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Abstract

The Gromov-Wasserstein (GW) distance is a powerful tool for comparing metric measure
spaces which has found broad applications in data science and machine learning. Driven by
the need to analyze data sets whose objects have increasingly complex structure (such as
node and edge-attributed graphs), several variants of GW distance have been introduced in
the recent literature. With a view toward establishing a general framework for the theory
of GW-like distances, this paper considers a vast generalization of the notion of a metric
measure space: for an arbitrary metric space Z, we define a Z-network to be a measure
space endowed with a kernel valued in Z. We introduce a method for comparing Z-networks
by defining a generalization of GW distance, which we refer to as Z-Gromov-Wasserstein
(Z-GW) distance. This construction subsumes many previously known metrics and offers
a unified approach to understanding their shared properties. This paper demonstrates that
the Z-GW distance defines a metric on the space of Z-networks which retains desirable
properties of Z, such as separability, completeness, and geodesicity. Many of these prop-
erties were unknown for existing variants of GW distance that fall under our framework.
Our focus is on foundational theory, but our results also include computable lower bounds
and approximations of the distance which will be useful for practical applications.
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1. Introduction

Frequently in pure and applied mathematics, one requires a mechanism for measuring the
dissimilarity of objects which are a priori incomparable. For example, the Gromov-Hausdorff
distance provides such a mechanism for comparing abstract Riemannian manifolds and
famously provides a notion of convergence for sequences of manifolds, under which certain
geometric features are preserved (Cheeger and Colding, 1997; Gromov, 2006). The Gromov-
Hausdorff distance, in fact, defines a metric on the space of arbitrary compact metric spaces.
This is useful in applied areas such as shape analysis and data science, where it is increasingly
common to encounter analysis tasks involving ensembles of complex data objects which
naturally carry metric structures, such as point clouds or graphs—the ability to compute
distances between these objects opens these problems to metric-based techniques (Mémoli
and Sapiro, 2004, 2005; Chazal et al., 2009; Carlsson and Mémoli, 2010; Mémoli, 2012).
Introducing measures on the metric spaces allows for the application of ideas from the field of
optimal transport, leading to the following construction, introduced and studied in (Mémoli,
2007; Mémoli, 2011a): given a pair of metric spaces endowed with probability measures
pX, dX , µXq and pY, dY , µY q, the Gromov-Wasserstein p-distance (for p ě 1) between them
is given by the quantity

GWppX,Y q “
1

2
inf
π

¨

˚

˝

ĳ

pXˆY q2

|dXpx, x
1q ´ dY py, y

1q|pπpdxˆ dyqπpdx1 ˆ dy1q

˛

‹

‚

1{p

, (1)

where the infimum is over probability measures π on X ˆ Y whose left and right marginals
are µX and µY , respectively. Intuitively, such a measure describes a probabilistic correspon-
dence between the sets X and Y , and the integral in (1) measures the extent to which such
a correspondence distorts the metric structures of the spaces. The optimization problem
(1) therefore seeks a probabilistic correspondence which minimizes total metric distortion.
It was shown by Mémoli (2007) that the Gromov-Wasserstein p-distance defines a metric on
the space of all triples pX, dX , µXq, considered up to measure-preserving isometries, when
pX, dXq is compact and µX is fully supported (the compactness assumption can be relaxed;
see Mémoli and Needham 2022a; Sturm 2023).

The Gromov-Wasserstein (GW) framework has become a popular tool in data science
and machine learning—see (Demetci et al., 2022; Chowdhury and Needham, 2021; Chapel
et al., 2020; Xu, 2020; Chowdhury and Needham, 2020; Alvarez-Melis and Jaakkola, 2018),
among many others—due to its flexibility in handling diverse data types, its robustness to
changes in metric or measure structures (Mémoli, 2011a, Theorem 5.1), and recent advances
in scalable and empirically accurate computational schemes for its estimation (Peyré et al.,
2016; Xu et al., 2019; Chowdhury et al., 2021; Scetbon et al., 2022; Li et al., 2023; Vedula
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Figure 1: Schematic illustration of types of networks. (a) A graph with edge weights and
node weights (each visualized by size variations). This structure is encoded as a
measure network, and two such structures can be compared through the Gromov-
Wasserstein distance (Mémoli, 2007; Chowdhury and Mémoli, 2019). (b) A
weighted graph with additional node features, consisting of an assignment of a
vector in Rn to each node (visualized as a column vector). These objects can be
compared via the Fused Gromov-Wasserstein distance (Vayer et al., 2019, 2020a).
(c) Additionally, a graph can be endowed with edge features, assigning a point
in some fixed metric space Z to each edge (here, we visualize a 1-dimensional
probability distribution attached to each edge). These complex objects are mod-
eled as Z-networks, in the language of this paper, and two such objects can be
compared through our proposed framework. By choosing an appropriate target
space Z, one recovers many notions of distance between structured objects that
have appeared previously in the literature—see Table 1.

et al., 2024). It was observed by Peyré et al. (2016) that the formula for GW distance in (1)
still makes sense when the condition that dX and dY are metrics is relaxed; that is, the
formula gives a meaningful comparison between structures of the form pX,ωX , µXq, where
ωX : X ˆX Ñ R is an arbitrary measurable function. This point of view was later studied
formally by Chowdhury and Mémoli (2019), where it was shown that the GW distance
defines a metric on the space of such triples pX,ωX , µXq, considered up to a natural notion
of equivalence. This is convenient, for example, when handling graph data sets, where it is
natural to represent a graph’s structure through its adjacency function, Laplacian, or heat
kernel.

Driven by applications to machine learning on increasingly complex data types, several
variants of GW distance have been introduced in the literature (Mémoli, 2009; Vayer et al.,
2020a; Kim, 2020; Mémoli et al., 2023; Arya et al., 2024; Yang et al., 2023). For example,
Vayer et al. (2020a) introduces an adaptation of GW distance which is equipped to handle
graphs endowed with node features; that is, graphs whose nodes are endowed with values
in some auxiliary metric space (in fact, this idea goes back further to, at least, Chazal
et al. 2009, Section 5, where a similar construction provided variants of both the Gromov-
Hausdorff distance and the p “ 8 version of GW distance). Each time a new variant of the
GW distance is introduced in the literature, its metric properties have been re-established.
Reviewing these proofs reveals that they tend to follow a common template, suggesting the
existence of a higher-level explanation of their shared properties.
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The main goal of this paper is to formally develop a high-level structure which en-
compasses the GW variants described in the previous paragraph. This is accomplished by
studying triples pX,ωX , µXq where ωX : X ˆ X Ñ Z is now a function valued in some
fixed but arbitrary metric space pZ, dZq; we call such a triple a Z-network (see Figure 1).
Two Z-networks can be compared via a natural generalization of the GW distance (1): the
Z-Gromov-Wasserstein p-distance between Z-networks pX,ωX , µXq and pY, ωY , µY q is

GWZ
p pX,Y q “

1

2
inf
π

¨

˚

˝

ĳ

pXˆY q2

dZ
`

ωXpx, x
1q, ωY py, y

1q
˘p
πpdxˆ dyqπpdx1 ˆ dy1q

˛

‹

‚

1{p

. (2)

One should immediately observe that if Z “ R (with its standard metric) then GWZ
p recov-

ers GWppX,Y q. Moreover, we will show that the GW variants described above correspond
to Z-GW distances for other appropriate choices of Z. The broad goal of the paper is to
establish a general theoretical framework for GW-like distances, as understanding geometric
properties of this general structure eliminates the need to re-derive the properties for GW
variants which fall into our framework. Besides enabling the avoidance of such redundancies
for future variants of GW distance, this general perspective leads to novel insights about
existing metrics: several of our theoretical results were previously unknown or only shown
in weaker forms for distances already studied in the literature.

1.1 Main Contributions and Outline

Let us now outline our main results, which are stated here somewhat informally.

• We show that several GW-like metrics appearing in the literature can be realized as Z-
GW distances. In particular, Theorem 12 states that the Wasserstein distance, (standard)
GW distance (Mémoli, 2007), ultrametric GW distance (Mémoli et al., 2023), pp, qq-GW
distance (Arya et al., 2024), Fused GW distance (Vayer et al., 2020a), Fused Network
GW distance (Yang et al., 2023), spectral GW distance (Mémoli, 2009) and GW distance
between weighted dynamic metric spaces (Kim, 2020) can all be realized as Z-GW dis-
tances. We also explain how the graphon cut metric (Borgs et al., 2008) fits into our
framework. Finally, we show that Z-GW distances define natural metrics on spaces of
shape graphs (Guo et al., 2022), connection graphs (Robertson et al., 2023) and proba-
bilistic metric spaces (Menger, 1942). These results are summarized in Table 1.

• Theorem 29 says that, when pZ, dZq is separable, the Z-GW distance GWZ
p defines a

metric on the space MZ,p
„ consisting of Z-networks, considered up to a natural notion

of equivalence (Definition 28). As a consequence, Corollary 30 shows that Fused GW
and Fused Network GW distances are metrics; these were previously only shown to sat-
isfy a certain weak triangle inequality. The proof of Theorem 29 relies on a technical
result, which says that the solution of the optimization problem (2) is always realized
(Theorem 26).

• Several geometric and topological properties of the metric space pMZ,p
„ ,GWZ

p q are es-
tablished: it is separable (Proposition 36), complete if and only if Z is (Theorem 39),
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contractible, regardless of the topology of Z (Theorem 42), and geodesic if Z is (The-
orem 45). Many of these results are novel when restricted to the examples of Z-GW
distances covered in Theorem 12.

• Approximations of Z-GW distances are established via certain polynomial-time com-
putable lower bounds in Theorem 50. Moreover, Theorem 52 provides a quantitative ap-
proximation of general Z-GW distances by Rn-GW distances, the latter of which should
be efficiently estimable through mild adaptations of existing GW algorithms.

The structure of the paper is as follows. After concluding the introduction section
with a discussion of related work, the main definitions of the objects of interest are given in
Section 2. Section 3 describes examples of Z-GW distances, including some distances which
have already appeared in the literature and some which are novel to the present paper. The
basic geometric properties of Z-GW distances are established in Section 4. Finally, our
results on approximations of Z-GW distances are presented in Section 5. The main body
of the paper concludes with a discussion of open questions and future research directions
in Section 6. Proofs of our main results are included in the main body of the paper, but we
relegate proofs of a few technical results to Section A.

1.2 Related Work

Concepts related to the Z-Gromov-Wasserstein distance have been considered previously,
see, e.g., (Jain and Obermayer, 2009; Peyré et al., 2016; Yang et al., 2023; Kawano et al.,
2024). We now give precise comparisons of these previous works to the setting of the present
article.

Peyré et al. (2016) already considers variants of GW distance between R-networks (i.e.,
objects of the form pX,ωX , µXq with ωX valued in R) where the integrand of (1) is replaced
with a more general loss function of the form

X ˆ Y ˆX ˆ Y Q px, y, x1, y1q ÞÑ LpωXpx, x
1q, ωY py, y

1qq P R,

with L : R ˆ R Ñ R an arbitrary function. The article places a specific focus on the case
where L is the Kullback-Leibler divergence, which is not a metric, and therefore does not
fall within our framework. The geometric properties that we establish for Z-GW distances
in this paper largely depend on the assumption that pZ, dZq is a metric space, so we restrict
our attention to this setting.

While we were in the process of preparing the article, Yang et al. (2023) independently
introduced the idea of a Z-network, although in the slightly less general context that network
kernels are assumed to be bounded and continuous. A version of the Z-GW distance is also
formulated therein, and their framework is applied to the analysis of attributed graph data.
The work of Yang et al. (2023) is primarily geared toward computational applications,
while the present paper is focused on developing the mathematical properties of the Z-
GW distance; all of our results are novel, with connections to previous results clarified as
necessary below. We also remark here that the work of Yang et al. gives a notion of Z-GW
distance which appears at first glance to be more general, in that it includes additional
terms handling node features and edge weights; we show, however, in Section 3.1.2 that
these terms are, in fact, not necessary. A similar framework to that of Yang et al. was
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Metric Data Type Target space Z References

Wasserstein Distance Distributions over
pZ, dZq

Z, dZ (any metric space) Villani (2003)

Gromov-Wasserstein
(GW) Distance

Metric measure
spaces

R, standard metric Mémoli (2007);
Mémoli (2011a);
Chowdhury and
Mémoli (2019)

Ultrametric GW
Distance

Ultrametric
measure spaces

R, max metric Mémoli et al. (2023)

pp, qq-GW Distance Metric measure
spaces

R, Λq (see Equation 4) Arya et al. (2024)

Fused GW Distance Node-attributed
graphs

Rˆ Y for a metric space Y Vayer et al. (2019,
2020a)

Fused Network GW
Distance

Node- and
edge-attributed
graphs

Product of node and edge
spaces

Yang et al. (2023);
Kawano et al. (2024)

Spectral GW
Distance

Riemannian
manifolds

Continuous functions, sup
metric

Mémoli (2009)

GW Distance for
Weighted DMSs

Weighted Dynamic
Metric Spaces

Cts. functions, interleaving
distance

Kim (2020)

Shape Graph
Distance

Embedded 1-d
stratified spaces

Space of curves, any metric Sukurdeep et al.
(2022); Srivastava
et al. (2020); Bal
et al. (2024)

Connection Graph
Distance

Opnq-attributed
graphs

Opnq, Frobenius distance Bhamre et al. (2015);
Singer (2011);
Robertson et al.
(2023)

Probabilistic Metric
Space Distance

Probabilistic metric
spaces

Wasserstein space over R Menger (1942); Wald
(1943); Kramosil and
Michálek (1975)

Table 1: Summary of Gromov-Wasserstein-like distances which fall under the framework
described in this paper. In each case, we provide the name of the metric, the type
of data objects which it is able to compare, the choice pZ, dZq which realizes the
metric in our framework, and references to where the metric was first studied. The
last three distances are novel to this paper, but handle data objects which have
been studied in prior work.

also recently studied by Kawano et al. (2024), where the focus was restricted to Rn-valued
kernels on finite sets, also with a view toward applications to attributed graph data sets.
In summary, Yang et al. (2023) and Kawano et al. (2024) focus on extending the notion of
fused Gromov-Wasserstein distance to do machine learning on attributed networks, whereas
our goal is to develop a unifying theory on a more general class of GW-like distances.

The first work to consider structures similar to Z-networks, to our knowledge, is that of
Jain and Obermayer (2009), where the objects under consideration are kernels over a finite
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set of fixed size n, valued in a fixed metric space. These structures are compared using a
distance similar to the Z-GW distance, with a key difference being that the formulation
does not involve measures: the optimization is performed over the conjugation action by the
permutation group on n letters, rather than on the space of couplings. Kernels on sets of
different cardinalities are compared by “padding” the smaller kernel with some fixed value
to bring them to the same size—e.g., if the target metric space is a vector space, then the
kernel is padded with zero vectors. The formulations of Yang et al. (2023); Kawano et al.
(2024) and the present paper can then be viewed as OT-based extensions of the ideas of
Jain and Obermayer, which are able to avoid the arguably unnatural padding operation.

Another recent approach to a general framework for Gromov-Wasserstein-like distances
is developed by Zhang et al. (2024a). In that paper, the generalization is given by allowing
optimization over spaces of measure couplings with a certain additional structure, rather
than varying the target of the kernel function. That framework encompasses a different
collection of variants of GW distances (namely, those of the form presented by Chowdhury
et al. 2023; Vayer et al. 2020b) than those considered here. Moreover, Zhang et al. 2024a
is mainly focused on curvature bounds and on a computational framework, rather than the
structural results presented in this paper.

2. Z-Gromov-Wasserstein Distances

We now present the main definitions and constructions of the paper.

2.1 Background

We begin by recalling some background terminology and notation on various notions of
distance between probability measures.

2.1.1 Basic Terminology and Notation

We emphasize here that the term metric space is reserved for a pair pZ, dZq, where dZ :
Z ˆ Z Ñ R satisfies the usual axioms of symmetry, positive-definiteness and the triangle
inequality. If dZpz, z

1q “ 0 for some z ‰ z1 (i.e., dZ does not satisfy the positive-definiteness
axiom), then we refer to dZ as a pseudometric and pZ, dZq as a pseudometric space.
When the existence of a preferred (pseudo)metric is clear from context, we may abuse
notation and use only Z to denote the metric space.

Recall that a topological space Z is called a Polish space if it is completely metrizable
and separable (i.e., contains a countable dense subset). When metrized by a particular
complete metric dZ , we call pZ, dZq a Polish metric space. A standard assumption for
many results in abstract measure theory is that the underlying space is Polish—for example,
see (Srivastava, 2008).

Let pX,µq be a measure space, Y a measurable space and φ : X Ñ Y a measurable
map. The pushforward measure on Y is denoted φ˚µ. We recall that this is defined on
a measurable subset A Ă Y by φ˚µpAq “ µpφ´1pAqq.
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Given a point z P Z, the associated Dirac measure is the Borel measure δz on Z
defined on a Borel set A Ă Z by

δzpAq “

"

1 if z P A
0 if z R A.

Dirac measures will appear in several constructions below (e.g., Section 3.2.5, the proofs of
Proposition 38 and Theorem 39, etc.).

2.1.2 Optimal Transport Distances

Our constructions are largely inspired by concepts from the field of optimal transport (OT),
which studies certain metrics on spaces of probability distributions, called Wasserstein
distances. The following concepts are well-established—see (Villani, 2003) as a general
reference on OT.

Definition 1 (Coupling). Let pX,µq and pY, νq be probability spaces. A coupling of µ and
ν is a probability measure π on X ˆY with marginals µ and ν, respectively. We denote the
set of couplings between µ and ν as Cpµ, νq.

Definition 2 (Wasserstein Distance). Let pZ, dZq be a Polish metric space and let µ and ν be
Borel probability measures on Z with finite p-th moments, for p P r1,8s. The Wasserstein
p-distance between µ and ν is

Wppµ, νq “ inf
πPCpµ,νq

}dZ}Lppπq.

This is written more explicitly, for p ă 8, as

Wppµ, νq “ inf
πPCpµ,νq

ˆ
ż

ZˆZ
dZpx, yq

pπpdxˆ dyq

˙
1
p

,

and the integral expression is replaced by an essential supremum in the p “ 8 case.

The classical notion of Wasserstein distance between probability measures on the same
metric space can be adapted to compare probability measures on distinct metric spaces—
this was the setting of the initial work on Gromov-Wasserstein distances (Mémoli, 2007;
Mémoli, 2011a). The concept extends further to define metrics on the space of more general
objects, called measure networks, as was first formalized in (Chowdhury and Mémoli, 2019).
We recall the relevant definitions below.

Definition 3 (Measure Network). A measure network is a triple pX,ωX , µXq such that
X is a Polish space, µX is a Borel probability measure and

ωX : X ˆX Ñ R

is a measurable function which we refer to as the network kernel. We frequently abuse
notation and write X in place of pX,ωX , µXq, when the existence of a preferred network
kernel and measure are clear from context.

9
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Examples 4. Two of the most common sources of examples of measure networks are:

1. Metric measure spaces. A metric measure space is a measure network such
that the network kernel is a metric (which induces the given topology on X).

2. Graph representations. Given a (possibly weighted) graph, one can construct a
measure network representation by taking X to be the vertex set, µX some probability
measure on the vertices (e.g., uniform or degree-weighted), and ωX a graph kernel
which encodes connectivity information. Natural choices of graph kernel include a
(weighted) adjacency function (Xu et al., 2019) or a graph heat kernel (Chowdhury
and Needham, 2021).

Measure networks can be compared via the pseudometric defined by Mémoli (2007);
Chowdhury and Mémoli (2019), which we now recall.

Definition 5 (Gromov-Wasserstein p-Distance). Consider measure networks pX,ωX , µXq
and pY, ωY , µY q, and let p P r1,8s. The p-distortion of a coupling π P CpµX , µY q is

disppπq “ }ωX ´ ωY }Lppπbπq,

where π b π is the product measure on pX ˆ Y q2, and where we consider px, y, x1, y1q ÞÑ
ωXpx, x

1q ´ ωY py, y
1q as a function on this space. Explicitly, for p ă 8 this is given by

disppπq “

ˆ
ż

XˆY

ż

XˆY
|ωXpx, x

1q ´ ωY py, y
1q|pπpdxˆ dyqπpdx1 ˆ dy1q

˙1{p

,

and for p “ 8 it is given by the essential supremum

dis8pπq “ esssupπbπ |ωX ´ ωY | “ sup
px,yq,px1,y1qPsupppπq

|ωXpx, x
1q ´ ωY py, y

1q|,

where supppπq denotes the support of the measure. Note that we suppress the dependence
on X and Y from our notation for the distortion function. The Gromov-Wasserstein
(GW) p-distance between X and Y is

GWppX,Y q “
1

2
inf

πPCpµX ,µY q
disppπq.

In this article we will introduce a generalization of the GW distance and when clarity
is needed, we refer to GWp as the standard Gromov-Wasserstein (GW) p-distance.
The standard GW p-distance is finite when restricted to the space of measure networks
whose network kernels have finite p-th moment. On this subspace, it defines a pseudometric
whose distance-zero equivalence classes can be precisely characterized: see (Chowdhury and
Mémoli, 2019, Theorem 2.4) or the discussion in Section 4 below.

2.1.3 Metric Space-Valued Lp-Spaces

The main object of study in this paper generalizes the above definitions to the case where
the network kernel ω takes values in a general metric space. To ensure that the distance is
finite, we will assume that the network kernel is an Lp function, in the sense of Korevaar

10
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and Schoen (1993, Section 1.1). This parallels the definition of the Wasserstein distance,
where we assume that the measures have finite p-th moments.

We will now recall the definition of Lp functions valued in a metric space. For measurable
functions f and g, the natural definition of a distance between f and g is the integral
of dpfpxq, gpxqq, but this function is not always measurable due to Nedoma’s pathology
(Schilling and Kühn, 2021, Section 15.9). However, if we assume that the target metric
space is separable, the distance is measurable, and the integral is well-defined. With this in
mind, we present the following definition, from Korevaar and Schoen (1993, Section 1.1).

Definition 6 (Metric Space-Valued Lp Spaces). Let X be a measure space equipped with a
measure µX , and suppose pY, dY q is a separable metric space. Fix y0 P Y . We define the
space of Lp-functions X Ñ Y by

LppX,µX ;Y q “

"

f : X Ñ Y

ˇ

ˇ

ˇ

ˇ

ż

X
dY pfpxq, y0q

pµXpdxq ă 8

*

for p P r1,8q; similarly, for p “ 8, the space is defined by

L8pX,µX ;Y q “ tf : X Ñ Y |inftC ě 0 | dY pfpxq, y0q ď C for µX-a.e. x P Xu ă 8u .

These can be expressed somewhat more concisely, for all p P r1,8s, as

LppX,µX ;Y q “ tf : X Ñ Y | }dY pfp¨q, y0q}LppµXq ă 8u.

The Lp space is then equipped with the distance

Dppf, gq “ }dY pfpxq, gpxqq}LppµXq “

#

`ş

X dY pfpxq, gpxqq
pµXpdxq

˘1{p
1 ď p ă 8

esssupµXdY pfpxq, gpxqq p “ 8.

Remark 7. If f P LppX,µX ;Y q, then }dY pfp¨q, yq}LppµXq ă 8 holds for every y P Y . This
is an easy consequence of the triangle inequalities of dY and the LppµXq-norm. Therefore,
the above definition of Lp spaces is independent of the choice of y0.

The distance Dp is a pseudometric which assigns distance zero to functions that agree
almost everywhere. We abuse notation and consider LppX,µX ;Y q as a metric space by im-
plicitly identifying functions that differ only on a measure zero set. The following properties
of Lp spaces will be useful later to establish various properties of the metrics introduced in
this paper—see Proposition 36, Proposition 38 and Theorem 39. The proof is provided in
Section A.1.

Proposition 8. Let X be a measure space equipped with a measure µX , and suppose pY, dY q
is a separable metric space. Then:

1. LppX,µX ;Y q is a complete metric space if Y is complete.

2. LppX,µX ;Y q is separable.

3. Any f P Lppr0, 1sd,L d;Y q can be approximated by piecewise constant functions that
are constant on a grid of a fixed step size. Here, L d is the Lebesgue measure on r0, 1sd.

Remark 9. Item 2 and Item 3 in Proposition 8 are classical results when Y is a Banach
space. However, to the best of our knowledge, the case when Y is a general separable metric
space has not been studied in the prior literature.
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2.2 Z-Valued Measure Networks

In this subsection, we introduce our main objects of study, which generalize the notion of
a measure network (Definition 3) and an extension of GW distance for comparing them.
The basic idea is to allow network kernels to take values in some fixed, but arbitrary metric
space. Similar ideas were considered recently in the machine learning literature (Yang et al.,
2023; Kawano et al., 2024), with applications to analysis of attributed graph data sets, but
the idea goes back at least to Jain and Obermayer (2009)—see the discussion in Section 1.2.
The definitions given below generalize those which have appeared in the previous literature.

2.2.1 Main Definitions

Throughout this section, and much of the rest of the paper, we fix a complete and separable
metric space pZ, dZq, which we frequently refer to only as Z.

Definition 10 (Z-Network). A Z-valued p-measure network is a triple pX,ωX , µXq,
where X is a Polish space, µX is a Borel probability measure and

ωX : X ˆX Ñ Z

is an element of LppXˆX,µXbµX ;Zq. We refer to ωX as a network kernel, or Z-valued
p-network kernel, when additional clarity is necessary. We frequently abuse notation and
write X in place of pX,ωX , µXq. For short, we refer to X as a pZ, pq-network; if the
particular value of p is not important to the discussion, we omit p and refer to X as a
Z-network.

We now introduce a notion of distance between Z-networks.

Definition 11 (Gromov-Wasserstein Distance for pZ, pq-Networks). Let p P r1,8s and
let X “ pX,ωX , µXq and Y “ pY, ωY , µY q be Z-valued p-networks. The associated p-
distortion of a coupling π P CpµX , µY q is

disZp pπq “ }dZ ˝ pωX ˆ ωY q}Lppπbπq.

Explicitly, for p ă 8,

disZp pπq “

ˆ
ż

XˆY

ż

XˆY
dZpωXpx, x

1q, ωY py, y
1qqpπpdxˆ dyqπpdx1 ˆ dy1q

˙1{p

and, for p “ 8,
disZ8pπq “ esssupπbπdZ ˝ pωX ˆ ωY q.

The Z-Gromov-Wasserstein (Z-GW) p-distance between X and Y is

GWZ
p pX,Y q “

1

2
inf

πPCpµX ,µY q
disZp pπq.

When the metric on Z needs to be emphasized, we write this as GW
pZ,dZq
p .

Important examples of Z-networks are provided below in Section 3. Sections 4 and 5
will be dedicated to rigorously developing and unveiling the fundamental properties of the
Z-GW distance.

12
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3. Examples of Z-Networks and Z-Gromov-Wasserstein Distances

We show in Section 4 below that the Z-Gromov-Wasserstein distance from Definition 11
induces a metric on a certain quotient of the space of Z-networks and establish some of its
geometric properties. To motivate this, we first provide many examples of Z-GW distances;
these include metrics which have already appeared in the literature (Section 3.1) and other
natural metrics that appear to be novel (Section 3.2). An important takeaway message is
that it is not always necessary to re-establish metric properties of variants of GW distances
from scratch—a practice which is common in the recent literature—since these properties
frequently follow immediately from high-level principles.

3.1 Examples of Existing Z-Gromov-Wasserstein Distances in the Literature

In this subsection, we show that the Z-GW distance, as defined above, generalizes several
optimal transport distances which have previously appeared in the literature. Our main
results are summarized in the following theorem (see also Table 1):

Theorem 12. For appropriate choices of Z, the following distances can be realized as
Z-Gromov-Wasserstein distances: Wasserstein distance, standard GW distance (Mémoli,
2007), ultrametric GW distance (Mémoli et al., 2023), pp, qq-GW distance (Arya et al.,
2024), Fused GW distance (Vayer et al., 2020a), Fused Network GW distance (Yang et al.,
2023), spectral GW distance (Mémoli, 2009), and GW distance between weighted dynamic
metric spaces (Kim, 2020).

The definitions of these optimal transport-type distances are provided below, as neces-
sary, and the proof of the theorem is split among Propositions 13, 14, 15, 16, 23, 24, and
25, which treat the various metrics independently.

3.1.1 Wasserstein Distance and Gromov-Wasserstein Distances

The first result is obvious from the definitions.

Proposition 13. The standard Gromov-Wasserstein distance between measure networks
(Definition 5) is a Z-GW distance with pZ, dZq equal to R with its standard metric.

Consider measures µ and ν on a metric space pZ, dZq. It is well-known that the standard
GW distance is not a generalization of the Wasserstein distance, in the sense that, for
X “ pZ, dZ , µq and Y “ pZ, dZ , νq,

GWppX,Y q ď Wppµ, νq,

(see Mémoli 2011a, Theorem 5.1(c)), but equality does not hold in general—as a simple
example, consider the case where Z “ R and µ and ν are translates of one another, yielding
GWppX,Y q “ 0 and Wppµ, νq ą 0. Next, we show that Z-GW distance does give such a
generalization.

Proposition 14. The Wasserstein distance over an arbitrary metric space pZ, dZq (Defi-
nition 2) can be realized as a Z-GW distance.

13



Bauer, Mémoli, Needham, and Nishino

Proof Let pZ, dZq be a metric space and let µ and ν be Borel probability measures on
Z with finite p-th moments. To account for different scaling conventions in the definitions
of Wasserstein and GW distances, we replace dZ with d̂Z “ 2 ¨ dZ as the metric on the
target for our Z-networks. Define Z-valued p-measure networks X “ pZ, ωX , µq and Y “

pZ, ωY , νq with ωX , ωY : ZˆZ Ñ Z both denoting projection onto the first coordinate, i.e.,
ωXpz, z

1q “ ωY pz, z
1q “ z. Then, for any coupling π P Cpµ, νq, we have, for p ă 8,

1

2p
disZp pπq

p “
1

2p

ż

XˆY

ż

XˆY
d̂ZpωXpx, x

1q, ωY py, y
1qqpπpdxˆ dyqπpdx1 ˆ dy1q

“
1

2p

ż

XˆY

ż

XˆY
2p ¨ dZpx, yq

pπpdxˆ dyqπpdx1 ˆ dy1q

“

ż

XˆY
dZpx, yq

pπpdxˆ dyq.

The cost of any coupling is therefore the same for the Z-GW and Wasserstein distances,
and it follows that GWZ

p pX,Y q “ Wppµ, νq. We wrote out the calculation using integrals
for the sake of clarity, but re-writing in terms of norms shows that it extends to the p “ 8
case without change.

The ultrametric Gromov-Wasserstein distances were introduced by Mémoli et al. (2023)
as a way to compare ultrametric measure spaces—that is, measure networks pX,ωX , µXq
such that the network kernel is a metric on X which additionally satisfies the strong triangle
inequality ωXpx, x

2q ď maxtωXpx, x
1q, ωXpx

1, x2qu. For p P r1,8q (or with the obvious
extension if p “ 8), the ultrametric Gromov-Wasserstein distance between ultrametric
measure spaces X and Y is

GWp,8pX,Y q “
1

2

¨

˚

˝

ĳ

pXˆY q2

Λ8pωXpx, x
1q, ωY py, y

1qqpπpdxˆ dyqπpdx1 ˆ dy1q

˛

‹

‚

1{p

,

where Λ8 : Rě0 ˆ Rě0 Ñ R is the function,

Λ8pa, bq “

"

maxta, bu a ‰ b
0 a “ b.

(3)

It is easy to check that Λ8 is a metric, so that GWp,8 “ GW
pRě0,Λ8q
p . We have proved the

following:

Proposition 15. The ultrametric Gromov-Wasserstein distance introduced by Mémoli et al.
(2023) is a Z-GW distance with pZ, dZq “ pRě0,Λ8q.

Analogously to (3), one can define a family of functions Λq : Rě0 ˆ Rě0 Ñ R, for
q P r1,8q, by

Λqpa, bq “ |a
q ´ bq|1{q. (4)
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This leads to the pp, qq-Gromov-Wasserstein distance of Arya et al. (2024):

GWp,qpX,Y q “
1

2
inf

πPCpµX ,µY q

¨

˚

˝

ĳ

pXˆY q2

ΛqpωXpx, x
1q, ωY py, y

1qqpπpdxˆ dyqπpdx1 ˆ dy1q

˛

‹

‚

1{p

(5)
(defined here for p ă 8, with the p “ 8 version defined similarly). The functions Λq
are metrics on Rě0 (Arya et al., 2024, Proposition 1.13) and we clearly have GWp,q “

GW
pRě0,Λqq
p . Thus we have shown:

Proposition 16. The pp, qq-Gromov-Wasserstein distance of Arya et al. (2024) is a Z-GW
distance with pZ, dZq “ pRě0,Λqq.

Remark 17. Sturm (2023) considers a distance very similar to the pp, qq-GW distance
defined in (5). The distinction is that the integrand in Sturm’s version is raised to a qth
power (i.e., it integrates the function ΛqpωXp¨, ¨q, ωY p¨, ¨qq

qp). As was observed by Arya
et al. (2024), this version does not enjoy the same homogeneity under scaling that (5) does.
Moreover, we prefer the formulation of (5), since Λq defines a metric, but Λqq does not.

3.1.2 Attributed Graphs

In practice, graph data sets are commonly endowed with additional attributes. As a concrete
example (from Kawano et al. 2024), consider a graphical representation of a molecule,
where nodes represent atoms and edges represent bonds. Each node and edge is then
naturally endowed with a categorical label—the atom type and bond type, respectively.
This information can be one-hot encoded, leading to an Rn-valued label on each node and an
Rm-valued label on each edge (n and m being the number of atom and bond types present
in the data set, respectively). Attributed graphs are also ubiquitous in modeling social
networks (see, e.g., Bothorel et al., 2015), where node attributes encode statistics about
members of the network and edge attributes can record diverse information about member
interactions—in this setting, data typically includes (non-binary) attributes in Euclidean
spaces. Graphs with attributes in more exotic metric spaces are also of interest—we describe
examples from Bal et al. (2022) and Robertson et al. (2023) in detail below, in Section 3.2.

A general model for graphs with metric space-attributed nodes and edges is introduced
in the work of Yang et al. (2023). Following their ideas, we consider the following structure.

Definition 18 (Attributed Network). We work with the following collection of hyperpa-
rameters H “ pp,Ω, dΩ,Ψ, dΨq, where p P r1,8s, and pΩ, dΩq, pΨ, dΨq are separable metric
spaces. An attributed network with hyperparameter data H, or simply H-network,
is a 5-tuple of the form pX,ψX , φX , ωX , µXq, where

• the triple pX,φX , µXq is a measure network (valued in R), with φX P L
ppµX b µXq,

which models the underlying graph of an attributed graph,

• ψX P LppX,µX ; Ψq models node features attributed in Ψ, and

• ωX P LppX ˆX,µX b µX ; Ωq models edge features attributed in Ω.
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Remark 19. The definition above is more general than the one given by Yang et al. (2023,
Definition 2.1): therein, all functions are assumed to be bounded and continuous. Moreover,
Yang et al. (2023) does not assume separability of the target metric spaces, which can poten-
tially lead to technical issues of well-definedness, following the discussion in Section 2.1.3.

A notion of distance between H-networks is also given by Yang et al. (2023), as we now
recall.

Definition 20 (Fused Network Gromov-Wasserstein Distance, Yang et al. (2023)). For
fixed hyperparameter data H “ pp,Ω, dΩ,Ψ, dΨq, let

X “ pX,ψX , φX , ωX , µXq and Y “ pY, ψY , φY , ωY , µY q

be H-networks. Given additional hyperparameters q P r1,8q and α, β P r0, 1s with α`β ď 1,
the associated fused network Gromov-Wasserstein (FNGW) distance is

FNGWH
q,α,βpX,Y q “

1

2
inf

πPCpµX ,µY q

ˆ
ż

XˆY

ż

XˆY
pp1´ α´ βq dΨpψXpxq, ψY pyqq

q

`αdΩpωXpx, x
1q, ωY py, y

1qqq ` β |φXpx, x
1q ´ φY py, y

1q|q
˘p{q

πpdxˆ dyqπpdx1 ˆ dy1q
¯1{p

(6)

The definition extends to the case p “ 8 or q “ 8 cases straightforwardly.

Remark 21. The formulation given in (6) is actually subtly different than the one given
by Yang et al. (2023). In analogy with Remark 17, we have added an extra power of 1{q
to the integrand. We will see below that this leads to improved theoretical properties of the
distance.

Observe that the distance (6) specializes to other notions of distance in the literature
through appropriate choices of the balance parameters α and β:

1. Taking α “ β “ 0, one obtains the Wasserstein p-distance on pΨ, dΨq between the
pushforward measures pψXq˚µX and pψY q˚µY .

2. Taking α “ 1, β “ 0, we recover the Z-GW p-distance (Definition 11) between
the underlying Z-networks, with pZ, dZq “ pΩ, dΩq. Conversely, we show below that
FNGW can be formulated as a special case of a Z-GW distance (Proposition 23).

3. Taking α “ 0, β “ 1, recovers the standard GW distance between the underlying
measure networks.

4. Finally, taking general α “ 0 and β P r0, 1s, we get the Fused Gromov-Wasserstein
(FGW) distance, which was introduced by Vayer et al. (2020a) as a framework for
comparing graphs with only node attributes.

Remark 22. The original formulation of FGW distance also omitted the q-th root in the
integrand that was discussed in Remark 21, but we argue for its inclusion for theoretical
reasons discussed below. The FGW framework introduced by Vayer et al. (2020a) is also
slightly more general, in that it considers a joint distribution on X ˆ Ψ, rather than a
function ψX : X Ñ Ψ; the formulation considered here is the one most commonly used in
practice—see (Vayer et al., 2019; Flamary et al., 2021).
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We now show that the rather complicated formulation of (6) is somewhat redundant.

Proposition 23. An attributed network with hyperparameter data H has a natural repre-
sentation as a pZ, pq-network, for an appropriate choice of pZ, dZq. Moreover, the Fused
Network Gromov-Wasserstein distance (6) can be realized as a Z-Gromov-Wasserstein dis-
tance.

Proof Let hyperparametersH “ pp,Ω, dΩ,Ψ, dΨq, as well as q P r1,8q and α, β P r0, 1s with
α ` β ď 1 be given. Suppose that X “ pX,ψX , φX , ωX , µXq and Y “ pY, ψY , φY , ωY , µY q
are H-networks. We construct a metric space Z as follows. Let Z “ Ψˆ Ωˆ R and let dZ
be the weighted `q metric

dZppa, b, cq, pa
1, b1, c1qq “

`

p1´ α´ βqdΨpa, a
1qq ` αdΩpb, b

1qq ` β|c´ c1|q
˘1{q

.

Now, we define a Z-network X “ pX,ωX , µXq by setting

ωXpx, x
1q “

`

ψXpxq, ωXpx, x
1q, φXpx, x

1q
˘

P Ψˆ Ωˆ R “ Z.

We define Y “ pY, ωY , µY q similarly. Then, for any π P CpµX , µY q, we have

ĳ

dZpωXpx, x
1q, ωY py, y

1qqpπpdxˆ dyqπpdx1 ˆ dy1q

“

ĳ

`

p1´ α´ βqdΨpψXpxq, ψY pyqq
q ` αdΩpωXpx, x

1q, ωY py, y
1qqq

`β|φXpx, x
1q ´ φY py, y

1q|q
˘p{q

πpdxˆ dyqπpdx1 ˆ dy1q,

and it follows that GWZ
p pX,Y q “ FNGWH

q,α,βpX,Y q.

3.1.3 Diffusions and Stochastic Processes

Inspired by a notion of spectral convergence for Riemannian manifolds introduced by Kasue
and Kumura (1994), Mémoli (2009, 2011b) considers a certain spectral version of the GW
distance between Riemannian manifolds (see S. Lim’s PhD thesis, Lim 2021, Chapter 5, for
a generalization to Markov processes and Chen et al. 2022, 2023 for related ideas). For a
given compact Riemannian manifold pM, gM q let kM : M ˆM ˆ Rą0 Ñ Rą0 denote its
normalized heat kernel1 and µM its normalized volume measure (we use Rą0 to denote the
set of positive real numbers). Then, if N is another compact Riemannian manifold and
p ě 1, the spectral Gromov-Wasserstein p-distance between M and N is

GWspec
p pM,Nq :“

1

2
inf

πPCpµX ,µY q
sup
tą0

c2ptq ¨ }Γspec
M,N,t}Lppπbπq

where cptq :“ e´t
´1

and Γspec
M,N,tpx, y, x

1, y1q :“
ˇ

ˇkM px, x
1, tq ´ kN py, y

1, tq
ˇ

ˇ for x, x1 P M and
y, y1 P Y . The reason for the use of the dampening function cptq is to tame the blow up of the

1. i.e., limtÑ8 kM px, x
1, tq “ 1 for all x, x1 PM .
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heat kernel as t Ñ 0: kM px, x
1, tq „ t´

m
2 where m is the dimension of M ; see (Rosenberg,

1997).
To recast GWspec

p (or, rather, a variant thereof—see below) as a Z-GW distance, we
make the following choices:

Z “

"

f : Rą0 Ñ Rą0 | sup
tą0

c2ptq|fptq ´ 1| ă 8

*

(7)

and, for f1, f2 P Z,
dZpf1, f2q “ sup

tą0
c2ptq

ˇ

ˇf1ptq ´ f2ptq
ˇ

ˇ. (8)

We then represent a compact Riemannian manifold pM, gM q as a Z-measure network
pM,ωM , µM q with µM as above and ωM : M ˆM Ñ Z defined by

ωM px, x
1q “ kM px, x

1, ¨q P Z, where kM px, x
1, ¨q : t ÞÑ kM px, x

1, tq.

Then

dZ ˝ pωM ˆ ωN qpx, y, x
1, y1q “ sup

tą0
c2ptq

ˇ

ˇkM px, x
1, tq ´ kN py, y

1, tq
ˇ

ˇ

“ sup
tą0

c2ptqΓspec
M,N,tpx, y, x

1, y1q,

so that, for an arbitrary coupling π P CpµX , µY q,

}dZ ˝ pωM ˆ ωN q}Lppπˆπq “

›

›

›

›

sup
tą0

c2ptqΓspec
M,N,t

›

›

›

›

Lppπbπq

.

Accordingly, we define a variant of the spectral GW p-distance:

ĄGW
spec

p pM,Nq :“
1

2
inf

πPCpµX ,µY q

›

›

›

›

sup
tą0

c2ptqΓspec
M,N,t

›

›

›

›

Lppπbπq

.

We have the following result.

Proposition 24. The spectral GW p-distance ĄGW
spec

p is a Z-GW distance, with pZ, dZq
as in (7) and (8), which upper bounds the spectral Gromov-Wasserstein distance introduced
by Mémoli (2009).

Proof The fact that ĄGW
spec

p is a Z-GW distance follows immediately by definition. To
verify the upper bound claim, let M and N be compact Riemannian manifolds and choose
an arbitrary coupling π between their normalized volume measures. We then consider the
map

F : pX ˆ Y ˆX ˆ Y q ˆ Rą0 Ñ R
`

px, y, x1, y1q, t
˘

ÞÑ c2ptqΓspec
M,N,tpx, y, x

1, y1q

as a function on the product of measure spaces pX ˆ Y ˆX ˆ Y, π b πq and pR,Lq, where
we use L to denote Lebesgue measure on Rą0 through the duration of the proof. We now
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compare the objective functions of the optimization problems associated to the distances
ĄGW

spec

p pM,Nq and GWspec
p pM,Nq as

›

›

›

›

sup
tą0

c2ptqΓspec
M,N,t

›

›

›

›

Lppπbπq

“

›

›

›
}F }L8pLq

›

›

›

Lppπbπq

ě

›

›

›
}F }Lppπbπq

›

›

›

L8pLq

“ sup
tą0

}c2ptqΓspec
M,N,t}Lppπbπq

“ sup
tą0

c2ptq ¨ }Γspec
M,N,t}Lppπbπq,

where we have interchanged suprema and L8 norms via continuity in t, and we have applied
a generalized version of Minkowski’s inequality (Bahouri, 2011, Proposition 1.3). Since the

estimate holds for an arbitrary coupling π, this shows that ĄGW
spec

p pM,Nq ě GWspec
p pM,Nq.

3.1.4 The Gromov-Wasserstein Distance Between Dynamic Metric Spaces

A dynamic metric space (or DMS, for short) is a pair pX, dXq, where X is a finite set
and dX : RˆX ˆX Ñ Rě0 is such that:

• for every t P R, pX, dXptqq is a pseudometric space, where dXptq : X ˆX Ñ R is the
map dXptqpx, x

1q “ dXpt, x, x
1q;

• for any x, x1 P X with x ‰ x1 the function dXp¨qpx, x
1q : R Ñ Rě0 defined by t ÞÑ

dXptqpx, x
1q is continuous and not identically zero.

A weighted dynamic metric space (or wDMS) is a triple pX, dX , µXq such that pX, dXq
is a DMS and µX is a fully supported probability measure on X.

Dynamic metric spaces provide a mathematical structure suitable for modeling natural
phenomena such as flocking and swarming behaviors (Sumpter, 2010). Variants of the
Gromov-Hausdorff and Gromov-Wasserstein distances were proposed by Kim et al. (2020);
Kim and Mémoli (2021); Kim (2020) in order to metrize the collection of all DMSs and
wDMSs, respectively. We now show how wDMSs and these distances fit into the framework
of Z-GW distances.

Let CpR,Rě0q denote the collection of all continuous functions f : RÑ Rě0. For λ ě 0
one defines (see Kim, 2020, Definition 2.7.1) the λ-slack interleaving distance between
f1, f2 P CpR,Rě0q by

dλpf1, f2q :“ inf

"

ε P r0,8s|@t P R, min
sPrt´ε,t`εs

fipsq ď fjptq ` λε, i, j “ 1, 2

*

.

According to Kim (2020, Definition 2.9.5), the pp, λq-Gromov-Wasserstein distance between
two wDMSs pX, dX , µXq and pY, dY , µY q is defined as

1

2
inf

πPCpµX ,µY q

›

›dλ ˝ pdX ˆ dY q
›

›

Lppπbπq
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(the original definition did not include the 1{2-scaling factor, but we include it here for
consistency). We consider a wDMS pX, dX , µXq as a Z-network with Z “ CpR,Rě0q by
defining a network kernel ωX : X ˆX Ñ Z as ωXpx, x

1q “ dXp¨qpx, x
1q. This immediately

yields the following.

Proposition 25. The pp, λq-Gromov-Wasserstein distance between wDMSs (Kim, 2020) is
a Z-GW distance with pZ, dZq “ pCpR,Rě0q, dλq.

3.1.5 The Cut Distance Between Graphons

Recall that in the work of Borgs, Chayes, Lovász, Sós and Vesztergombi (Borgs et al., 2008)
(see also Lovász 2012; Janson 2010), a kernel on a probability space pΩ, µq is any symmetric
integrable function U : ΩˆΩ Ñ Rě0. A graphon on pΩ, µq is any kernel W with codomain
r0, 1s. The cut norm of W P L1pΩ, µq is the number

}W }l,Ω,µ :“ sup
S,TĂΩ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ĳ

SˆT

W px, x1qµpdxqµpdx1q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

,

where the supremum is over measurable sets S, T .

Now, given two probability spaces pΩ, µq and pΩ1, µ1q, and kernels U on Ω and U 1 on
Ω1 one defines the cut distance between pΩ, U, µq and pΩ1, U 1, µq as (Janson, 2010, Theorem
6.9)

dlpΩ,Ω
1q :“ inf

πPCpµ,µ1q

›

›U ´ U 1
›

›

l,ΩˆΩ1,π
.

We note that the cut distance defines a compact metric space, while GW-type metrics
do not in general exhibit completeness (see Mémoli 2011a, Remark 5.18), and therefore do
not lead to compactness. In particular, the δ1 metric considered by Janson in (Janson,
2010) is precisely a Z-Gromov-Wasserstein distance for Z “ r0, 1s and it is not compact,
as mentioned in Janson (2010, p15). In fact, the topology induced by δ1 is strictly finer
than the one induced by the cut distance. The structural discrepancy lies in how kernel
values are compared: the Z-Gromov-Wasserstein distance aggregates kernel values ωX , ωY
via the distance function dZpωX , ωY q and then considers the Lp norm of this quantity. On
the other hand, the cut distance aggregates kernel values by taking their differences and
then computing the cut norm.

While not exactly fitting into our framework, it seems interesting to explore the pos-
sibility of formulating an even more general setting than the one in Definition 11 which
could (precisely) encompass the cut distance. For example, considering both an abstract
“aggregator” of kernel values and an arbitrary norm for the resulting aggregated quantity
could lead to a framework subsuming the Z-Gromov-Wasserstein distance as well as the cut
distance.

3.2 Further Examples of Z-Valued Measure Networks

Next, we give several more examples of naturally occurring Z-valued measure networks.
We believe that the resulting Z-GW distances are novel, but point to related notions in the
literature when appropriate.
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3.2.1 An Alternative Approach to Edge-Attributed Graphs

In Definition 18, we gave a flexible model for graphs with node and edge attributions, which
we referred to as attributed networks, following Yang et al. (2023). However, the formalism
developed there may be unsatisfactory in practice, as we now explain. Consider a directed
graph pX,Eq, where X is a set of nodes and E Ă X ˆX is a set of directed edges (this also
captures the notion of an undirected graph, which we consider as a directed graph with a
symmetric edge set). Realistic graphical data frequently comes with edge attributes (see
the discussion at the beginning of Section 3.1.2)—in practice, this is given by a function
from E into some attribute space pΩ, dΩq. Now observe that the formalism described in
Definition 18 (which originates from Yang et al. 2023) models edge attributes as functions
of the form ωX : X ˆX Ñ Ω; that is, the function is not only defined on the edge set, but
on the full product space X ˆX. This difference can be handled in an ad hoc manner: for
example, if Ω “ Rd, one could assign pairs px, x1q P pX ˆXqzE to the zero vector. Such a
choice is essentially arbitrary, and does not naturally extend to a more general metric space
Ω. We now describe a more principled approach to handling this issue via cone metrics.

Let pΩ, dΩq be a metric space, which we will later consider as an edge attribute space.
The cone space (Burago et al., 2022, Section 3.6.2) of Ω is

ConpΩq :“ pΩˆ Rě0q{pΩˆ t0uq.

For pu, rq P Ω ˆ Rě0, its equivalence class ru, rs consists of points pv, sq such that pu, rq “
pv, sq or r “ s “ 0. The cone metric on ConpΩq is

dConpΩqpru, rs, rv, ssq :“
`

r2 ` s2 ´ 2rs cospd̄Ωpu, vqq
˘1{2

,

where d̄Ωpu, vq “ mintdΩpu, vq, πu.
Now let pX,Eq be a directed graph endowed with an edge attribute function ω̂X : E Ñ Ω

and a network kernel φX : X ˆ X Ñ Rě0 such that φXpx, x
1q ą 0 if and only if px, x1q P

E; this can either be data-driven, or derived directly from the combinatorial structure of
the graph by taking φX to be the directed binary adjacency function induced by E. Let
pZ, dZq “ pConpΩq, dConpΩqq. For any choice of probability measure µX , the associated
Z-network induced by pX,Eq is pX,ωX , µXq, with ωX : X ˆX Ñ ConpΩq defined by

ωXpx, x
1q :“

"

rω̂px, x1q, φXpx, x
1qs if px, x1q P E

rp0, 0s otherwise,

where p0 P Ω is a fixed but arbitrary point. The idea is that this extends the original
attribute function ω̂X (whose domain is E) to the full product space X ˆX, but the cone
construction results in the choice of assignment for px, x1q R E being inconsequential. Node
attributes for the graph can be handled as in Definition 18, so that the structure defined
here gives a complete refinement of the previous attributed network structure.
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Figure 2: Top: Simple example
of a shape graph in
R2. Bottom: Represen-
tation as an attributed
network. The intersec-
tion points x and x1

(circles) are nodes in X,
ωXpx, x

1q (dashed) is an
element of the space of
curves Z.

The next two subsections provide examples in the lit-
erature of Z-networks arising from attributed graph struc-
tures. In particular, a similar idea was used by Bal et al.
(2024) to model shape graphs, described in detail below,
where this setup was implemented computationally.

3.2.2 Shape Graphs

There is a growing body of work on statistical analysis of
shape graphs (Sukurdeep et al., 2022; Liang et al., 2023;
Guo et al., 2022; Srivastava et al., 2020; Bal et al., 2024)—
roughly, these are 1-dimensional stratified spaces embed-
ded in some Euclidean space, relevant for modeling fila-
mentary structures such as arterial systems or road net-
works (see Figure 2). We now explain how some models
of shape graphs fit into the Z-GW framework.

Let Z denote the space of unparameterized curves in
Rd, where d P t2, 3u in typical applications; that is, Z “
C8pr0, 1s,Rdq{Diffpr0, 1sq, the space of smooth maps of
the interval into Rd, denoted C8pr0, 1s,Rdq, considered up to the reparameterization action
of the diffeomorphism group of the interval, denoted Diffpr0, 1sq. Let dZ be some fixed
metric on Z; in the references considered here, this is typically induced by a diffeomorphism-
invariant elastic metric (Srivastava and Klassen, 2016; Bauer et al., 2024), but the specific
choice of metric is not important in the discussion to follow.

Guo et al. (2022) modeled a shape graph as a function of the form ωX : X ˆX Ñ Z,
where X is a finite set of nodes. In practice, given a filamentary structure such as an arterial
system, the nodes are the endpoints and intersection points of filaments and the value of
ωXpx, x

1q P Z is the (unparameterized) filament joining the endpoints, as is illustrated in
Figure 2. For pairs px, x1q which are not joined by a curve, the authors choose to assign the
constant curve taking the value 0 P Rd. In an effort to overcome the shortcomings of this
ad hoc assignment, the followup work (Bal et al., 2024) introduces a formalism similar to
that of Section 3.2.1 for representing shape graphs, where the particular point in Z assigned
to missing edges is made irrelevant to distance computations via a quotient construction.
Either method for modeling shape graphs results in a Z-network by, say, assigning the node
set the uniform measure.

In both Guo et al. (2022) and Bal et al. (2024), comparisons of shape graphs were
done via the Jain and Obermayer framework (Jain and Obermayer, 2009) described earlier.
Specifically, for shape graphs with the same number of nodes, the distance between them is
computed by aligning the Z-valued kernels over permutations. When comparing two shape
graphs with node sets of different sizes, the smaller of the two is “padded” with additional
disconnected nodes. This padding step is arguably unnatural, and can be avoided by instead
working within the Z-GW framework, where differently sized node sets are not an issue.
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3.2.3 Connection Graphs

Let pX,Eq be a directed graph such that px, x1q P E ô px1, xq P E (i.e., pX,Eq uses the
directed graph formalism to encode an inherently undirected graph). A connection on
pX,Eq (Robertson et al., 2023) is a map ω̂X : E Ñ Opdq such that ω̂px, x1q “ ω̂px1, xq´1,
where Opdq is the orthogonal group of Euclidean space Rd. These structures appear, for
example, in alignment problems coming from cryo-electron microscopy (Bhamre et al., 2015;
Singer, 2011). Let dOpdq be the metric on Opdq induced by identifying it with a subspace of

the matrix space Rdˆd, endowed with Frobenius distance. For a choice of measure µX , one
obtains a Z-network pX,ωX , µXq, with pZ, dZq “ pOpdq, dOpdqq and with ωX : X ˆX Ñ Z
defined as in Section 3.2.1.

3.2.4 Binary Operations

Let pZ, dZq be a metric space endowed with a binary operation ‚ : Z ˆ Z Ñ Z. For any
subset X Ă Z, let ωX : XˆX Ñ Z be defined by ωXpx, x

1q “ x‚x1. A choice of probability
measure µX results in a Z-network pX,ωX , µXq.

As an example of the above construction, suppose that Z is a compact Lie group endowed
with a bi-invariant Riemannian metric, and let ‚ denote its group law. Given a compact Lie
subgroup X Ă Z, let µX denote its normalized Haar measure. The Z-GW distance then
defines a natural distance on the space of compact Lie subgroups of Z.

3.2.5 Probabilistic Metric Spaces

In his 1942 paper (Menger, 1942), Menger initiated the study of probabilistic metric spaces;
see also (Wald, 1943; Kramosil and Michálek, 1975; Schweizer and Sklar, 1960). A proba-
bilistic metric space is a pair pX, pXq in which the “distance” pXpx, x

1q between any two
points x, x1 P X is a Borel probability measure on Rě0 satisfying the following axioms:

1. x “ x1 if and only if pXpx, x
1q “ δ0;

2. pXpx, x
1q “ pXpx

1, xq for all x, x1 P X;

3. min
`

pXpx, x
1qpr0, ssq, pXpx

1, x2qpr0, tsq
˘

ď pXpx, x
2qpr0, s` tsq for all x, x1, x2 P X and

all s, t P Rě0.

Note that axiom 3 is a generalization of the triangle inequality: if dX is a metric on X
and distances are deterministic, i.e., pXpx, x

1q “ δdXpx,x1q for all x, x1, then this condition is
equivalent to the triangle inequality for dX .

We can recast probabilistic metric spaces as Z-networks for the choice

Z “ tBorel probability measures on Rě0 satisfying axioms 1,2, and 3u

and for dZ “ Wp, the Wasserstein distance (of order p ě 1) on Rě0. Probabilistic metric
spaces can therefore be compared via the associated Z-GW distance.
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4. Properties of Z-Gromov-Wasserstein Distances

This section establishes basic metric properties of the Z-GW distances, as well as the
induced topological properties of the space of pZ, pq-networks. As a result, we obtain a
unified proof that these properties hold for the distances from the literature described in
Section 3.1 (summarized in Theorem 12 and Table 1), and a simultaneous proof for the
distances in the novel settings described in Section 3.2.

4.1 Basic Metric Structure

We begin by showing that Z-GW distances are metrics when the space of pZ, pq-networks
is considered up to a natural notion of equivalence.

4.1.1 Existence of Optimal Couplings

In this section, we will study the important question of whether the optimization problem
defining the Z-GW distance always has a solution. Our main result of this part is the
following theorem, which gives an affirmative answer in the general setting of the present
article:

Theorem 26. For any Z-networks X,Y and any p P r1,8s, there exists π P CpµX , µY q
such that GWZ

p pX,Y q “
1
2disZp pπq. That is, optimal couplings always exist.

Our proof strategy is as follows: since CpµX , µY q is sequentially compact with respect to
the weak convergence of probability measures (Villani, 2003, p. 32), it is enough to prove
that the distortion functional disZp is continuous in this topology. This approach was also
considered in previous works such as Chowdhury and Mémoli (2019) and Mémoli (2011a),
but the same results do not apply in our general setting. For example, Mémoli (2011a)
heavily utilizes the fact that the kernels are metrics, and Chowdhury and Mémoli (2019)
use the fact that the bounded continuous R-valued functions are dense in Lp spaces, which
is not true for a general target metric space (consider Z “ t0, 1u). The corresponding result
for the fused network GW distances (Definition 20) was established by Yang et al. (2023).
In light of Proposition 23, and the fact that Yang et al. (2023) considered more restrictive
structures with bounded and continuous kernels, our result further generalizes the result
of Yang et al. (2023, Theorem 2.4).

To deal with our case, we utilize the following technical lemma, which generalizes the
result by Santambrogio (2015, Lemma 1.8) to the Gromov-Wasserstein setting. The proof
appears in Section A.2.

Lemma 27. Let X and Y be Polish spaces endowed with probability measures µ and ν,
respectively, and suppose γn, γ P Cpµ, νq. Let a : X ˆ X Ñ X̃ and b : Y ˆ Y Ñ Ỹ be
measurable maps valued in separable metric spaces X̃ and Ỹ . Finally, let c : X̃ˆỸ Ñ r0,8q
be a continuous function such that cpa, bq ď fpaq ` gpbq for some continuous maps f and g
satisfying

ş

pf ˝ aqdpµb µq,
ş

pg ˝ bqdpν b νq ă `8. Then, γn Ñ γ weakly implies
ż

XˆY

ż

XˆY
cpapx, x1q, bpy, y1qqγnpdxˆ dyqγnpdx

1 ˆ dy1q

Ñ

ż

XˆY

ż

XˆY
cpapx, x1q, bpy, y1qqγpdxˆ dyqγpdx1 ˆ dy1q
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Proof of Theorem 26. As mentioned earlier, it is enough to prove that CpµX , µY q Q π ÞÑ
disZp pπq is continuous with respect to the topology of weak convergence. We can apply
Lemma 27 by setting

X̃ “ Ỹ “ Z, a “ ωX , b “ ωY , µ “ µX , ν “ µY ,

cpa, bq “ dpωX , ωY q
p, fpaq “ 2p´1dZpa, zq

p, gpbq “ 2p´1dZpb, zq
p,

for some fixed (but arbitrary) point z P Z. The general estimate ps ` tqp ď 2p´1psp ` tpq,
for s, t ě 0, combined with the triangle inequality, shows that

dpωX , ωY q
p ď 2p´1dZpωX , zq

p ` 2p´1dZpωY , zq
p,

so the assumption cpa, bq ď fpaq ` gpbq is satisfied. The integrability of f ˝ a and g ˝ b is
satisfied by the Lp assumption on a “ ωX and b “ ωY , so all assumptions are clear. Thus,
disp is continuous, and an optimal coupling exists for 1 ď p ă 8. Since the p “ 8 case can
be seen as the supremum of disp for p ă 8, we have lower semicontinuity, and an optimal
coupling exists for p “ 8.

4.1.2 Z-Gromov-Wasserstein Distance Is a Metric

It turns out that the Z-network Gromov-Wasserstein distances are only pseudometrics;
that is, a zero distance does not imply that two pZ, pq-networks are equal. Similar to
the argument by Chowdhury and Mémoli (2019), the following condition characterizes the
equivalence class of the set of networks with zero distance, as we will prove below. Given
functions ω : Y ˆ Y Ñ Z and φ : X Ñ Y , we define the pullback of ω by φ to be the
function φ˚ω : X ˆX Ñ Z defined by

φ˚ωpx, x1q “ ωpφpxq, φpx1qq.

Definition 28 (Weak Isomorphism). A pair of pZ, pq-networks X “ pX,ωX , µXq and
Y “ pY, ωY , µY q is defined to be weakly isomorphic if there exists a pZ, pq-network
W “ pW,ωW , µW q, and maps φX : W Ñ X and φY : W Ñ Y such that

• φX and φY are measure-preserving, and

• φ˚XωX “ φ˚Y ωY “ ωW µW b µW -almost everywhere. That is,

ωW pw,w
1q “ ωXpφXpwq, φXpw

1qq “ ωY pφY pwq, φY pw
1qq

for µW b µW -almost every pair pw,w1q PW ˆW .

If X and Y are weakly isomorphic, write X „ Y .
Let MZ,p denote the space of pZ, pq-networks, and let MZ,p

„ denote the space of
pZ, pq-networks considered up to weak isomorphism (i.e., the quotient of MZ,p by
the weak isomorphism equivalence relation).
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In the following, we make no distinction between a Z-network pX,ω, µq and its equiva-
lence class in MZ,p

„ , unless necessary.

We will now prove that the Gromov-Wasserstein distances define metrics up to weak
isomorphism:

Theorem 29. For any separable metric space pZ, dZq, GWZ
p induces a metric on MZ,p

„ .

For the Fused GW (Vayer et al., 2020a) and Fused Network GW (Yang et al., 2023)
distances, it was previously only shown that they satisfy “relaxed” triangle inequalities,
including an extra scaling term depending on the q parameter—that is, an inequality of the
form

dqpx, zq ď 2q´1pdqpx, yq ` dqpy, zqq,

where we momentarily use dq as a placeholder for a generic metric depending on a parameter
q P r1,8q (cf. Vayer et al., 2020a, Theorem 1). With our slight reformulation of these
distances (see Remark 21 and Remark 22), we have the following corollary of Theorem 29.
The result follows immediately by transporting the definition of weak isomorphism into
the appropriate context and via Proposition 23 and Theorem 29. In particular, this result
strengthens the previous results on relaxed triangle inequalities, promoting them to true
triangle inequalities.

Corollary 30. The Fused GW and Fused Network GW distances are metrics, up to weak
isomorphism.

The proof of Theorem 29 follows the standard strategy (cf. Mémoli 2011a), for which
we will need the following well-known lemma:

Lemma 31 (Gluing Lemma, Villani 2003). Let µ1, µ2, µ3 be three probability measures,
supported on Polish spaces X1, X2, X3 respectively, and let π12 P Cpµ1, µ2q, π23 P Cpµ2, µ3q

be two couplings. Then there exists a probability measure π on X1ˆX2ˆX3, with marginals
π12 on X1 ˆX2 and π23 on X2 ˆX3.

Proof of Theorem 29. First, it is clear that GWZ
p pX,Y q ě 0 for any Z-networks X,Y . For

symmetry, the symmetry of d proves that the mapping f : X ˆY Ñ Y ˆX, fpx, yq “ py, xq
defines a bijection CpµX , µY q Q π ÞÑ f˚π P CpµY , µXq such that disZp pπq “ disZp pf˚πq, and

taking the infimum shows that GWZ
p pX,Y q “ GWZ

p pY,Xq.

We will now prove the triangle inequality. We consider three Z-networks pX1, ω1, µ1q,
pX2, ω2, µ2q and pX3, ω3, µ3q and take couplings π12 P Cpµ1, µ2q and π23 P Cpµ2, µ3q realizing
GWZ

p pX1, X2q and GWZ
p pX2, X3q, respectively (Theorem 26). By the Gluing Lemma, there

exists a probability measure π on X1 ˆX2 ˆX3 with marginals π12 and π23. Denote the
marginal of π on X1 ˆX3 by π13. Then, by definition, we have π13 P Cpµ1, µ3q. Therefore,
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by Minkowski’s inequality, we have

2 ¨GWZ
p pX1, X3q ď }dZ ˝ pω1 ˆ ω3q}Lppπ13bπ13q (9)

“ }dZ ˝ pω1 ˆ ω3q}Lppπbπq (10)

ď }dZ ˝ pω1 ˆ ω2q ` dZ ˝ pω2 ˆ ω3q}Lppπbπq (11)

ď }dZ ˝ pω1 ˆ ω2q}Lppπbπq ` }dZ ˝ pω2 ˆ ω3q}Lppπbπq (12)

“ }dZ ˝ pω1 ˆ ω2q}Lppπ12bπ12q ` }dZ ˝ pω2 ˆ ω3q}Lppπ23bπ23q (13)

“ disZp pπ12q ` disZp pπ23q

“ 2 ¨
`

GWZ
p pX1, X2q `GWZ

p pX2, X3q
˘

, (14)

where we have used suboptimality of π13 in (9), marginal conditions on π in (10) and (13),
the triangle inequality for dZ in (11), Minkowski’s inequality in (12), and the optimality of
π12 and π23 in (14).

We finally prove that, for Z-networks X and Y , GWZ
p pX,Y q “ 0 if and only if X and

Y are weakly isomorphic. We will restrict our attention to the case 1 ď p ă 8 since we can
prove the p “ 8 case by simply replacing the integrals with essential suprema. Suppose
that X and Y are weakly isomorphic. Then, there exists a Z-network pW,ωW , µW q and
measure-preserving maps φX : W Ñ X and φY : W Ñ Y such that φ˚XωX “ φ˚Y ωY “ ωW
µW b µW -almost everywhere. By definition of φX and φY , πXY “ pφX , φY q˚µW belongs to
CpµX , µY q, and

disZp pπq
p “

ż

XˆY

ż

XˆY
dZpωXpx, x

1q, ωY py, y
1qqpπpdxˆ dyqπpdx1 ˆ dy1q

“

ż

W

ż

W
dZpωXpφXpdwq, φXpdw

1qq, ωY pφY pdwq, φY pdw
1qqqpµW pdwqµW pdw

1q

“

ż

W

ż

W
dZpφ

˚
XωXpw,w

1q, φ˚Y ωY pw,w
1qqpµW pdwqµW pdw

1q

“

ż

W

ż

W
dZpωW pw,w

1q, ωW pw,w
1qqpµW pdwqµW pdw

1q “ 0.

Therefore, GWZ
p pX,Y q “ 0. To prove the other direction, suppose that GWZ

p pX,Y q “ 0.

By Theorem 26, there exists π P CpX ˆ Y q such that disZp pπq “ 0. Now, define measure-
preserving maps φX : X ˆ Y Ñ X,φY : X ˆ Y Ñ Y as the projection onto X and Y ,
respectively, and define a Z-network by pW,ωW , µW q “ pX ˆ Y, φ

˚
XωX , πq. Now, we have

0 “ disZp pπq
p “

ż

XˆY

ż

XˆY
dZpωXpx, x

1q, ωY py, y
1qqpπpdxˆ dyqπpdx1 ˆ dy1q

“

ż

W

ż

W
dZpφ

˚
XωXpw,w

1q, φ˚Y ωY pw,w
1qqpπpdwqπpdw1q

Since dZ ě 0, we have dZpφ
˚
XωXpw,w

1q, φ˚Y ωY pw,w
1qq “ 0 π b π-almost everywhere, or

equivalently, φW “ φ˚XωX “ φ˚Y ωY π b π-almost everywhere. Therefore, X and Y are
weakly isomorphic.

27



Bauer, Mémoli, Needham, and Nishino

4.1.3 Z-Gromov-Wasserstein Space as a Quotient of the Lp Space

One of the classical results in metric measure geometry is that every metric measure space
pX, dX , µXq admits a parameter, i.e., a surjective Borel measurable map ρ : r0, 1s Ñ X
such that ρ˚L “ µX ; see works by Gromov (2006, Section 31

2 .3) or Shioya (2016, Lemma
4.2).

This result was applied by Chowdhury and Mémoli (2019) and Sturm (2023) to obtain
convenient representations of (R-valued) measure networks. Here, we consider a generaliza-
tion of this construction to the setting of Z-networks. The proof of the following proposition
is obvious from its formulation.

Proposition 32 (Parametrization). Any pZ, pq-network X “ pX,ωX , µXq is weakly iso-
morphic to a pZ, pq-network pr0, 1s, ρ˚ωX ,L q where L is the Lebesgue measure on r0, 1s,
ρ : r0, 1s Ñ X is a parameter of X, and ρ˚ωX : r0, 1s2 Ñ Z is defined by ρ˚ωXps, tq “
ωXpρpsq, ρptqq.

An interesting observation is that, given a Z-network pr0, 1s, ω,L q already defined over
r0, 1s, by considering parameters ρ : r0, 1s Ñ r0, 1s, we can construct a family of Z-networks
pr0, 1s, ρ˚ω,L q, all of which are weakly isomorphic to the original Z-network. Following this
idea, Sturm (2023) established an instructive representation of the standard GW distance;
here, we will generalize their construction to the Z-GW distance.

Definition 33 (Invariant Transforms, Sturm 2023). We say that a Borel measurable map
φ : r0, 1s Ñ r0, 1s is L -invariant if φ˚L “ L . The L -invariant maps form a semigroup
via function composition, which we denote by Invpr0, 1s,L q.

For p P r1,8s, Invpr0, 1s,L q acts on the space of kernels Lppr0, 1s2,L 2;Zq via the
pullback ω ÞÑ φ˚ω, and the action defines the following equivalence relation on the Lp space
, which closely relates to weak isomorphism:

ω » ω1 ô Dφ, ψ P Invpr0, 1s,L q s.t. φ˚ω “ ψ˚ω1.

Denote the equivalence class of ω P Lppr0, 1s2,L 2;Zq by rωs. The quotient space

Lp :“ Lppr0, 1s2,L 2;Zq{Invpr0, 1s,L q

admits a metric

Dpprωs, rω1sq :“
1

2
inf

 

Dppφ
˚ω, ψ˚ω1q|φ, ψ P Invpr0, 1s,L q

(

,

where Dp is the Lp distance (see Definition 6) and this family of metric spaces provides a
representation of the Z-GW space:

Theorem 34. For p P r1,8s, pLp,Dpq is isometric to pMZ,p
„ ,GWZ

p q by

Θp : Lp Q rωs ÞÑ rpr0, 1s, ω,L qs PMZ,p
„

where rpr0, 1s, ω,L qs denotes the equivalence class of a pZ, pq-network pr0, 1s, ω,L q by weak
isomorphism.

Proof As the proof by Sturm (2023, Theorem 5.10) does not rely on the properties of the
target metric space, trivial modifications allow us to apply the proof to our case.
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4.2 Metric and Topological Properties

Having shown that the Z-GW distance is a metric, we now establish some of the properties
of its induced topology. In particular, under mild assumptions, we will prove that:

• It is separable, i.e., it contains a countable, dense subset. This is crucial for approxi-
mation results, in that we can frequently pass to a relatively simple subspace.

• It is complete, i.e., its Cauchy sequences always converge. Completeness and separabil-
ity together make the space of Z-networks a Polish space; this is generally considered
to be the minimum requirement for the theory of measures over a space to be well-
behaved (see Section 2.1.1).

• It is path-connected and, in fact, contractible. The existence of paths joining points in
the space is required for the application of statistical methods. For example, it allows
interpolations between points, which is a fundamental ingredient for the computation
of geometric statistics such as Fréchet means. Contractibility (that the space of Z-
networks is homotopy equivalent to a point) tells us that the space is quite simple,
from a topological perspective.

We also show that the Z-Gromov-Wasserstein space is geodesic, provided that Z is. Recall
that a metric space pX, dXq is geodesic if, for any pair of points x, x1 P X, there exists a
geodesic path joining them; this is a path γ : r0, 1s Ñ X such that, for all s, t P r0, 1s,

dXpγpsq, γptqq “ |t´ s|dXpx, x
1q

(see, e.g., Burago et al. (2022) for details). In fact, to check that a given curve γ is a geodesic
path, it suffices to show that dXpγpsq, γptqq ď |t ´ s|dXpx, x

1q holds for all s, t P r0, 1s
(Chowdhury and Mémoli, 2018a, Lemma 1.3). In a geodesic space, points are not only
always connected by paths, but are connected by paths which behave like ‘straight lines’ in
the space.

4.2.1 Separability

We first show that the Z-GW distance inherits separability from its target space Z. We
will use the following lemma.

Lemma 35. Let X0 “ pX,ω0, µq, X1 “ pX,ω1, µq be pZ, pq-networks with the same under-
lying Polish space and measure but different kernels. We have

GWZ
p pX0, X1q ď

1

2
Dppω0, ω1q

Here, Dp denotes the Lp distance of Definition 6.

Proof Let ∆ : X Ñ X ˆX,∆pxq “ px, xq be the mapping to the diagonal. We note that
∆˚µ defines a coupling between µ and itself, so substituting π “ ∆˚µ to the distortion
functional, we obtain, for p P r1,8q (the p “ 8 case is similar),

GWZ
p pX0, X1q ď

1

2
disZp pπq “

1

2

ˆ
ż

X

ż

X
dZpω0px, x

1q, ω1px, x
1qqpµpdxqµpdx1q

˙1{p

“
1

2
Dppω0, ω1q.
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Proposition 36. MZ,p
„ is separable.

Proof Without loss of generality (by Proposition 32), we consider Z-networks of the
form pr0, 1s, ω,L q where L is the Lebesgue measure. Since Lppr0, 1s ˆ r0, 1s,L bL ;Zq
is separable by Proposition 8, we can take a countable dense subset tωiu

8
i“1 of Lppr0, 1s ˆ

r0, 1s,L bL ;Zq. Now, for any Z-network X “ pr0, 1s, ω,L q and any ε ą 0, there exists
ωi such that Dppω, ωiq ă ε. By constructing a Z-network by Xi “ pr0, 1s, ωi,L q, and by
Lemma 35, we see that GWZ

p pX,Xiq ă ε. Therefore, tXiu
8
i“1 is dense in MZ,p

„ .

Although the proof above is sufficient to prove the separability, the argument remains high-
level and does not provide an explicit countable dense subset inMZ,p

„ . To construct such a
subset, we introduce the following object.

Definition 37 (n-Point Z-Network). For each n P N, an n-point Z-network is the
equivalence class of a Z-network pX,ω, µq by weak isomorphism, where X “ t1, . . . , nu,
ω : X ˆ X Ñ Z is any function and µ “ 1

n

řn
i“1 δi. Denote the set of n-point pZ, pq-

networks by MZ
n .

We note that n-point Z-networks are pZ, pq-networks for any p P r1,8s because the
kernels are supported on finite sets. That is, we haveMZ

n ĂMZ,p
„ for any p P r1,8s. Sturm

(2023) proved the density of n-point Z-networks in the special case where he only considers
symmetric R-valued kernels ω. However, the proof can be generalized to Z-networks.

Proposition 38. The countable set
Ť

nMZ
n is dense in MZ,p

„ .

Proof We first take an arbitrary pZ, pq-network. By parameterization (Proposition 32),
it is weakly isomorphic to a pZ, pq-network of the form X “ pr0, 1s, ω,L q. The kernel
ω belongs to Lppr0, 1s2,L 2;Zq, so by Proposition 8, it can be approximated by a piece-
wise constant function ωn that is constant on a grid of step size 1{n with n small enough.
That is, we can partition r0, 1s into n pieces Ri “ ri{n, pi ` 1q{nq for i “ 0, . . . , n ´ 2,
Rn´1 “ rpn ´ 1q{n, ns and take ωn to be constant on each Ri ˆ Rj . The Z-network
Xn “ pr0, 1s, ωn,L q is weakly isomorphic to pt1, ¨ ¨ ¨ , nu,Ωn,

1
n

řn
i“1 δiq where Ωn is the

n ˆ n, Z-valued matrix with Ωnpi, jq “ ωnpi{n, j{nq because we can construct a measure
preserving map φ : X Ñ t1, ¨ ¨ ¨ , nu by φpxq “ i whenever x P Ri, and this map satisfies
φ˚Ωn “ ωn by definition. Finally, the claim follows by applying Lemma 35 to X and Xn.

4.2.2 Completeness

The Z-GW space also inherits completeness from its target space Z. Moreover, the opposite
direction is also true.

Theorem 39. MZ,p
„ is complete if and only if Z is complete.

Proof Suppose Z is complete. Then, the proof that GWZ
p is complete follows exactly as

in the case Z “ R (Sturm, 2023, Theorem 5.8), since LppX ˆX,µX b µX ;Zq is complete
(Proposition 8). This proves one direction of the theorem. Let us now consider the converse.
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We will generalize the proof for the Wasserstein space (Pinelis, 2024) to our setting. Suppose
that GWZ

p is complete. Let tznu be a Cauchy sequence in Z. We will show that tznu
converges to some z P Z. For each n, let Xn “ pt0u, ωn, δ0q where ωn : t0uˆ t0u Ñ Z is the
function ωnp0, 0q “ zn. Then, tXnu is a Cauchy sequence in MZ,p

„ with respect to GWZ
p

because GWZ
p pXn, Xmq “

1
2dZpzn, zmq. By completeness, there existsX “ pX,ω, µq PMZ,p

„

such that GWZ
p pXn, Xq Ñ 0. Since the only coupling with a Dirac measure is the product

measure, we can explicitly calculate GWZ
p pXn, Xq as

2pGWZ
p pXn, Xq

p “

ż

X

ż

X
dZpzn, ωpx, x

1qqpµpdxqµpdx1q “

ż

Z
dZpzn, zq

pω˚pµb µqpdzq

for p ă 8. For p “ 8, we have

GWZ
8pXn, Xq “

1

2
}dpzn, zq}L8pω˚pµbµqq

For brevity, we denote ω˚pµ b µq by µω. We note that µω is a probability measure on
Z since µb µ is a probability measure on X ˆX. Therefore, if p ă 8, Markov’s inequality
is applicable to show that

εpp1´ µωpBεpznqqq “ εpµωptz P Z : dZpzn, zq ě εuq ď

ż

Z
dZpzn, zq

pµωpdzq

Moreover, if p “ 8, by the monotonicity of Lp norms,

εp1´ µωpBεpznqq “ εµωptz P Z : dZpzn, zq ě εuq ď }dZpzn, zq}L1pµωq ď }dZpzn, zq}L8pµωq,

which shows that µωpBεpznqq Ñ 1 as n Ñ 8 for any ε ą 0. Here, Bεpznq “ tz P Z :
dZpzn, zq ă εu.

Intuitively, the above means that the mass of µω is concentrated around zn as nÑ 8,
or in other words, zn gets closer and closer to the support point of µω. Indeed, for any
z P supppµωq, we have µωpBεpzqq ą 0 for any ε ą 0 by definition. This means that, if n is
large enough, Bεpzq and Bεpznq should have a nonempty intersection for any ε ą 0 because
µωpBεpzqq ą 0 is a constant and µωpBεpznqq Ñ 1, so the sum of two measures will be larger
than 1 at some point. Thus, for any ε ą 0, there exists a natural number N such that if
n ě N , we can take v P supppµωq X Bεpznq so that dZpz, znq ď dZpz, vq ` dZpv, znq ă 2ε.
Since ε ą 0 is arbitrary, this shows that zn Ñ z as n Ñ 8. As any Cauchy sequence
converges, we have shown that Z is complete.

4.2.3 Path-Connectedness

One of the distinct properties of MZ,p
„ is that it is always contractible, regardless of the

topology of Z. We prove this below, but first show that MZ,p
„ is always path-connected.

Intuitively, the result holds because a Z-network is equipped with a measure, which is a
continuous object taking values on the real line. This intuition plays a fundamental role
in the following proof. An important feature of the proof is that it provides an explicit
formula for a continuous path between any pair of Z-networks. This formula will be used
later in the proof of contractibility (see Lemma 43).
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Proposition 40. For any space Z, MZ,p
„ is path-connected for all p P r1,8q.

The p “ 8 case is more subtle, and is not completely resolved, as we describe below.
Proof For any Z-networks pX,ωX , µXq, pY, ωY , µY q, define a path of Z-networks by

Xt “ pX > Y, ωX > ωY , p1´ tqµX ` tµY q for t P r0, 1s. (15)

Here, ωX >ωY : X >Y Ñ Z is any function (independent of t) that satisfies ωX >ωY px, x
1q “

ωXpx, x
1q for x, x1 P X and ωX > ωY py, y

1q “ ωY py, y
1q for y, y1 P Y , and the measure is

defined by

pp1´ tqµX ` tµY qpAq “ p1´ tqµXpAXXq ` tµY pAX Y q

for any measurable set A Ă X > Y .
First, we note that X0 and X1 are weakly isomorphic to X and Y , respectively. For

X0 and X, this can be seen by pulling back X > Y to X by the inclusion map. In other
words, for two Z-networks X “ pX,ωX , µXq and X0 “ pX > Y, ωX > ωY , µXq, we consider
W “ X, the identity map φX : W Ñ X and the inclusion map φX0 : X Ñ X > Y . The
triple W,φX , φX0 satisfies the definition of weak isomorphism. The X1 case is similar.

We will now prove that the path Xt is continuous with respect to the GW distance. To
see this, take any coupling π between X,Y and define a coupling πs,t between Xs and Xt

for s ă t by

πs,t “ p1´ tq∆
X
˚ µX ` pt´ sqπ ` s∆

Y
˚ µY

where

∆X : X Ñ pX > Y q2 and ∆Y : Y Ñ pX > Y q2

are mappings into the diagonal of X and Y , respectively. Moreover, π here as a measure
on pX > Y q2 is defined as πpAX pX ˆ Y qq for measurable A Ă pX > Y q2. The coupling πs,t
represents a transport plan where we keep 1´t and s units of mass at X and Y , respectively,
and send t´ s units from X to Y . By definition, we have

2pGWZ
p pXs, Xtq

p ďp1´ tq2IXX ` pt´ sq
2Iππ ` t

2IY Y ` 2p1´ tqpt´ sqIXπ

` 2pt´ sqsIπY ` 2sp1´ tqIY X .

Here, Iµν , where µ, ν P tX,Y, πu is the integral

ż

pX>Y q2

ż

pX>Y q2
dZpωX > ωY pu, u

1q, ωX > ωY pv, v
1qqpµpduˆ dvqνpdu1 ˆ dv1q,

where X and Y are abusively being used as shorthand for ∆X
˚ µX and ∆Y

˚ µY , respectively.
We note that IXX , IY X and IY Y vanish since the integrand is identically zero by the defi-
nition of ∆X

˚ µX and ∆Y
˚ µY . Therefore,

2pGWZ
p pXs, Xtq

p ď pt´ sq2Iππ ` 2p1´ tqpt´ sqIXπ ` 2pt´ sqsIπY

ď pt´ sqpIππ ` 2IXπ ` 2IπY q (16)

Since Iππ, IXπ and IπY are independent of time, this proves that our path Xt is 1{p-Hölder
continuous. Therefore, MZ,p

„ is path-connected.

32



The Z-Gromov-Wasserstein Distance

Let us now discuss the path-connectivity properties ofMZ,8
„ . To do so, it will be useful

to introduce an invariant of a Z-network X “ pX,ωX , µXq. For a fixed point z P Z, we
define the p-size of X, relative to z to be

sizep,zpXq :“ }dZpωXp¨, ¨q, zq}LppµXbµXq (17)

(see also Definition 49 below). It is a fact that, for any Z-networks X and Y ,

GWZ
p pX,Y q ě

1

2
|sizep,zpXq ´ sizep,zpY q|. (18)

Indeed, we prove this below in Theorem 50, in the context of several lower bounds on the
Z-GW distance.

We now show that Proposition 40 fails in the p “ 8 case. Intuitively, the proof strategy
does not apply because it is based on manipulating “weights” in the measures, whereas GWZ

8

is insensitive to these weights and only optimizes a quantity which depends on supports of
couplings.

Example 1. Let Z “ t0, 1u Ă R, with the restriction of Euclidean distance. We claim
that MZ,8

„ is not path connected. To see this, observe that the size function (17) has the
property that

size8,0pXq P t0, 1u

for all X PMZ,8
„ . By Theorem 50 (or (18)), the function size8,0 :MZ,8

„ Ñ R is Lipschitz
continuous. This means that, if Xt is a continuous path in MZ,8

„ , then the composition

t ÞÑ size8,0pXtq : r0, 1s Ñ t0, 1u

must be continuous, and therefore constant. It follows that there is no path joining a pZ,8q-
network of size 0 to one of size 1. For a specific example, there is no continuous path from

X “ pt0u, ωXp0, 0q “ 0, δ0q to Y “ pt1u, ωY p1, 1q “ 1, δ1q

in MZ,8
„ .

The idea of the justification in Example 1 can be extended to show that path-continuity
of Z is a necessary condition for path-continuity of MZ,8

„ (we omit the details of this
extension here). However, we were unable to determine whether this condition is sufficient.
On the other hand, if Z is geodesic then so is MZ,8

„ , as we show below in Theorem 45.
This observation illustrates the subtlety of the following question:

Question 41. Does path-connectivity of Z imply path-connectivity of MZ,8
„ ?

4.2.4 Contractibility

We now take the path-connectivity result (Proposition 40) a step further and show that
MZ,p
„ is always contractible.

Theorem 42. For any space Z, MZ,p
„ is contractible for all p P r1,8q.
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The proof will use the following lemma, which specializes some features of the proof of
Proposition 40 to the case where one of the Z-networks is a one-point space. The result uses
the size functions introduced in (17). The proof of the lemma is provided in Section A.3.

Lemma 43. Let X “ pX,ωX , µXq be an arbitrary Z-network, and let Y “ pt‹u, ωY , δ‹q be
a one-point Z-network, where ωY p‹, ‹q “ z for some fixed z P Z, and δ‹ denotes the Dirac
measure. Let Xt denote the path defined in (15) between X and Y (considered up to weak
isomorphism), where we specifically define

ωX > ωY pu, vq :“

"

ωXpu, vq if u, v P X
z otherwise.

Then the Hölder estimate (16) simplifies to

GWZ
p pXs, Xtq ď

p3|t´ s|q1{p

2
¨ sizep,zpXq. (19)

We now proceed with the proof of Theorem 42. The strategy is to define an explicit
contraction to a one-point space which follows paths as defined in the proof of Proposi-
tion 40. Namely, fix an arbitrary point z P Z and, for any Z-network X “ pX,ωX , µXq and
t P r0, 1s, let Xt denote the Z-network

Xt “ pX > t‹u, ω̂X , p1´ tqµX ` tδ‹q, (20)

where ‹ is an abstract point,

ω̂Xpx, x
1q “

"

ωXpx, x
1q x, x1 P X

z otherwise,

and δ‹ is the Dirac measure. This is then the path from X to a one-point space, as in
Proposition 40 and Lemma 43, where we are using the notation ω̂X rather than ωX >ωY to
condense notation. This will be used to construct the contraction.
Proof of Theorem 42. We define a map Φ :MZ,p

„ ˆ r0, 1s ÑMZ,p
„ by

Φ
`

rXs, tq “ rXts,

where we are using rXs to denote the weak isomorphism class of a Z-network X, and Xt is
as in (20). Arguments similar to those used in the proof of Proposition 40 show that Φ is
well defined, and that, for any Z-network X, X0 „ X, and X1 is weakly isomorphic to the
Z-network

pt‹u, ωt‹u, δ‹q, with ωt‹up‹, ‹q “ z,

so that Φp¨, 1q is a constant map. It remains to show that Φ is continuous. This will be done
in two steps: Step 1. We show that the component function Φp¨, tq is Lipschitz continuous
for each fixed t P r0, 1s. Step 2. We then combine this with various estimates to derive
continuity in general.

Step 1 (Lipschitz Continuity for Fixed t). Following the plan described above, fix t P r0, 1s
and consider the restricted map

Φp¨, tq :MZ,p
„ ÑMZ,p

„ .
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Toward establishing its continuity, let X and Y be Z-networks and choose an optimal
coupling π P CpµX , µY q. Let Xt and Yt be as in (20). We extend π to a measure on

W “ pX > t‹uq ˆ pY > t‹uq “ pX ˆ Y q > pX ˆ t‹uq > pt‹u ˆ Y q > tp‹, ‹qu (21)

as π “ p1´ tqι˚π` tδp‹,‹q, where ι : X ˆ Y ãÑW denotes the inclusion map. Observe that,
amongst the terms in the decomposition (21), π is supported only on X ˆ Y and tp‹, ‹qu.
The Z-GW distance between Xt and Yt is bounded above by the cost of the coupling π; in
the case that p ă 8 (with the p “ 8 case being similar), this implies

2pGWZ
p pXt, Ytq

p ď

ĳ

WˆW

dZpω̂Xpx, x
1q, ω̂Y py, y

1qqpπpdxˆ dyqπpdx1 ˆ dy1q

“

¨

˚

˝

ĳ

pXˆY q2

`

ĳ

tp‹,‹qu2

˛

‹

‚

dZpω̂Xpx, x
1q, ω̂Y py, y

1qqpπpdxˆ dyqπpdx1 ˆ dy1q (22)

“ p1´ tq2
ĳ

pXˆY q2

dZpωXpx, x
1q, ωY py, y

1qqpπpdxˆ dyqπpdx1 ˆ dy1q (23)

“ p1´ tq22pGWZ
p pX,Y q

p, (24)

with the various equalities justified as follows: (22) uses the observation above on the
support of π, together with the fact that

dZpω̂Xpx, ‹q, ω̂Y py, ‹qq “ dZpω̂Xp‹, xq, ω̂Y p‹, yqq “ 0, @ px, yq P X ˆ Y,

so that the remaining “cross-term” integrals
ť

pXˆY qˆtp‹,‹qu and
ť

tp‹,‹quˆpXˆY q vanish; (23)

follows by the definitions of ω̂X , ω̂Y and π; finally, (24) is given by the optimality of π. This
shows that Φp¨, tq is Lipschitz continuous.

Step 2 (Continuity in General). We now show that the map Φ is continuous. Fix a Z-
network Y and t P r0, 1s, and let ε ą 0. For the moment, let us assume that sizep,zpY q ą 0
and t ă 1 (the remaining special case will be addressed later), so that we may assume
without loss of generality (for technical reasons) that

ε ă
3

2
sizep,zpY qp1´ tq

2{p, or
2ε

3 sizep,zpY qp1´ tq2{p
ă 1. (25)

We will determine δ ą 0 such that

maxtGWZ
p pX,Y q, |t´ s|u ă δ ñ GWZ

p pXs, Ytq ă ε,

for an arbitrary Z-network X and s P r0, 1s. We have

GWZ
p pXs, Ytq ď GWZ

p pXs, Xtq `GWZ
p pXt, Ytq

ď
p3|t´ s|q1{p

2
sizep,zpXq ` p1´ tq

2{pGWZ
p pX,Y q (26)

ď
p3|t´ s|q1{p

2
sizep,zpY q ` p3|t´ s|q

1{pGWZ
p pX,Y q ` p1´ tq

2{pGWZ
p pX,Y q

(27)
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where (26) follows by Lemma 43 and the Lipschitz bound (24), and (27) follows by the
lower bound (18) on Z-GW distance in terms of size functions. Choose δ ą 0 such that

δ ă min

"

1

3

ˆ

2ε

3sizep,zpY q

˙p

,
ε

3p1´ tq2{p

*

.

The assumption maxtGWZ
p pX,Y q, |t´ s|u ă δ then implies

p3|t´ s|q1{p

2
sizep,zpY q ` p3|t´ s|q

1{pGWZ
p pX,Y q ` p1´ tq

2{pGWZ
p pX,Y q

ă
2ε

3sizep,zpY q
¨

1

2
sizep,zpY q `

2ε

3sizep,zpY q
¨

ε

3p1´ tq2{p
` p1´ tq2{p ¨

ε

3p1´ tq2{p

“
ε

3
`

2ε

3sizep,zpY qp1´ tq2{p
¨
ε

3
`
ε

3
ă ε, (28)

where we have used the assumption (25) to simplify the middle term in (28). This proves
continuity of Φ at any Z-network Y with sizep,zpY q ą 0 and t ă 1.

It remains to consider the cases sizep,zpY q “ 0 or t “ 1. In either case, Yt is weakly iso-
morphic to X1, and continuity amounts to controlling GWZ

p pXs, X1q. Applying Lemma 43
and the size bound (18) gives

GWZ
p pXs, Ytq “ GWZ

p pXs, X1q ď
p3p1´ sqq1{p

2
sizep,zpXq

ď
p3p1´ sqq1{p

2
psizep,zpY q ` 2GWZ

p pX,Y qq. (29)

If t “ 1, then (29) can be made arbitrarily small by taking s sufficiently close to 1 and X
sufficiently close to Y . If sizep,zpY q “ 0, then we get

p3p1´ sqq1{p

2
psizep,zpY q ` 2GWZ

p pX,Y qq ď 31{pGWZ
p pX,Y q,

which gives control of GWZ
p pXs, Ytq in terms of GWZ

p pX,Y q, and this completes the proof.

In analogy with the discussion in the previous subsection, the proof idea for this result
fails in the p “ 8 case, which remains open.

Question 44. How does contractibility of MZ,8
„ depend on that of Z?

4.2.5 Geodesicity

A natural question is whether the path-connectedness result Proposition 40 can be pushed
further to a statement about the existence of geodesics. Although this question is not fully
solved, we have the following result passing the geodesicity of Z to MZ,p

„ .

Theorem 45. If Z is geodesic, then so is MZ,p
„ .
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Proof Suppose that pZ, dZq is geodesic. Let Xi “ pXi, ωi, µiq P MZ,p for i P t0, 1u and
let π be an optimal coupling realizing GWZ

p pX0, X1q. For t P r0, 1s, let Xt PMZ,p be the
Z-network

Xt “ pX0 ˆX1, ωt, πq,

with ωt : pX0 ˆX1q ˆ pX0 ˆX1q Ñ Z defined as follows. For px0, x1q, px
1
0, x

1
1q P X0 ˆX1,

choose
ω‚ppx0, x1q, px

1
0, x

1
1qq : r0, 1s Ñ Z : t ÞÑ ωtppx0, x1q, px

1
0, x

1
1qq

to be a geodesic joining ω0px0, x
1
0q to ω1px1, x

1
1q in Z; in particular, ωippx0, x1q, px

1
0, x

1
1qq “

ωipxi, x
1
iq for i P t0, 1u. It is enough to prove that GWZ

p pXs, Xtq ď |s´ t|GWZ
p pX0, X1q for

any s, t P r0, 1s.
Let X “ X0 ˆ X1 and construct a coupling of π and π on X ˆ X by ∆˚π where

∆ : X Ñ X ˆX is the standard diagonal map, ∆pxq “ px, xq. Then, for any s, t P r0, 1s,
and for p P r1,8q,

2pGWZ
p pXs, Xtq

p

ď

ż

XˆX

ż

XˆX
dZpωspx, x

1q, ωtpy, y
1qqp∆˚πpdxˆ dyq∆˚πpdx

1 ˆ dy1q

“

ż

X

ż

X
dZpωspx, x

1q, ωtpx, x
1qqpπpdxqπpdx1q (30)

“ |s´ t|p
ż

X

ż

X
dZpω0px, x

1q, ω1px, x
1qqpπpdxqπpdx1q (31)

“ |s´ t|p
ż

X0ˆX1

ż

X0ˆX1

dZpω0px0, x
1
0q, ω1px1, x

1
1qq

pπpdx0 ˆ dx1qπpdx
1
0 ˆ dx

1
1q (32)

“ |s´ t|p2pGWZ
p pX0, X1q

p. (33)

The argument uses the change of variable formula in (30), that ωt is a geodesic in (31), the
definition of ω0 and ω1 in (32) and that π is an optimal coupling in (33). The p “ 8 case
follows from the observation that the proof can be rewritten in terms of Lp norms, in which
case it applies directly.

It is currently an open question if we have the geodesic property ofMZ,p
„ when Z is not

geodesic. Although not a counterexample, the following example partially explains how the
Gromov-Wasserstein distance for a discrete Z behaves.

Example 2. Fix p “ 1. Let Z “ t0, 1u with a discrete metric and consider Z-networks X0 “

pr0, 1s, ω0,L q and X1 “ pr0, 1s, ω1,L q where ω0 and ω1 are constant functions returning
the values 0 and 1, respectively. The path Xt “ pr0, 1s, ωt,L q where

ωtpu, vq “

#

0, v ď t

1, otherwise

defines a geodesic between X0 and X1 because, for 0 ď s ď t ď 1, by Lemma 35, we have
GWZ

1 pXs, Xtq ď
1
2D1pωs, ωtq, and

D1pωs, ωtq “

ż 1

0

ż 1

0
dZpω0pu, vq, ω1pu, vqqdudv “

ż t

s

ż 1

0
dudv “ t´ s
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Now, since ω0, ω1 are constant, X0 and X1 are weakly isomorphic to pt0u, ω̄0, δ0q and
pt1u, ω̄1, δ1q, respectively, where ω̄0, ω̄1 here are again the constant function with values
0, 1, respectively. As the product measure is the only coupling between Diracs, we can ex-
plicitly calculate GWZ

1 pX0, X1q “
1
2 . Combining together with the previous result, we have

GWZ
1 pXs, Xtq ď pt´ sqGWZ

1 pX0, X1q, which is sufficient to show that Xt is a geodesic.

As we can see from this example, although Z “ t0, 1u is discrete, we can find a geodesic
connecting between X0 and X1. Moreover, it is crucial that p “ 1 because of the following.

Proposition 46. Let Z “ t0, 1u endowed with the discrete metric. Then, MZ,p
„ is not

geodesic for p ą 1.

Proof Consider Z-networks X “ pt0u, ω0, δ0q, Y “ pt0u, ω1, δ0q where ω0, ω1 are the func-
tions with ω0p0, 0q “ 0 and ω1p0, 0q “ 1. Suppose that MZ,p

„ is geodesic. Then, there
is a midpoint between them (Burago et al., 2001, Lemma 2.4.8). That is, there exists a
Z-network M “ pM,ωM , µM q such that

GWZ
p pX,Mq “ GWZ

p pY,Mq “
1

2
GWZ

p pX,Y q.

We will now calculate each term in the equation. Since the only coupling between δ0 and
µM is the product measure δ0 b µM , it is automatically the optimal coupling, and we can
calculate GWZ

p pX,Mq as

GWZ
p pX,Mq “

1

2

ˆ
ż

M

ż

M
dZp0, ωM pm,m

1qqpµM pdmqµM pdm
1q

˙1{p

Since dZp0, ωM pm,m
1qq is nonzero if and only if ωM pm,m

1q “ 1, we have

GWZ
p pX,Mq “

1

2
µM b µM pω

´1
M pt1uqq

1{p

Similarly, we have GWZ
p pY,Mq “

1
2µMbµM pω

´1
M pt0uqq

1{p and GWZ
p pX,Y q “

1
2 . Therefore,

we obtain
1

2
µM b µM pω

´1
M pt1uqq

1{p “
1

2
µM b µM pω

´1
M pt0uqq

1{p “
1

4

This equation implies 1 “ µMbµM pMˆMq “ µMbµM pω
´1
M pt0uqq`µMbµM pω

´1
M pt1uqq “

1
2p´1 , but this is contradiction since p ą 1.

These two results suggest that the geodesicity of GWZ
p differs between p “ 1 and p ą 1

cases. In fact, the Wasserstein distance has such a property: the Wasserstein p-space on
any Polish metric space Z is geodesic if p “ 1, but geodesicity depends on the underlying
metric if p ą 1 (Mémoli and Wan, 2023, Theorem 3.16, Remark 3.18). Considering this
result, we conclude this subsection by posing the following questions:

Question 47. For p “ 1, is MZ,p
„ geodesic for any Polish metric space Z?

Question 48. For p ą 1, does MZ,p
„ being geodesic imply that Z is geodesic?
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5. Lower Bounds and Computational Aspects

As discussed by Mémoli (2011a) and Chowdhury and Mémoli (2019), the exact computation
of the Gromov-Wasserstein distance is equivalent to solving non-convex quadratic program-
ming, which is NP-hard. However, we can still obtain computationally tractable lower
bounds on the distance through invariants of Z-networks. An invariant of a Z-network
is defined in terms of some map φ : MZ,p

„ Ñ pI, dIq, where pI, dIq is a relatively simple
pseudometric space, with the property that GWZ

p pX,Y q “ 0 implies φpXq “ φpY q. The
associated invariant of X is then φpXq. Example target spaces pI, dIq include the real line,
the Wasserstein space, or MZ,p

„ with simpler pseudometrics defined by optimal transport
problems. Through such invariants, we will be able to transform the problem of estimating
the GW distance into the problem of calculating the distance in pI, dIq.

In this section, we will generalize previous computational results on invariants of the
standard Gromov-Wasserstein distance to our framework. We also provide a new result
about approximating the Z-GW distance, for arbitrary Z, by the Rn-GW distance.

5.1 Hierarchy of Lower Bounds

Following the previous works (Chowdhury and Mémoli 2019, Section 3; Mémoli 2007, Sec-
tion 6; Mémoli 2011a, Section 6), we consider the lower bounds and invariants of the Z-
network GW distance. We first define the generalizations of invariants given by Chowdhury
and Mémoli (2019, Section 3).

Definition 49 (Z-Network Invariants). Let X “ pX,ωX , µXq and Y “ pY, ωY , µY q be
pZ, pq-networks. We define the following invariants:

1. The size of X given a base point z0 P Z is

sizep,z0pXq “ }dZpωXp¨, ¨q, z0q}LppµXbµXq

2. The outgoing joint eccentricity function eccout
p,X,Y : X ˆ Y Ñ R` is defined by

eccout
p,X,Y px, yq “ inf

πPCpµX ,µY q
}dZpωXpx, ¨q, ωY py, ¨qq}Lppπq

3. The incoming joint eccentricity function eccin
p,X,Y : X ˆ Y Ñ R` is defined by

eccin
p,X,Y px, yq “ inf

πPCpµX ,µY q
}dZpωXp¨, xq, ωY p¨, yqq}Lppπq

4. The outgoing eccentricity of X given a base point z0 is

eccout
p,z0,Xpxq “ }dZpωXpx, ¨q, z0q}LppµXq

5. The incoming eccentricity of X given a base point z0 is

eccin
p,z0,Xpxq “ }dZpωXp¨, xq, z0q}LppµXq
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We note that many of the invariants are defined for a base point z0 P Z. For the case
Z “ R considered by Chowdhury and Mémoli (2019), the base point was implicitly chosen
to be 0. However, in the general case, there is no canonical choice of the base point. One
of the major results by Chowdhury and Mémoli (2019) was the hierarchy of lower bounds
for the GW distance for R-networks. We generalize this result to the Z-network case along
with the definitions of the lower bounds.

Theorem 50 (Hierarchy of lower bounds). Let X “ pX,ωX , µXq, Y “ pY, ωY , µY q be Z-
networks. We fix z0 P Z and define a cost function C : X ˆ Y Ñ R` by Cpx, yq “
WppωXpx, ¨q˚µX , ωY py, ¨q˚µY q. Then we have the following, for p P r1,8s and z0 P Z:

GWZ
p pX,Y q ě

1

2
inf

πPCpµX ,µY q
}eccout

p,X,Y }Lppπq (TLB)

“
1

2
inf

πPCpµX ,µY q
}C}Lppπq (Z-TLB)

ě
1

2
inf

πPCpµX ,µY q
}eccout

p,z0,X ´ eccout
p,z0,Y }Lppπq (FLB)

“
1

2
Wpppeccout

p,z0,Xq˚µX , peccout
p,z0,Y q˚µY q (Z-FLB)

ě
1

2
|sizep,z0pXq ´ sizep,z0pY q| (SzLB)

GWZ
p pX,Y q ě

1

2
inf

πPCpµXbµX ,µY bµY q
}dZpωX , ωY q}Lppπq (SLB)

“
1

2
WpppωXq˚pµX b µXq, pωY q˚pµY b µY qq (Z-SLB)

and similar inequalities for the incoming eccentricity functions.

We note that the terminology FLB, SLB and TLB stands for “first”, “second” and
“third” lower bound, respectively—this is in reference to the prior conventions (Mémoli,
2011a; Chowdhury and Mémoli, 2019). To prove this theorem, we follow the same strategy
as Chowdhury and Mémoli (2019, Theorem 24). Therefore we first introduce the following
lemma, whose proof is provided in Section A.4.

Lemma 51 (Chowdhury and Mémoli 2019, Lemma 28). Let X,Y, Z be Polish, and let
f : X Ñ Z and g : Y Ñ Z be measurable. Let T : X ˆ Y Ñ Z ˆ Z be the map px, yq ÞÑ
pfpxq, gpyqq. Then we have:

T˚CpµX , µY q “ Cpf˚µX , g˚µY q

Consequently,

Wppf˚µX , g˚µY q “ inf
πPCpµX ,µY q

}dZpf, gq}Lppπq
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Proof of Theorem 50. The inequality (TLB) is obtained through

GWZ
p pX,Y q ě

1

2
inf

π,νPCpµX ,µY q
}dZpωX , ωY q}Lppπbνq

“
1

2
inf

πPCpµX ,µY q
inf

νPCpµX ,µY q
}}dZpωXpx, ¨q, ωY py, ¨qq}Lppνq}Lppπq

ě
1

2
inf

πPCpµX ,µY q

›

›

›

›

inf
νPCpµX ,µY q

}dZpωXpx, ¨q, ωY py, ¨qq}Lppνq

›

›

›

›

Lppπq

“
1

2
inf

µPCpµX ,µY q
}eccout

p,X,Y }Lppπq.

The equality (TLB) “ (Z-TLB) is obtained by applying Lemma 51, by setting f “

ωXpx, ¨q, g “ ωY py, ¨q. The inequality (TLB) ě (FLB) is obtained by applying the reverse
triangle inequality

dZpωXpx, ¨q, ωY px, ¨qq ě |dZpωXpx, ¨q, z0q ´ dZpωY py, ¨q, z0q|

and the reverse Minkowski inequality

}dZpωXpx, ¨q, z0q´dZpωY py, ¨q, z0q}Lppπq ě
ˇ

ˇ}dZpωXpx, ¨q, z0q}Lppπq ´ }dZpωY py, ¨q, z0q}Lppπq

ˇ

ˇ .

The equality (FLB) “ (Z-FLB) is again obtained via Lemma 51 by setting f “ eccout
p,z0,X

, g “

eccout
p,z0,Y

. The inequality (FLB) ě (SzLB) is obtained by another application of the reverse
Minkowski inequality,

}eccout
p,z0,X ´ eccout

p,z0,Y }Lppπq ě
ˇ

ˇ}eccout
p,z0,X}Lppπq ´ }eccout

p,z0,Y }Lppπq

ˇ

ˇ ,

and the fact that

}eccout
p,z0,X}Lppπq “ }eccout

p,z0,X}Lppµq “ sizep,z0pXq.

Finally, the inequality (SLB) is obtained by considering an optimal coupling π P CpµX , µY q
and applying the following chain of inequalities for π b π P CpµX b µX , µY b µY q:

GWZ
p pX,Y q “

1

2
}dZpωX , ωY q}Lppπbπq ě

1

2
inf

σPCpµXbµX ,µY bµY q
}dZpωX , ωY q}Lppσq

and the equality (SLB) “ (Z-SLB) is obtained via Lemma 51 by setting f “ ωX , g “ ωY .

5.2 Approximation of Z-Network GW Distances via Rn-Networks

In the previous subsection, we note that (FLB) was obtained by the reverse triangle in-
equality |dZpωX , z0q ´ dZpωY , z0q| ď dZpωX , ωY q. This inequality can be seen as relat-
ing the Z-networks pX,ωX , µXq and pY, ωY , µY q to the R-networks pX, dpωX , z0q, µXq and
pY, dpωX , z0q, µY q, respectively. We will now generalize this idea to Rn-networks.
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Theorem 52. Suppose Z is a bounded metric space. Let X “ pX,ωX , µXq, Y “ pY, ωY , µY q
be Z-networks. We fix Q “ pq1, . . . , qnq P Z

n and define Rn-networks by

XQ “ pX,ωXQ
, µXq and YQ “ pY, ωYQ , µY q,

where
ωXQ

“ pdZpωX , qiqq
n
i“1 and ωYQ “ pdZpωY , qiqq

n
i“1.

Then we obtain

n´1{rGWRn

p pXQ, YQq ď GWZ
p pX,Y q ď GWRn

p pXQ, YQq `HpZ,Qq,

where HpZ,Qq is the Hausdorff distance between Z and Q, the distance on Rn is the `r

distance with r P r1,8s, and we set n´1{8 “ 1.

Remark 53. Before proving the theorem, we provide a few remarks on the statement and
its interpretation.

Generalization to norms other than `r norms. Since all norms on a finite-dimensional
vector space are equivalent, Theorem 52 can be generalized to the case where we equip Rn
with a norm } ¨ } other than the `r norm. The resulting inequality is as follows:

A ¨GWRn

p pXQ, YQq ď GWZ
p pX,Y q ď B ¨GWRn

p pXQ, YQq `HpZ,Qq,

Here, A and B are constants such that A} ¨ } ď } ¨ }`8 ď B} ¨ }.

Necessity of compactness for practical approximation. Although Theorem 52 is true
assuming only the boundedness of Z, it is necessary to impose a stronger condition, such as
compactness, to make the Hausdorff distance between Z and Q arbitrarily small as nÑ8.

The relation between the theorem and the Fréchet-Kuratowski theorem. In
Theorem 52, setting r “ 8 gives no constant factor to the GW distance, and thus the
difference between the Rn-GW distance and the Z-GW distance admits the following simple
Hausdorff distance bound:

ˇ

ˇGWRn

p pXQ, YQq ´GWZ
p pX,Y q

ˇ

ˇ ď HpZ,Qq. (34)

The inequality shows that the approximation of GWZ
p pX,Y q by GWZ

p pXQ, YQq is as accurate
as the approximation of Z by Q. In other words, it establishes consistency and stability
of the approximation. This result is observed specifically in the case r “ 8, which can be
understood through the Fréchet-Kuratowski theorem (Ostrovskii, 2013, Proposition 1.17).
This theorem states that any separable metric space isometrically embeds into `8pRq, the
space of bounded sequences on R. The embedding Z ãÑ `8pRq for bounded Z is provided
by the mapping z ÞÑ tdZpz, ziqu

8
i“1 where tziu

8
i“1 is any dense subset of Z. Consequently,

ωXQ
“ tdZpωX , qiqu

n
i“1 serves as an approximation of ωX , identified as tdZpωX , ziqu

8
i“1,

which parallels the Hausdorff approximation of Z by Q. On the other hand, for r ă 8,
the mapping z ÞÑ tdZpz, ziqu

8
i“1 is not necessarily an isometric embedding. As a result, the

approximation of ωX by ωXQ
no longer holds.

Error bounds for the GW distance approximation. Continuing in the r “ 8 case,
by (34), an error bound for the Hausdorff distance is automatically an error bound for
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the approximation of the GW distance. In the compact case, previous works (Carlsson
and Mémoli, 2010, Theorem 34), (Chazal et al., 2014, Theorem 2) show bounds on the
convergence rate to 0 of the Hausdorff distance HpZ,Qq as nÑ8 when Q “ tq1, ¨ ¨ ¨ , qnu is
a random sample from Z (with respect to a measure satisfying certain technical conditions).

Proof of Theorem 52. We consider the case r “ 8, since other cases follow by using
the equivalence of the norm n´1{r}x}`r ď }x}`8 ď }x}`r . We first prove the lower bound
GWRn

p pXQ, YQq ď GWZ
p pX,Y q. Since |dZpωX , qiq ´ dZpωY , qiq| ď dZpωX , ωY q for any i, we

obtain
}ωXQ

´ ωYQ}`8 “ max
i
|dZpωX , qiq ´ dZpωY , qiq| ď dZpωX , ωY q.

Therefore, we obtain the lower bound by integrating both sides against a coupling π P
CpµX , µY q and taking the infimum in terms of π. For the upper bound, notice that, for any
z, z1 P Z, we have

dZpz, z
1q ď max

i
|dZpz, qiq ´ dZpz

1, qiq| ` 2 sup
z

min
i
dZpz, qiq

To verify this, we assume that dZpz, qiq ě dZpz
1, qiq without loss of generality because of

symmetry. Then, we have

dZpz, z
1q ď |dZpz, qiq ´ dZpz

1, qiq| ` 2dZpz
1, qiq (35)

because the right hand side is equal to dZpz, qiq ´ dZpz
1, qiq ` 2dZpz

1, qiq “ dZpz, qiq `
dZpz

1, qiq. By the triangle inequality, we obtain the inequality. Thus, taking the maximum
in terms of i, we have

dZpz, z
1q ď max

i
|dZpz, qiq ´ dZpz

1, qiq| ` 2dZpz
1, qiq

Since the above is true for any i, we obtain

dZpz, z
1q ď max

i
|dZpz, qiq ´ dZpz

1, qiq| ` 2 min
i
dZpz

1, qiq.

Taking the supremum in terms of z1,

dZpz, z
1q ď max

i
|dZpz, qiq ´ dZpz

1, qiq| ` 2 sup
z1

min
i
dZpz

1, qiq,

which is equivalent to (35). We briefly point out that the boundedness assumption on
Z is used here to ensure that supz1 mini dZpz

1, qiq is finite. In addition, the second term
supz1 mini dZpz

1, qiq “ supz dZpz,Qq can be bounded by the Hausdorff distance HpZ,Qq “
maxtsupz dZpz,Qq, supi dZpqi, Zqu. Now, substituting z “ ωX , z

1 “ ωY , we obtain

dZpωX , ωY q ď max
i
|dZpωX , qiq ´ dZpωY , qiq| ` 2HpZ,Qq.

For π P CpµX , µY q, this yields

}dZpωX , ωY q}Lppπbπq ď

›

›

›

›

max
i
|dZpωX , qiq ´ dZpωY , qiq| ` 2HpZ,Qq

›

›

›

›

Lppπbπq

ď

›

›

›

›

max
i
|dZpωX , qiq ´ dZpωY , qiq|

›

›

›

›

Lppπbπq

` 2HpZ,Qq,
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where the last inequality follows from Minkowski’s inequality and the fact that 2HpZ,Qq
is constant. Dividing both sides by 2 and taking the infimum in terms of π, we obtain the
proposition.

5.3 Numerical Algorithm

Although the focus of the paper is on theoretical aspects of the Z-GW distance, let us
briefly detour to sketch a numerical scheme which adapts existing algorithms.

We start by introducing some notation. Namely, for a 4-dimensional array pLijklqijkl
and a matrix pTijqij , we define the product Lb T via

Lb T “

˜

ÿ

kl

LijklTkl

¸

ij

.

Next, we consider two finite Z-networks pt1, ¨ ¨ ¨ ,mu, ωX , µXq and pt1, ¨ ¨ ¨ , nu, ωY , µY q. In
other words, ωX , ωY are Z-valued mˆm and nˆn matrices, respectively, and µX , µY are m-
dimensional and n-dimensional probability vectors, respectively. To numerically estimate
an optimal coupling T—that is, an R-valued m ˆ n matrix—we perform the following
iterations:

T pl`1q “ min
TPCpµX ,µY q

xdZpωX , ωY q
p b T plq, T y ´ εHpT q,

where dZpωX , ωY qijkl “ dZ
`

ωXpi, kq, ωY pj, lq
˘

, HpT q “ ´
ÿ

i,j

Tij
`

log Tij ´ 1
˘

, ε ą 0.

Here, for matrices A,B of the same size, xA,By “
ř

ij AijBij . The main difference between
applying this algorithm to estimate the Z-GW distance as compared to the classical GW
distance is the calculation of the product dZpωX , ωY q

p b T plq. If Z “ R, dZpx, yq “ |x´ y|,
and p “ 2, the numerical routine of Peyré et al. (2016) reduces the time complexity of the
product calculation to Opn2m`m2nq. In general, the naive calculation of the product costs
Opn2m2q in time. We also need Opn2m2q space to store the 4-dimensional array dZpωX , ωY q.
To alleviate this issue, we can use the approximation by Rn-networks proven in Theorem 52.
In particular, setting p “ r “ 2 recovers the situation in Peyré et al. (2016) and allows an
OpNpn2m`m2nqq time algorithm where N is the size of Q in Theorem 52. This is still a
cubic-time algorithm, but we believe that a linear-time algorithm is possible by using the
Sampled GW algorithm, cf. Kerdoncuff et al. (2021). We defer addressing these issues and
developing a comprehensive numerical framework to future work.

6. Discussion

The Z-Gromov-Wasserstein framework defines a very general setting for reasoning about
the mathematical properties of the rich and varied GW-like distances which have appeared
in the recent literature. These properties have frequently been derived independently in
each instance; in contrast, the work here provides a high-level unified perspective, showing
that the metric properties of a Z-GW distance are closely related to those of the space
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Z. This initial paper on the topic is meant to lay out its foundations, and we envision
several directions for future research, both theoretical and applications-oriented in nature.
We conclude the paper by outlining some important future goals:

Geodesic structure and curvature bounds. The geodesic structure of the Z-GW spaceMZ,p
„ ,

and how it relates to that of Z, has so far only been partially characterized in Theorem 45.
Answers to the related open questions, Question 47 and Question 48, would provide a
more complete characterization. Moreover, it would be interesting to give conditions under
which the geodesics of Z-GW distance are always of the form described explicitly in the proof
of Theorem 45. For example, a result of this form is demonstrated by Sturm for the standard
GW distance by Sturm (2023), and this is generalized to certain GW variants by Vayer et al.
(2020a); Chowdhury et al. (2023); Zhang et al. (2024a,b). Such a characterization would
be a first step in establishing bounds on the Alexandrov curvature of the Z-GW space.
Understanding the relationship between the curvature of the space Z and that of the Z-
GW space would be very interesting from a theoretical perspective, and could have practical
implications to algorithm design. Indeed, a main motivation for the curvature bounds
established by Sturm (2023) in the standard GW setting was to enable the application of
general tools from Alexandrov geometry to study gradient flows of certain functionals on
the space of metric measure spaces. On the practical side, curvature estimates can be used
to inform algorithms for computing Fréchet means of point clouds in a metric space—see,
e.g., Turner et al. (2014); Chowdhury and Needham (2020); Zhang et al. (2024a) for the
case of lower bounds, or Feragen et al. (2011); Bacák (2014) for the case of upper bounds.
Additionally, the realization of the Z-GW space as a quotient of an Lp-space, described
in Theorem 34, suggests an alternative approach to the theory and numerical modeling of
gradient flows in the Z-GW space. We plan to explore these ideas in future work.

Topological Questions. We showed in Theorem 42 that, when p ă 8, the Z-GW space is
contractible, perhaps surprisingly, independently of the topology of Z. However, the de-
pendence of the topology of MZ,8

„ on that of Z has not been resolved—see Question 41
and Question 44. We show in Example 1 and the ensuing discussion that if Z is not path-
connected, then neither is MZ,8

„ , so the answer to these questions is potentially subtle.
We remark here that the special case of p “ 8 is conceptually important—the distance
GWZ

8 is essentially a notion of Gromov-Hausdorff distance for Z-valued networks, and
Gromov-Hausdorff distance for R-valued networks is already a rich area of study, with ties
to areas such as topological data analysis (Chowdhury and Mémoli, 2018b, 2023). Other
interesting topological questions remain open. For example, Gromov’s celebrated precom-
pactness theorem (see Burago et al. 2022, Chapter 7) says that a family of metric spaces
with certain uniform bounds on geometrical properties of its elements has compact closure
in the Gromov-Hausdorff topology, and this is generalized to the Gromov-Wasserstein set-
ting by Mémoli (2011a, Theorem 5.3). A natural question is whether there are interesting
precompact families for Z-networks in the Z-GW topology.

Structure of Optimal Couplings. There has recently been significant interest in character-
izing the structure of optimal couplings in the GW framework; in particular, several recent
articles address the problem of finding general classes of measure networks under which the
GW distance is realized by a measure-preserving map (e.g., Mémoli and Needham 2022a;
Delon et al. 2022; Sturm 2023; Dumont et al. 2024; Clark et al. 2024). The Z-GW frame-
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work gives a more general setting for addressing these questions. The added flexibility in
the model might allow for more tractable versions of the problem to be attacked.

Computational Pipeline. The focus of this paper is on the basic theory of Z-GW distances,
but the results in Section 5 point toward more practical considerations. The lower bounds
in Theorem 50 are polynomial-time computable in the standard GW setting; the computa-
tional efficiency for some of these lower bounds relies on the fact that Wasserstein distances
between distributions on the real line can be computed via an explicit formula. From an
applications perspective, it would be useful to characterize other spaces Z where the Wasser-
stein distance is efficiently and explicitly computable (e.g., the circle as done by Rabin et al.
2011), and to utilize this for efficient Z-GW distance lower bound computation. Another
interesting line of research in this direction is to determine classes of Z-networks for which
the lower bounds are injective in the sense that vanishing of the lower bound implies that the
input Z-networks are weakly isomorphic—this question is quite subtle in the standard GW
setting (Mémoli and Needham, 2022b). Finally, an important consequence of Theorem 52 is
that, for arbitrary Z, Z-GW distances can be estimated via solvers for the Rn-GW distance,
as we outlined in Section 5.3. A serious implementation of this approximation scheme will
be the subject of a follow-up paper.

Applications. The surplus of examples of Z-GW distances provided in Section 3 suggests
the wide applicability of this framework. Once the computational pipeline described in the
previous paragraph is in place, we plan to apply it to various problems involving analysis
of complex and non-standard data. We are particularly interested in exploring the more
novel settings described in Section 3.2, such as probabilistic metric spaces, shape graphs
and connection graphs.
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Appendix A. Proofs of Technical Results

In this section, we collect proofs of various technical results whose statements appeared in
the main body of the paper.

A.1 Proof of Proposition 8

1. The proof of this part of the proposition can be found in Korevaar and Schoen (1993,
Section 1.1).

2. The main idea of the proof is due to Majer (2024). By the theorem of Banach (Banach,
1987, Chapter XI, §8, Theorem 10), Y can be isometrically embedded onto a subset
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of a separable Banach space Cpr0, 1sq of real-valued continuous functions on r0, 1s with
the sup-norm. By Pettis measurability theorem (Hytönen et al., 2016, Theorem 1.1.6),
all measurable functions with values in Y are strongly measurable by separability of
Y , so LppX,µX ;Y q is a subset (or a closed subspace) of the Lebesgue-Bochner space
LppX,µX ;Cpr0, 1sqq. Since X is separable, its Borel σ-algebra is countably generated,
so LppX,µX ;Cpr0, 1sqq is separable (Hytönen et al., 2016, Theorem 1.2.29). Therefore,
LppX,µX ;Y q is separable.

3. Let ε ą 0 be given. We first consider the case when f is bounded. By Lusin’s theorem,
there is a compact set K Ă X such that L dpXzKq ă ε and f is continuous on K. Since
f is continuous on a compact set K, it is uniformly continuous on K. Therefore, there
exists δ such that for any x, y P K, }x ´ y}Rd ă δ implies dY pfpxq, fpyqq ă ε. Now,
let h ą 0 be small enough so that the maximal distance of each hypercube in the grid
is smaller than δ ą 0. Then, on each cube, take an arbitrary value of f and define a
piecewise constant function g that is constant on each cube. Then, for any x P K, f, g
satisfies dY pfpxq, gpxqq ă ε so that supxPK dY pfpxq, gpxqq ď ε. Now, since f is bounded,
there exists M ą 0 such that dpfpxq, fpx1qq ďM for any x, x1 P X. Therefore,

Dppf, gq
p “

ż

X
dY pfpxq, gpxqq

pL dpdxq

“

ż

K
dY pfpxq, gpxqq

pL dpdxq `

ż

XzK
dY pfpxq, gpxqq

pL dpdxq

ď εpL dpKq `MpL dpXzKq ď εp `Mpε

Since ε is arbitrary, we have the proposition for the bounded f . We will now consider
unbounded f . Fix y0 P Z and define a function fn by

fnpxq “

#

fpxq if dY pfpxq, z0q ď n

z0 otherwise

Then, fnpxq Ñ fpxq as nÑ8 for any x P r0, 1sd. By definition, we have dY pfnpxq, z0q ď

dY pfpxq, z0q so that dY pfnpxq, fpxqq
p ď 2pdY pfpxq, z0q

p by triangle inequality, and the
Lp assumption on f allows us to dominate the function dY pfnpxq, fpxqq

p by an integrable
function 2pdY pfpxq, z0q. Therefore, by Lebesgue’s dominated convergence theorem, we
have Dppfn, fq Ñ 0 as nÑ8. Thus, taking a bounded function fn such that Dppfn, fq ă
ε{2 and a piecewise constant function g such that Dppfn, gq ă ε{2, we have Dppf, gq ă ε.

�

A.2 Proof of Lemma 27

We start from the case when c is bounded. Suppose 0 ď c ď M for some M ě 0. We
note that X ˆ X and Y ˆ Y are again Polish and applying Lusin’s theorem to a and
b, we observe that there are compact sets KX Ă X ˆ X and KY Ă Y ˆ Y such that
µ b µpX ˆ XzKXq ă δ and ν b νpY ˆ Y zKY q ă δ. Now, consider the homeomorphism
s : XˆXˆY ˆY Q px, x1, y, y1q ÞÑ px, y, x1, y1q P XˆY ˆXˆY and the set K “ spKXˆKY q.
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By using s, we see that cpa, bq, seen as a function on X ˆ Y ˆX ˆ Y , is continuous on K.
Using that c satisfies c ďM ,

ż

XˆY

ż

XˆY
cpa, bqdpγn b γnq ď

ż

pXˆY q2
1K ¨ cpa, bqdpγn b γnq `

ż

pXˆY q2
1Kc ¨Mdpγn b γnq

“

ż

pXˆY q2
1K ¨ cpa, bqdpγn b γnq `Mγn b γnpK

cq

By definition of K and s, we have

γn b γnpK
cq “ γn b γnpsppKX ˆKY q

cqq

“ γn b γnpsprK
c
X ˆ pY ˆ Y qs Y rpX ˆXq ˆK

c
Y sqq

“ γn b γnpspK
c
X ˆ pY ˆ Y qq Y sppX ˆXq ˆK

c
Y qq

ď γn b γnpspK
c
X ˆ pY ˆ Y qqq ` γn b γnpsppX ˆXq ˆK

c
Y qq

We note that px, y, x1, y1q P spKc
X ˆ pY ˆ Y qq if and only if px, x1q P Kc

X , so we have
1spKc

XˆpYˆY qq
“ 1Kc

X
px, x1q for any y, y1 P Y . Therefore,

γn b γnpspK
c
X ˆ pY ˆ Y qqq “

ż

XˆY

ż

XˆY
1Kc

X
px, x1qdpγn b γnq

“

ż

X

ż

X
1Kc

X
px, x1qdpµb µq

“ µb µpKc
Xq ă δ

We can argue similarly for Kc
Y . Thus,

ż

XˆY

ż

XˆY
cpa, bqdpγn b γnq ď

ż

pXˆY q2
1K ¨ cpa, bqdpγn b γnq ` 2Mδ

We note that 1K ¨c is an upper semicontinuous function on XˆY because it is a nonnegative
product of two upper semicontinuous functions. 1K is upper semicontinuous because K is
closed. Now recall that the weak convergence mk Ñ m of probability measures is equivalent
to

ş

fm ě lim sup
ş

fmk for any upper semicontinuous function f bounded from above. As
1Kc satisfies this constraint, using the fact that γn b γn Ñ γ b γ weakly, we have

lim sup
n

ż

XˆY

ż

XˆY
cpa, bqdpγn b γnq ď lim sup

n

ż

XˆY

ż

XˆY
1Kcpa, bqdpγn b γnq ` 2Mδ

ď

ż

XˆY

ż

XˆY
1Kcpa, bqdpγ b γq ` 2Mδ

ď

ż

XˆY

ż

XˆY
cpa, bqdpγ b γq ` 2Mδ

Since δ is arbitrary, we have that

lim sup
n

ż

XˆY

ż

XˆY
cpa, bqdpγn b γnq ď

ż

XˆY

ż

XˆY
cpa, bqdpγ b γq
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implying that the integral functional is upper semicontinuous. We can apply the same
argument to M ´ c to obtain that it is also lower semicontinuous. Overall, we have that
the functional is continuous with respect to the weak convergence when c is bounded.
Now, we will consider the case when c is unbounded. We can approximate the integral
functional by the supremum of continuous functionals by replacing c by monotone sequence
cn “ minpc, nq, so the functional is lower semicontinuous. For the upper semicontinuity, the
assumption that cpa, bq ď fpaq ` gpbq with

ş

pf ˝ aqdpµ b µq,
ş

pg ˝ bqdpµ b µq ă `8 allows
us to replace c by fpaq ` gpbq ´ cpa, bq ě 0 and argue the same. Therefore, the continuity
is proven for unbounded cases. �

A.3 Proof of Lemma 43

Observe that there is a unique coupling π between µX and δ‹, characterized by

πpdxˆ d‹q “ µXpdxq.

The integrals Iππ, IXπ and IπY in (16) can then be computed explicitly by applying the
definitions:

Iππ “

ĳ

pX>t‹uq4

dZpωX > ωY pu, u
1q, ωX > ωY pv, v

1qqpπpduˆ dvqπpdu1 ˆ dv1q

“

ĳ

pXˆt‹uq2

dZpωX > ωY px, x
1q, ωX > ωY p‹, ‹qq

pπpdxˆ d‹qπpdx1 ˆ d‹q

“

ĳ

XˆX

dZpωXpx, x
1q, zqpµXpdxqµXpdx

1q “ sizep,zpXq
p,

IXπ “

ĳ

pX>t‹uq4

dZpωX > ωY pu, u
1q, ωX > ωY pv, v

1qqp∆X
˚ µXpduˆ dvqπpdu

1 ˆ dv1q

“

ż

Xˆt‹u

ż

X
dZpωX > ωY px, x

1q, ωX > ωY px, ‹qq
pµXpdxqπpdx

1 ˆ d‹q

“

ĳ

XˆX

dZpωXpx, x
1q, zqpµXpdxqµXpdx

1q “ sizep,zpXq
p,

and, similarly,

IπY “

ĳ

pX>t‹uq4

dZpωX > ωY pu, u
1q, ωX > ωY pv, v

1qqpπpduˆ dvq∆Y
˚ µY pdu

1 ˆ dv1q

“

ż

Xˆt‹u

ż

t‹u

dZpωX > ωY px, ‹q, ωX > ωY p‹, ‹qq
pπpdxˆ d‹qδ‹pd‹q

“

ż

Xˆt‹u

ż

t‹u

dZpz, zq
pπpdxˆ d‹q “ 0.

49



Bauer, Mémoli, Needham, and Nishino

The estimate (16) therefore becomes

2pGWZ
p pXs, Xtq

p ď |t´ s| ¨ 3 ¨ sizep,zpXq
p,

and this can be rewritten as (19). �

A.4 Proof of Lemma 51

To prove the lemma, we use the following result regarding analytic sets, i.e., continuous
images of Polish spaces. This result can be found in (Varadarajan, 1963, Lemma 2.2) or
(Chowdhury and Mémoli, 2019, Lemma 27)

Lemma 54. Let X,Y be analytic subsets of Polish spaces equipped with the relative Borel
σ-fields. Let f : X Ñ Y be a surjective, Borel-measurable map. Then for any ν P ProbpY q,
there exists µ P ProbpXq such that ν “ f˚µ. Here, ProbpXq is the set of Borel probability
measures on X.

Proof of Lemma 51. The Ă direction is standard (Chowdhury and Mémoli, 2019). For the
opposite direction, we briefly point out that the proof by Chowdhury and Mémoli (2019)
contains a gap; to fix it, take a coupling π P Cpf˚µX , g˚µY q, and our goal is to find a
measure σ P CpµX , µY q such that T˚σ “ π. The strategy by Chowdhury and Mémoli
(2019) was to apply Lemma 54 directly to the mapping T so that we have a probability
measure σ such that π “ T˚σ, but the issue here is that Lemma 54 only ensures that σ
is a probability measure and not necessarily a coupling. Indeed, if f, g are constant maps,
Cpf˚µX , g˚µY q only consists of a Dirac measure, and importantly, any probability measure σ
(not necessarily a coupling) on X ˆ Y satisfies π “ T˚σ for the element π P Cpf˚µX , g˚µY q.
To impose an additional restriction that σ is a coupling, we consider the augmented T
mapping T̄ : X ˆ Y Ñ X ˆ Z ˆ Z ˆ Y ,

T̄ px, yq “ pπXpx, yq, T px, yq, πY px, yqq “ px, fpxq, gpyq, yq

where πX : X ˆ Y Ñ X is the projection onto the first component and πY similarly.
Intuitively, we added the projection functions πX , πY so that the condition µX b π b µY “
T̄˚σ “ pπX , T, πY q˚σ we will obtain from Lemma 54 induces pπXq˚σ “ µX , pπY q˚σ “ µY ,
i.e., the coupling condition.

Since X,Y, Z are Polish, XˆY and XˆZˆZˆY are again Polish, and T̄ can be made
surjective by restricting the range to T̄ pX ˆ Y q “ X ˆ T pX ˆ Y q ˆ Y . The measurability
of f, g implies T̄ is measurable, so we apply Lemma 54 to the measure µX bπ|T pXˆY qbµY
where π|T pXˆY qpAq “ πpAXT pXˆY qq and the mapping T̄ to obtain a probability measure
σ on X ˆ Y such that µX b π|T pXˆY q b µY “ T̄˚σ. σ belongs to CpµX , µY q because, by
definition, for any measurable A Ă X, we have

T̄˚σpAˆ T pX ˆ Y q ˆ Y q “ σpAˆ Y q “ µXpAqπ|T pXˆY qpT pX ˆ Y qqµY pY q “ µXpAq

and similarly for Y . Here, the first equality comes from the definition of T̄ ˚ and pushforward,
the second is the condition µX b π|T pXˆY q b µY “ T̄˚σ, and the last one is µY pY q “ 1 and
that π|T pXˆY qpT pX ˆ Y qq “ πpT pX ˆ Y qq “ πpfpXq ˆ gpY qq “ 1 since π P Cpf˚µX , g˚µY q.
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Now, we have π|T pXˆY q “ T˚σ because, for any B Ă T pX ˆ Y q, we have T̄˚σpX ˆ

B ˆ Y q “ T˚σpBq “ π|T pXˆY qpBq. Finally, notice that πpB X T pX ˆ Y qq “ πpBq for any
measurable B Ă Z ˆ Z, so T˚σ “ π|T pXˆY q “ π.
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