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In differential privacy (DP) mechanisms, it can be beneficial to release “redundant” outputs,
where some quantities can be estimated in multiple ways by combining different privatized
values. Indeed, the DP 2020 Decennial Census products published by the U.S. Census
Bureau consist of such redundant noisy counts. When redundancy is present, the DP output
can be improved by enforcing self-consistency (i.e., estimators obtained using different noisy
counts result in the same value), and we show that the minimum variance processing is a
linear projection. However, standard projection algorithms require excessive computation
and memory, making them impractical for large-scale applications such as the Decennial
Census. We propose the Scalable Efficient Algorithm for Best Linear Unbiased Estimate
(SEA BLUE), based on a two-step process of aggregation and differencing that 1) enforces
self-consistency through a linear and unbiased procedure, 2) is computationally and memory
efficient, 3) achieves the minimum variance solution under certain structural assumptions,
and 4) is empirically shown to be robust to violations of these structural assumptions. We
propose three methods of calculating confidence intervals from our estimates, under various
assumptions. Finally, we apply SEA BLUE to two 2010 Census demonstration products,
illustrating its scalability and validity.
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1. Introduction

Differential privacy (DP) is a formal privacy framework, proposed by Dwork et al. (2006),
which requires introducing randomness into a statistical procedure to provide provable
privacy protection. The U.S. Census Bureau has employed differential privacy techniques
to protect the 2020 Decennial Census (Abowd et al., 2019), which results in uncertainty
about the true counts. The differential privacy mechanism used by the U.S. Census Bureau
in 2020 produces millions of noisy counts which are “redundant” in that the same values are
counted at various levels of geography (e.g., block, county, state) as well as different levels
of detail (e.g., different k-way contingency tables). However, because independent noise
is added to each count, these values are not self-consistent, meaning that detailed noisy
counts do not add up to marginal noisy counts (see Figure 1 for an example). The lack
of self-consistency is important because different combinations of the noisy counts can give
different estimates of the same quantity, which can be a problem when a single “official”
estimate is needed. Furthermore, the existence of multiple independent estimates implies
that each individual estimate is sub-optimal, whereas the collection of estimates could be
aggregated to produce a single refined estimate.

To process the noisy counts, the U.S. Census Bureau applied the TopDown Algorithm,
which enforces self-consistency, non-negativity, and integer-valued constraints. While their
method substantially improves the average error, it also introduces bias in the DP es-
timates, and as a non-linear procedure it is difficult to quantify the uncertainty in the
resulting estimates (Santos-Lozada et al., 2020; Kenny et al., 2021; Winkler et al., 2021).
As an alternative, we propose a linear procedure which enforces self-consistency but allows
negative and non-integer-valued estimates. This approach has the following benefits: 1)
the procedure results in unbiased estimates, and 2) because it is linear, we can accurately
estimate the error and distribution of the final estimates to produce confidence intervals for
the true counts.

We first show that the best linear unbiased estimator (BLUE) for the true counts as-
suming only self-consistency is a linear projection which can be expressed in terms of the
self-consistency constraints. This result follows from the Gauss-Markov theorem and agrees
with similar prior results in the DP literature (e.g., Gao et al., 2022). However, implement-
ing this projection by standard techniques requires inverting a large matrix, resulting in
a high computational and memory cost. This makes this approach inapplicable for large
applications, such as the Demographic and Housing Characteristics (DHC) Census product.

To address this limitation, we propose a novel method that we call the Scalable Efficient
Algorithm for the Best Linear Unbiased Estimator (SEA BLUE), which consists of a two
step process of aggregation and differencing. This procedure is inspired by the up and down
passes of Hay et al. (2010); Honaker (2015); Kifer (2021), which process noisy values in a tree
structure. However, in our setting detailed counts are constrained to be self-consistent with
multiple marginal counts, so we do not have a tree, but a much more complex structure.
This makes the identification of the analogous process non-trivial. Our procedure:

1. enforces self-consistency through a linear and unbiased procedure,
2. is computationally and memory efficient,

3. produces the best linear unbiased estimate under certain structural assumptions, and
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4. is empirically demonstrated to be robust to mild violations of the assumptions.

Using the linear nature of our procedure, we propose three methods of producing con-
fidence intervals for the original counts. Two of these methods calculate the resulting
standard error of the estimates either exactly or via Monte Carlo and produce confidence
intervals using a normality assumption. The third method is a distribution-free Monte Carlo
method, which gives valid confidence intervals which are valid for all noise distributions.

We illustrate our method in simulation studies, comparing mean-squared error (MSE),
confidence interval coverage/width, and computational time/memory. We also apply our
methodology to two 2010 Census demonstration products, Redistricting Data (Public Law
94-171, which we abbreviate as PL94) and Demographic and Housing Characteristics (DHC),
illustrating the scalability and validity of our methods. Proofs and technical details are
found in the appendix.

While our method is motivated by the 2020 Census products, it can be applied in other
settings where independent noisy counts are observed at varying levels of detail.

1.1 Related Work

The first processing of redundant DP measurements was due to Hay et al. (2010), which
leveraged a binary tree structure of the different true values. Their method used a two stage
up and down pass to sequentially update the estimates and finally resulted in minimum
variance estimates that are self-consistent. A similar approach has been considered by
Honaker (2015) and Kifer (2021), and this method has been applied to derive DP confidence
intervals for the median of real-valued data (Drechsler et al., 2022). Recently Cumings-
Menon (2024) extended this tree-based approach to process the Census noisy measurement
files across geographies, which forms a tree. In contrast, SEA BLUE is designed to optimize
estimates within geographies using the structure of different marginal counts, which does
not form a tree.

McCartan et al. (2023) and Kenny et al. (2024) proposed a minimum variance weighting
of estimates which can be summed up from other tables, which is the same as our collection
step, which forms the first step of our SEA BLUE procedure. Kenny et al. (2024) compare
these unbiased weighted estimates to the TopDown estimates as well as the estimates from
swapping, the privacy protection algorithm used in 2010. While the collection step estimate
is optimal “from below,” as we formally prove in Section 4.1, it is not the best linear unbiased
estimate as it does not use all information available in the tables. We show in Section 4.2
that our down pass is needed after the collection step to obtain the BLUE.

2. Background and Notation

In this section, we review some basic results in linear algebra and differential privacy, and
set the notation for the paper—especially the notation used for contingency tables.

2.1 Linear Algebra

In R the standard inner product is (z,y) = x"y. To account for covariance structure, other
inner products also exist: for a square and positive definite matrix 3, an inner product is

(z,y)s = 2" Sy, which has corresponding norm ||z||s = \/(z, z)x.
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Figure 1: Left: true sensitive counts. Note that they are self-consistent with the margins.
Middle: Dark blue values are raw noisy measurements and light yellow values
are computed margins. Note that the values are not self-consistent. Right: Final
processed estimates, which are self-consistent with their margins.

For the inner product (-,-)y, and a tuple of linearly independent vectors in R, V =
(v1,...,v), the projection operator onto Sy = span(V) is Projg‘v = VVTzv)~lv Ty,
The projection is the solution to the following “least squares” problem: Let y € R™; then
Projgvy = argmingcg, ||z — y||x. Furthermore, PI‘OjS‘:l =1-— Projgl, where S& is the
orthogonal complement of Sy . Y

2.2 Contingency Table Notation

In this section we introduce some specialized notation that is necessary to precisely describe
our proposed methodology. A summary of the notation is found in Table 7 in Appendix A.

We generally use the variables Y for true (unobserved) counts, Y for the observed noisy
counts, Y for intermediate estimates of Y from the collection step of the algorithm, and
Y for final estimators; see Example 1 and Figure 1 for an example. Given a finite set of
variables A = {A, B,C, ...} with an ordering (such as alphabetical), and S C A a subset of
these variables, we write YS as the table of counts marginalized over the variables not in S
to which noise has been applied. For a variable A € A, |A| denotes the number of levels that
A can take on. If S = {Ay,..., A} C A, then VS = {1,2,... |A1]} x --- x {1,2,...,|As|}
is the set of indices for Y if v € V° is a vector, then )71}5 represents the single noisy
count in Y5 which corresponds to A1 = v1, Ay = vg, and so on. We also consider V,S =
{0,1,2,.. . |A1|} x --- x {e,1,2,...,|Ak|}, which allows for a “e” in some of the entries. If
v € V2, the entries with a “e” indicate that we are summing over all of the values for the
corresponding variable. We use the same notation for Y, Y, and Y as well. For specific
examples, we simplify the notation by dropping braces on the sets S and vectors v (e.g., for
S ={A,B} and v = (i,7), we write ZT;’B in place of ?E?’B}.

We use the term table to refer to both subsets of variables S C A as well as sets of
counts of the form Y (similarly for Y5 and Y3 ). It should be clear from context which
type of object is being referred to when the term “table” is used. When an index is given,
we call objects like }N/US and Y, either counts or estimates of Y;°.
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Example 1. Suppose that we have two binary variables A and B (e.g., Hispanic and Voting
Age). Let Y;; denote the true counts for A = i and B = j. We observe noisy counts

Z‘?’B =Y, ; + noise, }N/Z-A = Y, e + noise, EN/J-B =Y, ; + noise and Y9 = Y, e + noise. Note
that while YiA =Y, ., this is generally no longer the case for the values in Y: ZA % Z‘é’B.

vAB,

However, our final estimates Y will be “self-consistent” in this sense: e.q., YZ-A =Y/,

See Figure 1 for an illustration.

Some additional notation that will be important to describe and analyze our procedure
is as follows: If S C A, we write S C S and S D S as notation to remind us that S is a
subset of S and S is a superset of S. If v € V° and S O S, then we define v(S) € V° as the
vector that agrees with v on the entries corresponding to S and has the symbol “e” for the
entries corresponding to S\ S; the effect of this notation is to marginalize out the variables
S\ S and use v to index the variables from S in the marginalized table. Similarly, for S C S,
we define v[S] € V2 as the vector which extracts the entries of v which correspond to S.
Combining these two notations, we can also write v[S](S) € V° for S € S and v € V', and

W

this vector agrees with v on S and has “e” on S\ S, which has the effect of marginalizing
out S\ S and using the remaining values in v to index the marginal table on S.

2.3 Differential Privacy

Differential privacy (DP) is a probabilistic framework which formally quantifies the amount
of privacy protection offered by a mechanism (randomized algorithm) (Dwork et al., 2006).
Intuitively, a mechanism satisfies DP if, when it is run on two databases differing in one per-
son’s contribution, the distribution of outputs is similar. There are many different notions
of differential privacy, such as pure-DP, approximate-DP, Gaussian-DP (Dong et al., 2022),
and zero-concentrated DP (Bun and Steinke, 2016), which differ in how the “similarity”
between distributions is measured. In zero-concentrated DP, the version of DP employed
by the U.S. Census Bureau (Abowd et al., 2022), the “similarity” is measured in terms of
divergences on probability measures.

Definition 1 (Zero-Concentrated DP: Bun and Steinke (2016)). Let p > 0. A mechanism
M : X — Y satisfies p-zero concentrated differential privacy (p-zCDP) if for any two
databases X and X' differing in one entry, we have D,(M(X)||M(X")) < pa, for all
a € (1,00), where Dy (-||-) is the order o Rényi divergence on probability measures:

a—1
Do(P||Q) = aillog (EXNP [Sg;] )

where p and q are the probability mass/density functions for P and @, respectively.

In p-zCDP, smaller values of p ensure that the distributions of M(X) and M (X') are
more similar, offering a stronger privacy guarantee.

The simplest and most widely used method of achieving differential privacy is to add
independent noise to the entries of a statistic. The noise must be scaled to the sensitivity of
the statistic. A statistic T': X — R* has fo-sensitivity A if A > supy x/ |T(X) = T(X')|l2,
where the supremum is over all X and X’ which differ in one entry. If T has f5-sensitivity
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A, then T + N satisfies p-zCDP, where N ~ N(0,A%/(2p)I). If T takes values in Z"
and has fo-sensitivity A, then T; + N;, where N; S Nz(0,A?/(2p)) satisfies p-zCDP. Here,
Nz(0,0?) is the discrete Gaussian distribution with probability mass function P(X = t) o
exp(—t?/(20?)) for t € Z (Canonne et al., 2020). The U.S. Census Bureau used discrete
Gaussian noise to produce noisy measurements of the 2020 Decennial Census tabulations,
which satisfy zCDP (Abowd et al., 2022). The methodology developed in this paper can
be applied post-process a DP output from any DP framework as long as additive noise is
used.

Differential privacy has several important properties including composition, group pri-
vacy, and immunity to post-processing (Dwork et al., 2014; Bun and Steinke, 2016). We
review immunity to post-processing as it is central to the problem tackled in this paper.

Immunity to Post-Processing: If M : X — ) satisfies p-zCDP, and g : Y — Z is
a (possibly randomized) function that does not depend on the sensitive data, then go M :
X — Z satisfies p-zCDP as well. Immunity to post-processing is important because one can
first design a privacy mechanism which produces summary statistics, and then process these
without compromising the privacy guarantee. Furthermore, by the transparency property
of DP, the mechanism M itself can be publicly known and incorporated into the post-
processing. For example, the “noisy measurements” (which we denote by 17) published by
the U.S. Census Bureau satisfy zCDP; by post-processing, the procedure we propose can
give refined estimates Y without compromising the privacy guarantee.!

3. Problem Setup and Theoretical BLUE

For the problem setup, we assume that we observe noisy counts ?US =Y+ NS for S e
O Cc{A,B,C,...} andv € V¥, where O denotes the set of observed tables, Y is the original
contingency table of sensitive counts, and NUS are the noise random variables, which have a
known distribution. Our goal is to produce refined estimates YUS for S € D, where D is the
set of desired tables, such that the YUS are self-consistent, meaning that we have YU*? g = YUQ

for all S, S € D, such that S C S and for all v € V2. In other words, marginalizing out the
variables of S\ S in Y5 results in the same values as in Y2, We assume that the tables
in D are nested: if S € D and S C 5, then S € D, but O need not have this structure.
Furthermore, we require our final estimates to be linear and unbiased, with the smallest
variance possible.

For the remainder of the paper, the true counts Y will be viewed as fixed, unknown
quantities. Thus, statements about the distribution of }7, or other random variables, refer
only to the randomness due to the noise mechanism.

We consider a few additional structural assumptions on the problem:

(A1) [Known noise] The noise random variables N are mean zero with known covariance
¥ = Cov(N). Furthermore, ¥ is positive-definite and consists of finite entries.

(A2) [Uncorrelated noise] The N are uncorrelated, implying that ¥ is a diagonal matrix.

1. Technically the Census noisy measurement files do not strictly satisfy differential privacy because they
contain invariants, which are values from the data reported without noise. See Gao et al. (2022) and
Cho and Awan (2024) for investigations on what the technical guarantee is for these Census products
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(A3) [Equal variance within tables] The noise variance is constant within a table: Var(Y,5) =
Var(Y,7) for all v,w € V¥ and S € O.

Note that (A1)-(A3) are all verifiable assumptions on the problem setup. Furthermore,
by the transparency property of DP, the privacy mechanism used can be published along
with the privatized data Y without weakening the theoretical privacy guarantee, to allow
outside users to check these assumptions as well. Assumptions (A1) and (A2) were previ-
ously used in the literature (Hay et al., 2010; Honaker, 2015; Kifer, 2021), while (A3) is new
to this work and is needed to limit the search of all possible estimators.

Example 2 (Motivating Census Data Products). The key motivating data sets for this paper
are notsy measurement files for the 2020 Decennial Census data products, PL94 and DHC.
Restricted to a single geography (e.g., only county-level counts for a particular county), the
PLY} product satisfies (A1)-(A3); DHC does not exactly fit our framework as Age variable
1s binned to different values in different tables. In our application to DHC in Section 6, we
use a subset of the noisy counts, which do satisfy (A1)-(A3). More details on these Census
products is provided in Section 6.1.

Remark 2 (Invariants). Some of the Census tables also have invariant counts, which are
values observed without noise. While such counts do not explicitly fit into the assumptions
(A1)-(A8), with the present version of our method, our procedure can be applied by setting
the variance to be arbitrarily small for these counts. We suspect that a modification to our
procedure can formally incorporate these invariants as part of the constraints without such
an approrimation, but leave this as future work.

A general solution can be provided to this problem, assuming only property (A1), using
the theory of linear models. We show that the best linear unbiased estimator, can be
expressed in terms of linear projections, and we give a formula for the projection operator
in terms of the constraint matrix. The proof of the result is based on the theory of linearly
constrained linear regression.

Theorem 3. Let X € R" be a random wvector with mean p and covariance ¥, where
it is known that p € Sy, = {x € R" | Az = b}. Let v be such that b = Av and call

So={z eR"| Az =0}. Call p = Projggl(X) + (Projgl)—rv. Then,
0

e /i is the BLUE for u. Furthermore, Cov(fi) = Projg(:lZ(Projg(;l)T.

o If X ~ N(u,X), then fi is the uniformly minimum variance unbiased estimator for ji;
furthermore, i ~ N (p, Projgo_lE(Projgo_l)T).

If the rows of A are linearly independent, then
Proj% | = (I - zAT(AEAT)*lA) and  (ProjZ,)| =XAT(AnAT)A.
0

While Theorem 3 derives the BLUE, when n becomes large, computing the projection
becomes expensive, especially in terms of memory which scales as O(pn), where p is the di-
mension of the rowspace or nullspace of A—whichever is smaller. Furthermore, the runtime
for this estimator using matrix operations is approximately O(n?3") (Alman and Williams,
2021); see Section 4.3 for a discussion of computational complexity.
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Example 3. Applying Theorem § to our setting, we have X = Y, w=Y,and i = Y. In
the constraints, A is the matriz with entries in {—1,0,1}, which encodes the self-consistency
constraints, and b = 0. Note that the projections are orthogonal in the case that 3 = clI; in
general, assumptions (A1)-(A3) do not ensure that the projections are orthogonal.

Example 4 (Running Toy Example). We introduce a toy example that we will use to
illustrate Theorem 3; later we will revisit this example to illustrate the SEA BLUE algorithm.
Suppose that the only variable is B, which has 3 levels. The sensitive values are YP =
(5,10,15) ", with Y? = 30. After adding independent discrete Gaussian noise with mean
zero and variance 1 to each value, we observe the noisy counts YB = (6, 9L17)—r andY? = 29.
Note that the noisy values are not self-consistent as YP = 32 # 29 = Y?. In the notation

[9)

of Theorem 3, we have X = (}}:j) with covariance ¥ = I, and constraint AX = 0 where
A=(1,1,1,-1). We calculate that

3 -1 —1 1
: _ 1f -1 3 -11
Proj§, = (I — AT(AAT) 1‘4):1 11 3

1 1 13

Thus, by Theorem 5, we have that (5;/};) = ProjéO (i;ﬁ) = (5.25,8.25,16.25,29.75) T, which
are self-consistent and BLUE.

In the following section, we propose an efficient implementation of BLUE under the
additional assumptions of uncorrelated noise (A2) and equal variance within tables (A3).

4. Scalable Efficient Algorithm for BLUE

In this section, we propose a novel two-step estimator that implements BLUE under as-
sumptions (A1)-(A3) and gives a well-motivated heuristic when (A2) and (A3) do not hold.
We call our method the Scalable Efficient Algorithm for the Best Linear Unbiased Esti-
mator (SEA BLUE). The two steps of SEA BLUE are a collection step, which aggregates
estimators of lower margins from more detailed tables, followed by a down pass, which
projects the intermediate estimators resulting from the first step to be self-consistent with
the previously calculated margins above. See Figure 2 for an illustration.

In Section 4.1, we describe the collection step of SEA BLUE and prove in Theorem 6 that
it results in the BLUE based on all estimators “from below;” in the case of the estimate of
the total count, this is simply the BLUE. We also present a pseudo-code implementation of
the collection step, which optimizes performance. In Section 4.2 we describe the down pass
and prove that, when applied to the output of the collection step, it results in the BLUE
for every table. We also develop an efficient implementation of the down pass by optimizing
the particular projection operations that are used in this step, and give a pseudo-code
implementation. In Section 4.3, we compare both the runtime and memory complexity of
SEA BLUE to the matrix projection, demonstrating the increased efficiency of SEA BLUE.

4.1 Collection Step

The first step of SEA BLUE is called the collection step, which considers estimators that
can be summed up from a single table, and weights these to give preliminary estimators
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Figure 2: Left: Illustration of the “collection step,” which updates the estimates in the
A table using a weighted average of the A margin calculated from A, AB, AC,
and ABC tables from the original noisy counts in Y. Right: Illustration of the
“down pass,” which updates the AB table to be consistent with the A and B
tables via projection; prior to this, the A, B, and C tables were projected to be
consistent with the total. The down pass is applied to the intermediate estimates
Y obtained from the collection step.

of each count, which we denote by Y5 for a table S and index v € V®. The collection
step was designed with the assumption of uncorrelated noise (A2) in mind, which removes
the need to consider the covariance between estimators from different tables. By using
inverse-variance weighting at the end of the collection step, the intermediate estimators are
optimal “from below.” The collection step does not consider any estimators which leverage
information between tables that are not hierarchically related, and the down pass will be
needed to incorporate this information.

Definition 4 (Collection Step). Let ?US = Y5 + N be noisy counts for S € O andv € V3

satisfying (A1). For any S C A and v € V, the collection step produces intermediate
estimates YUS via the following formula:

2 (Var(?f(?))) h f/vg(?)

,g _ S€O0|SDS
e > (Var(?gf )>_1 W
Seo|Sos v(S)

Note that because the entries of the noisy counts Y have a known covariance, we can
easily calculate Var(Yv‘?g)) exactly. If (A2) holds, then the variance of the collection step

estimates is given by the following Lemma:
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Lemma 5. If (A1) and (A2) hold, then the variance of the entries of the intermediate
estimate Y,”, denoted by (6%)3, is given by

v

-1

65 = V(¥ = [ (va(P3)) | 2)
Se0|Sos

Under assumptions (Al) and (A2), the collection step produces an optimal estimator,
using the estimates that are “from below” and “within-table.” Under the assumption of
equal variance within tables (A3), the collection step is simply the optimal estimator “from
below.” In particular, the collection step estimate of the total Y? is the BLUE.

Theorem 6. [Optimality for the Total] Assume that (A1)-(A3) hold. Then, Y" is the BLUE
of the total count Y based on the values in Y for S € O, subject to self-consistency.

While Theorem 6 is explicitly stated in terms of the total Y, it implies that all collection
estimates are optimal “from below,” by relabeling a count of interest YUS as Y? and only
considering tables S € O which satisfy S D S.

Example 5 (Running Toy Example). We apply the collection step to the setting in Ezample
4. Note that assumptions (A1)-(A3) all hold. Since there are no observed tables “below”
YB, we set YB =YB. Using inverse-variance weighting, we have

o (/3YEB+()Y?  (1/3)(32) +29
V0= 173 = e = 29.75.

Note that we still do not have self consistency between YB and Y.

Assumption (A2) is needed for Theorem 6 as the collection step only uses inverse-
variance weighting, based on the assumption of uncorrelated noise. If noises are correlated,
inverse-covariance weighting would be needed (Anderson, 2008), which would be far more
computationally and memory expensive. Fortunately many DP statistics use uncorrelated
noise, such as those produced by the U.S. Census Bureau, and prior works have also as-
sumed this structure (Hay et al., 2010; Honaker, 2015; Kifer, 2021). The following example
demonstrates the suboptimality of Y? when (A2) does not hold.

Example 6 (Necessity of (A2) for Collection Step). Suppose thaNtflA\ =|B] =2, 0=
{{A},{A, B}}, Yiﬁ-’B are independent with variance 1, and YA = Yi’.’B + N;, fori=1,2,
where N; are independent of all other variables with variance 1. Then the collection step
produces Y9 = ((1/4)}7.?.’3 +(1/6)YA)(1/4+1/6) = (317.’?.’3 +2YA) /5, which has variance
Var(f/.fl.’B) + 5= (Var(Ny) + Var(Na)) = 4 + 8/25. On the other hand, inverse-covariance
weighting tells us that the BLUE for Y is simply 37.1?.’8, which has variance 4. Thus, y?
ts not BLUE.

It may not be immediately obvious why (A3) is necessary to ensure the optimality of
the collection step. However, if (A3) does not hold, there may be important between-table
estimators that are not considered by the collection step, as demonstrated in the following
example.

10
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Example 7 (Necessmy of (A3) for Collectlon Step). Suppose that ]A\ B =2, O =
{4}, {A B}}, Var(Y{') = Var(Y;y") = Var(¥;3") = 1 and Var(Yy') = Var(¥{}") =
Var(Y: 15 BY = 11. Then (A3) does not hold, since there are unequal variances within both
the {A, B} table and the {A} table. Using (2), we compute

Var(¥?) = (1/ Var(V;4) + 1/Var(Y,’f‘.’B))71 — (112 4+1/24)" =8,

However, a between-table estimator, Z = Y + }72’?1’3 + 172‘742’3 has variance Var(Z) = 3. So,
VY is not the BLUE.

4.1.1 IMPLEMENTATION OF COLLECTION STEP

The collection step (1) can be easily implemented by first iterating over all desired tables
S € D, and then over all observed tables R O S, to produce the within-table estimates of
Y. However, this implementation is inefficient as it fails to leverage the ability to reuse
previous computations. In Algorithm 1, we describe an implementation that calculates
(1) more efficiently. The idea is to first iterate over the observed tables, which allows us to
leverage higher detailed margins when calculating lower detailed margins (e.g., first calculate
the one-way margins and then calculate the total from the one-way margins). Algorithm 1
offers the possibility of parallelization by working with different observed tables on different
computing nodes and aggregating the summary values C7, DJ at the end. Note that the
collection step can be further optimized by marginalizing out the variables with the largest
number of levels first in order to reduce the number of counts that need to be marginalized
over for lower level margins.

4.2 Down Pass

In the down pass, we begin with the intermediate estimates produced by the collection
step and iteratively project the i-way margins to be self-consistent with the previously
computed (i — 1)-way margln The total (0-way margin) is simply equal to the end result
of the collection step (Y? = Y?).

Definition 7 (Down Pass). Let YS be the output of the collection step, and assume that
(62)5 = Var(Y,%) is given (such as by Lemma 5 using (A1) and (A2)). Then the down pass
produces final estimates Y5 that are defined recursively as follows:

o IfS=10, then Y? = Y?.

e Otherwise, Y° is defined to be the BLUE for Y, given the intermediate estimates
Y, subject to the constraint YvéES) = Y},ﬁ for all S C S and v € VE; that is, when

marginalizing out the variables of S\ S in Y5, we obtain the same values as in Y.
By Theorem 3, we know that YS can be expressed as a projection, given in Algorithm 2.

From Definition 7, we see that the down pass is “locally optimal” in the sense that if
we only had the intermediate estimate Y5, and optimal estimates VS are treated as fixed
for S C S, then Y is the optimal estimator. Under assumptions (A1)-(A3), we can in fact
say that YS is BLUE compared to all linear estimators based on the noisy counts Y.

11
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Algorithm 1 Pseudo Code for Collection Step

Require: Noisy counts Y for each S € O, and known variance Var(?vs ) for each v € V5.

1:
2:
3:

o

11:
12:

13:
14:
15:

16:
17:
18:

19:
20:
21:
22:
23:
24:

25

26:
27:

28

For each S € D and v € V¥, set C5 = DS = 0.
for all S € O (loop through observed tables and create a spanning set of margins) do
Define Dg C 2° such that Dg D DN 2%, () € Dg and for any D € DN 2%, there exists

a nested sequence (Rﬂ‘ji” D in Dg such that

1. RjCRiforall |D|<j<k<|S]|,

2. Ryl =1,

3. Ripp=D.

(that is, for any desired table D, involving the variables in S, we have a sequence of

tables (R;) in Dg that increase one variable at a time from D to S; we refer to Dg
as a “spanning set of margins”)

for i =0,1,...,[S| (number of variables to marginalize) do
for all R € Dg such that |S| = |R| — i (pick a set of variables not marginalized
out) do

for all v € V¥ (all counts in the table) do

if ¢ = 0 (implies that R = S) then
Define Y575 = Y5
Define (62)575 = Var(Y,5)
(the notation S — R represents that we are producing estimates for the
table R based on margins calculated from table .S)

else
There exists R € Dg such that R C R C S and |R| = |R| + 1
Define ?USHR = 17;)5% R (sum up values from a previously marginalized table)

Define (52)571 = (5%5&%? (sum up variances from previous margin)
(we use a previously calculated margin to avoid re-summing the same quan-
tities unnecessarily)

end if

if R € D (if the table is one of the desired outputs) then
Update CE = CE + Y571/(52)57F (inverse-variance-weighted running
sum)
Update DE = DF + 1/(%)5~® (running sum of the inverse-variances)

end if

end for
end for
end for

end for

: for all S € D and v € V¥ do

Set Y5 = C5/D5 (by Equation (1))

Set (62)5 = 1/D5 (by Equation (2))

: end for

12
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Theorem 8. [Optimality of SEA BLUE] Assume (A1)-(A8) hold. Then, Y5 resulting
Jrom applying the down pass to the output of the collection step is the best linear unbiased
estimator of Y° based on the values in'Y, under self-consistency.

4.2.1 EFFICIENT IMPLEMENTATION OF THE DOWN PASS

Next, we derive an efficient implementation of the projections required in the down pass:
projecting a k-way table to be self-consistent with fixed higher margins. Assuming (A1l)-
(A3) hold, it follows that all of the elements of Y5 are independent with equal variance,
and so the desired projection is an orthogonal projection.

First, we require some technical notation. Let S be a set of variables, and let Z° be a
generic table on these variables. An important subspace is

Ss = {Z%|for all S ¢ S, and all v € V5, we have Zy 4 = 0}, (3)

which is the set of tables with all margins equal to zero.

Given Y5 , the output of the collection step, and Y< for S C S, the desired margin
values, we construct two tables: Al , a table consistent with VS which does not use the
values in Y , and Z5 , which has the same structure as Z5 , but uses the margins of YS:

|S] R
Y.is)

Z; = Z Z (—1)k+lmv (4)

k=1 {A1,..,Ap}CS
S\ {Ar Ar)

S|

yS
D DD D PR Ion PN )

Lemma 9 establishes that Zf and Z° have the desired margins and belong to 55%.

Lemma 9. Let S € D and assume that the YSs are self-consistent for all margins S C S.
Let Z° be constructed as in (4) and Z° be from (5). Then we have that

1. for all SC S and all v € VE, Zf(s) = Y3 and Z/f(s) = sz(gy and

2. both 75,75 € St.

Not only do the constructions Z° and 73 have the desired margins and live in ng-, but
in fact, Z5 is the projection of Y* onto Sﬁ- This allows us to write the elegant formula
VS = Y5 — 75 4 Z5 established in the following Theorem:

Theorem 10. Assume (A1) holds, let YS be a table achieved after the collection step, and
let Z° be the result of (4) using Y for S C S. Let Z° be defined as in (5) using the values
in YS. Then,

1. 75 = Projéél//s (equivalently, YS - 75 = ProjéSYS), and
2. if (A2) and (A3) hold, then YS =YS — 75 4 75,

13
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Algorithm 2 Pseudo Code for Down Pass

Require: (A1) holds; Y5 and (62)° for each S € D as computed from the collection step
1: Set Y? = Y@, which is the total estimate
2: for i =1,2,... , maxgep | S| (iteratively go through i-way margins) do
3:  for all S € D such that |S| =i (pick a set of i-way margins) do

4: Let Z5 be the table constructed in (4)

5: if (A1)-(A3) hold then

6: Let Z° be the table constructed in (5)

7: Set Y5 = Y5 — Z5 4 Z5 (by Theorem 10)

8: else if (A1)-(A2) hold then

9: Call ¥ = d1ag(( 2)5), which is the covariance matrix of the elements of y*s

10: Set V5 = PI"OJS (YS)—{—ZS PTOJSS (ZS) (projections are no longer orthogonal)
11: end if

12:  end for

13: end for

The intuition behind the formula Y5 = Y5 — Z5 + Z5 is that Y5 has the correct depen-
dence structure, but the wrong margins; so, we “subtract off the margins” by subtracting
Z5 and then “add on the correct margins” by adding Z5.

In Example 8, we illustrate how the terms in Z° cancel when calculating margins.

Example 8. Let S = {A, B,C}, and suppose that the Y& are self-consistent for all R C S
(e.g., YAB = YaA). The construction of Z° in (4) is of the form

o AB & B,C - . N .
g5 _ (Yo +YAC+YI”C S (R AR (S (i I e
b icl Bl 4] [BlIC| ~ 1AllC] |AllB] ) AllBlIC|

If we marginalize over the variable C, we obtain:

. vA vp VAN Ve
Zg’:b,,:(Y ++> <+b+ +

1Bl 4] Bl Al lAlBl)  [AlBI

and we see that all terms cancel except for Ya’?bB as claimed in Lemma 9.

Remark 11. For each step of the down pass, the projection only requires calculating the
current margins of Y° and the cost to assemble Z° and Z°. In fact, the computational and
memory cost for the down pass is of the same rate as the collection step.

Algorithm 2 gives a pseudo-code implementation of the down pass. Note that while each
set of margins must be computed in order, margins with the same number of variables can
be calculated in parallel.

Example 9. We continue Fxample 5 by now applying the down pass. First, we calculate
(32/3 32/3,32/3)7, since 32 = Y2 and |B| = 3, and Z° = (29.75/3,29.75/3,29.75/3) ",
since Y9 = Y9 = 29.75 and |B| = 3. Thus,

) , o 6 32/3 29.75/3 5.25
YB=vB_254+2725=1 9 | —| 32/3 | +| 29.75/3 | = 825 |,
17 32/3 29.75/3 16.25

14
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which agrees with the BLUE calculated in Example 4.

4.3 Complexity of SEA BLUE and Matrix Projection

In this section, we give a detailed analysis of the computation and memory complexity of
the matrix projection in Theorem 3 compared to SEA BLUE. For simplicity, we restrict
our attention to the case where noisy tables are observed for all possible margins based on
k > 1 variables with I > 2 levels each and assumptions (A1)-(A3) hold. In this case, we can
calculate that there are n = (I 4+ 1)* noisy counts observed. We consider two asymptotic
regimes where either k or I goes to infinity while the other is held fixed.

Matrix Projection: The projection in Theorem 3 requires O(np + p operations
to implement (Alman and Williams, 2021) and O(np) units of memory, where p is the
smaller dimension of either the columnspace or nullspace of A (A is defined in Theorem 3).

2.373)

Lemma 12. Given all possible tables from k variables, each with I levels,
1. p=min{I*, (I +1)¥ — I*}, where p is defined as above, and

2. matriz projection has runtime O(I?*=1 4 1%373F=1) and memory O(I**~1) as I — oo,
and runtime O(I*(I 4 1) + 12373%) and memory O(I*(I + 1)*) as k — oo.

SEA BLUE: In both the collection step and the down pass, it can be seen that the
memory requirement never surpases a constant multiple times n, a large improvement over
the rate O(pn) for the matrix projection.

In terms of the runtime, for the collection step, the bottleneck is the time to compute
all margins from all of the tables. In Lemma 18, found in the Supplementary Materials, it
is established that under (A1)-(A3), the runtime of the down pass is limited by the same
quantity. In Lemma 13, we derive the computational cost and memory to compute all
margins given either a single table, or all tables from k& variables.

Lemma 13. 1. Let S be a table with k variables, each with I levels. Then it is possible
to compute all of its margins in O(I¥) time as I — oo and O((I+1)*) time as k — oo;
the memory requirement is of the same order.

2. Given all possible tables from k wvariables, each with I levels, it is possible to com-
pute all of its margins in O(I¥) = O(n) time as I — oo and O((2I + 1)F) =
O(nloeRI+D/log(I+1)) time s k — oo; under (A1)-(A3), the memory requirement
of SEA BLUE is O(n).

Remark 14. In Lemma 15, the quantity log(2I + 1)/log(I + 1) is a decreasing function
for I > 0, which approaches 1 as I — oco. At I = 2 (the smallest number of levels for
a variable), it evaluates to log(5)/log(3) ~ 1.46497. The runtime as k — oo is at worst
o(n'®) and approaches O(n) for larger I. On the other hand, as I — oo, we have runtime
of O(n) no matter the value of k.

Comparison Between Matrix Projection and SEA BLUE: We see a large im-
provement in the memory usage of SEA BLUE compared to the matrix projection: O(n)
versus O(np), where p is only slightly smaller than n.
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In terms of runtime, when I — 0o, we see a clear improvement to O(I¥) versus O (%=1 +
12373(k=1)): these runtimes only agree when k = 1. As k — 0o, we can compare (21 +1)F <
2F(I + 1)* = O(I*(I + 1)¥), where the big-O is tight when I = 2 and is little-o for I > 2,
and (21 + 1)F = o(I%373)_ for I > 2. Less precisely, we have that SEA BLUE has runtime
between Q(n) and o(n'?), whereas the matrix projection has a runtime approximately on
the order of O(n?)-O(n?37).

5. Covariance Calculation and Confidence Intervals

When publishing differentially private data, it is important to communicate the error due
to privacy in the published estimates. In this section, we show that for any linear procedure
(including SEA BLUE), we can either calculate the standard error exactly or approximate it
with a Monte Carlo approach. In either case, we show how to construct confidence intervals.
We also present a distribution-free method for Monte Carlo confidence intervals.

We introduce additional notation to simplify the presentation of this section: for a table
75, we let vec(Z°) denote a vectorization of the entries of Z°, where we assume a fixed
ordering of the variables and levels of the variables.

5.1 Exact Covariance Calculation and z-Confidence Intervals

Under assumption (A1)-(A3), we know that SEA BLUE produces the same result as the
best linear unbiased estimate described in Theorem 3. In Theorem 3, the covariance of the
final estimates ¥ can be obtained by applying the projection procedure to a factorization of
the original covariance: /2. If the noisy counts Y are normally distributed, we can easily
construct confidence intervals for the true values Y using the calculated variances.

Suppose that (A1)-(A3) hold. Let £1/? be the " column of £1/2. Apply SEA BLUE
to Z;/ 2 (pretending the vector 23/ % contains noisy counts), setting all invariants to zero,
and call the result 21-1/2. Let /2 be the matrix whose " column is 22/2. Then, 3=
$21/2(351/2)T is the covariance matrix of vec(Y). If & = 2] (a stronger version of (A3)
where all counts have equal variance), then 3 is obtained column-wise by simply passing
each column of ¥ through SEA BLUE and no matrix multiplication is needed.

If Y5 are all normally distributed, then a (1 — «)-confidence interval for vec(Y); is

VeC(Y)Z‘ + Zl—a/2 (E)Z,l

5.2 Monte Carlo Confidence Intervals

In Proposition 5.1, we saw how to compute the exact covariance of ¥ under assumptions
(A1)-(A3). However, if either the assumption of uncorrelated noise (A2) or the assumption
of equal variance within tables (A3) are violated, then this result no longer holds. Fur-
thermore, if the variance of every count is desired, running SEA BLUE for n times may be
overly expensive. Finally, even if Proposition 5.1 is applicable, if the Y are not normally
distributed, producing tight Cls based on the covariance may be challenging, as the use of
suboptimal concentration inequalities such as Chebyshev and Gauss can result in confidence
intervals with excess width.
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To address these limitations, we propose two Monte Carlo confidence interval methods,
one under the assumption of normality and the other which holds without any distributional
assumptions. These methods simply rely on the fact that the SEA BLUE algorithm is a
linear procedure (even if (A2) and (A3) do not hold), and the noise distribution of N is
known (as mentioned under “Immunity to Post-Processing” in Section 2.3).

Suppose that (A1) holds and Y are normally distributed. Then, it follows that Y are
also normally distributed with mean Y. Let vec(Y)D, .. vec(Y )™ be i.i.d. samples with
the same distribution as vec(N). Call (62)ff = L Zle[vec(y(j))i]Q, where V') is the result
of applying SEA BLUE to Y ). Then, vec(Y); + t1_a/2(R)y/(6%)F is a (1 — a)-confidence
interval for vec(Y');.

If the Y’s are not normally distributed, then we propose a distribution-free Monte Carlo
confidence interval using order statistics.

Suppose that (A1) holds. Let vec(Y)™, .. vec(Y)® be iid. samples with the same

distribution as vec(N). Call Y@ the result of applying SEA BLUE to Y ). Given an index

i, let X(il), . ,X(iR) be the order statistics of | vec(Yi(l))], ool Vec(ffi(R))]. IfR>(1-a)/a,
then vec(Y); + Xg[(l—a)(R-i—lﬂ) is a (1 — a)-confidence interval for vec(Y');, where [-] is the

ceiling function.

In Propositions 5.2 and 5.2, the i.i.d. samples do not use any additional privacy loss
budget, as they are simply realizations from the noise distribution and do not access the
sensitive data.

Note that in Proposition 5.2, the Monte Carlo samples are used most efficiently when
(1 —a)(R+1) is an integer. For example, if & = .05, then R = 19 is the smallest value that
can be used in Proposition 5.2, and R = 99 or R = 199 are other sensible choices to reduce
the expected width of the confidence interval.

In Table 1, we compare the average relative width of the confidence intervals from
Propositions 5.1, 5.2, and 5.2 in the case of normally distributed data. Compared to using
the exact covariance, Proposition 5.2 results in about a 10% increase in expected width
when using the smallest value of R = 19, and this error can be reduced to < 1% by
using R = 199. On the other hand, with Proposition 5.2, we can obtain < 1% error
with only R = 99. Finally, when comparing the two Monte Carlo methods to each other,
the distribution-free approach has 4% increased width compared to Proposition 5.2 with
R =19, and less than 1% increased width at R = 99. We see that these Monte Carlo
methods offer a competitive alternative to Proposition 5.1.

R: 19 99 199

Monte Carlo T / z 1.055 1.010 1.005

Monte Carlo DF / z 1.094 1.017 1.009

Monte Carlo DF / Monte Carlo T 1.038 1.007 1.005

Table 1: Mean relative width of the confidence intervals from Proposition 5.1 (z), Propo-
sition 5.2 (Monte Carlo T), and Proposition 5.2 (Monte Carlo DF). Simulation
was conducted with normally distributed random variables, e = .05, and 100,000
replicates. In all settings, the Monte Carlo standard errors are < .001.
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Remark 15. Suppose we want a confidence interval for multiple counts in Y. With either
Proposition 5.2 or Proposition 5.2, the same R copies of YU) can be re-used to make a con-
fidence interval for each count of interest. On the other hand, using Proposition 5.1 requires
running SEA BLUEFE for each count of interest that has a different covariance column. So,
while the Monte Carlo methods have an overhead of R runs, the number of runs need not
scale with the number of desired confidence intervals.

Remark 16 (Refining Confidence Intervals). While SEA BLUE does not use assumptions
of non-negativity and integrality, we can use these constraints to refine any of the confidence
intervals presented earlier in this section without affecting the coverage. For example, if it is
known that the true values are non-negative integers, then if the initial confidence interval
is [=1.5,12.7] a refined confidence interval would be [0,12]. In_general, if [a(Y),b(Y)] is
a (1 — a)-confidence interval for a count Y%, then so is [a*(Y),b*(Y)], where a*(Y) =
max{0, [a(Y)]} and b*(Y) = |b(Y)]. This method of refining always preserves the coverage
and can only reduce the width of the intervals.

6. Simulations and Application to Census Products

In this section, we empirically explore the properties of SEA BLUE in both simulations as
well as through an application to two Census products. The code for these experiments is
available at https://github.com/JordanAwan/SeaBlue.

6.1 Description of Census Products and Simulation Setup

The two U.S. Census Bureau products that we consider are the noisy measurement files for
Redistricting Data (PL94) and Demographic and Housing Characteristics (DHC).

PL94 provides tables summarizing population totals as well as counts for race, Hispanic
origin, and voting age for each geographic areas as well as housing unit counts by occupancy
status and population counts in group quarters. Structurally, the noised PL94 data consists
of four variables, sized 2, 2, 8, and 63. The data for each PL94 geography includes con-
tingency tables for 1) the values for each individual variable by itself, 2) values for the full
4-variable cross combination of all variables, 3) three 2-way crosses (both size-2 variables
crossed together, and the size-8 variable crossed against each of the size-2 variables), and
4) a single 3-way cross (size-2, 2, and 8 variables crossed together).

The DHC product provides tables on the following variables: age, sex, race, Hispanic
or Latino origin, household type, family type, relationship to householder, group quarters
population, housing occupancy, and housing tenure. The contingency tables of the DHC
that we used as input included 1) a full-cross of five variables, of sizes 2, 2, 42, 63, and 116,
2) a 2-way cross of the size-2 variables, and 3) a 2-way marginal variable by itself. The
DHC data set included several contingency tables that are a cross of variables against “bins”
of another variable, which weren’t directly usable under our current approach. Instead of
crossing sex against each possible age value, the data crosses sex against a modified age
variable that expresses the counts within large age ranges, e.g., 0-18, 19-36, etc. Our SEA
BLUE approach for DHC summed the counts for these sex-cross-binned-age, eliminate these
unusable “binned” counts, in order to get the sex variable by itself.

18


https://github.com/JordanAwan/SeaBlue

BLUE rrROM PRIVATIZED CONTINGENCY TABLES

We use the 2010 demonstration products for PL94 and DHC, rather than the official
2020 releases. These demonstration products were protected using DP in a similar manner
as the official 2020 releases and were produced to help data users understand the DP
mechanism proposed for the 2020 products. We use these demonstration products in our
simulations because we are able to use the Census 2010 Summary File 1 (SF1) counts as
the approximately true values for the same geographies. SF1 is the official 2010 tabulation
of Census counts and these SF1 values are used to assess mean squared error (MSE) and
interval coverage, whereas no analogous product was available for the 2020 release. We also
used the 2010 DHC demonstration product to measure timing and memory use for a large
contingency table, but we unfortunately did not have the corresponding values to measure
the accuracy of DHC results as the 2010 SF1 tables did not match the set of noisy tables
in the DHC demonstration product.

We used a sample of 40 Census blocks from Rhode Island for PL94, and for DHC, we used
state-level counts from Rhode Island. For PL94, our replications were simulated by taking
a sample of geographies, since each geography only has one set of counts. Note that within
each product, all geographies have the same set of tables, so timing and memory should
be similar for different geographies (e.g., SEA BLUE applied to PL94 for a block in Rhode
Island should see similar performance to SEA BLUE applied to a county in California). We
also ran SEA BLUE on West Virginia state and its 55 counties for PL94, treating county
as another variable. We initially chose Rhode Island because of its small size, however, in
the end the runtime for SEA BLUE and matrix projection do not depend on the size. We
chose West Virginia for multiple-county execution because it was the state with the largest
number of counties with uniform variance in the noisy PL.94 product.

For PL94, all tables at a single geography satisfy assumptions (A1l)-(A3). However,
DHC does not directly fit within our framework as the Age variable is binned at different
thresholds in different tables. Due to this, we marginalized out the Age variable whenever
binning occurred and used these tables as the input to SEA BLUE and matrix projection.
After this pre-processing, assumptions (A1)-(A3) hold for DHC as well. For the West
Virginia counties application, each county had the same privacy loss budget, so (A1)-(A3)
held for this example as well, including County as an additional variable; however in other
states, counties received different privacy loss budgets, which results in unequal variances.

Simulations were conducted in Python, where a custom script was written to implement
SEA BLUE, and numpy functions were used to perform the matrix operations needed to
implement the matrix projection. Tests were run on a Windows laptop with an Intel i7-
7820HQ CPU (4 cores / 2.90GHz) and 8 GB RAM. No parallelization was implemented.

In our controlled settings, we generate data for a “k x k” table for k € 3,4, 5,6, mean-
ing that there are k variables which each have k levels, and we observe all possible noisy
margins. For a single geography we generate the detailed table using a zero inflated Pois-
son distribution, and aggregate back to the total count. Noise is added using a normal
distribution to each count type independently.
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Size ‘ Time ‘ Memory

Dimension Counts SEA BLUE Projection SEA BLUE Projection
I x3 64 0.006 0.01 2.52 6.41

4 x4 625 0.05 0.024 2.53 12.92

5x5 7,776 0.90 60.45 4.15 947.54

6 x6 117,649 18.70 N/A 30.98 N/A

PL94 Block 5,184 0.49 70.55 4.30 421.77
PL94 Multi 290,304 34.36 N/A 116.16 N/A
DHC State 2,897,856 299.07 N/A 1186.35 N/A

Table 2: Comparison of time (in seconds) and memory (in MiB) performance for SEA BLUE
versus full projection on tables of various sizes. Time results are averaged over
40 replicates, and memory is averaged over 10 replicates. PL94 block numbers
are based on counts from 40 Rhode Island Census blocks, PL94 Multi numbers
are based on counts for West Virginia state and its 55 counties. DHC state is
based on Rhode Island state counts. Projection did not run for 6 x 6, DHC, or
multi-geography PL94 due to memory limitations. Only a single instance of SEA
BLUE was run on DHC as a test of feasibility.

6.2 Runtime and Memory Usage

We implement both SEA BLUE and the matrix projection and apply them to problems of
varying sizes. At each size, we measure the runtime as well as the memory usage as either
can potentially be a limiting factor. The results are found in Table 2.

The second main column of Table 2 contains the runtime in seconds, averaged over
40 replicates. For the 3 x 3 and 4 x 4 cases, SEA BLUE and projection both run in less
than a second. However, for the 5 x 5 problem, SEA BLUE still runs in under 1s, whereas
projection takes 60s. Finally, SEA BLUE takes about 19s to process the 6 x 6 table, whereas
projection was not able to be run for this table size due to memory limitations.

The final column of Table 2 records the maximum memory required for the method,
measured in mebibytes (MiB), averaged over 10 replicates (each memory result never varied
beyond 3 KiB). We see a substantially improved scaling for memory with SEA BLUE,
requiring approximately 4MiB for the 5 x 5 size compared to nearly 1GiB for the projection.
Finally, the 6 x 6 only required 31MiB for SEA BLUE, whereas the projection was unable
to run on our machine due to memory limitations. An error message said that it needed to
allocate approximately 103 gibibytes (GiB) for the projection matrix.

We also applied SEA BLUE and the matrix projection to the Decennial Census 2010
demonstration product of PL94, which is protected with zero-concentrated differential pri-
vacy. Among the simulations, the PL94 contingency table count is most similar in size to
the 5 x 5 case. Performance-wise, we see SEA BLUE has similar performance on PL94 as
in the 5 x 5 case: the runtime of SEA BLUE for PL94 is about a 95% decrease compared
to the matrix projection and the memory is a 99% decrease compared to the projection.
When processing many geographies, this difference in performance becomes practically sig-
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Experiment Counts SEA Proj SEA To Proj
One Marginal 4 0.8132 0.8131 0.0000
All Marginals 16 0.8191 0.8191 0.0002
All 2 Way 96 0.7995 0.7880 0.0125
All 3 Way 256 0.7983 0.7606 0.0408
Detailed 256 0.8159 0.8069 0.0109
All Counts 1 Var 500 0.7932 0.7456 0.0451

Table 3: Performance versus true projection in various 4 x 4 scenarios where (A3) is violated,
aggregated over 100 replicates. Three MSE levels are shown: the SEA BLUE
estimates to the true counts, projection values to the true counts, and the SEA
BLUE estimates to the projection.

nificant. When running SEA BLUE for PL94 for West Virginia state and its 55 counties
simultaneously, the projection failed to run while attempting to allocate 624 GiB of memory.
For the larger DHC product, SEA BLUE’s computation took less than 1.2 GiB of
memory and less than 30min, while projection failed after attempting to allocate 10TiB of
memory. We only ran a single instance of SEA BLUE on DHC as a test of feasibility.

6.3 Unequal Variances

Recall that SEA BLUE is the best linear unbiased estimate only if the assumptions (A1)-
(A3) are met. In the PL94 demonstration product, (A1)-(A3) hold for any single geography.
However, it may be the case that different counties in the same state have different variances.
In this section, we explore through simulations how much error is incurred by using SEA
BLUE when the assumption of equal variance within tables (A3) is violated.

We conducted a variety of experiments using a 4 x 4 simulated contingency tables where
a varying number of tables violated (A3). The default variance for each count is set to 2,
while in the listed tables the variance was set to be either 1, 2, or 3, uniformly at random.
Experiments were conducted where one marginal table, all marginal tables, all 2-way tables,
all 3-way tables, the detailed query, or all counts containing a single variable each received
non-equal variance. In each case, the MSE was calculated using 100 replicates (because of
the small size of the 4 x 4 tables, we could afford additional replicates here).

The higher proportion of counts that fall within non-uniform tables, the greater the
error that SEA BLUE incurs compared to the ideal projection. Nevertheless, these mild
violations of (A3) still result in near-optimal MSE (off by about 5% in the worst case). For
reference, the MSE of the original counts is approximately 2 in all settings.

6.4 Confidence Interval Validation

In this section, we numerically validate the confidence interval methods of Section 5. In
particular, we estimate the coverage and width on both simulated data and the PL94 Census
data product. Confidence interval testing against DHC was not possible because reference
values were not available for the DHC tables.
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Scenario | Exact | Monte Carlo T | Monte Carlo DF
3x3|0.9531 0.9480 0.9582

4 x 4 | 0.9520 0.9516 0.9541
5x510.9510 0.9500 0.9520

6 x6 | 0.9503 0.9498 0.9523

PL94 Block | 0.9505 0.9510 0.9543
PL94 Multi | 0.9482 0.9490 0.9733

Table 4: Coverage shown for various scenarios based on 40 replicates using 20 rounds of
estimation per trial. N x N replicates are computed on replicate-generated random
noisy data. PL94 runs are based on 40 block-level records from the state of Rhode
Island. o = 0.95. The Exact method is from Proposition 5.1, Monte Carlo T is
from Proposition 5.2, and Monte Carlo DF is from Proposition 5.2.

Scenario Initial Exact T Monte Carlo | DF Monte Carlo
Raw Clip Raw Clip Raw Clip Raw Clip
3x3| 5544 3413 | 3.601 2240 | 3.772 2.361 | 3.963 2.546
4x4 | 5544  3.506 | 3.548 2.254 | 3.728  2.407 | 3.915 2.574
5x5| 5544 3.549 | 3.514 2242 | 3.694 2.400 | 3.884 2.568
6x6| 5544 3.568 | 3.491 2.233 | 3.669 2.392 | 3.859 = 2.5605
PL94 Block | 43.802 21.765 | 19.342  9.319 | 20.300  9.831 | 21.349 10.358
PL94 Multi | 31.230 16.062 | 23.740 11.997 | 23.772 12.013 | 27.257  13.832
DHC State | 13.044  6.421 | 12.887  6.121 | 13.544  6.371 | 14.241 6.727

Table 5: Comparison of confidence interval widths for tables that were supplied as input.
Intervals included for initial noise, SEA BLUE variance calculation, T-based, and
distribution-free Monte Carlo estimations. Results averaged from 40 replicates
using 20 rounds of Monte Carlo estimation per replicate. N x N replicates are
computed on replicate-generated random noisy data. PL94 runs are based on 40
block-level records from the state of Rhode Island. DHC numbers are computed
from Rhode Island state-level counts.

In Table 4, we measure the empirical coverage of our three confidence interval methods
on both simulated data and on the PL94 product averaged over 40 block-level records from
Rhode Island. Note that in the simulated tables, the noise distribution was continuous
Gaussian whereas for PL94 the noise distribution was discrete Gaussian. Even with the
slight deviation from normality, we still approach the 95% nominal coverage for all of our
proposed methods. The over-coverage of the distribution-free approach is to be expected,
since this approach makes fewer assumptions on the noise distribution.

In Table 5, we compare the width of our confidence interval procedures. In each case, we
consider both the raw and clipped intervals, where the clipping is according to Remark 16.
For the simulated examples, the input and output tables are identical; for PL94 and DHC,
the output is all tables possible from the marginals, but the input is the subset of tables
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Scenario Exact T Monte Carlo DF Monte Carlo
Raw Clip Raw Clip Raw Clip
PL94 Block | 20.9643 10.0505 | 22.0136 10.5767 | 23.1337 11.1392
PL94 multi | 25.0119 12.8369 | 25.04334 12.8535 | 28.7145 14.7892
DHC State | 26.5573 13.6419 | 27.8967 14.3599 | 29.3217 15.1036

Table 6: Comparison of confidence interval widths for tables that were mot supplied as
input. Intervals included for initial noise, SEA BLUE variance calculation, T-
based, and distribution-free Monte Carlo intervals size averaged from 40 replicates
using 20 rounds of Monte Carlo estimation per replicate. PL94 runs are based
on 40 block-level records from Rhode Island. DHC numbers are computed from
Rhode Island state-level counts.

actually supplied in the Census data. In all cases, our clipped intervals are significantly
smaller than the initial clipped intervals. In the simulated tables and for PL94, we also see
the unclipped confidence interval width is significantly reduced. Interestingly, for DHC the
unclipped width is not significantly reduced, but the clipped width is much smaller after
SEA BLUE. Clipping has the greatest impact when there are many true counts near zero;
we suspect that it must be the case that in DHC, there are many such counts, which are
disproportionately affected by using the clipping.

Similarly, Table 6 compares the widths of our confidence intervals but for counts that
do not have original noisy estimates. Note that this only applies to PL.94 and DHC since
the simulated tables have noisy counts for all margins. Compared to Table 5, these widths
are larger, which makes sense since no direct measurement was available for these counts.
Otherwise, we see similar behavior in Table 6: the clipped intervals are significantly shorter,
and the exact variance method is the smallest, followed by the Monte Carlo T-interval, with
the distribution-free Monte Carlo interval being the largest.

7. Discussion and Future Work

Under assumptions (A1)-(A3), our SEA BLUE method offers a scalable implementation of
the best linear unbiased estimate of true counts, subject to self-consistency constraints. As
it is a linear procedure, we can easily produce confidence intervals with provable coverage
guarantees. Compared to a naive matrix projection, our method scales significantly better
in terms of both runtime and memory requirements and we show that it can be applied to
large Census products.

The proposed method was initially designed to process a subset of the Decennial Census
products at a single geography (e.g., a single county or a single block), but we were able
to also apply our method to incorporate two levels of geography, such as a state with its
counties. However, including more than two levels of geography would require an extension
of our framework since, for example, different states would have a different set of counties so
the “county” variable changes depending on the state. We suspect that a modification of our
collection step and down pass approach can accommodate adding in multiple geographies,
but we leave this as future work.
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While Section 6.3 showed that SEA BLUE is robust to mild violations to (A3), in general
it could be arbitrarily far from the projection estimates when there are more egregious
violations of the (A3). Performance could be improved by modifying Equations (4) and (5)
to handle unequal variances. However, even with this modification, SEA BLUE would not
in general produce the projection when (A3) does not hold. As mentioned in the discussion
before Theorem 6, when only (A1) and (A2) hold, the collection step produces an optimal
estimator using the estimates that are “from below” and “within-table”; thus, this step
always improves over the original noisy counts, but could be arbitrarily worse than the
optimal estimator (Example 7 offers an example where SEA BLUE produces an estimator
with variance 8, where the projection estimator would have variance at most 3). Future
work could investigate whether SEA BLUE can be modified to offer more robustness to
violations of (A3).

While (A2) is more commonly used in similar literature, and is also satisfied by the
2020 census products, it is also worth considering extensions of SEA BLUE that can handle
violations of (A2). As noted in Section 4.1, it seems that without (A2), it may be necessary
to track the covariances of the estimates, which would significantly increase the computation
and memory requirements. Future work may investigate whether weaker versions of (A2)
or modifications to the SEA BLUE procedure can maintain computational efficiency while
allowing for dependence in the noise distribution.

As mentioned in Remark 2, this paper does not directly address invariants, which are
counts observed without noise. We believe that the procedure can be modified to incorporate
other linear equality invariants such as these as well.

SEA BLUE only accommodates linear equality constraints in order to remain a linear
and unbiased procedure. This has two consequences: 1) SEA BLUE can result in negative
and non-integer-valued estimates and 2) SEA BLUE is expected to have higher MSE than
the Top Down Algorithm, which incorporates non-negativity and integrality (see McCartan
et al. (2023) for a comparison of the Top Down Algorithm against the collection step). As
noted in Remark 16, our confidence intervals can be refined to incorporate additional con-
straints without affecting coverage. Nevertheless, accuracy could be improved by enforcing
additional constraints in the estimation procedure. An important direction for future work
would be to develop computationally efficient post-processing methods which incorporate
all constraints, preserve (at least approximate) unbiasedness, and also give valid confidence
regions.

The results of Section 5.1 are focused on coordinate-wise confidence intervals, but one
may also be interested in confidence regions that simultaneously cover multiple counts. Ex-
tension of Propositions 5.1 and 5.2 to give confidence ellipsoids should be straightforward
by leveraging the normality assumption. An extension of Proposition 5.2 is less straight-
forward, but could potentially be done using the order statistics of a depth statistic (e.g.,
Yeh and Singh, 1997; Xie and Wang, 2022; Awan and Wang, 2024). However, it is not
clear whether these approaches are computationally tractable, especially when making a
confidence set for all counts, simultaneously. We leave it to future researchers to investigate
the details and feasibility of such confidence regions.

Our simulations did not implement parallelization techniques in the implementation of
SEA BLUE. For large databases, the ability to parallelize could enable even larger tables
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to be analyzed by SEA BLUE. It would be worth developing R/Python packages that
implement the SEA BLUE method with parallel optimizations incorporated.
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Appendix A. Summary of Notation

We include in Table 7 a summary of the notation used in this paper, which is defined in
Section 2.2.

Notation Context Definition /Interpretation

Y true counts
Y observed noisy counts

Y intermediate estimate of Y

Y final estimate of Y from SEA BLUE
A set of variables in the contingency tables
@

D

Oc24 set of observed tables

D cC 24 set, of desired tables

|A] AcA number of levels that variable A can take on

y*S SCcA a table of noisy counts for variables in S

VS ScA the set of indices for Y°

foS veVS Sc A the single noisy count in VS indexed by v

VS ScA same as V¥, but each coordinate also can be“e”

371;9 veVS ScA index with v, summing out variables with “e”

v(S) SOS,veVI ScA| v(S) eV, agrees with v on S and has “e” on S\ S

v[S] ScSveViScA v[S] € V& extracts entries of v corresponding to S
v[S](S) | SC S,ve VS Sc A | v[S](S) e VS agrees with v on S and has “e” on S\ S.

Table 7: Summary of notation from Section 2.2.

Appendix B. Proofs and Technical Details

We review some properties of linear transformations of random variables: let A € R?*F
and b € R"” and let Y € R¥ be a random variable with mean y and covariance Y. Then
EAY = Ap and Cov(AY) = AYAT. In particular, if Y ~ N(u,%). Then AY + b ~
N(Ap+b, ASAT).

25



AwAN, EDWARDS, BARTHOLOMEW, AND SILLERS

Theorem 3. Let X € R" be a random vector with mean p and covariance X, where
it is known that p € Sy, = {x € R" | Az = b}. Let v be such that b = Av and call
So={zx€R"| Az =0}. Call 1 = PI‘OjEO_I(X) + (Proj?l)—rv. Then,

0

e [i is the BLUE for u. Furthermore, Cov(fi) = ProjE:E(Projgofl)T.

o If X ~ N(u,X), then i is the uniformly minimum variance unbiased estimator for p;
furthermore, i ~ N (u, Projgo_lE(Projg;l)T).

If the rows of A are linearly independent, then
Proj% | = (I - zAT(AEAT)*lA) and  (ProjZ,)| =XAT(AnAT)A.
0

Proof Since Ay = b, we know that b € columnSpace(A). So, there exists v such that
b = Av. Now, we can say that u — v € nullSpace(A). We then transform our prob-
lem as follows. Let X’ = X~V2(X — ), i/ = ¥72(u — v). Note that AXY?y/ = 0,
so that g/ € nullSpace(AX'/2). Let M be a matrix whose columns form a basis for
nullSpace(AEl/ 2). Then there exists a vector 3 such that u’ = M. So, we have rephrased
our problem as X' = Mf + e, where e is a mean-zero vector, with covariance I. By the
Gauss-Markov Theorem, the BLUE for 3 is 3 = (MTM)™*M T X', which implies that the

BLUE for /' is ProjII1 allSpace(AS! /2)X ’. Converting back to our original problem, we have that
the BLUE for uis ji = S2Proj| i 452y (5712(X —)) +v, which can be simplified to

o= Projg(;1 (X)+ (Projgl)Tv. Similarly, if X ~ N (u, X), then 3 is the uniformly minimum
0

variance unbiased estimator for 5, which implies that fi is the uniformly minimum variance

unbiased estimator for u. |

Lemma 5. If (A1) and (A2) hold, then the variance of the entries of the intermediate
estimate Y;°, denoted by (6%)3, is given by

65 = var(VE) = [ (Var(P3)) | 2)
Se0|Sos

Proof To simplify notation, we write } 5 ¢ in place of } g gg- Recall that Y5 can be
expressed as

~ -1 =
_ S S
s _ 258 (V7)) s
v B =35 .
Ssos (Var(V35))

Using the fact that all of the Y values are independent, we calculate the variance as

2508 (Var(?vg(?))) - Var (Y/f(?))
N
(Ssos (Verl5) )
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Theorem 6. [Optimality for the Total] Assume that (A1)-(A3) hold. Then, Y? is the BLUE
of the total count Y based on the values in ys for S € O, subject to self-consistency.

Proof Let 7 be the affine space consisting of all possible linear unbiased estimates of
Y? based on the counts in Y5 for § € @. Note that {YS | S € O} is a set of linearly
independent members of 7, where the subscript “e” is short hand to represent the vector
in V% with “e” in every entry. Then, there exists a basis vector b for 7 containing Y,° as
the first entries for all S € O. Let A be the covariance matrix for b.

To see that A is positive definite, let w be a nonzero vector. Then Var(w'b) = w' Aw.
Since Y,® are independent with nonzero variance for all v € V° and S € O, and because
the entries of b are linearly independent, it follows that there exists a nonzero vector w such
that w b= & vec(Y), where vec(Y,5) represents a vectorization of the entries of Y;% for all
ve V9 and S € O. Then, we have that

Var(@ " vec(Y Z Z &3 Var(Y,5) > 0,
Se0peVv's

where @7 represents the entry of w that corresponds with ?S So, we have that w' Aw =
Var(@' vec( )) > 0, which implies that A is positive definite.

The best linear unbiased estimator for Y? uses the inverse covariance weighting of b,
which can be expressed in terms of matrix operations as,

1TA 1D
lT(A—l)l’

where 1 is the vector of all 1’s of the appropriate dimension, which is the efficient generalized
least squares solution (Anderson, 2008).
On the other hand, the collection estimate Y? can be expressed as

((Vai))m 0,...0>b

ZSGO Var(}ﬁ;.s)

9

where (1 / Var(YS )>S o represents the vector of inverse-variances in the same order as the
€

elements }7,5 appear in b.
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To claim that the collection step results in the BLUE estimate of Y'b, we need to establish

that
1~
<<Var(Y-S)>S€(’) ’ 07 o 0> . lTA_l

1 4T A-17"
ZSEO Var(?.s) 1 A 1

It suffices to show that

as this implies that

1 ,0,...0) =1TA7L,
Var(Ye) ) gco

s () o)
&co Var(YP) Var(Y®) 5co

The remainder of the proof aims to establish (6).
Let Z be an element of b. Then, restricting attention to the column of A corresponding
to Z, we need to show that

as well as

Z COV(Z, ?.S) .
sco Var(Yy)
We can express Z = D g0 D peys af?vs for some weights a>. We claim that for Z to

be an unbiased estimator for Y? = > ecya Ye, it must be that Y gco > eps af = 1, for
v=e[S]
all e € V4 To see this, we calculate

EZ=)Y_ Y aEYS

SeOveVvs

DI ST

SeOveVs  e[S]=v

-y Ry Y

ecVA S€0 yevs
v=e[S]

where in the second line we used the fact that EY/US =YS = Ze[S]:U Y.. We see that in
order for EZ =YY" = > eeva Ye, it must be that S gep D eps af = 1 as claimed.

v=elS]

Using our expansion of Z, we can now calculate
Cov(Z,Y5) a3 Var( YS

Seo ar( S€O yevs | | Var(Y;?)
S
a
- Z Z |VUS’ (8)
SeOyevs
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|VS’ Qy
=D D A 2 e (9)
SEQ ecVA ‘V | vev[s] |V ‘
v=el[S

,VA| 2.0 D @ (10)

ecVASe0 yevs
v=elS]

!V““\ d o1 (11)

ecVA
=1, (12)

where in (7) we use the assumption that the variance is constant within tables (A3); in
(9), the factor |VA|/|VS] corrects for over-counting, since there are |[V4| e’s and |[V°] v’s,
and each corresponds to an equal number. We see that for every column, A.;, we have
((1/ Var(Y5)),0,...,0)A; = 1 and conclude that Y? is the BLUE for Y. m

Theorem 8. [Optimality of SEA BLUE] Assume (A1)-(A8) hold. Then, Y5 resulting
from applying the down pass to the output of the collection step is the best linear unbiased
estimator of Y° based on the values in Y under self-consistency.

Proof For any S € 24\ O, artificially set ¥;5 = 0 for all v € V5 and ¢2(Y,5) = co. We use
the convention that for any non-negative number a, a/oco = 0.

Let S € D be chosen, and assume that for all 7; C S such that |T;| = |S|—1, we have the
BLUE estimates Y7 (by Proposition 6, we can compute V¥, for induction we can assume
that we have access to margins “above” S). As noted by Hay et al. (2010, Proof of Theorem
3), when holding Y7Ti fixed, the values of Y° are independent of YR whenever R 2 S, and
the BLUE Y can be expressed as the solution to the following optimization problem:

minimize » Y (V- ¥)?/o? (V). (13)

RDSyeVR

subject to Y(R) =VFE foral RODRDS, |R|=|R|+1,and v e VE,

and YJ? s) = YT, forall T; and v € VT,

v o

In the case that S = A (full detail), this simplifies to
minimize Z YA =Y/ (YA
veVA

subject to }A/J?A) = f/sz-’ for all T; and v € V77,

where we used the substitution YA = EN/A, and we see that in this case, the solution to this
minimization problem is the projection prescribed in the down pass step.
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Now assume that S # A. We write out the Lagrangian for (13):

R R R R, R R T,,S T;
> > WYY L D AT U<R)Y+ZZA -1,
RDSweVR RDRDS weVFE T; vevTi
|R|=|R|+1

(14)
Note that this is a convex and smooth objective. To understand the solution, we examine
the partial derivatives. Taking the derivative with respect to any A just recovers the original
equality constraints. For the other derivatives, we separate them into three cases.
Case 1: Let v € V¥ and take the derivative of (14) with respect to Y,” and set equal to
Z€ro:

¥ Ve v 175
2V V)V — ) ASS+§ M (15)
_SoS
IS|=[5]+1

where recall that by (A2), 02(Y,%) does not depend on v.
Case 2: For any R 2 S, R # A and for any v € VE, the derivative with respect to Y;?
gives:

3 > > R R.R
2V =Y/ = Y AP Y A =0 (16)
RDOR RCR,RDS
|R|=|R|+1 |R|=|R|—1

Case 3: In the case of A and v € V4, the derivative with respect to YvA gives:

2V - YA (Y + > )\[S] : (17)

|S|=[A]-1
So8

Together, all of the instances of (15), (16), and (17), along with the self-consistency con-
straints describe the solution space. In what follows, we combine these equations to show
that the solution space can be decomposed into a down pass to obtain VS and a projection
to compute the other entries.

Let v € V' be held fixed. Choose R D S such that |R| = |S| + 1. Summing up (16)
over all w € VT which satisfy w[S] = v, and dividing through by |V?|/|V®| (which is the
number of equations being added), gives

’VS\ VS v R VS| \ER | \SR _ g
|VR| ( ’U(R)) ( v )_ E |VR| E wo AT =
RDOR weV i
\E|:|DR|+1 w[S]=v

Using the fact that 02(371)}(%1%)) = ([VE|/|V5])o2(Y,]) and introducing the notation Xf”R =

S
¥R|| Y wevR /\R , we simplify this as:
w[S]=v

o S S ~R.R
2(YUS - K)}(%R))/JQ(YUI({R)) - Z )‘v + )‘57]{ =0. (18)
RDR
|R|=|R|+1
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Adding (18) to (15) for all R D S such that |R| = |S| + 1, we see that the negative \’s in
(15) cancel with the positive A’s in (18). This gives:

YR

N 1 v(R) T T; S
2| v:s Z - E ( SENCICLONE I E i + E Al
R R &
ROS 02(Yv )) rRoS 7 (Yv R)) RDORDS
|R|=[S[+1 [R|=|5]+1 |R|=|R|+1=|S|+2

(19)
Similarly, we next choose R O S such that |R| = |S| + 2, sum up (16) over all w € VF
such that w[S] = v, and divide by |V #|/|V5]:

~R,R ~R,R
2(Y )/U ( v(R) ) Z )\v + Z )‘v = 07 (20)
RDOR RCR,R'DS
|R|=|R|+1 |R|=|R|-1

where the last term is obtained by simplifying the following:

\& R.R Vo R.R
> WZA@]: > WZ ZA (21)

RCR,RDS weVE RCR,RDS U’GVR GVR
BI=R-1 wlS]=v RI=R-1  o/[5]=v w[R}
W&
> Vs s
RCR,RDS v'eVE
|R|=|R|—1 /[S]—’U
737R
= 2 N
RCR,RDS
RI=[RI-1

Adding (20) to (19) for all R O S such that |R| = |S| + 2, we cancel the negative terms of
(19) again, obtaining,

. 1 v I
s _ v(R) o TZ,S
2 YVU Z 0_2(}7]—2 ) Z 0_2(}7}2 ) 72 +Z)\
RDS v(R) v(R) RDORDS
|R|<|S|+2 |R|<[S|+2 |R|=|R|+1=|S|+3
(22)
Continuing this process, until we have addressed all R O S, R # A, we obtain:
s|ysy o1y N | ) )\RA+Z)\ —o. 29)
v o2(YR ) 02(}71% ) oIy T
RDS v(R) RDS v(R)
RZA RZA \R| |A| 1
Finally, we sum up (17) over all w € V- such that w[S] = v and divide by [VA|/|VS|:
~ ~R,A
2(Y, - U(A )/U ( U(A)) + Z Ay =0, (24)

RDS
|R|=[Al-1
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where the last term is obtained by simplifying an expression similar to (21).
Adding (24) to (23), we have

(i 5 - X i

RDS ’U(R RDS v(R

> + Z M = (25)

Using the Y notation, we can write this as

205 = V5) /oY) Z)\T“S (26)

Since all of the steps we took to get (26) are invertible, we see that the original solution
space is equivalent to the one implied by (26), (16), (17 ) and self-consistency. We see that
(26) over all v € V¥ along with the constraint S o(s) = ( ) for all T; and v € V7i are
equivalent to the following optimization problem:

minimize Z (Y5 - Y52 /oY)

v

subject to vS w(s) = =YY%, forall T, and v e VT,

which is an equivalent formulation of the down pass solution YS. Furthermore holding s
fixed, (16), (17) and the constraints YU}(%;%,) =Y forall R > R D S such that |R'| = |R|+1

and all v € V!, are the Lagrange equations for the problem:

minimize Y Y (V- Y2/ (VF)
ROSveVR

N

subject to fffﬁ) =Y forall R> R D S such that |R| = |R|+ 1 and all v € VE,

where Y is held fixed,

which we know has a solution, achieved by a projection. Thus, we have found a solution
to the Lagrange equations, which must be equivalent to the corresponding projection. We
conclude that under assumptions (A1)-(A3), the SEA BLUE procedure for Y is the BLUE
for Y5, |

Lemma 9. Let S € D and assume that the VS5 are self-consistent for all margins S C S.
Let Z° be constructed as in (4) and Z° be from (5). Then we have that

S 78 _vs 7S _vS
1. for all S € S and allv € V=, Zv(s) =Yy and Zv(s) = YU(S), and
2. both 75,75 € S&.

Proof We only prove the results for 75 as the argument for Z5 is the same up to a change
of notation. For the reader’s convenience, we first recall the definition of Z2:
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5] R
Yolr)

58 kL
Zi=) 2 VTR

k=1 {Al,...7Ak}CS
R=S\{A1, .., A}

1) Choose A* € S, set R =S\ {A*}, and let v € V", Then, using the self-consistency
of the prior Y*’s, we can write,

R . vE
ZE(S): vl Z |i4[f]r]
AER
R=S\{A,A*}
>R >R
S Yom 3 YiiR)
= A amer Al
R=S\{A,A*} R=S\{A1,A2,A*}
VR VR
v[R] v[R]
+ e+ i
A%;@ [Au]| A2 Ahggﬂ [ A As] | Ay
R=5\{A1,A,A%} R=5\{A1,A2,A5,A%}
vE o
_|_..._|_(_1)\S\ v[R] + Y
e [Ta;gga,a43 1Al TLaga- Al
R={A}
( >|S|+1 Y@

+ (-1 ,

[Taza- 4]

which we see is a telescoping sum, canceling all of the terms except the first one, giving the
desired result: Z;f( g = YUR. In the above expression, each of the quantities in parentheses
corresponds to one of the terms in the outer sum over k of (4) with the first term consisting
of the margins for which A* ¢ R and the second those with A* € R. Note that if for any
particular term, A* € R, then we marginalize out the A* variable with no change to the
coefficients. On the other hand, if A* ¢ R, then we simply get |A*| copies of the original
term, canceling the factor of |A*| in the denominator. See Example 8 for an illustrative
example.

We have established that Z% is self-consistent with the Y2 for R C S which satisfy
|R| = |S| — 1. Tt follows that Z° is self-consistent with the higher margins, as they are
already self-consistent with each other.

2) It suffices to show that for all Z° € Sg, Y}, cys Z075 = 0:

|S| (71)k+1i/§[5}

~S v[S

DW= Y. X mra
veVS veVS k=1 {A,..,Ap}CS Hi:l‘ Z|

S=S\{A1,....,Ax}
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s 1)k+1 20
S| Zva

oy oy
k=1 {Ai1,..,A}CS veV5s 1 1 | l|
S=S\{A1,...,Ax}

S|

—Z Z Z Z k—l—leY,
k=1 {Ai,...,Ar}CS weVS yev¥s Hz 1"4’
S:S\{Ah,Ak} 'LU:”U[S]
S|
SIS SRS pl =t Y
k=1 {A,.,A}CS weVs Hl 1‘A| vevS
§:S\{A1,...,Ak} ’w:’l}[i]

(5]

Since Z° € Sg, we have that > veVS 70 = ZS;(S)
w=vl[S]
as desired. |

= 0. We conclude that ) s Z075 =0

Thqorem 10. Assume (A1) hol(js, let VS be a table achieved after the collection step, and
let Z° be the result of (4) using Y2 for S C S. Let Z° be defined as in (5) using the values
in Y. Then,

1. 75 = Projés%f/s (equivalently, Y5 — Z5 = ProjéSYS), and

2. if (A2) and (A3) hold, then YS =Y5 — Z5 + 75,

Proof Call P the operator that maps Y5 to Z5. To simplify notation, we write S in place
of 85.

1) We will show that P = Projfs 1. It suffices to show that a) the elements of S are
eigenvectors of P with eigenvalue 0, b) the elements of S+ are eigenvectors of P with
eigenvalue 1, and c) the operator P is self-adjoint with respect to the standard inner product.
This suffices because a) and b) establish that P is idempotent, with kernel S and range S+,
and c) establishes that P is symmetric. Altogether these imply that P is the orthogonal
projection onto S*.

a) Suppose vSes , meaning that all margins of Y5 are zero. By the construction of P
in (5), we have that Z;? = 0 for all v € S. Thus, elements of S are eigenvectors of P with
eigenvalue 0.

b) Suppose that Y5 € 8L, We know that Z° € St by Lemma 9. Since S* is closed
under linear combinations, 75—y e 8t However, since Z5 and Y° have the same
margins, by Lemma 9, we have that Z5 — Y5 € S. Thus, Z°5 - Y5 e SNS&t = {0}, since
S and St are orthogonal spaces. Thus, Z5 = Y5, We see that the elements of St are
eigenvectors of P with eigenvalue 1.

¢) Let X and Y be two tables of the same dimension. We need to show that (PX)'Y =
XT(PY):

(PX)'Y = (PX)"(Y — PY + PY)
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= (PX)"(Y — PY) + (PX)T(PY)

= (PX)"(PY),
where we used the fact that PX € S*, and Y — PY € S which can be seen as follows: let
Vi,...,Vaims be a basis for S and let Wi,..., Wy, st be a basis for S*, which together

form a basis for all tables on the variables S. Then there exists real-valued coefficients
Cly...,Cdims and di, ..., dgim st such that

dim S dim S+

Y = Z Vi + Z djo.
i=1 Jj=1

Then,
dim S+

PY = Y d;W;,
j=1

and we see that Y — PY = Z?;nfs cV; eS.

By swapping the roles of X and Y above, we can similarly show that X (PY) =
(PX)T(PY), which implies that (PX)"Y = X T(PY), establishing that P is self-adjoint
in the standard inner product.

We have established that P is the orthogonal projection with kernel S and range St.

2) By Theorem 3, we know that YS = Proj?il}ﬁ + Proj?LZAS since Z5 is a table
with the desired margins, where X is the covariance of Y. Under assumptions (A1)-(A3),
we have that all elements of 3 are independent with equal variance. It follows that the
projections are orthogonal projections. So, we can simplify this as,

VS =v%-2%4+pP2%
— VS 454 75,

since Y5 — Z5 = Projfg, P = Projéb and Z5 € §*. |

The lemma below quantifies the dimension of Sg, which is defined in Equation (3).

Lemma 17. Let S € D consist of k variables, each with n;j levels. Let Sg be defined as in

(3).
1. The dimension of Sg is

k k

Z(—l)k_j Z mp---mj = H(nl — 1).

]:O {m177m]}c{n17ynk} =1

2. A basis for Sg is the set of tables A forij € {1,...,n; — 1}, where for v € V3,
k

ij)" '
251)3:1 _ H(_l)l(vj:zj—i-l)l(vj € {ij,ij +1})
j=1
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Proof Recall that Sg = {Z%|forall S € S, and allv € V5, we have Zf(s) = 0}. To
establish the dimension of &g, we will instead calculate the dimension of its orthogonal
complement qu-. We know that S§ is spanned by the set of self-consistency constraints,
which enforce Z,(g) = 0 for S C S such that S| = [S| — 1 and all v € VS (note that
requiring every margin to be equal to 0 is equivalent to only requiring that the |S| — 1
margins are equal to 0). We observe that there are z{m17~~~7mk—1}c{nl7~~~7”k} mims - Mg_1
such constraints, but they are not linearly independent. Indeed, for any such S, the set
of constraints {ZU(S) =0forwv e Vﬁ} also implies that higher margins are equal to zero,
giving redundant information for different S’s. Using inclusion-exclusion, we can count the

rank of these constraints as

(—l)k_j_l Z mi---m;.

{m1,...m;}C{n1,....,n}

kol
—_

Il
=)

J

Then, the dimension of Sg is

o
—

(ny---ng) — (_1)k—j—1 Z my-m

{m1,...m;}{n1,...,nx}

(_1)k—j Z my - -m;

{m1,...m;}{n1,...,nx}

<.
Il
o

I
M=

<.
Il
o

I
EW

(ni — 1).
1

.
Il

@)k,

For part 2, note that each quj is a member of Sg since each table has a single “41”

and “—1” in each coordinate. Furthermore, the Zq(]l])’:1 can be seen to be linearly indepen-
dent since in lexicographic order, they form a lower triangular matrix. Finally, we count
that there are Hle(ni — 1) such tables, which is equal to the rank of Sg, shown in part 1.

()5

We conclude that the Z, indeed form a basis for Sg. [ |
Lemma 12. Given all possible tables from k variables, each with I levels,

1. p=min{I* (I + 1)* — I*}, where p is defined as above, and

2. matriz projection has runtime O(I%*~1 4+ 12373k and memory O(I**~1) as I — oo,
and runtime O(I*(I 4 1)* 4 12373%) and memory O(I*(I + 1)*) as k — oo.

Proof In Lemma 17, we established that the dimension of the null space when making a
table with i variables self-consistent with the margins one level above is (I — 1)*. These
constraints can be seen to be linearly independent, resulting in

k .
@Z:% (f) (I—1) =1IF,
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as the dimension of the complete null space. Thus, p = min{I¥, (I +1)* — I*}. The runtime
and memory results follow by using the formulas O(np + p*3™) for runtime and O(np) for
memory, along with the simplification p = O(I*~1) as I — oo and p = O(I*) as k — co. B

Lemma 18. Let S be a set of variqbles, with size |S| = k. Given self-consistent margins
YE for R C S, the time to produce Z° is O(k2F1).

Proof The construction in (4) requires summing over all proper subsets of S, and calcu-
lating [T7_, |A;| for a subset {A;,...,A;} C S. The product takes O(j) time, so we have a
runtime on the order of

k
> <k>k = g2k 1
=

since there are (l;) subsets of S of size j. [ |

Lemma 13. 1. Let S be a table with k variables, each with I levels. Then it is possible
to compute all of its margins in O(I¥) time as I — oo and O((I+1)*) time as k — oo;
the memory requirement is of the same order.

2. Given all possible tables from k wariables, each with I levels, it is possible to com-
pute all of its margins in O(I¥) = O(n) time as I — oo and O((2I + 1)F) =
O(nloeRI+D/log(I+1)) time g5 k — oo; under (A1)-(A3), the memory requirement
of SEA BLUE is O(n).

Proof 1) We will start by marginalizing out one variable at a time and using previously
computed margins as the starting point for subsequent margins to avoid marginalizing the
same variable more than once. Suppose we consider all tables which have marginalized over
1 variables. There are (]:) such tables, which consist of I¥~% counts each; for each count in
a margin, it takes I time to compute it from a previous margin. Thus, the runtime is

E '
Z <'>Ikz+1 _ I(I+ 1)k _ Ik+1’
(3

i=1

which is O(I*¥) as I — oo and O((I 4 1)¥) as k — oo. The memory required (including the
original counts in S) is

which is O(I*) as I — oo and O((I 4 1)*) as k — oo.
2) Using the above result for a single table and summing over all tables, we have a total
runtime of

k k 7 . '
> (M) 30 (9) = a2t
] 2

§=0 i=1
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which is O((I + 1)F) = O(n) as I — oo , and is O((2I + 1)F) = O(nlos@I+1)/leg(I+1)) a4
k — oo.

In the collection step, every table produces at most O(n) estimates, which are aggre-
gated into the running totals C¥ and D3, which are of order O(n). Thus, at no point does
the memory requirement exceeed O(n). For the down pass, when (A1)-(A3) hold, we can
use the efficient formula for Y in Theorem 10 which, as Remark 11 points out, has the
same computational and memory requirement as the collection step. Note that Lemma 18
establishes that the runtime to assemble Z° and Z° , given the margins, is of a lower order
than the time to compute the margins in the first place. |

Suppose that (A1)-(A3) hold. Let E;/Z be the i** column of X'/2. Apply SEA BLUE
to Eil /2 (pretending the vector Zg/ ? contains noisy counts), setting all invariants to zero,
and call the result 2;/2. Let $1/2 be the matrix whose i'" column is 23/2. Then, S =
$1/2(31/2)T is the covariance matrix of vec(Y). If & = 2] (a stronger version of (A3)
where all counts have equal variance), then 3 is obtained column-wise by simply passing
each column of 3 through SEA BLUE and no matrix multiplication is needed.

If Y5 are all normally distributed, then a (1 — «)-confidence interval for vec(Y); is

vee(Y)i £ 21_a/2\/ (X)ii-
Proof For simplicity, we write P = Projgg 1, where P is the projection matrix defined in
Theorem 3 which is implemented by SEA BLUE. We can write

PYPT = pyt/2yt/2pT
_ PEI/Q(PEI/Q)T,

where we use the fact that ¥'/2 is symmetric. In the case that ¥ = 2], we have that P
is an orthogonal projection, so P = P and by the idempotency of projection matrices we
have

Po2IPT = 62PP = %P,

The correctness of the confidence interval follows from Theorem 3. [ |

Suppose that (A1) holds and Y are normally distributed. Then, it follows that Y are
also normally distributed with mean Y. Let vec(Y)™, .. vec(Y)") be ii.d. samples with
the same distribution as vec(N). Call (62)F = 1 Zf’:l[vec(Y(j))i]Q, where Y U) is the result

m
of applying SEA BLUE to Y@). Then, vec(Y); + t1_a/2(R)y/(6%)F is a (1 — a)-confidence
interval for vec(Y);.
Proof Even when (A2) and (A3) may not hold, SEA BLUE is still a linear procedure. It
is well known that a linear transformation of a multivariate normal distribution is another

multivariate normal. Since the mean of Y is known to be zero, (0?)! is an unbiased

(2
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~ 2\R
estimator for the variance of vec(Y'); and we have that % ~ x%(R). Then,

vee(Y); — vee(Y);

(@)

)

and the validity of the confidence interval follows. |

Suppose that (A1) holds. Let Vec(f/)(l), . .Vec(f/)(R) be i.i.d. samples with the same
distribution as vec(N). Call Y) the result of applying SEA BLUE to Y@). Given an index
i, let X(il), . ,X(iR) be the order statistics of | Vec(ffi(l))], . Vec(ffi(R))]. IfR>(1-a)/a,
then vec(Y); + X(i[(l_a)(RHm is a (1 — «v)-confidence interval for vec(Y);, where [-] is the
ceiling function.

Proof Note that | vec(Y); — vec(Y)], |Vec(f’2-(1))\, . Vec(ffi(m))] are all i.i.d., implying
that any ordering is equally likely. So,

’ ; [(A-a)(R+1)]  (1-a)(R+1) _
P (Ivec(V): = veeOi| < X)) 2 a1 2 gap =1 =%

where we used the fact that SEA BLUE is a linear and unbiased procedure to establish
that |vec(Y;) — vec(Y;)| is equal in distribution to the \Vec(ffi(] ))\’s, which is used for the
first inequality. Note that the first inequality is actually an equality if the variables are
continuous, and the inequality may be strict when ties are possible. Thus, the interval
vec(Y); £ X%[(l—a)(RHﬂ) is a (1 — a)-confidence interval for vec(Y);. [ ]
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