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Abstract

We develop two Variance-reduced Fast Operator Splitting Algorithms (VFOSA) to ap-
proximate solutions for a class of generalized equations, covering fundamental problems
such as minimization, minimax problems, and variational inequalities as special cases. Our
approach integrates recent advances in accelerated operator splitting and fixed-point meth-
ods, co-hypomonotonicity structure, and variance reduction techniques. First, we introduce
a class of variance-reduced estimators and establish their variance-reduction bounds. This
class includes both unbiased and biased instances and comprises common estimators as
special cases, including SVRG, SAGA, SARAH, and Hybrid-SGD. Second, we design a
novel accelerated variance-reduced forward-backward splitting (FBS) method using these
estimators to solve generalized equations in both finite-sum and expectation settings. Our
algorithm achieves both (9(1 / kz) and 0(1 / k2) convergence rates on the expected squared
norm E[[|Gxz*||?] of the FBS residual G, where k is the iteration counter. Additionally,
we establish almost sure convergence rates and the almost sure convergence of iterates to a
solution of the underlying generalized equation. Unlike existing stochastic operator split-
ting algorithms, our methods accommodate co-hypomonotone operators, which can include
nonmonotone problems arising in recent applications. Third, we specify our method for
each concrete estimator mentioned above and derive the corresponding oracle complexity,
demonstrating that these variants achieve the best-known oracle complexity bounds with-
out requiring additional enhancement techniques. Fourth, we develop a variance-reduced
fast backward-forward splitting (BFS) method, which attains similar convergence results
and oracle complexity bounds as our FBS-based algorithm. Finally, we validate our results
through numerical experiments and compare their performance with existing methods.

Keywords: Forward-backward splitting method; backward-forward splitting method;
Nesterov’s acceleration; variance-reduction; co-hypomonotonicity; generalized equation.

1. Introduction

The generalized equation (GE), also known as the nonlinear inclusion, serves as a versatile
framework with broad applications across various domains, including operations research,
engineering, mechanics, economics, statistics, and machine learning, see, e.g., (Bauschke
and Combettes, 2017; Facchinei and Pang, 2003; Phelps, 2009; Burachik and Tusem, 2008;
Ryu and Yin, 2022; Ryu and Boyd, 2016). The recent surge in modern machine learning and
distributionally robust optimization has reinvigorated interest in minimax problems, which
are special cases of GE. These minimax models, particularly in the context of generative
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adversary, imitation learning, reinforcement learning, and distributionally robust optimiza-
tion, can be effectively modeled and solved using the GE framework, see, e.g., (Arjovsky
et al., 2017; Faghri et al., 2025; Goodfellow et al., 2014; Kuhn et al., 2025; Madry et al.,
2018; Namkoong and Duchi, 2016; Shi et al., 2022; Swamy et al., 2021; Yu et al., 2022).
This paper develops two novel classes of stochastic accelerated operator splitting algorithms
with variance reduction specifically designed for solving GEs.

(a) Problem statement. In this work, we focus on the following generalized equation
(also known as an inclusion):

Find z* € R? such that: 0 € ®x* := Fa* + Ta*, (GE)

where F' : RP — RP is a single-valued mapping, T' : RP = RP is a possibly multivalued
mapping, and ¢ := F' + T. We consider two different settings of (GE) as follows.
(F) [Finite-sum setting] F' is a large finite-sum of the form:

1 n
Fe=-Y Fa, F
T i=1 ’ )
where F; : RP — RP for i € [n] := {1,--- ,n} and n is often sufficiently large.

(E) [Expectation setting] F' is equipped with an unbiased stochastic oracle F(-,¢&),
where ¢ is a random variable defined on a given probability space (£2,P,Y), i.e., for
any x € dom(F’), we have

Fz =E¢[F(z,8)]. (E)

Note that the finite-sum setting (F) can be viewed as a special case of the expectation setting
(E) by choosing F(z,&) = n%)iFi:L‘ for p; :=P(£ =) € (0,1). However, since our algorithms
have different oracle complexity bounds on each setting, we treat them separately.

The mapping 7" in (GE) is possibly multivalued and maximally p-co-hypomonotone (see
Subsection 2.1 for the definition) as stated in Assumption 1.1(iii) below.

(b) Fundamental assumptions. To develop our algorithms for solving (GE), we require
the following assumptions on (GE).

Assumption 1.1 The generalized equation (GE) satisfies the following conditions:
(i) zer(®) :={a* € RP: 0 € ®x*} # O (i.e., there exists a solution x* of (GE)).
(ii) (Bounded variance) For the expectation setting (E), there exists o > 0 such that
Ee¢[|F(z,&) — Fz||?] < o? for all x € dom(F).
(iii) (Mazimal p-co-hypomonotonicity) T is mazimally p-co-hypomonotone.

Assumption 1.1(i) and Assumption 1.1(ii) are standard. While Assumption 1.1(i) guaran-
tees that (GE) is solvable, Assumption 1.1(ii) has been widely used in various stochastic
methods. It was also modified and generalized in different ways, see, e.g., (Beznosikov et al.,
2023; Gorbunov et al., 2020). We use this assumption to derive our oracle complexities in
the sequel that depend on o2 and a mega batch-size nj, in the expectation setting (E).
Assumption 1.1(iii) includes maximally monotone operators 7', but also covers a class
of nonmonotone operators as shown in Subsection 2.2 below with concrete examples. If
T is maximally monotone, then it already encompasses the normal cone of a nonempty,
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closed, and convex set and the subdifferential of a proper, closed, and convex function
as special cases. Consequently, under Assumption 1.1, (GE) includes constrained convex
minimization and convex-concave saddle-point problems, and monotone [mixed] variational
inequality problems (VIPs) as special cases.

Assumption 1.2 The mapping F in (GE) satisfies one of the following assumptions.
(F) [The finite-sum setting| For the finite-sum setting (F), F is %—(wemge co-coercive,
i.e., for all z,y € cl(dom(F)) (the closure of dom(F)), there exists L > 0 such that

(Fao — Fy,x —y) > ;p 30 |Fw — Fyl*. (1)

(E) [The expectation setting] For the expectation setting (E), F is %—co—coercive mn
expectation, i.e., for all z,y € cl(dom(F')), there exists L > 0 such that:

The average co-coercivity (1) is generally stronger than the co-coercivity of F' since we have
IS |Fz — Fiyl|*> > ||Fx — Fy||* by Jensen’s inequality. Similarly, the co-coercivity
in expectation (2) is generally stronger than the co-coercivity of F since E¢[||F(z,&) —
F(y,9))?] > |Ee[F(z,€) — F(y,9)]||> = [[Fa — Fy||* by Jensen’s inequality. Both cases
lead to (Fz — Fy,x —y) > %HFJ} — Fyl?, ie., Fis %—co—coercive. Consequently, we get
|Fz — Fy|| < L||x — y||, showing that F' is L-Lipschitz continuous. See Subsection 2.2 for
further discussion and its connection to the gradient of a smooth and convex function.

(c) Motivating examples. GE looks simple, but it is sufficiently general to cover various
models across disciplines. We recall some important special cases of (GE) here. We also
refer to Davis (2022); Peng et al. (2016); Ryu and Boyd (2016) for additional examples.

(i) Composite minimization. Consider the following composite minimization problem:

min {¢(z) := f(z) +g()}, (OP)
where f : RP — R is convex and L-smooth (i.e., Vf is L-Lipschitz continuous) and g : RP —
R U {400} is proper and closed, but not necessarily convex.
Let Vf be the gradient of f and dg be the [abstract| subdifferential of g, see (Bauschke
et al., 2020). Then, under appropriate regularity assumptions (Rockafellar and Wets, 2004),
the optimality condition of (OP) is

0 € Vf(z*) + dg(a™). (3)

If g is convex, then z* solves (3) if and only if it solves (OP). Clearly, (OP) is a special
case of (GE) with F' := V f and T := dg. We can also verify Assumptions 1.1 and 1.2 for
this special case. For instance, in the finite-sum setting (F), if f is L-average smooth, then
V f satisfies Assumption 1.2. If g is proper, closed, and convex, then Assumption 1.1(iii) is
automatically satisfied with p = 0.

Problem (OP) covers many representative applications in machine learning and data
science (Bottou et al., 2018; Sra et al., 2012; Wright, 2017). As a concrete example, consider

1

the case where f(x) := - > ", £({Z;,x);y;) represents an empirical loss associated with a

dataset {(Z;,yi)},, and g(z) := TR(z) is a regularizer used to promote desirable structures
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in the solution z (e.g., sparsity via an ¢;-norm or a well-known SCAD regularizer). In this
form, (OP) captures many statistical learning problems such as linear regression, logistic
regression, and support vector machines; see, e.g., (Friedman et al., 2001).

(ii) Minimax problem. Consider the following minimax optimization problem:

min max {L’(u,v) = flu) + H(u,v) — g*(v)}, (MP)

u€RP1 vERP2

where f : RP1 — RU{+o0} and g* : RP2 — RU{+oc} are proper, closed, and not necessarily
convex, and H : RP1 x RP2 — R is a given jointly differentiable and convex-concave function.

Under appropriate regularity conditions (Bauschke and Combettes, 2017), the optimality
condition of (MP) becomes

VuH(u*, v* af (u*
e | Shtiren] * oo W
In particular, if f and ¢g* are convex, then (4) is necessary and sufficient for (u*,v*) to
be an optimal solution of (MP). Otherwise, it is only a necessary condition. If we define
x = [u,v], F := [V H,—V,H], and T := [0f,dg*], then (4) is a special case of (GE). If
f and g* are convex, then T is monotone and automatically satisfies Assumption 1.1(iii).
Moreover, under appropriate smoothness conditions on H, Assumption 1.2 also holds.

The minimax problem (MP) serves as a fundamental model in robust and distribution-
ally robust optimization (Ben-Tal et al., 2001; Rahimian and Mehrotra, 2019; Namkoong
and Duchi, 2016), two-player games (Ho et al., 2022; Kuhn et al., 1996), fair machine learn-
ing (Du et al., 2021; Martinez et al., 2020), and generative adversarial networks (GANs) (Ar-
jovsky et al., 2017; Daskalakis et al., 2018; Goodfellow et al., 2014), among many others.

As a specific example, if f(u) := da, (u) and g*(v) = da,,(v) are the indicators of
the standard simplexes A, and A,,, respectively, and H(u,v) := (Lu,v) is a bilinear form
with a given payoff matrix L, then (MP) reduces to the classical bilinear game problem.
Another representative example is a non-probabilistic robust optimization model derived
from Wald’s minimax framework: min, {¢(u) := h(u) + f(u) = max,cy H(u,v) + f(u)},
where u is a decision variable, v denotes an uncertainty vector over the uncertainty set
YV C RP2, and the function h(u) := max,ey H(u,v) captures the worst-case risk across all
possible realizations of v. See (Ben-Tal et al., 2001) for concrete instances.

(iii) Variational inequality problems (VIPs). If T = Ny, the normal cone of a
nonempty, closed, and convex set X in RP, then (GE) reduces to

Find z* € X such that: (Fz*, 2z — 2*) > 0, for all z € X. (VIP)

More generally, if T' = dg, the subdifferential of a convex function g, then (GE) reduces to
a mixed VIP. Since X is convex, T' = Ny automatically satisfies Assumption 1.1(iii).

The VIP covers many well-known problems in practice, including unconstrained and
constrained minimization, minimax problems, complementarity problems, and Nash’s equi-
libria, see also (Facchinei and Pang, 2003; Konnov, 2001) for more details and direct appli-
cations in traffic networks and economics.

(iv) Fized-point problem of nonerpansive mapping. The fixed-point problem is a
fundamental topic in computational mathematics, with numerous applications in numer-
ical analysis, ordinary and partial differential equations, engineering, and physics (Agar-
wal et al., 2001; Bauschke and Combettes, 2017; Combettes and Pesquet, 2011). Let
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P : RP — RP be a given nonexpansive mapping, i.e., ||Pz — Py|| < ||z —y|| for all z,y € RP.
Then, the classical fixed-point problem is stated as follows:

Find 2* € R? such that: z* = Pz”*. (FP)

This problem is equivalent to (GE) with F' := I — P and T" = 0, where I is the identity
mapping. It is well-known that P is nonexpansive if and only if F' is (1/2)-co-coercive.
The algorithms developed in this paper for (GE) can be applied to solve (FP). We can
also generalize (FP) to a Kakutani’s fixed-point problem z* € Px* + Tx* of a single-valued
mapping F' and a multivalued mapping 7', which is also equivalent to (GE) with FF = P —1.

(d) Motivation and challenges. Advanced numerical methods such as acceleration,
stochastic approximation, and variance reduction, have received significant attention over
the past few decades for solving special cases of (GE), including (OP), (MP), and (VIP),
due to their broad applications in modern machine learning and data science. Relevant
works include, but are not limited to, (Alacaoglu and Malitsky, 2022; Alacaoglu et al.,
2021; Davis, 2016, 2022; Defazio et al., 2014; Emmanouilidis et al., 2024; Johnson and
Zhang, 2013; Nguyen et al., 2017; Sadiev et al., 2024; Tran-Dinh et al., 2022). Moreover,
biased variance-reduced estimators such as SARAH (Nguyen et al., 2017) and Hybrid-SGD
(Tran-Dinh et al., 2022) have demonstrated better oracle complexity than their unbiased
counterparts, such as SVRG (Johnson and Zhang, 2013) and SAGA (Defazio et al., 2014);
see also (Driggs et al., 2020; Pham et al., 2020). However, designing new algorithms for (GE)
that combine both acceleration and biased variance-reduction remains a largely unexplored
topic. This is due to several challenges, including the following.

(i) First, most convergence analyses of Nesterov’s accelerated randomized and stochastic
methods for merely convex optimization and convex-concave saddle-point problems
rely on the objective function as a key metric for constructing a suitable Lyapunov
function. However, such a function does not exist in (GE), and it remains unclear
how to define an alternative metric that can play a similar role.

(ii) Second, unlike stochastic methods in optimization, there is a lack of convergence
analysis techniques for handling biased estimators in algorithms for solving (GE).

(iii) Third, in convex optimization, accelerated methods achieve faster convergence rates by
leveraging convexity (or, equivalently, the monotonicity of [sublgradients). Extending
such an acceleration to settings beyond convexity or monotonicity, particularly in
stochastic methods for solving (GE), remains a significant challenge.

Hitherto, most existing methods for (GE) still face these challenges (Driggs et al., 2020,
2022), and only a few works have managed to overcome some of them without compromising
convergence guarantees (Cai et al., 2022a, 2024; Condat and Richtarik, 2022). In this paper,
we develop new classes of accelerated schemes for solving (GE) that can incorporate both
unbiased and biased estimators. This capability enables our methods to achieve better
oracle complexity than several existing approaches and cover a broad family of algorithms.

(e) Our contributions. Our contributions in this paper consist of the following.

(i) We introduce a class of variance-reduced estimators that includes a broad spectrum of
both unbiased and biased variance-reduced instances. We demonstrate that common
estimators, including SVRG, SAGA, SARAH, and Hybrid-SGD, fall within this class.
Furthermore, we establish the necessary bounds required for our convergence analysis.
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(ii) We develop a new class of accelerated forward-backward splitting (FBS) methods
with variance reduction to approximate a solution of (GE) in both the finite-sum and
expectation settings under appropriate co-coercivity of F' and co-hypomonotonicity
of T. Our algorithm is single-loop and simple to implement. It also covers a broad
range of variance-reduced estimators introduced in (i). Our method achieves both
0(1 / k2) and 0(1 / k2) convergence rates in expectation on the squared norm of the
FBS residual (i.e., E[||Gy2"||?]), along with several summability bounds. We further
prove 0(1 / /4:2) almost sure convergence rates. We also show that the sequences of
iterates generated by our method almost surely converge to a solution of (GE).

(iii) We specify our method to cover four specific estimators: SVRG, SAGA, SARAH, and
Hybrid-SGD, each achieving the “best-known”! oracle complexity. For the SVRG
and SAGA estimators, we establish a complexity of O(n + n?/ 3¢~1) in the finite-sum
setting (F), and O(¢~3) in the expectation setting (E). For SARAH and Hybrid-SGD,
this complexity improves to O(n + n'/2¢~1) and 0(6*3), respectively.

(iv) Alternatively, we also propose a class of accelerated backward-forward splitting (BF'S)
algorithms with variance reduction for solving (GE), which attains the same conver-
gence properties and oracle complexities as our accelerated FBS-based method.

Table 1: Comparison of existing variance-reduced single-loop methods and our algorithms

Refs Ass. on F Add. Ass. Estimators Setting | Residual Rate Complexity
Work 1 | co-coercive T =0, u-SQM. SVRG & SAGA | (F) O(1/k) O((L/w)log(e 1)
Work 2 | monotone monotone T' SVRG (F) (9(1 / k:) -

Work 3 | co-coercive monotone 7' a class (F) O(1/k?) O(n +n?/3e 1)
Work 4 | co-coercive monotone T’ SARAH (F) O(l/kE) O(n+ n1/2e*1)
Work 5 | co-coercive monotone T SARAH (E) - 0(6_3)

2 2 2/3 1

Ours co-coercive | co-hypomonotone T’ a class (F) O(i/k )’*O(l/k ) (’)(~n nTe 7)

¥ — x* a.s. *)O(n+n1/2e 1)
) PAY
Ours co-coercive | co-hypomonotone T' a class (E) Oq(i/i ?I',*O(Elg/k ) O(e73) — O(e73?)

Abbreviations: Refs = References; Ass. = Assumptions; Add. Ass. = Additional Assumptions; SQM
= strong quasi-monotonicity; (F) = the finite-sum setting, and (E) = the expectation setting; Residual
rate = the convergence rate on E [||G)\as’C ||2], where Gy is either the equation operator F' or the FBS residual
in (6); a class = a class of variance-reduced estimators satisfying Definition 4; and a.s. = almost surely.

References: Work 1 is Davis (2022); Work 2 is Alacaoglu et al. (2021); Alacaoglu and Malitsky (2022);
Work 3 is Tran-Dinh (2024b); Work 4 is Cai et al. (2024); and Work 5 is Cai et al. (2022a).

Table 1 summarizes the most related results to our work. Let us further discuss in
detail our contributions and compare our results with the most related works. First, our
approach is indirect compared to (Cai et al., 2022a, 2024), i.e., we reformulate (GE) into
an equation (or equivalently, a fixed-point problem) before developing our algorithms. This
approach offers certain advantages: (i) it enables us to handle a co-hypomonotone operator
T with a co-hypomonotonicity modulus p that is independent of the algorithmic parame-
ters; and (ii) it enhances the flexibility of our method, making it readily applicable to other
reformulations such as FBS and BFS. Second, unlike (Alacaoglu et al., 2021; Alacaoglu and
Malitsky, 2022; Bot et al., 2019; Davis, 2022), our new class of variance-reduced estimators
is sufficiently broad to cover many existing ones as special cases and can potentially accom-

1. They may be different from some existing results by a poly-logarithmic factor log”(n) or log”(1/e).
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modate new estimators. Third, our methods differ from Halpern’s fixed-point iterations
in (Cai et al., 2022a, 2024), which enables us to employ different parameter update rules
than those in Halpern’s schemes. This distinction is crucial for achieving faster convergence
rates of 0(1 / k2) and allows us to establish both the almost sure convergence of iterates
and the 0(1 / k‘2) almost sure convergence rates. Fourth, our algorithms are accelerated and
single-loop, making them easier to implement compared to double-loop or catalyst methods
(Khalafi and Boob, 2023; Yang et al., 2020). Fifth, our rates and oracle complexity rely
on the metric E[||G 2"||?]. This differs from existing results using a gap or a restricted
gap function, which only works for monotone problems. Sixth, our rate offers a 1/k factor
improvement over non-accelerated methods (Alacaoglu et al., 2021; Alacaoglu and Malit-
sky, 2022; Davis, 2022). Finally, our oracle complexity matches the best-known results for
methods using SARAH-type estimators, without requiring any enhancement strategies such
as scheduled restarts or multiple loops, as employed, e.g., in Cai et al. (2022a, 2024).

(f) Related work. Problem (GE) and its special cases are well-studied in the literature,
see, e.g., (Bauschke and Combettes, 2017; Burachik and ITusem, 2008; Facchinei and Pang,
2003; Phelps, 2009; Ryu and Yin, 2022; Ryu and Boyd, 2016). We focus on the most recent
works relevant to our methods in both the finite-sum and expectation settings.

Accelerated methods. Deterministic accelerated methods have been broadly developed
to solve (GE) and its special cases in early works (He and Monteiro, 2016; Kolossoski and
Monteiro, 2017; Attouch and Peypouquet, 2019), and further studied in subsequent papers
(Adly and Attouch, 2021; Attouch and Cabot, 2020; Attouch and Fadili, 2022; Bot, et al.,
2024; Chen et al., 2017; Gorbunov et al., 2022b; Kim, 2021; Maingé, 2021; Park and Ryu,
2022; Tran-Dinh, 2024a). These methods are based on Nesterov’s acceleration technique
(Nesterov, 1983). However, unlike in convex optimization, extending Nesterov’s acceleration
to monotone inclusions presents a fundamental challenge due to the absence of an objective
function, which complicates the construction of a suitable Lyapunov function as mentioned
earlier. This limitation necessitates a different approach for solving (GE) (Attouch and
Peypouquet, 2019; Maingé, 2021). Our approach builds on insights from (Alcala et al.,
2023; Attouch and Peypouquet, 2019; Maingé, 2021; Tran-Dinh, 2024a; Yuan and Zhang,
2024), combined with variance reduction strategies to develop new methods.

Alternatively, Halpern’s fixed-point iteration (Halpern, 1967) has recently been proven
to achieve a better convergence rates, see (Diakonikolas, 2020; Lieder, 2021; Sabach and
Shtern, 2017), matching Nesterov’s acceleration schemes. Yoon and Ryu (2021) extended
Halpern’s method to extragradient-type schemes, relaxing the co-coercivity assumption.
Many subsequent works have exploited this idea to other methods, e.g., (Alcala et al., 2023;
Cai et al., 2022b; Cai and Zheng, 2023; Lee and Kim, 2021b,a; Park and Ryu, 2022; Tran-
Dinh and Luo, 2021; Tran-Dinh, 2023, 2024a). Recently, Tran-Dinh (2024a) established a
connection between Nesterov’s and Halpern’s accelerations for various iterative schemes.

Stochastic methods. Stochastic methods for (GE) and its special cases have been exten-
sively developed; see, e.g., (Juditsky et al., 2011; Kotsalis et al., 2022; Pethick et al., 2023).
A number of works exploit mirror-prox and averaging techniques, such as those in (Judit-
sky et al., 2011; Kotsalis et al., 2022), while others rely on projection or extragradient-type
schemes, e.g., (Bohm et al., 2022; Cui and Shanbhag, 2021; Tusem et al., 2017; Kannan and
Shanbhag, 2019; Mishchenko et al., 2020; Pethick et al., 2023; Yousefian et al., 2018). Many
algorithms employ standard Robbins-Monro’s stochastic approximation with fixed or in-
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creasing mini-batch sizes. Other works extend the analysis to a broader class of algorithms,
including both unbiased and biased estimators, e.g., (Beznosikov et al., 2023; Demidovich
et al., 2023; Gorbunov et al., 2022a; Loizou et al., 2021), thereby covering standard stochas-
tic and unbiased variance-reduction methods. The complexity typically depends on an
upper bound of the variance, which often leads to inefficient oracle complexity bounds.
Variance-reduction methods. Variance-reduction schemes using control variate tech-
niques are widely developed in optimization, where many estimators have been proposed,
including SAGA (Defazio et al., 2014), SVRG (Johnson and Zhang, 2013), SARAH (Nguyen
et al., 2017), and Hybrid-SGD (Tran-Dinh et al., 2019). Researchers have adopted these
estimators to develop methods for solving (GE). For instance, Davis (2016, 2022) proposed
SAGA-type methods for (GE), under a “star” co-coercivity and strong quasi-monotonicity,
most relevant to our work. However, we focus on accelerated methods that achieve better
convergence rates and complexity. The authors in Alacaoglu et al. (2021); Alacaoglu and
Malitsky (2022) employed SVRG estimators to develop variance-reduced extragradient-type
methods to solve (VIP), but these are non-accelerated. Other works can be found in Bot
et al. (2019); Carmon et al. (2019); Chavdarova et al. (2019); Huang et al. (2022); Palaniap-
pan and Bach (2016); Yu et al. (2022), some of which focus on minimax problems or bilinear
matrix games. More recently, Cai et al. (2022a, 2024) exploited Halpern’s fixed-point iter-
ation to develop variance-reduction methods, often achieving better oracle complexity by
employing the SARAH estimator. All these results differ from ours due to the generalization
of Definition 4 and the new accelerated methods that we develop in this paper.
(g) Paper organization. The rest of this paper is organized as follows. In Section 2,
we recall some related notation, concepts, and technical results used in this paper. We
also further discuss our assumptions imposed on (GE). Section 3 introduces a class of
variance-reduced estimators and establishes their bounds. Section 4 develops our accelerated
forward-backward splitting method with variance-reduction to solve (GE) and establishes its
convergence properties. We also specify this algorithm for each concrete estimator to obtain
the corresponding variant, and estimate its oracle complexity bound. Section 5 presents an
alternative: an accelerated backward-forward splitting method with variance reduction for
solving (GE) and establishes similar convergence results as in Section 4. Section 6 provides
two numerical examples to validate our results, and compare different methods. For clarity
of presentation, all the technical proofs are deferred to the appendix.

2. Background and Mathematical Tools

First, we recall the necessary notation and concepts. Next, we further discuss our Assump-
tions 1.1 and 1.2. Finally, we prove a key result essential for developing our algorithms.

2.1 Notation and basic concepts

We work with a finite dimensional space RP equipped with the standard inner product (-, -)
and the Euclidean norm || - ||. For a single-valued or a multivalued mapping 7" : RP = RP,
dom(T') = {z € RP : Tx # 0} denotes its domain, and gra(T) = {(z,u) € RP x R? : v € Tz}
denotes its graph. In addition, cl(dom(7")) denotes the closure of dom(T").

For a convex function f, Vf denotes its [sublgradient, and 0f denotes its [abstract]
subdifferential. For a given symmetric matrix X, Apax(X) and Apin(X) denote its largest
and smallest eigenvalues, respectively. We also use standard O(-) and o(-) for convergence
rates and complexity bounds, and O(s) for O(slog”(s)) (hiding a poly-log factor).
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Let Fi be the o-algebra generated by all the randomness arising from the algorithm,
including 2% x!,--- ,2¥, up to the current iteration k. Let Ei[-] := E[- | F%] denote the
conditional expectation given Fj, and let E[-] denote the total expectation.

Next, let us recall the concepts of co-hypomonotonicity, monotonicity, and co-coercivity
for operators, see, e.g., (Bauschke and Combettes, 2017; Bauschke et al., 2020) for details.

Definition 1 For a multivalued mapping T : RP = RP, we say that:
o T is p-co-hypomonotone if there exists p > 0 such that

(u—v,x—y) > —pllu—v|?,  forall (z,u),(y,v) € gra(T). ()

Here, p is referred to as the co-hypomonotonicity modulus of T'.
e T is monotone if (5) holds with p =0, i.e., (u—v,z—y) > 0 for (z,u), (y,v) € gra(T).
e T is mazximally [co-hypo]monotone if gra(T') is not properly contained in the graph of
any other [co-hypo/monotone mapping.

If T is single-valued, then (5) reduces to (Tx — Ty, z —y) > —p||Tx — Ty||? for all 2,y €
dom(T"). A co-hypomonotone mapping is not necessarily monotone, see Subsection 2.2 for
concrete examples. The co-hypomonotonicity concept in Definition 1 is global. We say that
T is locally p-co-hypomonotone around (Z,u) € gra(T) if there exists a neighborhood W of
(z,u) such that for all (x,u), (y,v) € gra(T) N W, we have (u — v,z —5y) > —pllu — v||?.

Definition 2 Given a single-valued mapping F' : RP — RP | we say that:
o ['is %—co—coercz’ve if there exists L > 0 such that

(Fr — Fy,x —y) > %||F:L’—Fy\|2, for all x,y € dom(F').

e F' is L-Lipschitz continuous if |Fxz — Fy|| < L||lx — y|| for all z,y € dom(F'), where
L > 0 is the Lipschitz constant. In particular, if L = 1, then F is nonexpansive.

If Fis %—co—coereive, then it is also monotone and L-Lipschitz continuous.

The operator Jrx := {w € RP : x € w + T'w} is called the resolvent of T', often denoted
by Jrz = (I+T)~ 'z, where I is the identity mapping. If T is monotone, then J7 is singled-
valued, and if 7' is maximally monotone, then Jr is singled-valued and dom(Jr) = RP.

2.2 Further discussion of Assumptions 1.1 and 1.2

(a) Pros and cons of Assumption 1.2. Similar to variance-reduction methods using
control variate techniques in optimization, we require Assumption 1.2 in our methods. This
assumption has some pros and cons as follows.

(i) Pros. First, if Foz = V f(x), the gradient of a differentiable convex function, then
the %—co—coercivity of F is equivalent to the convexity and L-smoothness of f (i.e., Vf is
L-Lipschitz continuous). Therefore, Assumption 1.2 covers convex and L-smooth functions
as special cases, including the finite-sum and expectation settings.

Second, the %—co—coercivity of F' is equivalent to the nonexpansiveness of G =1 — %F ,
see (Bauschke and Combettes, 2017, Proposition 4.11). Therefore, our methods can also
be applied to find approximate fixed-points of a nonexpansive operator. Note that several
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problems without satisfying Assumption 1.2 can be reformulated equivalently to a fixed-
point problem of a nonexpansive operator, and thus can be indirectly solved by our methods.
More specifically, as shown in Tran-Dinh (2024a); Tran-Dinh and Luo (2025), there are
several ways to reformulate (GE) and its special cases into a co-coercive equation (e.g., using
the Moreau-Yosida approximation, Douglas-Rachford splitting, or three-operator splitting
techniques). This approach possibly expands the applicability of our methods to other
problem classes, including monotone inclusions and VIPs.

(ii) Cons. Though Assumption 1.2 is reasonable and relatively broad, it may have some
extreme cases. For instance, it does not directly cover general linear mappings F'z := Fzr+q
for a given square matrix F and a vector ¢, unless F is positive definite. One way to handle
this extreme case is to consider its Moreau-Yosida’s approximation instead of F' itself.

(b) Examples of co-hypomonotone operators. We provide here two examples of co-
hypomonotone operators. However, other examples exist, see, e.g., (Evens et al., 2023).

Ezxample 1. Consider Tx := Tz + s, where T is symmetric and invertible, but not positive
semidefinite, and s € RP is given. Assume that p := —Apin(T~!) > 0. Then, T is p-co-
hypomonotone and thus satisfies Assumption 1.1(iii). Generally, it is easy to check that if
T+ TT +2pT T > 0 for some p > 0, then T is p-co-hypomonotone.

Next, we consider Fx := Fx + ¢, where F is a symmetric positive semidefinite matrix

and g € RP. Clearly, F satisfies Assumption 1.2 with L := A\ax(F). However, & := F+ T
is nonmonotone if we impose Apin(F + T) < 0. In addition, it is possible to choose F and T
such that Lp < 1, which satisfies the range condition of Lp in Lemma 3 below.
Example 2. Let ¥ : RP x RP2 — R be a twice continuously differentiable and p-convex-
concave saddle function for some p € R, i.e., V2, ¥(z) = pl and —V2,¥(x) = ul for all
x = [u,v] € RP*TP2. We say that ¥ is a-interaction dominant, see (Grimmer et al., 2023),
if there exist some o > —% and p € (0, m) such that for all x € RP1*P2 we have

Y

Viu¥(2) + V2, ¥ (2) (31— V3, ¥(2)) "'V, ¥(x) = o,

As proven in Evens et al. (2023, Proposition 4.17), if a > 0, then the saddle mapping
Tz := [V, ¥(z),—V,¥(x)] is p-co-hypomonotone. The a-interaction dominance notion was
studied in Grimmer et al. (2023) for nonconvex-nonconcave minimax problems.

2.3 Equivalent reformulations

The first step of our approach is to reformulate (GE) into an equation using either the
forward-backward splitting (FBS) residual or the backward-forward splitting (BFS) residual
mapping. These reformulations are also equivalent to the fixed-point problem (FP).

(a) Forward-backward splitting reformulation. We consider the following forward-
backward splitting residual mapping of (GE):

Ghz = %(m—J)\T(x—)\Fw)), (6)
for a given A > 0, and Jyp is the resolvent of AT. Then, z* solves (GE) iff Gyz* =0, i.e.:

0€dx*=Fa*+Tz* <& Grz*=0. (7)

10



VFOSA: VARIANCE-REDUCED FAST OPERATOR SPLITTING ALGORITHMS

The equation Gx* = 0 can also be rewritten equivalently to the fixed-point formulation:
x* = Jyr(x* — AFx*) of the FBS operator Jyr((-) — AF(+)).

(b) Backward-forward splitting reformulation. Alternatively, we can also consider the
following backward-forward splitting residual mapping (Attouch et al., 2018) of (GE):

Sxu = F(Jxpu) + 3 (u — Jxruw), (8)
for a given A > 0. Then, z* solves (GE) iff u* solves S)u* =0 and z* = Jypu*, i.e.
0€ePa*=Fa*+T2* < Syw =0 and z*=Jypu". 9)

(c) Comparison between (6) and (8). Note that G in (8) does not preserve the finite-
sum or the expectation structure similar to F' due to the composition Jyy o (I — AF'). In
contrast, Sy in (8) maintains this structure of F'. Moreover, the primal variable of G is x,
which directly corresponds to the variable x in (GE). However, the primal variable of S) is
u, which is indirectly related to x via the resolvent x = Jyru, making = a shadow variable.

To develop our algorithms, we require further properties of G, and S as stated in the
following lemma, whose proof can be found in Appendix A.2.

Lemma 3 For (GE), suppose that F is %—co—coercive and T is mazimally p-co-hypomonotone

such that Lp < 1. For given L and \ such that L > L, ﬁp <l,and p< A< 2(1%@’
we define B = AL —4p >0 and A := % > 0. Then

4(1—pL)
(i) if G is defined by (6), then for all z,y € dom(F + T'), we have

(Grz — Gry,x —y) > BlGax — Gry|* + AL(Fz — Fy,z —y). (10)
(ii) if Sy is defined by (8), then for all u,v € RP, we have
(Syu — Syv,u — v) > B||Sxyu — Syv||? + AL(F (Jygu) — F(Japv), Jaru — Jypv). (11)

(iii) of additionally X > 2p, then || Jxrx — Irary|| < ||z — y|| for all z,y € dom(Jxr), i.e.,
the resolvent Jyr ts nonexpansive.

Unlike deterministic methods that only require the co-coercivity of G\ and Sy, which were
already proven in the literature, see, e.g., (Bauschke and Combettes, 2017), we need the
new bounds (10) and (11) for our analysis, which allow us to cover a p-co-hypomonotone
operator 7" in (GE). This mapping is not necessarily monotone as demonstrated earlier.

3. A Class of Variance-Reduced Estimators

We are given an unbiased stochastic oracle F(:,§) of F' such that for any z € dom(F) we
have Fz = E¢[F(z,€)] in both settings (F) and (E). We denote by F(z,S) an unbiased
stochastic estimator of F'z constructed from an i.i.d. sample S of £ by querying F(-,¢).

3.1 The class of variance-reduced stochastic estimators
Given a sequence of iterates {z"*} generated by our algorithm, we consider the following
class of variance-reduced estimators F* of Fa* that covers various instances specified later.

11
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Definition 4 Let {z*}1>0 be generated by an algorithm and F* := F(zF,8y) be a stochastic
estimator of Fx* constructed from an i.i.d. sample Sy adapted to a filtration {Fy}. We
say that F* satisfies a VR(Ay; kg, O, o) (variance-reduction) property if there exist three
parameters ki € (0,1], ©r >0, and o, > 0, and a random variable Ay, > 0 such that

E[|F* — Fa*|? | 7] < E[Ax | Fil,

_ (12)
E[Ag | Fil < (1 — k) Ap—1 + OkEr + 0f,

almost surely for k > 0, where & := E¢[|F(2*,&) —F (21, 9)|?], 27! := 2%, and A1 := 0.

Note that F* covers both unbiased and biased estimators of FzF since we do not impose
the unbiased condition Eg, [F k] = FzF. In the finite-sum setting (F), & in Definition 4
reduces to & := L 3 | ||Fz® — Fz"!||2. Moreover, from (12), we also have E[A¢] < of.

We highlight that Definition 4 is different from existing works, including (Driggs et al.,
2020), as we only require the condition (12), making it broader to cover several existing
estimators that may violate the definition in Driggs et al. (2020). It is also broader than and
different from the class of unbiased estimators in Tran-Dinh (2024b) and Tran-Dinh (2025).
Our class is also different from other general classes of estimators such as (Beznosikov et al.,
2023; Gorbunov et al., 2022a; Loizou et al., 2021) for stochastic optimization algorithms
since they require the unbiasedness and additional or different conditions.

3.2 Concrete variance-reduced estimators

In this subsection we present four different variance-reduced estimators satisfying Defi-
nition 4: L-SVRG, SAGA, L-SARAH, and Hybrid-SGD, which will be used to develop
methods for solving (GE) in this paper. Note that the L-SVRG and SAGA are unbiased,
while the L-SARAH and Hybrid-SGD are biased. Though we only focus on these four es-
timators, we believe that other variance-reduced estimators such as SAG (Le Roux et al.,
2012; Schmidt et al., 2017), SARGE (Driggs et al., 2022), SEGA (Hanzely et al., 2018), and
JacSketch (Gower et al., 2021) can possibly be used in our methods.

3.2.1 LooPLESS-SVRG ESTIMATOR

The SVRG estimator was introduced in Johnson and Zhang (2013), and its loopless version

was proposed in Kovalev et al. (2020). We show that this estimator satisfies Definition 4.
For given Fz in (GE), its unbiased stochastic oracle F(-, £), two iterates z* and #*, and

an i.i.d. sample Sj, of size by, we construct

FF .= Fi* + F(2",8;) — F(i*, Sh), (L-SVRG)
where, for k > 1, ¥ is updated by

=1 with probability py

ik = (13)
#*1  with probability 1 — pj.
Here, p; € [p,1) is a given probability, Z° := 2%, and F(-,Sy) = iz&esk F(-,&) is a
mini-batch estimator of F. The quantity F :_ik is constructed by one of the two options:
e Full-batch evaluation. We choose Fz* := FiF.

12
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e Mega-batch evaluation. We compute FzF := i degk F(z*,¢), an unbiased esti-
mator of FZ* using a mega-batch S}, of size nj. Then, we have Eg, [Fa?k] = Fi*F and

Eg, [[|Fi% — Fa*|?] < Z—i, where o2 is given in Assumption 1.1(ii) and nj > ng_1.
Note that the full batch evaluation Fz* := Fi¥ is often computed for the finite-sum setting

(F), while one can use a mega-batch evaluation for the expectation setting (E).
The following lemma shows that F* satisfies Definition 4, whose proof is in Appendix B.1.

Lemma 5 Let F* be constructed by (L-SVRG) and A, := iEg[[]F(xk,f)—F(ik,§)||2] for
by > bp_1. Then, for any 7 > 0, we have

Ep[|F* — Fa¥|?] < 1+ 7)Ex [Ag] + 22K, [| P28 — Fa|?]. (14)
For any a € (0,1) and & defined in Definition 4, we have
Ey [Ak] < (1-apg) Mg + (1_04% - & (15)

Consequently, F* satisfies the VR(Apy; kg, Ok, o) property in Definition 4 with Ay =
2Ak + 20% Kk := apg, O :

_ 2apio?
™’ .

_ 2 2.
~ (1-a)brpi’ and Ok "= Ty,

In particular, if we choose F#* := FZ*, then F* satisfies the VR(Ay; ki, O, ok) prop-
erty in Definition 4 with Ay := Ay, K := apg, O = m, and 0,% = 0.

3.2.2 SAGA ESTIMATOR FOR FINITE-SUM SETTING (F)

The SAGA estimator was introduced in Defazio et al. (2014) for finite-sum convex mini-
mization. We apply it to the finite-sum setting (F). It is constructed as follows.

For a given F defined in the finite-sum setting (F) of (GE), a given sequence {z*};>¢,
and a given i.i.d. sample Sy of size b, for k > 1, we update Fi’“ for all i € [n] as

. Fab=l ifi e &,
=g n o (16)

F; if i ¢ Sy.

Then, we construct a SAGA estimator for Fz* as follows:
Fk = 130 FF 4 Fsa® - FE (SAGA)
where nga:kA = iziesk Fiz* and ng = i i8S, Flk MorerverA, we ne(?d to store n
component ¥ computed so far for all i € [n] in a table Ty := [FF, F¥, ... | F*] initialized

at FO := F;z0 for all i € [n]. SAGA requires significant memory to store Ty, if 7 and p are
both large. We have the following result, whose proof is given in Appendix B.2.

Lemma 6 Let FF be constructed by (SAGA) such that by_1 — (1_0‘)2# < b < bi_q for

all k> 1 and a given a € (0,1), and Ay, == - S" ||Fiz® — FF||2. Then, we have

nby
Ei[|FF — Fa*|?] < Ex[Ag], )
Er,[Ak] < (1= )ALy + Y | Fak - Fak 2,
where O 1= ((f:o(j{))z% .

Consequently, F* satisfies the VR(Ag; kg, Ok, 0x) property in Definition 4 with ki :=
aTb’“ € (0,1], Ag and Oy, given above, and o2 = 0.

13
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3.2.3 LOoOPLESS-SARAH ESTIMATOR

The SARAH estimator was introduced in Nguyen et al. (2017) for finite-sum convex op-
timization. Its loopless variant (L-SARAH) was studied in Driggs et al. (2020); Li et al.
(2019, 2020), and recently in Cai et al. (2022a, 2024). It is constructed as follows.

Given {2*} and an i.i.d. sample S}, of size by, we construct an estimator F* of Fa* as

B Fk=1 F(2F,S;) — F(2F=1,S;)  with probability 1 — py,

FF .= (L-SARAH)

Fok with probability pg,

where F(-,Sy) = bik, >eies, F( &), FO:= Fa0 and py € [p,1) is a given probability of the
switching rule in L-SARAH. The estimator Fa* is constructed by one of the two options:
e Full-batch evaluation. We compute Fa* := Fa*.
e Mega-batch evaluation. We compute FzF := n—lk degk F(z*,¢) using a mega-
batch Sj of size nj. In this case, we again have Es, [ka} = Fz" and Eg, [||ka -
Fa*||?] < g—i, where o2 is given in Assumption 1.1(ii).

The following lemma shows that F* satisfies Definition 4, whose proof is in Appendix B.3.

Lemma 7 Let F}, be constructed by (L-SARAH) and &, be defined in Definition 4. Then
B[ F* = Fab|?] < (1= pg)l[FF~1 = Fab=Y[2 + py||[ Fa* — Fab|? + 52 & (18)

Consequently, F* satisfies the VR(Ag; ki, Ok, o) property in Definition 4 with Ay =
~ 2 _
|F* — Fa¥||2, Ky = pr, O == é, and o} = %. In particular, if we choose Fa* .= FaF,

then Fk satisfies Definition 4 with the same Ay, ki, and O, but with o = 0.

3.2.4 HYBRID SGD ESTIMATOR

The hybrid stochastic gradient estimator (HSGD) was introduced in Tran-Dinh et al. (2019,

2022) to construct biased variance-reduced estimators for nonconvex optimization. We

extend it here for operator F' to solve (GE). It is constructed as follows. N
Given {z"} generated by our algorithm, an initial estimate F° such that Eo[||F° —

Fa0)?] < %Z’ and an i.i.d. sample Sy of size by, we construct F* for Fa* as follows:
FFi= (1 — 1) [F*1 4 F(a", Sp) — F(a1, )] + . Fak, (HSGD)

where 7, € [0,1] is a given weight, Fz* is an unbiased estimator of Fz* constructed from
an i.i.d. sample S of size by, i.e., Eg [Fa*] = Fa" and Eg, [||[Fa* — Fa*|?] < %2 for k > 1.
k

Here, we allow S and Sy to be dependent or even identical. Our HSGD estimator covers
the following special cases.
o If 7, = 0, then it reduces to the SARAH estimator (Nguyen et al., 2017).
e If 7, =1, then F* = Fa* as a mini-batch unbiased estimator.
o If Fak = F(a*,8}) (ie., Sy = Sp), then Fj, reduces to the STORM estimator devel-
oped independently and concurrently in Cutkosky and Orabona (2019).
The following lemma provides a key property of (HSGD), whose proof is in Appendix B.4.

14
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Lemma 8 Let F* be constructed by (HSGD), A, := ||FF — Fa*|2, 62 = Eg, [||[Fa* —
ka|]2], and &, be defined in Definition 4. Then, the following statements hold.
(i) If Sk is independent of Sk, then

)2 5
Ex[Ak] < (1 —73)2Ak1 + %&c + 7203 (19)

(ii) If Sk and Sk are dependent or identical, then
Ek [Ak] < (1 — Tk)2Ak_1 + Wé_’k + 27']35]%. (20)

(iii) The estimator F* satisfies the VR(Ay; kg, O, ox) property in Definition 4 with Ay
given above, Ky := 1 — (1 — 73)%, and
2 2 2 N
09, =1 b;’“) and o2 = 5~ if Sy is independent of S;

by
2(1—73)2 27202 -
00, =2 b;:k) and o} = Tll)‘: , otherwise.

4. Variance-Reduced Accelerated Forward-Backward Splitting Method
In this section, we propose a novel Variance-reduced Fast Operator Splitting (forward-
backward splitting) Algorithm to solve (GE), abbreviated by (VFOSA ). Instead of using
a specific stochastic estimator as in many existing works, like (Cai et al., 2024; Davis, 2022),
we develop an algorithmic framework that covers all estimators satisfying Definition 4.

4.1 Variance-reduced fast FBS algorithmic framework

(a) The proposed algorithm. Motivated by Nesterov’s acceleration techniques (Nesterov,
1983, 2004), our VFOSA ; framework for solving (GE) is presented as follows: Starting from
20 € dom(®), we set 2° := 2%, and at each iteration k > 0, we update

b= tktglxk + izk,
P b Gk (VFOSA )

L= 2R (g — k),

where t, > 0, nx > 0, and v € (0,1] are given parameters, determined later. Here, é’i is a
stochastic estimator of Gaz® defined by (6), which is constructed as follows:

élf\ = %(a:k — J,\T(xk — Aﬁk)), (21)

where F* is a stochastic estimator of Fx* satisfying Definition 4.
By the non-expansiveness of Jyr stated in Lemma 3, one can easily show that

IGX — Gra®|| < | F* — Fa). (22)

This relation shows that if F* well approximates F' a:k, then é’; well approximates G \zk.
(b) The implementation version. By combining (VFOSA), (21), and the update rules
in Theorem 12, we obtain Algorithm 1, which is presented for implementation purposes.
Algorithm 1 is single-loop, and at each iteration k, it requires one evaluation F* of Fak
and one evaluation Jyp of T', while other steps are only scalar-vector multiplications or
vector additions. For simplicity of implementation, we can use the following parameters:
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Algorithm 1 (Variance-reduced Fast [FB] Operator Splitting Algorithm (VFOSA. ))

Initialization: Take an initial point 2 € dom(®).
Choose u, A, and 8 from Theorem 12. Set v :=
For k:=0, -, kpnax do

1:

9 0
3:

4 Construct an estimator F* of Fa* satisfying Definition 4.

5

6

2,r::2+%,andz0::x.

Update ¢ := p(k + r) and ng := 2B8(tx—1)

t—v

Update the following steps:

yk = tk 1 k—f——z
wh = JAT(x — )\Fk),
gl .= yk _ 77719(1,]6 _ wk),

L= Gk (g Ry,

7. End For

e Choose ;1:=0.95-2 and r := 5 (but other values of r such as r = 10 still work).

3
e Given an estimate of L, choose L := L + ¢and A\ := +< for some small ¢ > 0.
e Given p > 0, compute 3 := % and set § := 2+35. In particular, if p =0

(i.e., T is monotone), then we can choose A := 1 and g := W.

This parameter configuration reflects what we mainly used for our experiments in Section 6.
However, in practice, depending on applications, we can find appropriate parameters which
possibly improve the performance of Algorithm 1, while still still satisfying Theorem 12.

(c) Comparison to Nesterov’s acceleration in convex optimization. Suppose that
we apply (VFOSA ) to solve the composite convex minimization problem (OP), where f is
convex and L-smooth and ¢ is proper, closed, and convex. In this case, Assumptions 1.1(iii)
and 1.2 automatically hold. The key step is aFt1 := y* — nkék, which becomes zF*! :=
ko 77T’C(xk — prox)\g(ask — AV f(z¥)). This is a proximal-gradient step using the gradient

Y
mapping Gx(z) = }(z — proxy,(z — AV f(z))). Thus, (VFOSA ) reduces to
yboo= (1 ti):v - fzk
ahtl = gk — 77)(“ (zF —prox)\g(ac —)\Vf( k), (23)

L k(g k),

where Vf(2*) is a stochastic estimator of Vf(z*). This scheme is a new algorithm for
solving the convex optimization problem (OP).

Note that the proximal-gradient variant of Nesterov’s accelerated methods (Nesterov,
1983) is equivalent to FISTA in (Beck and Teboulle, 2009) for solving (OP), which can be
expressed as follows using the gradient mapping value Gy (y*) and A = n;:

yroo= (1= tlk)x +*Zk
= k= I (yF — prox, (1 — AV(5F)) = prox,, (F — AVF(5F),  (24)

L kg (g gk,
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Clearly, our scheme (23) has some similarity to (24) in terms of structure, and y* and z**!

updates. However, there are two key differences between (23) and (24).

e First, (23) evaluates the gradient mapping Gy at z* instead of at y* as in (24).

e Second, (23) uses a fixed parameter v € (0,1) in the last step instead of 5 as in (24).
These two differences fundamentally change the convergence analysis of our method.

Due to the second and third lines, VFOSA , is also different from the accelerated schemes
in (Attouch and Cabot, 2020; Kim, 2021; Maingé, 2022, 2021; Tran-Dinh, 2024a) since these
methods were though derived from Nesterov’s accelerated techniques (Nesterov, 1983), they
were aided by a different “gradient” correction or “Hessian-driven” damping term.

4.2 Key estimates for convergence analysis

(a) Lyapunov function. To analyze the convergence of (VFOSA_), for given A > 0 and
B > 0 in Lemma 3, we construct the following functions w.r.t. the iteration counter k:
Ly = Bagl|Gra®(|? + tp_1(Gra®, ab — 2F) + g[8 — |2,
Qr = L + [,B - (1 + S)ﬂ] tkfl(tkfl — 1)HG)\{L‘]€ — G)\.%'k71H2
+ ALty 1 (tg_1 — 1)(Fa¥ — Fab=1 oF — 2h=1),

Py = O + [#(1fﬂk)Fk+2ﬁitk71(tk71*1)Ak_l’

where 8 > 0, u € (0,1], and v € [0,1] are given in (VFOSA,), and s > 0 and I'y, > 0 are
given parameters, determined later. The quantities Ay and kg are given in Definition 4,
and the coefficients a; and c; are respectively given by

(1—#)[(751@—1’)(151@71—1)+#(1—V)]. (26)

ap = tg—1[tk—1 — 1 —s(1—v)] and ¢ := 51D (1)

(b) Key lemmas. The following three lemmas provide key bounds for our analysis. We
first state the first important lemma, whose proof can be found in Appendix C.1.

Lemma 9 Suppose that Assumptions 1.1 and 1.2 hold for (GE). Let Ly be defined by (25)
and {(z¥,y*, 2F)} be generated by (VFOSA ) using ti, and ny, respectively as

tp =k +71) and np= % (27)

for given p € (0,1], r >0, and B > 0. Then, for any s > 0, we have

Li— L1 > Borl|Grz®||? + (1 — p)(Grak, a% — 2*) + Aty (ty — 1)Ep1

_ (28)
+ [B = (1+9)B]tr(tr — D|Gaz™*t — Gaa®||? — v le¥]?,
where B and A are given constants in Lemma 3, e = Pk — Fak, Epy1 1= L(Fa:k‘|r1 -
Fak ob+1 — ok) - and the coefficients ¢y and 1y, are respectively given by
Ok = tgoi [teo1 — 1 —s(1 —v)] — (i’;:}/) [te(te —2+ v —s(1—v)) +2(1 — p)v], (20)

b = Bty — 1) [tk(tk_l) + 2v(1—p) + (1_N)V(tk—1—1)]

s(ty—v) t—v w(l—v)
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Lemma 9 is of independent interest as it can serve as a core step to analyze inexact
variants of (VFOSA) beyond this work. For example, we can use it to analyze inexact
methods (either deterministic or stochastic), where the approximation error e* := F Fk— Fak
between F* and FzF is adaptively controlled along the iterations. For 1nstaunce7 we can
assume that Ei[||e¥||?] < §oL?||z* — 2F~1||2 for a given factor dy > 0.

Next, we show that Ly is lower bounded in Lemma 10, whose proof is in Appendix C.2.

Lemma 10 Under the same setting as in Lemma 9, Ly, defined by (25) satisfies

1—1)[(1—p—2v v(1l 1—p)(1—v
Lr > TkHG)\kaQ—’_ (t—1—DI( Zyﬁ(ti%:l()(i_:f)}l—i)_”( B)( )sz_x*HQ’ (30)

where Ay, := Bty_1[th_1 — 2 — 25(1 — v)] + 2Btx_1. Moreover, Qy and Py defined by (25)
satisfy P, > Qp > Ly, > 0.

Finally, Lemma 11 states a descent property of Py, whose proof is in Appendix C.3.

Lemma 11 Under the same setting as in Lemma 9 and A > 2p, suppose further that ki, in
Definition 4, Ty in (25), and 1y in (29) satisfy the following condition:

205 + [Thpa (1= kp1) + 2)tr(ty — 1) < Ttga (b1 — 1). (31)
Then, for &, defined in Definition 4 and Py, defined by (25), we have

Pr > Bk [Prt1] + Bowl|Gazk |2 + (1 — p)(Gazk, a¥ — a*)

+ [ﬁ_ -1+ 8)5] tp—1(tk—1 — 1)”G)\:L' — G)\l‘k_luz (32)

Tytp—1(tk—1—1) 2 Btg—1(tx—1—1 2A-T1Op)t_1(tk—1—1) &
_ 1t )O_k+ 12u1 )Ak—1+( )2 1(te—1 )gk_

In the proofs of Lemmas 9, 10, and 11, we use Young’s inequality several times. We do not
attempt to optimize its coefficients, resulting in somewhat loose bounds on our results.

4.3 Convergence analysis of VFOSA |
Now, utilizing the above three technical lemmas, we are ready to state and prove our
convergence results in the following theorem, whose proof is given in Appendix C.4

Theorem 12 Suppose that Assumptions 1.1 and 1.2 hold for (GE) such that Lp < 1.
Let {(zF, 4%, 2%)} be generated by (VFOSA,) using an estimator F* for Fz* satisfying
Definition 4. Let L > L be such that Lp < 1, and B and A be defined in Lemma 3. Assume
that we choose A, u, v, v, and B, and update ty and n as follows:

2p <A< VI g oo 2 pma gl .
33
0<p< 2+#)ﬂ, ty:=plk+r), and mng 72%(:’“ Vl).
Suppose further that, for all k > 0, kx and O in Definition 4 and 'y in (25) satisfy
Tp_1tk—2(tg—2—1) 53
K >1— % + 1, ond IO, < 2A. (34)
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Then, for all K > 0, G defined by (6) satisfies

2(93 + E2 + By 1)

Bl < 2K +r—1)72 (35)
where \Ilg, Eg, and By are respectively given by
W3 = 2R Caatl2] + ity la® — a2
B = tluth g2 (36)
By = %Zszo to—1(tp_1 — 1)%—3
In addition, for any K > 0, we also have
S T2 = 3k + ) + 62 E[[| Gaa®|?] < 202 4 2F2 + 2By,
Yok )k 7= HE[IF* - Fab|?] < 2SO, (37)

_ — V24 E2+B
S ok + ) (k47— g E[|Gratt — Grat 2] < CoBGErit),

Here, the last summability bound in (37) requires 0 < B < %

Note that the conclusions of Theorem 12 hold under the condition (34), and the right-
hand side bounds depend on the quantity Bx. Next, we state both 0(1/k2) and 0(1/k2)
convergence rates of (VFOSA ) under the following condition:

B A§ tho1(t 1) % + (38)
= — 1(tg—1 —1)== 0.
/3 rad k—1\lk—1 @k

The proof of the following theorem is deferred to Appendix C.5.

Theorem 13 Under the same conditions and settings as in Theorem 12, and assuming
that the condition (38) also holds, for all k > 0, we have

2(V2 + E2 + Bwo)

Ellicaa’I) < p2(k 47 —1)2 (39)
In addition, we have the following summability bounds:
Sizo(k+ DE[|Gaz*|?] < +oo,
Sk + 1)2E[|| FF — Fak|?] < +oo, (40)
Yok + DE[||lz" T — 2F|?] < +oc.
We also have the following o (1/k2) convergence rates in erpectation:
limy,o0 K2E[|| 2T — 2%|2] = 0,
(41)

limk%oo k2E[”G)\ka2] = 0.
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Finally, we state the following almost sure convergence properties of (VFOSA). The
proof of this theorem can be found in Appendix C.6.

Theorem 14 Under the same conditions and settings as in Theorem 12, and assuming
that (38) holds, 0 < 3 < “)B, and there exist © > 0 and I > 0 such that

I'y>L, ©,>06, and T'}10, <A, (42)
we have
S ok + 1) |Gaz®|? < 400 almost surely,
S ok + 12| FF — Fa¥||> < 4oo almost surely, (43)

S ok + D[+t —2F12 < 400 almost surely.

The following almost sure limits also hold (showing 0(1/k2) almost sure convergence rates):

limy_y o0 k2| Grz"||2 =0,

v K2 G| "
limy,_y o0 k2|21 — 2F|2 = 0.
Moreover, both {x*} and {z*} almost surely converge to a zer(®)-valued random variable

x* as a solution of (GE).

The second condition of (42) comes from the second condition of (34). As we will
see from Subsections 4.4 and 4.5, there exists © > 0 such that ©p > © and we choose
T'y =T > 0 for all £k > 0 such that I'©; < A. Thus, the condition (42) automatically holds.

Remark 15 (Sufficient condition for (38)) Since t := u(k +r), from (38), we have

Zk"‘T_l k‘-l—?“— )
Oy

If O :=0 >0 is ﬁxed for all k > 0, then a sufficient condition for Bo, < 400 is either
or =0 or O']% = O(k3+w) for any w > 0 and o2 given in Assumption 1.1(ii). If we use either

SVRG or SARAH estimators to construct Fk, then we need to choose an increasing mega-
batch size ny, for evaluating F#* or Fx* such that ny, := (’)(k:3+w) to guarantee By, < 400.

Remark 16 In this paper, we do not consider the strong monotonicity of ® in (GE). This
case was studied in, e.g., Tran-Dinh (2024b) when T = 0 using a different class of unbiased
variance-reduced estimators. We believe that our methods can be customized to handle the
strong monotonicity of ® and can achieve a linear convergence rate as in Tran-Dinh (2024b).

Remark 17 Our analysis above relies on the main inequality (10) for x = 2"t and y = 2*,

and for x = 2¥ and y = x*. We have proven that both {||z*t! — z*||?} and {||z* — z*|?}
almost surely converge to zero (the former converges with a o(l/kz) rate). Consequently,
when k is sufficiently large, both ||x*tT — 2*|| and ||2* — z*| are almost surely sufficiently
small. Thus, we just require (10) to holds locally, which can be guaranteed if T is locally p-
co-hypomonotone. This weaker condition expands the potential applicability of our methods
to locally p-co-hypomonotone operators T in (GE).
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4.4 Complexity of VFOSA , for specific estimators in the finite-sum setting
In this section, we apply Theorem 12 to concrete estimators described in Section 3 to obtain
explicit complexity bound for three cases: L-SVRG, SAGA, and L-SARAH. The parameters
and constants 8, u, v, r, A, and ¥y used in what follows are given in Theorem 12. The
proof of these results can be found in Appendices D.1.1, D.1.2, and D.1.3, respectively.

Corollary 18 (L-SVRG) Suppose that Assumptions 1.1 and 1.2 hold for (GE) in the
finite-sum setting (F). Let {(zF, 4", 2%)} be generated by (VFOSA,) using t, \, and 3 as
in Theorem 12. Let F* be constructed by (L-SVRG) with i° = 20, Fi* := Fi*, and

2 4 ; - -1
by == |epn*| and py =3 P g1 FO<k <Ko= dgn® —r+14+4p7,
cp?;zw otherwise,

where ¢, > 0 is a given constant, r > 5 + i, n¥ > %maX{Q”“: 51)) 12, “(T L)— } for a fixed
56¢2
w € [0,1], and ¢ := 3.

Then, for a given tolerance € > 0, the expected total number Tx of oracle calls F; and
Jar evaluations to obtain x such that E[||Grz||?] < €2 is at most
Cp

Tk = Ln +4n[2 + In(4epn®) | + %(2%712“’ + W;“)J _

In particular, if we choose w := %, then our oracle complexity is T = O(n In(n) + ”26/3).

Note that when w = %,
pr =0 (n*1/3). The oracle complexity O(nln(n)+ %/3) appears to be slightly worse than
the (’)(n+ %/3) bound obtained in Tran-Dinh (2024b) by a In(n) factor. In our experiments,

—L and by := |25 n?/?

our mini-batch size by is by = (’)(nQ/ 3) and our probability

we often set pg := |, but we can appropriately adjust these parameters.

2nl/:

Corollary 19 (SAGA) Suppose that Assumptions 1.1 and 1.2 hold for (GE) in the finite-
sum setting (F). Let {(z*, y*, %)} be generated by (VFOSA,) using ty, \, and B from
Theorem 12. Let F* be constructed by (SAGA) with

plktr—1)—1

b 2epn?/3 4 W if 0< k<Ko= [4n'P 4+ 14 p7t =),
k=
3epn?/3, otherwise,

(r—5)—1 m
Then, for a given tolerance € > 0, the expected total number Tk of oracle calls F; and
Jxr evaluations to obtain z™ such that E[||Grz™[|?] < €? is at most

where cp, 1= 2\/NZA, r>95+ i, and nt/3 > max{%b[u r—1)— 1]’ M(Tzl)_l}'

Tk = US% +4In(4n'/3)n + WJ
Again, the complexity of the SAGA variant stated in Corollary 19 is (’)(n In(n) +

n2/3e*1), which is slightly worse than (’)(n +n?/3¢ *1) in Tran-Dinh (2024b). In our exper-

iments, we often choose by := min{n, | 25— /3J} but we can appropriately adjust by.
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Corollary 20 (L-SARAH) Suppose that Assumptions 1.1 and 1.2 hold for (GE) in the
finite-sum setting (F). Let {(z*, 9%, 2%)} be generated by (VFOSA,) using ty, \, and 8 as
in Theorem 12. Let F* be constructed by (L-SARAH) with

1 24 . L w _1
— w w IfO0<k<Kgy:=12¢,n* —r—+1+ ,
by, == chn J and Ppp = {CP;‘ pu(k+r—1)—1 f 0 L D o’ J

w
cpn

otherwise,

where ¢, > 0 is a given constant, r > 3 + i, and n* > émax{zgr_l)_l “(T_l)_l} for a

r—3)—1’ 2/
fized w € [0,1], and ¢p := 5510\”.

Then, for a given tolerance € > 0, the expected total number T of oracle calls F; and
Jxr evaluations to obtain z™* such that E[||Gaz™[|?] < €2 is at most

’7_'K = {n + 2n [2 + ln(QCpnw)] + %(Cbnw + 27?%” ’
In particular, if we choose w := %, then our oracle complezity is Ti := O(nln(n'/2) + @)

In our experiments, we often choose py := 271%/2 and by = L@L but again, we can
appropriately adjust these parameters. Note that we can also apply the HSGD estimator
to the finite-sum setting (F) of (GE), but we still need a bounded variance assumption in
order to estimate its oracle complexity. Nevertheless, we omit this result here.

Finally, we specify Theorem 13 and Theorem 14 for concrete estimators in Section 3.
The following result is a direct consequence of Theorems 13 and 14 since By, = 0.

Corollary 21 For the finite-sum setting (F) of (GE), suppose that the L-SVRG, SAGA,
and L-SARAH estimators are constructed as in Corollaries 18, 19, and 20, respectively.
Then, the conditions (34) of Theorem 12 are fulfilled and Bo, = 0 in (38).

Consequently, the conclusions of both Theorem 15 and Theorem 14 are valid for (VFOSA,)
using these three estimators.

Let us discuss our results and compare them with existing works. When ¢ is small, the
complexity of L-SARAH is better than that of L-SVRG and SAGA by a factor of n'/6.
The complexity of the L-SARAH variant is the same as the stochastic Halpern method
in Cai et al. (2024). Nevertheless, our method is different from Cai et al. (2024) and we
also achieve better o (1 /k2) convergence rates, several summability results, almost sure
convergence rates, and the almost sure convergence of iterates to a solution of (GE).

4.5 Complexity of VFOSA ; for specific estimators in the expectation setting
Now, we derive the oracle complexity of (VFOSA,) to solve (GE) in the expectation set-

ting (E). We have three variants corresponding to the L-SVRG, L-SARAH, and HSGD
estimators. The proof of these results are given in Appendicies D.2.1, D.2.2, and D.2.3.

Corollary 22 (L-SVRG) Suppose that Assumptions 1.1 and 1.2 hold for (GE) in the
expectation setting (E). Let {(z*, y*, 2%V} be generated by (VFOSA,) using ty., \, and 3 as
in Theorem 12. Let F* be constructed by (L-SVRG) with

(&)

be=be= (3], meo=nim (5] and pii= 2t
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where r > 5 + i, €€ (0, %], cp = Lo—f, and ¢, ::_1202 max{1, 2‘%@0}
Then, for a given € > 0, the expected total number Tx of oracle calls F(-,&) and Jyr

evaluations to obtain x™ such that E[||Gra™||?] < €® is at most Tg := O(e 3+ 3In(e™1)).

Corollary 23 (L-SARAH) Suppose that Assumptions 1.1 and 1.2 hold for (GE) in the
expectation setting (E). Let {(z*, 4", 2%V} be generated by (VFOSAL) using ty., \, and 3 as
in Theorem 12. Let F* be constructed by (L-SARAH) with

Cb

by =b:= L?J, ng =mn: = L%J’ and pk’:ze_'_ﬁ’

u? 0 pf
Then, for a given tolerance € > 0, the expected total number Tx of oracle calls F(-,€)
and Jxr evaluations to obtain an approzimate solution z™ such that E[||Grz™ %] < € is
at most T == O(e 2+ e 3 +e3In(e!)).

where 7 > 3-1—%, €€ (0, %}, cp = %, and ¢, = 2402max{‘/§;1’0 L }

Unlike the variance-reduced Halpern fixed-point method in Cai et al. (2022a), we choose
a fixed mini-batch size b instead of varying it. It leads to a log-factor in our complexity.

Corollary 24 (HSGD) Suppose that Assumptions 1.1 and 1.2 hold for (GE) in the ex-
pectation setting (E). Let {(xk,yk,zf)} be generated by (VFOSA,) using the parameters
tr, A, and B as in Theorem 12. Let F* be constructed by (HSGD) with

TR =1— \/(1_0):;(;;(f’i)‘1_1) for 0:=¢,

bk:bIZL%J, Bk:i):LE—SJ and nO::LC—"J,

€

where € € (0, %] i a given tolerance, T > 5+ i, and ¢y, ¢, and c, are given constants.

Then, for e > 0 given above, the expected total number Ty of oracle calls F(-, &) and Jyr
evaluations to obtain x™ such that E|[||G a™ ||?] < €% is at most T := O(e73).

_ Three variants: L-SVRG, L-SARAH, and HSGD, discussed in this subsection offer either
O(e73) or 0(6_3) oracle complexity to achieve an e-solution 2. However, each variant has
its own advantages and disadvantages. For instance, L-SVRG seems to have the worst
complexity among three variants, but it is unbiased, which is often preferable in practice.
HSGD has the best complexity of 0(6_3). The chosen mini-batch b in L-SARAH is O(e_l)
which is smaller than (’)(6_2) in both L-SVRG and HSGD. Both L-SVRG and L-SARAH
occasionally require mega-batches of the size (’)(6_3) to evaluate the snapshot point with
a probability pg, while HSGD does not need any mega-batch, except for the initial epoch.
Note that our theoretical parameters given in this subsection aim at achieving the best
theoretical complexity bounds. However, one can adjust the values of parameters r, 3, bg,
Bk, Pk, and 7, when implementing these methods, which may work better in practice.

5. Variance-Reduced Accelerated Backward-Forward Splitting Method

In this section, we explore the BFS mapping S in (8) to develop an alternative algorithmic
framework to solve (GE). This algorithm is less popular in optimization and can be viewed
as a gradient-proximal method in contrast to the proximal-gradient method.
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5.1 The algorithm and its implementation
Our method relies on approximating the BF'S mapping S)(-) at u¥ defined by (8) by a
stochastic estimator S’)f . This estimator is constructed as follows:

Sk = FF 4 Lk — ), (45)
where z¥ := Jypu* and F* is a variance-reduced estimator of Fa* satisfying Definition 4.

It is obvious to see that Hgl)f — Syuk|| = | F* — Fa¥).
Now, we are ready to present the following algorithm, Algorithm 2, for solving (GE).

Algorithm 2 (Variance-reduced Fast [BF] Operator Splitting Algorithm (VFOSA_))
1: Initialization: Take an initial point 2° € dom(®).
2. Choose i, A, and 3 as in Theorem 12. Set v := § and r := 2+ %

Compute u? := 2% 4+ A0 for any &Y € T2? and set s¥ := 0.

4: For k:=0, -, kpax do

o

5. Compute the shadow iterate zF := Jypu®.
6:  Construct an estimator F* of Fa* satisfying Definition 4.
28(t,—1
7. Update t := pu(k +r) and ny := %
8 Update the following steps:
ok = tktgluk + isk,
ubtl = ok — nkglj =k — T’T’“(uk — k) — nkﬁ’k, (VFOSA_)
shHL = sF 4 p(ubtt — k).
9: End For

Algorithm 2 also requires only one F* evaluation and one .J 1 evaluation per iteration.
Hence, this method has the same per-iteration complexity as Algorithm 1 above.

5.2 Convergence analysis
Now, we apply the analysis in Section 4 to establish the convergence of Algorithm 2 in the
following theorem, whose proof is given in Appendix E.1.

Theorem 25 Suppose that Assumptions 1.1 and 1.2 hold for (GE). Let {(zF, u*, v*)}
be generated by (VFOSA_) (i.e., Algorithm 2) using an estimator F¥ of Fx* satisfying
Definition 4. Under the same parameters A\, v, B3, t and n, and the same conditions as in
Theorem 12, let S be defined by (8) and &* := +(uk — a*) € Tak. Then, we have

2(V2 + E2 + Bg_1)
p (K +r—1)2 7

B[ Fa® + €K7 < (46)

— — 2 2
where W3 := p*r?E[||Fa® + £°?] + %Huo —u*|?, B2 = %, and By s

given in Theorem 12.
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Moreover, we also have

Soe o [(2 = 3p)u(k + 1) + 62 |E[||Fak + €¥)12] < 2(92 + EZ + Bk),
o (47)
2(¥3+58+BK)

S k) (k+ 7 — pm E[|FF — Fz*)?] o

IN

Similarly, we can also state both O (1/k?) and o(1/k?*)-convergence rates of (VFOSA_),
whose proof is very similar to the proof of Theorem 13, see Appendix E.2.

Theorem 26 Under the same conditions and settings as in Theorems 15 and 25, if, in
addition, (38) holds, then for £* := %(uk —2%) € T2* and for all k > 0, we have

2(V2 + E2 + Bwo)
w2k +r—1)2

E[||Fa* + &)%) <

We have the following summability bounds:

Yotk + DE[|F2* +¢51?] <
Sato(k + 1)2E[| F* — Fa*|?] < +oo,
( ) <
( ) <

St ok + DE[[lur ! — 2] +o0,
St ok + DE[||lzM T — 2¥)12] +o0,
where the last three bound require 0 < 8 < % We also obtain the following limits:
limy, o0 K?E[[[uf ! — o] = 0,
limy, o0 K?E[[l2¥T1 — 2*|?] = 0,

limy_yoo K°E[[|F2* 4+ €¥|2] = 0.

Theorem 27 Under the same the conditions and settings as in Theorems 14 and 26, we
have the following almost sure summability bounds:

Sorso(k + D[Fa® +eH* < oo,
Yok + 1| FF — Fak|? < oo,
Sheo(k + Dflutt —uF|? < oo,
S ok + Dllzktt —2F2 < +oo.

The following almost sure limits also hold (showing 0(1/k2) almost sure convergence rates):
lim k2[|zFt — %2 =0, and lim k2| FzF + €52 = 0.
k—o00 k—o00

Moreover, {u*} almost surely converges to a zer(Sy)-valued random variable u* € zer(S).
Consequently, {x*} also almost surely converges to x* := Jypu* € zer(®).
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If we specify (VFOSA_) (or equivalently, Algorithm 2) to obtain a specific variant corre-
sponding to each estimator in Section 3.2, then we still obtain the same oracle complexity
as in (VFOSA ). We omit these variants as they are similar to Subections 4.4 and 4.5.

Comparison between VFOSA; and VFOSA_. Both VFOSA, and VFOSA_ require
the same assumptions to guarantee convergence. They also share the same convergence
properties. However, {*} is the primal sequence of VFOSA |, and it directly converges to
a solution of (GE) almost surely. The primal sequence of VFOSA _ is {u*}, which does not
directly converge to a solution of (GE). Instead, the shadow sequence {z*} computed by
zF .= Jypu® almost surely converges to a solution of (GE). As mentioned earlier, VFOSA |
is more popular than VFOSA _ in the literature. It covers the well-known proximal-gradient

method in convex optimization as a special case.

6. Numerical Experiments

In this section, we present two numerical examples to validate our methods and compare the
performance of different algorithms, including ours and recent methods from the literature.
All the algorithms are implemented in Python and executed on a MacBook Pro with Apple
M4 processor and 24Gb of memory.

6.1 Robust regularized logistic regression with ambiguous features
We apply our methods to solve the regularized logistic regression problem with ambiguous

features studied in Tran-Dinh and Luo (2025) and compare them with the accelerated
Halpern’s fixed-point method using SARAH in Cai et al. (2024).

6.1.1 MATHEMATICAL MODEL

We are given a dataset {(X;, ;)}",, where X; is an i.i.d. sample of a feature vector in RP*
and y; € {0,1} is the corresponding label of X;. We assume that X; is amblguous ie., it
belongs to one of ps possible examples {XU} . Since we do not know X; to evaluate the
loss, we con51der the worst-case loss f;(u) = maxlgjgpz 0((Xij,u),y;) computed from po
examples {X;;}2 21, where {(7, s) := log(1 + exp(7)) — s is the standard logistic loss.

Since maxi<j<p, £;(-) = maxyea,, 21?2:1 vil;(-), where A, is the standard simplex in
RP2, we can model this robustification of the regularized logistic regression problem into the
following [non]convex-concave minimax formulation:

n

min {¢(u) .= max {7—[( ZZ% Xij,u),yi) = Oa,, (v)} +XR(U)}, (48)

u€RP1 vERP2
=1 j=1

where R(-) is a given regularizer (possibly nonconvex) chosen later, A > 0 is a regularization
parameter, and da,, is the indicator of A, that handles the constraint v € A, .
Let us denote by x := [u;v] and

Fir = [ 202 vl ((Xij, w), 4i) Xigs —0((Xin,u),9i); - 5 —L({Xips 1), )],
Tz = [NOR(u); don,, ()],

1_'7_?;(&)7) — s. Then, we have Fax = %Z?:l Fix as given in (F). The

optimality condition of (48) can be written as 0 € Fx + Tz, which is a special case of (GE).

where ¢/(7,s) =
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6.1.2 IMPLEMENTATION DETAILS AND INPUT DATA

We implement both methods: VFOSA . and VFOSA_ to solve (48). Each method consists
of 4 different variants: L-SVRG, SAGA, L-SARAH, and Hybrid-SGD. They are abbreviated
by VFOSA,-Svrg, VFOSA -Saga, VFOSA -Sarah, VFOSA ~-Hsgd, VFOSA_--Svrg, VFOSA_--Saga,
VFOSA_--Sarah, and VFOSA_-Hsgd, respectively. We consider two cases of (48) as follows.

e The monotone case. We choose R(u) := ||u||; as an ¢;-norm regularizer, leading to
a convex-concave saddle-point instance of (48). This corresponds to a monotone 7" in
(GE). In this case, Assumption 1.1(iii) holds with p = 0.

e The nonmonotone case: We choose R(u) to be the SCAD (smoothly clipped ab-
solute deviation) regularizer from (Fan and Li, 2001), which promotes sparsity of u
using a nonconvex regularizer. Hence, (48) is nonconvex-concave, leading to a non-
monotone 7" in (GE). In fact, T is locally p-co-hypomonotone with p < a —1 = 2.7.
By Remark 17, we can still apply our methods to solve (48).

For comparison, we also implement the variance-reduced Halpern’s fixed-point method from
(Cai et al., 2024), which is abbreviated by VrHalpern. For further comparison with other
methods such as extragradient, variance-reduced extragradient, and extra-anchor gradient
methods (Yoon and Ryu, 2021), we refer to Subsection 6.2 and also (Cai et al., 2024).
Since it is difficult to exactly evaluate the co-coercivity constant L, we approximate it
by L := 1| X7 X||, which represents the smoothness constant of the logistic loss. Then, we
choose A := i < %, and 3 := W as suggested by Lemma 3 and Theorem 12. From
our theory and (Cai et al., 2024), we choose the parameters for each variant as follows.

e We choose u := % < % and r:=2+ % for all variants of our methods.
e For the L-SVRG variants, we choose py = %%/3 and b := L%/gj, see Corollary 18.

For the SAGA variants, we choose b := L#j, see Corollary 19.

e For the L-SARAH variants, we choose py := ﬁ and b := L@J, see Corollary 20.
For the Hybrid-SGD variants, we choose 0 := % and b := L@J, see Corollary 24.
For VrHalpern, we choose py := ﬁ and b := LQJ, see (Cai et al., 2024).

We report the relative norm ||Gy2"||/||Grz°|| against the number of epochs as our main cri-
terion in each experiment. We choose the initial point 2° := 0.25 x randn(p) in all methods,
and run each algorithm for N, := 200 epochs. Note that in the following experiments, we
do not implement any tuning strategy for our parameters.

We use 4 different real datasets from LIBSVM (Chang and Lin, 2011): gisette (5,000
features and 6,000 samples), w8a (300 features and 49,749 samples), a9a (123 features and
32,561 samples), and mnist (784 features and 60,000 samples). Here, the first dataset has a
large number of features but a small number of samples, while the other ones have a small
number of features but a large number of samples. Since mnist is designed for multi-class
classification, we convert it to a binary format by grouping the even digits (i.e., {0, 2,4, 6,8})
into one class and the odd digits (i.e., {1,3,5,7,9}) into the other. As usual, we normalize
the feature vector X; such that each sample has unit norm, and add a column of all ones
to address the bias term.

To generate ambiguous features, we apply the following procedure. First, we choose the
number of ambiguous features to be p; = 10 (10 groups). Next, for each sample i, we take
the nominal feature vector X; and add a random noise generated from a normal distribution
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of zero mean and variance 0% = 0.05%2. We also choose the regularization parameter \ to be
X :=5x 1073, This X lead to a reasonable sparsity pattern of an approximate solution u*
to u* of (48), though it does not produce a highly accurate residual norm.

6.1.3 NUMERICAL EXPERIMENTS

We carry out different experiments to test our VFOSA | and VFOSA_ for both the mono-
tone and nonmonotone 7' using four estimators: L-SVRG, SAGA, L-SARAH, and HSGD.

(a) Comparing 4 variants of VFOSA | on monotone problems. First, we run four
variants: L-SVRG, SAGA, L-SARAH, and HSGD on two real datasets: w8a and gisette
to solve a convex-concave minimax instance of (48) with the ¢;-regularizer R(u) = |luly
(i.e., T' is monotone). The results of this experiment are revealed in Figure 1.

w8a Dataset: (n, p1, p2) = (45546, 311, 10) gisette Dataset: (n,p;, p2) = (6000, 5011, 10)
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Figure 1: The performance of 4 variants of VFOSA,: L-SVRG, SAGA, L-SARAH, and
HSGD for solving (48) with the ¢-regularizer on two datasets: w8a and gisette.

One can see from Figure 1 that both VFOSA-Svrg and VFOSA,-Saga achieve similar
performance, with VFOSA --Saga slightly outperforming VFOSA,--Svrg, despite having the
same order of oracle complexity. VFOSA-Sarah performs better than both VFOSA-Svrg
and VFOSA -Saga, while VFOSA --Hsgd appears to outperform all its competitors. Although
VFOSA-Svrg and VFOSA,-Sarah occasionally compute full batches of F', VFOSA --Saga
and VFOSA,-Hsgd require no full-batch evaluations except for the first epoch. However,
VFOSA,~Saga must store all component mappings Fjz*. This experiment confirms that bi-
ased estimators such as L-SARAH and HSGD outperform unbiased ones like L-SVRG and
SAGA, aligning with our theoretical findings as well as known results in optimization.

Similarly, we also compare these four algorithmic variants on the other two datasets:
mnist and a9a. The results are reported in Figure 2.

Again, we observe a similar performance as in the first experiment. Both VFOSA --Sarah
and VFOSA_-Hsgd still outperform VFOSA,-Svrg and VFOSA--Saga. Overall, VFOSA -Hsg is
still the best in this experiment.

(b) Comparing 4 variants of VFOSA, on nonmonotone problems. Next, we run
these four algorithmic variants on four datasets above to solve a nonconvex-concave minimax
instance of (48) by choosing the SCAD regularizer (i.e., nonmonotone 7). The results are
shown in Figure 3 and Figure 4, respectively for each pair of datasets.
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mnist Dataset: (n, p1, p2) = (60000, 791, 10)

a9a Dataset: (n, p1, p2) = (32561, 134, 10)
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Figure 2: The performance of 4 variants of VFOSA,: L-SVRG, SAGA, L-SARAH, and
HSGD for solving (48) using the ¢;-regularizer on two datasets: mnist and a9a.
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gisette Dataset: (n, p1, p2) = (6000, 5011, 10)
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Figure 3: The performance of 4 variants of VFOSA . : SVRG, SAGA, SARAH, and HSGD
for solving (48) using the SCAD regularizer on two datasets: w8a and gisette.
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a9a Dataset: (n, p1, p2) = (32561, 134, 10)
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Figure 4: The performance of 4 variants of VFOSA,: L-SVRG, SAGA, L-SARAH, and
HSGD for solving (48) using the SCAD regularizer on the mnist and a9a datasets.
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We can see from both Figures 3 and 4 that our algorithms still work well with the SCAD
regularizer, and show a similar performance as our first two experiments. Nevertheless, the
solutions we obtain have a better sparsity pattern compared to the ¢;-norm regularizer.

(¢) Comparing 4 variants of VFOSA_. Alternatively, we conduct a similar type of
experiments for our VFOSA _ method. This time we only compare four variants of VFOSA _
on two datasets: mnist and gisette for both the ¢;-norm regularizer (monotone case) and
the SCAD regularizer (nonmonotone case). The results of this experiment are presented in
Figures 5 and 6, respectively.

mnist Dataset: (n, p1, p2) = (60000, 791, 10)

gisette Dataset: (n, p1, p2) = (6000, 5011, 10)
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Figure 5: The performance of 4 variants of VFOSA_: L-SVRG, SAGA, L-SARAH, and

HSGD for solving (48) with the ¢;-norm regularizer on mnist and gisette.
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Figure 6: The performance of 4 variants of VFOSA_: L-SVRG, SAGA, L-SARAH, and
HSGD for solving (48) with the SCAD regularizer on mnist and gisette.

We still see that our L-SARAH and HSGD work better than L-SVRG and SAGA. They
quickly reach the 1072 to 10~ accuracies after a few epochs, but then make slow progress
later. HSGD still outperforms its competitors, especially on the gisette and a9a datasets.
(d) Comparing VFOSA ., VFOSA_, and VrHalpern. Finally, we compare our meth-
ods: VFOSA; and VFOSA_ and VrHalpern in (Cai et al., 2024). For each of our methods,
we choose three variants: L-SVRG, L-SARAH, and HSGD as they do not need to store F;
as in SAGA. We run these algorithms on two datasets: mnist and gisette with the same
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setting as in the previous experiments for both the monotone and nonmonotone cases. For

VrHalpern, we choose g := %H and n := i This n is consistent to our learning rates,

but twice larger than the suggested value n = ﬁ in (Cai et al., 2024).

We run this experiment for N, = 200 epochs as before using both the £;-norm and SCAD
regularizers. Figures 7 and 8 reveal the results of these methods for each case, respectively.

The mnist Dataset: (n, p1, p2) = (60000, 791, 10) The gisette Dataset: (n, p1, p2) = (6000, 5011, 10)

100 ,1 107 = —e— VFOSA.-Swrg || — 10°4 3x 1073 —e— VFOSA.-Svrg
%}( —a= VFOSA_-Svrg % 2% 1072 —4— VFOSA_-Svrg
S —= - VFOSA,-Sarah || & , ==+ VFOSA,-Sarah
= g1 _— 4 VFOSA_-Sarah || = 1074 -4 VFOSA_-Sarah
B : VFOSA,-Hsgd 2 10714 6x107* ! VFOSA, -Hsgd
i~ 160 180 200 VFOSA -Hsgd || & 160 180 200 VFOSA_-Hsgd
= + VrHalpern I3 = VrHalpern
S 10724 5]
c j=4
S S,
© Nt g 10724
[} . ot - L > X
Q 103 &_}_h &~ o |
°© s 2L, o © Aop.
2 VRS | 2 et daal SoTs SRR
© ©
o) o —3
& 1944 210

T T T T T T T T T T T T T T T T T T

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200

Number of epochs Number of epochs

Figure 7: The performance of 7 algorithms: 3 variants of each VFOSA, and VFOSA_, and
VrHalpern using the ¢;-regularizer on two datasets: mnist and gisette.
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Figure 8: The performance of 7 algorithms: 3 variants of each VFOSA; and VFOSA_, and
VrHalpern using the SCAD regularizer on 2 datasets: mnist and gisette.

As observed in both Figures 7 and 8, our L-SARAH and HSGD variants perform better
than L-SVRG and VrHalpern on the mnist and gisette datasets. They also outperform
L-SVRG and VrHalpern in both the monotone and nonmonotone cases. Our VFOSA_--Hsgd
appears to perform slightly better than VFOSA--Hsgd. A key reason for the superior per-
formance of the HSGD variants is that they avoid full-batch computations except for the
first epoch compared to the L-SARAH variant, reducing the number of F; evaluations.
VrHalpern performs better than our L-SVRG variants, which aligns with the theoretical
complexity results in both methods.
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6.2 Policeman vs. Burglar problem: Comparison between different methods
(a) Mathematical model. Following Nemirovski (2013), we consider the Policeman vs.
Burglar problem as follows. There are p; houses in a city, where the i-th house has wealth
w; € Ry. Every evening, the Burglar chooses a house i to attack, and the Policeman
chooses his post near a house j for all 1 < 4, j < py. After the burglary begins, the Policeman
becomes aware of where it is happening, and his probability of catching the Burglar is p. :=
exp{—0 - dist (i, j)}, where dist(i,7) is the distance between houses 7 and j. On the other
hand, the Burglar seeks to maximize his expected profit L;; = w; (1 —exp{—0 - dist(i,7)} ),
while the Policeman’s interest is completely opposite.

Let L be a p; x p; symmetric matrix such that L;; := w;(1 — exp{—6 - dist(4, j)}) for
1 <i4,5 <pp,and let Y =V := A, be the standard simplex in RP*. Then, the above
Policeman vs. Burglar problem can be formulated into the following two-person game:

min III)lea\E{{H(U,’U) := (Lu,v)}, (49)
where v and v represent mixed strategies of the Policeman and the Burglar, respectively.
The optimality condition of (49) is 0 € F'x 4+ Tz, which is a special case of (GE), where
x = [u,v], Fz := [LTv; —Lu], and Tx := [05,(u),ddy(v)] with §x being the indicator of
X. Clearly, F' is skew-symmetric and thus monotone, but it is not average co-coercive. To
make F average co-coercive, we add a small regularizer so that Fz = [eu + LTv; ev — L]
for e = 1078, This modification does not significantly interfere with (49).

(b) Generating input data. First, we choose dist(7,j) := |i — j| and set 6 := 0.8 that
reflects a reasonable probability p. of catching the Burglar. Next, we generate a vector
@ € R randomly from a standard normal distribution, followed by taking the absolute
value to ensure nonnegativity. We call this vector the nominal wealth. Then, the wealth

vector w is generated by w := | + o - randn(q)| as a nonnegative random vector, where
02 := 0.05 is the variance of the noise. Now, assume that L := % > oy Ls is the mean of n
samples Lg generated from the samples ws of w for s = 1,---  n. Using this procedure, we

generate two sets of problems corresponding to the two experiments as follows.
e Experiment 1. Choose p; := 100 houses (on a 10 x 10 grid) and n = 1000 samples,
and generate 10 problem instances of size p = 2p; = 200.
e Experiment 2. Choose p; := 225 houses (on a 15 x 15 grid) and n = 2000 samples,
and also generate 10 problem instances of size p = 2p; = 450.

(c) Our algorithms and their competitors. We select the following five competitors.
e The optimistic gradient method, e.g., in (Daskalakis et al., 2018), abbreviated by 0G.
It is a non-accelerated deterministic variant of Popov’s past-extragradient method.
e The fast Krasnosel’kii-Mann (KM) method in Bot and Nguyen (2022); Tran-Dinh
(2024a), called FKM. This is a Nesterov’s accelerated variant of the KM scheme.
e The variance-reduced forward-reflected-backward splitting (FRBS) algorithm in Ala-
caoglu et al. (2021), abbreviated by VrFRBS.
e The variance-reduced extragradient (EG) algorithm in Alacaoglu and Malitsky (2022),
abbreviated by VrEG. This is a non-accelerated variance-reduced EG method.
e The variance-reduced Halpern fixed-point method in Cai et al. (2024), called VrHalpern.
Since the stochastic competitors either use L-SVRG or L-SARAH, we implement two vari-
ants of our VFOSA : VFOSA,-Svrg and VFOSA--Sarah and compare them with the above
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competitors. We run each experiment on 10 problem instances and report the mean of the
relative FBS residual norm ||Gzz*|/||G2°|| against the number of epochs for 200 epochs.

(d) Parameter selection. We test all the algorithms using the recommended parameters
from their theory. More specifically, for all the L-SVRG variants, we choose the probability
for snapshot points Z* as pj = %%/3 and the mini-batch size by, := LLZ/SJ, while for all the

L-SARAH variants, we choose py = ﬁ and by := L@j We also choose 29 := %ones(p) as
the initial point in all methods so that it is feasible to (49). The learning rate of both 0G and
FKMisn = % as suggested by their theory. The learning rate of VrFRBS is n = 0.99- =vil-pe ”ﬁ;pk

as recommended in Alacaoglu et al. (2021). The learning rate of VrEG is n = 0.99 - \/IL_T
for a := 1 — py as shown in Alacaoglu and Malitsky (2022). Note that the learning rate of
both VrFRBS and VrEG was derived for the single sample case, while we use it here for the
mini-batch case. However, since pg is larger than the theoretical value % or %, this learning
rate is larger than the one in their paper. The learning rate of VrHalpern is 7 := ﬁ as in

Cai et al. (2024). For our VFOSA | methods, since p = 0, we choose p := 0.95-%, roi= 2—1—%,

= %7 B = ’\(im), and §:= % as suggested by our theory in Theorem 12.

(e) Numerical results. The performance of all the algorithms is reported in Figure 9.

Experiment 1: Policeman vs. Burglar (p = 200,n = 1000) Experiment 2: Policeman vs. Burglar (p = 450,n = 2000)
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Figure 9: The performance of 2 variants of VFOSA and 5 competitors for solving (49)
using theoretical parameters. The average of 10 problems in each experiment.

As shown in Figure 9, the three accelerated methods consistently outperform their non-
accelerated counterparts, including both deterministic and variance-reduced variants. The
three non-accelerated schemes: 0G, VrFRBS, and VrEG, exhibit similar performance across
both experiments when using their respective theoretical parameters. Among the acceler-
ated methods, the deterministic algorithm FKM still performs well and is comparable to our
VFOSA,-Svrg and VrHalpern. However, our VFOSA -Sarah achieves the best performance,
attaining the lowest relative residual norm among all the methods.

Finally, we reduce both px and b; by half to obtain a smaller probability and mini-
batch size, respectively. We then rerun both experiments to evaluate how these parameters
influence the performance of the stochastic methods. The results are presented in Figure 10.

As shown in Figure 10, the variance-reduced accelerated methods show an improved
performance compared to the previous run. They also outperform the deterministic FKM
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Experiment 1: Policeman vs. Burglar (p = 200,n = 1000) Experiment 2: Policeman vs. Burglar (p = 450,n = 2000)
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Figure 10: The performance of 2 variants of VFOSA and 5 competitors for solving (49)
using smaller pi and bg. The average of 10 problems in each experiment.

method from the earlier experiment. This is because the smaller values of py and by, increase
the number of iterations within the same number of epochs, enhancing performance.

7. Conclusions

We have developed two fast operator splitting frameworks with variance reduction to solve
a class of generalized equations in both finite-sum and expectation settings, covering certain
nonmonotone problems. Our methods exploit both the forward-backward and backward-
forward splitting schemes and support a wide range of variance-reduced estimators, cov-
ering both unbiased and biased instances. We have established convergence rates of order
O(1/k?) and o(1/k?) in expectation for our methods. Then, we have also proved almost
sure 0(1/k2) convergence rates along with almost sure convergence of the iterates to a
solution of our problem. Our frameworks comprise popular estimators such as L-SVRG,
SAGA, I-SARAH, and Hybrid-SGD, and we have derived oracle complexity results that
match or closely approach the best-known ones for optimization methods in the literature.
Several interesting questions remain open. For example, can our approach be extended to
extragradient methods and their variants to weaken the co-coercivity of F'? Can adaptive
schemes be developed to remove the need for estimating the co-coercivity constant L and
the co-hypomonotonicity modulus p? We plan to explore these topics in our future work.
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Appendix A. Technical Lemmas and Proof of Lemma 3

This appendix recalls necessary technical results and gives the full proof of Lemma 3.

A.1 Technical lemmas

We need the following technical results for our convergence analysis in the sequel.

34



VFOSA: VARIANCE-REDUCED FAST OPERATOR SPLITTING ALGORITHMS

Lemma 28 (Bauschke and Combettes (2017), Lemma 5.31) Let {ar}, {Ce}, {7}
and {e} be nonnegative sequences such that Y " vk < +oo and Y oo yer < +o0o. In
addition, for all k > 0, we assume that

g1 < (L + )k — G + ek (50)
Then, we conclude that limy_,. o, exists and Ziio (< 400.

Lemma 29 Given a nonnegative sequence {ay} and w > 0 such that limg_, ketlak exists
and ZZOZO k¥, < 4+00. Then, we conclude that limy_,oo k“1a* = 0.

Proof Since ap > 0, suppose by contradiction that limy_, . Etlaf = a > 0. For any
0 < € < «, there exists ko sufficiently large such that k“*lay, > a — e > 0 for all k > k.

Hence, we get k“aj, > “-<. However, since Y reo kYo, < 400, the last relation leads to

00 < Y 5 < Do, FYar < oo

This relation shows a contradiction. Thus, we conclude that limj_,oo k“Tla* =a=0. W

We also need the well-known Robbins-Siegmund supermartingale theorem (Robbins and
Siegmund, 1971), which we state it here as a technical lemma.

Lemma 30 Let {Ux}, {7}, {Vi} and {E;} be sequences of nonnegative integrable random
variables on some arbitrary probability space and adapted to the filtration {fk}k:zo with
Y oreo ke < o0 and Y- Er < 400 almost surely, and

E[Uks1 | Fr] < (1 + %) Uk — Vi + E, (51)

almost surely for all k > 0. Then, {Uy} almost surely converges to a random variable and
Y reo Vie < +00 almost surely.

The following lemma is Proposition 4.1 of Davis (2022). It was proven for a demiclosed
mapping G, but we recall it here for the case GG is continuous in a finite-dimensional space.

Lemma 31 (Davis (2022), Proposition 4.1) Suppose that G : RP — RP is continuous
and zer(G) # 0. Let {x*} be a sequence of random vectors such that for all x* € zer(G),
the sequence {||z* — 2*||} almost surely converges to a [0,00)-valued random variable. In
addition, assume that {||Gz*||} also almost surely converges to zero. Then, {x*} almost
surely converges to a zer(G)-valued random variable.

A.2 The proof of Lemma 3: Equivalent reformulations of (GE)

Proof Let Ayrx := %(x — Jarz) be the Moreau-Yosida approximation of AT'. First, we

show that Ayp is (A — p)-co-coercive, provided that A > p. The co-coercivity of Ayp was

proven, e.g., in Attouch et al. (2018), but we give a short proof here for completeness.
Indeed, for any x and y, we denote by u := Jypz and v := Jypy. Then, we have

Ayxrz = 3(z —u) € Tu and Axpy = 3(y —v) € Tv. Since T is p-co-hypomonotone,
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we have (Ayrz — Ayxry,u — v) > —pllAxrx — Axryl|?. Substituting v = x — MAyrx and
v = y—AA py into this inequality, and rearranging the result, we get (Axrz—Axry, z—y) >
(X — p)||Axrx — Axryl|?, which proves that Ayr is (A — p)-co-coercive, provided that A > p.
(i) To prove (10), from (6) we have Axr(z — AFz) = (z — AFz — Jyp(z — AFz)) =
Gyx — Fr and Ay(y — AF'y) = Gy — Fy. By the (A — p)-co-coercivity of Ayr, we have

(Grz = Gry — (Fz = Fy),z —y — N(Fz — Fy)) > (A = p)| Gz — Ghy — (Fz — Fy)||>
Expanding this inequality and rearranging the result, we get

(Crr — Grgoz —y) = (A= p)||Grx — Cagll2 — (A — 20)(Gaz — Gy, Fz — Fy)
+ (Fz — Fy,z —y) — p||Fz — Fy|?
= (A= p)lIGrz — Gayl® — (A = 20)(Grz — Gy, Fz — Fy)
+ E(F2 — Fy,x —y) + L (Fa — Fy,x —y) — pl|Fx — Fy|.

Since F' is %—co—coercive by our assumption, the last inequality leads to

(Gra = Gy, x —y) > (A= p)[|Grz = Gryl® + (7 — p) | Fx — Fyl?

— (A= 20)(Gha — Gy, Fr = Fy) + L22(Fe — Fy,z — )

P O —p)— (A—20)2] ;
o Lp)(élef)ng)\ .= LHG/\x—G,\sz+%<F&:—Fy,x—y>

+ 2=Le | pe — Py - G2 (Gha - Gy

A4—L)\)—4 -
> A Gy — G2 + ek (Fa — Py, o —y),

MA=LN)—4p >0and A := %, provided that pL < 1

which exactly proves (10), where 3 := A( Wi
and p < A < 22V 1-Lp WD.

(ii) To prove (11), we denote by z := Jypu and by y := Jypv for given u,v € dom(T),
where A > p. Then, we have Ayu := %(u — Jypu) = %(u — z). Now, by (8), we have
Ayu = Shu — Fz. Similarly, we also have Ayv = S\v — Fy. Using these two relations and
the (A — p)-co-coercivity of Ay, we can show that

(Sxu = Sxyv — (Fz — Fy),u —v) > (A= p)|[Shu — Sxv — (Fz — Fy)|*.
Utilizing again x — AFx = u — AS)u from (8), the last inequality leads to

(St~ Syvou— v} > (A= p)[Svu— Sxvl2 + (A — )| e — Py
— (A =2p)(Sau— Syv, Fx — Fy) + (Fz — Fy,u — v — A(Sxu — Syv))
— (0= ISy — Sxell? — (A — 29) (Syu — Sy, Far — Fy)

+ E(Fo — Fy,o —y) + LsL(Fa — Fy,x —y) — p|Fx — Fy|.
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Substituting (Fo — Fy,z —y) > 1|[Fz — Fy||* from the +-co-coercivity of F into the last
inequality, we can further derive that

(Sxu— Syv,u—v) = (A= p)|[Sxu— Syol* + (1 = p) | Fx — Fy|

~ (A= 29)(Syu = Syo, P — Fy) + + L=L(Fz — Fy,z —y)

4(1—Lp)(A—p)—(A—2p)? 2 4 (L— L)
(1_ip) HS u— Syvl|* + (F

+ 1522 Fa - Py - P20 (S0 - Sy0)|?

:U—Fy,x—y>

A(A—LN)—4 _
> %HSXUJ—SAUHQ £L<Fx—Fy,x—y>.

This proves (11) with 3 := %L)fp >0and A := LL_ﬁL > 0 as in Statement (ii).

(iii) Finally, since Jypx =  — Mz and Jyry = y — Mary, using the (A — p)-co-
coercivity of Ay, we can show that

[Iaxrx — Iryl? = [z —y — AAxpz — Axpy)|)?
= |lz — y|I* = 2X\(Axrz — Axpy, z — y) + N[ Axrz — Axryl?

<l —yl|* = AM(A = 2p) || Axrz — Axpyl*

Thus, if X > 2p, then [|Jyrz — Jyry|| < ||z — y||, implying that Jyr is nonexpansive. [ |

Appendix B. The Proof of Technical Results in Section 3

We provide the full proof of all technical lemmas in the main text of Section 3.

B.1 The proof of Lemma 5: The L-SVRG estimator

Proof At the k-th iteration, we have 3 independent random variables: a mini-batch Sg, a
mega-batch S; to form F#¥, and a Bernoulli’s random variable i following the rule (13).

Define F* := Fi* + F(2*,8,) — F(#*,8;). Then, from (L-SVRG), we have FF =
Fk 4 Fzk — pzk. By Young’s inequality, for any 7 > 0, we can show that

E(s,. 5 [IF* = Fa|’] < (1 +7)Es, [IIF* - Fa*||?] + H7Eg, [|F2* — F2*|*].  (52)

For the expectation setting (E), we consider X*(¢) := F(z* &) — F(z*,¢) — (Fa* — FzF).
Then, we have E¢ [ X*(¢)] = 0. Since S is i.i.d., we can show that
Es, [|F* = Fa*|] = Es, [|IFZ* + F(a*, &) — F(a*, 8) — Fa*|?]
— Es [k Secs, [F5.&) Bk, &) — (Fa* — Fib)] |7
= Es, [l5; Zeies, X* (I
= 5 Ee[IX*(©)I1]
< 5 Ee[|[F (2%, 6) - F(@*, O]
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For the finite-sum case (F), we denote by XF := FzF — F;3% — (Fa® — F#%). Then,
E; [Xﬂ = 0. Similar to Pham et al. (2020, Lemma 2), we can show that

Es, [|F* — Fa*|?] = Es, [|Fi* + F(a*,Sy) — F(,8)) — Fa*||?]
= Es, [ku ics, |[Fir® — Fak — (Fab — Fz9)]|?]
ESk [HE Eiesk XkHz]

b
< (: by i 1 Fa — Fyak)?
< b,%n -1 [Fia® — F*|?

éEg[HF(wk@) —F(@",9)|?], where F(z,¢) := Fyx.

Combining either the first or second relation above and (52), and then taking the conditional
expectation Ey [ . ] on both sides of the result, we get

Ei[||F* - Fak|?] < BB [Ee[|F (2", €) - F@*, O] + HEB [IIFZh - F#%|?]. (53)

If we define A, := iEg[HF(aﬁk, €) — F(i%,€)|?], then (53) implies (14).
Next, for a Bernoulli’s random variable i following the rule (13), we have

+ (1= pr)Ee [|[F(2%, &) — F(&*1,9)[?].
Now, for any ¢ > 0, by Young’s inequality, we have
E¢[|F (2%, &) —F@ELOIP] < 1+ Be[[[F(z", ) — F(@* ", 9]
+ (14 ) Ec[|F (2, ) = F( 1 9)7].

Combining the last two expressions, taking the conditional expectation Ey [ ] on both sides
of the result, and using the definition of Ak and b_1 < by, we can show that

Er[Ar] < (14 )(1=pr)Ar1 + = [(1—pr) (1+ 1) + i) Be[|F(aF, ) — F(a*1, )17

Let us choose ¢ := % for some o € (0,1). Then, we get (1 +c¢)(1 —pg) =1 — apg and
(1—pk) (1 + %) +pr = ((I;F_aa)‘)p;:pk < (l—iz)pk for any 0 < pg < 1. Hence, we obtain

which proves (15).
Next, since Eg, [[|Fi% — F&*|?] < Z—i, (53) implies

Ey [||FF — Fak|[2] < (1+ 7)Eg [A] + 320 (54)

TN

Let us define Ay, := (14 7)Ay, + (HT)U . Then, plugging Ay from (54) into (15) and using
ng_1 < ny, we can show that

Ee[|[F(aF,€) — F(ak1,)|2) + LDapee®  (55)

TN

Er[Ak] < (1 —app)Ap—1 + m
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If we choose 7 := 1, then using (54) and (55), we can show that F* satisfies Definition 4
: — 9A 202 — — 2 2
with Ag := 24, + L Kk = apg, O = T=a)orpr %}ta.
Finally, if Fz% = F 2", then by setting 7 = 0 in (14) and combining the result and (15),
they imply that F* satlsﬁes Definition 4 with A, = Ay, ky = apk, O = m7
O’k = 0. |

and ak

and

B.2 The proof of Lemma 6: The SAGA estimator
Proof Let X¥ := FjzF — F¥ for all i € [n]. Then, we have E; [(XF] = Fab -1 ZJ 1 Fk for
any i € [n]. Therefore, we can derive
Es, [|1F* = Fa*|?] = Es, [ll5; Yies, XF = [Fa* = 5 35 Ff]I17]
= Es, [ll5; Zies, (X7 —E:[XF])I7]
= b Sies, EilIXE ~ B X P
< B s, E[IXH
= b L | Fia — FF|.

nby

Taking the conditional expectation Eg [ . ] on both sides of this inequality and using Ay :=
LS || Fyz® — EF||2, we obtain the first line of (17).
nby =1 )

Now, from the definition of Ay and the update rule (16), for any ¢ > 0, by Young’s
inequality, we can show that

Es, [Ak] = T};k Z?:l Es, [Hszk - Ff\ﬂ

(16) ~le— _
O (- ) Ly [ Fab - B2 4 B LS| Rk - Rkl 2

nby n " nby
< et (1 - B LS (| Rk - B
+ G (1= 5) iy IR — Feah 42 o 0 S0y e — Fia P
= W15 A+ [+ (L= 3) G205 S0 1Bt — Bk
For any o € (0,1), if we choose ¢ := % — 1, then %(1 — %’“) =1- O‘Tb’“. In
addition, we can also compute C}, := %—1— (1 — br’;) (gc) as C), = —|— n[n(bk(—nbiﬁ))ill;sz)l—abi}'

Hence, taking Ej [ . ] on both sides, we obtain from the last mequality that

Bp[Ar] < (1— ) A + S Y0, || Rk — Fa |2 (56)
Since bg_1 > by > bp_1 — (1_04)2%, we have
—a a —a)b?
n(bg — br_1) + bpbr_1 — ab? > bpbe_y — ab? — 5Dbbe g = Lbap by - ap? > L%

This implies that Cy, < & 420 bCabe)
k

we obtain from (56) the second bound in (17).

<1ly4 (1_22)1)% < ((f__s));% =: ©y. Using this bound,
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Consequently, F* satisfies the VR (kk, Ok, Ak, 0r) property in Definition 4 with sy =
O‘Tb’“ € (0,1], Ay and O given above, and o7 = 0. [ |

B.3 The proof of Lemma 7: The L-SARAH estimator
Proof We prove for the expectation setting (E). The proof of the finite-sum setting (F) is
similar to the ones in Driggs et al. (2020); Li et al. (2020). Let ix be the Bernoulli’s random
variable following the switching rule in (L-SARAH). Then, we have
E; [|F¥ — Fa*|?] = (1 - pp)|F* 1 + F(a*, Sp) — F(21,8p) — Fab||? + py||[Fak — Fak|.
By the proof of the loopless SARAH estimator (Li et al., 2020, Lemma 3), we have

Ap = Ep[||FF + F(a*, S) — F(aF 71, Sp) — Fak||?]

= | FFt = Pab Y2 4 By [|[F (2%, Sp) — F(ah1, 8p))12] — [|Fak — Fab=t|?

< FR = Fah o 4 o Ee[||F(aF, €) — Bz 9.

Taking the conditional expectation Eg [ ] on both sides of the first estimate and combining
the result with the second expression, we obtain (18).
Finally, note that Eg, [||[Fa* — Fak|?] < % and 1 —py < 1, (18) shows that F* satisfies

~ 2
Definition 4 with Ay := ||F¥ — Fa*||2, kp = pi, O := é, and o7 = pf;: . However, if we
choose F'z* = Fa*, then we can set o}, = 0 since Eg, [||[Fa® — Fa*|?] = 0. [ |

B.4 The proof of Lemma 8: The HSGD estimator

Proof Let ef := FF — Fzk| XF(¢) .= F(a*, &) — F(zb1,€) — (Fab — FzF~1), and Y* =
Fzk—FaF. Then, we have E¢ [Xk(f)] =0andEg [Yk] = 0 by our assumption. In addition,
if we denote X* := ik > ces, X*(£), then we also have Eg, [||[X*||?] < égk for &, defined
in Definition 4. From (HSGD), we can write

b = FF — Fab = (1 — ) F*1 + (1 — 7)) [F(2F, Sp) — F(2F 1, 8),)] + m Fak — Fak
= (1 — 1) (F*1 — Fab=1) 4 (1 — ) [F (2%, Sp) — F(2F1, 8p) — (Fak — Fak1)]
+ i (Fak — Fa¥)
= (1—m)e" + (1 — ) XF + 7Y
This expression leads to
e[ = (1 =) [le* I + (1 — m) (| X*|1* + 72 ][y >
+2(1 — )2 (e XFY £ 2(1 — ) (XF YRY 4 2(1 — 1) T (P, YR,
Taking E( SnSe) [] on both sides of this expression and using E( Siu8e) [X k] =E S [Egk [X k]
Sk]] =0 and E(Skﬁk) [Yk] =Es, [Esk [Yk | Sk]] = 0, we can show that
E(s, ) [1E¥12] = (1= m)2le" 1|12 4 (1 = 70)?Es, [IIX*[2) + 2B, [IY*]?]

+2(1 = ) s, 5, (X7, YF)].
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Here, we have used the facts that X* only depends on S, and Y* only depends on S
Now, we consider two cases as follows.

(i) If S, and Sy are independent, then E(Sk’sk)RXk,Yk) | Fr] = 0. Using this fact,
Egk[HXkHQ] < égk, and 07 = Esk[||Yk||2] into (57), and then taking the conditional
expectation [y [ : ] on both sides of the result, we obtain (19).

(ii) If Sk and Sy, are not independent, then by Young’s inequality, we have

21— m)mE s, 5, (X5, Y9)] < (1 - 7)%Es, [|X4I7] + 72Eg, [IY¥])7).

Substituting this inequality, Es, [|[X*||?] < ié_'k, and 07 = Esk[HY’“HQ] into (57), and

taking the conditional expectation Ej, [ . ] on both sides of the result, we obtain (20).
Finally, to prove (iii), we utilize Eg, [5,%] < ‘;—: to obtain (12) in Definition 4 from (19)

and (20), respectively. [ |

Appendix C. The Proof of Technical Results in Section 4

This appendix presents the full proof of technical lemmas and theorems in Section 4.

C.1 The proof of Lemma 9: Lower bounding the difference £y — Li11
Proof From the first two lines of (VFOSA ), we can easily show that tprktl = (), — 1)xk~—|—
2k —tymGY. Rearranging this expression and using 2% = 2F1 —p (gt —y*) = 214 pp, GE
from the last line of (VFOSA. ), we obtain

tr(ty — 1)(aFt — 2%) = —(tp — 1) (2% = 2%) — t(ty, — DmGE,

bty — D) (25! —2h) = —ty (2" = 2F) — e GS (58)

= g2t — ) — 1y (b, — )G,
Let us define &1 := L(Fz**! — Pk 2%+1 — 2%) as in Lemma 9. Then, from (10), we have

7~’[1] = b (te — 1)(Gazh L, ab 1 — 2ky — 1) (8, — 1)(Goah, k1 — 2F)
> Byt — DIGAs — Gaab|? + (3 - Btu(te — DIGrsH+! - Gaah|?
+ Atk(tk — 1)5k+1.

t
k we can show that
tp—v’

Substituting (58) into 7~’[1] and using e’/i = él)f — Gyz¥ and 6, :=

?[1] = (4, — D(GrxF, 2k — 2F) — 1 (Gahtt, okl — 2hFD)
> nte(te — v)(Gazh T GYY — ity (ty — 1)(Gazk, GE) + Bty (ty — 1)||Gazh Tt — Gazk |2
+ (B — B)te(ty, — D||Gazk Tt — Gaz®||? + Atg(ty, — 1)Ep i1
= mte(ty — V) (GraP T Gax®) — mutr(te — 1)||Gaz®||? + Bte(ty, — 1)||Gaz® ! — Gazk||?
+ (B — B)te(ty — D||Gazk Tt — Gaz®||? + Atg(ty, — 1)Ep i1
+ Mitr(t — v)(GrzP Tt — 0,G a2k, ef).
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By Young’s inequality, for any s > 0, we can derive from ﬁl] that

Thy = (tr — 1){Gra®, 2% — 2F) — (Gl gk tt — okt
> itk (ty — V) (Gaxh L Gaz®) — miti(te — D]|Gaz®||? + Aty (ty — 1)Eka
+ Btk(tk - 1)|]G)\a;k+1 - G)\:IikH2 + (B - ,B)tk(tk - 1)|]G)\a;k+1 - G)\LEkH2

2t (b —
— sBt(ts — V)| GraPH! — GuGrak|2 — B ok 2,

Substituting the following identity

|GAzF T — 0,.Gra™||? = (1 — OR)[[GAz™ 1 = O (1 = 01 [|Gaz®||” + Ok | G T — Gaz|?

Y| Gazh |2 — By G k)2 4 =l Gkt — G2

- tk v (tr—v)? tp—v

into the last expression ’ﬁl], one can show that

T[l] = tk_1<G>\:Ck,a:k — zk> - tk<G>\xk+1,xk+1 — zk+1>

> Btltn — 1 s(L— )] [Gar™ L2 = tati — 1) [me — 8 — O] G |2

t—v

+ ti [ (te — v) = 2B(tk — D)[(GAz™, Gaa®) + (tp—1 — ti + 1)(Gazk, 2% — 2F)
_ 2 _
+ [B— (1 + 9)B) trlte — DICATHT — Gra®|2 + Aty(ty — 1)Eprr — BELEZD ek 2.

k+1 k _

Since 27 — 2% = —m]ké’j\, by Young’s inequality again, we have

= ot = g A

- 2V?7k ” 2WIk+1 ’

1
= g (14 =P = 4 — P+ S22 (5 -

)” k+1 _ *||2
Mk+1
_ 1 (1
W<Zk+l o Zk’ * - :L‘*> anlt ||Zk+1 kHQ 21/#) (771k T )|

~ 1— (1-
= (1 p)(G, 2 — ) — G| GR|J2 4 G (L — L) ket — o2

= (1= p)(Gaah, 28 — %) o (1= el 2F — o) — L5 G P
(I=p) (1
+ 5 (o —m)\

> (1 )(Grak, 2 — o) — CRIAADOD ok 2 i)

— (1= wumel| Grz® 1 = (1 — pyvmgllef]? + Y52 (5 — 1) 25+ — 2* 1>

2+ — o

‘ k+1 _ *||2

2% — 2|2

26(,:'“ U and try = u(k + r) due to (27), we have ng(tx —v) —26(tx — 1) = 0 and

_ _ 11 p(1—v)
tr—1 —tpy +1 =1— p, respectively. In addition, we also have o T e = 2Bl =)

Since g =
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Adding T[g) to 7Tj;j and then using the last three relations of parameters, we can derive that

7‘[3] = tp_ 1<G>\xk xk — zk> — tk<G>\xk+1 okt — zk+1>
Lok 2 L ok

> Btilty —1—s(1—v)]||Gra® 1|2
— D g (b, — 24 v — s(1— 1)) + 2(1 — w)v] | Gaz®|)?

+ [B— (14 5)B]tk(ty — 1)\\kak+1 — Gra® |2 + Atg(ty — 1)Epsr
_ [ﬁtk(tlrl) + A—pvBtr—1—1)(tx—1) + 251/(1*#)(%*1)}”61;”2

s(tp—v) M(l v) =
A-p(A-v (1) (1) )
- 41/;61‘/’“’1“71)(% 1) HZ n x*H2 4l/ﬁ“(t/gfill)(7fk+1*1)‘|zk+1 - ”2
+ (1= p)(Gaz®, 2% —2%).
I v —v —1— 1—v . »
S1nce + 26(tr— fl 1)()t;c 0~ (tr 25@(?“_11_1;2:;{(1) ), using L from (25) and ||e]§\]| < ||Fk _

FiL'kH = ||ekH from (22), the last inequality leads to
Ly = Li1 > Bk - [GazF[|” + (1 = p)(Gazk, 2% — 2%) + Aty (ty — 1) €
+ [B = (1 + )8 tr(ts — D|Grz™ Tt — Gra®||* — oy ]| e¥|]?,
which proves (28), where @) and v are respectively
or = t1[te —1—s(1—v)] — (EZ Dlt(ty — 2+ v — s(1—v)) +2v(1 — )],

i = Bt — 1) [ %P + 50+ M),

as given in (29). |

C.2 The proof of Lemma 10: The lower bound of L
Proof First, since F' is %—co—coercive, it is monotone. From (10), Ghz* = 0 for any
x* € zer(®), and the monotonicity of F, we have (Gyz*, 2% — 2*) > B|| Gz |

Next, utilizing the last inequality, (25), and 7 % from (27), we can show that

Ly, = Bayl|Gazb |2+t (Gazk, 2k — k) 4 Ll g DHlonl b g2
1— te—v)(tp—1—1)+p(l—v *
= § (20— B _DIIGNH + [FPETSE I — gl - P

Bty _
+ =GR+t (Gaak, ab — ) — 1 (G, 2P — at) + 55128 — 2|

B(Rar—t3_,) th—1—D[(1—p—20)tp+v(14+p)]+p(l—p) (1—v
_ k2 k—1 HG)\kaQ + (te—1—D)[( Zuﬁ(tiifl()(t:f)}l)u( B)( )sz . x*||2
+ tp 1 (GrxP, oF — ) + %sz — % — Bty_1GrzF||?
B(2ap—t2_)4+2Bt_ tp_1—D)[(1—p—20)tp+v(14+p)]+p(1—p)(1—
> k—th_1 k 1HG>\$kH2+ (te—1—D[( Zyﬂ(l;i kl—Vl()(tkH)]l)u( —#)(1-v) ||z *”2‘

- 2

Now, we have Ay := B(2a), — t7_;) + 2Bty_1 = Bte_1[th—1 — 2 — 25(1 — v)] + 2Bt;_1. Using
this relation into the last estimate, we obtain (30).

43



Q. TRAN-DINH

Finally, from the definitions of Py and Qj in (25), the nonnegativity of the last terms
in P, and 9, and Assumption 1.2, we can easily show that P > O > L > 0. |

C.3 The proof of Lemma 11: Lower bounding the term P, — E; [Pk+1]
Proof First, taking the conditional expectation E [ : ] on both sides of (28), we obtain

Ly > Ex[Lrpa] + Bl Gaz® [P + (1 — p) (G, ab — 2*)
+ [,B — (1 + 8)5]tk(tk — I)Ek[HG,\ka — G,\a:kH2]
+ Atk(tk — 1)Ek [ngrl] — wkEk [Hek”Q] .

and @y, from (29) are respectively given by
‘_ te(te—1) | 2v(1— v(1—p) (tp_1—1)
Uy = Bty — 1) sk((t:fu)) + ti—uu) + 5=t
(t=1) [te(tr —2+v —s(1—v))+2(1 — p)v].

= {1 [tk—l —1—s(1- V)] =

Here, v

Pk -
Adding [B - (14 3)6] te_1(tp—1 — 1)||Gaz® — Gaz® 1|2 + Atg_1(tg_1 — 1)& to both sides
of the last inequality, and using Qj from (25) we have
+ (1= p)(Gra®, 2k — a%)

Qi > Ep[Qpi1] + Bkl Gazk|?
+ [B— (14 8)B]ti—1(ti—1 — 1)||Grz* — GraF =12 (59)
+ Atp1(tr—1 — 1)E — VB [lle" %]
Next, from (22) and Definition 4, we have
Er[[lef]|?] = Bx[[|F* — F2*|?] < Ex[Ag]. (60)
Let &, be defined in Definition 4. Then, by Assumption 1.2, we have
Ey = L-(Fab — Fab=1 ok — 2h=1) > &, (61)
Now, from (12) in Definition 4 and (60), for I'y, > 0 in (25), we can show that
Detia(ta-Dp Ay - @kl"ktk,é(tk,l—l)g—k B rktk,l(;k,l_n o2

v

(1=rp)Titp—1(tg—1—1)
D) Ak*l

Pptp—1(th—1—1)—21 o [Ak] . Gkrktkfl(tkflfl)gk
2

Vel [|1€¥]1%] + 5

Trtr—1(tk—1—1) 2
- 2 O-

vV

Adding this inequality to (59), and then using (61) we get

Qi + (1*“k)rktk27l(tk71*1) Apq

Ek[Qk+1] + [Fktk—1(tk—21—1)—21/)k]Ek [Ak] + /BQPkHGA»’UkHQ (©2)
+ [B= (1 +8)B]tr-1(te1 — D[|Gaz? = Gaa® 12 + (1 — p)(Gra®, ¥ — a¥)

+ tk71(t1§71—1) (2A _ @krk)gk . Fktkfl(gkfl_l) U}%.

Ty -
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Assume that [[y1(1 — k1) + p 18tk (te — 1) < Tptp_1(tp—1 — 1) — 290y, which is exactly
the condition (31). Then, using Py from (25) and this condition, we obtain from (62) that

P = Q) + [M(l—ﬁk)Fk+2ﬁitk—1(tk—l—l)Ak_l

> Ek[QkH] + Ml_”’ﬂﬂ)F%ﬁﬁ]tk(tk—l)Ek [A ] I %ZIDA
+ Berl|Gra® |2 + (1 — p) (Gaa®, 2% — 2*)
+ [B= (14 )8tk (1 — DIIGra* — Gra 2

+ tkfl(tgflfl) (2A _ Fk@k)gk o Fktkflgfkfl*l)o.z.

Finally, using again Pryq1 := Qpi1 + [“(1_Hk+l)rgzl+mt"’(t’“_l)Ak from (25), the last expres-

sion implies (32). [ ]

C.4 The proof of Theorem 12: Key bounds )
Proof Suppose that we choose v := §, s := 2(1“:;) = 227”“, and 0 < 8 < 158 = (22;’25.
Using these choices and t; := pu(k + r) from (33) for r > 2 + ﬁ, vk and 1y defined by (29)

respectively become

o =t (o — 1= 2(p —v)) — 2L — (24 20— 3v)t, +2(1 — p)v]

1—v)tp(tr—1 1 v 1— t 1
Vi = 5(tk - 1)[(2w Ity + B2 + e
< Bty(ty — 1).

If we choose 0 < pu < % as in (33), then from the first expression, we get 5 > 0.
From the second expression, we can check that (31) of Lemma 11 holds if we impose

[Treyr (1= iga) + 2] trtr — 1) < Titp1 (1 — 1),

. ce . _ Dete—1(te—1—1) 58 ich i
This condition is equivalent to kg1 > 1 Ts1e (bo=T) + Ty which is exactly the first

condition in (34).
Using ¢y, we can derive from (32) that

Pr. > Ep[Pry1] + 2[(2 - 3u)ty + 642] |G|

_ Dity— 1(2tk 1—1) 2+ Btr— 1(2152 1= I)A i+ (2A— Fk@k)gk 1(te—1— 1)gk (63)

+ [ — G281ty — DIIGAzP — Gz 1|2,
Let us denote by 1, := ,B[(2 —3u)ty + 6,uz] > 0. Then, (63) is equivalent to

Ey [Pk+1] < P — ﬂHG ka2 . 5tk71(2t‘571—1)Ak71 + Fktk—l(gkfl_l)o.z
_ [3 (2+u)6]tk (e 1—1)\|G,\x — Gk 1”2 (64)

2A-T1O)t—1 (tp—1—1
_ kk)QkI(kl )gk_
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Since 2A — 'y O > 0 from the second condition of (34), dropping the last term of (64), and
then taking the total expectation E[ . ] on both sides of the result, we get

E[Pin1] < E[Py] - $E[ICra* 2] - B=tfaUE[A, ] 4 sty of

_ (65)
— [B— G 4 (thoy — DE[|Gaa — Gz,

Let By := 25 Zk o Tkte—1(tg—1 — 1)o?. Then, since Ty < 2A ~ by (34), we can show that

2
By =35 > peo th-1(t1 — DTko} < B = 5 0 g tra(te1 — 1) G-

By induction and the last relation, we obtain from (65) that

E|[Pk] < Po+ BBk-1

Y ieo URE[[|Gazk|?] < 2E[Py] + 28Bk,

S ot (ti—1 — DE[A_q] < %“(E [Po] + BBk), (66)
S [B— S b (te1 — DE[[|Gra® — Gaa™ 1 |12] < E[Po] + BBk

Because 20 = 2V, we have

Lo = BaollGaa®|]2 + L2120 — #|?
< Bl — V(i — 2 - DIGrIP + iy a® — 2 P
< BRE, where RZ:= p%r?|G)\2°|% + 745226““1 = (|20 — 2*||2.

Since kg € (0,1], z7! = 2% A_; = Ag, and E[Ag] < 02, from (25), we get

]E[Po] _ E[Qo] — E[ﬁo] (r—l)(ur—u—l)Q[(l—no)uFoJrB]E[AO]
< BlE[R) + s
where W3 := E[R3] and Ej := W% are given in (36).
Now, since Ay, := Btp_1(tp—1 — 2 —2p) +2Btp—1 > Blt;_, — 2(1+ p)tp—1 + 2(22j,f) tr—1] >
ﬁtil and 1 — p — 2v > 0, from Lemma 10, we also have

ﬁt2_ 2(fktr—1)2
L > BHGaat P > = Gaak | = BT Gt 2
Combining the last two bounds and the first estimate of (66), we can derive that
2 —1)2
SR D' ) G| 2) < E[Lk] < B[P < (W3 + E2 + B).

This expression leads to (35).
Next, since 1, = ﬁ[(2 — 3ty + 6/1,2] >0dueto0< u< %, we obtain from the second
estimate of (66) that

Sh o B2 = 3u)u(k +r) + 6p?E[||Gra®|?] < 2E[Po] + 28Bx.
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Substituting E[Po] < B(¥Z + E}) into this inequality, we obtain the first line of (37).
The second bound of (37) is a consequence of the third line of (66) and the facts that
E[lle"?] < E[Ag_1] and E[Py] < B(¥3+ EZ). Similarly, the third line of (37) is a direct
consequence of the last line of (66) and E[Py| < B(¥§ + E7). [ |

C.5 The proof of Theorem 13: The O (1/k?) and o(1/k*)-convergence rates
Proof Let us divide this proof into several steps as follows.

Step 1. Proving (39). Since By := 35 Ek oth—1(th—1 —1) = < 400 by (38), (39) follows
directly from (35) and By < B

Step 2. The first two summability bounds of (40). By our condition (38), we have
U3+ By < U3+ B.,. Combining this fact, e := G5 —Gya*, e¥ := FF—Fa* and ||ef|| < ||e"||
from (22), we can show from (37) that

S o tE[||Gaz|?] < +o00,
Yo 0752 [”6)\” ] < +00, (67)
Zk OtQEU k|| ] < 400,
S BE[[GrrtH - Grt]?] < 4ox.

These prove the first and second lines of (40). Here, the last line of (67) requires 0 < § <

(22+’2 Combining ||G 12 < 2|5 1% + 2||Gax¥||? and the first two lines of (67) we get.

S o E[IGEIP] < oo (68)

Step 3. The last summability bound of (40). From (VFOSA.) we can show that

tr(zF T — 2b o Gh) = 2F —2F,
(tp—1 — 1)(zF — 21 + 7]1{,16];_1) = k=1 gk — nk,lél)‘i_l

=zF -2k (1 y)nk,lél;_l.
Combining these two expressions, we get
tr(z — 2P G = (o — D (@b — 2P b G+ (1 - v GETL (69)

If we denote v* = zFtl — zF + nkGlf\, then we can rewrite the last expression as

1 k—1 | (A=v)pp_1ti—1 ~Sk—1
)tk_lv +7tk—1 GA .

tkvk = (

By convexity of || - ||? and ﬁ € (0,1], since ng = % < 23, we have

Gl < (1= g5 Gl P+ (U= )Pyt |G 70)

t2_[l0F T I? — ta oRHI 4L = )2 8% |G

IA
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Taking the total expectation of this inequality, and then applying Lemma 28 with the fact
that > o2 tiE[||G%[|?] < 400 from (68), we conclude that

limy,o0 2E[[|0F]|?] exists and Y5, tE[|[o"]|?] < +oc. (71)
By Young’s inequality and n; < 23, we have
ok — k|2 < 2|2k — b o GR )2 + 202G 1P < 20|0F|1? + 8821 G 1%

Combining this inequality, (68), (71), we get the last summability bound of (40).
Step 4. The limit of t2E[|[v*||?]. Since Y52 o txE[[|0*|*] < 400 and limy o t3E[||0"||?]
exists, applying Lemma 29, we conclude that

2 k2 . 2 k2]
kli)rgotkE[Hv 17] = kli)rgok: E[[lv*]?] = 0. (72)
Step 5. The first limit of (41). From (69), we can show that

trle T — 2F e (GY — Gaak)] = ey — D) [F — 28 e 1 (G — Goah )]
+ (1 - V)Uk—léli_l — temGAzR + (tg—1 — 1)1 GraP ™!

k k+1

Let us define w” := = — k4 nke)\ for eA = Gk G z*. Then this expression becomes

trw® = (1 — Vw1 4+ (1 = )1 G — e Gazh + (te—1 — 1)1 Gazh !

= (1= i ! = 8 Gt — G

+

[t (b = 1) = e Gaz !+ (L= ticmiael

tk1

By convexity of | - ||?, Young’s inequality, 3-co-coercivity of G from (10), and ||ef|| < ||e"||

from (22), we can deduce that

tllw | < (o1 — 1)t [Jwh ™! = 2 (G — Ghah |2

b
+ troa k-1 (trer — 1) = k] Gaz™ ™! + (1 = v)mpe_rey |2

< (toy = Dt w2 + B Gk — G
— 2 1 tenp(GazF — GhaPl ok — 2Py — 2t e (GaxF — Gkl e
+ 2t [t (b1 — 1) — tim] 2| Gaz® |2 + 2(1 — v)2te_1m? |52

< (teor = V) by JwP M2 + tratr ( T 1) |Gazk — Gaak—1| 2
+ 2t 1 (1 (1 — 1) — temi)? ||G/\$k_1”2
+ tr1mr—1[2(1 — v)?ne_1 + tene] |12

Let us denote by Z, := si||Gaz® — GazF 7|2 + ;|| Gax® 71| + 3 |e* 1|2, where

sk = te1tkne (5 ’“"’“ — 2B+ me—1) < 86%t7,
5 = thfl[ﬁkq(tkq —1) —tem)® < 88%(p+v) g1,

8 o= teame—1[2(1 — V)1 + tim] < 4871 (te + 2) < 8875,
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Then, the last expression can be briefly rewritten as
trllw|? < 8y w1 =t P+ 2y (73)
Taking the total expectation E[ . ] on both sides of this inequality, we get
FE[lw"]1?] < L E[Jlwb1?] = tia B[l 2] + E[Z4].

Using the upper bound of the coefficients sg, $, and S, and (67), we can easily show that
Y o E[Zk] < 400. Applying again Lemma 28 to the last inequality, we conclude that

limy_yoo 2B [[|wF||?] exists and 352 tE[||wF|?] < +oc.

Applying Lemma 29, these statements imply that limy_o tE[[|w"[|?] = 0.
By Young’s inequality and ||e%|| < ||e*||, one has

2441 = aH|? < 2okt — ok + ek 2 + 202k < 2uk|? + 8B R (74
Combining this fact, limy_, t2E[||w¥||?] = 0 and (67), we prove the first limit of (41).

28(tx—1) 48(ru—1)
e 2 )

Step 6. The second limit of (41). Finally, since n = by Young’s

inequality, we have

i Gt < nRliGazt P
< 2lht — 2k 4 (G — Gak) |2 + 2|2kt — 2 4 G2
< 2f|wk|| + 2[}o* |2
This fact, (72), and limy_,o t7E[[|[w”[|?] = 0 imply the second limit of (41). [ |

C.6 The proof of Theorem 14: Almost sure convergence
Proof Again, we divide this proof into the following steps.

Step 1. The first summability bound in (43). First, applying our assumption 'O} <
A from (42), we can deduce from (64) that

E[Pk-q-l | ]:k] < Py — %HGAka . ﬁtk—1(2tk—1—1)Ak_1 _ Atk—l(?;k—1—1)g

241)3 ' Atg_y (tg_1—1)o2 (75)
— _ o
— (B- %)tk_l(tk_l — D||Gra® — Grak |2 4 =gk
12
Next, we denote Uy := Py, 1 := 0, By := %}11)%7 and

Vi i= [ Grak |2+ BBty 4 (8= 28)t 1 (t1 — DIIGazk — Gaah 1|2

+ Atk—l(gk—l_l)gk'

These quantities are nonnegative. By (38), we have Y ;2  Ej = gBoo < o0 surely. In
addition, > 22 v, = 0 < 400 and U = 2B[(2 =5ty — (2—3p—2u2)] = O(tg) > 0 surely.
Moreover, {F} is a filtration. By Lemma 30, we conclude that
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limg_,oo P, exists almost surely,

Yoo trllGazF|? < 400 almost surely,
> ko tiHGw’“ — G2 < 400 almost surely, (76)
> ohco ik < 400 almost surely,
> ohzo bk < 400 almost surely.

The second line of (76) is the first summability bound of (43).

Step 2. The second summability bound in (43). Since E;[||e¥|?] < E,[Ax] by the
first line of (12) and I'yO, < A by (42), utilizing these relations and the second line of (12),
we get

(12) _
T'LEg [||€k||2] < T'LEg [Ak] < Tl — k) Ag—1 + TeOr&x + Fk(f,%

2
Aoj,

(1 — kp) A1 + A&, + o,

N

Multiplying both sides of this inequality by t5_1(tx—1—1) and utilizing (1 —rg)Crtr—1(tx—1—
1) < Tg_1tg—o(tx—2 — 1) from (31) and Ty < § from (42), we can show that
k|12 _ o2
Dptp—1(tr—1 — 1)Ky [||6 | ] < Thoatp—o(th—o — 1)Ap_1 + Atg—1(tg—1 — 1)(5,€ + @i)
< Tpitp—o(thz — D" |2 = Thrtp—o(tp— — 1)[Je" 1|2
_ 2
+ étk72(tk72 — D) Ap—1 + A1 (te1 — 1) (& + 8712)
Let us denote by

_ 2
Ey = Gtp—o(tp—2 — 1)Ag_1 + Aty (tg—1 — 1)E + Atg—1(tp—1 — 1)%’,1-

Dl

Then, by (76) and (38), we have > ;2 By < % S o ti AL + A t2Ek 4 BB < 0

almost surely. Thus, applying again Lemma 30 with Uy := Tj_1tx_o(tp_o — 1)|eF71|2,

Y =0, Vi := Tp_1tp_o(tp—o — 1)||e*71||?, and E}, given above, we conclude that
S oTktille?]|? < +oo  almost surely.

However, since I'y > T > 0 by (42), this implies the second summability bound in (43).
Step 3. The last summability bound in (43). Since ||é’§\\|2 < 2||Gaz®||? + 2|k ||? <
2||Gaz®||? + 2||¥||?, using the second lines of (76) and (43), this inequality implies that

Yoro t;g||é’§\||2 < +o0o almost surely. (77)
Let vF := aF+1 — 2k 4 nkélf\ Taking the conditional expectation Ey, [ . ] of (70), we get
_ _ ~k—
Ex [ 11051P] < iy 10812 = tima 08112 + 4L = ) B2t |G

Since Y2, tkHé’}\\P < +oo by (77), applying Lemma 30 to the last inequality, and then
using Lemma 29, we conclude that the following statements hold almost surely:

limg oo t2[[07|2 =0 and >0tk [lvf|? < +oc. (78)
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Let w® := oF+1 — k4 nkelf\ as before. Following similar arguments here, but applying them

to (73), we can also prove that the following statements hold almost surely:

limg oo t2]|w”||2 =0 and S50tk |lwk|? < +oc. (79)

Combining (74), (79), and the second line of (43), we can easily prove that Y p o x|zt —

2¥||2 < +o0 almost surely. This is the last line of (43).

Step 4. The limits of (44). Combining the limits in (78) and (79) and Young’s inequality,
similar to Step 6 in the proof of Theorem 13, we can easily show that

k”z

limyyo0 t2]|Ga2®||? = 0 almost surely. (80)

This limit is the first limit in (44). The second limit of (44) follows from (74), the first limit
of (79), and limy_,o0 t2]|e¥||? = 0 almost surely from (43).

Step 5. The existence of limy_,o ||2F — 2*||?. From (VFOSA,), we can easily shows
that 2F — 2F = 5 (aF+1 — 2F) + tknkéﬁ = t;v*. Since limy_yo0 tiHkaZ = 0 almost surely as
shown in (78), we conclude that limg_,o [|2¥ — 2¥|| = 0 almost surely. Using this limit and
limy oo tiHG)\kaQ =0 from (80), we have

2t (Gaah, ab — k) < ||lz¥ — 2F|2 + 2||GaF||? - 0 as k — oo almost surely.

Hence, we get limy_,o0 th_1]|(Grz¥, ¥ — 2F)| = 0 almost surely.
Next, as discussed in Assumption 1.2, F' is L-Lipschitz continuous, we have

[(Fab — Fab=1 ok — ok ) < [|[Fab — Fab=l|[|a% — 271 = L]la® — 212,

Since limg o0 t2_,|lz% — 2%71||> = 0 due to the second limit of (44), we conclude that
limy oo thi (o1 — 1)[(FzF — Fab=1 2F — 2F=1)| = 0 almost surely.
Now, from (25) we can write

Pr = Bar]|Gazk||® + ty-y (Gaak, 2k — ¥y 4 Bzt Pl e 2D

+ 8- (2;_7’26]%—1(%_1 —1)||Grz? — GrzF1)? (81)
+ ALty (tp—1 — V){(Fa? — Fab=1 ok — 2h=1) 4 ;j—kﬁﬂzk — |2
Collecting all the necessary almost sure limits proven above, we have, almost surely

limy o P exists as shown in (76),

limy o0 ag||Gaz®||? = limg_ o0 tiHG,\ka2 =0 by (80),
limy o0 th1[(Gaz®, 2% — 2F)| = 0,

limy oo th1(tp1 — 1)[(FzF — Fab=1 ok — zF=1)| = 0,
limg oo tiHG)\xk —Gyz*12=0 from (76),

limg_, oo tiAk =0 from (76).

Combining these limits and (81), and noting that ¢; = O(1) due to (26), we conclude that
limy o0 || 2% — 2*||? exists almost surely.
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Step 6. Almost sure convergence of {z*} and {z*}. Since limy_,o ||2¥ — 2*| = 0 and
limy,_,o || 2% — 2*|| exists almost surely, combining these facts and |[||z* — 2*|| — ||z — 2*||| <
|z* — 2*||, we conclude that limy_,o ||2* — 2*||? exists almost surely.

Finally, since limy,_,q ||2¥ — 2*||? exists almost surely for any solution z* € zer(G)),
limg_y00 |[GAz¥|| = 0 almost surely by the second line of (76), and G is continuous, ap-
plying Lemma 31, we conclude that {z*} converges to a random variable 7* € zer(G})
almost surely. However, since z* € zer(G)) if and only if z* € zer(®) surely, we also
conclude that {z*} almost surely converges to a solution z* € zer(®). In addition, since
limy 00 ||2% — 2| = 0 almost surely, we can state that {z*} almost surely converges to
z* € zer(P). [ |

Appendix D. The Proof of Corollaries in Subsections 4.4 and 4.5

We now present the full proofs of Corollaries in Subsections 4.4 and 4.5.

D.1 The finite-sum setting (F)
This appendix presents the proof of Corollaries 18, 19, and 20, respectively.

D.1.1 THE PROOF OF COROLLARY 18: THE L-SVRG VARIANT OF VFOSA
Proof Since the L-SVRG estimator is used and F#* := F#*, by Lemma 5, we have

>0 :=

— A _ _ 1 1
Ap = Ak, kKL= apg, @k—m_f-—m

>0, and o*,% =0.

2
Thus, the quantity Bx in Theorem 12 becomes By := %ZkK oth—1(the—1 — 1)0—’“ = 0.

Moreover, since 20 = 0, we also have Ag = Ag := néo M [Fab — Fi%)2 < o¢ =o.
Next, let us choose a = 5 and assume that I'y, = Sepbn” ' > 0 for all £ > 0 and given

cp > 0 and w > 0. We recall the first condition of (34) in Theorem 12 as follows:

Tp—1tk—2(tp—2—1) 488 14 588 th—2(ts—2—1)

TPrtp—1(tk—1—1) uly ply  tp—1(te—1-1)
2p _ ptl

pletr—1)—1 — (err—1)(plktr—1)—1)-

K = app =B >1—
1

- w
cpn

|
+

This condition holds if py > + Jﬁ“ I

Now, forr>5+f and n¥ > —max{zur 1)_2 “(r4;) }, if we choose

2
cpn®

3

P {Cpiw + /L(kJr?il)*l if 0 <k <Ko= [depn® + 14+ p7" =),
k=

5 otherwise,
cpn
then 0 < & nw + (k+ﬁ51)—1 < pr < 1. Consequently, the first condition in (34) holds.

Si 10cp Bn® 5,5)0%”2“ ... .
ince I',©, < 37— < —4—, the second condition of (34) in Theorem 12 and (42)

in Theorem 14 both hold if

56627’12“)

< A.

22w
Clearly, if we choose by, = b := LS'BC;’%J = |epn®] with ¢ :=

holds. Consequently, the second condition of (34) and (42) hold.

55(:?,
)
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Since Bx =0 and E3 = 0, for a given € > 0, to guarantee E[||G 2% ||?] < €2, from (35)
Mg(%\l@_l)g < €2, The last condition holds if WeA choose K := L%J —1.
The expected total number of oracle calls is IE[TK] =n—+ E[TK], where

we can impose that

E[Tk] = Sro(npk + 2b)
= nY 1Pk + 2b(K + 1)
2b(K + 1) + 13 2 P + 1 Y f g 41 P
26(K +1) +n[ e o 4300 (T > heKo+1 el

2v20,Yon* | ) 120y =r AT | gy (deyne — g 42 4 ) + 3200

e cpn® cpn® e

IN

IN

1—w

< 402+ In(depn)] + Y220 (0% + B2,

Here, we have used r—l—% > 1and Y10 m < ln(l—i—(r—l—%)_lKo) <In(Ko+1)
in the last inequality. Therefore, we conclude that the expected total number of oracle calls

F; and Jyr evaluations in (VFOSA ) is at most

E[Tk] = [n +4n[2 + In(4epn®)] + Y2L0 (20,0 + M)J

Cp

to achieve E[||G z®|[?] < 2. In particular, if we choose w := %, then we get E[Tx] :=
|n + 4n[2 —|—ln(4cpn1/3)] + \/5‘1’0(3+26b6p)n2/3J' -

Cp L€

D.1.2 THE PROOF OF COROLLARY 19: THE SAGA VARIANT OF VFOSA |

Proof Since the SAGA estimator is used, by Lemma 6, we have

K = O‘Tb’“, O = ((13__5))[:% >0:= 7(13:0?371 >0, and o}f=0.

2
Note that Bg in Theorem 12 becomes Bg := %ZkK:o tp—1(tk—1 — l)g)—’;C = 0. Moreover,

since F¥ = Fyz¥ for all i € [n], we also have Ag := %bo S |[Fia® — EP)2 < 0} =0,
Next, let us choose «a := % and I'y, := E’ﬁ—c"w =:T > 0 for all k> 0 and given w > 0 and

cp > 0. We recall the first condition of (34) in Theorem 12 as follows:

aby _ by > q _ Tp_1tp—2(tk—2—1) + 58 _ 2 I+p

_ aby, o T
Kk =" =3, 2 Thtr (e -1 T aly — 00 T mlibr—1=1 — Gebr=D)(ulbrr=1)=1)"

Let us choose

w

by, = 2epn! ™+ ey i k< Ko o= 400+ 1t =)
3epn' ™, otherwise.

Then, the last condition holds. Consequently, the first condition of (34) holds. Clearly, we
have by, < b1 for all &k > 1. Moreover, using the update of by, we have

b 4p®n brbr_1

L R e V11 =y
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(1=c)

Therefore, we finally get by_1 — % < by < bg_1, which verifies the condition of

Lemma 6. Note that since 1 < b, < n and Ko > 0, we require r > 5 —i—i and n¥ >

i) :, 262[51(7“5 D } as stated in Corollary 19.
From the definition of O above and by > 2¢n'™®, we can easily show that ©, =

(B3—a)n __ 5n 5 . 2580~ . i
1=t = < e Since I'p,©) < 7 the second condition of (34) in Theo-

rem 12 and the condition (42) in Theorem 14 both hold if % < A. Let us choose

max { u(r

W= % and ¢ 1= %1 / uﬁf\ Then, the last condition holds. Consequently, the second condition

of (34) and (42) are both satisfied.
Since Bg = 0 and E§ = 0, for a given € > 0, to guarantee E[||G z

] , from (35),
% < €2, This condition holds if we choose K := L J

The expected total number of oracle calls becomes E[TK] =n-4+ E[TK], where n is the
number of F; evaluations for the first epoch, and

[ K] = ZkKobk Zk Obk+2k Ko+1 Ok

2eyn?/3(Ko + 1) + 00, Mf+”1)1 + 3cp(K — Ko)n?/3

8cpyn?/3nl/3 4 Ann(Ko + 1) + 3¢, Kn?/3

s

we can impose

IN

IN

< 8cyn + 4nn(4n'/?) + W

Thus, we get E[Tx| := [[8c, +41n(4n'/3)]n + WJ We conclude that the expected

total number of F; and Jyr evaluations of (VFOSA, ) is at most E[TK] = O(n In(n)+ %/3)
to achieve E[||Grz’[|?] < €2. [ |

D.1.3 THE PROOF OF COROLLARY 20: THE L-SARAH VARIANT OF VFOSA
Proof Since the L-SARAH estimator is used and Fa* = Fz*, by Lemma 7, we have

1
Kk =Pk, Or =4 20:=

1 2 _
+>0, and o} =0.

The quantity Bg in Theorem 12 becomes By := % Zszo t—1(tg—1 — l)g—%c = 0. Moreover,
since FO := Fa0, we have ||[FO — Fz0|2 < 02 =0.

Next, let us choose I'y, = Sepin® _. I' >0 for all £ > 0 and given ¢, > 0 and w > 0. We
recall the first condition of (34) in Theorem 12 as follows:

Pp—1tk—2(tk—2—1) 488 1 + 2u 144

ke =Pk 21 = T3 05T Yty T o T al-Do1 T G DD

Ifr>3+ i and n¥ > L+ max{“(T:l):l “(Tgi)_l}, then by choosing

2 . -
Pk = C;Lw + u(kJrrlil)—l it k < Kp:= I_QCpnw —r+1+pu 1J7
otherwise,

we have 0 < pr < 1 and the last condition holds. Thus the first condition of (34) holds.
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Since 'O = 58 :P: the second condition of (34) in Theorem 12 and the condition (42)
in Theorem 14 both hold if 502% < A. Clearly, if we choose by = b := LMJ = |epn?]

uA
with ¢ := 56 /C\”, then this condition holds. Consequently, the second condition of (34) and

(42) are both satisfied.
Since Bx = 0 and EZ = 0, for a given € > 0, to guarantee E[||G 2% ||?] < €2, from (35),

% < €2, This condition holds if we choose K := L\/Z;POJ —1.

We can estimate the expected total number of oracle calls as E [’TK] =n+E [7}] , where

E[Tk] = S rolpen + 2(1 — pr)b)

= n 3Pk + 2031 o(1 - pi)
W(K + 1)+ (n 2b) Zk 0Pkt (n—26) Y0 i Pr
26(K + 1) +n[ 0 % & L +2y OerEkK:KOH cp%]

we can impose

IN

w 1
< \/ﬁczilon + n[Qcpn Cprq;i;l-i-u + 21n(20pnw 14 ,UJ71> 4 %]
< 22+ ey + B 4+ )

Here, we have used r — 1 — % > 1 in the last inequality. Hence, we conclude that the

expected total number of oracle calls F; and Jyp evaluations of (VFOSA_) is at most

B[7i] i= |n+ 2n[2-+ Infeyn)] + Y2 (e + 222-7) |

to achieve E[||G 2/||?] < €2. Clearly, if we choose w = 3, then we obtain E[Tx] :=
O(n In(n'/?) + #) [ |

D.2 The expectation setting (E)
This appendix presents the full proof of Corollaries 22, 23, and 24, respectively.
D.2.1 THE PROOF OF COROLLARY 22: THE L-SVRG VARIANT OF VFOSA

Proof Since L-SVRG is used, substituting 7 := 1 and «a := % into Lemma 5, we have

— _ Pk - 2 _ _4 2 ._ 2apRo” _ piro
AV 2Ak —|— , Kk = apg = 3, O = T=a)oupr — brpr’ and Ok = T = ne

to fulfill the VR(Hk, O, A, o) condition of Definition 4.
Next, let us choose I'y, := % =:T > 0 for a given tolerance € € (0, 1) and a given w > 0.

We recall the first condition of (34) in Theorem 12 as follows:

Tp1tp—2(tp—2—1) + B8 _ w + 2 1+p

_ — Px _ —
Kk = app = 5 2 1 = 15700 my wktr—1)—1 — (ktr—D(ulktr—1)—1)°

From this relation, we can see that if we choose
P = 260+ gty 2 p = 26,

then the first condition in (34) holds and py < 1, provided that r > 5+% and e¥ < %
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Since I', O, < p(l—log[zpke“ < u}géﬁ, the second condition of (34) in Theorem 12 and the

condition (42) in Theorem 14 both hold if M}fgéﬁ < A. Therefore, if we choose by, = b :=

L long = |3 ] with ¢ = M, then the last condition holds. Consequently, the second
e € uA

condition of (34) and (42) are both satisfied. Moreover, since by, = b > 0 for all £ > 0, we
have ©), > % =: © > 0, which fulfills (42).

If we fix ngp = n > 0, then the quantity Bg in Theorem 12 becomes

Br = 33 o tk1(te1 — 1)& = sz S o Prti—1(ti—1 — 1)
< 0o S o (¢t ) (k7 = Dk + 7 — 1) 1]
< M S [+ —1)? + 2k + 7 — 1)]
< M0 (g @) (K 47— 1)

Moreover, from the construction (L-SVRG) of FO. we have E} = W. We also
have Tou + 8 = i’—f + 8 < S—f. Using these bounds, to guarantee ]E[HG,\:L‘KH2] < €2, from
(35), we can impose

E[|GaeX|I7] < 22 4 ol o2
< (1(24\1»]: nz (Kf:iolg)zewn + %(K +e @)
< €.
This condition holds if
R <y LE<q, g, ad it <q

These four conditions are simultaneously satisfied if we choose

2
K = LL/EE\I’O — 1J and n > o2 max{\‘;’fé:w, tefw 24}%2?0} .
Hence, we can choose w :=1 and n := &% = O(e%) for given ¢, := 1202 max{1, 2{%}
Since we fix np = n > 0 and by = b > 0 for all £ > 0, the expected total number of
oracle calls becomes E[TK} =n+ E[’TK], where

E[Tk] = Sreo(npr +2b) = 2b(K + 1) +n. >0, pr
26(K + 1) + 20 X4g € + 2 351 wrrien= )
1200 4 2o [((K 4+ 1) + 2In(K + 1))

ue3

4\/;?\1/0 + zcn [2\/3\1'0 +9In (2@6\110)].

I/\ IN

| /\

Therefore, we obtain E[’f}(] =0(e 3 +e?n(e ) = O(e?). This inequality shows that
the expected total number of oracle calls F(-,&) and Jyp evaluations of (VFOSA,) is at
most E[Tx| := O(e ™3+ e 31In(e™!)) to achieve E[||Grz[]?] < €. [ |
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D.2.2 THE PROOF OF COROLLARY 23: THE L-SARAH VARIANT OF VFOSA
Proof Since the L-SARAH estimator is used, by Lemma 7, we have

— 1 2 ._ pio’
Kk =Pk, Op:=¢, and op:= P

Next, let us choose I'y, = %’i =:I >0 for all £ > 0, a given tolerance € € (0,1), and w > 0.
We recall the first condition of (34) in Theorem 12 as follows:

. Tp_1tg_o(tg_2—1) 58 __ 58 24 1+p

fp = Pp 21—~ %klik?tklili ) w7 el sy Gl sy g7 ¢y )
— 6w+ 2/‘ _ 1+}L

= pr—1)—1  (r—D)(ulktr—0)—1)°

. .. . 2 .
This condition holds if we choose pgi1 := € + W"l)l, provided that r > 3 + i and

0<e? < % In addition, we also have 0 < p:=¢€* < pj < 1.

Since I'y O = = 56 =, the second condition of (34) in Theorem 12 and the condition (42)
in Theorem 14 both hold if ubii“ < A. Therefore, if we choose by = b := LJ’@MJ = LE—L’J
with ¢ := 2—/5\, then the last condition holds. Consequently, the second condition of (34)
and (42) are both satisfied. Since by = b > 0, we have O, > 1 =1 @ > 0.

If we fix ng = n > 0, then the quantity Bg in Theorem 12 becomes

(v}

Bi = 52k o tk—1(tk— 1—1) o = glmew Y ko Prti—1(tk—1 — 1)
D I (o +m)(k+r—1)[ﬂ(k‘+r—1)—ﬂ
< MK 42 ) (K 41— 1)2,

Moreover, we also have E3 = W and Dopu+ 6 = %E +4< E—f. Using these bounds,
from (35), to guarantee E[||G 2" ||?] < €2, we impose

K2 (‘I’o+BK 1) pr?(Lopt+B) 2
E[HG)\J: | ] < w2 (K+r—1)2 + Znp(RK+r—1)29
2‘110 302 —w 6r2g2
< w2 (K+r—1)2 + MT(K + 2e ) + w(K+r—1)2e¥n
< €.
This condition holds if
2‘1’3 €2 302K €2 602 €2 6r2g2 €2
w2 (K+r—1)2 < 4> un S 40 pPBner = 40 and w(K+r—1)2e“n < 4
These four conditions are simultaneously satisfied if we choose
| 2v2¥g 2 24/2¥¢ 24 3r2u
K = L e 1J and n>o max{ 28 T Wlew | -
Thus, we can choose w =1 and n := & = (9(6%) for given ¢, := 2402 max{‘/zg’o , ’%ﬁ}
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Since we fix np = n > 0 and by = b > 0, the expected total number of oracle calls
becomes E[TK] =n+E [TK], where
1 — K _ K K
E[Tk] = Yiolnpr + 2b(1 = pr)] = n X4 P + 20> 1 (1 — Pr)
= 20(K +1) + (n— 2b) Y1, p
K K
20(K +1) +n[ Yo €+ 2300 s
42l 4 o4 [e(K +1) + 2In(K +7)]

4cblg\110 + % [2\/2\1/0 +2In (3\/36\1;0)]

IN

IN

IA

Therefore, we obtain IE[’?'K] =0(e?+e?+e?In(e!)) = O(e3). This inequality shows
that the expected total number of oracle calls F(-, &) and Jyr evaluations of (VFOSA}) is
at most E[Tx| :==O(e 2+ ¢ 3+ e 3In(e!)) to achieve E[[|Gra’||?] < €. [ |

D.2.3 THE PROOF OF COROLLARY 24: THE HSGD VARIANT OF VFOSA
Proof Since (HSGD) is used for Fz*, by Lemma 8, we have

_ 2 2 2 2
ke =1—(1—7)% O:= 72(1171:’@) , and o= Tg:
Now, let us choose I'y, = _SB(t=l) 5 58 I > 0 for all £ > 0 and some 6 € (0,1).

Outy_1(tk—1—1) — Ou
Then, the first condition of (34) in Theorem 12 is equivalent to

_ 2 Ty 1tp_o(te_o—1) | 538 (1=0)t_1 (tp_1—1)
me=l-(-n)® 2 -ty i = aen

This condition is equivalent to

(1—0)t5_1 (tp_1—1)
a2 (-

If we choose 13, := 1 — \/ (179);:&;(_'5'{)*171) as stated in Corollary 24, then the last condition

holds. Consequently, the first condition of (34) in Theorem 12 holds.

Since ©; = 2(1g;k)2 = 2(1_2?2@1;?51_1), we have I',0) = %. The second condi-
tion of (34) in Theorem 12 and the condition (42) in Theorem 14 both hold if 10%%):9) <A.

Therefore, if we choose by = b > %, then the last condition holds. Consequently, the

second condition of (34) and (42) are both satisfied. Moreover, since 7, > 1 — /1 — 46,

bk:b>0andBk:3>0f0rallk20,wehave@kZ@::@>Oforagivené>0.

Now, since t = tg_1 + p, if tx_1 > ﬁ (which holds if r > 1+ ﬁ), then we have

\/tk(tk -1 < \/tk;—l(tk:—l — 1) 4+ 1. Therefore, we get
Ty = [Vl — 1) — /(T = Otp1(te1 — 1))
(1= VI=0)\/tr(trr — 1) +1]°
(Otry +1)° = 4202k + 7 — 1)2 + 2u0(k +r — 1) + 1.

IN

IN
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Since we choose r > 5+ 1 o we also have r > 1+ ( ) and I'g < 500’3 for a constant cg > 0.
In this case, we can bound the quantity Bx in Theorem 12 as follows.

Br = %Zf:o te—1(tk—1 — 1)e—k
Ao 2o teli = 1)(1 - \/ (1) )

AUQb Zk o [Vt —1) — /(1 = O)tr1(tp—1 — 1)}2

< Aa% Zk o 202 (k+r —1)2 +2u0(k + 7 — 1) + 1]
gﬁgﬁ3[wHQK+r—1)+mwu¥+r—n2+u(+wl
In addition, we also have E? = W- Using these bounds and I'g < 5270(9/8’ to

guarantee E[[|Gy2z||?] < € for any € € (0,1/2], from (35), we impose

E[HG/\:CKHQ] < 2(‘113+BK—1) i pr?(Cop+B) 2

= K Fr-D2 T 2neB(K+r-1)29

202 2A02b 2,2 1 r202(5c0+6)
= (K+r 1)2 + 25(? 0)b ( 07K +2u6 + f) + (K*FT‘*].)OQ;LQTLQ
< €.

If we assume that 0 € (0,1/2] and 6 < ¢, then the last condition holds if

2‘1’(2) €2 4Ac20%bK €2 8A0c2b €2 4Ac2b 2 6corio
e S50 Mt sg, MEtas, sk g and el <

e
5
These five conditions are simultaneously satisfied if we choose

K::L@_H’ 0:=¢, ng:= 360\5#7 and bzz\ﬁAo max{lO\I/o,Q\f”P}

Combining this condition and by, = b > ﬂ = 3—56 above, we conclude that b, = b := L%J

for ¢ := 2—’/3\ and by = b := L %] for ¢ : G‘ﬁ" max{lO\Ilo,2\ﬁ, v } and all £ > 1, and

ng = || for ¢, := 300“# Since € € (0, 1/2] and 6 = €, we also have 6 € (0,1/2].
0
Finally, since by = b > 0 and by = b > 0 for all k > 0, the expected total number of
oracle calls is E[TK] = E[%] + E[ﬁ}, where T} is

E[Tk] = (2b+b)(K +1) = (22 + §) Y100 ¢ Cati) 10k

and E [76} =2b+ng = (9(6_1) is the expected total number of oracle calls for evaluating FO.
Overall, the expected total number of oracle calls F(-,£) and Jyr evaluations of (VFOSA})
is at most E[Tx| := O(e™! + ¢73) to achieve E[[|Gra™||?] < €. [ |

Appendix E. The Convergence Analysis of Algorithm 2
This appendix provides the full proofs of the results in Section 5.
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E.1 The proof of Theorem 25: Key bounds
Proof To analyze the convergence of (VFOSA_), we construct the following functions:

Ly, = Ba|SxuF | + tr_1 (Sxu¥, uk — s*) + 55 ||sF — ur||?,
Q\k = Ek + [B - (1 + S)ﬂ] tk—l(tk—l - 1)”8)\11, - S)\uk_1|]2
+ ALty (tp—1 — V){(Fa* — Fab=1 ok — k1),

ﬁk — @k + [“(l_nk)rk‘i‘gitk—l(tk—l_l)A

k—1,

where u* € zer(S)) arbitrary, ay := tx—1[tk—1 —1 —s(1 —v)], p € (0,1], s > 0, ¢ is given in
(26), and Ty, > 0 are given parameters. The quantity Ay and the parameter k; are given
in Definition 4. The functions L’k, Qk, and Pk are similar to the ones L, Qk, and Py, in
(25), respectively.

In this case, Syu and (u¥, s*) play the same role as Gz and (z¥, z¥) in Section 4 and
the results of Theorem 12 still hold for Syu and {(u”, s*)}. Using the relation ||Faz* 4 ¢F|| =
| F(Jarub) + A1 (ub — Typu®)|| = HS)\ukH, we obtain (46) from (35). The estimates in (47)
follow from (37) and the relation || Fa* 4-&¥| = ||Syu”||. Finally, since u € Jypu+ AT (Jaru),
it is obvious to check that &* := +(uf — Jypu®) = 1 (uf — 2%) € T(Jypuk) = Ta*. [ |

E.2 The proof of Theorem 26: The O(l/kz) and 0(1/k2)—convergence rates

Proof The conclusions of Theorem 26 follow from the results of Theorem 13, respectively
and the relations ||2%+! —2%|| = || Jypub Tt — Jypuf || < |[ubtt —uF|| and ||Fak+£5|| = || Sy
for ¢ := }(u* — 2*) € Ta*. We omit the details to avoid a repetition. [ |

E.3 The proof of Theorem 27: Almost sure convergence
Proof First, the 0(1 / k2) almost sure convergence rates also follow from those in Theo-
rem 14, respectively and the relations ||2*+1 — 2F|| = || JapuFt?t — JypuF|| < |JuFtt — uF||
and HFJ: + &) = [|S\uk|| for &8 == L (uF — o) € Tk

Next, we have limy_ o ||[u* — u*| exists almost surely for all u* € zer(S)) as in The-
orem 14. Moreover, we also have limy_,o |Sxu¥|| = 0 almost surely as in Theorem 14.
Applying Lemma 31 again, we conclude that {u*} almost surely converges to a zer(Sy)-
valued random variable u* € zer(S)).

Finally, since z¥ = Jypu*, * = Jypu* € zer(®) almost surely, and Jyp is continuous
(since it is nonexpansive), it is easy to show that {z*} also converges to z* almost surely
by the classical Continuous Mapping Theorem (Durrett, 2019, Exercise 1.3.3). |
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