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Abstract

We introduce distributional dynamic programming (DP) methods for optimizing statistical
functionals of the return distribution, with standard reinforcement learning as a special
case. Previous distributional DP methods could optimize the same class of expected utilities
as classic DP. To go beyond, we combine distributional DP with stock augmentation, a
technique previously introduced for classic DP in the context of risk-sensitive RL, where the
MDP state is augmented with a statistic of the rewards obtained since the first time step.
We find that a number of recently studied problems can be formulated as stock-augmented
return distribution optimization, and we show that we can use distributional DP to solve
them. We analyze distributional value and policy iteration, with bounds and a study of what
objectives these distributional DP methods can or cannot optimize. We describe a number
of applications outlining how to use distributional DP to solve different stock-augmented
return distribution optimization problems, for example maximizing conditional value-at-risk,
and homeostatic regulation. To highlight the practical potential of stock-augmented return
distribution optimization and distributional DP, we introduce an agent that combines DQN
and the core ideas of distributional DP, and empirically evaluate it for solving instances of
the applications discussed.
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1. Introduction

Reinforcement learning (RL; Sutton and Barto, 2018; Szepesvari, 2022) is a powerful
framework for building intelligent agents, and it has been successfully applied to solve
many practical problems (Mnih et al., 2015; Silver et al., 2018; Bellemare et al., 2020;
Degrave et al., 2022; Fawzi et al., 2022). In the standard formulation of the RL problem, the
objective is to find a policy (a decision rule for selecting actions) that maximizes the expected
(discounted) return in a Markov decision process (MDP; Puterman, 2014). A similar, related
problem is what we refer to as return distribution optimization, where the objective is to
optimize a functional of the return distribution (Marthe et al., 2024), which may not be
the expectation. For example, we could maximize an expected utility (Von Neumann and
Morgenstern, 2007; Bauerle and Rieder, 2014; Marthe et al., 2024), that is, the expectation
of the return “distorted” by some function.

By varying the choice of statistical functional being optimized (be it an expected utility
or more general), we can model various RL-like problems as return distribution optimization,
including problems in the field of risk-sensitive RL (Chung and Sobel, 1987; Chow and
Ghavamzadeh, 2014; Noorani et al., 2022), homeostatic regulation (Keramati and Gutkin,
2011) and satisficing (Simon, 1956; Goodrich and Quigley, 2004).

The fact that return distribution optimization captures many problems of interest makes
it appealing to develop solution methods for the general problem. At first glance, the
apparent benefits of solving the general problem are offset by the fact that, for many
instances, optimal stationary Markov policies do not exist (see, for example, Marthe et al.,
2024). This can be problematic, because it rules out dynamic programming (DP; value
iteration and policy iteration; Bertsekas and Tsitsiklis, 1996; Sutton and Barto, 2018;
Szepesvari, 2022) and various other RL methods that are designed to output stationary
Markov policies. Defaulting to solution methods that produce history-based policies is an
alternative we would like to avoid, under the premise that learning history-based policies
can be intractable (Papadimitriou and Tsitsiklis, 1987; Madani et al., 1999).

We show that we can reclaim optimality of stationary Markov policies for many instances
of return distribution optimization by augmenting the state of the MDP with a simple statis-
tic we call stock. Stock is a backward looking quantity related to the agent’s accumulated
past rewards, including an initial stock (the precise definition is given in Section 2). It was
introduced by Béuerle and Ott (2011)! for maximizing conditional value-at-risk (Rockafellar
et al., 2000). The MDP state and stock together provide enough information for station-
ary Markov policies (with respect to the state-stock pair) to optimize various statistical
functionals of the distribution of returns offset by the agent’s initial stock.

Incorporating stock into return distribution optimization gives rise to the specific for-
mulation we consider in this paper, where the environment is assumed to be an MDP with
states augmented by stock, and the return is offset by an initial stock. We refer to this
formulation as stock-augmented return distribution optimization.

1. Kreps (Example b, p. 269; 1977) outlined a similar statistic in the undiscounted setting.
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The optimality guarantee for stationary stock-augmented Markov policies in return
distribution optimization suggests that we may be able to develop DP solution methods for
the instances where the guarantee applies. Classic value/policy iteration cannot cope with
return distributions, but this limitation can be overcome using distributional RL (Chung
and Sobel, 1987; Morimura et al., 2010; Bellemare et al., 2017, 2023). That is, we may resort
to distributional dynamic programming to tackle return distribution optimization.

In the standard MDP setting, without stock, distributional DP methods already exist
for policy evaluation (Chapter 5; Bellemare et al., 2023), for maximizing expected return
(as an obvious adaptation), and for expected utilities (Marthe et al., 2024). However, these
methods can only solve problems that classic DP can also solve (Marthe et al., 2024), namely,
the return distribution optimization problems for which an optimal stationary Markov
policy exists (with respect to the MDP states alone). Notably, by incorporating stock
into distributional DP, we can optimize statistical functionals of the return distribution
that we could not otherwise. Moreover, stock-augmented distributional DP is a single
solution method for a variety of return distribution optimization problems (which so far
have been studied and solved in isolation), and also a blueprint for practical methods to
solve return distribution optimization, in much the same way the principles of classic DP
and distributional policy evaluation factor into previously proposed, successful RL methods.

1.1 Paper Summary and Contributions

This paper is an in-depth study of distributional dynamic programming for solving stock-
augmented return distribution optimization, and we make the following contributions:

1. We identify conditions on the statistical functional being optimized under which
distributional DP can solve stock-augmented return distribution optimization, and
develop a theory of distributional DP for solving this problem, including:

- principled distributional DP methods (distributional value/policy iteration),

- performance bounds and asymptotic optimality guarantees (for the cases that
distributional DP can solve),

- necessary and sufficient conditions for the finite-horizon case, plus mild sufficient
conditions to the infinite-horizon discounted case.

2. We demonstrate multiple applications of distributional value/policy iteration for
stock-augmented return distribution optimization, namely:

- Optimizing expected utilities (Von Neumann and Morgenstern, 2007; Bauerle
and Rieder, 2014).

- Maximizing conditional value-at-risk, a form of risk-sensitive RL, both the risk-
averse conditional value-at-risk (Bauerle and Ott, 2011), and a risk-seeking variant
that we introduce.

- Homeostatic regulation (Keramati and Gutkin, 2011), where the agent aims to
maintain vector-valued returns near a target.

- Satisfying constraints, and trading off minimizing constraint violations with
maximizing expected return.
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3. We show how to reduce stock-augmented return distribution optimization objective to
a stock-augmented RL objective (via reward design); and that, in stock-augmented
settings, classic DP cannot optimize all the return distribution optimization objectives
that distributional DP can.

4. We introduce DnN (pronounced din), a deep RL agent that combines QR-DQN (Dabney
et al., 2018) with the principles of distributional value iteration and stock augmentation
to optimize expected utilities. Through experiments, we demonstrate DnN’s ability to
learn effectively under objectives in toy gridworld problems and the game of Pong in
Atari (Bellemare et al., 2013).

1.2 Paper Outline

Section 2 introduces notation and basic definitions. In Section 3.1 we formalize the problem of
stock-augmented return distribution optimization, and provide some basic example instances.
Section 4 introduces distributional value/policy iteration and presents our main theoretical
results. In Section 5, we discuss multiple applications of our results and show concrete
examples of how to model different problems using stock augmentation and distributional
DP (Sections 5.1 to 5.5 and 5.8).% In Section 5 we also explore implications of our results
in different contexts: Generalized policy evaluation (Barreto et al., 2020; Section 5.6);
reward design and the relationship between stock-augmented RL and stock-augmented
return distribution optimization (Section 5.7). In Section 6, we introduce DnN and show
how distributional DP can inform the design of deep RL agents. To highlight the practical
implications of our contributions, in Section 7 we present an empirical study of DnN in
different gridworld instances of some of the applications considered in Section 5. In Section 8
we complement our gridworld results with a demonstration of DnN controlling returns in a
more complex setting: The Atari game of Pong, where we show that a single trained DnN
agent can obtain various specific scores in a range, and where we use stock augmentation to
specify the scores we want the agent to achieve. Section 9 concludes our work and presents
directions for future work, notably practical questions revealed by our empirical study. We
provide additional theoretical results in Appendix A. Appendix B contains the full analysis
of distributional value/policy iteration, and Appendix C contains the full analysis of the
conditions for our main theorems. Appendices D to G contain proofs for the results in
Section 5. Appendix H contains implementation details for DnN and our experiments.
Appendix I provides a summary guarantees for classic and distributional DP in the various
different settings considered throughout this paper, and is a useful map for readers interested
in understanding the kinds of problems that DP can solve.

2. Preliminaries

We write N = {1,2,...} for the natural numbers excluding zero, and Ny = {0,1,2,...}. For
n € Ny, A(n) denotes the |n|-dimensional simplex. For m € N, A(R™) denotes the set of
probability distribution functions of R"*-valued random variables.

2. Some of these problems have been previously studied, and distributional DP is a novel solution approach
in some cases (see Section 5).
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We study the problems where an agent interacts with a Markov decision process (MDP;
Puterman, 2014) with (possibly infinite) state space S and finite action space 4. Rewards
can be stochastic and the discount is v € (0,1]. We adopt the convention that R;y; is the
reward random variable observed jointly with Sit1, that is, Ryy1, Si4+1 result from taking
action A; at state S;, according to the MDP’s reward and transition kernels.

The reward signal may be a vector-valued pseudo-reward (cumulant) signal (Sutton et al.,
2011) in C = R™. The vector-valued case allows us to capture interesting applications that
are worth the extra generality. However, to avoid unnecessary complication, our presentation
is intentionally in terms of C, so that the reader can easily appreciate the results in the
scalar case (C = R) if they wish. We use the terms reward and returns to avoid an excess of
pseudo prefixes in the text.

Some of our results only apply to finite-horizon MDPs. We say an MDP has finite
horizon if there exists a constant n € N such that .5, is terminal with probability one for
any trajectory Sy, Ag, S1, A1,...,S, generated in the MDP. We call the smallest such n
the horizon of the MDP. A state s is terminal if (Siy1, Ri1) = (s,0) with probability one
whenever S; = s (regardless of A;). We refer to the case where the MDP has finite horizon
as the finite-horizon case (complementary to the infinite-horizon case), and to the case
where v < 1 as the discounted case (complementary to the undiscounted case, where v = 1).

We make the following assumption throughout the work, similar to Assumption 2.5 by
Bellemare et al. (p. 19; 2023).

Assumption 1 (All rewards have uniformly bounded first moment)

sup  E(||Res1]l1]S: =s,4: =a) < o0
$,aESXA

Similar to Bauerle and Ott (2011), we consider an augmented MDP state space S x C.
If s,a,r’,s" is a transition in the original MDP, then for any ¢ € C the augmented MDP
transitions as (s, c),a,r’, (s',7 " (c +1')), that is:

Ct + Tyl

S (1)

Ct4+1 =

We refer to ¢; as the agent’s stock.®> If we unroll the recursion in Equation 1 up to an

initial stock cy (see Remark 2 below), we can interpret the stock, in a forward view, as a

scaled sum of the initial stock ¢y and the discounted return from time step zero up to time
step t:

t—1
—t i
€t = c -+ Tit+1 .
oo le s 2 )
time-dependent initial —
scaling stock partial discounted
return

In a backward view, the stock can be seen as a backward reverse-discounted return:

2

=" Ay 2+ .

3. In our formulation the stock and the rewards are m-dimensional, whereas Bauerle and Ott (2011) consider
1-dimensional stock.



AviLA PIRES, ROWLAND, BORrRsSA, GUO, KHETARPAL, BARRETO, ABEL, MUNOS AND DABNEY

Importantly, the stock allows us to keep track of the discounted return (plus the initial stock
¢p) from time step 0, since, for all ¢t > 0,

o o0
co + Z Vrivr =7 (Ct + Z'ert-i-z‘—&-l) ;

=0 1=0
When rewards (and stocks) are random, the above holds with probability one, written as
Ci+ Gy =~""(Co + Go) (2)

with Gy = >°7%, v'Ri+iy1 denoting the respective discounted return from time step t.
Equation 2 will be key to optimizing return distributions: The distribution of C; + G will
work as an “anytime proxy” for the distribution of Cy + Gy, and by controlling the former
distribution we can also control the latter—provided the objective is such that the vy~ factor
does not interfere with the optimization (we will later introduce this as an indifference of
the objective to the discount 7).

Remark 2 (The Initial Stock c¢y) The expansion of stock includes an initial stock cg
that is unspecified. Together with the initial MDP state sqg, this stock will form the initial
augmented state (so,co). While the initial sy is often “given”, ¢y can be set (even as a
function of so). This will provide extra flexibility to policies, which may display diverse
behaviors in response to changes in cy, and it will allow us to reduce different problems to
return distribution optimization by plugging in specific choices of ¢y (as a function of s ).
For example, as shown by Bduerle and Ott (2011), we can choose ¢q in such a way that
optimizing conditional value-at-risk reduces to an instance of return distribution optimization
with stock augmentation (see Theorem 16 in Section 5.2).

Remark 3 (Dynamics Influenced by Stock) Our results do not rely on the transitions
and rewards of the augmented MDP depending only on s. In a transition (s,c),a,r’, (s, ),
c must be updated according to Equation 1, but s',r" may depend on c. This can be useful,
for example, to define termination conditions: The state s' may be terminal when ¢ =0 or
when || is too large.

Stationary Markov policies with respect to stock are S x C — A(A) functions, and the
space of these policies is II = A(.A)SXC. A Markov policy 7 is a sequence m = mq, 71, T2, . -
of stationary policies 7, : S x C — A(A), and the space of these policies is ITy; = IIV. For
a policy 7 = mg, 71, T2, ..., returns are written as G™(s,c) = > ;o 7' Ri+1 where R4 are
the rewards generated by starting at state (So, Co) = (s, ¢), then selecting A; ~ m(St, C)
for t > 0. The return G™(s,c¢) may depend on ¢ (even when rewards do not depend on
the stock), because m may choose actions differently depending on ¢, so the trajectories
generated depend on ¢ as well. If 7 is stationary, then Ay ~ 7(St, Cy) for all ¢t > 0.

A history is the sequence of everything observed preceding action Ay, that is,

Ht = (SO? 00)7 AUa R17 (Sla Cl)a Ala ce. 7Rt7 (Sta Ct)a

The history at t = 0 is Sy, Cp. The set of possible histories of finite length is

’HiUSXCX( )",
neNo(

A x C x SxC

50,0) at T4l (S¢41,6t41)
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and a history-based policy is a function H — A(A). That is, a history-based policy makes
decisions based on everything observed so far. For 7 history-based and ¢ > 0 we have
Ay ~ m(Hy), and the set of all history-based policies is Iy = A(A)™.

We let A(R) be the set of distributions of R-valued random variables. With X ~ v, we

write df X = v. For two C-valued random variables X, X’ we say X D X'if dfX = df X"
For v € A(R), we let QF,, be the quantile function of v:

QF, (1) =inf{t e R: P(X <) > 7}. (X ~v)

For ¢ € C, we denote by d. the Dirac measure on ¢, that is, the distribution such that if
P(G = ¢) =1 when G ~ J.. The Dirac on zero is dy (where in the vector-valued case it is
understood that 0 refers to the all-zeros vector).

We define D = A(C) as the set of distributions of C-valued random variables. The
1-Wasserstein distance for v,' € D is defined as (Definition 6.1, p. 105; Villani, 2009)

w(v, ') = inf {E[|X — X'||; : df(X) = v, df(X") =1},
where X and X’ may be jointly distributed. In the scalar case (C = R), we have

w(v, V/) = |QF, — QF ¢, = ETNU(O,U |QF, (1) — QF,(7)],
where g 1y denotes the uniform distribution in (0,1). Sometimes we will say the sequence
V1, Vs, ... converges to Vs; when we say this, we mean convergence in 1-Wasserstein distance:
limy, 00 W(¥n, Voo ) = 0. The supremum 1-Wasserstein distance is defined for n,n’ € DS*C
as

W(n,n') = sup w(n(s,c),n'(s,c)). 3)
seS,ceC

With a slight abuse of notation, we let w(v) = w(v, dp) and W(n) = supses cec W(1(s, €),do)-
Given a policy 7 € Iy, we define its return distribution function n™ : & x C — D by
n"(s,c) = df(G"(s,c)) (for (s,c) € S x C).
We will make ample use of Banach’s fixed point theorem (Theorem 1, p. 77, Szepesvéri,
2022) and the following spaces:

(D,w) ={veD:wv) < oo},
(DS*C W) = {n € D°*C : W(n) < oo}.

These spaces are complete as shown in Lemma 23, Appendix A. Assumption 1 combined
with v < 1 or a finite-horizon MDP ensure that the return distributions of all policies are
uniformly bounded, that is, sup, <y, W(7™) < oo.

Given a stationary policy 7 € II, we define the stock-augmented distributional Bellman
operator Ty : (DS*C W) — (DS*C,W) for n € (DS*C, W) as follows: (Tyxn)(s,c) is the
distribution of Ry41 + YG(Si41, Ci+1) when (Sg, Cy) = (s,¢), Ay ~ 7(Sy, Cp), and G(s,¢) ~
n(s,c). We require that if s is terminal then (Tzn)(s, c) = & for all n € (D°*C, ) and ¢ € C.

On occasion, we will refer back to classic RL operators for comparison against the
distributional case. We will denote the space of possible (state-) value functions by (R, || -
loo) = {V € RS : sup,cs |V (s)| < co}. To avoid introducing further notation, we will also
denote the classic Bellman operator by 7. Whether the Bellman operator is classic or
distributional will be clear from whether its argument is a return distribution function or a
value function.

We let 24 = max{z,0}, x_ = min{x,0}, and I(-) be the indicator function.
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3. Stock-Augmented Return Distribution Optimization
3.1 Problem Formulation

We are concerned with building intelligent agents that can do various things. When the agent
can be expressed in terms of its behavior (a policy) and the outcome of the agent acting can
be modeled as the stock-augmented discounted return generated by that policy, we can frame
the problem of building intelligent agents as an optimization problem. A person looking to
build an intelligent agent in this framework (we will call them the designer) is thus tasked
with expressing what they want of agents as an objective to be optimized—where the better
the agent, the higher the objective value of its policy.*

We propose to control the distribution of the quantity cy + G™(sg, c),” which is the
return generated by 7 from the initial augmented state (sg,co) € S x C, offset by the initial
stock ¢p. We want an objective that quantifies how preferred df(co + G™(s¢, co)) is for each
policy 7, so that we can phrase the problem of finding the most preferred policy. We can
accomplish this with a statistical functional K : (D, w) — R that assigns a real number to
each possible distribution of ¢o + G™ (s, ¢p), to phrase the optimization problem as:

sup Kdf (¢o + G™(s0,¢0)) - (4)
welly
As an example, the standard RL problem can be expressed in Equation 4 by taking K to be
the expectation:
sup E(co + G™(s0,¢0)) = co + sup E(G™ (s, cp))-
welly wellg

The optimization, for the moment, is over the (most general) class of history-based
policies IIy. In standard RL, this problem formulation (adopted, for example, by Altman,
1999) differs from the more frequent optimization over stationary Markov policies (adopted,
for example, by Sutton and Barto, 2018; Szepesvari, 2022), but the two formulations are
equivalent in MDPs because of the existence of optimal stationary Markov policies (Puterman,
2014). For stock-augmented return distribution optimization, we have elected to introduce the
problem in terms of history-based policies, and to address the existence of optimal stationary
Markov policies on the solution side of the results (in connection to DP; see Appendix B.1).

Because the supremum in Equation 4 is over all history-based policies, it makes sense to
talk about optimizing Kdf (co + G™(sp, ¢p)) simultaneously for all (sg,cp) € S x C. We can
state this problem concisely, using an objective functional applied to the return distribution
function n™:

4. In practice, the designer is also tasked with modeling the environment as an MDP. In standard RL, this
means designing the states, actions and rewards. Stock-augmented MDPs additionally require designing
the stock and the pseudo-rewards.

5. In terms of a problem/solution separation, incorporating stock is part of the solution (distributional DP).
However, because the scope of our work is DP, it is convenient for our presentation to incorporate stock
augmentation and the offset by co as part of the problem (return distribution optimization). The simpler
formulation without stock augmentation or the offset is limiting for distributional DP: Marthe et al. (2024)
studied return distribution optimization without stock augmentation in the finite-horizon undiscounted
setting, and concluded that only exponential utilities could be optimized through distributional DP—the
same class that classic DP can optimize. On the other hand, as our analysis will show, the distributional
DP with stock can optimize a broader class of objectives than without, and, surprisingly, than classic DP
with stock augmentation.
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Definition 4 (Stock-Augmented Return Distribution Optimization) Given
K : (D,w) — R, define the stock-augmented objective functional Fg : (DS*C %) — RS*C
as

(Fgn)(s,c) = Kdf(c+ G(s,c)). (G(s,c) ~n(s,c))

The stock-augmented return distribution optimization problem is

sup Fn". (5)
welly

We will often drop the subscript and refer to a stock-augmented objective as F', in which
case a corresponding K is implied. We will also drop df and write K(G) = Kdf(G).

To recap Equation 5: The stock-augmented return distribution optimization problem
consists of optimizing, over all policies m € Ily, a preference specified by a statistical
functional K : (D, w) — R, over the distribution of the policy’s discounted return offset by
the stock (co + G™(s0,cp)). The optimization is considered simultaneously for all (sg, cp), as
allowed by history-based policies.

3.2 Example: Expected Utilities

Equation 5 provides a flexible problem formulation for controlling df(co + G™ (s, ¢p)), based
on a choice of K : (D,w) — R provided by a designer to capture what they want an agent to
achieve. We have already shown that the RL problem can be recovered by taking K to be
the expectation (Kv = EG, G ~ v), so what else can we do? We can obtain an interesting
family of objective functionals by considering the expected value of transformations of the
return specified by a function f : C — R: Kv = Ef(G) (G ~ v). These are the ezpected
utilities, which have been widely studied in decision-making theory (Von Neumann and
Morgenstern, 2007), and also used for sequential decision-making in RL (Béauerle and Rieder,
2014; Bowling et al., 2023).

Definition 5 A stock-augmented objective functional Fi is an expected utility if there
exists f : C — R such that
Kv =Ef(G). (G ~v)

In this case, we write Fr = Uy, which can be written as

Usn)(s,¢) = Ef (c+ G(s,¢)). (G(s,¢) ~n(s;0))

Table 1 gives examples of return distribution optimization problems resulting from
different choices of f in the scalar case® (C = R), with some notable risk-sensitive examples:
Maximizing conditional value-at-risk (Bauerle and Ott, 2011; Chow and Ghavamzadeh, 2014;
Lim and Malik, 2022) and maximizing the probability of the discounted return being above
a threshold. Recall that the choice of initial stock ¢ is “up to the user” and can be made as
a function of the starting state sg.

We will later show that the examples in the first part of the table can be optimized by
distributional DP both in the finite-horizon and discounted cases, the ones in the second

6. Expected utilities are not restricted to the scalar case, as implied by Definition 5, since the domain of f
is C. We provide some concrete examples in Section 5 of expected utilities for the vector-valued case.
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Problem f(z) Formulation

Standard RL x SUP_neHH E(co + G™(s0,¢0))
= SUp,crr, EG™ (50, °)

Minimize the expected absolute distance to el inf ey E|G™(s0, —co) — cof

a target co (Section 5.1)

Optimizing 7-CVaR (conditional value-at- x_ infrerty,eo £ fo QF (50,00 (1) d2

risk, Section 5.2)

Maximize the probability of the return I(x > 0) Sup, ey, P(G™ (50, —co) > o)
above a threshold ¢y

Minimize the expected square distance to —x? inf ey, E ((G”(so, —cg) — c0)2)
a target co

Maximize the probability of the return I(z >c¢) supgeq, P(G™(s0, —co) > co +¢)
above a threshold plus a margin ¢y + ¢

Table 1: Example problems that can be formulated as optimizing an expected utility, with
the respective choices of f and the formulation.

part of the table can be optimized in the finite-horizon case, and the example in the third
part can only be optimized in the finite-horizon undiscounted case (see Theorems 6 and 8,
Section 4.3, and Appendix C.2).

We will also establish that distributional DP can, in fact, optimize any expected utility
in the finite-horizon undiscounted case (see Lemma 12). Going beyond expected utilities, we
will see that is an open question whether it is possible for distributional DP to optimize any
non-expected utility in the infinite-horizon discounted case, but we provide examples that
can be optimized in the finite-horizon case (see Section 5.8).

4. Distributional Dynamic Programming

Dynamic programming (Bertsekas and Tsitsiklis, 1996; Sutton and Barto, 2018) is at the
heart of RL theory and many RL algorithms.” For this reason, we have chosen to establish
the basic theory of solving stock-augmented return distribution optimization by studying
how we can solve these problems using DP. We refer to the solution methods we introduce
as distributional dynamic programming. As in the case of distributional DP for policy
evaluation (Chapter 5; Bellemare et al., 2023), return distribution functions (in (DS*¢,w))
are the main object of distributional value/policy iteration, whereas, in contrast, classic
DP, namely value/policy iteration, work directly with value functions (see, for example,
Szepesvari, 2022).

7. As pointed out by Szepesvari (2022) many RL algorithms can be thought of as dynamic programming
methods modified to cope with scale and complexity of practical problems.

10
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4.1 Distributional Value Iteration

Classic value iteration computes the iterates Vi, V3, ... satisfying, for n > 0,
Vg1 = sup T Vi, (6)
mell

and the procedure enjoys the following optimality guarantees. In finite-horizon MDPs, V,,
is optimal if n is at least the horizon of the MDP and in the discounted case (Section 2.4;
Szepesvari, 2022):

VE= Vo <AVE = Volloo (7)

pointwise for all s € §, where V* = sup,¢p,, V™ and V" denotes the value function of a
policy .

Note how the bounds are distinct for the finite-horizon case and the discounted case.
This distinction recurs in results for both classic and distributional value/policy iteration,
and it will merit further discussion in the case of distributional DP.

In classic value iteration, the iterates correspond to the values of the objective functional
being optimized, and the iteration in Equation 6 makes a one-step decision that maximizes
that objective functional. We typically use the value iterates to obtain policies via a greedy
selection, and leverage a near-optimality guarantee for these greedy policies. We say 7, is a
greedy policy with respect to V;, if it satisfies the following:

T, Vo = sup T V,,.
well
Classic value iteration results give us the following optimality guarantees for the greedy
policies: In finite-horizon MDPs, 7, is optimal when n is at least the horizon of the MDP,
and in the discounted case (Section 2.4, Szepesvari, 2022; Singh and Yee, 1994):

n

_ 27
* _ e <« 21 * .
ve-ve < I - Vol ®

Distributional value iteration, while similar to value iteration, maintains distributional
iterates 11,72,... € (DS*C, W), which means the iterates no longer correspond to values
of the objective functional. The distributional analogue of Equation 6 makes a one-step
decision that maximizes F, and this iteration of locally optimal one-step decisions gives
guarantees similar to the classic case. Theorem 6 formalizes this claim:®

Theorem 6 (Distributional Value Iteration) If K : (D,w) — R is indifferent to miz-
tures and indifferent to v, then for every ng € (D°*C, %), if the iterates 01,12, ... satisfy
(for n>10)

Fgnni1 = sup FgTrny, (Distributional Value Iterates)
mell

and the policies T, . .., Ty satisfy (forn >0),

FrTx,nn = sup FxTrnp, (Greedy Policies)
well

8. To simplify the presentation, we have chosen to present the distributional DP results upfront, and discuss
the conditions on the objective functional Fx in Section 4.3.

11
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then the following hold.
Finite-horizon case: for all n greater or equal to the horizon of the MDP,

Fgnn, = sup Fgn™, 9)
welly
and
Fgn™ = sup Fgn™. (10)
welly

Discounted case (v < 1): If K is L-Lipschitz, then for all mn > 0

sup Fgn™ — Fgn, < Ly" - sup W(no,n"), (11)
melly melly
and
_ 1
sup Fgn™ — Fgn™ < Ly™- ( sup W(Trno,m0) + sup W(ﬁoﬂ”)) : (12)
melly — 7 mell melly

Next, we discuss a number of aspects of our value iteration result.

Iterates may not converge. The guarantees in Theorem 6 only apply to values of the
objective functional Fgn,, and iterate convergence cannot be guaranteed because multiple
iterates may be tied at the optimum. Iterate non-convergence has been identified before in
distributional RL, as multiple return distributions can be optimal (Example 7.11, p. 210,
Bellemare et al., 2023).

Comparison to classic DP bounds in the finite-horizon case. The guarantees for finite-
horizon MDPs are essentially the same for distributional and classic value iteration: Namely,
optimality after iterating at least as many times as the MDP horizon.

Comparison to classic DP bounds in the discounted case. In the discounted case, the
bounds for distributional value iteration (Equations 11 and 12) are similar to the classic
value iteration bounds (Equations 7 and 8) with three notable differences:

i) The bounding terms are 1-Wasserstein distances, rather than oo-norms. This is
inherent to the fact that our iterates are distributional.

ii) The Lipschitz constant of K is present. This constant is 1 when F is the standard
RL objective functional.

iii) The classic value iteration bounds are given in terms of V*, but the distributional
value iteration bounds are not. This is because it is still an open question whether an
optimal return distribution n* exists in the discounted case in general. However, if we
assume 1™ exists, we can replace the bounding term in Equation 11 with Ly™-w(ng, n*),
which is comparable to the classic DP bounds.

The considerations above apply similarly to the greedy policy bounds for distributional and
classic DP.

When an optimal return distribution n* exists, we can also show an optimality guarantee
for policies that are greedy with respect to n*, similar to the classic case:

12
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Theorem 7 (Greedy Optimality) If K : (D,w) — R is indifferent to mixtures and
indifferent to v, and if: i) the MDP has finite horizon; or ii) v < 1 and K is Lipschitz, then
the following hold.

There exists an optimal return distribution n* € DS*C satisfying

Fgn* = sup Fgn",
welly

iff the supremum on the right-hand side is attained (that is, an optimal policy exists).
If such n* exists, then any greedy policy with respect to n* is optimal (and thus attains
the supremum above).

4.2 Distributional Policy Iteration

Classic policy iteration computes the iterates 7y, ms,. .. satisfying, for n > 0,

Trp V™ =sup T V™,
well

that is, each iterate m,+1 is greedy with respect to the value of the previous iterate m,.
In finite-horizon MDPs, V™ is optimal if n is at least the horizon of the MDP. In the
discounted case, we have (Proposition 2.8, p. 45; Bertsekas and Tsitsiklis, 1996):

R T A Al

Distributional policy iteration is similar to its classic counterpart (he main difference
being that the objective functional Fi determines the greedy policy selection) and also
enjoys similar guarantees, as formalized by Theorem 8:

Theorem 8 (Distributional Policy Iteration) If K : (D,w) — R is indifferent to mix-

tures and indifferent to v, for every stationary policy mo € 11 if the iterates my, mo, . .. satisfy
(forn >0)
FTy, \n™ = sup FxTn™ (Distributional Policy Iterates)
mell

then the following hold.
Finite-horizon case: For all n greater or equal to the horizon of the MDP,

Fxn™ = sup Fgn". (13)
WEHH

Discounted case (v < 1): If K is L-Lipschitz, then for all n > 0

sup Fgn™ — Fgn™ < Ly" - sup wW(n™,n"), (14)
melly melly

Comparison to classic policy iteration bounds. Essentially the same considerations apply
here as in Section 4.1, for comparing the respective value iteration bounds. This is because
we obtain the policy iteration bounds from the value iteration bounds, using the fact
that V™ >V, for classic DP, and Fgn™ > Fgn, for distributional DP (see the proof of
Theorem 8 in Appendix B.6).

13
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4.3 Conditions Overview

Theorems 6 and 8 only apply to objective functionals that satisfy certain properties: Indiffer-
ence to mixtures and indifference to «y in the finite-horizon case, plus Lipschitz continuity in
the infinite-horizon discounted case. In this section we give an overview of these conditions
and test them: How restrictive are these conditions? Can they be weakened? The proofs for
the results in this section can be found in Appendix C. Recall that we are abusing notation
and writing K(G) = Kdf(G).

Definition 9 (Indifference to Mixtures (of Initial Augmented States)) We say K :
(D,w) — R is indifferent to mixtures (of initial augmented states) if for every n,n' €
(DS*C, W) such that

Kn(s,c) = Kn'(s, c),

for all (s,c) € S x C, then for all random variables (S, C) taking values in S x C we also
have

K(G(S,C)) = K(G'(S,C)). (G(s,¢) ~n(s,c), G'(s,¢) ~11/(s,0))

Definition 10 (Indifference to v) We say K : (D,w) — R is indifferent to ~ if, for
every v,V € (D,w)

Kv > KV = K(vG) > K(vG). (G~v, G~V

Definition 11 (Lipschitz Continuity) We say K : (D,w) — R is L-Lipschitz (or Lips-
chitz, for simplicity) if there exists L € R such that

|Kv — KV/|

w(v, V')

< L.

sup
v’
w(v)<oo
w(v')<oo
w(v,')>0

L is the Lipschitz constant of K.

We believe that in general these conditions are fairly easy to verify for different choices
of K. As an example, Lemma 12 does part of the verification for expected utilities.

Lemma 12 (Conditions for Expected Utilities) Let Uy be an expected wutility, which
is an objective functional Frx with Kv =Ef(G) (G ~v). Then the following hold:

1. K is indifferent to mixtures.

2. K is indifferent to ~y iff there exists o € (0,1] such that v < 1= a < 1 and, for all
ceC,

fve) = af(e)+ (1 —a)f(0). (15)
3. K is L-Lipschitz iff f is L-Lipschitz.

14
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The condition for indifference to v is interesting because it means ¢ — f(c) — f(0) is
positively homogeneous with degree log, a.

If we refer back to Table 1, we see that the choices of f in the first part of the table
satisfy all three conditions, so distributional DP can optimize the corresponding Uy both in
the finite-horizon and discounted cases. The choices of f in the second part of the table are
not Lipschitz, so we know that DP can optimize the corresponding Uy in the finite-horizon
setting. The choice of Uy in the third part of the table is neither Lipschitz nor indifferent
to v < 1, so distributional DP is only guaranteed to optimize the corresponding Uy in
the finite-horizon undiscounted setting. A consequence of Lemma 12, since indifference to
v =1 is trivially true, is that distributional DP can optimize any expected utility in the
finite-horizon undiscounted case.

We have investigated the three conditions (Definitions 9 to 11) to determine how restrictive
they are. We have found that indifference to mixtures and indifference to v are necessary
and sufficient, so they are minimal. In the absence of either, even a basic greedy optimality
guarantee (Theorem 7) fails:

Proposition 13 If K : (D,w) — R is not indifferent to mixtures or not indifferent to ~y,
then there exists an MDP, an n* € (DSXC,W) and a7 € Il such that T is greedy with respect
to n* and
Fgn™ = sup Fgn",
welly

however, for some (s,c) € S x C

Frn™(s,c) < sup Frn™(s,c).
welly

We have found that the relationship between Lipschitz continuity and the infinite-horizon
discounted case is less clear, and it is still an open question whether this property is necessary.
However, we can show that indifference to mixtures and indifference to « are not sufficient
for the infinite-horizon discounted case, so there is a real distinction between the finite-
horizon and infinite-horizon discounted cases, in line with our results for distributional DP
(Theorems 6 and 8).

In Appendix C.2, we show an instance where distributional value/policy iteration fail for
the expected utility Uy with f(z) = I(x > 0), even though the starting iterate is optimal.
The intuition for this is simple and we outline it here (the key is to exploit the fact that
f is not continuous). Consider an MDP with S = {so,s1}, A = {ao,a1}, 7(-,a;) =i and
~v < 1. The initial state is sgp and s; is terminal, and taking a; in sy transitions to s;. A
stationary policy 7 € II satisfying 7(a1|so,-) is optimal, so let us denote it by 7* and its
return distribution function by n*. Thanks to n*, we have

Uilen™ = Upn*

for all = € I1, including a policy that always selects ag, and, in fact, by induction, any non-
stationary policy that selects ag finitely many times is also optimal, even though selecting
ag always is suboptimal. In the case of distributional value iteration with ny = n*, if
we take 7, to be the policy that always selects ag we will have Uyn, = Usn* for all n,
however, Uyn™ < Usn* also for all n, which means distributional value iteration has failed.
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Distributional policy iteration fails too, except that when starting from 7* every other iterate
may be suboptimal depending on how ties are broken.

The assumption on Lipschitz continuity of f for the infinite-horizon discounted case
prevents failures like the example above (which we attributed to the fact that f is not
continuous). In Appendix C.2 we also show that the lack of Lipschitz continuity affects our
ability to evaluate policies, in the sense that if we take f(x) = 2% (which is continuous but
not Lipschitz) we can construct an MDP and a policy 7 € II such that T'n converges to n™
as n — oo, but UsT'n does not converge uniformly to Usn™ (though it converges pointwise).

It is unclear whether the lack of uniform convergence for non-Lipschitz f can be translated
to a failure of distributional value/policy iteration, however we have a failure case example
of a discontinuous f, so it suggests that some property related to continuity of f (and K
more generally) is necessary.

4.4 Analysis Overview

The valuable insight in this work is that we can use distributional DP to optimize different
objective functionals Fx of the (stock-augmented) return distribution (and a broader
class than without). Once we identify the right conditions and the core components for
distributional value/policy iteration to work, the remaining work is relatively straightforward:
We retrace the steps of classic DP and ensure technical correctness. Most of the challenge is,
in fact, ensuring technical correctness with a generic objective functional—for example, we
need to be careful to make correct statements about convergence; we cannot rely on the
existence of an optimal return distribution n* or on the convergence of distributional value
iterates.

In this section, we give an outline of our analysis with the most interesting points and
a focus on how we can obtain asymptotic optimality guarantees. This will allow us to
understand how the different conditions factor into our proofs, and how they work in essence.
We defer the technical proofs to Appendix B, including details about performance bounds.

A fundamental component for DP is monotonicity. In classic RL (see Lemma 2.1, p. 21,
Bertsekas and Tsitsiklis, 1996), it states that if we have V' > V', then following a policy 7
for one step and having a value of V afterward is always better than following the same
policy but obtaining a value of V' afterward, regardless of the policy 7. That is, we have

V>V =TV >TV
for all # € II. In distributional DP, it translates to the following:

Lemma 14 (Monotonicity) If K : (D,w) — R is indifferent to miztures and indifferent
to vy, then, for every w € I1, the distributional Bellman operator Ty is monotone (or order-
preserving) with respect to the preference induced by Fi on (DS*C,W). That is, for every
stationary policy m € 11 and n,n’ € (DS*¢, W), we have

FK’I7 > FK77, = FKTwU > FKTﬂn/.

Monotonicity is a powerful result that underpins value iteration, policy iteration and
also policy improvement.” Classic policy improvement (see Proposition 2.4, p. 30, Bertsekas

9. To underscore the importance of monotonicity, we note that the result in Proposition 13 holds essentially
because monotonicity is equivalent to K being indifferent to mixtures and indifferent to -, and it is the
absence of monotonicity that causes greedy optimality (Theorem 7) to fail.
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and Tsitsiklis, 1996) states that if a policy 7 is greedy with respect to V™, then 7 is better
than 7 (V™ > V™). We have a similar result for distributional DP, given as Lemma 15. This
result is of particular interest here because its proof gives a good sense of how to provide
asymptotic guarantees for distributional DP, and how the different conditions factor in, in
particular how departing from the standard RL case in classic DP demands special attention
to convergence guarantees.

Lemma 15 (Distributional Policy Improvement) If K : (D,w) — R is indifferent to
mixtures and indifferent to v, and if: i) the MDP has finite horizon; or ii) v < 1 and K is
Lipschitz, then for n € (D°*C, %) and any stationary policy T € 11 if

FrTwn > Fgn, (16)

then
Fgn™ > Fgn.

In particular, for any stationary policy m € 11, if T satisfies

FrTen™ = sup FxTrm"™, (Greedy Policy)
' ell

then Equation 16 is satisfied with n =n™ and we have

Fn™ > Fgn™. (Greedy Policy Improvement)
Proof We write F' = Fy for simplicity, and fix n € (D°*¢,%) arbitrary. Indifference to
mixtures and indifference to v give us monotonicity. By induction, for all n > 1, if we
assume that Equation 16 holds and that F'T*n > F'n, then

FTM 1y = FT=T2n
> Fln (Monotonicity, induction assumption)
> Fn. (Equation 16)

Thus, if Equation 16 holds, then, for all n > 1,
FTin > Fo. (17)

In the finite-horizon case, we can take n to be the horizon of the MDP and the result
follows, since T2n = n".

In the infinite-horizon discounted case, the induction argument is not enough to show
that F'n™ > Fn, since we need Equation 17 to hold in the limit. In this case, we have v < 1,
T% is a contraction (see Lemma 26 and Proposition 4.15, p. 88, Bellemare et al., 2023) and
W(n) < oo, so T2n converges to ™. K Lipschitz implies F' Lipschitz by Proposition 31, and
because F' is Lipschitz, the convergence of T to n™ implies the convergence of FT2y to
Fn™ (see Proposition 32). Thus, Equation 17 holds in the limit of n — oo, which gives the
result:

Fn™ = lim FTZn > Fn.
n—oo
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For the greedy policy improvement result for stationary m, it suffices to use the fact that
T>n™ =n", so the choice of greedy policy gives

FTen™ = sup FTun™ > FTyn™ = Fn".
' ell

which gives us Equation 16. |

As we can see in the proof of Lemma 15, indifference to mixtures and indifference
to v are connected to monotonicity, whereas Lipschitz continuity is used to ensure that
FTIn™ converges to Fn™ as n — oo. In terms of asymptotic convergence, the main
additional technical challenge in the proofs of Theorems 6 and 8 comes from the fact that
iterates do not necessarily converge. However, it is still possible to show that the value of
the objective functional converges uniformly for all starting augmented states. Then the
induction argument for chaining improvements (Equation 17), and the use of monotonicity
and Lipschitz continuity are essentially the same as in the proof of Lemma 15.

The condition in Equation 16 in Lemma 15 corresponds to the assumption that 7 is a
one-step improvement on 7. We can always improve on return distributions of stationary
policies with a greedy policy (as the second part of Lemma 15 shows), however improvement
is not always possible for return distributions of non-stationary policies. To see this, consider
a finite-horizon binary-tree MDP and a non-stationary policy @ = 7y, 79, . .. where each
has optimal performance on the ¢-th level of the tree, but poor performance in all other
states. The policy (T, w1, w2, . ..) would suffer from the poor performance of all m; because
of the time-shift introduced by first following 7 and then 7. Importantly, however, when 7
is optimal, even over non-stationary policies, we can satisfy Equation 16. This is used in
the proof of the distributional value iteration result (Theorem 6) for finite-horizon MDPs:
In an MDP with horizon n, the iterates n, and 7,411 = T%, 1, are optimal (where, recall,
T, is greedy with respect to 7, ), so we can use Lemma 15 to show that F'n™ > Fn, and
therefore 7, is optimal.

4.5 Previous Distributional Dynamic Programming Results

From the vantage point provided by the results in this section, we can better appreciate the
landscape of distributional DP in the literature: The core elements of distributional DP for
stock-augmented return distribution optimization have been studied before, albeit separately,
and with different analysis techniques for the standard case and the stock-augmented case.
Our results expand the stock-augmented problems that can be demonstrably solved by
distributional DP beyond what was previously known and beyond what can be achieved
without stock augmentation, and our analysis adapts the commonly used tools for the
standard case (see, for example, Bertsekas and Tsitsiklis, 1996) to the stock-augmented case.
Moreover, previous work only considered the scalar case (C = R), and we are the first to
provide the extension to the vector-valued case (C = R™).

In the standard case, the theory of distributional DP for policy evaluation has been
known prior to this work, as well as distributional value and policy iteration for the standard
RL objective (Bellemare et al., 2023). Marthe et al. (2024) posed the return distribution
optimization without stock augmentation and, having demonstrated that only expected
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utilities could be optimized, introduced distributional value iteration for optimizing expected
utilities. As they show, only affine utilities (U; with f(z) = ax + b for a,b € R) and
exponential utilities (U; with f(z) = ae® + b for a,b,\ € R) can be optimized without
stock augmentation (in the finite-horizon undiscounted setting; Marthe et al., 2024).

In stock-augmented problems, classic and distributional DP have been considered pri-
marily in the context of optimizing risk measures. Béauerle and Ott (2011) introduced
a value iteration procedure that maintains Uy, (with f(x) = x_) as iterates, so it is
not distributional. Béuerle and Rieder (2014); Béuerle and Glauner (2021) employed the
methodology with an augmentation other than stock, for optimizing expected utilities Uy
with continuous and increasing f in the former work, and increasing and convex f in the
latter.1? Parallel to the development of this work, Moghimi and Ku (2025) introduced a
related policy iteration method that can optimize expected utilities where f has the form
f(z) =E(x — Z)_ and Z satisfies certain conditions (see Equation 6 in Moghimi and Ku,
2025). While they built their analysis on the work introduced by Béauerle and Ott (2011),
the iterates used by their method are return distributions, so it is fair to say that their
method is stock-augmented distributional policy iteration.

The distributional Q-learning method introduced by Lim and Malik (2022) for optimizing
expected utilities Uy with f(x) = x_ can be associated with a partially stock-augmented DP.
The method tracks the stock throughout each episode and uses it during action selection,
however it does not employ stock-augmented states for the return distribution functions. In
other words, their method adopts a hybrid greedy selection that we can write as sup,cp 177,
but with  : & — D rather than n: S x C — D.

In terms of analysis, ours is distinct from Bauerle and Rieder (2014). Instead, we
use results and proofs from classic-DP theory (Bertsekas and Tsitsiklis, 1996; Szepesvari,
2022) as a roadmap, incorporate techniques from distributional policy evaluation (Bellemare
et al., 2017) to cope with return distributions, and employ novel results required to cope,
additionally, with stock augmentation and statistical functionals of the return distribution.

5. Applications

5.1 Generating Desired Returns

In many cases, we want to instruct agents to perform tasks in highly controllable environments,
but not necessarily the tasks with a “do something as much as possible” nature that are a
clear fit for RL. For example, we may want to specify the task of collecting a given number
of objects in a room, or obtaining a score equal to two in the game of Pong in the Atari
Benchmark (Bellemare et al., 2013). The standard RL framework can be unwieldy for this
type of task, but this type of task can be easily modeled as a stock-augmented problem.

If we were to model this an RL problem without stock augmentation, we would likely
have to use a non-Markov reward that tracks how many apples have been collected, give a
reward of 1 to the agent when the third apple is collected, and zero otherwise. Moreover,

10. Rather than the stock (¢, their augmentation is the pair (Z:;é Y'Rit1, 7t). While this setting is the
same for the finite-horizon undiscounted case, the settings are different in the infinite-horizon discounted
case. Notably, the approach of Béuerle and Glauner (2021) can optimize increasing and convex objectives,
which need not be Lipschitz. We hypothesize that the different augmentation allows removing the
requirement for indifference to ~y.
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we would have one reward function for each number of apples to be collected, which might
require training one agent per reward function (which seems wasteful).

With stock augmentation, on the other hand, this type of task can be tackled effectively.
We can frame it as a stock-augmented return distribution optimization problem with an
expected utility Uy and f(x) = —|z|, where the stock is the number of apples collected so
far by the agent. Moreover, we can get a single stock-augmented agent to perform various
instances of the same task—for example, collect one apple, or collect three apples—simply
by changing the agent’s initial stock: Without discounting and with a reward of 1 for each
apple, a stock of —3 will cause an optimal stock-augmented agent to collect 3 apples, a stock
of —2 will cause the agent to collect 2 apples, and so forth.

5.2 Maximizing the Conditional Value-at-Risk of Returns

The problem of maximizing conditional value-at-risk (CVaR; Rockafellar et al., 2000), also
known as average value-at-risk or expected shortfall, has received attention both in the
context of risk-sensitive RL (B&uerle and Ott, 2011; Chow and Ghavamzadeh, 2014; Chow
et al., 2015; Bauerle and Glauner, 2021; Greenberg et al., 2022) and in non-sequential
decision-making (Rockafellar et al., 2000).

It was for this problem that stock-augmented methods were originally developed and
studied (see Section 4.5 and Béauerle and Ott, 2011; Bauerle and Rieder, 2014; Béuerle
and Glauner, 2021; Lim and Malik, 2022; Moghimi and Ku, 2025). Other works have also
proposed methods for optimizing the CVaR and other risk measures, in approaches that can
be seen as alternatives to stock augmentation (Chow and Ghavamzadeh, 2014; Chow et al.,
2015; Tamar et al., 2015; Greenberg et al., 2022).

The 7-CVaR of returns with distribution v € (A(R), w) is defined as

CVaR(v, 1) = % / " QF, (1)t
0

We can see the 7-CVaR as an “expected return in the worst-case”, since it corresponds to
the expected return of X ~ v in the lower-tail of the return distribution (where the tail has
mass 7).

For any starting augmented state (sg,cp), a history-based policy m € Il generates
returns distributed according to 17 (sg, cp), and we want to find a policy 7 and a ¢y to
maximize the 7-CVaR of these returns:

sup  CVaR(n™(so, co), 7).

TI'EHH,Coec

It is easy to see that this problem does not admit an optimal stationary Markov policy
on states alone, however Bauerle and Ott (2011) showed that we can solve it as follows
(see Appendix D for the proof):

Theorem 16 (Adapted from Béauerle and Ott, 2011) For every 7 € (0,1) and sp €
S,

1
sup  CVaR(n" (s, c0),7) = —c5+ — sup E(c5 + G" (s0,¢p))—,
w€llyg,coeC T welly
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where ¢y is the solution of

max (—CO + 1 sup E(co + G”(SO,CO))> . (18)
co T welly

The main algorithmic difference between our work and that of Béuerle and Ott (2011)
is how to obtain 7*.!! While we propose to use distributional DP with Fx = U ¢ and
f(z) = z_, Béuerle and Ott (2011) used a modified classic value iteration, but required
the iterates to satisfy specific conditions (see M, p. 45, Béauerle and Ott, 2011). With
distributional DP, on the other hand, it is possible to establish approximate guarantees for
7-CVaR optimization, for both distributional value/policy iteration, with minimal conditions
on the starting iterates (return distribution iterates must have uniformly bounded first
moment). This is what the following result shows, if we combine distributional DP with a
grid search procedure to approximately solve the optimization in Equation 18:

Theorem 17 For every T € (0,1), so € S and € > 0, there exists a stationary policy ™ € 11
(obtainable through distributional DP) and a ¢ (obtainable through grid search) such that

sup  CVaR(n™(s0,c0),T) — CVaR(n™ (s0,¢5), 7) < 4e.
wellg,coeC

In particular, T satisfies (for f(x) =z_)

sup U™ —Usn™ < e,
mellg

and

1 _
€y = arg max (—co + —E(co + G"(s0, co))> ) (19)
coEE T

where C = {Cmin + i€ : 7 € Ng, ciin + 1€ < Cax} and cmin and cpax are chosen so that

1 _
max <—co + ;E(co + G™(s0, co))_>
co

1 _
= max <—Co + ;E(Co + Gﬂ(30700))—> .

Cmin <€0<Cmax

The key insight in Theorem 17 is that the objective functional being maximized over
co in Equation 18 is 1-Lipschitz, so we can approximate it through a grid search with an
approximately optimal return distribution (Equation 19). A remaining limitation of the
approach is how to choose cpin, cmax in practice. We know from Theorems 16 and 17 that
we can choose ¢y, small enough and ¢« large enough to satisfy the requirement, but how
large/small they need to be is left to a case-by-case basis.

11. The differences in analysis are discussed in Section 4.5.
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5.3 Maximizing the Optimistic Conditional Value-at-Risk of Returns

The 7-CVaR is the expectation of the return over the lower tail of the distribution (with
tail mass 7), and maximizing it is a risk-averse approach. With 7 = 0, the 7-CVaR is the
risk-neutral expected return, and as 7 decreases the amount of risk-aversion increases.

We can also consider the problem of maximizing the upper tail of the return distribution,
which we call the optimistic 7-CVaR, defined for returns with distribution v € (A(R), w) as

1 1
OCVaR(v,7) == [ QF,(t)dt.

T J1—7

This application is interesting to analyze because it is similar to the optimism used by
Fawzi et al. (2022) in AlphaTensor. More generally, risk-seeking behavior can be useful for
“scientific discovery” problems like discovering matrix multiplication algorithms, where it
is more helpful to attain exceptional outcomes some of the time, even at the expense of
performance in most cases, than to perform well on average. This is because in this type of
problem the RL agent is being used to generate solutions to a search-like problem where
exceptional solutions are very valuable, but low-quality solutions are harmless, as they can
simply be discarded.

We can show that analogues of Theorems 16 and 17 hold for optimizing the optimistic
7-CVaR.

Theorem 18 For every 7 € (0,1) and so € S,

1
sup  OCVaR(n"(so,c¢0),7) = —cj + — sup E(cg + G™(s0,¢)))+,
WEHH,CQEC T ﬂ'EHH

where ¢y is the solution of

i 1 r
min (—co + — sup E(co + G (SoaCO))+) :
0

T melly

The proof of Theorem 18 is more subtle than the proof of its risk-averse counterpart. In
Theorem 16, we can exploit the equivalence

1
up  CVaR( n,co). ) = sup (=0 + 1o + G sn ol )

melly,coeC welly,coeC

The similar step in the case of the optimistic 7-CVaR gives

1
sup CVaR(n"(so,cp),7) = sup inf (—co + —E(co + G’r(so,co))+> :
n€lly,coeC melly coeC T

Thanks to distributional DP, we can optimize Uy with f(x) = 21 uniformly for all (so, co),
and we use this to swap the supremum and the infimum above, which gives Theorem 18.
The approximate version of Theorem 19 then follows analogously to Theorem 17.
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Theorem 19 For every 7 € (0,1), so € S and € > 0, there exists a stationary policy T € 11
(obtainable through distributional DP) and a ¢ (obtainable through grid search) such that

sup  OCVaR(n™(so,¢cp), 7) — OCVaR(n™ (s0, ), 7) < 4e.

me€llyg,coeC
In particular, T satisfies (for f(x) = z4)

sup Upn™ —Upn™ < e,
welly

and

] 1 7
¢y = arg min <—Co + —E(co + G™(s0, CO))+) ’
coEE T

where C = {Cmin + 7€ : i € Noy, ¢min + 7€ < Cmax} and cmin and cmax are chosen so that

1 _
min (—CQ + ;E(CO + GW(SO, CQ))+>
o

1 _
= min <—C(] + ;E(CO + GW(S()v CO)>+> :

Cmin SCO Scmax

5.4 Homeostatic Regulation

Homeostatic regulation is a computational model for the behavior of natural agents (Keramati
and Gutkin, 2011) whereby they aim to reduce drive (Hull, 1943), the mismatch between
their current internal state and a stable state. Drive reduction aims to explain empirical
observations about the behavior of natural agents (Hull, 1943)—a simplistic instance being
the hypothesis that an animal feeds to reduce its hunger.

We can formalize the homeostatic regulation problem considered by Keramati and Gutkin
(2011) as:

sup —Ellco + G™(s0, o) |3,

welly
where p,qg > 1, C = R™, —¢g is the “ideal” setpoint for the agent’s internal state, and the
agent’s stock Cy represents its drive (the deviation from the desired state to be reduced).

“Minimizing drive in norm” above corresponds to the expected utility Uy with f(z) =
—||z||#. This choice of f is positively homogeneous (since f(yz) = 7% f(x)), but Lipschitz
only when ¢ = 1, so by Lemma 12 and Theorems 6 and 8 distributional DP can solve
this variant of homeostatic regulation in the finite-horizon case (regardless of ¢) and in the
infinite-horizon discounted case if ¢ = 1 and if we consider the variant where the agent’s
drive increases over time due to the reverse-discounting, as Cy 11 = v~ 1(Cy + Rey1).

The formulation where f is a norm presumes that there is an ideal setpoint (namely,
—cp), and that the agent wants to keep its stock as close to that as possible, that is, the
agent wants its drive (positive or negative) to be as close to zero as possible. This is different
from minimizing positive drive—intuitively, a sated agent would not actively drive itself
back to the threshold of being hungry.
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To accommodate for minimizing only positive drive, we can consider a homeostatic
regulation problem with an expected utility, but a different choice of f:

flz)= Zaz‘ (),

where a1, ...,a, € R are fixed weights. Once again, this choice of f is positively homoge-
neous (since f(yz) =~ f(x)) and Lipschitz (since f(x) < max;|a;| - ||z]|1), so by Lemma 12
and Theorems 6 and 8 distributional DP can also solve this variant of homeostatic regulation
both in the finite-horizon case and in the infinite-horizon discounted case.

These two reductions are examples of how we can use the framework of stock-augmented
return distribution optimization to provide simple solution methods for a problem that has
been otherwise complicated to solve with RL. Previously, solving homeostatic regulation
with RL methods required the design of an appropriate reward signal (as done by Keramati
and Gutkin, 2011). Considering that Keramati and Gutkin (2011) aimed to reconcile the dif-
ferences between the drive reduction model and the RL-based computational model proposed
by Schultz et al. (1997), perhaps the framework of stock-augmented return distribution
optimization will help bring the two models closer together.

The reward signal designed by Keramati and Gutkin (2011) to reduce homeostatic
regulation to RL corresponds precisely to the reward signal that we have identified as the
way to reduce stock-augmented return distribution optimization to stock-augmented RL
(see Theorem 20).

5.5 Constraint Satisfaction

In this application, we want an agent to generate returns that satisfy various constraints,
with probability one if they are feasible. Our proposal is to model constraint satisfaction
as minimizing constraint violations in expectation, which is a variation of minimizing
only positive drive discussed in Section 5.4 and generating exact returns from Section 5.1.
Constraint satisfaction is related to satisficing problems (Simon, 1956; Goodrich and Quigley,
2004), though satisficing proposes to use constraint satisfaction as a means to find acceptable
suboptimal policies when finding optimal policies is inviable.

If we want a policy with return above a threshold g, we can implement the constraint
satisfaction as a stock-augmented return distribution optimization problem with Uy, f(x) =
x_ and set cg = —g. This choice of f satisfies Equation 15 (the condition for U to be
indifferent to v), so distributional DP can optimize Uy. Maximizing the expected utility will
correspond to minimizing the expected violation:

E(co + G™(s0,¢0))- = —E(g9 — G™ (50, —9))+-

For any 7, we have G™(sg, —g) > g with probability one iff E(g — G™(sg, —g))+ = 0. So if
the constraint can be satisfied, optimizing Uy will suffice. If we want a policy with return

below a threshold g, we optimize Uy with f(x) = —(v4) and set cg = g, and for any 7, we
have G™(sg, —g) < g with probability one iff E(G”(sg, —g) — g)+ is zero. For an equality
constraint, we can use f(x) = —|z| as in Section 5.1.

Distributional DP can also optimize any weighted combination of the constraints above,
with a different stock and reward vector coordinate per constraint, since the weighted
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combination will also satisfy Equation 15. For example, to generate a return in the interval
[91, g2], assume the return is replicated, so that G; = G, set cop = (—g1, —g2) and optimize
U f with

flx) = (x1)- = (22)4

Then for any 7, we have G™(sq, (—g1, —¢2)) € [g1, g2] with probability one iff
E (G™(s0, (=91, —92))1 — g1)_ — E(G™(s0, (=91, —92))2 — g2) , = 0.

Finally, we can also trade off minimizing constraint violations and minimizing or maximiz-
ing expected return. An example of this kind of problem is when we want an agent achieve a
certain goal “as fast as possible” (Section 3.2, Sutton and Barto, 2018). Traditionally, this
kind of goal is normally implemented in episodic settings by terminating the episode when the
goal is achieved, with a constant negative reward at each step, or in discounted settings with
a reward of 1 when the goal is achieved, and zero otherwise. This is manageable when the
goal is achieved instantaneously,'? but otherwise specifying a reward can be tricky. Return
distribution optimization with vector-valued rewards allows for an alternative formulation of
this problem with Uy and

fla) =z + ) i (),
=2

where the first coordinate of the reward vector is always —1 (representing the time penalty),
and the remaining «; - (x;)_ regularize the agent’s behavior to achieve the multiple goals. It
is easy to see that this choice of f is Lipschitz and satisfies Equation 15, so by Lemma 12
and Theorems 6 and 8 distributional DP can solve this problem both in the finite-horizon
case and in the infinite-horizon discounted case. We will explore this application in an
empirical setting in Section 7.4.

5.6 Generalized Policy Evaluation

One interesting aspect of stock-augmented return distribution optimization is that policy
evaluation is not bound to any particular objective functional: If we know the return
distribution for a policy 7, we can evaluate it under various different choices of Fg, which
means the setting is amenable to Generalized Policy Evaluation (GPE; Barreto et al., 2020).
In the standard RL setting, GPE is “the computation of the value function of a policy
7 on a set of tasks” (Barreto et al., 2020). Its natural adaptation to our setting can be
stated as the evaluation of a policy under multiple objective functionals Fk,, ..., Fk, , each
corresponding to a different task. This adaptation can be used without stock, with the
caveat that removing stock augmentation limits the objectives that distributional DP can
optimize (cf. Section 4.5 and Appendix I).

We can also adapt Generalized Policy Improvement (GPI; Barreto et al., 2020) in a
similar way: Given policies 71, ..., 7, and an objective functional F, the following is an
improved policy using GPI:

m(s,c) = argmax (Fgn™)(s,c).
we{my,..., T }

12. Admittedly neither a sparse reward nor a constant reward of —1 may be easy for deep RL agents to
optimize in practical settings.
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The individual policies 71, ..., 7, may have been obtained by optimizing different objective
functionals Fg,,..., Fk,, and they can be combined into a policy 7 for a new objective
functional F. Thanks to distributional policy improvement (Lemma 15), we know that 7
is, fact, at least as good for Fix as any of the individual policies 7y, ..., m,.

5.7 Reward Design

In deploying RL algorithms on real-world sequential decision-making problems, it is often
required to explicitly design a reward signal to codify the intended outcomes. As the reward
hypothesis states (Section 3.2, Sutton and Barto, 2018): “All of what we mean by goals and
purposes can be well thought of as the maximization of the expected value of the cumulative
sum of a received scalar signal (called reward).” This hypothesis has been explored and
disproved for some interpretations of what constitutes a “goal” (Pitis, 2019; Abel et al.,
2021; Shakerinava and Ravanbakhsh, 2022; Bowling et al., 2023). However, even when the
hypothesis holds, the reward signal is not necessarily the simplest tool for expressing goals
and purposes.

Designing rewards is notoriously difficult. For instance, Knox et al. (2023) present a
systematic examination of the perils of designing effective rewards for autonomous driving.
They found that, among publicly available reward functions for autonomous driving, “the
most risk-averse reward function |...]| would approve driving by a policy that crashes 2000
times as often as our estimate of drunk 16-17 year old US drivers” (p. 7). Earlier work by
Hadfield-Menell et al. (2017) reveals the difficulty of hand-designing rewards, with common
failures including unintentional positive reward cycles.

We contend that, in some cases, the framework of stock-augmented return distribution
optimization eliminates the need for bespoke reward design. To support this claim, we
extend a reward-design result by Bowling et al. (2023) to the stock-augmented setting,
showing, once the objective functional has been chose, how to define an RL reward signal so
that the RL objective is equivalent to the stock-augmented return distribution optimization
objective. The result also shows that this reduction between objectives is only possible if
the statistical functional is an expected utility and indifferent to ~.

Theorem 20 A stock-augmented return distribution optimization objective functional Uy
can be reduced to an equivalent stock-augmented reinforcement learning objective (expected
return) with discount o € (0,1] with v < 1 = a < 1 and reward proportional to

Re1 = af (Crer) = f(C) + (1 = )£ (0) (20)
if [ satisfies, for all ¢ € C,
f(ve) =af(c) + (1 —a)f(0), (21)
and:

- in the finite-horizon case,

sup E<‘§t+1‘ ’St:S7CtZC7At:a> < o0 (22)
$,6,a€SXCX.A

- in the discounted case, f is Lipschitz.
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A stock-augmented return distribution optimization objective that is not an expected
utility or not indifferent to v cannot be reduced via reward design to a stock-augmented
reinforcement learning objective.

The reward construction used in Theorem 20 may seem obvious in hindsight, but we
believe that it can be much less evident if the corresponding Uy has not been identified, and
that this may account for some of the challenges in designing rewards straight from imprecise
“goals and purposes”. However, once Uy has been identified, the construction essentially
automates away one step in the design of RL agents. For example, the construction used in
Theorem 20 can be seen to be the same as the one used by Keramati and Gutkin (2011) to
reduce homeostatic regulation to an RL problem, and Theorem 20 provides this reduction
immediately.

Theorem 20 allows us to optimize certain stock-augmented return distribution optimiza-
tion objectives with classic DP. In the discounted case, these are the same objectives we
have shown that can be solved with distributional DP. In the finite-horizon undiscounted
case, there are two main differences. First, distributional DP can optimize (arguably patho-
logical) objectives where Assumption 1 is satisfied, but not Equation 22.'3 Second, and
more importantly, distributional DP can optimize certain objective functionals that are not
expected utilities, whereas classic DP, at least via reward design, cannot.

5.8 Beyond Expected Utilities

In all the applications we have presented so far, the objective functionals being optimized
by distributional DP were expected utilities. While expected utilities cover many common
use cases of stock-augmented return distribution optimization, it is worth considering which
non-expected utilities distributional DP can optimize. Without stock augmentation, distri-
butional DP cannot optimize non-expected utilities, even in the finite-horizon undiscounted
case (Marthe et al., 2024), which is the most permissive as far as conditions for optimizing
Fr go. We also saw in Theorem 20 that, at least through reward design, classic DP cannot
optimize non-expected utilities, even with stock augmentation. What about distributional
DP with stock augmentation?

The answers differ depending on whether we consider the infinite-horizon discounted
case, or the finite-horizon case. In the infinite-horizon discounted case, the following theorem
states that only Lipschitz expected utilities satisfy indifference to mixtures and Lipschitz
continuity, which are required in our distributional DP guarantees.

Theorem 21 If K : (D,w) — R is indifferent to miztures and Lipschitz, then Fg is an
expected utility, that is, there exists an f : C — R such that Kv = Ef(G) (G ~v) and f is
Lipschitz.

Theorem 21 does not necessarily rule out distributional DP optimizing non-expected
utilities in the infinite-horizon discounted case, because it is still an open question whether

13. For example, consider optimizing U; with f(c) = ¢® in the finite-horizon case with v = 1 (f need not be
Lipschitz in this case), where rewards for each state-action are Pareto(2,1) random variables multiplied
by +1. These pseudo-rewards have bounded first moment, but unbounded second moment, so Et.‘_l may
have unbounded first moment, and Bellman equations may be invalid.
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Lipschitz continuity is necessary. However, it does rule out Lipschitz functionals that are
not expected utilities, including, for example, the 7-CVaR:

Kv=12 / QF, dt. (23)
T Jo

This choice of K is Lipschitz, but Fy is not an expected utility.'* This may seem to
contradict the claims in Section 5.2, but it does not. Theorem 36 shows that distributional
DP can optimize the 7-CVaR by transforming the problem into the optimization of an
expected utility, and specifying how to select cg. The objective that distributional DP cannot
optimize is Fx with K set to be exactly the 7-CVaR functional (as in Equation 23). To
emphasize the difference between the two cases, compare which K is used in the greedy
policies of Theorems 6 and 8.

As another example of non-expected utilities with Lipschitz K, consider minimizing
the 1-Wasserstein distance to a reference distribution 7 in the scalar case (C = R), that
is, Kv = —w(v,v). This K is Lipschitz (by the triangle inequality), however F is not an
expected utility unless 7 is a Dirac. By Theorem 21, distributional DP cannot optimize
this objective functional if ¥ is not a Dirac. We can verify that the K is not indifferent
to mixtures, for example, when 7 is the distribution of a Bernoulli—% random variable
(in this case, Koy = K01, so indifference to mixtures requires that K (%50 + %60) equal
K (%50 + %(51), which is not the case). When 7 = §, for some ¢ € R, it is easy to see that
Kv = —E|G — ¢| (G ~ v), and we have already established that K is indifferent to v < 1 iff
c=0.

Turning to the finite-horizon case, can we claim that distributional DP cannot optimize
non-expected utilities? A positive answer here would imply that distributional and classic DP
are essentially equivalent in the finite-horizon undiscounted case, with stock augmentation
as well as without.!®

As the next result shows, it is possible for distributional DP to optimize non-expected
utilities in the finite-horizon case. The choice of functional in Proposition 22 can be phrased
as “any negative return is (equally) unacceptable,” and is known not to be an expected
utility (Juan Carreno, 2020; Bowling et al., 2023).

Proposition 22 The statistical functional K : (D,w) — R satisfying, for v € (D,w),
Kv =1(r([0,00)) = 1)
18 indifferent to miztures and Fx is not an expected utility.

The choice of K in Proposition 22 does not allow for a reduction to a stock-augmented
RL objective via reward design (cf. Theorem 20), because it is not an expected utility.
However, since it is indifferent to mixtures, distributional DP can optimize the corresponding
Fi in the finite-horizon undiscounted case.

14. K violates the von-Neumann-Morgenstern (Von Neumann and Morgenstern, 2007) axiom of independence.
See Axiom 3 in Appendix F with v uniform in {0}, ¢/ uniform in {—1,2}, 7 uniform in {2} and 7,p = %
15. Save for the extreme case where the pseudo-rewards in the stock-augmented return distribution optimiza-
tion have bounded first moment, but not the designed stock-augmented RL rewards, as discussed in the

context of Theorem 20.
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Figure 1: Architecture diagrams for DQN (left), QR-DQN (center) and DnN (right). In red,
the elements introduced specifically for DnN. The QR-DQN and DnN networks
output return distribution quantiles for each input (s or (s, ¢)) and action.

6. DnyN

To highlight the practical potential of distributional DP for solving return distribution
optimization problems, we adapted QR-DQN (DQN with quantile regression; Dabney et al.,
2018) to optimize expected utilities Uy and evaluated it empirically. We call this new method
Deep n-Networks, or DnN (pronounced din). In this section introduce DnN and describe
how it incorporates the principles of distributional DP. We present the empirical study in
Sections 7 and 8.

DnN uses a neural-network estimator for the stock-augmented return distribution, similar
to QR-DQN, with one difference: The stock embedding. In DnN, we input the stock to a
linear layer'® and then add the output of this linear layer to output to the of the agent’s
vision network.!” The architecture diagrams for DQN (Mnih et al., 2015), QR-DQN (Dabney
et al., 2018)) and DnN are given in Figure 1. The output &y(s, ¢, a) of the network is a return
distribution parameterized as quantiles (see Appendix H.1 for implementation details).

To explain the remaining differences between QR-DQN and DnN, it is useful to understand
how QR-DQN is adapted from classic DP, and then see how distributional DP is adapted
into DnN. This adaptation is necessary because DP is designed for a planning setting (where
the transition and reward dynamics of the MDP are known), but planning methods are
rarely tractable or feasible in practice (where state spaces can be very large and the dynamics

16. While this simple design decision proved sufficient for our experiments, we believe that improved scalar
embedding should be considered in the future (for example, Springenberg et al., 2024).

17. In practice, the MDP state s is converted to an image observation before being input to the vision
network, and the conversion is domain-dependent.
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can only be observed through interaction with the environment). Practical settings are
more closely modeled as prediction and control settings (Sutton and Barto, 2018) with a
function approximator learned through deep learning, that is, the typical setting for deep
reinforcement learning.

Given a (state-) value function V € (R®|| - ||« ), the corresponding action-value function
is defined as

Q(s,a) = (T, V)(s),

where 7, denotes the policy that selects action a with probability one at all states. It is
convenient to denote this transformation with an operator, commonly known as the classic
Bellman lookahead (p. 30, Szepesvari, 2022):

(AV)(s,a) = (Tr, V) (s).

We also let M : (RS*4, || ||oo) = (RS, || - [|lso) be the maxz operator on action-value functions
defined as
(MQ)(s) =maxQ(s,a) = sup EQ(s, A). (A~p)
e pEA(A)

Each iterate V,, in classic value iteration has a corresponding @), = AV,,, and it holds that
Vat1 = M@Q,. Thus, we can equivalently carry out value iteration on action-value functions,
via the relation

Qn+1 = AMQn (24)

Q-learning (Watkins, 1989; Sutton and Barto, 2018) aims to approximate value itera-
tion through multiple asynchronous stochastic updates per transition. Given a transition
(8¢, @ty Ter1, St+1), the Q-learning update is:

Qo(st,ar) < (1 —a)Qo(s,ar) + - (re1 +7(MQp)(st+1)) 5 (25)

where Qg is the action-value function estimator being learned and « is a learning rate. Note
how the term in parentheses resembles the right-hand side of Equation 24. Roughly speaking,
it serves as an estimate of AM Qg on the given transition.'®

DQN (Mnih et al., 2015) implements the Q-learning update with a deep neural network
estimator for (y, and in addition, an estimator Qg with target parameters 6 on the right-hand
side of Equation 25. The target parameters slowly track #, and the DQN value update
only modifies #. The updates to 6 are performed through regression, similar to fitted
Q-iteration (Ernst et al., 2005) with a Huber loss, and with the prediction targets

rer1 +Y(MQg)(5t41),

which, as before, are meant to serve as an estimate of AM Q5 on the given transition.

The implementation of DnN can be thought of as applying the adaptations above to
distributional DP with an expected-utility objective Uy. This is a stock-augmented setting,
so note the use of the augmented state (s,c) € S x C, in contrast to the use of the plain states

18. The precise relationship between the two quantities can be understood from the analysis of Q-
learning (Dayan and Watkins, 1992).
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s € S for classic DP, Q-learning, DQN and QR-DQN. The stock-augmented distributional
Bellman lookahead operator is defined as

(An)(s, ¢;a) = (Tr,n)(s; ©);

where, as before, 7, selects a with probability one at all (s,c¢) € S x C. The distributional
analogue of action-value functions are action-dependent return distribution functions. From
a return distribution 7, the distributional Bellman lookahead gives the corresponding action-
dependent return distribution function £ = An.

The analogue of the max operator M for optimizing Uy must take f into account, so we
denote it by My to highlight this dependence, and we define it so that:

Up(Ms€)(s,c) = sup Ef(c+G(s,c, A)). (A~p, G(s,c,a) ~&(s,c,a))
PEA(A)

My may not be unique because Uy may allow multiple policies to realize the supremum on

the right-hand side, but any valid M/ is acceptable. Because the right-hand side above is

linear in 7, we can write My via a simple maximization over actions:

Up(Mg&)(s,c) = mgx]Ef(c + G(s,c,a)). (G(s,c,a) ~&(s,c,a))

As in the classic case, we can carry out distributional value iteration on action-dependent
return distribution function iterates:

€n+1 = AMfé‘n

DnN adapts distributional value iteration similarly to how QR-DQN adapts classic
value iteration. QR-DQN replaces DQN'’s action-value function estimator with a return
distribution estimator (see the middle diagram in Figure 1), and employs quantile regression
to fit it, rather than ordinary scalar regression with a Huber loss. The return distribution
estimator used by DnN is & : S x C x A — D and the distributional prediction target can
be written as

df (ree1 +v(Myp&g)(ser1, cev1)) (26)

and QR-DQN is analogous, but without the stock augmentation. In analogy to DQN, the
distributional prediction target in Equation 26 is meant to serve as an estimate of AM;&;
on the observed data.

In QR-DQN, f is the identity function and Uy is the standard RL objective, so

E(M&g)(st4+1) = max E (G(st11,a)) .- (G(s,a) ~ &(s,a))

This is an equation over action-values, and it naturally resembles the action choice used in
the Q-learning update and DQN’s prediction targets. Similar to how the greedy action for
Q-learning and DQN is a maximizing action, DnN’s greedy action at (s¢, ¢;) maximizes Uy:

Ef(ct + G(st, ¢, at)) = mngf(ct + G(st, ¢, a)). (27)

with G(s,c,a) ~ &4(s, c,a).

In summary, DnN is similar to QR-DQN in many ways, with two notable differences:
The neural network supports stock augmentation (Figure 1), and the stock and the utility
factor into the action selection, both for the quantile regression targets (Equation 26) and
for the agent’s interaction with the environment (Equation 27).
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Figure 2: Example gridworld (with cells indexed as matrix entries). The starting cell sipit
is the upper-left corner cell (1,1). The bottom-left corner (red, (4,1)) has a
deterministic reward of 1. The upper-right corner (yellow, (1,4)) has a stochastic
reward —2B, where B ~ Bernoulli (%) (sampled independently each time step).
The bottom-right corner (gray, (4,4)) is terminal. The cell (3, 3) (gray) is terminal
and has a stochastic reward of 3B.

7. Gridworld Experiments

In this section we present experiments to illustrate how DnN solves different toy instances of
stock-augmented return distribution optimization, corresponding to some of the applications
discussed in Section 5. These experiments are also interesting because they reveal practical
challenges of training stock-augmented return distribution optimization agents.

The environments are 4 x 4 gridworlds (Sutton and Barto, 2018). The agent’s actions
are up, down, left, right, and no-op. If the agent takes a no-op action or attempts to go
outside the grid, it stays in the same cell. The starting cell is always the top-left corner of
the grid, which we denote by sy = sinjt, and the starting stock cg is set per experiment. For
a transition (s, ¢),a,r’, (s, ), if s is terminal, then ¢ = ¢, s = s and 7’ = 0. Otherwise,
d = v !(c+ ') (as in Equation 1). Some cells are terminating; if the agent enters a
terminating cell, then s’ is terminal (and absorbing). Some cells are rewarding: If s is
non-terminal and s is rewarding, then the agent receives r’ associated with s’. The reward
may be deterministic, or it may be v’ - B where B ~ Bernoulli (%) (independently for each
transition). A cell may be both rewarding and terminal, in which case the agent receives
the reward for the cell upon entering it, but not afterwards. Figure 2 gives an example
gridworld with the notation we use. At an augmented state (s, c), besides the stock ¢, the
input to DnN’s vision network (see Figure 1) is a one-channel 4 x 4 frame with 1 in the cell
corresponding to s and zero otherwise.

During training, it was essential to randomize the starting cg, by sampling values
uniformly from a range (implementation details are given in Appendix H.2). This was meant
to introduce diversity in the training data and ensure that the agent could solve problems
for a variety of cg.
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Figure 3: Gridworld for the first experiment for generating returns.

7.1 Generating Desired Returns

Our two first experiments illustrate how DnN with C = R and f(x) = —|z| can generate
desired outcomes in a deterministic environment (see the application discussed in Section 5.1).
In this setting the trained DnN agent displays different behaviors depending on ¢g.

We first consider generating specific returns in the gridworld given in Figure 3. Because
this gridworld is deterministic, we can set ¢y to different values to generate different desired
discounted returns, and the agent must do so by combining the rewards of 2 on the top-right
corner and the rewards of —1 on the bottom-left corner.

Because in practice DQN-like agents tend not to cope well with v = 1, we set v = 0.997
and assessed whether the agent can approximately generate the values of ¢y provided.
Table 2 shows the agent’s average return for different choices of ¢y, with confidence interval
bounds in parentheses. In each independent run, we trained the agent and then measured
its average discounted return (over 200 episodes) for each of the values of ¢y considered.
We then computed 95%-confidence intervals based on the 30 independent averages using
bias-corrected and accelerated bootstrap (James et al., 2013; Virtanen et al., 2020). Each
row of Table 2 shows the “desired” return (—cp), the average discounted return obtained by
the agent (EG(so, o)) and the “error” E|cy + G(so, co)|, the negative of the objective. We
can see that, as intended, the trained DnN agent can approximately produce the desired
discounted returns.

The mismatch between —cy and average discounted returns is likely due to the function
approximation and discounting, which makes the exact ¢y challenging to realize for arbitrary
co- However, the agent should generate returns equal to —cg when it corresponds to a
realizable discounted return. To test this hypothesis, we carried out a follow-up evaluation
where, for each trained agent, each choice of ¢y, and each evaluation episode generated with
discounted return G(so, ¢p), we ran that agent starting from (s, ¢j) with ¢, = —G(so, ¢p), and
measured the discounted return G(so, ¢{;) obtained. The observed values for |¢{, + G(so, )|
were less than 3.02-10~2 uniformly for all runs (across all independent runs, co and episodes).
Thus DnN can closely reproduce realizable discounted returns, and the mismatches in Table 2
are likely related to v and function approximation.

This first experiment is an illustration of the ability of methods like DnN to control
deterministic environments and generate desired outcomes, which is a desirable capability
for artificial agents. Besides combining different rewards, another means to control the
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Desired discounted return Discounted return Error

—Cp EG(S(], Co) E|CO + G(So, Co)|
7.00 6.95 (6.95,6.95) 0.05 (0.05,0.05)
5.00 4.98 (4.98,4.98) 0.02 (0.02,0.02)
3.00 3.00 (3.00, 3.00) 0.00 (0.00,0.00)
1.00 1.01 (1.01,1.01) 0.01 (0.01,0.01)
—2.00 —1.85 (—1.99,—1.59) 0.15 (0.01,0.41)
—4.00 —3.96 (—3.96,—3.96) 0.04 (0.04,0.04)
—6.00 —5.92 (—5.92,—5.92) 0.08 (0.08,0.08)

(— ) ( )

—8.00 —7.87 (—=7.87,—-7.87) 0.13 (0.13,0.13

Table 2: Evaluation results for DnN optimizing Uy with f(z) = —|z| in the gridworld from
Figure 3, and v = 0.997. Entries are averages with bootstrap confidence intervals
in the format “average (low, high)” where low and high are the interval bounds.

Sinit 2

T

Figure 4: Gridworld for the second experiment.

returns is to use the discounting. Intuitively, in this case, instead of collecting a unit of
reward as soon as possible, the agent may choose to “wait” for a few time steps until the
discounted reward (from the starting state) achieves the desired value. To illustrate this
point, in our second experiment we removed the negative reward from the gridworld in the
first experiment, and set v = % The gridworld diagram is given in Figure 4.

The results are in Table 3, and the agent successfully generates the desired discounted
returns. From an observer’s point of view, the perceived behavior of the agent is that it
“correctly times” the rewarding transitions; in reality, the agent uses the stock to decide
whether or not to collect a reward at a particular augmented state.

7.2 Maximizing the -CVaR

We can use DnN to optimize 7-CVaR of the return, the risk-averse RL setup outlined in
Section 5.2. The 1-CVaR is risk-neutral (stock-augmented RL), and as 7 goes to zero
optimizing the 7-CVaR requires more risk aversion. In this setting, DnN displays behaviors
with different risk profiles in response to changing 7.
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Desired discounted return Discounted return

Error

—Cp EG(So,Co) E|CO + G(So,Co)’
1.00 1.00 (1.00,1.00) 0.0 (0.00,0.00)
0.50 0.50 (0.50,0.50)  0.00 (0.00,0.00)
0.25 0.25 (0.25,0.25)  0.00 (0.00,0.00)
0.12 0.12 (0.12,0.12)  0.00 (0.00,0.00)
0.06 0.06 (0.06,0.06)  0.00 (0.00,0.00)

Table 3: Evaluation results for DN optimizing Uy with f(x) = —|z| in the gridworld from
Figure 4 and v = % Entries are averages with bootstrap confidence intervals in
the format “average (low, high)” where low and high are the interval bounds.

Sinit —2B %
—2B
1
T

Figure 5: Gridworld for the first risk-averse RL experiment.

The objective functional is Uy with f(z) = z_, but we do not specify cy directly. Instead,
given a desired 7, we compute ¢ according to Theorem 16 and start the agent in the
augmented state (sg,¢jj). The gridworld for this experiment is given in Figure 5. It has
a “safe” terminating cell in the bottom-left corner, and a “high-risk” terminating cell in
the upper-right corner. This cell has high risk because it is surrounded by cells that give
—2 reward with probability % (and zero otherwise). With v = 0.997 the high-risk cell is
better in expectation, so an optimal risk-neutral agent (7 = 1) would go there. However, an
optimal risk-averse agent (with respect to the 7-CVaR and for small enough 7) will avoid
the high-risk cell and go to the safe cell in the bottom-left corner.

DnN’s performance is consistent with these behaviors, as we see in Figure 6, which shows
the histograms of the returns obtained by DnN over several runs. As before, we trained
the DnN agent in 30 independent training runs. After training the agent in each of the
runs, we ran the agent with different values of 7 for 200 episodes. It is worth emphasizing
that we run the same trained agent with different values of 7, as discussed in Section 5.1.
We binned the observed returns and computed their frequencies for each independent run,
and we report the average frequencies per bin with 95% bootstrap confidence intervals. For
smaller 7, the agent goes to the safe terminating cell. As 7 increases, the frequency of
returns corresponding to the high-risk cell also increases.
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Figure 6: Discounted return histogram for different values of 7, obtained by a trained DnN
agent. Error bars correspond to bootstrap confidence intervals.

DnN generated zero returns in some instances, which are suboptimal behaviors regardless
of 7. The selection of ¢y uses grid search and approximate return estimates from &, and
estimation errors may cause E(cj + &5(s0, ¢, a))— to be zero for all actions, even for the
down action. When this is the case, DnN selects actions uniformly at random (because all
actions are greedy). The stock, which starts often at a negative value, inflates due to the y~*
factor and becomes more negative. Eventually it is so large in magnitude that the future
discounted return can never exceed the stock, and the result is degenerate behavior.

7.3 Maximizing the Optimistic 7-CVaR

Similar to how we can use DnN to produce risk-averse behavior, we can also use it to produce
risk-seeking behavior, by following the outline in Section 5.3. In this case we also observe
DnN display behaviors with different risk profiles: When the agent is risk-seeking, it tries
to maximize its best-case expected performance, and as it becomes more risk neutral its
performance resembles that of an RL agent maximizing value.

The objective functional is Uy with f(x) = x4 and as before we do not specify ¢y directly.
Instead, given 7, we compute ¢ according to Theorem 18, and run the agent from (s, ¢f).
The optimistic 1-CVaR is risk-neutral, and as 7 goes to zero the optimistic 7-CVaR demands
more risk-seeking behavior. The gridworld for this experiment is given in Figure 7. The
only allowed actions are down and right, and v = 0.997. In this environment, the higher the
risk, the higher the best-case return, but the lower the expected return. A risk-neutral agent
will go right twice and then either right or down, terminating with a discounted return of
14~ +~2. These are the low-risk paths. In any given cell and whatever the stock, moving to
a cell with Bernoulli rewards increases the risk relative to choosing a cell with deterministic
reward. Going down three times is the path with highest risk, with expected discounted
return 3(1+ v+ 72), but twice that amount with probability & (the best case).

DnN’s performance is consistent with the risk profile given by 7, as we see in Figure 8,
which shows the histograms of the returns obtained by DnN over several runs. We trained
the DnN agent and computed histograms in the same way as in Figure 6.

For 7 < 0.1 we see that the agent is maximally risk-seeking, as the support of the
distribution includes the maximum possible return (approximately 4.5) with probability
around %. As 7 increases, the agent becomes less risk-seeking, and eventually (7 = 0.25) the
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Figure 7: Gridworld for the risk-seeking RL experiment. The only allowed actions are down
and right.
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Figure 8: Discounted return histogram for different values of 7, obtained by a trained DnN
agent. Error bars correspond to bootstrap confidence intervals.

agent stops going for the riskiest path and visits cells with deterministic rewards more often.
At 7 = 1 the agent is nearly risk-neutral, with a mean discounted return of 2.6 + 0.485. The
optimal risk-neutral expected discounted return is approximately 2.99, and we believe the
mismatch is due to approximation errors on the choice of the starting cj.

To highlight the agent’s ability to adapt to different stochastic outcomes, notice how the
frequency of zero returns is quite low, even for the highly risk-seeking behavior (7 = 0.01).
This may seem counter-intuitive if we consider that the highest-risk path has the same
probability of a best discounted return (4.48 with probability %) as of a worst discounted
return (zero). Yet DyN with 7 = 0.01 observes a discounted return of 4.48 with probability
around %, and worst-case returns with probability around 0.03 4+ 0.02. This happens because
DnN adapts its behaviors to the observed returns, through stock augmentation. If we look
back at Figure 7, we can see that there is always a path such that, if the agent observes
a zero reward at one of the non-terminal cells with Bernoulli rewards, it can go right and
avoid a return of zero. For example, for a low enough 7, the agent’s starting stock will be
cy < —4. If the agent goes down on its first action and observes a reward of zero, it is no
longer able to generate a discounted return above 4. Because f(x) = x4, all actions will have
expected utility zero (modulo estimation errors), and because DnN breaks ties by uniform
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Figure 9: Gridworld for the experiment with trading off minimizing constraint violation and
maximizing expected return.

sampling, the agent will follow a uniformly random policy. So the probability of observing a
zero discounted return is P(R; = 0, A; = down, Ry = 0, A2 = down, R3 = 0). Since there
1\9 _

are only two actions, this probability is (5) = (0.03125, which is consistent with our data.

7.4 Trading Off Minimizing Constraint Violation and Maximizing Expected
Return

In this section, we consider the application outlined at the end of Section 5.5: To obtain
a certain amount of reward in as few steps as possible. This application requires DnN to
optimize an objective functional with vector-valued rewards.

In this setting, we have C = R2. The first coordinate of the reward is always —1, and
corresponds to the “time-to-termination” penalty to be minimized. The values observed in
the second coordinate of the reward vector are given in Figure 9. The objective functional
is Uy with f(z) = —21 + a - (x2)—. We set o = 50 to encourage prioritizing the term on
the second coordinate of the reward vector, so the semantics of the objective functional is
to get to termination as fast as possible, keeping G(s,c)2 > —(cg)2, but allowing for small
violations to be traded off for faster termination. For this experiment, we estimate the
marginal distributions (per coordinate) of the vector-valued returns. This simplifies the
prediction in DN, and is sufficient for the expected utility being optimized.!?

An optimal policy with respect to Uy will display different behaviors depending on the
choice of (cg)2. If —(co)2 < —2(7% + 4! +4Y) ~ —5.98, the policy will go straight from sip;
to terminate at the top-right corner. This is the shortest possible path to termination, but it
is “costly” in terms of the cell rewards. With —2(72 +~'++°) < —(cg)2 < 0, the policy goes
to the “lower” terminating cell ((3,4)) in 5 steps and with G(sg,cp)2 = 0. For —(¢g)2 > 0,
the policy must stay at the cell in the lower-left corner for multiple steps before going to the
“lower” terminating cell ((3,4)). The number of steps it stays will depend on a and —(c¢p)e:
As o — oo the policy will stay longer to make G(sp, co)2 closer to —(cp)2 (either larger or

19. When f(x) does not decouple as . fi(x;) for some choice of f; (for example, f(z) = —|z||2), the
distribution of the quantile vectors is needed. For those cases, one may consider building on results for
multivariate distributional RL (Zhang et al., 2021; Wiltzer et al., 2024).
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Lower-bound  Discounted Return Penalty term Episode duration
—(co)2 EG(s0,¢0)2 E ((co)2 + G(s0,c0)2) _
3.00 3.62 (3.39,3.88) —0.05 (—0.18,—0.01)  10.83 (10.23,11.70)
2.00 2.47 (2.14,2.77) —0.14 (—0.41,—-0.04)  11.00 (10.00, 12.20)
1.00 1.41 (1.08,1.77) —0.20 (—0.37,—0.10)  11.57 (10.20,12.97)
0.00 0.20 (0.07,0.55) 0.00 (0.00, 0.00) 5.87 (5.37,7.20)
—1.00 0.06 (0.00,0.39) 0.00 (0.00,0.00) 5.37 (5.00,6.83)
—2.00 0.03 (0.00,0.16) 0.00 (0.00, 0.00) 5.37 (5.00,6.83)
—6.00 —0.40 (—1.20,0.00) 0.00 (0.00,0.00) 4.93 (4.67,5.00)
—17.00 —4.79 (—5.58,—3.79) 0.00 (0.00,0.00) 3.40 (3.13,3.73)

Table 4: Performance of DnN trading off minimizing constraint violation and maximizing
expected return. The weight of the second term is a = 50. Entries are averages
with bootstrap confidence intervals in the format “average (low, high)” where low
and high are the interval bounds.

slightly smaller). For example, it would take the optimal policy at most 8 steps to reach
termination with —(cg)2 = 1, 9 steps with —(cg)2 = 2 and 10 steps with —(¢g)2 = 3.

The results for DyN are in Table 4. DnN did not produce optimal behaviors, but aligned
with them. In the first three settings (upper rows of the table), visiting the bottom-left
corner was required by Uy. The agent did that (albeit overstaying) and then went to the
lower terminating cell. In the second three settings (middle rows of the table), visiting
the bottom-left corner was not required by Uy; the agent went to the lower terminating
cell. In the last two settings (bottom rows of the table), Uy allowed the agent to suffer the
—2 rewards on the path to the upper terminating cell, in exchange for a shorter time to
termination. An optimal agent would go in a straight line to the right and terminate in
three steps, but DnN behaved suboptimally most of the time. For ¢y = 7 (last row), we
see that the agent often took the path to the upper terminating cell, however, for cg = 6
(second to last line) the agent rarely did so, often going for the lower terminating cell.

Why did DnN overshoot the second coordinate of the discounted return on the first
three settings, and why did it rarely go for the upper terminating cell when ¢y = 67 We
hypothesize that the cause was inaccuracy in the return distribution estimates. A small
underestimation of E ((¢;)2 + G(st, ¢)2)  will be amplified by o« = 50 and may cause the
agent to become “conservative” in optimizing for this term of the objective, relative to term
on the first coordinate of the discounted return. To test this hypothesis, we ran a second
version of our experiment with o = 500. The choice of o € {50,500} should have little
impact on an optimal agent’s behavior with the values of ¢y we considered, however, larger o
should make an agent with imperfect return estimates seem more conservative. The results
are in Table 5. Consistent with our hypothesis, we observe that DnN with o = 500 appears
more conservative, with longer episodes than with o = 50, especially for ¢g = 0 and ¢y = 7.
For ¢y = 0, the agent did not take the zero-reward path to the lower terminating cell, but
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Lower-bound  Discounted Return Penalty term Episode duration
—(co)2 EG(s0,co)2 E ((co)2 + G(s0,c0)2)
3.00 5.83 (5.09,7.06) —0.00 (—0.00,0.00) 12.97 (12.17,13.83)
2.00 4.75 (3.89,5.92) —0.04 (—0.20,0.00) 12.47 (11.43,13.53)
1.00 3.38 (2.73,4.40) —0.00 (—0.01,0.00) 11.83 (10.73,13.03)
0.00 1.73 (1.24,2.44) 0.00 (0.00,0.00) 12.07 (10.77,13.30)
—1.00 0.36 (0.13,0.84) 0.00 (0.00,0.00) 6.80 (5.80,8.47)
—2.00 0.19 (—0.07,0.63) 0.00 (0.00, 0.00) 6.77 (5.67,8.47)
—6.00 —0.27 (—1.14,-0.01) 0.00 (0.00,0.00) 6.50 (5.43,8.30)
—7.00 —0.74 (—1.74,-0.07) 0.00 (0.00, 0.00) 5.97 (5.03,7.67)

Table 5: Performance of DnN trading off minimizing constraint violation and maximizing
expected return. The weight of the second term is o = 500. Entries are averages
with bootstrap confidence intervals in the format “average (low, high)” where low
and high are the interval bounds.

first visited the rewarding cell in the bottom-left corner, and for ¢y = 7 the agent did not go
to the upper terminating cell.

8. Atari Experiment

Atari 2600 (Bellemare et al., 2013) is a popular RL benchmark where several deep RL
agents have been evaluated, including DQN (Mnih et al., 2015) and QR-DQN (Dabney
et al., 2018). It provides us with a more challenging setting for deep RL agents than
gridworld instances, since agents must overcome multiple learning challenges—to name a
few: perception, exploration and control over longer timescales.

Atari 2600 is very much an RL benchmark, with games framed as RL problems in which
the goal is to maximize the score. However, we can use the game of Pong to create an
interesting setting for generating returns—an Atari analogue of the gridworld experiments
in Section 7.1. In Pong, the agent plays against an opponent controlled by the environment.
The goal of the game is for each player to get the ball to cross the edge of the opponent’s
side of the screen. Each time this happens, the player gets a point. Each player controls a
paddle that can be used for hitting back the ball, preventing the opponent from scoring a
point and sending the ball toward the opponent in a straight trajectory.

In a typical RL setting, we train agents to maximize the score (the difference between
the player’s and the opponent’s scores), but in this section we are interested in using DnN
to achieve different scores, which entails both scoring against the opponent, and being
scored upon. We trained DnN and evaluated the trained agent with different values of
o, corresponding to different desired discounted returns, v = 0.997, and reduced episode
duration from thirty minutes to twenty-five seconds (implementation details are given in
Appendix H.3). This dramatic reduction is related to the interaction between ~ and the
objective functional. The goal is to control the distribution of the discounted return from
the start of the episode. A reward at time step t + 1 offsets this discounted return by
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Desired discounted return Discounted return Error
—Cp EG(So,Co) E|CO +G(80,Co)|
4.00 2.26 (2.22,2.28) 1.74 (1.72,1.78)
2.00 1.90 (1.88,1.92) 0.15 (0.13,0.18)
1.00 0.88 (0.82,0.95) 0.23 (0.21,0.27)
0.00 —0.23 (—0.33,—0.15)  0.29 (0.22,0.37)
—1.00 —1.03 (—1.09,—0.95) 0.19 (0.16,0.21)
—2.00 —2.06 (—2.11,—1.96) 0.18 (0.16,0.22)
—4.00 —3.97 (—4.01,-3.94) 0.14 (0.11,0.16)

Table 6: Evaluation results generating discounted returns with DnN in Pong and ~ = 0.997.
Entries are averages with bootstrap confidence intervals in the format “average
(low, high)” where low and high are the interval bounds.

v'Ri11. The rewards in Pong are 41 and the agent acts at 15Hz, so after 25s an observed
reward only offsets the discounted return by approximately +0.32. As the episode advances,
the effect of the agent’s actions on the value of the objective decreases, and at a minute
this effect has reduced to £0.07. The agent’s behavior after that is unlikely to make any
meaningful difference to the return and collected data may be less useful for training. For
these experiments, we have sidestepped the issue by reducing the episode duration, but the
interaction between the timescale and - for stock-augmented return distribution optimization
is an important practical consideration that deserves a systematic study in future work.

Table 6 shows the performance of DnN. Similar to the setting in Table 2, we trained the
agent and, for evaluation, conditioned its policy on different values of ¢y corresponding to
the negative of the desired discounted return. We measured the agent’s average discounted
return (EG(so, ¢g)) and the “error” E|cy + G(so, co)|. The confidence intervals correspond to
95%-confidence bootstrap intervals over 12 independent repetitions of training and evaluation
(differently from the 30 independent runs in the gridworld setting). DnN approximately
and reliably generated the desired discounted returns for various choices of ¢y, with the
exception of discounted returns to approximate —cy = 4 (first row). We believe that the
agent’s training regime explains the successes, as well as the failure for —cg = 4.

We used DnN’s policy for data collection during training, which required us to select cg
during training. At the beginning of each episode, we sampled a value for ¢y uniformly at
random from [—9,9). This was the strategy used in the gridworld experiments (albeit with a
different interval) and it was meant to increase data diversity. Because the episodes in Atari
were much longer than in the gridworld experiment (375 versus 16 steps), this strategy likely
yielded little diversity in the stocks observed later in the episode. Diversity is important
because we need to train the stock-augmented agent to optimize the objective for a variety
of augmented states. Similar to how certain RL problems may pose exploration challenges
in the state space S, stock-augmented problems may suffer from exploration challenges in
the augmented-state space (S x C).

Fortunately, we can reintroduce diversity across stocks after generating data, based on
the following observation: When the state dynamics are independent of the stock, from
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a single transition (S, Ct), Ay, Riy1, (Si+1, Ciy1), it is possible to generate counterfactual
transitions with the correct distribution for the whole spectrum of stocks ¢ € C, that is, the
following transitions:

{(St,¢), At, Res1, (Se1,7 e+ Ryy1)) i c€CY .

We refer to this change on Cy and Cyyq as stock editing. DnN updates parameters using
a minibatch of trajectories with subsequent transitions. In this setting, before performing
each update, we edited the stocks in the minibatch as follows: We sampled a value of C
uniformly at random from [—9,9) for the first step of each trajectory, and edited the whole
trajectory to create new transitions (S¢yx, C},), Atk Repry1, (Styrr1, Cpyyq) With, for k >0,

k
Crpr=7"" (C(I) + Z’YiRt+z‘+1) :

=0

Stock editing was essential for our results, and we were unable to reproduce the outcomes in
Table 6 without it.

We believe that the failure for —cy = 4 happened because there was not enough data for
learning to generate discounted returns of approximately 4. As —cg increases, the behaviors
generated for the diverse stocks through stock editing are likely not as useful for solving the
problem at cg. In other words, we conjecture that the data was diverse but imbalanced, and
we pose this issue of data balance as a question for future work.

9. Conclusion

While standard RL has been successfully employed to solve various practical problems, its
formulation as maximizing expected return limits its use in the design of intelligent agents.
The problem of return distribution optimization aims to address this limitation by posing the
optimization of a statistical functional of the return distribution. While this is a more general
problem, the additional flexibility cannot be exploited by DP, as distributional DP can only
solve the instances that classic DP can solve (Marthe et al., 2024). We showed that this
limitation can be addressed by augmenting the state of the MDP with stock (Equation 1), a
statistic originally introduced by Béauerle and Ott (2011) for optimizing the 7-CVaR with
classic DP, and recurrent within the risk-sensitive RL literature (Lim and Malik, 2022;
Moghimi and Ku, 2025), but not beyond. It is through the combination of distributional
RL, stock augmentation and optimizing statistical functionals of the return distribution that
distributional DP can tackle a broader class of return distribution optimization problems
than what is possible when any of the components are missing.

We introduced distributional value iteration and distributional policy iteration as princi-
pled distributional DP methods for stock-augmented return distribution optimization, that is,
optimizing various objective functionals Fx of the return distribution. These methods enjoy
performance bounds that resemble the classic DP bounds, and they can be applied to various
RL-like problems that have been the subject of interest in previous work, including instances
of risk-sensitive RL (Béuerle and Ott, 2011; Chow and Ghavamzadeh, 2014; Noorani et al.,
2022; Moghimi and Ku, 2025), homeostatic regulation (Keramati and Gutkin, 2011) and
constraint satisfaction.
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Distributional DP offers a clear path for developing practical return distribution opti-
mization methods based on existing deep RL agents, as exemplified by our empirical results.
We adapted QR-DQN (Dabney et al., 2018) to incorporate the principles of distributional
DP into a novel agent called DnN (Deep n-Networks, pronounced din), and illustrated that
it works as intended in different simple scenarios for return distribution optimization in
gridworld and Atari.

We believe there are a number of interesting directions for future work in stock-augmented
return distribution optimization. Besides open theoretical questions, there are various
practical challenges to be studied systematically on the path to developing strong practical
methods for return distribution optimization. Because return distribution optimization
formalizes a wide range of problems, these solution methods can have broad applicability in
practice.

9.1 Open Theoretical Questions

Does an optimal return distribution exist when K is indifferent to v, indifferent to mixtures
and Lipschitz? 1f this is the case, the proofs of Theorems 6 and 8 can be simplified and the
bounds can be tightened to depend on the optimal return distribution, similar to how the
classic DP error bounds depend on the optimal value function.

What is needed for DP to optimize an objective functional in the infinite-horizon dis-
counted case? We conjecture some form of uniform continuity may be necessary (see
Appendix C.2, where we show a failure case with Uy and f(z) = I(x > 0)). We also
conjecture that Lipschitz continuity is needed for uniform bounds to be possible.

Can we develop distributional DP methods to solve constrained problems? We have come
close to constrained problems in Section 5.5, and it would be interesting to develop a theory
of stock-augmented constrained return distribution optimization, somewhat like constrained
MDPs (Altman, 1999) are related to RL.

9.2 Addressing DnN’s Limitations

DnN is a proof-of-concept stock-augmented agent that we used for illustrating how the
principles underlying distributional value/policy iteration can be incorporated into a deep
reinforcement learning agent. Below, we list some limitations of the method that we believe
should be addressed on the path to developing full-fledged stock-augmented agents for
optimizing return distributions in challenging environments.

How to embed the stock? We have employed a simple embedding strategy for the stock
in DnN’s network, which relies on inputting the stock to an MLP and adding out result
to the output of the agent’s vision network (see Figure 1). This was sufficient for our
experiments, however improved scalar embedding should be considered in the future (for
example, Springenberg et al., 2024), as it may improve the agent’s data efficiency and
performance, especially in more challenging environments.

How to go beyond expected utilities? The fact that DnN can only optimize expected
utilities is also a limitation worth addressing. DnN relies on the existence of greedy actions,
which holds for expected utilities, but not for other objective functionals. That is, other stock-
augmented return distribution optimization problems may only admit optimal stochastic
policies. Perhaps an approach based on policy gradient (Sutton and Barto, 2018; Espeholt
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et al., 2018) or policy optimization (Schulman et al., 2017; Abdolmaleki et al., 2018) may be
therefore more suited for going beyond expected utilities.

How to estimate distributions of vector-valued returns? DnN maintains estimates of the
marginal distributions (per coordinate) of the vector-valued returns (see Appendix H.1). This
was enough for our experiments, but our simplification highlights an important consideration:
We want practical methods that can estimate the distributions of vector-valued returns.
This capability is needed, for example, to tackle the formulation of homeostatic regulation
proposed by Keramati and Gutkin (2011). Zhang et al. (2021); Wiltzer et al. (2024) have
studied learning distributional estimates with vector-valued returns, so their results can
inform the design of distributional estimators for vector-valued returns.

9.3 Practical Challenges

Our experimental results revealed a number of interesting challenges in stock-augmented
return distribution optimization that we believe should be addressed in order to develop
effective agents for practical settings.

In our experiments we mitigated these issues with simple ideas, and we were helped by
the simplicity of the experimental settings, but stronger solutions may be required in more
challenging environments. We typically need to apply interventions to the stock during
training, in order to generate diverse data (Sections 7 and 8). The interaction of objective
functional, ¢y and approximate return distribution estimates may result in degenerate
behavior (Sections 7.2 and 7.3) and this can be worsened when ¢ is selected through a
procedure like grid-search to optimize an approximate objective (as in the case of 7-CVaR,
both risk-averse and risk-seeking). Depending on the objective functional, near-optimal
decision making may require substantially accurate return estimates (Section 7.4). Over
long timescales, the discount factor may limit the agent’s ability to influence the returns
(Section 8). In more complex environments, we need to ensure the training data is not only
diverse across the stock spectrum, but also balanced, lest the learned policies underperform
for certain choices of cp.
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Appendix A. Additional Theoretical Results
A.1 Complete Spaces

Lemma 23 The spaces (D, w) and (DS*C, W) are complete.

Proof We know that (D, w) is complete (Theorem 6.18, p. 116; Villani, 2009), so it remains
to show that (DS*C %) is complete. Let 11,79, ... be a Cauchy sequence in (D°*¢,%). For
each (s, c), the sequence 11(s,c),n2(s,c),... is Cauchy in (D, w) and by completeness it has
a limit 750 (s, ¢).

We claim that 7. is the limit of 91,72, ... in (D*¢,%). Given £ > 0, we can take n
such that sup,~, W(1,/,7,) < €, which means

€ > sup W(nu/, mn)
n'>n

= sup sup w(n,/(s,¢), mu(s,c))

n’'>n s,c

> sup sup w(n,/ (s, ¢), Moo (s, €))

n'>n s,

= sup W(nn” 7700)7

n'>n
and since this holds for all € > 0 we have that limsup,, ,. W(7n, lso) = 0. Combining the

above with the fact that W is a norm gives

0 < lminf W(ny, Neo) < lim sup W(7n, s0) = 0,
n—oo

n—oo

S0, indeed, 7)o is the limit of 11,9, .. ..

It remains to show that 7. € (DS*¢, W), that is, that W(n.) < oo. Fix ¢ > 0 and n
such that W(1,,7x0) < €. We have W(n,) < oo since 1, € (DS*€ W), and, by the triangle
inequality, W(7n, Nso) = W(Neo) — W(Nn), S0 W(Neo) < W(Ny) + & < 00. [ |

Appendix B. Analysis of Distributional Dynamic Programming
B.1 History-based policies

We start by reducing the stock-augmented return distribution optimization problem to an
optimization over Markov policies.

Proposition 24 If Assumption 1 holds and K : (D,w) — R is indifferent to mixtures and
indifferent to vy, and if: i) the MDP has finite horizon; or ii) v < 1 and K is Lipschitz, then

sup Fxn™ = sup Fxn™ = sup Fxn™.
welly melly mell

Proof We write F' = Fg. First note that

sup F'n™ < sup Fn™ < sup F'n",
mell welly welly
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so it suffices to show that

sup F'n™ < sup Fn"™.
welly mell

We will first consider history-based policies that are eventually stationary Markov. Recall
the definition of a history from Section 2:

ht = (‘907 CO)7 ap, 1, (81761)7 <o Ty (sta Ct)

with hg = (sg,co). Let Ilg, be the set of all history-based policies p € Il for which
there exists a stationary 7 € II such that, for all n’ > n and every history h,s, we have
p(hyp) = 7(Sy, ¢y). In particular, Iy o = I

Assume, by means of induction, that for some n € Ny we have

sup Fn? < sup Fn".
pEHHm mwell

Given a p € Il 541 and its corresponding stationary policy 7 € II, let 7 satisfy

FTen™ = suII)I FT.n".
e

By Lemma 15, we have F'n™ > F'n™. Now, define the policy p’ by
_ . P(ht) t < n,
plhe) = {

T(St,c0) t>mn.

We have that p € Iy, and we now show that Fn? > Fn’.

Define, for all (s,c) € S xC, G™(s,¢) ~ n™(s,c) (and independent from all other random
variables) and G™(s,c) ~ 1™ (s,c) (and independent from all other random variables). Fix
(S0, Co) = (s0,¢0) (with probability one) and let H,, be the (random) history and G§ the
return generated by following p from (Sp, Cp). Similarly, define the respective H,, and Gg
corresponding to p.

Equation 2 and the definitions above give

Co+ Gj 2y (C + Ryt +7G(Sni1, Cnt1))

and 5 B
Co + Gg =~""(Ch + G"(Sp, Ch)).

The choice of 7 and the fact that K is indifferent to mixtures means that
K(Cn+ G™(Sn, Cn)) = K(Cp + Ry +7G7 (Snt1, Cog1))
with probability one. K is also indifferent to -, so
K(v " (Cn + G (S, Cn))) 2 K(v *(Cn+ Rygr +7G™(Snt1, Cps1))),s

which implies that K (Cp + Gf) > K(Co + Gf) and this holds for every choice of (sq, cp), so
FnP > FnP. Thus, by induction, we have that for all n € Ny

sup Fnf < sup Fn". (28)
pEHHyn well
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Equation 28 is sufficient for the finite-horizon case, since we can take n large enough so

that
sup Fn? = sup Fn".
p€lly, welly

For the infinite-horizon discounted case, we proceed as follows. Fix n € Ny, and fix
m € Il and p € Iy, such that m and p are identical for all histories of size strictly less than
n. For t € Ny, let GT (s, ¢) denote the return from time step ¢ onward generated by following
7 from starting augmented state (s,c). Note that the arguments (s, ¢) are the initial state
of the history, not the augmented state at time step ¢. Similarly, define the corresponding
GY(s,c) for p. Because F' is Lipschitz, we have, for all (s,c) € S x C

[En"(s,¢) = Fn(s, ¢)| < y"w (df(GR(s, ), dE(GF (s, ¢))) -
By Assumption 1, there exists a constant x such that

sup w (df(Gh(s,c)),df(GE(s,c))) <k
seS,ceC

uniformly for all 7w, p and n. Thus, for all n € N,

sup it sup |Fiff(s,c) — Fyf(s,c)| <1, (29)
el PENH,n s€8,ceC
and
sup Fn™ < sup Fn’+9"k (Equation 29)
melly PEIlH nt1
=sup F'n" +9"k (Equation 28)
mell
Taking the limit of n — oo gives the result. |

Proposition 24 implies that under the conditions on F, for every history-based policy
7w € IIg we can find a Markov policy 7 € Il that is no worse than 7 simultaneously for
all (s,c). In this sense, the quantity SUPrerr,, FrN™ is well-defined, even though it is a
supremum of a vector-valued quantity.

B.2 Distributional Policy Evaluation
For our analysis, we also employ existing distributional RL theory for policy evaluation:

Theorem 25 (from Proposition 4.15, p. 88, Bellemare et al., 2023) For every sta-
tionary policy w € 1, the distributional Bellman operator Ty is a non-expansion in the
supremum 1-Wasserstein distance. If v < 1, then Ty is a y-contraction in the supremum
1-Wasserstein distance.

Proof The proof is as presented by Bellemare et al. (2023), with the caveat that to obtain
the result for C = R™ with m > 1 we apply Proposition 4.15 to each coordinate of the
vector-valued rewards individually. |

The following lemma uses Theorem 25 to give us a policy evaluation result for the
infinite-horizon case.
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Lemma 26 (Distributional Policy Evaluation) If~y < 1 or the MDP has finite horizon,
for any n,n € (DS*C,%) and m € Iy we have

lim W(Ty, - Tyt Trey -+ - Tre, ') = 0.

n—oo
Proof Discounted Case. In this case, v < 1 and Ty is a y-contraction by Theorem 25.
Letting 1, = Ty, -+ Ty, n and 1), = Ty, -+ - Ty, 1 for n > 1, for every n > 1, we have

W(rn, ) < A "W(n,1'),

and
w(n,n') <W(n) +w(n') < occ.

so limsup,,_, oo W(7n, n,,) = 0, which implies the result.
Finite-horizon Case. In finite-horizon MDPs, if n is greater or equal to the horizon, then

Tﬂ'l o Tﬂ'n/rl = T7r1 T T7Tn77/7
for all n,n’ € (DS*¢, W), so
W( Ty - Trpm) = W (T, - 'Twnn'),

and we must show is that Ty, --- Ty, n € (D°*C,%). When the MDP has finite horizon,
T, is a non-expansion (by Theorem 25), which implies that sup, g Ww(Txn) < oo and
W(Tr, - Tr,m) < W(n) < oo for all n > 1. [ |

We refer to Lemma 26 as the distributional policy evaluation result because it implies that
for a stationary policy 7 € II the sequence discounted return functions given by n, = T''n
converges in 1-Wasserstein distance to ™, the distribution of discounted returns obtained

by 7. Moreover, the sequence of returns G,, ~ 1, (which are distributed independently from

each other) converges almost surely to a G™ 2 > 2o VeRit1 (Skorokhod’s Theorem, p. 114;

Shorack, 2017)

B.3 Local Policy Improvement

Informally, DP builds a globally optimal policy by “chaining” locally optimal decisions at
each time step. A “distributional max operator” gives a return distribution where the first
decision is locally optimal:

Definition 27 (Distributional Max Operator) Given F : (D°*¢ %) — RS*C an op-
erator T, : (DS*C %) — (DS*C %) is a distributional max operator if it satisfies, for all
n € (D¢ w),
FT.n=sup FTyn.
mell
The mechanism for locally optimal decision-making is the greedy policy, which is a policy
that realizes a distributional max operator:
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Definition 28 (Greedy Policy) Given F : (DS*C %) — RS*C, q policy 7 € 11 is greedy
with respect to n € (DS*C W) if
FTin=FTm.

Given F, it is possible that K is such that for some v € (D, w) we have Kv degenerate
and “infinite” (for example, the expected utility Uy with f(xz) = 2™ !). In this case, we
interpret K as encoding a preference where if v, 9, ... (D, w) converges to v and Kv,, < 00
for all n, but liminf,_, . Kv, = 00, so there is no v € (D, w) that is strictly preferred over
Voo. In this sense, we write Kvoo > Sup,¢(pw) Kv. Similarly, for Fx and 7 greedy with
respect to i, we write

FxTin = FgTen > sup Fx'Txn
mell

even if the right-hand side is infinite for some 7 € (D°*¢,%) and (s,c) € S x C.

B.4 Monotonicity

The following intermediate result will be useful for proving monotonicity, and it highlights
a phenomenon in stock-augmented problems where the rewards are absorbed into the
augmented state:

Lemma 29 (Reward absorption) For every stationary policy 7 € I, n € (DS*C,w)
and (s,c) € S x C, if (S,Ct) = (s,¢), Ar ~ 7(St, Ct), Grookahead(s,¢) ~ (Trxn)(s,c) and
G(s,c) ~n(s,c), then

Ct + Glookahead (St, Ct) 2 ¥ (Ce41 + G(St41,Cry1)) -
Proof We have that

C + Grookahead (St, Ct) 2 Ct + Ryt + 7G(Sps1, Cra1) (Definition of Ty)
L vCii1 + YG(St41, Cri1) (Equation 1)
2 5 (Crs1 + G(S141,Crs1)) - =

Lemma 14 (Monotonicity) If K : (D,w) — R is indifferent to miztures and indifferent
to vy, then, for every w € I1, the distributional Bellman operator Ty is monotone (or order-
preserving) with respect to the preference induced by Fx on (DSXC,W). That is, for every
stationary policy m € I1 and 1,1’ € (DS*¢, W), we have

Fgn > Fgn = FxTen > FTr'.

Proof Fix a stationary policy 7 € II and 7,7’ € (DS*C, %) satisfying Fxn > Fin/. Fix also
(370) €S X Ca and let (Stact) = (870)7 At ~ W(Sta Ct): G(S,C) ~ 77(370)7 G/(S,C) ~ 77/(870)7
Glookahead (5, ¢) ~ (Trn)(s, ¢) and Gloganeaq (s:€) ~ (Trt') (s, €)

By assumption, we have K(c+ G(s,c¢)) > K(c+ G'(s,¢)) for all (s,c¢). Combining the
above with indifference to mixtures, we get

K(Ciy1 4 G(St41,Cr41)) > K(Cry1 4+ G'(Se41, Cry1)),
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and, thanks to indifference to ~,

K(7(Ciy1 4 G(St41,Cr41))) = K (7 (Ceq1 + G'(St41, Crin)))-

From Lemma 29 we have that

19

Ct + Glookahead(st7 Ct)
Cy + Giookahead(st’ Ct)

¥ (Cry1 + G(St+1, Cri1))
7 (Ci1 + G'(St41,Cri1))

19

so it follows that

K(Ct 4 Grookanead(St, Ct)) > K(Ct + Glookanead (St; Ct))- u

B.5 Convergence

Definition 30 (Lipschitz Continuity for Objective Functionals) The objective func-
tional F : (DS*¢, W) — RS*C is L-Lipschitz (or Lipschitz, for simplicity) if there exists
L € R such that

Fnp— Fr/
sup —H Ti 77||°o < L.
nn': w(n,m')
w(n)<oo
W(n')<oo
w(n,n')>0

L is the Lipschitz constant of F.
Proposition 31 Given K : (D,w) — R, Fk is L-Lipschitz iff K is L-Lipschitz.

Proof If F is L-Lipschitz, then

Frn— Frn'lloo
L> o 1Pl
' W(77777 )

W(n)<oo

W(n')<oo

w(n,n')>0

|IK(c+G) — K(c+ G

>sup  su Grv, G~V
2SR S (df{et §), df(e+ @) (G Gv)

w(v)<oo
w(v')<oo
w(v,v')>0
S |Kv — KV/'|
su —
n V,VI’): W(”? V/)
w(v)<oo
w(v')<oo
w(r,v')>0
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so K is L-Lipschitz. If, on the other hand, K is L-Lipschitz, then, for all ,7’ € (DS*¢,w),
[Fxn — Fgn'lloo = sup  [K(c+G(s,¢)) = K(c+G'(s,0))]

(s,c)eSxC
(G(s,c) ~n(s,c), G'(s,c) ~1n(s,¢))

< sup  L-w(n(s,c),n'(s,c))
(s,c)eSxC

=L- W(W 77/)7

so Fg is L-Lipschitz. [ |

Proposition 32 If F : (DS*C %) — RS*C is Lipschitz and the sequence m1,12,... €
(DSXC,W) converges in W to some T, then Fni, Fna, ... € RS*R converges in supremum
norm to Fns.

Proof If ny,ns,... € (D°*R,%) converges in W to some 75, and F is L-Lipschitz, then

lim sup || Fny — Fjsolloo < L - imsup W(nn, 1) = 0,
n—oo

n—oo

which gives the result. |

The convergence highlighted in Proposition 32 is somewhat surprising: If we consider
Kv =E(G) (G ~ v), we have

| Frdolloo = sup |Kdf(c+ 0)| = sup |¢|] = o0,
ceC ceC
so these objective functionals may have unbounded supremum norm. However, the difference

of the objective functionals for n,n’ € (D°*R,%) (namely, Fn — Fn') does have bounded
supremum norm when F' is Lipschitz, and we can show convergence of Fn, to F1s.

Lemma 33 If K : (D,w) — R is indifferent to miztures and indifferent to ~y, and if: i) the
MDP has finite horizon; or ii) v < 1 and K is Lipschitz, then for all n € (DS*C, )

sup Fgkn™ = lim  sup FgTr, - Tryn. (30)

melly nN—=00 1y mwp€ll

If v <1 and K is L-Lipschitz, then for all n > 0,

sup Frn™ < sup  FgTn, - Tryn+ L™ - sup w(n,n"). (31)
mwelly T1yeeyTn €11 7' €llym

Proof We write F' = F for the rest of the proof.
If the MDP has finite horizon, then for all € (D°*¢, %)

sup F'n™ = sup FTy, ---Trn,
melly Ty, T €11
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where n is the horizon of the MDP.

Otherwise, assume that v < 1 and assume that K is L-Lipschitz. Then F is also
L-Lipschitz, by Proposition 31. By the triangle inequality, the fact that n € (DS*C %) and
Assumption 1 we have

sup W(n,n"™) < W(n) + sup W(n") < oo,
TFIEHM W’EHM

so Equation 31 implies Equation 30 in limit n — oo.

It remains to prove Equation 31. Let

gse(n) = sup (FTy, ---Trn)(s,c) — sup (Fn")(s,c)
Ty, €11 mwellpm

and

h(n) =  sup sup |[F'Ty, - Tr,m— FTy, - 'TfrnnﬁlHoo
Ty EIL 7w/ €I

We will show that, for all n > 0 and (s,c) € S x C, we have

|gs.c(n)] < h(n) < Ly™ - sup w(n, ™).
7' €lly

For all n > 0 and (s,c) € S x C, we have

gs,c(”) = Sup (FUWI)(S, C) - sup (FTﬂ'n T T7r177>(37 C)
' €lly 1,y €11

= sup inf ((Fn’r/)(s7 c)— (FTx, - Trm)(s, c))

7w €y T1yeeeyTn €11
- SUp Sup inf <(FT7"/1 o .Tﬂ';z’rfr/)(sa C) - (FTﬂ'n e T7r1 77)(& C))
7wl €Il 7/ €1y 1y, T €11
(7" is non-stationary)

sup sup ((FT7T1 . -Tmn”,)(s, ¢) = (FTx, -+ Tr,n)(s, c))
m1,...,mn €Il /€1l

IN

IN

sup  sup
T1,...,Tn €Il /€Il

(FTM o 'Tmznﬂl)(svc) - (FTM ' "TWnn)(s’c)’

= sup sup ||[FTy, - .Tﬂ'nnﬂ-, = FTry - Tyl
T1,...,mn €Il /€1l

= h(n).
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and

_98,0(71) = Sup (FTM : --Tmn)(s,c) — Sup (Fn”')(sac)

TY yeeny T EIL 7' €lly
= sup inf ((FTM T m) (s, ¢) — (F™ )(s, c))
L TnEIlT 'elly
= sup inf inf ((FTM T ) (s, ¢) — (FTy - T ™ )(s, c))
T1yeeyTn €11 7r£’,,,,7r,’,LEH ' €llym ! "

(' is non-stationary)

< s sup ((FTy - Toum)(s.¢) = (FTx, - To™)(s.0))
Ty T EIL 7w/ €Il

< sup swp (P Tom)(s.e) - FTy, o To)(s.0)
Ty EIL 7w/ €Il

< sup sup |[FTy, -« Tr,n— FTx, ---Tﬁnn”/HOO

Ty €Il 7w/ €Il
= h(n)
Thus, —h(n) < gs(n) < h(n), which implies |gs .(n)| < h(n).

Finally, for all n > 0, we have
h(n) = sup sup ||[FTr, - Te,n— FTny - Tr. 0™ ||oo
Ty T €Il 7w €I

<L- sup sup W(Tr, - TrnTr, - Tr,n™) (F is L-Lipschitz)
T yeeeyTn EIL 7w €T

< Ly"- sup w(n,n"). (y-contraction) W
7' €llym

B.6 Distributional Dynamic Programming

Theorem 6 (Distributional Value Iteration) If K : (D,w) — R is indifferent to miz-
tures and indifferent to v, then for every ng € (D°*C, %), if the iterates 01,12, ... satisfy
(for n>0)

Frnpi1 = sup FTrny, (Distributional Value Iterates)
mell

and the policies T, . .., Ty satisfy (formn >0),

FrT%,nn = sup FxTrip, (Greedy Policies)
well

then the following hold.
Finite-horizon case: for all n greater or equal to the horizon of the MDP,

Frnn = sup Fgn™, 9)
WEHH
and B
Fgn™ = sup Fgn". (10)
welly
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Discounted case (v < 1): If K is L-Lipschitz, then for all n > 0

sup Fgn™ — Fgnn, < L™ - sup W(no,1"), (11)
WEHH 7'1'61-[1\/1
and
_ 1
sup Fxn™ — Fgn™ < Ly" - (1 sup W(Trno,m0) + sup W(??oﬂ”)) : (12)
welly — Y well melly

Proof We use F' = Fk and note that if K L-Lipschitz then F' is also L-Lipschitz (by
Proposition 31. Fix ny € (D°*¢,w) and let 1, = Tng for n > 1.

The sequence 7y, 71,72, ... satisfies Fn,11 = F1z n, = FTI.n, for all n > 0. The
definition of a distributional max operator (Definition 27) gives us

FTin =sup F1yn,
well
and, by monotonicity (Lemma 14) and induction, we have for every n > 1
FT' g = FTx, - Tegmo =  sup  FTy, -+ Trono- (32)
TOyeeeyTn €11

Then Equations 9 and 11 follow from Lemma 33 combined with Proposition 24, which
ensures that

sup Fn™ = sup Fn"
m€lly melly

(the conditions of Lemma 33 and Proposition 24 are satisfied).
Equation 10 follows from Equation 9 combined with distributional policy improvement
(Lemma 15). To see that Lemma 15 applies, note that, since the MDP has horizon n,

FT7, Tx, o Twgto = Flz, -+ Trgno,
which satisfies Equation 16 (with n =T%, | ---T&,m0). Then Lemma 15 gives
Fnp™ > FTx, - Teyno = sup FTr - Trono-

7T07"'77rn—161_‘[

It remains to prove Equation 12. We start by bounding the following quantity, for
n,k>0:
||FT%L777L+1 - FTfknnnHoo-

For all n,k > 0 and (s,c) € S x C, we have
(FTg 1) (s, €) — (FTE 0a) (s, ¢)
= (FTE o) (5, ) — (FT Tlno) (s, )
= sup (FTE Tr, - Trym)(s,¢) — sup (FTE Tp - Trpmo) (s, )

TLsees T T eyl

< sup ((FTE Tr - Trym)(s,¢) = (FTE T, -+ Tym0)(5,0))

T yeeesTn

< sup

T yeeesTn

<L- sup W(TE Ty, - Trpit, TE Ty -+ Treumo) (F L-Lipschitz)

T1y--yTn

FT%LTM o Trm — FT%ITM o 'TMWOHOO

< Ly (1, mo) (v-contraction)
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and by a symmetric argument it also holds that for all n,k > 0 and (s,c) € S x C
(FTg, thn+1)(s. ) = (FTE 1m0 )(s,€) = —Ly™ 501, mo).
SO

|FTE nnir — FTE mnlloe < Ly T*% (1, m0)

< Ly sup W(Twm0, m0) (33)
mell

Recall that 7, realizes Tyny,, so T, M = Mn+1. Then, for all n > 0, we have

o0
| Fn™ — Fnplloo < Z HFT%“:lnn - FT#nnnHoo (Telescoping and triangle inequality)

k=0
(0.@)
= D IFTE most = FT3 mulloc (Trn = 1hnt1)
k=0
o0
< Z LA sup W(Trno, no) (Equation 33)
k=0 mell
n
= sup w(Z7n0,no)-
1_‘7WEH ( )

We have already established (in Equation 11) that
sup F'n" — Fn, < Ly" sup W(no,n"),
m€lly welly
o)
sup Fn™ — Fn™ = sup Fn™ — Fny, + F, — Fp™

melly melly
n

< LA™ sup w(n,n") + sup W(Tx10,m0), |
mElly — Y rell

A surprising technical detail about Theorem 6 is that distributional value iteration
“works” (and F'm, converges) under the given conditions, even though:

- T, may not be a «y-contraction when v < 1,

- T\ may not have a unique fixed point (for example, when multiple policies realize T}),
- 1, may not converge (depending how ties are broken when realizing T}),

- an optimal return distribution may not exist, that is, n* such that Fn* = sup, ¢, Fn".

We can use the basic ideas from Theorem 6 so that distributional policy iteration also
works under the same conditions as distributional value iteration. While distributional value
iteration can start from any return distribution iterate n € (DS*C,5%), for policy iteration
we require the initial iterate to be a stationary policy my € II, so that distributional policy
improvement is guaranteed to work (see the discussion of Lemma 15).
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Theorem 8 (Distributional Policy Iteration) If K : (D,w) — R is indifferent to miz-

tures and indifferent to v, for every stationary policy mg € 11 if the iterates my, mo, . .. satisfy
(for n>0)
FgTy, \n™ = sup FgTrn™ (Distributional Policy Iterates)
well

then the following hold.
Finite-horizon case: For all n greater or equal to the horizon of the MDP,

Frn™ = sup Fxn". (13)
welly

Discounted case (v < 1): If K is L-Lipschitz, then for all mn > 0

sup Fgn™ — Fgn™ < Ly™ - sup w(n™,n"), (14)
mwelly melly

Proof We use F' = F. For any n > 0, we have that

Fy™ = FT . on™+! (Distributional Bellman equation)
> FTr, 0™ (Lemmas 14 and 15)
= FT.n™ (Definition of 7,1 and Definition 27)
> FT o (Induction)
= sup  FT; T, . .n™. (Definition 27)

1oy 41 €L

Then both Equations 13 and 14 follow by combining the above with Lemma 33 and
Proposition 24, which ensures that

sup Fn™ = sup Fn",
WEHH FEHM

(the conditions of Lemma 33 and Proposition 24 are satisfied). |

Theorem 7 (Greedy Optimality) If K : (D,w) — R is indifferent to miztures and
indifferent to v, and if: i) the MDP has finite horizon; or ii) v < 1 and K is Lipschitz, then
the following hold.

There exists an optimal return distribution n* € DS*C satisfying

Frn* = sup Fgn",
WEHH

iff the supremum on the right-hand side is attained (that is, an optimal policy erists).
If such n* exists, then any greedy policy with respect to n* is optimal (and thus attains
the supremum above).

Proof We write F' = F. We first prove the second statement, for which we assume that
n* as described exists. For every policy w € Iy, we have Fn* > Fn™, so by monotonicity
(Lemma 14), we also have, for all 7 € II and 7 € Iy,

FTmzn* > FT=n",
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so, for all 7 € II,

FTm* > SUp FTm=n".
melly

and thus

FT.n* = sup FT#n* > sup sup FTzn" = sup Fn".
well well melly wellyv

Now, let 7* be greedy with respect to *. Then
FTn® = FTun* = Fn*,

so Lemma 15 implies that Fn™ > Fn*. The result then follows by using Proposition 24, for
which the conditions are satisfied, and which states that

sup Fn™ = sup Fn".
mellpm welly
For the first statement, under the assumption that the supremum is attained by a
(possibly history-based) policy 7*, we can take n* = n™ . If, on the other hand, we assume
that n* exists, then we have already shown that an optimal stationary policy exists, which
implies that the supremum is attained. |

Appendix C. Analysis of the Conditions for Distributional Dynamic
Programming

C.1 Proofs
We start with some supporting results for the proof of Lemma 12, Item 2.

Proposition 34 Ifv — E(f(G)) (with G ~ v) is indifferent to 7, then for allv,v' € (D,w),
G ~v, G v and B(F(G)) = B(f(G')): then B(f(xG)) = E(f(G")).

Proof The result follows by applying indifference to v in both directions: E(f(G))
EEfEG’)))) implies E(f(vG)) = E(f(vG")), and E(f(G")) = E(f(G)) implies E(f(vG"))
E(f(vG)).

| AV

Lemma 35 Ifv — E(f(G)) (with G ~ v) is indifferent to v, then there exists a > 0 such
that for all c € C

fve) = af(e) + (1 — ) £(0). (34)

Proof Assume v — E(f(G)) (with G ~ v) is indifferent to 7.

Case 1: f(0) =0. If f(c) =0 for all ¢, then the result holds trivially (for example, we
can take a = . Otherwise, find ¢ € C such that f(¢) # 0. We will first show that we can
satisfy Equation 34 with a = ! f(g))’ and later show that a > 0.

Fix ¢ € C arbitrary. If f(¢) = 0, then, by Proposition 34, we have f(y¢) = 0 and
Equation 34 holds for the chosen a. Let us consider the case where f(c) # 0.
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L~

If }CC) < 1, we proceed as follows: Define v,/ such that v(c) = f(z) (0) =1-v(o),

V'(c)=1. Let G ~ v and G’ ~ /. Then

f(c)

/@
By indifference to v and Proposition 34, we have E(f(vG)) = E(f(yG’)), thus:

f(c)

f(©)

—~
ol
~

E(f(G)) = (@) = f(c) =E(f(G")).

f(ve) = f(vo).

Rearranging, we get that

which means we can satisfy Equation 34 with o = 1(re)

f@ -
If fg ; > 1, we proceed as follows: Define v,/ such that v(c) = 1@ v(0) =1—v(c),

()
V'(¢) =1. Let G ~ v and G’ ~ /. Then
/@

f(e)

By indifference to v and Proposition 34, we have E(f(vG)) = E(f(vG")), thus:

f©

f(e)

~

E(f(G) = (c) = f(e) = E(f(G)).

flye) = f(ve).

Rearranging, we get that
flye) =

which means we can satisfy Equation 34 with a = ! f((?))

We have established that Equation 34 holds for all ¢ € C with o = ! f((?)), provided that
f(0) = 0. It only remains to show that a > 0. If f(c) > 0, by indifference to v we have
f(ye) > f(0) (since f(0) = 0). Likewise, if f(c) < 0, then by indifference to v we have
f(0) > f(ve). In either case, a > 0. Equation 34 with ¢ = y~!-¢ gives f(¢) = af(y~! -0,
so a # 0 (since we picked ¢ such that f(¢) # 0). Thus, a > 0.

Case 2: f(0) # 0. We can reduce this to the previous case with f'(c) = f(c) — f(0)
so there exists a > 0 such f'(y¢) = af/(c) for all ¢ € C, which means f(yc) — f(0) =
af(c) — af(0), and rearranging gives Equation 34. |

Lemma 12 (Conditions for Expected Utilities) Let Uy be an expected wutility, which
is an objective functional Fx with Kv =Ef(G) (G ~ v). Then the following hold:

1. K is indifferent to mixtures.
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2. K is indifferent to vy iff there exists o € (0,1] such that v < 1= a < 1 and, for all
ceC,

fyve) = af(e)+ (1 —a)f(0). (15)
3. K is L-Lipschitz iff f is L-Lipschitz.

Proof Item 1 follows essentially from the tower rule. Letting G(s,c) ~ n(s,c) and
G'(s,c) ~1(s,c), we have K(G(S,C)) =E (E(K(G(S,C))|S,C)). If Kn > Kn', then

K(G(S,C)) =Ef(G(S,C))

(F(G(S,0))IS,0))

(K(G(5,0))]$,0))
(K(G'(S,0))|8,C))

E (E (f(¢'(5,0))18,C))

_B/(E(5.0))

= K(G'(5,0)).

E(E
E(E
E(E

For Item 2, we first establish it for a > 0, then we show that Equation 15 holds for some
a€ (0,]]withy<l=a<l.

Item 2 (=) follows from Lemma 35. To see the converse (<), we proceed as follows.
Assume there exists a > 0 such that for all ¢ € C Equation 15 holds and that K(G(s,c)) >
K(G'(s,c)). Then

K(vG(s,c)) = Ef(vG(s,¢))
= aEf(G(&C)) + (1 =a)f(0)
= aK(G(s,¢)) + (1 - a)f(0)
> aK(G'(s,0) + (1 - ) f(0)
= aEf(G'(s,c)) + (1 — @) f(0)
=Ef(vG'(s,0))
= K(yG'(s,)).

Now, define g(c) = f(c) — f(0), and assume Equation 15 holds for some a > 0. If y =1
or f is constant, then Equation 15 holds trivially for « = . Let us assume that v < 1 and
f is not constant. Then, by induction, we have, for all n € Ny, that g(v") = a"g(1), and

0= lini)infg(*y ) =liminfa"g(1) = g(1) - lim ",

n—oo n—o0

so we must have o < 1.
For Item 3, we proceed as follows: If K is L-Lipschitz, then

Kv—Kv| 5@ = @) 1) = S

v W(Va V/) B z#x! W((Sl": 51/) B xFx! Hx - lel

59



AviLA PIRES, ROWLAND, BORrRsSA, GUO, KHETARPAL, BARRETO, ABEL, MUNOS AND DABNEY

which means f is L-Lipschitz. If f is L-Lipschitz, then, for all v,/ € (D, w),

Kv— KV/| = [Ef(G) — Ef(G)] (G ~v, G~ )
:inf{]Ef(X)—Ef(X’)\: f(X) = v, df(X —V}
§inf{E|f(X)—f(X’)|:df(X)—Vdf —y}
< L-inf {|| X — X'||; : df(X) = v, df(X') = '}
=L -wy),

which means K is L-Lipschitz. |

To get a better understanding of the limits of distributional DP, it is useful to inspect the
necessary conditions for it to work. In the absence of indifference to mixtures or indifference
to v we can construct MDPs where greedy optimality (Theorem 7) fails due to a lack of
monotonicity:

Proposition 13 If K : (D,w) — R is not indifferent to miztures or not indifferent to -,
then there exists an MDP, an n* € (D%*C, %) and a T € II such that T is greedy with respect
to n* and
Fgn® = sup Fgn",
welly

however, for some (s,c) € S x C

Frn™(s,c) < sup Fgn™(s,c).
welly
Proof Case 1: K is not indifferent to miztures. Consider 1,7 € (DS*¢,W) and a
mixture distribution A over S x C such that Kn > Kn' but K(G(S,C)) < K(G'(S,C)) with
(S,C) ~ X, G(s,c) ~n(s,c), G'(s,¢) ~1(s,c).

Let v = 1 and consider an MDP with state space {Sinit, Sterm} U S and action space
{a,a’} as follows: State Sterm 18 terminal; either action in (s, 0) leads to (S, C) where
(S,C) ~ X (in this case, the reward is C); action a on (s,c) leads to Sterm with reward
sampled according to 7(s, ¢); action a’ on (s, ¢) leads to Sterm with reward sampled according
to 1'(s,c).

In this instance, there exists an optimal non-stationary policy 775 such that 73 (a/|s, c) =
1 for all (s,c¢) € S x C. Let n* be the return distribution function for this policy. There
exists a stationary policy 7 € II that is greedy respect to n* and such that 7(als,c) =1 for
all (s,c) € S x C. Thus, letting G(s,c) ~n(s,c), G'(s,c) ~n'(s,c)

Kn™(sinit,0) = K(G(S,0)) < K(G'(S,C)) = Kn*(sinit, 0),

which proves the result.

Case 2: K is not indifferent to v. Consider v,/ for which Kv > Kv' but K(vG) <
K(yG"), with G ~v, G' ~ V.

Consider an MDP with S = {Sinit, Smid, Sterm } and A = {a,da’} as follows: State siyit is
initial, state Siorm terminal; state sini¢ transitions to state sp;q with either action and zero
rewards; state sp;q transitions to state sierm With either action, but with reward distributed
according to v for a and v/ for a'.
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There is an optimal non-stationary policy, corresponding to 773, where, for all ¢ € C,
74 (a|Smid, ¢) = 1. Let n* be the return distribution function for this policy. The stationary
policy 7 that selects a always is greedy with respect to n*, however

Kn™ (sinit, 0) = K(vG) < K(vG') = Kn*(Sinit, 0),

which proves the result. |

C.2 Exploring Lipschitz Continuity

We can use the examples in the second part of Table 1 to motivate why we may need
Lipschitz continuity in the infinite-horizon setting. Neither f(x) = I(z > 0) nor f(z) = —a?
are Lipschitz. f(z) =I(z > 0) is also not continuous, and it is informative to first consider
how the lack of continuity can break distributional value/policy iteration.

Consider, by means of a counter-example, a single-state MDP with two actions {ag, a1},
v < 1, and 7(a;) = i. The objective functional is Uy with f(x) = I(z > 0). Let m; be the
policy that always selects a;. The return of ; is deterministic and equal to (1 —~)~'i. The
policy m; and its return distribution ™ are optimal. The following is a valid greedy policy
with respect to n™:

_ ap c+(1—y)"1y>0
T(c) = .
a1 otherwise.

When starting from the stock ¢ = 0, taking 7 for k steps followed by 7 yields a return of
(1—7)~ 4% > 0 (since the first k actions are ag). We know that the sequence Tin™, T2n™ ...
converges in supremum 1-Wasserstein distance to 72°n™ = n™ (see Lemma 26). We also
have that, for every k € N, (UT£y™)(0) = 1 and (Upn™)(0) = 1, so (UsT&n™)(0) >
(Usn™)(0). However, the inequality fails in the limit: (U;72°n™)(0) = (Uyn™)(0) = 0,
whereas (Ugn™)(0) = 1. For this reason, if 7y is the chosen greedy policy with respect
to 1T, then policy improvement (Lemma 15) fails, greedy optimality (Theorem 7) fails,
distributional value iteration starting from n* = 1™ fails, and distributional policy iteration
starting from 7* = 7 fails.

It is less clear how to design a counter-example when f is continuous but not Lipschitz,
however we can show a case where where basic “evaluation” fails. Considering f(x) = —22,
which is continuous but not Lipschitz, and the trivial MDP where C = R and all rewards
are zero. Consider the function 19 = (s,¢) — ;. This is not a value function in the
MDP (no policy satisfies ™ = 1g), but we may want to use it for bootstrapping in
distributional value iteration. In this particular MDP, T, with v < 1 is a contraction, since
W(Tun, Tun') < vw(n,n'), and the sequence 11,19, . .. where 1,41 = Tin,, for n > 0 is Cauchy
with respect to W, since W (1, psr) = (1 —~*) for all n, k > 0. Therefore 7,, converges to
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Moo = (8,¢) — d9. However, letting Gy, (s, ¢) ~ (s, ¢),

U = Upninslloo = Sup_ [Ef(c+ Gn(s,c)) = Ef(c+ Gnix(s, )|
seS,ce

=sup|(c+7")? = (c+7"*)?
ceC

=sup|(2c +9" + ") (4" — v
ceC

= sup |(2c + " + ") 4™ (1 —+F)
ceC

n—i—k)‘

= 00,

which means the sequence Ufn, does not converge uniformly to Usn., as n — oco. We
have not been able to translate this failure of convergence to a failure of distributional DP,
so it is unclear exactly what kind of convergence-related property of Fi is necessary for
distributional DP to work in the infinite-horizon discounted case.

Appendix D. Proofs for Section 5.2

To prove Theorem 16, we follow the strategy used by Bauerle and Ott (2011), where we
reduce 7-CVaR optimization to solving the stock-augmented return distribution optimization
problem with the expected utility Uy and f(z) = x_, but where the starting stock ¢y must
be chosen in a specific way as a function of sg.

We start with a reduction of the 7-CVaR to an optimization problem, as shown in
previous work, and some intermediate results.

Theorem 36 (Rockafellar et al., 2000) For all v € (A(R),w) and 7 € (0,1),
1
CVaR(v,7) = max (c + —-E(G — c)) , (G ~v)
c T

and the maximum is attained at QF, (7).

Proposition 37 For all s € S, the function ¢ — —c + %sup,reHH E(c + G™(s,¢))- 1is
1-Lipschitz.

Proof Fix s € S and let

glc) = —c+ = sup E(c+ G"(s,¢))—.

T welly
For € > 0, we have that
sup E(c+ G™(s,¢))- < sup E(c+e+ G"(s,¢))— (x4+e)->x_)
melly melly
= sup E(c+e+G"(s,c+¢))—,
welly

where the last line follows by noticing that the value in the stock augmentation does not
change the supremum over history-based policies.
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We can apply the same reasoning to see that

sup E(c—e+G"(s,c—¢))- < sup E(c—e+e+G"(s,c—ec+¢))_ = sup E(c+G"(s,c))-—.
welly welly melly

Thus for every € > 0

gle—e)=—(c—e)+ = sup E(c—e+ G"(s,c—¢))—
TWEHH

1
< —c+e+— sup E(c+G"(s,¢))-

T welly

=g(c) +¢,
and

1
glc+e)=—(c+e)+ = sup E(c+e+ G (s,c+¢))-
TWEHH

1
> —c—c+— sup E(c+G"(s,¢))—
TTK‘EHH

=g(c) —¢,

That is:
glc—e)—e<g(c) <glct+e)+e (35)

Thus, for ¢, € R, letting ¢iax = max{c, ¢’} and ¢pin = min{c, '}, we have
_<cmax - cmin) S g(cmax> - g(cmax - (cmax - cmin)) (Equation 35 with € = Cmax — Cmin)

= 9(cmax) — 9(Cmin)
= g(cmax) - g(cmin + (Cmax - Cmin))

< Cmax — Cmin, (Equation 35 with € = ¢max — Cmin)
S0
lg(c) — 9(0/)| = |g(cmax) — g(cmin)| < |emax — Cmin| = |c — C/|’
which means g is 1-Lipschitz. |

Theorem 16 (Adapted from Biuerle and Ott, 2011) For every 7 € (0,1) and s €
S,

1
sup  CVaR(n™(so,c0),7) = —cy + — sup E(c5+ G™(s0,¢5)) -,
w€lly,coeC T wellg

where ¢y is the solution of

1
max (—co + — sup E(co + G”(SO,CO))_> . (18)
o

T welly
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Proof By Theorem 36, for all sg € S,

1
sup CVaR(n™(sg),T) = sup max (CO + ;E(GW(SO) — co)_>

welly melly €0

= sup (C(] + = sup E(G™(sg) — co)>

[&0] T welly

1
= sup (—co + — sup E(ep + G’T(so)))

co T welly

1
= sup (—co + — sup E(co + G™(s0, co))> (Proposition 24)

o T nelly

It only remains to show that for all sp € S there exists ¢ that realizes the supremum
over ¢g. Note that by Assumption 1, we have

sup E(G™(sp,¢)) < oc. (36)
melly

For all sg € S, we have

1
lim —cp + — sup E(co + G™(s0,¢0))—
co—>00 TWGHH
< lim —cp (Equation 36)
co—00
= —o0.

and

1
lim —cp+ — sup E(co + G (s0,¢0))—

co——00 T WEHH
. 1—171 - -
= lim co + sup E(G™(s0,¢0)) — E(co + G™(s0,¢0))+
co——00 melly
. 1—71
< lim co + sup E(G™(so,c¢))
co——00 T melly
= —o0. (Equation 36)

Therefore there exist ¢min, Cmax € R such that

1
sup (—co + — sup E(ep + G“(so,co))_>

co T wellg

1
= sup (—co + — sup E(eo + G™(s0, co))_> )

Cmin <€0<Cmax T mellg

Moreover, Proposition 37 implies ¢ — —c+ 2 SUp, ey, E(c+G7(s0,c¢))- is continuous. There-
fore the supremum over ¢ is attained at a maximizer cj € R. [
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Theorem 17 For every 7 € (0,1), so € S and € > 0, there exists a stationary policy 7 € 11
(obtainable through distributional DP) and a ¢ (obtainable through grid search) such that

sup  CVaR(n™(sg,cp),7) — CVaR(nﬁ(so,é(’;), 7) < de.

WGHH,COEC
In particular, T satisfies (for f(x) =x_)

sup U™ —Usn™ < e,
mwelly

and .
¢ = argmax (—co + ;E(co + G™(s0, co))_> , (19)

Cco eC

where C = {Cmin + i€ : i € No, ¢min + € < Cmax} and cyin and cymax are chosen so that
1 T
chaX —Co + ;E(Co + G (80, Co))_
0

1 _
= max <C(] + ;E(CO + GW('SO? CO))) .

Cmin <c0<Cmax

Proof Let us fix 7, sp € S, e >0, f(x) = z_, and define

) 1 -
g(co) = —co+ — sup E(co + G™(s0,¢c0))—.
T melly

Béuerle and Ott (2011) (Theorem 16) established that

sup  CVaR(n™(so,co), ) = sup g(co).
m€lly,coeC co

By using distributional DP (Theorems 6 and 8), we can find a near-optimal policy for
optimizing Uy, that is, a 7 satisfying

sup U™ —Upn™ < e.
welly

Let 1
g(CO) = —co+ ;E(Co + GF<30, C())>_.

Then |g(co) — g(co)| < € for all ¢y € C. Moreover, by Proposition 37, g is 1-Lipschitz, so for
all ¢g, ¢y €C
l9(co) — g(cp)| < |eo — <o,

and
[G(co) —G(co)| < [g(co) — g(cp)| + [g(co) — g(cp)| + lg(ch) —T(cp)| < leo — cpl + 2e.
This means we can choose ¢pin < Cmax such that

maxg(co) =  max  g(cp)-
€0 Cmin<c0<Cmax
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Define the grid C= {Cmin + 7€ : i € Ny, Cmin + 7€ < Cmax}, Then

sup
me€llyg,coeC

CVaR(n" (s0,c0), ) = sup g(co)

co
<maxg(cy) +¢
co

=  max g(c)+e

Cmin SCO Scmax

< sup g(co) + 2¢

Cmin <€0<Cmax

< maxg(co) + 3¢
coeC

< maxg(co) + 4e
coeC

< CVaR(n™(so,¢5),T) + 4¢

Appendix E. Proofs for Section 5.3

Lemma 38 For allv € (A(R),w) and 7 € (0,1),

OCVaR(v, T) = min (c + 1IE(G — c)+) ,
c T

and the minimum is attained at QF (7).

(Theorem 16)

(Theorem 36) [ ]

(G ~v)

Proof The proof of this result is derived from the proof of Theorem 36 by Rockafellar et al.
(2000). Fix v € (A(R),w) and 7 € (0,1) and let G ~ v and g(c) = ¢+ L1E(G — ¢);. The
function z — x4 is convex, so for ¢, € C and « € [0, 1],

E(G—ac—(1-a)d); <aE(G—c)y + (1 —)E(G - )4,

which means g(ac+ (1 — a)d) < ag(c) + (1 — a)g(c), that is, ¢ is convex. Moreover,

g=1- 1G> o0),
T
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which means QF, (1 — 7) is a minimizer of g. Finally, with ¢* = QF (1 — 7), we have that
min g(c) = g(")
1
=c" 4+ -E(G— ")t
T

1
=" + —Emax{G — ¢*,0}
T

1 1-— 1
= —c" — T+ ZE max{G — ¢*,0}
T T
1-— 1
= Ty —Emax{G,c"}
T T
1—7 1

1
= — g F (), c*}dt
. c +7'/0 max{QF,(t),c*}

1-— 1-— 1t
=TTy o [ QF, ()t

T T T J1—1

= OCVaR(v, 7). [ |

Proposition 39 For all s € S, the function ¢ — —c + %SupWGHH E(c + G™(s,c))4 1s
1-Lipschitz.

Proof This proof is essentially the proof of Proposition 37 with x, instead of x_. Fix
s € S and let

9() = —c+ = sup E(c+ G™(s,¢))s.

T welly
For € > 0, we have that
sup E(c+ G™(s,¢))+ < sup E(c+e+ G"(s,¢))+ (x+e)y >axy)
welly welly
— sup E(c+c+ G (s,c4+ )4,
melly

where the last line follows by noticing that the stock augmentation does not change the
supremum over history-based policies. We can apply the same reasoning to see that

sup E(c—e+G"(s,c—¢))+ < sup E(c—e+e+G"(s,c—e+¢))y = sup E(c+G"(s,¢))+.
welly welly welly

Thus for every € > 0
1
glc—e)=—(c—¢e)+ = sup E(c—e+G"(s,c—¢))+
TWEHH

1
< —c+e+— sup E(c+G"(s,¢))+
TTK‘EHH

=g(c) +e,
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and
1 ™
glc+e)=—(c+e)+ - sup E(c+e+G"(s,c+¢))+
TWEHH
1
>—c—c+— sup E(c+G"(s,¢))-
TT('EHH
:g(C) -,
That is:
gle—e) —e<g(c)<glc+e)+e (37)

Thus, for ¢, € R, letting ¢iax = max{c, ¢’} and c¢pin = min{c, '}, we have

9(Cmax) — 9(Cmax — (Cmax — €min)) (Equation 37 with € = ¢jax — Cmin)
= g(Cmax) — 9(Cmin)

9(

c

Cmax) - g(Cmin + (Cmax - Cmin))

< Cmax = Cmin, (Equation 37 with € = ¢ymax — Cmin)
SO
|g(C) - g(cl)| = |g(cmax) - g(cmin)‘ < ’Cmax - Cmin| = |C - C/|,
which means g is 1-Lipschitz. |

Theorem 18 For every 7 € (0,1) and sp € S,

1
sup  OCVaR(n"(so,c0),7) = —c + — sup E(cg + G (s0,¢5))+,
WEHH,C()EC T NEHH

where ¢y is the solution of

T welly

1
min (—co + — sup E(co + G™(s0, Co))+> .
co

Proof Fix 7, sp € S, and f(z) = 4. By Lemma 38, we have

sup  OCVaR(n™(so,c0),T)

welly,coeC

1
= sup min (—c + —E(c+ G"(s0, co))+>
7T€HH,00€C ¢ T

1
= sup min (—c + —E(c+ G™(s0, c))+> .
w€lly ¢ T

where in the last line we use the fact that the choice of ¢y is irrelevant since the supremum
is over history-based policies.
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For every € > 0, by using distributional DP (Theorems 6 and 8), we can find a near-
optimal policy for optimizing Uy, that is, a 7 satisfying

sup Uf??7r — Uf??F <eE.
welly

sup  OCVaR(n™(so,co),T)

WGHH,COEC

1
= sup min <—co + —E(co + G" (50, co))+>
welly co T
1 _
> min <—Co + —E(co + GW(‘SO,CO))—F)
co T

1
> inf (—co + — sup E(co + G’T(SO,CO))+> —¢.
co

T mwelly

Moreover,

sup  OCVaR(n"(so,co),T)
w€lly,coeC

1
= sup min <—Co + —E(eo + G™ (50, CO))+)
relly €0 T
1 ,
< Héin <—Co + ;E(Co + G™ (s0, Co))+> +e
0

1
< inf (—Co + = sup E(co + G (s0, Co))+) +e
co T

melly

Since the above holds for all € > 0, it means that

welly,coeC

sup  OCVaR(n"(so,cp), ) = inf (
co

T WGHH

1
—co+ — sup E(co + GW(SO7CO))+> :

It only remains to show that for all so € S there exists ¢ that realizes the infimum over
co. Note that by Assumption 1, we have

sup E(G™(sp,¢)) < oc. (38)
WEHH

For all s € S, we have

1
lim —co+ = sup E(co + G™(s0,0))+
€0——00 T nelly

< lim —c¢g

(Equation 38)
cop——00

= OQ.
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and

1
lim —cp + — sup E(co + G™(s0,¢0))+

co—r 00 T TI'GHH
1—

= lim Tco + sup E(G™(s0,¢0)) — E(co + G™(s0,¢0))—

co—r 00 WEHH

. 1—7 -

> lim co + sup E(G™(sp,¢))

co—r 00 T WGHH
— 0. (Equation 38)

Therefore there exist ¢min, Cmax € R such that

1
inf (—co + — sup E(co + G™(s0, co))+>
co

T welly

1
— inf (—60 + = sup E(co + G™(s0, CO))+> :

Cmin <co<Cmax T relly

Moreover, Proposition 39 implies ¢ — —c+ L sup, <, E(c+G™ (s, ¢))+ is continuous. There-
fore the infimum over ¢y is attained at a minimizer ¢ € R. [ ]

Theorem 19 For every 7 € (0,1), so € S and € > 0, there exists a stationary policy 7 € 11
(obtainable through distributional DP) and a ¢ (obtainable through grid search) such that

sup  OCVaR(n™(sg,¢p),T) — OCVaR(nF(SO,EE‘)), 7) < 4e.
w€lly,coel

In particular, T satisfies (for f(x) = x4)

sup Upn™ —Upn™ < e,
WGHH

and

1 —
¢y = arg min <—Co + —E(co + G™(s0, Co))+> ’
CoEE T

where C = {Cmin + i€ : 7 € Ng, ciin + 7€ < Cmax} and cmin and cmax are chosen so that
. 1 =
min ( —co + ;]E(co + G"(s0,¢0))+
0

1 _
= min <—co + ;E(co + G (s0, co))+> :

Cmin <€0<Cmax

Proof The proof of this result is essentially the same as Theorem 17, except that we use
Lemma 38, Proposition 39, and Theorem 18 instead of Theorems 16 and 36 and Proposi-
tion 37. m
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Appendix F. Proofs for Section 5.7

The proof of the first statement in Theorem 20 is relatively direct and self-contained; we show
that from the designed reward we can construct a valid stock-augmented RL objective, where
the designed rewards Ryt satisfy a bounded first moment condition similar to Assumption 1,
and with a designed discount o < 1 in the infinite-horizon discounted (y < 1) case.

However, the second statement—that only expected utilities that are indifferent to
~v admit a reduction to a stock-augmented RL objective—requires multiple supporting
results from the theory of optimizing expected utilities. This is because, when reducing
a stock-augmented RL objective to a stock-augmented return distribution optimization
objective, we need to make a statement about all the objectives Fx whose optimization is
equivalent to a stock-augmented RL objective. In our case, this is possible, thanks to the
von-Neumann-Morgenstern theorem (Von Neumann and Morgenstern, 2007) and the results
from Bowling et al. (2023).

Without stock augmentation, for each state s € S, the preference over policies induced
by value can be mapped to a relation = on (D, w). The von-Neumann-Morgenstern theorem
(see Theorem 40 below) states that = is equivalent to an expected utility function iff >
satisfies the von-Neumann-Morgenstern axioms (Axioms 1 to 4 below). Furthermore, any
such expected utility function will be unique up to affine transformations. This uniqueness
is powerful, because it implies that an objective cannot be simultaneously equivalent to an
expected utility and a non-expected utility.

Axiom 1 (Completeness, adapted from Bowling et al., 2023) Forallv,v € (D, w),
v=v orv =v (or both, if v ~1').

Axiom 2 (Transitivity, adapted from Bowling et al., 2023) Forallv,v',v" € (D,w),
ifv=v and v = V", thenv ="

Axiom 3 (Independence, adapted from Bowling et al., 2023) Forallv,v,v € (D,w),
v=vV iff for allp € (0,1) pv + (1 —p)v = pv/ + (1 — p)v.

Axiom 4 (Continuity, adapted from Bowling et al., 2023) For all v,/ 7 € (D, w),
if v = U = V' then there exists p € [0,1] such that pv + (1 —p)v' ~ 7.

Theorem 40 (von Neumann-Morgenstern Expected Utility Theorem) A preference
relation = on (D,w) satisfies Azioms 1 to 4 if and only if there exists an expected utility
function u : (D,w) — R such that

1. for allv,v' € (D,w), v =V < u(v) >u(),
2. forallv € (D,w), u(v) =E (u(dg)) (G ~v).
Such u is unique up to positive affine transformations.

The main result introduced by Bowling et al. (2023) establishes that every Markovian
reward function induces a value function that is equivalent to a preference > satisfying
Axioms 1 to 4 plus a fifth axiom called Temporal Discount Indifference. Their temporal
discount indifference axiom allows the discount to be transition-dependent, but we are
interested in making statements about RL objectives with a fixed discount, so we introduce
an adaptation to this special case, which we refer to as Fized Discount Indifference.
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Axiom 5 (Fixed Discount Indifference) There exists o € (0,1] such that for all v,V €
(D,w), with G ~v and G' ~V/,

1 « 1
L Af(G '
1 aM0G) + v = 11,

o
df(vG') + ——v.
G+ 1,

Surprisingly, for relations > that satisfy Axioms 1 to 4 (and thus admit an equiva-
lent expected utility u) we can show that > satisfies Axiom 5 iff u is indifferent to ~
(cf. Definition 10). We can prove this correspondence between the two properties (Axiom 5
and Definition 10) by combining Lemma 12 Item 2 and the following novel result.?’

Proposition 41 Let = be a relation over (D,w), and let u : (D,w) — R be an expected
utility function satisfying Theorem 40 Items 1 and 2. Axziom 5 holds iff for all ¢ € C

a - (u(de) — u(do)) = u(dye) — u(do)- (39)

Proof Since u is linear, for ¢ € C we write u(c) = u(d.). We first prove the result under the
assumption that u(dp) = 0, in which case we want to show that a - u(d.) = u(d.). Axiom 5
states that there exists a € (0,1] such that for all v,/ € (D,w), with G ~ v and G’ ~ 1/,

1 a 1 o
At (~vG f df (G .
o O0G) + v = 0 + v

Since u is equivalent to the preference and linear, the above is equivalent to

Eu(vG) + Lu(l/)

= E /
1+« 1+« 1+« u(’yG)—f—

o
T au(y).
Thus, by rearranging the above, Axiom 5 holds iff there exists a € (0, 1] such that, for all
v,V € (D,w),

Eu(vG) — a - u(v) = Eu(vG') — a - u(V/'). (40)

Aziom 5 implies Equation 39. Using Equation 40 with v = . and v/ = §; gives
u(ye) — - u(e) = u(do) — a - u(do) =0,

which gives the result.
Equation 39 implies Aziom 5. We have that for all ¢, € C

u(ye) —a-u(c) =0 =u(yd) — a-u(d),

and since this holds “pointwise”, it also holds in expectation (with random C,C"), so
Equation 40 follows.

Let us now prove the general case, u(dy) € R. Let v/(v) = u(v) — u(dy). We have already
established that Axiom 5 holds iff o- u'(d.) = u'(d,.) for all ¢ € C, and expanding v’ in terms
of u gives Equation 39. [ |

20. Note how Equation 39 in Proposition 41 is the same condition as Equation 15 in Item 2 of Lemma 12.
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We can now combine Axioms 1 to 5 and Theorem 40 into the core result for characterizing
what objectives stock-augmented RL can optimize—an analogue of the main result of Bowling
et al. (2023) (their Theorem 4.1).

As discussed earlier, in the standard case we use = to compare return distributions
directly, so we can connect optimizing > to the RL problem by comparing return distributions
of policies 7, n’ € IIy at states s € S as 17 (s) = 1™ (s). Therefore, expected utilities that
are equivalent to > are naturally (D, w) — R functions.

With stock augmentation, whether a return distribution v is preferable to another v/
depends on the stock ¢, and we compare distributions of policies 7,7’ € IIy at stock-
augmented states (s,c¢) € S x C as df(c + G7(s,¢)) = df(c 4+ G™ (s,¢)). We can see this
as there being a different preference relation for each ¢, so we define one expected utility
(D,w) — R for each ¢, as is the case in Theorem 42 below.

The main contribution of Theorem 42 is that we can look at properties of a stock-indexed
expected utility, and make statements about the corresponding relation per stock c, as we
will discuss after presenting and proving Theorem 42.

Theorem 42 A preference relation = on (D,w) satisfies Azxioms 1 to 5 iff there exist
stock-indezed functions u. : (D,w) — R (for all c € C), a stock-augmented reward function
7:CxC— R and o € (0,1] such that:

1. for all c,r’,g € C: Ue(dpr4yg) = T(c,7") + - Usy—1(c447)(dg),

2. for all ¢ € C and v,/ € (D,w): df(c+ G) » df(c+ G) (G ~ v, G' ~ V) iff
Uc(v) = c(V'),

3. forallceC andv € (D,w): u.(v) =E (u:(0g)) (G~ v).

Proof This proof retraces the steps of the proof of Theorem 4.1 by Bowling et al. (2023).

Axioms 1 to 5 imply Items 1 to 3.

From the von Neumann-Morgenstern theorem (Theorem 40), we know that Axioms 1
to 4 imply the existence of a utility function u : (D,w) — R that is equivalent to the
preference (Theorem 40 Item 1), linear (Theorem 40 Item 2) and unique up to positive affine
transformations (Theorem 40).

We define, for ¢ € C and v € (D, w), with G ~ v,

ue(v) = u(df(c + G)) — u(dc) (41)

and we will show that Items 1 to 3 hold. We also define the shorthand f(c) = u(d.), and
note that, for all ¢, g € C we have u.(dy) = f(c+ g) — f(c).
For Item 1, we define the reward function:

rler’) = af (v He+r") = fe) + (1= a)f(0). (42)
From Proposition 41, we get that for all ¢,7’,g € C

a(f (v e+r +79) — £(0) = fle+7+v9) — f(0),

which we can rearrange as

fletr+vg) =af (v e+ +79)) + (1 —a)f(0). (43)
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Thus, for all ¢,7’,g € C,

Ue(r’ +vg) = fle+ 1" +7g) — f(c)
=af (v He+r" +99)) + (1 —a)f(0) - f(c) (Equation 43)
= - Uy1(eqmy(9) +af (Y He+1)) + (1 =) f(0) = f(e)
—af (v e+ ) = F(0) + (1= a)f(0) + & Ty 1(cpmy(s)  (Rearranging)
=7(c,7") + - Uy-1(c4,1)(9), (Equation 42)

which proves Item 1.

Item 2 follows from the fact that the preference induced by w is equivalent to >, and
ue(v) = u(df(c + G)) — u(d.), so for all ¢ € C and v,/ € (D, w), we have

Ue(v) > (V) <= u(df(c+ G)) > u(df(c+ G')) = df(c+ G) = df(c+ G).

For Item 3, we proceed as follows. For all ¢ € C and v € (D,w) (with G ~ v)

tc(v) = u(df(c+ G)) — u(dc) (Equation 41)
=E (u(0erq)) — u(de) (Theorem 40 Item 2)
=E (u.(0q)), (Equation 41)

which proves Item 3.

Azxioms 1 to 5 follow from Items 1 to 3. Items 1 and 3 with ¢ = 0 imply Items 1 and 2
of Theorem 40 with u = %y, which means > satisfies Axioms 1 to 4.

It remains only to show that > satisfies Axiom 5. By rearranging Item 1, we get that,
for all g € C,

7(0,0) = T (dvg) — o T (dy)-

In particular, by taking g = 0, we get that 7(0,0) = (1 — a)ug(do). Thus, for any g € C, we
have

uo(0ye) — a - to(de) = (1 — o) - uo(do),
and, by rearranging,

a - (uo(de) — uo(do)) = uo(dye) — wo(do),

so we can satisfy Equation 39 with u = ug, and, by Proposition 41, > satisfies Axiom 5. B

This is how we will use Theorem 42 to prove the second statement in Theorem 20: We
will show that value in stock-augmented RL is, in effect, a stock-indexed expected utility, so
the stock-indexed corresponding relations satisfy Axioms 1 to 5. If this stock-augmented RL
objective is equivalent to a stock-augmented return distribution optimization objective F,
then (we show) K must be equivalent to the stock-indexed utility corresponding to value.
Then we combine Theorem 42, Proposition 41, and Lemma 12 to show that K must be both
an expected utility and indifferent to ~.

We are now ready to present the proof of Theorem 20.
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Theorem 20 A stock-augmented return distribution optimization objective functional Uy
can be reduced to an equivalent stock-augmented reinforcement learning objective (expected
return) with discount o € (0,1] with v <1 = a < 1 and reward proportional to

Riyy = af(Cri1) — F(C) + (1= ) £(0) (20)
if [ satisfies, for all c € C,
fyve) = af(c) + (1 —a)f(0), (21)
and:

- in the finite-horizon case,

sup E(\Etﬂ\ ‘StZS,CtZC,AtZG) < 00; (22)
$,6,aESXC XA

- in the discounted case, f is Lipschitz.

A stock-augmented return distribution optimization objective that is not an expected
utility or not indifferent to v cannot be reduced via reward design to a stock-augmented
reinforcement learning objective.

Proof Reduction from a stock-augmented return distribution optimization objective to a
stock-augmented RL objective. The stock-augmented RL objective we want to reduce to is an
expected return where the (designed) rewards have bounded first moment (R;y; satisfying
Equation 22), the discount is a € (0, 1] (where v < 1 = a < 1), and policies 7 € Il have

value function
o
V™(s,c) =E (Z atﬁtH) .
t=0

We will show that, under the given conditions, for all 7 € Il and (s,c) € S x C,
VT(s,0) = (Upn")(s,0) = f(e) = Bf (¢ + G (s,¢)) - f(c), (44)

with G(s,c) ~ n"(s,c). If this is the case, then both stock-augmented objectives induce the
same preference over policies.

Let us first establish that, under the given conditions, the designed rewards have bounded
first moment. In the finite-horizon case we have imposed Equation 22 as a condition directly.
In the discounted case, f is assumed to be L-Lipschitz for some L, so:

|Ris1] = |af(Cipr) — F(Co) + (1 — @) £(0)]
= f(vCis1) — f(C) (Equation 21)
=|f(Ci + Rit1) — f(C)] (Ciyr =7 H(Cr + Rey1))
=L - ||Reza 1, (f L-Lipschitz)
and, by Assumption 1,

sup E (’EHI’ ‘ S;=5Cr=c A = a) < sup E(||Rigilli| St =s,A=a) < co.
$,6,a€ESXCXA s,a€SxA
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Next, we establish that v < 1 = «a < 1 (that is, the a-discounting is valid for the
infinite-horizon discounted case). By induction on Equation 21, we get that, for all n € Ny
and ¢ € C, that f(y"c) — f(0) = a™(f(c) — f(0)), which we can rearrange as

f("e) = a"f(e) + (1 = a")f(0). (45)
In particular, for all ¢ € C,

liminf f(7"c) = liminf &” f(c) + (1 — &™) f(0).

n—oo n—oo

If v < 1, the left-hand side is zero, so the right-hand side must be zero, thus o < 1.
Finally, we prove Equation 44. For all 7w € Il and (s,¢) € S x C, with (Sp, Cp) = (s,¢)
with probability one, we have

VT (s,¢) <Za Ritq Co—c>
t=0
n—1
:nhargoE <Zoa Rt+1 Co—c>

t
n—1
= lim B ( Pf(Cra) = o' f(C) + o' (1 = @) f(0)
)

> a
> a

Co = c) (Equation 20)

= lim E ( L (Cor) — & f(Cy)| Co = c) + (1 =a")f(0)
— lim E(a"(Ca)| Co = ¢) — £(0) + (1 - a™)(0) (Telescoping, Cp = ¢)
= lim E(a"f(Cn) + (1= a")f(0)|Co =) = f(c)
= T}LHQOE (f(y"Cp)|Co=c)— f(ec) (Equation 45)
n—1
= nh_)IEOJE f (Co + ZVthH) Co = C) — f(e)
t=0

=E (f (C’o + Z’thtH) ‘ Co= c) — f(e) (f Lipschitz or finite horizon)

t=0
= (Upn")(s,¢) = f(e),

which proves Equation 44 and concludes the proof of the first statement.

Impossible reduction via reward design when the objective Fi is not an expected utility
or not indifferent to v. We will show the contrapositive: If the reduction is possible, then
F is an expected utility and indifferent to ~.

Assume we can reduce it to an equivalent stock-augmented RL objective with a suitably
designed reward function. It is important to stress that the reduction must be valid regardless
of the underlying MDP transition or reward kernels, as long as Assumption 1 is satisfied.

Let us define the “stock-indexed value functional” v, : (D,w) — R as follows: For a
Markov chain Cy — R; — Rp — ... all taking values in C (and satisfying Assumption 1)
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with Go = Y727 Rit1 and Cp = ¢, we let

D.(df(Gy)) (Za 7Oy, Rm))

where 7 : C x C — R is the designed (Markov) reward.

The value functional and the designed reward function do not directly depend on states
and actions. This is natural, as trajectories with the same Cy — Ry — Ry — ..., regardless
of the underlying Sy, Ao, S1, . . ., must be equivalent in terms of the objective (either return
distribution optimization or RL).

The reduction requires the same augmented state space S x C to be used for both return
distribution optimization and RL objectives, so, for all (¢,v), (¢/,') € C x (D, w) we have
Kdf(c+ Q) > Kdf(d + (') <= v.(v) > v (V), WlthGNl/aDd G ~V.

We can now apply Theorem 42 to conclude that the relation induced by K on (D, w)
must satisfy Axioms 1 to 5. To do so, we must prove that Items 1 to 3 hold for v, and 7.

For Item 1, consider Cy = ¢, R; = r1 and so forth, with probability one, such that
g1 =Y 721 'riee < co. Then

50(57“14—791) = e (df(GO))

=E <Za 7(Ct, Rt )

=K (7(00, R))+a-E ( 7(Cty1, Rit2)

E (7(Co, R1) + o - v, (df (G

:r(c,rl)—i—a Uy 1(C+T1( )

°))

which gives us Item 1.
Item 2 follows by assumption that the reduction is possible.

Item 3 can be proved as follows: For all ¢ € C, with Cy =cand Cy - Ry — Ry — ...
satisfying Assumption 1:

Uc(df G() (Za Ct;Rt—i—l))
( (Za 7(Ct, Rey1)

E (vc(dco)) -

Co,Rl,R2>-~>>

Hence, by Theorem 42, the relation induced by K on (D, w) satisfies Axioms 1 to 5,
which implies that K is an expected utility.
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We know from Theorem 40 that there exist ¢ > 0 and b € R such that, for all ¢, g € C,
we have aKd.yg + b =0.(0,). So define f(c) = aKd.+ b. Then, for all c € C,

a-Koye+b= f(yc)

= 50(576)

=7(0,0) 4+ o - vg(Je)
7(0,0) 4+ af(c).

In particular, for g = 0, the above implies that 7(0,0) = (1 — «) f(0), so, for all ¢ € C,

fve) = af(e) + (1 — ) £(0).

The assumption that the reduction is possible ensures that o € (0,1] and v < 1 = a < 1,
80, by Lemma 12 Item 2, K is indifferent to ~. |

Appendix G. Proofs for Section 5.8

Our characterization builds on and extends the results by Marthe et al. (2024), which
characterized objective functionals that distributional DP can optimize in the finite-horizon
undiscounted setting, without stock augmentation. Our proof strategy is to connect indiffer-
ence to mixtures, indifference to v and Lipschitz continuity to the von Neumann-Morgenstern
axioms (from Appendix F), so that we can apply the powerful von Neumann-Morgenstern
theorem (or show that it cannot apply, in the case of the non-expected-utility objective
functional that distributional DP can optimize).

The following results connect Lipschitz continuity and indifference to mixtures to the
von Neumann-Morgenstern independence axiom (Axiom 3).

Proposition 43 (If K Lipschitz then Axiom 3’s < is satisfied.) If K is Lipschitz,
the following holds: For every v,V , v € (D,w) if for all p € (0,1) we have

K((1—pv+pv) > K((1—p)/ +pv),

then
Kv>Kv.

Proof Fix v,/ € (D,w) and assume that for all p € (0,1) we have
K((1 =p)v +pp) = K((1 = p)v/ +pp).

Define the sequences of distributions
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We have that v, converges to v in w as n — oo (and v}, to /). Because K is Lipschitz, and
by assumption Kv,, — Kv}, > 0 for all n € N, we get
Kv — KV = lim Kun—KI/;LZO. |

n—o0

Proposition 44 (If K is indifferent to mixtures, then Axiom 3’s = is satisfied.)
If K is indifferent to miztures, then the following holds: For every v,v',v € (D, w) if

Kv > KV,
then for all p € (0,1) we have
K((1—p)v+pv) > K((1—p)/ +pp).

Proof Definition 9 with vy, vs, V], V4 such that Ky > Kvj and vl = s, gives us that for
all p € (0,1)
Kv>KV = K(1-pv+pv) > K(1-p) +pv). [ |

Next, we apply the von Neumann-Morgenstern theorem to characterize objective func-
tionals that distributional DP can optimize in the infinite-horizon discounted case.

Theorem 21 If K : (D,w) — R is indifferent to miztures and Lipschitz, then Fg is an
expected utility, that is, there exists an f:C — R such that Kv =Ef(G) (G ~v) and f is
Lipschitz.

Proof Consider the relation = over (D, w) defined by v = V' <= Kv > KV/. 1t is easy
to see that > satisfies completeness and transitivity (Axioms 1 and 2 in Appendix F). K
Lipschitz implies that > also satisfies continuity (Axiom 4). K Lipschitz and K indifferent
to mixtures implies that K satisfies Axiom 3 (Propositions 43 and 44).

Then by the von Neumann-Morgenstern theorem (Theorem 40) there exists an expected
utility function u : (D,w) — R satisfying Items 1 and 2, and it is unique up to affine
transformations. By Item 1, for all v,/ € (D,w), with G ~ v and G’ ~ v/, we have
v=1v < u(v) > u(v), and thus Kv > K/ <= u(v) > u(v). Moreover, by Theo-
rem 40, we know u is unique up to positive affine transformations, so there exist a > 0 and
b € R such that Kv = a-u(v) + b for all v € (C,w). Without loss of generality we can
consider u in the rest of this proof such that a = 1 and b = 0. Since u is linear, we know
there exists f : C — R such that u(v) = Ef(G) (G ~ v) for all v € (C,w). The statement
that f is Lipschitz follows from Lemma 12. |

Proposition 22 The statistical functional K : (D, w) — R satisfying, for v € (D,w),
K = T(([0,00)) = 1)

18 indifferent to miztures and Fg is not an expected utility.
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Proof K is indifferent to miztures. Consider 0,7 € (DS*¢, %) such that, for all (s,c) €
S xC,
Kn(s,c) > Kn'(s,c), (46)

and let (S,C) be a random variable taking values in § x C, v = df(G(S,C)) and v/ =
dE(G/(S, C)).
Equation 46 implies that {¢/(S, C)([0,00)) = 1} C {v(S,C)([0,00)) = 1}, which in turn
implies that
10/(8,C)([0,00)) = 1) < I(w(S, C)([0, 00)) = 1),

which proves the result.

K is indifferent to . Given v,/ € (D, w) and letting G ~ v and G’ ~ V/, note that
v([0,00)) =1 <= df(7G)([0,00)) = 1 (and similarly for v/ and G’), so K(yG) = Kv and
K(yG') = KV/, which means Kv > K/ implies K(yG) > K(yG’).

Fi is not an expected utility. It suffices to show that K violates at least one of the von
Neumann-Morgenstern axioms, otherwise Theorem 40 applies and Fx is an expected utility.
K invariably satisfies completeness and transitivity (Axioms 1 and 2), however it violates
independence and continuity (Axioms 3 and 4; cf. Juan Carrenio, 2020, p. 15). |

Appendix H. Implementation details
H.1 DyN

The architecture diagram for DnN’s stock-augmented return distribution estimator is given
in Figure 1. The training and network parameters were set per domain (see Appendices H.2
and H.3). The target parameters  were updated via exponential moving average updates,
as done by Schwarzer et al. (2023), and differently from the periodic updates used by Mnih
et al. (2015). Our intent was to have smoother quantile regression targets, rather than
sudden changes introduced by the periodic update. The target network is updated as an
exponential moving average with step size a as 6 + (1 — a)f + af. DN uses the target
network parameters # for both training and evaluation (similar to Abdolmaleki et al., 2018).
Our intent was to slower-changing behavior and quantile regression targets.

As in DQN (Mnih et al., 2015) and QR-DQN (Dabney et al., 2018), the action selection
used by DnN during data collection is e-greedy. For greedy policy selection during both data
generation (Equation 27) and learning (Equation 26), given a return distribution function
£: S8 xCxA— D, DN selects the greedy policy 7 € 11 satisfying

Ur(Ms€)(s,c) =Ef(c+ G(s,c, A)) (A~T7(s,c), G(s,c,a) ~&(s,c,a))
and, for all (s,c) € S xC and a € A,
m(als,c) > 0= m(als,c) = mz}xﬁ(a’|s, c).

We chose this because ties may happen often in return distribution optimization. This is
not the case in standard deep RL with DQN, and we rarely need to resort to tie-breaking,
because action-value estimates are often noisy. However, the choice of Uy may introduce
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ties in practice. For example, when maximizing the risk-averse 7-CVaR, we have f(z) = z_,
which can introduce ties among maximizing actions.

With vector-valued returns, DnN maintains estimates of the quantiles each individual
return coordinate, rather than an estimate of the joint distribution of the vector-valued
return. This means we cannot optimize all expected utilities over vector-valued returns, but
only the ones with the form:

f(z) = Zfi(ﬂfz‘)-

We believe this is acceptable for a proof-of-concept algorithm, and that future work will
address this limitation based on results for multivariate distributional RL (Zhang et al.,
2021; Wiltzer et al., 2024).

For the quantile regression loss, the greedy policy T breaks ties via uniform random
action selection, but to avoid having to sample multiple actions from 7 we use the policy
directly. For a transition (s,c),a,r’, (s',c'), the loss estimate is:

1
— Z Z 7(a'|s, )0(r' +~v&5(s',d', ) — &o(s, a, €)i,Ti),

n i,j€{1,...,n} a’€A
where / is the quantile regression loss (Dabney et al., 2018)
Uz, 1) = |l(x > 0) — 7| |z,

and the quantiles are the bin centers of an n-bin discretization of [0, 1], that is, for i €

{1,...,n} we have 7; = 22;1. As in DQN (Mnih et al., 2015) and QR-DQN (Dabney et al.,

2018), we explicitly use dp as the return distribution of the terminal state.

H.2 Gridworld

In these experiments we trained DnN on an Nvidia V100 GPU. For simplicity, DnN did
not use a replay in these experiments. Instead, it alternated generating a minibatch of
transitions by having the agent interact with the environment, and then updating the network
with the generated minibatch (the “learner update”). The transitions were generated in
episodic fashion, with the agent starting at sinit and acting in the environment until the
end of the episode. The episode ended when the agent reached a terminating cell, or when
it was interrupted on the 16-th step. Upon interruption, s’ was not treated as terminal.
Each minibatch consisted of 64 trajectories of length 16, and each transition had the form
(Sk, k), ak, 7, (s),¢;). If a termination or interruption happened at the k-th step in a
trajectory, the next transition would start from the initial state, in which case s} # sg41
(8}, = sg41 held otherwise).

Tables 7 and 8 contain additional implementation details. For training, we have used
the Adam optimizer (Kingma, 2014) with defaults from the Optax library (DeepMind et al.,
2020) unless otherwise stated.

During evaluation, DnN followed greedy policies (¢ = 0 for the e-greedy exploration).
For the 7-CVaR experiments (Sections 7.2 and 7.3), we selected cjj based on Theorems 17
and 19, with a grid search of 256 equally spaced points on the interval [—10, 10] (with points
on the interval limits).
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Parameter Value
Batch size 64
Trajectory length 16
Training duration (environment steps) ~2M
Training duration (learner updates) 2K
Adam optimizer learning rate 1074
Target network exponential moving average step size («) 1072
Discount (7) 0.997
e-greedy parameter 0.1
Interval for sampling cg [—10,10)

Table 7: Training parameters for DnyN in the gridworld experiments.

Component Parameter Value

Vision (ConvNet)

Output channels (per layer) (32,64,64)
Kernel sizes (per layer) ((8,8),(4,4),(3,3))
Strides (all layers) (1,1)
Padding SAME
Linear
Output size 512
MLP
Number of quantiles (per action) 128
Hidden layer size 512

Table 8: Neural network parameters for DnN’s return distribution estimator &y in the
gridworld experiments. See Figure 1 for reference.

The vision network in the gridworld experiments is a ConvNet (LeCun et al., 2015)
following the implementation used by Mnih et al. (2015). Convolutional layers used ReLU
activations (Nair and Hinton, 2010), as did the MLP hidden layer. The “Linear” components
in Figure 1 did not use an activation function on the outputs (with the exception of the
explicit ReLU activation shown in the diagrams). The outputs of the ConvNet were flattened
before being input to the “Linear” component.

H.3 Atari

In these experiments we trained DnN in a distributed actor-learner setup (Horgan et al.,
2018) using TPUv3 actors and learners. The data was generated in episodic fashion (with
multiple asynchronous actors). The episode duration was set to 25s, at 15Hz and 4 frames per
environment step due to action repeats (Mnih et al., 2015). The Atari benchmark typically
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Parameter Value
Batch size (global, across 6 learners) 144
Trajectory length 19
Training duration (environment steps) T5M
Training duration (learner updates) ~ 3.44K
Adam optimizer learning rate 10~4
Weight decay 1072
Gradient norm clipping 10
Target network exponential moving average step size « 1072
Discount (7) 0.997
Interval for sampling cg [—9,9)

Table 9: Training parameters for DnN in the Atari experiments.

has sticky actions (Machado et al., 2018), but we disabled them for these experiments, to
have deterministic returns. DnN, similar to DQN (Mnih et al., 2015) and QR-DQN (Dabney
et al., 2018), observes 84 x 84 grayscale Atari frames with frame stacking of 4.

DnN was trained with a 3 : 7 mixture of online and replay data in each learner update.
Each minibatch consisted of 144 sampled trajectories (sequences of subsequent transitions)
of length 19 (the minibatch was distributed across multiple learners, and updates were
combined before being applied). The data generated in the actors was added simultaneously
to a queue (for the online data stream) and to the replay (for the replay data stream).
The replay was not prioritized, and we edited the stocks in each minibatch as explained in
Section 8.

Tables 9 and 10 contain additional implementation details. For training, we have used
the Adam optimizer (Kingma, 2014) with defaults from the Optax library (DeepMind et al.,
2020) unless otherwise stated, as well as gradient norm clipping and weight decay.

Similar to DQN, we annealed the e-greedy parameter linearly from 1.0 at the start to
0.1 at the end of training, and used 10~2-greedy policies for evaluation.

The convolutional network in the Atari experiments is a ResNet (He et al., 2016)
as used by Espeholt et al. (2018). Convolutional layers and residual blocks used ReLU
activations (Nair and Hinton, 2010), as did the MLP hidden layer. The “Linear” components
in Figure 1 did not use an activation function on the outputs (note that the explicit ReLU
activation in the diagrams is used). The outputs of the ResNet were flattened before being
input to the “Linear” component.

Appendix I. Summary of Guarantees

Table 11 provides a summary of the necessary and sufficient conditions for the objective Fx
to be optimizable by DP in the different scenarios considered in this work. The table includes
references to specific results in this work and in previous work, as applicable. For a more
detailed discussion on DP guarantees from previous work, see Section 4.5. For a comparison
between classic and distributional DP bounds (value iteration and policy iteration) refer to
Sections 4.1 and 4.2.
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Component Parameter Value

Vision (ResNet)

Output channels (per for Conv2D and residual layers (64,128, 128)
per section)

Kernel sizes (all Conv2D and residual layers) (3,3)

Strides (all Conv2D and residual layers) (1,1)

Padding SAME

Pool sizes (all sections) (3,3)

Pool strides (all sections) (3,3)

Residual blocks (per section) (2,2,2)
Linear

Output size 512
Quantile MLP

Number of quantiles (per action) 100

Hidden layer size 512

Table 10: Neural network parameters for DnN’s return distribution estimator £y in the Atari
experiments. See Figure 1 for reference.

Counter-examples. In the standard setting, without stock augmentation, classic and
distributional DP can solve the same set of problems (see Table 11). With stock augmentation
in the finite-horizon undiscounted case, see Proposition 22 for a functional that distributional
DP can optimize, but classic DP cannot. In the stock-augmented infinite-horizon setting, we
are not aware of any functionals that can only be optimized by either classic or distributional
DP (cf. Theorems 6, 8 and 20). In the finite-horizon undiscounted setting with stock
augmentation, there exist functionals that distributional DP can optimize but classic DP
cannot (see Proposition 22). In the stock-augmented infinite-horizon setting, we are not
aware of any functionals that can only be optimized by either classic or distributional DP
(cf. Theorems 6, 8 and 20). If a counter-example exists, it must fall in one of the following
two cases: i) an expected utility with f non-Lipschitz but ¢ — f(¢) — f(0) positively
homogeneous; ii) a non-Lipschitz non-expected-utility that is indifferent to mixtures and
indifferent to 7 (classic DP cannot optimize this; see Proposition 13 and Theorem 21).
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