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Abstract

Statistical tools which satisfy rigorous privacy guarantees are necessary for modern data
analysis. It is well-known that robustness against contamination is linked to differential
privacy. Despite this fact, using multivariate medians for differentially private and robust
multivariate location estimation has not been systematically studied. We develop novel
finite-sample performance guarantees for differentially private multivariate depth-based
medians, which are essentially sharp. Our results cover commonly used depth functions,
such as the halfspace (or Tukey) depth, spatial depth, and the integrated dual depth. We
show that under Cauchy marginals, the cost of heavy-tailed location estimation outweighs
the cost of privacy. We demonstrate our results numerically using a Gaussian contamina-
tion model in dimensions up to d = 100, and compare them to a state-of-the-art private
mean estimation algorithm. As a by-product of our investigation, we prove concentration
inequalities for the output of the exponential mechanism about the maximizer of the pop-
ulation objective function. This bound applies to objective functions that satisfy a mild
regularity condition.

Keywords: differential privacy, location estimation, robust statistics, depth function,
sample complexity

1. Introduction

Protecting user privacy is necessary for a safe and fair society. In order to protect user
privacy, many large institutions, including the United States Census Bureau (Abowd et al.,
2022), Apple (Differential Privacy Team, 2017), and Google (Guevara, 2021), utilize a strong
notion of privacy known as differential privacy. Differential privacy is favored because it
protects against many adversarial attacks while requiring minimal assumptions on both
the data and the adversary (Dwork et al., 2017). It is now well-known that differential
privacy is linked to robustness against contamination, see (Dwork and Lei, 2009; Avella-
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Medina, 2020; Liu et al., 2021; Georgiev and Hopkins, 2022; Hopkins et al., 2023; Asi et al.,
2023) and the references therein. Surprisingly, however, multivariate medians have not been
systematically studied in the differential privacy literature. We study this problem here.
Note that there are several variants of differential privacy. Here, we focus on the setting of
pure differential privacy, which is the strictest variant of differential privacy.

To date, the literature on differentially private location estimation has largely focused
on means. Foygel Barber and Duchi (2014) proved a lower bound on the minimax risk
of differentially private mean estimation in terms of the number of moments possessed
by the population measure. Other early works focused on the univariate setting (Karwa
and Vadhan, 2017; Bun and Steinke, 2019). Kamath et al. (2019) and Bun et al. (2019)
studied differentially private mean estimation for several parametric models, including the
multivariate Gaussian model. Later, several authors studied differentially private mean
estimation for sub-Gaussian measures (Cai et al., 2021; Biswas et al., 2020; Brown et al.,
2021; Liu et al., 2022). After which, Kamath et al. (2020); Liu et al. (2021) and Hopkins
et al. (2022) studied differentially private mean estimation for measures with a finite second
moment. Within this framework, Kamath et al. (2020) considered heavy tails and Liu et al.
(2021) and Hopkins et al. (2022) considered robustness in terms of contamination models.
Kamath et al. (2020) quantified the sample complexity of their (purely) differentially private
mean estimator in terms of the number of moments possessed by the population measure.
Liu et al. (2021) quantified the relationship between the accuracy of an (approximately)
differentially private mean estimator and the level of contamination in the observed sample.
On a similar note, Hopkins et al. (2022) showed that there exists a level of contamination
under which the sample complexity of their (purely) differentially private mean estimator
remains unchanged.

On the other hand, if one wishes to estimate location robustly, the canonical estimators
are medians. The differential privacy literature on medians has focused on the univariate
setting: Dwork and Lei (2009) introduced an approximately differentially private median es-
timator with asymptotic consistency guarantees, Avella-Medina and Brunel (2019); Brunel
and Avella-Medina (2020) then introduced several median estimators which achieve sub-
Gaussian error rates, and Tzamos et al. (2020) introduced median estimators with minimax
optimal sample complexity. Private estimation of multivariate medians, however, has not
been carefully studied.

In this paper, we study differentially private, multivariate median estimation through the
framework of depth functions. Depth-based median estimation is the standard approach to
multivariate median estimation. Here, one has a function, called the depth function, which
provides a measure of centrality. Its maximizer is then the median, which is generally
robust. Popular depth-based medians include the halfspace (or Tukey) median (Tukey,
1974), the spatial median (Vardi and Zhang, 2000), and the simplicial median (Liu, 1990).
For more on the motivation of the depth-based medians approach, see Section 2 below
and Small (1990); Vardi and Zhang (2000); Serfling (2006). Our results apply to a broad
class of depth functions, including those listed above, and we make minimal distributional
assumptions. In particular, we do not require concavity of the depth function or that the
population measure has moments of any order.

Before turning to our main results, it is important to note that several authors have
recently used depth functions in the context of differential privacy, likely due to their ro-
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bustness properties, with a heavy focus on the halfspace depth. Depth functions have been
used in settings such as finding a point in a convex hull (Beimel et al., 2019; Gao and Sheffet,
2020), comparing k-norm mechanisms (Awan and Slavkovi¢, 2021), and improving robust-
ness for mean estimation for Gaussian models (Brown et al., 2021; Liu et al., 2021). Another
related work is that of Ben-Eliezer et al. (2022), who focus on various problems concerning
high-dimensional quantile estimation. In particular, one problem Ben-Eliezer et al. (2022)
consider is that of privately obtaining one or more points which have halfspace depth above a
given threshold. Though this problem is closely related, it is distinct. For instance, their al-
gorithm can be used to estimate a point with high halfspace depth. However, it could not be
used to directly estimate the halfspace median, since that would require setting the thresh-
old to be close to the depth of the empirical halfspace median, which depends on the sample.
To our knowledge, none of the aforementioned works have directly addressed depth-based
median estimation. After completion of this work, Ramsay and Spicker (2025) consider ap-
proximately differentially private projection-depth-based medians. Though many popular
depth-based medians are covered by our framework, projection-depth-based medians are
not covered by it. As a result, their work can be thought of as complementary to this one.

1.1 Owur contributions

Our contributions are as follows:

e Our main result is a general finite-sample deviations bound for private multivariate
medians based on the exponential mechanism (Theorem 5). This deviations bound
applies to private versions of many popular medians arising from depth functions,
such as the halfspace median (Tukey, 1974), the simplicial median (Liu, 1988) and
the spatial median (Vardi and Zhang, 2000; Serfling, 2002).

e We use Theorem 5 to give upper bounds on the deviations (and sample complexities,
see Corollary 10) of several, purely differentially private multivariate medians arising
from depth functions. These bounds are essentially sharp given recent results of
Kamath et al. (2019); Cai et al. (2021) and do not require any moment assumptions
on the population measure.

e We provide a fast implementation of a smoothed version of the integrated dual depth-
based median (Cuevas and Fraiman, 2009); we can compute the (non-private) median
of ten thousand 100-dimensional samples in less than one second on a personal com-
puter. We show that this smoothed version of the integrated dual depth satisfies
desirable properties for a depth function and can be approximated in polynomial time
with finite-sample performance guarantees, see Proposition 33.

e As a by-product of our analysis, we uncover a general but elementary concentration
bound (Theorem 12) for the exponential mechanism. We give a novel regularity
condition “(K, . Z)-regularity” (Condition 3) on the objective function. This regularity
condition implies both an upper bound on the sample complexity of a draw from the
exponential mechanism and an upper bound on the global sensitivity of the objective
function. This bound is applicable to a broader class of problems in statistical learning
beyond differential privacy, see the follow-up paper (Ramsay et al., 2025).
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e As a second by-product of our analysis, we uncover uniform non-asymptotic error
bounds for several depth functions and a differentially private estimator of data depth
values.

2. Main results

In this section, we provide a general finite-sample deviation bound for differentially private
multivariate median estimation. As the tools we use here combine ideas from two distinct
literatures, namely the differential privacy literature and the robust statistics literature, we
briefly recall some essential notions from each of these fields before stating our main results.
For a more in-depth introduction to differential privacy see Dwork and Roth (2014), and for a
more in-depth introduction to robust multivariate median estimation and the depth function
framework see Mosler (2002); Small (1990); Liu et al. (2006). We define all mathematical
objects throughout the paper as they are used, but it is also helpful to have them collected
in one place. Therefore, we also provide a summary of the notation we will use throughout
the paper in Appendix A.

2.1 Differential privacy

Let us start first by recalling some essential notions from differential privacy. A data set
of size n x d is a collection of n points in R?, X,, = (X¢)j_y, with repetitions allowed.
Let D, xq be the set of all data sets of size n x d. For a data set Y,, let D(Y,,m) =
{Zy, € Dyxa: |ZnAYy| =2m}, that is, D(Y,,, m) is the collection of data sets of size n x d
which differ from Y, in exactly m points. Two data sets Y,, and Z,, are said to be adjacent
if Z,, € D(Y,, 1). Finally, for a data set Y,, with empirical measure jiy, define

M(Y,) = {ji € M1(RY): ji = i, for some Z, € D(Y,, 1)},

where, for a space S, M1 (S) denotes the space of probability measures on S.

Let us now recall the notion of differential privacy. Suppose that we observe a data set
X,, comprised of n i.i.d. samples from some unknown measure p € Mi(R?%) and produce a
statistic, 9~n, whose law conditionally on the samples depends on their empirical measure,
fin. Let us denote this law by P;,.. The goal of differential privacy is to produce a statistic
such that P, is non-degenerate and, more precisely, obeys a certain “privacy guarantee”
which is defined as follows. Following the privacy literature, we call the algorithm that
takes fi,, and returns the (random) statistic, 6, a mechanism. We also follow the standard
abuse of terminology and call 6,, the mechanism when it is clear from context.

Definition 1 A mechanism 0,, is e-differentially private if for any data set Y,, any o€
M(Yy,), and any measurable set B, it holds that
P

100 (B) < ¢“Pa(B). (2.1)
Here, ¢ > 0 is the privacy parameter, for which smaller values enforce stricter levels of
privacy. Many general purpose differentially private mechanisms rely on the concept of
global sensitivity. The global sensitivity GS,, of a function ¢ : R? x M;(R?) — R is given
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GSn((ﬁ) = sup sup ‘(]5(.%‘, :&n) - (25(1', ﬂn)’
XnGEnxdy z€R4
fin€M(Xn)

The simplest differentially private mechanisms are the additive noise mechanisms, e.g.,
the Laplace and Gaussian mechanisms. These mechanisms require the non-private estimator
to have finite global sensitivity. Unfortunately, virtually all standard location estimators,
including both univariate and multivariate medians, have infinite global sensitivity, see e.g.,
(Avella-Medina and Brunel, 2019).

However, depth functions, the objective functions for multivariate medians which we will
discuss shortly, all have finite global sensitivity. This fact makes them a good candidate
for use with the exponential mechanism, which is a general mechanism used to produce
differentially private estimators from non-private estimators that are maximizers of a given
objective function. For a given 8 > 0, base measure (i.e., prior) 7 € M;(R%) and objective
function ¢ : RY x My (R?) — R, suppose that [ exp(8¢(0,v))dr(0) < oo for all v € M (R%),
then the exponential mechanism with base measure 7 is given by

Qﬂn,ﬁ X eXp<ﬁ¢(97ﬂn))dﬂ' (2'2)

A sample from the exponential mechanism 6, ~ Qp,, 5 then provides an estimate of the
population value 6y = argmaxpa ¢(6, ). In regard to the choice of 3, it was shown by
McSherry and Talwar (2007) that if 0,, is produced by the exponential mechanism, with
B < €/2GS,,(¢) then 6, is e-differentially private.

2.2 The depth function framework

When first studying multivariate median estimation, one might try to naively extend the
notion of a univariate median to the multivariate setting, i.e., the coordinate-wise median.
This, however, is well-known to be an unsatisfactory as a measure of center for many reasons
(Small, 1990; Serfling, 2006; Liu et al., 2006). For example, the coordinate-wise median can
reside outside the convex hull of the data (Serfling, 2006). The general framework of depth
functions, or statistical depth functions, was introduced to resolve these issues and is now
the standard approach to defining and studying multivariate medians. See (Small, 1990;
Zuo and Serfling, 2000; Mosler, 2002; Serfling, 2006; Liu et al., 2006) for a necessarily small
introduction to this broad research field.

Let us now recall the basic notions of (statistical) depth functions. Roughly speaking,
depth functions are functions of the form D: R? x M;(R?) — R* which, given a probability
measure and a point in the domain, assign a number. This number represents how central
that point is with respect to the measure; it is called the depth of that point. Given a depth
function, the corresponding median is then defined to be a maximizer of this depth, that
is, the “deepest” point:

MED(u; D) = argmax D(z, p).
z€R4
Depth-based medians are generally robust, in the sense that they are not affected by outliers.
For instance, depth-based medians have a high breakdown point and favorable properties
related to the influence function (Chen and Tyler, 2002; Zuo, 2004). Let us now be more
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precise. For two random vectors X, Y, we write X 4y when X is equal in distribution
to Y. Recall that a measure u € M;j(R?) is centrally symmetric about a point 2 € R? if

X-2%2-Xfor X ~ p. In the following, let €, C M;(R?) denote the set of centrally
symmetric measures about x and for A € R*? and b € R%, let Ay + b be the law of AX +b
if X ~ p.

Definition 2 A function D: R? x M;(R%) — R* is a depth function with admissible set
a C M1(R?) if, for all p € o, the following four properties hold:

1. Similarity invariance: For all orthogonal matrices A € R¥™% and b € R? it holds that
D(z,pu) = D(Az + b, Au+b).

2. Mazimality at center: If pn € €y, then D(6p, 1) = sup, D(z, p).

3. Decreasing along rays: Suppose D is mazimized at 0y. For all p € (0,1), it holds that
D(z, 1) < D(pbo + (1 — p)z, ) < D(bo, p).

4. Vanishing at infinity: lim._,o, D(cu, u) = 0 for any unit vector u.

The first property says that the depth function has limited dependence on the chosen
coordinate system. The remaining properties ensure that D measures depth. The admissible
set 7 is the set of measures or distributions for which the function measures depth.

Remark 3 There are a few distinct definitions of the notion of a depth function in the
statistics literature. See, e.g., (Zuo and Serfling, 2000; Liu et al., 2006; Ramsay et al.,
2019) for some alternatives. We choose Definition 2 as it includes as many existing depth
functions as possible while retaining the spirit of a depth function. We use here a weaker
definition of a depth function than the influential work of Zuo and Serfling (2000), which
replaces similarity invariance with affine invariance. For a discussion of desirable properties
for a depth function to possess, see (Zuo and Serfling, 2000; Liu et al., 2006, Serfling, 2019).

Examples of commonly used depth functions include the halfspace depth (or Tukey
depth) (Tukey, 1974), the simplicial depth (Liu, 1988), the spatial depth (Vardi and Zhang,
2000; Serfling, 2002), the integrated dual depth (IDD) (Cuevas and Fraiman, 2009), and the
integrated-rank-weighted (IRW) depth (Ramsay et al., 2019). For the reader’s convenience,
we provide a brief review of these depth functions and their basic properties in Section 6.
We emphasize that this is a small selection of the large number of depth functions used in
the literature, and reviewing them all is outside of the scope of this work.

There are a number of desirable properties of a depth function, relating to transforma-
tion invariance, robustness, computability, ability to measure depth for a broad range of
distributions and more, from which no depth function arises as the “gold standard” (Zuo
and Serfling, 2000; Liu et al., 2006). Each depth function yields a distinct notion of a me-
dian, each with its own desirable properties. As our goal in this paper is to unify these
two frameworks, we will not investigate the question of which depth is optimal, statistically
or computationally, for a given problem. Instead, our main contribution is to give gen-
eral finite-sample deviations bounds which applies to many of the existing depth functions,
under mild conditions on the population measure.
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2.3 A finite-sample deviations bound

Our main result relies on a regularity condition, for which we need to introduce the following
notation. Let % denote the space of Borel functions from R? to [0,1]. For a family of
functions, .# C 4, define a pseudometric on M1 (R?), dz(u,v) = SUp,e 7 | [ gd(p — v)),
where p,v € M1(R?). Recall that many standard metrics on probability measures can be
written in this fashion. For example, taking .# to be the set of indicator functions of Borel
sets yields the Total Variation distance and taking .# to be the set of indicator functions
of semi-infinite rectangles yields the Kolmogorov—Smirnov distance. We then define the
following important regularity condition.

Definition 4 We say that D is (K,.%)-regular if there exists a class of functions F C B
such that D(x,-) is K -Lipschitz with respect to the F-pseudometric uniformly in x, i.e., for
all p,v € My(R?)

sup ID(z, ) = D(z,v)| < Kdg(p,v).

Intuitively, (K,.%)-regularity can be thought of as a robustness condition as it says that
(K, Z)-regular functions are affected by extreme observations in a very limited manner.
For example, it immediately implies the bound GS, (D) < K/n on the global sensitivity
through the boundedness of g € .%, see Lemma 37. This condition is very convenient for two
reasons: Firstly, it is elementary to check this condition for many popular depth functions
(see, Table 2.4). Secondly, it immediately yields an e—differentially private estimator by
choosing 8 = ne/2K, see Lemma 36. While this assumption is convenient for differential
privacy, we show in a companion paper (Ramsay et al., 2025) that our main deviations
bound holds under a weaker condition and can apply to other statistical learning settings.

We now state the necessary regularity conditions on the pair (u, D) that are required for
our main result. In the following, let VC(.%#) denote the Vapnik—Chervonenkis dimension
of Z.

Condition 1 The function D(-, u) has a mazimizer.
Condition 2 The map = — D(x, u) is L-Lipschitz a.e. for some L > 0.

Condition 3 There is some K > 0 and some family of functions F# C % with VC(F) < oo
such that D is (K, .F)-regular.

To state our main result, we must also introduce the discrepancy function. Let Ep , =
{6 :D(0,n) = max D(z, )} denote the set of maximizers of D(-, u) for fixed D and p. For
zeR

aset Aandr >0, let B.(A) ={z: mig lx — y|| < r}. The discrepancy function of the pair
ye

(D, p) is
a(t) =D(0o,u) — sup  D(z,p), (2.3)
z€BE(Ep,,.)
where 6y € Ep ;. Given t > 0, the discrepancy function is the minimum distance between
the maximal population depth value, and the maximal population depth value that is at
least ¢-far from the maximizing set Ep ,. For example, often there is one maximizer, the
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median, and the discrepancy function measures the minimum difference between the depth
of the median, and the depth of any point at least ¢-far from the median. The faster
the discrepancy function grows in t, the faster the depth function decreases as we move
away from the median. Note that « is a non-decreasing function because the optimization
problem involved is over decreasing sets. In Table 2.3 below, we explicitly calculate « for
several depth functions.

We are now ready to state our main result, which provides bounds on the finite-sample
deviations of the proposed differentially private multivariate medians via depths. For con-
creteness, we present our results for two of the most popular choices of priors, namely
Gaussian measures and the uniform measure on Ag(y), the d-dimensional cube of side-
length R centered at y. In the following, let dg,(z) denote the minimum distance from
a point x = (z1, ..., zq) to a face of the cube Agr(y): dry(z) = 112'1?(1‘% — vy £ R/2|.

Similarly, denote the minimum distance from a set B C R? to a face of the cube Ag(y) by
dry(B) = injfg dry(x) and let d(z, B) = ing ||z — y|| denote the usual point-to-set distance,
S ye

where |-|| denotes the Euclidean norm. Define a~!(¢) = sup{r > 0: a(r) = t}, where one
notes that a~! exists because « is a monotone function. Lastly, we write a < b if a < Cb
for some universal constant C' > 0.

Theorem 5 If Conditions 1—35 hold, then the following holds:

(i) Suppose that L > 1. If 1 = N(0r,021), then there exists a universal constant ¢ > 0
such that for alln > 8K /e, alld > 2 and all 0 < v < 1, with probability at least 1 —-y,
we have that

d(Ep 1, 0,) < at (C K [\/ log(1/7) vV VC(F)logn

~
n

ne

log (1/7) v (4E252=E 4 d1og (2x2< v a) ) ] ) o

(it) If instead m o< 1{x € Ar(0r)} where Ep, C Agr(0r), then there exists a universal
constant ¢ > 0 such that for all n,d > 1 and all 0 < v < 1, with probability at least
1 —~, we have that

d(Ep i, 0p) S ot (CK [\/ log(1/7) V VC(Z)logn

~
n

ne

10g(1/’y)\/dlog< P KL)

n Ry97r( Dalb)/\ / . (25)
The proof of Theorem 5 can be found in Section 4, and relies on an elementary concen-
tration bound (Theorem 12), which we introduce in Section 3. We also provide a version

of Theorem 5 in terms of sample complexity, see Corollary 10. Theorem 5 is a deviations
bounds for private multivariate medians. Put simply, it says that a(d(Ep,,,0,)) is bounded
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above, with high probability, by two major terms: the sampling error term, which appears
first in the upper bound, and the cost of privacy term, which appears second in the upper
bound.

To further help interpret Theorem 5, note that we are mainly concerned about small
deviations. For many choices of 1 and D, one can show that a~! is at most linear for small
t > 0 under various regularity conditions that capture many popular depths, see Section 5
where we present such conditions. In this case one can remove the a~! from the right-hand
sides of (2.4)-(2.5). In addition, this fact coupled with the fact that many of the depth
functions satisfy Condition 3 with K = O(1) and VC(.%#) = O(d), and, in many contexts,
the population median is unique, recovers a bound similar to those obtained in the case of
private mean estimation (Kamath et al., 2019, 2020; Cai et al., 2021). That is, the bound
given in Theorem 5 then reduces to the simpler bound

Rn
< \/log(l/'y) V dlogn \/ log (1/7) V dlog (ndRﬂn(ED,#)Al/L) .

~Y
n ne

[MED(4; D) — 4,

Under such p and D, assuming a reasonable prior and ignoring logarithmic terms, the cost
of privacy term is greater than the sampling error term only when y/d/ne > 1. For concrete
examples of Theorem 5 applied to specific depth functions and population measures v, see
Examples 1 and 2.

While we state our result for general depth functions satisfying the above assumptions,
our results apply to many of the most popular depths, such as halfspace depth and, more
broadly, Type D depths in the sense of Zuo and Serfling (2000), spatial depth, simplicial
depth and both the integrated rank-weighted and integrated dual depths. Depth functions
to which these results apply and the conditions under which they apply are discussed at
length in Section 6. The conditions for specific popular depths are summarized in Table 2.4.

We note that our bound is essentially sharp, see Lemma 18. Given that if i is Gaussian,
then the population mean equals the population median, the bound on the sample com-
plexity implied by Theorem 5 (see Corollary 10) matches the lower bound on the sample
complexity for private Gaussian mean estimation given by Kamath et al. (2019), Theorem
6.5 and Hopkins et al. (2022), Theorem 7.2 up to logarithmic factors.

Alternatively, Cai et al. (2021) give a minimax lower bound for approximately differ-
entially private sub-Gaussian mean estimation. Unsurprisingly, given that it is designed
for the approximately differentially private setting, this lower bound becomes —oo if we
apply it to the setting of pure differential privacy. However, it is still interesting to compare
Theorem 5 to the bound of Cai et al. (2021) in some way. A trivial manipulation of the
conclusion of Lemma 18 shows that the bound given in Theorem 5 matches the lower bound
of Cai et al. (2021), up to logarithmic terms, when the “approximate differential privacy
parameter”, i.e., § is taken to be at least n" for some k > 0. Therefore, as stated above, the
bound in Theorem 5 is essentially sharp. Furthermore, at least for the setting of Gaussian
mean estimation, relaxing to the setting of approximate differential privacy will not yield
faster rates than those given by Theorem 5.1

Recall that estimating a parameter from an unbounded parameter space, i.e., unbounded
estimation, is non-trivial in the setting of differential privacy, e.g., see Avella-Medina and

1. It should not be difficult to extend this conclusion to the more general case of symmetric sub-Gaussian
median estimation.



RAMSAY, JAGANNATH AND CHENOURI

Brunel (2019). Theorem 5 shows that choosing o, relatively large allows one to perform
unbounded estimation at the cost of an extra logd in the second term of (2.4), or, equiv-
alently, an extra logd to the sample complexity. To elaborate, using a depth function in
the exponential mechanism with a Gaussian prior constitutes unbounded estimation of the
population median. Theorem 5 then shows that d(Ep ., 0x)/0r = O(y/dlogd) is sufficient
for the deviations under a shifted location Gaussian prior to match the deviations under
a correctly specified uniform prior, up to a logarithmic factor in d. Thus, we only require
d(Ep,u, 0x) to be polynomial in d, i.e., choosing o to be some large polynomial in d will
ensure that o > d(Ep ,, 0-)/v/dlogd.

Remark 6 (Projection depth) One popular notion of depth not covered by our analysis
is the projection depth (Zuo, 2003), see also (Stahel, 1981; Donoho, 1982). This is because
a private median drawn from the exponential mechanism based on the empirical version
of this depth function, is inconsistent pu-a.s, see Lemma 38. For a private version of the
projection-depth-based median, see (Ramsay and Spicker, 2025).

Remark 7 (Comparison to non-private bounds) The first term in the mazimum in
Theorem & is a deviations bound for non-private depth-based medians. If we assume that
0o € Ar(0) and choose the depth function to be halfspace depth (Definition 11), then this
upper bound recovers the upper bound on the non-private estimation error of the halfspace
median for the Gaussian measure, see Theorem 2.1 of Chen et al. (2018), see also Theorem 3

of Zhu et al. (2020).

Remark 8 (Relaxing the Lipschitz requirement) The Lipschitz requirement for D can
be relazed to obtain more general deviation bounds, at the cost of complicating the presen-
tation. Furthermore, all the depth functions we consider are Lipschitz functions a.e. under
mild assumptions, see Theorem 30. It is also not necessary to require that Ep , C Ag(6r).
It is sufficient to assume that Ep , N Ag(0x) # 0. In this case, one can replace dryg, (Ep, )
with dR,OW (ED,u N AR(Qﬂ-))

Remark 9 (The univariate setting) Theorem 12 can be applied to obtain an optimal
univariate private median estimator. Tzamos et al. (2020) gave a lower bound on the mini-
max sample complexity for estimating the one-dimensional median of a population measure
whose density is bounded below by a positive constant. Applying Theorem 5 when d = 1
and D being the halfspace depth to such measures yields an upper bound with matches that
lower bound. This upper bound recovers the one given by Karwa and Vadhan (2017) for
one-dimensional Gaussian mean estimation.

Note that Theorem 5 has a straightforward restatement in terms of sample complexity.
Corollary 10 Suppose that Conditions 1—3 hold. Then the following holds

(i) Suppose that D(z,pu) <1 and L > 1. If 7 = N(0,,021), then there exists universal
constants C,c > 0 such that for all t > 0, all d > 2 and all 0 < v < 1, we have that

10
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D/p: Ng(00,%) d-version symmetric
_t 1 1 : —tv'u
o ® () -3 b it o (i)
tvl U : 1 _ tvlu ‘
IRW /‘ VuTSu )‘ v ||$ﬂl£1/ ‘2 Fo ( a(u)) v

[y

1 7thu tUTu v'u — ’UTU
DD § — /q) () @ () v 4 - o=t /FO (%) Fo (%)

Table 1: Table of the discrepancy function «(t) for different depth functions and underlying
population measures. Recall that p is d-version symmetric about zero if for any

unit vector u, X u 4 a(u)Z where X ~ p and Z is a random variable such that

74 7 and a(u) = a(—u). Here, v; is the eigenvector associated with the largest
eigenvalue A; of ¥ and Fy(z) = F(z,u, 1), see (2.9), and v is the uniform measure
on the (d — 1)-dimensional unit sphere.

d(Ep,, 0,) < t with probability at least 1 — ~ provided

- <10g(1/7) V [VC(2) log(25) v 1]

a(t)?

y log (1/7) v (“5475 ) v dlog (%7 v d) ) (2.6)

ea(t)

(it) If instead m o 1{x € Ag(6r)} where Ep, C ARr(0x), then there exists universal
constants C,c > 0 such that for all t > 0, alld > 1 and all 0 < v < 1, we have that
d(Ep,, 6 n) <t with probability at least 1 — ~ provided

, (108(1/7) V [VC(Z) log(;£5) v 1]
a(0)?

n>CK

log (1/7) V dlog (dR’ow(EDi)/\a(t)/L> (27)
a(t)e o

The proof is deferred to Appendix B.

2.4 Examples

Let us now turn to some concrete examples that illustrate our result. We first introduce
the halfspace depth, which will be used in our examples, where we apply our main results
to the halfspace median. For X ~ pu, define

F(x,u,p) =p (XTU < :cTu) . (2.8)

11
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Halfspace depth, otherwise known as Tukey depth (Tukey, 1974), is defined as follows:

Definition 11 (Halfspace depth) The halfspace depth HD of a point 2 € R? with respect
to € My(RY) is

HD(z, p) = Hiﬂlle(ZU U, ). (2.9)

The halfspace depth of a point € R? is the minimum probability mass contained in a
closed halfspace containing x. The halfspace median is the maximizer of the halfspace depth,
when it is unique. We first consider the canonical problem of multivariate Gaussian location
estimation under a Gaussian prior with shifted location, where here, the center of the prior
0 is far from the population halfspace median. We quantify the relationship between finite-
sample deviations, prior location misspecification, privacy budget, dimension and statistical
accuracy. In this case, omitting logarithmic terms, for a location misspecification level of
160 — 0|l Jor < V/d, the finite-sample deviations of the private halfspace median reduce to
O(v\/A1d/nV \/Ai1d/ne). Here, A; is the largest eigenvalue of the covariance matrix of .

Next, we consider estimating the location parameter of a population measure p made
up of Cauchy marginals, which is known as the poly-Cauchy distribution. This setup is
more difficult in the sense that the mean of the probability measure p does not exist. For
instance, theory concerning differentially private mean estimators cannot be applied in this
setting.

Example 1 (Multivariate Gaussians with Gaussian prior with shifted location)
Consider the problem of estimating the location parameter 6y of a multivariate Gaussian
measure = N (0p,%) and we wish to estimate 0y. For this example, let \y > ... > X g >0
be the ordered eigenvalues of the covariance matriz 3. Suppose that in order to estimate
Oy we use the exponential mechanism paired with the halfspace depth D = HD (see Defini-
tion 11) in conjunction with a misspecified Gaussian prior: ™ = N (0,,021).

In order to apply Theorem 5, we need to check Condition 1, § and Lipschitz continuity
of HD. First, note that Condition 1 holds for any bounded depth function as defined in
Definition 2. Next, one can show that (see Theorem 30) the halfspace depth is (1,.F)-
regular where .F is the set of closed halfspaces in R?, thus, VC(F) = d + 2. Lastly, the
map x — HD(z, 1) is L-Lipschitz with L = (2x\q)~ Y2, implying Condition 2 is satisfied.
We may now apply Theorem 5, for which we must compute «(t). To this end, it holds that
a(t) 2 tCr/v/A1, for some large R > t, see Lemmas 21 and 40. Therefore, under halfspace
depth, with probability at least 1 — ~y, it holds that

|90 0 H V dlog (neor /Mg V d)

HOO - én” 5

VAL | [log(1/) Vdlogn \ , log(1/7)V Ll
o |V v

n ne

Suppose we would like to achieve a success rate of 1 — e~ ¢, i.e., v = e~ This reduces the
deviations bound to

\/)\1 dlogn 18 L =y dlog (neor /A V d)
n ne

12
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Observe now that in order for the prior effect to be negligible, we require |0y — 0| /or <
Vdlogd and that o is at most polynomial in d. This suggests that, up to a point, a larger
prior variance o2 produces lower deviations. In this case, when the error level, ¢ and ¥
are fized, we only need n to grow slightly faster than the dimension n > Cdlogd in order
to maintain a consistent level of error. If the prior effect is negligible in the sense just
described, then, omitting logarithmic terms for brevity, the deviations bound reduces to

100 — 6]l < Y1 ( dy d>, (2.10)

Cr n o ne

We then have that the cost of privacy is eclipsed by the sampling error whenever n = d /€.
Therefore, the cost of differential privacy is asymptotically “free”, provided that d is not
too large. That is, the error incurred by differential privacy is much smaller than that
of the sampling error. Furthermore, (2.10), makes it is easy to see that in this case, the
private medians achieve the minimax lower bound for approximately differentially private
sub-Gaussian mean estimation (Cai et al., 2021), if § o n=*. There exists other private
estimators that are minimax optimal for private Gaussian mean estimation, e.g., (Kamath
et al., 2019; Biswas et al., 2020). These estimators may be computable in polynomial time,
whereas the private halfspace median would take exponential time. However, existing esti-
mators may not be robust. For example, they may not perform well if the population measure
is not multivariate Gaussian but instead is multivariate Cauchy. Robustness against viola-
tions of assumptions is especially important in private data analysis, where we may not have
enough privacy budget to check assumptions. In addition, the parameter of interest may be
the population median. In that case, mean estimators would not be suitable if the population
measure is not symmetric. Note that a bound in terms of Mahalanobis distance (with respect
to¥), denoted ||-||s;, is implied by (2.10), through the inequality ||0o—0n||s < ||60—0n||/v/Ad;

Viz.
Smm_( d. d>.

n ne

=

Howewver, this resulting bound is mnot optimal for Gaussian mean estimation, see, e.g.,
(Brown et al., 2021). This does not imply that this estimator is not optimal for this problem,
it is just that the optimal Mahalanobis error is not implied by our bound. It is possible the
techniques used to prove Theorem 12 could be used to prove a general deviations bound in
terms of the Mahalanobis distance.

Example 2 (Cauchy marginals) Suppose that u is the product probability measure con-
structed from independent Cauchy marginals with location parameter 0 and scale parameters
01,...,04 and we would like to use the exponential mechanism to privately estimate the half-
space median of . In this case, p is d-version symmetric?, with a(u) = Z?:l ojluj| where
u; s the Gt coordinate of u. A similar analysis as to that of Example 1, gives that halfs-
pace depth (under this i) satisfies the conditions of Theorem 5. Note that in this setting,

2. Recall that p is d-version symmetric about zero if for any unit vector u, X "u 4 a(u)Z where X ~ p
and Z ~ v such that Z < —Z and a(u) = a(—u).

13
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‘ HD IDD IRW SMD SD MSD
VC(.Z) | O(d) O(d) O(d) O(d?logd) O(d) O(d)
K 1 3 4 d+1 d 1
L supy || full - 3sup, [|full - 2sup, [Ifull - sup, [full 2L 2vdL
o Mi(RY) & € N 0 (see Remark 28) 0

Table 2: Table of values for which different depth functions satisfy Theorem 5. Letting
ity be the law of X Twu if X ~ pu, f, is the density of p, with respect to the
Lebesgue measure and L' denotes sup, E ||y — X |7'. Note < is the set of ad-
missible measures for which D is a depth function, in the sense of Definition 2.
Here, € C Mj(R%) denotes the set of centrally symmetric measures over R? and
N C M1 (R?) denotes the set of angularly symmetric measures over R? that are
absolutely continuous with respect to the Lebesgue measure.

the Lipschitz constant scales with the dimension: L = O(\/d). The next step is to com-
pute o(t). Let ¢ = d~! 2?21 oj. Observe that when the scale parameters are constant in

d, sup, a(u) = Vd . It follows that under the halfspace depth, a(t) = L arctan <ﬁ>

If t < R for some large R, then we can write a(t) = t(aV/d(1 + R%/da?))~ . If we use
a Gaussian prior with unit scale,® then, omitting logarithmic terms, the deviations bound
becomes

_ 1/2 2., 13/2

Here, observe that the deviations are a factor of V/d larger than in the Gaussian setting.
The increase in the sampling error term is due to the fact that if X follows the poly-Cauchy
distribution, then there is a direction u where X " has scale proportional to V/d. This causes
the discrepancy function to be dependent on the dimension. For the poly-Cauchy measure,
considering all directions is actually a drawback of the halfspace median. On the other
hand, the coordinate-wise median does not consider the direction with scale proportional
to Vd, and does not have this issue. Indeed, when we apply Theorem 5 to the univariate

private median, the resulting deviations bound is O(4/d max;c[q) ag/nv[d3/2(||97rHio\/l)/en]).

Observe that the sampling error term is O(\/%) (Note that any other optimal, univariate
private median estimator would achieve the same deviations bound, e.g., (Tzamos et al.,
2020).) On the other hand, the cost of privacy term in the deviations bound is O(d®/? /ne)
for both the halfspace median and coordinate-wise median. This represents the difficulty of
estimating location when p is high-dimensional and heavy-tailed.

In the Gaussian setting, the discrepancy function is relatively similar between the halfs-
pace depth to the integrated depths. However, in the Cauchy setting, the discrepancy func-
tions differ between the halfspace depth, the integrated-rank weighted depth and the integrated

3. We don’t lose generality here; we can arbitrarily shrink the scale of the p.

14
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Discrepency function as a function of the dimension

10 [ —
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Figure 1: Logarithm of the inverse of the value of the discrepancy function at ¢ = 1,
log(1/a(1)), as the dimension increases. Here, p is made up of d independent
standard Cauchy marginals. Notice that halfspace depth has the smallest values
of 1/a(1) which implies it has a smaller bound on the sample complexity. This
demonstrates the trade-off between accuracy and computability when choosing a
depth function. For the integrated depths, the value of the integrand is approxi-
mated via Monte Carlo simulation with 10,000 unit vectors.

dual depth. To see this, we must evaluate the integrals in Table 2.5. For the IRW this in-

tegral is given by
1 to’
a(t) = — inf / arctan (N)
T lvli=1 2 j=14uj

We evaluate these integrals via Monte Carlo simulation with 10,000 unit vectors. Figure 1
plots the logarithm of the inverted discrepancy function computed att =1, i.e., log(1/a(1)),
for the three depth functions as the dimension increases. Observe that the halfspace depth’s
discrepancy function decreases the slowest. Thus, the halfspace depth gives the smallest
sample complexity for heavy tailed estimation when the dimension is large. The difference
in accuracy between the halfspace depth and the integrated depths demonstrates the trade-off
between computability and statistical accuracy.

dv(u).

2.5 Simulation

To complement our theoretical results, we demonstrate the cost of privacy through simu-
lation. In order to simulate a private median, we use (non-private) discretized Langevin
dynamics. Given that the discretized Langevin dynamics approximates a draw from the
exponential mechanism, we don’t expect the use of discretized Langevin dynamics to have
a meaningful impact on our results. We recognize that privacy guarantees may be affected
by the use of Markov chain Monte Carlo (MCMC) methods; the current implementation
may not guarantee e-differential privacy. This appears to be an open problem. The purpose
of the current implementation is to investigate the statistical accuracy of the methods. The
computation of specific private medians via private MCMC is an interesting direction of
future research. For a discussion on the level of privacy guaranteed by MCMC, see (Seeman
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Figure 2: Empirical root mean squared error (ERMSE) of the location estimators under
(left) Gaussian data and (right) contaminated Gaussian data when ¢ = 10. In
the uncontaminated setting, the ERMSE of the private median grows at a slightly
faster rate than its non-private counterpart and the mean estimators. This is due
to the cost of privacy. On the other hand, in the contaminated setting, the
ERMSE of median estimators is much lower than that of the mean estimators.
In particular, the private median outperforms the coin-press mean. This demon-
strates the usual trade-off between accuracy and robustness between the mean
and the median. For a zoomed in version of the left plot, see Figure 4 in the
appendix.

et al., 2021). As a by-product of our work, we also provide a fast implementation of a mod-
ified version of the non-private integrated dual depth-based median. This implementation
shows that this multivariate median can be computed quickly, even when the dimension is
large. For example, we can compute the median of ten thousand 100-dimensional samples
in less than one second on a personal computer.* We call this modified version of the in-
tegrated dual depth the smoothed integrated dual depth, see Section 6.1 for more details.
Our code is available on GitHub.

Aside from the private smoothed integrated dual depth median, we also computed the
non-private smoothed integrated dual depth median and the private coin-press mean of
Biswas et al. (2020). When computing the coin-press mean, we used the existing GitHub
implementation provided by the authors. The bounding ball for the coin-press algorithm
had radius 10v/d and was run for four iterations.

We simulated fifty instances with n = 10, 000 over a range of dimensions from two to one
hundred. The data were either generated from a standard Gaussian measure or contami-
nated standard Gaussian measure. In the contaminated model, 25% of the observations had
mean (5,...,5). We tested privacy parameters e = 2,5 and 10, the smoothing parameter s
was fixed at 10 and m = N(0,25dI).

Figure 2 shows the empirical root mean squared error (ERMSE) for the different location
estimators as the dimension increases when ¢ = 10. Results for the remaining values of €
can be seen in Appendix D. Notice that the private median ERMSE grows at a similar

4. The code was run on a desktop computer with an Intel i7-8700K 3.70GHz chipset and an Nvidia GTX
1660 super graphics card.
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rate as that of the non-private ERMSE. The mean estimators perform very well in the
uncontaminated setting, but poorly in the contaminated setting. In particular, the private
median outperforms the coin-press mean. The median estimators do not perform as well
as the mean estimators in the standard Gaussian setting, but do not become corrupted
in the contaminated setting. This demonstrates the usual trade-off between accuracy and
robustness between the mean and the median.

3. An elementary concentration bound

In this section, we introduce the underlying concentration bound used to produce Theo-
rem 5, which we imagine will be useful more broadly. Our result shows that for a general
objective function ¢, 6, concentrates around 6, = argmaxgepa ¢(6, 1) with high proba-
bility. In particular, Theorem 5 is specifically for privately estimating multivariate medi-
ans, given normal or uniform priors, meanwhile the concentration bound presented in this
section applies more broadly to #, drawn from the more general (2.2) as an estimate of
0y = argmaxgcpa ¢(0, 1v), under a general prior and a relaxed version of Condition 2. The
relaxed version of Condition 2 is stated below.

Condition 4 The map x — ¢(x, ) is w-a.s. uniformly continuous with modulus of conti-
nuity w.

We now introduce some new important functions. Replacing the depth function D with ¢,
we can define the generalized discrepancy function of the pair (¢, u) as a(t) = ¢(6o, u) —
SUP.eBe(E,.,) ¢(x, 1), where 0y € Ey .. The calibration function of the triple (¢, u, ) is the
function

$() = min[A - w(r) — log 7(By (Fy,.))] (3.1)

Note that ¥ () is increasing and tends to co as A — oo. The rate function of the prior is
given by
I(t) = —log (B (Eg,u))- (32)

The concentration/entropy function of the prior is the rate at which the prior concentrates
around the maximizers of the population risk. For large ¢, it is the rate of decay of the tails
of .

The concentration bound is given in the following theorem, which quantifies the accuracy
of 6,, drawn from (2.2) as an estimate of 6.

Theorem 12 Suppose that for the pair (¢, u), Conditions 1, 3 and 4 hold for some K > 0.
Then, there are universal constants c1,ca > 0 such that the following holds. For anyt,3 > 0,
we have that

Pr| max
906E¢,M

i ol < (—an N\ en[biove®] /K2 | gawa-1w24)
ol =)< (veis) e |

Remark 13 (Comparison to some well-known bounds) [t is helpful to compare our
result to the widely used accuracy bound of McSherry and Talwar (2007). The latter controls
the accuracy of the estimator 0,, as measured by the empirical objective value: it bounds the
difference between the empirical objective value achieved by the exponential mechanism and
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A~

the maximal empirical objective value. More precisely, if we let Sy = {x € R%: ¢(z, fin) —
supg ¢(0, fin,)) > 2t}, the result of McSherry and Talwar (2007) says that

Pr <sup D0, fin) — (On, fin) > 2t> <e /(8.
0

As well, note that there is no analogous sample complexity bound because this approrimation
is not improving with the sample size. By contrast, (3.10) concerns the consistency of
0, as an estimator, namely the distance between the estimator and any mazimizer of the
population objective, that is HHNn —6o||. Furthermore, the quality of this concentration bound
depends on n and thus a sample complexity bound can be read off readily. In addition to
McSherry and Talwar (2007), Chaudhuri and Hsu (2012) also provide an accuracy bound
for M -estimators drawn from the exponential mechanism in the univariate setting. They
give the number of samples required for the error of the private estimator to be within t > 0
of the error of the non-private estimator. Our bound can be applied to the same problem,
and we also recover the requirement that n 2 1/te.

Proof We first prove that the regularity conditions imply that the empirical objective
function concentrates around the population objective function. By Condition 3, there are
some K > 0 and .# with VC(.%) < oo such that ¢ is (K, .Z#)-regular, i.e.,

sup [¢(x, ) — ¢z, fin)| < K sup B, 9(X) — ELg(X)]. (3.3)
€T g RZ

Now, for a probability measure @ over A, let N(7,.%, L2(Q)) be the T-covering number
of .Z with respect to the L?(Q)-norm. By assumption, for any g € .7, |g|l,, < 1 and
VC(%#) < oo. This fact implies that there is some universal ¢ > 0 such that for any
0 < 7 < 1, it holds that,

, o 2VC(F)
sgpN (r,7,L7(Q)) S VC(F) (;) .

See (Sen, 2022, Theorem 7.12), or (Kosorok, 2008, Theorem 9.3). A straightforward ma-
nipulation of Talagrand’s inequality (Talagrand, 1994, Theorem 1.1) implies that there is
some universal ¢ > 0 such that for all n > 1 and for all ¢ > 0, it holds that

VC(F)
>t < o e 2
=" =\VCc(%)

n

p |~ > g(X0) ~ Eg(X)
geF | i

Pr <\/ﬁ sup

For all £ > 0, it holds that

Pr | sup |¢(z, fin) — d(z,p)| >t | < (Cn)VC(g) e 2mt?/K* (3.4)
xe]é)d y Mn ) = \vc(2) . .

where to go from the second inequality to the third we multiplied both sides of the inequality

by /n.

We can now use the concentration result (3.4) to prove the rest of the theorem. For

0, — GOH > t}, and for any y > 0, define the event A, , =

brevity, let D, ; = {maX00€E¢ 4
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{lloC, fin) — o(-, )|l o < y}. It follows from the law of total probability and (3.4) that for
any y > 0 it holds that

Pr(Dyy) = Pr(Dpy N A5, ) + Pr(Dny N Any) < Pr(45,,) +Pr(Dn;NAny)

< (- e ~20*/K* L Pr(Dyy N Apy) (3.5)
= \KVC(Z) ‘ P Any) '

We now focus on the right-hand term above. By definition, we have that

1 1 c exp (Bé(z, fin))dm
5108 Pr (D1 Any) = 5 log / Jot(e, dy. (3.6)

Any fRd exp (ﬂgb(l‘, ﬂn))dﬂ'

On Ay, it holds that exp (B¢ (z, p)) exp(—By) < exp (Bo(, fin)) < exp (Bd(x, 1)) exp (By).
Applying this to the right-hand side of (3.6) results in

1 1 f c €xp (5¢($,M))d7r
—logPr(Dyt N Ay,y) < —log Bi (Eo...)

3 518 o (Bolm a2 (3.7)

We now bound E exp (8¢ (z, 1)) below. For any r > 0, Condition 4 implies that

1 1
ﬂlog/Rd exp (Bo(x, p))dm > Blog /BT(EWeXp (Bo(z, p))dm

— 60, 1) + },log / exp (B((x, 1) — 600, 1)))dm

BT(Edwt)
> ¢(00, 1) — w(r) + B log (B, (Eg,p))-

Maximizing the right-hand side of the above, and recalling the definition of the calibration
function, v, from (3.1), yields

G108 [ exp (80(e.))dm = (00.1) ~ 0B/

Plugging this lower bound into (3.7) yields

L log Pr(Dyy N Any) < = log / exp (B (x, w))dr — BB, 1) + ¥(B)/5 + 2
B 5 BtC(Ednu)

< sup o(x) — ¢(f) + ;logﬂBf(E(ﬁ,H)) +(8)/B+ 2y
z€BF(Eg,,.)

= —a(t) = 1(t)/B+%(B)/B + 2y,

where the last line follows from the definitions of «(t) and I(¢). Rewriting the last inequality
gives that

Pr Doy 1 Any) < exp (—Balt) — 1(t) +0(8) +28y).. (3.8)
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Now, setting y = f(¢,8) = «(t)/2 VvV I(t)/25 and plugging (3.8) into (3.5) results in

5 en O\ VC#) o
b, — QOH > t) < <> oI ()2 /8K

Pr( o0 Vo)

90€E¢7#

4 e~ BaO)—I(t)+u(B)+2B1(t.8) (3.9)

Next, note that a(t) + I(t)/8 — f(t,5) > «a(t)/2 + 1(t)/26. Plugging this inequality into
(3.9) yields the desired result. |

It is helpful to view the two terms in the above bounds separately. The first term mea-
sures the sample complexity of estimation and, in the absence of sampling considerations,
recovers the concentration properties of classical (non-private) estimators. (In particular,
the non-private bound can be obtained from the above by formally setting 8 = oco.) The
second term is novel and is a measure of the cost of sampling and encodes the trade-off
between the prior, 7, the parameter 3, and the objective function a.

Through taking 8 = ne/2K, Theorem 12 immediately provides a consistency bound
(and thereby a sample complexity bound) for the exponential mechanism:

= cin Vo) [LI(tva(t)/2K]?
Hn_e[)H Zt S = = e can ne @

Pr (s s

bocEy

+efnea(t)/4K71(t)/2+1/J(ne/2K)' (310)
Let us pause here to interpret this result. The cost of consistent estimation is encoded
in the first terms of (3.10) and, in particular, can be related to the non-private setting as
well. The cost of privacy is encoded in the second term in (3.10). Finally, we note that
the second term in (3.10) encodes a trade-off between an effect of the prior and the privacy
parameter.
Equation (3.10) readily yields the sample complexity of an estimator drawn from the
exponential mechanism.® This yields Corollary 10, and, for instance, Lemma 15 below.

4. Proof of Theorem 5

We now prove Theorem 5 with a series of lemmas. Let us first note the following fact, whose
proof is deferred to Appendix B.

Lemma 14 Let a,b,c € RT. The function h(z) = ax — blog (cx/b) is increasing and
positive for

x> 2Eb[log (¢/a) Vv 1].

5. To see this briefly, assume for simplicity that 7 is the uniform measure on a hypercube whose side lengths
are at most polynomial in d. In addition, assume that g is well captured by this hypercube, i.e., 0y is at
least e~? far from any boundary of the cube. Suppose we want to estimate a maximizer of ¢(-, 4) within
some error level ¢ with probability at least 1 — e™¢. Lemma 35 and Corollary 10 give that it is sufficient
for VC(.%) to be polynomial in d to ensure that the sample complexity is polynomial in d.
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Lemma 15 Suppose that Conditions 1 and 3 hold with ¢ = D for some K > 0. In addition,
suppose that the map x — D(x,u) is L-Lipschitz for some L > 0. Then, there ezists a
universal constant ¢ > 0, such that for all n,d > 1 and all 0 < v < 1, with probability at
least 1 — ~y, it holds that

A(Ep g 00) S 07 <K N log(1/7) v VC(F) logn

~
n

log (1/7) v (1~ log (B 2 (Ey,)))

ne

). (4.1)

Proof Note that all of the conditions of Theorem 12 hold, and so we can apply Theorem 12
with 8 = ne/2K. Proving the deviation bound then amounts to finding a lower bound on
t which ensures that:

VC(F)
cmn —con[2KI(t)/neva(t)]? /K2 —nea(t)/2K—1(t)/2+¢(ne/2K) . [ | [T <
(V c( §)> e +e : + 11 <.

(4.2)

We will do this by finding ¢ such that both I and I are less than v/2. We start with finding
t such that I < /2. First, note that

VC(Z) VC(F)
cn o—can[2K1(t)/neva(t)?/K? ~ an e—cana(t)?/K?
VC/(.Z) ~ \VC(F)

If we can find a lower bound on ¢ which implies that

can Vo) < ecgna(t)2/2K2 (4 3)
VC(7) = ! '

then such a lower bound, together with the bound t > a~! (\/K2 log(2/fy)/n) yields that

I <~/2. It remains to find ¢ such that (4.3) holds.

To this end, define the function h(n) = cana(t)?/2K? — VC(ZF)log (c1n/ VC(F)) . The
condition (4.3) is then equivalent to the condition h(n) > 0. Note that h(n) is in the form
of Lemma 14 with a = coa(t)?/2K?, b = VC(.F) and ¢ = c;. Applying Lemma 14 yields
that h(n) > 0 provided that

T K?
. K2VC(J) log <ca(t)2) V1

2 oy 7 (4)

for some universal ¢ > 0. Now, provided that a?(t) > K?/n, (4.4) is satisfied when
a(t)? > K*VC(ZF)logn/n.

It follows that there exists a universal constant ¢ > 0 such that (4.3) holds provided that

P (CK\/log(l/'y) VVC(Z) logn) | 45)

n
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We now turn to finding ¢ such that IT < /2. The II < /2 is satisfied when

log (2/7) V ¥ne/2K) _y  log (2/7) = 1(/2 4 vne/2K) o

a(t) > 4K
ne ne

It remains to simplify ¥ (ne/2K). To this end, given that by assumption D is L-Lipschitz,
we have that w(r) < Lr. Plugging this in to the definition of v yields:

ne
<min|— - L-r — :
P(ne/2K) < min [ZK L-r—log W(BT(EQW))}
Next, taking the specific choice r = 2K/Lne yields ¢ (ne/2K) < 1 —log m(Bayk/rne(Eg,p))-
Plugging this inequality into (4.6), and combining the result with (4.5) yields the desired
result. |

We now note the following lemmas whose proofs are deferred to Appendix B.

Lemma 16 If 1 = N (0x,021) with o > 1/4, then for all E C RY, all d > 2 and all
R < o, it holds that

d(E,0,)? O

—logm(Br(E)) S

Lemma 17 Suppose that m o< 1{x € Ag(6:)} where E C Ar(0:), then for all E C R,
d >0 and all r > 0 it holds that

—logn(B,(F)) < dlog <dR(9(R;E)/\T> .

We can now prove Theorem 5.

Proof [Proof of Theorem 5| First note that by assumption, all the conditions of Lemma 15
are satisfied. To prove (2.4) and (2.5) we apply Lemma 16 and Lemma 17, respectively, in
conjunction with Lemma 15. To apply Lemma 16, first, observe that together, the assump-
tions that L > 1, 02 > 1/16 and n > 8K /e imply that 2K/Lne < o,. Applying Lemma 16
with R = 2K /Lne and E = Ep , in conjunction with (4.1), yields (2.4). Applying Lemma
17 with » = 2K /Lne and E = Ep , in conjunction with (4.1), yields (2.5) as desired. [ |

4.1 Optimality of Theorem 5

Lemma 18 The upper bound on the deviation of 6,, about Ep . giwen in Theorem & is
sharp, up to logarithmic factors. The upper bound on the sample complexity of 8,, given in
Corollary 10 is also sharp, up to logarithmic factors.

Proof We show that for a specific set of parameters, the upper bound given in Corollary 10
matches the lower bound of Theorem 6.5 of (Kamath et al., 2019) up to logarithmic factors
in d and t~1. Specifically, set D = HD, 6y € Ar(0), 7 = Ar(0), that u = N (6, 0I). For
t > R, the sample complexity is 1. We then focus on the case where ¢t < R.

We now check the conditions of Corollary 10 under these parameters. To this end,
sup, D(z, u) = D(6o, 1) and so Condition 1 is satisfied. Next, HD satisfies Condition 3 with
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K =1 and VC(.%) = d+ 2, as shown in Lemma 44. Furthermore, we have that HD(-, u) is
o~ !-Lipschitz. Therefore, the conditions of Corollary 10 are satisfied. Plugging these values
into Corollary 10 and setting v = 1/3, as in Theorem 6.5 of (Kamath et al., 2019), yields

K __ Rfo
o (&5 ve) | dos (e v &)
= a(t)? a(t)e '

Note that in this case, we have that a(t) = ®(t/o) — 1/2. Let a(R) = (®(R/o) — 1/2)/R.
Now, since t < R, concavity of ® on RT implies that «(t) > a(R)t. Applying this fact in
conjunction with (4.8) results in

R/o
. dlog (—a(}% v e) y dlog (—dR’HW L V d)
~ a(R)?-t2 a(R)-t-¢ ’

(4.8)

(4.9)

which matches the bound given in Theorem 6.5 of (Kamath et al., 2019) up to logarithmic
factors in d and t~1. A simple manipulation of the terms in (4.9) gives an equivalent devi-
ations bound, which matches the minimax lower bounds given by Cai et al. (2021), up to
logarithmic factors, if § is taken to be n~* for some k > 0. |

5. Inverse discrepancy function for small ¢

As stated earlier, when applying Theorem 5, if o' is often at most linear, at least for small
t, then this is very convenient technically, in that it simplifies the bounds given in Theorem
5. This is because, in that case, we need not be concerned about inverting a directly.
Indeed, if there exists C,, > 0 such that «(t) > C,t for small ¢, then this implies that the
a~!(t) in Theorem 5 can be replaced by t/C,, thus, simplifying the bound greatly. The
purpose of this section is to give conditions for there to exist C, > 0 such that «(t) > C,t
for small t. We first give general conditions under which «(t) > C\t for an arbitrary depth
function.

Lemma 19 Suppose that sup,cga D(z, 1) = D(6o, i), D(-, p) is translation invariant, de-
creasing along rays, continuous and continuously differentiable on B.(6y) for some r > 0.
In addition, suppose that there exists 0 < a < R < r such that u, = argmax,cga—1 D(u-t, 1)
is constant in t for a <t < R. Then, if for a <t < R, it holds that

. d

is non-decreasing on [a, R], we have that a(t) > ta(R)/R.

Note that the proofs of results in this section are deferred to Appendix B. The conditions
of Lemma 19 will hold when p and D are such that the contours of the depth function are
not changing in shape as we move away from the center. For example, the conditions of
Lemma 19 hold for the class of elliptical distributions and the integrated depths. We give
a more general version of this result below, using Lemma 19 to show a general bound for
integrated depth functions. In addition, recall that v denotes the uniform measure on the
(d — 1)-dimensional unit sphere.
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Lemma 20 Suppose  is centrally symmetric about 6y and D(x, 1) = [sa— g(x T u, py,)dv
where for all u € S, we have that

1. g(ay + b, apy +b) = g(y, itu),

2. g(-, ) are bounded, continuous and continuously differentiable,

3. 9(0g u, pu) = 0 and g(0g w — . pru) = g(0g u+ y, p1u),
4. there exists R > 0 such that g(0) u + y, i) is non-increasing for 0 <y < R and

5. there exists v € SY1 such that g(c(fy +v) Tu, py) > g(c(fo + w) Tu, ) for all ¢ >0
and w € S,

then for t € [0, R] it holds that
a(t) > ta(R)/R.

Observe that Items 1-4 are satisfied for the smoothed integrated dual depth (Defini-
tion 31) and the integrated-rank-weighted depth (Definition 26) provided the projected
cumulative distribution functions h(y,u) = p (X Tu < y) are continuous and continuously
differentiable in y for all u € S¥~!. Item 5 depends on the distribution, but is fairly general.
For instance, it is easy to see that item 5 is satisfied by the class of elliptical distributions,
or anytime g is such that the depth function has nested, convex contours.

In the univariate setting, deviations bounds for the univariate median often only require
a lower bound on the density of the population measure in a neighborhood of the median. We
next show a result of this flavor, for the halfspace depth. Recall that a measure u € M1 (R%)
is halfspace symmetric about 6y € R if for every closed halfspace H which contains fy, it
holds that (X € H) > 1/2 (Zuo and Serfling, 2000).

Lemma 21 Suppose that D = HD, argmax,.gpa HD(z, 1) = 6y and suppose that there
is some R > 0 such that for all u € S, u, are halfspace symmetric and absolutely
continuous. If there exists C,, > 0 such that for all u € S, infaguiR fuu (@) > Cy, then

for all g u — R <t < 0] u+ R, we have that a(t) > tC,,.

6. Depth functions and their properties

For the convenience of the reader, we collect here some basic facts about depth functions. We
first review several common depth functions in the literature and their properties. We then
introduce a new depth function, the smoothed integrated dual depth, which has desirable
properties from a computational perspective and is used in our simulations. For proofs of
the results from this section, see Appendix F.

One classical depth function is the simplicial depth (Liu, 1988, 1990). Let A(z1,...,Zq4+1)
be the simplex in R? with vertices z1, . .. s Lt -

Definition 22 (Simplicial Depth) Suppose thatY1,. .., Yy arei.id. fromp € Mi(R9).
The simplicial depth of a point x € R* with respect to  is

SMD(zx, i) = Pr(A(Y1,...,Yay1) 2 2).
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The simplicial depth of a point & € R? is the probability that a random simplex defined by
d+1 draws from p contains x. The next depth function we introduce is spatial depth (Vardi
and Zhang, 2000; Serfling, 2002), which is maximized at the spatial median (Vardi and
Zhang, 2000). Define the spatial sign function some as SR(y) = y/ |ly|| (with SR(0) = 0).
We can then define the spatial rank function as E, SR(z — X). The norm of the spatial
rank of € R? is a measure of the outlyingness of x with respect to p. With this in mind,
the spatial depth is defined as follows:

Definition 23 The spatial depth SD of a point x € R with respect to u € My(R?) is
SD(w ) = 1 - B, SR(w — X)) .

We will see below that the spatial depth is (K,.%)-regular, however, K = O(d). Replacing
the norm with its square eliminates this inconvenience, and still yields a depth function
which is maximized at the spatial median. Therefore, we define the modified spatial depth
as follows:

Definition 24 The modified spatial depth MSD of a point x € R® with respect to p €
My (R?) is MSD(z, 1) = 1 — ||E, SR(z — X)||*.

Lastly, we define the integrated depth functions. Here, the idea is to define the depth of
a point z € R? as the average, univariate depth of = u over all directions u. The first
integrated depth function® is the integrated dual depth of Cuevas and Fraiman (2009),
which, letting v be the uniform measure on S, is defined as follows:

Definition 25 (Integrated Dual Depth) The integrated dual depth of a point x € R?
with respect to p € My(R?) is

IDD(z, 1) = / F(z,u,p) (1 — F(x,u,p)) dv(u). (6.1)

gd—1

The integrated dual depth of z € R is the average univariate simplicial depth of " u over
all directions u € S¢~1. The integrated rank-weighted depth (Ramsay et al., 2019) replaces
the simplicial depth in (6.1) with a slightly modified version of halfspace depth. For X ~ p,
define F'(z—,u, ) = (X Tu < xTu).

Definition 26 (Integrated Rank-Weighted Depth) The integrated rank-weighted depth
of a point x € RY with respect to u € My(R?) is IRW(x,u) = 2E,F(z,U,u) A (1 —
F($, 7U7 ,LL))

We now turn to a brief discussion of these functions satisfy Definition 2. To this end,
recall the following classes of measures. Recall that a measure p is angularly symmetric

: dsg X—0p d 6p—X -~ : d
about a point 0y € R® if I\X*OSII = ||—)?*90H for X ~ p (Liu, 1990). Let 4 C M;(R%)

denote the set of angularly symmetric measures over R¢ that are absolutely continuous
with respect to the Lebesgue measure. The following proposition collects existing results in
the literature:

6. The first integrated multivariate depth function, to be precise. The first integrated depth was developed
for functional data by Fraiman and Muniz (2001).
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Proposition 27 The aforementioned depth functions satisfy the following:
e Halfspace depth is a depth function with admissible set My (R?).

e Simplicial depth is a depth function with admissible set AN .

e Spatial depth and the modified spatial depth satisfy properties (1), (2) and (4) for all
JUANS Ml(Rd).

o Integrated dual depth and integrated rank-weighted depth are depth functions with
admissible set €. Furthermore, they satisfy properties (1), (2) and (4) for any
uwe Ml(Rd).

Remark 28 Spatial depth does not satisfy Definition 2, as property (3) fails. However,
spatial depth satisfies spatial angle monotonicity and spatial rank monotonicity (Serfling,
2019, see Section 4.3), which together provide a weaker alternative to property (3). Simpli-
cial depth and halfspace depth are affine invariant, which is a stronger version of property

(1).

Remark 29 Both the halfspace depth and the simplicial depth function have an exact com-
putational running time of O(n=1), see, e.g., (Dyckerhoff and Mozharovskyi, 2016; Afshani
et al., 2016) and the references therein. By contrast, the spatial depth and the integrated
depth functions are computable in high dimensions (Chaudhuri, 1996; Ramsay et al., 2019).
For instance, the integrated depth functions can be approximated easily via sampling, say,
m points from v. One can then approximate the sample depth value of a given point in
O(mnd) time (Ramsay et al., 2019). Going further, it is easy to show via Talagrand’s
inequality (Talagrand, 1994; Sen, 2022) that if one wants to approrimate a sample depth
value to within error t, with > 0.99 probability then we need m = ndlog(1/t)/t? unit vectors,
which results in O(n?d?log(1/t)/t?) time.

The following theorem demonstrates that the depth functions defined in this section
satisfy the conditions of Theorem 12. Let p,, be the law of X Tu if X ~ p.

Theorem 30 The aforementioned depth functions satisfy the following:
o Conditions 1 and 3 hold for each of the depth functions defined in Section 6.

o Suppose that 7 is absolutely continuous and that for all u € S, the measure fi,
is absolutely continuous with density f, and supj, =1 ||fulc = L < co. Then there
exists a universal constant C' > 0 such that for all s € (0,00], halfspace, simplicial,
integrated rank-weighted and the smoothed integrated dual depth’ satisfy Condition 4
with w(r)=C-L-r.

e Suppose that p has a bounded density and that sup, E ||y — X||_1 = L' < co. Then
modified spatial depth satisfies Condition 4 with w(r) = 2v/d - L' -r and spatial depth
satisfies Condition 4 with w(r) =2-L"-r.

The above results are also summarized in Table 2.4.

7. The smoothed integrated dual depth is introduced in Section 6.1 below and equals the integrated dual
depth when s = co.
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6.1 The smoothed integrated dual depth

One issue with many of the aforementioned depth functions is that their empirical versions
contain indicator functions, which are non-smooth. This fact is inconvenient from an op-
timization perspective, e.g., we cannot apply gradient descent to estimate the median. In
addition, this non-smoothness implies that the empirical depth functions will possess flat
contours. This can cause the estimated medians to perform poorly when the population
measure has atoms near its center (Lalanne et al., 2023). Therefore, to resolve this issue,
recall that 1 {X;u < a;Tu} ~ o (s(x — X)Tu) , for large s, where ¢ is the usual sigmoid
function: o(z) = (1 + e~*)~!. This motivates the following definition of depth, which we
use in our simulation study from Section 2.5. Recall that v denotes the uniform measure
on the (d — 1)-dimensional unit sphere.

Definition 31 (Smoothed Integrated Dual Depth) The smoothed integrated dual depth
with smoothing parameter s > 0 of a point x € R with respect to p € My (R?) is

IDD(x, p, s) = /Sd_l Eo (s(x - X)Tu> <1 —Eo <s(a; - X)Tu>> dv(u). (6.2)

As s — oo, the smoothed integrated dual depth converges to the integrated dual depth.
However, the smoothed integrated dual depth is convenient in that its empirical version is
differentiable. Furthermore, the smoothed integrated dual depth is a depth with admissible
set €.

Proposition 32 For any s > 0, the smoothed integrated dual depth is a depth function
with admissible set €. In addition, properties (1) and (4) hold for any p € M(R%).

In the simulations presented in Section 2.5, we approximate (6.2) with

DD (2, 1, 5) = % i Eo <s(a: _ X)Tum> (1 —Eo (s(a: — X)Tum)) :
m=1

where uy,...,up are drawn i.i.d. from v. One can show that the number of unit vectors
needed to maintain a fixed error level ¢ > 0 with high probability 1 — « is polynomial in n
and d.

Proposition 33 Let uy,...,uy be i.i.d. fromv. Then for all d,s,t > 0 and all 0 < v < 1,
there exists a universal constant ¢y > 0 such that sup,, |IDD(z, fin, s) — IDD(z, i, s)| < t,
with probability 1 — y, provided that

M > ci[log(1/7) V dnlog(1/t v e)Jt 2.

Observe that Proposition 33 is a sample complexity style result, where instead of bounding
the number of samples needed for achieve some error tolerance ¢ > 0, we bound the number
of simulated unit vectors needed to achieve error tolerance ¢ > 0. Specifically, the result
says that we need, roughly, O(nd/t?) unit vectors for our approximation to be within ¢
of IDD(z, fin, s), with probability > 0.99. Lastly, note that the median estimators are
relatively insensitive to the choice of s. For s > 10, the specific value of s appears to have
minimal effect on the estimation error and convergence of the gradient descent algorithm,
see Appendix C for more details. We recommend choosing s = 100.
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7. Computing private depth values

The depth values themselves can be of interest. For example, they are used in visualization
and a host of inference procedures (Li and Liu, 2004; Chenouri et al., 2011). The theoretical
analysis from the previous sections yields simple differentially private methods for estimating
depth values. If we want to compute the depth of a known point, then we can use an additive
noise mechanism, such as the Laplace mechanism or the Gaussian mechanism (Dwork et al.,
2006), i.e., we can just add noise that is calibrated to ensure differential privacy. For
example, it follows from privacy of the Laplace mechanism (Dwork et al., 2006) that if
D is (K,.Z7)-regular, then for all z € R? it holds that D(z, fi,) = D(z, jin) + W1 K/ne,
W1 ~ Laplace(1), is e-differentially private. Theorem 12 then implies the concentration of
private depth values generated from the Laplace mechanism.

Corollary 34 Suppose that D satisfies Condition 5. For x € R? chosen independently of
the data, D(z, fin,) = D(z, fir,) + Wik/ne, is e-differentially private. In addition, there exists

universal constants c1,co > 0 such that for all t > 0 it holds that
Pr(|D(x, fin) — D(z, )| > t) < (crn/VC(F))VOT) gmeant®/ K2 | o—net/2K

Corollary 34 suggests taking € o< t/K when simulating private depth values. An obvious
problem of interest is estimating the vector of depth values at the sample points, i.e., can
we estimate f)(ﬂn) = (D(X1,fin), -, D(Xy, fin)) privately? Define the global 1-sensitivity
of D(i,) to be

D(jin) ~ D(7an)

GSn(D(fin)) =  sup 1

XneEnXd7
fn€EM(Xn)

where ||-||; denotes the L; norm. In general, GS,(D(fin)) = O(1), see Lemma 39. As a
result, if D is the vector of private depth values generated from the Laplace mechanism then,
|ID(fin) — f)(ﬂn)H 2 n/e with high probability; the level of noise is greater than that of the
sampling error. Here, ||| denotes the Lo norm. This result is intuitive; these vectors reveal
more information about the population as n grows, which differs markedly from the single
depth value case, where the amount of information received is fixed in n. In fact, for large n
the vector of depth values at the sample points contains a significant amount of information
about p; the depth function can, under certain conditions, characterize the distribution
of the input measure p (see Struyf and Rousseeuw, 1999; Nagy, 2021, and the references
therein). In order to release so much information about the population privately, we must
inject non-negligible noise. We cannot, then, simply plug in the n private sample depth
values into an inference procedure and proceed. An interesting topic for future research is
how to extend depth-based inference procedures to the private setting.
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Appendix A. Notation conventions

We collect here some notation we will use throughout the paper. Note that all notations
are introduced throughout the paper, but having the notation collected in one place may
be a useful reference. For sets A, B, we let AAB be the symmetric difference between A
and B. Given v € R%, let ||v|| denote the Euclidean norm, and for a function f: R — R,
let ||f|| = supyer |f(x)]. For a set A and r > 0, let B,(A) = {x: zneﬁHx -yl <r}. Let

ARr(y) be the d-dimensional cube of side-length R centered at y and let dgy(x) denote the
minimum distance from a point z = (z1, ..., z4) to a face of the cube Agr(y): dry(z) =

113‘21 |z; — y; £ R/2|. Similarly, denote the minimum distance from a set B C R? to a
<i<

face of the cube Agr(y) by dry(B) = injfB dry(x) and let d(z, B) = in}fg lx — y|| denote the
S ye

usual point-to-set distance. For two numbers a,b € R, we have that a A b = min(a,b) and
aVb=max(a,b) and we write a S b (a 2 b) if a < Cb (a > Cb) for some universal constant
C>0.

For a space S, M;(S) denotes the space of probability measures on S. We say that
a data set of size n x d is a collection of n points in R¢, X,, = (X¢)j—,, with repetitions
allowed. We assume that we have observed a data set of size n x d, which are realizations
of n, independent and identically distributed random variables from a population measure
p € Mi(R%). The empirical measure of these observations is denoted by fi,. We let 2
denote the space of Borel functions from R? to [0,1]. For a family of functions, .# C % let
VC(.Z) denote the Vapnik—Chervonenkis dimension of .%. We sometimes use the following
pseudometric on My (RY), dz(u,v) = supgey | [ gd(u — v)|, where p,v € M (RY).

Next, we let N(p, X) denote the Gaussian measure with mean p and covariance matrix
¥. We let S™! denote the (d — 1)-dimensional unit sphere and we let v be the uniform
measure on S, where the dimension is clear from the context. We write X ~ p if the
random vector X is drawn from pu € M;(R?). Furthermore, we let p, denote the law of
X Ty for u € S and f, be the associated density function (when it exists). For two

random vectors X, Y, we write X Ly if X is equal in distribution to Y. For a random
vector X ~ i, we write its expectation as E,X = [ Xdp and omit the measure, p, when it
is clear from the context. Recall that a measure p € Mi(R?) is centrally symmetric about

apoint z € RYif X —z 4 X for X ~ 1 and a measure p is angularly symmetric about

. . g d gy— .
a point 6y € R? if ||§—28H = ||_9x°7§§|\ for X ~ p (Liu, 1990). We let ¥ C M;(R?) denote

the set of centrally symmetric measures over R? and we let .4~ C M (R?) denote the set of
angularly symmetric measures over R¢ that are absolutely continuous with respect to the
Lebesgue measure.
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Appendix B. Technical proofs

Proof [Proof of Corollary 10] First note that by assumption, all of the conditions of Lemma
35 are satisfied. To prove (2.6) and (2.7) we apply Lemma 16 and Lemma 17, respectively,
in conjunction with Lemma 35. To apply Lemma 16, first, observe that together, the
assumptions that L > 1, 02 > 1/16 and D(x; ) < 1 imply that a(t)/4Lo, < 1. Applying
Lemma 16 with R = «(t)/4L and E = Ep, in conjunction with (B.11) yields that there
exists a universal constant ¢ > 0 such that for all # > 0, all d > 2 and all 0 <y < 1, we
have that d(Ep ., 0,) <t with probability at least 1 — ~ provided that

log(1/7) V (VC(Z) log(£5) v 1) log (1/7) v 422222 v dlog ( Loz v d)
n2 K? [ SOE ] \/ [K o) :

To show (2.7), we apply Lemma 17 with » = «(t)/4L and E = Ep, in conjunction with
(B.11), which yields that there exists a universal constant ¢; > 0 such that for all ¢ > 0,
all d > 1 and all 0 < v < 1, we have that d(Ep,0,) < t with probability at least 1 —~
provided that

5 gz 1081/ V (VC(Z) log(:255) v 1) Klog (1/7) v dlog (dmﬂ (EDiMa(t)/L)
RS a(t)? V at)e ’

which completes the proof. |

Proof [Proof of Lemma 19] Without loss of generality, assume that 6y = 0. It suffices to
show that a(t) is concave on [a, R]. This holds if and only if g(t) = sup| >, D(z, u1) is convex
on [0, R]. By the decreasing along rays property and the fact that D is maximized at 0, it
holds that g(t) = supj,j=1 D(¢ - u, ). Next, let u.; = argmax, =1 D(¢ - u, ). Observe that
by assumption ws,¢ = wx, i.e., us; is constant in ¢. Therefore, supj, = D(t-u, ) = D(t-ux, ).
Next, it holds that

d d -

d
n = —D(t- * 9 = Uy —D ) — )

which is non-decreasing by assumption. This implies that g(t) is convex on [a, R]. It follows
that a(t) > ta(R)/R. [ |

Proof [Proof of Lemma 20| Again, without loss of generality, take 8y = 0. We have that

d T d T
dz u dv = I u dv = (T u dv.
dx Sd_lg(az U, o)AV /Sd_l 9@, ) dv /Sd_lg (2T, ) w dv
Now,
d
[Pl :/ ugug Dt ulu, pdy = 2 / [l ulg ™ (- [l ul, ),
d.iL' ZE—t’lL* Sd*l Sdil

which is non-decreasing by the assumptions on g. Now, assumptions 1—5 and the preceding
observation imply the conditions of Lemma 19 are satisfied, and the result follows. |
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Proof [Proof of Lemma 21] Given that HD is translation invariant, there is no loss of
generality in assuming that 6y = 0. First, by definition and the decreasing along rays
property of HD, we have that

a(t) =HD(0,u) — sup HD(z,u) =1/2 — sup inf F(z,u,u). (B.1)

B [l =t lull=1

Next, we bound the term supj|,— inf)y) =1 F(x,u, ) above. To this end, we have that

This inequality, in combination with (B.1) and the mean value theorem yields that for all
0 <t <R, it holds

— — h(t,u)

1
sup inf F(x,u,pu) < sup <— 5

1
l|z||=t llull=1 [lul|=1 ’

1
alt) > \ ~htw)| > tc,

2
which completes the proof. |

Proof [Proof of Lemma 14] First, we use the derivative test to determine when the function
h(z) is increasing. Doing so yields that h(z) is increasing for x > b/a. Now, it remains to
find x > b/a such that h(xz) > 0. In other words, for y, = rb/a, we want to find > 1 such
that h(y,) > 0. By definition,

h(yr) = b (r —log (cr/a)

It follows that h(y,) > 0 is satisfied for r such that r — logr > log(c/a). Applying the
inequality x — logz > x/2 for © > 1 yields that r — logr > log(c/a) is satisfied when

r > 2log(c/a).
Therefore, h(x) is positive and increasing for
b c
x22710g<7\/\/é>.
a a
|

Proof [Proof of Lemma 16] Let R, = R?/02, 6y € E and let W ~ x3(||00 — 0| /o2). We
can lower bound 7w(Bgr(E)) as follows:

7(Br(E)) > n(||X — 6| < R) = Pr (W < R.). (B.2)

Let G(z,k,\) be the cumulative distribution function for the non-central chi-squared mea-
sure with k degrees of freedom and non-centrality parameter A. Recall that for all , k, A > 0,
it holds that

o8] 9)J
Gl k) =e MY O\j/,‘)G(x, k+25) > eV G(x, k,0).
Jj=0 ’
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Therefore,
2
Pr (W < R,) > e I0-0=I"/202q(R,  d,0). (B.3)

We now lower bound G(z,d,0) for z < 1. Let v be the lower incomplete gamma function.
It follows from the properties of the gamma function that

—log G(x,d,0) = —log~(x/2,d/2) +logT'(d/2) < —log~(x/2,d/2) + dlogd.

Note that the assumption d > 2 implies that sup,~y(y,d/2) > 1. This implies that
y¥/?=1e=¥/2 ig increasing on (0, ). Thus, for any 0 < r < 1 it holds that

—log G(z,d,0) < log/ (y/2)Y? 1e7v/2 2 dy + dlog d
0
< —log(x — r)(r/2)Y27 /2 4+ r/2 + dlog d.
Setting r = /2 and using the fact that x < 1 results in
d 4 4
—logG(z,d,0) <L + Zlog (2 ) + dlogd < dlog (= vd), (B.4)
4 2 x T
Note that R? = R%?/02 < 1 by assumption. Thus, applying (B.4) results in
o
— < -
log G(R, d,0) < dlog ( v d) . (B.5)
Combining (B.2), (B.3) and (B.5) implies that

_ 1160 — 0]
2

~
Uﬂ

—log7(Bgr(E)) + dlog (U—];: v d) .

Now, note that this bound holds for all §y € E, therefore, it holds that
d(E,0:)?

g2

™

“log n(Br(E)) < + dlog (%’ v d) .

Proof [Proof of Lemma 17] First, note that for any ball B,(x) such that B,(x) C Ar(0x),
we have that

rdrd/2 r\d /241 _d ryd (wd\Y?
- 7 > (= [2e=d/2 > () [ == .
"(Br@) = piram ) 2 (R) (d/2+ 177 e 2 (R) (2e>

Taking the negated logarithm of both sides implies that

—logm(B,(z)) < dlog (f) —dlogmd/2 +d < dlog (f) . (B.6)
If there exists 0y € E such that B, (0y) C Ar(6r) then (B.6) implies that
R
—log (B (6p)) < dlog <r> . (B.7)
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If instead there exists 6y € E such that Ar(6;) C B,(6y) then

—log (B, (6p)) = 0. (B.8)

Suppose finally that for all 6y € E it holds that both B, (6y) ¢ Ar(6:) and Ar(6=) ¢ Br(6o).
Let 6y ; and 6, ; be the j* coordinate of 6y and 6, respectively. where

r= min (|00; — 0p; — R/2[ A\ |0o; — Op; + R/2]) = dryg., (00).
1<j<d

Now, by assumption, there exists §y € E such that 8y € Agr. For such 6y € Ag, the definition
of drp, immediately implies that By, , (9,)(00) C Ar(0x). Therefore, (B.6) implies that

A%M&WDSA%M&%DSM%@@%M> (B.9)

It follows from (B.7), (B.8) and (B.9) that for all d > 0 and all r it holds that

R
—logm(By(F)) Sdlog | ——————— | . B.10
(B, () 5 diog (— ) (B.10)
Note that (B.10) holds for all 6y € E, thus, for all d > 0 and all » > 0 it holds that

—logm(B(F)) < dlog <dR(9(R;E)/\r> .

Lemma 35 Suppose that Conditions 1 and 8 hold with ¢ = D for some K > 0. In addition,
suppose that the map x — D(x, u) is L-Lipschitz for some L > 0. There is a universal ¢ > 0

such that for allt >0, alld > 1 and all 0 < v < 1, we have that ||0, — ED’”H < t with
probability at least 1 — v provided that

Kzlog(l/v) (VC(F) log( ) V 1)] V [Klog(l/v) v _IOgW(Ba(t)ML(ED,#)):l '

~ a(t)? ea(t)
(B.11)

Proof The proof is similar to that of Lemma 15. Note that all of the conditions of
Theorem 12 hold, and so we can apply Theorem 12 with § = ne/2K. Proving the sample
complexity bound then amounts to finding n which ensures that I + IT < v, where I, 1]
are defined in the proof of Lemma 15. Now, following the same argument in the proof of
Lemma 15, see the arguments between (4.3) and (4.5), we have that I < /2 whenever

K

. K2log(2/7) \/K log(1/v) vV VC(# )log(ca(t)) v 1‘
Y a(h)? a(t)?

Furthermore, following (4.6), IT < ~/2 when

log (2/7) V ¥(ne/2K)
eat) ’

(B.12)

> 4K (B.13)
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from which it then remains to simplify the bound
Y(ne/2K) < nea(t)/4K. (B.14)

Given that by assumption D is L-Lipschitz, we have that w(r) < Lr. Plugging this in to
the definition of ¢ from (3.1), we have that

Y(ne/2K) < min {% -L-r—log W(BT(qu’H))} .

r>0

By taking the specific choice r = a(t)/4L, we see that a sufficient condition for (B.14) to
hold is

nea(t) nea(t)
Sk o8 T(Bay/ar(Epp)) < =7 (B.15)
which is equivalent to
—4K log (B, E
. g T(Bat)/ar( D,u)>' (B.16)
ea(t)
Combining (B.12), (B.13) and (B.16) yields the desired result. |

Appendix C. On the smoothing parameter in the smoothed integrated
dual depth

We executed a small simulation study to assess the effect of the smoothing parameter s
on the non-private estimation error of the smoothed integrated dual depth median, as well
as the effect of s on the convergence of the gradient descent algorithm. The simulation
set up was the same as described in Section 2.5. Figure 3 shows the empirical root-mean-
square error for different values of s and the dimension d. We see that the choice of s does
not particularly depend on the dimension of the data. Furthermore, we see that choosing
s > 10 produces the best results in terms balancing convergence and estimation error.
Given that larger s theoretically gives a closer approximation to the integrated dual depth,
we recommend choosing s = 100 in practice.

Appendix D. Extra plots from simulations
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Figure 3:

ERMSE of the non-private smoothed integrated dual depth median for different
values of s under Gaussian data (left) and contaminated Gaussian data (center)
data. Convergence of one simulation run of the gradient descent algorithm in
dimension 2 is also presented (right). It can be seen that choosing s large gives

the lowest error and best convergence, though any value s > 10 produces similar
results.

1.24

—— private median
non-private median
——=- private mean
non-private mean

104 "7

0.2

0.0

Figure 4: Empirical root mean squared error (ERMSE) of the location estimators under
Gaussian data. In the uncontaminated setting, the ERMSE of the private median

grows at a slightly faster rate than its non-private counterpart and the mean
estimators. This is due to the cost of privacy.
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Figure 5: Empirical root mean squared error (ERMSE) of the location estimators under
(left) Gaussian data and (right) contaminated Gaussian data when e = 5.
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Figure 6: Empirical root mean squared error (ERMSE) of the location estimators under
(left) Gaussian data and (right) contaminated Gaussian data when e = 2.
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Appendix E. Auxiliary lemmas

Lemma 36 Suppose U, is an upper bound on GS,(¢). Setting 8 = €/2U,, implies 0, is
e-differentially private.

Proof From the definition of differential privacy, it is immediate that for any 0 < §; < o,
we have that d1-differential privacy implies da-differential privacy. Now, it remains to show
that 0,, is 0-differentially private for some ¢ < e. To see this, note that €/2U, < €/2GS,(¢),

which implies that there exists § < e such that €/2U,, = §/2GS,,(¢). This implies that 6,, is
d-differentially private and the result follows. |

Lemma 37 If ¢ satisfies Condition 3 then GS,(¢) < K/n.

Proof Definition 4 gives that

sup  sup [@(z, fin) — ¢(x, fin)] < K sup  sup | [ gd(fin — fin)|
XneDnXd7 z XneDnde gey

fin EM(X,) fin EM(Xy)

< K sup |lgll /n = K/n.
gEF

Lemma 38 Let D be the projection depth with location measure MED and scale measure
MAD, i.e.,

1
D - ith = T — MED(11y,)|/ MAD(14,)-
(x, 1) 0@ ) wi O(z, 1) u:g& |z u (p)l/ (f)

If e = O(1) and 7 is absolutely continuous, and m ¢ 1{x € Ep ,}dx, then GS,(D) =1 and
for a median drawn from the exponential mechanism based on D with § = €/2GS, (D), 0,
there exists t > 0 such that

n—oo

lim Pr (d(Ey,g,00) > t) #0.

Proof The univariate sample median has infinite global sensitivity (Brunel and Avella-
Medina, 2020), which implies that the projection depth with location measure MED and
scale measure MAD has sensitivity 1. It follows that § = €/2. We first show that there
exists t > 0 such that Q, c/2(d(Ep,, X) > t) > 0. Since 7 is absolutely continuous and
m ok 1{x € Ep,}dx, there exists A and ¢ > 0 such that infyesd(z, Fp,) >t > 0 and
m(A) > 0. Since D(z, 1) >0, Q.e/2(A) >0, 50 Q¢ /2(d(Ey g, X) > 1) > 0 as well.

Next, we show that limn_eo Pr (d(ED,u,én) > t) = Ques2(d(Ep,, X) > ). To this
end, we have that Zuo (2003) gives that D(z, fi,) — D(x, ) g — a.s. as n — oo. Thus,
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dQpi, e/2/dm — dQ, cj2/dm j1—a.s. as n — oo. This implies that, u—a.s., Qu, /2 = Qu.e/2
in total variation as n — oo . We have that this implies

Tim Pr (d(Eyg,0) > ) = lim E(Qp, ¢/o(d(Bup, X) > 1))
= E(lim Qp, c/2(d(Epg, X) > 1))
= Qu,&/?(d(EH#f)? X) > t)) ?é 07

which completes the proof. |

Lemma 39 Suppose that D is non-negative and satisfies properties (2) and (4) in Definition
2. Then there exists a universal constant C' > 0 such that GS,(D(fin)) > C. Furthermore,
if D satisfies Condition 3, then GS,(D(f,)) = O(1).

Proof Consider fi,, to be centrally symmetric about X;. Property (2) and non-negativity
imply that D(Xy,fi,) = C > 0. Let fi,(Y1) be the empirical measure corresponding to
Yi,..., X, with Y7 # X;. Given that i,(Y1) € M(X,,), property (4) implies that

~

GSn(D(fin)) = sup [D(Y1, fin(Y1)) — D(X1, fin)| = D(X1, fin) — _inf D(Y1, (Y1) > C.
Y1€R? Y1 €R?

Now, if D satisfies Condition 3, then Lemma 37 implies that

R 5 K2 5 KQ
GSn(D(fn))” < —— +sup [D(y, fin) — D(X1, )" < — + D] = O(1).
Hn,Y

Lemma 40 If u = N (6o, X) then for allt > 0 and positive definite ¥, supjj, = HD(x, ) =
@(—t/\/ )\1).

Proof From the fact that HD is affine invariant, without loss of generality we can set
0o = 0. From the fact that ® is increasing, it holds that

T

x'u

sup HD(z, ) = sup inf &( )

[l =¢ Je)|=t =1 Vu'Yu

tv'u v'u
=1— inf sup P( )=1—®(t inf sup ).
[ol=1|ju)=1 Vu'2u [oll=1 jjul|=1 VUu'Su
It suffices to compute
(vTu)?

inf sup .
/
[oll=1 =1 w'Zu

First, note that

> (UTU)Q ] (UTU)Q

sup > in = 1/\1.
[oll=1 |y =1 w2u lv|=1 v'Xv

38



DIFFERENTIALLY PRIVATE MULTIVARIATE MEDIANS

Showing the reverse inequality, setting v = e; and setting z = /2y gives that

T,)2 T,)2 Ty-1/2,)2 1
inf sup (v/ ) < sup (e}ru) = sup u = sup (e 2/ ||z]D? /M < —.
PI=1fuj=1 W2U 7 =t @7 BU oo 22 [£-1/22]|=1 M

Thus,

sup HD(z, 1) = 1 = ®(t/v/A1) = ®(=t/v/A1).

llzll=¢

Appendix F. Proofs of the results from Section 6

We now prove the various results presented in Section 6.

Proof [Proof of Proposition 27] With the exception of the modified spatial depth, these re-
sults were shown by (Zuo and Serfling, 2000; Liu, 1988; Serfling, 2002; Cuevas and Fraiman,
2009; Ramsay et al., 2019), respectively. For the modified spatial depth, properties (1), (2)
and (4) follow from the fact that properties (1), (2) and (4) for spatial depth. [ ]

Proof [Proof of Proposition 32] We prove properties (1)-(4) in order. Let A € R?? be any
orthogonal matrix and b € R?. For any integrable function h: S~1 — R* | it holds that

/Sgl1 h(u)dy = /§d1 h(Au)dv. (F.1)
It also holds that
(Az+b—AX —b)u=A"(z-X)u=ATu"(z - X).
Let Y ~ Ap 4+ b. Applying the above identity implies that
Eo (s(Aac +b— Y)Tu> =Eo <5ATu(a: - X)) .

The result follows from the definition of the smoothed integrated dual depth and (F.1).
For property (2), by definition sup, IDD(z, u, s) < 1/4. It remains to show IDD (6, u, s) =
1/4. We will use the fact that

(1-o(z— X)) =o(X — ). (F.2)

Now, consider the integrand in the definition of smoothed integrated dual depth at any
fixed u. Central symmetry of p and (F.2) yield that

Eo (3(00 - X)Tu) (1 —Eo <8(90 - X)Tu>) = (IEU <3(X - HO)Tu>>2

Central symmetry of p and (F.2) also yield that

Eo (s(GO - X)Tu> (1 — Eo (5(90 - X)Tu)> = (1 — Eo <5(X - HO)TU))Q .
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These two equalities yield that
Eo (s(X - eo)Tu) =1/2.

Given that this holds for any u € S, it follows that IDD(g; i, s) = 1/4 = sup,, IDD(x; 1, 5).
For property (3), at any fixed u, central symmetry of x4 and the fact that o is increasing
yields that either

Eo (s(:v - X)Tu> <Eo (s(p@o +(1-p)x— X)Tu> <1/2,
holds or

1/2 <Eo (s(pﬁ() + (1 —-p)x— X)Tu> <Eo (s(x - X)Tu> ,
holds. The result follows immediately from the fact that f(z) = (1 — z) is monotone on
both [0,1/2] and [1/2,1].

Lastly, we show property (4). For any fixed u, the fact that lim,_,~ o(x)o(—2z) = 0 and
the bounded convergence theorem imply that

cllfﬁlo IDD(cu; p, s) = Cllg)lo - (EU <s(cu - X)Tu>> (1 —Eo (s(cu - X)Tu)> dv(u)
= /Sd—l Clggo (Ea (s(cu — X)Tu>> (1 —Eo (s(cu — X)Tu)) dv(u)
=0.

Proof [Proof of Proposition 33] Let
7 = sup ‘H/)T)(ZL‘,[Ln, s) — IDD(z, fin, s)| -
T

We first prove a concentration result for Z. To this end, let

Gn(z,u,s) = Tllzn: o (s(x — Xi)Tu>

=1

() U, ) — Gn(z,u, s)dv(u)

Wi =sup|—
x sd—1

(x, U, 8)° — Grnlx,u,s)?dv(u)|.
gd—1

Lo
b

Wy = sup
X

From the fact that Z < W7 + W5, we need only prove concentration results for Wy and Wa.
Let

G = {U(yTu+b)/n: yeRy be R}.
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Note that VC(¥) < d+2. Therefore, it follows from Theorem 7.12 in (Sen, 2022) that there
exists a universal constant K > 0 such that for all e € (0,1), it holds that

2d+4
sup N(e/n, 9, L2(Q)) < <K> .
Q

€
Now, define
n 1 n
Z% = {nZa(yiTu—l—bi): Yisooyn €RY by, by GR}.
i=1 =1
It follows from Lemma 7.21 in (Sen, 2022) that for all € € (0,1), it holds that
n K 2dn+4n
sup N (%2%@(@)) (%)
Q i=1 ¢

It follows from (Talagrand, 1994; Sen, 2022), that there exists a universal constant K’ > 0
such that for all ¢ > 0, it holds that

K't 2dn-+4n o
Pr(vMW >t>< _— e .
! - (\/ 2dn + 4n)

However, note that |[W;| < 1/4, therefore, for ¢t > /M /4, it holds that Pr (vMWl > t) =0.
Therefore, it holds that

( K't >2dn+4n 3 Vi )
V2dn + 4n ~ \ 4V2dn + 4n ’

with probability 1, and so,

K'M\ " )
Pr(Wy >1t) < —2MtT
r( 1>>_(4dn> ¢

The same logic applied to W5 gives that there exists a universal constant K > 0 such that
for all ¢ > 0, it holds that

avi dn
Pr(W2>t)§< in > e"2ME?

Therefore, there exists universal constants K, K’ > 0 such that for all ¢ > 0, it holds that

dn
Pr(Z >t) < (KM> e KME
dn

Now, to prove the sample complexity bound, we want to find M such that

KMN\™ e
<dn> e M <,

41



RAMSAY, JAGANNATH AND CHENOURI

which is equivalent to the inequality
—dnlog(M/nd) + K'Mt* > log(1/v) + dnlog (K). (F.3)

First, we show that dnlog(M /nd) < K'Mt?/2. Note that the function h(M) = K'Mt?/2 —
dn log(M /nd) satisfies the conditions of Lemma 14. Applying Lemma 14 yields that A(M) >

0 for 2d 2 d 1
n n
When (F.4) is satisfied, we have that (F.3) is satisfied for

log(1/7) + dnlog K

M 2 2 K2

(F.5)
Thus, for all £ > 0 and all 0 < v < 1, there exists a universal constant ¢; > 0 such that
sup [IDD(z, fin, 5) — IDD(x,ﬂn,s)‘ <1,
x

with probability 1 — v, provided that

log(1/v) Vdnlog (1 ve)

MZCl t2

We prove Theorem 30 with a series of Lemmas.
Lemma 41 Condition 1 holds for each of the depth functions defined in Section 6.

Proof Recall that all of the depth functions satisfy property (4) given in Definition
2. Property (4) implies that there exists a compact set E such that sup,cpe D(z,p) =
sup,ep D(z, ). It follows from boundedness of D(x, 1) and compactness of E that there
exists a point in y € E such that D(y, ) = sup,cp D(z, 1) = sup,cgra D(2, p). [ |

Lemma 42 Suppose that 7 is absolutely continuous and that for all u € S*1, the measure
p s absolutely continuous with density fu, and supj, =1 || fulloc = L < 00. Then there exists
a uniwversal constant C > 0 such that for all s € (0,00], halfspace, simplicial, integrated
rank-weighted and smoothed integrated dual depth satisfy Condition 4 with w(r) =C-L-r .

Proof We prove the result for each depth in turn.

Halfspace depth: Consider two points x,y € R?. By assumption, F(-,u, i) is L-Lipschitz
function a.e. . It follows that

[ HD(z, ) = HD(y; p)| = | inf F(z,u, p) — inf F(y, u, p)
< sup |F($»U7M) - F(?/,%H”
u

<L-|lz—yl| ae. .
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Integrated rank-weighted depth: For integrated rank-weighted depth, note that abso-
lute continuity of u,, implies that F'(x,u, u) = F(x—, u, u), where one recalls that F(z—,u, ) =
p({XTu < 2"u}). With this in mind, for any two points x,y € R the reverse triangle
inequality yields that

HHN@JO—IMN@JOHEéd1ﬂF@ﬂam—Jﬁ%quw00§2L¢M—yHaﬂ-

Integrated dual depth: For any h: S — [0,1], A’ : S — [0, 1], for any = € S it holds that
h(2)(1 = h(z)) = I'(2)(1 = h'(2))] < 3|h(z) — W (z)]. (F.6)
Using this inequality,

| IDD(z, i, s) — IDD(y, u, s)| < 3sgp ’Eua(s(ac —X)"u) —E,o(s(y — X)Tu)) : (F.7)

It remains to bound ‘Eua(s(x — X)"u) —E,o(s(y — X) Tu)|. To this end, first assume that
s < oo and let w, z € R. Using the fact that o is a 1/4-Lipschitz function, it holds that

mwdaw—X»—Emddz—szL/dxw—m—v@@—wMﬂwﬁ

1/0(1}) —o(sz — sw+v) fu(—v/s — w)dv

S

Sz—uW{/UM—Ws—wNM
< Jz—wl [lfull /4

where in the second line we use the substitution v = s(w — t). The preceding inequality
and (F.7) imply that

| IDD(x, 4, 5) — IDD(y, 1, 5)| < 3sup [E,o(s(a — X) Tu) — E,o(s(y — X) ")
u
3
<ZLle—yl.

Now assume that s = co. It follows from absolute continuity of y, and (F.7) that

’IDD(.@,,U,) - IDD(y,,u)\ < 3sup ’F(xaunu’) - F(y7u7:u’>‘ <3L H.’B - yH a.e.
U

Simplicial depth: For simplicial depth, we must show that Pr(z € A(Xy,..., Xg41) is Lip-
schitz continuous. It is easy to begin with two dimensions. Consider Pr(z € A(X7, X9, X3))—
Pr(y € A(X1, X2, X3)), as per (Liu, 1990), we need to show that Pr(X; X intersects 7gy) <
L ||z — y||. In order for this event to occur, we must have that X; is above Ty and Xj is
below Ty, but both are projected onto the line segment Ty when projected onto the line
running through ZTgy. Affine invariance of simplicial depth implies we can assume, without
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loss of generality, that = and y lie on the axis of the first coordinate. Let z; and y; be the
first coordinates of x and y. Suppose that X1 is the first coordinate of X;. It then follows
from a.e. Lipschitz continuity of F(z,u, u) that

Pr(X; X, intersects 7y) < Pr(z; < X11 <y1) < L-|z1 —y1| < Lz —y|| ae..

In dimensions greater than two, a similar line of reasoning can be used. We can again
assume, without loss of generality, that x and y lie on the axis of the first coordinate. It
holds that

d+1
Pr(e € A(X;, X, X)) ~ Pr(y € AC X)) < (17 1) Prta)

where Ay is the event that the d — 1-dimensional face of the random simplex, formed by d
points randomly drawn from F', intersects the line segment Ty. It is easy to see that

Pr(Ag) < Pr(as < X < 1) < fullo ler — 31 < L+ [l =y ace. .

This completes the proof. |

Lemma 43 Suppose that pu has a bounded density and that sup, E ||y — X' =1 < .

Then the modified spatial depth satisfies Condition 4 with w(r) = 2VdL' - and spatial depth
satisfies Condition 4 with w(r) = 2L -r.

Proof Taking the derivative of MSD and using the assumption of a bounded density results

m
dMSD(y, 11) 14 (=X)x(y—X)"1g4
AMSD(Y. 1) _ o, (sR(y - X)) E -
dy "Ly = X ly — X|I°
Now,
dMSD
Hsdy(y’“)\l < 2VdsupE |y — X ||~} = 2vaL',
Yy

Thus, the map y — MSD(y, 1) is 2v/dL'-Lipschitz.

Define the spatial rank function h(y, u) = Ex (SR(y — X)) . Proposition 4.1 of (Koltchin-
skii, 1997) says that if g has a bounded density, then the map y — h(y, ) is continuously
differentiable in R? with derivative

dh 1 —x)(y—x)"
:/ [Id_ (y —2)(y ! ) du().
Ay Jieryy ly — 2 ly — ||

Now,
dh
=[] < 2supE [ly — X||7" = 2L,
dy y

where ||-|| denotes the operator norm. Thus, the map y — h(y,u) is 2L'-Lipschitz, which
implies that the map y — SD(y, ) is also 2L/-Lipschitz. [ |
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Lemma 44 Condition 3 holds for each of the depth functions defined in Section 6.

Proof We prove the result for each depth in turn.
Halfspace depth: Let
ﬁ:{ﬂ{XTugy}: ue S yER}

and recall that the set of subgraphs of .% is the set of closed halfspaces in R?. Furthermore,
it holds that

sup | HD (=, 1) — HD(z, p2)| < sup |E,, g(X) — E,,g(X)].
T gEF

Thus, it follows HD is (1,.%)-regular with VC(.%) = d + 2.
Integrated rank-weighted-depth: First observe that
sup | IRW (z, p1) — IRW (@, p2)| < 4sup||F (2, u, jr1) = F (2, u, o)
VIF (@ u, o) — Fla—u, ).
Define
g:{g:g(X):]l{XTu<y}, ue S, yGR}.

We see that the integrated rank-weighted depth function is (4, 4V % )-regular. Furthermore,
since the subgraphs of ¢ are contained in those of .%, we have that VC(¢ V .%) = d + 2.

Integrated dual depth: If s = oo then it follows immediately from (F.6) and the analysis
of halfspace depth that the integrated dual depth is (3,.%)-regular with VC(.%) = d + 2.
Suppose that s < oo. It follows from (F.6) that

sup | IDD(x, p2) — IDD(z, 111)| <3 sup  |Eu o(s(z — X)Tu) —E,,o(s(z — X) Tu).
z yER,ueS4-1

We have that

sup  [Epo(s(z — X)Tu) = Epo(s(z — X) Tu)| < sup [Eug(X) = Eupg(X)),
yER,ucS4-1 geF!

where

ﬁ”:{a(AXi+b):AeRd,beR}.

The class of functions .%#’ is a constructed from a monotone function applied to a finite-
dimensional vector space of measurable functions. It follows from Lemma 7.15 and Lemma
7.19 of Sen (2022) that VC(#') = d + 2. Therefore, the smoothed integrated dual depth is
(3, #')-regular with VC(.#') = d + 2.
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Simplicial Depth: Diimbgen (1992) gives that

sup | SMD(, n) — SMD(a, pa)| < (d+1) sup |1 (4) = pia(4)),
T cof

where 7 is the set of intersections of d open half-spaces in R%. Define the set of Boolean
functions &’ = {g(z) = L {x € A} : A € &/}. Thus, simplicial depth is (d + 1, &7’)-regular
with VC(/") = O(d? log d).

Spatial Depth: Applying the reverse triangle inequality yields

x—X
| o=l [l | <o ooy -2l
z H ch XII Hx X Ml —XH Hw X
x~—X
< —E, ittt
SWE: MH Xn b2 —
<d sup |E, 2 . _E,, 2 J
- x,1§§)§d mH?ﬁ—XH M2||$—

It remains to compute the VC-dimension of

T —
g ={a00 =P =g a e jela).

o — XII

Now, let E be the set of standard basis vectors for R?. We can then write

T

e'(x—X) d
g:{g(X):::L‘GR , eEE}.

[l — X||

It is now easy to see that
— a1 . d d ;
gc{g(X)_y (z—X):zeR% yeR je[d]}.

It follows that VC(¥¢) < O(d) and that spatial depth is (d,%¥) regular.
Modified Spatial Depth: We may write

o (n_;OZ‘W (5==7)
i (=g §||>T“] TP [E‘” <||_§f(||>T“] '

2

sup | SD(X, u1) — SD(X, p12)| = sup
T x

= sup sup
T T
rz—X x—X
< E _— Epuo
=P “1(|x—x> ‘T (n X||> “‘
r—X T r—X T
SSupsup Elul (”x—){” u) _E,LLQ (”x—){” u) ’
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It remains to compute the VC-dimension of

ul (z— X)

— — . d d—1
%—{g(X)— o =X cxeRY uesS }

It is now easy to see that
4 {g(X):yTX—l—b: beR, yeRY je [d]}.

It follows that VC(¥) < d + 2 and that the modified spatial depth is (1,%) regular. [ |
Proof [Proof of Theorem 30] The result follows from Lemmas 41-44. [

Proof [Proof of Corollary 34] Together, Lemma 37 and the definition of the Laplace mech-
anism imply that D(x, fi,) is e-differentially private. Furthermore, the properties of the
Laplace measure give that

Pr (‘ﬁ(w,,&n) ~ D(a, N)] > t) < Pr(|D(z, fin) — D(x, )| > t/2) + Pr (Wlf6 > t/2>
< Pr(|D(z, fin) — D(z, p)| > t/2) + e /2K,

Applying (3.4) yields

Pr (|l i) ~ Dl )| > 1) < O vtz et oo
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