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Abstract

Temporal point process (TPP) is an important tool for modeling and predicting irregularly
timed events across various domains. Recently, the recurrent neural network (RNN)-based
TPPs have shown practical advantages over traditional parametric TPP models. However,
in the current literature, it remains nascent in understanding neural TPPs from theoretical
viewpoints. In this paper, we establish the excess risk bounds of RNN-TPPs under many
well-known TPP settings. We especially show that an RNN-TPP with no more than four
layers can achieve vanishing generalization errors. Our technical contributions include the
characterization of the complexity of the multi-layer RNN class, the construction of tanh
neural networks for approximating dynamic event intensity functions, and the truncation
technique for alleviating the issue of unbounded event sequences. Our results bridge the
gap between TPP’s application and neural network theory.

Keywords: Recurrent Neural Network, Point Process, Tanh, Excess Risk, Approximation
Theory

1. Introduction

Temporal point process (TPP) (Daley and Vere-Jones, 2003, 2008) is an important mathe-
matical framework that provides tools for analyzing and predicting the timing and patterns
of events in continuous time. TPP particularly deals with event streaming data where the
events occur at irregular time stamps, which is different from classical time series analysis
that often assumes a regular time spacing between data points. In real world applications,
the events could be anything from transactions in financial markets (Bauwens and Hautsch,
2009; Hawkes, 2018) to user activities in online social network platforms (Farajtabar et al.,
2017; Fang et al., 2023), earthquakes in seismology (Wang et al., 2012; Laub et al., 2021),
neural spikes in biological experiments (Perkel et al., 1967; Williams et al., 2020), or failure
times in survival analysis (Aalen et al., 2008; Fleming and Harrington, 2013).
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With the advent of artificial intelligence in last decades, the neural network (McCul-
loch and Pitts, 1943) has been proved to be a powerful architecture that can be adapted
to different applications with distinct purposes. In modern machine learning, researchers
have also incorporated deep neural networks into TPPs to handle complex patterns and de-
pendencies in event data, leading to advancements in many areas such as recommendation
systems (Du et al., 2015; Hosseini et al., 2017), social network analysis (Du et al., 2016;
Zhang et al., 2021), healthcare analytics (Li et al., 2018; Enguehard et al., 2020), etc. Many
new TPP models have been proposed in the recent literature, including but not limited to,
recurrent temporal point process (Du et al., 2016), fully neural network TPP model (Omi
et al., 2019), transformer Hawkes process (Zuo et al., 2020); see Shchur et al. (2021); Lin
et al. (2022) and the references therein for a more comprehensive review.

Despite the recent progress in TPP’s applications as mentioned above, there is a lack
of understanding in neural TPPs from the theoretical perspective. A fundamental question
remains: whether the neural network-based TPP can provably have a small generalization
error? In this paper, we provide an affirmative answer to this question for recurrent neural
network (RNN, Medsker and Jain (1999))-based TPPs. To be specific, we establish the non-
asymptotic rates of generalization error bounds under mild model assumptions and provide
the construction of RNN architectures that could approximate many widely-used TPPs,
including homogeneous Poisson process, non-homogeneous Poisson process, self-exciting
process, etc.

There are a few challenges in developing the theory of RNN-based TPPs. (a) Charac-
terization of functional space. In the machine learning theory, it is necessary to specify the
model space to derive any generalization errors. In our setting, the thing becomes more
complicated since the model should be data-dependent (i.e., adapts to the past events).
Otherwise, the model could not capture the information in event history and fail to provide
a good fitting. (b) Ezpressive power of RNN architecture. RNN is the most widely adopted
neural architecture in TPP modelling. However, it remains questionable whether the RNNs
can approximate most well-known temporal point processes. If the answer is yes, it would
be of great interest to know how many hidden layers and how large hidden dimensions will
be sufficient for the approximation. (c¢) Expressive power of activation function. In modern
neural networks, the activation function is chosen to be a simple non-linear function for
the sake of computational feasibility. In RNNs, it is taken as the “tanh” by default. Then
it is important to understand the approximability of tanh activation functions. (d) Vari-
able unbounded length of event sequence. Unlike the standard RNN’s modelling (Tu et al.,
2020) where each sample has the same length (or is padded to have the same length), the
event sequences in our setting may vary from one to another. In addition, their lengths are
potentially unbounded. These add difficulties in computing the complexity of the model
space.

To overcome the above challenges, we adopt the following approaches. (a) In TPPs,
the intensity function is the core. We recursively construct the multi-layer hidden cells
through RNNs to store the event information and adopt the suitable output layer to com-
pute the intensity value. Equipped with suitable input embeddings, our construction can
capture the information of event history and adapt to variable lengths of event sequence.
(b) For four main categories of TPPs, homogeneous Poisson process, non-homogeneous
Poisson process, self-exciting process, and self-correcting process, we carefully study their
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intensity formula. We can decompose the intensity function into different parts and approx-
imate them component-wisely. Our construction explicitly gives the upper bounds on the
model depth, the width of hidden layers, and parameter weights of the RNN architecture to
achieve a certain level of approximation accuracy. (c) We use the results in a recent work
(De Ryck et al., 2021), where they provide the approximation ability of one- and two-layer
tanh neural networks. We adapt such results to our specific RNN structure and give the
universal approximation results for each of the intensity components. (d) Thanks to the
exponential decay property of the tail probability of the sequence length, we are able to use
the truncation technique to decouple the randomness of independent and identically dis-
tributed (i.i.d.) samples and the lengths of event sequences. For the space of truncated loss
functions, the space complexity can be obtained through calculating the covering number.
The classical chaining methods in empirical process theory can hence be applied as well.

Our main technical contributions can be summarized as follows.

(i) We carefully design the functional space of RNN-based TPP models, where the in-
tensity functions are defined through the recursive formula and the interpolation of hidden
states. We also choose the proper metric to characterize the distance between two differ-
ent RNN-based TPPs so that the excess risk analysis becomes possible. We believe our
formulation could inspire the theoretical analyses of other continuous-time neural network
models.

(ii) In the analysis of the stochastic error in the excess risk of RNN-based TPPs, we
provide a truncation technique to decompose the randomness into a bounded component
and a tail component. By carefully balancing between the two parts, we establish a nearly
optimal stochastic error bound. Additionally, we also derive the complexity of the multi-
layer RNN-based TPP class, where we precisely analyze and compute the Lipschitz constant
of RNN architecture. This extends the existing result in Chen et al. (2020) where they only
give the Lipschitz constant of a single-layer RNN. Therefore, our truncation technique and
the Lipschitz result of multi-layer RNNs can be useful and of independent interest for many
other related problems.

(iii) We establish the approximation error bounds for the intensity functions of TPPs
of four main categories. To the best of our knowledge, there is very few work (De Ryck
et al., 2021) on studying the approximation property of tanh activation function. Our work
is the first one to provide approximation results for RNN-based statistical models. Our
construction procedure largely depends on the Markov nature (Laub et al., 2021) of self-
exciting processes so that we can design hidden cells to store sufficient information of past
events. Moreover, we decompose the excitation function into different parts. Each of them
is a simple smooth function (i.e. either exponential function or trigonometric function) that
can be well approximated by a single-layer tanh network. Our construction method can be
viewed as a useful tool in analyzing other sequential-type neural networks.

(iv) We illustrate the differences between the architectures of classical RNNs and RNN-
based TPPs. Note the fact that the observed events happen at the discrete time grids,
while the TPP models should take into account the continuous time domain. Therefore,
the interpolation of values in hidden cells at each time point is important and necessary.
We show that improper interpolation mechanisms (e.g. constant, linear, exponential decay
interpolation) may fail to provide RNN-based TPP with the universal approximation ability.
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Our result indicates that the input embedding plays an important role in interpolating the
hidden states.

The rest of paper is organized as follows. In Section 2, the background of TPPs, the
formulation of RNN-based TPPs, and useful notations are introduced. The main theories
along with high-level explanations are given in Section 3. The technical tools for analyzing
stochastic errors are provided in Section 4. The construction procedures for approximating
different types of intensity functions are listed in Section 5. In Section 6, we provide
explanations that the improper interpolation of hidden states in RNN-TPPs may lead to
unsatisfactory approximation results. Detailed discussions and concluding remarks are given
in Section 7.

2. Preliminaries
2.1 Framework Specification

We observe a set of n irregular event time sequences,
Dtrain = {SZ,Z = 1, ,n} = {(tz'J, "'7ti7Nei);i = 1, ceay TL}, (1)

where 0 < t;1 < .. <t;; <..<t;n, <T with T' being the end time point, and N; is the
number of events in the ¢-th sequence, S;. It is assumed that each of S;’s is independently
generated from a TPP model with an unknown intensity function \*(¢) defined on [0, 7.
That is,

N (1) = Tim E[N[t, t 4 dt)|H,]
dt—0 dt
where N[t,t+dt) := N(t+dt) — N(t) with N(t) := #{j : t; < t} being the number of events
observed up to time ¢, and H; := o({N(s); s < t}) is the history filtration before time t.
In the literature of TPP’s learning (Shchur et al., 2021), the primary goal is to estimate
A*(t) based on Dy;q,. Throughout the current work, we adopt the negative log-likelihood
function as our objective. To be specific, for any event time sequence S = (t1,..,tn,), we

define

)

T
loss(A, 8) 1= —{ S log A(t;) — /O NOT S )

This loss function is widely used in many literatures (Du et al., 2016; Mei and Eisner, 2017;
Zuo et al., 2020). Then the estimator can be defined as

A= in loss(\
argmin oss(\)

1 n
= I *E 1 i) (>
argggn{n - oss(A\, S, )} (3)

where F is a user-specified functional space. For example, in the existing works, F can be
taken as any space of parametric models (Schoenberg, 2005; Laub et al., 2021), nonpara-
metric models (Cai et al., 2022; Fang et al., 2023), or neural network models (Du et al.,
2016; Mei and Eisner, 2017).
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In the language of deep learning, Dy,4ip, is also called a training data set. loss(\) is known
as the loss function of predictor X. A defined in (3) is the empirical risk minimizer (ERM).
To evaluate the performance of 5\, a common practice in machine (deep) learning is using
the excess risk (Hastie et al., 2009; James et al., 2013; Vidyasagar, 2013; Shalev-Shwartz
and Ben-David, 2014). To be mathematically formal, we define

ER()) := E[loss(\, Siest)] — Efloss(X*, Srest)] (4)

where Siest is a testing sample, i.e., a new event time sequence, which is independent of
Dyain and also follows the intensity A\*(¢). The expectation here is taken with respect to

the new testing data. We give a proof of ER(A) > 0 in the supplementary. As a result, (4)
is a well-defined excess risk under our model setup.

2.2 RNN Structure

Throughout this paper, we consider F to be a space of RNN-based TPP models. An
arbitrary intensity function A\ in F, indexed by the parameter 6, is defined through the
following recursive formula,

N(:8) = f(WEDRD(E8) + o) e R, (5)
where the hidden vector function h(%) (t; S) has the following hierarchical form,
KD 8) = o <W§1>x(t; )+ wns) + b(1>) ,
MAtS8) = o (Wf)h(l)(t; )+ WPhP) + b<2>) ,

MO(t8) = o (W:E(L)h(L—l)(t; S) + Wé”h? + b(L)) . for t € (tj,tj41], (6)
with
B = o (Wél)x(tj; $) + wVnD, + b(l)) ’
hgz) - (Wa(f)hg.l) +W£2)h§2,)1 +b(2)>,
WY = o (WéL)hg.L‘” + WP R, + b<L>) , for j € {1,..,N.}. (7)

Here o, f are two known activation functions of the hidden layers and the output layer,
respectively. Both of them are pre-determined by the user. We specifically take o(z) =
tanh(z) = (exp(x) — exp(—=x))/(exp(x) + exp(—x)) and f(x) = min{max{z, s}, us}, where
ly and uy are two fixed positive constants. The input embedding vector function z(t; S) is
also known to the user before training. In the current work, we particularly take z(t;.S) =
(t,Fs(t))" where Fs(t) =t —t; for t € (tj,tj+1], Vj € Ne. The hidden dimension of the
[-th layer is denoted by d;, i.e. hgl) € R4, 1 <1 < L. The model parameters consist of

Wi, w0 (1 <1< L), and WY, b where WY € Ré<din Wil € Rv<dn are
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Figure 1: Left: the classical RNN architecture. Right: the RNN-TPP architecture given in
(5) - (7). The blue box represents the interpolation of hidden states.

the weight matrices in I-th layer, and b®) € R(® is the bias vector in I-th layer (here dj is
the input dimension, i.e., the dimension of z(t;S), and dr 1 = 1 is the output dimension).
For ease of notation, we concatenate all parameter matrices and vectors and write as 6 =
{W;,gl), W}(Ll), b1 <1< L+ 1}, where W,ELH) = 0. By default, we take the initial values
to =0 and hél) =0for 1 <! < L. The last time grid ty,+1 =7T. We call the model defined
through equations (5) - (7) as the RNN-TPP. To help readers to gain more intuition, a toy
example of RNN-TPP is demonstrated in Appendix A.

Moreover, we define the maximum hidden size D := max{d;,ds - --dr}, and the param-
eter norm

101 = macx { WD 2, W, 2, 601251 < 1< L+1}
Then the RNN-TPP class F is described by

F = FL.D B lsuy = 1205 [0 < B}, (8)

where B,, may depend on the hidden size D and the sample size n. To help readers gain
more intuitions, a graphical illustration of the network structure is given in Figure 1.

Remark 2.1. The default choice (De Ryck et al., 2021) of activation function o(x) in
RNNs is tanh(x). In practice, the number of layers L is usually no more than 4.

Remark 2.2. By the constructions (5) - (7), it is not hard to see that the intensity Ag(t; S)
18 a left-continuous function of t. In other words, it is a well-defined predictable function
with respect to the information filtration generated by event sequence S.

Remark 2.3. In the standard application of RNN models, the training data usually consist
of discrete-time sequences (e.g., sequences of tokens in natural language processing (NLP)
(Yin et al., 2017; Tarwani and Edem, 2017); time series in financial market forecasting
(Cao et al., 2019; Chimmula and Zhang, 2020)). Therefore, the classical (single-layer)
RNN architecture is defined only through the discrete time grids. That is, the hidden vector
at j-th grid is

hj=o (le‘j + Wyhj—1 + bn) ,
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where x; is the corresponding embedding input. The prediction at time step j is given by

yj = f(Wyh; +by) € R. In contrast, the RNN-based TPP model should take into account
0
J

and hg-ﬁ)rl 18 heuristically mecessary to give reasonable model predictions over the entire time

interval (tj,tj41].

any time point t between grids t; and t; 1. Hence the interpolation of h(l)(t; S) between h

Remark 2.4. In the literature, there exist a few methods to interpolate the hidden embedding
between hg»L) and hg-i)l. In Du et al. (2016), a constant embedding mechanism is used, i.e.

A (t; S) = hy) for t € (tj,tjy1] and any j and l. In Mei and Eisner (2017), the author
adopted an exponential decay method to encode the hidden representations under an extended
RNN architecture, Long Short Term Memory (LSTM) network. More recently, Rubanova
et al. (2019) used the neural ordinary differential equation (ODE) method for solving the
intermediate hidden state h®)(t; S).

It can be shown that the first two interpolation methods are unable to precisely capture
the true intensity in the sense of excess risk. We will give the explanation in Section 6; see
Theorem 6.1.

Remark 2.5. Our result still holds if tanh is replaced with other Sigmoidal-type activation
functions (Cybenko, 1989) (e.g., ReLU (Fukushima, 1969)). In the literature of TPP mod-
elling, the most common choice of f(x) is the Softplus function (Dugas et al., 2001; Zhou
et al., 2022), log(1 + exp(x)), which ensures Ag(t;S) to be positive and differentiable. Our
result also holds if we take f(x) to be min{max{log(1l + exp(x)),ls},us} with 0 <ly < uy.
Introducing ly and uy only serves the technical purpose, i.e., the predicted intensity value is
bounded from above and below.

2.3 Classical TPPs

In the statistical literature, TPPs can be categorized into several types based on the nature
of the intensity functions. Four main categories are summarized as follows.
Homogeneous Poisson process (Kingman, 1992). It is the simplest type where events
occur completely independently of one another, and the intensity function is constant, i.e.,
A*(t) = A, where X is unknown and needs to be estimated.

Non-homogeneous Poisson process (Kingman, 1992; Daley and Vere-Jones, 2003). In
this model, the intensity function varies over time but is still independent of past events.
That is, \*(t) is a non-constant unknown function that is usually estimated via certain
nonparametric methods.

Self-exciting process (Hawkes and Oakes, 1974). Future events are influenced by past
events, which can lead to clustering of events in time. A well-known example is the Hawkes
process (Hawkes, 1971; Hawkes and Oakes, 1974), where the intensity function takes form,

X)) = Mol + 3 ult 1)) Q

where \o(t) and p(t) are some positive functions which are called the background intensity
and excitation/impact function, respectively. In many applications (Laub et al., 2021), the
excitation function takes the exponential form that u(t) = aexp(—pft), which allows the
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efficient computation. The model defined in (9) is also known as the linear self-exciting
process since the intensity is in an additive form of different components. More generally,
the non-linear self-exciting process (Brémaud and Massoulié, 1996)

@) =T [ Xo(t)+ > plt—t)) |, (10)
Jit;<t

is also considered in the literature, where ¥ is a non-linear function.

Self-correcting process (Isham and Westcott, 1979; Ogata and Vere-Jones, 1984). The
occurrence of an event decreases the likelihood of future events for some time period. To
be mathematically formal, the intensity postulates the formula,

A(t) =" | ut— Z al, (11)

j:tj<t

where both p and « are positive and ¥ may be a non-linear function.

2.4 Notations

Let aAb = min{a, b} and aVb = max{a,b}. We use N and Z to denote the set of nonnegative
integers and all integers, respectively. Denote [n] = {1,2--- ,n} for a positive integer n.
Let [a] = min{b € Z,b > a}. For a set A, denote #(A) to be its cardinality. For a vector

r=(z1,-,2q)| € R denote its Euclidean norm as ||z|z = \/Zgzl z?. Write ay < by
if there exists some constant C' > 0 such that ay < Cby for all index N, and the range of
N may be defined case by case. For a function f defined on some domain, denote || f||z
as its essential upper bound. For s € N, the Sobolev norm || f|[yys.cc(jo,7)) is defined as
£ llws.e0 (o,m7) = Maxo<|a|<s D f Lo (jo,77)- For a constant By > 0, the Bop-ball of Sobolev
space W#°°([0,T1]) is defined as

W*2([0,T], Bo) := {f € W**([0, 7)), || flwse (o)) < Bo} -

For constant Cp > 0, the ball C*>°([0,T7], Cy) is a subset of W*°°(]0, T, C) which contains
all s-order smooth functions. In this work, our results are non-asymptotic. For notational
brevity, we use O(-) to hide all constants and use O(-) to denote O(-) with hidden log
factors. Throughout this paper, «, 8, v, C, and C; are positive real numbers and may be
defined case by case. In the remaining part of the article, A* denotes the ground truth of
the intensity function.

3. Main Results

Recent applications in event stream analyses have witnessed the usefulness of TPPs with
the incorporation of RNNs. However, there is no study in the existing literature to explain
why the RNN structure in TPP modeling is so useful from the theoretical perspective.
We attempt to answer the question of whether the RNN-TPPs can provably have small
generalization error or excess risk. Our answer is positivel When the event data are
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generated according to the classical models described in Section 2.3, we show that the
RNN-TPPs can perfectly generalize such data.

To make our presentation easier, we only need to focus on the self-exciting processes.
To start with, we first consider the linear case (9).

1

Some regularity assumptions should be stated before we present the main theorem.

(A1) There exists a constant By > 0 such that A\g € W*°([0,T], By), where s > 1,
seN.

(A2) [ u(t)dt =, < 1.

(A3) There exists a positive constant By such that inf,cjo 7 Ao(t) > Bi.

Assumption (A1) assumes the boundedness of the background intensity, which is also
common in neural network approximation studies. Assumption (A2) is standard in the
literature of Hawkes process, which guarantees the existence of a stationary version of the
process when Ag(t) is constant. Assumption (A3) is an informative lower bound assumption,
which ensures that sufficient intensity exists in any subdomain of [0, 7).

Now we can present the results on the non-asymptotic bound of excess risk (4) under
model (9).

Theorem 3.1. Under model (9) and RNN-TPP class F = FL D B, i;u,; defined as (8),
suppose that assumptions (A1)-(A3) hold, then for n i.i.d. sample series {S;,i € [n]}, with
probability at least 1 — 6, the excess risk (4) of ERM (3) satisfies:
~ 1 ~
(i) (Poisson case) If u = 0, for L =2, D = O(n2tD), B, = O(n
and uy = By,

s+1

4 ), lf:Bl/\l,

E[loss(j\, Stest)] — E[loss(\*, Stest)] < 10) (n_ 2(ss+1)> : (12)

(ii) (Vanilla Hawkes case) If u(t) = aexp(—pt), for L = 2, D = O(n2<81+1)), B, =
O((logn)3* 1ngn), lf =Bi A1, and up = By + O(logn),

E[loss(\, Siest)] — E[l0ss(\*, Siest)] < O (n*rsin) : (13)

(iii) (General case) If p € C*([0,T],Co), k >2, k€N, for L=2, D = O(n%(silvk%‘l)),
By = O((log )3 1Og2”), ly =B1 A1, and uy = By + O(logn),

E[loss(j\, Stest)] — Elloss(A*, Stest)] < 0) (n_%(silA%}lU ) (14)

As suggested in Theorem 3.1, there exists a two-layer RNN-TPP model whose excess
risk becomes vanishing when the size of the training set goes to infinity. The width of such
network grows with the sample size, while the depth remains two.

1. Homogeneous Poisson, non-homogeneous Poisson, and self-correcting process can be treated similarly
due to the following reasons. If we take u(t) = 0 in (9), the linear self-exciting process reduces to the
homogeneous Poisson or non-homogeneous Poisson process. In the RNN-TPP architecture, we can take
the input embedding function z(t; S) = (¢,t — Fs(t), N(t—)), i.e., using an additional input dimension to
store the number of past events. Then establishing the excess risk of self-correcting process is technically
equivalent to that of non-homogeneous Poisson process.
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Remark 3.2. Here we require the depth of RNN-TPP L = 2 due the fact that Ao €
W2([0,T], By). However, if we allow Ay to be sufficiently smooth (i.e., \g € C*°([0,T1])),
we only need one-layer tanh neural network to approximate \g. As a result, the number of
layers of RNN-TPP can be reduced to one.

Now we consider the true model to be a non-linear Hawkes process, which is given in
(10). For simplicity, we only consider the case u(t) = aexp(—/pt), which is

N(t) =W Xolt) + ) aexp(—p(t—t;)) | - (15)

t;<t

The regularity of W is presented as Assumption (A4).

(A4) Function V¥ is L-Lipschitz, positive and bounded. In other words, there exist
B1, By > 0 such that B; < ¥ < By and | (z1) — ¥(x2)| < L|xy — 22| for any x1, xa.

We have a similar bound of excess risk (4) under model (15).

Theorem 3.3. (Nonlinear Hawkes Case) Under model (15) and RNN-TPP class F =
FL.D.Bmisu; defined as (8), suppose that assumptions (A1) and (A4) hold, then for n
i.i.d. sample series {S;,i € [n|}, with probability at least 1 — 9, for L =4, D = ON(ni),
By, = O((log )3 loan), lf = BiAl, and up = By, the excess risk (4) of ERM (3) satisfies:

El[loss(\, Siest)] — E[loss(\*, Siest)] < O (n*i) . (16)

For the non-linear case, as indicated by Theorem 3.3, we require a deeper RNN-TPP
with four layers to achieve the vanishing excess risk. Under the Lipschitz assumption of ¥,
the width of the hidden layers is of order n'/4. When ¥ is allowed to have higher-order
smoothness, the width can reduce to that of the vanilla Hawkes case.

Remark 3.4. (i) Two additional layers of RNN are required for the approzimation of
the arbitrary mon-linear Lipschitz continuous function V. (ii) For the model \*(t) =

Y <>\0(t) + th<t p(t — tj)> with general excitation function p, we can obtain the similar
excess Tisk bound using the same technique in the proof of Theorem 3.1.

To better explain the excess risks that obtained in Theorems 3.1-3.3, we depend on the
following decomposition lemma.

Lemma 3.5. Let \* € argminye r E[loss(\, Siest)], for any random sample {S;,i € [n]},
the excess risk of ERM (3) satisfies

Elloss(, Stest)] — E[loss(A*, Siest)] < 2 sup |E[loss(\, Siest)] — S Z loss(A, S;)
AeF n

i€[n]

stochastic error

+ E[loss(A*, Stest)] — Elloss(\*, Siest)] - (17)

Vv
approrimation error

10
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By Lemma 3.5, the excess risk of ERM is bounded by the sum of two terms, the
stochastic error 2supycz |E[loss(A, Siest)] — n7! > ic[n)10ss(A, Si)| and the approximation

error E[loss(S\*, Stest)] — E[loss(A*, Sgest)]. The first term can be bounded by the complexity
of the function class F using the empirical process theory, where the unboundedness of
the loss function needs to be handled carefully; we present the details in section 4. The
second term characterizes the approximation ability of the RNN function class F to the
true intensity A* under the measure of the expectation of the negative log-likelihood loss
function. In order to bound this term, we need to carefully construct a suitable RNN which
can approximate A\* well. This has not been studied yet in the literature; see section 5 for
the details.
Based on Lemma 3.5, the results in Theorem 3.1 admit the following form,

Efloss(A, Srest)] — Efloss(A*, Stest)] < O (C\%) 4 R(1N)> ,

where C'(N)/+/n is the stochastic error and 1/R(N) is the approximation error. C(N) is
the complexity of RNN function class F and R(N) is the corresponding approximation
rate, where N is a tuning parameter. For the Poisson case, we can construct a two-layer
RNN-TPP with O(N) width to achieve O(N~*) approximation error. Hence C(N) =
O(N), R(N) = O(N?), and the final excess risk bound is O(n_ﬁ) in (12). For the
vanilla Hawkes case, since the exponential function is C'°°-smooth, we only need extra
O(Poly(log N)) hidden cells in each layer to obtain O(N~*) approximation error, and then
we have the same order excess risk bound. For the general case, motivated by the vanilla
Hawkes case, we decompose u € C**([0, 7], Cp) into two parts. One part is a polynomial of
exponential functions which can be well approximated by O(Poly(log N))-width tanh neural
network. The other part is a function i € C%°°([0,T7], Cp) satisfying i) (0+) = a0 (T—),
7 =0,1,--- k—1. It is easy to check that the r-th Fourier coefficients of f, fi,, decay at
the rate of 7—%. Then it is sufficient to approximate the first N functions in the Fourier
expansion of ji to get O(N~*~1) approximation error, which additionally costs O (N 5)
complexity (see section 5.3 for details). Combining this with the approximation result of
Ao, we get the final bound O(n_%(s%A%}l)) Similarly, for the nonlinear Hawkes case,
we need O(N) complexity to obtain O(N~') approximation error, which leads to O(n_i)
excess risk bound.

As we emphasize in the above remarks, the number of layers depends on the smoothness
of Ag. If \g € C*°(]0,T]) and ||Ag||ws~ < C*, we only need one-layer tanh neural network
to approximate Ag, hence the number of layers in RNN-TPP can be reduced to one.

Remark 3.6. The main goal of the current paper is to provide a tool for theoretically
analyzing the behaviors of RNN-based TPPs. The discussions on the sharpness of our
analyses and the optimality of the excess risk bound can be found in Section 7.

4. Stochastic Error

In this section, we focus on the stochastic error in (17). This type of stochastic error for
the RNN function class has been studied in the recent literature, such as Chen et al. (2020)
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and Tu et al. (2020). However, they only consider the case where the lengths of the input
sequences are bounded, which is not applicable under the TPP setting. Here we establish
an upper bound of the stochastic error in (17) by a novel decoupling technique to make the
classical results applicable. This technique can be used in many other related problems.

4.1 Main Variance Term

We first give out some mild assumptions for the RNN-TPP function class F under a more
general framework.

(B1) The embedding function x(-) is bounded by a constant By, (1) on the time domain
0,7), i.e. ()2 < Ban(T).

(B2) The parameter 6 lies in a bounded domain ©. More precisely, we assume that the
spectral norms of weight matrices (vectors) and other parameters are bounded respectively,
ien, W2 < Be, WP )l2 < By, [0@)l2 < By, 1 <1< L+1, and By, = max{By, By, B, }.

(B3) Activation functions o and f are Lipschitz continuous with parameters p, and p;
respectively, 0(0) = 0, and there exists |by| < By such that f(by) = 1 . Additionally, o is
entrywise bounded by By, and f satisfies Iy < || f||zee < uy.

Now we consider the first term of (17). For convenience, we denote Xy = E[loss(\g, Stest)]—

n~t31  loss(Mg, Si).

Theorem 4.1. Under assumptions (B1)-(B3) and suppose the event number N satisfies
the tail condition
IPD(]\fe > S) <apn eXp(_CNs)v s €N,

with probability at least 1 — §, we have

<T+ 1>(so+1)uf< log <§> + D+\/(3L +2) <\/Iog + M (s0)) + 1)

500
sup | Xy
€O ol < NG

. 1
(1 —exp(—cn))? |~

Thus

0cO n

_ 272
supXﬂSO( DL) , (18)

where so = [eny tlog (2ann/8)], M(s) = pyBmVD(BsVD V Bin(T) V 1)(vF v 1)(s +
DEH (B = 1) /(B = 1), ¥ = poBa, B = poBp.

Remark 4.2. There exist constants ay, cy so that the tail condition P(N, > s) < an exp(—cns), s €
N always holds for (non) homogeneous Poisson processes, linear and nonlinear Hawkes pro-

cesses, and self-correcting processes under weak assumptions. To be more concrete, Lemma

4.4 in the following section gives a result for the linear case.

Remark 4.3. For one-layer RNN with width D and bounded sequence length T, Chen et al.
(2020) gives a O~(\/D3T/n) type stochastic error bound. Our bound reduces the term D3
to D?, thanks to the bounded output layer, i.e., f(z) = min{max{z,ls},us}. The term D?
is also order-optimal by noticing that the number of free parameters in a single-layer RNN
is at least D?.

12
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The stochastic error in (4.1) is mainly determined by the complexity of the RNN function
class F, which will be discussed in the following section. To obtain this bound, we need to
handle the unboundedness of the event number. We use a truncation technique to decouple
the randomness of the tail of N, which allows us to use classical empirical process theory
to derive the upper bound. Our computation is motivated by Chen et al. (2020), which
gives the generalization error bound of a single-layer RNN function class.

4.2 Key Techniques

To be reader-friendly, the main techniques for proving Theorem 4.1 are summarized as
follows.

4.2.1 PrROBABILITY BOUND OF EVENTS NUMBER

Define N, := max{Ne;, 1 <i < n}. The following lemma characterizes the tails of event
number N and Ne(,) under model (9) and assumptions (A1) and (A2) (For assumption
(A1), we only need A\g < By in this section). The proof is similar to Proposition 2 in Hansen
et al. (2015); see supplementary for the details.

Lemma 4.4. For model (9), under assumptions (A1) and (A2), with probability at least
1 -9, we have

Net) < 7 _1Cu77 <10g2(77) N (2?1\/—%) +n(BOT)> '

Hence

P(N, = 5) <P(N, > 5) < 2YPL o (IOg(”) n(BoT) — (1 — C,m)S]) ,
1—-c¢, 2

where n € (1, c;l) is a tuning parameter. Let an = 2v/BoT exp(log(no)no(BoT")/2)/(1—cu)
and cn = log(no)(1 — cumo)/2 with ny € (l,cljl) being fized. Then
P(Ne=35) <P (N, > s) <aynexp(—cns). (19)

Our result is more refined than Proposition 2 in Hansen et al. (2015), with computing
all the constants and giving a tuning parameter to control the probability bound.

For the nonlinear case (10), under Assumption (A4), we can obtain results similar to
the non-homogeneous Poisson case, which are included in the above Lemma.

4.2.2 FrROM UNBOUNDEDNESS TO BOUNDEDNESS

The following lemma is the key to handling the unboundedness of Xjy, i.e., the unbound-
edness of the loss function. For any s € N, we let Xy(s) = E [1088()\0,Stest)]l{]vegs}] —
=t loss(Ae, Si)ln.,<sy and Ey(s) = E [loss()\g, Stest)]l{Ne>s}]-

Lemma 4.5. For any s € N and nonempty parameter set ©, we have

P <sup | Xo| > t> <P (sup | Xo(s)| + sup |Ep(s)| > t) +P(Negny > 9). (20)
0cO 0cO 0cO
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The consequence of this lemma is to decompose P (supgeg | Xo| > t) into two parts. The
first part P (supgeg | Xo(s)| + supyee | Eo(s)| > t) is the tail probability of the supremum of
a set of bounded variables, and can therefore be handled by standard empirical process
theory. The second part P(N.,) > s) is the tail probability of N(,). Thanks to Lemma
4.4, this term can be controlled by the exponential decay property of the sub-critical point
process. By choosing suitable s, we can make (20) sharper. This result plays a key role in
stochastic error calculations.

4.2.3 CoMPLEXITY OF THE RNN-TPP CLaAsS

To get the result in Theorem 4.1, we need to compute the complexity of the RNN function
class which is specified in section 2.2. There are many possible complexity measures in deep
learning theory (Suh and Cheng, 2024), and here we choose covering number which can
be well computed for the RNN function class. In our setup, the key to the computation
of the covering number is finding the Lipschitz continuity constant of RNN-TPPs; which
separates the spectral norms of weight matrices and the total number of parameters (Chen
et al., 2020).

Consider two different sets of parameters 6; = {W, I,W}Ell,bg), 1<I<L+1}, 6y =
wih, h2,b§),1 <1< L+1} Denote Al = Hbg” — 02 AL = (Wi — WL,
Al = Hle - q;,2H2, 1 <1< L+1(AF =0). The following lemma characterizes the
Lipschitz constant of Ag.

Lemma 4.6. Under Assumptions (B1)-(B3), given an input sequence of length Ng, S =

{t; }J 1 C0,T] (here we set tng41 =1T), fort € (tj,tj41], 1 < j < Ng, and 61,62 € ©, we
have

L—1 L—2
o, (5.5) — N, (£ 9)| < pypy (Z VSIAFT 4+ BoVD Y A SIALT 4 By (TP ST AL

-1

+B,VD Y ylsj.lAf;’> + pAFT 4+ pp B,V DAL (21)
=0

where = pyBh, ¥ = po Bz, Sjl- = 220 (q?rl)ﬂq (S, =0), and d = max{d;|1 <1 < L+1}.

We set E?:a A;=0ifa>b.

The proof of Lemma 4.6 is based on the induction. The full proof is given in the
supplementary. Our result is an extension of Lemma 2 in Chen et al. (2020), where they
only consider the family of one-layer RNN models. Lemma 4.6 is of independent interest
and can be useful in any other problems regarding RNN-based modeling. Using Lemma
4.6, we can establish a covering number bound for F under a “truncated” distance.

Denote N (F,e€,d(-,-)) as the covering number of metric space F, i.e., the minimal
cardinality of a subset C C F that covers F in scale ¢ with respect to the metric d(,-).
Given a fixed integer Ny, We define a truncated distance,

dny(Aoys Agy) = sup  [[Ag, (55) — A, (85 S)HLOO[O,T}
#(S)<No
The following lemma gives an upper bound of N (F, ¢, dn, (-, ))-

14



NON-ASYMPTOTIC THEORY OF RNN-TPP

Lemma 4.7. Under assumptions (B1)-(B3), for any € >0 and F = Fr, p B,
as (8), the covering number N (F,€,dn,(+,-)) is bounded by

Lpup defined

D2(3L+2
C(No)(3L + 2)Bm\/5> (B2
6 9

N (F,e,dn, (7)) < (1 +

where C(No) = pf(BsV DV Bin(T) V1) (v* v 1)(No + DI (BN —1) /(8 — 1), v = po B,
and 8 = p,Bp,.

By Lemma 4.7, taking Ny = s, we can get the non-asymptotic bound of Xy(s), which is
an important step to obtain the first part of (20).

5. Approximation Error

In this section, we focus on the approximation error, i.e., the second part of (17). The
approximation error of deep neural networks has been broadly studied in the literature
(Schmidt-Hieber, 2020; Shen et al., 2019; Jiao et al., 2023; Lu et al., 2021). However,
most of them only consider the ReLU activation case, which is different from tanh, the
activation function usually chosen for RNNs. Recently, De Ryck et al. (2021) studied
the approximation properties of shallow tanh neural networks, which provides a technical
tool for our analysis. To the best of our knowledge, the approximation ability of RNN-
type networks has not been fully studied in the literature. Here we propose a family of
approximation results for the intensities of various TPP models stated in section 2.3.

5.1 Poisson Case

We start with the the approximation of (non-homogeneous) Poisson process, whose intensity
is independent of the event history, i.e. A*(t) = Ao(t), where \g(¢) is an unknown function.
In this case, we do not need to take into account the transfer of information in the time
domain. To be precise, we can take W} = 0 for [ € [L]. Then the problem degenerates to a
standard neural network approximation problem. Using the approximation results for tanh
neural networks in De Ryck et al. (2021), we can get the following approximation result.

Theorem 5.1. (Approzimation for Poisson process) Under model X*(t) = Ao(t) and as-
sumptions (A1) and (A3), for N > 5, N € N, there exists an RNN-TPP \V as stated in
section 2.2 with L =2, ly = By, uy = By, and input function x(t; S) =t such that

crs
Ns’

[E[loss(AY, Siest)] — E[loss(A\*, Stest)]| < 15exp (2BoT) (T + 2B7™) (22)
where C = }/%55/(3 —1)! . Moreover, the width of \N satisfies D < 3[s/2] + 6N and the
weights of AN are less than

2 S
61[\/}3

A
2

82
N1+2 (S(S+2))3s(s+2)’

S
(s — 1)!BOT

where C1 is an universal constant.
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O

@ _ T
Wh _ } d, = to approximate
— D =0(N)to
L=2 (1) _ [ approximate 1*
Wh - 0 dy = to approximate
-1 } and
Xj_1 A =

Figure 2: The construction of RNN-TPP for the case of Poisson processes.

A graphical representation of RNN approximation is given in Figure 2. For the non-

homogeneous Poisson models, the RNN-TPP A" in Theorem 5.1 is indeed a two-layer neural
52

network. From Theorem 5.1, we need an RNN-TPP with O(N) width and B,,, = O(N TH)

to obtain O(N~*) approximation error. Combining with Theorem 4.1, we can get the part

(i) of Theorem 3.1.
5.2 Vanilla Hawkes Case
Recall that the intensity of the vanilla Hawkes process has the form
X(t) = do(t) + Y aexp{—B(t —t;)}. (23)
Jit;<t

Different from Poisson process, the intensity of the vanilla Hawkes process depends on
historical events. Hence it can not be approximated by a simple neural network and needs
the recurrent structure. We construct an RNN-TPP to approximate the intensity using the
Markov property of (23). Specifically, note that if we have observed the first k& event times

{t1,--- ,tx}, then for any ¢ satisfying ¢, <t < tx41, we have
X () = Xot) = Y aexp{—B(t —t;)}
Jitj<t
= exp(—B(t — 1)) Z aexp{—PB(tr —t;j)}
Jiti <tk

= (A" (tk) — Ao(tk) + ) exp(=B(t — tx)).

Therefore, we can use the hidden layers in RNN-TPP to store the information of A*(¢) —
Ao(tx) and then compute A*(t) — Aog(t) with the help of input ¢t — ¢;. Together with the
approximation of Ag, we can obtain the final approximation result. A graphical illustration
of the above construction procedures are given in Figure 3.
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hawkes.pdf
(2)
Wh =0 d, = 0(log3 N)
—_- -_- ]' to approximate identity
= D = O(N)
L=2 to approximate 1*

d, = 0(log® N)

o -—> - } to approximate

g(x,y) = xe™ By +1

X .
-1 @ () = ta z e—Bt-t))

tj<t

Figure 3: The construction of RNN-TPP for the case of the vanilla Hawkes process.

Theorem 5.2. (Approzimation for Vanilla Hawkes process) Under model (23), assumptions
(A1), (A3), and a/B < 1, for N > 5, N € N, there ezists an RNN-TPP AN as stated in
section 2.2 with L = 2, lf = Bi, up = Bg + O(log N), and input function x(t;S) =
(t,t — Fs(t))" such that

(log N)?

= (24)

|E[loss(AY, Siest)] — E[loss(A*, Siest)]| <

Moreover, the width of ANV satisfies D = O(N) and the weights of MV are less than
Cy (10g(N))1282(10g(N))2

where C1 is a constant related to s, By, 3, and T.

Due to the smoothness of the exponential function, the approximation rate in Theo-
rem 5.2 only adds the log(/V) term compared with the results in Theorem 5.1. Similarly,
combining with Theorem 4.1, we can easily get the part (ii) of Theorem 3.1.

5.3 Linear Hawkes Case

Now we consider the general linear Hawkes process, i.e., (9) in section 2.3. Motivated by the
approximation construction of the Vanilla Hawkes process, we want to find a decomposition
for the general 1 where each term has the "Markov property’ so that we can construct the
corresponding RNN structure. Precisely, for u € C*°°([0,T],Cp), k > 2, k € N, we can
decompose p into two parts,

w(t) §2+;a]exp —p;t), te€0,T7,

party
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hawkes.pdf
/’lj_l @
w® =0
h® - h h(Z). d, = + 0(log® N) + O(Njlog* N)
j-1- J to approximate identity
L=2 D = O(N + Nilog* N)

to approximate A*

@ . 1. d, = + 0(log® N) + O(N;log* N
- N — - ...
Xj-1 X; .
. () = +Z u(t-1)
tj<t

N k
= A _ —Bjt
oo Jo.] ] Jou] KO = EO+ ), e
X1 COS w;t + X sinw;t fo e
1 L 2 L it =—+z 1; cosw;t + V; sinw;t
—x; sinawt + x, coswlt+1) A® 2 1:1(,111 ! : i
2lm

T

§iis the approximation of g;(x,t) = (

using 0((L + log N)*) width w =

Figure 4: The construction of RNN-TPP for the case of general linear Hawkes processes.

where fi satisfies the boundary condition, ji’(0+) = i/ (T—), 0 < j < k—1, j € N, and
Bj = j/k, j € [k]. The term Z?:l a;j exp(—p;t) can be handled similarly to the vanilla
Hawkes process. For fi, we consider its Fourier expansion,

() = oy i <m cos (%—”Q + i sin (mt)> .
2 T T

Thanks to the boundary condition, fi(t) can be well approximated by the finite sum of
Fourier series. Then we can use the “Markov property” of the trigonometric function pairs
cos(2lmt/T) and sin(2lnt/T) to construct the RNN-TPP. The construction is similar to
that of the exponential function case but needs more thorny calculations. Combining all
the approximation parts, we can get the approximation theorem for (9). The above ideas
are visualized in Figure 4.

Theorem 5.3. (Approximation for linear Hawkes process) Under model (9), assumptions
(A1)-(A3), and p € C*>*([0,T],Co), k > 2, k € N, for N > 5, N € N, there exists an
RNN-TPP \NNu qs stated in section 2.2 with L = 2, lf = Bi, uy = By + O(log N), and
input function x(t; S) = (t,t — Fs(t))" such that

(logN)? log N

‘E[ZOSS(S\N’NMa Stest)] — E[loss(N*, Stest)]| S Ne NEL
o

(25)

Moreover, the width of \N-Nu satisfies D = O(N + Ng(log N)*) and the weights of ANN
are less than

C1(log(NN,)) 12" stV N

where Cy is a constant related to s, k, By, Co,cy, and T.
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We make a few explanations on Theorem 5.3. There are two tuning parameters in ANN "
where N is the tuning parameter to control the approximation error of Aq, Z?:l aj exp(—pBit),
and the finite sum of the Fourier series, and N, is the tuning parameter to control the num-
ber of terms in the Fourier series entering the RNN-TPP. The term (log N)?/N°¥ is obtained
similarly to that in the vanilla Hawkes process case, and the term log N/N, Zf_l is the error
caused by the finite sum approximation for the Fourier series. Moreover, the O(N, 3(log N)Y)
term in the width of RNN-TPP is caused by the approximation construction of the first N,
terms of the Fourier series. Finally, combining with Theorem 4.1, we can obtain the part
(iii) of Theorem 3.1.

5.4 Nonlinear Hawkes Case

Finally, we consider the nonlinear Hawkes process, which is defined in (10) in section 2.3.
To make the statement simpler, we only consider the simple case, i.e., u(t) = aexp(—p3t).
The results for the general p1 can be obtained similarly. Compared to the vanilla Hawkes
case, the additional challenge here is the existence of a nonlinear function ®. With two
additional layers, we can approximate ® well. Together with the results for the case of the
vanilla Hawkes process, we can obtain the desired RNN-TPP architecture. To be clearer,
we also provide the graphical illustration in Figure 5.

Theorem 5.4. (Approximation for nonlinear Hawkes process) Under model (15), assump-
tions (A1) and (A4), for N > max{5, (2CByT* + 1)%} with C = \/285° /(s — 1)\, there exists
an RNN-TPP NN as stated in section 2.2 with L = 4, ly = By, up = By, and input function
x(t;S) = (t,t — Fs(t))" such that

N log N
IE[loss(\Y, Siest)] — Elloss(\*, Spest)]| < O;g’v . (26)

Moreover, the width of AN satisfies D = O(N) and the weights of MV are less than
Cl(log ]\7)1252(10gN)2 7
where Cy is a constant related to s, By, o, 8,T, and L.

Since we assume ® to be Lipschitz continuous, we can only get O(N~') approximation
error. The rate can be improved if ® is allowed to have better smoothness properties.
Again, combining with Theorem 4.1, we arrive at Theorem 3.3.

Remark 5.5. The universal approzimation properties of one-layer RNNs are studied in
Schafer and Zimmermann (2007). Our current results are different from theirs in the
following sense. (i) RNN-TPP is defined over the continuous time domain [0,T], while the
standard RNN only considers the discrete points. In other words, our approximation results
hold uniformly over all t € [0,T]. (The details can be found in the proofs in Appendiz D).
(ii) In Schdifer and Zimmermann (2007), they do not give the explicit formula of the widths
of hidden layers or parameter weights in the construction of RNN approxzimator. Therefore,
their results cannot be directly used in computing the approximation error.
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Figure 5: The construction of RNN-TPP for the case of nonlinear Hawkes process.

6. Usefulness of Interpolation of Hidden States

As mentioned in Remark 3, the RNN-TPP needs to take into account any continuous time
point ¢ between observed time grids ¢; and ¢;41. The interpolation of hidden state h® (t;S)
between hg-l) and hg.l_)H is essential and important during the construction of RNN-TPPs.

In this section, we give a counter-example to illustrate that an RNN-TPP model with-
out the interpolation of hidden states is unable to precisely capture the true intensity in
terms of excess risk (4). For simplicity, we only consider the single-layer RNN-TPP and the
argument is the same for multi-layer RNN-TPPs.

We consider a (single-layer) RNN-TPP which admits the following model structure,

hj = o(Wyx(ts; S) + Wihj-1),
Ane(t) = fla(t —t;) + Wyh; +b) €R, t € (tj,ti11], (27)

where z(t;;5) is the embedding for the j-th event, hg = 0, o(z) = tanh(z), f(z) =
(x V1f) Nug, and Iy and uy will be determined from the true intensity. —The intensity
formula in (27) is well used in existing literature, including Du et al. (2016) and Upadhyay
et al. (2018). When o = 0, A1) (t; S) = h; for all ¢ satisfying ¢; <t < t;11, i.e., it becomes
the constant interpolation.

20



NON-ASYMPTOTIC THEORY OF RNN-TPP

Theorem 6.1. Suppose the true model intensity on [0,T] has the following form,

T , t€[0,T/3]
M) = %ﬁ te(T/3,2T/3)

AT |, te€[2T/3,T]
Hence we can take ly =T and uy = 4T, and then there exists a constant C > 0 such that

- min  E[loss(Ane, Stest)] — E[loss(\*, Stest)] > C > 0. (28)
Ane as (27)

Theorem 6.1 tells us that the RNN-TPPs without a proper hidden state interpolation
may fail to offer a good approximation, even under a very simple non-homogeneous Poisson
model. Therefore, the user-determined input embedding vector function z(¢;S) plays an
important role in interpolating the hidden states. It should be carefully chosen so that
x(t; S) can summarize the information of past event history to some extent.

Remark 6.2. The term a(t —t;) in (27) can be replaced by any monotonic function k(t —
tj), while maintaining the validity of Theorem 6.1. For example, the exponential decay
mechanism, i.e. k(t —t;) = exp{—6(t —t;)}, shares the similarity to the memory cell c(t)
proposed in Mei and FEisner (2017).

Remark 6.3. For other different types of f (e.g. Softplus) in the output layer, the failure
of the linear interpolation mechanism can be obtained similarly.

Remark 6.4. The parameter o in (27) may be generalized to o := u(hj,w) fort € (tj,tj41],
where w denotes trainable parameters, h; the previous hidden state, and u a fized function.
Theorem 6.1 remains valid in this case. See Appendiz E for details.

7. Discussion

In this paper, we give a positive answer to the question ”whether the RNN-TPPs can prov-
ably have small excess risks in the estimation of the well-known TPPs”. We establish the
excess risk bounds under homogeneous Poisson process, non-homogeneous Poisson process,
self-exciting process, and self-correcting process framework. Our analysis focuses on two
parts, the stochastic error and the approximation error. For the stochastic error, we use
a novel truncation technique to decouple the randomness and make the classical empiri-
cal process theory applicable. We carefully compute the Lipschitz constant of multi-layer
RNNs, which is a useful intermediate result for future RNN-related work. For approxima-
tion error, we construct a series of RNNs to approximate the intensities of different TPPs
by providing the explicit network depth, width, and parameter weights. To the best of our
knowledge, our work is the first one to study the approximation ability of the multi-layer
RNNs over the continuous time domain. We believe the results in the current work add
values to both learning theory and neural network fields.

Curious readers may wonder how sharp our theoretical analysis is. In the following, we
provide some in-depth discussions. To begin with, we first state the following lemma to
characterize the relationship between our excess risk (4) and other L2-type distances.
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Lemma 7.1. Under assumptions (A1)-(A3), for any predictable \ satisfying By < A < +00,
we have

2133, ) < Elloss(A, Se)] — Elloss\ Sus)] < - [ / G -ro)’ dt] ,

where H3 (X, \) = E[fOT (\/S\(t) —/A* (t))th]/2 is the Hellinger distance. All expectations

are taken for the test sequence Siest.

Lemma 7.1 reveals that our results in Theorem 3.1 and Theorem 3.3 also hold for
HZ(A, ).

To get the faster stochastic error, we need the following error decomposition lemma,
which is different from Lemma 3.5.

Lemma 7.2. Let \* € argminycr E[loss(\, Siest)], the excess risk of ERM (3) satisfies

Ep,.. |E[loss(A, Siest)] — E[loss(\", Stest)ﬂ

. 9 .
<Ep,, ..., |E[loss(\, Stest) — l0ss(N*, Stest)] — - Z (loss(/\, Si) — loss(\*, SZ))

i€[n]

stochastic error

+2 (E[loss(jx*, Stest)] — E[loss(A*, Stest)])a

approximation error
where the expectation Ep,, ;. 1s taken for the observed samples Diyqin.

It should be noted that Lemma 7.2 is the key to get faster stochastic error (Gyorfi et al.
(2002), Section 11.3). Thus, we can get the faster stochastic error O(D?L?/n) using the
same technique in Gyorfi et al. (2002), Section 11.3, see also Jiao et al. (2023). Hence we
can square the error rates we established in Theorem 3.1 and Theorem 3.3.

One may be concerned about the optimality of the error bounds in our results. In fact,
due to the limitations in the use of non-optimal approximation results in De Ryck et al.
(2021), our bound in non-homogeneous Poisson case O(n~2%/(572)) does not match the
nonparametric minimax optimal rates O(n~2/(>*+1)) Here the main problem is that the
approximation error for shallow networks (the depth L is small) is not optimal. There are
many works on the approximation rates of ReLLU neural networks (Kohler and Langer, 2021;
Shen et al., 2022; Lu et al., 2021; Jiao et al., 2023) and neural networks with other activation
functions (Zhang et al., 2024) that could lead to the optimal approximation rates. However,
to the best of our knowledge, all of them need the network depth L to be greater than a
pretty large constant (for example, L > 18 in Shen et al. (2022) and L > 21 in Jiao et al.
(2023)), which are not satisfied in the practical usage, i.e. L is typically smaller than 4 for
RNN-type models. Whether shallow neural networks (for example, L < 4) can attain the
optimal approximation rates is a challenging open problem and still needs further research.

Moreover, the reasons why our rate O(n~2(=1)/2(:+4)) for the general excitation function
v does not match the optimal rate O(n=2%/(2k+1)) can be explain as follows. We use the

Fourier expansion in the approximation of RNN system so that we can only get O(N, (kfl))
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error bound for the first N, term in the expansion, which is different from the result of
Taylor expansion. This makes the numerator of the exponent take the value from 2k to
2(k — 1). Additionally, to well approximate the intensity function, we need to combine the
information from the hidden layer h")(t; S) and the input function z(t; S), which makes
us require more ’dimensions’. As a result, the denominator of the exponent increases from
2k+1 to 2(k+4). In summary, for a general excitation function u, the RNN-TPP cannot be
simply treated as a uni-variate nonparametric model. Hence, it remains an open question
whether the approximation error could be further improved for the general RNN-TPPs. In
practice, the excitation function y is assumed to be sufficiently smooth so that (k—1)/(k+4)
is negligible compared with s/(s + 1) in (14).

In addition to the above discussions on the optimal rates, there are several other pos-
sible extensions along the research line of neural network-based TPPs. First, it is not
clear whether the approximation rate can be improved by a more refined RNN structure
construction (with possible fewer layers and smaller width) or other possible approaches.
Second, we here only consider the “large n” setting where the event sequences are observed
in a bounded time domain [0, 7] with n repeated samples. It is interesting to extend our
results to “large T” setting where the end time 7' goes to infinity but the number of event
sequences, n, remains fixed. Third, in the current work, we do not take into account the
different event types. It may be useful to extend our results to the marked TPP settings.
Moreover, it is also worth investigating the theoretical performances of other neural net-
work architectures (e.g. Transformer-TPPs) that have performed well in recent empirical
applications.
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Additional Notations in the Appendix: For two random variables X and Y, we
write X <;¢ Y if P(X >¢) <P(Y > ¢) for any ¢t € R. We use N to denote the set of
positive integers. For d € N, define 14:= (1,---,1)T € R4
Appendix A. A toy example of RNN-TPP in Section 2.2
Let L = 2 and N, = 2, the sequence S = {t1,t2}. In this case, the imbedding function
x(t; S) is

(tat)—r ) le [Oatl]
z(t;8) = S (t,t—t1)" , te (t,t]
(t,t —ta)" , t € (ta,T)

The hidden neurons are

hY =& (Waél)x(tl; S) + b<1)) . n
h?) — 0 <W£2)hgl) I b(2)> 7 hgz)

o (Wiha(ta; $) + W niY + 50

o (WORY + WEn + 52

The hidden functions are

o (ngl)x(t; S) + b L te 0t
MOtS) = Lo (Wél)x(t; S) + WAl 4 b‘”) Jte (tnt)]
o (Wha(ts 8) + WOR +00) e (12,7
and
o (W3§2>h(1)(t; S) + b(2>) , te0,ty]
M8 = Lo (Wx@)h(l)(t; S) + W 4 b@)) L e (t,to]

o (WD 9) + WPhD +62) b€ (b2, ]
The output intensity of RNN-TPP is

N(tS) = f(Wa§3)h(2)(t;S)+b(3)>eR, (29)

where 6 = {Wagl), W,(Ll), b, Wf), W,Ez), b2, 923), b3}, This example is illustrated in Fig-
ure 6.
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x(t,5)

example.jpg

Figure 6: An illustration of (29) on (¢1, t2].

Appendix B. Proofs in Section 3

B.1 Proof of Lemma 3.5
Proof By the definition of A* and A, we have

Efloss(, Siest)] — Elloss(A*, Siest)]]
= E[loss(j\ Stest)] — [loss(j\* Stest)] + E[loss(j\* Stest)] — E[loss(A*, Sgest)]
< E[loss()\ Stest)] —— Z loss( A, Si) Z loss(\*, S ]E[loss(j\*,Stest)]

ZE [n] ’Le n]

>0

+ Efloss(A*, Stest)] — E[loss(A*, Spest )]

1
< 2sup |Elloss(A, Siest)] — — loss(A, S;
sup [Eloss(h, Sew)] = - 3 loss(h, 5

i€[n]

+ Efloss(A*, Sest)] — E[loss(A*, Spest)]-

Appendix C. Proofs in Section 4

C.1 Proof of Lemma 4.4

Proof From (9) and model assumptions (A1)-(A2), we have A*(t) = Ao (t)+2j:tj < (t—t5),
fo t)dt < c, <1, Ao(t) < By. Following the notations in the paper, we denote NN, as the
number of event time of \* in [0, T]. Consider another density A\(t) = Bg + Zj:tj<t p(t—1t5)

and similarly denote N, as the number of event time of X in [0, 7]. Then for any fixed event
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Baseline Gen. 1 Gen.2 Observed
0 0 0 0

(‘ 2 .,,
—— — et———

structure of Hawkes.jpg T T T T

Figure 7: Branching structures of the Hawkes process: parent events (blue circle) and two
generations of offspring events.

sequence S = {t;}, A*(t;S) < A(#;S), and thus N. <,; N,. Following Daley and Vere-
Jones (2003) Example 6.3(c) or Cheysson and Lang (2022) Section 2.2, the point process
with intensity A is equivalent to a birth-immigration process with immigration intensity By
and birth intensity u(t). Hence

oo
Ne=No+ ZNlm
k=1

where Ny ~ Poisson(ByT) is the number of parent events and N, is the number of offspring
events in generation k, which are children of generation £ — 1. The branching structure is
illustrated Figure 7 (Figure 2 in Fang et al. (2023)). For ¢; < t9, let ,uif = ttf w(t —t1)dt.
We have

E [exp (sNo)] = exp (BoT (exp(s) — 1),

and

E [exp (sNps1)] = E [IE [exp (V) | {1 }],Vk H

7=1
Ny,
=E Hexp <,u£k) (exp(s) — 1)>
j=1 !

<E [exp (Cuﬁk (exp(s) — 1))] )

for any s > 0. Since ¢, < 1, for any fixed ¢; € (¢, 1] and any s € (0,log(c1/c,)], we have

E [exp (sNk)| <E [exp (¢, Ng—1 (exp(s) —1))] <E [exp (c15Np-1)] < <E [exp <c'fsﬁo)} ,

E [exp (sﬁk)] <E {exp <c’fsﬁo)} = exp (BOT (exp (clfs) — 1)) < exp (CIIZ;(BOT)S>
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for any k£ € N. o o
Since N} can only take integer values, we can get P(N = 0) + e’P(N; # 0) <
E [exp(sNj)]. Thus

_ E [exp (sﬁk)] -1 cht2 . c c1
I[”(Nkyé()) < xp(3) - 1 < 102 (BoT), Vs € | 0, min W#BOT) log <0M> )

Setting c1 \, ¢, we get

P (Ny #0) < ¢ (BoT). (30)

Now take ¢1 € (cy,1), and then ¢, (1 —¢1) 332, ¢F = 1. By Bool’s inequality, we have
P(N.>N) = (ZN > > <ZIP’<Nk ——a k“N)
Ko—1 00
ZP(Nk 1k+1N>+ZIP>(Nk7AO).

k=Ko
(31)
Now we bound (31). For the second term, by (30), we have
> OP(NL#0) < > ch(BoT) = cf°(BoT)/(1 - cu). (32)
k=Ko k=Ko
Let
log (2nByT/[6(1 —
K 5 98 (2BT/I01 — e,))) -
log (1/cy)
it can be showed that
> P(Nj #0) < ch®(BoT)/(1 - cu) < 6/2n.
k=Ko
For the first term, we have
Ko—1 Ko—1 . B
Z P (Nk -—a k‘HN) < Z exp ( <lclf+1N>) E [exp(sNy)]
C1
k=0 k=0
Ko—1
ByT' 1-
< exp (C]f+18 <0 — a N)> )
k=0 Cu €1
where s € (0,1og(c1/c,)]. We can take
c15(BoT/cy — (1 —c1)N/er) < log(0/(2nK)), (34)

27



Z. CHEN, G. FANG, AND W. YU

so that

Ko—1
Yop <Nk > 1;1q0§+1N> <y exp( g (BoT /e, — (1 —cl)N/cl)) < §/(2n).

k=0

To obtain (34), we need

1 1 QHKO C1
N > -1 —(BoT) ] .
_1—01<3 Og( 0 >+Cu( " )>

From now on, let n = ¢1/c, € (1,1/c,), s =log(c1/c,) = log(n). Taking

Ko = [log (2nBoT/[6(1 — ¢,)]) /1og (1/cy)] and N = [log (2nKo/5) /log(n) +n(BoT)] /(1-
cun) to obtain (33) and (34). Then by (31), (32) and (35), we have

P(N.>N)<P(N.>N) <é§/n.

Since
n 5 n
P(N, >N)=1-P(N, N)=1- P(N.<N)<1—-(1--— <9,
(N 2 N) =1 =By < M) =1 - [[Pv <M <1 (1-7) <
we get that with probability at least 1 — ¢,
1 1 2nK, s
N 1 : ByT
Netm < _1—Cun[log()og( 0 >+n(0)}’

where n € (1,1/¢,), and K,, 5 = log (2nBoT/6(1 —¢,)) /log(1/cy) + 1. Since 1 — 1/z <
log(z) <z — 1, we have K,, 5 < 2nBoT/[0(1 — ¢,,)?]. Thus with probability at least 1 — 4,

1 p 9n/BoT
M < =y [y 8 (B y) 7800

Taking n = 1 and 2log (2\/BOT/ (1I—cu) ) /log(n) + n(BoT)/(1 — cyn) = s, we have

6 = 2v/BoT exp (log(n) [n(BoT) — (1 — cun)s] /2) /(1 - Cu) Then

BN, =) <P(N, > 8) < 220 exp (5 o(BeT) — (1= e ).

C.2 Proof of Lemma 4.5

Proof Conditioning on the event {N,(,) < s}, we have

1 n
= Elloss(\g, Stest)] — - E loss(Ag, S;)
i=1

1 n
= E[loss(Ag, Stest)] — - Z loss(Ag, Si) 1w, ,<s}
k=1

= Xo(s) + Ep(s).
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Hence, under the condition Ne(,) < s, we have |Xy| < [Xg(s)| + |Ep(s)|, thus supgee | Xp| <
supgee | Xo(s)| + supgee |Ep(s)|. Then

P <sup | Xq| > t> =P (sup | Xg| > t, Negny < 8> +P (Sup | Xo| > t, Negny > s)
(<(C] 0cO 0cO
<P (sup Xo(s)] + sup | Eo(s)| > £, Nogy < )
0cO (4SS
+P (sup | Xg| > t, Negny > 3)
0cO

<P (sup | Xo(s)| + sup |Eg(s)| > t> +P (Ne(n) > s) .
fco 0co

|
C.3 Proof of Lemma 4.6
The proof is based on induction. Using the same notation, we give two claims.
Claim C.1. ForV1 <1< L,1<j <N, |h{} —nY)s is bounded by
(0 0]
[ - 3],
-1 1—2 -1
<po (Z V' SI AT+ B,VDY 4TSy AT+ Bin(T)y TSI AL + BoVD ZWTS;2A2T> :
r=0 r=0 r=0
(36)
Proof [Proof of Claim C.1] When ¢ = 1, we have
= (W2 ) o ()
(), (-1 1), (-1) l l
<o (wiiod - ”hw !, + [ -1
(@) 1), (-1 ) (), (-1 1) (-1 ! l
2. (- < -8

(44)
< pU(B VDAL + B,

(l 1) l I)H +Al)

where (i) follows from the Lipscitz continuous of o, and (i7) follows from triangle inequality
and (ii1) follows from the boundedness of hidden layers and parameter space. Repeat this
derivation recursively, we get

| = 1|, < oo (BoVDAL+ B,

a3V + )

< po Al + py By \FAI +'y<p0Ab—|—pC,B \FAZ —i—’y”hl 2) h(l 2)H )

-1 -2
< po <Z YAy T+ BVDY AT+ Bm(T)yl_lA;> .
r=0 r=0
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When [ = 1, we have

T,

_ Hg (Wilattss s) + WR, 4 60) = o (Wil 9) + WiSR(, 5+ ) H2

() 1 1 1

< o (B0 Wl =W+ [Wailnsts WP, + o - 08"
(i)

< po (Bun(D)AL+ BV/DAL+ By 1Y, = n o[+ at),

where (7), (i7) follows from the triangle inequality and boundedness of embedding function,
hidden layers and parameter space. Again repeat it recursively, we can get

-,
P R NIy

< po (Bin(T)AL+ BoVDAL+ AL) + 8 (o (Bin(T)AL + BoVDAL + A + 5[, — 1Y, )

j_
< o (S9-180 + Bin(T)S0_, AL + B,V/DS_,A} ).
Now suppose for all j < jo, [ < ly, (36) is true. Consider the case j = jo, | = lp, we have

i -2

jo,1 ]022

lo—1 l l l lo—1 l l l
= [l (Wi RS + WA 0 — o (WS nGes Y+ WG 40|
(|w

l lo—1 l (lo—1) (lo) l l l l
H ﬂgvg)hgo(il )_Wﬂgg) Jo02 H +HWh(1) ]0)11 W(O)h§00)12H +Hb(10)_b50)

)

(i4) _
< po (Bg: %01 1 (lo 1) H +B, \/7AIO+B Hh(lo) 1 (ZO) H + B, \/7Al0 Alo)

Jjo—2

(423) lo—1 lo—2
= ped (Z V'S5, AL+ BoVD Y SG AT Bin (T S TA,

ol lo—2 lo—3
+BVD 2, ’”5503%“) +poy (Z ST AT 4 BVD Y 47 Al
r=0 r—0 —
lo—2

Bin(T)Y* 282 IAL + B, VD Y yTs;OQAﬁg—l—’) + po (BJ\/EA? + B, VDAY + Agf)
lo—1 lo—2
= py (Z V' (BSh o+ SE )AL+ BoVD Y 4" (BS], o+ S5 )AL
r=1 r=1
Jo—2

lo—1
+Bin (T (BSL 5 + SO AL+ B,VD Y A" (BS), 3+ Sh ) AP~ )
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+ o ((1+ 885 _y) (A + BoVDAR) + (1+ B0, _) B, VDAY ) |

where (i) follows from the Lipscitz continuous of o and triangle inequality, (i7) follows
from triangle inequality and the boundedness of hidden layers and parameter space, and
(i7) follows from the induction hypothesis. Using the fact that 1 + BS]Q_l = S? and

j—1 J
a%uﬂ“=ﬁ2ﬁ“ﬂ+2@“l =13 (O + ()
— J T—

q=0 q=1

J

Z qur

q=0

(36) is proved. [ |

Claim C.2. ForV1 <1< L, 1< j < N and t € (t;,t;1], |B\(#8) — Bt 9)|2 is
bounded by

-1 -2

| E8) ~m 9| < oo (Z VSIALT + BoVD Y Sy ALT (37)
r=0 r=0
-1

+B ( )llSl 1A1+B\/727 Al r) (38)

Proof [Proof of Claim C.2| It is similar to the proof of Claim C.1 and we will use the same
approach. When [ = 1, by the definition of A (¢;S) and (36), for any 1 < j < N and
t e (tj,t]qu], we have

HU(Wlxt,t])—i- )h§)+b()) U(Wlm( )+W}E§h§§+b(”>H

) 7 ’

< o (Bun() W3 = w3+ [Willnd = wignid ], + o - 7] )
< <Bm )AL 1 B,VDAL + B, Hh(” h(”H )
< B(S 1Ab+Bm( )Sg(‘)—lAi:+BU\/>SJQ—2Ah)

Do
+ po (Bm(T)A; + B,VDAL + A;)
< po (s;&; + Bin(T)SPAL + BU\/BS;LIA;) .

Now suppose for all I < ly, (36) is true for any 1 < j < N and t € (¢;,tj41]. Considering
the case I = lp, for any 1 < j < N and t € (t;,tj41], we have

| t5.9) = n§ @ 9)||
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= o (w5 4 ) ) o (W) 4 D 0]

j?

l lop—1 l lo—1 l l l l
< o (WD RE D1t 5) - WPRED 6 )|+ [WEDRE - Wiy

, + Hbglo) _ bgO)

)
y

< po (AP + B,VDAY + B,

W0 (58) = BTV S) |, + BoVDAY + By |nif — nly

ZO*2 1073
< poy <Z VSFALTIT + BoVD Y A SFATIT 4 By (T)y0 2S00 2 A
r=0 r=0

lo—2 lo—1 lo—2
+B,VD Y 4" ;‘_1A§S”) + ol (Z V'S AN T+ BoVD Y AT AL
r=0 r=0 r=0

lo—1
+Bin(T)y0 'S 'AL + B,VD Y yrs;_QAﬁg—’) + 0o (Aﬁp + B,VDAb 4 BU\/EAI}?)
=0

lo—1 lo—2
< po <§j Y (BST_1+ S, VAP T + BoVD Y 4 (BS]_y + ;AR
r=1

r=1
lo—1
+Bin ()7 (BS17 + S AL + B,VD Y 4 (BS]_o + s;-fm;w)
r=1
+ po ((1 +8S0,) (Aé‘) +(B,VDV Bm(T))Agg) +(1+ 55}13)3(,\/5&3)

lo—1 lp—2 lo—1
< po (Z 'yTS;AéO_T + B,vVD Z WTS;AIIO_T + Bin(T)'}/lo_lSJl'O_lAgly + B,vVD Z o ;_1Al}?—r> .
r=0

r=0 r=0

Hence (38) is proved. [ |
Now we prove Lemma 4.

Proof Fort € (t;,tj+1], we have

|)\91(t;S) - )‘92(75; S)|

’f (Wlﬁﬁﬂ)h(m (t;S) + b§L+1)) _f <W£é+1)h(L) (t:S) + béL—&-l))’

<p;s (Hbgml) B b;L-&-l)Hz n HngﬁJrl)h(L) (t;S) — Wégﬂ)h@) (t; S)H2>
< oy (AFF 4 BVDAL 1 B, [ 1:5) - 1 (:9)] )

L-1 L-2
< ppy (Z VSN + BoVD Y A SSALT 4 By (T)y T SEIAL
=0 =0

L—1
+5,vD Zvls;_lAﬁl> o AP 4 py B DAL
=0
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C.4 Proof of Lemma 4.7

Proof From Lemma 4, for V Ag,, g, € F, we have

dN()‘¢91 ) )\92)

L-1 L—2 -1
<ppy (Z VSNAL T + BoVD Y A SNALT 4 By (T)y 'S AL+ BoVD Y ’yle\,lAﬁ_l>
=0 =0 =0
+ pfAZ])H—l + prg\/EA£+1
< oy (BoVDV Bin(T) V1) (£ V1) SE'A
L716N+1 -1

51 Ay,

< py (BJ\/T)V Bin(T) V 1) (7L V1) (N+1)

where Ag £ L+1 (Alb + Al + Al )
Define C'(N ) = pr (BU\F\/ Bin(T) V 1) (vEv1) (N+1)EY(BNTL—1)/(B—1), using
Lemma G.1 and || - ||2 < || - ||, we can get

L+1

L
N (F,e,dn(-,-)) < HN(W W HF) HN< W - ’F)

=1
L+1
[ (4 oz 1 12)

< <1+C(N)(3L+2)B \ﬁ) 2(3L+2) |

€

where B,,, = max{By, Bj, B;}. [ |

C.5 Proof of Theorem 4.1

Lemma C.3. Under assumptions (B1)-(B3), for fixred s € N, with probability at least 1 —4,
we have

sup [ Xg(s)|
0co

50
\F

Hence

<T+ )(S+1){8Uf< log<§>+D\/(3L+2)log(1+M(s))>+D\/3L+2}.

~ D2[2g3
sup | Xo(s)| < o( i ) :
161/<Bm

where M(s) = py B/D (BU\/E V Bin(T) V 1) (YE V1) (s+1)LL (B 1) /(B—1), By =
maX{Bba Bh7 Bw}J Y= pUBw; and ﬁ = pO'Bh-

33



Z. CHEN, G. FANG, AND W. YU

Proof [Proof of Lemma C.3] For 1 < k < n, denote Xy (s) =E [loss()\g,Stest)]l{Negs}] —
loss(Ag, Sk) L{n,,<s}- Then Xg(s) = n~' Y71 Xgx(s). For two parameters 6 and 6, we
have

IIOSS(AQU Sk)ﬂ{Nekgs} — loss(Ag,, Sk):ﬂ'{NekSS}|

N.s, T
< )Z(IOg)‘&(tj?Sk)_IOg)‘Hz(thSk))‘+‘/ (Ao (t5Sk) — Aoy (t5.5%)) db| | Tyn,, <s}
=1 0
_1 Nek T
< EZ\/\el(tj;Sk) = Ao, (455 k)| +/0 [ Ao, (8 Sk) — Ao, (5 Sp) | db | Liw,, <o)
/=

N
S <T+ lfk>dNek()\91’A02)l{Nek<s}

1
< <T + l) (5 + 1)d5()\917)‘92)a
f

and similarly,

1
|E [IOSS()\QI, Stest)]l{Negs}] —E [10SS()\92, Stest)]l{Negs}] ’ < (T + lf> (S + 1)ds()\91, )\92).

Hence
1
Xy 1(5) — Xopu(s)] < 2 (T ; lf) (5 4+ 1)dy Oy Aay).

By the property of bounded variable, X, 1(s) — Xo, k(s) is 2 (T + 1/l5) (s + 1)ds( Aoy Aoy )-
sub-gaussian. Since {Xy, r(s) — Xp, £(5)}}_; is mutually independent, Xy, (s) — Xp,(s) is
2(T +1/ly) (s+1)ds( N, Ao, ) /+/n-sub-gaussian. From assumptions B2 and B3, there exists
||90” < Bm such that )\90 = 1, implying X@O(S) = n_l ZZ:lT (E [H{Negs}] - ]l{NekSS})7
hence by a standard concentration inequality of bounded variables, we have with probability
at least 1 — 4,

Xon(s)] < Ty 22BE2/0) (39)

n

The diameter of F under the distance ds(,-) can be bounded by
diam (Fl|ds) < sup ds(Ag;,Agy) < sup  sup || g, (£;5) — N, (¢;5) ]| Lo
01,02€0 01,02€0 #S5<s
S 2U,f . (40)

By Lemma 5, we get

log N (F, €,d(-,-)) < D*(3L + 2) log (1 L CEELA 2)Bm@> |

€
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where C(s) = p; (Ba\/ﬁ V Bin(T) V 1) (Y5 V1) (s+1) =1 (841 ~1) /(B—1), By, = max{By, By, B.}.
Denote M(s) = C(s)(3L + 2)B,,V/'D, D = diam (F|ds). We have

/OQD\/log <1+M€(S)>d€: (/()“_i_/azD) \/mg (1+M€(S)>de (V0 < a < 2D)
Sogianéfw{/oa\/@de%—/jp\/log <1+M6(8)>d6}

< inf {2\/m+2p\/10g<1+M(8)>}

~ 0<a<2D a

<24 2D\/log (1 + M(s)2> (take a = M(s)_l)
< 2+ 4D+/log (1 + M(s)), (42)

where we need 2DM (s) > 1. If 2DM (s) < 1, (42) is obvious since the integral is less than
2.

Combining (40), (41), (42) and using Lemma G.3, we have that with probability at least
1-4,

sup Xy (s) — Xp,(s)]
0cO

24 1 2
5% (T + zf> (s+1) (D (4\/@ +4D+/(3L + 2)log(1 + M(S))> + 2Dm>

24 1 2
Sﬁ (T+ lf> (s+1) {8uf ( log <5> + D+\/(3L +2)log (1 + M(s)) ) +2D\/3L+2}.

(43)

Now combining (39) and(43), by the union bound argument, we have that with probability
at least 1 — 4,

sup [ Xp(s)|
66

<sup |Xg(s) — Xg,(s)] + | Xo, (5)]
0cO

5\2/% (Tﬂi) (3+1){8“f< log <§> +D+/(3L +2) log (1 + M(s)) ) +2Dm}+T 210gn(4/5)

50 1 2
gﬁ (T+ lf> (s+1) {SUf ( log (5) + D+\/(3L +2)log (1 + M(s)) ) +D\/3L+2}.
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Lemma C.4. Suppose the event number N, satisfies the tail condition
P(N, > s) < ayexp(—cns), s € N.
Under assumptions (B1)-(B3), for fized s € N, we have

an(s+2)
1 —exp(—cn))

sup | E(s)] < (T+ é) (u7 +2);

5 exp(—cn(s+1)) .
0cO

Proof [Proof of Lemma C.4] From assumptions (B2) and (B3), there exists #y € © such
that Ag, = 1. Then

|Eg(s)| = |E [loss(Aa, Stest) Lin, >s} ]| < E [[loss(Ag, Siest)| Ly, >s}]

[|loss(/\g, Stest) — 10ss(Ngy, Stest )| ]l{Ne>s}] +E [|loss(>\90, Stest)| IL{NE>S}]

E
IE{ [<T + zlf) (N, + D, (g, AQO)} 11{Ne>s}} +TP(N, > )

< (r+ llf) (ug + DE[(N, + 1)1 x.0] + TB(N, > 5)

<

IN

By the tail condition P(N, > s) < ay exp(—cns), s € N, we have
1
Ly

an(s+1)
1 —exp(—cn))

Bo(s)| < <T+ ) (us +1); exp(—en(s 1 1))

+ (T + lt‘) (uf +2)an exp(—cn(s+1))

an(s+2)
1 —exp(—cn))

< <T+é> (uf+2)( 5 exp(—cn (s +1)).

Now we prove Theorem 4.1.
Proof From Lemma 4.5, we have

P (sup | Xo| > t) <P (sup | Xo(s)| + sup |Ep(s)| > t) + P(Ne(n) > ).
e 0co /e
Since
P(Ne(ny > 5) < nP(Ne > s) < nay exp(—cns),

we can take so = [log(2ann/d) /cn]| such that nayexp(—cnysg) < §/2, so we only need
solve ¢ > 0 such that

N >

P (sup X4 (s0)] + sup | Eg(s0)| > t) <
fcO 0cO
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From Lemma C.4, we have

an(so+2)
1 —exp(—cn))?

By the definition of s, B(so) < (T + 1/l¢) (uy +2)(s0 +2)8/[2n(1 — exp(—cy))?]. Thus we
only need to solve ¢ > 0 such that

sup | Ep(s0)| < <T + z1> (uf +2) exp(—cn(s0 + 1)) := B(so).
0cO f (

NGRS

P (sup | Xo(s0)| + sup |Eg(so)| > t> <P (sup | Xo(s0)| >t — B(so)> <
0cO 0cO 0cO

From Lemma C.3, we can choose

50 1 4
to = NG (T+ lf) (so+1) {SUf ( log (6) +D\/(3L+2)log(1+M(so))> +D 3L—|—2} + B(s0)

50 1 4
< \F(T—i— )(so+1){8Uf< log (6)+D\/(3L+2)log(1+M(so)))—i—D 3L+2}
1 S0+ 2 1)
(74 g W o e
400<T+1)(s + 1u lo < >+D\/3L+2 )(V/log (1 4+ M(sg)) +1) + :
such that P (supgeg | Xo| > t) < 6. Hence the theorem is proved. [ ]

Appendix D. Proofs in Section 5
D.1 Proof of Theorem 5.1

Proof For A\*(t) = Ao(t) € W*>([0,T], By), 6 = 1/2, and N > 5, by Lemma G.4, there
exists a two-layer NN f FN such that

A 3CByT?

N(g) — \* < 20 <z<
(@)= (1) < S0 o< <,

where C = v/2s55%/(s — 1)\
Then we have

an, t 3CByT*

N(Zy - ()] < =20 <t<T.
IACSEPRU B

Since By < A\*(t) < By, taking I; = By, up = By and AN (t) = f(fN(t/T)), we have

3CByT?

, VO<t<T.
2N

3% - 0] < |0 - X0 <
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Then

IE[loss(AY, Sest)] — E[loss(A*, Siest)]]
<E ‘1088(5\]\[, Stest) — loss(A*, Stest)

<E ’zjie:(logj\]v(tj)—log)\*(tj))‘—I—’/OT<5\N() (¢ )dt]

§E(T+ )HAN A*
Loo[0,T]

3CByT*
< ) == .
< <T+ 1) e (Ve +1) (44)

Since A\g < By, u =0, taking ¢ = By, ¢g =0, and 7 = e in Lemma 2 , we have

P(N, > s) < 2/BoT exp (‘EBOZ_S> .
Thus
E(Ne+1) <1+ ) P(Ne > s)
s=1
2 B()T eB()T OT
<l+—-— < BoT +1 4
< +1—exp(—1/2)eXp< 5 > 5v BoT + exp< ) (45)

Combining (44) and (45), we get

Bl) 2N

1 . CByT*
<15 2BoT) (T + —
< 15exp (2B0T) (T + )0

. T 1 3CB,T*
IE[loss(AY, Siest)] — Efloss(A*, Siest)] |<5\/BOT+1exp< 0 >(T =0

where C = V255° /(s — 1)! .
AN can be naturally seen as an RNN by taking W,ZL = 0,1 =1,2. The width and weights
bound can be directly obtained by Lemma G.4 and Remark G.5. |

D.2 Proof of Theorem 5.2

Proof The proof is divided into several steps. Let S = {tj}]-v:el. Here we agree on
to = 0, ty,4+1 = T. To be concise, we denote S(t) = th<t exp(=B(t —t;)) +1, 5; =
S 0qe; XD(—B(ti—tg))+1, i € Ny, hence A*(£) = Mo(t)+a(S(t)—1), Sj41 = S exp(— Bty 11—
tj)) +1, S(t) = Sjexp(—B(t —t;)) +1 when t € (t;,tj41], where we take Sy = 0 by default.
We first fix sg € Ny.
Step 1. Construct the approximation of g(x,y) = zexp(—fy) + 1, where
g€ C™ ([=(s0+ 1), 2(s0 + 1)] x [0,]) .
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Let g(z,y) = g((3x —1)(so + 1), Ty), then g € C* ([O, 1]2). By simple computation, we
have

1G1lvwk.oo 0.112) < 3(s0 + 1)(BT v 1)F.

Applying Lemma G.6 to §/[3(sg + 1)], for any N' € N, there exists a tanh neural network

3 with only one hidden layer and width 3[%} (N HO(ﬂQTVl)H) such that

|3z, y) — 7V (2, )] < 3(s0 + 1) exp(—N), (z,y) € [0,1]*.

By coordinate transformation, we get

o) = 7 (g + 5 )| 350+ Dexp(=A. (29) € [0+ 1).2(s0 + 1] x 0.7

Define ¢V (z,y) = 7V (z/[3(so + 1)] + 1/3,y/T). Then
l9(x,y) — ¢ (2, y)] < 3(s0 + 1) exp(=N), (z,y) € [~(s0+1),2(s0 + 1)] x [0, 7],

From Lemma G.6 and Remark G.7, the weights of ¢V are bounded by

12 7 / o
o) ((30+1)exp(N +N2 3CdN )(N/(Nl+2))3/\/ (./\/+2)> ’ (46)
where N7 = N + 10(8T V 1). Taking N < N + [log(3(sg + 1))], we have
l9(2,y) — ¢V (2, 9)| < exp(=N), (2,9) € [(s0+1),2(s0 + 1)] x [0, 7). (47)
Especially, |g(z,y) — v (z, y)‘ < 1. Since ¢V € R, by a small tuning (precisely, width plus

1), we can assume QN has the following structure:

7V (w,y) = Vie ((W B) (;) + b0> .

Step 2. Construct the approximation of S; and S(t) under the event {N, < so}.
Let hg =0, So = 0, for 1 < j < 59. We construct hé-v and ?;v recursively by

N VihlY
hY =0 ((W B) <tj —@11) +bo> ,
5 = vind.

Hence ??[ = QN(gé\il,tj —tj-1),1 < j < sp, here tg = 0.
Similarly, we can define ?N(t),t € (tj—1,t;] by

W) = o ((W B) (tVihtéj__ll) + bo) ;

V) = vinV ).
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Hence EN(t) = @N(Ey_l, t—tj—1),t € (tj—1,t;]. The approximation error can be bounded
by

15(t) -5V (1))
NV |

= }Q(Sj—latj —tj-1) =g (Sj_1,tj —tj-1)
N N N =
< ’Q(Sj—la ti—tj—1) —g(S;_1,t; — tj—l)‘ + ‘Q(Sjm tj—tj—1) — gN(S;'\ilv tj — fj—l)‘

S =3[+ - V]

IN

VARVAN

jllg— ﬁNHOO, t € (tj-1,t].
Under the event {N, < so}, we have
5t - 5" )] < o+ Dllg - ] (48)

Step 3. Construct the approximation of identity.
By Lemma 3.1 of De Ryck et al. (2021), for any h > 0, there exists a one-layer tanh
neural network ¢, such that

|z — p(2)| < (6M)*h?, 2 € [—-M, M]. (49)
Actually, ¢y, can be represented as

= a7 (3) ~ (02 = (3)

Step 4. Construct the approximation of \*(¢) under the event {N, < so}.
Since A9 € W*>°([0,T], By), from the proof of Theorem 4 , there exists a two-layer tanh

neural network Xév with width less than 3[s/2] + 6N such that

3 (0~ 2a(0)| < ?fTT Le[0,7). (50)

Moreover, the weights of Xév can be bounded by

k=

—s/2

V222 BT N+2)/2(g(5 4 9))3s(s+2)

(s —1)!

Here we assume X(])V (t) have the following structure
W) =Vyo (V{a (B't + bé) + b;) + by,

Since A(t) = Ao(t) + a(S(t) — 1), we can construct its approximation by

WV 0 B 0\ (tj—t;_ bo .
j 0o 0)" 0 B t by
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and

S = o ((WOVI 8) h§-1) + <Jg §/> (t_ttj> + <2z>> )
MAtS) = o ((gg/l %) A (t;.8) + (51)) ;

At S) = f((a?(g)h Vz’)h<2>(t;5)+(b’2—a))eR1,te(tj,tj+1]. (51)

Under the event {N. < sp}, we have By < A(t) < By + asp. Recall that f(z) =
min{max{x,l¢},us}. Here we can take Iy = By, uy = By + aso.

Step 5. Estimate the approximation error under the event { N, < s¢}.

We rewrite (51) as A(t; S) = f(A(t; ). Under the event {N, < 50} and the construction
of f, we have

I = Mz < A = Az -
From the constuction of A, we get
< <N N
A(t) = Ao (8) + arhp (57 (1)) — o, (52)

then

A8 = X0 < o) =35 0] +a[s@) - oS 1) - (53)
From (48) (49) and (47), under the event { N, < sp}, we have

[5t) = un(3¥ )] < [s@) = 3 0] + [V ®) - enE¥ )]
(so+1) Hg ANH (6M)*h?
(s0 4+ 1) exp(—N) + (12(so + 1))*h2, t € [0, T],

<
<

where we take M = 2(so+ 1) to ensure that EN(t) can be well approximated by ¢h(§N(t))_
On the other hand, (50) shows that

3CByT?

X (1) = doft)] < S0

t€10,7).

To trade off the two error terms in (53), let exp(—N) =< N~ and then we can take
N = [slog(N)]. Moreover, take N < N + [log(so + 1)] and h = (12(sg + 1)) "2N~%/2.
Hence, under {N, < s} , we have

~ 3CByIT?® +4

- A)] < SN L€ [0, 7). (54)

N(1) — Al ’ |\ (2)
Step 6. Estimate the final approximation error.
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Similar to (44), we have

IE[loss(A, Siest)] — Efloss(A*, Siest )|
<E ‘loss(S\, Stest) — loss(N*, Siest)

<E ‘g(log A(tj) —log N*(t))| + ’/ dt’)

<E _( %(logi(t — log \*(t; ‘/ 5\ dt) Lin.<s0)
j=1
( Z log)\ tj) —log A\*(t;))| + )/ dt) 1{N6>so}]

<E [( . H{Negso}:| +E [( {Ne>so}}

=L +1. (55)

Since A\o(t) < By, p(t) = aexp(—p(t)), taking ¢, = a/f, n = (o + )/(2a) in Lemma 2
, we have

BV, > 5) < V5T (log;”) n(BoT) — (1— cmsJ)

R e

8 —a«a 2

= e €Xp (—CeS) .

VBT log (%2 _
< 26V BT exp ( ( > [QQ—;B(BoT) - 625048})

By (54),

3CByT? + 2

INs E [(Ne + I)H{NeSSO}]

(74 5)
A .

= (T+l;>3CB2%VTi+2 <1+;P(Nezs)>
(74 5)

aeexp(—ce) \ 3CBoT? +4
1
( + )> N (56)
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On the other hand, from ||A||z~ < By + asg and || A*||z~ < By + aN,, we have

Ne < Ne *
1< B |(74 30 ) Il L | + B | (T4 3 ) IV l= v

1 1
< (T + Bl> (Bo + aso)E [(Ne + 1)1{Ne>so}] + (T + Bl> E [(Ne +1)(Bo + aNe)IL{NE>SO}]

< (T + Bl> (Bo + aso) <(30 F1)B(N, > 50+ 1) + i P(N, > s))

1 s=so+1

+ (T + ;) <(so + 1)(Bo + aso)P(Ne > 50 + 1) + i (2as + Bo)P(Ne > 3)>
1 s=so+1

< (T + ]311> (Bo + as0)ae exp(—ce(so + 1)) ((So +1)+ 1_exlp(_ce)>
2a(sp + 1) + By
(1- eXP(—Ce))2>
3a(so+ 1)+ 230)
(1 — exp(—ce))?

4 <T + ;) 00 exp(—co(50 + 1)) ((so +1)(Bo + aso) +

< (T + Bll> ae exp(—ce(sp + 1)) (2(30 + 1)(Bo + asp) + (57)

Combing (55) (56) (57), we have
IE[loss(A, Siest)] — E[loss(A*, Siest)]|

< (T + 1) ae exp(—ce(so + 1)) (2(30 + 1)(Bo + aso) + 3a(so+1) + 230)

By (1 - exp(—ce))2
1 aeexp(—ce) \ 3CBT* +4
T+ — 1 .
+< +Bl) ( +l—exp(—ce)> 2N
Let so = [slog(N)/c.], and denote AN = X\. We have
~ loc N 2
IE[loss(AY, Stest)] — E[loss(A*, Sest)]]| < (Ofvs iy

Step 7. Bound the sizes of the network width and weights.
From step 1-6, the width of the network is less than

3 {/ﬂ (N;2> +3E] YN 42,

where N = N 4+10(8T V1) +2[log(3(so+1))]. Since sy = [ log(N)] and N = [slog(N)T,
we have D < O(N) .
From the construction of QN , ¥y, and Xév, the weights of the network is less than

2 N YA o
0 (max{o_/fo)h exp(N +N 30dN)(N(N+2))3N(N+2),

N(1+s2)/2(8(8 + 2))35(s+2) :
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where N' = N + 10(8T V 1) + 2[log(3(so + 1))]. Since sy = [ log(N)], b = (12(so +
1))"2N=%/2, N = [slog(N)], the weights are less than

C1(log(N))12* (oe(N)*

where Cp is a constant related to s, By, «, 8, and T |

D.3 Proof of Theorem 5.3

Lemma D.1. Suppose u € C*>([0,T),Cy), k > 2, k € N. The fourier series of ju is given
by

fo (- 2w \ . . (2r
Soo(t) = —+ g (,ul cos (t) + U sin (t , (58)
2 — T T

where [ = 2f0T wu(t) cos(2lmt/T)dt)T, vy = 2 fOT p(t) sin(2mt/T)dt /T, 1 > 0. If p)(0+) =
PN (T-),0<j<k—1, then

il < 20T 15 < 26T
HUIL= gy = gk

and Sx(t) = p(t) ont € [0,T]. Moveover, denote the partial sum of Sw(t) as Sy, (t) =
fio/2 + SN (fu cos(2lmt/T) + iy sin(2lt /T)),

20 Tk+1
—1)(2m)k NV

’ NM ‘ =~ le [OaT]

Proof [Proof of Lemma D.1] The proof is a standard Fourier analysis exercise and we omit
it. [ |

Theorem D.2. Under model assumptions (A1)-(A3) and p @D(0+) = pi)(T-), 0< 5 <
k—1, for N > 5, there exists an RNN structure AV-Nu s stated in section 2.2 with L = 2,
ly = Bl, us = By + O(log N), and input function x(t;S) = (t,t — Fs(t))" such that

A 1 2BoT\ (T +1log? N T*log N
[Elloss(ANN, Syear)] — Elloss(X", Stest)]| € 7 exp< 0 > ( otV 178 ) _
i

2 s k—1
c N Ny

Moreover, the width of AN satisfies D < N + Nﬁ log* N and the weights of AN are less than
Cl (log(NNu))1232(10g(NN“))2 7
where Cy is a constant related to s, By, Co,c,, and T'.
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Proof [Proof of Theorem D.2| Similar to the proof of Theorem 5 , the proof is divided into
several steps. Denote w; = 2Ii7/T, g;.1(z,t) = 1 coswit+xasinwt, gi2(x,t) = —z1 sinwt+
zocoswit + 1, gi(z,t) = (qr1(x,t), g2z, )" € R?, where € R%, | € N;. For [ € Ny,

define
s =3 (=) + (1)

and

Hence we have

] . CcOS wl(tj_H — tj> sin wl(tj+1 — tj) ) 0 . 4. e

and
Sit) = q(Sijot — 1)), t € (8, tj41].
where we agree on S; o = 0. Define Sy(t) = #{j : t; < t}. If we assume t; > 0, the true

intensity can be rewritten as

20 = 20(0) + 20500 -0+ i) (50— (1)) ez 69

=1

where a - b refers to the standard inner product of vectors a and b.

We first fix s9 € N4. Since P(t; = 0) = 0. We assume ¢; > 0 so that (59) holds.

Step 1. Construct the approximation of g;(z,t) = (g1(z,t), gi2(x,t))" € R?, where
91,912 € C ([=3(s0 +1),3(so + 1)]? x [0,T]) . Here z € R?.

Let gii(z,t) = g1:(3(so + 1)(2z — 1), Tt), i = 1,2. Then g;; € C> ([0,1]*). By simple
computation, we have

G0l w.oe 0,173y < 6(s0 + 1) (wiT)".

Applying Lemma G.6 to §;;/[6(so + 1)], for any N € N, there exists a tanh neural network
g;}{ with only one hidden layer and width 3[(N + 15w, T)/2] (N +15§’"T+3) such that

‘gl,z’(%t) - Q%(x,t)‘ < 6(s0 + 1) exp(—N), (z,t) € [0,1]>.

By coordinate transformation, we get

6(so+1) 27T

Define g7\ (x,t) = G (x/[6(so + 1)] + 1/21,¢/T), then

|g1i(x,t) — % (2, 1)] < 6(so + 1) exp(—=N), (2,y) € [~3(s0 + 1),3(s0 + 1)]* x [0, T].

45
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Taking N < N + [log(6(so + 1))], we have

‘gl,i(l'vt) - glj};‘(m’t)‘ < eXp(—./\/), (l’,y) € [_3(50 + 1)73(50 + 1)]2 X [Oa T]'

Especially,

gz, t) — g (a:,t)‘ < 1. The width of this NN is bounded by 3[u/2](*%).
From Lemma G.6 and Remark G.7, the weights of g{}{ are bounded by

N + N' = 3CdN
2

O ((80 + 1) exp( YNV + 2))3N'(N'+2)) :

where N7 = N + [log(6(so + 1))] + 15w, T. Since g, € R, by a small tuning(precisely, let
width plus 1), we can assume g% has the following structure:

g%(m,y) = V.o <(Wl,z‘ Bl,i) (tl’,> + bl,i) :

l,i

-
Denote gV (z,t) = (g{}{@,t),g[}é@,t))

Step 1. Construct the approximation of identity and go(xz) = =+ 1, 2 € [—(so +
1),2(sg 4+ 1)]. Here z € R.

Similarly to step 3 in the proof of Theorem 5 , taking ¢p,(z) = 20 (hy/2) /[0 (0)h], we
have

|z — iy (x)| < (6M)*h?, = € [-M, M)].

For go(x) =z + 1, x € [—(so + 1),2(so + 1)], we can construct a similar approximation
as the proof of of Theorem 5. There exists a tanh neural network g with only one hidden
layer and width 3[(N"” 4 5)/2] such that

|90(@) — G0 ()] < exp(—N), x € [~(s0+ 1), 2(s0 + 1)],

where N = N + [(s0 + 3)log 2]. The weight of 3 is bounded by

12 " _ " s
(0] ((so + 1)exp (N + N" - 3CdV ) N (N + 2)}3/\/ W +2)> )

2

Step 2. Construct the approximation of Sy, ; and S, (¢) under the event {N, < s¢}.
Let h% = (h%’l,h%g)T =0, ?% = (?%71,3%72)T = 0. For 1 < j < 39, we construct
h{\g and ?% recursively by

W Via 0
BN = L0 Vi Y B (b —tj1) + bi1
lj—1 Bis J j—1 bio )
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Hence ?ﬁ; = Q{V(E%_l,tj —tj—1),1 < j < sg. Here we agree on ty = 0.
Similarly, we can define ?fv(t),t € (tj—1,t;] by

)
Via 0
v Wiz < 0 m) ~ . (Bu b
hi'(t) =0 b1+ (tj —tj—1) +
W, (Vir 0
L2100 Vi

N Vi 0
5= (" ) o,

Hence ?{\/(t) = gﬁ(?ﬁ_l, t—1tj—1),t € (tj—1,t;]. The approximation error can be bounded
by

sy -57" )

= 91(Spi—1,t —tj-1) — §{v(§£§_17 t— tj—l)H2

< |lg(Stmrst = tjm1) — @Syt — tj—l)H2 + ng(ﬁf,ﬁ_p t—ty1) — GV (STt — tj—l)H2
< |8t = Sty |, + V2max {floua = Il V oz — 1%l }

<1511 — ?{f;_lH2 +V2exp(—N) (60)
<.

< V2jexp(—N), t € (tj_1,tj].

Under the event {N, < so}, we have

Hsl(t) —§1N(t)H2 < V250 + 1) exp(—A).

Moreover,

N N .
Sl,j’ , = HSZJ - Sl,jHQ +11S15lly < V2(so +1) + (s0 +1) < 3(s0 + 1), j < so,
then g’% € [-3(so + 1),3(s0 + 1)]? and (60) can be verified by induction under the event
{Ne S 80}.

For the approximation of Sy(t), we can similarly construct a simple RNN such that
= N <N
Sy = 08/ (Soj-1) and [So(t) = 5'(8)] < (s0+ 1) exp(~A),

Step 3. Construct the approximation of \*(¢) under the event {N, < so}.

Since A9 € W*°([0,T], By), from the proof of Theorem 4 , there exists a two layer tanh
neural network Xév with width less than 3[s/2] + 6N such that

3CByT*
_— <t<T. 1
e Wsis (61)

~N
205 = Mo(t)] <
Moreover, the weights of Xév can be bounded by

2 S
7V5530T8
(s —1)!

s
2

O N(1+52)/2($($ 4 2))3S(S+2)
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Here we assume Xév (t) have the following structure
() =Vo (Vl’a (B’t + b{)) + b’l) + by .

Since X*(t) = Ao(t) + f0(So(t) — 1)/2+ > 72, (&1, fu) - (Sl(t) - <(1)>>, we can construct its
(finite sum) approximation by

X o 0
) = %0 () + 5 ) = 1)+ Yo+ (50 - (7))
=1

It can be seen as a parallelism of (N, +2) RNNs defined before
Under the event {N. < so}, we have By < A(t) < By + Cpso. Recall that f(z) =
min{max{x,ls},us}. Here we can take [y = By, uy = By + Cpso. The final output is
At; S) = f(A(5; 9)).
Step 4. Compute the approximation error under the event {N, < s¢}

e
Under the event { N, < sp} and the construction of f, we have

IN* = X[z < A" = Nl - (62)
By the construction of A
/ N al N
* BY N < A Q-
A (1) = 20| < Polt) = X ()] + 52 [So(t) = (S5 )] + |0 ) - (Si(t) = (ST (1))
=1
L. 0
H X - (si0- (1)) (63)
I>N,
Under the event {N, < so}, for the second term, we have
=N
[0(t) = (S0 ()| < | S0(t) = 55’1 + |55’ (8) — ¥ (S (1)
< (so+1)|lgo — ||, + (6M)*h?
< (so+ 1) exp(=N) + (18(so + 1))*h%, 0 <t < T. (64)
For the third term, similarly,

Nu

> (o, fu) - (51(75) - ?/)h(SzN(t)))

=1

N,

<> H(ﬁhﬂl)—er HSl(t) -
=1

< 32420 [t~ + [0 -w])
=1

< 2CoN, ((so + 1) exp(=N) + (18(so + 1))*h?), 0< ¢t < T
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where we take M = 3(sg+ 1) in (64) and (65) to ensure that ?é\[(t) and ?{\/(t) can be well
approximated by wh(gf)v(t)) and wh(ﬁfv(t)).

For the fourth term, using Lemma D.1,

> i) (8100~ (1) )] = S e = 1) = S (e - 1)

t;<t
AC,T*
(k— 1)(2m)k N~

< s

Here Sy, () is the finite sum of the fourier series defined in Lemma D.1 .

Finally, by (61), we have ]Xév(t) — Xo(t)| <3CBoT?/(2N?®), 0 <t <T. To trade off the
error terms in (63), take N = [log((so + 1)N°N,)] and h = (18(sg + 1))*2N*S/2N,:1/2.
Then under the event { N, < sg}, we have

. - 2CoN, +1 4CoT* 3CByT*
X(E) = 2] < NNy, So(k —1)(2r)kNF1 TN
3CBoT* +4Cy + 2 4CT*
< bl A0S o iefo,1] (66)
2N°® (k —1)(2m)* Ny

Step 5. Compute the final approximation error.
By (55),

|]E[loss(5\, Stest)] — E[loss(A*, Stest)]|

N,

‘5\ — A*HLOO :H.{N6§30}:| +E [(T - B—j) ’5\ - A*HLOO ]]-{Ne>so}:|

=0+ 1. (67)

gE[(TJrgj)

Taking 7 = (¢, +1)/(2¢,) in Lemma 2 , we have

o0VBoT _ (lo
P, 2 5) < 2 exp (5 ) - 1 - ey
m
2v/BoT log (%) 10, 11 1-
< 0 exp Cp |:CN (B()T) _ C/‘s:|
1—c, 2 2¢y 2

= Qe €Xp (—CeS) .
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By ) and (
1
L < <T+ Bl) A = All~E [(Ve + D)L, <uof]
1
< (7+ 5 ) X = Rlo=E [, + 1)
By
1
- <T—|— B) X = X|| oo <1+ZIP> (N, > s)>
1
s=1
1 ae exp(—ce) 3CByT* +4Cy + 2 4C,T*
J— S + S50 k—1 ( 8)
31 Tz exp(—ce) 2N (k—1)(2m)FN;

Since || Al < Bo+ Coso and ||\ ze < By + CoNe, similar to (57), we have

N - Ne\ iy«
Ib<E [(T + B1> H)\HLOOH{NE>50}:| +E [(T + B1> A e H{Ne>so}]

1
< <T + 31) (Bo + Co50)E [(Ne + 1)1, 550}] + <T + ) E [(Ne +1)(Bo + CoNe)Lin, >0} ]

By
3CH(s 1 2B
<10(—1:p<)—;>>20> - (69)

< <T + E;) ae exp(—ce(so + 1)) (2(50 + 1)(Bo + Coso) +

Combining (67), (68), and (69), we have

|E[loss(A, Siest)] — Efloss(A*, Siest )|
300(80 + 1) + 230)

< (T + Bll> ac exp(—ce(so +1)) <2(80 +1)(Bo + Coso) + (1 — exp(—ce))?

1 > (1 N ae exp(—ce) 3CByT?® +4Cy + 2 4C,TF
) )

+ | T+ s
( B 1 —exp(—c 2Ns 0 (k —1)(2m)kNE!

Let so = [slog(N)/c.] and denote ANV = \. We have

A . 1
[Efloss(A™, Sest)] — Elloss(X", Stesr)]| S 5 P < 2 N NE
s ;

2BoT\ (T° +log®> N N T*log N
2 '

Step 6. Bound the sizes of the network width and weights.
From step 1-5, we have the width of the network being less than

(3(1 <Nl+3>> 2NM+3B] +6N+3[N”2+51

where N = N 4 [log(6(so 4 1))] + 15wn, T, N = N + [(so + 3)log 2], N = [log((so +
1)N®N,)], so = [slog(N)/ce]|. Hence

D <N+ N;log" N
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. N A ~N . .
From the construction of gl/\f , gé\/ , ¥n, Ay , the weights of the network is less than

2 '~ ! / /
Cf max { <<50 D exp M AT ZICT, (g gy +2>> |
" " - " " 1"
((80 + 1)exp(N +N2 8Cd YN (N 4 2)) " +2)> 0(20)h
V/255° e
<stl)'BOj“’S N(1+s2)/2($($ + 2))3S(S+2) ,

where h = (18(sp + 1))_2N_5/2NM_1/2. Hence the weights of the network is less than
C1(log(NN,)) 12" sV N)*

where C; is a constant related to s, By, Cp, ¢, and T |

Lemma D.3. Let §; = %, 1<j<k, 6=(61,02,---,08) and

11 -1

(51 (52 . 61@

ve| o 2 o
(5’f_1 515—1 . 51];—1

then Vs is invertible and ||V571Hoo < C %8, where C is a universal constant.

Proof [Proof of Lemma D.3] See Gautschi (1990). [ |

Lemma D.4. For p € C*~([0,T],Co) and 6 = (61,69, ,0x)" defined in Lemma D.3,
there exists o = (o, v, -+ , o) | such that

k

() = () + 3 g oxp(~,1) (70)
q=1

satisfying [alloe < 2CoC8 /(1 — exp(—T)), fi € C*([0,T), Co + Kllallos) and i®(0+) =
pD(T=), 0 < q<k—1, where the constant C is defined in Lemma D.3.

Proof [Proof of Lemma D.4] We only need to solve the following equations:

1D(04) = 4 @D(T—), 0< g <k —1. (71)
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In matrix form,

1 —e 0T 1 — ¢~ 92T o 1 — =0T »
(o)1 —eT)  (=h)(1—e ) (=) (=) | [
(—51)1671('1 - e*élT) (_52)k71(‘1 — 6*52T) .. (—5k)k71(‘1 _ e—ékT) Oé‘k
BT = (0
_ | #E) me0) -

pE=D(T-) — uE=D(04)
Rewrite (72) as

DVsAsao = Ay,
where D = diag{1, —1,--- ,(=1)¥"1, A5 = diag{l —e 07T 1 — e 0T ... 1 - %7} A, =
(1(T—) — p(0+), p(T—) — D (04), -, =T =) — p*F=1(0+))T, and Vj is defined in
Lemma D.3. By Lemma D.3 and 6; = j/k, 1 < j <k, we have DVsA; is invertible and

lodloo < D™ ooV oo 1A ool Aulloo

1 2CHC8*
<(Cx8)——(20) = ————
= 1) *Y T T ey
where the constant C' is defined in Lemma D.3. By (70), we have i € C**([0,T],Co +
kllalloo)- =

Now we prove Theorem 6. The proof is based on Theorem 5, Theorem D.2, and Lemma
D.4. From Lemma D.4, for u € C**([0,T],Cp), there exists a = (a1, a9, - ,a3)" € R¥
such that fi(t) := u(t) + Z;?:l o exp(—d;t) satisfying the boundary condition ji(®(0+) =
pD(T=), 0 < q < k-1, and we have i € C*>([0,T],Co + kw). Define o(t) :=

. 1—exp(—T)
u(t) — () = — 32,1 agexp(—dat). Denote
Aj(E) = Xo(t) + Y alt —t))
tj<t
k
A5(t) ::Zﬂ(t—tj)zzz —ag) exp(—dq(t — t;)) ZA
tj<t q=1t;<t

and then X\*(t) = A\ (¢) + X5(¢).
Fix so € Ni. By the proof of Theorem D.2, under the event {N. < sp}, there exists an
RNN (without the output layer) A;(¢) such that

B 3CByT* + 4C) + 2 AC,T*
M) = M) < § ¢
|AT(E) — A1 (t)] < NS "(k—1)(2m)NE

€ [0, 77,
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where Cy = Cy + 2kCoC8* /(1 — exp(=T)).
By the proof of Theorem 5 , under the event {N. < s}, forl < j <k, there exists an
RNN (without the output layer) Ay,(t) such that

. - 200 4C,C8k
A3, (1) = Aog(t)| < =L < 0

<N S U—epryne € 0T

Let Ap(t) = S0 Xog(t). We have

< 2(Co — Co)

|A5(t) = Ae(t)| < o tE [0, T7.

Let A\(t) = A1(t) + Xa(t),

- 3CByT* +8Cy + 2 4C,T*

IA*(1) = A(®)| < [AT(E) — A()] + | A5 () — Aa(t)| < TN O D)@ N

Under the event {N, < so}, By < A < By + Cpsg. Hence we can take Iy = By and

uf = B + Cpsg and denote At) = f(A#)). Then ||A* — Moo < ||A* = Al|os. By similar
arguments in Theorem D.2, we have

IE[loss(A, Sest)] — E[loss(A*, Siest ]|

< (74 g ) oeexplocaton + 1) (20 + (B -+ Cosn) 4 2PN

(1 —exp(—ce))?
. s A ~ ik
N (T—i— 1) <1 N ae exp(—ce) > <3CBQT + 8C) s 4CyT ) '

B 1 —exp(—ce) 2N (k —1)(2m)kNF!
Let so = [slog(N)/c.] and denote AN-Ne = X. We have

log?N logN

’E[lONSS(S\N’N“)] — Efloss(\)]| < NE + =
I

The width and elements weights bound can also be obtained similarly to the proof of
Theorem D.2.

D.4 Proof of Theorem 5.4

Denote A\ (t) = Ao(t) + th<taexp(—6(t —t;)). Then M (t) = ¥ (Aj(t)). Fix so € Ny.
From the proof of Theorem 5 , under the event {N. < so}, there exists a 2-layer recurrent
neural network \;(t) as (52) such that

3CByT* + 2

Ra(0) = M) < =5

IA

, Vt €[0,T]. (73)

Moreover, the width of \;(¢) satisfies D < N; and the weights of A1 (¢) are bounded by

0] ((log N1)1252(10g Nl)Z) )
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Under the event {N. < so}, the function Aj(t) satisfies 0 < A} < By + asp. Using (73)
and taking (3CBoT® + 2)/2N; < 1, we have \; € [—1, By + aso + 1]. Hence we need to
construct an approximation of ¥ on [—1, By 4+ asg + 1]. Let ¥(z) = W(pz — 1), where
p = By + asg+2. Then ¥(z) = U((z+1)/p).

Since W is L-lipschitz and U is defined on [0,1] and pL-Lipschitz, by the Corollary 5.4
of De Ryck et al. (2021), there exists a tanh neural network U™? with 2 hidden layers such
that

< TpL Vv Bo)

U — phe
H Le°[0,1] — Ny

Let U2 (2) = UN2((x +1)/p). Then

7(pL v By)

V() W )] < S

€ [-1,By + asp + 1].

Then under the event {N. < s}, we have

[TAT(1) — T ()] < [TO(®) — T (@) + [T (1) — T2 (N (1))
< L) = X (@0] +[[e — ™2
3CByT*+2 7(pLV By)
<L 20N15 , 0/ (74)

Recall that f(z) = min{max{z,l;},us}. Since By < ¥ < By, we can take I; = Bj and
us = By. Define At) = f (TN2(X1(t))). We have

A1) — At ‘ [T (1) = B (N ()], ¥t € [0,T), (75)

Similar to (55), we have

IE[loss(A, Siest)] — Efloss(A*, Siest )|
<E ‘IOSS(S\, Stest) — loss(\*, Stest)

<E ‘i(logﬂ(t “log N (t;)] + )/ X(1)) dt’
pu
<E - ’ji(logﬁ(t — log \*(t; ’/ X )) dt‘ L(N.<s0)
j; (i(logﬁ(t —log \*(t; +)/ )) dt) 1{Ne>so}]
<E [(T+ ‘)\ M, H{Negso}} +E [(T+ ‘A A" H {Ne>so}}
=T + 1 . (76)
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Since ¥ < By, similar to (55), taking n = e in Lemma 2 , we have

- BoT —
P(N, > s) < 2\/ ByT exp (”28> ,

and similar to (45), we have

E(N. +1) < 1+§:P(Ne > )

s=1

2v/ ByT eBoT — 1 - 3BT
<14 2VZOR 0 | <5\ByT+1 .
< +1—exp(—1/2) exp< 5 ) <5\ BoT + exp( 5 (77)

By (74), (75), and (77),

I

IN

3CBT* + 2

T - -
* > 2N

> 3CBoT* + 2

T

( G
- 3B,T 3CByT* +2 T(pLV Bo)

<|(T+ —= BT +1 L

‘< +Bl>5mexp< 2 )( Ny,

E [(Ne + 1)1{n, <s0}]

IN

+
— 91‘ = El‘ —

E[(Ne +1)]

< 1 3CByT*+2 7(pV (By/L))
< 5L 2BT ) | T + —=— . 7
<5Lexp ( o)< +Bl>< vt (78)
On the other hand, since ||\ < By and ||\*| 1~ < By, we have
Ne\ ¢ Ne «
1 < B [(T4 35) e Lo | + B | (7455 IV L]
Bl Bl
1\ -
<2 <T+ B~> BoE [(Ne + 1)]1{]\[ >30}]
1
1 _ o
<2 (T + > By ((30 +1P(N, > sg+1) + Z P(N, > s)>
1 s=so+1
1\ ~ /= eBoT — (s0 4 1) 1
<A4(T+ —= | Boy/ BT 1
<47+ 5;) A5 exl’( 2 DT
1\ ~ /= 3BoT — (so + 1)
<4 T+ = | Bo\/ BoT ex S0+ 4
< < B1> 0/ Bo p( 5 ) (s0+4)
1 ~ ~ 1
<4 <T + ~> By exp (2B0T> (so +4)exp (— S0t > . (79)
By 2
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Combining (76), (78), and (79), we have
[E[loss(A, Stest)] — E[loss(A*, Siest)]]

< 5Lexp (2BOT> (T n }> <3CBoTS +2 7oV (Bo/L))>

By 2N} No
1 ~ ~ SO + 1
+4(T+ 5 By exp (QBOT) (so+4)exp | — 5 :
1

Let so = [2log N1, N; = Ny = N and denote AN = X\. We have

) log N
IE[loss(AY, Spest)] — Elloss(\*, Stest)]| < Ofv .

Similar to the proof of Theorem 5, we can bound the width of the network by

maX{S {/ﬂ (N;2> +3m +6N+2,6N},

where N = [slog(N)] +10(6T v 1) + 2[log(3(so +1))]. Hence we have D < N.
Moreover, from the construction of A\, the weights of the network is less than

N
c! max{ log(N 1252(log(N))2’ }7
{ max | (log(N)) I

where p = By + asp+2 = By + a[2log N| + 2, C{ is a constant related to s, By, «, 0, T, By,
and L. Then the weights of the network can be bounded by

Cl (10g(N))1282(10g(N))2 ’

where C) are constants related to s, By, a, 8, T, By, and L.

Appendix E. Proof in Section 6
E.1 Proof of Theorem 6.1
Without loss of generality, we denote t; = T'/3, to = 2T'/3 for simplicity. Since both A* and

Ane are predictable, by (87)(see the following section), we have
E[loss(Ane, Stest)] — E[loss(A*, Srest)]

—E [ /0 ! (Xne(t) —log Ape(t) * )\*(t)) dt] —E [ /0 ! (N (£) = log X*(£) % A*(¢)) dt]
T
=& | [ (a3 0) = g3 0.3 1) ]

where g(z,y) = x —logxxy >y —logy xy = g(y,y), Yx,y > 0, and the equality holds if
and only if x = y. Thus

Efloss(Ane, Stest)] — Elloss(X", Sest)] = B [ / (000 X 0) = 93" (0. X°0) dt} >0,
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Denote £ = {there is no event in [0,27/3]}, and P(£) > 0. Denote Iy = [T/3,2T/3].

By a similar argument, we have

Bloss(nes S| - Blloss (0, Ste] 2 B | ([ (a0elt) 40 = a0 0 ) 1.

1o
(80)
Under the event &,
T ,at+b<T
Ane(t) = flat+b) =S at+b , T<at+b<4T , te I, (81)
AT , at +b>4T

and

B{(f (o (bet ¥ 0) =g 01370 ) 1

.=F(a,b)P(€). (82)

Then we only need to show

inf F(a,b) >0.
a€R,bER

Case 1. o > 18, b€ R.
Since |3T/a| < T/6, Ane(t) € {T,4T} on I := [T/3,5T/12] or I := [7TT/12,2T/3].

From g(z,y) > g(y,y),z,y > 0,

9 9,9
inf  F(a,b) > mi T, 22 ) —g | =t2, =#2) ) dt
. (a, )mm{/h <g< T > 9<T T ,
92 9292

[ (o(r2e) o (7027))

= 01 >0 (83)
Case 2. |a| <18, |b| > 16T
In this case , we can check that {¢t: T < at +b < 4T} NIy = (. Hence
9 9,9
inf  F(a,b) > mi T,—t*) —g | =t% =t* ) ) dt
|a|§1&1§,r|1b|>16T (o,8) > min {/[O (g ( T ) g (T T ’
9 9,9
AT, =% ) —g | =t =% ) | dt
J lo(om3e) o (7.2¢) )}
(84)

=09 > 0.
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Case 3. |a| <18, |b| < 16T.

By (82) , F'is continuous with respect to («,b). For fixed (v, b), since f(at+0b) # %tQ,
F(a,b) > 0. Since {|a| < 18,|b| < 16T} is a compact set in R?, there exists C3 > 0 such
that

inf F(a,b) > C5 > 0. (85)
la|<18,[b|<16T

y (80), (82), (83), (84), and (85),

E[loss(Ane)] — Efloss(A*)] > min{C1, Cy, C3}P(E) := C > 0.
Hence Theorem 8 is proved.

Remark E.1. Note that we have proved the excess risk
E[loss(A, Stest)] — E[loss(A*, Sest)] (86)

is always positive if A £ X* in the proof of Theorem 8. Thus (86) is a well-defined excess
risk.

E.2 Explanation of Remark 6.4

Notice that the proof of (80) remains valid regardless of the specific form of Ane. Now
consider o = u(hj, w) for t € (t;,t;41], where w denotes trainable parameters, h; represents
the hidden state at t;, and u is a fixed function. Under event £, we observe a = u(hg, w)
throughout [0,27/3], effectively reducing it to a single training parameter. Consequently,
Ane simplifies to the form in (81), and the theorem follows through similar arguments.

Appendix F. Proofs in Section 7

F.1 Proof of Lemma 7.1

Proof Since the compensator of N(t) is A(t fo A*(s)ds, for a predictable stochastic
process A(t),t € [0,T], we have

T
Efloss(X, Stest)] =E | = > log A(t) + /O A(t)dt

tj<T

_E|- /0 " log MBAN (D) + /0 T)\(t)dt]

T
_E /0 (A(t)—log)\(t)*)\*(t))dt]. (87)
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A* > By > 0, we have

E[loss(:\, Stest)] — E[loss(A*, Stest)]

—E /OT (X(t) — log A(t) * X“(t)) dt} ~E [/OT (N*(t) — log X*(t) = A*(¢)) dt
N /T ( mt) ( ;((t)>>> A*(t)dt]

A () o

2| [ (Vio- vi)'a]

—oH? (A,A*),

where the inequality follows by  — 1 —logz > (v/z — 1)2, 2 > 0. .
On the other hand, define g;(p) := (pA(t) + (1 —p)N*(t)) —log(pA(t) + (1 —p)\*(t)) * X\*(¢)
p € [0, 1], then we have

E[loss(A, Stest)] — E[loss(A*, Sest)]

where the last inequality follows by AN > By

: /OT (W) ~log A(t) * X'()) dt} ~E [ /0 " () — log A (1) « A (1))

:/< /1) = o)
]

T ) = N 0)
/oPeopl A0 + < >A*<>dt]

: / "G - A*(t))th} ,

F.2 Proof of Lemma 7.2

Proof By

direct calculation, we have

ED,0in |E055(A, Siest)] — E[l055(A", Speat)]|

. 9 .
=Ep,,,,, |E[loss(\, Stest) — loss(A*, Stest)] — - Z (loss()\, S;) — loss(\*, SZ))

i€[n]
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2 1 *
+2Ep, .., ng{:} (1oss(A, 51) — Toss(A*, $)) | (88)
‘g E[loss(A, Syest) — 1088, Spest)] — = 3 (1 (A, S;) — loss(\* 54))
=ED¢rain OSS(A, Otest OSS(A ", Otest " 08S(A, 04 0ss(A™, 5

i€[n]

+2Ep,, .. % Z (loss(\*, S;) — loss(\*, Sy)) | (89)

i€[n]

. 2 .
=Ep,, .., |E[loss(A, Stest) — loss(A*, Stest)] — - Z (loss()\, Si) — loss(A, Sl))
i€[n]

+2 (E[loss(j\*, Stest)] — E[loss(A*, Stest)]) )

where (i) follows from the definition of A (see (3)). [ |

Appendix G. Supporting Lemmas

Lemma G.1. (Lemma 8 in Chen et al. (2020)) Let G = {A € R%*%2 ; ||Alls < A} be
the set of matrices with bounded spectral norm and € > 0 be given. The covering number

NG, e, || - ||F) is bounded above by

didso
Mw»wmQ+W“ﬁW>.

€

The following lemma is a bridge between the covering number and the upper bound of
sub-gaussian process.

Definition G.2. A stochastic process {Xp}nhen is called a sub-gaussian process for metric
d(-,-) on H if

A2d(hq, h)?

B lexp (1 (X, ~ X)) < exp (20

> for X€ R, hy,ho € H.

A stochastic process {Xp}nhen is called a centered sub-gaussian process for metric d(-,-) on
H if {Xn}nhem is a sub-gaussian process for metric d(-,-) and E[X},] =0, Vh € H.

Lemma G.3. Suppose {Xp,}hen is a centered sub-gaussian process for metric K -d(-,-) on
metric space H, where the diameter of H is finite, i.e. diam(H) = supy, p,ep d(h1,h2) <
+o0. Then with probability at least 1 — 0, for any fixed hg € H, we have

sup | Xy, — Xp,| < 6K <8diam(H) log (?) + Z Q—k\/log./\/'(H, d,2k)>

heH Pt
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and
9 2diam(H)
sup | Xp, — Xp,| < 12K | 4diam(H), | log <5> +/ Vieg N (H,d,e€) de |,
heH 0

where k € Z, satisfies 2871 < diam(H) < 2-.

Proof [Proof of Lemma G.3] Let k € Z satisfy 28! < diam(H) < 2%. Define ¢, = 27% k €
Z,k > —k. Let Hy be the ex-net of H with metric d(-,-), i.e., Hy C H covers H at scale ¢
with respect to the metric d(-,-). Clearly |H_,| = 1. We take H_,, = {ho}. Define m;(h) as
the closest element of h in Hy under the metric d(-,-). Then Yh € H,YN > —x, N € Z, we
have

o0

Xn=Xnp= Y. (Xmy = Xmortiy)  @o5- .
k=—kr+1
Thus
oo
sup | Xp — Xp,| < sup | X, - X, a.s. .
g | ol k;—H el ‘ k(h) k 1(h)|
Consider P, = { Xy, () — Xn, yw)|h € H}, |Pe| < |Hyg—1||Hy| < |Hg|* and any element in

Py, is K(€j + €,—1) sub-gaussian. By Hoeffding’s inequality and union bound argument, we
have

P(sup ]X|2t>:}P’ U{|X\Zt}

XGPk Xep,

< ) P(X|>1)

XeP;

t2
S Q‘Pk‘ exp <_2K2(€k;—1 + ek)2)

t2
<Rl (- gy )
18K2¢;

Let 2|Py| exp (—t?/18K?%€}) = &, < 1/2,
hence t = 18Kep+/log(|Pi|) +log(2/0k) < 3v2Kep(/log(|Px]) + v/log(2/8k)) . Then
with probability at least 1 — d;, we have

sup |X| < 32K e (v/Ios([el) + v/108(2/3%))
XePy

< 6K e, (/og([Hx) + /Iog(1/4) ).

Thus, with probability at least 1 — "> 4y, we get

sup | Xp, — Xp,| < 6K Z 2~k (\/log/\/ (H,d,2~ +\/log(1/5k)>,

heH Pt
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Let 8 = §/28T+FL Then Y22 6, = 6. We have

Z 27%\/log (1/6;,) = i 27, [log (2k+r+1 /)

k=—k k=—k
< i 275VEk 4+ Kk + 14/log (2/6)
k=—k
< 8diam(H)+/log (2/9) .

Thus,

2 [e.9]
sup | Xy, — Xp,| < 6K | 8diam(H )4 /log <> + Z 2_k\/logN(H, d,27F) | .
heH o) =

Since
2diam(H)
274\ log " (H.d, 2~ \/log/\/' H,d,e) de < 2/ VIog N (H,d, e) de ,
k——n
the lemma is proved. |

Lemma G.4. (Theorem 5.1 in De Ryck et al. (2021)) Let d,s € Ny, § > 0 and
f € W>=([0,1]%). There exist constants C(d,s,f) and No(d) > 0 such that for every
integer N > Ny(d), there ezists a tanh neural network fN with two hidden layers, with one
width at most 3[s/2] (S+d 1) + d(N — 1) and the other width at most 3[(d + 2)/2] (2d+1)Nd
(or 3[s/2] + N —1 and 6N for d =1), such that

lr= 7 <+odLel)

Lo (]0,1]4) Ns
If f € C%([0,1]%), then it holds that

(3d)° 3
Cd, s, f) = "5 Ifllwe oy, Nold) = =,

and else, it holds that

14
Cld,s.f) = (f S oy, Nold) = 5

Moreover, the weights of f scale as O(C(d, s, f)~5/2NU+s*)/2(5(s 4 2))3s(s+2)y,

Remark G.5. By Lemma G.4, there ezists a constant C(§) which is only dependent with
0, such that

|the weights of fN| < C(8)C(d, s, f)*S/QNd(d+sz)/2(8(8 +2))3s(s+2)
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Lemma G.6. (Corollary 5.8 in De Ryck et al. (2021)) Let d € N, Q C R? open with
[0,1] C Q and let f be analytic on Q. If, for some C > 0, f satisfies that || f||yy . ([0,1]4) <

C*® for all s € N, then for any N € N, there exists a one-layer tanh neural network; fN of
width 3[(N + 5Cd) /2] (N+ (5C+1) ) (or 3[N/2] for d =1) such that

|7 -7 < exp(=A) .

Lo([0,1]4)
Remark G.7. In De Ryck et al. (2021), the construction offN in Lemma G.6 uses Lemma
G.4 directly. Hence the weights of N can be derived from Lemma G.4. Then there exists
a constant C' such that

N/2+./\/’/_3Cd./\/'/ ))3_/\/'1(./\/'/_’_2)7

|the weights of fV| < C exp( 5 YN (N +2

where N = N + 5Cd. We emphasize that the original literature (De Ryck et al., 2021)
does not give this result, but it can be obtained by simple calculations.
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