cohen et al., 2015, 2017), among others.
In this context, the sketched projection matrix P = (SA)†SA, which we study as part of
our analysis, arises naturally in low-rank approximation when bounding error of the form

9
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‖A−AP‖, where AP is the projection of the input matrix A onto the rank k span of the
sketch SA (Halko et al., 2011).

Some of the most popular and efficient sketching techniques are sparse random matrices,
including CountSketch (Charikar et al., 2004), OSNAP (Nelson and Nguyên, 2013), and
LESS (Dereziński et al., 2021). In our setting, we require sketching matrices that are even
sparser than typically used, since they are applied repeatedly, so we rely on recently proposed
LESS-uniform sketches (Dereziński et al., 2021; Chenakkod et al., 2024) in conjunction with
the randomized Hadamard transform (Ailon and Chazelle, 2009; Tropp, 2011).

Most of the popular matrix sub-sampling methods are based on i.i.d. importance sam-
pling, for example using the so-called leverage scores (Drineas et al., 2006, 2012). More
recently, a number of works have used non-i.i.d. combinatorial sampling techniques, such as
volume sampling and determinantal point processes, for solving matrix problems including
least squares and low-rank approximation (for an overview, see Dereziński and Mahoney,
2021). We build on some of these approaches internally as part of our analysis (Section 5).

Sketch-and-Project. The sketch-and-project method was developed as a unified frame-
work for iteratively solving linear systems (Gower and Richtárik, 2015a). Varying the
distribution of the sketching matrix S and the projection type determined by a positive
definite matrix B, this general update rule reduces to a variety of classical methods such as
randomized Gaussian pursuit, Randomized Kaczmarz, and Randomized Newton methods,
among others (e.g., Gower et al., 2019; Gower and Richtárik, 2015a). The applicability of
the sketch-and-project framework spans beyond linear solvers, including extensions aimed
at solving linear and convex feasibility problems (Necoara et al., 2019), efficiently minimiz-
ing convex functions (Gower et al., 2019; Hanzely et al., 2020), solving nonlinear equations
(Yuan et al., 2022) and inverting matrices (Gower and Richtárik, 2017).

The performance of generic sketch-and-project type methods is often hindered by the
cost of storing and applying the sketching matrix, as well as the complexity of solving
the sketched system (projection step), especially when the sketch size is not very small.
Special features of the sketch-and-project based algorithm presented in this work (Algo-
rithm 1)—such as ultra-sparse sketching matrices, momentum, and solving sketched sys-
tems iteratively—take care of the mentioned inefficiencies of the original sketch-and-project
method and can be employed to refine the sketch-and-project methods beyond linear solvers;
partial results in this direction were obtained in Hanzely et al. (2018); Gazagnadou et al.
(2022); Dereziński et al. (2021); Dereziński and Yang (2024).

Random matrix theory. Due to the random nature of the sketching matrix S, the anal-
ysis of Sketch-and-Project is greatly facilitated by advances in random matrix theory. In
the asymptotic setting, when S has i.i.d. entries, the spectrum of SA converges determin-
istically to a generalized Marchenko–Pastur distribution (Silverstein and Bai, 1995). This
spectral characterization enables a precise understanding of the projection matrix P and its
expectation P̄ through deterministic equivalents in the asymptotic regime (Hachem et al.,
2007; Rubio and Mestre, 2011), recently extended beyond the i.i.d. setting to asymptoti-
cally free sketches by LeJeune et al. (2024), who also applied this asymptotic analysis to
Sketch-and-Project.

In finite dimensions, there are a variety of known results on matrix concentration (see
Vershynin, 2018). In particular, the largest and smallest singular values of i.i.d. random
matrices are well characterized, e.g., Rudelson and Vershynin (2009); Oymak and Tropp
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(2018). For other types of random matrices, recent universality results (Brailovskaya and
van Handel, 2024) prove that a broad class of sparse and non-i.i.d. matrices concentrate
around the same spectral profile as Gaussian matrices, enabling the application of estab-
lished results to new types of extremely sparse sketches (Chenakkod et al., 2024).

3. Preliminaries

Notation. We denote matrices with upper case bolded font (X), vectors with lower case
bolded font (x), and scalars with basic font (x). The vector ei denotes the ith coordinate
vector. We denote by [m] the set of integers from 1 to m, [m] := {1, 2, . . .m}. We denote
expectation by E and probability by Pr, where the randomness should be clear from context
if not specified. The smallest and largest (non-zero) singular values of a matrix X are
denoted by σmin(X) and σmax(X), respectively. The norm ‖ · ‖ denotes the Euclidean or
spectral norm. The condition number of a matrix X is denoted by κ(X) = σmax(X)σ−1

min(X).
For a symmetric positive definite matrix A, its induced norm is defined as ‖x‖A =

√
x>Ax,

and we write A � B to denote the (Loewner) matrix ordering, i.e., to say that B −A is
positive semi-definite. For an event E , we write ¬E to denote the complement of E . Lastly,
we utilize constants c, c1, c2, . . . , C, C1, C2, . . . to denote absolute constants, which may hold
different values from one instance to the next. We reserve the use of big-O notation for
complexity remarks, and we use the notation Õ to hide logarithmic factors. To avoid
difficulty in implicitly adjusting constants, we assume that m,n, k, `, δ are bounded away
from 1.

Sketching model. We obtain fast solvers for our main results with Algorithm 1, which is
based on the Sketch-and-Project framework (Gower and Richtárik, 2015a), with ultra-sparse
sketching matrices S and Nesterov’s acceleration. For ultra-sparse sketching, we consider
the following sparse sketching construction, following similar constructions in Dereziński
et al. (2021); Chenakkod et al. (2024).

Definition 6 (LESS-uniform) A sparse sketching matrix S ∈ Rk×m is called a LESS-
uniform matrix with s non-zeros per row if it is constructed out of independent and identi-
cally distributed (i.i.d.) rows, with the ith row of S given by√

m

s

s∑
j=1

rije
>
Iij ,

where Ii1, ..., Iis are i.i.d. random indices sampled uniformly with replacement from [m], and
rij are i.i.d. Rademacher random variables, i.e., Pr(rij = 1) = Pr(rij = −1) = 1/2.

This is one of the most natural ways to generate sparse sketching matrices. We can avoid
more expensive techniques used in earlier works (Dereziński and Rebrova, 2024) thanks to
initial preprocessing with the randomized Hadamard transform (Ailon and Chazelle, 2009).

Definition 7 (Randomized Hadamard Transform) For any m that is a power of 2,
the Hadamard matrix Hm ∈ Rm×m is defined so that H0 = 1 and:

Hm =

[
Hm/2 Hm/2

Hm/2 −Hm/2

]
.

11
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An m × m randomized Hadamard transform (RHT) is a random matrix Q = 1√
m

HmD,

where Hm is the Hadamard matrix and D is an m×m diagonal matrix with i.i.d. Rademacher
entries. Applying Q to a vector takes O(m logm) time.

An advantage of the RHT is that it can be used to uniformize the leverage scores of a
matrix, which is crucial in our analysis of both the first and second matrix moments of the
random projection P.

Lemma 8 (Lemma 3.3, Tropp (2011)) Consider a matrix U ∈ Rm×d such that U>U =
I and let Q be the m ×m Randomized Hadamard Transform. Then, the matrix Ũ = QU
with probability 1 − δ has nearly uniform leverage scores, i.e., the norms of its rows are
bounded as ‖ũi‖ ≤

√
d/m+

√
8 log(m/δ))/m for all i = 1, . . . ,m.

As an auxiliary result, we obtain new bounds on the extreme singular values of the random
matrix SU, where S is a k × m LESS-uniform embedding and U is an m × d isometric
embedding matrix, i.e., such that U>U = I. Specifically, in Appendix A we show that SU
matrices have extreme singular values of the same order as after Gaussian sketching.

Lemma 9 Consider an m × d matrix U such that U>U = I and such that the norm of
each row of U is bounded by C

√
d/m. There are universal constants c1, c2, C1, C2 > 0 such

that if S is a k ×m LESS-uniform matrix with 1 ≤ k ≤ d/2, s ≥ C1 log4(d/δ) non-zeros
per row, and dimension d ≥ C2 log(1/δ), then with probability 1− δ

c1

√
d ≤ σmin(SU) ≤ σmax(SU) ≤ c2

√
d.

We use the upper bound from Lemma 9 in our first-moment projection analysis (Section 5),
while the lower bound is needed for the second-moment analysis (Section 6). Crucially,
a similar result does not hold if we replace the LESS-uniform matrix with a uniform sub-
sampling matrix (the smallest singular value of a uniformly sub-sampled U can be arbitrarily
close to zero with a non-negligible probability when the sample size k is less than d).

Numerical stability. Even though, for simplicity, our results are stated in the exact
arithmetic (Real-RAM) model, we provide a stability analysis of our algorithm in Section 7,
which shows that its convergence rate is stable with respect to the error in the projection
steps. Extending this analysis to the Word-RAM model with word sizes polylogarithmic
in the parameters of the problem is a promising direction, since all other linear algebraic
operations we rely on are known to be stable (Demmel et al., 2007). This suggests another
potential advantage of Sketch-and-Project type solvers over deterministic Krylov methods,
for which ensuring stability is an ongoing area of research (Musco et al., 2018a; Peng and
Vempala, 2021).

4. Main Algorithm and Convergence Guarantees

Our main results consist of convergence theorems describing the iteration-wise convergence
rate of Algorithm 1, revealing sharp dependencies on the spectral profile of matrix A. Here,
note that the algorithm takes as an additional parameter positive definite matrix B, which
controls the type of projection operator used in Sketch-and-Project.

We first present the more general convergence result for an m × n matrix A, where
for simplicity we assume that m ≥ n and A has full column rank. To fully capture the
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Algorithm 1 Sketch-and-Project with Nesterov’s acceleration

1: Input: matrix A ∈ Rm×n, vector b ∈ Rm, p.d. matrix B ∈ Rn×n, sketch size k, iterate

x0, iteration tmax, β = 1−
√

µ
ν , γ = 1√

µν , α = 1
1+γν ;

2: v0 ← x0;
3: for t = 0, 1, . . . , (tmax − 1) do
4: yt ← αvt + (1− α)xt;
5: Generate sketching matrix S;
6: Solve (SAB−1A>S>)ut = SAyt − Sb for ut . Possibly inexactly, see Section 7
7: wt ← B−1A>S>ut;
8: xt+1 ← yt −wt; . xt+1 = argminx‖x− yt‖B s.t. SAx = Sb
9: vt+1 ← βvt + (1− β)yt − γwt;

10: end for
11: return x̃ = xtmax ; . Solves Ax = b.

convergence properties in terms of the spectral profile of A, we rely on the following notion
of average condition number, κ̄`:q, parameterized by two indices 1 ≤ ` < q ≤ n describing
the range of singular values on which the condition number is computed:

κ̄`:q =
( 1

q − `

q∑
i=`+1

σ2
i

σ2
q

)1/2
,

where σ1 ≥ σ2 ≥ ... ≥ σn > 0 are the singular values of A. We use κ̄` := κ̄`:n as a shorthand.

Theorem 10 Consider an m × n matrix A with full column rank, and a vector b such
that the linear system Ax = b is consistent. Suppose that we preprocess the linear system
with a randomized Hadamard transform Q by setting A ← QA and b ← Qb, and choose
B = I in Algorithm 1. Also, let the sketching matrices S be LESS-uniform with sketch size
k ≥ C1 log(m/δ), 2k ≤ m and s ≥ C2 log4(n/δ) non-zeros per row. Then, conditioned on a
1− δ probability event that only depends on the randomness of Q,

E
[
‖xt − x∗‖2

]
≤ 2
(

1− c1`

nκ̄`κ̄`:2k

)t
‖x0 − x∗‖2 for ` =

⌈ c2k

log k

⌉
,

where x∗ is the minimum norm solution. Moreover, the algorithm can be implemented to
run in time O(mn logm+ t(nk(s+ log(nκ̄`)) + kω)).

Remark 2 While our results are stated for A with full column rank, they should extend
naturally to rank-deficient A by operating on the subspace defined by the column span of A,
following arguments similar to those of Gower and Richtárik (2015b). We focus here on
the full-rank setting for the sake of better clarity of the notation and analysis.

In the case where A is positive definite, the additional structure provides us with an
improved condition number dependence in the convergence rate, by a square root factor.
This is achieved by using a modified projection operator dictated by the choice of B. Here,
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the average condition number is slightly redefined in terms of the eigenvalues of A (instead
of its singular values) to suite the positive definite setting:

κ̃`:q =
1

q − `

q∑
i=`+1

λi
λq
,

where λ1 ≥ λ2 ≥ ... ≥ λn > 0 are the eigenvalues of the n × n positive definite A. Here,
similarly as before, we use κ̃` as a shorthand for κ̃`:n.

Theorem 11 Consider an n× n positive definite matrix A and a vector b ∈ Rn. Suppose
that we initialize Algorithm 1 by setting both A and B to QAQ> and replacing b with
Qb. Also, let the sketching matrices S be LESS-uniform with sketch size k ≥ C1 log(n/δ),
2k ≤ n and s ≥ C2 log4(n/δ) non-zeros per row. Then, conditioned on a 1 − δ probability
event that only depends on the randomized Hadamard transform Q,

E
[
‖xt − x∗‖2A

]
≤ 2
(

1− c1`

n
√
κ̃`κ̃`:2k

)t
‖x0 − x∗‖2A for ` =

⌈ c2k

log k

⌉
,

with x∗ = A−1b denoting the solution. Moreover, the algorithm can be implemented to run
in time O(n2 log n+ t(nks+ kω)).

We next briefly discuss how the time complexities given in Theorem 1 and 2 can be recovered
from the above convergence results, with the details relegated to Section 8.

Following the assumptions of Theorem 1, suppose that we are given an n× n invertible
matrix A and an n-dimensional vector b. If the sketch size in Algorithm 1 satisfies k =

Õ(n
1

ω−1 ) and ` = Ω(k/ log k), then we can write down the time complexity described by
Theorem 10 as follows:

Õ
(
n2 + κ̄`κ̄`:2k

n

`
(nk + kω)

)
= Õ

(
κ̄`κ̄`:2k(n

2 + nkω−1)
)

= Õ
(
κ̄`κ̄`:2kn

2
)
,

and an analogous calculation holds for Theorem 11, with κ̄`κ̄`:2k replaced by
√
κ̃`κ̃`:2k.

It remains to translate those condition number quantities into our spectral tail condition
number κ` = σ`

σn
. Fortunately, in Section 8 we show that one can always find a sketch size

k = Õ(n
1

ω−1 ) and the corresponding ` = Ω̃(k), such that those quantities are bounded by
Õ(κ`) and Õ(

√
κ`), respectively, which is sufficient to establish Theorems 1 and 2. In the

next sections, we present the convergence analysis of Sketch-and-Project with Nesterov’s
acceleration, needed for Theorems 10 and 11, which is our main technical contribution.

5. First-Moment Projection Analysis via Optimal DPP Reduction

In this section, we show how to lower bound the smallest eigenvalue of the expected pro-
jection matrix, i.e., µ = λmin(E[P]), where P = (SA)†SA is the random projection matrix
central to the convergence guarantee (1) for Sketch-and-Project. In fact, we give a more gen-
eral result, lower bounding the entire expected projection in positive semidefinite ordering,
which will be necessary later for the analysis of the second-order term ν.
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Lemma 12 Suppose that a rank n matrix A ∈ Rm×n is transformed by the randomized
Hadamard transform (RHT), i.e., A ← QA. If S is a k × m LESS-uniform sketching
matrix with sketch size k ∈ [C1 log(m/δ), n] and s non-zeros per row, then, as long as
s = O(1) or s ≥ C2 log4(n/δ), and n ≥ C3 log(1/δ), conditioned on an RHT property
that holds with probability 1 − δ, there exists ` ≥ ck

log k such that the matrix P = (SA)†SA
satisfies:

E[P] � A>A(A>A + λI)−1 − δI, where λ =
1

`

∑
i>`

σ2
i .

First, we show how the above result can be translated into a lower bound on the smallest
eigenvalue of the expected projection, and therefore, on µ.

Corollary 13 Under the assumptions of Lemma 12, and choosing δ ≤ 1
nκ̄2`

, we have

λmin(E[P]) ≥ `/4

nκ̄2
`

for ` =
⌈ ck

log k

⌉
, κ̄` =

( 1

n− `
∑
i>`

σ2
i

σ2
n

)1/2
.

Proof Note that we can choose a sufficiently large C1 in the lemma to make sure that k is
large enough so that ` = d ck

log ke ∈ [4, n/2]. Thus, we have λ = 1
`

∑
i>` σ

2
i ≥ 1

n−`
∑

i>` σ
2
i ≥

σ2
n. Note that if the lower bound of Lemma 12 holds with some ` ≥ ck

log k , then it holds with

` = d ck
log ke. Thus, using Lemma 12 with δ ≤ 1

nκ̄2`
, we have:

λmin(E[P]) ≥ λmin(A>A(A>A + λI)−1)− δ =
σ2
n

σ2
n + λ

− δ ≥ σ2
n

2λ
− δ =

`/2

(n− `)κ̄2
l

− δ ≥ `/4

nκ̄2
`

,

which concludes the proof of the corollary.

Remark 3 We note that for the case of s = 1 non-zeros per row, the LESS-uniform sketch
is precisely equivalent to uniform sub-sampling. In this case, Corollary 13 is a direct im-
provement over the result of Dereziński and Yang (2024), from ` = Ω( k

log3m
) to ` = Ω( k

log k )

(their Lemma 4.2).

Before we proceed with the proof of Lemma 12, we introduce some definitions related to
determinantal point processes, a family of non-i.i.d. sub-sampling distributions commonly
studied in machine learning (Kulesza and Taskar, 2012), that are central to our analysis.

Definition 14 Given an m × m positive semi-definite matrix B, a determinantal point
process S ∼ DPP(B) is a distribution over all sets S ⊆ {1, ...,m} such that Pr(S) ∝
det(BS,S), where BS,S denotes the prinicipal submatrix of B indexed by S.

The distribution of S ∼ DPP(B) is defined over all 2m subsets of {1, ...,m}, which means
that the size of S is also a random variable (albeit one can show that it is highly concentrated
around its mean), hence we call this a random-sized DPP. If we condition the DPP on a
particular set size, |S| = k, the resulting distribution is often called a (fixed-size) k-DPP.
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The key benefit of determinantal point processes in the context of Sketch-and-Project
is that, thanks to a Cauchy-Binet-type determinantal summation formula, the expectation
of the random projection matrix P has a simple closed form under DPP sampling, which,
as we see below, is needed for our analysis.

Lemma 15 (Lemma 5, Dereziński et al. (2020)) Given matrix A ∈ Rm×n, let S ∼
DPP( 1

λAA>) for some λ > 0, and define S ∈ R|S|×m to be the sampling matrix correspond-
ing to S, i.e., a matrix consisting of rows that are standard basis vectors e>i for i ∈ S, so
that SA is the submatrix of the rows of A indexed by S. Then, we have

E[(SA)†SA] = A>A(A>A + λI)−1. (2)

If we could use a DPP sampling matrix instead of our LESS-uniform sketching matrix in the
statement of Lemma 12, then the desired lower bound on the expectation of P would follow
directly from this result. However, unfortunately, we cannot rely on sampling directly from
a DPP for two reasons. First, despite considerable work in this direction (see Dereziński and
Mahoney, 2021, for an overview), the cost of sampling from these combinatorial distributions
far exceeds the time complexity of uniform sub-sampling, or of our LESS-uniform sparse
sketching, which is necessary to recover our main results. Second, while DPPs provide a
closed form for the first moment of the projection P, the same is not true for the normalized
second moment, required to bound ν in (1). To achieve this second guarantee, we must
rely on Gaussian universality properties which are specific to sketching matrices such as
LESS-uniform.

Our proof of Lemma 12 starts with the observation that we do not actually need to
sample from a DPP to produce a lower bound on E[P], but rather, it suffices to produce a
sample that contains a DPP sample. This is true because for any two subsets S1 ⊆ S2 ⊆ [m]
and the corresponding sampling matrices S1, S2, the projection matrices PSi := (SiA)†SiA
satisfy PS1 � PS2 . This leads to the following strategy: construct a hypothetical sampling
algorithm which produces a DPP sample SDPP, but also as a byproduct, defines another
sample S such that: (a) the sample S contains the DPP sample, i.e., SDPP ⊆ S, while
not being too much larger; and (b) the distribution of S is easier to sample from (for
example, uniform sampling). This strategy, which can be viewed as coupling together the
distributions of SDPP and S, is then used to show that E[PS ] � E[PSDPP

]. Finally, we rely
on the DPP expectation formula from Lemma 15 to complete the analysis, showing that
the easy sampling scheme S enjoys the desired guarantee (without needing to implement
the DPP algorithm).

Our coupling argument is based on a combination of two algorithms. The first one,
Algorithm 2, is a classical method for sampling from a determinantal point process by
reformulating it as a mixture of so-called Projection DPPs (Kulesza and Taskar, 2012),
which are a special instance of a fixed-size k-DPP where k is the rank of the given matrix.

Definition 16 Given an m×m positive semi-definite matrix B, we define S ∼P-DPP(B)
as a distribution over subsets S ⊆ {1, ...,m} of size rank(B) such that Pr(S) ∝ det(BS,S).

At a high level, Algorithm 2 first samples a subset of the left singular vectors of the
input matrix A via independent Bernoulli coin flips, and then samples from a Projection
DPP defined using just those vectors. The fact that this algorithm returns a sample from
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Algorithm 2 Random-sized DPP sampler (Algorithm 1 from Kulesza and Taskar (2012))

1: input: A ∈ Rm×n with SVD A = UDV> where D = diag(σ1, ..., σn)
2: output: SDPP ∼DPP(AA>)

3: For each i = 1, ..., n, independently sample bi ∼ Bernoulli(
σ2
i

σ2
i+1

)

4: Construct matrix U∗,b consisting of columns of U indexed by b = [b1, ..., bn]
5: return SDPP ∼P-DPP(U∗,bU>∗,b) using Algorithm 3

DPP(AA>), while certainly non-trivial, has been known since the work of Hough et al.
(2006). Note that, in particular, this scheme characterizes the distribution of the size of
SDPP, since this size is equal to the number of singular vectors that are selected.

Observe that Algorithm 2 technically requires an exact singular value decomposition
(SVD) of the input matrix A, which means that it is clearly far too expensive for our
purposes. However, as explained above, we will only use it in our proof of Lemma 12.

We combine this algorithm with a recently proposed rejection sampling scheme for sam-
pling a Projection DPP (Dereziński et al., 2019), given in Algorithm 3. This algorithm
describes how we can select a P-DPP sample out of a stream of i.i.d. samples drawn ac-
cording to a distribution q over {1, ...,m}. What matters for our coupling argument is the
sample complexity of this procedure, i.e., how many i.i.d. samples from q need to be drawn
by the algorithm (in line 6) to extract one P-DPP sample SDPP via rejection sampling. This
stream of i.i.d. samples (including the rejected ones), which the algorithm collects into the
set S (line 7), is going to be the larger sample that we couple with the DPP.

Algorithm 3 Projection DPP sampler

1: input: U ∈ Rm×` such that U>U = I, probability distribution q over {1, ...,m} such
that ‖ui‖2 ≤ R`qi for all 1 ≤ i ≤ m and some R ≥ 1, where u>i is the ith row of U

2: output: SDPP ∼P-DPP(UU>)
3: Initialize Z = I`, SDPP = {}, S = {}
4: for j = 1, ..., `
5: repeat
6: Sample index I ∼ q
7: S ← S ∪ {I}
8: Sample Accept ∼ Bernoulli

(u>I ZuI
R`qI

)
9: until Accept = 1

10: SDPP ← SDPP ∪ {I}
11: Z← Z− ZuIu

>
I Z

u>I ZuI

12: end for
13: return SDPP

To ensure that the rejection sampling used in Algorithm 3 terminates efficiently, we rely
on the following prior result, which bounds the number of rejection sampling steps required
across all iterations of the sampler.
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Lemma 17 (Dereziński et al. (2019)) Given U ∈ Rm×` such that U>U = I, let u>i
denote its ith row. Consider a probability distribution q over {1, ...,m} such that ‖ui‖2 ≤
R`qi for all i and some R ≥ 1. Then, Algorithm 3 produces a sample SDPP ∼ P-DPP(UU>),
and with probability 1 − δ it requires at most |S| = O(R` log(`/δ)) samples drawn from q
(line 6).

The number of samples required by Algorithm 3 depends on R, which specifies how well
q approximates the so-called leverage score sampling distribution of U. For a matrix U such
that U>U = I, its ith leverage score is defined as the norm squared of the ith row ui of U.
In particular, if R = 1 in Lemma 17, then qi corresponds to exact leverage score sampling,
qi = ‖ui‖2/

∑
i ‖ui‖2 = ‖ui‖2/`. This distribution effectively describes the likelihood of an

index i being sampled into SDPP, via the following formula: Pr(i ∈ SDPP) = ‖ui‖2.
Naturally, we cannot simply use R = 1 in Algorithm 3, because that would force q to

be the exact leverage score sampling distribution, which is itself as expensive to compute
as the SVD. Instead, in our algorithm, R is controlled by applying the RHT to the data
matrix and relying on Lemma 8 to ensure that the row norms (and thereby the leverage
scores) are uniformly bounded. This way, even a uniform sampling distribution q provides
a decent enough approximation of leverage score sampling so that R = Õ(1).

To further refine the coupling argument, and adapt it to LESS-uniform sketching, our
proof of Lemma 12 also relies on the notion of total variation distance between two proba-
bility distributions, which we define here.

Definition 18 (Total variation distance) Let µ, ν be probability measures defined on a
measurable space (Ω,F), the total variation distance between µ and ν is defined as

dtv(µ, ν) = sup
A∈F
|µ(A)− ν(A)|.

Bounding the total variation distance allows us to couple two random variables so that
they are equal with high probability.

Lemma 19 (Example 4.14, Van Handel (2014)) Let µ, ν be probability measures de-
fined on some (Ω,F). Then, we have inf(X,Y ) Pr{X 6= Y } = dtv(µ, ν), where X ∼ µ, Y ∼ ν,
and the infimum is taken over all couplings of µ and ν.

We are now ready to give the proof of Lemma 12 by coupling a LESS-uniform sketch
with a DPP sample produced by Algorithm 2 for a specially expanded version of matrix A.
Proof of Lemma 12 As mentioned above, the general approach of our proof is to show
that the LESS-uniform sketching matrix S defined in Lemma 12 essentially contains a
DPP sample, so that we can rely on the simple closed form expression for the expected
projection under DPP sampling (Lemma 15). To do this, we must first represent a LESS-
unifom sketching matrix itself as a sample. We achieve this by defining an expanded matrix
Ā, which contains all possible rows that could be produced via this sketching method.

Define the LESS-uniform expansion matrix S̄ ∈ RN×m, where N = (2m)s and s is the
number of non-zeros per row in the definition of LESS-uniform (Definition 6), so that S̄
consists of all rows of the form:√

m

sN

s∑
i=1

rie
>
Ii , r1, ..., rs ∈ {1,−1}, I1, ..., Is ∈ [m].
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Note that we have S̄>S̄ = I, because the LESS-uniform sketching distribution is isotropic.
Now, let UDV> be the SVD of A and consider matrix Ā = S̄QA, where recall that
Q is the RHT matrix and it satisfies Q>Q = I. We can now write the SVD of Ā as
follows: Ā = (S̄Ũ)DV> where Ũ = QU. Observe that we designed matrix Ā so that an
i.i.d. uniform sample of rows from Ā is distributed identically to a LESS-uniform sketch of
matrix QA.

Next, we consider running Algorithm 2 on the expanded matrix to produce a sample
SDPP ∼ DPP( 1

λĀĀ>). The size of the sample is random, and it is equal to
∑

i bi, since
Algorithm 3 always selects one element per each bi = 1. Thus, we can obtain the expected
size of the DPP sample as follows, where σi’s denote the singular values of A:

E
[
|SDPP|

]
=

n∑
i=1

E[bi] =
n∑
i=1

σ2
i /λ

σ2
i /λ+ 1

=
n∑
i=1

σ2
i

σ2
i + λ

Recall that, due to our choice of λ = 1
`

∑
i>` σ

2
i , we have:

n∑
i=1

σ2
i

σ2
i + λ

≤ `+
1

λ

∑
i>`

σ2
i = 2`.

From now on, we will define ˜̀ := |SDPP| =
∑

i bi as a shorthand for the random DPP sample
size. Ultimately, our goal is to show that the sampler with high probability produces its
output sample SDPP after drawing only at most O(` log `) uniform samples in line 6 of
Algorithm 3, i.e., to bound the size of the set S produced in the course of the algorithm.
The collection of rows of Ā indexed by S forms a LESS-uniform sketch SQA, which allows
us to argue that a k = O(` log `) size LESS-uniform sketch contains a DPP( 1

λĀĀ>) sample.
We next define the high probability event depending only on the RHT, which will be

used to ensure that the parameter R in Lemma 17 and Algorithm 3 can be bounded.
First, consider the random vector b defined by Algorithm 2 when applied to matrix 1√

γ Ā,

and let E be the event that the matrix QU∗,b achieves nearly-uniform marginals; i.e.,
‖e>i QU∗,b‖2 ≤ C(˜̀+ log(m/δ))/m for all i, where recall that U∗,b is an m× ˜̀ matrix. For
any fixed b, this event holds with probability 1 − δ2 due to Lemma 8. In other words, we
know that Pr(¬E | b) ≤ δ2. From this, it follows that:

E
[

Pr(¬E | Q)
]

= Pr(¬E) = E
[

Pr(¬E | b)
]
≤ δ2.

Thus, letting δQ = Pr(¬E | Q), via Markov’s inequality we have that:

Pr
(
δQ ≥ δ

)
≤
E[δQ]

δ
=
δ2

δ
= δ.

So, for a random Q, there is an event A such that Pr(A) ≥ 1 − δ, and conditioned on A,
we achieve nearly-uniform row norms for a random b with probability 1− δ. From now on,
we will condition on event A. Next, note that a standard Chernoff bound on the sum of
Bernoulli random variables implies that ˜̀ =

∑
i bi ≤ C(` +

√
` log(1/δ)) with probability

1− δ. Thus, for the rest of the analysis, we can assume that ˜̀≤ C`.
Suppose that for the randomly sampled b the matrix Ũ∗,b = QU∗,b has ˜̀≤ C` columns

and nearly-uniform marginals, i.e., ‖ũi‖2 ≤ C(`+ log(m/δ))/m, where ũi is the transposed
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ith row of Ũ∗,b. Next, we show that even after expanding to matrix Ā, the corresponding
matrix of left singular vectors S̄Ũ∗,b also has nearly-uniform marginals with high prob-
ability. Note that in the case of s = 1 non-zeros per row, which corresponds to simply
sub-sampling from the matrix QA, the expansion is trivial, and so this property is im-
mediately implied by Ũ∗,b having nearly-uniform rows. However, to work well with the
second-moment projection analysis, we need to show the result when s ≥ C log4(n/δ). In
this case, we can only show the following somewhat weaker guarantee over all rows of S̄Ũ∗,b.
Let 1√

N
s̄ denote a row of S̄, with s̄ =

√
m
s

∑s
i=1 rie

>
Ii

. Again using ũi to denote the rows of

Ũ∗,b, we have:

‖s̄>Ũ∗,b‖ ≤
√
m

s

s∑
i=1

‖ũIi‖ ≤
√
m

s
sC

√
`+ log(m/δ)

m
≤ C

√
s(`+ log(m/δ)).

This leads to an upper bound of C s`
N for the leverage scores of S̄Ũ∗,b, which is sub-optimal

by a factor of s. However, fortunately we can show a sharper guarantee for a vast majority
of the leverage scores. Let 1√

N
s̄ now be a randomly sampled row of S̄. Using the Gaussian

universality result from Lemma 9 (specifically, the upper-bound on the largest singular value
with the sketching matrix of size 1 ×m) for s̄>Ũ∗,b, assuming s̄ has at least C log4(n/δ)
non-zeros, we have:

Pr
(
‖s̄>Ũ∗,b‖ ≥ C

√
`
)
≤ δ, (3)

where the probability is taken with respect to the randomness of s̄ only. We can use
the above guarantees to design a probability distribution q over the row indices {1, ..., N}
of S̄Ũ∗,b, such that it is nearly proportional to the row norms squared, as required by
Algorithm 3.

Consider partitioning the row indices of Ā into the set R of indices for which we can
establish a sharp bound ‖s̄>i Ũ∗,b‖ ≤ C

√
`, and its complement R̄, for which we merely have

‖s̄>i Ũ∗,b‖ ≤ C
√
s(`+ log(m/δ)), where s̄i denotes the transposed ith row of S̄. Formally,

we define:

R =
{
i ∈ {1, ..., N} : ‖s̄>i Ũ∗,b‖2 ≤ C`

}
.

Now, we construct the probability distribution q for Algorithm 3 as follows:

qi =

{
(1− ε) 1

N if i ∈ R,
1
`N ‖s̄

>
i Ũ∗,b‖2 otherwise,

where ε is chosen so that
∑

i qi = 1. Using (3), we know that R̄ includes no more than a δ
fraction of all indices, i.e., |R̄|/N ≤ δ, so we can solve for ε:

1 =
∑
i

qi = (1− ε)
∑
i∈R

1

N
+
∑
i 6∈R

1

`N
‖s̄>i Ũ∗,b‖2 ≤ (1− ε) + Csδ,

so we can use ε ≤ Csδ. It is easy to see that as long as ` ≥ log(m/δ), distribution q is a
constant factor approximation of leverage score sampling for S̄Ũ∗,b, so that it can be used
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in Algorithm 3 with R = O(1) in Lemma 17. However, since we cannot actually compute
q, we still have to show that q can be coupled with the exact uniform sampling distribution
q′ = ( 1

N , ....,
1
N ) which represents LESS-uniform. We do this by bounding the total variation

distance dtv(q, q′) between q and q′, as follows:

dtv(q, q′) =
1

2

∑
i

|q(i)− q′(i)|

≤
∑
i∈R
|q(i)− q′(i)|+

∑
i∈R̄

|q(i)− q′(i)|

≤
∑
i∈R

ε

N
+
∑
i∈R̄

( 1

N
+
Cs`

lN

)
≤ ε+ Csδ ≤ 2Csδ.

So, by Lemma 19, we can couple approximate leverage score sampling q with uniform sam-
pling q′ without observing any difference for O(` log `) steps of Algorithm 3, with probability
1 − O(sδ` log `). This is sufficient since we know from Lemma 17 that the algorithm will
terminate after O(` log `) steps. Note that adjusting the constants in the statement of the
result we can replace the failure probability O(sδ` log `) with δ.

To summarize, we have shown that, conditioned on the event A that only depends
on Q, running Algorithms 2 and 3 as described above on input 1√

λ
Ā = 1√

λ
S̄QA will

produce a sample from SDPP ∼ DPP( 1
λĀĀ>) by drawing indices at random from {1, ..., N}

according to distribution q. Let S denote the set of these indices, including the ones
rejected in Algorithm 3. We showed that with probability 1 − δ, this set has size at most
|S| = O(` log(`/δ)), and that the distribution of these indices can be coupled with a uniform
sample of indices so that they are indistinguishable with probability 1− δ.

Rephrasing this, we can say that there is a coupling between the run of our DPP sampler
(producing SDPP) and a uniform sample S of size k ≤ C` log ` such that, conditioned on
an event B that holds with probability 1 − δ, we have SDPP ⊆ S. Now, let PSDPP

and
PS denote the corresponding projections onto the span of rows selected by SDPP and S
respectively. Then, we have:

E[PS ] � E[PS1B]

(1)

� E[PSDPP
1B]

(2)

� E[PSDPP
]− δI

(3)
= A>A(A>A + λI)−1 − δI,

where (1) follows because SDPP ⊆ S when conditioned on B, (2) follows because B holds
with 1− δ probability, and (3) follows from Lemma 15. Finally, note that while in the proof
we started with ` and then selected k ≤ C` log `, this can easily be restated as starting with
k ≥ C logm and selecting ` ≥ Ck

log k , since k
log k log( k

log k ) ≤ Ck.
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6. Second-Moment Projection Analysis via Gaussian Universality

We now turn to bounding the second-order term ν = λmax(E[(P̄−1/2PP̄−1/2)2]), which
appears alongside the first-order term µ in the convergence bound (1) of Sketch-and-Project
with Nesterov’s acceleration (Algorithm 1). We do this by combining the previous bound
on the expected projection with a bound on the smallest singular value of the LESS-uniform
sketch SA. Our main result is a more general statement on a positive semidefinite ordering
of a certain second matrix moment of P.

Lemma 20 Suppose that a rank n matrix A ∈ Rm×n with condition number κ is trans-
formed by the randomized Hadamard transform (RHT), i.e., A ← QA. If S is a k × m
LESS-uniform sketching matrix with sketch size k ≥ C1 log(m/δ), 2k ≤ m and s ≥
C2 log4(n/δ) non-zeros per row, n ≥ C3 log(1/δ), and δ ≤ C4/nκ

2, then, conditioned on
an RHT property that holds with probability 1− δ, matrix P = (SA)†SA satisfies:

E
[
PE[P]−1P

]
� c1n

`
κ̄2
`:2k · E[P] + 2δI for ` =

⌈ c2k

log k

⌉
,

where κ̄`:q := ( 1
q−`
∑q

i=`+1
σ2
i
σ2
q
)1/2 with σ1 ≥ σ2 ≥ ... denoting the singular values of A.

From this main result, we can conclude the following bound on ν.

Corollary 21 Under the assumptions of Lemma 20,

ν ≤ c1n

`
κ̄2
`:2k for ` ≥ c2k

log k
. (4)

We will prove Lemma 20 and Corollary 21 together, using the following lemma which allows
us to control the smallest singular value of the LESS-uniform sketch with high probability.

Lemma 22 Suppose that we are given matrix A ∈ Rm×n with full column rank, and let
random matrix Q ∈ Rm×m be the randomized Hadamard transform. If the sketching matrix
S is a k × m LESS-uniform matrix with C1 log(m/δ) ≤ 2k ≤ m and s ≥ C2 log4(n/δ)
non-zeros per row, then

σ2
min(SQA) ≥ c

(
2kσ2

2k +
∑
i>2k

σ2
i

)
with probability at least 1− δ.

Remark 4 Our argument is quite general, and in particular, can be easily adapted to
sketching methods where SQ is replaced by a Gaussian or a sub-Gaussian matrix. To our
knowledge, this is the first such characterization for the smallest singular value of a sketch.

Proof First, we note that σ2
min(SQA) = λmin(SQAA>Q>S>). Let A = UDV> be the

singular value decomposition (SVD) of A, and let the corresponding SVD of QA be ŨDV>

where Ũ = QU and we used the fact that Q is an orthogonal matrix. The central part of
our argument is to use the SVD of A to decompose the matrix SQAA>Q>S> into a sum
of isotropic random matrices via a careful telescoping argument. This allows us to apply
Gaussian universality of the smallest singular value (Lemma 9) to each component of the
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σ2
1

σ2
2k

σ2
2k+1

σ2
n

t× (σ2
t −σ2

t+1)

2k × σ2
2k

∑
t>2k σ

2
t

Figure 1: Illustration for the telescoping sum argument in the proof of Lemma 22. The
expression in (6) can be viewed as computing the shaded area by summing over
the row rectangles, whereas the expression in (7) is computing the same shaded
are by summing over the columns.

sum. To that end, letting Ũ∗,t denote the t-th column of Ũ, and Ũ∗,1:t be the m× t matrix
consisting of the first t columns of Ũ, we start by lower bounding SQAA>Q>S> with the
following telescoping sum expression:

SQAA>Q>S> = SŨDV>VDŨ>S> = SŨD2Ũ>S>

=

n∑
t=1

σ2
tSŨ∗,tŨ

>
∗,tS

>

�
n−1∑
t≥2k

(σ2
t − σ2

t+1)SŨ∗,1:tŨ
>
∗,1:tS

> + σ2
nSŨŨ>S>

�
( n−1∑
t≥2k

(σ2
t − σ2

t+1)σ2
min(SŨ∗,1:t) + σ2

nσ
2
min(SŨ)

)
· I, (5)

where, at a high level, the idea is to combine the contributions of the rank one matrices
Ũ∗,tŨ

>
∗,t (corresponding to the t-th singular vector) into groups of 2k or more, so that all of

the matrices SŨ∗,1:t appearing in (5) are sufficiently wide for us to be able to show a lower
bound on the smallest singular values of σ2

min(SŨ∗,1:t) via Lemma 9.

To that end, note that each matrix Ũ∗,1:t has orthonormal columns, and since it can be
written as Ũ∗,1:t = QU∗,1:t, we can use the row uniformizing property of the randomized
Hadamard transform Q. Namely, for each value of t ≥ 2k, we can apply Lemma 8 to obtain
that with probability 1− δ/2n, the row norms of Ũ∗,1:t are uniformly bounded as

‖Ũi,1:t‖ ≤
√
t/m+

√
8 log(2mn/δ)/m ≤ C

√
t/m.

This means that each matrix Ũ∗,1:t fits the assumptions of our Gaussian universality result
(Lemma 9), and we can use it to lower bound the smallest singular value. Specifically, the
lemma implies that for any t ≥ 2k, with probability 1 − δ/2n the matrix SŨ∗,1:t ∈ Rk×t
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satisfies

σmin(SŨ∗,1:t) ≥ c1

√
t.

Taking a union bound, we can ensure that this singular value lower bound holds for every
t with probability 1 − δ. Plugging these inequalities into the telescoping sum in (5), we
obtain:

σ2
min(SQA) ≥ c2

1

( n−1∑
t≥2k

t(σ2
t − σ2

t+1) + nσ2
n

)
. (6)

To reach the final claimed lower bound, it remains to undo the telescoping sum expres-
sion. This can be explained most simply via the diagram in Figure 1. Here, the expression
in (6) can be interpreted as computing the shaded area in the figure by summing up over the
row rectangles of dimension t× (σ2

t − σ2
t+1). Instead, we can compute it by summing over

the columns, i.e., the total contributions of each singular value. This breaks the expression
down into the term that corresponds to the 2k × σ2

2k rectangle, plus the sum over the tail
of the remaining singular values. Thus, we obtain:

σ2
min(SQA) ≥ c2

1

(
2kσ2

2k +
n∑

t=2k+1

σ2
t

)
. (7)

This concludes the proof.

We are now ready to prove Lemma 20; i.e., provide an upper-bound for the second-
order projection expression E[PE[P]−1P], along with Corollary 21. Recall that the random
projection matrix is defined as P = (SA)†SA, where to simplify the notation we assume that
the matrix A has already been preprocessed with the RHT matrix Q. Proof of Lemma
20 and Corollary 21 We start by bounding the term E[P]−1 inside the expression. For
this, we can rely on the first-order analysis from Lemma 12, which states that:

E[P] � A>A(A>A + λI)−1 − δI,

where λ = 1
`

∑
i>` σ

2
i and ` = d ck

log ke. Now, since by the assumption in the lemma we have

δ ≤ 1/2nκ2 ≤ λmin(A>A(A>A + λI)−1)/2, we have

E[P]−1 � 2(A>A)−1(A>A + λI) = 2I + 2λ(A>A)−1.

Applying this bound to our second-order expression, we obtain:

E
[
PE[P]−1P

]
� 2E

[
P
(
I + λ(A>A)−1

)
P
]

= 2E[P] + 2λE[P(A>A)−1P].

Thus, it remains to bound E[P(A>A)−1P]. First, we will use Lemma 22 to define a high-
probability event that bounds the spectral norm of the matrix P(A>A)−1P. To do that,
define U = A(A>A)−1/2, which is a matrix with orthonormal columns (recall that we
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assumed full column rank of A). By expanding the Moore-Penrose pseudoinverse we can
write P = (SA)†SA = A>S>(SAA>S>)−1SA, which gives us:

‖P(A>A)−1P‖ = ‖(A>A)−1/2P(A>A)−1/2‖
= ‖U>S>(SAA>S>)−1SU‖

≤ ‖SU‖2‖(SAA>S>)−1‖ =
σ2

max(SU)

σ2
min(SA)

.

This allows us to leverage Lemma 22, ensuring that σ2
min(SA) is lower bounded by c(2kσ2

2k+∑
i>2k σ

2
i ) with probability 1−δ/2. Moreover, since U is a matrix with orthonormal columns

that was preprocessed by an RHT, we can use Lemma 9 to control σ2
max(SU), obtaining

that with probability 1− δ/2:

σmax(SU) ≤ c2

√
n. (8)

Putting these bounds together, we can define the following event which, for an appropriate
constant C > 0, holds with probability 1− δ:

E :=
{
‖P(A>A)−1P‖ ≤ Cn

2kσ2
2k +

∑
i>2k σ

2
i

}
.

Unfortunately, the above bound on the spectral norm of P(A>A)−1P is not sharp enough
by itself when used to bound the expectation of this matrix. However, we are able get a
sharper bound on E[P(A>A)−1P] in the positive semidefinite ordering. First, using law of
total expectation,

E[P(A>A)−1P] = E[P(A>A)−1P | E ] Pr(E) + E[P(A>A)−1P | ¬E ] Pr(¬E)

� E[P(A>A)−1P · 1E ] + δσ−2
minE[P | ¬E ],

where 1E is the characteristic variable of E . The second term is small thanks to δ, while
for the first term we can use the spectral norm bound, but in a careful way. Recalling that
Z>AZ � Z>BZ if A � B, and using that P = P2 for a projection matrix:

E[P(A>A)−1P · 1E ] = E[P ·P(A>A)−1P ·P · 1E ]

� Cn

2kσ2
2k +

∑
i>2k σ

2
i

E[P · 1E ].

Putting those together, since E[P · 1E ] � E[P] and P � I:

E[P(A>A)−1P] � Cn

2kσ2
2k +

∑
i>2k σ

2
i

E[P] + δσ−2
minI.

Now, we are ready to return to the second-order expression E[PE[P]−1P].

E
[
PE[P]−1P

]
� 2E[P] + 2λE[P(A>A)−1P]

� 2E[P] +
2Cλn

2kσ2
2k +

∑
i>2k σ

2
i

E[P] + 2λδσ−2
minI

= 2
(

1 + C
n

`
γ
)
E[P] + 2λδσ−2

minI, where γ =

∑
i>` σ

2
i

2kσ2
2k +

∑
i>2k σ

2
i

.
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Finally, to conclude the proof, note that λ ≥ σ2
min and that

γ =

∑
i>` σ

2
i

2kσ2
2k +

∑
i>2k σ

2
i

=

∑2k
i>` σ

2
i

2kσ2
2k +

∑
i>2k σ

2
i

+

∑
i>2k σ

2
i

2kσ2
2k +

∑
i>2k σ

2
i

≤ 1

2k

2k∑
i>`

σ2
i

σ2
2k

+ 1 ≤ κ̄2
`:2k + 1.

To bound ν, we can simply multiply E[PE[P]−1P] by E[P]−1/2 from both sides, obtaining
E[(E[P]−1/2PE[P]−1/2)2], and then take the spectral norm, noting that

δ‖E[P]−1‖ =
δ

µ
≤ cn

`

κ̄2
`

nκ2
≤ cn

`
,

and so the contribution of the δ can be absorbed into the constant.

7. Convergence Analysis with Inexact Projections

Step 6 of Algorithm 1 requires finding ut that solves the following linear system:

(SAB−1A>S>)ut = b̃ where b̃ = SAyt − Sb. (9)

Then, in Step 7, the algorithm computes wt = B−1A>S>ut. The cost of solving (9) is the
main cost involved in each iteration of sketch-and-project. Recall that in our main results,
we consider two different choices of B depending on whether A is positive definite or not.

Positive definite case. In the case where matrix A is positive definite, we choose B = A,
which means that the linear system we must solve becomes (SAS>)ut = b̃. The matrix
SAS> can be computed in time Õ(nk) and inverted in time O(kω), so we can solve the
projection step (9) exactly in time Õ(nk + kω).

General case. On the other hand, in the case of solving a general linear system, where we
choose B = I, the resulting linear system is:

(ÃÃ>)ut = b̃, for Ã = SA.

Here, the matrix Ã = SA can be precomputed in Õ(nk) time, however solving the linear
system requires computing the matrix ÃÃ>, which would take O(nkω−1) to do exactly.
To avoid that, we instead solve this projection step approximately using Preconditioned
Conjugate Gradient (PCG), which will allow us to recover the same Õ(nk+ kω) time as in
the positive definite case.

Naturally, the quality of the approximation in the projection step influences the conver-
gence rate of Algorithm 1. Our next Lemma 23 shows that as soon as wt is estimated with
small enough error, Algorithm 1 converges in expectation with convergence rate determined
by µ and ν that essentially matches the rate achieved with an exact projection step. For
the sake of simplicity, we present this result only for the case of B = I.
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Lemma 23 (Algorithm 1 with inexact projections) Suppose that B = I, and steps
6, 7 of Algorithm 1 result in an estimate ŵt ∈ range(A>) of wt = Ã>(ÃÃ>)−1b̃ such that

‖ŵt −wt‖ ≤ ε‖wt‖ with ε ≤ µ√
8‖E[P]‖(µν + 1)

.

Then, with β = 1− 3
4

√
µ
ν , γ = 1√

µν , α = 1
1+γν , we have that:

E
[
∆t

]
≤
(

1− 1

2

√
µ

ν

)t
∆0,

where the error function is defined as ∆t := ‖vt − x∗‖2
E[P]†

+ 1
µ‖xt − x∗‖2.

Remark 5 Exact knowledge of µ and ν is not required: Given µ̃ and ν̃ such that µ ≥ µ̃
and ν ≤ ν̃, the hyperparameters α, β, and γ can be set using µ̃ and ν̃ in place of µ and ν,
and an identical convergence analysis recovers the rate of E[∆t] ≤

(
1− 1

2

√
µ̃/ν̃

)t
∆0 under

the inexact projection condition with ε = µ̃√
8(µ̃ν̃+1)

, where we used that ‖E[P]‖ ≤ 1.

Remark 6 When Algorithm 1 uses exact projections (steps 6 and 7), then Gower et al.
(2018) showed a convergence bound which can be stated for a general positive definite B.
Redefining

P := B−1/2Ã>(ÃB−1Ã>)−1ÃB−1/2 and

∆t := ‖vt − x∗‖2
B1/2E[P]†B1/2 +

1

µ
‖xk − x∗‖2B,

they showed the following convergence bound for the exact implementation of Algorithm 1:

E
[
∆t

]
≤
(

1−
√
µ

ν

)t
∆0,

Our Lemma 23 gets the same rate up to a constant factor 1/2 without requiring exact
projection steps (for the case of B = I). We note that the constant 1/2 can be improved to
any constant c < 1 by tuning the other parameters of Lemma 23, along the same lines.

Before we proceed with the proof of Lemma 23, we now explain how we use an iterative
solver to compute ut and wt approximately when B = I. Taking advantage of the fact that
the matrix Ã is very wide, we can use sketching to construct an effective preconditioner
for the linear system (9). Following Dereziński and Yang (2024), our preconditioner is
computed as follows:

1. Compute ΦÃ>, where Φ is a φ× n sketching matrix;

2. Construct M = VΣ−1, where UΣV> is the compact SVD of ΦÃ>.

Here, we refer to a standard sketch-and-precondition guarantee to show that PCG with M
as a preconditioner will solve the above linear system in time Õ(nk + kω).
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Lemma 24 (Based on Lemma 7.1, Dereziński and Yang (2024)) Given Ã ∈ Rk×n,
b̃ ∈ Rk, let w∗ = Ã>(ÃÃ)>b̃. Given δ < 1/2, there is a sparse sketching matrix ma-
trix Φ ∈ Rφ×n that satisfies φ = O(k + log(1/δ)) such that we can compute M in time
O(nk log(k/δ) + kω) that with probability 1 − δ satisfies κ(Ã>M) = O(1), in which case,
PCG preconditioned with M will solve the system ÃÃ>u = b̃ in time O(nk log 1/ε), re-
turning û such that

‖ŵ −w∗‖ ≤ ε‖w∗‖,

where ŵ = Ã>u. Also, with probability 1 and independently of M, ‖ŵ −w∗‖ ≤ 4‖w∗‖.

We now return to the convergence analysis of accelerated sketch-and-project with inexact
projections. Recall that, for the sake of simplicity, we show this with matrix B = I, which
is used in Theorem 10. Proof of Lemma 23 Let et := ŵt − wt, so that by assumption
‖et‖ ≤ ε‖wt‖. Note that by definition,

wt = Ã>u = A>S>(SAA>S>)†S(Ayt − b) =: P(yt − x∗).

So, conditioned on the tth iteration, since P is idempotent,

E
[
‖et‖2

]
≤ ε2E

[
‖wt‖2

]
≤ ε2E

[
(yt − x∗)>P(yt − x∗)

]
≤ ε2a‖yt − x∗‖2, (10)

where a := ‖E[P]‖ and thus we have with µ = λmin(E[P])

E
[
‖et‖2E[P]†

]
= E

[
e>t E[P]†et

]
≤ ‖E[P]†‖ · E

[
‖et‖2

]
≤ aε2

µ
‖yt − x∗‖2. (11)

Then, for rt = ‖vt − x∗‖E[P]† , observe that

E[r2
t+1] = ‖vt+1 − x∗‖2

E[P]†

= E
[
‖βvt + (1− β)yt − x∗ − γP(yt − x∗)− γet‖2E[P]†

]
≤ E

[ (
‖βvt + (1− β)yt − x∗ − γP(yt − x∗)‖E[P]† + ‖γet‖E[P]†

)2 ]
≤ (1 + η)E

[
‖βvt + (1− β)yt − x∗ − γP(yt − x∗)‖2

E[P]†

]
+

(
1 +

1

η

)
E
[
‖γet‖2E[P]†

]
,

where in the last inequality we have used the fact that for any w, z ∈ R and for any η > 0
it holds that 2wz ≤ ηw2 + 1

ηz
2 (we will choose η later). Then, using (11) and expanding

the square, we get

E[r2
t+1] ≤ (1 + η)I + (1 + η)γ2II − 2(1 + η)γIII +

(
1 +

1

η

)
γ2aε

2

µ
‖yt − x∗‖2, (12)

where I = ‖βvt + (1− β)yt − x∗‖2
E[P]† ,

II = E
[
‖P(yt − x∗)‖2

E[P]†

]
,

III = E
[ 〈
β(vt − x∗) + (1− β)(yt − x∗),E[P]†P(yt − x∗)

〉 ]
.
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The terms I, II, III were estimated in Gower et al. (2018) to get

I ≤ βr2
t + (1− β)‖yt − x∗‖2

E[P]† ,

E[II|yt] ≤ ν‖yt − x∗‖2
E[P]† , (13)

E[III|yt,vt,xt] = ‖yt − x∗‖2 − β 1− α
2α

(‖xt − x∗‖2 − ‖yt − xt‖2 − ‖yt − x∗‖2).

To estimate further, we note

E[‖xt+1 − x∗‖2|yt] = E[‖(I−P)(yt − x∗)− et‖2|yt]

≤ (1 + η)‖yt − x∗‖2 − (1 + η)‖yt − x∗‖2E[P] +

(
1 +

1

η

)
E
[
‖et‖2

]
,

and thus

‖yt − x∗‖2E[P] ≤ ‖yt − x∗‖2 − 1

1 + η
E[‖xt+1 − x∗‖2|yt] +

1 + 1/η

1 + η
E
[
‖et‖2

]
. (14)

Combining estimates (13) and (14) back in (12), and using (10), we conclude

E[r2
t+1|yt,vt,xt] ≤ (1 + η)βr2

t + (1 + η)
(1− β)

µ
‖yt − x∗‖2 (15)

+ (1 + η)γ2ν

(
‖yt − x∗‖2 − 1

1 + η
E[‖xt+1 − x∗‖2|yt] +

1 + 1/η

1 + η
ε2a‖yt − x∗‖2

)
+ 2(1 + η)γ

(
−‖yt − x∗‖2 + β

1− α
2α

(‖xt − x∗‖2 − ‖yt − x∗‖2)

)
+

(
1 + η

η

)
γ2aε2

µ
‖yt − x∗‖2.

Or equivalently,

E[r2
t+1 + γ2ν‖xt+1 − x∗‖2|yt,vt,xt]

≤ (1 + η)βr2
t + (1 + η)β γ

1− α
α︸ ︷︷ ︸
P1

‖xt − x∗‖2 (16)

+ (1 + η)

(
(1− β)

µ
+ γ2ν − 2γ − βγ 1− α

α
+
γ2aε2

η
(ν +

1

µ
)

)
︸ ︷︷ ︸

P2

‖yt − x∗‖2.

Note that with α = (1 + γν)−1 and γ = 1/
√
νµ we have P1 = γ2ν = 1/µ.

It remains to choose ε and η so that P2 ≤ 0 and (1+η)β ≤ 1− 1
2

√
µ
ν . With β = 1− 3

4

√
µ
ν ,

the second inequality is achieved by taking η = 1
4

√
µ
ν . The same parameters achieve P2 ≤ 0

as soon as ε ≤ µ√
8a(µν+1)

. Then, we have

E

[
r2
t+1 +

1

µ
‖xt+1 − x∗‖2 | yt,vt,xt

]
≤
(

1− 1

2

√
µ

ν

)(
r2
t +

1

µ
‖xt − x∗‖2

)
,

iterating for t, t− 1, . . . 0 we complete the proof.
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8. Completing the Proofs of Main Results

In this section, we complete the proof of the main results, including Theorem 10 (solving
general linear systems), Theorem 11 (solving positive definite linear systems) and Corol-
lary 5 (solving linear systems with ` large singular values). We also discuss how the claims
stated in Section 1 follow from these results.

Proof of Theorem 10 Recall that in Theorem 10 we consider an m × n matrix A
with rank n, and a vector b such that the linear system Ax = b is consistent. We then
preprocess both the matrix A and the vector b with a randomized Hadamard transform Q
so that A is replaced by QA and b is replaced by Qb, which does not change the solution
to the linear system. Then, Algorithm 1 is ran with B = I, and using the inexact PCG
solve for step 6 as described in Lemma 24.

From Lemma 24, conditioned on an event Et that holds with probability 1−δPCG, in time
O(nk log(k/µδPCG) + kω) PCG solves the t-th projection step to within sufficient accuracy
so that we can apply our convergence analysis of inexact sketch-and-project from Lemma 23.
Using Lemma 23, we can recover convergence in terms of ‖xt − x∗‖2 error by converting
from the error ∆t = ‖vt−x∗‖2

E[P]†
+ 1

µ‖xt−x∗‖2, where recall that we define the projection

matrix P = (SA)†SA and denote its smallest eigenvalue as µ = λmin(E[P]) = ‖E[P]†‖−1.
Then, with the choice of α, β, γ as in Lemma 23,

E[∆t+1] = Pr(Et)E[∆t+1 | Et] + Pr(¬Et)E[∆t+1 | ¬Et]

≤
(

1− 1

2

√
µ

ν

)
E[∆t] + δPCG · E[∆t+1 | ¬Et],

where recall that ν = λmax(E[(P̄−1/2PP̄−1/2)2]).
To handle the ¬Et case, we use the second estimate of Lemma 24 which holds uncondi-

tionally and states that ‖ŵt −wt‖ ≤ 4‖wt‖ where ŵt is the result of the steps 6 and 7 of
Algorithm 1, performed inexactly using PCG. Then,

‖ŵt‖ ≤ ‖wt‖+ ‖ŵt −wt‖ ≤ 5‖wt‖ ≤ 5‖yt − x∗‖,

where the last step follows since ‖wt‖ = ‖P(yt − x∗)‖ ≤ ‖yt − x∗‖. Using this, direct
calculation shows that:

∆t+1 ≤
1

µ
‖vt+1 − x∗‖2 +

1

µ
‖xt+1 − x∗‖2

≤ 1

µ

(
‖vt − x∗‖+ ‖yt − x∗‖+ γ‖ŵt‖

)2
+

1

µ

(
‖yt − x∗‖+ ‖ŵt‖

)2

≤ 1

µ

(
‖vt − x∗‖+ (1 + 5γ)‖yt − x∗‖

)2
+

62

µ
‖yt − x∗‖2

≤ 2

µ
‖vt − x∗‖2 +

2(1 + 5γ)2 + 62

µ
‖yt − x∗‖2.

Now, using that ‖yt − x∗‖ ≤ α‖vt − x∗‖+ ‖xt − x∗‖, αγ ≤ 1, and γ2 ≤ 1/µ, we obtain

∆t+1 = O
( 1

µ
‖vt − x∗‖2 +

1

µ2
‖xt − x∗‖2

)
≤ C

µ
∆t
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for some constant C > 0. Thus, setting δPCG = µ3/2

4Cν1/2
and adjusting the runtime accord-

ingly, we obtain E[∆t+1] ≤ (1− 1
4

√
µ/ν)E[∆t]. It follows that:

E
[
‖xt − x∗‖2

]
≤ µE

[
∆t

]
≤
(

1− 1

4

√
µ

ν

)t
µ∆0

=

(
1− 1

4

√
µ

ν

)t(
µ‖x0 − x∗‖2

E[P]† + ‖x0 − x∗‖2
)

≤ 2

(
1− 1

4

√
µ

ν

)t
‖x0 − x∗‖2,

Now, we can use our first-order and second-order projection analysis to bound µ and ν
respectively, obtaining:

(Corollary 13) µ ≥ c1`

nκ̄2
`

,

(Corollary 21) ν ≤ c2n

`
κ̄2
`:2k,

where recall that ` is a value that satisfies ` ≥ ck
log k . Putting these together with the above

convergence guarantee we obtain:

E
[
‖xt − x∗‖2

]
≤ 2

(
1−

`
√
c1/c2

4nκ̄`κ̄`:2k

)t
‖x0 − x∗‖2.

The overall time complexity of the algorithm includes the O(mn logm) cost of perform-
ing the randomized Hadamard transform plus the per-iteration cost that is dominated by
O(nks) = O(nk log4(n/δ)) for computing the sketch SA using a k×m LESS-uniform matrix
S with s non-zeros per row, plus the O(nk log(k/µδPCG) + kω) = O(nk log(nκ̄`) + kω) cost
of preconditioning and solving the linear system in step 6. Thus, the overall runtime is:

O(mn logm+ t(nk(log4(n/δ) + log(nκ̄`)) + kω)),

concluding the proof.

Next, we discuss how the above proof needs to be adapted for solving positive definite
linear systems, in order to obtain the improved dependence on the condition numbers, thus
proving Theorem 11.

Proof of Theorem 11 Recall that there are several key differences in how we imple-
ment Algorithm 1 when A is positive definite. First, the randomized Hadamard transform
preprocessing step has to be done in a way that preserves the positive definite structure of
the problem. To that end, we must apply the matrix Q symmetrically on both sides of A,
thus replacing the original system Ax = b with:

QAQ>x = Qb.

We note that, while the resulting linear system is not strictly equivalent to the original one,
we can easily recover the original solution at the end by returning Q>x instead of x, which
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can be computed in additional O(n log n) time. For clarity of exposition, let us now denote
the preprocessed matrix QAQ> as Ā, and the preprocessed vector Qb as b̄.

The next difference in the positive definite case is in the choice of matrix B. While
in Theorem 10 we effectively dropped the matrix B by using B = I, here we set B = Ā.
The main difference in the implementation of the algorithm resulting from this change is,
as we discussed in Section 7, the fact that the linear system in step 6 is now (SĀS>)ut =
SĀyt − Sb, which can be solved more easily than in the general case. Specifically, we first
precompute SĀ in time O(nks) = O(nk log4(n/δ)), then we compute SĀS> in time O(k2s)
and SĀyt−Sb in time O(nk). Finally, to solve the system, we just need to invert the k×k
matrix SĀS> in time O(kω).

Finally, we also need to adapt our convergence analysis to the B = Ā case. Here,
we rely on the original analysis of exact sketch-and-project from Gower et al. (2018) (see
Remark 6). Using the notation from the remark, similarly as in the proof of Theorem 10
we can show:

E
[
‖xt − x∗‖2B

]
≤
(

1−
√
µ

ν

)t
µ∆0 ≤ 2

(
1−

√
µ

ν

)t
‖x0 − x∗‖2B,

where µ and ν are computed with respect to the sketched projection matrix defined for the
matrix ĀB−1/2. Since B = Ā = QAQ>, then ĀB−1/2 = Ā1/2 = QA1/2Q>, so we can
write the projection matrix as:

P = Ā1/2S>(SĀS>)−1SĀ1/2

= QA1/2QS>(SQAQS>)−1SQA1/2Q> = QP′Q>,

where P′ := A1/2QS>(SQAQS>)−1SQA1/2 is also a projection matrix. Note that applying
the orthogonal matrix Q on both sides of P′ does not affect the calculation of µ and ν, so we
can equivalently compute them from the matrix P′. Fortunately, this matrix is precisely the
sketched projection we analyze in Corollaries 13 and 21 if we replace matrix A with matrix
A1/2. Thus, in our calculations, the squared singular values become the (non-squared)
eigenvalues, and we obtain the corresponding bounds:

(adapted Corollary 13) µ ≥ c1`

nκ̄2
` (A

1/2)
=
c1`

nκ̃`
,

(adapted Corollary 21) ν ≤ c2n

`
κ̄2
`:2k(A

1/2) =
c2n

`
κ̃`:2k.

The rest of the analysis proceeds same as in the general case, except with these better
condition numbers.

We next show how to obtain Theorem 1 from Theorem 10. The main issue here is to
translate the somewhat complex condition numbers appearing in our convergence rates into
the simple condition number κ` = σ`/σn, and then perform the time complexity analysis
of the resulting algorithm. Almost identical arguments (omitted here) can be applied to
recover Theorem 2 from Theorem 11.

Proof of Theorem 1 Suppose that our sketch size satisfies k = Õ(n
1

ω−1 ) and ` =
Ω(k/ log k). Then, recall that Theorem 10 implies:

Õ
(
n2 + κ̄`κ̄`:2k

n

`
(nk + kω)

)
= Õ

(
κ̄`κ̄`:2k(n

2 + nkω−1)
)

= Õ
(
κ̄`κ̄`:2kn

2
)
.
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We will now show that, with the right choice of k, we can bound the condition numbers
κ̄`κ̄`:2k by Õ(κ`), where κ` = σ`

σn
. We will also use the shorthand κ`:q = σ`

σq
. We use the

following bound:

κ̄`κ̄`:2k =

√ ∑
i>` σ

2
i

(n− `)σ2
n

κ̄2
`,2k ≤

√
(2k − `)σ2

` + (n− 2k)σ2
2k

(n− `)σ2
n

σ2
`

σ2
2k

=
σ`
σn

√
2k − `
n− `

σ2
`

σ2
2k

+
n− 2k

n− `
≤ κ`

√
2k

n
κ2
`:2k + 1, (17)

where we used the fact that κ̄`,2k ≤ κ`,2k. Thus, as long as the term under the square root

is Õ(1), then we have obtained the desired time complexity Õ(κ`n
2) with ` = Ω(n

1
ω−1 ).

Naturally, this may not be true for some choices of k, namely if there is a sharp drop in
the singular values in the range from σ` to σ2k. To address this, we devise an iterative
procedure that always finds a value of k that avoids this phenomenon.

Recall that Theorem 10 uses ` = d c2klog ke, which means that the ratio of 2k
` can be bounded

by b := C log k. Let us start with an initial choice of k being some k0 = dn
1

ω−1 log ne and

the corresponding initial value of ` equal to `0 = d2k0/be = Ω(n
1

ω−1 ). First, note that
we can assume without loss of generality that κ`0 ≤ nω−2, because otherwise the desired
complexity Õ(κ`n

2) can be obtained by using a direct O(nω) time solver. Now, consider
the following procedure, that iterates over q = 0, 1, ...:

1. If κ`q :2kq ≤
√
n/k0 or κ2

`q
≤ κ`0 , then stop and choose k = kq.

2. Otherwise, set kq+1 = dbkqe, with `q+1 = d2kq+1/be, and repeat the procedure with
q = q + 1.

Now, observe that after each iteration in which we do not stop, we have κ`q :2kq >
√
n/k0,

which means that:

κ`q+1 =
σ`q+1

σn
=
σ`q
σn

σ`q+1

σ`q
≤ κ`q

σ2kq

σ`q
=

κ`q
κ`q :2kq

≤
√
k0/n · κ`q ,

where we used that fact that `q+1 ≥ 2kq, and therefore σ`q+1 ≤ σ2kq . So, going from q to
q + 1 we decrease the condition number κ`q by at least a factor of:

√
k0/n = Õ(n

1
2

( 1
ω−1
−1) log1/2 n) = Õ(n

− ω−2
2(ω−1) log1/2 n).

This means that after q iterations of this procedure, we get:

κ2
`q ≤ κ

2
`0n
−q ω−2

ω−1 logq n ≤ κ`0n
(ω−2)(1− q

ω−1
) logq n,

where we used the assumption that κ`0 = O(nω−2). Now, note that since ω − 1 < 2, we

have n(ω−2)(1− q
ω−1

) < n−θ for some θ > 0 for any q ≥ 2. So already after q ≤ 2 iterations,
the stopping condition κ2

`q
≤ κ`0 must occur. If it does, then we get κ̄`q κ̄`q :2kq ≤ κ2

`q
≤ κ`0 ,
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which results in the desired time complexity Õ(κ`0n
2). On the other hand, if the other

stopping condition occurs, i.e., κ`q :2kq ≤
√
n/k0, then we can use the bound in (17) to get

κ̄`q κ̄`q :2kq ≤ κ`q

√
2kq
n
κ2
`q :2kq

+ 1 ≤ κ`q

√
2kq
n

n

k0
+ 1 = O

(
κ`0 · logq/2 k

)
.

Since q ≤ 2, we again recover the time complexity bound Õ(κ`0n
2). In other words, this

procedure shows that in the worst case we only need to increase the sketch size k by a factor
of O(log2 n) to find the value that will lead to the desired time complexity.

Next, we describe how our improved DPP coupling argument used in Lemma 12 allows us
to give a direct improvement in the time complexity of solving linear systems with ` large
singular values, compared to the previous result from Dereziński and Yang (2024).

Proof of Corollary 5 Consider an n × n linear system Ax = b such that all of the
singular values of matrix A except for the top ` are within a constant factor of each other,
i.e., σ`+1(A) = O(σn(A)), which is the setting from Dereziński and Yang (2024). In par-
ticular, this implies that for this matrix κ̄` ≤ C = O(1). Let us consider a slightly different
implementation of Algorithm 1, where instead of a LESS-uniform sketching matrices S with
s ≥ C log4(n/δ) non-zeros per row, we are going to use a block sub-sampling matrix (equiv-
alent to taking LESS-uniform with s = 1). Crucially, our first-order projection analysis
(Lemma 12) still applies in this case, showing that:

(Corollary 13) µ ≥ c1`

nκ̄2
`

≥ c1`

C2n
for k = O(` log `).

While our second-order projection analysis does not apply for a block sub-sampling matrix,
here we can use a simpler upper bound on ν, which was given in Lemma 2 of Gower et al.
(2018), stating that ν ≤ 1/µ. This gives a convergence guarantee of the form E[‖xt −
x∗‖2] ≤ 2(1−µ)t‖x0−x∗‖2, and the resulting iteration complexity is t = O(µ−1 log(1/ε)) =
O(n` log(1/ε)). Note that, for this variant of the algorithm, the per iteration time complexity
is O(nk) to construct the sketch SA, and O(nk log(n) + kω) to solve the projection step 6.
Thus, we get the following overall time complexity:

O
(
n2 log n+

n

`
(nk log(n) + kω) log 1/ε

)
= O

(
(n2 log2 n+ n`ω−1 logω `

)
log 1/ε

)
.

We note that the result previously obtained for this problem by Dereziński and Yang (2024)
relied on a different DPP coupling argument, which requires k = O(` log3 n). We improve
this to k = O(` log `), leading to better logarithmic factors in the time complexity.

Extension to sparse least squares. Finally, we discuss how our algorithms can
be adapted and applied in the tall and sparse least squares setting. Recall that in the
least squares task, we are given a tall n × d matrix A with nnz(A) non-zero entries, and
an n-dimensional vector b, and our goal is to minimize f(x) = 1

2‖Ax − b‖2. This can
be achieved by running preconditioned gradient descent on f , which takes the form of
xt+1 = xt − ηĤ−1gt, where gt = ∇f(xt) = A>(Axt − b) is the gradient, which can
be computed in O(nnz(A)) time, whereas Ĥ is a preconditioner which approximates the
Hessian matrix ∇2f(xt) = A>A. This preconditioner can be constructed by computing an
Õ(d) × d sketch Ã = ΦA where Φ is a sparse oblivious subspace embedding (similarly as
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in Lemma 24; e.g., see Chenakkod et al., 2024), and defining Ĥ = Ã>Ã. Now, instead
of computing Ĥ−1 outright at the cost of Õ(dω), we use Algorithm 1 to solve the linear
system Ĥx = gt at every iteration. Since Ĥ is positive definite, we can use the version
considered in Theorem 11, however this has to be further modified to account for the fact
that we can never actually form this matrix, but rather must operate on its decomposition
Ĥ = Ã>Ã. Fortunately, this implicit positive definite system solver is a simple adaptation
of Sketch-and-Project (see Section 9 of Dereziński and Yang, 2024), which is not affected by
Nesterov’s acceleration. In the end, the overall time complexity of this procedure includes
Õ(nnz(A)) for computing Ã, and Õ(nnz(A) + d2κ`) in each iteration of the preconditioned
gradient descent, for computing the gradient and then running the solver, respectively,
where κ` = σ`(A)/σd(A). Since the resulting algorithm only requires O(log 1/ε) steps to
converge, the final time complexity is Õ((nnz(A) + d2κ`) log 1/ε).

9. Lower bound for Matrix-vector Query Algorithms

In this section, we give lower bounds for a class of linear system solvers, which include
conjugate gradient as well as certain randomized preconditioned solvers, in our fine-grained
setting where the linear system has a bounded spectral tail condition number κ`. We build
on existing lower bounds for solving positive definite systems, given by Braverman et al.
(2020), who obtained them with respect to the classical condition number κ. The model
of computation we consider includes all algorithms which access the matrix A through
matrix-vector queries of the form Av, where the vector v can be randomized and chosen
adaptively.

Definition 25 (Matrix-vector query model, Braverman et al. (2020)) We say that
Alg is a MatVec algorithm for solving positive definite linear systems if, given initial point
x0 ∈ Rn and b ∈ Rn, it interacts with a positive definite matrix A ∈ Rn×n via T adaptive
randomized queries, wt = Avt, and returns an estimate x̃ ∈ Rn of A−1b. We call T the
query complexity of Alg.

This computation model includes many standard deterministic iterative algorithms,
most notably conjugate gradient (CG), and it also allows for certain preconditioning tech-
niques, for example using Randomized SVD to build a preconditioner that approximates
the top-` part of the spectrum of A. The central question of this section is:

Given n, ` < n and κ` ≥ 1, what is the MatVec query complexity of solving an
n× n positive definite linear system Ax = b with σ`(A)

σn(A) ≤ κ`?

As discussed in Section 1, CG can solve this problem using O(` +
√
κ` log 1/ε) MatVec

queries. An alternative strategy is to use a preconditioned solver. To do this, we can
probe the matrix A using Õ(`) Gaussian random vector queries to construct a rank `
approximation via the Randomized SVD algorithm with power iteration (Halko et al., 2011).
Augmented with a preconditioner based on such an approximation, CG can solve the system
using only O(

√
κ` log 1/ε) queries. Even though the latter strategy uses randomization,

while the former is fully deterministic, the overall query complexity is still no better than
CG (although preconditioning is often preferred in practice due to its improved stability
properties). Can we achieve a better query complexity in the MatVec model for our problem?
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Next, we show that the guarantee attained by CG is in fact essentially optimal among all
MatVec algorithms (even allowing randomization), up to logarithmic factors. In particular,
this means that for any ` = Ω(nθ), where θ > 0, no MatVec algorithm has time complexity
Õ(
√
κ` · n2 log 1/ε) for dense positive definite linear systems, yet we show this for Sketch-

and-Project with Nesterov’s acceleration (Theorem 2) given any ` = O(n0.729).

Theorem 26 Any MatVec algorithm that, given x0 and an n × n positive definite linear
system Ax = b with σ`(A)

σn(A) ≤ κ` returns x̃ such that:

Pr
(
‖x̃− x∗‖2A ≤ ε‖A‖‖x0 − x∗‖2

)
≥ 1− 1

e
, where x∗ = A−1b,

for ε ≤ 1
e min{`−2, κ−1

` }, must have query complexity at least Ω̃(`+
√
κ`).

Remark 7 If we additionally assume that the MatVec algorithm is deterministic, then we
can obtain a stronger query complexity lower bound of Ω(` +

√
κ` log 1/ε), which matches

the CG upper bound down to constant factors.

To establish the above result, we actually provide a more general reduction which shows
how to obtain a lower bound for our fine-grained linear system task by combining two types
of existing lower bounds: one expressed in terms of the dimension of the problem (without
restricting the spectrum), and one expressed in terms of the overall condition number of
the input matrix.

Lemma 27 Let A denote some family of MatVec algorithms, and let L denote the family of
square positive definite linear system tasks (A,b,x0), where x0 is the starting point. Define
TA,L(n, κ, ε, δ) as the minimum query complexity among algorithms in A that solve all n×n
linear systems in L such that κ(A) ≤ κ, so that

Pr
(
‖x̃− x∗‖2A ≤ ε‖A‖‖x0 − x∗‖2

)
≥ 1− δ, where x∗ = A−1b. (18)

Now, let T denote the best query complexity among algorithms in A that solve all n × n
linear systems in L with spectral tail condition number σ`(A)

σn(A) ≤ κ`, in the sense of (18).
Then,

T ≥ max
{
TA,L(`,∞, ε, δ), TA,L(n− `, κ`, ε, δ)

}
.

Remark 8 An analogous reduction can be obtained along the same lines if we replace L
with the family of all square linear systems (dropping the positive definiteness).

Proof First, let us use L`(n, κ`) to denote the above defined family of n × n linear sys-
tems from L with bounded spectral tail condition number. We break the proof down into
two cases, depending on which of the two terms dominates the value of the max in the
lower bound.

Case 1: TA,L(`,∞, ε, δ) ≥ TA,L(n − `, κ`, ε, δ). We proceed via a proof by contradiction.
Suppose that some Alg ∈ A has query complexity less than TA,L(`,∞, ε, δ) for solving
L`(n, κ`). We are going to show how to use Alg to solve all ` × ` linear systems in L,
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thereby obtaining a contradiction. Suppose that (A,b,x0) is an ` × ` linear system in L,
and define:

(Ā, b̄, x̄0) =

([
A 0
0 σ`(A)In−`

]
,

[
b
0

]
,

[
x0

0

])
.

Note that (Ā, b̄, x̄0) ∈ L`(n, κ`), since Ā is positive definite and σ`(Ā)
σn(Ā)

= 1 ≤ κ`. Moreover,

if Alg runs on this system and returns x̄ such that ‖x̄ − x̄∗‖2
Ā
≤ ε‖Ā‖‖x̄0 − x̄∗‖2, where

x̄∗ = Ā−1b̄, then the vector x̃ consisting of the first ` coordinates of x̄ satisfies ‖x̃−x∗‖2A ≤
ε‖A‖‖x0 − x∗‖2, where x∗ = A−1b. This gives us the contradiction.

Case 2: TA,L(`,∞, ε, δ) > TA,L(n − `, κ`, ε, δ). This case follows similarly. Suppose that
some Alg ∈ A has query complexity less than TA,L(n− `, κ`, ε, δ) for solving L`(n, κ`). Now,
consider an (n − `) × (n − `) linear system task (A,b,x0) ∈ L with condition number
κ(A) ≤ κ`, and define:

(Ā, b̄, x̄0) =

([
σ1(A)I` 0

0 A

]
,

[
0
b

]
,

[
0
x0

])
.

Note that, as in Case 1, we have (Ā, b̄, x̄0) ∈ L`(n, κ`), since Ā is positive definite and
σ`(Ā)
σn(Ā)

= σ1(A)
σn−`(A) = κ(A) ≤ κ`. Now, solving this system to ε accuracy allows us to recover

an ε approximate solution for (A,b,x0), which is a contradiction with the definition of
TA,L(n− `, κ`, ε, δ). This concludes the proof of the lemma.

To complete the proof of Theorem 26, we will rely on the following lower bound for MatVec
algorithms, given by Braverman et al. (2020), which is shown via a reduction from the task
of finding the largest eigenvector of a matrix.

Lemma 28 (Theorem 2.3, Braverman et al. (2020)) For all d ≥ c and s ∈ [c, d],
where c is a sufficiently large absolute constant, any MatVec algorithm which satisfies the
guarantee:

Pr

(
‖x̃− x∗‖2A ≤

1

e

‖A‖‖x0 − x∗‖2

s2

)
≥ 1− 1

e
, where x∗ = A−1b,

for all (d+s2)-sparse d×d positive definite matrices A with κ(A) ≤ s2, and all x0,b ∈ Rd,
must have query complexity at least Ω̃(s).

We are now ready to complete the proof of Theorem 26.
Proof of Theorem 26 Thanks to Lemma 27, it suffices to lower bound TA,L(`,∞, ε, δ)

and TA,L(n − `, κ`, ε, δ), with ε = 1
e min{`−2, κ−1

` } and δ = 1/e. For the former, we use

Lemma 28 with d = ` and s = ` − 1, obtaining that TA,L(`,∞, ε, 1/e) = Ω̃(`). On the
other hand, for the latter, we use Lemma 28 with d = n − ` and s =

√
κ` (without loss of

generality, we can assume that
√
κ` ≤ n− `), obtaining that TA,L(n− `, κ`, ε, δ) = Ω̃(

√
κ`).

Putting these two lower bounds together, we obtain a complexity lower bound of the form
max{Ω̃(`), Ω̃(

√
κ`)} = Ω̃(`+

√
κ`).

Finally, to recover the claim in Remark 7, we observe that for deterministic MatVec algo-
rithms one can rely on classical lower bounds developed by Nemirovsky and Yudin (1983)
(e.g., see Theorem 7.2.6), which show that TA,L(n, κ, ε, δ) = Ω(min{n,

√
κ log 1/ε}) (here,

since the algorithm is deterministic, δ can be any positive probability).
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10. Conclusions

In this paper, we developed a nuanced framework for analyzing iterative linear system
solvers that allows us to obtain sharper convergence guarantees than classical perspectives.
By introducing a more flexible condition number κ` that depends on the tail of the spectrum
of the matrix, we provided a finer-grained analysis than traditional approaches that rely
on a single condition number. Our stochastic algorithm, based on the Sketch-and-Project
paradigm, provides improved convergence guarantees for solving linear systems in many
machine learning settings, particularly for large matrices where the top portion of the
spectrum is ill-conditioned, while the tail is controlled. We highlighted the significance of
these improvements for models such as spiked covariance and kernel ridge regression, where
low-rank structure is likely. In addition, we demonstrated a clear separation between the
performance of stochastic solvers and traditional matrix-vector product-based methods like
the well-known preconditioned conjugate gradient.
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Appendix A. Gaussian Universality of Sketched Isometric Embeddings

In this section, we give the proof of Lemma 9, which bounds the extreme singular values
of the random matrix SU, where S is a k ×m LESS-uniform embedding (see Definition 6)
and U is an m× d matrix such that U>U = I (an isometric embedding) with row norms of
U bounded by C

√
d/m for some absolute constant C. Essentially, we show that as long as

S has O(log4(d/δ)) non-zeros per row, then the extreme singular values of SU behave just
like the extreme singular values of the corresponding Gaussian matrix.

Our Gaussian universality analysis of the random matrix SU follows similarly to the
analysis of Chenakkod et al. (2024), who showed that such matrices are subspace embed-
dings when k ≥ 2d. Here, the key difference is that we consider the setting where SU is a
wide matrix (because k < d), which means that it cannot be a subspace embedding. Yet
the Gaussian universality analysis can still be applied to bound the extreme singular values.

This analysis is based on a universality result of Brailovskaya and van Handel (2024),
which compares the spectrum of a sum of independent random matrices to that of a Gaussian
random matrix with the same mean and covariance structure. In the following, we use
spec(X) to denote the spectrum of matrix X, and if X is a random d × d matrix, we let
Cov(X) be the d2×d2 covariance matrix of the entries of X. Finally, we define the Hausdorff
distance between two subsets A,B ⊆ R as

dH(A,B) := inf{ε > 0 : A ⊆ B + [−ε, ε] and B ⊆ A+ [−ε, ε]}.

Lemma 29 (Theorem 2.4, Brailovskaya and van Handel (2024)) Given a random
matrix model X := Z0 +

∑n
i=1 Zi, where Z0 is a symmetric deterministic d × d matrix
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and Z1, . . . ,Zn are symmetric independent random matrices with E[Zi] = 0 and ‖Zi‖ ≤ R,
define the following:

σ(X) =
∥∥∥E[(X− EX)2]

∥∥∥ 1
2

and σ∗(X) = sup
‖v‖=‖w‖=1

E
[
|v>(X− EX)w|2

] 1
2
.

Let G be a d×d symmetric random matrix with jointly Gaussian entries, such that E[G] =
E[X] and Cov(G) = Cov(X). There is a universal constant C > 0 such that for any t ≥ 0,

Pr
(
dH
(
spec(X), spec(G)

)
> Cε(t)

)
≤ de−t,

where ε(t) = σ∗(X)t
1
2 +R

1
3σ(X)

2
3 t

2
3 +Rt. (19)

A result from Chenakkod et al. (2024) allows us to bound the variance parameters σ∗ and
σ appearing in Lemma 29. We will apply Lemma 29 to a symmetrized version of the SU
matrix. For any rectangular matrix A, define

sym(A) :=

[
0 A

A> 0

]
.

Lemma 30 (Lemma 3.5, Chenakkod et al. (2024), Covariance Parameters) Let S =
{sij}i∈[k],j∈[m] be a k × m random matrix such that E(sij) = 0 and Var(sij) = p for all
i ∈ [k], j ∈ [m], and Cov(sij , sk`) = 0 for any {i, t} ⊂ [k], {j, `} ⊂ [m] and (i, j) 6= (t, `). Let
U be an arbitrary deterministic matrix such that U>U = I. We then have

σ∗(sym(SU)) ≤ 2
√
p and σ(sym(SU)) ≤

√
pk.

We are now ready to give a proof of Lemma 9.
Proof of Lemma 9 We are going to apply the universality result to the following

matrix, where we use u>i to denote the ith row of U, and ei to denote the ith standard
basis vector:

X = sym(SU) =
∑

i∈[k],j∈[s]

sym
(√m

s
rijeiu

>
Iij

)
︸ ︷︷ ︸

Zij

,

It is easy to verify that the sketching matrix S = {sij}i∈[k],j∈[m] from Definition 6 satisfies
E[sij ] = 0, Var[sij ] = 1 and Cov(sij , st`) = 0 for any {i, t} ⊂ [k], {j, `} ⊂ [m] and (i, j) 6=
(t, `). Applying Lemma 30 with p = 1, we have σ∗(sym(SU)) ≤ 2 and σ(sym(SU)) ≤

√
k.

Moreover, using that ‖ui‖ ≤ C
√
d/m where ui is the ith row of matrix U, we also have:

‖Zij‖ ≤
√
m

s
max
i
‖ui‖ ≤ C

√
d

s
=: R.

Now, we apply Lemma 29 with t = log(d/δ). For this, observe that the function ε(t) from
(19) can be bounded as follows:

ε(t) = σ∗(X)t1/2 +R1/3σ2/3(X)t2/3 +Rt

= O

(
d1/6k1/3

s1/6
log2/3(d/δ) +

√
d

s
log(d/δ)

)
,

39
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so for any k ≤ d/2, with a sufficiently large absolute constant C ′, if s ≥ C ′ log4(d/δ) then
Lemma 29 shows:

Pr
[
dH(spec(sym(SU)), spec(sym(G))) >

√
d/6)

]
≤ δ/2,

where G is a k × d matrix with i.i.d. standard Gaussian entries. Note that the spectrum
of sym(G) consists of the k singular values of G, their k negatives, and d − k zeros, and
the same is true for the spectrum of sym(SU). This follows because for any matrix A, if
A =

∑
i σiuiv

>
i is its singular value decomposition, then we can construct the eigenvectors

of sym(A) associated with its positive and negative eigenvalues as follows:[
0 A

A> 0

] [
ui
vi

]
= σi

[
ui
vi

]
,

[
0 A

A> 0

] [
−ui
vi

]
= −σi

[
−ui
vi

]
A standard bound on the extreme singular values of a Gaussian matrix (Rudelson and
Vershynin, 2009) implies that:

Pr(
√
d−
√
k − t ≤ σmin(G) ≤ σmax(G) ≤

√
d+
√
k + t) ≤ e−t2/2, (20)

so when d ≥ log(2/δ) and k ≤ d/2, we have with probability 1− δ that
√
d/2 ≤ σmin(G) ≤

σmax(G) ≤ 2
√
d. Thus, combining the Gaussian guarantee with the universality result,

with probability 1− 2δ we have:

√
d/3 ≤ σmin(SU) ≤ σmax(SU) ≤ 3

√
d.

Appendix B. Linear Systems with Polynomial Spectral Decay

In this section, we discuss how our main results can be applied to derive improved time
complexity of solving linear systems with polynomial spectral decay, proving Corollary 4.
We also discuss and compare how algorithms and analysis from prior works apply to this
setting, showing that our approach leads to a new best time complexity for a range of
spectral decay profiles.

Proof of Corollary 4. Recall that we are given an n×n matrix A with singular values
σi = Θ(i−βσ1) for β > 1/2, and our goal is to solve Ax = b. Our assumption of β > 1/2
stems only from the fact that if 0 < β ≤ 1/2, then such linear system can be solved in Õ(n2)
using a simple stochastic gradient method, and thus the problem is trivial. According to

Theorem 10, setting sketch size k = O(n
1

ω−1 ) and ` = Ω(k/ log k), we can solve this linear
system using Algorithm 1 in time Õ(κ̄`κ̄`:2kn

2). Thus, it suffices to bound the two condition
number quantities. Observe that κ̄`:2k = Õ(1), since σ` and σ2k only differ by a factor of
O(logβ(k)), and moreover:

κ̄2
` =

1

n− `
∑
i>`

σ2
i

σ2
n

= Θ

(
n2β−1

∑
i>`

i−2β

)
= Θ

((n
`

)2β−1
)
.

Observing further that n/` = Õ
(
n
ω−2
ω−1
)

concludes the proof.
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Comparison to prior work. Next, we discuss algorithms from the most significant
prior works, and how they compare in solving linear systems with polynomial spectral
decay. First, consider the randomized block Kaczmarz-type solver proposed by Dereziński

and Yang (2024). By choosing sketch size k = O(n
1

ω−1 ) and ` = Ω(k/ log3 n), they achieve
times complexity Õ(κ̄2

`n
2). Following the same derivation as in our proof of Corollary 4,

this become Õ(n2+ω−2
ω−1

(2β−1)), which is worse than our result for any β > 0.5.

Next, we consider a preconditioning-based approach. Here, the strategy is to first con-
struct an `-rank approximation of A via block power iteration (Halko et al., 2011). This
can be done by starting with a random Gaussian n× Õ(`) matrix Ω, then repeatedly mul-
tiplying it with A and A>, and finally, orthogonalizing the resulting matrix (AA>)qAΩ to
obtain matrix Q. Then, the matrix QQ>A contains accurate approximation of the top-`
part of A’s spectrum, which can be used to construct a preconditioner of the linear sys-
tem. For example, Gonen et al. (2016); Musco et al. (2018b) considered an SVRG-type
solver that, after being preconditioned in such a way, can solve a linear system in Õ(κ̄`n

2)
time. The cost of the preconditioning is dominated by the cost of the matrix multiplication,
which is Õ(n2`) using the classical algorithm. This can be accelerated via fast rectangular

matrix multiplication algorithms (Le Gall, 2012), obtaining Õ(n2+max{0,(ω−2) γ−α
1−α }), where

α ≈ 0.32 is the current value of the parameter of fast rectangular matrix multiplication,
while γ = logn(`). Thus, the overall cost of the procedure, combining preconditioning and

solving, is Õ(n2+max{(ω−2) γ−α
1−α ,(1−γ)(β−0.5)}), where γ can be chosen from the range [α, 1].

After optimizing over γ, we can compare this to our Corollary 4, concluding that our guar-
antee is better for any β ∈ (0.5, 1.33).

Positive definite matrices. We note that Corollary 4, as well as the above derivations
for prior works, can be easily adapted to the setting when A is known to be positive definite,
e.g., if it is a kernel matrix (Rasmussen and Williams, 2006). In this case, our runtime

guarantee from Corollary 4 can be improved to Õ(n2+ω−2
ω−1

(β−1)/2) for any β > 1, and the
task becomes easy for β ≤ 1. Here, one can show analogously as above that our results
improve on the best time complexity for any β ∈ (1, 2.66).

Kernel ridge regression. In the setting of kernel ridge regression, we typically intro-
duce an explicit regularization term, resulting in the linear system (A+λI)x = b (Erdogdu
and Montanari, 2015). Depending on the value of λ, this may further reduce the computa-
tional cost of our algorithm (as well as the prior works), because it generally allows choosing
a smaller value of ` in the algorithms. This will favor our method over the state-of-the-art,

because our guarantee is the best among all approaches that use ` = O(n
1

ω−1 ).

References

Nir Ailon and Bernard Chazelle. The fast Johnson–Lindenstrauss transform and approxi-
mate nearest neighbors. SIAM Journal on Computing, 39(1):302–322, 2009.

Ahmed Alaoui and Michael W Mahoney. Fast randomized kernel ridge regression with
statistical guarantees. Advances in Neural Information Processing Systems, 28, 2015.

Seth J Alderman, Roan W Luikart, and Nicholas F Marshall. Randomized Kaczmarz with
geometrically smoothed momentum. arXiv preprint arXiv:2401.09415, 2024.

41
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Robert M Gower and Peter Richtárik. Randomized quasi-Newton updates are linearly con-
vergent matrix inversion algorithms. SIAM Journal on Matrix Analysis and Applications,
38(4):1380–1409, 2017.
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