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Abstract

Discrete diffusion models have attracted significant attention for their application to naturally
discrete data, such as language and graphs. While discrete-time discrete diffusion has been
established for some time, it was only recently that Campbell et al. (2022) introduced
the first framework for continuous-time discrete diffusion. However, their training and
backward sampling processes significantly differ from those of the discrete-time version,
requiring nontrivial approximations for tractability. In this paper, we first introduce a
series of generalizations and simplifications of the evidence lower bound (ELBO) that
facilitate more accurate and easier optimization both discrete- and continuous-time discrete
diffusion. We further establish a unification of discrete- and continuous-time discrete
diffusion through shared forward process and backward parameterization. Thanks to this
unification, the continuous-time diffusion can now utilize the exact and efficient backward
process developed for the discrete-time case, avoiding the need for costly and inexact
approximations. Similarly, the discrete-time diffusion now also employ the MCMC corrector,
which was previously exclusive to the continuous-time case. Extensive experiments and
ablations demonstrate the significant improvement, and we open-source our code at: https:
//github.com/LingxiaoShawn/USD3.
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1. Introduction

Deep generative models have taken the world by storm, capturing complex data distributions
and producing realistic data, from human-like text (Brown et al., 2020; Li et al., 2022;
OpenAl, 2023) and natural looking images (Dhariwal and Nichol, 2021; Ramesh et al.,
2022; Zhang et al., 2023) to novel compounds like molecules and drugs (Kang and Cho,
2018; Li et al., 2021) and video synthesis (Ho et al., 2022). Denoising diffusion models (Ho
et al., 2020b), a powerful class of generative models, are trained through a forward diffusion
process that gradually adds noise to the training samples, and a backward process that
denoises these diffusion trajectories. New data are then generated by sampling from the
noise distribution and employing the trained model for recursive denoising.

Discrete diffusion for categorical data has two modeling paradigms: discrete-time and
continuous-time. The former discretizes time such that backward denoising is learned only
at pre-specified time points. This limits generation, which can only “jump back” through
fixed points. In contrast, continuous-time case allows a path through any point in range,
and often yields higher sample quality. Current literature on discrete-time discrete diffusion
is relatively established, while only recently Campbell et al. (2022) introduced the first
continuous-time discrete diffusion framework. While groundbreaking, their their loss requires
multiple network evaluations during training. Moreover, the exact sampling through their
learned backward process is extremely tedious for multi-dimensional variables. Due to
mathematically complicated and computationally demanding formulations, Campbell et al.
(2022) propose nontrivial approximations for tractability with unknown potential errors.

In this paper, we introduce a series of improvements to two critical aspects of discrete
diffusion: loss computation and backward sampling, for both discrete- and continuous-
time scenarios. What is more, for the first time, we show that the discrete-time and
continuous-time discrete diffusion can be unified together such that they share exactly the
same forward diffusion and backward sampling process. We elaborate on the details with
itemized contributions (1-5) and their benefits as follows:

e Loss simplifcation and generalization: We derive significantly simplified yet
exact Evidence lower bound (ELBO) calculations for both discrete & continuous-time
discrete diffusion, taking into account the properties of categorical data. Our simplified
formulations allow both forward and backward probabilities to accommodate any
noise distribution element-wisely, which is particularly attractive for multi-element
objects where each element can exhibit different noise distribution. See Contribution 2
(Section 3.2.5) and Contribution 4 (Section 4.3) for discrete-time and continuous-time
case respectively.

« Efficient backward sampling: We present a closed-form backward probability
po(xs|xy) for all s < t with reconstruction-based model parameterization (see Contri-
bution 1 in Section 3.2.3), paving the way for ELBO simplification and accelerated
backward sampling, initially derived in the discrete-time case. Furthermore, we demon-
strate that this improved backward process can be applied to continuous-time case,
replacing the costly and inexact sampling approximations in Campbell et al. (2022).

o Unification: We demonstrate that continuous-time diffusion can share the exact same
forward process as discrete-time diffusion for any noise distribution (Contribution 3 in



UNIFIED DISCRETE DIFFUSION FOR CATEGORICAL DATA

Section 4.2). This unified forward process, along with shared backward parameteri-
zation, leads to a unification of both forward and backward processes for discrete- &
continuous-time cases. This offers mutual benefits: discrete-time diffusion can utilize
continuous-time’s MCMC corrector to enhance performance, while continuous-time
diffusion can employ fast and exact backward sampling derived in the discrete-time
case. See Contribution 5 in Section 4.4.

We present both discrete-time (Section 3) and continuous-time (Section 4) discrete
diffusion in a self-contained manner, accompanied by easy-to-use open-source code at
https://github.com/LingxiaoShawn/USD3. We explicitly mark our novel contributions in
(sub)sections with summarization.

2. Related Work

We briefly discuss the recent advances in diffusion models and flow-maching models, while we
present a detailed comparison with prior diffusion-based approaches in Table 1, highlighting
the advantages of our formulation in terms of generality, simplicity, and performance.

Discrete Diffusion. Recent advances in discrete diffusion models, such as D3PM (Austin
et al., 2021) and RDM (Zheng et al., 2023), modify the discrete-time diffusion process
by modeling the transition probabilities as categorical distributions. These approaches
operate within the discrete domain and reformulate the denoising process accordingly.
In the continuous-time regime, Campbell et al. (2022) reinterpret the diffusion process
as a Continuous-Time Markov Chain (CTMC), enabling the use of Kolmogorov forward
and backward equations to align the transition probabilities of the forward and reverse
processes. Building on this CTMC formulation, Lou et al. (2024) and Sun et al. (2023)
adopt similar continuous-time perspectives but differ in how they marginalize the stochastic
process and compute the training loss. These works emphasize score-matching objectives
that, while effective, require specialized model architectures or sampling strategies that
are often incompatible with standard discrete-time settings. In contrast, our method
retains compatibility with the discrete-time framework while achieving efficient training
and improved empirical performance. More recently, Sahoo et al. (2024); Shi et al. (2025)
propose simplification specifically designed for absorbing state diffusion models (which also
enable model backbone being autoregressive), while our method focuses on generalizing to
any type of noise.

Flow Matching Models. Language modeling is one of the most prominent applications
of discrete diffusion models. While most popular approaches rely on purely autoregressive
models, alternative methods, such as Inverse Autoregressive Flows (IAF) (Ziegler and Rush,
2019), Autoregressive Argmax Flow (Hoogeboom et al., 2022), and Discrete Flows (Tran
et al., 2019), have been developed to support both sequential and non-sequential generative
tasks. Multinomial Diffusion, introduced in (Hoogeboom et al., 2021b), bridges discrete
flows and diffusion models by incorporating a multinomial noise process. This formulation
enables training with tractable variational objectives and supports efficient sampling via
argmax-based transitions. Our work is also closely related to Gat et al. (2024), while
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following CTMC paradigm, considers deterministic mappings between data and reference
distributions via optimal transport.

Table 1:

Comparison of USD3 and Other Diffusion Models. USD3 provides several unifica-
tion steps for discrete and continuous time diffusion, yielding simplification that
generalize to various noise types.

Method| Forward Backward Loss Formula- Sampling Type Drawbacks
Process Parameteri- tion
Posterior zation py
D3PM Matrix-form Integral-form ELBO with  Direct sampling  Discrete  Inefficient computa-
(Austin | g(ze—1]zo,zt)  po(xe—1|xt) cross-entropy z¢—1 from x Only tion, no close-form
et al., | without sim- without simpli- (CE) loss parameterization
2021) plification fication
RDM Simplified Reparameterized Simplified CE  Direct sampling Discrete = Routing mecha-
(Zheng q(xt—1|z0,7¢) & Approximat- loss z¢—1 from z¢, Only nism with approxi-
et al., ed pg(xt—1|xt) combining with mation error
2023) with  routing sampling rout-
variable ing variable
7-LDR CTMC with CTMC  with Continuous- Tau-leaping al- Continuous Two forward passes
(Camp- | forward tran- reverse transi- time ELBO gorithm Only in loss calculation,
bell sition rate, no  tion rate, no approximated back-
et al., | discrete-time discrete-time ward sampling with
2022) posterior parameteriza- error
tion
SDDM CTMC with Reverse CTMC  Generalized ra- Analytical sam- Continuous Need Hollow Trans-
(Sun forward tran- using marginal tio matching pling improving  Only former for leave-
et al., | sition rate, no ratio, leave- Euler’s method one-out parameteri-
2023) discrete-time one-out param. zation
posterior Do (xf|x>d)
SEDD CTMC with Reverse CTMC  Generalized Discrete Continuous Approximated tran-
(Lou forward tran- using ratio, score matching Tweedie’s Only sition probabilities
et al., | sition rate, no  sg(z,t) ~ Theorem may cause impre-
2024) discrete-time [m(y)] cise sampling, expo-
posterior pe(@) lysta nential terms risk
extreme or unstable
values
MDLM | Matrix-form Direct param- Simplified loss Ancestral Sam- Discrete  Simplification &
(Sahoo q(zs|ze, z0) eterization of based on Rao- pling & Con- sampling work with
et al., | for abosorb- pg(zs|zs) for Blackwellization tinuous absorbing  noise
2024) ing noise absorbing noise time only
MD4 Matrix-form q(zs|zt, fo(xe,t)) Simplified Ancestral sam- Discrete  Simplification on
(Shi q(zs|Te, z0) with mean pa- ELBO for pling & Con- absorbing noise
et al., | for abosorb- rameterization absorbing noise tinuous only, sampling is
2025) ing noise time based on discrete-
time reverse
process only
USD3 Simplified Simplified Simplified Unified Discrete None
(Ours) | and unified closed-form ELBO with sampling & Con-
conditional parame- auxiliary and unified tinu-
q(zs|ze, z0) terization cross-entropy MOCMC cor- ous
for any 0 < of pg(zs|lzy) loss (Contri- rector steps
s <t < T (Contribu- bution 2 & 4) for both
and any tion 1) discrete and
type of continuous
noise (Con- time (Contri-
tribution 3) bution 5)

S
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3. Discrete-time Discrete Diffusion

Notation: Let xg ~ pgata(x0) be the random variable of observed data with underlying
distribution pgata(x0). Let x; ~ g(x;) be the latent variable at time ¢ of a single-element
object, like a pixel of an image or a node/edge of a graph, with maximum time 7'. Let
X5 ~ q(%¢|xs) be the conditional random variable. We model the forward diffusion process
independently for each element of the object, while the backward denoising process is modeled
jointly for all elements of the object. For simplicity and clarity of presentation, we first
assume that the object only has 1 element and extend to multi-element object later. Let
x(l)‘D denote the object with D elements, and x! be the i-th element of latent object at time .
We assume all random variables take categorical values from {1,2,..., K'}. Let e, € {0,1}¥
be the one-hot encoding of category k. For a random variable x, we use « denoting its
one-hot encoded sample where € {ej,...,ex}. Also, we interchangeably use q(x¢|xs),
q(x¢ = zt|xs = x;), and qs(x;|xs) when no ambiguity is introduced. Let (-,-) denote inner
product. All vectors are column-wise vectors.

3.1 Graphical Model View of Diffusion Models

Diffusion models can be represented by latent variable graphical models (see Appx. Fig. 3).
We can write the joint probability as pp(x0.7) := pe(Xo0, X1, ..., XT) = po(X7) Hthl po(xi—1]%¢t)
using the Markov condition. Parameters 6 are learned by maximizing the loglikehood of
the observed variable x¢: logpg(xg) = log | pg(x0.7)dx1.7. However the marginalization is
intractable, and instead the following ELBO is used:
po(Xo:7)
q(x1:7[%0)
The above inequality holds for any conditional probability ¢(x1.7|x¢) and finding the best
q(x1.7|X0) to tighten the bound is the inference problem in graphical models (i.e. E step in
EM algorithm). Exact inference is intractable, thus ¢(x1.7|%¢) in diffusion models is fixed or
chosen specifically to simplify the learning objective. To simplify Eq. (1), it is important to
assume ¢(x1.7|xg) is decomposable. The typical assumption is q(x1.7|xg) = H?zl q(x¢|x—1)
(Ho et al., 2020a), which we also adopt. Others that have been explored include q(x1.7|x0) =
H;{ZI q(x¢|x¢—1,%0) (Song et al., 2021a).

Assuming q(x1.7|x9) = Hle q(x¢|x¢—1), Eq. (1) can be simplified as the following

T

E (1 x0) [ 108 Po (x0[x1)] — Dx(a(x7[x0)|[po(x7)) =D By xo) [PKL (2 (X0 -1 ]2, %0) | [po (xi-1]x1)] (2)
—£1(9) Loprior =2 £4(9)

log py(x0) = 1Og/Q(X1:T|XO) dx1.7 > Byx,.nix0) [ 108 po(x0.7) — log g(x1.7/x0)]. (1)

Where Lprior & 0, since pg(x7) = q(x7|%0) is designed as a fixed noise distribution that is easy
to sample from. (See Appendix 9.1 for derivation.) To compute Eq. (2), we need to formalize
distributions (i) g(x¢|x0) and (i) q(x¢—1|x¢,X0), as well as (#ii) the parameterization of
po(x¢—1]%¢). We specify these, respectively, in Section 3.2.1, Section 3.2.2, and Section 3.2.3.

3.2 Components of Discrete-time Discrete Diffusion

3.2.1 THE FORWARD DIFFUSION PROCESS

We assume each discrete random variable x; has a categorical distribution, i.e. x; ~ Cat(x; p)
with p € [0,1]% and 1Tp = 1. One can verify that p(x; = x;) = x, p, or simply p(x;) = / p.
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As shown in (Hoogeboom et al., 2021a; Austin et al., 2021), the forward process with discrete
variables q(x;|x;_1) at t step can be represented as a transition matrix Q; € [0, 1]5*X such
that [Q¢)ij = q(x¢: = ej]|x4—1 = €;). Then, we can write the distribution explicitly as
q(x¢|x¢-1) = Cat(xs; Q) @s_1) . (3)
Given transition matrices @1, ..., @1, the t-step marginal distribution conditioning on s, Vt >
s is
7T . J—
q(x¢|xs) = Cat(x; Qt\sms)a with Qs = Qst1.--Q1 - (4)

The s-step posterior distribution conditioning on xg and ¢-step can be derived as

— =T
q(xe|xs)q(xsx0) Qt|swt © Qs o
= Cat(xs; ———F—

q(x¢|x0) x) Q, xg
The above formulations are valid (see derivations in Appendix 9.3) for any transition matrices
Q1, ..., Q7. However, to achieve uninformative noise xp, {Qi}iTzl should be chosen such that
every row of @, = Qo converge to the same known stationary distribution when ¢ becomes
large enough (at T'). Let the known stationary distribution be mg ~ Cat(mg; m). Then,

the constraint can be stated as

), Vt>s. (5)

q(Xs[xt,%0) =

lim Q, = 1m ' .
lim Q¢ = 1m (6)

In addition, this paper focuses on nominal data (see Appendix 9.2) where categories
are unordered and only equality comparison is defined. Hence, no ordering prior except
checking equality should be used to define Q;'. To achieve the desired convergence on
nominal data while keeping the flexibility of choosing any categorical stationary distribution
my ~ Cat(mg; m), we define Q; as

Qi =l +(1—a;)lm’ (7)
where a; € [0, 1]. This results in the accumulated transition matrix @t‘ s being equal to
@ﬂs =ayl + (1 - at|s)1m—rv vVt > s, (8)

where @y = [T, +1 @;. Note that a; = @9 = @y sas. We can achieve uninformative noise
while satisfying the constraint Eq. (6) by choosing oy such that lim;_,7a; = 0.
3.2.2 ANALYTICAL FORM OF q(x¢—1|X¢,X0)

The formulation in Eq. (7) can be used to simplify ¢(x;—1|x¢,%0). We provide a general
formulation of ¢(xs|x¢,x0) for any s,¢ with 0 < s < ¢ < T, which will be useful for unifying
with continuous-time diffusion. One can recover q(x;—1|x¢,Xo) by setting s as t—1.

Proposition 1 (Zheng et al. (2023)) For both discrete- and continuous-time discrete
diffusion, we can write the conditional distribution as

C’at(xs; (1= Ngs) @t + Ay m) when x; = g
q(xs]xt, x0) = -~ -~

Cat(xs; (1 - :ut\s) "o + Ht)sC|s - Tt + /’Lt\s(l - at\s) ’ m) when xy # xg
. (—as)(A—ays)(m,zy) . 1-a,
where \y|s 1= T m) may 0 Mls = = -

We remark that the above formulation is originally presented in Zheng et al. (2023) with
s =t — 1. Appendix 9.3 gives the detailed derivation of the probability’s formulation.

1. Mathematically, this means Vk, j, ¢(X¢|xt—1 = €, %+ # {€j,€r}) = q(Xt|xe—1 = er,x: # {€j,er}).
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3.2.3 CONTRIBUTION 1: ANALYTICAL FORM OF pg(x;—1|x¢)

The literature has explored three different parameterizations of py(x;—1|x¢): (1) parame-
terizing pg(x;_1|x¢) directly; (2) parameterizing pg(xo|x;) with f¢ such that pp(xq|x;) =
Cat(xo; f7(x¢)) and letting pg(x;—1]x:) = q(x—1|X¢, f£(%¢)); and (3) parameterizing pg(xo|x;)
with ff and then marginalizing q(x;_1, Xo|x;) such that py(x;_1|x;) = Do A(Xe—1 %, X0)po (X0t ).

Method (1) does not reuse any distribution in forward process, and hence is less effective.
Method (2) has been widely used for continuous diffusion models as in Ho et al. (2020a) and
Song et al. (2021a), and some discrete diffusion models like in Hoogeboom et al. (2021a)
and Zheng et al. (2023). It avoids marginalization and works effectively for continuous
diffusion. However for discrete diffusion, as shown in Eq. (9), sample x¢ determines which
categorical distribution should be used, which cannot be determined without the true xy.
Some heuristics have been proposed in Zheng et al. (2023), however those can have a large
gap to the true ¢(x;—1|x;), leading to an inaccurate sampling process.

Method (3) has been used in Austin et al. (2021) by directly marginalizing out x,
which introduces additional computational cost in both loss function computation and
sampling process as the formulation of pg(x;—1|x;) has not been simplified to a closed-form
distribution. In this paper, we show that method (3) parameterization can be simplified to
a clean formulation of categorical distribution.

Proposition 2 The parameterization of pg(xs|x:) is simplified for any 0 < s <t <T as
po(Xslxt) = Caf(Xs; (1= pas) - £ () + (e o5 + %ﬂs) @y + (p)s (1 — @) — ’Y)ﬁs) 'm> (10)

where ’Ytg\s is affected by fte(xt); ’Yte\s = (Ut\s - )‘t\s - Mt|sat\s)<ff(mt)v mt) , and from Eq. ('g)}

A . (l_as)(l_aﬂsxmth) . 1l—ag
tls ar+(1—ag)(m,xe) tls - 1—o¢

The detailed proof is in Appendix 9.4. Notice that ff (xy) is a parameterized neural network
with 17 ff(z;) = 1. As we show next, the above formulation simplifies the negative ELBO
loss computation greatly (Section 3.2.4), further motivates an approximated loss that is
much easier to optimize (Section 3.2.5), and accelerates the sampling process through
reparameterization (Section 9.8).

3.2.4 Loss FUNCTION

With g(x¢—1|x¢,%0) in Eq. (9) and pg(x¢—1|x¢) in Eq. (10), the £:(0) in Eq. (2) can be written
as
Eq(xilxo) {5xt,xoDKL(f1(Xt71|xt = x0)[|po(t—11%1)) + (1 = 0x o) DKL (¢ (Xt %1 7 Xo)HPe(Xt—l\Xt))] . (11)
where dx, x, denotes the Kronecker delta of x; and xg. ¢(x¢—1|x¢ = x0) and g¢(x¢—1|x¢ # X0)
represent the first and second categorical distribution in Eq. (9), respectively.
Apart from negative ELBO, another commonly employed auxiliary loss is the cross-
entropy (CE) loss between g(x¢|x0) and pg(xg|x;), which measures the reconstruction quality.
LT (0) = Eqx, o) [ 10g po (x0]x2)] (12)
Eq. (12) and Eq. (11) share the same global minima with pg(xg|x;) being the true posterior
q(x0|x¢). However they have different optimization landscape; and thus under limited data

and network capacity, which loss is be easier to minimize is unknown (Tewari and Bartlett,
2007; Demirkaya et al., 2020).
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3.2.5 CONTRIBUTION 2: FURTHER LOSS SIMPLIFICATION FOR EASIER OPTIMIZATION

While Eq. (11) is the ezact negative ELBO loss, in practice we find it harder to minimize
than Etc £ In this section, we first derive a much simpler, approximated loss by observing a
relation between ¢(xs|x¢, Xo) and pg(x:¢|xo). We then show that coefficient simplification and
Etc E are both valuable for optimizing a general negative ELBO where only partial time steps
are observed. We combine all designs to derive the final approximated loss, denoted as L.

Proposition 3 For any 0 < s <t < T, with xog known, Apg(xs|x¢,X0) is defined as
Po(xs|x¢) — q(xslxe,%0) = (1 = p1gy) [f (@) — @0 + by (f7 (@) — @0, @) (w1 — M), (13)

(1_6‘5)6‘15\5
Eyt—i-(l—dt)(xt,m) :

where ¢y 1=
Proposition 3 shows that the distribution difference between py(xs|x;) and g(xs|x¢,Xp) has a
closed-form formulation. (Proof in Appendix 9.5) With it, we can apply the Taylor expansion
(up to second order) to approximate the KL divergence directly (See Appendix 9.6.)
Z |Apy( X3|Xt,x0)|2

q(xs]x¢, %)

Dxr(q(xs[xt, %0) [|po(xs[x)) (14)
The above formulation along with Proposition 3 are vahd for any 0 < s <t <T. We next
show that minimizing divergence between ¢ and py at any s and ¢ is also valid, as it is
inside a general negative ELBO with partial time steps. The initial version of the ELBO is
derived under the assumption that observations are made at every time step. Its backward
denoising process is designed to advance by a single time step during each generation step
for best generation quality. Let us consider a more general case where only partial time
steps are observed in the forward process, then, minimizing its negative ELBO can help
improve generation quality with fewer steps. Assuming only x; and x; are observed, where
0 < s <t<T,a derivation analogous to that of Eq. (2) can show that

tog pa(x0) 2 — Dicelaxeix0) [pa(x0)] + By 108 pa(x0lx.)] — Dic g xo)llpo(xsix)l, (1)
where the first divergence term between the prior and posterior quantifies the quality of
the backward denoising process from 7" to t. The second term represents the CE loss, ESCE
which influences the generation quality from time s to time 0. The final term is given by
Eq. (14), and contributes to the generation process from ¢ to s. (See Appendix 9.7 for proof.)

This generalized formulation of the ELBO highlights the significance of the CE loss and
the alignment between ¢(xs|xs,x0) and pg(xs|x;) at any observed times s and ¢. While CE
loss does not have a coefficient that depends on noise schedules and time, changing s and
t or noise schedule (which determines &;) during training will greatly impact the scale of
the term in Eq. (14). By rendering the loss scaling term independent of time and the noise
schedule, the minimization of this adjusted loss concurrently leads to the minimization of
the original loss in Eq. (14) for any given s and t. Hence, by removing the sensitive scale

_ 2
% in Eq. (14), we reformulate the loss as

L7 = || (2) — @0 + ¢y (f] (1) — T, ) (21 — M]3, (16)
where we can further clip ¢y, to min(1, ¢y,) for minimal scaling influence. It is important

to note that while we have modified the coefficient to be invariant to the noise schedule
and time s to effectively minimize Eq. (14) at any ¢ and s, a similar approach to coefficient

Y



UNIFIED DISCRETE DIFFUSION FOR CATEGORICAL DATA

revision has been previously explored in Ho et al. (2020a); Karras et al. (2022), primarily to
facilitate an easier optimization by achieving a balance of terms in the loss function.

Ovegall, we have the final approximated
loss as £4(0) = L2(0) + LSE(0) . We find that

in practice this loss is much easier to opti- 1 — USD3* (Simplified)
mize than the original exact negative ELBO @ 2007 BSp3 (Disqrete)
for more complicated distributions, leading to 3

faster convergence and improved generation §400 |

quality: On the VQCIFAR10 image generation 5

task, we observe that the model trained with 3 2997

the approximated loss (denoted as USD3*) con- O 500 -

verges to a lower training cross-entropy loss \\_~\_\_

more quickly than the model trained with the 0 2000 2000 6000 8000 10000
full, non-simplified discrete-time loss, espe- Training Step

cially during the early stages of training. We

attribute this improvement to the easier op- Figure 1: Models trained with simplified

timization and smoother gradient landscape loss (USD3*) in Eq. (16) vs.

provided by the approximation. As training non-simplified discrete-time loss

progresses, the gap between the simplified and (USD3) on VQCIFARI0 image

non-simplified models narrows, but USD3* generation task. Simplified loss

continues to perform comparably or even bet- shows faster convergence during

ter, as demonstrated in later experiments. early training stage (first 10,000
steps).

4. Continuous-time Discrete
Diffusion

Despite being simple, discrete-time diffusion limits the generation process as we can only
“jump back” through fixed time points. Recent works generalize continuous-state diffusion
models to continuous-time (Song et al., 2021b). This generalization enables great flexibility
in backward generation as one can “jump back” through any time in [0, 7] with improved
sample quality.

Nevertheless, generalizing discrete-state diffusion model from discrete-time to continuous-
time is nontrivial, as the score-matching based technique (Song et al., 2021b) in continuous-
state models requires the score function Vy log p:(x) to be available. This function, however,
is evidently non-existent for discrete distributions. Recently, Campbell et al. (2022) presented
the first continuous-time diffusion model for discrete data. It formulates the forward process
through a Continuous Time Markov Chain (CTMC) and aims at learning a reverse CTMC
that matches the marginal distribution with the forward CTMC at any time t. While
being theoretically solid, the formulation in Campbell et al. (2022) has two problems: (1)
the negative ELBO loss of matching the forward and backward CTMCs is analytically
complicated and hard to implement; and (2) the exact sampling through the learned
backward CTMC is unrealistic. Campbell et al. (2022) propose approximate solutions,
which however, trade off computational tractability with unknown errors and sample quality.
SDDM Sun et al. (2023) takes a different approach with ratio matching (Hyvérinen, 2007;
Lyu, 2009), which is the generalization of score matching to discrete data. However, it needs
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a specific model architecture. Lou et al. (2024) advances ratio matching, yielding a loss that
requires only a single model pass. Interestingly, this loss is similar to ours in formulation,
despite originating from a different angle.

In this paper, we build on the CTMC formulation in (Campbell et al., 2022), and show
that the loss can be analytically simplified for nominal data. This simplification also inspires
an improved MCMC corrector with closed-form formulation. For problem (2), we argue
that the difficulty arises from directly using the learned backward CTMC'’s transition rate.
Instead, realizing that the reverse transition rate is computed based on the learned pg(xo|x:),
we propose to compute pg(xs|x¢) through pg(xg|x;) without using the transition rate matrix.
This avoids the approximation error of sampling directly from the backward CTMC and
greatly simplifies the generation process.

Remarkably, with the new formulation of generation, we show that the continuous-time
and discrete-time diffusion models can be unified, with exactly the same forward diffusion
and now also backward generation process. Moreover, we demonstrate that this unification
offers mutual benefits: the continuous-time diffusion can leverage the swift and precise
sampling formulation derived from the discrete-time case (as detailed in Section 9.8), while
the discrete-time diffusion can utilize the MCMC corrector from the continuous-time scenario
(see VQCIFARI10 experiment section).

4.1 Background: Continuous-Time Markov Chain

CTMC generalizes Markov chain from discrete- to continuous-time via the Markov prop-
erty: xy, AL Xy, | X¢,, V1 < t2 < t3. Anderson (2012) provides an introduction to
time-homogeneous CTMC. It can be derived from discrete-time Markov chain by increasing
the number of time stamps N to infinite while keeping the total time T fixed. Specifically, we
can define At = %, t; = i/At, and a discrete-time Markov chain characterized by transition
probability q(xy,|x¢,_,) and transition matrix Q¢ with [Q,];x = q(x¢, = ex|xt,_, = €;). By
setting N to infinite, the transition probability g(x¢,|x:, ,) converges to 0, hence is not
suitable for describing CTMC. Instead, CTMC is fully characterized by its transition rate
ri(ylx), s.t.

re(yle) = lim q(xt, = y\Xt,-_l =x)— O,y — lim Qt|t—At(y’w) — Ozy .

N—oo t; —ti—1 At—0 At

As the name suggests, 7(y|x) measures the changing rate of the transition probability of
moving from state & to state y at time ¢ in the direction of the process. The corresponding
transition rate matriz Ry with [Ry];; = r¢(e;|e;) fully determines the underlying stochastic
process. A CTMC’s transition probabilities satisfy the Kolmogorov equations (Kolmogorof,
1931) (see Appendix9.10), which have unique solution. As Rindos et al. (1995) stated, when
Ry, and R, commute (i.e. Ry Ry, = Ry, Ry,) for any t1, ta, the transition probability matrix

can be written as Qs = exp (f; Rada) , where exp(M) = >"12, ]\,/C[—,k The commutative

(17)

property of R; can be achieved by choosing R; = B(t)Ry, where R, € RE*K is a time-
independent base rate matrix.

10
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4.2 Contribution 3: Simplified Forward & Backward CTMCs that Connect to
Discrete-Time Case

Forward CTMC. Two properties are needed for modeling the forward process: P1) the
process can converge to an easy-to-sample stationary distribution at final time T'; and
P2) the conditional marginal distribution ¢(x:|xo) can be obtained analytically for efficient
training. As given above, P2) can be achieved by choosing commutative transition rate
matrices with Ry = 5(t)Rp.

We next show that property P1), i.e. limy_,p Qtlo = @TIO = 1m"' for some stationary
distribution m, can be achieved by choosing R, = 1m " — I, which is a valid transition rate
matrix with the property (—Rp)? = (—R}) (see derivation in Appendix 9.11). Then we have

Qi = exp(By Ry) = e P + (1 — e Pris)Im T (18)
* Unified forward process. Eq. (18) has the same formulation as the transition matrix of
the discrete-time case in Eq. (8), if we set @y = exp(—fy,) = exp(— [! B(a)da). Thus, this
formulation unifies the forward processes of adding noise for both discrete- and continuous-
time discrete diffusion. With lim; @y = 0, or equivalently lim; 7 fOT B(a)da = oo, we
achieve the goal QT|0 =1m'. We use Q|5 directly in the following sections, i.e. Eq. (8). To
summarize, for the forward CTMC

Ry = 5(t)(1mT —1I) ,and @t\s = aysl + (1- at‘s)lm—r . (19)
We can further get vector-form forward rate
ri(x]-) = Ry = B(t)((x,m)1 —x), r(|z) =R/ x=p5(t)(m—=x). (20)

Backward CTMC. To generate samples from the target distribution, we have to reverse
the process of the forward CTMC. Let 7 be the transition rate of the backward CTMC
with corresponding matrix R;. When the forward and backward CTMCs are matched
exactly, theoretically the forward and backward CTMCs have the following relationship (see
Campbell et al. (2022)’s Proposition 1):

Fi(ly) = rt<y|a:>j§g§, ety (21)

However, ¢;(x) and ¢;(y) are intractable analytically, hence we cannot derive the backward

CTMC directly from Eq. (21). Instead, Campbell et al. (2022) parameterize the transition
qi(x) _ Z ‘1t\0(33|$0)

qe(y) — %o gyo(ylzo)

M (aly) = ro(yla) mexoy). (22)

rate 77, by observing that

QO\t(iB0|y)2, as follows

Then, 7¢ is learned with 6 to minimize the continuous-time negative ELBO introduced next.

Negative ELBO. Similar to the discrete-time case, the backward CTMC can be learned
by maximizing the ELBO for data log-likelihood. Computing ELBO for CTMC is nontrivial,
and fortunately Campbell et al. (2022) has derived (see their Proposition 2) that the negative
ELBO can be formulated as

T Byovmiory| Y 70(2[@) = Y ri(z|@) log 7 (2]2)] . (23)

x~q(x¢|x0) z#x zF#x

9¢j0(®]T0)qdata(T0)
90|t (&0 |x)

2. As qu(®) = >_, qejo(®[z0)qaata(®o) and qi(x) =

11
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However, Campbell et al. (2022)’s original design did not simplify the ELBO with the
parameterization of 79 in Eq. (22), making the implementation nontrivial and inefficient.
We show that their formulation can be greatly simplified to a closed-form evaluation.

To simplify Eq. (23), we introduce g/ (x|y) such that 7¢(x|y) = ri(y|z)g¢? (x|y), with
G0 (2|0) g ()
of ly) = 32 Tl (oly) ~ T (24)

o arjo(ylxo) a(y)
which is the estimator of the marginal probability ratio.

Proposition 4 (Proof in Appendiz 9.12) The vector form parameterization of g?(x|y) can
be simplified analytically as:

gf(-ly) _ [(1 B at\0<ft9(y)7y> m+ Qo

Qo + (1 —ao)(y, m) I =y

fw)e sty @)

4.3 Contribution 4: Simplification of Continuous-time Negative ELBO

As the derivation is much harder in multi-element case, we work on multi-element derivation
directly and the single-element case can be induced as a special case. Given z'?, let a\¢
represent £ P\e_ ie. the object without d-th element.

We first need to generalize the definition of transition rate of forward and backward
CTMC to multi-element case. We present the extension below, and give the proof in
Appendix 9.13.

D D
P 1D (21D | 1D 2 FO1:D (L 1:D| 13Dy 24 5
|CL‘ Z ‘JI :c\d7z\d7 Tt |:B Z |Z |CL‘ ) 5$\d7z\d
(26)
i 1:D Ae 1:D
where 0, is the Kronecker delta, r;** is the forward transition rate and 7 is the

backward transition rate parameterization. As we assume that the forward processes are
independent for different elements, ¢ represents the transition rate of the forward CTMC
process at the d-th element.

Similarly, we can extend the parameterization of g/(x|y) to multi-element formula-
tion gf(xP|y"P). The proof can be found in Appendix 9.13, Specifically, the target
FPly"P) satisfyes gf (P |y P) = 1221 g7 (2"|y"*P), where

0.d gy, iy . 5 U@ 1T0)
g0 (xy ") Z 0|t( o|y ) (27)

] qt‘O(yd|w )
0

With these notations and concepts, we present the simplified negative ELBO as follows

parameterization g? (x

Proposition 5 The negatz've ELBO in Eq. (23) in multi-element case can be simplified as

TE i unior) [Zrt ) gl (=" P)

at P gy o(lzgP) d
zl:DNSt(,IwI:D)

B 1 - 17 g (cl2d) @ ri(27]) © 1oggf’d<-|z1:D>}]
Mg, (1P [afP) = aio(])
(28)

12
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where Sy(zVP|2VP) is any unnormalized distribution (see Eq. (84) in Appendiz) of
sampling the auziliary variable zVP from xVP. The auziliary variable is introduced to
avoid multiple passes of the model for computing the second term of Eq. (23). Msg, is a
normalization scalar (see Eq. (88) in the Appendiz) that depends only on Si, 250 and z§P.

The detailed proof is in Appendix 9.14. This formulation simplifies and generalizes
the result in Campbell et al. (2022), so that any S; can be used to introduce the auxiliary
variable z1.p. Importantly, Eq. (28) shows that changing S; only affects a scalar weight.
Computing the loss requires two passes of the model for 2P and x!*” separately. Now we

show that it can be further simplified to only a single pass of the model.

Proposition 6 The loss in Eq. (28) can be further simplified as

D d 0,d 1:D

0.d ; @o(-|zh) © log g, (-|x )

TE vmorn | @) (ol (lzP) - = =L )]
mI:DNqﬂO("w(]j:D) d=1 qt|0(m |w0)

(29)

The detailed proof can be found in Appendix 9.15. Note that this loss requires only
a single forward pass of the model, making it efficient. Additionally, this loss aligns with
the DWDSE loss (while presented in single-element case) in Lou et al. (2024), which is
derived from the different concrete score matching direction. This indicates that the ELBO is
essentially the same as the ratio matching loss, as also demonstrated in the continuous-state
setting, such that the score matching Song et al. (2021b) is shown to be equivalent to ELBO
computation in Ho et al. (2020a).

4.4 Contribution 5: Fast Backward Sampling & Unification of Discrete
Diffusion

Campbell et al. (2022) proposes to use the learned transition rate ¢ of the backward CTMC
to sample reversely for the target distribution pgata(x0). However, different from the forward
CTMC where all elements are sampled independently, the backward CTMC processes for
all elements are coupled together and do not have the closed-form transition probability
derived from the learned transition rate. Direct and exact sampling from a CTMC uses
the algorithm by Gillespie (1977), which is intractable for multi-element objects. Campbell
et al. (2022) proposes using tau-leaping (Gillespie, 2001), which approximately samples all
transitions from time ¢ to ¢ — 7, assuming R}*” remains fixed during the time period. While
tractable, it introduces unknown errors that need a correction process.

We propose to avoid the costly sampling from using the transition rate of backward
CTMC. We first observe that the estimated transition rate 77 is essentially derived from the
estimated p8| +(Xo[x¢). Hence using 79 is equivalent to using pg‘ +(Xo|x¢) in an indirect way.
We realize that the transition probability gy, (xs[x:) can be computed easily from pg| (xo|x¢)
directly, as shown in Eq. (10). With the help of Eq. (10), we can sample xy or equivalently
Xo|r through sampling X;, |4,, s X¢,|t2s Xto|t, Sequentially, with any {#;};_ that satisfies
0=ty < t; < ... < t,=T. Although Eq. (10) is derived for discrete-time case, it applies
directly in continuous-time case, thanks to the unification of the forward process for discrete-
and continuous-time diffusion (§4.2). Hence, discrete-time and continuous-time diffusion
also have the same unified backward generation process. Note that since our method
also estimates transition rate probability, it can adapt to tau-leaping sampling method in

13
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Algorithm 1 USD3 Unified Training: Red: discrete-time step, and blue: continuous-time
step.

1: Input: A stationary distribution m, samples ~ pqata, weight factor A\, max time 7’
2: repeat

3:  Draw xg ~ pdata(X0)

Draw ¢ ~ Uniform(0,...,7") or t ~ Uniform(0, 1)

Compute @; from Table 9

Draw m}? ~ Cat(m{?;m)

x#é:) = 5%:51:,3 OxiP 4+ (1 - 5%:51:]3) ©®m{P where b; ~ Bernoulli(@;), from Eq. (51)
"Mt "t

Compute f?(x}P) as parameterization of pp(xy”|x}P)
Take gradient descent step on Vg{L;(0) + A\LSE(0)} (from Eq. (11) + Eq. (12))
10: or Vo{LETMC(9) + \LEF(0)} (from Eq. (23) + Eq. (12))

11: until convergence

Algorithm 2 USD3 Unified Sampling
1: Input: A stationary distribution m, {t;}}'; s.t. 0 =1y < t; < ... <t, =T, learned fg.

MCMC Input: use_ MCMC, step size An, total steps N.
Set x1P ~ Cat(xLP;m)
for i € {n,...,0} do
Compute ff (z}P)
Draw x5 ~ Cat(x!'5; py(x
If use MCMC:
x} « MCMC_ Corrector(t;, x5, An, fg, N) (Algo. 3)
return x

and py(x}H|x}P) from Eq. (10)

1
Rixo)

71—

Campbell et al. (2022); Lou et al. (2024), while sampling with fewer time steps is not the
focus of our paper, which we will leave for future work.

* Unified Discrete Diffusion. All in all, through a series of mathematical simplifications,
we have shown that both discrete&continuous-time discrete diffusion share (1) the same
forward diffusion process; (2) the same parameterization for learning p8| ;> and (3) the
same backward denoising process. In light of our reformulations, we propose USD3, a novel
Unified and Simplified Discrete Denoising Diffusion model. USD3 utilizes the same source
code for both discrete- and continuous-time, up to a single alteration in the loss function
during training (Algorithm 1), and a shared sample generation process (Algorithm 2).

5. Experiments

Discrete diffusion has limited and no established guidelines on how to do model training.
Many prior work optimize a combined ELBO and cross-entropy (CE) loss with a fixed weight,
without deeper investigation. In this work we not only improve ELBO loss mathematically,
but also empirically explore an extensive testbed of training regimes for discrete diffusion—
including various loss combinations, both discrete- and continuous-time training, as well as

14
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sampling schedules—toward a deeper understanding of which yield tractable optimization
and higher generation quality. USD3 is a hybrid of our simplified exact ELBO and CE, and
USD3* refers to its approximation with further simplifications (Section 3.2.5 and Section
4.3). USD3-CE and USD3-ELBO are variants, with respect with CE or ELBO loss only.

Configurations. In USD3, we combine ELBO and CE with weight 0.001 for the latter,
following prior literature. For USD3*, we combine ELBO with CE weight 1.0, as it is
suggested in Section 3.2.5 and Section 4.3. For architecture, we parameterize ff(x;) with a
Diffusion Transformer model (Peebles and Xie, 2023).

5.1 Music Generation

Lakh Pianoroll Datasets. We evaluate monophonic music generation on PIANO, the
cleaned Lakh pianoroll dataset (Raffel, 2016; Dong et al., 2017), containing 6,000 training
and 973 evaluation (or test) sequences of 256 notes each. Here we perform conditional
generation; given the first 32 notes, the models are required to generate the rest 224 notes.

Metrics. In evaluation of the quality of music generation, we apply the following metrics
(the detailed description is given in Appendix 9.17.3):

o {1,2,3}-gram Hellinger Distance (}) and {1,2,3}-gram Proportion of Outliers (| ):
these metrics measure the similarities of generated music notes by n-gram sequences.

o Diverse Edit Distance (1): measuring the creativity/novelty of generated samples
across multiple generation runs.

o Train-to-Test Ratios (1): these ratios quantify the extent of “parroting”; a smaller
ratio indicates a higher (lower) degree of memorization (generalization).

Training Details. For training USD3 on the PIANO dataset, we use a similar Diffusion
Transformer architecture described in SEDD (12 layers, each with 12 heads, input dimension
of 768 and max MLP dimension of 3072) . We apply a batch size of 64, a learning rate of
2¢~*, with a warmup of the first 5000 steps. We adopt a consine learning rate scheduler
with EMA = 0.999. The result is over 800,000 steps. We run our results with 1 A6000 GPU.
In both continuous- and discrete- time diffusion, we use a cosine scheduler with o = 0.008.
More details about baselines can be found in Appendix 9.17.5.
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Table 2: Conditional music gen. quality (3 samples avg.) on PIANO w.r.t. n-gram Hellinger
Distance, n-gram Proportion of Outliers, and Diverse Edit Distance. Following
previous practices (Campbell et al., 2022; Sun et al., 2023), numbers are rounded
to four decimal places. Also, we report Train-to-Test Ratio for 2-gram Proportion
of Outliers and Hellinger Distance on PIANO-P to quantify “parroting”. First &
Second shown in color. Full mean and standard deviation across three experimental
runs are in Table 13. Full Test-to-Ratio results across n-gram Hellinger Distances
and Proportion of Outliers are in Table 14.

n-gram Hellinger(]) |n-gram Prop. of Out.(})|Div. Edit|2g-Prop. 2g.Hellinger
Method | lgram 2gram 3gram | lgram 2gram 3gram | Dist. (1) |Ratio() Ratio(7)

§D3PM 0.3982 0.5303 0.5918 | 0.1209 0.2532 0.3790 | 0.2950 | 5.7052 1.3623
UERDM 0.4123 0.5964 0.6198 | 0.1401 0.2459 0.3864 | 0.2891 | 5.6050 1.4023

g USD3-CE | 0.3677 0.4493 0.5236 | 0.1068 0.1669 0.2455 | 0.0482 | 7.3224 1.4722
£ USD3-ELBO| 0.3676 0.4483 0.5229 | 0.1142 0.1670 0.2528 | 0.0485 | 7.9642 1.5159
- USD3 0.3672 0.4487 0.5234|0.1126 0.1757 0.2562 | 0.0484 | 7.5278 1.5601

USD3* 0.3680 0.4485 0.5251|0.1110 0.1749 0.2538 | 0.0502 | 7.6239 1.5985

gSDDM 0.3759 0.4856 0.5773|0.1101 0.2059 0.3009 | 0.0612 | 7.0654 1.4516
ﬁT—LDR—O 0.3796 0.4681 0.5710(0.1149 0.2078 0.3202 | 0.0504 | 7.0864 1.4726
2 SEDD 0.3715 0.4472 0.5250 {0.1052 0.1723 0.2509 | 0.0501 | 7.0603 1.4898
=

.E USD3-CE |0.3658 0.4465 0.5201(0.1043 0.1630 0.2414 | 0.0483 | 6.5462 1.5033
2 USD3-ELBO| 0.3673 0.4474 0.5204 | 0.1125 0.1685 0.2455 | 0.0504 | 7.3620 1.5945
“© USD3 0.3676 0.4467 0.5198|0.1097 0.1668 0.2423 | 0.0498 | 8.2954 1.5912

Results. Table 2 shows that USD3 and its variants perform better than the baseline
methods across almost all metrics. An exception is RDM’s and D3PM’s Diverse Edit
Distance, because they trade-off high generation novelty with low generation quality.

Within USD3, the continuous-time variants achieve the best results across the board
with respect to the Hellinger n-gram and the Outlier proportion n-gram, due to their ability
to denoise and generate through any timesteps. Although both discrete-time and continuous-
time USD3-CE perform well within n-gram metrics, they do not compete with USD3-ELBO
and USD3 in terms of Train-To-Test Ratios. This indicates that CE only loss can lead to
more "parroting” of the training data, potentially due to the ease of overfitting with a single
cross-entropy loss. The combined USD3 achieves a higher Train-to-Test ratio than pure
USD3-CE or USD3-ELBO, suggesting that the combination of two losses can alleviate the
overfitting phenomenon and difficulty of optimization for pure ELBO loss.

We show the full mean and standard deviation across three experimental runs in Table
13. In addition, we show the full Test-to-Ratio results across n-gram Hellinger Distances
and Proportion of Outliers in Table 14.

5.2 Image Generation

VQCIFARI10 Dataset. For the image generation task, we train all the models on CIFAR10
images. While the original CIFAR10 contains 50,000 training images in continuous values,
which we instead convert to vectors from 64 x 512-dimensional quantization hash-code
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Table 3: Image gen. quality w.r.t. Inception Table 4: MCMC gen. quality with USD3.
Score (IS) and the Frechet Inception =~ MCMC Config. IS (1) FID (1)
Dist. (FID) over 50,000 samples gen- Cont -time, N=2, An = 0.005 9.15  12.87
crated and decoded by VQGAN, as - 2einh Fo0 D0 0 0
compared against original CIFAR10  Discrete-time, N=5, An = 0.001  9.15  11.88
training images. First & Second

shown in color.

Method IS (1) FID ({)
£ D3PM 8.13  18.08
% RDM 716 24.23
‘g USD3-CE 9.10 13.62
£ USD3* 9.08 11.89

USD3 9.17 11.92
¢ SDDM 8.72  14.17
£ 7 LDR 8.37 17.61
£ SEDD 9.12  13.01
O USD3-CE 9.13 13.05

USD3 9.20 12.67

Figure 2: Overview of decoded samples uncon-

VQGAN R . 1042 7.68
Q econs ditionally generated by USD3.

space with a pre-trained VQGAN (Esser et al., 2020) in MaskGIT (Chang et al., 2022).
The reconstruction gives a FID of 7.68 and IS of 10.42, using the Inception V3 Model 3.
This conversion allows us to (1) evaluate our methods on nominal data by breaking the
neighboring orders in the image space, and (2) select a closed-form stationary distribution
m (details in Appendix 9.17.4).

Metrics. For evaluating image quality, we first feed the generated samples through the
VQGAN decoder to obtain representations from the discretized space. Then, we measure
the Inception Score (IS) (1) and Frechet Inception Distance (FID) (|) against the original
CIFARI10 dataset. Note that our training set, which are discretized images from VQGAN,
achieves 1S=10.42 and FID=7.68, which are optimistic limits for generation.

Training Details. We apply a Diffusion Transformer, with 12 layers and train 1 million
steps. In discrete-time diffusion, all the USD3 and its variants use the same cosine noise
scheduler with o = 0.008. For continuous-time diffusion, and for continuous-time , USD3
utilizes a constant noise scheduler with 0.007, to match the scheduler in 7-LDR-0 and SDDM.
More training configurations about baselines can be found in Appendix 9.17.6.

Results. Table 3 shows results with USD3 and its variants along with the baselines.
Discrete-time D3PM and RDM fall short of the harder image generation task, whereas our
simplified discrete-time loss increases the FID of discrete-time USD3. In continuous-time
methods, 7-LDR with a similar loss to USD3 falls short due to its complicated generation

3. https://github.com/openai/consistency_models/tree/main/evaluations
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process, while SDDM and SEDD are the most competitive among the baselines. SDDM
requires substantial compute resources while being limited to a specialized model architecture.
Continuous-time USD3 achieves the best overall IS. While USD3 and SEDD share similar
loss formulations in training, USD3’s sampling procedure provides an additional boost in
the quality of generated samples. Discrete-time USD3 and its simplified USD3* achieve the
best FID score. Figure 2 provides a qualitative overview of samples generated by USD3 and
decoded with VQGAN.

Additional results. We conduct an additional experiment on the trained USD3 to show
that the derived MCMC further improves the image generation quality. We apply MCMC
sampling with various hyper-parameters for 50,000 sampled images at the last 10% of the
sampling phase (last 100 timesteps), for both discrete- and continuous-time USD3. The result
is shown in Table 4. Thanks to the unification scheme for discrete-time and continuous-time
diffusions, our proposed MCMC is able to boost up the performances of both methods,
which provide better generation quality than all the baselines.

5.3 Unconditional Text Generation

Text8. For unconditional text generation, we measure USD3’s performance against a list of
diffusion and autoregressive models, on text8 dataset. The text8 dataset is a character-level
text corpus with a compact vocabulary of 27 tokens, comprising the letters 'a’ -’z’ and the
’_? whitespace token. We adhere to the previous practices in Austin et al. (2021), training
and evaluating text8 in chunks of length 256, without additional preprocessing.

Training Details. We use a Diffusion Transformer with 12 layers and train 1 million steps
with batch size 512. Since absorbing noise has been shown to perform better than uniform
noise in Austin et al. (2021); Lou et al. (2024), our USD3 is trained with absorbing noise as
well. The noise schedule type we have used is log-linear with € = le — 3, similar to SEDD.

Results. We evaluate the unconditional generation results with Bits Per Character (BPC)
on all test sets. Table 5 shows USD3 performances against existing benchmarks (The baselines
are taken from Graves et al. (2024); Austin et al. (2021); Lou et al. (2024). In addition, the
IAF/SCF results are shown in Ziegler and Rush (2019), the Autoregressive Argmax Flow in
Hoogeboom et al. (2022), the Discrete Flow in Tran et al. (2019), Multinomial Diffusion
in Hoogeboom et al. (2021b), and MAC in Shih et al. (2022)). The discrete-time diffusion
USD3 improves over Multinomial Diffusion and D3PM on their reported benchmarks. For
continuous-time diffusion, USD3 performs comparably to SEDD, since USD3’s loss function
aligns with the DWDSE in Lou et al. (2024).
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Table 5: Comparison of different methods in terms of BPC (bits per character) (]). USD3
is compared against both autoregressive and non-autoregressive benchmarks.

Type Method BPC ({)
IAF/SCF 1.88
) AR Argmax Flow 1.39
Autoregressive & Flows Discrete Flow 1.23
Autoregressive 1.23

Bayesian Flow Network < 1.41

Multinomial Diffusion < 1.72

Discrete-Time Diffusion D3PM Absorb ; 1.45
USD3 Absorb <1.43

. . o SEDD Absorb < 1.39
Continuous-Time Diffusion USD3 Absorb < 1.40

5.4 Ablation Study

While many previous works optimize a combined ELBO and cross-entropy (CE) loss and
fix the cross-entropy coefficients at 0.001, we conduct an additional ablation experiment
on different combinations of weight coefficients. We train the several diffusion models on
Lakpiano dataset with the same backbone architecture and as in training schemes as the
previous experiment. We alter the weights on cross-entropy only. We set CE to be in
the range {0,0.001,0.1,1.0}. When CE = 0.0, it is our USD3-ELBO model that purely
optimizes the ELBO loss. USD3-CE refers to a model that optimizes with cross-entropy loss
equals to 1.0 and not repliant on ELBO loss (ELBO = 0.0).

Table 6 shows the evaluation metrics of different loss coefficients. This ablation study
shows that the combination of CE loss and ELBO effectively balances generalization and
pattern recognition in the data. While CE loss alone in the continuous-time diffusion yields
strong results across n-gram Hellinger distances and Proportion of Outliers measurements,
it produces the least diverse samples (with least Diverse Edit Distance) and Train-to-Test
Ratios for Proportion of Qutliers and Hellinger Distances. Adding larger CE terms in the
loss function also affects the Diverse Edit Distance and Train-to-Test Ratios for generated
samples, while CE = 0.001 and USD3-ELBO are often the first or second place in providing
music notes that do not "parrot" training data. The result shows that CE term in the
diffusion optimization stage is more likely to cause overfitting, often “parroting” training
data and limiting generalization to unseen examples. These findings highlight the need to
carefully balance loss coefficients for optimal robustness and adaptability.
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Table 6: Metrics comparing different loss combinations for Lakh Pianoroll. For each of
n-gram Hellinger Distance (ng.-Hellinger) and Proportion of Outliers (ng.-Prop.
Outlier) metrics, we show mean with respect to 3 generated samples. The top
two are highlighted by First, Second. We report Train-to-Test Ratio for 2-gram
Proportion of Outliers and Hellinger Distance on PIANO-P to quantify “parroting”.

n-gram Hellinger (/) n-gram Prop. of Out.(}) | Div. Edit | 2g-Prop. 2g.Hellinger

Method lgram  2gram  3gram | lgram  2gram  3gram | Dist. (1) | Ratio(7) Ratio(1)
% USD3-ELBO | 0.3676  0.4483  0.5229 | 0.1142 0.1670  0.2528 0.0485 7.9642 1.5159
= CE=0.001 0.3672  0.4487 0.5234 | 0.1126  0.1757  0.2562 0.0484 7.5278 1.5601
% CE=0.1 0.3664  0.4472  0.5221 | 0.1132  0.1747 0.2544 0.0485 7.5923 1.5532
% CE=1.0 0.3654 0.4472  0.5228 | 0.1118 0.1752  0.2576 0.0482 7.3524 1.4826
A USD3-CE 0.3677  0.4493  0.5236 | 0.1068 0.1669  0.2455 0.0482 7.3224 1.4722
% USD3-ELBO | 0.3673  0.4474 0.5204 | 0.1125 0.1685  0.2455 0.0504 7.3620 1.5945
% CE=0.001 0.3676  0.4467 0.5198 | 0.1097 0.1668 0.2423 0.0498 8.2954 1.5912
5 CE=0.1 0.3670 0.4465 0.5197 | 0.1106 0.1695  0.2449 0.0479 7.3821 1.5026
é CE=1.0 0.3673  0.4486  0.5204 | 0.1070 0.1679 0.2417 0.0480 7.0124 1.5253
3 USD3-CE 0.3658 0.4465 0.5201 | 0.1043 0.1630 0.2414 0.0483 6.5462 1.5033

5.5 Memory and Running-time Comparison

Table 7: The GPU-memory, running time and number of network parameters in all meth-
0ds.USD3 is easier to train and incurs the least GPU memory in both discrete-
and continuous- time diffusions.

Method Num. Parameters Memory  Runtime ‘ Method Num. Parameters = Memory  Runtime
¢ D3PM ~ 102,700,000 15669MiB 93 hrs | £ SDDM ~ 120,350,000 85528MiB 96 hrs
‘E RDM ~ 102,700,000 9570MiB 86 hrs ‘z SEDD ~ 102,700,000 4620MiB 85 hrs
g USD3-CE ~ 102,700,000 9735MiB 83 hrs g 7-LDR-0 ~ 102,700,000 17669 MiB 129 hrs
é USD3* ~ 102,700,000 9735MiB 82 hrs g USD3-CE ~ 102,700,000 15703MiB 93 hrs

USD3 ~ 102,700,000 9735MiB 90 hrs | S USD3* ~ 102,700,000 17620MiB 91 hrs

USD3 ~ 102,700,000 17620MiB 101 hrs

Table 7 provides the running time, number of parameters (in the transformer architecture)
and GPU-memory for VQCIFAR10 generation task. While D3PM, and 7-LDR-0 use the
same backbone transformer structure as USD3 and contain the same number of parameters in
the transformer, they require a passing of transition matrices, which incur additional memory
and slow down the training process. RDM is similar to USD3-CE and USD3* in memory
calculation and runtime. SDDM requires a special architecture and considerably larger
memory during training. SEDD requires significantly less memory than USD3 (continuous
version), and training time is almost equivalent to the discrete-version USD3-CE and USD3*.

5.6 Sampling Time Discrete-time and Continuous-time Discrete Diffusion

In Table 8, we have calculated the time required for baselines and our models to sample
50,000 VQ-encoded images with 1000 timesteps on a single A6000 GPU. In addition, we
calculate the time required when USD3 and 7-LDR need MCMC corrector steps (=5) in
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sampling. We compare our results in the following tables. In terms of sampling time, RDM
yields the most sampling time due to its re-routing sampling scheme. SEDD and 7-LDR are
similar in sampling time, due to the tau-leaping scheme. USD3 falls short of SDDM, which
requires a special NN architecture and different code base (jaxlib) than other methods. But
when considering MCMC sampling, USD3 brings faster sampling time than tau-leaping in
7-LDR, while allowing sampling for both continuous-time and discrete-time models.

Table 8: Sample times and MCMC sampling steps for different models.

Model Sample Time | MCMC Sampling Step=>5
RDM ~23 hours -

D3PM ~8 hours -

7-LDR ~9 hours ~2 days, 20 hours

SDDM ~T7 hours -

SEDD ~8 hours -

USD3 (continuous version) | ~8 hours ~2 days, 12 hours

USD3 (discrete version) ~8 hours ~2 days, 12 hours

6. Practitioners’ Guidelines

Noise Sampling: Due to its masking nature and similarity to autoregressive models,
absorbing noise has become a mainstream approach in language modeling. Many studies
have focused on simplifying the use of absorbing noise, as it allows for a more straightforward
derivation of forward conditional probabilities and leads to simpler parameterizations (Sahoo
et al., 2024; Lou et al., 2024; Zhang et al., 2025). In the context of image generation in
the VQ space, we observe that absorbing states do not necessarily outperform uniform
noise. However, Shi et al. (2025) show that autoregressive models incorporating absorbing
noise can produce high-quality texts. We hypothesize that absorbing noise works better
for naturally discrete space given its sparsity in the manifold, while for other domains like
images whose manifold is much denser, uniform noise could work better. What’s more, for
domains like graphs, Zhao et al. (2024) theoretically shows that absorbing noise cannot
have enough expressivity for graph transformation, while uniform noise helps on breaking
structural symmetries that solves the expressivity limitation of generation. Moreover, if
the marginal distributions of nodes and edges can be effectively learned, the noise can be
tailored to reflect underlying graph properties, resulting in generated graphs that better
align with the original distributions.

Noise Schedules Noise scheduling is another crucial factor in diffusion training. For
instance, Chen (2023b) show that, at the same noise level, diffusion tasks become easier as
image size increases. In our experiments, we adopt the same noise schedulers as recommended
in previous literature, for a fair comparison. However, for modalities such as text, which
reside in high-dimensional and sparse vector spaces, a more adaptive or complex noise
scheduler should be considered to prevent degeneration (Gao et al., 2024). In general, we
also found that the noise schedules have relative smaller impact on performance when doing
ablation, that simple linear or cosine schedule works well. This probably aligns with flow
matching (Gat et al., 2024) .
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Training Configurations Important configurations include loss, architectures, and train-
ing hyperparameters. For combining CE loss and negative ELBO, we find that setting
coefficients of CE to 0.001 yields better generation performance, as illustrated in our previ-
ous ablation study. During training, we find the Diffusion Transformer (Peebles and Xie,
2023) consistently outperforms the standard Transformer architecture across a range of
tasks. This performance improvement can be attributed to the integration of diffusion-based
mechanisms, such as timestep embeddings, which enhance the model’s ability to capture
complex dependencies and enhance diffusion generation. Additionally, training stability and
convergence are significantly improved by employing an exponential learning rate decay
alongside cosine learning rate scheduler and linear warmup. While EMA parameters can be
difficult to tune and have a significant impact on image synthesis quality, we heuristically
set = 0.999 without further tuning. Karras et al. (2024) provides further instructions on a
post-hoc approach to tune EMA parameters during diffusion training.

7. Limitations and Future Work

There are several limitations in our current work that warrant further refinement:

Scalability Limitations. When the number of classes (in the tokenizer space or corpus
space) increases, our current simplifications become insufficient and require further adjust-
ments. Several prior studies have employed simplifications in absorbing state diffusions
(Sahoo et al., 2024; Shi et al., 2025; Lou et al., 2024), achieving improved results, particularly
in the domain of text generation. These studies underscore the potential of diffusion models
for both text and image domains. A promising direction for future work would be to focus
on simplifying the process to accommodate uniform noise distributions or noise distributions
specific to marginal distributions. For instance, Ou et al. (2025) demonstrates that absorbing
noise is mathematically equivalent to the marginal distribution of clean data, scaled by
time-dependent factors. This insight could be instrumental in enhancing the efficiency and
applicability of diffusion models in various domains.

Theoretical Bound on Simplification of Loss Function. Proposition 3 presents a
useful simplification of the discrete-time loss function. However, the theoretical error bounds
associated with the simplified loss, particularly after removing the sensitive scale term in Eq.
Eq. (14), as well as the guidance method for clipping coefficients, need more rigorous study.
A deeper analysis is required to understand the impact of these modifications on the overall
model performance and convergence properties, as well as to assess the trade-offs in terms
of accuracy and computational efficiency.

Sampling Efficiency. While our work focuses on improving the accuracy of the sampling
process, it should be noted that incorporating additional MCMC steps leads to slower
sampling due to the increased number of steps required. An alternative approach that has
gained attention in the literature involves efficient sampling by reducing the number of
sampling steps, as demonstrated by Geng et al. (2025). We view this as a promising avenue
for future exploration, by refining the noise generation process or designing novel, noise-
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guided generation strategies to improve sampling efficiency without sacrificing performance.

8. Conclusion

We introduce two fundamental contributions for both discrete-time and continuous-time
diffusion for categorical data. First, we presented extensive mathematical simplifications for
the loss functions, including exact closed-form derivations as well as novel easy-to-optimize
approximations. Second, we established a mathematical unification of discrete-time and
continuous-time discrete diffusion, enabling mutual benefits. Our proposed approach USD3
for discrete diffusion achieved significant improvements on established image, text and
music notes datasets, across a suite of generation quality metrics. Experimentally, we have
conducted extensive experiments on diverse benchmarks to ablate design choices, analyze
training mechanisms, investigate various loss terms and their effects on generalization
performance and data quality.
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9. Appendix

9.1 Evidence Lower Bound Derivation
log/pH(XO:T)dXI:T > Eyxy.r/x0) [ 108 Po(X0.7) — log q(x1.7|x0)]

T
po(Xe—1]%¢)
= IEq(xl:Tle)) UOgP@(XT) + ; log m]

(xo]x 1 Zl po(x¢—1]%¢t)

= EQ(xllexO) [Inge(XT) + IOg

(x1lx0) = 7 q(xe[xt-1,%0)
po(Xolx1) po(xi—1]x¢)  q(x4-1|%0)
ar.rlxo) [ 108 Po(x7) +log = 28 q(x1x0 +Z ( (xt—1]xe,%0)  q(x¢|%0) ]

( 0| 1) X1| 0 pe Xt 1|Xt)
:Eq(xllexO)Unge(XT)+10g (X1!xO) + log o(xr %o +Zl m]

Z Xt 1|Xt,X0)]

=E q(x1:7]%0) [logpg(x(]‘xl +log ——=

xT\XO = Do (Xe—1|x¢)
T
= Eq(xa]xo) [log pe(xo[x1)] — ZEq(xt|x0) [Dkr, (q(x¢—1]%¢, X0)||po(x¢—1]%¢)] —const. (30)
—£1(6) B L4(6)

(a) Latent graphical model for diffusion (b) Generalize (a) to multi-element object

Figure 3: The graphical model diagram for both element-wise diffusion and multi-element
diffusion.

9.2 Definition of nominal data

Nominal data, or categorical data, refers to data that can be categorized but not ranked or
ordered. In mathematics, nominal data can be represented as a set of discrete categories
or distinct labels without inherent ordering. As there is no ordering inside, operations
of comparing categories is meaningless except checking equality. In the real world, most
categories of data are nominal in nature, such as nationality, blood type, colors, among
others.
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9.3 Derivation of q(z;_1|z¢, o)

First, let us define @ﬂs = Qs+1---Q;. Note that @ﬂo = Q, and @t‘t_l = ;. Accordingly, we
can derive the following two equalities.

—T
q(x¢|xs) = Cat(xs; QysXs) (31)
—T —T
q(x¢|x5)q(xs]x0)  Cat(xe; Qysxs)Cat(xs; Qs Xo)
q(Xs’XhXO) = = —
q(x¢[x0) Cat(x; Q; X0)
— =T — —T — =T
X{ Quext X Qs x0 1 Qysxi © QX QysXt © Q5 Xo
= TAT = X AT = Cat(xs; Ti—r) (32)
x; Q¢ Xo x; Q¢ Xo x; @y Xo
Using the formulation of @Q; in Eq. (7), @t‘ s can be written as
@t\s =yl + (1 — at|s)17nT (33)

where @y = Hfzsﬂ a;. Note that a; = oy ,as.
Next, we can simplify Eq. (5) using the above formulations as
J— 7T . o . o
Qt\sxt © Qs X0 (at|sxt + (1 - at|s)<m> Xt>1) © (aSXO + (1 - as)m)
XtT@tTXO ap(x¢, o) + (1 — @) (m, xy)
apxy © X + (@ — @) (m, x¢)Xo + (@ys — @) xe © m+ (1 — @) (1 — @) (m, x)m

N a(xe,x0) + (1 — @) (m, xy¢)

(34)

We can simplify the above equation further by considering two cases: (1) x; = xo and (2)
Xt 7# XQ.

(Case 1) When x; = xq, using the fact that both x; and xg are one-hot encoded, we
observe

Eq. (34) = axy + (s — ) (m, x)xg + (@ — @) (m, x)x + (1 — @) (1 — @) (m, xi)m

a+ (1 —ay)(m,xy)
T+ (Qys + @ — 200) (M, Xt)X (1 — @) (1 —@ys) (m, xy)
a+ (1— o) (m, x) P A (=) (m,xy)
= (1= Ags) - Xe + Aggs -, (35)

where A is defined as

(1 — @) (1 —ays)(m, xy)
ay + (1 —ay)(m,xy)

tls —

(Case 2) When x; # x¢, we can similarly derive
(@s — @) (m, x¢)Xo + (Qys — @) (M, xg)x¢ + (1 — @) (1 — ays) (m, x)m

Eq. (34) =
a- (34) (1 —ay)(m, x;)
s — O 1—a, 1 — @ B

“1-a X0+ 7 —@ta”sxt T —@t(l — Qiys)m

= (1 = payfs) - X0 + fhe)s Q) - Xt 4 )5 (1 — Qys) - M2, (37)
where fi, is defined as
1—a;
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Combining the results from both cases together, we can write ¢(xs|x¢, %) in the following
form.

Cat(xs; (1= Ng) - Xt 4+ Ay - m) when x; = xg
q(xs|x¢,%0) = _ _
Cat (Xs; (1 = paegs) = X0 + fre)s Qs - Xt + pygs(1 — @) - m) when x; # Xo
(39)
9.4 Parameterization of py(zs|z;)
We first provide the formulation as follows.
Po (%) = > q(xs|%¢, x0)po(xolxt) (40)

X0

Using q(xs|x¢, %0) in Eq. (9) and pg(xo|x;) = Cat(xo; f7(x;)), we can expand it as

Po(Xs|xe) = q(xs[xe, %o )po(xexe) + D q(Xs]xt, X)pa(x[xs)

XF£X¢

=x] (1= Aga)xe + e )x] f7 (x2)

+ Z Xz((l - .UJt|s)X + ﬂt|sat\sxt + :ut|s(1 - at|s)m>XTff(Xt)

XFEX¢
=X, {((1 — o)Xt + Agsm)x) L (x0) + (1 — paggs) (Y xx ) £ (x4)
XF£X¢t
+ (pagysQiysXe + pres(1 — @ys)m) (Y X)Tff(xt)}

XF£X¢

=) [((1 = Ao + Agam)x] £ (00) + (1= pg) (1 = %)) L (1)

+ (s Xt + )5 (1 — @y )m) (1 — Xt)Tfto(Xt)}

J (1- Aijs) X fE (k)% + Ngjsxi 7 (xe)me+ (1 — paggs) (FF (%) — %/ f7 (x0)%¢)

=X

- ()0 + g5 (1= G )m) (1= x] £ (x1))]

:X;r (1 - Mt|s) : ftH(Xt) + ((Mt\s - )‘t\s - Mt\sat\s)xjfte(xt) + :ut|sat|s) "Xy
+ (— (1t — Aggs — Mt|sat|s)x;rft9(xt) + pygs(1 = at\s)) m]
= Cat(xg (1= puga) - S7050) + (pgsigs +90,) - X0+ (g (1= @) = 78,) - m)
(41)

9.5 Proof of Proposition 3

As q(xs|x¢,%0) has two different categorical distributions based on whether x; is equal to
X, we prove the Proposition 3 based on two cases.
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Case 1: x; = x¢. In this case, let hf := f¢(x;) — 2o, now replace f¢ with ¢¢ in Eq. (2)
and Eq. (10), we get

’Yﬁs = (:U/t|s - )‘t|s - ,U/t\sat|3><h? + CC(),CCt> = (Ut\s - /\t\s - Mt|sat\s)<h?7 a:t) + (:U’t|s - )‘t|s - Nt\saﬂs)
(42)
Taking the formulation into Eq. (10) and cancel out terms, we can simplify py(xs|x;) as
Po(xslxe) = (1= pygs)hf + (1= Nyjs)e + Ao+ (Lg)s — Mgs — fajsQiags) (B o) (20 — M)
Hi|s — )‘t|s - /Lt|sat|s< 0
hy,x)(xr — m)
1- Hi|s ¢ }

= q(xs[xt,%0) + (1= puge) [Bf + Supo (B, 1) (0 — m)| (43)

= (s, %0) + (1 = page) [ +

Case 2: x; # x¢. Based on Eq. (9) and Eq. (10), it’s easy to find that
Po(Xslxt) = (1 = pyys) (ff (1) — @0) + 1] (01 — 1) + (1 = p1y1)80 + a0yt + piy)s(1 — g )
— (1= g ) (F @e) — o) + ], (@ — m) + a(xs[x1.%0)

s
= (5[0, %0) + (1= i) [£7 (1) — o + (1_'/”)@: -m)] (44)

Taking the definition of 'yf's in Eq. (2) and using the fact < g, x; >= 0 we get the formulation
in proposition 3.

For both cases, we proved that the formulation in proposition 3 is correct.

9.6 Proof of KL divergence approximation

Assume that p(x) = ¢(x)+ Ap(x), and both p(x) and ¢(x) are valid categorical distributions.

Then
Dxr(q(z)|p(x Zq log ; = q(x)log(1 + AQZZS)

By Taylor expansion, log(1 + z) =~ x — % we ignore larger than 2 order terms. Then apply

this we get

) (45)

Diaa@)lpt@)) = = Y a(e)l Zreg” — (25
T 2
- _ Z Ap(x) + Z A(i(w))
T 2

- a(=x)

Change probabilities ¢ and p to q(xs|x¢, Xo) and pp(xs|x:) we get the targeted formulation.
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9.7 ELBO with partial time steps

Assume that we only observe x;, X;, and xg, and assume that we have learned the prior
po(Xt).

Po(X¢, Xs,X0)

q(xt, Xs]%0)

Po(X¢, X5, X0)

q(x¢, X5|X0)

Po(X¢)pa(Xs|Xt)po(X0[Xs)
q(x¢|x0)q(xs|%¢,%0)

> Byx, x/x0) 108

log pg(x0) = log Eq(m,xs [%0)

=E log

a(xe xs x0) [

- Pa(x) po(Xs|x¢)
= x| 108 i h + lompoloe) o+ log ot Sl
= —Dxcelg(xt|%0) [P0 (2t)] 4 B o) 108 2o (3¢5 30) — D (x5, x0) [ po o 1)

(47)

9.8 Reparameterization Form for Sampling

In practice, we need to sample x;g ~ q(x¢|x) for training and x,; ~ pg(xs|x;) for generation
(backward denoising). In what follows, we provide the reparameterization form for these
to facilitate fast sampling. Given q(x¢|x0) = Cat(x¢; @xo + (1 — @)m) and pp(xs|x¢) as in
Eq. (10), we can rewrite the corresponding variables as

X¢0 = 01,b,%0 + (1 — &1,p, )Mo, where by ~ Bernoulli(a;) (48)

X5\t = O1,b,,Xolt + O2b,,X¢ + O3, Mo, (49)

s|t
where iO|t ~ Cat(ff(Xt)) and bs|t ~ Ca't('; [1 — Ht|s» /’Lt|sat\s + 7156‘37 Mt|s(1 - at\s) - %ﬂs])'
Eq. (48) and Eq. (49) essentially show that the sampling process can be divided into two
steps: first, sample the branch indicator by (or bs|t), and then sample from the categorical
distribution of that branch, i.e. x¢, m, or Xo;. Moreover, the three terms in Eq. (49)
highlight that the denoising step of generating x, from x; essentially draws samples via
three levers: (1) use the predicted sample xq from the trained network f¢(x;) directly, (2)
keep it unchanged as x¢, or (3) roll it back to noise my, offering an intuitive understanding.

9.9 Discrete-Time Multi-element Object Extension

We first extend q(x¢|x0), ¢(Xs|x¢,%0), and pg(xs|x¢) to multi-element object, and then
present the negative ELBO loss extension. First, for the forward process conditional on
Xo, each element x¢ of the multi-element object x}*” has its own diffusion process without
interactions with others. Formally,

D
1:D1:D 1:D l:D did d
q(x; " [xp") H q(x |X0 ;and  q(x; |X Xp) = H q(x5|x¢, x5) - (50)
The corresponding forward reparameterization form for generating x#éj can be updated as
tho = 51 le ®X0 ( 51 bl D) @méD ) (51)

where 5%:5%: p is a D-dimensional vector with d-th element being 517btd and bgl ~ Bernoulli(a@;).

For the backward process, all elements’ transition processes are coupled together, as
shown in the graphical model in Appendix Fig. 3(b). We start with the parameterization
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po(x5P|x}P), with the form
. . . . . 0.d, 1:
po(xo”IxiP) = [] po(xgxi™”)  with  pp(xglx;”) = Cat(xqlf; " (x{7))  (52)
Then, pg(x1P)x}P) = 12, po(x%|x}P), with the component pp(x4|x}P) has the form

Cat(x%; (1= ) P OP) + (g5 + A%+ (s (1= age) = A5 Hm?) . (53)

(1 —a,)(1 - ay,) (m?,x{)
a; + (1 —ay)(md, x3)

0,d — 0,d
where Ves = (ut\s - )\f‘s - Mt|sat\s)<ft (th D), > )‘t|s =

Similarly, the reparameterization form can be expressed as
X _51b1D O %o + 52b1D® 53b1D®m(11Dv (54)

S 0, : ,d — 0.d
where Xf)l|t ~ Cat(f; (X% D)) and bd|t ~ Cat(1 — Hi|sy Hit|sCt)s T ’Yt|s ) Mt|s(1 - at|s) Vs )-

Finally, the following reformulate the loss functions £;(f) for multi-element objects,
where we drop the constant term for simplicity.

D
LP(0) =Eyppepr) dz Ottt sty |~ Log P (i )+
=1
(1= Gt st Byt oty [~ og po (i x| (55)

9.10 CTMC introduction

The CTMC process can go with either increasing ¢ or decreasing ¢, and we use increasing ¢ as
the default direction to introduce CTMC. For any CTMC, its transition rate matriz Ry with
[R:]ij = r¢(ej|e;) fully determines the underlying stochastic process. CTMC is categorized
into time-homogeneous and time-inhomogeneous based on whether R; is static with respect
to t. In this paper we work with time-inhomogeneous CTMC.

Based on the definition in Eq. (17), we can derive some properties as follows

Yy
Ujt—nt(Y|T) = day + 1e(ylx) At + o(At) (57)
Eq. (56) shows the properties of transition rate, which imply ri(z|x) = — 3, ., re(y|z).

Eq. (57) characterizes the infinitesimal change of transition probability, and can be used
to derive the relationship between transition matrix @t‘ s and transition rate matrix R.
Formally, a CTMC’s transition probabilities satisfies the Kolmogorov forward and backward
equations (Kolmogoroff, 1931) :

d d— —

aqt|s(y|m) = th|s(z\m)rt(y|z) or %Qt‘s = Qs Fu Kolmogorov Forward (58)
d d— —
25 tls (y|x) er (z|x)qys(ylz) or %Qﬂs = —R;@Qy; Kolmogorov Backward (59)

The above equations are Ordinary Different Equations (ODEs) and have unique solutions.
Rindos et al. (1995) mentioned that when R;, and R, commute (i.e. Ry, Ry, = R, Ry, ) for
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any t1,ta, the transition probability matrix can be written as
o t
Qs = exp (/ Rada) (60)
S

where exp(M) == >"72, ]\g—f is the matrix exponential operation. The commutative property
of R; can be achieved by choosing R; = 3(t) R, where R, € RE*K is a time-independent base
transition rate matrix satisfying properties in Eq. (56) and () is a positive scalar dependent
on time. Now assume Ry, is diagonalizable and R, = UXU ! by eigen-decomposition, then
we can simplify Eq. (60) as

t . . —
Qs = exp (/s /B(t)Rbda) = exp(BysRy) = exp(By, USU ') = Uexp(B,,Z)U~"  (61)
where Bt‘s = [! B(a)da

9.11 Derivation of Eq. (18)

oo (_[B. )k
Qo= explig by = 1+ 3, LI (55 00l

k=1 : k=1 k!
=T — (e Pt —1)Ry = e PelsT + (1 — e Peis)1mT (62)

9.12 Derivation of Eq. (25)

With the help of Eq. (19), we first show that g/ can be simplified as follows.

9 t|0 at\()<z7 m> 0
g; (z|lx) = —|(z,m) + P (2T — po (x|
{xl) = s [ m) + Trh(ele) - g e Pl
1 atmpo‘t(mm) CYt|0
= 1- N 63
) 0™ T (- mg ) ™+ Togteele)] Ve (6
Proof
AT — T =
Go(2lz0) 2 QuoTo _ @yoz @0 + (1 —yo){z,m) (64)
@jo(x|xo) :BT@,IO:BO at|033T51’30 + (1 = @ypo)(x, m)
Then when z # x, we can write it as
é;ﬁi if ¢y # « and xg # z
%o
G)o(2|0) oy +(zm) _
= if xg =2 65
an(@le) | = : o)
Et‘éz’"w if ¢y = x
1—at|0+<m7m>
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Hence,

o (zla) = 3 oI o o)

zo Grjo (| o)

Qt|o(z|33) 0 Qt|o( z|z ) dtjo (2|zo) 0
= = pp(@fe) + ————pp(z|z) + ———— P (@o|x)
g0 (a|a) O I CIE mo;m grjo(wla) "

(z,m) 0 fg?w (z,m) 0 (z,m) 10 0
Ty T iy PO Gy (Bl )
B ;{ _ at|0pg|t($’$) )<z m> " Oét|0 p (z|m)} Va ?é . (66)

(z,m) Ao + (1 — Qo) (@, m)” L—ayo
Additionally, when z = @, g/ (z|@) = 3", pg‘t(m0|m) =1. |

We can also compute the vectorization g (-|) directly as

ayo(fl(x), z @,
gf(-|w):<w1m>[1— 0/t (). =) +—L @] o -z +z (67

Qo + (1 — @) (x, m) I —ayo
where f(x) is the parameterized neural network for pg‘ ,(-|z) that outputs the distribution

of xg;. Eq. (25) combines Eq. (63) and ¢ (x|x) = 1,Ve.

9.13 Derivation of Forward and Backward Transition Rate in Multi-element
Case

In this section, we show how to extend transition rates, and and the ratio gf , into multi-
element case. We let \% represent '*P\?, i.e. the object without d-th element, for simplicity.

Forward Transition Rates: First, the transition rates for forward sampling has a
specific decomposition formulation in multi-element case as proven by Campbell et al. (2022),
thus, we summarize the result as follows. The key assumption for CTMC is that at a single
time, only one dimension can change.

D
P (y' |zt Z (Y26 ya (68)

where 0,\4 ,\a is the Kronecker delta and it is 1 if and only if x\4 = y\l. As we also
assume that all dimension processes are indepedent, rf denotes the transition rate of the
CTMC process at d-th element/dimension.

Backward Transition Rates: Now let us work on 7' (y%P|2*P). Notice that as the
backward process is also a CTMC, it also satisfies that only one dimension can change at a
time. We summarize two equivalent formulations as follows.

D

A1:D/, 1:D|.1:D 24 Qt\O(yd|mg) d).1:D
Tt (y |.’L' Z |y :zz\d7y\d Z Qt|0(33d’33g> QO\t(a’O‘w ) (69)
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41:D 1:D‘ 1:D) _ XD: ri(xy?)s z\d y\d 0
T = PRCES) D (70)
d=1 Zmo a0y (y7|ad )QO|t($0|y )

Notice that these two formulations should be equivalent. In practice, we use the first
formulation to parameterize the reverse transition rate in learning.

Proof
1:D 1:D : D d| d
a(y ) Qt|0( |51c ) .D 1D 1:D|_1:D Qt|0(y |330)
el = —QOt(iBo | qop(xe 2 7) || =g (7D
q(x!P) 5D Gejo(®1:P]25P) | mlzD | dl;[l 1o (z]af)
> qop(zp”|2"P) Z%u f|z' P QO|t(fBo 2P xf) = qop(zf|z" ") (72)
(Case 1)
fl:D(y1:D|$1:D) _ b D( 1:D|y1:D)Qt(y1:D)
t t qt(wlzD)
D D d|.d
d D 1:D Qt|0(y ‘330)
= rd (@ y?)dpna ya qo(xo 12 7) || —— a4
<d§ =ty ><Z | Eqﬂoww@)
D
at o(y \wo)
= Z Z T‘g(md‘yd) o\ y\dq0|t(m0D|m D)W
d=1g1:D dtjo\T wo
D
Qt\o Yy |$0 D 1:D
= L@ |y?)6 a qoje(zo™” |l2™)
dz::l z\dy Z;qm:vdlw Z |
D
did QtO(y |m0) d :D
= Z («’17 ly )%\{;,\dZWQO\t(%\fBI ) (73)
d=1 zd 01T 10
(Case 2)
1D( 1D| 1~D) 1D( 1D| 1D)/CIt( 1D)
y et =r —_—
! q:(y*:P)
B i rd(z4|y?)s \a Y\
B D qyo(a’]a))
d=1_q1:0 Qo (x5 [yt P) 124 %
B f: rd (x| y?)6 Y\
o qjo(x|zd)
d=1 Zm(l)‘D QO|t($o D|y1 D)W
B ED: rd 2y )54 Y\ (74)
o Qt\o( |-’/U)
d=1 2o a0y d\wo)qo‘t(wo‘y ?)
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Ratio: We now define an estimator g% (z%|yP) as follows.

d)nd d|d d|,\d
0,d, d 1:D qo(®2G) 5 4 1p qrjo (2 |G) d), 1:D qt(z[y\?)
g (x|ly ") = ————po(xply ) = —————qop(TG|Yy ) =
! % Qt\o(yd"’?f)l) Olé ng Qt\0<yd|mg) | Qt(yd|y\d)
(75)
D 1:D|..1:D 1:D
) . 0,d : qejo(@ " |xp™) : : q(z™")
A @ PlytP) = [[ gf(aly'P) = 3~ oo Pyt P) = L (76)

110 Po
d=1 2D Qt\O(yl'D|$(1)'D)

)

Qt(y

We can extend the vector formulation Eq. (25) in Proposition 4 to gf ’d(:cd]ylzD ):

L Tl
(x?, md) Qo + (1 — @) (xd, m?)

Jm + Qtjo ff,d(mlzD)} 61— a)+

0,d ;
o2t = =

(77)

Then, we can derive two approximators for transition rate 7P (y%P|xP) as follows.
F ) = 3 @y ol (1) e # B (69) (T8

ri(x?|y)

2 gy ety = P (70 (79)
= t

9.14 Derivation of Negative ELBO Loss in Multi-element Case

As forward process is defined in Eq. (19), in multi-element case we can easily get
rd(x?]-) = Riz? = B(t) (¢, m?)1 — 2% (80)
ri(la?) = (B Ta! = f(t) (m? — a) (81)
Ttlle rd(x|-) and r{(-|z) are essentially the z-th column and row of the transition rate matrix
Ry.

In Mult-element case, the negative ELBO loss in Eq. (23) can be written as

A@,I:D N N : N N A@,IID M .
TEvmon| Y ATPEPR) - Y P ) log i (2]
wliDth‘O 21D £gl:D 21D £gl:D
(82)
As there are two terms, let’s work on each term separately.
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9.14.1 TeErM 1

Based on the formulation of r}*” and re 1D\ can rewrite the first term as

Terml =T B, 10 Y Af’l:D(zlzD|m1:D)

zl:Diml:D

== T Et,ml’D Z Z rt d|Z (Zd‘mlD) ' 5.’r\d,z\d

21 D#mlDd 1

—TIEtmlp[Z Z rt d\z (zd|m1:D)}

d= 1zd¢wd
D 0.d
=T Eygun| Y ri(@’]) g/ "(1&")] + const.
d=1
z 0.d
=T E¢tmi(o,m) B(t Z [IT (| LD)} + const. (83)
21D gy g =1

9.14.2 TERM 2

As the evaluation of #¢(:|x) for any x requires a single forward pass of the parameterized
network p8| +(-|x), the second term within the expectation of Eq. (23) requires multiple passes
of the model. This complexity is even greatly amplified in cases with multi-element objects.
Campbell et al. (2022) avoids the multiple passes by changing the expectation variable
through importance sampling. We take a similar approach to simplify the second term.
Differently, Campbell et al. (2022) uses a specific sampling distribution (same as the forward
transition rate) to introduce the auxiliary variable for changing the expectation variable, we
generalize it to use a general sampling process S; defined below.

Let y''P be the new variable upon which the exchanged expectation is based, and assume
that yP is sampled from an unnormalized joint distribution S;(y“P|x?). We restrict
Si(y"P|2P) to be a unnormalized probability that is nonzero if and only if y* and xP
are different at a single element. Formally, we can Write the unnormalized distribution as

Si(y lD’mlD) (1-0 y1iD g1:D ZSt d|32 y\de\d

with normalizer Sy (! Z Sy (ytP |zt P) Z Z S (yd|xd) (84)
yr d=1 yi £

where S¢(y?|z?) is any unnormalized probability at dimension d.
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Now for the second term, we have
Term2 =T E; ;1.0 Z ri(zVP |2t P) log 7Y (1P| 21P)

ZLD#QZLD
St(z1:D|931:D) St(fUl:D) 1:D,.1:D 6/..1:D|_1:D
=TE, 1p . : iy Tz ) log 7y (27 |27
g 5@D) 5z PalD) t
St(aff'l:D) 1:D|.1:D 0/.1:D|_1:D 1:D 1:D
=TE — = (2 e ) log 7 (2 | 2 As S; samples z* -
. Sty T e ) og @ I (As S samp ’

. . . St(:vl’D) . . N . .
=T Et’zl:DNSt 2 : [qst (wl'D|£L'(1)'D, zl.D) . m . Tt(Zl'D’CCl'D) log rf(ml.D‘zl.D)}
zl:D t z ‘m )

(85)
where gg, (21 P|zd P, 21P) is the conditional posterior distribution such that (for clearity
we replace 1P 21D with 2P| 2P respectively, as they are variables at time t)

gs, ()’ D|5'3 2P
_as @ 2Py age(aiPlag?) - Su(z w0 /S )
Xy qgt(y%:DaZ?Dlwé:D) Xy ago(@ Py P) - Se(z P |yl P) [ Se(yi )

(1= b ) S0 6 0 a8 /S, (1) - auoad 0 2, |e”)
Zytl:D [(1 - 6Zt7yt) Z(?ZI 52\‘1 \dsg(zﬂyg)/st(yt: ) : Qt|0(yt o Zt ‘:B(%D)]

Sd(zd|zd)  aro(®f|ad)
(1 — zt,wt) Zd 1 0 \d \d St (:ct t) Qt\O(z§|w§)

_ Si(zdlyd) a0y =)
b S L R b rr ol ome i

_ D S(zflzf) | auo(@f|ad)
B 0na) Xm0, S G el (86)
T vy S i)

d=1 Loy dtzd Si(y ozfd) ‘It\o(zﬂwg)
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Now taking the formulation of gg, back into Term 2, we further simplify Term 2 as
Term?2

Sd d|.d d|pnd . . " . .
Tarn [(1 = 820) D21 vt gragiiiimfony - S 1y (2P |21P) log 7f (210217

Qt|0(zd‘wo)
:TE :
£ 2D S, ) EDS Sd(zdly) . qo(¥l=f)
d=1 2y'#27 §,(yPoz\) " qy0(]g)
ZD > S¢zlad)  ago(z?lxg) . (21:D|$d o z\d) lo ,,ae(md o Z\d‘zlsD)
E d=1 Zuxd#z? G (31D |zdoz\d) ‘Zt\o(zd|md) t g7t
e A E 5 Sd(zdly) Qt\o(yd|$3)
=1 =y 227 S, (yToz\) " gy0(=7eg)
D ao@’l2l)  dr_d .d d(d|dy 0:d( d|,1:D
TR S B ) g (el @
= Ly 21D s, Z Z Qz|0(?! ‘wo) Séi(zdwd)
d=12eyl#2? q, (27ad) * Si(yPoz\?)
gejo(z?|zg) 0,d D
o YTt Ypipnd % ri(z%x) - log g; (x| 2"P) o
== : t.
R $h s ) Sy oons (87)
d=1 Zuy?#z4 4 (Gdld) * Si(yToz\d)

The above equation further shows that the sampling distribution S; for adding exchanging
variable z''P only affect a weighting term of the loss computation. Let us define the scalar
weighting term as

Qt\o Yy |$0 Std(zd|yd)
Mg, (=z 1D|a:1D (58)
t dzlygzd qio(z4xd) ~ Si(y?o 2\9)
With this definition, the Term 2 can be further rewrited as
D
1

0,d :
Term?2 :]Et’zl:DNSt|: Z Gz xd|xld) - rd(z%|x?) - log g} (:cd\zl'D)}

d
Qt\O z ‘mo zd£zd

MSt (zl:D’w(l):D) Z

0.4, | 1.
By [ 5 2 120 011 © log g (127

p(t) ED: (2, m)

= E 1:D_, |: . .
t,z St Mst(zl'D’il?(l)'D) ~ Qt\o(zd\mg)

-+ const.

0.d, | _1:
1T[Qt|o(‘\:c6l) ®log gi“(-|21P)] + const.}

(89)
9.14.3 ArLL TERMS
Combine term 1 and term 2 together, we can write the negative ELBO loss as
A@,I:D : : : : : /\0 1:D H :
TEvwor| > i EPRP) - Y PEIP ) log i P (21021
a;ltDth‘o z1:D7gw1:D 21D £g1:D
=TE  unio7) [ZT’t 0|t P)
1 D 1 D
NQt\o( )
21 DNSt( 1 D)
0,d .
L o Ul orfEh o loss 0 0
Ms, (24P |zP) = arjo(27|f)
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9.15 Further Simplification of Continuous ELBO
Proposition 7 The loss in Eq. (28) can be further simplified as

D d 6,d

0.d : gro(-|2G) © log gy " (-]
TE vmor) | D ri@)T (o (e P) - = T
21D LDy " gy qt|0(5c )

1:D)

)] on
~qyjo(|®g

where the loss only requires a single forward pass of the model and no auziliary variable is
needed.

Proof We use go(x" P|zbP) to denote P(x} 2P| 2§ P). Similarly, let (jt‘o(wlzD\w(l):D)
denotes P(z;'P = x1P|z}P). Based on the definition of S; in Eq. (84) and the procedure of
sampling z}*P conditional on x}*” described in Proposition 5, we can compute the conditional

probability Go(z?|zFP) as follows:
_ . : . Sy (xtP |z P
il Pl}?) = 3 Pla alPlef?) = Y MO8 kPl )
t :l:%:D St(mt )
St mia D) (a0 o aflaf?)
= T T o2 o x|
Pa0 a2\ 2 On o)t g 0 o gy MO O T

t

d2d) gy o(xd|xd
ZQtIO(w1:D|m(1):D)Z(1— oD (Z(Sm\d S( |zf) Q|0( | 0))

ol D m\d o 3%) Qt|0($d|mo)

= qt|0(m1:D|m(1):D) Mg, (m1:D|m0: ) (Based on Mg, in Eq. (88)). (92)

The original loss in Eq. (28) can be written as

Eq. (28) =T E 1 unio,1) {Zrt ) gl LD)}—
el Pogyo(-lzg?) d

: 2:“MMM@@ﬂwm@bwwc»m1

TE ouni(or D|pl:
wOD) | M (2P P) 2 aro(2]f)

&P gyo (-|zg?)
leDNSt(~|:B1:D)

Notice that the second part of the loss can rewritten to

0,d :
E [ 1 i 1" [gyo(2f) O rf(z7]) © log g, ([2"P)]
t~Uni(0,T : .
b M, (P2 P) ao(z7af)

= 1:D|,1:Dy D 1T d d(.d 0,d¢|,1:D
B Grjo(2"" |xg™) 1 [qo(-zg) © ri(27]) © log g, (+|27)]
=E/ Y | > ]

MSt(zLD‘a%:D) d=1 qt|0(zd|wg)

(now take Eq. (92) into)

21:D

=F, z {Qtlo(z1:D|m(1]rD) i 1T[Qt|o('\$g) ® rf(zdll.) C;l)log gf’d(-|z13D)]
. =1 arjo(2?|h)

i 17 [gyo(-|af) © rf(2%]) @ log g/ (-|="")]
Qt\O(Zd’mg)

=E ¢ uni(o,1) (93)

2Py oy P) =1
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Taking Eq. (93) back into Eq. (28) we can get the following further simplified loss that
only have a single forward pass of the model:

D D 1T d d(d 6.d 1:D
. 1 [gyo(-|xh) © rf (x|) @ log gy (|z"")]
6,d : 10 0 t t
TE umor |2 ri@)) g (a"P) = 3 = o ]
4 . qrjo (x| xF)
ml‘qut‘o(-|m(1)‘D) d—1 d=1 t|0 0
D d 0,d 1:D
9,d : @po(-|xh) © log g, (+|x*)
=TE umon | > @) (g0 ¢lztP) - = P (94)
21D gy o (|2l D)~ d=1 Qt|0(€l3 ’wo)
|

9.16 Continuous-Time MCMC Sampling Corrector & Noise Scheduling

Campbell et al. (2022) show that the MCMC for discrete data can be done by a predictor
step to simulate ?f and a corrector step using r; + ?f We extend this result with improved
derivation and show that, thanks to the shared parameterized form, both discrete- and
continuous-time discrete diffusion can leverage the same transition probability calculation
(see Eq. (100)), leading to a shared MCMC scheme, with detailed derivation provided in
Appendix 9.16.

9.16.1 THE MCMC SAMPLING CORRECTOR

Song et al. (2021b) introduced a predictor-corrector step to further improve the quality of
generated data based on score-based Markov Chain Monte Carlo (MCMC) for continuous-
time diffusion over continuous distribution. Campbell et al. (2022) showed that there is a
similar MCMC based corrector that can be used for CTMC to improve reverse sampling
at any time t. Although we use different reverse sampling than Campbell et al. (2022),
the similar corrector step can also be developed to improve the quality of reverse sampling
introdued in Section 4.4. In this section, we derive the corrector formally and simplify it
based the multi-element formulations summarized in Eq. (100).

Formally, at any time ¢, Campbell et al. (2022) proved that a time-homogeneous CTMC
with transition rate being ¢; := r; + 7 has its stationary distribution being g;(x}*?). To
avoid ambiguity, we use n € [0, +00) as the time variable for that CTMC with stationary
distribution g;(x}*”). Then for any sample z}*” generated from reverse sampling process
at time ¢, we can push it closer to the target marginal distribution ¢;(x}”) by sampling

from the corrector CTMC with initial value being z}*”, named as zt{:nD:O. Let N be the

maximum time allocated in the corrector CTMC, then after the corrector step ztlan: N 1S
used to replace the original z}P.

We now introduce how to sampling from the CTMC. Let An be the time incremental
for each sampling step of the corrector CTMC. Solving the Kolmogorov forward equation of

this time-homogeneous CTMC can derive the transition probability at any time n as
v and An, poyann(y' @) = exp(Ln - CFP) @,y 1P (95)

Where C; is the transition rate matrix of the corrector CTMC, and exp(An - CFP) is the
transition probability matrix at time n. Notice that this matrix exponential does not have
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analytical formulation. Instead, we propose to control An to be small enough such that
exp(An - CEFPY =~ T+ An - CFP (96)
Then taking it back we can obtain
pn+An\n(y1:D|x1:D) ~ 5m1=D,y15D + An- c%:D(y1:D|m1:D)

D
= g0 o + A0 Y [y @) + ri@y?) - gy 2" )]0 paya (97)
d=1

Instead of sampling all elements jointly, we propose to sample each element of the
object independently from their individual marginal distribution, which can be analytically
formulated as

pn—l—An\n Y ’m an-i—An\n |$
y\d

= on[ri(ya?) + rf @y - g (y"|2")| if y? # 2

= An(y") " Cla?) +rf(@)) © g (1a"P)] if y* # 2

1:D)

= AnB()(y")' [m? -2 + (@, m")1 - a%) © g/ (]a"")] if y* # 2
= AnB(t)(y") " [m? + @, m)gf(2'P)] it y # 2
~ An(t)(y") " | m? + (2, m?) gl (|21 P)] it y! # 2 (98)

Now we define the notation pa, (-|2P) to derive the distributional form of p,, | An|n(yd|:1:1:D ).

ol f (xP), 27

Qo + (1 — @) (x?, m?)

PRI (et P) = Ans(t)[(2 - i+ S @) o (1)
(99)

With the above notation, the sampling probability can be further simplified as
: 0,d . 0.d .
P s (¥'2*7) = Cat (9 )5 ([210) + (1 - 1Tp52 (2 P))ad)  (100)
Notice that An should be set small enough such that 1" p e’d *(-|&¥P) < 1. This condition can

be used to derive An dynamically. In practice, we can also easily clip the scale of pe od (et P)

to 1 when 1Tp9AC£L(-|:z:1~D) > 1 to prevent illness condition. Intuitively, 1 — 1Tp9Ai(~]:c1~D)
defines the keeping rate of the d-th element during correction step, and it should be larger
with increasing ¢ and n during the reverse sampling and correction period.

9.16.2 NOISE SCHEDULING IN TRAINING

Notice that 5(t) = _a% dd? as Q| = exp(— f Bla . We now first present a general way

to design the scheduling of @; based on Chen (2023a) For any continuous function h(t), we

define @; as the follows that satisfies @y = 1 and ar = 0:
hT) — h(t)

= WD)~ h(0) 1oy
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Algorithm 3 The MCMC correcting algorithm at time ¢

Input: The sample at time ¢ from reverse sampling, z}*"; step size An; learned f7; total
steps N.
Initialize m,}:OD — 2P
for ¢ from 1 to N do

Compute pi’i(‘\w%jﬂl) from Eq. (99);

vd, Draw @, ~ Cat( - 50, (2EP,) + (1= 17p50 ClafiP ) e, )
end for

Output: the improved (corrected) sample az%ﬁ

We can easily derive that
1 R (t) B R (t)
= WO - h@) T BT - R 1o

B b dh(t) td(h(T) — h(t)) hT) — h(?)
Q)5 = exp(—/s m) = exp(/s h(T) — h(t) )= h(T) — h(s)

Based on the above general formulation, we now present some widely used noise schedules

(103)

Table 9: Widely used noise scheduling with maximum time T

Type Param. Reference | h(t) a B(t) Qs
Cosine a = 0.008 (Hoogeboom et al., 2021a)|cos( LL+e 1) Lo} Tt ) h(®)
osine a = 0. oogeboom et al., a)|cos( a5 7(0) ST 7(s)
Linear - (Ho et al., 2020a) t 1-— % ) ﬁ g::; ,
Exp. a,b (Campbell et al., 2022) - exp(Ta(l —bT)) abT logb exp(Ta(bT —bT))

9.17 Experiment Details
9.17.1 BASELINES

For music and image generation tasks, we compare USD3 and variants to latest SOTA
discrete diffusion models in the literature: D3PM in Austin et al. (2021), RDM in Zhang
et al. (2023) (discrete-time), 7-LDR-0 in Campbell et al. (2022) , SDDM in Sun et al. (2023)
and SEDD in Lou et al. (2024) (continuous time). For text generation task, we compare
our model to both diffusion, autoregressive and flow models. The baselines are taken from
Graves et al. (2024); Austin et al. (2021); Lou et al. (2024). In addition, IAF/SCF results
and configurations are shown in Ziegler and Rush (2019), the Autoregressive Argmax Flow
in Hoogeboom et al. (2022), the Discrete Flow in Tran et al. (2019), Multinomial Diffusion
in Hoogeboom et al. (2021b), and MAC in Shih et al. (2022).

9.17.2 LisT OF HYPERPARAMETERS

Refer to Table 11, Table 10, and Table 12 for a list of detailed hyperparameters used in
experiment.
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Table 10: Summary of Architectures, Training Parameters, Diffusion Noise Schedulers, and
Noise Types for VQCIFAR10 Image Generation

Category ‘ Detalils
Architecture (Diffusion Transformer)
Number of Layers 12
Attention Heads per Layer 12
Input Dimension 768
Fully-connected Layer Dimension | 3072
Activation Function GeLU
Dropout 0.1
Training Parameters
Learning Rate 2x107%
Warmup Steps 5000
Learning Rate Scheduler Cosine decay
Total Training Steps 1 million
EMA Decay Factor 0.999
Gradient Clipping Norm 1.0
Diffusion Noise Schedulers

Discrete-Time Noise Scheduler Cosine scheduler with a = 0.008
Continuous-Time Noise Scheduler | Constant scheduler with 0.007

Noise Type
USD3 & All baselines ‘ Uniform Noise

9.17.3 EVALUATION METRICS

Among the test music sequences, we find that 124 of the evaluation sequences share the same
first 32 notes as one or more training sequences. Such repetition gives us a unique opportunity
to investigate what-we-call “parroting”—the phenomenon that models are simply re-playing
the exact training data during generation, i.e. the notion of memorizing/overfitting, leading
to lack of diversity in generated samples. To that end, we create PIANO-P, a subset consisting
only of these 124 evaluation sequences paired with their first-32-note-matching training
sequences. Among PIANO-P, 20 samples can be found to contain the same first 32 notes
with 2 samples from the training sequences, three of them contain the same first 32 notes
with 4 training samples each, one of them shares the same with 6 training samples, and one
shares the same with 8 training samples. If the same 32 notes appear both in the training
samples and as quests for the model to provide the inferences, the model is likely to directly
memorizing the remaining 224 notes from the training set, and "parroting" music sequences
according to the training samples.
We provide a detailed description of metrics we used in music generation task:

o l-gram Hellinger Distance (]) and 1-gram Proportion of Outliers (]): for these two
metrics, we following the same evaluation as described in Campbell et al. (2022) and
Chen (2023a).
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Table 11: Training Details for USD3 on the Piano Dataset

Category ‘ Detalils
Architecture (Diffusion Transformer)
Number of Layers 12
Attention Heads per Layer 12
Input Dimension 768
Fully-connected Layer Dimension | 3072
Activation Function GeLU
Dropout 0.1
Training Parameters
Learning Rate 2x 1074
Warmup Steps 5000
Learning Rate Scheduler Cosine decay
EMA decay factor 0.999
Total Training Steps 800,000
Gradient Clipping Norm 1.0
Diffusion Noise Scheduler

Discrete-Time Noise Scheduler Cosine scheduler with o = 0.008
Continuous-Time Noise Scheduler | Cosine scheduler with @ = 0.008

Noise Type
USD3 & All baselines ‘ Uniform Noise

Table 12: Training Details for USD3 on Text8 Generation

Category ‘ Details
Architecture (Diffusion Transformer)
Number of Layers 12
Attention Heads per Layer 12
Attention Dimension 768

Fully-connected Layer Dimension | 3072

Training Parameters

Learning Rate 5x 1077
Total Training Steps 1 million
Batch Size 512
Diffusion Noise Scheduler
Scheduler Type Log-linear
Scheduler Parameter e=1x10"3
Noise Type
USD3 ‘ Absorbing noise

o {2,3}-gram Hellinger Distance () and {2, 3}-gram Proportion of Outliers (|): similar
to n-gram models, we first convert the music sequences into tuples of neighboring nodes.
Then for Hellinger Distance, we compute the distance of the empirical probabilities of
conditional generated samples to the ground truth samples. The empirical probabilities
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are constructed based on the histograms of the neighboring tuples, with bins being
all possible {2, 3}-gram nodes. Similarly, for the Proportion of Outliers, we count the
fractions of newly appeared tuples that are not seen in the training samples. With these
metrics, we are able to capture the sequence information instead of just measuring the
single node distributions.

o Diverse Edit Distance (1): which accounts for the creativity /novelty of generated
samples across multiple generation runs. For the conditionally generated music samples
given the same first 32 notes, we calculate the edit distance, which is the minimum
number of single-character edits (insertions, deletions, or substitutions) required to
change one music sequence into the other, between each two of the generation samples.
The mean and standard deviation are obtained for all edit distances between pairs.
The higher the diverse edit distance, the further apart the music sequences are and
more creativity are enforced in the generation process. However, there is also a trade-
off between diverse edit distance and other accuracy measurements when the model
processes large uncertainty about the underlying distribution.

o Train-to-Test Ratios (1) for {1, 2, 3}-gram Hellinger as well as Proportion of Outliers,
which compare the weighted distance of a generated sample to its evaluation (test)
vs. training sequence that share the same first 32 notes. We evaluate the ratios
only for PIANO-P. Denote the evaluation ground truth set in PIANO-P as ¢r , the
corresponding set of training samples as ts, and conditionally generated samples as gs.
For the selected distance metrics dist() (from n-gram Hellinger or n-gram Proportion of
Outliers), we calculate the ratio as: —-— XD )}r Ttlgs) Zzzigggzj Such ratio measures

quantify the extent of “parroting” in PIANO-P. The larger the ratio, the more equally

distant the generated examples is from its training and evaluating set, and the less

"parroting” occurs by simply memorizing all training sequences. We apply an additional

coeflicient to the ratio such that it will also penalize the models that provide unrealistic

examples that do not conform both training and evaluation distributions. Such ratios
quantify the extent of “parroting”; a smaller ratio indicates a higher (lower) degree of
memorization (generalization).

9.17.4 VQCIFAR10 GENERATION

In our setup for CIFAR10, a VQGAN encodes an image of shape H x W x 3 to (% X %)
tokens with vocabulary size of 512. For the encoder, we use three convolutional blocks, with
filter sizes of 64,128 and 256, and an average pooling between each blocks. After an image is
encoded, the output is mapped to a token index with a codebook of 512 x 256. For VQGAN
loss objective, the additional GAN loss and perceptual loss are added with weight 0.1. To
train a general VQGAN model that allows us to embed CIFAR10 images without overfitting,
we apply random flipping and cropping to the 64 x 64 ImageNet dataset (Deng et al., 2009).
The VQGAN is trained with Adam optimizer (51 = 0, S2 = 0.99), and the learning rate is
linearly warmed up to the peak of le~* and then drops with cosine decay.

After VQGAN is trained, we freeze the VQGAN and apply encoder to the CIFAR10
images to create 8 x 8 latent codes. The latent codes then flattened to a vector of size 64 as
the input of the diffusion model. Before we evaluate our diffusion methods, we will feed the
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generated latent codes back to the VQGAN decoder to reconstruct a sample in the image
spaces. We test the effectivenss of VQGAN by trying to reconstruct the CIFAR10 dataset.

9.17.5 BASELINE TRAINING CONFIGURATIONS ON MUSIC GENERATION

D3PM and 7-LDR-0: we follow a similar transformer model as utilized by in 7-LDR-0
(Campbell et al., 2022). The sequence transformer is composed of several encoder blocks,
where for each internal block, time is fed into the block through a FiLM layer and added
to the input. The transformer contains 6 encoder blocks, each containing 16 attention
heads, input dimension of 1024 and MLP dimension of 4096. For each attention block, we
apply RELU for activation. At the output of self-attention layer and fully-connected layer,
a dropout of 0.1 is applied. After obtaining the final embedding of each token, we feed
that into a 1-block ResNet to obtain the predicted logits. For calculating the loss of both
methods, we follow the previous literature and give 0.001 to CE loss, and 1 to the ELBO
loss. In diffusion process, the noise is a cosine noise scheduling with a = 0.008.

RDM: we use the official implementation of loss function in reparam multinomial
diffusion*. We keep the same neural network architecture, and apply reweighting = 1.0,
with no label smoothing, and let sampling strategy be cmlm-dep. We remove the padding
functions and sampling temperatures when adapting RDM from language tasks to music
and image generation.

SEDD: we follow the official code implementation with uniform noise and loss functions®.
SEDD’s base architecture is a Diffusion Transformer (Peebles and Xie, 2023). To keep
approximately the same parameter counts, the transformer has 12 layers, each layer is 12
heads, with input dimension of 768 and max MLP dimension of 3072. The GeLU activation
is used, and dropout is set to 0.1. We add an additional masking to the output (the
same masking as in SEDD’s diffusion transformer), since SEDD models the ratio of two
probabilities instead of direct log probabilities. We use log-linear noise schedules with 1e=3.

SDDM: SDDM designs a specific transformer structure that enables its diffusion loss
calculation without information leakage. We use the experiment configurations as given
in the paper: the backbone structure is a hollow transformer (Sun et al., 2023). Each
transformer block has 6 layers with embedding size of 256, 8 attention heads and hidden
dimension of 2048. The batch size is 64 and the number of training steps is 2 million. The
weight decay is set to 1e~%. The learning rate is constant le~3. For diffusion, SDDM adopts
the constant noise scheduler with a uniform rate constant of 0.04.

9.17.6 BASELINE TRAINING CONFIGURATIONS ON IMAGE GENERATION

7-LDR-0 and D3PM: For image generation task, we use the same transformer as described
in Campbell et al. (2022). The model is a 12 layer transformer, where each layer has 16
attention heads, input embedding of 768 and a hidden layer size of 3072 for the MLPs. We
use ReLU for activation. At the output of each internal block, a dropout of 0.1 is applied.
The time is input into the network through FiLM layers before the self-attention block.
We apply a hybrid loss with cross entropy as a directly supervision, added with 0.001 CE
loss. The 7-LDR-0 uses a constant rate noise scheduler of 0.007, while D3PM uses cosine

4. https://github.com/HKUNLP/reparam-discrete-diffusion
5. https://github.com/louaaron/Score-Entropy-Discrete-Diffusion
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scheduler with o = 0.008. We train all models in parallel on 2 A6000 GPUs. We follow the
previous literature and give 0.001 to CE loss, and 1 to the ELBO loss.

RDM: We use the same architecture as described by the abvoe two methods. We apply
reweighting = 1.0, with no label smoothing, and let sampling strategy be cmlm-dep. We
apply cosine scheduler with uniform noise.

SEDD: We apply the Diffusion Transformer to the SEDD calculation. The Diffusion
Transformer contains 12 layers, and each attention block is constituted with 12 attention
heads, input dimension of 768 and fullly-connected layer’s dimension of 3072. The GeLLU
activation is used and the dropout is set to 0.1. We use log-linear noise schedules with 1le=3.

SDDM: the model uses a masked modeling, where the backbone neural network is
BERT-based, with 12 layers of transformers. Each layer has 12 attention heads, embedding
size of 768 and hidden layer size of 3072 for MLPs. After obtaining the final embedding
of each token, the output is fed into a 2-block ResNet to acquire the predicted logits. For
diffusion, SDDM uses a constant uniform rate of 0.007 as the noise scheduler in the forward
process. In Sun et al. (2023), the number of training steps is set to 700,000, where the
learning rate is warmed up to le~* during the first 3% steps, and then decays to 0 in a
linear schedule. We extended the training to 1 million steps, but did not observe improved
performance.

9.17.7 FuLL EXPERIMENT RESULTS ON MUSIC GENERATION

We present the full evaluation metrics and results, including mean and standard deviation,
for Lakh Pianoroll music generation tasks, as shown in Table 13.

Table 13: Metrics comparing generated conditional samples and evaluating ground truths
for Lakh Pianoroll. For each of n-gram Hellinger Distance (ng.-Hellinger) and
Proportion of Outliers (ng.-Prop. Outlier) and Diverse Edit Distance metrics, we
show mean = std with respect to 3 generated samples. The top two are highlighted
by First, Second.

Method 1g.-Hellinger(])  2g.-Hellinger(])  3g.-Hellinger(]) 1g.-Prop.Out.(}) 2g.-Prop.Out.(}) 3g.-Prop.Out.(}) Edit Distance(T)
% D3PM 0.3982+0.0004 0.5303£0.0038 0.5918+0.0046 0.1209=0.0008 0.2532£0.0053 0.3790£0.0059  0.2950-+0.0040
¢ RDM 0.4123+£0.0012  0.5964+0.0021  0.6198+0.0039  0.1401+0.0011 0.2459+0.0023 0.3864+0.0030  0.2891+0.0052
E USD3-CE 0.3677+0.0003 0.4493+0.0018 0.5236+0.0018 0.1068+0.0012 0.1669+0.0012 0.2455+0.0017 0.0482+0.0012
S USD3ELBO  0.3676+£0.0007  0.4483-£0.0006  0.5229+0.0006  0.1142+0.0007  0.1670-:0.0003 0.2577+0.0005 0.0485+0.0010
USD3 0.3672+0.0005  0.44874+0.0006  0.5234+0.0004  0.112640.0005 0.175740.0004 0.2562+0.0004 0.0484+0.0023
USD3* 0.3680+0.0007  0.4485+0.0006  0.5251+£0.0006  0.111040.0005 0.174940.0009 0.2538+0.0008 0.050240.0011
SDDM 0.375940.0020 0.4856+0.0015 0.577340.0009 0.1101£0.0015 0.2059=0.0005 0.3009+£0.0017 0.0612+0.0024
7-LDR-0 0.3796+0.0009 0.4681£0.0008 0.5710£0.0007 0.1149+0.0008 0.2078+0.0014 0.3202+0.0014 0.0504+0.0063

SEDD
USD3-CE
USD3-ELBO
USD3

0.3715+0.0012

0.3658+0.0004
0.3673%0.0006
0.3676+0.0002

0.4472+0.0008 0.5250+0.0006

0.4465+0.0003 0.52014+0.0004 0.104340.0005
0.4474+0.0003 0.5204=+0.0006 0.1125+0.0001
0.4467+0.0013 0.5198+0.0012  0.109740.0014

0.1052+0.0005  0.1723+0.0004 0.2509+0.0008

0.1630+£0.0004 0.241440.0007
0.1685+0.0012 0.2455+0.0001
0.1668+0.0015 0.242340.0018

0.0501+£0.0012

0.0483+0.0009
0.0504+0.0011
0.0498+0.0020

9.17.8 STUDY OF “PARROTING” WITH RATIO METRICS

As shown in Table 14, we find that models with combined losses, USD3 and USD3*,
achieve higher Train-to-Test ratio than pure USD3-CE or USD3-ELBO, suggesting that
the combination of two losses can alleviate overfitting, i.e. “parroting” the training data.
Overall, 7-LDR-0 is a strong competitor in n-gram Hellinger Train-to-Test ratios, suggesting
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that its ELBO focused loss optimization can also alleviate parroting and generate diverse
samples.

Table 14: Train-to-test Ratio Metrics (1) for Lakh Pianoroll, using evaluation sequences fron
P1ANO-P and the training sequences. The higher ratios indicate less "parroting"
phenomenon and better generalization ability. Mean and std are calculated across
3 generated samples. The top two are highlighted by First, Second.

Method 1g.-Hellinger Ratio 2g.-Hellinger Ratio 3g.-Hellinger Ratio ‘ 1g.-Prop.Out. Ratio 2g.-Prop.Out. Ratio 3g.-Prop.Out. Ratio

g D3PM 1.781240.0500 1.362440.0411 1.130740.0304 5.6237£0.1463 5.7052+0.1620 2.2216+0.6160
S RDM 1.753440.0928 1.402340.0071 1.20234-0.0392 5.9981£0.0497 5.6050£0.5302 2.5211£0.5672
g USD3-CE 1.923440.0492 1.47224-0.0200 1.15454-0.0054 6.9231£0.6659 7.3224+1.4502 2.7308+0.5980
é USD3-ELBO 1.9946+0.0202 1.515940.0072 1.20024-0.0109 7.0462£0.4290 7.9642+1.2883 2.8634+0.4701

USD3 2.0662+0.0413 1.56014-0.0380 1.20194-0.0500 8.6303+0.6402 7.5278+0.5692 3.2584+0.3701

USD3* 1.9701+0.0233 1.5985+0.0201 1.91614:0.0122 7.6454=+0.7302 7.6239+1.1294 2.9542+0.5303
% SDDM 1.78724+0.0131 1.45164-0.0097 1.18124-0.0103 6.3019+0.2552 7.0654+0.5093 2.9014+0.0782
% 7LDR-0 1.8648+0.0306 1.472640.0233 1.2497+0.0185 6.4586+0.3802 7.0864+0.2012 2.9651+0.1089
§ SEDD 2.0112+0.0303 1.48984-0.0092 1.2540+£0.0152 6.4632£0.5100 7.0603£0.4602 3.0200£0.3001
'f: USD3-CE 1.983240.0224 1.50334:0.0352 1.15404-0.0202 6.7542+0.2470 6.5462+0.7500 2.7324+0.6828
S USD3-ELBO 2.0650£0.0312 1.5945+0.0122 1.18044-0.0230 7.6452£0.4442 7.3620£1.1708 2.9041£0.5809

USD3 2.1010+0.0802 1.59124-0.0650 1.17144-0.0235 8.4320+0.7420 8.2954+1.8711 3.8010£0.2520
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