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Abstract

We consider the nonparametric regression problem when the covariates are located on an
unknown compact submanifold of a Euclidean space. Under defining a random geomet-
ric graph structure over the covariates we analyse the asymptotic frequentist behaviour
of the posterior distribution arising from Bayesian priors designed through random basis
expansion in the graph Laplacian eigenbasis. Under Holder smoothness assumption on the
regression function and the density of the covariates over the submanifold, we prove that
the posterior contraction rates of such methods are minimax optimal (up to logarithmic
factors) for any positive smoothness index.

Keywords: graph Laplacian, Bayesian nonparametrics, manifold hypothesis, nonpara-
metric regression, dimensionality reduction

1. Introduction

When the data is high dimensional, it is common practice to assume a lower dimensional
structure. This idea dates back at least to Pearson’s principal component analysis (Pearson,
1901) and the Johnson-Lindenstrauss lemma (Johnson, Lindenstrauss, and Schechtman,
1986; Ailon and Chazelle, 2009) where a linear projection onto a lower dimensional subspace
of variables is performed while still retaining much of the statistical information. However,
a linear constraint on the possible intrinsic shape of the data can be restrictive, and non-
linear dimensionality reduction has received much attention during the past two decades.
Examples include kernel PCA (Scholkopf, Smola, and Miiller, 1998), Isomap (Tenenbaum,
de Silva, and Langford, 2000), locally linear embeddings (Roweis and Saul, 2000), Laplacian
eigenmaps and diffusion maps (Coifman and Lafon, 2006). These techniques typically take
into account intrinsic geometric properties of the data.
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Inference of intrinsic geometric properties of data is often believed to be a powerful
way to gain insight in complex high dimensional statistical problems. Examples include
its support (Genovese, Perone-Pacifico, Verdinelli, and Wasserman, 2012; Aamari and Lev-
rard, 2019) under the Hausdorff metric, differential quantities (Aamari and Levrard, 2019;
Aamari, Berenfeld, and Levrard, 2023), the geodesic distance (Aamari, Berenfeld, and Lev-
rard, 2023; Bernstein, de Silva, Langford, and Tenenbaum), the intrinsic dimension (Kim,
Rinaldo, and Wasserman, 2019; Denti, Doimo, Laio, and Mira, 2022) or even the Laplace-
Beltrami operator eigenpairs (Garcia Trillos, Gerlach, Hein, and Slepcev, 2020; Calder and
Trillos, 2020; Dunson, Wu, and Wu, 2021; Wormell and Reich, 2021). In the same way,
inferring the intrinsic topological structure in the data has also received a lot of interest
since the modern development of topological data analysis as field within data science, with
in particular the study of the persistence diagrams and modules (Chazal and Michel, 2021;
Chagzal, de Silva, Glisse, and Steve, 2016; Divol and Lacombe, 2021; Divol and Chazal, 2019;
Loiseaux, Carriere, and Blumberg, 2023; Loiseaux, Scoccola, Carriere, Botnan, and Oudot,
2024).

The Laplacian eigenmaps, introduced initially by Belkin and Niyogi (2001, 2003) is a
popular non linear method for dimensionality reduction, together with a tool for inference in
high dimension setups. It has also been used successfully in the context of spectral clustering
(Liu and Han, 2014; von Luxburg, 2007), supervised and semisupervised learning (Green,
Balakrishnan, and Tibshirani, 2021; Shi, Balasubramanian, and Polonik, 2023; Sanz-Alonso
and Yang, 2022) : in this paper we consider the use of Laplacian eigenmaps in the context
of the reknown nonparametric regression problem where

yi = fla) v, g CN(0,0%), i<m (1)
with covariates z; € RP and D is possibly large. Then, a way to formalize a low dimen-
sional structure to the problem is to assume that the covariates X;’s belong to some low
dimensional submanifold M of RP, also known as the manifold hypothesis. This is the
setup we are considering. We also consider both the supervised learning setup where the
observations consist of (y;, z;);~,, under model 1; and the semi-supervised setup where in
addition another sample (z;)Y_ 41 of covariates are observed without their labels y;.

Laplacian eigenmaps approaches are based on the construction of a graph G = (V, E)
whose vertices are the covariates (z;)Y; and where an edge between two vertices x; and x;
exists if and only if ||z; — z;|| < h for some predefined threshold k. From that the Laplacian
of the graph L : L? (V) — L?(V), is constructed together with its spectral decomposition
L = Zjvzl Aj <uj|'>L2(V) uj, 0 < A < --- < Ay for some appropriate Euclidian space
structure on V to be defined in Section 2. Dimensionality reduction is then obtained by
considering the projection operator ijl (ujl-) £2(v) U for some truncation level J. This
dimension reduction can be used in different inferential contexts

In the context of the regression problem 1, the vector fx = (f(z1), -, f(zn))T is mod-
elled as an element of span(uj,--- ,uys). This construction has been studied with variants
in the definition of the graph Laplacian L, for instance by Green, Balakrishnan, and Tibshi-
rani (2021); Shi, Balasubramanian, and Polonik (2023), where the PCR-LE estimator fN,
i.e. it is the minimizer of ||Y — fx||? over X7 := span(us,--- ,uy) (in the fully supervised
case N = n) while Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause, and Billard
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(2024); Dunson, Wu, and Wu (2022) are using a Bayesian estimation procedure based on
Gaussian processes defined via L.

In this paper we are interested in understanding the capacity of graph Laplacian regres-
sion methods of capturing both the unknown low dimensional submanifold support M of
the design, together with the unknown smoothness 8 of the regression functions.

1.1 Related works :

The asymptotic behaviour of least square estimators has been studied in Green, Balakrish-
nan, and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023) where they obtain
minimax convergence rates when the support M of the covariates is an open set of R” and
under a Sobolev regularity condition. Extension to the case where M is a d dimensional
submanifold of R”, with d < D, is also considered in Green, Balakrishnan, and Tibshirani
(2021) however only for regression functions which have Sobolev smoothness restricted to
the set {1,2,3}.

Bayesian estimators of f based on the graph Laplacian have been considered in the
literature as well for instance by Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause,
and Billard (2024); Dunson, Wu, and Wu (2022), however the asymptotic properties in terms
of posterior contraction rates around the true regression function have only been derived
in some restricted cases. Dunson, Wu, and Wu (2022) show that in the case N = n and

_d_
when the true regression vector fon = (fo(xi))f\il belongs to ¥ for J < ($%.)29+2 for
some q > %, the posterior contraction rate (with respect to the empirical L? norm) is upper

bounded by a multiple of (lnT")qude, under some kind of separability assumption between
the eigenvalues of the Laplace-Beltrami operator of M. Assuming that fon € ¥/ avoids
studying the approximation of fy x by an element in ¥/, which is a nontrivial problem where
one only has access to smoothness assumptions on the function fy: M — R. A step in this
direction has been made by Sanz-Alonso and Yang (2022), where they established that if
the number of unlabeled covariates {x,1,...,zN} is large enough, i.e at least N > n?d,
then posterior contraction at a minimax optimal rate (up to logarithmic factors) of the
true regression vector fy y is possible, provided that its smoothness 5 (more precisely : fy
belongs to the Besov space BY o (M), see Coulhon, Kerkyacharian, and Petrushev (2012))
satisfies 8 > d — % using a graph Matérn process. Notably, as is pointed out in the paper,
their assumptions rule out the fully supervised setting and every other intermediate cases.
Furthermore, adaptation to the smoothness 3 is not discussed. In both papers Dunson, Wu,
and Wu (2022) and Sanz-Alonso and Yang (2022) control the contraction of the posterior
distribution on fy by controlling the convergence of the graph Laplacian (or the associated
heat kernel) to the Laplacian-Beltrami operator of M. As we will see, it is not fundamentally
needed to study the nonparametric regression problem; this is also the point of view taken
by Green, Balakrishnan, and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023).

Thus, the question the approximation of fo x by elements of 37 for J = o(N), when fy
is a smooth function on an unknown manifold M remains unanswered. In this paper we
therefore aim to bridge this gap in the literature.
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1.2 Our contributions :

In this paper, our main aim is to study posterior contraction rates for priors based on the
graph Laplacian for the recovery of the regression vector fy n. To do that we first show that
any  Holder function on M, S > 0 can be well approximated (in some sense to be made
precise later in the paper) by a function in X7 for J > n®(2f+4) (up to logn terms) , where
d is the intrinsic dimension of the submanifold M. To do that we use a novel approximation
argument by first constructing an approximation of fo n by a vector of the form e~ tL/h? It
for some well chosen ¢ > 0 and f; € RY. Thanks to the exponential factor we can then
control well the difference between e~ tL/"* f; and its projection on ¥/. This approximation
argument is valid for any S > 0. This result has an interest in its own right; in particular
we apply it to the frequentist PCR-LE estimator.

We also propose general classes of priors on fy supported on ¥/ for which we charac-
terize the posterior contraction rates, both for the empirical loss || f — fol|2 = > i (f(z;) —
fo(xi))?/n and for the global loss ||f — foll3 = o, (f(x:) — fo(xi))?/N, as functions of

the truncation level J and the connectivity parameter h.

Finally by considering hyperpriors on h and J we propose a novel class of priors that
achieve minimax adaptive posterior contraction rates (up to Inn terms), both under the
| - || and the || - ||x (pseudo-)distances.

Hence, contrarywise to Sanz-Alonso and Yang (2022) we do not need a very large num-
ber of unlabelled covariates which were used to ensure an accurate discrete to continuum
approximation of the graph Laplacian eigenpairs and compared to Green, Balakrishnan,
and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023); Sanz-Alonso and Yang
(2022) we significantly weaken the smoothness assumptions on fy (our assumptions actu-
ally match those considered in the continuous setting (see van der Vaart and van Zanten,
2011; Rosa et al., 2023). Also note that we do not require separability assumptions on the
eigenvalues of the Laplace-Beltrami operator on M, as opposed to Dunson, Wu, and Wu
(2022).

1.3 Outline :

We start by describing our geometrical and statistical model as well as our notations in
Section 2. We then describe our priors and the associated posterior contraction results
in Section 3; with non adaptive results in Section 3.2.1 and adaptive results in Section
3.2.2. Convergence rates for the PCR-LE estimator are provided in Section 3.2.1. The
approximation theory for fo x by ¥/ is provided in Section 3.3. Main proofs are provided
in Section 4. Finally, the appendix contains additional proofs.

2. Model and notations

In this paper we consider the semi-supervised nonlinear regression model where we observe
labelled data (y;, z;)i<n together with unlabelled data (aci)l-]\in+1 (in particular N = N, > n
depends on n). Note that N = n corresponds to the supervised case. In this work we make
the following growth assumption on N : there exists b > 0 such that N,, < n? for all n. Note
that in particular we always have the inequality Inn < In N < blnn. The nonparametric
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regression model is then

yi = fo(wi) +€i, & i'fi\'ld./\/’(O,UQ), i=1,...,n, @)
xii'ilduo, iIl,...,N

where ¢ > 0, fo € C?(M) with M an unknown compact connected submanifold of
regularity o > (8 + 3) V6 of RP (see appendix A for a precise definition of o and the space
CP (M)) and pyg is a probability distribution on M (the connectedness assumption could
actually be dropped by working on each connected component separately). We assume that
1o is absolutely continuous with respect to the volume measure on M, with density py and
fo, M, pg are unknown quantities. Without loss of generality we consider the case where o
is known, since the case of unknown ¢ can be easily derived from the results here, using the
approach of Naulet and Barat (2018). Moreover, it would also be possible to handle non
Gaussian errors as done by Ghosal and van der Vaart (2017, chap. 8.5.2).

We consider an unweighted random geometric graph G = G = (V, E(h)) based on
T1.N = (a:z)f\il generated as follows: the vertex set is V = {x1,...,zn} and the edges are
defined by E;; = El(jh) = 1 if and only if ||z; — z;|| < h, for some h > 0, where ||-|| denotes
the Euclidean distance in R?. Hereafter we denote z; ~ r; <= k=1

We define the normalized graph Laplacian

L=L™=1r-D7'4
where D = D) = diag(p) is the degrees matriz Dy = 62110,
h) _ o h
o = i) = 40+ o — ail] < b}

and A = A® is the adjacency matriz Agy = Ag@ = fzy = lzny. We also define the

normalized degree measure v = v = u(l(/)' The graph Laplacian L is a nonnegative

self-adjoint operator from L? (v) to itself, where the inner product is given by

Vig € L*(v), (fl9) 2y = D F(W)g

yev

and L is given explicitely by the formula

vfeRY, (Lf)(x) =

We will often use the following identity

V.9 € 2 0), U1La) o) = 5orom 30 (@) = F(0) (&) = 9(0)
zevy

The negative graph Laplacian —L satisfies

L Vo €V, —Lop =422 —1<0
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2. V:raéyGV,—ny:%ZO

T

3.Vr €V, 3 oy —Lay =2 ey 524 —1=0

tL

As a consequence e~ " is a row stochastic matrix for any ¢ > 0 (see Norris, 1997, chap. 2).

It is the transition matrix in time t of the continuous time Markov chain (Wt> going
>0

from vertex x to vertex y with rate ‘Lﬂ This chain has a constant unit speed and a jump

T

matrix given by DA : equivalently W; = Yy, where N is a Poisson process with unit rate
and (Yy,),,>o is an independent Markov chain with transition matrix D=1 A. We will denote

by ngh) the probability distribution of the corresponding Markov chains (in either discrete
or continuous times) starting from = € V. For convenience in what follows we will define
L =h"2L and Wy = W, pe.

It is shown for instance by Garcia Trillos, Gerlach, Hein, and Slepcev (2020); Calder
and Trillos (2020) that under appropriate conditions the graph Laplacian £ converges in
some sense to the true Laplace-Beltrami operator A of the limiting manifold M (up to
a proportionality constant). Since W is a continuous time Markov chain with transition
matrix e %, this shows that W can actually be seen in a way as a numerical approxima-
tion of a Brownian motion on M, i.e an M—valued continuous time Markov process with
infinitesimal generator —A.

For each z € V, t > 0 we define p; (z,-) = pgh) (z,-) as the density of e7** (z,-) with
respect to v
e (,y)

VyeV, p(z,y)= >
Yy

N
and we call the matrix p; the heat kernel of £ with respect to v. If ()A;, uj)j.v:l = ()\gh), u§h)>
is an orthonormal eigendecomposition of £ in L? (v), i.e.

Vj,ZE{l,...,N}, [:’U,j:)\ju]', (uj]ul>,/:5§-

(the existence of which is guaranteed by the finite dimensional spectral theorem) then we

have
N

1
—tL —tX\; —tA; T
V>0, e t= Ze 9 (uy]), = mZe Muju
j=1 J=1
Hence
N
VE>0, zyeVip(zy) =Y e Nu(a)u(y)
j=1

In particular p; is a symmetric matrix.
In addition to the L? (v) structure we will also use the uniform norm

v _ .
VFER", |fllrew) = 11%1%>J<V|f($z)|

As well as the associated operator norm

[All ey = sup [[AfllLeoqw)
171200 ) <1

defined for any linear endomorphism A : L™ (v) — L= (v).
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2.1 Notations

We denote by Py the frequentist probability distribution of X" := (x1.n, Y1:n), 1.€

n

Po(dz1.n, dy1n) = Hpo ;) p(d;) H/\/'(yi|fo(33z')702) dyi

=1

aswell as Py = @ | N (f;,0?) for any f € R™, with the abuse of notation Py, = Py,
We will also denote the probability distribution of the infinite sequences (z;);~;, (¥i);>1
by P$°. We denote the geodesic metric on M by p : M x M — Ry. For any z €
RP, 7 > 0 we define Bgp (z,7) = {y € R” : [z — y|| < r} the Euclidean ball and B,(z,r) =
{y € M : p(x,y) < r} the geodesic ball. For any measurable subset A of RY, d > 1, vol(A)
will denote its d—dimensional Lebesgue measure.

For any open subset I/ of R, d,k > 1 and f: U — R we define its C* (/) norm by

[fllck @y = maxqend jo|<k SUPzeu ‘%(x)‘ We also define C* () = My>0C* (). For non

integer B8 € (k,k+ 1), k € N we define the Holder class C? (U) class as the space of all
functions f € C* (U) satisfying

’a\alf olal ¢
dx> ~ Oz~
[ flles@ry == I fller@y + max — sup ﬁ <o

aeNd |a|=k zycu ||z — Y|

If V is a finite dimensional vector space and & C R? ~d > 1, we say that a mapping
f:U—Visofclass C®(U)if Tof:U— R ecCPU) for any T € V* (linear form on V).
Equivalently, each coordinate function of f (in any choice of basis) is of class C”.

It is immediate to check that any f € C® (), k < B < k+1 has a Taylor development

1 z). 713[ ’ .
of the form f(y) = S HEE 4 Ry(a,y),  |Re(w,y)] < Cyllz —y|” with C; =

[ flles @/ k-
We write
1 n N
1f = foll = = > (F(w:) = fol@:))* and |If — foll§ = Z — folz))?.

i=1 i—1

2, S refer to inequalities up to constants that depend
only on M, po and fo. We will also write a < b if both a < b and b < a hold. We will
also often write C'((A),ep) or C(y),_, generically to denote a positive constant depending
only on the parameters A € A whose value can change from line to line.

In the following the symbols >

3. Main results

In the nonparametric regression model 2, the goal is to estimate the regression function fy
evaluated on the covariates z;, ¢ = 1,...,N. Hence from a Bayesian point of view the
goal is to design a prior distribution on an element f : V — R leading to good frequentist
guarantees a posteriori. More precisely, following Ghosal, Ghosh, and van der Vaart (2000);
Ghosal and van der Vaart (2017) our goal is to derive posterior contraction rates for our



RosAa AND ROUSSEAU

suggested Bayesian methodologies : we wish to identify a sequence e, of positive real
numbers satisfying

POO
I{f = foll,, > ealX"] ——0
n—oo
Deriving such rates typically requires to prove preliminary approximation results which is
the object of section 3.3.

3.1 Priors

As done by Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause, and Billard (2024)
we design our priors by random basis expansion in the graph Laplacian eigenbasis. Our
construction depends on 2 degrees of freedom : the number of basis functions allowed in
the sum, and the graph connectivity parameter h. This leads to a first family of priors :
Prior 1 Fixed J, h case:

We consider the prior II[-|J, h| defined by the probability law of the random vector

J
F=3"2Zu;, z;"*'w (3)
i=1

for some h >0, J € {1,...,N} and ¥ a probability distribution having a positive and
continuous density 1 on R satisfying f‘xbzw(x)dac < b1z , for all z > zy for some
b1, b2, z9 > 0. In particular, ¥ can be Gaussian, leading to the construction of a Gaussian
vector f on V, as done by Dunson, Wu, and Wu (2022); Sanz-Alonso and Yang (2022).

As we shall see in section 3.2.1, this prior leads to explicit posterior contraction rates
which happen to be minimax optimal (up to logarithmic factors) under appropriate choice
of the hyperparameters J = J,,h = h, that depends on the unknown regularity 8 of fy
together with the dimension d of M. In this sense the proposed prior is non adaptive.

It is then of interest to choose the hyperparameters J, h in a data driven way. From the
Bayesian point of view this can be done by putting an additional prior layer over J and h.
For practical reasons, since for each value of h a new Laplacian £ needs to be computed,
together with its eigenpairs (u;, A;) we only consider discrete priors on h, i.e. we enforce
h € H where H is a discrete subset of R, and 7, (|.J) denotes the prior probability mass
function of h given J.

Prior 2 Adaptive prior:
We consider the prior II defined by the probability law of the random vector

J~my, hlJ ~7p(-lJ),  flJ,h~11[:|J,h], denote Hj = supp(mp(-|J)) CH, (4)

where 7, is a probability distribution supported on H; (that may depends on J) and 7 is
a probability distribution on N* satisfying

Vi > gy, e ki < my(7) < e®IL5 where Li=1or Lj=Inj, and #H; < Kef2/Inn

for some constants a1, as, K1, K9 > 0.
Note that the joint prior on (J, h) can be of very different forms. For instance if J ~ P(\)
then the condition on 7; holds with L; = logj while if m; is a Geometric distribution,
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then it holds with L; = 1. Also we can choose for instance the support of 7 (-|.J) to be

Hy = {%} for some k > 2 and ‘H = UjH;, where here the dimension d of M is

assumed to be known. We will see that this leads to adaptive nearly minimax estimation
rates. Alternatively and for more flexibility we can choose H = { hy:=2h,:1=0,..., L}

with h, = (h‘T")l/d, x> 2 and L € N such that 2Lh, <1 < 2811, together with

m(hy) > breP2h " whe H

for some constants b1,be > 0. We will detail the precise assumptions on Iy, m, (-]J) in
Theorems 6 & 7.

Remark 1. Both prior 1 and prior 2, depend on the covariates x1.n5 and possibly on the
sample size n, but we keep the notation II (and not I, 5 ) to avoid cumbersome notations.

Having defined the two types of priors we now study their posterior contraction prop-
erties.

3.2 Posterior contraction rates

We present here results on posterior contraction for prior 1 and prior 2. We first present
the non adaptive posterior contraction rate as it highlights the role of J and h and then
we present the posterior contraction rate derived from prior 2. The proof is based on the
general prior mass and testing theorem (see Ghosal and van der Vaart, 2007, 2017; Rousseau,
2016). A key aspect of the proof is a new scheme to approximate fp by functions in the
span of uq,--- ,uy. This allows in particular to extend the results of Green, Balakrishnan,
and Tibshirani (2021) to non linear manifolds when the regularity of fy not restricted to
{1,2,3}. The approximation result is interesting in its own right and it allows also to
derive minimax convergence rates for the frequentist estimator of Green, Balakrishnan,
and Tibshirani (2021); hence it is presented in Section 3.3 and the convergence rate of the
frequentist estimator is provided in Section 3.2.1. Moreover, the proof is very different from
Green, Balakrishnan, and Tibshirani (2021) and is valid even when N > n.

3.2.1 NON ADAPTIVE RATES: PRIOR 1 AND PCR-LE ESTIMATOR
Throughout this section we assume that the chosen connectivity parameter h,, is not too
small :

Nhd
In N

Assumption 2. The connectivity parameter h,, satisfies h, — 0 and — 00.

Our first main result identifies a posterior contraction rate associated with prior 3 if h
satisfies assumption 2 and J is not too small. In particular, we recover minimax optimal
rates up to logarithmic factors for appropriate choices of parameters :

Theorem 3. Let (J,, h,) be a sequence of truncation and connectivity parameters satisfying
Jp€{1l,...,N}, Jp,>In"N, &k >d and hy, satisfying assumption 2. Consider a prior
on f belonging to the Prior 1 family. Then there exists C > 0 such that
POO
I f - foll, > CenlX™, Jn, hn] —— 0

n—oo
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where

J,In N my "7 In N\ /2
_ _ /2 8
en = en(Jny hn) =\ ——— ——+In NP2l max (1, 2/dh%> (hn+ lgs1 (Nhﬁ) hn>

()

In particular, for any T > d/2 and

1 1-7-2(1427/d)[8/2] h-d
- - o n
hy,, =n~ 28+d (ln n) 25+d . Iy = N
then
@r+d)[B/2]+(1—-7)8 _ B
en < (Inn) 25+d n~ 28+d

The proof is given in section D.1. Theorem 3 highlights the trade - off between the
complexity of the prior (term y/JIn N/n) and the approximation error bounded by

[8/2] 1/2
In N In N
In N[B/?‘ max (1, > hg + :H.B>1hn (]th> ] .

T2
The first term of the approximation error has a bias flavour while the second, which appears
only when 8 > 1 comes, roughly speaking, from stochastic deviations of Lfy — E(Lfy), see
Lemma 17. More discussion is given after Theorem 11.

Notice that theorem 3 only guarantees a posterior contraction with respect to the em-
pirical L? norm || f — fo||,,- Thus, it is not clear whether or not the posterior distribution
correctly extrapolates outside of the design {z1,...,z,} in order to estimate the values
{fo(xnt1),..., fo(zn)}. This is the object of theorem 4 below, which requires stronger
assumptions on J,,, h, and 5.

Theorem 4. Assume that 3 > d/2 and let h, satisfying h, > (In N)® n_%ﬁ for some

—d
se€R as well as J =J, € {1,...,N}, lnleSJ < T2dN, T > 1o > 2d. Then there
exists C' > 0 such that

POO
[Hf fOHN > 05n|Xn Jnyh ] —0

n—oo

2
AT T A 5 In N\ /2
Ep = - + B2 Ry, + 1551 W b,

_ _ = . _1-r—2[8/21(14+27/d)
In particular, choosing J, = p#w, T > 2d and hy, = n 25+ (InN) 26+d

leads to a posterior contraction rate of order

where

2[B/21@r+d)+28(1=7) _ _B
en < (InN) 25+d n~ 28+d

The proof is provided in Section 4.4 and relies on Theorem 3 together with a concen-
tration inequality to upper bound ||f — fol|,y by (a multiple of) || f — foll,.-

10
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The main limitation of prior 1, with deterministic J, h is that the choice of J, h crucially
impacts the asymptotic behaviour of the posterior distribution. In particular to obtain
optimal behaviour (with respect to [-||,, or ||-||) one needs to choose them as a function
of f and d. While there exist simple and consistent estimators of d (see Berenfeld and
Hoffmann, 2021), it is very difficult to estimate (.

It is interesting to compare our results with those of Sanz-Alonso and Yang (2022).
B+d/2
In this work a Matérn type Gaussian process of the form f = Zjﬁl 1+ X)) 2 Zjuy,

Z; ESY (0,1) (also for some deterministic values of J,,h,) is used in place of prior 3.
In Sanz-Alonso and Yang (2022) the author obtain the minimax rate of convergence with
respect to the empirical L? norm |-||, by choosing J, N, h accordingly but under a more
restrictive assumption on N, 3, implying in particular N >> n?? and 8 > d — 1/2. Also,
their proof technique is very different from ours as it is based on the convergence of the
(discrete) Matérn Gaussian process prior to its continuous counterpart (associated to the
Laplace-Beltrami operator on M).

In the fully supervised N = n case, our result can also be compared to the (frequentist)
PCR-LE estimator of Green, Balakrishnan, and Tibshirani (2021). To be completely clear
the estimator proposed in Green, Balakrishnan, and Tibshirani (2021) relies on the unnor-
malized graph Laplacian rather than the normalized one, but we believe our proof could be
applied for the unnormalized graph Laplacian as well. The PCR-LE estimator is defined as

f= argminfespan(ul,---,uJ)HY - fH27 Y = (yl, T ayn)7 = (f(xl)v T ,f(l'n))

Green, Balakrishnan, and Tibshirani (2021) prove that when fy belongs to a f— Sobolev
class with g € {1,2,3} (where the Sobolev space is defined using the Laplacian operator
weighted according to the covariates density), then f converges to fy at the rate n=8/(26+d),
if J and h are chosen accordingly. In comparison we obtain a near minimax rate for any
f— Holder regularity assumption on fo, 3 > 0 (for the ||-||,, loss) or 8 > d/2 (for the |||y
loss). It should be noted that the restriction 8 > d/2 also appears in the continuous case
when extending outside of the labelled points (see van der Vaart and van Zanten, 2011;
Rosa et al., 2023).

As mentioned earlier, a key component of the proof of Theorems 3 & 4 is to show that
fo can be well approximated by elements in the linear span of (u1,--- ,uy), see Theorem 11
. A consequence of Theorem 11 is thus that the PCR-LE estimator of Green, Balakrishnan,
and Tibshirani (2021) achieves near minimax convergence rate over Holder classes of any
order (3, thus extending the results of Green, Balakrishnan, and Tibshirani (2021).

Theorem 5. Performance of PCR-LE for the random walk graph Laplacian
Assume that N = n and that the sequence (Jp,hy) is such that J, € {1,....,n}, J, >
In" N, k> d and that hy, > 0 satisfies assumption 2. Define

(u; |Y>L2(V) Uj

—
I
M=

J=1

Then for any q > 0 there exists C > 0 such that

& [[F- 5

q
}SC&‘ZL
n

11
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where

_ [8/2] 1/2
JIn 2 Jn nn Inn
En = ; + (hln)'rﬁ/ “ max (1, <h% hg + ]].ﬁ>1 W hn

— 1
In particular for the choice J,, = %, T >d/2, h, =n 2% (lnn)’, p € R then for
any q > 0 there exists C' > 0 such that

oflr-a]) <o

where
£ = T (In ) @B/ AT/ +8p)V (=pd/2-7/2)

The proof of Theorem 5 is given in Section C.3. Corollary 5 hence shows that in the case
N = n the PCR-LE estimator of Green, Balakrishnan, and Tibshirani (2021) can achieve
optimal rates for particular choice of hyperparameters (up to logarithmic factors) for any
smoothness index 3 > 0 if one is willing to work on the Holder spaces scale, and not just for
B—Sobolev functions, § € {1,2,3} : the limitations of the manifold adaptivity was therefore
only an artefact of the proof, as the non-negligible discrepancy between geodesic and Eu-
clidean distances can be circumvented by considering a different approximation technique.
Extending 5 to an adaptive estimator by Lepski’s method as done by Shi, Balasubramanian,
and Polonik (2023) in the Euclidean domain could also be of interest, which then would
provide a frequentist alternative to our adaptive Bayesian prior 4.

In the case N > n, our theorems 11 & 13 can also potentially be used to design fre-
quentist estimators in alternative to our priors 3 & 4. Indeed, as an example Theorem 11

can be reformulated as a high probability upper bound on H fo— ng) fOHL o) where ng)

is the kernel operator

k l—tﬁx
Vf V—>]R<( ) ZZ L) e Z@y) 4

yeVv

Q(k)( 7y)l/y

This can be generalized by

k 0 - k N
ng) Z tﬁ) X l(tﬁ y Z%Z l) t)\) ( )Uj(y)

1=0 =0 = j=1

for an arbitrary x € C* (R, ,R) with x(0) = 1 which motivates the definition of kernel
regression estimators of the form f = Sy ng)(-,:ci)yiywi : this is always tractable even
when N > n and analyzing the asymptotic properties of such estimators (even on other

graph models) is therefore an interesting research direction.

12
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3.2.2 RESULTS FOR THE ADAPTIVE PRIORS

Having proved Theorems 3 & 4 it is straightforward to derive adaptive posterior contraction
rates under the prior 2. This results in a Bayesian method able to achieve minimax optimal
contraction rates (up to logarithmic factors) with a data driven choice for J, h.

Theorem 6. Consider the prior I1 on f belonging to the class Prior 2 as defined by (4)
and assume that for some K1, Ko > 0 and some jy,a1,as > 0

Vi > jo, e Wik < my(7) < e~ where Li=1 or Lj=Inj, and #H; < Keff2/nn

(6)

Assume in addition that for some T > d/2, Jy,ho > 0 and

2d(1+27/d)[B/2] d
Jp=Jo(InN) 25+d n2p+d

d

h, € Hy N hodu % hodnt/?

LN TN and ¢ > 0 such that

n (b)) > e~ (7)

Then there exists C > 0 such that

P __B_ (2r+d)[8/2]~B(r+28/d)
I(f = foll, > CenX"] ——0,  with e, =n"%% (InN 25+

For clarity, we remind the reader that in Equation 7, 7y, (hy,|.J,,) denotes the prior prob-
ability mass function of h given J = J, evaluated at h,.

The proof of Theorem 6 is given in Section D.2. Notice that even if some particular
values of J,,h, are part of a condition that prior 2 (4), must satisfy theoretically, the
precise values of J,, h, are not part of the definition of the prior itself.

As discussed above in section 4, there are many priors on J, h which satisfy (7). Consider
two cases of particular interest

e If J follows a Poisson or a Geometric prior and, given J, h = %, T > d/2 then
condition (7) is fulfilled (with H; = {%})

e A more flexible alternative is to choose a discrete prior on H = {2!h, : 1 =0,--- , L} for
he = (th")l/D and L such that 20h, <1 < 2Et1h, | together with a probability mass

function of the order of e=*" " ha for arbitrary A > 0 and a > 0. For instance, such a

prior can be constructed by first considering h ~ IG (a, \), an inverse Gamma random
variable and then defining h = 37 2'h, 15, (h), To=[0,h], I =]2'h, 24 R, ] for
1 <1< L and I}, =]2"h,, +oo[. In particular this prior is fully adaptive as it depends
neither on § nor on d.

Similarly to the non adaptive prior, it is possible to obtain a posterior contraction rate
in terms of the loss ||-|| ; from the result of Theorem 6, under additional assumptions on /3
and the prior on J, h.

13
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Theorem 7. Under the same conditions as in theorem 6 and if in addition we have Hj C
[P, %] I1—almost surely for some T > 2d, h, > 0 satisfying assumption 2 and if B > d/2

then there exists M > 0 such that

POO
I[|[f = folly > Men|X"] ——0

n—0o0

for the rate

__B (27+d)[B/2] - B(r+28/d)
en =mn 28+ (In 26+d
Remark 8. Theorem 7 thus shows that we can construct (near) minimax adaptive Bayesian
procedures based on graph Laplacian decompositions, where the adaptivity is related to the
(typically unknown) smoothness 3. Similarly to theorem 6, many priors satisfy the assump-
tions of Them;gm 7, for instance a Poisson or geometric prior on J can be chosen together
with h = <=

lnT/dnv
a discrete prior on Hy = {2'h, : 1 = 0,--- , L} with h. = m,, (mT")l/D and L such that

2lh, < h{:/ld/d < 2L+ h, | together with a probability mass function of the form of e~ pa

for arbitrary m, — oo, A > 0 and a > 0.

T > d/2. Alternatively, as discussed below Theorem 6, we can choose

J-1/d
* lnr/d N
2 in order to apply Lemma 36 a posteriori (and importantly with constants that do not
depend on h,J ), see the detailed proof in Section 4.4. In fact the condition could be weakened

J—1/d
to HJ C |:h*, T /a N

for the examples of priors we provide.

Compared to Theorem 6, we require Hj C [h } for some h, satisfying assumption

} on a set of posterior probability tending to 1, but this is not necessary

Remark 9. The same condition Hy C [h*, ﬁ} prevents us to design priors adaptive to

d, contrariwise to Theorem 6. This condition is crucial in our setting in order to use Lemma
36. Whether or not such a restriction is necessary or is an artefact of our proof technique
1s therefore an interesting question. To design a procedure that is adaptive both to 8 and
d one could plug in a consistent estimator of d (see Berenfeld and Hoffmann, 2021)—the
procedure then becomes an empirical Bayes procedure)—and our theoretical results remain
unchanged since the estimator only depends on x and not on y.

Remark 10. Theorems 6 & 7 hold for discrete priors on h, however we believe that this is
not a restriction since a continuous prior would imply that for every value of h, one would
need to compute the eigenpairs (uj, \j) of the Laplacian corresponding to h. Obtaining a
result which would hold for a continuous prior on h, or for empirical Bayes procedure, where
optimization with respect to h is performed, is not straightforward since it would necessitate
to prove the concentration lemma 17 uniformly over h € (hy, hl)s,ll/ﬁ.

Notice that our posterior contraction rates in Theorems 3 4 6 5 & 7 are all impacted by
a power of In N : this can be large, for instance if N grows exponentially with n. However
under the mild assumption N < n® B > 0 this factor become a power of Inn which
is typically considered small from an asymptotic viewpoint, ignoring the multiplicative
constant. Extending our results to the case N >> n® for all B > 0 would require more
work, but we believe that in this case the proof strategy of Sanz-Alonso and Yang (2022)
could be adapted.

14
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3.3 Approximation result

All three theorems 3, 4 5, 7 & 6 are proved using approximation results of fj in the graph
spectral domain, but since the smoothness assumption fy € C? (M) is only formulated at
the continuous level this is a non trivial task. To prove that fy can be well approximated
by an element of span(uy, - - ,uy) we first find an approximation of fy (as a function on V)
by an element of the form e £ f, for some explicit f;, with high probability with respect
to the sampling distribution of the covariates x1.ny. Then we show that the projection of
et f, onto span(uy, - -+ ,uy) is close to e ** f; and thus to fo.

Theorem 11. Let >0, fy € C? (M), assume that h, satisfies assumption 2 and define

fort >0

k
1

ft:Zl—!(tﬁ)lfo, fe: V=R,
I

=0
where k = [5/2] — 1. Then

1. If 0 < B < 1, there exists a constant C (53, fo) we have

[ fo — e_tﬁftHLoo(u) < C (B, fo) ths™2

2. if B> 1,pg € CP~1 (M) then for any H > 0 there exists a constant C(H, S, fo,po, M),
such that

" ¢ k+1 In N 1/2 "
]P)O Hfo_e_ ftHLoo(V)>C(H7/BaanpﬂaM) (h2> hﬁ+<]vhd) hn SN_

The proof of Theorem 11 is given in Section 4.1.
Interestingly, when 5 > 1,

1
In N In N\ 2B-1)+d
he > hyy | —— hy > | ——
n= e T —<N>

which is—up to the In N term—the condition required by Theorem 6 in Green, Balakrish-
nan, and Tibshirani (2021) in the case N = n. Although the proof techniques are very
different, in both cases this condition is used to bound deviations of £f around its mean.

Remark 12. The proof of Theorem 11 relies heavily on the control of quantities of the
form H'CkaHLOO(u) Jk < [B/2], which we obtain by smooth local parametrisations of M.
Extensions to possibly non smooth compact Dirichlet spaces as in Coulhon et al. (2012)
might be possible but would require other arguments to control LF fo asssuming as in Coulhon
et al. (2012) a Besov Bfm smoothness on fo, which is a natural extension of our Hdélder
classes CP (M) for Dirichlet spaces.

To prove that fy can be well approximated by a function of the form f = Z}']L zju; for
some choice of truncation J,, we now show that e~** f; is close to py, (e ** f;), its L? (v)
projection onto span(uy,--- ,uy,). Since we are able to lower bound the eigenvalues of £
with high probability, thanks to the exponential factor e*~ this is actually straightforward.
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Theorem 13. Let 3 >0, fo € CP (M), hy, satisfying assumption 2 and J,, € {1,...,N}
satisfying Jp, > In®" N, k> d. Let fi : V — R be defined by

where k = [3/2] — 1. Then there exists ¢ > 0 such that with t = c)\jnl In N and &, (Jpn, hn)
the rate

Y N\ In N\ /2
En(Jn, hyn) = (lnN)W/ﬂ max <1, nh2> <h§ + 1g>1 <th> hn)

we have

1. If 0 < B <1 : there exists a constant C(5, fo,p) such that
HfO — Py, (e_tcft) HLOO(V) < C(,@, fO)én(Jnu hn)

2. If B> 1,pg € CFH(M),H >0 : for some constant C(H, S, po, fo, M, p)

Py (Hfﬂ —PJn (e_tﬁft)HLoo(y) > C(Hvﬂup(JvaaM)én(Jn’hn)) < N_H

The proof of Theorem 13 is given in Section 4.2.

Remark 14. As in Remark 12, extending Theorem 13 to more general spaces M such as
Dirichlet spaces is of interest and would require an alternative proof on the lower bound of
the eigenvalues of L (see Lemma 34).

Both theorem 11 & 13 are useful results in their own rights, and can be used to design
and study the convergence properties of frequentist estimators, as we have done in Theorem
d.

4. Main proofs

In this Section we present the proofs of Theorems 11 and 13. To control the approximation
of fo by e " f, we introduce a deterministic approximation of the operator £f. More
precisely, recall that

1
Ef:WZf(x)—f(y)-

Y~z

By analogy this leads us to the following definition :
Definition 15. For every f € C(M) and h > 0 we define

1
Tl 0) = R B o] o s )~ 1O P0Ia)

where Py (Bro (2, 1)) = [ o mnm Po)(dy)-

T}, acts as a second order nonlocal differential operator and is a deterministic approxi-
mation of the operator £ as shown in Lemma 17 below.
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4.1 Proof of theorem 11

By a Taylor expansion of t — e~ (with A > 0) we have

where the remainder is given by

1! d
Relt) = /0 ()41 et

Hence by (finite dimensional) functional calculus we find

_ 1t C dx
fo=e " fi+ k;'/ (et L) e fy—
X

Therefore, for all x € V, using He_tﬁHLm(V) =1, we bound
o=l < [, oter e nl,. 5 = [ oer a5
k+1 H
/ H £, H ds _ H Joll yo iy
_k‘ L) S (k+1)!

We now bound H(tﬁ)]CJrl fOHL " considering the three cases: f§ <1, 1< 8 <2 and
(v
8> 2.
e If B <1 then the result is trivial as

Z fo(z

Ty~

((tL) fo(x)| =1 S W folles e thi -

o If 1 < B <2 we have

1ELfoll ooy SEIL S0 = Th, foll ooy + LI Thn foll oo ()

Then lemma 16 implies

HThnfOHLOO(M) < C(ﬂaPO) HfOHcB(M) hELiQ

and Lemma 17 implies that for any H > 0 there exists My > 0 such that

In N\ /2
||£f0 _Th fOHLoo > M(]< N ) h;(l-‘y—d/?) < N—H

Hence, for some C(H, f3, fo,po) > 0
In N\ /2
Po (HhiﬁfoHLm(V) > C(H, B,po; fo) <<I;V> hl=d/2 4 h5>> <N,
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e When § > 2 we use an inductive argument. We have shown that for k = [5/2] -1 =0,
if feCh,

WAL || ey < ColH, B, for po, M)[ + Au(f)]

1/2 ’
where Py <|An( Al > Mo (%) hn> < N~ Assume that for all & < k, if f € CP
with 2k < 8/ < 2(k’ 4+ 1), then

|mery| ..., < CrHB.p0. fo MOBT + D)

1/2
where Py <|An,k/(f)| > My (}{;ﬁ) hn> < N—H. We prove that the same holds for

k. Let f € C? with 2k < 8 < 2(k 4+ 1). Since 8 > 2 by lemma 16 we find fi,..., fi
(that depend on hy,) such that for all I € {1,...,k}

k
T, f — > h200 p0

=1

1 filles—2ray S 1 lles s < Ci(po, M) || flleaan) hP=2

Loo(M)

Using HhiLH Lo () < 2 which holds since for any f € RV and = € V we have

(2L5) (@ 2 fll oo )
Lo

Zf

y"“$

Lt {y sy~ ay =2l

we get
k—i—l
|50 5],

=h2 (hi/;) (Th, fo+ Lfo— ThnfO)H

< hy (hiﬁ)kThnfoHLoo(u) +hy

L>(v)
(hiﬁ)k (Lfo— ThnfO)H

2| e2e) T o P NES = Th folleqn

k k
e |2y (z ROV T =S hi(l‘”fz)
=1 =1

L (v)

+ 2 [1£ fo = Thy, foll oo o)
L)

k

< W2 SR (0) A+ 2 Cur0 M) Fllesan B+ Ba o)
=1

Now,

|50 ], =2 0507 1],

S Ck—l(Ha ﬂ7p07 f07 M)[hﬁim + An,k—l(f)}
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so that for all f € CP

H(h/%ﬁ)k+1 fH h2 ch 1 fllcss po, M )h%(l_l)hg_zl

Le@)

+ Z Ck_l(”ch/LPO, M)An,k—l(fo)

=0
< C'(B, fo. po, M)[AE + Ay k()]

1/2
where Py <|Ank(f)\ > M, (ﬁﬁ) hn> < N for My large enough. This con-

cludes the inductive argument. Therefore

k1
| fo— 67t£ftHL°°(u) < C'(H, B, fo,po, M) <th> (W5 + Ak (fo)],

1/2
N -H
) hn> < N-H.

where Py <|An,k(f0)| > My (kfl

4.2 Proof of Theorem 13

We bound Hfo —DJ, ( Eft) HLN by showing that He L — DJ, (e*tﬁft) HLOO(V) is small,
using a lower bound on the elgenvalues )\;s given by lemma 34 : since h,, satisfies assumption

2, choosing h_ = h, in the definition of Ay, together with Lemma 34, we have that
—d
A§hn) > b3/ for all by In? N < j < to(hy) = bhﬁﬁ, so that since In" N < J with k > d,

—d
we have Ay = AJ") > by g2/ when J < bt = J,.
In' N
Moreover, because the )\;s are ordered we have

h—2
VI > Jny As = A = beb?

In N
Therefore
[fo—ps (6_t£ft)HLoo(u) <|[fo- e_wftHLoo(u) + Z <uj|6_t£ft>L2(u) U

=7 L ()
= Hfo - €7t£ftHLoo(y) + Ze (gl fe) L2(w)

=7 L)
<||fo _e_tcftHLOO +Ze A9 (ug] fo) L2(v )

i>J
<|Ifo - e_t'cftHLoo(l,) el 2y €D Il oo
i>J

By lemma 20 we have maxj<j<n HUjHLoo(V) < N and therefore
”fO —PJ (e_tﬁft) HLOO(V) S HfO - e_tﬁftHLoo(V) +N? HftHL?(V) e
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Moreover, since f; = Zf:o % tL)! fo and Hh%EHL(Loo(y)) < 2 we get

k
t
iy <€ () Wollsioo

which implies

£\ F
[ fo—p. (eitﬂft)HLoo(u) Sifo- eitcftHLoo(y) +N%e? (hz> e M.

Thus for any K > 0, choosing t = c)\jl In N for ¢ > 0 large enough yields

1fo =2 (7 f)ll ey S 1fo = 7 fill poegy + N5

Finally we bound H fo—e £ ftH Lo (v) using Theorem 11 which gives us for K > 0 large

enough and arbitrarily large H > 0

]P)O (Hfo —bJ (eitﬁft)H > C(H767f0)p07M)én) < NﬁH

/2] 1/2 -1 [8/21 1/2
t In N A7 InN In N
5= B J B
“= (i) (hn”ﬂﬂ (w) h“) . <h> (hn”f“ (%) ’“)
. 16/2] 1/2
(JQZ#) (hﬁ+nﬂ>1 (%) hn> if J < Jn
2
hn

1/ _
(In N)215/2] <h§ + 1o () ) it J > J,

which concludes the proof.

4.3 Lemmas 16 and 17

Below we present two Lemmas which control the terms A, (f) together with the behaviour
of Thf.

Lemma 16. Let apq, Co, hy the constants defined in Appendiz A and B. Then
1. If0o< B <2 h< %OM, f € CP (M) (with the additional assumption py €
COH (M) if 1 < B <2), then IThf Nl oo aty S N lleo hP=2

B 51 , O\* 0
2. If>2, felC’ (M), poeC’— (M), h<hy, then there exists (gh )l_l, g, €
CP=2L (M) such that

k
Thf _ Z h2(l—1)gl(j)
=1

S I lles hP=2
Loo(M)

l
ot S s

es-scn

Lemma 17. Let hy, > 0 satisfying assumption 2. Then
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o IffcCP(M),0< B <1 we have
1Ll poe ) S hy 2, 1 Th fll ooty S hy?
o If f €CY (M) then any H > 0 there exists My > 0 such that

1
Po (HEf = Thy f | Loy > Mo (%\i\]) 2 hn(1+d/2)> <NH

The proofs of both lemmas are provided in Sections C.1 and C.2 respectively.

4.4 Proof of Theorems 4 and 7

We now show how to extend the posterior contraction rates in terms of || f — fol|» obtained
in Theorems 3 and 6 to rates in terms of || f — fol/~-

As in van der Vaart and van Zanten (2011); Rosa, Borovitskiy, Terenin, and Rousseau
(2023) where a posterior contraction rate with respect to the empirical ||f — fo||, norm
is used to show a contraction rate with respect to the continuous L? norm, we will use a
concentration inequality : indeed, by exchangeability the variables (x;);"_; can be considered
as sampled uniformly without replacement from the full sample (:J:Z)f\; 1, and therefore the
quantity || f — fOHfL = LS (f(zi) — fo(zi)) is close to its mean 3; Zf\;1 (f(x;) — folzy)) =
If — foll3- We make this informal argument rigorous below.

We start by the non adaptive case, i.e the proof of theorem 4. Since h,, > (In N)® niThd
, it satisfies assumption 2, and since % < Jp, < %, 71 > 79 > 2d, Theorem 3 implies
that, for some C' > 0

T{If = folly > Cen(ns ha) X%, T ]~ 0

where €, (Jy; hy) is given by (5). Note that the choice of J,, implies that

_ 18/2]
[T, N —2/d1) N In N\ 2

Let

[8/21-1 l
fn =m0, (e—tnﬁftn) o fo = Z My tn = C)\;: InN,c > 0.

)
=0
Then Theorem 13 implies that for some ¢ > 0 and any H > 0, choosing C' large enough,

Po (Ilfo = follzm() < Cznlnshn)) = 1+ O(N 1),
Now if M > C, then on {[[fn = follpo () < Cen} = Vi,

H[Hf_fOHN > an(Jnahn”XnaJnahn] (8)
SH [Hf - anN > (M - C) 5n(<]na hn)|Xna Jna hn]
<H[[f = fall, > (C+ 1) en(Jn, ha) X", T, ) 9)
M-C
FI|IF = fully > OF =€) eulnatn) 2 gt I = fall Bt - 10
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Since

Hf - ann < Hf - fOHn + HfO - anLOO(u) < Hf - fOHn + Cen(Jnahn)7

we have on V,,
|| f = full,, > (C+ 1) en(Jn, hp) | X", T b ] ST f = Sfoll,, > €n(Jn, hn)|X™, Iy ] = opy (1),
Hence it remains to bound the second term of the right hand side of (8). For this notice

that a consequence of the proof of Theorem 37 (see Ghosal and van der Vaart, 2007) is that
there exists ¢/ > 0 such that

Po [Dn < e nenlnhn)*l = o(1), D, = /J D=l qTT (| T, B
Mdn

where £,,(f) is the log-likelihood at f. As a consequence,

M-C
o |11 = Al = TN = Sl |

So(l) + ec’na?L(Jn,hn)EO |:/
2

So(l)_’_ec/nsi(Jn,hn)EO/
fexdn

f)—tn
1 f=full,, LI~ Fall, <(CHD)en (D= B TL( f| Ty, i)

In 1f=fnll >3 CT1

Ly f— fully > A€ g, ()

where the last expectation is now only with respect to the distribution of x1.y. Notice

that by exchangeability of the z;’s, for any permutation 7 € Sy the set of permuta-

d
tions of {1,...,N} we have (a:z)fil (E) (337.(1-))2.1\;1 and therefore, writing Hf—fnﬂin =

LS (F@rw) — falzra)’s

E M(df) = E T(df).
O/fEEJ 15~ Fully> 25817, () O/fGEJ 1~ Fally> 25 11— fall,, )

Hence

E 1 (d
’ /fGEJn ”f_f"”N> C+1 ”f fn” ( f)

L fully > 2= g, L)

ILIIf—fn||N> i Hf—fnl\mn(df)

C+1
M-C
=E P n — fn 11 .
o f o, Brusi (I = ully > TG I = Fula ) 1)

Define for i = 1,...,N, Wy = (f(;) — fu(z:))? and W} = (f(zr0) — ful@ ) 1)), Then
given (asl)fi 1, (W], is a uniform sampling without replacement from (W;)Y i—,. Hoeffd-
ing’s lemma for random variables sampled without replacement from a finite population
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(see Hoeffding, 1963) then yields, for M =3C +2 > C

M-C
Prossy (I = Sl > i I = )

sn |l f - full% )
<ex — .
=° p( 20f = falZo)

Using theorem 36 yields, on V,, N Ay (which is an event of probability tending to 1), with

—d/2

he = hy and if by < Jp, < bs— 2 (where to = 64h2 In (2c_ Nhd))

2
viexh, M f;L“N > e taz by 7P In B2 N,

—d —d
Note that since by assumption lnhT%N < J, < lnhfan, T1 > 79 > 2d, then by < J, <
42 )
%m. All in all we get

—Jn Xnv ny 'tn
> BT = Full 2

3nllf — full%
. B II(d
e f ( 27 - fnlr%oo<u>> | f)]

exp ( Sndy >H(df)

2eagbg/2 In34/2 N

Eo [H @\f—fﬂw (M~ C)ey > M€

< of1) + e/HR U,

< 0(1) +ec/na%(Jn,hn)E0/
Fesin

3nJ; !
=0(1) + exp | nel(Jn, hn) — = .
( 2eagbg/2 In34/2 N

Moreover
ng 1n73d/2 N > hz lnT273d/2 N

and by definition of &, (Jp, h,) we have

2
TL?hTL <

72/d 2[6/21 —d 1—7
Jnln N <Jn In N ) p2t < It TN sy atsen )

1
But since by assumption h,, > (In N)*n~ 27+d for some s € R and 8 > d/2, this actually
implies nJ; 1 In"3%2 N >> ne2(J,, hy,), which concludes the proof.
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The proof of the adaptive case, i.e of theorem 7, is fairly similar. Again, we use Theorem
6, so that there exists C' > 0

Eo (TL{I[f = foll,, > Cen|X"]) = o(1).

(27+d)[8/2|-B(r+28/d)
where ¢, = n=#/(2f+d)(In N 25+d

Moreover, since by assumption on II; for any .J,,, k we have I1[.J > kJ,,] < e%2%/n the
remaining mass Theorem (see Ghosal and van der Vaart, 2017, chap. 8) together with our
prior thickness result 38 yields, for some k£ > 0

[T > k| X" 250

n—oQ

for J,, = ne2.
Therefore, a similar proof as in the non adaptive case above leads to the upper bound:
on V, N Ap,

I{|[f = folly > Men|X"]

2
<opy(1) + e nennhn) § Eo/ exp (- Snlf = Jully )dn(f\F)HJ(J)
fexd

2
J<kJn 2Hf_anL°°(1/)

. : —d
for some ¢ > 0. Moreover, since by construction II—almost surely we have J < I}TLTN,
n

T > 2d, we can still apply theorem 36 to get on V,, N Ay,

I = folly > Men|X"]

/ 3nJ_1
< opy (1) + €5 > Eo/ exp | — a2 3 < | AN (T)
J<kJn fex’ 2€a3b6 In / N

-1
o+ E Y e ( i )

2easbi!/? 32 N

J<kJn
3nJ !
< opy(1) + Jpexp | ne? — L
’ " " 2easbd? 32 N
3
= op, (1) +exp | ne? — 7“5;2 In—34/2 N
2eka3zbg

Given the expression of €, and since § > d/2, the right hand side is op, (1), which concludes
the proof of the adaptive case.
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Appendix A. Regularity assumption on the manifold and definition of
the Holder spaces

In this section we give details on the regularity of the submanifold M and the definition of
the Holder spaces. It is usually assumed in Riemannian geometry that the manifolds are
C*°—smooth but here our results also apply for manifolds with finite Holder regularity if
the latter is large enough, hence we precise our notations and recall some general facts. We
assume that M to be a d—dimensional C* compact and connected submanifold of R” in
the following sense : we can find a family (¢;,U;);c; such that (U;),; is an open cover of M
(that is, each U; is an open set of M and M = U;c1ld;), @i : cpi_l U;) cR* = U c M C RP
is injective, of class C%, ~« > 1 and its differential dy; : R* — RP is everywhere injective
(hence ; is a C* immersion). Since M is compact we can assume without loss of generality
that I is finite, but the regularity results below stay true in the general case, at least locally.

The geodesics on the submanifold are defined as the curves v(t) on M satisfying the
geodesics equation : in local coordinates y = ¢~1(7) (we drop the subscript i for conve-
nience) it takes the form

Ve=1,...,d, " +F yy =0

where the Christoffel symbols are defined by

1
T = 3 9" (9igi + Diga — O19:5)

Here both the metric tensor g, its inverse (gkl) and the Christoffel symbols depend on
d

the point v(t) = p(y(t)). Moreover, with (87; = g—f) ) the coordinates vector fields and
k2 Z:

p= (@l)lDzl, the metric tensor is given by the Gram matrix

D T
() = (D19, — o9 07901 -1 _ (9 Oy -1
WM ylp) = =3 g g o0 = (7)) (57) (0
and at p = y(t)
D

d(gijop 9 ka‘P
g = 222 ) [82 S| W)

Hence for each i, 7, k, Ffj is a C*2 Hoélder function of y(t). Therefore by standard ODE
theory, if @ > 3 existence and uniqueness of geodesics ¢t +— 7;,(t) defined on maximal
intervals and such that ¢(y(0)) = 72.,(0) = =z, ‘Z‘Z (¢ (x))9(0) =, ,(0) = v for arbitrary
reM, wveT,M is guaranteed. Moreover the flow (z,v,t) — (Y, (t),7,,(t)) is of class
C*~2, in the sense that

. !
(Y0, 90,t) — <'7<p(y0) #(yo)yo (t)77¢(y0)7%:(y0)y0 (ﬂ)

is of class C*~2 on its domain. In particular the exponential map defined as exp, (v) = 7z.,(1)
for all ||v]l;, v < 7% (the injectivity radius of M at z) is in this sense of class C*2 on its
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domain, as seen as a function with values in R”. Since M is compact it has a positive
global injectivity radius ra := infgcaq 7> and therefore for any x € M the exponential
map exp,, is well defined from Bz, ¢ (0,70¢) to M and is a diffeomorphism onto its image.
Moreover, by compactness of M the Hopf-Rinow theorem implies that for each z € M the
exponential map exp, is actually defined on the whole of T, M (while obviously no longer
being guaranteed to be injective). Hence by the above, for any i € I the following map

;P (U) xRY — RP
(0, %0) = eXPy, (yo) ( %ﬁi (yo)y'o)

is of class C*2.

Finally let us define the different Holder spaces over M used in the paper. Let (x:);c;
be a partition of the unity subordinated to the open cover (i4;), ;. We say that f: M — R
is of class C® (B-Hélder) on M if fog; : ;' (U;) — R is of class C# for any i € I. For
a finite dimensional vector space V we say that f : M — V is of class C# (5-Holder) on
Mif Tofowi: o (U) — Ris of class C? for any i € I and linear form T € V*.
Equivalently the coordinates of f in any choice of basis of V are all of class C®. We also
define C*® (M) = Ng>oC? (M). Furthermore we define the C# norm of f by 1fllesamy =

max;er || (xif) o 90;1Hcﬂ(ui)' The definition of the Holder space C? (M, V) can be seen to

be independent of the chosen family (y;,U;, X;);c; as long as a > 3V 1, with equivalence of
the resulting Hélder norms.

Recall that we can always define regular local orthonormal frames on T'M : on U; simply
apply the Gram-Schmidt orthonormalization algorithm to the coordinates vector fields x —
g—i, which gives a family (e >i€I,j=1,‘..,d
local coordinates are rational functions of the components of the coordinates vector fields
g‘;’:. As i ot (U) C RY s Uy € RP is €271, the maps: 2 € ;' (Us) € R? = el(2) €

U; C RP are all C*~1. Moreover by construction the function w ~— v;(x,w) := > wiel (x) is

J

f of orthonormal vector fields whose components in

a linear isometry from € R? to T, M for each x € U; where R? is equipped with its standard
Fuclidean structure and 7, M its inner product induced by the metric.
In particular if « —2 > SV 1 <= a > (8+2) V3 then any f € C? (M) satisfies

E;}; Hf 0 exp,, (wz(ﬂ?, '))”C'B(BRd(Oﬂ"M)) = ISSLIZ Z (Xjf) 0 exp, (¢z<$, ))
J CA(Bga(0,rM))

<3 sup 106G £) 0 expy (i Nl (5,4 0.000)

— xel;

=3 s () o (5o expa (e )
J

—~ el ”cﬂ(BRd(o,rM))

S max (G F) @ eillesy 2 sup 07" o exps (il ) S flesagy
jore

‘CB(BRd(o,w),w;l(ui))

the last step using resulting from the compactness of M, finiteness of I and the fact that
a — 2 > (5. We will use this property in our approximation results.
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We recall that we assume o > (3 + 3) V 6. This is for technical reasons that will appear
later in the proofs.

We finish this section by showing a differential geometry lemma that will be useful for
the proofs of the results in section 3 : very roughly speaking, this lemma states that for small
h we can find a function t = ty(z,v) of x € M, v € T, M such that |lexp,(thv) — z|gp = h,
and that moreover this function can be written as t;, = 1+ h?s;, where s, is Holder regular
and has bounded derivatives of order less than a— 5, even when £ is close to 0. First, recall
that the radius of curvature (see Bernstein et al.) axq of M is positive by compactness of

M.

Lemma 18. There exists 1, > 0 such that for each x € M, v € T,M, || =1
the function r — |exp,(rv) — x| is increasing on [0,7' ] and satisfies |lexp,(rv) — z||? >
2
T, rel0, 7]

As a consequence for any h € [0, "] there is a unique t = ty(z,v) € [0, h1r)] satisfy-

ing ||lexp, (thv) — x|| = h. Moreover ty, (x,v) € [1,1 + wh | and there exists hy > 0 such

19243,
that
Ot (eily),v) — 1)
max su < +00
keNd [k|<a—5 e dyk < h?
yep; ' (Us)
O<h<h’+

HUHTW(y)M:l
Proof We have for r < rpy,
0
D exp, () ~ 2l
=2 (dexp,(rv)v|exp,(rv) — T)gp
=2 (v + dexp,(rv)v — v|rv + exp, (rv) — & — rV)Ro
=2 (v|rv)gp + 2 (dexp, (rv)v — v|rv)pp + 2 (exp,(rv) — z — rv|v)gp
+ 2 (dexp, (rv)v — v| exp,(rv) — & — rv)gp
=2r+ 0 (7‘2)
where the last equality uses
exp, (1v) — z — rv = rdexp,(0)v — rv + O(r?) = O(r?),
dexp,(rv)v — v = dexp,(0)v — v + O(r?) = O(r?).
By compactness of M and since (x,v) > exp,(v) € C*~3,a > 3 this implies that

2
&5 llexp, (rv) — |z — 27
5 < 400,

sup
0<r<ram r

X
ol p=1

In particular there exists r = 7\, > 0 such that for any r € [0,r,,] we have

VeeM, YweTM, |v|p=1, or

,
Jexpy (o) — 2l > 2.
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As a consequence, the function r — |jexp, (rv) — z||zp is increasing on [0,77,,] and so is
7+ |lexp, (rv) — z||gp. Moreover by integrating we get

7,2

Ve [0, lexp, () - aldo > .
. T _ / 2 (2h)* 42

so that, if h € [0,-4*], then » = 2h € [0,7),] and |lexp,(rv) — z||gp > == = h°. By
continuity and strict monotonicity there exists a unique r = rp(z,v) € [0,2h] solution of
lexp, (rv) — z|| = h on [0,r,]. Defining ¢4(z,v) = h™'ry(z,v) gives the first part of the
statement.

Leti €I, x€lU, wecRY |w|=1and consider the Taylor expansion (justified
since a > 5 and exp € C*~?)

exp, (thy;(xz,w))

212 t o o)\2
=z + thy;(z,w) + %CF exp, (0).4;(z,w) + h3 / (tzs)d3 exp, (shab; (z,w) )i (z, w)3ds.
0

Changing of variables with y € ;" (U;), = = ¢;(y), we then have

F(y,t)
i=h"? |lexp, (thi;(z,w)) — =[] — 1
2
=h2 thii(z,w) + t22th2 exp,(0).Y;(z,w) + h3 /t (75_25)2d3 expx(sh@bi(x,w))wi(az,w)3d8
0

2
—1

t
= Htwi(aj,w) + tzhd2 exp,(0).¢;(z,w) + h2/ (75_28)2(13 expz(sh@bi(x,w))m(m,w)gds
0

Therefore we have

where, with

A= twi(x7w)7 B = t;dZ epr(O)'wi(wvw)7 C= /t (t_;)ng eXpa:(Shwi(x7w))wi(x7w)3d8
0

we have defined
G(y.t) = Ginw(y,t) = 2071 (A|B) + 2 (A|C) + || B||* + 21 (B|C) + h*||C||?

Moreover, since ||t (z,w)||* = ¢ and d? exp,(0).1;(z,w) € NyM (as the second derivative
at time 0 of the geodesic t — exp,, (t¥;(z,w))) this implies (A|B) = 0 and therefore

G(y.t) = 2{A|C) + ||B|* +2n (B|C) + h* ||C|

Furthermore since the exponential map is of class C*~2 we see that G is of class C*~° and
that
kg

78y\k|8tl < +00.

M = malx sup
- U
(k7l)Z€Nd+1 yEgoi 1(1’{;)
K[ +1<a—5 1§t§1/+§
0<h<ri /2
flwll=1
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Differentiating yields

oy ay ot ot
Also, notice that 1 < tp(z,v) < 1+ =% 050 2 A%+ indeed, without loss of generality ', < 7a

and therefore if h < 7y (/2 then for t = th(x v) € [0,2] we have th = p (x,exp,(thi;(v))) <
vy < map and

OF _,20G OF _,  »00

2t = 2 pl, exp, (tha(,0))) < llexp, (tha(a,0)) — 2] = b < pli, exp, (o, ) = th

s

= 1 <tp(z,v) < g

Reusing this gives

(th)’

th — 5
24aM

p (ZL‘, expm(thd]’i(x? w)))3

=p (z,exp, (thii(z,w))) —

24@3\4
<|lexp, (thii(z,w)) — ||
=h < p(z,exp, (thi(z,w)))
=th,
which implies
372 7r3h2
1<t <1 T00.2 °
n(@,v) <1+ oo z 19242,

In particular, using o > 6

9L (0 M (y), thle; M (y),v)) — 2th(e; ' (y), V)|
sup 5
iel h
yep; L (Us)
0<h<ry (/2
-1
HUHwal(y)M
B sup oG
icl ot
yep; L (Us)
0<h<r)y (/2

llvll =1
T 1,™M

P Yy

(v tn(; (1), v))

<M < 40
Since 2t (x,v) > 2, there ex1sts 0 < hy <7r'y,/2 such that for any i € I, h < hy, =z¢€
U, |vllpag = 1 we have 2 or 7& 0. Hence the implicit function theorem implies that

y > tn(pi(y),v) is smooth on ;! (I4;) with differential given by

oF h2 oG

? oy a ‘
Ztn(piy),v) = - = — cLELR
3 n(wi(y), v) or 2t (i(y), v) + 2% ( )
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To conclude notice first that since tj(z,v) € [1,1 + 13;222 | we have, setting sp(z,v) =
tp(z,0)—1 M
h2
3
sup  |sp(z,v)] < —
v 19242,
0<h<r!y /2
||U||Tm/v1:1

Moreover for the derivatives we get, for any y € ¢, ! (U;)

9 B 29
—sp(pily),v) = h 2 —tn(wi(y),v) = —h 2 8
gy (P10 0) = 5t (pily) v) 2n(r(y)0) 1 W20
el el
oy dy

T otn(i(y).v) + h22C 24 9h2s,(pily), v) + h20C

Hence for any y € ;' (U;), \|U||:,1M(y)/\/1 =1, O0<h<h' =hyAM?

oG
5 |56
vi<j<d \shm(y),v)\: s < <M
dyj |2t (i(y), v) + h2%Z| — 2= h2M

In the same way by induction we can prove that

O (i), v)
max sup —Sh(¥i v)| < 400
a€Nd Ja|<a—5 iel oy~ P
yep; H(Us)
0<h<h/+

v =1
Iollr, )2

Remark 19. We have stated our lemma with r'y, such that |lexp,(rv) — z||? > % for any
r € [0,7], but more generally for any c € (0,1) we could have found vy, . > 0 such that

7 € (0,7, ] implies |lexp,(rv) — z||? > 2.

Appendix B. Geometrical and analytical properties of the random graph

In this section we prove/recall useful facts on the graph coming from geometrical properties
of the manifold.
We start by a simple but useful property satisfied by the graph Laplacian eigenvectors :

Proposition 20. For any h >0, j€{l,...,N} we have ”ujHLOO(u) < N.

Proof For all z € V we have v, = 5 Hz > =, which implies

1 1 2 1
Vx € V,Uj(x)Q < — Z Uj(y)QVy = ||uj||L2(V) =
Vg o Vg Vg

Yy

< N?
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As we will see below, we actually have v, =< N~! on a high probability event, so that
the result of proposition 20 could actually be improved to maxi<j<n [t 0o () S VN, but
this would not improve the final rates anyway.

In the next subsections we will be discussing various properties of the random geometric
graph, namely volume regularity, on diagonal heat kernel bounds, Weyl type upper and
lower bounds on the graph Laplacian eigenvalues and finally a norm comparison theorem.
These properties will be used in the proof of Theorems 3,4.6 & 7. More precisely, the proof
of the Kullback-Leibler prior mass condition (Lemma 38, which is then subsequently used in
the proof of Theorems 3 & 6) uses a lower bound on the eigenvalues of the graph Laplacian
L) for a determined h,, (the one appearing in the statements of Theorems 3 & 6). To
prove contraction rates with respect to || - ||y (Theorems 4 & 7), we combine the results for
|| || together with Lemma 36, which states an inequality of the form : with Py—probability
going to 1

Vho <h<hy, Jo<J<Jh™%  fespan{ur,...,us}, |[fllzew) S \/j||f||L2(u)

(11)
for some constants hg, Jo, J1 > 0, up to logarithmic factors, as long as h_ satisfies assump-
tion 2. To prove theorem 7 (adaptive posterior contraction rates with respect to || - ||x) we
use inequality 11 for any A in the support of the posterior distribution. Thus in this section
we analyse the properties of the random graph associated to the connectivity parameter h
for h belonging to [h_, hg]. Note that these properties will also be used in the proof of the
other results but for a specific value h,, in [h_, ho].

B.1 Volume regularity

In this subsection we establish a volume regularity property for the random geometric graph
: roughly speaking, with high probability, for every suitable r, h and geodesic ball of radius
r we have v") (B) < r?. To start with notice that since M is compact it has a positive
radius of curvature apq and in particular by lemma 3 in Bernstein, de Silva, Langford, and
Tenenbaum for any z,y € M with p(z,y) < war we find

2 p(e,y) < 2amsin () 2rand) < 1~ yll < pley) (12)

3
and, using sin (p/2apr() > 27“5/\4 - % (2(5\4) ,
pla,y)®

< Hx yH < p(:C y)
2 ’
24CLM

p(ﬂj, y) -
Moreover the set M?2\ {(x, y) € M? : p(z,y) < 7raM} is compact with respect to the topol-
ogy inherited from the Euclidean distance or equivalently the geodesic distance. Hence
the function (z,y) — 22Y) i hounded on M2\ {(z,y) € M? : p(x,y) < Tar} by some

lz—yll
constant Cy, while it satisfies ﬂ)oEI—Z\)\ < § when p(z,y) < mar. Combining the two cases
and assuming without loss of generality Cy > 5 we find the existence of Cy > 0 such that

|z —yll < p(z,y) < Collz —yl| on M.
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Theorem 21. Let h_ satisfy Assumption 2, i.e. Nh% >>1In N, and Ay be the event
M(?")
Ay = {\ﬁ =1,...,N,Yh_ <r < diam, (M) /Cy,c_1% < % < c+rd} ,

where M(XTB = w(B(Xi,r)). Then, for some c_,cy,c > 0 we have P(An) > 1 — emeNhL
Moreover, on Ayx we have % < Vl(/h) < % for any h— < h < diam, (M) andy € V.

A consequence of Theorem 21 is that on Ay for all ¥ > h_, v (B(X;,7)) > r?c? /ey
for all s < N.
Proof Using
Vo e M,r>0,B,(x,r) C Bgp (x,7) C B, (x,Cor) ,

Theorem 3.8 in Gobel and Blanchard (2020) implies that for some b_,b,,¢ > 0, for all h_ <
r < diam, (M) /Cy, diam, (M) := maxy yerm p(z,y), i=1,...,N, with probability at
least 1 — e N2

,U,(T) -1

bort < J)\;i_ . < b+7‘d.

. he . . . .
Using ]1\;—1\} — oo and a union bound we find that the last inequality holds simultaneously

foralli e {1,..., N} with probability at least 1 — =ML for some ¢ > 0. To make the result
diam (M)

uniform in 7, define r, = 28h_, ky = |[—p5—| < ciyIn N (without loss of generality

for small cpq, because h_ >> (%) 1/d). Using a union bound we find that with probability
1—(ky + 1)6_CMNh(i >1 —c]jlnNe_CNhi, foreveryi=1,...,Nand k=0,...,ky + 1,

b_r,ﬁfgﬂj)\(;_l < byrd
But then, forevery k = 0,...,ky+1, 7 <r <rgy;andi € {1,..., N} we have (assuming
N >2)
N—1u§2—1<u§2:i u(xrf—lb
N N-1 - N N N-1 N
N—1u(§f)—1<u§2 <i+u(§f“)—1N—1
2 N—-1 — N ™N N -1
- ib_rZH = %b_rg < 'u]%’) S% + b+7’g+1 = % + 2b, 7
= ib_rdg ”]%/f) <h? 20,77 = ib_rdg ”;/,X) < (204 + 1) 7%
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d
Therefore, using again % — 0o with probability 1 — e~

h_ <r <diam, (M),

d .
eNPZ “for every i = 1,..., N and

1 e
Zb_rd < % < (2by +3) 74,

which proves the first statement with ¢_ = %b_, c+ = 2by 4+ 3. The second statement is an
immediate consequence of the first one. Indeed, using again

VeeM, r>0, B,(x,r)C Bgp (x,7) C B, (x,Cor)

we get for any y € V and h_ < h < diam, (M) /Cy,,

h

c_ /ey _ c_Nrd < ué) cyNrd _ cy /e

N cy N2pd — Y e ,ugch) ~ c_N2rd N
x

In what follows we take hg < diam, (M), 1o < diam, (M) /Cy (that we will actually
reduce along the proof) and we fix h_ satisfying assumption 2 in order to work on the
corresponding Ay.

B.2 Heat kernel bounds

The goal of this section is to show the following result : we consider Ay and h_ as defined
in Theorem 21.

Theorem 22. There exist constants ag,ai,az,as, hg > 0 (that also depend on M, pgy) such

that, on Ay, for all h— < h < hg and to(h) := agh*In (Nh?) <t < N

—d/2
In¢ N
This result is a very weak form (it is often called an ”"on diagonal” upper bound) of
the heat kernel bound used in Castillo, Kerkyacharian, and Picard (2014); Coulhon, Kerky-
acharian, and Petrushev (2012) over continuous spaces, but fortunately will be enough for
our purposes. It is potentially possible to apply further techniques in Barlow (2017) and
get full off diagonal bounds (i.e, bounds on pgh) (z,y),z # y) yielding a Gaussian type be-
haviour of the heat kernel, but we won’t need this. It should be noted that the restriction
t 2 h? (up to a logarithmic factor) for the heat kernel bound to be valid substantially
complicates the analysis of the situation. Indeed, if instead we could prove the bound for
every 0 < t < %' then we could conduct our analysis by combining the techniques from
Coulhon and Sikora (2008); Coulhon, Kerkyacharian, and Petrushev (2012), our approxi-
mation results and the proof strategy of Castillo, Kerkyacharian, and Picard (2014). Since
we require t > h?In (N hd) with h not arbitrarily small (otherwise our approximation results
1113 become vacuous) this is not possible and we have to prove things differently.
As in section 2, we emphasize the dependence of the graph (and in particular the graph
Laplacian, the heat kernel and its eigendecomposition) with respect to h with a (h) expo-
nent. While the notation become heavier, this is important to keep in mind as theorem 22

Ve eV, ao < pgh) (xz,2) < ast =42
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deals with a high probability control of the heat kernels associated with different values of
h simultaneously.

B.2.1 ON DIAGONAL UPPER BOUND UP TO t;

Lemma 23. With An,c_,cq the event and constant defined in Theorem 21 we have, on

An

Vho < h < diam, (M), t>16h7In (2 NAT), aye V. p(ey) <25Eh7

Proof Recall that forallz € V, t >0, Vypgh) (x,y) = ) (W: =y). On the event Ay

C

N for any h_ < h < hg, which implies

we have V?(Jh) > -

C C
vo,y eV, piM(z,y) < NP (Wi =y) = END P (Nype = 1) P (Yi =)
N >0

where the last equality uses the independence of N and Y. Moreover, using Lemma 5.13
(e) from Barlow (2017) we find

Vpz2 P(N,<L)<P(IN,—pl25) <2670

which implies for any x,y € V,

C
Pt (@,y) SSENBD (W = )

<& N { get/16m? P (N, = 1) PO (V) = y
/ T

C_

I>t/2h2
<“N {26‘“ 160% 4 sup PO (v = y)}
C— >1

For each | > 1 we have P;h) Y=y = E;h) [P;h) (Y, = y\Y},l)}, and given Y;_; the prob-
ability of going from Y;_; to Y; = y is by definition 0 (if Y;_; and y are not neighbours)
or % (if Y;—1 and y are neighbours). In either case on Ay we have ,ug;h) > ¢_ Nh® which
imgﬁes

(h) C+ —t/16h? 1
Vz,yeV, p (xay)gz {26 / +c]\7hd}

All in all on Ay we get

Vh_ <h<hy, t>16h’In (20_th> , xT,y€V, pgh)(ac,y) < 2z—+h_d.
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The goal is now, roughly speaking, to refine the inequality pgh) () < h~to pgh) (x,y) <
/2 (up to a logarithmic factor) by using the approach of Barlow (2017). This requires a
local Poincare inequality, i.e an inequality of the form:

VeeV, refr_,ry], B=B,(z,r), f:B—=R,

Syen f @)

2 W) —fe)w? <O 3 (f@)=fw)’, where fp = =550

yeEB z,y€B,y~x

where the constants r_, r4, C need to be controlled. Gébel and Blanchard (2020) provide a
way to prove such an inequality using the construction of random Hamming paths, however
we give below a detailed application of their results to our setting in order to control the
dependence of the constant C of the inequality in the parameters N, h.

Theorem 24. Poincare inequality
Let AQ\, = {G(h*) 18 connected}. Then there exist constants

ro=19(M), ho=ho(M), C=C(M)>0

such that on Ay, for anyx €V, 0<r <rg, h_<h<hyand f:B=DB,(x,r) =R,
on Ay N Al we have

2
S (@)~ f) P < S (1) - )

yeB zeB,yeB,y~x

where fg =3 cp f(y)uggh)/u(h) (B). Moreover, Py (Any N AYy) > 1—e= N for some ¢ > 0.

Proof Let h- > 0 and Ay, A)y defined accordingly. The event Ay N Ay satisfies

Po(AvNAy) >1— e~NPL for some ¢ > 0, see remark 25 below. For any h > h_, =z €
V, B = B,(z,r), Corollary 5.6 in Gobel and Blanchard (2020) shows that

Vi:B—oR, Y (fly) - fe)v) <ipr® Y (f2) - f)?

yeB z€B,yeBy~x

where

(h) (/)2
_ max.epv'M(y) = 2
KB = o (h) (B) lmax <FB) bmax (FB)
and lpax (f‘ B) , brax (f‘B) are quantities defined in Gobel and Blanchard (2020). Notice

that Gobel and Blanchard (2020) requires connectedness of the subgraph restricted to B.
This is shown in remark 25 below.

By following the proof of Corollary 5.13 in G&bel and Blanchard (2020) we find the
existence of C = C'(M,po), ro=r19(M), ho= ho(M) > 0 such that on Ay, for any
0<r<ry, xz€V, B=DB,(xr)

b (') < O™ b () < O (D)
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(in Gobel and Blanchard (2020) the result is proved with high probability over a single ball,
but an inspection of the proof shows that the only thing needed is a control of the number
of points in the balls on the graph for different values of r and h, which is precisely what
Ap is for as shown in lemma 21, hence the uniformity). This shows the desired inequality

2
S 0w - < S (1) - 1)
yeB zEB,yeB,x~y

Remark 25. We show the following simple result : if h_ satisfies assumption 2 then the
probability that the resulting random geometric graph G"=) is connected (i.e the probability
of the event Al\) converges to 1. In particular, by monotonicity the probability that all
random geometric graphs with connectivity parameter h > h_ are connected converges to 1
as well.

Indeed, since M is connected, consider {y1,...,yp} an h/8—net of M with respect to
the Euclidean distance ||-||. By standard arguments and compactness of M we can assume
that p = O(h=%). Then the event

A;L = {Vla Jdiy, ||yl - 1’1;” < h/8}

satisfies

P ((A;’L)C) Sp <1 — Chd)N =0 (hlde_csthd) < e_C/th

for some ¢ > 0 by assumption 2. Here c > 0 is small enough such that [ b () po(x)u(dr) >
R b

ch? for all x € M (c exists since pg > Pmin > 0).

Moreover by connectedness of M (which implies path connectedness since M is a sub-
manifold of RP) for each i,j € {1,..., N} there exists a continuous path c : [0,1] — M
with ¢(0) = x;,¢(1) = xj. Hence for each t € [0,1] there exists I(t) € {1,...,p} such that
Hc(t) — yl(t)H < h/8, and therefore on Aj, for each t € [0,1] there ewists iy = i)y such that

< h/4

le(®) = iell < [le®) = o | + sy = i

By continuity of c, this implies the existence of K > 1 and 1 < i < N fork=1,...,K
such that ||z, — ziy,, || < /2 for any 1 < k < K and such that ¢(0) = x; ~ z;;, ¢(1) =
x; = Xiy. Therefore the path x;,x;,, ..., %y ,,x; connects x; and x; in the graph which
implies connectedness on the event Al .

Notice that this is a very basic and coarse result about connectivity and more generally
connected components of random geometric graphs. More details and results can be found
in Penrose (2003).

With the Poincare inequality 24 we can now apply the proof strategy of Barlow (2017).
We first prove an upper bound of the form

vry eV, p"(z,y) St
for t > h?In (Nh?) (up to a logarithmic factor) but less than a random time t; = t1(, h)

that we shall lower bound adequately later.
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Lemma 26. There exists ho = hojppy: K = Kampo, K = Kj\/l,po > 0 such that, on
Ay, for every h_ < h < hg, xzg €V, with the random times

t1(x, h) = inf {t >0: p;’z)(w,:r) < K’}

and
ti(h) = mint;(x,h),

zeV
we have, with to(h) = 64h?In (2c_Nh?),
(h) —d/2
Vho < h<hy, telto(h),2t1(h)], z,yeV, p '(r,y) <Kt~

Proof First consider the case z = y. Take zp € V and let ¢(t) = pé?)(aso,azo) =

Soey Fil@)?W, fu(x) = p (wo,2). Then since vy Ly = v Lay, Lfe = —Lfi we

have

—¢'(t) = 2{fil Lfe) 12 = hg Z fi(z y))? > - Nth+2 > (fi@) = fiy)?,
Ty

where we have used theorem 21 to bound u(V) < ¢y N2h?. This proves that ¢ is non-
increasing. Taking a covering of V' by balls B; = B, (x;,r), h_ <r < dzamp( )/Co
given by lemma 27 below, since each z; belongs to at most M = 3% (¢ /c_)? of the balls we
have

_¢/(t) 2 N2hd+22 ft ft( )) cy MNZhdJrQZ Z ft )) :

] i z~yeEB;

On Ay, if ho <r <rg, ho <h < hy and using Theorem 24 in each of the balls we find

MCc+ Z Z filx ft|Bi)2V§h).

i x€DB;

( )
Defining V(h,) = B the normalised restriction of (™ to Bjand Var (X) = EX?—(EX 2
B, = (B

i)
we get

Mcc ZZ fi(@) = fyp,)" v

i r€EB;
MCc Z " )Z (felz) - ft|B) VB)( )
* z€EB;
2
2
=aice B 4 3 @@ — [ Y Ay @)
+ z€B; 2EB,;

2

MCC+ Z Z ft Vg ( z) Z ft(x)ug?(x)

i TrEDB; r€EB;
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But the balls form a covering of V', therefore

7,—2
0> a3 2 e = 3o (B | 2 ) @)

zeV z€eDB;

We have
> ful@)? i = ¢(t)

zeV
and, still on Ay

2

2
> v (By) ( > filwgg) @) | =30vW BT X Sl

z‘jEBi -TjEBi

) 2
i ) < (25 et

where h < r <19, h_ < h < hg and we have used Theorem 21 to bound v» (B;) >

r?c? /e, . Hence
—2 2
, r cy M= _,
_ > _
o) 2 36, {(M z }

~1/d
as long as ho <r <rg, h_o < h<hy Letr=r(t) = (%) , K =2c, M?/c% v
2¢4 /c—. Define ti(x, h) the random time

tr(a,h) = inf {t > 0:r(t) > ro} = inf {t >0 ¢(t) < Krgd} . ti(h) = inft, (2, h);
now, using Lemma 23 and since K > 2¢4 /c—

2
V> to(h)/2, @(t) < ~th < Kh? < KhZ,
C

which in turns implies that r(¢) > h_. Moreover by definition of ¢;(h) we have
Vi <ty, ¢(t)>Krg? sothat r(t) <ro.
Therefore h_ < r(t) < ro whenever to(h)/2 <t < t;1(h).

Then on An we obtain

2/d
el (0], ~o) > PO Son = ey
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Integrating yields, for any ¢1(h) >t > to(h)/2

¢ > (t—to(h))2) > ——
[2¢ Lom)/z T 2MCK?/c (= tolf2) = AMCE?/c}

which implies in particular

t t
9)~2/d 4 >
( ( )/ ) 4MCK2/dC?~_ = 4MCK2/dca_

l\')\&

d, \_2/d
SO0 2

i.e ik
vt € [to(h)/2, 1 (R)],  (t) < (W)

To conclude we apply Cauchy-Schwarz inequality to find

N
vmv Y € V7 pt(x7 y) Z e_t)\j u] (.%')’U,] ([B)
7=1

2 sy 1/2

N
< Z et uj(x)2 Z et Uj(y)2
=1 j=1
pi(z, 2)pe(y, y)
<maxp(z, )
eV

Lemma 27. For all h_ < h < hg, h <r < ry, on Ay there exists a covering of V by
balls B, (x;,7) such that the balls B, (x;,7/2) are disjoints and each x; belongs to at most
3% (cy /e )? balls B, (xj,7).

Proof Take a maximal packing (B, (x;,7/2)). Then the balls B, (x;,7/2) cover V : indeed,
if there exists x; € V such that p(x;,x;) > r for all i, then this contradicts the maximal
packing property by considering the ball B, (x;,7/2). Moreover if y € V belong to M of
the balls B, (z;,7) (and we may assume without loss of generality that these balls are those

correspondlng toi=1,...,M), using theorem 21 we have
Mc? M
c+]\; (r/2)* ngiiny( (xi,7/2)) ; o (24,7/2)) —1/(HB $Z,7"/2)>
M 02
<v <|_| B, (y,3/27“)> =v (B, (y,3/2r)) < - ?v (3/2r)%,
i=1 -
which implies the result. |

39



RosAa AND ROUSSEAU

B.2.2 ESCAPE FROM THE ORIGIN FOR THE MARKOV PROCESS W;

In this section we find an upper bound on the quantities m(¢,z) = EY [p(z,Wy)]. Let
att.2) = B [np(@, )| = = Zyer " (@, ) mp" (@, )] as well as M(s,z) =
m(sto,z)/Vto, Q(s,z)=q(sto,x), to(h)=64h*In (2c_Nh?).

Lemma 28. Forallx €V,

1.

Lm'(t,:z)27 and Vs >1, Q'(s,z) > —M( )2

t "(t,z) >

2. On AN we have

V1 <s<ti(h)/to(h), Q(s,x)>— <1nK - gln (sto(h))) = glns—kglnto(h)—lnl(

1+ M(s,x) > e~ e@)/d
Proof

L Let fily) = p"(2.). bu(y.2) = fuly)
m(t), M(t),q(t),Q(t) in place of m(t,x),
shortness sake. We have

|’ (t)]

athxyft (F)

yeVv

+ fi(z). Throughout the proof we write
M(t,x),q(t,x),Q(t,x) and ty = to(h) for

= 1> p(y) (Lf) W

yev

%Ql(v) Y (plw,y) = plx,2) (fily) = fi(2))

s 1w HE f'ft - ))1'/2 (Fola) + 1)
y~z y~z t( t(

< Co Z (fily) — fi(2))? v Z(f( )+ fi(2)) "

“h (V) Fiy) + fi(2) R

Y~z Y~z

__Gf§ (i) = ) "y G2 5o U At N
hu (V) 4= fily) + fi(2) hu (V)Y 2z fiy) + fi(2) '

Now using the inequality (page 157 in Barlow (2017))

= \<p (2,) L) 2| =

_hM

u—v)?
( ) <(u—wv)(Inu—Inwv)

Yu,v > 0, <
u—+v

We find -
m(t)* < 73y 2o () = Ji(2) (n fi(y) =D fu(2)

y~z

40



(GGAUSSIAN REGRESSION ON RANDOM GEOMETRIC GRAPHS

On the other hand

1) =S ) I fi

yev

:—Z{ —Lft) (y)In fi(y )+ft(l/)(_£ft)(y)}V(h)

< fe(y) Y
=Y " (Lf) () {1+Infi(y)} v
yev
) 22 )~ A (0]~ ()
Hence 1
q(t) > @m'(t)2

To conclude we use the fact that Q'(s) = to¢'(stg), M'(s) = m/(stg)\/to which
implies via t = sty

/
>

to

=402 [ M)

m/(t)* and  Q'(s) > (s)/Vk]” =

402
. Using lemma 26, for any h- < h < hg, z,y€V
V1< s <ti(h)/to, Dsto(x,y) < K (sto) 2.

Therefore

d d d
V1 <s<ti(h)/to, Q(s)>— (an— 2ln(sto)> = 511154— glnto —InK

. Let a <1, b>0. Then
~Q(s) +aM(s) + b =E, [npl) (2, Wity) + ap (2, Wato) /Vo + )
= > vl (@, y) )@ y) + ap (,y) /i + b
yeVvV

Using the inequality u (Inu +\) > —e~'=* and setting a = (1+ M(s))™', b
dln (14 M(s)) we find

~Q(s) +aM(s) +b =3 p (@,y) {mpl) (@,y) + ap (2,) Vi + b

yeVv
- Zexp {—1 —ap(z,y) /\/t>— b} uéh)
yeV
=—e 'Y exp{—ap(x,y) /Vio} v
yev
_ —1-b (h) _ —1-b~ -1
> —e Zut = —e > —e .
yev
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Hence

—Q(s)+1+dIn(1+4+ M(s)) > —Q(s) + 1‘]:4]5;23) +dn (14 M(s)) > —e?

and rearranging yields

Lemma 29. There exists ¢ = cap,,d Such that, on Anx we have, for every h— < h < hg
and to(h) <t< tl(h)
m(t,z) < clnNVt, VreV

Proof We follow the proof of Lemma 6.13 in Barlow (2017) (it is stated for s > 1, but
the same proof remains valid for 1 < s < t1(h)/tg). As done in the previous computations
we drop z in the notations m(t,x), M(t,x),q(t,z), Q(t,z). From Lemma 28 we bound
M'(s) < 2Co\/Q'(s) and defining r(s) = 3 (Q(s) +InK — 41n (sto(h))) > 0, we bound
V1 S S S tl(h)/to(h),

_ e+l

e~ ea K=V /sto(h)e™® <1+ M(s)

s 1\ /2
<1+ M)+ 200\/g/ <r'(0) + 2> do
1 g

<1+ Cov/to(h)/h +2CoV2ds (1 4 7(s))
=1+ 8Cpy/In (2¢_ Nhd) + 2Cov/2ds (1 + 7(s))

where we have used the bound

Coto(h)
N

m(to) = B8 [p(z, Wiy n))] < CohE(Nyy(h)/n2) =
Dividing by /s > 1 we get

{e_ej—lK—l/d\/%} o (s) <

1+ M(s)
NG

In particular, weakening the constants we find ¢ that depend on d, K, Cp, c_ such that

< <1 + Cyy/641n (2cth)) +2CoV2d (1 +7(s))

1+ ln(th)'i‘T(S)
r(s) < o= 1/2 <1+ In (Nh?) + ) — — s cety < | th)
(& C n e ) ) n

< cty Vi (Vh) + 7(s) LV +r(s) 0 o
o (1 m(Vh) +r(s) 13 (14 /ln(Vht) 4r(s) )

L (1+ VI (NRT) +1(s)) 2

—

22?1/2
Scetal/Q exp (\ /In (th)) )
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which implies
1 n (s —
e? (1+V1 (Nhe)r( )) < ce'?to(h) "2 exp ( In (th)> .

In particular

()<2{1H<C€1/2)—|—ln<1/\/t(]7) \/Thd)}

and using to(h) = 64h?In (ZC_th) and h_ < h < hy we find, for some ¢ = cq._ K,c,
1
r(s) <c <lnh Vv vlnN>

Since h_ >> (TN) 1/ this implies In h% < +In N, and therefore

M(s) <clnNy/s

B.2.3 ON DIAGONAL LOWER BOUND
In this section we set again ¢y = to(h) = 64h? In (2c_ Nh?).

Definition 30. For every x € V and r > 0 we define the exit time 7 (x,r) of the ball
BP(J:?T) by

T(z,r)=inf{t >0:p(x,W;) >r}=inf{t >0: W; ¢ By(x,r)}

Lemma 31. There exists ¢ = Cpppy,d Such that on An and with 2ty <t < t1(h), r =
c¢ln NVt we have

Pk (t(z,7r) <t) < %
Proof We have, with 7 =7 (z,7), to<t<ti(h), >0
PP (1 < t) =rEW [1,<]
<EW [y, win)>r]
<EM [p (z, Winr)]
<EM [p (2, War)] + EP [p (War, Wi )]
=E{ [p (@, War)] + EL [ED) [p (War, Winr) [Win]|
<ED [p (x, War)] + sup EM [p (2, Way_s)]

z2€V,s<t
Now using lemma 29 we find, as long as to(h) < tt1(h)

TP(xh) (r <t)<m(2t,z)+ sup m(2t—s,z)
zeV,s<t

<cln N (\/{5—1—\/215—3) <cln NVt
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the value of ¢ changing from line to line. Hence by setting r = r(t) = 2¢In N/t we have

Lemma 32. There exists ¢ = ca py,a Such that on Ay, for any to(h) <t < t1(h)A (CIZON)Q
we have

4—d/2
In¢ N

Proof We have, with 7 = 7 (z,7), /2 <t < ti(h), r = r(t) from Lemma 31 and
B = B, (x,r)

Vh_ < h < ho,¥z € V,p\"(z,2) > c

BY) (W, ¢ B) < BY) (r(az,r) < 1) <
Hence
Lopt e By = 5™, ()
9 = x ( tE ) Zpt (3;‘7y)1/y
yeB
1/2 1/2
» (gy)"* () (4 )20(1) » (gy)"* () (4 )20()
< (V (B)> > p () < (V (B)> > p (@)Y
yeB yev
1/2
= (v (B) 7y (@,2) "2,
and therefore we have the inequality
(h) 1
P ) 2 Gy gy

We now want to conclude using Theorem 21. For this we need to guarantee that

h_ 2 To 2
< < <~— <t < .
h-srit)<ro (clnN) sts (clnN)

Since 2t > to = 64h21n (2C,th) > 64h2 In (ZC,NhCi) and h_ satisfies 2, we have t >

h_
cln N

theorem 21 implies

Since by assumption ¢ < (Cl’;loN)2, we conclude that h_ < r(t) < rg. Hence

and therefore
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Lemma 33. There exists ¢ = cpqpy,a Such that on Ay we have, for any h— < h < hg

C
In2 N

ti(h) >

Proof If t1(h) < (L ) then for any to/2 <t < t;(h) using lemma 32 we have

clnN

(h) C_Cfd tfd/2

h
Py (T, 7) > iZ N

In particular
c_c=ty(h)~?

K/_ o (CC,{L‘) 2

= pgtl(h) 403_ lndN 5
i.e. 2/a
—d -1
c_c K
tith) > | ———— .
1( ) i < 403_ lndN>
Hence 2/d
ro 2 c_cd K1
t1(h) > ( > AN —=——— ,
(k) 2 cln N ( 42 I N
which concludes the proof. |

B.3 Control of the Laplacian spectrum
Recall that here tg = to(h) = 64h?In (2c- Nh?) and hg = ho| M po,d is a theoretical constant.

Lemma 34. There exists constants by, ba, b3 > 0 such that, on Ay, for any h— < h < hg
Vo In' N < j < botg % AT 2 0y

Proof Using the inequality 1y<p < e~ MA we find

#{1<]<N'Mh<A} E:ﬂqu
= Z ENCEN [

(h)<A Z uj(2)*ve

Ilrllﬁz \

zeV
2 Y 1-AM /A 2
S e e TS e
zev \j=1 7 * zeV | j=1
h
= S\) (z, 2)vy
zeV

(h)

<emaxp, -, (z, )
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We now use theorem 22 with t = A~!: there exist constants ag,as, ho > 0 (that also
depend on M, pg) such that, on Ay, for all h_ < h < hg and a;'In? N < A < t;*

Ve eV, pgh) (r,z) < asA%?

which implies
#{1<j<N:)\ <A} <eazA?

In particular j = 2eagA%? «—= A = (j/2ea3)2/d yields
h .
/\5- VS A= (3/26a3)2/d

This is valid if
a7 'In? N < (j/2eas)®* < t5*

which gives the result by inverting the inequality. |

Lemma 35. There exist constants by, bs,bg > 0 such that on Ay, for any h_ < h < hgy
t_d/2 ) y
. 0 :2/dy..3
by < j < 557111&,/2 N A7 < bgi” I N

Proof Asin in the proof of Lemma 3.19 in Coulhon, Kerkyacharian, and Petrushev (2012)
we start by the following inequality

e =Tpa(Ne ) Ty pgy(WNe ™ < T+ e M i g1 (N)
1>0 1>0

which holds for any ¢, A > 0. Hence

N
p (@, z) =3 e iy ()?

j=1
N N
< Z Lig,A] (Agh)) uj(z)* + Z e 12'A Z Ligip pit14] ()\gh ) uj(z)?
j=1 1>0 j=1

Since for any h > 0, j =1,...,N we have )\§h) < 2h~2 (because 1Ll poo () < 2h72), we
can stop the sum at L € N such that 2LA < 2h=2 < oLH1p .

N L N
h h —2! h
pg )(x,a:) < Z Lo, A] </\§ )) uj(z)? + Z e A Z Ligip ott1a] ()\g )) wj(z)?.
j=1 1=0 j=1

Using theorem 22 we find, on Ay and for ty <t <

al
In®> N

t=/? P (h) 2 N AN (h) 2
1 dN — CLQW < Z l[O,A] ()\j ) UJ(CL‘) Jrz € Z 1[21A,2l+1A] ()\j ) uj(x)
n I j=1 1=0 j=1

pz(th) (‘T7 33) > ag
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We now define K € N such that 28+H1A < t5! < 2K+2A. Tf o' In? N < A < ¢! then for
1 <1< K we have al_l In2 N <A <2HIA < tgl, and therefore

K

Z N Z Lipiptiia] ()\ ,h)>

=0 j=1

| /\

N
N Z l[OA NIEN ()\ ,h)> uj(x)Q

IN

Mw I Mw

! _o—(+1)A—1y(R)
tQAZel 2 A A Uj(l')2

N
Il
=)

ERIY
ep; )(H—l)A ((z,7) < eas?2 AY )

which implies

N
oy <20 T (A7) e a2 Y e (21)

Jj=1 >0 j=11=K+1

/2

N " N i/ oy N
< Z Ljo,a) ()\j ) uj(z)* + eaz2%? Z <21A) + Le™ %2 Z uj(z)?.

7j=1 j=1 j=1

Taking the expectation of this quantity with respect to  ~ v and using >y uj(z)?v, =1
then yields
4—d/2

In® N

a2

<# {5 A <A+ eag2¥ YT A (o) U2y LNe
>0

Using an integral comparison (see Barlow, 2017, Appendix. A) we find, for any = > 1

_ol /2 1 - _ 1 -
Ze 2 (2%) < cqr®?lem7/2 < cache o/ )= supmd/2 le=2/4 < 400
1>0 z>1

In particular, if ¢ > A™!, with ¢ = ¢4

ZeftQZA (2%/\) d/2 < cotMA,

>0

Therefore we obtain : for any al_l m?N<Al<t< tgl
. (h) —d/2 1
#{i Al <A} = <a2 "

>¢=4/2 (a2

~ _ C€a32d/2e—tA/4 _ LNtd/ze—tQKHA)

1 dN o Cea32d/26—t/\/4 . LNtd/Qe—tA)
n

Let t = kA In N,k > 0. Then

d/2
# { j: )\(h) < A} 1 13 oy <a21 jN — ceaz2/2N"F/4 — LNAY?K=/2 (1n N) =4/ N‘”)
n n
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In(2h~1A"1) < In(2h""a1(In N)~?)

But notice that L < 5 < oo

sufficiently large we find

< In N, which implies that for x > 0

/2
NG azA
#{J A S A} Z 2 N

To conclude we only need to guarantee the conditions on ¢, A, :

ai

In®> N

tOSA_lgt:nA_llnNS <:>/<ga1_11n3N§A§tal

i.e we have obtained

Ad/2
—~1+.3 < < -1 . (h) < > L
VK/CL]_ ln N >~ A -~ tO 3 # {j . )\] — A} — 21n3d/2N

In particular with j = _wAYP o that A = (2j/a2)2/d In® N we get

2In34/2 N
v (m_1)d/2 <j< @7t5d/2 AW < (95 /49)%/ % 1n3
5 (K0 SISy imaayy N S (/@) TN
This concludes the proof. |

B.4 L> (v) — L? (v) comparison theorem

Again recall that here ¢y = to(h) = 32h? In (2c_ Nh?).

Lemma 36. On Ay, for any h— < h < hg with

YA = span {ug-h) : /\g-h) < A}

we have
Vo' N <A <t5', feSa, [flTew) < eashA?(|f][72(,)

Moreover, with
v/ = span {ug.h) 17 < J}

we have

tad/Z

< J<by——F—
Vhi < < by

f S EJa HfH%OO(I/) < ea3bg/2J1n3d/2N Hf”%Q(U)
Proof Since f € ¥y we have 1jg ) (£) (f) = f, therefore, with 1 ) (£) (7,y) the kernel
of 1y} (£) with respect to v is given by
Y h h h
Loy (£) (@,9) = > 1 (A7) uf @)l ).

J=1
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Then for any x € V,

f(@)? = {1 (£) ()] () = [Z o) (£) (x,y)f(y)vé’"”)]

> 1o (0) (& y)] !Z P | < NI max Lo.x (£) (@)
Y Y

N
= 1l max | 32 1. () @)0)

N
< 113 max | D7 1oy (@) ”Zﬂ[m >2]

= If1I% max Lio.a] (£) (z,2) L (£) (,9) < I f ]I max 1o ) (£) (z,7)?

N
h
=[£I max Y 1o o () ()2
j=1

N
< [ £l max Y- et A (@) = | £ maxep”, (w, 2)
j=1

Using theorem 22 we thus find
Var'In® N < A<ty', VfeSn, |flfieow) <eash¥?|fl720,

—d/2
Now if by < J < b5mﬁlﬂ, lemma 35 implies f € ¥, A =bgJ 2/d 13 N , which concludes
the proof. |

Appendix C. Proofs of Lemmas 16 and 17

C.1 Proof of Lemma 16

We first bound T}, f for 8 < 1, then we treat the case 1 < 8 < 2 followed by the case 8 > 2.
Recall that h < hg A 7ro/Cy.
Case 3 < 1. In this case the result is trivial since Vo € M,

1
00 = | ) g g )~ SO
<h s f@) - S < s Y f@) i)
YEBp (z,h)NM yEBgp (:”h i€l

<h?max  sup |(xif o o7 )(eiy) — (af o 67 ) (@i(y))]

€l yeB,p(z.h)

<h~? 17 lls(pgy max — sup pi(y) — i)
1€ yEBRD(ac,h)
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But since h < hg, for any y € Bgo(z,h) N M we have p(z,y) < Cp ||z —y|| < Coh. Hence
since the functions ¢; are Lipschitz

15 @] <07 Wflergmax sup 106(0) = ax(@)l” S 1 lesqan 72
yeB (T,

Case 1 < 3 < 2. Recall that Cj is such that p(x,y) < Cq ||z — y|| for any z,y € M. Recall
that fo € C# (M), so that using a Taylor expansion of f, = f o ¢,, with ¢, = exp,, (¢ (z,-))
at some x € V and for any ||z — y|| < h we have p(z,y) < Cy ||z — y|| < Coh and therefore

foly) = f(2) + df(0).w + R(z, y)
where exp,, (¢(z,w)) =y and

|R(x,y)|
max ———2= <
wyeM p(:z, )ﬁ ~ ”fHCB(M)

This, together with the fact that when x ~ y then ||z — y|| < h, implies that

1 < Ifllgs n®

Thf(ﬂf) - hQPO(BRD (:IJ, h)) /expz 0<Z>IlBRD (z,h) dfx(O).prC(W)Jx( )dw ~ h?

where p, = pgo ¢y, Jp = |g(expm(¢(x,w)))|l/2. It remains to bound

o .
h2P0 (BRD (JI, h)) exp,, od);lBRD (z,h)NM

df(0).wps(w) Jp(w)dw

For this notice that since pg € C#~1 (M) and J,(w) = 1 + O(||lw||?) we have

pe (@) J(@) = (po(@) + O (W71} (14 0 (0?)) = po) + O (K7)
Therefore

Joxp, 06718 o) B (0P (@ To(@) . Jory, 0921 (B () Fe () (pol) + O (7)) do
PO(BRD (1‘, h)) - PO(B]RD (x h))
Jesp, 067t (Byp (z.ny) W (0)-wodw

Py(Bgp(x,h))

=po(x) + 0 (Iflleaany h°)

Note that since exp, o¢; ! (By(z,h)) = {w € Ty M : |jw|| < h} is a symmetric set, we get

/ 1 df(0).wdw = 0,
exp, o¢z  (By(w,h))

therefore to control the first term of the right hand side of the above term, it is enough to
show that Bgp(x,h) is close to B,(x,h).
Since h < g4, for all z,y € M, |z —y|| < h we have p(z,y) < Colz—yl <

2(4c1y < |lz =yl £ p(z,y) . Therefore if

Coh < map. Hence, using (12), p(z,y) —
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y € M, ||z —y|| < h but p(z,y) > h then p(x,y) < ||z —y|| + ’;(j’%) <h+s; 0 h3 This

implies

vol ({w : exp, oy (w) € By(z,h)° N Bro(x, h)}) < vol ({w ch <|w| <h+ 24002 h3}>
cs

:vol({WZ||w|§1})((h T )d_hd>5hd(<1+2§th2)d_l>

S CM hd+2

where the constant C'yq depends on M through apg, ho, Cy only. Therefore,

/ df(0).wdw
exp, O(z);l (BRD (z,h))

/ dfz(0).wdw + / dfz(0).wdw
exp,, oq&;l(Bp(x h)) exp}l( D (w,h)ﬂBp(m,h)C)

= 0 (Ifllesqan %) < O (I lgsan h44)

where we have used that 8 < 2 < 3. Finally since Py(B(z,h)) > h? we obtain

1 s
BB g o 0208 =0 (Il 7).

which in turns implies that

1T oll e ry = © (I llesany 1772)

Case 3 > 2. Let k = [3/2] —1 > 1. Since f € C# (M) and py € C#~1 (M), then for any
iel, zel;, yeB,(x,r) (withI,U);cr, Wi)icr» (¥i)icr the objects defined in
section A)

k 20—1 exp—1 ()21 2L ¢ (0). exp=L(y)2
fi(y)zfi(w)+;{d Lot W7y T80 WLy Ry
k-1 d?=1p.(0). ex ;1 -1 2, (0). ex ;1 2
Po,i(y) =po,i( H;{ : ((z)z_lf)! D )(21)? = }
2k—1 ex -1 2k—1
n d px(((;)k _Izg)c! (y) + Rk,g(x,y)
71 (0). expy ()2 | P TL(0). expyt ()
Vgl () +Z{ 20—1) * (21)! }
e ) R v ) S

(2k — 1)
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where

Ji=xif,poi = xipo,  fx = (Xif) o exp, ovi(z, )
pe = (xipo) 0 exp, o, ), S = (xiv/Igl) o exp, ovi(a, )

(we drop the index i for convenience), and the remainders satisfy

Ry (@,y)] < Hf”c/i(M) p(x,y)ﬁ,

[Ria(.9)| < polles-r ey ol y)* 7,

|Rk,3(aj7 y)| < CMP(:E? y)ﬁ_lv

where Cpq depends on the Holder constant of the exponential map. Thus, by Riemannian
change of variables, there exist coeflicients

A € CF <ui,c <<Rd> o ,R))

|Bi (@, w)| < C(8, M, po) | flles pry ]l

and remainders

such that

/ (o) — fow)) polw)uldy)
B,p(z,h)

- / (F2(0) = Fo(w)) pa() T () oo
Pi(x,")~Loexpy (BRD(:E h))

_Z/ {ZAW 2w +Bi7k(a:,w)}dw
1oexpz ]RD (z,h)

i€l
— Z { Z A / wdw + / B; k(, w)dw}
icl i (z, -)—1oexp;1(BRD (z,h)) wi(x,-)—loexpgl(BRD (:p,h))
S Al / 1 wdeo + O (| Fllesay B
iel m=1 i) ~toexpy ! (Byp (2,h))
We thus get
h (d+2) f 1 wmdw
;i (z,-) ~loexpy (BRD (x,h)) -2
T f(z Aim( 1flles ey
mez BB, (Bao (2,1) +0 (st %)
By lemma 18 we have, with sp,(z,v) := th(m,;;’)‘l

iz, )L o expo! (Bgn (z, h)) = {ﬁw cweRY o =1,0<t <1+ hQSh(:L“,v)}
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And using the spherical coordinates,

h~ (d+2)/ wmdw
)~ 1oexpz RD(z h))

21 pht+h3sy(z,w) 42 43
—p~(@+2) / / / / (reg)™ r¢Lsin (6;)“ % sin (02)2 .. .sin (0g_y) drdf; ... d04_,
2 1+h25h (z,v) 42 43
- +2) / / / / (theg)™ (th)®~Lsin (61)* 2 sin (62)" . _sin (64_1) hdtd0s . .. dBy
21 pl4+-h2sp(x,0)
—pm=2 / / / / (teg)™ t4 sin (01)% % sin (2)42 .. . sin (04_1) dtdb; . .. dO4_;

14+-h2sp (z,v)
—pm2 / / (teg)™ t1 LK (0)dtdd
Ad

hm_ m-+d
= g (1+n° K
o d /Ad ep' (1 + h?sp(z,eq)) (0)do

where A% = (0,7)%72 x (0, 27) and

cos(61)
sin(6;) cos(02)

sin(64) sin(6s) cos(6
o — (6v) ( 2) cos(6s) LK (0) = sin (6,)% % sin (62)72 .. .sin (04_1)

sin(f;) sin(f2) . . .s.in(Gd_Q) cos(0g—1)
| sin(61) sin(#2) . . . sin(fg—2) sin(fg—1) |

Moreover if m is odd, by symmetry

- (d+2) / e — - (d+2) / S
i(z,)~toexpy ! (Byp (,h)) i(,) " toexps ' (Byp (x,h)\ By (0,h) )

and therefore the same computations show that

hm—2 4
h(d+2)/ WwMmdw = / em (1 + h28h z, e m+d 1) K(0)do
i(m,-)—loexpgl(BIRD (m,h)) m+d Ad 4 <( ( )) ) ( )

hm_2 m m+d 2r T
—m+d/Ade" (Z( ) )h sn(; o) )K(G)d@

All in all for each [ € {1,...,k}, m =2l —1 or 2l we have

_1) m+d
- (d+2) / o Y e <m +d
i(m7.)*1oexp;1(BRD (m,h)) m+d r—=1

h—(d+2)/ W™ dw :h2(l_1)/ egl (1 + h25h($,69))m+
i(m,-)*loexpgl(B]RD (m,h)) Ad

53

>h27"—1/ ensp(x,eq) K (0)do if m =21 — 1
T Ad

YK (0)d0 if m = 21



RosAa AND ROUSSEAU

This gives

) .
Ty f(z) = h=iPy (B (. 1) ; ; R LA o1 1 (@) Vipor—1 (@) + Ai i (2)Vipa(2) } 4O (Hf”cﬂ(/\/() h'B_Z)

where by lemma 18, composition and integration we have

|oe]
max s | Vi (o)) < too
a€N? |a|<a—5 iel Qx> 7 5\®m
epr (U (R?)
0<h<hy
ol , a1

To conclude it suffices to show that 2 — h™?Py(Bgo (x, h)) is lower bounded and satisfies

sup
O0<h<hy

h="Py(Bgn (-, h))Hcﬁ_l(M) < +00

Since py is lower bounded and  (Bgo (x, h)) < h? (as can be seen by the Riemannian change
of variables formula), we get

he / poly)ia(dy) > inf po x b~ (Bgo () Z inf po
b (2,h) M

hence x + h™@Py (Bgo (x, h)) is indeed lower bounded. For the derivatives, doing the same
computations as above

h™Py (Bgo(z,h)) = h~ / po(y)p(dy)

el Bgp (2,h)

S (i) o xp, (il ) v/ Tg exp, (il @)
©; " 0expg (BRD(x,h))

_pd / o Do (@) T () deo
¢; toexpy ' (Byp (x,h))

1+h?sp (z,0)
=h4 / / pu(theg)Jy(theg) (th)* ! K (0)hdtdd
Ad Jo

1+h2sp (z,v)
:/ / pa(theg) Ju(theg )t L K (0)dtdo
Ad

And again, under this form, by composition and integration, z + h~¢Py(Bgp(z,h)) has
indeed the regularity of py, i.e is C°~! (M) with uniform bound on the derivatives as h — 0.
This concludes the proof by setting

l 1
g0 =
h " h=dPy (Bgo

@) ZhAz o-1(x)Vipa—1(x) + Ai2(z) Vi po(x)

which is C#~2 since by assumption o > (8 + 3 which implies « — 5 > 8 —2 > 5 — 21 for any
le{l,....k}. |
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C.2 Proof of Lemma 17

First if 8 <1, | Th,, fll poe () S hi =2 follows from lemma 16. For I f | oo (1) motice that for
each x € V we have

N

(Lf) (= Z 23)) Lmar| S N Fllcmonny 12

=1
Now, if 8 > 1,

N

Ve eV, hiﬂxﬁf(x) = Z (f(x) - f(wl)) ﬂﬂﬁzwxv

=1

and therefore by Bernstein’s inequality (see Van der Vaart and Wellner, 1996, Part. 2),
using | f(z) — f(zi)| Lena; S [fllespag) Pons

2
Po (11210 £7(0) = NI Pyl o o)) T F(0)] > ) < exp (=0 )

and
2 w?/hy,
Py (| — NPo(Bgo (z, hn))| > u/h;) <exp (—CW)
<exp <CNhf'l+1L22> .
n +uhz
Hence

Po (|h2palf (@) — hipaTh, f(@)| > 2u) < Po (|h2paLf(x) — Nhi Po(Bgo (x, ha))Th, f(2)] > u)
+ Py (|NhZPo(Bgo (2, hn))Th, f(x) — h2paTh, f(2)] > u)

U2
< oxp (~esgrrra g )+ Fo (IVA(Ban (@) = sl > 0/ | flog)

U2 U2
<exp|—-c———— ) +exp| —c———7——
P ( NRT? 4 hnu) P < NREH uhg)

Therefore, using the fact that u, < Nhe on Vy(c)

Po (£ (2) = Th, [ ()] > u) <Po (Vi(c)°) + Po (|h2aLf (2) = W2piaTh, f ()] > eNAEHu)
. (Nhd+2y)° (Nhd+2y)”
<Po (Vn(c)) +exp | —c NRIT2 L Npd+3y, e | e NRE™ + Nhitu
. N2h2d+4 2 N2h2d+4 2
=Py (Vv (c) )+eXP< NI Ny > p( CNRTF L Npdy, )

th+2 2 th 2
=Py (V, ¢ —e—n_ T
0(N<C))+6Xp< Cl+hnu)+eXp< 1+u>
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2
For any 0 < h,, < 1,u > 0 we have Jﬁ < 1+u, therefore

d
0 (ILf(2) = Th, f(2)] > w) < Py (Viv(e)*) + 2exp (-TLZZ)

By a union bound this gives
Nhid+2q2 )

Py (HEf = Th fllpoey > U) < NPq (Vn(c)%) + 2N exp <_cl+hu

1
We have also Py (Vv (c)¢) < e_CNh%’ so that for any H > 0, taking u = M, (%) 2 h;(Hd/Z)

with My large enough (that depends on H) we obtain h,u = o(1) by assumption 2 and

(‘»Cf ThanLOO(l,) > My (lI}VN> hn(1+d/2)> < N*H

C.3 Proof of Theorem 5
Recall that f = ijl (ujY') 2(,) uj so that
I,)

Uy|f0 L2w) Wi — fo+z UJIE L2(v) W» e~ N(0, o2
7j=1

HM&

where I, is the identity matrix in R”. Therefore

J J
1f = foll 2@ Z (ujlfo) p2y v — follrzw) + ||Z<Uj|§>L2(V) ugll L2
j=1 j=1
We have by orthonormality of (u1,---,uy,)
J 2 Jn
Z <Uj|§>L2(V) Uj = Z <uj|§>%2(y)
Jj=1 L2(v) J=

and also that

UJ—O' E UJ ZCZ xl

331;4 =E, [(u]TDz'ag (v) §)2’ 1. n} =0 uTDzag

o [<uj|g>§2(y)
On Ay defined in lemma 21, with N = n and h_ = h,, which satisfies the assumption 2 we

have v, < L so that
1

2
HujHLQ(y)

SRS

B[l ] 5
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This implies that

Jn , 1 In , (ujle) 12,
Z <Uj|§>L2(V) N n Z Zj(r1m)”, where Zj(z1n) = 5 1/2
i=1 j=1 Eo |:<Uj|5>L2(V) wl;n]

In particular conditionally on 1.,, Zj(1:n) e N (0,1). Hence as in Green et al. (2021,

Appendix. C1), by a result of Laurent and Massart (2000) we get for some ¢ > 0

2 2
Jn Jn

J J,
Py Z <uj]5>L2(V) u;j > c;n <Py (A%) +Eo [La,Po E (ujle) L2 > Cf

Jj=1 L2(v) J=1 LQ(I/)
<Py (A¥) +exp (=Jy)
(13)
Moreover
2 —tL 2
1fos, = Follzoqy < llpan (€75 10) = foll 2

where pj, (e‘tﬁ ft) is defined in Theorem 13. Therefore, using Theorem 13, we deduce that
choosing ¢ accordingly,

_ 2 .
o = FolBay < lpas (71) = foll2ag) < Enl0)
Finally combining this with (13), we obtain that some C' > 0

(=

> Csn> —0
L2(v)

where

[8/2]
Jn Jn 2/d1 N IDN 1/2

In order to get a result in expectation, simply notice that

~ q A q
Bo [ £ = 5ol ] < et + o [|F = 5[] 2 -n s
Since by definition
F_ = min — < < oo
|7 =, =, 5= oll, = [ folln < 1foll ey

This implies
~ q o
Eo [[|£ - fo||'] < cet+ 15001 uiy Po [||£ = fo| > cen]
By the first part of the proof, for any H > 0 we have

Py [Hf - ngn > csn} <SnTH e 1Py (A4%)
Since h,, satisfies assumption 2 and J, > In"n, &k >d > 1, for H > 0 large enough we get
o[-, > e 5
which concludes the proof. |
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Appendix D. Proofs of section 3.2

We first recall an adaptation to our setting of the general prior mass and testing approach
of Ghosal, Ghosh, and van der Vaart (2000); Ghosal and van der Vaart (2007) that we use
to prove posterior contraction rates with respect to the empirical L? distance [-||,,. Note
that we apply the approach on a high probability event Ay (which does not change the
result), and since in the Gaussian regression setting the Kullback-Leibler divergence and
variation are both proportional to the (squared) empirical L? norm || - ||?, the prior mass
condition on the Kullback-Leibler neighbourhood is merely a condition on the prior mass
of the || - ||,—balls centered at fy (see Lemma 2.7 in Ghosal and van der Vaart (2017) as
well as Chapter 8 for more details on the prior mass and testing approach).

Theorem 37. Contraction rate theorem
Assume that €, — 0, nei — 00 and An be an event of the form Ay = {x1.x € Qn}

for some Q C (RD)N satisfying Py (An) — 1. If there exists fized constants Cp > 1+
ﬁ, Co > 4vV1+4 202, C3>0 and F, CRY such that, on Ax

o II[||f — foll,, < en] > exp (—ns%)

o II[FS] < e Cinen

e InN (0225",.7:”, HHn) < C3ne?

where N (e, F,| - ||n) denotes the covering number of the set F at scale € with respect to the
| - ln—metric, then for M > 0 large enough

Eo [IL{[f = foll,, > Men|X"]] =0

D.1 Proof of Theorem 3

As shown by Theorem 37, the proof is based on first bounding from below the prior mass
of neighbourhoods of fp, which is done in Lemma 38 below and then to control the entropy
by a sieve sequence, which is done in Lemma 39. Recall that

_ [8/2]
[JnIn N Jn Y N AN
€n(Jn, hn) = T+(ln N) [B/z] max (1, (h%)) <h7ﬂl + ]lﬁ>1 (]th) hn

with J, > In" N, &k > d and h,, satisfying assumption 2.
With z =2, = 1 (ns%) /% Gith z1 > 0 and F, = F,, j,. Its L (v) — metric entropy
is then, according to lemma 39, bounded by

VC >0, N (Con s llpeg) S Jnln N S el
Moreover by the choice of z, we have, for some ¢ > 0
by 2

b
11 [Fg’J,,” hn] S Jne*blzn2 S efcz1 ne;,

By taking z; > 0 large enough we conclude the proof of Theorem 3 by applying Lemma
38 together with Theorem 37. |
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D.2 Proof of Theorem 6

The proof is based on that of Theorem 3, but showing that J and h can be chosen in a
data dependent way. To do that notice that by the non adaptive case, for any H > 0 there
exists a constant C' > 0 such that

Po (TL[I1f = foll o) > CenlJns bl | < exp (~nC2e2) ) < N

where e, (Jy, hy) is given by (5). If for some Jy, ho, h1 > 0

—-1/d -1/d

2d(1+27/d)[8/2] d hoJn hidn
e B+d B+d

= Jolln e [2ln7/dz\r’ ln"/dN]

then
(27+d)[B/2]-B(T+28/d)
2B8+d

3
en(Jn,hn) S 25+ (In N

Since
II ”f - fOHLOO(y) S an] 2 7I-J(Jn)ﬂ'h (hn’Jn)H ”f - fOHLOO(y) > C€n|Jnuhn

By assumption we have for some aq, by, bo

—d
7y(Jp) > eIk > emarInnN anq 1 (hy|Jy) > bre2hn

. -1/2
Therefore, since &, > (nhﬁ) / + \/w, for some C” > 0 we have

Po (TL[If = foll gy < Cen] < e7Oh) < N7H

To verify the entropy condition, consider for some k > 0 the set 7, = Uj<p, F2, 7 hs
heH 5

where F, 5, is defined in lemma 39 and z, = u(ne2)"/" with u, k large enough. Then

IMF) <;(J >kJ,) + Z Je_blzz2 <e G4 (k:Jn)2e_b1“b2”5% m}%x H#Hy < e—Cnen

J<kJn
heH 5

for any C' > 0 by choosing k, u large enough, since #H; < Kj exp (KoJIn N) < K exp (Kéna,%)
for some K1, Ko, K}, > 0. Finally for all { >0

N(anv’rna ”||L°°(z/)) S n5121

~

which concludes the proof. |

D.3 Lemmas 38 and 39

Lemma 38. Prior thickness
Let J, € {1,...,N}, J, > In"N, &k > d and h, satisfying assumption 2. Consider
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the prior defined by (3). Then for any H > 0 there exists ¢ > 0 such that with the rate
€n(Jn, hn) as defined in (5), We have

Py (H |:Hf - fO”LOO(V) < CEn(Jmhn)‘Jmhn} < exp (_nfn(Jnv hn)2)> < NH,

In particular, for any T > d/2 and

1 1—r—2(1427/d)[B/2] h—d
_ — 5314 - _ n
h, =n_ 26+d (ln n) 25+d I = R
then
@r+d)[B/21+(A-1)8 _ _ B
en(Jn, hn) < (Inn) 25+d n~ 25+,

Proof Throughout the proof we write €, = £,,(Jp, hy,). We use theorem 13 and distinguish
the cases : for some k > 0 large enough, with ¢t = ¢, = k:)\jnl In N

1. If 8 <2 we have

ViV =R = follpeopy <\ —ps (e_wa)HLoo(u) + | fo—ps (e_tEfO)HLOO(V)
S\f=pa (e fo) HLOO(V) + Op, (hﬁ (A7 h, % In N)) .
Hence for all ¢ > 0 , there exists ¢/ > 0, such that
| f—ps (e_thO)HLOO(U) <A P InN = || f = follpee() < &n-

Moreover if f = E‘jjzl zjuj, using proposition 20 we get

1<j<N

J
£ = ps (e fo) HLOO Z( — (ujle” f0>L2(V)) u; < N max ‘Zj—<uy|€ f0>L2 W

Loo(v)

Hence,

T [[1F = 2o (€7 o)l ooy < CHENS i lnN’ Jns o

AT h2In N
> ol ot < N Jn '
>11 11;;:15\[ Z; <u]|e f0>L2(u) < ~
JIn B / 6 —17.—2
dhpA\7 h-“In N
ZHH ‘Zj—<uj’€_t£f0>L2(V) < & JnNn ]

7j=1
JIn c 1B
—h In N
2I_IH ‘Zj—@j’@*wfohz(u) = ]

N

N

JIn
inf W 1(Bgsn (0,1)),
mf ) vol(Bgy, (0, 1))
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where we have used \j, < 2h,2, which holds because 1Ll £(oe(vy)y < 2, and where

K > 0 is chosen to be larger than

¢ In N
N

15550, ‘<uj|€_tﬁf0>L2(u) S 7 pgae ) Moll oo ay < Foc.

=1

Hence
“ITL] [ =g (7 f0) | ey < RGBT N s ] S Ju I .
Now ¢, > # <— Jp,InN < nsfw therefore
IEDO (H [Hf —DJ (e_tcf[)) HLOO(V) <én Jn7 hn} < exp (_n52)>
<Py (1140 = pan (€7 50) | ooy > 0/2)
<n
for any H > 0.

The case B > 2 is similar, the only difference being that we use the bound

k tLl —tL
>

<

k 1 —
_ S'e
‘<Uj’€ tﬁft>L2(,,) HfoHLQ(u) < HfOHLoo(M) SL;EZT < +00
V=0

L(L2(v))

Lemma 39. For some z>1 and J € {1,...,N} let

Then

and,

Feodh = Za]u] Hajl <z cRY, 2>0

I [FE | dih] < Jem0#?

there exists €1,C1 > 0 such that for any e < &1

ClzN> 2J

N (5,}'2,J,h7 H'||L°<>(u)) < < €

Proof Proof of lemma 39
We drope the subscript h for ease of notation. Using the representation f = Z;.le Ziug,
the upper bound

J
I [FS 5|0, h) <) T(|Z;] > 2 J,h] < JU ([-z,2]%) < Je—bizt
j=1
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follows by the assumption on the tails of W. Moreover by proposition 20, if £ is an 55;-net
of [~z,2]” then {Z}]:l fijuj: f € 5} is an e-net of F, ; (in L>(v)). Since we can always

take
2J 2J
CizJN\’ _ (CizN2\7 ()22 N Cy2eN
s (B0Y < (00 < (S (o

for ¢ < &1 and some C1, e > 0 this gives the result by changing 011 /2 into a new C. |
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