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Abstract

We introduce a novel multi-armed bandit framework, where each arm is associated with a fixed
unknown credal set over the space of outcomes (which can be richer than just the reward). The arm-
to-credal-set correspondence comes from a known class of hypotheses. We then define a notion of
regret corresponding to the lower prevision defined by these credal sets. Equivalently, the setting
can be regarded as a two-player zero-sum game, where, on each round, the agent chooses an arm
and the adversary chooses the distribution over outcomes from a set of options associated with this
arm. The regret is defined with respect to the value of game. For certain natural hypothesis classes,
loosely analogous to stochastic linear bandits (which are a special case of the resulting setting), we
propose an algorithm and prove a corresponding upper bound on regret.

Keywords: multi-armed bandits, game theory, regret bounds, upper confidence bound, imprecise
probability

1. Introduction

The classical theory of multi-armed bandits (see e.g. Lattimore and Szepesvari (2020)) studies two
main types of setting: stochastic and adversarial. In both cases, there is a sequence of rounds, and
on each round an agent selects an “arm” and observes the resulting reward. In the stochastic setting,
the reward is drawn from a distribution that depends only on the arm, independently from rewards
on previous rounds. The obvious limitation is that real world problems often involve distributions
that change over time and/or as a result of the agent’s choices or external factors. In the adversarial
setting, on each round, the reward is chosen for each arm in advance of the agent’s decision (but
not revealed to it), and the manner of choosing is arbitrary (it can even depend on the arms selected
on previous arms). However, regret bounds in this setting require either bounding the number of
arms, or assuming that reward depends in some regular manner on the arm (e.g. linearly). These

assumptions are not always realistic.

We suggest making do with a weaker assumption, namely that the set of possible outcome'

distributions has regular dependence on the arm. In other words, the set of responses available to

1. We say “outcome” and not “reward” because it turns out that, in this new setting, it is important to have auxiliary
feedback in addition to the reward itself. See discussion in subsection 2.2.
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the adversary changes with the arm in a regular manner, but, within the constraints of this set, the
adversary’s strategy can depend on the arm (more or less) arbitrarily.

The price we have to pay is remaining content with a weaker notion of regret, where we compare
the expected reward to the maximin expected reward rather than to the best constant-arm response
to the adversary’s plays. This weaker notion of regret is natural for zero-sum games, where “strong”
regret is often intractable (see e.g. Tian et al. (2021)). At the same time, this notion of regret can be
regarded as the credal set analogue of regret in stochastic bandits.

Here is an example of a situation where our framework is applicable and classical approaches
are not:

Example 1 The algorithm needs to control the system of traffic lights in a city. On each day, the
durations of the various states are set for each intersection. The resulting traffic is then measured,
and its overall “quality” (e.g. a combination of travel time and number of accidents) is calculated.
The traffic depends on hard to predict conditions that vary from day to day (e.g. events held around
the city) and might be influenced by decisions on previous days (via changing driver habits). In
particular it is not IID and cannot be modeled as a stochastic bandit. Moreover, a small change in
the decision might trigger a large change in the outcome distribution (e.g. due to chaotic dynamics),
implying it is not effective to model the problem as an adversarial bandit. On the other hand, we
assume that finding a constant setting of traffic light durations that produces maximal expected
quality under worst-case conditions is sufficient.

We generalize stochastic bandits by allowing some “adversarial” degrees of freedom, but we treat
these degrees of freedom differently than in classical adversarial bandits>. Our approach uses im-
precise probability theory (see e.g. Augustin et al. (2014)). Imprecise probability theory provides
ways to represent uncertainty more general than probability distributions. One such generalization
is replacing the notion of a probability distribution by that of a credal set: a closed convex set of
probability distributions. Instead of expected reward, we then consider the minimal expected reward
over all distributions inside the set (the so-called “lower prevision”: see Augustin et al. (2014)).
Combining this formalism with that of stochastic linear bandits, produces a new framework that we
call “imprecise linear bandits”.

To apply our method to Example 1, we could, for instance, start with analytical modeling and/or
simulations of traffic and arrive at some model which depends on unknown parameters, some of
which don’t substantially change over time whereas others can change unpredictably. We then
treat the former as the “hypothesis” (unknown parameters on which the credal sets depend) and the
latter as the adversarial choice of a distribution from within the credal set. For a more concrete
demonstration, we give the following (extremely simplistic) example:

Example 2 Suppose that our city has 3 roads: one from A (a residential neighborhood) to B (the
beach), a second from A to C (the cinema) and a third from D to E. The DE road intersects the AB
road at a single intersection and the AC road at a single intersection, so there are two intersections
in total. Suppose also that nobody needs to travel e.g. from A to D, and therefore we can ignore the
turns and each intersection has only two states. For instance, the ABDE intersection has a state in
which the AB drivers have a green light and the DE drivers have a red light, and a state in which
the AB drivers have a red light and the DE drivers have a green light.

2. While classical stochastic bandits are a special case of our framework, classical adversarial bandits are nor a special
case of our framework.
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The space of arms can then be parametrizes by the duration of each light at each intersection,
ie. it’s

A= [Tmin,Tmax}Bg X [Tmina Tmax]Br X [Tmianmax]Cg X {Tminmiax]Cr

Here 0 < Tpin < Tmax are the minimal and maximal durations a light is allowed to be, and the
subscripts indicate which light: e.g. the subscript Bg means there is green light for the AB drivers
whereas C'r means there is red light for the AC drivers.

The outcome is parameterized by the number of trips made along each road, which we model
as a continuous number normalized to [0, 1] since presumably these numbers are large. That is, the
space of outcomes is

D .= [0, l]AB X [O, I]AC’ X [0, 1]DE
The reward is minus the total waiting time of drivers on red lights, which we model as
1 332BryAB + 362BgyDE 3%*ryAC + wzcgyDE

r(z,y) = ——
(@) 2 TBg + By Tog + Xor

Here, x stands for the arm (i.e light durations) and y stands for the outcome (i.e. the traffic).
This equation is derived by observing that each driver has a probability to encounter a red light
equal to the fraction of time the light is red, and an average waiting time of half the duration of the
red light (we assume there are no traffic jams or queues at intersections).

Now we need a model of driver behavior. Let’s assume that the expected number of trips from
D to E is an unknown constant Opg € [0, 1]. As to trips from A, we assume the residents require a
constant amount of leisure in expectation, but can sometimes prefer the beach to the cinema or vice
versa for hard to predict reasons (e.g. the weather, the movies currently available and the traffic
light settings themselves which we assume to be known to them in advance of the trip). Hence the
sum of trips from A to B and trips from A to C is in expectation equal to some unknown constant
04 € [0, 1]. Thus, the hypothesis space is H := [0, 1]pg % [0, 1] 4 and the credal sets are

kg :={¢ € AD |Ey~¢ [ype] = OpE, Eyni [YyaB +yac] = 0a}

The unpredicatable fluctuations of traffic between AB and AC means stochastic bandits are
inapplicable. Moreover, the number of arms is infinite and the reward does not depend on the
arm in a regular manner (e.g. it’s possible that drivers abruptly change behavior when some light
duration crosses a threshold: we make no assumptions about it), and hence adversarial bandits
are also inapplicable. On the other hand, our main result (Theorem 2) produces a regret bound of
O(\/N ) in this example, where N is the time horizon (and regret is defined w.r.t. the best reward
achievable for worst-case admissible driver behavior).

For another example, consider the following:

Example 3 A patient suffers from a condition with three primary symptoms: call them A, B and
C. Every month, the doctor prescribes the patient treatment, by specifying the dosage of each of
n different medicaments, between 0 to some maximal amount. The space of arms is hence A =
[0, 1]™. In each month, the patient can either experience or not experience each of the 3 symptoms.
The space of outcomes is hence B := o{4.B,C},
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Studies showed that the probability that a patient experiencing symptom A after receiving treat-
ment x is given by fA(x)+60% g2 (x), where f4, g* : A — R are fixed functions whereas 0 € [0, 1]
depends on the individual patient. Also, the probability of a patient experiencing symptom C condi-
tional on each of the events (1) neither symptom A nor symptom B is present (2) symptom A is present
but not symptom B (3) symptom B is present but not symptom A (4) both symptom A and symptom B
are present, is given by f(z) + 6¢ g¢ (), where i € {1,2,3,4} is the event, f&, g% : A — R are
fixed functions and Gic € [0, 1] depend on the individual patient. On the other hand, symptom B is
difficult to predict and might depend both on the individual patient and on the patient’s history in a
complicated, poorly understood way.

The goal is maximizing the expected value of some function v : A x B — R that takes into
account the severity of the various symptoms, and also the cost and long-term risks of the differ-
ent medicaments, under worst-case assumptions about the unpredictable symptom B. Once again,
stochastic bandits are inapplicable due to the nature of symptom B and adversarial bandits are in-
applicable because the number of arms is infinite (and there is no good enough guarantee of smooth
dependency). On the other hand, we still get a regret bound of O(\/N ) by Theorem 2.

Hopefully, future work will generalize this framework from bandits to reinforcement learning (i.e.
allow a persistent observable state that is preserved over time), which would allow extending the
possible range of applications much further.

Our framework can also be regarded as a repeated two-player zero-sum game, in which the arms
are the agent’s stage strategies, whereas a stage strategy of “nature” (the adversary) is an assignment
to each arm of a distribution from that arm’s respective credal set. Importantly, the agent doesn’t
know which credal set is associated with each arm (the same way as in stochastic bandits, it doesn’t
know which distribution is associated with each arm). The regret of an algorithm is then defined
by comparing the minimal expected reward this algorithm guarantees with the minimal expected
reward that could be guaranteed if the credal sets were known in advance.

Naturally, proving useful upper bounds on regret requires either bounding the number of arms,
or assuming some structure on hypotheses (arm-to-credal-set assignments). We choose the latter
path, since the former can be addressed using adversarial bandits, and the latter leads to a richer the-
ory. Notice that, as opposed to adversarial bandits, the structure doesn’t imply the reward depends
on the arm in some regular way (e.g. linear, or even just Lipschitz), since the nature’s policy can
introduce irregularaties.

Specifically, we consider hypotheses classes with “linear” structure that generalizes the classical
theory of linear bandits. In particular, this captures Example 2.

Related Work

Our framework can be naturally viewed as a generalization of stochastic linear bandits. For the
latter, a regret bound optimal up to logarithmic factors was established in Dani et al. (2008).

It is also possible to view our framework as a zero-sum two-player game. Zero-sum two-player
games with bandit feedback were studied in O’Donoghue et al. (2021). Indeed, their setting can be
represented as a special case of our setting, including the notion of regret they chose to analyze. In
O’Donoghue et al. (2021), each player has a finite set of arms (pure strategies in the stage game)
and the regret bounds they show for their proposed algorithms are not better than the corresponding
regret bound by Exp3 (however, they show that empirically Exp3 performs worse). On the other
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hand, our setting is much more general (in particular it allows for an infinite set of arms) and our
regret bound is not obtained by any previously proposed algorithm (as far as we know).

Another work that studies learning zero-sum two-player games is Tian et al. (2021). Their notion
of regret is also closely related to the present work. In one sense, the setting of Tian et al. (2021)
is significantly more general than our setting, because they study (episodic) stochastic games: i.e.
the game has a state, so it’s more closely analogous to reinforcement learning than to multi-armed
bandits. On the other hand, their regret bound scales with |A|é, where A is the set of actions (in
particular, it has to be finite) and with N §’ where N is the number of episodes, in contrast to our
bound (Theorem 2) which allows an infinite set of arms and scales with N > (where N is the time
horizon). Therefore, these results are incomparable.

In Chen et al. (2022), a regret bound is proved for an algorithm that learns zero-sum two-player
stochastic games which is roughly of the form O(dN %), where d is the dimension of a certain
linear feature space. However, they assume that both players are controlled by the algorithm (which
is then required to converge to the Nash equilibrium of the game), whereas in our framework only
one player is controlled by the algorithm, and the other is truly adversarial.

We also see a philosophical analogy between our approach and the notion of “semirandom mod-
els” in complexity theory (see Feige (2020)). Semirandom models interpolate between worst-case
and average-complexity, by assuming the instances of a computational problem are drawn from a
distribution which can be controlled in some limited, prescribed way by an adversary. Similarly, in
our framework, the outcomes are sampled from a distribution which is controlled in some limited,
prescribed way by an adversary. Semirandom models are concerned with computational complex-
ity>, while we are concerned with sample complexity (although the computational complexity of
learning in this setting should also be studied.) In both cases the “adversary” is primarily viewed
as a metaphor for properties of the real-world source of the data that are difficult or impossible to
model explicitly (rather than an actual agent.)

The structure of the paper is as follows. Section 2 formally defines the setting and the notion of
regret that we are going to analyze. Section 3 defines the [IUCB algorithm. Section 4 proves upper
bound on expected regret for [UCB. Section 5 studies the behavior of the parameters appearing in
the regret bounds in some natural special cases. Section 6 summarizes the results and proposes
directions for future work.

2. Setting
2.1 General Imprecise Bandits

We start by formally defining the framework. Fix Dx € N and let A be a compact subset of RPX
that represents arms*. Consider also a finite-dimensional vector space ), and fix a linear functional
p € Y*\ 0 and a compact convex set D C (1) C Y which represents outcomes®. (We use the
notation * to denote the dual vector space.) ) and u are purely technical devices for a convenient

3. Or with information-theoretic detection bounds: see e.g. Moitra et al. (2016) or Steinhardt (2017).

4. More generally, A can be an arbitrary compact metric space.

5. As opposed to classical multi-armed bandits, we will always work with some space of outcomes rather than just a
reward scalar.
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representation of D. We assume the affine hull of D equals z~!(1). We also fix a continuous reward
functionr : A x D — R.

Example 4 An interesting special case is, when the outcomes that can be actually observed are
some finite set B without any special structure. To represent this, we take ) := RB and define 1
and D by

pY) = Ya

a€eB

D:=AB={yecRF|> yo=1,YaeB:y, >0
a€eB

This is a valid representation since there is the canonical embedding ¢ : B — AB given by

1 ifa=5b
0 ifa#b
Given a reward function vy : A x B — R, we can extendittor : A x D — Ras

r(z,y) = Z YaTo(x, a)

a€eB

ta)y =

A common way to represent beliefs in imprecise probability theory is credal sets. A credal set over
D is a closed® convex subset of AD. We denote the space of credal sets by O0D”. A hypothesis
is a mapping H : A — [OD. The meaning of this mapping is, whenever the agent pulls arm
x € A, the outcome is drawn from some distribution in the set H (z). The precise distribution is
left unspecified: it can vary arbitrarily over time and as a function of the previous history of arms
and outcomes, treated as adversarial. Given z € A and H as above, the associated lower prevision
(minimal expected reward) is

ME ‘= min B, ,
wlrle] == min By [rie,y)

The optimal arm for H is then®

xy = argmax MEpy [r|z]
zeA
If there are multiple optimal arms, the ambiguity can be resolved arbitrarily, except in particular
cases we will point out.
An agent policy is a mapping® ¢ : (A x D)* — A. That is, the agent chooses an action based
on the history of previous actions and outcomes. A nature policy compatible with H is a mapping '

6. “Closed” in the sense of the weak topology on probability measures (see e.g. Klenke (2020), section 13.2).

7. Equipped with the Vietoris topology (see e.g. Beer (1993), section 2.2).

8. Notice that this is not the best arm in "hindsight” like in classical adversarial bandit theory. The notion of hindsight”
is not even well-defined because the adversary doesn’t choose counterfactual outcomes, only actual. Rather, it is the
”maximin” arm, the arm associated with the highest possible expected reward guarantee for the hypothesis H.

9. Technically, it has to be a Borel measurable mapping.

10. More precisely, a Markov kernel.
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v:(AxD)*x A — AD st forany (h,z) € (Ax D)* x A, v(h,z) € H(xz). We denote
by P the set of all nature policies compatible with H. An agent policy ¢ together with a nature
policy v define a distribution v € A((.A x D)“) in the natural way. That is, sampling xy ~ @v is
performed recursively according to

In =@ (xoyo ce. xn—lyn—l)
Yn ~V(ToYo .- Tp—1Yn—1Tn)

Given a policy ¢, a hypothesis H and a time horizon N € N, the expected regret is
N-1
ERgy (93 N) := N -MEp [rlzgy] = min D Baypr [ (20, yn)]
K n=0

Given also some 0 € (0, 1), the d-regret is

max Pr
vEP K TY~PY

Rgy (¢; N, 6) := min {pz 0

N-1
N -MEpg [r|x}] — Z 7 (T, Yn) > p] < 5}

n=0

That is, the d-regret is the tightest upper bound on regret which holds with probability at least
1 — 4, for any nature policy.

Our goal is finding algorithms for which upper bounds on expected regret and d-regret can be
guaranteed for any hypothesis out of some class HC. Notice that this is consistent with extending the
outcome space, like in Example 4, because that strictly increases the set of possible nature policies,
and hence any regret bound for the extended version also applies to the original version.

2.2 Linear Imprecise Bandits

Now, we spell out the exact assumptions we will use in the rest of the paper. We will make 4 such
assumptions.

Assumption 1 For any H € HC and x € A, there is some closed convex subset K (z)* of D s.t.
H(z) = {¢C € AD|E ¢ [y] € K(2)"}

That is, we require that our credal set is defined entirely in terms of the expected value of the
distribution.

Assumption 1 is a natural starting point for generalizing the classical theory of stochastic ban-
dits. In stochastic bandits, the central assumption is that the distribution of reward for every arm
is fixed over time. However, if we only assumed that the expected values of those distributions are
fixed, we could derive only mildly weaker regret bounds: instead of a IID process we get a martin-
gale, and instead of the Hoeffding inequality we can use the Azuma-Hoeffding inequality. This is
essentially the special case of our setting where K (z)" consists of a single point.

In addition, Assumption 1 is less restrictive than it superficially seems, because additional mo-
ments of the distribution can be represented by embedding the outcome space into some higher-
dimensional space. For example:
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Example 5 Consider some n > 1. Let Y := R""Y, 1u(y) := yo and D be the convex hull of the
moment curve N:

m=< | | |te[-1,+1]

tn
The only actual feedback is a reward scalar v € [—1,+1], but we represent it as the point
y(r) € D given by yi,(r) := r*. Then, Assumption 1 admits any credal set defined in terms of the

first n moments of the reward distribution.

Assumption 2 For any H € HC and x € A, K(z)% is closed under affine (and not just convex)
linear combinations. Equivalently, there exists K (x) a linear subspace of Y s.t.

K@)t =K(x)nD

The only motivation for this is that it makes deriving an upper regret bound much easier.

Superificially, Assumption 2 rules out the case in which the reward scalar is the only feedback,
except for the special case of ordinary stochastic bandits. That’s because if D is 1-dimensional then
K(x)™ has to be either a single point or all of D. Indeed, simple examples of imprecise bandits
in which each hypothesis is an inequality on the expected reward turn out to often have poor regret
bounds'!. However, our framework admits non-trivial examples with such feedback by embedding
the reward into a higher-dimensional space.

Assumption 3 Let Y be equipped with the norm whose unit ball is the absolute convex hull of D.

Then, 1 is convex and 1-Lipschitz (w.r.t. the norm on')) in the second (outcome) argumeni'?.

Note that Assumptions 1 and 3 imply
MEg [r|z] = min r(z,
[r] e Kl(x) N (z,y)

In general, Lipschitz is a fairly mild condition, but convexity is not. However, given a reward
function r : A x D — R which doesn’t satisfy the convexity condition, we can construct the convex
reward function

T Z, = min E. . |r z, ’
(@) CEADE,/ . [y']=y Y C[( y)]

It is easy to see that 7 < 7, and that for any x € A and hypothesis H that satisfies Assumption
L,

MEy [Flz] = MEg [r|x]

11. We will not spell out the argument, but that is an obstacle that the author encountered on early attempts to find regret
bounds for imprecise bandits.

12. Notice that r doesn’t have to be Lipschitz in the arm argument, and the outcome can vary discontinuously with the
arm if that’s the adversary’s strategy.
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Hence, the expected regret for r is upper bounded by the expected regret for 7, and any upper
bound on the latter carries over to the former. The caveat is that 7 might fail to be Lipschitz even if
ris'3. Even if 7 is Lipschitz, its Lipschitz constant might be larger than the Lipschitz constant of 7.
This means that, even if r is 1-Lipschtiz and 7 is Lipschitz, applying the results of this work might
require rescaling 7 by a constant multiplicative factor, which would then appear as an extra penalty
in the regret bound (through the parameter C': see section 4). This caveat is why we cannot state the
exact same results without the convexity condition.

Assumptions 1 and 2 are entirely about the individual credal sets. However, we also need to
make an assumption about the relationship between different hypotheses (it is necessary even in
classical theory). A common type of assumption in learning theory is requiring the hypothesis class
is “low-dimensional” in some sense. In some cases, it takes the form of requiring an embedding of
this class into a low-dimensional linear space in an appropriate way (in particular, this is the case
for linear bandit theory). This is exactly the type of assumption we will me make.

Let Z be a finite-dimensional vector space, which will serve to parameterize our hypothesis
class HC, and H C Z a compact set which will be the representation of HC within Z. Let W
be another finite-dimensional vector space, which will serve to parametrize the linear conditions
that a credal set satisfying Assumptions 1 and 2 imposes on the expected value of the outcome
distribution. That is, the K (z) from Assumption 2 will be the kernel of some linear operator from
Y to W. Finally, let ' : A x Z x Y — W be a mapping continuous in the first argument and
bilinear in the second and third arguments, which serves to enable the interpretation of vectors in Z
as hypotheses (see below). For any x € A and z € Z, denote F, : JJ — WV the linear operator
defined by F,.y := F(z,z,y). Forany x € A and 6 € H, denote Ky(z) := ker Fy.

For any U C ) a linear subspace, denote ™ := U N D and define x(U) € 0D by

kU) = {( € AD|Eyc[y] €U}

Assumption 4 Forany x € Aand 0 € H, Ko(x) N D # & and F,y is onto. Moreover,

HC={H:A—DOD|30 ez € A: H(x) = r (Ky(x))}

Since Fyy is onto, it follows that dim Ky(z) = dim ) — dim W and in particular it doesn’t
depend on x or . We will denote this number d.

Assumption 4 implies that any § € H defines some H € HC, and conversly, any H € HC is
induced by some 6 € H. Given § € H and its corresponding H € HC, we will use the shorthand
notations MEg := MEy and ERg, := ERgg.

Notice that the classical framework of stochastic linear bandits is a special case of linear impre-
cise bandits, which can be seen as follows.

Example 6 Consider some D > 1, let A C RP and assume the linear span of A is all of RP.
The only observable outcome is the reward which can be assumed to lie in [—1,41], so we take

YV:=R%u=[1 0] and
D;:{[HGRQ

13. However, if D is a polytope and r is 1-Lipschitz, then 7 is c-Lipschitz, for some c that depends only on D. The proof
of this fact was suggested to the author by Felix Harder, and is not included in the present work.

te [—1,+1]}
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Let Z := RP and H given by

H:={0eR” |V e A:2'0e[-1,+1]}

G-

Finally, let W := R and set F : A X RP x R?2 — R 10 be

(o[ 2]) = o

It is easy to see we got the stochastic linear bandit with arm set A.

The reward function is

In the rest of the paper, we use Assumptions 1-4 implicitly.

3. IUCB Algorithm
3.1 Norms

We propose an algorithm of UCB type which we call “imprecise UCB” (IUCB). The algorithm
depends on a parameter 7 € R, the optimal choice of which will be discussed in section 4.

In order to describe the algorithm, we will need norms on the spaces VV and a certain extension
of Z. We remind that the norm on ) is the unique norm s.t. the absolute convex hull of D is the
unit ball. The norm on W is defined by

|w[| :==max min [y
z€A yeY:Frpy=w
0eH

Define the subspace N' C Z & W by

N::{[ 5)} eZ@W‘v:ceA,yey:F(x,z,y)+u(y)w=0}

Denote Z := (Z @ W)/N. Define F': A x Z x Y — W by

F(z [ : } +N,y> = F(z,2,y) + p(y)w

As before, F., is a linear operator from ) to W.
Finally, the norm on Z is defined by

= Fo.||
) = max | s

Here, the norm on the right hand side the operator norm.

Notice that W NN = {0}, and therefore there is a natural embedding of JV into Z. Moreover,
the norm on W is compatible with the norm on Z and this embedding, because ||w ® p|| = ||w]| -
||l = ||w]]. We will also assume, without loss of generality, that Z NN = {0}, because otherwise

10
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we can just replace Z with Z/(Z N N') and H with its image in Z/(Z N N'), without changing
anything. Thereby, both Z and W will be viewed as subspaces of Z.

Extending Z to Z is merely a device for defining the confidence set. Because, the constraint on
the true hypothesis 8* € H that can be inferred from observing a certain average outcome ¥ after
selecting a certain arm = multiple times, is most easily formulated as distance from a subspace in
Z (see the definition of V (z,7) below). And, A is just the “null” subspace that we quotient out
because adding a vector in V" has no effect on F.

3.2 Algorithm

ITUCB (Algorithm 1) works by maintaining a confidence set C C H and applying the principle of
optimism in the face of uncertainty. Initially, we set Cyp := H. On cycle k& € N of the algorithm, we
choose the optimistic hypothesis 0y:

0y, := argmax max MEy [r|z]
0cCy, €A
~ Forany z € A and y € ), we will denote by f’}}' : Z — WV the linear operator given by
FYz := F(x,z,y). We also denote V (z,y) := ker Fy. The algorithm selects arm xp, repeatedly
T3, times, where 7, is chosen to be minimal s.t.

Vicmax  min [0 -2 > 2(Dz+ 1)1 (1)
k zey a:gk,gk
Here, Dy :=dim Z, T}, := Zi‘:ol Thy Yh 1= % ZZ’;}E}:l Yn, Where y,, is the outcome of round
n, and 7 € R is a parameter of the algorithm. That is, T}, is the total number of rounds of the first
k cycles, and . is the average outcome over cycle k.
In other words, we keep selecting arm x;k until condition (1) is met.
The idea behind equation (1) is, we select arm x;k sufficiently many times so that the confi-
dence set can be substantially narrowed down (by a factor of 2(nDy)) in directions traverse to

V (x;k , gjk). We will use this to argue that such a narrowing down can only occure a small number

of times (O(D?%)) before the confidence set becomes thin (of size O(D%N _%)) in those directions,
and as a result the accrued expected regret becomes small.
After 1, rounds, cycle k is complete and the confidence set is updated according to

. n
Cry1: =10 € min || —z|| < —
zeV (x;k,gk) V Tk
Then, a new optimistic hypothesis 051 is selected and we switch to selecting the arm xgkﬂ, et

cetera.

4. Regret Bound

In addition to the dimensions of Z, ) and W, three parameters characterizing the hypothesis class
are needed in order to formulate our regret bound.
The first is just

11
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Algorithm 1 Imprecise UCB
Inputn € R4
C+—H
for £k from 1 to oo:
0* < argmaxycc maxye 4 MEg [r|z]

T+ 0
Yy«+—0e)y
do
select arm . and observe outcome y
T+ T+1
Yy Xy+y
g 7

while /7 - maxpee min |0 —z]| <2(Dz+1)n

zEV(wZ*,gj)

16— =l < 2}

¢ {oec|mingy. 4 .

end for

R := max ||0]]
0cH

Notice that there is some redundancy in our description of a given bandit. First, there is redun-
dancy in the choice of H: given any § € Z and x € R\ 0, Ky = K, 4. Hence, we get an equivalent
bandit for any way of rescaling different hypotheses by different scalars. Second, there is redun-
dancy in the choice of F': we can multiply it by any continuous function of = without affecting Ky
for any 6. While these redefinitions have no effect on the predictions different hypotheses make, and
in particular no effect on regret, they can affect R. In order to get the tightest regret upper bound
from our results, we need to choose the scaling with minimal R.

To define the second parameter we need the following:

Definition 1 Let 2 be a finite-dimensional affine space. Assume that the associated vector space

=
A is equipped with a norm. Let D C 2 be a closed convex set and 8 C 2 an affine subspace s.t.
BND # S and B L D. We define the sine of B relative to D to be

sin(B,D) := inf —na€D lp—qll

Returning to our setting, for any linear subspace 2/ C ), we denote U* := U N =} (1). Then,
the second parameter is

S := minsin (Kg(x)b,D>
z€A
0cH

While these parameters might seem complicated at first glance, the author’s thesis (Kosoy
(2024)) demonstrates that they are necessary (i.e. there are examples with provable lower bounds
that preclude a power-law upper bound which doesn’t depend on either R or \S), and analyzes their
behavior in various special cases.

12
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Finally, the third parameter is just the size of the range of the reward function:

C :=maxr —minr

Notice that if r doesn’t depend on the first argument, C' < 2 because r is 1-Lipschitz.
We can now state our main result. Let Dy := dim WV. Denote w?UCB the policy implemented
by the IUCB algorithm.

Theorem 2 Let N be a positive integer and fix any A > 0. Denote

Then, for all 0 € ‘H

DzR

ERgp (¢ycp; N) <87 (S~ +1) Dz(Dz +1)4/71In N

2
+ CDwN?*(N +1)exp [ —Q(1) - Lé
R2D},
DzR

+~4CD%1n
+(S7'+1) Dz (36Dz + 8) NA

In particular, we can set

5
n:=0(1)- RD{,/In(CDwN)

A=

2l

And then,
- 5
ERgy (¢lycpi V) = O (RSlD%D{jV\/N + D%C)

Here and elsewhere, we use the notation O(f) := O(f - poly(In f)).

At first glance, it may appear strange that the bound in Theorem 2 doesn’t depend on the size or
dimension of A. However, notice that we only “care” about arms of the form x for some 0 € H.
Indeed, other arms don’t affect the definition of regret and are never selected in IUCB. Hence,
effectively A can be assumed to be at most D z-dimensional.

Example 7 In the setting of Example 6, S =1, R < 2 (by Proposition 6), Dz = D and Dy = 1.
Hence, Theorem 2 yields a regret bound of O(D*\/N). (As opposed to to minimax regret O(D+/N),
see Dani et al. (2008).)

It is also possible to give a bound on §-regret. We have,

13
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Theorem 3 In the setting of Theorem 2, for any § > 0 there is 6> 0s.t.

,,72

§=06+DwN(N+1exp | —Q(1)- -
R2D},

and,

z _ DzR
Reg(pruce; N, 0) <8n (S™' +1) Dz(Dz + 1)y /vIn i "N
1
+Cy/2NIn
n2
+ CDwN?*(N + 1)exp | —Q(1) - -
R2D},
D
+~CD%1n 2R

+(S7'+1) Dz (36Dz + 8) NA

In particular, we can set

And then,

~ 5 1
Rgy(prues; N,d) = O <<R51D%D§, + C> Nln s+ D%C)

The proofs of these theorems are in Appendix A.

5. Special Cases
5.1 Simple Bounds on R

Let W := R. In this case, Ky(z) is a hyperplane inside 2~ (1) for any # € H and = € A. For any
x € A, we can define the linear operator A, : Z — Y* given by

(sz) (y) = F(.CL’,Z,y)

Assume that for all z € A, A, is invertible (in particular, dim ) = Dy). Let ||-||o be any norm
on Z (which can be entirely different from the norm ||-|| which we defined in section 3). Together
with the usual norm on ), this allows defining the operator norms || A, ||o and || A, !||o. We have,

14
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Proposition 4 In the setting above,

9
RO, F) < maxger [0y max]|| Az lo ) ( max|| Azl
mingey |0, \ zeA acA

Here, we made the dependence of R on H and F explicit in the notation.
For any continuous function x : H — R\ 0, we define

HX = {x(0)0]0 € H}
Also, for any continuous function A : A — R\ 0, we define FM AXZXxY W by

F)‘(a:, z,y) = MNz)F(z,2,9)

As we remarked in section 4, the bandit defined by X and F* is equivalent to that defined by
‘H and F'. However, it might have different R. We have

Proposition 5 In the same setting, there exist x : H — R\ Oand A : A — R\ 0 s.1.
A -1
R (%, F*) < max (| Azlo - 145 o)

This bound is an improvement on Proposition 4. Notice that the expression || Ao - || A, o is the
condition number of A,.

Now, we consider the case where W = kerpu, and we have ¢p € Z*and f : AXx Z2 — Y
continuous and linear in the second argument s.t.

« Foranyz € Aand z € Z, u(f(x,2)) = 1(2).
« HCyTi(1)

s f(AxH)CD

« Foranyz € A,z € Zandy € Y, F(z, 2,y) = ¥(2)y — u(y) f(z, 2).

Then, for any z € A and § € H, Ko(z)* = {f(x,0)}. Essentially, this datum is just an arm-
dependent affine mapping from H to D that depends continuously on the arm. We have,

Proposition 6 In the setting above,
R(H,F) <2
See Appendix B for the proofs of the Propositions in this subsection.

5.2 Simple Bounds on S

For any d > 1, denote

Gr} (Y) := {U C Y alinear subspace |diml = d, U N D # @}

Gr} () is a subset of the Grassmannian Grg4()). Notice that Gr{ ()) is canonically isomorphic
to D.
The following is a bound on S for the case where D is a simplex.
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Proposition 7 Let B be a finite set, Y := RB and

n(y) = Z Yi

ieB
D :=AB

Consider anyd > 1 and U € Gr:{()ﬂ). Then,

sin (Z/{b, D) > max min y;
yeUt ieB
As we saw in Example 4, the simplex is a natural special case. We will use the perpsective of Ex-
ample 4 throughout this section when discussing the simplex, even though the formal propositions
are applicable more generally (i.e. they are still useful when non-vertex outcomes are allowed).
Proposition 7 allows us to lower bound the sine as long as the credal set has an outcome distri-
bution with full support. More generally, we have the following

Proposition 8 Let B, ), u, D and U be as in Proposition 7. Suppose that £ C Bis s.t. U C RE.
Then,

sin (Ub,D> > max min y;
yeut ie&

Here, R is regarded as a subspace of R” by setting all the coordinates in B\ £ to 0.

This allows us to produce some lower bound for any given ¢/. Indeed, if y; 2 € U N AB, the
support of y; is &1 and the support of y is £, then the support of %(yl + y2) is &1 U &. Hence for
any U there is some & s.t. all distributions in I/ are supported on it and some distribution in I/ has
the entire £ as its support.

Now, we consider the case where D is the unit ball.

Proposition 9 Lern € N, Y = R and

wY) == Yn

o= {[t] ex

Consider some d > 1 and U € Gr;; (V). Then,

sin (L{",D> > \/1 —min{yyug [ y } eub}

This lower bound vanishes when U” approaches a tangent to the ball: indeed, for a tangent, the sine
is zero.
See Appendix C for the proofs of the Propositions in this subsection.

Iyl < 1}
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5.3 Probability Systems

Let’s once again examine the case where D is a simplex and consider a credal set defined by fixing
the probabilities of a family of events on B.

Proposition 10 Let B be a finite set, Y := RB and D := AB. Let F be a non-empty finite set and
f: B — 27 asurjection. Fix p € [0,1)7 and define the linear subspace U of Y by

Ui=SyeV|VieF: > ya=pi) Y

a€BE f(a) aeB
Then,
1
sin (Z/{I’,D> > —
| F|
In particular,

sin (U, D) > !
log |B|
That is, each ¢ € F corresponds to an event i € f(a) whose probability we require to be p;.
The condition that f is surjective means that we require these events to be “logically independent”
(i.e. it’s possible for every one of them to happen or not, regardless of whether the others happened
or not).
For |F| = 1, we get sin (L{",D) = 1. The same holds if replace absolute probability by
conditional probability:

Proposition 11 Let B be a finite set, Y = RB and D := AB. Consider some £,E' C B, fix
p € [0,1] and define the linear subspace U of Y by

U= {yey > va —pZya}
aeENE’ acé
Then,
sin (Z/{b,’D) —1

In the above, the subspace U can be interpreted as fixing the probability of event £ conditional
on event £ to the value p. Now we’ll consider a system of conditional probabilities, but require a
particular structure.

Proposition 12 Fix an integer n > 1, and let B := [[,_,, G; for some family of finite sets {G;},_,,.
Let) := RB, D := AB. For each i < n, denote

Gl = ng

i<t

=] 9

1<j<n

17
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LetU; : G& — Grt (Rgi), where dropping the subscript d means we consider subspaces of all
dimensions. Giveny € Y, i < nand a € G, let & (a) C G; be the minimal set s.t. U;(a) C RE (%)
and define y* € RY by

yl()l = Z Yabe

cegi

Define the subspace U of Y by

U:={yc)|Vi<nacG :y*clUa)and
Vbegi\&(a),cegizyabc:@

Then,

sin (L{I’, AB) > min sin (L{i(a)b, Agi)
act

That is, U; (a) represents the set of admissible conditional probability distributions for the i-th com-

ponent of the outcome given the condition a for the previous components. Notice that we define I/

s.t. any vector inside it vanishes outside the “support” of the U/;(a): this happens automatically for

points in AB but outside we could have cancellation between negative and positive components.

So, we can lower bound the sine of the “composite” subspace ¢/ by the minimum of the sines of
the subspaces governing each conditional probability. Now, we’ll show a similar bound for R.

In the setting of Proposition 12, suppose that we are given, for each i < n and a € G, finite
dimensional vector spaces Z, and W,, a compact set H, C Z, and F,, : A x Z, X RY — W,,a
mapping continuous in the first argument and bilinear in the second and third arguments. Assume
that for any z € A and 0 € H,, ker Fy,.0 N AG; # @ and F.¢ is onto. In other words, each a has
its own bandit. Let Z := €, , Z,, W := D, , W, and define I by

F (.’E, Z, y)a = F(l (.%', Za7 ya)
Define also H := []; , Ha. We have,

Proposition 13 In the setting above

R(H,F) <2n max R(Hq, F,)

Example 8 Consider Example 3. By Proposition 12, S = 1, since in this case U;(a) is either
I-dimensional (for symptoms A and C) or the entire RY (for symptom B). By Proposition 13 and
Proposition 6, R < 12 (since n = 3). Moreover, we have Dy = 10 since there are 5 different 6
parameters and each corresponds to some 2-dimensional Z,: this is the setting of Proposition 6 with
D a finite closed interval describing symptom probability and H a finite closed interval describing
one of the 0 parameters. Finally, we have Dyy = b, since each 0 parameter corresponds to some
1-dimensional W, (in Proposition 6 for this case we have dim Y = 2 and hence dim VW = 1).

See Appendix D for the proofs of the Propositions in this subsection.
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6. Summary

In this work, we proposed a new type of multi-armed bandit setting, importantly different from both
stochastic and aversarial bandits, by replacing the probability distribution of a stochastic bandit by
an imprecise belief (credal set). We studied a particular form of this setting, analogical to linear
bandits. For this form, we proved an upper bound on regret of the usual form O(\/N ), where the
coefficient includes the parameters S and R in addition to the more intuitive Dy, Dz and C.

The author feels that we only scratched the surface of learing theory with imprecise probability.
Here are a few possible directions for future research:

* We don’t know whether the parameter Dy appearing in the upper bound is necessary. We
can try to either prove a matching lower bound, or find an upper bound without Dy, .

* For the special case of Example 6, Theorem 2 yields the regret bound O(DQ\/N ). However,
we know from Dani et al. (2008) that a regret bound of O(D\/N ) is possible. It would be
interesting to close this gap in a natural way. More generally, there is still significant room for
tightening the gap between the lower bounds of Kosoy (2024) and the upper bound, in terms
of the exponents of the parameters.

* Qur analysis ignored computational complexity. It seems important to understand when IUCB
or some other low regret algorithm can be implemented efficiently.

* The setting we study requires the hypothesis space to be naturally embedded in the vector
space Z and scales with its dimension D . It would be interesting to generalize this to regret
bounds that scale with a non-linear dimension parameter, similarly to e.g. eluder dimension
(see Russo and Van Roy (2013)) for stochastic bandits.

* Another possible direction is extending this setting from bandits to reinforcement learning.
This seems very natural, since we can imagine an “MDP” transition kernel that takes values
in credal sets instead of probability distributions. Indeed, the results of Tian et al. (2021) can
already be interpeted in this way: but, they scale with the cardinalities of states and actions,
whereas it would be better to have bounds in terms of dimension parameters.
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Appendix A. Proof of Regret Bound

The outline of the proof is as follows:

« Foranyz € A,y € Dand 0 € H,dz (0,V (z,y)) < R - dy(y, Kg(x)"), where d stands

for minimal distance w.r.t. the norm on Z.

e Let 0* € H be the true hypothesis. For every cycle k¥ and A > 0, the probability that
_5
dy (G, Ko+ (w;k)b) > )\ is upper bounded by Dy exp(—Q(1) - Dy,? 74:A?). This is proved
with the help of the theorem from Giannopoulos (1995) and Azuma’s inequality.

* As a consequence, 8* always remains inside the confidence set Cy, with high probability.

» The regret Reg;, accrued on cycle k is upper bounded by

1
ideY(?k, Ko, (z5,)")

Intuitively, if ¥, is near Ky, (wzk)Jr then this is consistent with 8 being close to 6*, in which
case we would suffer little regret.

e« Foranyy € D,0 € Hand z € A, dy(y, Kg(z)*) < O(1) - dz (,V (x,y)) and hence
d(y, Kg(z)*) < O(1) - S71d (0, V (x,y)). In particular, for § € C;, we get the upper bound

O(1) - S ' maxdz (¢, V (z,y))

0'eCy.

* Let Cy, be the convex hull of C.,. Equation (1) guarantees that each cycle reduces the width of
Cy. along some dimension by a factor of 2(Dz + 1). This implies that the volume of Cj, is
reduced by a factor of (1).

* A D-dimensional convex body of volume at most (D~ '¢)? - v must have width at most 2¢
along some dimension, where vp is the volume of the unit ball. This is a consequence of
John’s ellipsoid theorem.

» It follows that after enough cycles, C;, becomes “thin” along some dimension. This allows
us to effectively go down to a proper subspace of Z. The same reasoning applies in the
lower dimension, leading to another reduction, et cetera, which can repeat no more than D
times. As a result, we can bound the number of cycles with substantial Reg;.. In these cycles,
>« Regy, can be bounded using the inequalities above.

Now, let’s dive into the details.
First, we want to bound distances in Z in terms of distances of compatible outcomes in ).

Lemma 14 Foranyx € A,y € Dand 0 € H,
dz(0,V (@,)) < R -dy(y, Ko())
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Proof Denote w := F(x,6,y). Then,

F(x,@ - w7y) = F(xveay) - M(y)w
=w—w
=0
Therefore, 0 — w € V (z,y) and dz (0,V (z,y)) < ||w].

Lety € Ky(x)’ bes.t. ||y — /|| = dy(y, Kp(x)?). Then, Fpyy’ = 0 and hence w = Fpyy =
Fuo(y —y'). We get,

dz(0,V (z,y)) < [Jw]]

= |[Ezo (v =)
< || Fpoll - ||y = ||
<601 - ||y — ¢/

<R- dy(:l/,Kg(.ﬁU)b)

The following is a simple utility lemma:

Lemma 15 ForanyU € Grz{ (V) andy € D,

dy (y,U’) < ddy (y,U)

Proof Denote a := dy (y,U). Let y* € U be s.t. ||y — y*|| = a. Notice that ||y|| < 1 and hence

1™l < llyll +a
<l+a

Moreover, since ||| = 1 and p(y) =1

I (y*) = 1] = [u(y™) — uy)|
< gl - lly* =yl

We consider 2 cases.
Case 1: p(y*) > 3. Then,

Also,
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We get

Kosoy

‘1 1| e -1
w(y*) 1 (y*)]
< 4
" (3
= 2a
oY
)

(v i) < v

< IIy—y*IH(y*—ybH

—att- o)
1 (y*)

<a+min(1,2a)-(1+a)

<a-+3a

=4a

Case 2: ;i(y*) < 3. Then, a > 1 and

dy<y,Ub> < |yl +dy(0,ub)
<1+1
< 4a

The next lemma uses a theorem from Giannopoulos (1995):

Theorem 16 (Giannopoulos) Let X be a finite dimensional normed space. Denote D := dim X.

Then, the multiplicative Banach-Mazur distance from X to RP equipped with the {1 norm

1455 at

most O(1) - DS, That is, there exists a linear isomorphism G : RP? = X s.t. for all x € RP

5
]l < lIGzll < O(1) - Ds [l

We now derive a concentration bound that shows the mean outcome over a sequence of rounds with
constant arm  is close to Ky-(z)” with high probability.

14. In Giannopoulos (1995), the theorem is stated for £, but it is the same by duality.
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Lemma 17 Suppose that arm x € A is selected T € N times in a row. Denote the average outcome
by y € Dandlet 5 > 0. Then,

762

5
3
DW

Pr [dy(g, Ky (:p)b) > 5] <2Dwexp [ —Q(1)- 2)

Proof LetU := Kyp«(z), X := (Y /U)*. X is a subspace of V*, and therefore has a natural norm.
Observe that dim X = Dy, and apply Theorem 16 to get G : RP" — X. Let T be the time our
sequence of rounds begins, so that for each n < 7, yp4y, is the outcome of the n-th round in the
sequence. For each i < Dy, lete; € RPW be the i-th canonical basis vector and «; := Ge;. Then,
a;(yr+n) is a random variable whose range is contained in an interval of length

5
. _ : . <92 Al < O 1 'DE
gleagal(y) gggaz(y) < 2||ley]] £ O(1) - Dy,

By the Azuma-Hoeffding inequality,

~ 762
Pr{lai(y)| > 6] < 2exp | —Q(1) - —
Dy,
Applying a union bound, we get
B 762
Pr |max |a;(9)] > 0| <2Dwexp | —Q(1) - —
T D‘i/

Observe that

Gl — .
v(7,U) /3&9\%@5(?’)

= max Gu(y)
veERPW || Gv||<1

< max Gv(y)
veRPW:|jv]|; <1

= Dmax viai(y)
W.
vERPW ], <1 KZDW

= max i (7)]
Hence,

T2

Pr[dy(y,U) > 6] < 2Dwexp [ —Q(1) - —
Dyy

Since j € D, Lemma 15 implies that dy (7,U") < 4dy (7,U). Redefining &, we get (2). |

From now on, we’ll use the notation Pr[A; B] to mean “probability of the event A and B” and
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E [f; B] to mean “the expected value of f - 15, where 15 is defined to be 1 when event B happens
and 0 when event B doesn’t happen”.

The next lemma shows that, given a concentration bound such as in Lemma 17, the true hypoth-
esis remains in the confidence set with high probability.

Lemma 18 Assume that a given bandit is s.t., in the setting of Lemma 17, it always holds that

Pr [dy(g, Kp- (x)b) > 5} < f(r6%)

Here, f : R — R is some continuous function.
Assume agent policy @?UCB and any nature policy. Then, for any N € N

1 2
Pr[EIk:Tk<Nand0*¢Ck]§§N(N+l)f <22>

Proof For any 7,j € Ns.t. ¢ < 7, denote y;; := L fl;i yn. Denote A;; the event Vi < n < j :

. i
T, = x;. By the assumption,

Pr [dy@ij,f(g* (mi)b) > 5 Aij} < f((G—1)0%)

Using Lemma 14, we get

Pr []1% ~dz (0", V (2, 5i5)) > 6 Aij] < (G —)8%)

Substituting § := & i this becomes

2
Pr [dZ(H*,V(!Ei,yij)) = V%;Aij] = <;722>

Denote B;; the event inside the probability operator on the left hand side. Taking a union bound,
we get

1 2
Pr[EIOSi<j§N:Bij]§N<N2+).f<;;2>

From the definition of Cy, it is clear that if VO < ¢ < 7 < N : not-B;j, then Vk : if T}, <
N then 0* € C,. [ |

Putting Lemma 17 and Lemma 18 together immediately gives us:
Lemma 19 Assume agent policy @?UCB and any nature policy. Then, for any N € N
2

Pr(3k: Ty < Nand 6 ¢ Cy] < DwN(N + 1)exp | —Q(1) - il =
R2D3,
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Now we show that the regret of a sequence of rounds with an optimistically selected arm can be
bounded in terms of the minimal distance of the mean outcome from the possible expected outcomes
of the optimistic hypothesis. We denote r* := MEg-« [r|x}.].

Lemma 20 Suppose 0 € H is s.t.

MEy [r|zp] > r* 3)

Assume that the action xj; € A is selected T € N times in a row, starting from round T' € N.
Denote the average outcome by jj. Then,

= 3 @ yrn) < 7dy(5 Ko (@)") @

n<t

Proof By convexity of r,

1 * k=
- Z (25, Yr4n) = 7 (25, 9)

n<t

Since r is 1-Lipschitz, this implies

1 . . _
- Zr(xevyT-‘rn) = min +7“(37§7?J) - dY(y7K9 ($§)+)
T n<Tt yng(z(’;)

— MEy [r|zj] — dy(7, Kg (25)")

Using (3) and rearranging, we get (4). [ |

The following is a simple geometric observation through which “sines” make it into the regret
bound.

—)
Lemma 21 Let A be a finite-dimensional affine space. Assume that the associated vector space 2
is equipped with a norm. Let D C 2 be a closed convex set and B C 2 an affine subspace. Assume

sin (B, D) > 0 and consider any y € D. Then,

d(y,azmp)g< +1)d(y,’B) (5)

sin (B, D)

Proof Lety’ € Bbes.t. [y —v| =d(y,B). Ify € Dthend(y,B ND) = d(y,B) and (5) is
true. Now, suppose y' & D. Then, by definition of sin (8, D),

d(y',D)

—T T > D
d(y,BND) 2 sin (B, D)

We get
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d(y,BND) < |[ly—y[+d(y/,BND)

d(y', D)
<y =vll+ g (%, D)

ly" =yl
<ly—v' + sin (B, D)

[ |
Now we derive a sort of converse to Lemma 14.
Lemma 22 Foranyy € D, 0 € Handx € A
dy(y, Ko(w)') < 4dz 6,V (2.1)) (©)

Proof Letz € V(x,y) be s.t. [0 —z| = dz(0,V (x,y)). Denote w := F(z,0,y). Since

F(z,z,y) =0, we have w = F(z,0 — z,y). Therefore

Jull = [ Fro-sv
< || Fwo—z| - Il
<6—=z-1
= dZ(H,V(a:,y))

By definition of the norm on W, there exists oy € JV s.t. F,pdy = w and [|0y|| < ||w]||. Denote
y =y — dy. We have

Fxéy/:FxGy_FxG(sy
=w—w

=0

Hence, y' € Ky(z) and therefore

dy(y, Ko(z)) < |ly =¥/
< lw]|
< dz(0,V (x,y))

Applying Lemma 15, we get (6). |

The next lemma shows that when a D-dimensional convex set is “sliced” in a manner which reduces
its width along some dimension by a factor of (D), its volume must become reduced by a factor of
Q(1). This is the key to exploiting the finite dimension of the hypothesis space in the regret bound.
The idea of the proof is reducing the problem to the special case of a cone sliced parallel to its base,
in which case the conclusion follows from symmetry.
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Lemma 23 Let D > 1, X a D-dimensional vector space, o € X* and C C X a compact convex
set s.t.

max |a(z)] =1

zeC
Define C' C X by
¢ ={zec|la) < =2
=<z o2 < 5
Then,
, 1
vol(C") < 1—6—2 -vol(C) 7

Here, vol stands for volume. Notice that volume is only defined up to a scalar, but since it appears
on both sides of the inequality, it doesn’t matter.

Proof [Proof of Lemma 23]Assume w.l.0.g. that there is v € C s.t. a(v) = +1, and fix some v like
that. Define By, B_ C X by

1
By = {Z eC Oé(Z) = +l)—|—1}

2 2
B_ ::{<1+D>2Dv ZEB+}

For any z € B_, we have

Here, 2’ is some point in B

Let C4 be the convex hulls of B+ and v. It is easy to see that C+ \ By C C\ ' and C' \ By C
C_ \ C4. Moreover, C_ can be obtained from C; by a homothety with center v and ratio 1 + %, and
hence
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It follows that

vol(C') < wol(C_) — vol(Cy.)
Zvol(C) — vol(Cy)
e — 1) vol(Cy)

< (e* = 1) (vol(C) — wol(C"))

Il
—~ —~ O

Rearranging, we get (7). |

The following allows us to lower bound the volume of a convex body in terms of its minimal width.
Combined with Lemma 23, it will allow us to ensure the confidence set effectively becomes lower
dimensional over time.

Lemma 24 Let D > 1 and C C RP a compact convex set. Define w € [0, 00) by

w = min max o'z — minalz
a€RPD:||all,=1 \ 2€C 2eC

Then,

D
vol(C) > (%) vp
Here, vp is the volume of the unit ball in RP.
Proof [Proof of Lemma 24]By John’s ellipsoid theorem!, there is an ellipsoid'® £ in R? with the
following property. Denote by £’ the ellipsoid obtained from £ by a homothety with center at the
center of £ and ratio %. Then, & C C C &£. Each axis of £ must be > w, hence each axis of £’
must be > 7, and therefore

Lemmas 23 and 24 will be used to show that the confidence set effectively becomes lower di-
mensional, in the sense that we can bound its thickness along multiple dimensions. However, the
“slicing” performed by IUCB still happens in the original D z-dimensional space rather than the
effective subspace. In order to translate the slicing factor from the ambient space to the subspace,
we will use the following.

15. See Giorgi and Kjeldsen (2013), p. 213, Theorem III
16. By an “ellipsoid” we mean the convex body, rather than the surface. That is, an ellipsoid is defined to be the image
of a closed ball under an affine transformation.
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Lemma25 LetD > 1, E >0, A € (0,00), C C RP x [—A, —|—)\]E a compact set and o € RPTE
s.t. ||l < 1. Define po € (0, 00) by

o i= max o'z

Define C' C RPHE by

C'::{ZEC

late| < 1.p0}
2D+ 1)

Let P : RPHE — RP be the orthogonal projection, and define p1, p} € (0, 00) by

p1 = I?Gacx ‘ath’

P := max |o' Pz|
zeC’
Assume py > (4D + 5)V E - \. Then,
/< ;
P1= D+1 P1

Proof Forany z € RP x [—), +\]¥, we have

atz—\/E‘/\gathgatz—i-\/E‘/\
It follows that

p1>po—VE- A
> (D +5)VE-A—VE -\
= 4D+ 1)VE- A

Moreover,

p1<7-po+\/E~)\
1
<o (P VE-A) + VE A

21-p1+(1+2(Dl+1)>\/E-)\

1
2(D+1)> NMESVE

'p1+<1+

. 9. - .
p1+ TESY) 1
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We also need to bound the regret once the confidence set effectively becomes O-dimensional, i.e. is
contained within a small hypercube. For this we use the following.

Lemma 26 Suppose 0,0* € H are s.t.

MEgy [r|zp] > r* 3

Let y be a D-valued random variable whose distribution lies in k(K- (x})). Then,

r = E[r(z5,y)] <4(ST +1) |07 0| ®

Proof Denote y* := E [y]. By (8) and convexity of r,

" —E[r (z5,y)] < MEg [r|zp] — 7 (25, y7)

Since r is 1-Lipschitz, this implies

r* —E[r (zf,y)] < dy(y*, Ko (23)7)

Using Lemma 21, we get

P =Bl ()] < (57 1) dr(v Ko (05))

Applying Lemma 22,

r* —E[r(z5,y)] <4(S71+1)dz(0,V (x5, y"))

It remains to observe that y* € Ky-(x}) and therefore F'(z}, 6%, y*) = 0 and 6* € V (x}, y*).
n

We can now start the regret analysis. We consider the probability space resulting from agent policy
¢lycp and some fixed nature policy. First, we establish that regret can be expressed a sum over
cycle contributions, and as long as 6* is in the confidence set, cycle contributions can be bounded
using a certain geometric construction in Z.

We will need some notation. For any n € N, we denote [n] := {m € N|m < n}. For any
N € Nand X C [N], define the R-valued random variable Rg [X] by

min(Ty41,N)—1

Rg[X]:=) > (" —r(way)

keX n=T}

That is, Rg [X] is the contribution of the cycles in X to regret. For any a € {0,1} and k € N,
define the D-valued random variable g, the R -valued random variable pj, and N-valued random
variable 7 by

75 = min (Tj41 — a, N) — min (T}, N)

—a . -
Y = ka,min(TkJrlfa,N)
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pY = Izré%i(dz(za V (25, 9k))

That is, 77 is the duration of the intersection of the k-th cycle minus its last a rounds with the
time interval of the first /V rounds; g is the average of all outcomes in the k-th cycle except for
the last a, and also excluding outcomes beyond the time horizon IV; and pf is the “radius” of the

confidence set w.r.t. V (:L’Zk,gg>
Lemma 27 Let X be a 2N -valued random variable s.t. for all k € X, 6* € Cy,. Then,

1< min (4 (S~ —l—l)Tkpk—{—C 1o—1)

Proof Consider any sequence {aj, € {0, 1}}r<n. We have,

Z (T* _T(xnayn))

TL:Tk

( min(Ty41—a,N)—1

+ (7’* -Tr (:I:Tk+1—17 ka+1_1)) 1ak11Tk+1<N>

Hence,
min(Tg41—a,N)—1
Rg [X] = Hl(l)n1 ( Z (7"* -r (xm yn))
jex o<l01} n=T,

+ (T* -r (mTIH—l_l? ka+1—1)) 1‘1:11Tk+1§N>

min(Ty41—a,N)—1

< 1rn(1)n1 Z (r* =7 (zn,yn)) + C - Lamilyy, <N
pex ¢t n=min(Ty,N)

- m[i)nl T]gr* B Z r ($Tk+ma Z/Tk+m) +C- 1a=11Tk+1§N
keX ac{0.1} m<T

For any k£ € X, 8* € Cy, and since 6, are selected optimistically, this implies

MEgy, [r‘ajzk] > ¥

Hence, we can use Lemma 20 to conclude

Rg[X] < > min (rfdy(gt, Ko, (25,)") + C - 1nanlam)
keXaE{O,l}
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By Lemma 21, we have

dy(53, Koy (25,))" < (57 + 1) dy(, Ko, (23,))’

We get

a —a * b
] < Z ag{l(l)nl} ( S Ly 1) dey(yk,ng (:z:gk) ) +C- 1Tk+1§N1a:1)

Applying Lemma 22, this becomes

Re[X] <D i, (4 (87" +1) idz (0x, V (25, 5)) + C - 1 <nla=1)
keX ’

Since 0, € Cy, we get
1< min (4 (S~ —l—l)Tkpk—{—C 1o—1)

Next, we split all cycles k£ in which §* € Cj into 3 sets, two of which admit certain geometric
constraints and the 3rd has a bounded number of cycles.

Lemma 28 Let A > 0 and N € N. Define the 2V)-valued random variables A, B,T by

A= {ke [N]

T, < N and max Hz -z H < 2DZ)\}
z,2'€Cy,

B:={k € [N]\A|T} < N and p, < 9DZ\}
I':={kec[N]\(AUB)|T, < N}
Then,

DzR

| < ’yD% In

Proof Using John’s ellipsoid theorem for balanced convex sets!’, we can find an inner product on
Zs.t forany z € Z

Izl < [zl < v Dz -2l (10)
Here, |||, stands for the norm of z w.r.t. the inner product.

Fix some A > 0. We can find some 0 < D < Dy, a non-decreasing sequence {.J; € N};<p
and an orthonormal set {e; € Z},.p s.t.

* Forany0<i<D,0<j<iandany§,0' €Cy, lej- (0 —0")] < 2.

17. See Giorgi and Kjeldsen (2013), p. 214.
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e Forany 0 < i < D, either (a) J; = J;11 or (b) for any unit vector v € Z, if for all j < 1,
e; - v = 0, then there are some 0,6’ € Cj, s.t. [v- (6 —6')] > 2.

» For any £ € N and unit vector v € Z, if for all ¢ < D, e; - v = 0, then there are some
0,0 € Cps.t. [v- (6 —6)] > 2\

That is, {e;} is constructed by adding vectors iteratively. Once the width of Cj, becomes less than
2 along any direction orthogonal to the vectors already in the set, we add this direction to the set.
Consider any 0 < ¢ < D and k > J; s.t. T), < N. Choose ok Cp. s.t.

dz (6%V (i, 5) ) = 8
(Assuming Cj, # &, we’ll get back to this below.) By the supporting hyperplane theorem, there
are o, € Z* and ¢, € Rs.t.

o [lowll =1
e Forall z € V (xgk,ﬂk), ag(z) = cx.

« (%) = ck + p}

For any 6 € Cj1, we have

ok (6) — ekl

IN

< __ "k
- 2(D2—|—1)

Here, the first inequality follows from the definition of Cj 1 and the fact that ||a|| = 1, and the
second inequality follows from (1).
Let Sy := ay|z. Forall 0 € Cy:

1Br(0) — cx| = |ar(8) — cxl
<

Moreover,

50 (04) = x| = o (6%) = s
= p

And, forall 0 € Cpy1:

B(0) — ekl = | (0) — ckl

o

< N
- 2(Dz—|-1)
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Observe that

1Bklla <Dz - || Bl
<VDgz |l

Let P, : Z — Z be the orthogonal projection to the orthogonal complement of {e;};; in Z.
We can apply Lemma 25 to a translation of C, and \/%7 B to conclude that one of the following
two inequalities must be true (and, we can drop the assumption C;, # @, because the 1st inequality
obviously still holds):

pY < \/Dy-(4(Dy—i)+5)Vi-A
< 9DZ\

1

), e R : PO —c| < ——+—- P0) — ¢ 11

Ck € agé%fl‘ﬁk(z) Ck|_Dz—i—|—1 feféacf‘ﬁk(z) | an
For any k € N, denote by Cj, the convex hull of C;. For any 0 < i < min(Dz, D + 1), denote

by Z; the set of all J; < k < J;y1 (for i = D, just k > J;) for which (11) holds. For any k € Z;,

we can apply Lemma 23 to get

vol; (PiCri1) < <1 — 612> -vol; (PCy)

Here, vol; stands for (D z—i)-dimensional volume inside the orthogonal complement of {e; }<;.
For every index in Z;, the volume of P;C is reduced by a factor of €2(1). This volume starts out as

RPz _ivDZ,Z- at most (since H is contained in a ball of radius R) and, by Lemma 24, cannot go
Dy—i
below ( D z/\—i z vp,—;: once the volume is below that, the minimal width is below 2\ which

contradicts the condition k < Jj11 (or the definition of D in the case ¢ = D). We get that,

1 RPZ7p,
|Zi| < -In Dz

1\—1 Dz—i
(-2 () e

B . (Dz—9)R
f'y(DZ—z)lnf

DzR

<~vDzIn

We now see that every k with Tj, < N satisfies one of 3 conditions:
1. p <9DZA
2. keZ forsome 0 <i<min(Dg,D +1)

3. k > Jp, (this can only happen for D = Dy)
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Consider some k s.t. T}, < N and 6* € Cj,. If condition 3 holds, then C;, is contained in a D z-cube
with side 2\ and hence & € A (notice there’s an extra factor of /D in the diameter coming from
(10)). If condition 1 holds, then & € A U B. Therefore, if k£ € I" then condition 2 holds. We get

min(Dz,D—1)

N SRNTA
=0

DzR

<vD%1n z

Let A :={k € [N]|0* € Ct}. Denote Ay := ANA,By:=BNA,Ty:=T'NAand

A¢:={k e [N]\A|T, < N}
We will establish a high probability bound on Rg [Ag)].

Lemma 29 For any 6 € (0, 1), it holds with probability at least 1 — ¢ that
1
Rg[Aog) <8(S™'+1)DzAN +C4/2NIn 5

E [Rg[Ao)] <8(S™!+1) DzAN

Also,

Proof

The expected value in equation (9) of Lemma 26 can be interpreted as the expected value of a
the contribution of a particular round to Rg [A¢] conditional on the past, since the event “k € A,
T <n < Tyy1” depends only on the past of the n-th round. Hence,

ERg[Ao]] < N-4(S7'+1)-2Dz\

=8 (57" +1)DzAN

Here, we use the fact that Ay only includes cycles in which 8* € Cp, because that’s needed for
condition (8) and also to bound ||#* — 6] by the diameter of Cy.

Moreover, the contribution of a single round to regret is in [—C, +C]. Hence, by the Azuma-
Hoeffding inequality, for any A > 0 we have

_ A2
Pr[Rg[Ao] > 8 (S +1) DZAN + A] <exp <_2N02)

Taking A := C'/2N In %, we get the desired result.

Let’s bound the contribution to regret coming from I'y.
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Lemma 30

R-N—l—vCD%lnDZR

D
Rg[[o] <8(S7'+1)(Dz + 1)77\/717% In =%

Proof Lemma 27 implies (taking a = 1)

gllo] < > (4(S'+1)7ipp +C)
kel

<4(STM+1) > ok + CIDo|
kel

We know that stopping condition (1) doesn’t hold before the last round of a cycle, for any & € N.

Hence,
\/ Thepp <2(Dz+ 1)

Dividing both sides by \/TT ,

1 _ 2Dz +1)n

1
Tk

Using this, we can rewrite the second term on the left hand side of the bound for Rg [I'y]:
Rg[To] <8(S™'+1) (Dz+1)n > /7t +C Tyl
keTlg

Since the sum of the 7',% cannot exceed IV, the sum of their square roots cannot exceed +/|I"g| N.
We get

Rg[To] <8(S™'+1) (Dz + 1)n/|To| N + C |To|

Using Lemma 28, we can bound |I'g| < |I'| and get

DzR

DR
Rg[To] <8(S™'+1)(Dz+ 1)77\/71)% In =2~ . N +yCD%In

To complete the proof of the main theorem, it remains only to bound the contributions of By and
A°. Denote Rg := Rg[[V]] (the total regret).
Proof [Proof of Theorem 2]

We have

Rg = Rg[Ao] + Rg[Bo] + Rg [I'o] + Rg [A°]
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For By, Lemma 27 implies (taking a = 0)

Rg[Bo] < ) 4(S'+1) 70 -9D5A
k<N
=36 (S™"+1) DZAN

For A¢, by Lemma 19,

Pr[A° # @] < DywN(N + 1) exp | —Q(1) - ——

Since Rg [@] = 0 and Rg[A€] < C'N, this implies

E [Rg[A9] < DwN(N + 1) exp | —0(1) - —~ .ON

= CDwN*(N + ) exp [ —Q(1) - —2
Combining this with Lemma 29 and Lemma 30, we get,

E [Rg] < 8(S7'+1) DzAN
+36 (S™" +1) DZAN
DzR

A

D
+7CD%In %R

+8n (S7'+1) (D7 + 1)\/71)% In N

772

5
R2D},
DzR

A

+CDwN?*(N 4+ 1)exp | —Q(1) -

= 87 (S™'+1)Dz(Dz + 1)1 /vIn N

2

+CDwN*(N 4 1)exp | —9Q(1) - ——
R2D},
DzR

+yCD%1n
+(S7'+1) Dz (36D7 + 8) NX

Since this holds for any nature policy, this is a bound on ERgj- (QO?UCB; N )
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Theorem 3 is proved similarly.
Proof [Proof of Theorem 3]
As in the proof of Theorem 2, Lemma 27 implies

Rg [Bo] <36 (S™' +1) DZAN

Also, by Lemma 30

DZR DzR

N +~CD%1n

Rg[To] <8(S7'+1)(Dz+ 1)77\/7D% In

By Lemma 29, with probability at least 1 — 4,

Rg[Ag) <8(S™'+1)DzAN + C\/QNln%

By Lemma 19, with probability at least 1 — Dy N (N + 1) exp(—(1) - ——-),

Rg[A°] =0

Putting everything together, and using a union bound, we get that with probability at least 1 — §

Rg < 8(S™' +1) DzAN

+C\/2N1n%

+36 (S™" +1) DZAN

D
+8(S7'+1) (Dz + 1)77\/71)% In 2R N
D
—l—vCD%In%R
D
= 80 (S7'+1)Dz(Dz +1){/vIn iR~N

+C'\/2Nln%

2

+CDw N2(N + 1) exp | —Q(1) - ——
R2D3,
DsR

+~yC D% 1In
+ (St +1) Dz (36Dz + 8) NA

Since this holds for any nature policy, this is a bound on Rgy(prucs; N, 6 ). |

38



IMPRECISE MULTI-ARMED BANDITS

Appendix B. Some Bounds on R
B.1 K(x) of Codimension 1

We start with a simple fact about norms on dual spaces.

Lemma 31 Let X be a finite-dimensional normed space. Then, for any © € X:

. -1
min - ||af| = [z
acX*:a(z)=1

Proof Let a € X* beany s.t. a(z) = 1. Then, ||| - ||z|| > 1, implying that |a > [z||" and
hence

. —1
min - |lof = =]
aEX*:a(x)=1

On the other hand, consider X, := Rz. Consider the unique oy € X s.t. ap(x) = 1. Then,
|ao|| = ||| ~". By the Hanh-Banach theorem, this implies there is v € X* s.t. ||| = ||z||~* and
alx, = ao, the latter implying that o(z) = 1. Therefore,

. -1
min ol < ]
acX*:o(x)=1

|

The norm of an operator bounds how much applying it can increase the norm of a vector. Similarly,
the norm of the inverse operator bounds how much applying the original operator can decrease the
norm of a vector.

Lemma 32 Let X and X' be finite-dimensional normed spaces, v € X and A : X — X' an
invertible operator. Then,

]
Azx| >
AP = ey
Proof We have,
]| = [|4~" Az
< [|A7Y| - || Az]
Dividing both sides of the inequality by HAfl H we get the desired result. |

Proposition 4 now follows from a straightforward calculation.
Proof [Proof of Proposition 4]First, let’s examine the standard norm |-||,,, on W. Since W = R, it
is enough to compute |1,
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1|y = i
Iy =max _min _ [y]
0cH

=max  min _[|y]
2 yey:(A:0)y=1

= max || 4,0]
z€EA
0eH
1

minge 4 || A0
oeH

Here, we used the definition of A, followed by Lemma 31 applied to X := Y*.
Second, let’s examine the standard norm on Z. We have,

= F
|21l = max || Fe |
_ maxgea [|Azz]|

minge 4 || Az0||
0eH

Here, we observed that the induced norm on the space of operators from ) to W is the same as
the induced norm on )* multiplied by the scalar ||1]|,,.
Finally, we get,

R(H, F') = max || 0]
=
max,e 4 || Az0||
_ beM
minge 4 HA:BHH
=
maxze (|[Azlly - 10]ly)
OeH
min,, At Lo >
e (1142"" el

(maxpea || Aslly) (maxoey [16]]o)
(mingea [[AZ5") (mingen 6],)

maxgeyw |01l -1
= <t 10 A A
minger 0], \FesAelo ) | el o

IN

IN

Here we used Lemma 32 on the third line. |

Proposition 5 follows easily from Proposition 4.
Proof [Proof of Proposition 5]Set x and A to be
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) = |42

Notice that the bandit specified by HX and F' X is of a form to which Proposition 4 is applicable,
with the operators A, replaced by A, := A(z)A,. Applying Proposition 4 we get

9 _ _
R (e, ) = 20st B (| 4, ) (a7
mingecgx ”9”0 z€A acA

maxger x(6) 6l o
- Az) || Ax A A
minger x(0) 9], \225A@ 4zl | { maxA) ™14 o

= 1 (oma 45 -l ) (oma 45 - 1450

= ma 47", 14zl

B.2 K(x) of Dimension 1

Proof [Proof of Proposition 6]Since WV is a subspace of ), it is equipped with two norms: the

standard norm ||-[[1,, on ¥V and the norm ||-||y, induced by the norm on ). Observe that for any
ze A 0eHandw e W,

Faow = ¢ (0)w — p(w) f(x,0)
=1-w—-0-f(z,0)

=w

It follows that

lwlhy =max _min _ liyly
0eH

<

< gleagllwl\y
0cH

= [lwlly

We get
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R(H, F) = max||0||
0cH

= F.
max || Fo |
0eH
=max max || Fyeyly

zeA ye): =1
a4V llylly

<max max ||Fueylly
FeA veYlvlly=1

=max max [[¥(0)y — u(y)f(x,0);

€A ye:||ylly,=1
red yeyilly

=max max |ly— u(y)f(z,0)y

zeA yc): =1
I llylly

<max max (|lylly + |n)]- [ f(z.0)]y)

z€A ye)y: =1
zed Y lylly

= Imax max Y + w(y
ggfﬁ yEJJ:IIyHyzl (H Hy ’ ( )|)

< max max (||yHy + ||y”y)
zgfl yeV:|lylly=1

=2

Appendix C. Some Bounds on S
C.1 Sine with Simplex

We now proceed to proving the propositions in subsection 5.2.

The following lemma implies that when D = A, the norm on )) = R5 is the ¢; norm.

Lemma 33 For any finite set B, the absolute convex hull of AB in R® is the unit ball of the {;

normi.

Proof Let y be in the absolute convex hull of AB. Then, there are n € N, {¢; € R}, and

{yi € AB}icy sit.

n—1

D el <1

1=0

n—1
y= Z CiY;
i=0
It follows that
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Hy”1 =

n—1

> i

=0 1
n—1

<> lewil
=0
n—1

=> el - llwilly
=0

Here, we used that ||y;|| = 1 since y; € AB.
Conversly, lety € RB be s.t. [jy||; < 1. Lety~,y* € ABbes.t. forany a € B

B min (yg, 0)
Yo = -
“ Zbeg min (y, 0)
v max(¥q,0)
Yo ¢

B ZbeB max (Y, 0)
Here, if the denominator vanishes then we choose any element of A3 arbitrarily. We get,

Yo = min (y,, 0) + max (yq4, 0)
= min (y,0)y; + >_ max (y,0) v

beB beB
Hence,
y=> min(y,0) -y~ + Y max(y,0) -y
beB beB
Moreover,
Z min (ybv 0) + Z max (ybv 0) < Z |m1n (yba O>| + Z |maX (yb> O)’
beB beB beB beB
= (Jmin (,0)| + [max (ys, 0)])
beB
= lwl
beB
= [lylly
<1
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Therefore, y is in the absolute convex hull of AB. |
In order to analyze sines in the case D = AB, we will need an expression for the ¢; distance
between the simplex AB and points in its affine hull.

Lemma 34 For any finite set B and y € R s.1. Yoala=1

di (y, AB) = " Jya| — 1

a€eB

where dy stands for minimal {1 distance.

Proof Define B4 by

By :={a € Bly, > 0}

B_:={a€B|y, <0}
For any 3/ € AB, we have

ly = o'lly = > lva = i)
a€B
= fa—vhl+ D |va— vl
a€B+ aEB_
> (wa—vb)|+ D (¥h—va)
(IEB+ CLEB_
=D va= D YD v D Y
a€B aeB acB_ aeB_
= el = D vt D vt Y vl
a€B aEBy a€EB_ acB_
= el = D v+ > vl
aeB acB4 aeB_
> lyal = D v = D vl
aeB aeBy aeB_
::j£:|ya’__1
a€B

Here, we used the fact that ) B, Ya =12 Y ac By y., on the 5th line.
Conversly, define y* € AB by

. max (Ygq,0)
Yo =
“ Zbezs max (yp, 0)
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We have,

max (Y, 0) ‘

ly =yl =) |va—
! c; ¢ Zbes max (ys,0)
max (g, 0 max (Y, 0)
=3 i e T e e
acBy beB Yb, weB_ beB Yb,
= > |va— + ) vl
acBy ZbeB-" Yo acB_
:(12 ) S vt Y
beBy Y ) B, a€B_
= Z ya_1+ Z ‘ya|
acBy acB_
= Z |ya| -1
a€B

Since Proposition 7 is a special case of Proposition 8§ (for £ = B), it is sufficient to prove the
latter. The proof proceeds by connecting an arbitrary point in 3y € U” \ AB by a straight line segment
with the point in /T in which the maximum on the right hand side is achieved. The point where
this segment meets the boundary of the simplex is used to produce an upper bound on the distance
fromy toU™.

Proof [Proof of Proposition §]Define y* by

y* := argmax min y,
yequ a€€

Consider some y € U’ \ AB. Define a* by

a = argmax-—— ———

a€B:y,<0 |ya‘ + y;

Notice that a* € & since for any a € &, y, = 0. Define t* by

t* := max ﬂ
a€B:ya<0 |Yq| + Y
_ ‘ya*|
Yar | + Y5

And, define 3/ by
y =ty + (1 -ty
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Finally, define B4 by

By :={a€ B|y, >0}

B_ :={a€ By, <0}

Then, for any a € B

Yo =ty + (1=t ya
>0

And, for any a € B_

Yo = t"ya + (1 —1") Ya
= Yo + " (s — Ya)
= Yo + 1" (|yal + )
|Yal

Yl + Y

= Ya + |Yal

=0

> Yo + “(1yal +92)

We conclude y' € AB. Since it’s also clear that v/ € U, we get v/ € UT. Hence,

= 1 —¢* ) Hy* _y/HI

< 1 t_ t* ) (Hy*”l + Hy/H1)
2t*
1—t*
_ 2 |y~ |

*

ya*

Moreover, by Lemma 34
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(Y, AB) = " [ya| — 1

aeB
= lyar |+ D vl =1
a€B\a*
> Yo | + Z Ya — 1
aeB\a*
= lyar |+ (1 = yar) = 1
= 2[yo~|
Combining the last two inequalites, we get
dru) = 2Pl \ya*!
= Yar
>
ﬂ?g? Ya

= max miny,
yeut acf

By Lemma 33, d; is the same thing as dy. And, since this holds for any y € u \ AB, we
conclude

sin (Z/{b AB) > max miny;
yeUt ic€

C.2 Sine with Ball

The following elementary inequality will be needed for the proof of Proposition 9.
Lemma 35 The following inequality holds for any o € [0, §] and t > sin o

Vt2 +cos?a—1

- > sina
t —sina

Proof We have

t? —2(sina)t+1—cos’a = t* — 2 (sina)t +sin’
= (t —sina)?

>0

Multiplying both sides by cos? o we get
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(cos2 ) t2 -2 (0052 @) (sina)t + cos? v — cos*a > 0
Applying the identity cos? & = 1 — sin? « to the first term on the left hand side, we get

t? — (sin? a)t? — 2 (0052 ) (sina)t + cos’>a —cos*a >0

Now we move all the negative terms to the right hand side:

t* + cos® a > (sin® @) #* + 2 (cos® @) (sina) t + cos’ a

= ((sina)t + cos? a)2
Taking square root of both sides, we get

V12 + cos2a > (sina)t + cos® a

= (sina)t+ 1 —sin’a

Moving 1 to the left hand side we get

V2 +cos?a — 1> (sina) (t — sina)

Finally, we divide both sides by ¢ — sin « and conclude that

Vit +cos?a—1

t —sin«

> sinao

When D is a ball, the induced metric on its affine hull is Euclidean. For any 3 € U” \ D, we connect
y by a straight line segment to the point of {” nearest to the center of the ball. The point where this
segment meets the sphere is the nearest point to y inside U ™.
Proof [Proof of Proposition 9]Define U by
Yy
ey

We also denote by Dy the closed unit ball in R™. Define y* and p by

Uy = {yGR”

y* := argmin ||y,
yEUo

:= min
p et ||y||2
= [ly*[l

Consider some y € Uy s.t. ||y||, > 1. Define ¢ by
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t:=lly =y,

Denoting minimal /5 distance by d», we have

d2 (y, Do) = [lyll, — 1
=y + -yl -1
= 13+ ly — 1B +2 (- )y — 1
=vp2+t2-1
Here, we observed that (y — y*)" y* = 0 due to the definition of y/*.

Let ¢ be a point on the straight line segment y*y at distance /1 — p? from y*. Then, ||3/|| = 1,
and hence y' € Uy N Dy and

da (y,Up N Do) < [ly — ¢/,
=t—V1-p?

We get,

dz (y, Do) > ViE2+p?P =1
da (y,Uo NDo) — t—\/1—p?
> /1 —p?

Here, we used Lemma 35 with o = arccos p on the second line.
By rotational symmetry, the metric on p~!(1) is Euclidean up to a scalar. Hence, we can
conclude

sin (Z/lb,D) > /11— p?

Appendix D. Probability Systems (Proofs)
D.1 Single Conditional Probability

We prove Proposition 11 first and Proposition 10 second, because the latter proof will use a special
case of the former proposition.

In order to prove Proposition 11, we will need the following lemma. For any point y in the
affine hull of the simplex AB, it characterizes some (actually all) points in A that are at minimal
¢ distance from y.

Lemma 36 Let B be a finite set, y € RP s.1. Y aYa = land & € AB. Assume that for any a € B:
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* Ify, < Othen &, = 0.
* Ify, > O0then &, < y,.
Then,

ly = &lly = di (y, AB)
Proof We have,

ly =€l = Iya — &l

a€eB
= Z |ya_£a|+ Z |ya_£a|
a€B:y,<0 a€B:yq,>0
= Z |ya| + Z (ya - ga)
a€B:y,<0 a€B:yqa>0
= Z |Ya| + Z |Ya| — Z &a
a€EB:y,<0 a€EB:y,>0 a€EB:y,>0
= Z |ya| - Z §a — Z &a
a€B a€B:yq,>0 a€B:y,<0
:::£:|ya’_'§z:€a
a€B a€B
::§£:|ya’__1
a€B
::dl(y)Z&[%
Here, we used Lemma 34 on the last line. |

The proof of Proposition 11 works by constructing a point in A3 that satisfies the conditions of the
previous lemma, while staying inside U/.

Proof [Proof of Proposition 11]Denote £, := ENE, E_:=E\ E,& = B\ E. Forany y € R5,
y € U if and only if

(1=P) D> %a=p Y (12)

ac€€y acé_

Consider any y € U’ \ AB. By Lemma 33, it’s enough to prove that

dl(yvll+) ::dl(y713l%

We split the proof into 3 cases. The first case is when

Y v <0

a€5+

Zyaé()

acl_
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We will use the notation y := max(y,, 0). Observe that

Zy;ZZyb

be&y be&o

=D "= v

beB a€el

=1-> Ya— ) ¥

ac€y acl_
>1

Define £ € AB by

+
Ya 1
e ifaecé&
6(1 = Zbefo y;

0 ifaef

We have £ € U, since both sides of equation (12) vanish when substituing £. Hence, we can

apply Lemma 36 to conclude

di (y.U") < lly—¢&l,
::dl(yvzxzﬂ

The second case is when

> >0

acly

Y 4% >0

acl_

Y %>0

a€&y
Define ¢ € R by

( Zbeg+ Yo

+ .
. ifacé&
Zb68+ y; Ya +

2bee_ Ub

. - +

= = ifae&_
S 2bee_ y;r

Zbeso Yv +
=0 ifa €&
ZbESO y;r Y

Here, if the denominator vanishes then 3" must vanish as well, as we interpret the entire ex-

pression as 0.
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Let & beany of £, E, &. If D¢ y;~ > 0 then,

D bee, Yo
2 6= 2 Seee. Yy

acé. acé.
Zbe& yb Z +
Zbe& a€Ex
=D %
beE.

On the other hand, if ) ¢ y;r = 0 then

Here, we used the case conditions on the last line. We conclude that ), . v, = 0 and therefore

Y b= 0

a€Ex a€Ey

:Zyb

beg*
We got that either way

=) w

a€ely be,
It follows that,

Y=Y G+ > atd &

a€B acéy acl_ a€y
=D mt D D w
be&y be&_ beéo
=D w
beB
=1

Also, the case conditions imply that &, > 0. We conclude that £ € AB.
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Now, let’s check equation (12) for &:

)Y G=0=p) > w

acéy beky

=p > W

bef_

=D jg: fa

a€€_

Here, we used equation (12) for y on the second line.
Therefore, £ € U N AB. Moreover, it’s easy to see that Lemma 36 is applicable and hence,

di (y,UT) < lly—¢&l,
::dl(y7ZXEﬂ

The third case is when

Y va>0

acly

> 4%>0

a€€_

> e <0

a€&y
Define ¢ € R” by

p

—L2 .yt ifacé&
Zbe€+y;_ Ya +

1-p +
=" ifaeé&_
Seee Uy Ya

a

0 ifaeé&

Here, if the denominator vanishes then yj must vanish as well, as we interpret the entire ex-
pression as 0.

If pee, y;~ > 0 then,

— +
b=

a€5+ a€g+
+
D v
Zbe& T

=P
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On the other hand, if Y-, ¥, = 0 then, like in the second case, ), ¢, Ya = 0. By equation
(12) this implies that either p = Oor ), v, = 0. However, the latter would imply ) _ g Ya =1
which contradicts the case conditions. Therefore, p = 0 and in particular

jg: ga =p

acly

We got that this identity holds either way. By analogous reasoning,

:E: fa =1-p

ac€_
It follows that,

Y=Y G+ > Gt

a€EB acéy a€eE_ a€&y
=p+1-p
=1

We conclude that £ € AB.
Now, let’s check equation (12) for &:

1-p) > &=01-php
a€€+
=p jg: fa

acé_
Therefore, £ € UT.
We have,
DY = ) va
a65+ a65+
=2 Yat+t1-D) D ¥
a68+ a65+
=P Y YatD D Va
a€€+ acé_
=Dp j{: Ya + 2{: Ya
a€5+ acl_
=p|l- jg: Ya
a€&p
>p
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Here, we used equation (12) on the second line and the case conditions on the last line. By
analogous reasoning,

dyizi-p

a€el_

These inequalities allow us to apply Lemma 36 and conclude that

di (y.UT) <lly—¢&l,
::dl(y7131%

D.2 System of Absolute Probabilities

The following lemma will be needed for the proof of Proposition 10. It shows that, given a prob-
ability distribution 1) over the subsets of a fixed finite set F, the probability o; (1)) that a particular
element ¢ is in the set can be modified to any other value p without affecting the probabilities of
other elements j # ¢, in such a manner that the total variation distance between the new distribution
1" and the original v is equal to the probability shift |«;(¢)) — p|.

Lemma 37 Let F be a finite set. For every i € F, define o; : A2 — [0, 1] by
i = P ) A
ai(y) = Pr i € 4]

Consider any i € F, ¢ € A27 and p € [0,1]. Then, there exists i)' € A27 s.t. the following
conditions hold:

c a;(¥)=p
* Forany j € F\ i, aj(¢) = o;(¥)
* [ =l =2]os(¥) — pl

Proof We can assume that p > «; (1)) without loss of generality: otherwise, we can apply to 1 the
bijection 27 — 27 defined by taking symmetric difference with {i} and change p to 1 — p. Define
f:27 =27 by

f(A) =AU {i}
Set v’ to
(1 =p)Y+ (p— ai(y)) fub
1 —a;(v)

This is a convex combination of f,1 and v and hence v/ € A2”. Let’s verify the conditions.
For the first condition, we have

¥ =
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(1 —pai(¥) + (p — ai(¥)) ci(f+¥)

@ (v) = 1 —ai(¥)
_ ai(®) —pei(y) +p — ai(¥)
1 —a;(%)
_p(1—a(®))
1 — (1)
=p

Here, we used that i € f(A) for any A € 27 to conclude that o;(f«1)) = 1.

For the second condition,

ooy (I =paj(¥) + (p — i(y)) ai(fu1))
Q; (d]) - 1— 041‘(¢)
(1 =p)a;(®) + (p — ai(¥)) ;i (¢)
1 —ai(y)
(1 —=p+p—ai(¥)) a;()
1 —ai(v)
(1 —a;(v)) a;(2)
1 —a;(v)
= a;(¢)

Here, we used that j € f(A) if and only if j € A to conclude that o (f.)) = a;(¢).
For the third condition, first observe that
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> a = fatbal
ACF
dlva= D s
ACF BCF:f(B)=A
doola- D> Uslt
ACFicA BCF:f(B)=A
Z ha — Z (02
ACFigA BCF:f(B)=A
Z [va — (a+ay)| + Z ha
ACFricA ACFigA
Y o Yaut Y. ta
ACFi€A ACFigA
2 > Ya
ACF:igA
2(1—ai(v))

»— (1—p+ (p—ai(¥)) fut)
1 _ai(d}) 1
I-p+p-—a@)y (A-pv+p-al)) W
1 —ai(¥) 1 —ai(y) 1
1-p)(—9¢)+({p— () W — fih)
1 _Oéi(w) 1
_p-o(¥)
—ail¥) 54 _ .
) 2(1 —a;(v))
(p — ai(¥))

Another lemma we need for Proposition 10: given two probability distributions on a finite set B, if
we somehow “lift” one of them through a surjection, then we can also lift the other s.t. the total vari-
ation distance between them is preserved. This is achieved by extracting conditional distributions
on the fibers from the lift, and combining them with the other distribution on B.

Lemma 38 Ler A, B be finite sets, f : A — B a surjection, & € AA and ) € AB. Then, there
exists ' € AA s.t. fo&' =1 and
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1€ = €[l = 1/<€ =¥l

Proof Set& € R4 to

. Yy
2 jes-1(f6) &

Let’s verify that £’ € AA:

Vri)Si
Sa=y T

icA icA 2jes- OR

_Z Z Z WEZ

keBicf-1 jeft

:z* z :

keB def '(k) & ief=1(k)

=

keB
=1

Let’s verify that f,.&' = :

Finally, we have
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le =€l = l& €]

€A
_ Z & — M
ol Zierwan &
Vi
=) &|l— ¢
= 2jer (s &
-y Z & ¢7
keBicf1 2ejefHw) &
= Z Z & ’ f Z S
keBicf-1 jef B> jer—
1
= Z ﬁ : Z fj - wk Z fl
keB ~IE€fTHR) ST e 1) ief1 (k)

=D D G-

keB |jef~1(k)

= |lf+& =¥l

We are now ready to prove Proposition 10. The idea is as follows. Starting from some y € U ° \AB,
we first use Proposition 11 to “project” it to AB while preserving one of the probabilities in the
system and possibly “spoiling” the others. We then “fix”” each of the other probabilities sequentially
using the two previous lemmas, until we finally get some & € U™ whose distance from y can be
bounded by the distances incurred at each step of this process.

Proof [Proof of Proposition 10]Assume without loss of generality that 7 = [n] for some n > 1
and consider any 3 € {*\ AB. Let a be defined as in Lemma 37, denote § := d; (y, AB) and define
Uy by

Uy == {y e R¥| ao (fry) = po}

Notice that { C Uy and in particular y € Uy. By Proposition 11, sin(ug, AB) = 1. Hence,
there exists &1 € AB s.t.

ao (f«1) = po

ly =&l =9

Denote 1)1 := f.&1. Observe that for any 0 < 7 < n,
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i (1) — pil = [ai (Y1) — i (fxy)]

1

< B |1 — feylly
1

=3 |feé1 = feylly
1

< 5 &1 — vl
1

— 5
2

Here, we extended the definition of «; to R2” such as to make it a linear functional.
Applying Lemma 37 by induction, we construct {1); € A2F Yo<i<n st

e Forany 1 <i<mnand0 < j <1, a;(1;) = pj.
e Forany 1 <i<nandi<j <n,a;(¥;) = a;(¢1) and in particular |o;(1);) — pj| < £6.
e Forany 1 <i <, ||[¢; — ¥iq1]; <6.
By the triangle inequality,
[1 = ¢ully < (0 —=1)
Applying Lemma 38 we get £ € AB s.t.
* fo&=Yn
c & —¢&ll<(n-1)6

By the construction of 1), the first item above implies that £ € U/. We get that

dy (y,U") <y =€y
<y = &ully + 116 = €l

=d+(n—-1)4¢
=nd
= |F|di (y, AB)
By Lemma 33, this implies
1

sin <L{b,AB> >
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D.3 S for Chain of Conditional Probabilities

Now, we start working towards the proof of Proposition 12. The following shows that if some
a* € Bis in the “support” of some i/ € Gr™ (RB), then it is also in the “support” of 1/’

Lemma 39 Let B be a finite set, U C RB a linear subspace. Assume there is some y € U s.t.
Y -uVYa = 1. Let £ C B be the minimal set s.t. U C RE. Then, for any a* € &, there exists y* € U
Sty . Ye = 1andy}. #0.

Proof Lety € U bes.t. Yy, = 1. In case y,+ # 0, take y* := y. In case y,» = 0, let y’ € U be
s.t. Y« # 0 (it exists because a* € £). Incase >, v, # 0, take

/

R
DOMTA

Incase ), y, =0, take y* := y + /. We get

D= Yty v
a a a
—140

=1

and,

Yre = Yar + Yo
= Yo
£0
m

When analyzing sines related to Proposition 12, it will be inconvenient to consider completely
arbitrary y € U’ \ AB. Instead, we will restrict y to a certain dense subset of “non-degenerate”
vectors.

Lemma 40 Let Gy, Gy be finite sets, B := Gy x G1, Uy € Gr™ (Rgo) andU; : Go — Grt (Rgl).
Let £ C Go be the minimal set s.t. Uy C RE. Given y € RB, define y° € RY by

yg = Z Yab

beg1

Given also a € Gy, define y* € R9! by

y? = Yab
Define U by

U::{yeRB‘yOEUO,VQGE:yaEul(a)andVaego\S:y“:O}
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Define also U* by

U ={yel|ve H Us(a)’ Ya € Go : y* = y2u(a)

a€Go
Then, U* is dense in U".

Proof Consider any ag € £. By Lemma 39, there is some @ € Ug s.t. Ug, # 0. Choose any
b € [Taeg, Us(a)’ and define §j € RE by gy := dlad(a),. We have

Hence, " = @ € Uy. Moreover, for any a € &, §* = 1,0(a) € Uy (a). And, forany a € Gy \ &,
e = 0 and hence §* = 0. We conclude that §j € U. Also,

> dab =D dad(a)y
a,b a,b
= ia y_b(a)
a b
— Z@a
=1

Therefore, 3 € U°. And, @20 = g, 7# 0. Since ygo = 0 is a linear condition on y, it follows
ygo # 0 for all y € U except a set of measure zero w.r.t. the intrinsic Lebesgue measure of I’

Hence, for almost all (in the same sense) y € U” it holds that for any a € &, Y0 # 0.
It remains to show that any y with the latter property is in &/*. Indeed, consider some such
y € U. Choose some v € [, U (a)’ and define v € [, R9" by

v ifaeé
v(a) =4 Ya
v'(a) ifadg&

Since for any a € Gi, y* € Ui(a), it follows that v € [], U (a)’. Finally, let’s check that
y® = y%v(a). For a € £ we have
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Fora ¢ &,y = 0 since 4° € Up. And, y* = 0 since y € U. Hence y2v(a) = 0 = y*. [ |
The total variation distance between two probability distributions on a product space can be bounded
in terms of the total variation distances between the associated marginal and conditional distribu-
tions. The following is an extension of this bound to the affine hull of the simplex of distributions.
Lemma 41 Let Gy, Gy be finite sets, u,u’ € RY%, v : Go — RY9, o - Go — AGy. Assume that

U, = 1, u, = 1land ) ,v(a)y, = 1. Define y,y € RYX91 by yup = uqv(a), and
Yy = upv'(a)p. Then

ly = o/'[ly < flw—2ll, + > lual -| a)'|],
a€Go

Proof We have,

ly = v/'[l, = Z [Yab = Y
= Z luqv(a)y — upv' (a)y]
= Z [uqv(a)y — uqv'(a)y + uav'(a)y — upv'(a)y|
= Z [tua (v(a) = v'(@)s) + (va — ) V' ()]
<Z\“a a)y —v'( )b)\+§;\(“a—%)v'(a)b|
—ZWZ\ a)y —'( >b!+7;!w—u;\;v’<a>b
STl o) =t + ]

The following is essentially the special case of Proposition 12 for n = 2. The proof proceeds by
decomposing y € U’ \ AB into “marginal” and “conditionals” (using the non-degeneracy condition
afforded by Lemma 40) and then by “projecting” each of them to the intersection of its respective
subspace with its respective simplex and combining the resulting distributions.

Lemma 42 [n the setting of Lemma 40,

acYo

<in (ub, AB) > min (sin (ug, AQO) . min sin (Ul(a)b’ Agl)>

Proof Consider any y € U*. Letv € [[, U (a)’ be s.t. y* = y2v(a). By Lemma 33, the relevant
norms for our purpose are ¢;. By Lemma 34,
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1 (y,AB) = Z|yab|_1
:Z‘yavab‘—l
a,b
= lva \Zlv b!—Z\y \+Z\ya\—1
a

ZZ\ya (Z!v !—1>+Z|ya\—1

—Z\yo\ch a), AGy) + di (y°, AGy)

Let 50 € AGp and fl : Go — AGy be

§0 := argmin Hy —{Hl
EeUpNAGo

¢'(a) == argmin |v(a) — €[,

B £eli (a)NAGy
Define £* € U N ABby &, := £2¢1(a)p. Denote
Spin := min (sin <Z/18, AQO) , min sin (Lll(a)b, Ag1)>

By Lemma 41,

dy (y, UNAB) < |ly — &7
< Z [val - [[o(a) = @), + [[v" = €1,
_Z}y‘dl 1(a) NAGY) + di (y°, Uy N AGo)
0 di (v(a),AGr) di (yO,Ago)
< Z |Ya) sin (Uy(a)®, AGy) - sin (U, AGy)

dy (v(a), O AG
< Z }ya : Uglrjln g ) * (ySmin 0)

mln

(Z lye| d1 (v(a), AGy) +di (y 07Ago)>
1

- dy (y, A
Smin 1(y7 B)

This holds for any y € U*. And, by Lemma 40, such y are dense in U > and hence
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sin (le, AB) > Smin

In the following, we will use the following shorthand notation for portions of tuples:

T4 = 2oL ... .Tj—1

Lgej = Tilj41 - - Tj—1

We will require a characterization of the “support” of ¢/ from Proposition 12 (we state it only in
the direction we need but the converse also holds).

Lemma 43 In the setting of Proposition 12, let £ be the minimal subset of B s.t. U C RB. Let
a* € B\ E. Then, there exists an integer i < n s.t.

a; & & (a%;)
Proof Assume to the contrary that for any ¢ < n,
a; € & (ak)
For every i < n, choose some ut: Gt — RY st
e Forany a € G, u'(a) € L{f.
. ui(a:*i)af # 0 (possible by Lemma 39).

Define y € R by

Yo 1= H U (a;i)ai

<n

Let’s check that y € U.

For any i < n and a € G* , we have
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yg = Z Yabe

cegi
= > (v (0:5), - 0" (@) II + (abeits),,
cegj_ j<i <j<n
= H ’I,L'] (a:j)aj . ul (a’)b .
i<t
Z u'™t (ab)6i+1 Z u't? (abci+1)ci+2 T Z 't (abci"_l:n_l)c"*l
Cit+1 Ci+2 Cn—1
— Huj (a:5),, - u' (@) -
i<t
Z u'tt (ab)ciﬂ Z u't? (abci+1)ci+2 T Z u" (abci+1:”*2)cn—2
Ci+1 Cit+2 Cn—2

- [T (@), o (a),

j<i

Here, we repeatedly used the fact that > o u/(z)., = 1 to eliminate the nested sums.

The first factor on the right hand side doesn’t depend on b, hence y® is a scalar times u*(a) and
is therefore in U;(a). Moreover, for any b € G; \ &; (a) and ¢ € G'., we have

Yabe = Z H uj (a:j)aj ' ui (a)b ' H Uj (abci-l-l:j)cj

cegj'_ Jj<i 1<j<n
_ I(a.) -0- J o
= E HU (a:J)aj 0 H u (abCerl:j)cj
cegi j<t 1<j<n
=0

Now, observe that y,- # 0 since it is a product of non-vanishing factors. But, this implies
a* € &£, which is a contradiction. ]

We are now ready to prove Proposition 12. The proof works by observing that ¢/ can be described
as the recursive application of the construction in Lemma 40 and using Lemma 42 by induction.
Proof [Proof of Proposition 12]We use induction on n.

Forn =1,y € U if and only if: y € Up and for all b € Gy \ &, yp = 0. But, the latter condition
follows from the former, by definition of £. Hence, if = Uy and the claim is true.

Now, assume the claim for some n > 1, and let’s show it for n 4 1. For any 7 < n, define

Gy = 11 9

1<j<n
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Notice that this is not the same thing as G, since in this context G}, = [];_;,,,, G; (because
we are proving the claim for n + 1). Define also

Go :=Gg"

G1:=0n

Uy :={y e RY" | Vi <n,aeG :y*eclU(a)and
Vb e Gi\ & (a),c € Gy Yabe = 0}

Given y € RB, define ° € RY" by

yg = Z Yab

beGn

Let & C G™ be the minimal set s.t. Uy C RE. Finally, define

U:= {yGRB‘yOEZ;{O,Vaec‘j:yaEUn(a)andVaégf\g:y“:O}

Observe that for any 3y € RB, i < nand a € G* , we have y* = (y°)® because

?/g = Z Yabe

cEgi

= > D Yabde

dEgZJr) €€gn

= > Y

degyy,
= ("),

Let’s show that I/ C . Consider any y € U and let’s check that yeUu.

Forany i < nand a € G°, y* = (y°)*. Since y° € Uy, we get (y°)* € U;(a) and hence
y* € Ui(a).

Moreover, for any b € G; \ &; (a), d € QE'JF) and y' € Uy, we have y/, , = 0. Therefore, abd & &.
Hence, y“bd = 0, meaning that for any e € G, Yapge = 0.

For any a € G", ifa € £ then y® € Up(a). Ifa & £, then y® = 0 € Uy (a). Hence, in either
case y* € Up(a).

Moreover, for any b € G, \ &, (a), Yap = y5 = 0, because y* € Uy, (a).

Now, let’s show that &/ C /. Consider any y € U and let’s check that y € U.
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First, we need to check that 3° € Uy. Forany i < nand a € G', (4°)* = y* € U;(a). For any
be g\ & (a)andd € gg+),

ygbd = Z Yabde

ec gn

— Zo
e€Gn
=0

For any a € £, we have y® € U, (a) since y € U. For any a € G" \ £, Lemma 43 implies that
there is some i < ns.t. a; € &; (a.;). Hence, for any b € G,,,

a
Yo = Yab
= Ya;a;ai11:nb

=0

We got that U = U. Hence, Lemma 42 applied to Go. G1, Up, Uy implies that

sin (Z/{b7 AB) > min (sin (Z;lg, AQZ) mg% sin (Z/In(a)b7 Agn)>

)
acy”

Applying the induction hypothesis to Uy, we conclude

sin (Z/{b, AB) > min Iln<17111 sin (Z/{i(a)b, AQZ-) ,;Ielgé sin (Un(a)b, Agn)
acg’

= min sin (Z/{i(a)b,AgZ)
i<n+1
aegt

D.4 R for Chain of Conditional Probabilities

Now, we move towards the proof of Proposition 13. We will need a technical lemma about the ¢;
distances of affine subspaces from the origin.

Lemma 44 Let B be a finite set, U C RB a linear subspace s.t. U N AB # &, ug € RB and t € R.
Define 11 : R® — R by u(y) = > aYa- Then,

min <2 min + [t
yEUuo)Np=1(¢) HyH1 - Ell+uo Hyul | |
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Proof Define y* by

y* = argmin ||y,
yeU+uo

Take any & € U N AB. Define ' by

We have,

[ (y') =puW 4+ E—py))E)
=p")+{t—p)) )
=p")+t—puy)
=t

Hence, ' € (U + ugp) N u~*(t). Moreover,

[, =l + ¢ = el

<y lly + 1t =)€L
= [ly"ll, + 1t = p ()]

< ly*lly + | ()l + [

< 2|ly*ll; + It]

We now demonstrate a bound on the norm on }V in terms of the norms on the direct summands W,,.
It is achieved by repeatedly applying the previous lemma to construct the needed vector.

Lemma 45 [n the setting of Proposition 13, for any x € A and 0 € H, F,y is onto. Moreover, for
any w € W

lwl <2 ) Jlwal

<n
acG’

Here, the norms on the right hand side are induced by F, and H, in the usual way.

Proof In the following, we will use Lemma 33 implictly to justify the appearance of ¢; norms. We
use induction on n.

For n = 1, the sum on the right hand side has only one term which is clearly equal to ||w]|.
Hence, the inequality holds.

Now, assume the claim for some n > 1 and let’s show it for n + 1. Consider any x € A, 0 € H
and w € W. It is enough to show that there is some y* € R5 (which may depend on 2 and 6) s.t.

E}9y*::/u
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ly*lly <2 ) wal
<n
acG®
Let Z™, W™, F™ and ‘H" be defined in the same way as Z, W, F' and H respectively, except
for n instead of n + 1. We have
W=Wre P W,
acg”
Denote by w., the projection of w to WW". By definition of the norm on W", we can choose

some y € RY” s.t.

Pw%g = W:n

T

19111 < [lw:nll

For each a € G™, apply Lemma 44 with

U :=ker Fopp,

ug € Fc:plea (wyg)

Notice that

This produces u® € R9" s.t.

'U(ua):ga
u®ll, <2 min + g
el <2 o min i+

< 2|jwa|l + [¥al

Define y* € RP by y*, := uf forany a € G" and b € G,,. Let’s check that Fypy* = w.
For any ¢ < n, define

Gy = 11 9

1<j<n
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Forany i < n and a € G*, we have

We got (y*)® = g°. It follows that,

(Feoy™)y = Fazo, (¥°)*
= Flwo, 3"
= (F269)a
= (w:n)a

:wa

Now, consider any a € G". We have,

Hence, (y*)* = u®. It follows that,

(ery*)a = Lazb, (y*)a
_ a
= Lgzo, U

= wa
It remains only to bound the norm of y*. We have,
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Il = vzl

a€B

= > > vkl

begb celn

=2

begli c€Gn

x|

,
begb

< 37 @l + 1))

begb

=2 Z [[wal| + Z |G|

beGh begh

=2 |lwll + I3l

bGP

<2 flwp]l + [fwall

beGl

Applying the induction hypothesis to the second term on the right hand side, we get

Iy <2 ) lwall +2 ) llwal

acg? i<n
acG®
=2 ) wall
<n+1
acgh

Equipped with the previous lemma, the proof of Proposition 13 is straightforward.
Proof [Proof of Proposition 13]Once again, we will use Lemma 33 implictly. First, observe that
for any y € RP and i < n, we have

Sl = >0 D vl

acG? acG? beg;

=2 D1 Yane

aegibegicegi

D> D Iyl

aegibegicegi

IN

= llyly
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Now, let’s analyze R(H, F) :

R(H,F) = max |0
0cH

= max max || F;
s max [ ool

= max max F
X x| | Froyll
zeA

Applying Lemma 45 to the right hand side, we get

R(H,F) <2max max F.

(M, F) <2ma max D |[(Fao),
z€A 1<n

aeG”

= 2max max E | Fazoy®||
0ceH B, =
ben yERB:|y||=1 i<n
a€eG®.

<2 max maxz F,
<2, s e 3 Pl -1,

Z<n
aEgZ
<2 max Z max || F;
= 2 R y]=1 g 9@{ H az9” Hy ”1
acG?
=2 max Y R(Ha Fa) |y’
yerB:y=1 £~ T
acGt

<2 | max R(H,, F, max a
> i<, (Ha, Fa) JERB: [y]|=1 Z ly*ll
acg” ;;;

<2 | max R(H,, F, max a
> i<n ( as a) ZyERB:HyH:l 2 ||y Hl
aeG®. <n a€g

<2 | max R (Ha, F,) Z max |yl

“ 2yl
a _

=2 I}lji;i(R(Ha,F) Zl
aeg’b 1<n

= 2nmax R (Hq, F,)
1<n
acG
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