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Abstract

Score-based generative models achieve state-of-the-art sampling performance by denoising a
distribution perturbed by Gaussian noise. In this paper, we focus on a single deterministic
denoising step, and compare the optimal denoiser for the quadratic loss, we name “full-
denoising”, to the alternative “half-denoising” introduced by Hyvérinen (2025). We show
that looking at the performance in terms of distance between distributions tells a more
nuanced story, with different assumptions on the data leading to very different conclusions.
We prove that half-denoising is better than full-denoising for regular enough densities, while
full-denoising is better for singular densities such as mixtures of Dirac measures or densities
supported on a low-dimensional subspace. In the latter case, we prove that full-denoising
can alleviate the curse of dimensionality under a linear manifold hypothesis.

Keywords: Score-based generative modeling, denoising, Wasserstein distance, diffusion
models

1. Introduction

Score-based generative models, or diffusion models (Sohl-Dickstein et al., 2015; Saremi and
Hyvérinen, 2019; Ho et al., 2020; Song et al., 2021b), achieve state-of-the-art sampling
performance by denoising a distribution perturbed by Gaussian noise. This denoising is
made in several steps by removing each time a fraction of the noise, which can be seen as
the discretization of a stochastic differential equation.

Here we focus on a single denoising step. This setting enables a more in-depth study,
that could be generalized to multiple steps in future works, but is also relevant in practice for
several reasons. Firstly, it has been used in recent work by Saremi et al. (2023), who propose
an alternative formulation of diffusion models in which each step corresponds to log-concave
sampling. The method first reduces the noise level by averaging multiple measurements,
then tries to approximate the data distribution with a one-step denoising. Moreover, in
the framework of stochastic localization (Montanari, 2023), one simulates a process that
localizes to the distribution of interest, but as this process is simulated in finite time, the
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author specifies that an additional step is needed, for example by taking the conditional
expectation, hence denoising. This final denoising step is also present in denoising diffusion
models even if not stated explicitly. Indeed, when one lacks regularity assumptions on the
data distribution, proofs of convergence for diffusion models fail, and to overcome this,
Chen et al. (2023) use early stopping of the denoising process, as keeping a little bit of noise
offsets the missing regularity. But then should we keep this extra noise or do an additional
denoising step? This last step is examined here, and relies crucially on assumptions about
the data distribution.

Formally, given a random variable X € R? with distribution . x, we will define Y = X +¢
with X and e independent and € ~ N(0,0%). The “optimal” denoiser, in the sense of
the measurable function that minimizes E[|X — f(Y)|?], is the conditional expectation
o(y) = E[X]Y = y].! This value is related to the score, i.e., the gradient of the logarithm
of the density py of Y, through Tweedie’s formula (Robbins, 1956; Miyasawa, 1961; Efron,
2011):

p(y) = EX|Y =y =y +0°Viogpy(y). (1)

But does it minimize the distance between the distribution px and p gy, (in Wasserstein
or any other distance between probability distributions)?

Of course, we want to limit the space of functions f to ones we can compute.? Knowing
that in practice, Vlogpy can be estimated by denoising score matching (Vincent, 2011),
it is reasonable to look for an expression involving Vlogpy. In a recent paper, Hyvérinen
(2025) introduces half-denoising

_YyHEXY =y ’

ag
P1/2(y) = 5 =y+ 5 Viegpy(y),

and uses it to generate samples from X with a modified Langevin algorithm. Our aim in
this paper is to study in more details the performance of this half-denoising step and to
compare it to full-denoising.

The general philosophy here is that the hypotheses made on the data distribution are
essential to assess the performance of the different denoising processes. We distinguish
between two kinds of assumptions made in the literature. The first kind is to assume that
the distribution of X is regular enough, i.e., that it admits a density px with respect to the
Lebesgue measure, and that this density is smooth, for example that x — Vlogpx(z) is
L-Lipschitz (see, e.g., Chen et al., 2023). The second kind, incompatible with the first, is to
assume that the distribution has some kind of singularities, i.e., that it is concentrated on
low dimensional manifolds, with pockets of mass separated by areas of low densities. This
framework is known as the manifold hypothesis (see, e.g., Tenenbaum et al., 2000; Bengio
et al., 2013; Fefferman et al., 2016).

Contributions. In this work, we make the following contributions:

e We show that half-denoising is better for regular enough densities, in the sense that
the distance (in MMD — maximum mean discrepancy — and in Wasserstein-2 distance)

1. For this conditional expectation to exist, we will always assume that X is integrable, i.e., E[|| X||] < oo.
2. In fact, any distance between px and pys(y) can be made zero by taking f a transport map, but it will
not be computable in general.
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between the original distribution and the denoised distribution is of order O(c?), com-
pared to O(0?) for full-denoising. We thus formalize and extend the scaling in O(c?)
obtained by Hyvérinen (2025). On the contrary, full-denoising is better for singular
distributions such as Dirac measures or Gaussian with small variance compared to the
additional noise (section 3).

e When the variable is supported on a lower-dimensional subspace, we show that there
is a trade-off between full-denoising which reduces the Wasserstein distance by en-
suring that the output belongs to the subspace, and half-denoising that reduces the
Wasserstein distance on the lower-dimensional subspace (assuming a regular enough
density). Moreover, in the case where the subspace is of small enough dimension com-
pared to the full space, we show that full-denoising is adaptive to this low dimensional
structure and thus alleviates the curse of dimensionality as the Wasserstein distance
only depends on the distance between distributions on the lower-dimensional subspace
(section 4).

e We show that the denoising performance for a mixture of distributions with disjoint
compact supports behaves as if we were denoising each variable independently, plus
an exponentially decreasing term (section 5).

e Finally, combining these results, we show that for a linear version of the manifold
hypothesis, where the data distribution is supported on disjoint compact sets, each of
these belonging to a (different) linear subspace of low dimension, full-denoising can
alleviate the curse of dimensionality even if the support of the distribution itself spans
the whole space as it adapts to the local linear structure of the distribution.

2. Notations

We introduce the following notations:

e For a € R, we denote ¢, (y) = y + ao?Vlog py (y), such that o = 1/2 corresponds to
half-denoising, o = 1 to full-denoising (and « = 0 to no denoising at all).

e || - || the euclidean norm on R%, B(z,r) the Euclidean ball of center  and radius 7.
e N (1, ) the multivariate Gaussian distribution of mean p and covariance matrix X.

e For a random variable Z € R", we write £(Z) its law, and, when it exists, py its
density with respect to the Lebesgue measure. We write Z ~ p if L(Z) = p, Z1 ~ Zs
if L(Z,) = L(Z2) and Z1 1725 if Z; and Zs are independent. We also denote, for
¢ € R, pz(€) = E[e**'?] the characteristic function of Z.

e For p > 1, we define the p-Wasserstein distance between £(Z1) and £(Z2) as

1/p
inf /Hz1 — ZQdeF(Zl,ZQ)> )

Wp(£(21), £(Z2)) =
p(L(Z1), L(Z2)) (F:F21:£(Z11)7FZ2=£(Z2)

where {I' : T',, = L(Z1),T,, = L(Z3)} is the set of distributions on R? x R? with
marginals £(Z;) and £(Z2) (see, e.g., Peyré and Cuturi, 2019).
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e For a reproducing kernel Hilbert space H, with kernel k : R* x R — R, we define the
maximum mean discrepancy (MMD) (Gretton et al., 2012) between £(Z;) and £(Zs)
as

MMDy(£(Z1), £(Z2)) = sup  (E[f(Z1)] — E[f(Z2)]).
fer | flln<1

e For k € {0,1,..} U {00}, di,ds integers, we write C¥(R%,R%) the functions from R%
to R?? with k continuous derivatives. If dy = 1, we simply write C¥(R%).

e Tor a linear operator, A : R% — R we write ||A||op the operator norm of A, defined

A
by [[Allop = sup, 4o L.

e V the gradient operator, V2 the Hessian operator, V- the divergence operator and A
the Laplacian, that will always be taken with respect to the space variable z € R?.

3. Half-Denoising is Better for Regular Densities

In this section, we show that half-denoising is better for regular enough densities. We
start by studying Gaussian variables, for which we have closed-form expressions of the
various Wasserstein distances (section 3.1). It provides insights into the behavior of the
denoiser ¢, but will also show that the bound we prove in the following section are tight
in the dependence with respect to o. Then in section 3.2, inspired by Hyvérinen (2025), we
prove a bound on the distance between the characteristic functions, |[px(§) — Dy, v (6],
that translates to bounds in MMD between the initial and the denoised distribution, under
regularity assumptions on px. Finally in section 3.3, we prove similar bounds in Wasserstein
distance, by making a link between half-denoising and one-step discretization of the diffusion
ODE (Song et al., 2021b).

3.1 Gaussian Variables

If X is a multivariate Gaussian distribution, we can diagonalize the covariance matrix of X

so that up to a rotation and a translation, X ~ N(0,diag(7Z,...,72)). Both the denoising

r'n
and the Ws-distance can then be calculated coordinate by coordinate, so we can focus on

studying Gaussian variables in R.

If X ~ N(0,7%), then Y ~ N(0,7% 4 0%) and we can compute Vlogpy (y) = 5%z It
leads to
2 4+ (1 — a)o?
Paly) = T iz &

in particular,

72 72+ (1/2)0?
Y, @1/2(9) T T 2y ¥
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The denoisers are linear transformations of Y, and their laws are Gaussian, given by

oY)~ N <07 (T +(1— a)a2)2> ’

72 4 02
N -
Y) ~ T
SOI( ) <07 T2—f-0'2>7

o WBFY,

72 4 02

o1 s(Y) ~ N <o,

For two Gaussian variables Z; ~ N (u1,0%) and Zy ~ N (u2,03), the Wasserstein distance
is given by (see, e.g., Peyré and Cuturi, 2019)

W3 (L(Z1), £(Z2)) = (1 — p2)* + (o1 — 02)*.

We can therefore compute directly the Wasserstein distances,

Wa(L(X), L(ga(Y)) = |r— Ztl—al® | H-a)(E)

N N T
WQ(E(X)vﬁ((Pl(Y))) = 7—_% =T 1—1+1(U)2)’ (2)
Wal£(X), Llpro(V)) = |r - T2 . 1_++<(>)

In particular for 2 <1 (small noise), with an expansion in Z, we get that

1 1
Wa(L(X), L(p1(Y))) ~ 502 and W2(£(X)7£(<P1/2(Y))) ~ @0’47
showing that half-denoising beats full-denoising in Wasserstein distance for small noises. In
fact, when dividing by 7 the expression in (2), we see that they only depend on the ratio Z.
These quantities are plotted in Figure 1, where we observe the behavior in (%)2 for full-

denoisng and in (%)4 for half-denoising, making half-denoising better for small noises, and

we remark that it stays better up to 2 = V8 &~ 2.83.
Note, moreover, that for &« = 0 (no denoising), we have

Wal£(X), £(po(Y)) = Wall(X), £() = 7 {1 = /14 (2) ] = S-0%
that is, full-denoising is not better than no denoising at all!
On the contrary, for Z > 1 (large noise), we have
Wa(£(X), L(p1(V))) % 7 and Wa(£(X), Lprja(V)) ~ 5o,
meaning that  Wa(L(X), L(p1(Y))) < Wa(L(X), L(p1/2(Y)))- In fact

Wa(L(X), L(p1(Y))) = 0 for a Dirac measure (7 = 0) whereas Wa(L(X), L(¢1/2(Y))) = 30.

Finally, note that we can compute the optimal « for any 7, as o = 1 + ;—i - IZ(1+
;—2)1/2 = ;—2(1 + i—i -1+ %;)1/2). For £ < 1, we get a = 1/2 4+ O((2)?) and for £ > 1,
a=1-7+ O((g)z) We see that the first order terms do not depend on 7, and corresponds

either to half-denoising or to full-denoising.
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Wasserstein distance between initial Gaussian distribution and noised-denoised distributions
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Figure 1: Wasserstein distances for Gaussian distributions at different levels of noise. Left:
linear scale, right: logarithmic scale.

3.2 Half-Denoising is Better in MMD for Variables with Smooth Densities

Hyvérinen (2025) shows that Dipy o(Y) (€) = px(€) + O(c*). The proof relies on an uniform
bound of the score function sup,cgra ||VI1ogpx(z)|| < +oo and does not keep track of all
constants. Based on the same idea, we propose a more complete statement, under a more
general Lo assumption, and an application to MMD.

Proposition 1 Assume that E[||V logpx (X)||?] < C. Then for all a € R,

Ve € R, 3 (6) = o O < T2V AL WD

and furthermore, for a = %,

o (ClEN? + 11gl)

VE € R™, [px (&) = Py, 1) (€] < 8 '

(All proofs can be found in Appendix B.)

Remark: The hypothesis on the score (E[|Vlogpx(X)||?] < C) 3 is natural in
the framework of denoising score matching, where we use a neural network to learn the
score logpy. Indeed, Vincent (2011) showed the learning the score with an Lo-error
ming E[|[s¢(Y) — Vlog py (Y)|?] is equivalent to the denoising objective E[||X — fo(Y)|?],
the latter being used in practice to learn the score. Therefore, as we are learning with an
La-error, it is natural to ask for the Lo-bound E[||V log py (Y)||?] < C. Imposing the bound
on px, E[|[Vlegpx(X)|*] < C, allows us to have the bound on py regardless of the level of

3. We can found a similar hypothesis in Assumption 2.5 of Albergo et al. (2023). Note that it’s also
nearly identical to the hypothesis H2 of Conforti et al. (2025), the difference being that the authors
take the density with respect to the Gaussian measure rather than the Lebesgue measure. H2 implies
E[||V log px (X)]|?] < C, but the converse is not true in general.
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the added noise o as E[||Vlog px(X)||?] < E[||VIogpy (Y)|?] (Lemma 10 in Appendix B).
It can also be deduced from other hypotheses made in the literature. For example:

o If X = Z +¢p, with Z1leg and g9 ~ N(0,72), and E[||Z]|?] < R? (in particular
if supp(Z) C B(0,R) as assumed in Theorem 1 of Saremi et al. (2023)), we have
E[||[VIogpx (X)|?] < %. Indeed, with Tweedie’s formula (1),

2

2
Emvmgm(xw?]:E[Ti(E[Z\X]—X) —E[j([zm —50)]
< Z(ENIELZIX)I?) + ENNZI?) + Elllcol?)~ (Tensen’s inequality)

%(E[EH!ZHZIXH +E[IZ|°] + dr?)

IN

(Jensen’s inequality on conditional expectation)

3 3
= 5 (2E[|Z]) + dr®) < (2R + dr?).

e If X is such that * — Vlogpx(x) is L-Lipschitz and E[|X|]?] = ms < oo
(cf. assumptions Al and A2 of Chen et al. (2023)), we have E[||[V1ogpx(X)|?] <
2(L*may + ||V log px (0)?).

These bounds on the characteristic functions lead to bounds in MMD (Gretton et al.,
2012) for a translation-invariant kernel. We assume that we are given a kernel £ to compute
a MMD, and that k is translation-invariant, i.e., k(z,y) = ¥(z — y), with ¢ : R - R a
bounded, continuous positive definite function. From Bochner’s theorem, there is a unique
finite nonnegative Borel measure A on R™ such that

(z) = / TN (E).

Then, for two random variables X and Y, we have (Sriperumbudur et al., 2010, Corollary 4)

1/2
M, (£00. £0) = ([ I (@~ pr(©Pas©)
Corollary 2 Assume that, E[|V1ogpx(X)||?] < C, and,

Cy = / IE[2dAE) < 0o, Cy= / I€[dAE) < 0o, and  Cs = / IEIFIA(E) < oo.

Then, for all o € R,
MMDy,(£(X), L(¢a(Y))) < K102,
with Ky = VTG

Furthermore, for a =

N[

MMDyg (L(X), L(1/2(Y))) < Ksot,

with Koy = 7@&*08 .
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The first result applies for @ = 1, hence we can compare the bound that we
get for full-denoising (first result) to the one we get for half-denoising (second re-
sult). It shows that for regular enough densities (E[||Vlogpx(X)|?] < C), we have
MMDy(L(X), L(p12(Y))) = O(o?), whereas MMDy(L(X),L(¢1(Y))) = O(c?) and
hence the bound on MMDy,(L(X), L(¢1/2(Y))) is negligible compared to the bound on
MMDy(L(X), L(p1(Y))) for small o, therefore extending the result seen above for Gaus-
sian distributions. Moreover, the bound MMDy,(L(X), L(¢a(Y))) = O(c?) also applies for
a = 0, hence as in the Gaussian case, full-denoising does not do better than no-denoising
for small o.

3.3 Half-Denoising is Better in Wasserstein-2 for Variables with Smooth
Densities

We now prove similar bounds in Wasserstein distance. To do so, we introduce a continuous
diffusion process, progressively adding Gaussian noise to X with a Brownian motion, and
the diffusion ODE, which generates the same marginals with a deterministic process. This
deterministic process, sometimes referred to as the probability low ODE (Song et al., 2021b),
has been used as a way to have deterministic generation with diffusion models. Here, we
will use the fact that half-denoising can be seen as a one step discretization of this ODE.
We give a complete proof of the construction of this ODE in Appendix A. Here is a brief
overview.

We define a process X; = X + By, with B; a Brownian motion, such that we have X = X
and Y = X, 2. We also denote p; = px, the density of X; with respect to the Lebesgue
measure. p; verifies the Fokker-Planck equation dp; = Ap;, which can be rewritten as
Opy = =V - (—pVlogp;). We deduce that we can then defined the following ODE:

{ % = —IVlogpi(z;) fort>0 (3)
T = X for some t* > 0,

and that it has the same marginals as X;: Vt € [0, +oo[, z; ~ Xy, and verifies, for all £, s > 0,

1 t
Ty — T = —2/ V log py(z,)du.

Note here that Vlog p; is not, in general, Lipschitz-continuous near ¢t = 0. That’s why we
take an initial condition® at t* > 0. However, we verify that the trajectory can in fact be
integrated up to t = 0 (see Appendix A for more details).

As Gentiloni-Silveri and Ocello (2025),° we use the continuous time process z;, and
its one step discretization, to get natural couplings between distribution of X and ¢, (Y)
and compute Wasserstein distances. We have X ~ z¢ and ¢o(Y) ~ &g, with 29 = z; +

4. This should not come as a surprise, as if we take ux to be a Dirac at 0, then all trajectories will coincide
at t = 0, which is prohibited by Cauchy-Lipschitz Theorem.

5. The choice of t* does not matter as for any ¢* > 0, we will have the same marginals for (z+)¢>0, and in
particular it will give a path between z,2 ~ Y and zo ~ X.

6. Gentiloni-Silveri and Ocello (2025) compute Wasserstein distance for the diffusion SDE with a multiple
step discretization.
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atVlog py(zy) and t = 2. This leads to the bound W2(L(X), L(0a(Y))) < E[||lzo — £0||%],
with

. 1/t
Ty — Tg = 2/ Vlog ps(zs)ds — atV log py(xy).
0

To conclude, we need to be able to bound V log ps(xs) for s € [0,t], and to do that, we only
need to have a bound on Vlog px(X). Formally, we have the following result:

Proposition 3 Assume that E[||V1ogpx (X)||?] < C. Then

2

Wa(L(X), £lpa))) < L2002

For a = 1, this bound is already better (in o) than the bound given by Proposition 2
of Saremi et al. (2023) which is Wa(L(X), L(p1(Y))) = O(c). Moreover this bound is tight
(in o) as for a Gaussian variable with variance 72, we have Wa(L(X), L(¢1(Y))) ~ 502 for
small enough o. Note that if we remove the assumption (i.e., C' = 400), then we fall back
on the bound by Saremi et al. (2023) (take for example X a Dirac measure, for which we
have seen that Wa(L(X), L(¢1/2(Y))) = 50).

But for a = % we can hope to have a better bound, in o2,
MMD. Indeed, we have

as it was the case with the

1t 1
xo — &g = 2/ Vlogps(zs)ds — itV log py ()
0

= 1/ (Vg ps(xs) — Vlog pi(xy)) ds

/ / (Vlog py(xy)) duds.

If we can control E[H%Vlogpt(act)HQ] < C, we will get E[[|lzo — z¢]|?] = O(t*) hence
Wa(L(X), L(p1/2(Y))) = O(c*). Formally, we need the following lemma:

Lemma 4 Assume that the variable X of density px satisfies:
e logpx € C3(RY).
o C1 =E[[|VIogpx(X)[°] < o0

o Cy = E[[|[V2logpx (X)[2,] < 0o, where || Allop is defined for any matriz A as || Allop =

“u | Az
Paz0 T

o C3=E[|[VAlogpx (X)[?] < o0

Then,
2

<C,

HVIngt xt)

with C = 3(4C, + (242 + 5)C1/*C3* 4 Cy).
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Using this lemma, we have the following proposition:

Proposition 5 Under the assumptions of Lemma 4, we have

Wa(L(X), L(p12(Y))) < Ko,

with K = §\/4(jl + (242 + 5)011/3022/3 +Cs.
Remarks:

e In Appendix C, we show that if X = Z + go , with E[||Z]|%] < oo, Z1ep and g¢ ~
N(0,72), then X verifies the assumptions of Lemma 4. In particular, it applies to
the case of supp(Z) C B(0,R), assumed in Theorem 1 of Saremi et al. (2023), as
then E[||Z]|°] < RS. Tt also proves that a mixture of Gaussian distributions verifies
the hypothesis (take 7 the smallest eigenvalue of all the covariances matrices of the
Gaussian distributions in the mixture).

e The assumptions of Lemma 4 and Proposition 5 control the regularity of the density
px. The fact that we need to bound derivative up to order 3 comes directly from
the Fokker-Planck equation dyp; = Apy, which can be interpreted heuristically as “one
derivative in t equals two derivatives in x”, hence to control %V log pi(z), we need to
control derivatives in x up to order 3.

e The control of the Hessian ||[V2logpx (z)|lop corresponds to controlling the Lipschitz
constant of the function x — Vlogpx(x) and is an assumption usually done in the
literature (see, e.g., Chen et al., 2023, assumption Al). Having an uniform bound is a
strong assumption, and in particular it implies that the distribution has full support on
R%. But here we only need to control this quantity in expectation under the law of X.
As a consequence, this result can apply to distribution such that z — Vlogpx(z) is
not globally Lipschitz-continuous, and moreover it does not even have to be defined
everywhere. Take for example

1
Le 1= if |z <1
2 =J 7€ i <
px(@) { 0 otherwise,

where Z is a normalizing constant (Fig. 2). Then logpx(z) = —+—5 is only defined

1—a?
on the interval (—1,1) and we have

2x
Vo r)=—"-s5,
g px () (1 —$2)2
2 (322 +1)
V21o r)=——""7-—3,
gpx () (1 7332)3
24x (a?Q + 1)
VAlo r)=—"—""7—"—-,
g px () (1 7$2)4

with none of these quantities being bounded on (—1,1). However, our assumptions
only require the bounds in expectation, and as the density px decreases exponentially

10
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1
px(z) x e =2

-1.5 -1.0 —0.5 0.0 0.5 1.0 1.5

Figure 2: Example of a smooth density with a compact support.

fast when |z| — 1, overcoming the polynomial growth of the derivatives, all three
constants Cq, Cy and C3 are finite.

Note that as Propositions 3 and 5 can be applied to distributions with compact sup-
port, they can be combined with Proposition 7 of section 5.

e The assumptions are not verified for a very singular distribution, e.g., a Dirac
pux = dp, for which logpx is not even defined. In this case, we have x; ~ N(0,¢I)

hence log pi(z) = —Héy, Viogpi(x) = —% and E[||Vlegp:(X)|2,] = 4. which is
not bounded, and not integrable near 0. The result of Proposition 5 don’t ap-
ply, and indeed we have (cf. section 3.1) Wa(L(X),L(p1/2(Y))) = % whereas

Wa(L(X), L(p1(Y))) = 0.

e All results from this subsection can be extended to Wasserstein-p distance for any
p > 1 (see Appendix D).

4. Variable with Support on a Subspace: Balancing Between the Impacts
of Singularity and Regularity of the Distribution

In many practical applications, the data distribution is supported on a lower dimensional
manifold, a case known as the manifold hypothesis (see, e.g., Tenenbaum et al., 2000; Bengio
et al., 2013; Fefferman et al., 2016). Locally, this manifold will look like a linear space,
therefore, we take a look at the idealized case when the variable is supported on a linear
lower-dimensional subspace.

Proposition 6 Assume that X is supported on a linear subspace H of dimension m, with
m < d. Write X1 = pg(X), with pg the orthogonal projection on H, and Y1 = X1 +¢1 € H
with €1 ~ N(0,0%1,,) € H. Then:

W3 (L(X), L(pa(Y))) = W5(L(X1), L(pa(Y1))) + (d = m)(1 — a)c>.

We can interpret this result as trade-off between o = 1 (full-denoising) which cancels
the second term, as it ensures that ¢, (Y) belongs to the subspace H (see the proof in

11
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Appendix B for more details), and a = 1/2 (half-denoising) that will reduce the first term if
px, is regular enough to apply the results of the previous section. More precisely, under the
assumption that the density on the subspace is regular enough, W2(L(X71), L(¢a(Y7))) is
in O(o*) for full-denoising (Proposition 3), and in O(c®) for half-denoising (Proposition 5).
Half-denoising is better on the subspace for o small enough, but the term W dominates
as o goes to zero. Depending on the ratio between the dimension m of the subspace and d
of the whole space, there may or may not be a sweet spot for half-denoising where the gain

obtained by reducing the first term outweighs the increase in the second term.

We illustrated this in Figure 3, where the target distribution is a Gaussian A (0, 721,,)
supported on the subspace R™ x {0}4~™ (we use the closed-form formulas from Section 3.1).
For full-denoising, the only term that remains is W2(£(X1), £L(¢a(Y1))), that is plotted in
orange. Half-denoising is plotted in green, and is the sum of the term W2(L£(X1), £(pa(Y1)))
(red dotted line) and the term W (purple dotted line). The term corresponding to
half-denoising on the subspace (red dotted line) is smaller that the Wasserstein distance
for full-denoising (orange line) for o < 2.837. However, we observe that as o goes to zero,
the term W (purple dotted line) dominates hence the Wasserstein distance for half-
denoising (green line) is greater that the error for full-denoising. For d = 10, m = 9 (a), there
is a sweet spot in which the trade-off is in favor of half-denoising, while for d = 10,m =5

(b), full-denoising is better at all noise levels.

Proposition 6 also shows that full-denoising is adaptive to the low dimensional structure
of the data, as the Wasserstein distance only depends on the distance between distributions
on the lower-dimensional subspace. Therefore, in the case where m < d, it alleviates the
curse of dimensionality.

5. Mixtures of Distributions with Disjoint Compact Supports Behave like
Independent Variables

In the case of the manifold hypothesis, it is also common to suppose that the distribution
is made of small pockets with high density of probability, representing different classes
of objects, separated by regions of low density. We model this case be saying that the
distribution of X is a mixture of distributions with disjoint compact supports. In this case,
we show that the denoising performance for a mixture of distributions with disjoint compact
supports behaves as if we were denoising each variable independently, plus an exponentially
decreasing term.

More formally, let X ~ ux = Zf\il i (with Zfil m = 1,m; > 0 ) a mixture
of distribution p; with compact support S; such that D = min;.;d(S;, S;) > 0 (with
d(Si, Sj) = ming,es, 2,5, ||#;: — x;]|). We denote Y = X + ¢ with X Le and £ ~ N(0,0%1),
for 0 > 0. For a € R, we denote ¢, (y) = y + ac?Vlogpy (y), v the law of Y and p, the
law of ¢, (Y). Similarly, for X; ~ p;, and Y; = X; + ¢ with X; Le and ¢ ~ N(0,0%1), we
denote ©; o(y) = y + ao?Vlogpy; (y), v; the law of Y; and p; o the law of ¢; o(Y;). We have
the following proposition:

12
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Wasserstein distance between target distribution and noised-denoised distributions

fully denoised distribution - == half denoised distribution on the subspace
—— half denoised distribution - == additional orthogonal error of half denoised distribution
30 10%
1072
o~ 2[] ] 3
+ 1070
= =10
10 10
1071
0
0 1 2 3 4 5 1072 107! 10° 10!
o/T o/t
(a) d=10,m =9
Wasserstein distance between target distribution and noised-denoised distributions
—— fully denoised distribution - - - half denoised distribution on the subspace
—— half denoised distribution - == additional orthogonal error of half denoised distribution
1
10 10
1073
30
= 107
220 X
10—]]
10
10719
0
0 1 2 3 4 5 1072 107! 10° 10!
o/T o/t

(b) d=10,m =5

Figure 3: Wasserstein distances for Gaussian distribution supported on the subspace R™ x
{0}4=™ as target distribution and different noise levels o.

Proposition 7 We have, under the above assumptions,

1 K

where K is a constant that depends only on D.

The O hides a constant depending on «, d, N and R such that supp(X) C B(0, R) (see the
proof in Appendix B for more details).

In the case where the y;’s are Dirac measures, and for a = 1, we have W2 (u;, p1;.o) = 0,

hence 1 K
2 _
W5 (px, pta) = O <Jmax(d—28) oxp <_02>> ’

which is way better than polynomial rates in o seen above.
In Figure 4, we illustrate this result for a mixture of two Dirac measures in 1D,
with X = %ﬂ)“ for some p > 0. In this case, we can derive integral expressions for

13
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Wasserstein distance between target distribution and noised-denoised distributions

fully denoised distribution half denoised distribution

10 102

107!

1074

W/
W/

9 1077

10710

0 1 2 3 4 10~ 10° 10
o/p o/u

ot

Figure 4: Wasserstein distances for a mixture of two Dirac measures % as target dis-
tribution and different noise levels o.

Wa (£(X),L(pa(Y)))
I

full-denoising, the only remaining term is the O (m exp (—%))7 which decreases

as functions of % that can be evaluated numerically (see Appendix E). For

much faster than the error for half-denoising.

6. Consequences

In this section, we examine the consequences of our results for methods based on one-step
denoising as well as for multi-step diffusion models.

6.1 Linear Manifold Hypothesis

We can combine Propositions 6 and 7 to tackle what we call the linear manifold hypothesis.
We defined the linear manifold hypothesis as a simplified version of the manifold hypothesis,
where the data distribution is supported on disjoint compact sets, each of these belonging
to a (different) linear subspace of low dimension, as illustrated in Figure 5. Then applying
Proposition 7 allows to bound the Wasserstein distance between the original distribution
and the fully denoised distribution by the sum of the Wasserstein distances between the
distributions on each compact sets (plus on exponentially decreasing term). As each compact
set belongs to a low-dimensional subspace, we can apply Proposition 6, which tells that for
full-denoising, the Wasserstein distance depends only on the distribution on the sub-space.
In this case, we see that full-denoising can alleviate the curse of dimensionality even if the
support of the mixture distribution itself spans the whole space as it adapts to the local
linear structure of the distribution. More generally, understanding the performance of score-
based generative models for data distribution supported on a low dimensional manifold is
an active area of research (see, e.g., Tang and Yang, 2024; Azangulov et al., 2025).

In particular, a result from Azangulov et al. (2025) also gives a bound for full-denoising
that only depends on the manifold dimension under the manifold hypothesis. For a smooth
manifold M of dimension dj; < d and a regular enough density px (see the original paper

14
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for all assumptions), we can deduce from their Theorem 12 that

Wa(L(X), L(21(Y))) < 71/8(40drr log, 0= + 8 Ciog + 3) (4)

where log, : z — max(logz, 1) and Ci, is a constant that controls the regularity of px,
in particular, it must verify Vo € M,e"Cs < py(z) < e¥Cos. This bound shows
that the Wasserstein distance between the fully denoised distribution and the original dis-
tribution only depends on the subspace dimension. Compared to Propositions 6 and 7, it
allows to tackle the more complete case of a smooth manifold, however it relies on stronger
smoothness assumptions, with in particular the need for a lower and upper bounded density
e~ Cos < py () < eCos | while our results do not not need any regularity assumptions
on px. Moreover, we see that (4) scales as O(o), whereas Proposition 3 gives a scaling in
O(0?) is the density is regular enough. Future work could be dedicated to seeing whether
we can draw inspiration from their approach and ours to achieve a more general result with
a scaling in O(c?).

\

(a) (b)

Figure 5: Illustration of the linear manifold hypothesis (a — thick line), and the manifold
hypothesis (b — fine line).

6.2 Half vs Full for One-Step Denoising

Our results give insights to choose between half and full denoising in algorithms that use
one step denoising. This includes the algorithm proposed by Hyvérinen (2025), which can
be viewed (for pu = %2) as a regular Langevin on the noisy variable Y followed by one step
of half-denoising, walk-jump sampling (Saremi and Hyvérinen, 2019), which is a regular
Langevin on the noisy variable Y followed one step of full-denoising, or also Sequential
multimeasurement walk-jump sampling (Saremi et al., 2023), where noise is first reduced by
averaging multiple noisy measurements then one step of full-denoising is applied. While in
the algorithms listed here, the choice of half or full denoising is arbitrary, our results provide
guidance on choosing one over the other depending on practical cases. If the density is
regular, then half-denoising is preferable, whereas if it is singular, for example in the case of
the manifold hypothesis, full-denoising is preferable.
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6.3 Denoising Diffusion Models

We will briefly discuss the first insights that our results on one step denoising give about
multi-step diffusion models, leaving a further analysis for future work. We will focus on
diffusion models with a deterministic denoising process, such as the probability low ODE
by Song et al. (2021b) and DDIM by Song et al. (2021a). We start from the more general
formulation of the probability flow ODE given by Karras et al. (2022):

dl‘t S(t) . Tt .
= = 06000 logp (i (07?). (5)

where p (a:;aQ) is the density 7 of the variable X + N(0,02), and x; as marginal z; ~
s(t) - (X + N(0,0(¢)?)).

From this equation, we get algorithms by choosing some time 7', sampling Xy ~
N(0,s(t)%0(t)?) ~ xp, and discretizing the process given by (5) with N (possibly non
uniform) steps to =7 >t; > -+ >ty =0.

There are multiple ways to discretize (5), leading to different algorithms (see Appendix F
for more details on the derivations). The DDIM algorithm (Song et al., 2021a) corresponds
to the update

Xjy1 = S(t(l:;l)j(k + s(th1) (0 (te)® — o(tr)o(trr1))Viog p (Xk;ff(tk)Q) :
s(tr) s(tk)

Equivalently,® using the rescaled variable Xj, = X}, /s(t),), we have
K = Xp+ o (0(t)? = o (tx41)?) Vogp (X o (t)?) |

) - o(ty)
with o, = Wio(t;@)

and o (tg41)-
On the other hand, the Euler discretization of (5) gives

. This update corresponds to ay-denoising, between noise levels o ()

5(te) (tey1 — tr)
s(tx)

K = (1 ; ) Ri — s(t) (ot — tr)5 () (8)V log p (f‘} a(tm) ,
s(tx)

and with the rescaled variable X, = X, /s(t)), we have

Koy = ) i(ft’iﬁ’;“ “ g, (f:j) (b1 —t) () () ¥ ogp (S (8)?) . ©

7. We differ slightly from the notation of Karras et al. (2022) as we parametrize this density by o2 rather
than o, to be more coherent with the usual notation for Gaussian distributions and such that we have
pe(z) = p(x;t) for the process of (3).

8. From a theoretical perspective, looking at X and X & is strictly equivalent as we can go from one to the
other simply by multiplying by a known quantity. Note however that this scaling can have consequences
on the training and numerical stability of the algorithms (but those effects can be dissociated by adding
multiplicative constants to modify how our neural network and training loss are parametrized, as done
by Karras et al. (2022)).
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This cannot be directly interpreted as a-denoising, but for s(¢) = 1 constant, then the
update becomes

Xk—&-l = Xk + Qg (U(tk)Z - U(tk+1)2) Vlogp (Xk, O'(tk)z) s

—(try1—tr)o(tk)o ()
o(ty)?—o(tes1)?
does not only depend on the noise levels (o(tx))x, but also on the specific choice of noise

parametrization ¢ + o(t). Indeed, taking o(t) = v/t (which corresponds to the model
introduced in Section 3.3) gives

with ap = . Here, we have steps of a-denoising, but the coefficient ay,

—(o(tr+1)? = 0 (tr)?) 55770 (th)
A = =
’ o(t)? = o (t41)?
while taking o(t) =t (as Karras et al., 2022), leads to
—(0(trr1) —o(tr))o(te) _ o(tr)
o(t)? — o(trs1)? o(th+1) +o(te)’

)

N |

Q. —

which is exactly the same as the DDIM update.

For the parametrization s(t) = 1 — ¢ and o(t) = 1 used in flow matching (Liu et al.,
2023; Lipman et al., 2023; Albergo et al., 2023), the update (6) can also be interpreted as
ag-denoising. Indeed, we have

s(tk) + 8(tk) (trar —tr) _ 1 —tn — (the1 —te) _ 4

5(tht1) I —tg

and with the identities ¢ = lig()t), s(t) = Tﬁ(t)’ and o (t) = ﬁ = (1+0(t))?, we get that
_ s(te) = (kg1 — te)o(tk)o (k)
s(ti1)  o(te)? — o(tps1)?

1+ o(tes1) (Jff{“tl) - 115:&;21)) (1+ o(tr))?o(tr)
L+o(ty)  (o(te) +o(trt1))(o(te) — o(te+1))
o(tx)
o(tks1) +o(te)’

which is exactly the same as the DDIM update.

We can interpret these different coefficients aj in the light of our theoretical results.
At the beginning of the reverse process, one is going from a noisy distribution to a sightly
less noisy one. As noising regularizes the density, our finding shows that half-denoising is
better. For the Euler discretization with noise schedule o(t) = v/t, we do have a; = % For
DDIM—and equivalently the Euler discretization with parametrization s(t) = 1, o(t) = ¢
or s(t) =1—t, o(t) =t/(1 —t)—if we assume that o(txy1) = o(ty) — Ao with Ao < o(ty),
then we have aj ~ %

On the contrary, at the end of the reverse process, one is going from a noisy distribution
to the target distribution, therefore the choice of the coefficient o should depend on what
we know about the target density. For the Euler discretization with noise schedule o(t) =
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V1, as the coefficients oy, are constant equal to %, our theoretical results suggest that this
2

choice is best for a regular target density. For DDIM, or Euler with s(t) = 1, o(t) =t or
s(t)y=1—1t,0(t) =t/(1 —1t), then oy gradually shifts to

o _ G(tN_l) _ O'(tN_l) _
N-1 O'(t]v_l)-i-O'(tN) U(tN_1)+0

)

which corresponds to full-denoising.” Our results suggest that this choice is best suited for
a singular density, for example under the manifold hypothesis.

When interpreting each step as a-denoising, it appears that these design choices lead
to different algorithms that may be more or less suited to certain target distributions. We
believe that it would be interesting in future works to study whether it is possible to choose
directly different time schedules for the coefficient . More generally, as the optimal «
depends on the properties of the data distribution, it would be interesting to see if it could
be fine-tuned in a data-dependent way.

7. Conclusion

We have shown that half-denoising is better than full-denoising for regular enough densities,
while full-denoising is better for singular densities such as mixtures of Dirac measures or
Gaussian with small variance compare to the additional noise. Moreover, the performance
of the denoisers can be further accessed with additional assumptions on the data distribu-
tion, that occur naturally in real-world data, for example with images under the manifold
hypothesis.

When the variable is supported on a lower-dimensional subspace, we have shown that
there is a trade-off between full-denoising which reduces the Wasserstein distance by ensuring
that the output belongs to the subspace, and half-denoising that reduces the Wasserstein
distance on the lower-dimensional subspace assuming a regular enough density. In the
case where the subspace is of small enough dimension compared to the full space, full-
denoising alleviates the curse of dimensionality as the Wasserstein distance only depends on
the distance between distributions on the lower-dimensional subspace. Moreover, we have
shown that the denoising performance for a mixture of distributions with disjoint compact
supports behaves as if we were denoising each variable independently, plus an exponentially
decreasing term. This led to a case we called linear manifold hypothesis, where the data
distribution is supported on disjoint compact sets, each of these belonging to a (different)
linear subspace of low dimension, and for which full-denoising can alleviate the curse of
dimensionality even if the support of the distribution itself spans the whole space, as it
adapts to the local linear structure of the distribution.

For algorithms using one step denoising (Saremi and Hyvérinen, 2019; Saremi et al., 2023;
Hyvérinen, 2025), our results provide guidance on choosing between half-denoising (regular
density) and full-denoising (singular target density, manifold hypothesis). Moreover, for
multiple steps denoising models, we have shown that each step can be seen as a-denoising,
with different a’s depending on design choices. Our theoretical results therefore offer new
insights into design choices based on assumptions about the data distribution.

9. Note that this is coherent with the fact that DDIM is exact if the data distribution is a Dirac (Nakkiran
et al., 2024), a distribution for which full-denoising is also exact.
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There are several avenues to explore to extend this work. We could try to extend our
results for the linear manifold to a more general low-dimensional manifold, drawing inspi-
ration from Azangulov et al. (2025) to get a result in their setting, while improving the
dependency in ¢ and relaxing some assumptions. It would also be interesting to explore fur-
ther around diffusion models, for which multiple denoising steps are repeated, and compare
to existing theoretical result on the performance of the models (see, e.g., Bortoli, 2022; Chen
et al., 2023; Conforti et al., 2025; Gentiloni-Silveri and Ocello, 2025). We believe that the
idea of tuning the coefficient « of the denoising steps depending on the target distribution
could be further pursued. We also hope that the techniques developed here could lead to
a better understanding of the Wasserstein error of diffusion models, both for deterministic
sampling (discretization of the diffusion ODE (3)) and stochastic sampling (discretization of
a reverse time SDE). To do so, one should also take into account the error at initialization
(approximating the noisy distribution by a Gaussian), the impact of the (possibly varying)
step size of the noise schedule (Strasman et al., 2024) and the error in learning the score.
For the latter, it would be interesting to include results on the ability of neural networks
to learn the score for distributions supported on a lower-dimensional manifold, as done by
Tang and Yang (2024) and by Azangulov et al. (2025). We tried to answer some of these
questions related to the Wasserstein convergence guarantees of the multiple step diffusion
models in a subsequent paper (Beyler and Bach, 2025).
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Appendices

Appendix A. Fokker-Planck Equation and the Diffusion ODE

In this section, we give a short proof of the Fokker-Planck equation, and use it to define the
ODE (3) presented in section 3.3. There are many references about Fokker-Planck equations
(see, e.g., Risken, 1996; Bogachev et al., 2015), but here we try to give a proof as simple
and self-contain as possible. For general results on SDEs, we refer the reader to Le Gall
(2016). We will always assume, but note explicitly write, that we have a probability space,
a filtration and a Brownian motion such that all randoms variables are well defined.

We study the process X; = X + By, in particular, Xy = X +tZ with X 1 Z, Z ~ N (0, I).
From that we deduce that X; admit a density p; with respect to the Lebesgue measure that

verifies, for ¢t > 0,
exp (—[lx — ul?/2t
pt(-fU) = / ( (27Tt)d/2 )dMX(U) > 07

and that (¢,z) — p(x) is C.
The evolution of the marginal p; is dictated by a partial differential equation, the Fokker-
Planck equation.

Proposition 8 (Fokker-Planck equation) Let f € C'(R x R%,R%), g € C°(R,R), and p;
the density of a process X that verifies the following SDE

dXe = f(t, X¢)dt + g(t)dB, (7)

and assume that (t,x) — py(z) is C2 on R x R%. Then for all t > 0, we have

1
Oy = =V - (fpe) + 592APt'

Proof Let ¢ € C°(R% R) with compact support. Then for ¢ > 0,

/So(fv)atpt(:c)dx = /(p(m lim Pt+h(x)h— pt(x)dx

h—0

— tim & ([ elomnters - [ eop(oa)

h—0 h

= lim 3 Elp(Xen) — (X0

By Ito’s formula,

t+h 1 t+h

QD(XH-h) - (P(Xt) = \ V(p(Xs) ~dXs + 5 ) A@(Xs)d<Xa X>s

t+h t+h

= [ Ve s Xds + / 4(5)Vip(X,) - dB,
1 t+h

+ = A(p(XS)g(s)2ds.
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Taking the expectation, we get that,

t+h 1 t+h
EleXen) — 9] = [ EIVR(X) Sl Xlds +0+ 5 [ EIAG(X)lg(s)ds.
t t
As ¢ has compact support, integration by part gives:
EIVP(X) - £l X0] = [ Vola) - f(s.0)pula)de = = [ o)V (Fs.0)pu(a))da

and
— [ Aetapaits = [ @), (w)da.

It follows that,

“imt (<[ v Gtsmmenas + 3 [ [ otwatsr sneyisas )

—— [e@V- (Ftapla)do + ; [ e@gteran()d.

as both integrands are continuous with respect to time, and we can rewrite,
1
[ 6@ (o) + 9 (1t alpe)) - 5907 p1(0)) do =0
for all ¢ € C>®(R?, R) with compact support. It follows that for all # > 0, almost surely in z,

Oupi(x) = =V - (f(t2)mi(a)) + 59(0)* M),

which gives the desired result as these quantities are continuous in . |

For the process X; = X + By, we have dX; = dBy, which is (7) with f =0 and g = 1.
The Fokker-Planck equation is therefore

1
Oipr = iApt'
As Ap; =V -Vp, =V It o VP =V - pV log p;, the equation can be rewritten as
1
Opr = —V - <—2V10gpt> Pt

which correspond to the Fokker-Planck equation with drift term f(t,z) = —3V logps(z).
This allows use to define the diffusion ODE, used in section 3.3.
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Proposition 9 Let t* > 0. We can define a process (x¢)i>0 by

d = —IVlogpi(xy) fort>0 -
T* = Xt*-

This process has the same marginals as X;: Vt € [0,4o00[,z; ~ Xy, and verifies, for all
t,s >0,
1 t
Ty — Tg = —2/ V log pu () du.
S

Proof We know that for ¢t > 0, (t,z) — p¢(x) is C*°. In particular, the ODE defined by (3)
can be solved for all time ¢ > 0, and we have for s,¢ > 0:

1 t
T — Ty = —2/ V log py () du. (8)

For now, we will write p; the density of the marginal of x;. As x; is defined as the
solution of an ODE, we introduce the resolvent R(s,t,x) that gives the solution at time ¢ of

the ODE X
y = —5Vlogpi(y),

with initial condition z at time s. R is invertible and verifies R(s,t,7)~! = R(t,s,z).
Moreover, as (t,z) — Vlogpi(z) is C*°, R is also C*™ (see, e.g. Paulin, 2009, Théoréme
7.21).

By construction, z; = R(t*,t, X4+ ), leading to:
pi(x) = |det VR(t, t*, x)|p (R(t, t°, x)),

in particular, (¢,z) — pi(z) is C* on R X R%. We can apply proposition 8, to get that

- 1 1
Opr =V - (—2V10gpt> = —§A10gpt = Oipt,

and as pg+ = py=, it leads to py = p; for all £ > 0.
We finally need to verify that we can extend (8) up to time s = 0, i.e., that the trajectories
can be integrated up to time ¢ = 0. For ¢t > 0, Tweedie’s formula (1) gives:

1
Viog pi(z) = ;@ — E[X[X¢ = 2]).
In particular, as xy and X; have the same distribution,
1 1
E[lIV1ogpe(2:)|] = SE[IXe — E[X]Xe] ] = SE[IIE[X: — X|X]]I]

Jensen’s inequality gives

E[|[E[X: — X|X¢]|]] < E[E[|Xe — X || X¢]] = E[[| Xy — X]]
< VE[IX — Xe|l?] = VE[[|B|?] = Vtd,
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therefore,

d
E[HVlOgPt(ﬂft)H] < e

which is integrable near 0. We get that

t
E {/ ||Vlogpu(a:u)Hdu] < 00,
0

hence .
/ IV log py(xy)]|du < oo,
0

almost everywhere, proving that we can extend (8) up to time s = 0 (almost everywhere).
|

Appendix B. Proofs
B.1 Proofs of Proposition 1 and Corollary 2

We will first state the following lemma:
Lemma 10 Let X be a random variable with density px such that E[||V log px (X)|P] < C
for some constant C' < co and p > 1. Then for all 0 > 0, defining Y = X + ¢ with X Le
and e ~ N(0,0%I), we have,

[V log py (V) ] < C.

Proof From (B.2) of Saremi et al. (2023), Vlogpy (y) = E[V log px (X)|Y = y] hence:
E[lIVlog py (Y)|[’] = E[I[E[V log px (X)|Y]|["]

(Jensen’s inequality) < E[E[||V log px (X)||P|Y]]
= E[[|[VIog px (X)|"] < C.

We can now prove Proposition 1.
Proof (Proposition 1)
We follow Hyvérinen (2025) and keep track of the different constants.

For v = : Let X = ©172(Y). AsY = X + ¢ with X 1e and ¢ ~ N(0,021), we have

2
. A _ a2
Py (€) = px (§)ez %,
The proof uses the equality:

4 2 2
E[e’*Yi%-€ - Viogpy (V)] = - [1€]%v (&),

that comes from an integration by parts ((19) of Hyvérinen (2025)). Then the idea is to
. It . .0-2 .
write ¢ (€) = E[¢i¢X] = E[e€Y & T EVIoery (V)] — E[¢i6Y (1 4% ¢ - Viog py (V) + O(o?)] =
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. . 0-2
E[e’SY ]+ E[e€Y %€ Viog py (V)] +O(c*) = py (&) (1+ S [€]2) +0(o*) = py () T 1€I° +
O(o*) = px (&) + O(a).

To make it quantitative, we start by noticing that for any z € C, d € N,

d K d+1 Re(z)
. z [T+ max(1,e )
e — kz E
=0

< |Z
= (d+1)!

Then

5(6) = (L4 1202 €]y (€)] < E[Ie€Y] - |37 V08P ) — (14 i 0% - Vogpy (V)]

< E[%(%GQ(S - Viogpy (Y))?]

oAlleN2

< TE 19 togpr (v 17
4 2

< UEHC (Lemma 10),

and,

Px () — (1+1/202(|€])py (€)] = [px (€)]|1 = (1 + 1/20%|1¢]|?)e 27" 1EI?)
< 1= (1+1/25%|¢ )27 6P

= IR 3 (14 Lo )

1

_lg2ig2 Le2ygz 1,1
< 727 €27 lEl 2 (2 52 ¢ )12)2
2°2
g
T
Finally we get the result by combining the two inequalities.
‘For' o # 3¢ Let )A(‘ = ¢o(Y). We can still write ﬁX(f) = E‘[eig'f(] =
E[ezf’ye“w £'VIOgPY(Y)] = E[elg'y(l—|—iaa2§-Vlogpy(Y) +0(c*)] = E[ezg'y] —i—E[e’g'YiaaQﬁ
A~ ~ 2 2
Viegpy (Y)] + O(c!) = py(&) (L +ad®[¢]?) + O(c!) = py(&e 1€ 4+ O(c?) =
]3)((5)6(a_%)02“§||2 + O(c*). But here the term (a — 1) does not cancel, hence we do not

have p ¢ (€) = px(€) + O(c*). However, we can still write that elo3)ollell* — ¢ 4 O(c?) to
have the equality, but to a smaller order in . Quantitatively:

155 (€) — Py (€)] < E[Je™Y| - [eloreVIeery(Y) _q]]
< E[|lac?¢ - Viogpy (Y)|]
< a0 ||¢|[E[||V log py (Y) ]
< ad®||¢]|VE[||V log py (Y)|?]
< ac?||¢|VC  (Lemma 10),
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and,

~ ~ ~ _10.2 2

(&) — Py (€)] = [px (&)] - [1 — 1e727 €17
< |1 — ezl

_ o 3oRlel | do%lel _ )

< e~ 30lEl? 2\|§||2(1 o2[€|2)

a?|iéll?
2 )

which gives the result by combining the two inequalities.

Proof (Corollary 2)

Fora:%:

1/2
MMDy(£(X), £(p12(Y 59 = B o (OPIAE) )

-
( [ (21 dA(@>“2
7 (ot [rerane +2 [ 1grane)

o VC2C, + Cy
42

IA

IN

(oo o)
o2av/Clel + 1€1P)

( / ( ) > dA(&))

o 1/2

7 (s [1erane +2 [ 1ganco)

2 V4a2CCoy + Cy
NG .

IN

B.2 Proofs of Proposition 3, Lemma 4 and Proposition 5

Proof (Proposition 3)
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We have .
1
To =Tt + 2/ VIngS(.TS)dS,
0
and
2o = x¢ + otV log py(zy).
Therefore,

1 t
To — g = 2/ Vlog ps(zs)ds — atV log py(zy).
0

Using Jensen’s inequality two times,

R 1/t
o — doll? < 2 (H2 / ¥ log ps(s)ds
0

2
+ [latV logpt(:vt)ll2>

t t
<2 (4 [ 19 0gnte s + 2T g e ).
0

and it follows that,
t t
WH(ECX), £lea(X0) < Ellav-ail] <2 (§ [ ElITlogpu(on) Plds + 02| Tlog i)

As stated in Lemma 10, assuming E[||V log px (X)||?] < C leads to E[||V log ps(zs)||?] <
C for all s > 0, so finally:

WHE(X). Llpa(xp)) < LH20

which gives for t = o2

Wa(L(X), L(pa(Y))) < “”;”CU

Proof (Lemma 4) Using the chain rule and equation (3), we have

d d
£V10gpt(a:t) = V? log pe(z¢) - %xt + [0:V log py] ()

1
= —§V2 log pi(x¢) - V1og pe(x) + [V log pyl ().

Moreover, the Fokker-Planck equation for py is

1 1 1 1
Opr = §Apt =5V -V =35V- (peVlogpy) = 5 Ve - Viogpy + §ptAlogpt,

1 1
Ologpy = §HV10gPtH2 + iAlogpt-
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Taking the gradient in x gives

Vo, logpr = V> logpy - Vlog py + VAlogpt

This finally leads to

d 1
£V10gpt(93t) *VQ log py(z¢) - Viog pi(wy) + §VA log p¢(z¢).

We can express Vlogp;, V21ogp; and VAlogyp; in term of Vlegpx, VZlogpx and
VAlogpx. With Y = X + ¢ with X 1e and e ~ N(0,t]), (B.2) and (B.4) of Saremi et al.
(2023) give

Viogpi(z) = E[VIog px (X)|Y = ],

and

V2log pi(x) = E[V2log px (X)|Y = 2]
+E[Vlog px (X)Vlogpx (X)"|Y = a]
— E[Vlogpx (X)|Y = z]E[VIog px (X)[Y = a]"
= E[V2logpx (X)|Y = 2] + cov(Vlog px (X)|Y = x).

Similarly, we can compute,

VAlogpi(x) = E[VAlog px (X)|Y = ]
+ E[Alog px (X)Vlog px (X)[Y = ]
— E[Alog px (X)[Y = z]E[Vlog px (X)|Y = ]
+ 2E[V?log px (X) - Viog px (X)[Y = ]
+E[[|[V1og px (X)|*V log px (X)|Y = z]
— E[||[VIog px (X)|I*|Y = 2]E[V log px (X)[Y = z]
— 2E[V?log px (X)|Y = 2] - E[Vlog px (X)|Y = ]
— 2E[Vlog px (X)Vlogpx (X) Y = a] - E[VIog px (X)|Y = ]
+2|[E[VIog px (X)|Y = 2]||*E[V log px (X)[Y = z].
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Combining the expressions above, we get:

SV logpi(an) = SEIVATogpx (XY = )
+ SE[Aog px(X)V log px (X)|Y = (10)
— SEDlogpx (X)[Y = 2JE[Vlogpx (X)|Y = 2 (1)
+E[Vlogpx (X) - Viogpx (X)|Y = ] (12)
+ SElIV log px (X)*V log px (X)|¥ = 2, (13)
— SElIVlogpx (X)|Y = JE[V log px (X)]¥ = 2, (14)
~ SEIVlogpx(X)|Y = 2] -E[VIogpx (X)|Y = ] (15)

~ SEIV o px (X)Vlog px (X) Y = 2] E[VIogpx (X)|Y =] (16)

+ S IEV logpx (X)]Y = 2] %E[V logpx (X)IY = 2] a7)

We want to control all these terms in L, norm. First note that for all x € R?,
[Alogpx(z)| = [tr(VZlogpx(2))| < V||V logpx (2))le < d[|[V?logpx (2)llop, Where
| Ao is defined for any matrix A as ||Allgo = 1/tr(AAT) and verifies ||Allgro < Vd||Allop-
In particular, E[|Alogpx (X)|?] < d3Cy. Also note that x; has the same distribution as Y.
We can now control in expectation all the the terms in %Vlog ().

Term (9):

E[|[E[VAlogpx (X)[Y]|[’] < E[E[|[VAlogpx (X)[*[Y]] = E[|[ VA log px (X))
(Jensen’s inequality on the conditional expectation)
= (Cs.

Term (10):

E[|[E[A log px (X)V log px (X)|Y]||*] < E[|Alog px (X)[*||V log px (X) %]
(Jensen’s inequality on the conditional expectation)
< E[|Alog px (X)[PJ/PE[||V log px (X) |°]"/?
(Holder’s inequality)
2/3 ~1/3
< 2o,
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Term (11):

E[|IE[A log px (X)|Y]E[V log px (X) Y]]
= E[|E[A log px (X)|Y]]*|[E[V log px (X) Y]]
< E[[E[A log px (X) Y]] E[E[V log px (X)|Y]]]/?
(Holder’s inequality)
< E[|Alog px (X)P]*E[||V log px (X)) /2
(Jensen’s inequality on the conditional expectation)

<23l
Term (12):

E[IE[V* log px (X) - Vlog px (X)[Y][]?]
< E[IV? log px (X)) - Vlog px (X))
(Jensen’s inequality on the conditional expectation)
< E[IIV*log px (X3, ]|V log px (X) ]
< E[[[V*log px (X) 3,/ *E[I|V log px (X)|°T/?
(Holder’s inequality)
— e,

[}

Term (13):

E[IE[IV log px (X)[|*V log px (X)|Y]|]?]
< E[||V log px (X))

(Jensen’s inequality on the conditional expectation)
= (.

Term (14):

E[IENV log px (X)|2[Y]EV log px (X)[ Y]]
— E[(E[V log px (X) 2V D2IELV log px (X)[Y ][]
< E[(E[|IV log px (X)[*|Y])*E[||V log px (X)I*|Y]]
(Jensen’s inequality on the conditional expectation)
= E[(E[||V log px (X)[*[Y])’]
< E[||V log px (X)||°)

(Jensen’s inequality on the conditional expectation)
= (.
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Term (15):

E[|[E[V? log px (X)|Y] - E[V log px (X)|Y]||?]
< E[|E[V* log px (X)[Y][|3,|E[V log px (X)[Y][|?]
< E[|[E[V?log px (X)|V][[3,)* *E[[E[V log px (X)|Y]||]/*
(Holder’s inequality)
< E[|V*log px (X)[|3,)**E[[V log px (X[
(Jensen’s inequality on the conditional expectation)

S oAlonad
Term (16):

E[|[E[V log px (X)V log px (X) Y] - E[V log px (X)[Y][|?]

< E[|E[V log px (X)V1og px (X) " |Y]5, [E[V log px (X) Y]]
E[(E[|IV log px (X)V1og px (X) " [lop|Y])*E[[|V log px (X)|[* Y]]
(Jensen’s inequality on the conditional expectation)

= E[(E[|Vlog px (X)[*[Y])*E[[|V log px (X)[*|Y]]

= E[(E[[[V1og px (X)[*[Y])?]

< E[|Vlog px (X)]|]
(Jensen’s inequality on the conditional expectation)

= (.

Term (17):

E[IE[V log px (X)|Y]*E[V log px (X)[Y]||*]
= E[||E[V log px (X)[Y][|°]
< E[[|[Viogpx (X))
(Jensen’s inequality on the conditional expectation)

= (1.

To combine this bounds, we use Jensen’s inequality on = + z2, that gives for all
r1,...,Tp €R,

k 2 k
<Z ml) <k Z 3322,
i=1 i=1

and we finally have,

2
HVIogpt ) ] < %(401 + @22 +5)03C2 4 c5) = C.
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Proof (Proposition 5) We have,

. 1 [t 1
To— Lo = 2/ V log ps(zs)ds — itV log pi ()

/ (Viogps(xs) — Vogpi(zy)) ds

/ / (Vlog py(xy)) duds,
o]
c

N

l\.’)\t—l

hence, with Jensen’s inequality,

o (Viog puea)

PR

Elllzo — )% <

2
] duds.

Using Lemma 4, it leads to E[[|zg — 2¢]|?] < 5t*. In particular for t = 02, we get:
Wa(L(X), L(p1/5(Y))) < (Elllzo — 202 *)? < Ko,
with K = /< f\/401 +(2d2 +5)C13C2® 4 s, n

B.3 Proof of Proposition 6

Proof As the added noise ¢ is isotropic, it is invariant by rotation, thus, we can limit
ourselves to the setting where H = R™ x {0}4~™ for which the variable X can be written
X = (X1,0) with X; € R™.

Write e = (e1,62), with &1 € R™ ~ N(0,0%1,,),e2 € RO ~ N(0,0%I;_,,) and
Y =(Y1,Y2) = (X1 +e1,62), with Y] e R™,) Y5 € R@=m) and Y; LY. Hence, we have that

Viog py (y) = (Viogpy, (y1), V1og py, (y2)).

For the Gaussian Y, = g5 ~ N(0,0°1), Vl1og py, (y2) = —%.
Therefore we have o (Y) = (¢a(Y1), (1 — a)e2) and we can use the fact that for distri-
butions p1, po, v1,va Wi @ po, 1 @ va) = Wi (u1,v1) + Wi (u2, v2), leading to

W3 (L(X), L(ga(Y))) = W3 (L(X1), L(pa(Y1))) + W5 (0, (1 = a)e2),

with W2(L£(0), £((1 — a)ez)) = (d — m)(1 — a)?0?.
Note in particular that for @ = 1,

pa(Y) = (9a(V1), (1 — a)e2) = (pa(Y1),0) € H = R™ x {0}~

Full-denoising hence ensures that the denoising variable ¢, (Y") belongs to the subspace H
as it remove all the orthogonal noise es. |
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B.4 Proof of Proposition 7

Proof Let p = Zf\il it (with ZZ]\LI m; = 1,m; > 0 ) a mixture of distribution p; with
compact support S; such that D = min;.; d(S;, S;) > 0 (d(S;, S;) = minges; z;es; [|Ti —
;]))-

We denote X ~ u, Y = X + ¢ with X 1e and € ~ N(0,02%I), for o > 0. For a € R, we
denote ¢, (y) = y + ac?Vlogpy (y), v the law of Y and p, the law of ¢, (Y). Similarly,
for X; ~ pi, and Y; = X; + ¢ with X;1le and ¢ ~ N(0,0%I), we denote Vialy) =y +
ao?V log py, (y), vi the law of V; and ju; 4 the law of ¢; o(Y;). We also denote fi; o the law
of pa(Y7)-

We denote R = sup; ,¢g, ||z| < oo. We have

Caly) =y + ac®Viegpy (y) = (1 — a)y + aE[X|Y = y],

and,
pialy) =y +ao’Viegpy,(y) = (1 — @)y + aE[X;|Y; = y].
Note that for all y, [|[E[X|Y = y]|| < R and ||[E[X;|Y; = v]|| < R.
By limiting ourselves to the couplings T, o) = {7 : (X, X) ~ ywith X =
Zz’ 1,,X;, X = Z 17—;X;, Z such that P(Z = Z) = m;, and (Xquz) ~ Y€ F(Mhﬂi,a)};

we have:

W3 (1, pra) = i /H:r — &|*dy(x, &)

< inf /x—:%2d7:1:,:%
. l |"dy(z, &)

= Zm inf /Hx — 2||2dy(x, %)

YET (pisfti, o)

= > mW3 (i, fiia)-
i
Then for i € {1,..., N} we have:

Winfia) = _int [ o= dlPdr(e.a)
'Yer(ﬂullza

= inf /’$—<Pa(y)’2d7(xvy)

vEL (pi,vi)

it [ o= ea@Pdr@s) + [ o) = eal) Pz

’YEF iy

= W2 (i 1) + / l0a(y) — palv)2dui(y).

To conclude, it is sufficient to prove that [|lvia(y) — wa(¥)|?dvi(y) =
O (adl 3 €Xp (—p)) with K = K(D) a constant. We fix §; > 0 such that D —§; > 0.
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We have,

[ e1a) = eatwlPdito) = | 191.0() — 2a()]2dvi(y)
yESH—B(O,él)
+ [91.0() — pa(w)Pdvi(y).
We start by bounding the term fygES,-—l—B(O,él) lpialy) — 0o () ||2dvi(y).
/ 0ia(y) = Ca@)Pdvi(y) = Elll0i,a(Yi) — 0a(Y)|*1y,¢s.+B(0,5)]
y&S;+B(0,61)
= &E[||E[X;|Vi] — EIX|Y = Yi]|*1y,¢s,+B(0,5)]

< 4R?02P(Y; ¢ S; + B(0,01)).

We have Y; = X; + ¢ with € ~ N(0,0?) and ”j—lf ~ x? (chi-squared distribution). More
over, as supp(X;) C S;, {Yi ¢ S; + B(0,01)} C {e ¢ B(0,01)} = {”j—lf > j—i} Therefore:

P(Y; ¢ S;+ B(0,61)) gp<||5||2 S 5?)

o2 o2
_ (1/2)%? /OO 44121 ,-t/2 3y
r(d/2) Ji
2

4(1/2)42592 1
< exp [ —=—5
rd/2) o2 202

1 63
= <ad2 exp <_W>) when o — 0,

where I' is the Gamma function defined by I'(z) = fooo t*~le~tdt, for Me(z) > 0. This leads
to

16R%a?(1/2)%26¢72 1 62
2 1 1
ia(y) — pa(y)||“dvi(y) < — ex (—)

1 63
=0 | g exp ~ 552 when o — 0.
o

We now turn to the term nySi—I—B(O,él) lia(y) — ©a(y)|?dvi(y). We fix §2 > 0 such
2
that (D — 61)?2 — d2 > 0 and we denote A = {py.(y) < Told,Q exp (fm)} and

202
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B = {py,(y) > W,Uld,z exp (*mﬁn On A, we have

202

/ e ) — pa)|2du(y)
yE(SZ‘-i-B(O,(Sl))ﬂA
- / 1010 ) — val) 2y (v)dy
yE(Si+B(D,51))ﬂA
—a* | JELXIY: = ]+ ELX]Y = )| di(v)
yE(Si+B(O,§1))ﬂA

2 a2
Saz/ 41—;{1_2 <(D 61) 52>dy
y€(S;+B(0,61))NA Ti0
40 R? (D —61)% — &
T04-2 23 < 552 ) Vol(S; + B(0,61))
< 4042R2(R—|—51)d exp (D _ 51)2 — 5y |

202

miod—2

To bound the term on B, we first write py (y) = >_, mjpy;(y) = mipy;(y) + fi(y) with
fily) = Z#i 7;py; (y), and we notice that for y € S; + B(0, 1), we have:

fily)=> / ﬁexp <—Hy2_0_§|2> dpj ()

J#
1 —(D — 61)?
= Cod P < 202 ’

with C' = (27)%2, as well as,

V5@l = > [ e (W) e
J#
< 2(5(;;1) exp (—(1)2;251)2> )
and,
19 1oy, )l = | 5 (ELGIY: =31 =) < 250,
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Therefore, for y € (S; + B(0,01)) N B:

™ Vpy, (y) + Vfi(y)
mipy; (y) + fi(y)

1 V fi(y)
Vlogpy; (y) (Hf(y) - 1) +

IV log py () — ¥ log py: ()| = _ VIOgPYi(y)H

mipy; (y) + fi(y)

mipy; (Y)
fi(y) |V fi(y)]]
< ¥ log py; (y)|| + 1m0
Tipy; (y) IViog pr. ()l Tipy; (y)
1 1
T 1=t <
P L I o

1 —(D—=61)2 (D—61)%—6)\ 2(R+61)
<
=002 P ( 202 * 202 2

g
2(R+61) —(D—=61)2 (D—61)%— 6
T P ( 202 * 202
4(R+ 61) )
< _
=T 0ot P ( 202>
This leads to:
/ 191.0() — ()] 2din(y)
y€(S;+B(0,61))NB
—a%ot [ IV logpy () — ¥ log py, (v) [2dwi(y)
ye(S;+B(0,61))NB

2
< a204/ 16(1;;-51) exp <_522> dv;(y)
y€(Si+B(0,61))NB g g

16042(R + 51)2 52
ST o P (}2) -

Finally, we have:

/ 101.0(t) — Pal)IPdiiy)

16R%a?(1/2)%/25(72 1 o3
< exp | —5 5
r'(d/2) gd=2 202
40’ R*(R + 6,)¢ (D —61)% — 6,
* miod—2 P < 202 )
16a2(R + 61)? 2
T s P T2

1 62 1 (D —61)? — 0y 1 52

1 K
=0 (amax(d—Q,S) exp (_0-2)> ’

35



BEYLER AND BACH

2
with K = min (%1, %,52) > 0. (For example take 01 = % and §y = %2 to get

_ D?
K=2) m

Remark: we also have,

32R202(1/2)4/254-2 1 5
W22(,ua Ha) - 2Z7T1W22(M17:u2,0¢) < F((d//2)> ' od—2 °xp <_%‘1'2>

8Na2R%(R + 6,)% D—6)2%-96
| 8Na d(_2+ 1) exp<( 1)2 2)
o 20

3202 (R + 61)? 92
C?%g8 x

1 K
=0 <0-max(d—2,8) exp <_0-2>> ’

Appendix C. Usual distributions Verify the Hypothesis of Lemma 4

Proposition 11 Assume that X = Z + ey , with E[||Z]|%] < 0o, Z1eg and g9 ~ N(0,72),
then X wverifies the assumptions of Lemma 4 with the constants:

C1 =E[[Viegpx (X% < 283 (2E[|1Z]|°] + 15d7°),
6

Cy = E[|V2logpx(X)[I3] <9 (55 + =AY

Cy =E[[VAlogpx(X)[?] < 2ENZL,

llz—z|2

Proof First note that px : x — er 22 du(z) € C*(RY). Then (B.1) and (B.3)
of Saremi et al. (2023) give

1

Viogpx () = 5 (EIZIX = 2] ~2)
and

1 1

V2 logpx () = —— 1 + — (E[ZZT\X = 2] — E[Z|X = z]E[Z|X = x]T)
T T
1 1
= —;I%— QCOV(Z\X = 1).
Similarly, we can compute,
-1
VAlogpx(r) = —1E[1Z[°Z|X = 4]

+ ElIZ|’|X = 2]E[Z|X = a]

1
E
2
EE[ZZT|X =] -E[Z|X = 2]

2
+ EHE[Z\X = 2]||’E[Z|X = z].
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We can now bound the constants C7, Co and Cs. Using Jensen’s inequality on x — xP,
that gives for all x1,...,zr € R,

k p k
<Z> <K e
i=1 i=1

and we have,

6
Cr = E[|V log px (X)|I°] = E U;<E[Z|X1X> ]
1 6
—E[Tuzm 7~ ) ]
< 2 ENELZIXTI) + ENIZI) + Elleo])
< %(E[Emznﬂxn T+ E[) 2] + 15d7)

(Jensen’s inequality on conditional expectation)

243
=~ (2E[] Z]|°] + 15d7°),

and,

Cy = E[[|V log px (X)][3,)

—E [H_;IJr % (E[ZZT!X] - E[ZIX]E[Z\X]T>

3
op

(H T\op + —E[||E[zzT\XH|2p] + ;E[\|E[Z|X1E[Z\X1T||§p}>

| /\

9 (o5 + ElIEZZ X, + EllEZIX] )

11 T3 1 6
<9 (55 + 22T 1]+ 2] )

(Jensen’s inequality on conditional expectation)
1 2E[|Z]|°]
=<9 (7-6 + oz )¢
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and finally we control the 4 terms in VAlogpx,

ElEN 211221X])2) < EllIZ22)?)
(Jensen’s inequality on conditional expectation)
— EllZ]°)
EENIZ )12 X E(Z|X]2] = EL(EL|Z 121 X)2IIELZI X))
< E[(E[12 |12/ X)) %l 2111X]) = EI(E(1Z |21 X])°)
(Jensen’s inequality on conditional expectation)
< E[|Z]|°]
(Jensen’s inequality on conditional expectation)
E[|E[Zz27|X] - E[2|X]?] < E[|E[Z2T|X)|2,|E[Z|X])
< E[(E[I 22 |lop| X1)E[l| Z]I*| X]]
= E[(E[|Z|*|X])’]
< E[|Z]|°]
(Jensen’s inequality on conditional expectation)
E[l|[E[1.X] |2E[Z|X] 2] = E[IE[Z|X)|)
< E[|Z]|°]
(Jensen’s inequality on conditional expectation),
to get,

_ 40E]) 2]
=12

C3

Appendix D. Extension of Results from Section 3.3 to any p > 1

We extend all results from section 3.3 to Wasserstein-p distances for any p > 1.
Proposition 12 Assume that E[||V1og px (X)||P] < C. Then

PP 1/p
N N e

Proof We have .
1
To =Tt + 2/ VIngs(xs)dSa
0

and
o = x4 + atVlog pr(ay).

Therefore,

. I
To — Tg = 2/ Vlog ps(zs)ds — atV log pi(x).
0
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Using Jensen’s inequality two times,

p

N _ [t
|xo — Zo||P < 2P 1 (H2/0 Viogps(zs)ds|| + ||atVlogpt(xt)Hp>

=t gt
< o (2 | IVtogp.(a)as +aptpuv1ogpt<xt>||p) 7
0

and it follows that,
WP (L(X), L(¢a (X)) < Elllzo — 2¢]|"]
tp—l t
<2 (% [ ENTogn (o) Plds + 0 PE T log a1 )
0
As stated in Lemma 10, assuming E[||V log px (X)||?] < C leads to E[||V log ps(zs)[|P] <
C for all s > 0, so finally:

(14 2PaP)C

WEE(X), £(pa(X0) < S

p
p ¢ ’

which gives for t = o

Lemma 13 Assume that the variable X ~ u of density px verifies that:
e logpx € C3(RY).
e C1 =E[|VIiogpx (X)|?] < .

o Oy =E|[|V? 1ong(X)||§§/2] < 00, where || A||op is defined for any matriz A as || Al|op =

sup, 143
0 Tl -

o Cy = E[|VAlog px (X) 7] < .

Then,

P
[HVIOgPt xt) ] <C,

with C = 221(3Cy +2(d2 + 1)C,2C2? + Cy).

Proof Once again, we want to control all the terms (9-17), but this time in L, norm.
Recall that for all z € R, |Alog px (2)| < d||V?1og px () ||op, hence, E[|A log px (X)[?/?] <
d*/2C,.
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Term (9):

E[[[E[VAlog px (X)[Y][[] < E[E[|VAlog px (X)|[P]Y]] = E[[[VAlog px (X)||”]
(Jensen’s inequality on the conditional expectation)

= Cs.
Term (10):

E[I[E[Alog px (X)V log px (X)[Y][P] < E[|Alog px (X)[P[|V log px (X)||”]
(Jensen’s inequality on the conditional expectation)
< E[|Alog px (X)[*P/?P*PE[[|V log px (X) | ]2
(Holder’s inequality)
2/3 ~1/3
<drcPol®,

Term (11):

E[l[E[Alog px (X)[Y]E[V log px (X)[Y][["]
= E[[E[Alog px (X)[Y][P[[E[V log px (X)[Y]|["]
< E[[E[Alog px (X)|Y][*P/?)*PE[|E[V log px (X)|Y]|[*]"/*
(Holder’s inequality)
< E[|Alog px (X)[*P/2PPPE[||V log px (X))
(Jensen’s inequality on the conditional expectation)

<drcPol®,
Term (12):

E[|[E[V?log px (X) - Vog px (X)[Y][|"]
< E[|V*log px (X) - Vlog px (X)|”]
(Jensen’s inequality on the conditional expectation)
< E[||V? log px (X)|[5, ||V log px (X)) ||7]
< E[IV*log px (X) |5/ *1*/°E[]|V og pix (X) || *7]"/2
(Holder’s inequality)
=y,

Term (13):

E[|IE[IV log px (X)[|*V log px (X)|Y]||”]
< E[||V1og px (X)||*]
(Jensen’s inequality on the conditional expectation)
= (.
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Term (14):

E[||E[|IV log px (X) >V ]E[V log px (X)[Y]||P]

= E[(E[| Vlog px (X)[*[Y])?[[E[V log px (X)|Y]||P)

< E[(E[[|V log px (X)|*[Y])P (E[|IV log px (X) || Y])P/?]
(Jensen’s inequality on the conditional expectation)

= E[(E[||V log px (X) | *[Y])*/?]

< E[[|[V1og px (X))
(Jensen’s inequality on the conditional expectation)

= (C].

Term (15):

E[|IE[V* log px (X)|Y] - E[V log px (X)|Y]||"]

< E[|E[V log px (X)[Y]|[B, IE[V log px (X)Y]||P)

< E[[E[V*log px (X)|Y][|32/**/*E|[E[V log px (X)|Y]|[*]"/*
(Holder’s inequality)

< E[[|V* log px (X)[[35/]*/%E||V log px (X) | ]/
(Jensen’s inequality on the conditional expectation)

=y,

Term (16):

E[IE[V log px (X)V log px (X) "|Y] - E[V log px (X)[Y][|"]

< E[|E[V log px (X)V log px (X) "|Y]|[5, |E[V log px (X) Y]]

< E[(E[IIV log px (X)V log px (X) " lop| Y )P (E[[| V log px (X) || Y])/?]
(Jensen’s inequality on the conditional expectation)

= E[(E[[|V log px (X)|*[Y])?|[E[V log px (X)|Y]7]

— E[(E[||V log px (X)[|*[Y])*/?]

< E[||V log px (X)[|*]
(Jensen’s inequality on the conditional expectation)

=(C].

Term (17):

E[I[|E[V log px (X)|Y]|I*E[V log px (X)[Y]||"]
= E[|[E[V log px (X)[Y]||*"]
< E[||Vlog px (X)||*]

(Jensen’s inequality on the conditional expectation)
= (.

41



BEYLER AND BACH

To combine this bounds, we use Jensen’s inequality on x — P, that gives for all
r1,...,T €R,

k p k
<Z> <HTY
=1 =1

and we finally have,

d
—V log pi(z¢)

2 -1
oP
E <40y + 22 +5)C1PCP + ¢5) = C.
dt 2p
|

Proposition 14 Under the same assumptions of Lemma 4, we have

Wa(L(X), L(p1/o(Y))) < Ko,

. (p—1)/ 1/3 ~2/3
with K = S250-(4C) + (242 +5)C1/ 23 4 )i,
Proof We have,
1t 1
o — %o = 5 Vlog ps(zs)ds — §tv log py(+)
0
1 t
—5 | (Viogni(e) ~ Vlogpi(en) ds
1

= 2/ / (Vl1og py(xy)) duds.

hence, with Jensen’s inequality,
-1t L[ d P
P < AN S il
Elleo— P < e [ e-sr [ || (Tozn )| | duas,
Using Lemma 4, it leads to E[||zg — x¢]|?] < %tm’. In particular for ¢t = 02, we get:
Wy(L(X), L(p1/2(Y))) < (Elllzo = 22 |7 < Ko™,
l/p
. o C _9le—1)/p 1/3 ~2/3

Remark: Proposition 7 from section 5 can also be extended for any p > 1 (tough it will
make the proof harder to read). However Proposition 6 from section 4 relies on the fact that
(21, 22)||% = ||21]|? + ||z2||? for || - || the Euclidean norm on R?. Therefore it could only by
extended to any p > 1 if we use the norm || - ||, on R%.
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Appendix E. Computation of Wasserstein Distance for a Mixture of Two
Dirac Distributions

We derive here integral expressions for Wa(L(X), L(¢a(Y))) when X = % on R for
some p > 0. In this case, we have

) 1 < _(y—pé)2 n _(y+;;)2>
pY y = — (& 20 (& 20
2V 2mo?
leading to,
1 Y

Vlogpy (y) = —5(~y + ptanh (;)),

hence
_ yu
Ya(y) = aptanh (;) + (1 —a)y

The function ¢, is increasing and verifies Vy € R, po(—y) = —pa(y). Moreover, as X

is a symmetric random variable (=X ~ X), Y is also symmetric, hence ¢, (Y) as well.
Computing the optimal transport plan is therefore straightforward, as all the mass of ¢4 (Y")
on R_ should be transported to —u and all the mass of ¢, (Y") on R4 should be transported
to u, each part having the same transport cost, leading to the expression

W22(£(X)7£(80a(y))) = 2E[(¢a(Y) — M)Qlwa(y)zo]

1 oo 7(1/—;5)2 " 7(7;4—;5)2
(& 20 é 20
=2, W/ (paly) — "ty
To?
N2
(paly) - ne” 52 dy
\/27ra “

+ ﬁ/ (paly) — we 554
Yy)— € v Y

g2 Pa 1%
2_a2 dy

_ w?
Tm? / (paly) — p)%e

_ 2
(change y ¢ —y) + Y (oaley) — e
— 0o
1 0 _(y-w?
= \/W/ (pallyl) — p)?e” 207 dy
— 00

Wa(L£(X),L(pa(Y)))
n

We can rearrange this expression to write
define, for u € R,

as a function of % We first

07 (u) = actanh (%) + (1 - o)u,
y

then taking the square root, dividing by © and making the change of variable u = 1o we get

Wa(L(X), L(pa(Y)))

" <\/W/¢
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Appendix F. Derivation of Deterministic Diffusion-Model Samplers

First note that the equation for the probability flow ODE given by Karras et al. (2022) is
(with our notations):

dzy _ @xt — 5(t)%5(t)o(t) Vs [( o) logp< &,02)} (z;0(8)?)

dt  s(t)
which can by rewritten
dzy _ 5(1)

s 05100)7. [(2.0) o owp 1:0)] (Zso0?)

s(t)’

Writing Vlogp = V,, [(w, o2) > logp (x; 02)] the score function for the density p (x; 02) of
the normalized variable at noise level o2, we finally get (5):

d.f(}t S(t)

o It)xt —s(t)a(t)o(t)Viogp <$;U(t)2> . (5)

F.1 DDIM Algorithm

There are different ways to derive the DDIM updates (Song et al., 2021a). Firstly, one can
consider a specific process (X;) with the same marginal as (z;) defined by (5). Consider
Z ~ N(0,1) independent from X and define, for ¢ > 0,

Xi=s(t)(X +0(t)Z)
For ty,tx+1 € R, we can rewrite

th+1 = S(thrl)(X + U(tk+1)Z)
— s o (tr+1) X, _
=stinen (x+ 5650 (i - x))

k)
= $(tk41) (1 - (St(];:)l)> X Wth

from which we deduce,

_ o(tky1) o(tgs1)s(tk+1)
B ] = s(tn) (1 - T ) e, ) T,

As Xy, /s(tk) = X + o(tr)Z, Tweedie’s formula gives

X X X
EX|X;]=E [X‘ i ] = Zh + 0o (ty)*Viogp x,, < tk)

S(tk) S(ty,) S(tk:)
B th 29 1o th . 2
= ) + o(tx)*Viogp <s(tk)7 (tr) > )
leading to,
E[Xi X0 ] = Sité:)l)th + 5(th1) (0 (t)® — o(tr)o(try1)) Viogp (iit)’ a(tk)2> :
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The DDIM update comes from approximating Xy, , by E[Xy, . |Xy,], leading to

s(tr) s(tw)

Another method to derive the same update is to start from (5), and take an Euler dis-
cretization of (5) with the approximations §(t) ~ (s(tx+1) — s(tk))/(tkr1 — tg), 0(t) =~
(o(tg+1) — o(tr))/(tgs1 — t), s(t) = s(tx) for the first occurrence of s(¢) in (5) and
s(t) =~ s(tgs1) for the second, leading to

Xpi1— X 1 s(tpeq) — s(tg) o t — ot X
e = X L sllen) =) g g TUn) Z00) g0, (Kb 02 )
tpt1 — tk s(te)  teer —tk te1 — tk s(tx)

Ko = S gk ) (0(8)? — o ()0 (t41)) ¥ log p (Xk; a(tkf) |

that can be rewritten as

s(tx) s(tx)

The procedure proposed by Song et al. (2021a) is recovered by taking s(t) = ,/a; and
1) = Vi—ay
o(t) Vo

Zpr = 2 5 () (0 () — o) (tr41))V Tog p <X’“; a(tm?) .

F.2 Euler Discretization

The Euler discretization of (5) is

N =X _ U0 ¢ (1) 504300V og ("z’“;rf(tk)Q) 7

tk+1 — tk S(tk) S(tk>

which can by rewritten

5(tk) (thgr — tr)
s(tx)

Xp1= (1
k41 ( + s(tx)

. X
) X — s(tr) (tep1 — te)o(tr)o(ty)Viogp <k; U<tk)2> :
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