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Abstract

Recent works exploring the training dynamics of homogeneous neural network weights
under gradient flow with small initialization have established that in the early stages of
training, the weights remain small and near the origin, but converge in direction. Building
on this, the current paper studies the gradient flow dynamics of homogeneous neural net-
works with locally Lipschitz gradients, after they escape the origin. Insights gained from
this analysis are used to characterize the first saddle point encountered by gradient flow
after escaping the origin. Also, it is shown that for homogeneous feed-forward neural net-
works, under certain conditions, the sparsity structure emerging among the weights before
the escape is preserved after escaping the origin and until reaching the next saddle point.

Keywords: deep learning, implicit regularization, gradient flow, homogeneous neural
networks, training dynamics

1. Introduction

Modern deep neural networks have a surprisingly good generalization behavior when trained
via gradient-based methods, even when having sufficient capacity to overfit the training set.
A widespread belief is that the training algorithm induces implicit regularization, which
leads to solutions with favorable generalization performance (Soudry et al., 2018). This
has motivated several works to study the training dynamics of neural networks in variety
of settings including, for example, the Neural Tangent Kernel (NTK)/large initialization
regime (Jacot et al., 2018; Chizat et al., 2019; Arora et al., 2019b), late phase of training
homogeneous networks with classification loss (Lyu and Li, 2020; Ji and Telgarsky, 2020),
and linear and non-linear neural networks (Arora et al., 2019a; Ji and Telgarsky, 2019;
Timor et al., 2023; Chizat and Bach, 2020; Jacot, 2023; Abbe et al., 2022).

This paper studies the training dynamics of neural networks in the small initialization
regime—an important yet not fully understood area. Understanding this regime is par-
ticularly important because, for small initialization, neural networks trained via gradient
descent operate in the feature learning regime, allowing them to learn underlying features
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present in the data (Yang and Hu, 2021; Geiger et al., 2020; Mei et al., 2019). Also, smaller
initialization has been observed to lead to better generalization in various tasks (Chizat
et al., 2019; Geiger et al., 2020). However, the highly non-linear evolution of the weights in
this regime poses significant challenges towards understanding the training dynamics.

Recent studies have focused on the early stages of training homogeneous neural networks
via gradient flow with small initialization (Maennel et al., 2018; Kumar and Haupt, 2024,
2025; Luo et al., 2021; Atanasov et al., 2022; Boursier and Flammarion, 2025). For such
networks, the origin is a critical point, causing the weights to remain near the origin for
some time after training begins, provided the initialization is “small”. However, interesting
structure among the weights begins to emerge even while the weights remain near the origin.
In Kumar and Haupt (2024, 2025), it is shown that for sufficiently small initialization, the
weights remain small and near the origin for a sufficiently long time, during which they
converge in direction towards a Karush-Kuhn-Tucker (KKT) point of a so-called Neural
Correlation Function (NCF), a phenomenon referred to as early directional convergence.
Also, for feed-forward homogeneous neural networks, weights were observed to converge to
a KKT point that exhibits sparsity (Kumar and Haupt, 2025; Atanasov et al., 2022; Zhou
et al., 2022), and these KKT points were characterized in Kumar and Haupt (2025).

Compared to Kumar and Haupt (2024, 2025), which focus on the gradient flow dy-
namics of homogeneous neural networks near the origin, this work studies the dynamics
of gradient flow after escaping the origin. To understand our contributions, consider the
experiment shown in Figure 1, where we train a two-layer neural network with square acti-
vation function (a 3-homogeneous network) using gradient descent; more details about the
experiment are in the figure caption. The initial weights are small and random, as depicted
in Figure 1a. The evolution of the training loss in Figure 1b resembles a piece-wise constant
function, alternating between periods of stagnation and sharp decreases. Similar behavior
has been observed in previous works for other neural networks (see Section 1.1 for details).
In Figure 1c, we plot the weights at iteration i1 (marked in Figure 1b), just before escaping
the origin. The weights remain small, but are larger than the initial weights, and more
importantly, they are sparse. This aligns with observations made in Kumar and Haupt
(2025), that in the early stages of training, weights tend to converge in direction towards a
KKT point of the NCF that exhibits sparsity. Next, we make two key observations about
the dynamics after escaping the origin:

• After gradient descent escapes the origin, the loss rapidly decreases and soon becomes
stagnant again, indicating the trajectory of gradient descent is near a saddle point.

• The sparsity structure of the weights is preserved even after escaping the origin. This
is evident when comparing Figure 1c with Figure 1d, where the latter depicts the
weights at iteration i2, immediately after reaching the next saddle point.

Our contributions. This paper attempts to explain the above observations for homo-
geneous neural networks. Our main contributions can be summarized as follows:

• Gradient Flow Dynamics Post-Escape: In Theorem 4 and Theorem 10, we de-
scribe the gradient flow dynamics of homogeneous neural networks that have locally
Lipschitz gradients and order of homogeneity at least two, after escaping the origin.
Our results show that for sufficiently small initialization, the gradient flow escapes
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along the same path as the gradient flow with small initial weights and initial direc-
tion along a KKT point of the NCF. Subsequent corollaries provide a characterization
of the saddle point encountered by gradient flow following its escape from the origin.

• Post-Escape Sparsity in Feed-Forward Networks: In Section 4, we show that
for homogeneous feed-forward neural networks, the sparsity structure that emerges
among the weights before escaping the origin is preserved post-escape under certain
specified conditions. This is achieved by showing that, for KKT points of the NCF, the
weights with zero magnitude form a zero-preserving subset—a subset of weights that
remain zero throughout training under gradient flow, provided they are initialized at
zero. This insight is combined with Theorem 4 and Theorem 10 to prove our result.

(a) Weights at initialization (b) Evolution of training loss

(c) Weights at iteration i1 (d) Weights at iteration i2

Figure 1: We train a two-layer neural network with output v>σ(Wx), where σ(x) = x2, and
trainable weights v ∈ R50,W ∈ R50×20. The training set has 100 points sampled
uniformly from the unit sphere in R20. We minimize the square loss with respect
to the output of a smaller two-layer neural network with two neurons and square
activation. We train using gradient descent with small initial weights, as depicted
in panel (a). Panel (b) shows the evolution of loss with iterations. Panels (c) and
(d) depict the absolute value of weights at iteration i1 and i2 (marked in panel (b)),
approximately just before escaping the origin and immediately after reaching the
next saddle point, respectively (the gap between them is 5000 iterations). Panels
(c) and (d) show that the sparsity structure emerging among the weights before
escaping the origin is preserved until reaching the next saddle point.
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Note that we assume the neural network to have locally Lipschitz gradients, which excludes
ReLU networks. However, our experimental results suggest that some of our findings may
extend to ReLU networks as well. Also, our results only capture a segment of the gradient
flow dynamics beyond the origin, specifically up to the first saddle point encountered by
gradient flow after escaping the origin. More details about this are provided in later sections.

1.1 Related Works

Several works have investigated the training dynamics of neural networks in the small
initialization regime. One of the earliest works examined diagonal linear networks, showing
that small initialization leads gradient flow to converge towards minimum `1-norm solutions
(Woodworth et al., 2020; Vaskevicius et al., 2019). For linear neural networks, it has been
observed that gradient descent with small initialization tends to converge toward low-rank
solutions (Gunasekar et al., 2017; Arora et al., 2019a), with rigorous results in some cases
(Stöger and Soltanolkotabi, 2021; Jin et al., 2023; Chou et al., 2024; Lawrence et al., 2022).
A similar sparsity-inducing effect of small initialization has been observed for non-linear
neural networks as well (Chizat et al., 2019), but theoretical results have mostly been
established for two-layer neural networks trained on simple data sets (Lyu et al., 2021;
Boursier et al., 2022; Wang and Ma, 2023). Recent works on two-layer networks have
explored more challenging scenarios (Damian et al., 2022; Abbe et al., 2022; Mousavi-
Hosseini et al., 2023), but they often make other assumptions about the training algorithm,
such as layer-wise training, the use of explicit regularization like weight decay, etc., whereas
we study the dynamics of gradient flow with respect to all the weights and do not add
any explicit regularization in the training loss. It is also worth noting that most of the
aforementioned works examine the entire training process; in contrast, our work describes
a segment of the gradient flow dynamics beyond the origin, however, our results hold for a
wider class of neural networks.

Another line of work has identified the so-called saddle-to-saddle dynamics in the tra-
jectory of gradient descent when the initialization is small (Jacot et al., 2021; Li et al.,
2021). These works have observed that during training, the trajectory of gradient descent
passes through a sequence of saddle points. Moreover, the loss curve almost appears like
a piece-wise constant function, alternating between being stagnant and decreasing sharply;
see Figure 1b for an example. Other works refer to this phenomenon as incremental learning
(Gidel et al., 2019; Gissin et al., 2020; Razin et al., 2022; Slutzky et al., 2025), since the
function learned by the neural network gradually increases in complexity as it moves from
one saddle to another. So far, this kind of saddle-to-saddle dynamics has been rigorously
established for diagonal linear neural networks (Pesme and Flammarion, 2023; Abbe et al.,
2024) and two-layer linear and non-linear neural networks trained with various gradient-
based methods under data-related assumptions (Jin et al., 2023; Boursier et al., 2022; Wang
and Ma, 2023; Berthier et al., 2024; Abbe et al., 2023), and is conjectured to be true for a
wider class of neural networks. Our work, which describes the first saddle point encountered
by gradient flow after escaping the origin, can be seen as a step towards establishing it.

Lastly, we highlight the work by Li et al. (2021), which studies the gradient flow dynamics
of linear neural networks under small initialization after escaping the origin. While our paper
studies a broader class of neural networks, their proof technique has inspired our approach.
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1.2 Organization

The paper is organized as follows: Section 2 outlines the problem setup and reviews previous
works on early directional convergence. Section 3 present our findings on the gradient flow
dynamics after escaping the origin for homogeneous neural networks, with detailed proofs
provided in the Appendix. In Section 4, we discuss the implications of these results on the
gradient flow dynamics of feed-forward homogeneous neural networks. Finally, Section 5
provides concluding remarks, which is followed by the Appendix.

2. Preliminaries and Problem Setup

The set of natural numbers is denoted by N, and for any L ∈ N, we let [L] := {1, 2, · · · , L}.
We use ‖ · ‖2 to denote the `2-norm for a vector, while ‖ · ‖F and ‖ · ‖2 denote the Frobe-
nius and spectral norm for a matrix, respectively. The d-dimensional unit-norm sphere is
denoted by Sd−1. For a non-zero vector z, z⊥ := {b : b>z = 0,b ∈ Sd−1}, that is, set of
unit-norm vectors orthogonal to z. The ith entry of a vector z is denoted by zi. A KKT
point of an optimization problem is called a non-negative (positive, zero) KKT point if the
objective value at the KKT point is non-negative (positive, zero).

First- and second-order KKT points. We state the first- and second-order KKT con-
ditions for a maximization problem on unit sphere, which can be easily proved. Consider
the following optimization problem

max
w

f(w), s.t. ‖w‖22 = 1.

Suppose f(w) is twice-continuously differentiable near w∗, then

• w∗ is a first-order KKT point if there exists a λ∗ such that ∇f(w∗)− 2λ∗w∗ = 0.

• For ∆ > 0, we define a first-order KKT point w∗ to be a ∆−second-order KKT point
if 2λ∗ − b>∇2f(w∗)b ≥ ∆, for all b ∈ w⊥∗ .

Homogeneous neural netwoks. For a neural network H, H(x; w) denotes its output,
where x ∈ Rd is the input and w ∈ Rk is a vector containing all the weights. A neural
network H is referred to as L-positively homogeneous if

H(x; cw) = cLH(x; w), for all c ≥ 0 and w ∈ Rk.

Assumption 1 We make the following assumptions on the neural networks considered in
this paper: (i) For any fixed x, H(x; w) is locally Lipschitz in w and is definable in some o-
minimal structure. (ii) The neural network H is L-positively homogeneous, for some L ≥ 2.
(iii) The gradient of H(x; w) with respect to w, ∇H(x; w), is locally Lipschitz in w.

The first two conditions are satisfied by deep feed-forward neural networks with homoge-
neous activation functions like ReLU and polynomial ReLU (max(0, x)p, p ≥ 1). We note
that definability in some o-minimal structure is a mild technical assumption and is satisfied
by all modern deep neural networks (Ji and Telgarsky, 2020). Assuming locally Lipschitz
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gradient is crucial for proving our results rigorously, and while it rules out deep ReLU neu-
ral networks, it does include deep linear networks and feed-forward neural networks with
polynomial ReLU activation functions (max(0, x)p, p ≥ 2).

Training setup. Let {xi, yi}ni=1 ∈ Rd×R be the training data, and define X = [x1, · · · ,xn] ∈
Rd×n, y = [y1, · · · , yn]> ∈ Rn. Let H(X; w) = [H(x1; w), · · · ,H(xn; w)] ∈ Rn be the vector
containing outputs of the neural network, and J (X; w) denotes the Jacobian of H(X; w)
with respect to w. For training, we minimize the following objective:

L(w) =

n∑
i=1

`(H(xi; w), yi) = `(H(X; w),y), (1)

where `(·, ·) is the loss function, and `(p,q) =
∑n

i=1 `(pi, qi), for any two vectors p,q ∈ Rn.
We use `′(·, ·) to denote the derivative of `(·, ·) with respect to the first variable, and define
`′(p,q) = [`′(p1, q1), · · · , `′(pn, qn)]> ∈ Rn. Also, `′′(·, ·) denotes the second-order derivative
of `(·, ·) with respect to the first variable.

Assumption 2 We make the following assumptions on the loss function:

• Smoothness: For some K > 0, |`′′(p, q)| ≤ K, for all p, q ∈ R.

• Convexity: (`′(p,y)− `′(q,y))>(p− q) ≥ 0, for all p,q ∈ Rn.

The above assumption is satisfied by common loss functions such as square and logistic loss.
We minimize the optimization problem in eq. (1) using gradient flow:

ẇ = −∇L(w) = −J (X; w)>`′(H(X; w),y), (2)

and use ψ(t,w(0)) to denote the solution of above differential equation, where w(0) is the
initialization. We aim to study the evolution of ψ(t,w(0)) with time for small initialization.

Early directional convergence. We next briefly discuss the results of Kumar and Haupt
(2024, 2025) which study the phenomenon of early directional convergence.

Lemma 1 The origin is a critical point of the optimization problem in eq. (1).

Proof If H is L−homogeneous, then J (X; w) is (L − 1)-homogeneous. Since L ≥ 2, we
get J (X; 0) = 0, which implies ∇L(0) = 0.

Therefore, if the gradient flow in eq. (2) is initialized near the origin, then it is expected to
remain near the origin for some time, before escaping from it. In Kumar and Haupt (2024,
2025), authors study the dynamics of gradient flow with small initialization in the early
stages of training and while the gradient flow remains near the origin.

We start with some basic concepts introduced in Kumar and Haupt (2024, 2025). Let
ỹ := −`′(0,y), then the Neural Correlation Function (NCF) is defined as

N (u) = ỹ>H(X; u), (3)
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and the constrained NCF refers to the following optimization problem

max
u
N (u), s.t. ‖u‖22 = 1. (4)

Next, consider the (positive) gradient flow of the NCF:

u̇ = ∇N (u) = J (X; u)>ỹ. (5)

We use φ(t,u(0)) to denote the solution of above differential equation, where u(0) is the
initialization. Then, as shown in Kumar and Haupt (2024, 2025), for any unit-norm vector
u0,1 φ(t,u0) satisfies the following condition: (i) either φ(t,u0) converges to the origin, or
(ii) φ(t,u0)/‖φ(t,u0)‖2 converges to a non-negative KKT point of the constrained NCF.
Also, if the order of homogeneity is strictly greater than two, then φ(t,u0)/‖φ(t,u0)‖2 may
converge in finite time.

We next define the notion of stable set for a non-negative KKT point.

Definition 2 The stable set S(u∗) of a non-negative KKT point u∗ of eq. (4) is the set of
all unit-norm initializations such that gradient flow in eq. (5) converges in direction to u∗:

S(u∗) :=

{
u0 ∈ Sk−1 :

φ(t,u0)

‖φ(t,u0)‖2
→ u∗

}
We now present the main result of Kumar and Haupt (2024, 2025), which describes the
dynamics of gradient flow with small initialization in the early stages of training.

Lemma 3 Suppose w0 ∈ S(w∗), where w∗ is a non-negative KKT point of eq. (4). For
any sufficiently small ε > 0, there exists T and δ such that the following holds: for any
δ ∈ (0, δ) we have

‖ψ(t, δw0)‖2 = O(δ), for all t ∈ [0, T/δL−2], and
ψ(T/δL−2, δw0)>w∗
‖ψ(T/δL−2, δw0)‖2

= 1−O(ε).

In the above lemma, the initialization is δw0, where w0 is a vector and δ > 0 is a scalar that
controls the scale of initialization. It is shown that, for all sufficiently small initialization,
the weights remain small for sufficiently long time and converge in direction towards a
non-negative KKT point of the constrained NCF. Also, as discussed earlier, if w0 does not
belong to the stable set of a non-negative KKT point, then φ(t,w0) must converge to the
origin. In this case, rather than directional convergence, the weights approximately become
zero; see Kumar and Haupt (2024, 2025) for more details.

3. Gradient Flow Dynamics Beyond the Origin

In this section, we describe the gradient flow dynamics of homogeneous neural networks
after escaping the origin.

1. The unit-norm assumption is for simplicity, the result will hold for other vectors as well.
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3.1 Two-Homogeneous Neural Networks

We begin by considering two-homogeneous neural networks and the following theorem de-
scribes the gradient flow dynamics of such neural networks after escaping the origin.

Theorem 4 Suppose H is 2-homogeneous, and let w0 ∈ S(w∗), where w∗ is a ∆−second-
order positive KKT point of eq. (4), for some ∆ > 0. Then, for any fixed T̃ ∈ (−∞,∞),
there exists a C̃ > 0 such that for all sufficiently small δ > 0,∥∥∥∥∥ψ

(
t+ T1 +

ln(1/bδ)

2N (w∗)
+

ln(1/δ̃)

2N (w∗)
, δw0

)
− p(t)

∥∥∥∥∥
2

≤ C̃δ
∆

∆+8N (w∗) , for all t ∈ [−T̃ , T̃ ], (6)

where T1 > 0 is a constant, δ̃ ∈ (A2δ − A1δ
3, A2δ + A1δ

3), for some positive constants
A1, A2, and bδ ∈ [κ1, κ2], for some κ2 ≥ κ1 > 0, depends on δ. Moreover,

p(t) := lim
δ→0

ψ

(
t+

ln (1/δ)

2N (w∗)
, δw∗

)
,

which exists for all t ∈ (−∞,∞), and p(t) = ψ (t,p(0)) , where p(0) = lim
δ→0

ψ
(

ln(1/δ)
2N (w∗)

, δw∗

)
and L(p(0)) ≤ L(0)− η, for some η > 0.

We begin by explaining the motivation behind defining p(t). Recall that ψ (t, δw∗) denotes
the solution of the gradient flow of the training loss with initialization δw∗. For small δ,
ψ (t, δw∗) will remain small and near the origin for some time after the training begins.
Now, loosely speaking, it turns out that ψ (t, δw∗) would have escaped from the origin after
(ln (1/δ)/2N (w∗) + O(1)) time has elapsed, where recall that N (·) is the NCF. Since our
interest is in the dynamics of gradient flow after it escapes the origin, this time is added
in ψ (t, δw∗) while defining p(t). Taking δ → 0, gives us the limiting solution of ψ (t, δw∗)
after it escapes from the origin. Therefore, p(t) can be viewed as the approximate path
ψ (t, δw∗) takes after it escapes from the origin, for all sufficiently small δ.

We also note two key properties of p(t). First, p(t) = ψ (t,p(0)), which implies p(t) is a
solution of the gradient flow of the training loss with initialization p(0). In fact, this follows
directly from the definition of p(t) and continuity of ψ(·, ·) with respect to the initialization:

p(t) = lim
δ→0

ψ

(
t+

ln (1/δ)

2N (w∗)
, δw∗

)
= lim

δ→0
ψ

(
t,ψ

(
ln (1/δ)

2N (w∗)
, δw∗

))
= ψ

(
t, lim
δ→0

ψ

(
ln (1/δ)

2N (w∗)
, δw∗

))
= ψ (t,p(0)) .

Another key property is that L(p(0)) ≤ L(0) − η, for some η > 0. This implies that
‖p(0)‖2 6= 0, and thus, p(0) is away from the origin. Now, since the origin is a critical point
of the training loss, ‖p(t)‖2 6= 0, for all finite t ≤ 0.2 Also, since loss always decreases under
gradient flow, L(p(t)) ≤ L(p(0)) ≤ L(0)− η, for all t ≥ 0, which implies p(t) remains away
from the origin, for all t ≥ 0, including at infinity. Therefore, p(t) has truly escaped from

2. If ‖p(t0)‖2 = 0, for some finite t0 < 0, then since the origin is a critical point of the training loss,
‖p(t)‖2 = 0, for all t ≥ t0, which contradicts ‖p(0)‖2 6= 0.
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the origin. We highlight this property because, if w∗ were a zero KKT point instead of a
positive KKT point, that is, N (w∗) = 0, then ψ (t, δw∗) may never escape from the origin
(see Lemma 33 for an example). Assuming w∗ to be a positive KKT point ensures that
ψ (t, δw∗) eventually escapes from the origin.

We next discuss eq. (6) and its consequences. For small δ, ψ (t, δw0) will remain small
and near the origin for some time after the training begins. From eq. (6), we observe that,
for all sufficiently small δ, ψ (t, δw0) would have definitely escaped from the origin after
T1 + (ln(1/bδ) + ln(1/δ̃))/2N (w∗) time has elapsed, since p(0) is away from the origin and
the RHS of eq. (6) is small, for small δ. More importantly, eq. (6) implies that ψ (t, δw0)
will remain close to p(t) after escaping the origin for arbitrarily long time, provided the
initialization is sufficiently small. Using the definition of p(t), it can be further said that the
trajectory of ψ (t, δw0) and ψ (t, δw∗) will approximately be same after they escape from
the origin, for arbitrarily long time, if the initialization is sufficiently small. Therefore, the
behavior of the gradient flow after escaping from the origin is primarily determined by the
KKT point whose stable set contains the initial direction of the weights.

Note that p(t) is a solution of the gradient flow of the training loss. Suppose the
trajectory of p(t) is bounded for all t ≥ 0, and it converge to a saddle point, or more
generally, a stationary point of the training loss. Then, in the following corollary, we show
that ψ (t, δw0) gets close to that saddle point at some time, for all sufficiently small δ.

Corollary 5 Consider the setting of Theorem 4. Suppose p(t) is bounded for all t ≥ 0,
and let p∗ = limt→∞ p(t), where ∇L(p∗) = 0 Then, for any sufficiently small ε > 0, there
exists a time Tε such that for all sufficiently small δ > 0,

‖ψ (Tδ, δw0)− p∗‖2 ≤ ε and ‖∇L (ψ (Tδ, δw0))‖2 ≤ ε,

where Tδ := Tε + T1 + ln(1/bδ)
2N (w∗)

+ ln(1/δ̃)
2N (w∗)

.

The above corollary implies that for all sufficiently small δ, after escaping from the origin,
gradient flow get close to the saddle point to which p(t) converges.

The above corollary assumes p(t) is bounded and converges to a finite saddle point.
This is a reasonable assumption when square loss is used for training. For loss functions
such as logistic loss, the trajectory of gradient flow may not be bounded and saddle points
of the training loss could be at infinity. The next corollary considers such cases.

Corollary 6 Consider the setting of Theorem 4. Suppose limt→∞ p(t)/‖p(t)‖2 = p∗ and
limt→∞ ‖p(t)‖ =∞, such that limt→∞∇L(p(t)) = 0 and limα→∞∇L(αp∗) = 0. Then, for
any sufficiently small ε > 0, there exists a time Tε such that for all sufficiently small δ > 0,

‖ψ (Tδ, δw0)‖2 ≥
1

2ε
,
ψ (Tδ, δw0)> p∗

‖ψ (Tδ, δw0)‖2
≥ 1− ε, and ‖∇L (ψ (Tδ, δw0))‖2 ≤ ε,

where Tδ := Tε + T1 + ln(1/bδ)
2N (w∗)

+ ln(1/δ̃)
2N (w∗)

.

In the above corollary, we have assumed that p(t) “converges” to a saddle point at infinity,
in the sense that its norm diverges to infinity, but the direction converges. Under this
assumption, ψ (t, δw0) gets close to that saddle point at some time, for all sufficiently small
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Figure 2: The contour of the loss function in eq. (7) is in the background. The foreground
contains evolution of ψ(t, δw0), for δ ∈ {0.1, 0.05, 0.001} and t ∈ [0, 3] (in red),
and p(t), for t ∈ [−1, 1] (in green). The saddle point at (2, 0) and the global
minimum at (2, 1) are marked with green and red dot respectively.

initialization, since its norm becomes large, and it is approximately aligned in direction
with the saddle point.

We would like to emphasize that the above corollaries do not imply that ψ (t, δw0) will
also converge to the same saddle point to which p(t) converges. For instance, consider
Corollary 5, which shows that ψ (t, δw0) gets close to the saddle point p∗ at some time. It
is possible that ψ (t, δw0) may eventually escape from this saddle point, in contrast to p(t)
which converges towards p∗. The evolution of gradient flow after escaping this saddle point
is not described by the above results, and is an important direction for future research.
Thus, in this sense, our work only captures a segment of the gradient flow dynamics beyond
the origin, specifically until the first saddle point encountered by gradient flow after escaping
the origin. The following two-dimensional example may be helpful in understanding our
results better, the complete details of which are in Appendix E.

Example 1 Suppose H(x; w) = w2
1x1 + w2

2x2, which is two-homogeneous. The training
data has two points (1, 0) and (0, 1), where the corresponding labels are 4 and 1 respectively.
Assuming square loss, the training loss becomes

L(w) = (w2
1 − 4)2 + (w2

2 − 1)2, (7)

and N (w) = 8w2
1 + 2w2

2. Let w0 = (1/
√

2, 1/
√

2), then w0 ∈ S(w∗), where w∗ = (1, 0),
and N (w∗) = 8. For any δ ∈ (0, 1), we have

ψ(t, δw0) =

(
2δ√

δ2 + (8− δ2)e−32t
,

δ√
δ2 + (2− δ2)e−8t

)
,

ψ(t, δw∗) =

(
2δ√

δ2 + (4− δ2)e−32t
, 0

)
, and p(t) =

(
2√

1 + 4e−32t
, 0

)
.

Note that, for any γ ∈ (0, 1),∥∥∥∥ψ((1− γ) ln (1/δ)

2N (w∗)
, δw∗

)∥∥∥∥
2

= O(δγ),

∥∥∥∥ψ((1− γ) ln (1/δ)

2N (w∗)
, δw0

)∥∥∥∥
2

= O(δγ),

10
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and for any κ > 0,∥∥∥∥ψ( ln (κ/δ)

2N (w∗)
, δw∗

)∥∥∥∥
2

= O(1),

∥∥∥∥ψ( ln (κ/δ)

2N (w∗)
, δw0

)∥∥∥∥
2

= O(1),

Therefore, after (O(1) + ln (1/δ)/2N (w∗)) time has elapsed, ψ(t, δw∗) and ψ(t, δw0) would
have escaped from the origin. Next, p(t) and ψ(t, δw0) converge to different limits since

lim
t→∞

p(t) = (2, 0) and lim
t→∞

ψ(t, δw0) = (2, 1).

In Figure 2, we plot the evolution of p(t) and ψ(t, δw0), for small values of δ. For the
smallest value of δ, observe that ψ(t, δw0) follows the same path as p(t) all the way until
it gets very close to (2, 0), which is a saddle point. Then it escapes from it and eventually
converges to (2, 1). Thus, even though ψ(t, δw0) gets close to (2, 0), it does not converge to
it, unlike p(t).

It is also worth noting that for any κ > 0,

ψ

(
ln (κ/δ)

2N (w∗)
, δw0

)
= (O(1), O(δ3/4)),ψ

(
ln (κ/δ)

4
+

ln (κ/δ)

2N (w∗)
, δw0

)
= (2−O(δ10), O(1)).

Thus, ψ (t, δw0) escapes from the saddle point at (2, 0) after (O(1) + ln (1/δ)/2N (w∗)) +
ln (1/δ)/4) time has elapsed. This suggests that to analyze the gradient flow dynamics
beyond the first saddle point, another O(ln (1/δ)) term needs to be added in the time. This
observation may be helpful for future works that attempt to understand the gradient flow
dynamics beyond the first saddle point.

3.1.1 Proof Outline of Theorem 4

We first discuss three important lemmata, which are then used to prove Theorem 4. The first

lemma proves the existence of p(t), for all t ∈ (−∞,∞), by showing ψ
(
t+ ln(1/δ)

2N (w∗)
, δw∗

)
is a Cauchy sequence, and also characterizes L(p(0)).

Lemma 7 Consider the setting of Theorem 4, then for any fixed t ∈ (−∞,∞) and all
sufficiently small δ2 ≥ δ1 > 0, there exists a C > 0 such that∥∥∥∥ψ(t+

ln (1/δ1)

2N (w∗)
, δ1w∗

)
−ψ

(
t+

ln (1/δ2)

2N (w∗)
, δ2w∗

)∥∥∥∥
2

≤ Cδ2,

implying p(t) exists for all t ∈ (−∞,∞). Furthermore, let δ1 → 0 and δ2 = δ > 0, then∥∥∥∥p(t)−ψ
(
t+

ln (1/δ)

2N (w∗)
, δw∗

)∥∥∥∥
2

≤ Cδ.

Also, L(p(0)) ≤ L(0)− η, for some η > 0.

We next show that ψ(t, δw0) gets sufficiently aligned with w∗ while staying near the origin.

11
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Lemma 8 Consider the setting in Theorem 4, then there exists T1, a1 > 0 such that for all
sufficiently small δ > 0,∥∥∥∥∥ψ

(
T1 +

4 ln(1/δ̃)

∆ + 8N (w∗)
, δw0

)
− bδ δ̃

∆
∆+8N (w∗) w∗

∥∥∥∥∥
2

≤ a1δ̃
3∆

∆+8N (w∗) ,

where δ̃ ∈ (A2δ−A1δ
3, A2δ+A1δ

3), for some positive constants A1, A2. Also, bδ ∈ [κ1, κ2],
for some κ2 ≥ κ1 > 0, depends on δ.

If we define T
δ̃

:= T1 + 4 ln(1/δ̃)/(∆ + 8N (w∗)), then the above lemma implies

∥∥ψ (T
δ̃
, δw0

)∥∥
2

= O
(
δ

∆
∆+8N (w∗)

)
,
ψ
(
T
δ̃
, δw0

)>
w∗∥∥ψ (T

δ̃
, δw0

)∥∥
2

= 1−O
(
δ

2∆
∆+8N (w∗)

)
,

for all sufficiently small δ > 0. Therefore, in the early stages of training, ψ(t, δw0) remains
small and converges in direction to w∗. Note that, the above equation implies a stronger
directional convergence than Lemma 3, since there ε is small but fixed (does not depend on
δ). However, compared to Lemma 3, here w∗ is assumed to be a second-order KKT point.

The following lemma allows us to combine Lemma 8 and Lemma 7 in order to prove
Theorem 4. It essentially shows that if initialized near the origin and sufficiently aligned
with w∗, then gradient flow remains close to p(t).

Lemma 9 Consider the setting in Theorem 4. Suppose there exists a constant C1 > 0 such
that for every δ > 0, aδ is a vector that satisfies ‖aδ − δw∗‖2 ≤ C1δ

3. Then, for any fixed
T̃ ∈ (−∞,∞), there exists a constant C > 0 such that for all sufficiently small δ > 0,∥∥∥∥ψ(t+

ln (1/δ)

2N (w∗)
,aδ

)
−ψ

(
t+

ln (1/δ)

2N (w∗)
, δw∗

)∥∥∥∥
2

≤ Cδ, for all t ∈ [−T̃ , T̃ ].

Proof of Theorem 4: From Lemma 8, we know∥∥∥∥∥ψ
(
T1 +

4 ln(1/δ̃)

∆ + 8N (w∗)
, δw0

)
− bδ δ̃

∆
∆+8N (w∗) w∗

∥∥∥∥∥
2

≤ a1δ̃
3∆

∆+8N (w∗) ,

for some T1, a1 > 0. Define δ̄ = bδ δ̃
∆

∆+8N (w∗) , then the above equation implies∥∥∥∥∥ψ
(
T1 +

4 ln(1/δ̃)

∆ + 8N (w∗)
, δw0

)
− δ̄w∗

∥∥∥∥∥
2

≤ a2δ̄
3,

where a2 = a1/κ
3
1 ≥ a1/b

3
δ . Next, using Lemma 9, for any fixed T̃ ∈ (−∞,∞), there exists

a constant C̃1 > 0 such that for all sufficiently small δ > 0,∥∥∥∥∥ψ
(
t+

ln
(
1/δ̄
)

2N (w∗)
,ψ

(
T1 +

4 ln(1/δ̃)

∆ + 8N (w∗)
, δw0

))
−ψ

(
t+

ln
(
1/δ̄
)

2N (w∗)
, δ̄w∗

)∥∥∥∥∥
2

≤ C̃1δ̄,

12
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for all t ∈ [−T̃ , T̃ ], and from Lemma 7, there exists a C̃2 > 0 such that∥∥∥∥∥p(t)−ψ

(
t+

ln
(
1/δ̄
)

2N (w∗)
, δ̄w∗

)∥∥∥∥∥
2

≤ C̃2δ̄, for all t ∈ [−T̃ , T̃ ].

Now, since

ψ

(
t+

ln
(
1/δ̄
)

2N (w∗)
,ψ

(
T1 +

4 ln(1/δ̃)

∆ + 8N (w∗)
, δw0

))

= ψ

(
t+

ln
(
1/δ̄
)

2N (w∗)
+ T1 +

4 ln(1/δ̃)

∆ + 8N (w∗)
, δw0

)

= ψ

(
t+ T1 +

ln(1/bδ)

2N (w∗)
+

(
∆

2N (w∗)
+ 4

)
ln(1/δ̃)

∆ + 8N (w∗)
, δw0

)

= ψ

(
t+ T1 +

ln(1/bδ)

2N (w∗)
+

ln(1/δ̃)

2N (w∗)
, δw0

)
,

we have that for all t ∈ [−T̃ , T̃ ] and for all sufficiently small δ > 0,∥∥∥∥∥ψ
(
t+ T1 +

ln(1/bδ)

2N (w∗)
+

ln(1/δ̃)

2N (w∗)
, δw0

)
− p(t)

∥∥∥∥∥
2

≤

∥∥∥∥∥ψ
(
t+

ln
(
1/δ̄
)

2N (w∗)
, δ̄w∗

)
− p(t)

∥∥∥∥∥
2

+

∥∥∥∥∥ψ
(
t+ T1 +

ln(1/bδ)

2N (w∗)
+

ln(1/δ̃)

2N (w∗)
, δw0

)
−ψ

(
t+

ln
(
1/δ̄
)

2N (w∗)
, δ̄w∗

)∥∥∥∥∥
2

≤ C̃1δ̄ + C̃2δ̄ ≤ C̃δ
∆

∆+8N (w∗) ,

where C̃ is a positive constant. The last inequality is true since δ̃ ≤ A2δ + A1δ
3 ≤ 2A2δ,

for all sufficiently small δ. Thus, the proof is complete.

3.2 Deep Homogeneous Neural Networks

We now present our main result describing the dynamics of gradient flow for L-homogeneous
neural networks after it escapes from origin, where L > 2.

Theorem 10 Suppose H is L-homogeneous, where L > 2. Let w0 ∈ S(w∗), where w∗
is a ∆−second-order positive KKT point of eq. (4), for some ∆ > 0. Then, for any fixed
T̃ ∈ (−∞,∞), there exists a C̃ > 0 such that for all sufficiently small δ > 0,∥∥∥∥∥ψ

(
t+

T1

δL−2
+

(
1/bL−2

δ

L(L− 2)N (w∗)
− T

)
δ̃
−(L−2)∆

2L2N (w∗)+∆ +
T

δ̃L−2
, δw0

)
− p(t)

∥∥∥∥∥
2

≤ C̃δ
∆

2L2N (w∗)+∆ , (8)
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for all t ∈ [−T̃ , T̃ ], where T1 > 0 is a constant, δ̃ ∈ (A2δ − A1δ
L+1, A2δ + A1δ

L+1) for

some constants A1, A2 > 0, T ≥ 1
L(L−2)N (w∗)

, and bL−2
δ ∈

[
1

TL(L−2)N (w∗)
, 1
]

depends on δ.

Moreover,

p(t) := lim
δ→0

ψ

(
t+

1/δL−2

L(L− 2)N (w∗)
, δw∗

)
,

which exists for all t ∈ (−∞,∞), and p(t) = ψ (t,p(0)) , where p(0) =

lim
δ→0

ψ
(

1/δL−2

L(L−2)N (w∗)
, δw∗

)
and L(p(0)) ≤ L(0)− η, for some η > 0.

Overall, the result here is similar to two-homogeneous case, except for the fact that it takes
longer time to escape from the origin. For small δ, ψ (t, δw∗) would have escaped from the

origin after 1/δL−2

L(L−2)N (w∗)
+O(1) time has elapsed, which is reflected in the definition of p(t).

From eq. (8), we can say that the trajectory of ψ (t, δw0) and ψ (t, δw∗) will approximately
be the same after escaping from the origin, for arbitrarily long time if the initialization is
sufficiently small. The proof follows a similar approach to the two-homogeneous case, with
key differences arising from the fact that in deep homogeneous networks, the gradient flow
of NCF can become unbounded at a finite time. See the proof for more details.

Next, we can use the above theorem to determine the saddle point encountered by
gradient flow after escaping from the origin, in a similar way as for two-homogeneous neural
networks. We start with the case when p(t) is bounded.

Corollary 11 Consider the setting of Theorem 10. Suppose p(t) is bounded for all t ≥ 0,
and let p∗ = limt→∞ p(t), where ∇L(p∗) = 0 Then, for any sufficiently small ε > 0, there
exists a time Tε such that for all sufficiently small δ > 0,

‖ψ (Tδ, δw0)− p∗‖2 ≤ ε, ‖∇L (ψ (Tδ, δw0))‖2 ≤ ε,

where Tδ := Tε + T1

δL−2 +

(
1/bL−2

δ
L(L−2)N (w∗)

− T
)
δ̃
−(L−2)∆

2L2N (w∗)+∆ + T

δ̃L−2
.

We next consider the case when p(t) can become unbounded.

Corollary 12 Consider the setting of Theorem 10. Suppose limt→∞ p(t)/‖p(t)‖2 = p∗ and
limt→∞ ‖p(t)‖ =∞, such that limt→∞∇L(p(t)) = 0 and limα→∞∇L(αp∗) = 0. Then, for
any sufficiently small ε > 0, there exists a time Tε such that for all sufficiently small δ > 0,

‖ψ (Tδ, δw0)‖2 ≥
1

2ε
,
ψ (Tδ, δw0)> p∗

‖ψ (Tδ, δw0)‖2
≥ 1− ε, and ‖∇L (ψ (Tδ, δw0))‖2 ≤ ε,

where Tδ := Tε + T1

δL−2 +

(
1/bL−2

δ
L(L−2)N (w∗)

− T
)
δ̃
−(L−2)∆

2L2N (w∗)+∆ + T

δ̃L−2
.

Remark 13 Theorem 4 and Theorem 10 assume w0 ∈ S(w∗), where w∗ is a second-order
positive KKT point of eq. (4). If this is not satisfied, three scenarios arise: (i) w0 ∈ S(w∗),
where w∗ is a first-order positive KKT point, but not second-order, (ii) w0 ∈ S(w∗), where
w∗ is a zero KKT point, or (iii) φ(t,w0) converges to the origin. In the last two cases, the
gradient flow may not escape the origin. We are unable to handle the first case, and leave
it as a future direction. Perhaps this case does not occur typically, since for many problems
gradient descent almost surely avoids first-order saddle points (Lee et al., 2016, 2019).
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Remark 14 Theorem 4 and Theorem 10 implies that the trajectories of ψ(t, δw0) and
ψ(t, δw∗) stay close after escaping the origin. One might attempt to prove this using the
result of Kumar and Haupt (2024, 2025) stated in Lemma 3, which shows for L = 2 that,
for small ε > 0, there exists a time T such that ψ(T, δw0)>w∗/‖ψ(T, δw0)‖2 = 1 − O(ε),
for all small δ > 0. To explore this idea further, suppose w0 = w∗+ εb, where b ∈ w⊥∗ , that
is, approximate directional convergence holds at the initialization itself. Since ψ(·, ·) varies
continuously with initialization and ‖δw0 − δw∗‖2 = δε, which is small because δ and ε are
small, it can be shown that ψ(t, δw∗) and ψ(t, δw0) remain close for some time after the
training begins. However, that time may not be long enough to ensure that ψ(t, δw∗) and
ψ(t, δw0) remain close after they escape from the origin, making this approach unsuccessful
(see Appendix E for more details).

4. Implications for Feed-Forward Neural Networks

This section discusses the implications of the above theorems for feed-forward neural net-
work. Specifically, we use the above theorems and the results of Kumar and Haupt (2025),
which studies the KKT points of the NCF, to show how sparsity structure is preserved
among the weights after gradient flow escapes from the origin.

We first introduce the notion of zero-preserving subset, which is a subset of the weights
of a neural network that remain zero throughout training, if they are zero at initialization.

Definition 15 Consider the training setup of Section 2, and recall ψ(t,w(0)) denotes the
solution of

ẇ = −∇L(w),

where w(0) is the initialization. If wz is a vector containing subset of entries in w,3

then ψwz(t,w(0)) denotes the evolution of weights belonging to wz. We define wz to be
a zero-preserving subset of w under the following condition: if ‖ψwz(0,w(0))‖2 = 0, then
‖ψwz(t,w(0))‖2 = 0, for all t ∈ (−∞,∞).

Note that there could be a subset of weights which are non-zero at initialization, but become
zero at some stage of the training and remain zero after that. There could also be subset
of weights which are zero at initialization, but become non-zero during training. Such set
of weights do not satisfy the definition of zero-preserving subset. The weights belonging to
zero-preserving subset are zero at initialization, and they remain zero throughout training.

It may seem that the training data plays a role in determining the zero-preserving sub-
sets, that is, for a fixed architecture, different training data may lead to different sets of
zero-preserving subsets. While this is possible, we show that for some architectures, certain
zero-preserving subsets do not change with the training data. In such cases, zero-preserving
subsets should be viewed as a property of the architecture, rather than the training data.

For L ≥ 2, the output of an L−layer feed-forward neural network H is

H(x; W1, · · · ,WL) = WLσ(WL−1 · · ·σ(W1x) · · · ), (9)

3. Throughout this section, we will abuse the notation slightly and refer to a vector as a set containing its
entries and vice-versa.
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where Wl ∈ Rkl×kl−1 , k0 = d and kL = 1. The activation function σ : R→ R is applied co-
ordinate wise. Note that, if σ(x) = max(x, αx)p, for some p ∈ N and α ∈ R, then the above
neural network is homogeneous. We use Wl[:, j] and Wl[j, :] to denote the j-th column and
j-th row of Wl respectively. Also, Wl[j, :] contains incoming weights from the j-th neuron
in the l-th layer, and Wl+1[:, j] contains outgoing weights from the same neuron.

The following lemma describes the zero-preserving subsets of feed-forward neural net-
works for arbitrary training data.

Lemma 16 Let H be an L−layer feed-forward neural network as in eq. (9), where σ(·) is
locally Lipschitz, continuously differentiable4 and σ(0) = 0. Suppose wz is a subset of the
weights such that

wz =

L−1⋃
l=1

(Wl[j, :] ∪Wl+1[:, j], j ∈ Sl) ,

where Sl is an arbitrary subset of [kl], for all l ∈ [L−1], then wz is a zero-preserving subset.

The assumption σ(0) = 0 is satisfied by all homogeneous activation functions. According
to the above lemma, the zero-preserving subset is a collection of rows and columns of the
weight matrices such that if Wl[j, :] ∈ wz, then Wl+1[:, j] ∈ wz, and vice-versa. Another
way to view the zero-preserving subset is to look at the hidden neurons. The zero-preserving
subset is formed by combining all the incoming and outgoing weights of certain subset of
hidden neurons; some examples are provided in Figure 3. Also, note that the zero-preserving
subset contains only rows of W1 and only columns of WL, whereas it could contain rows
and columns of other weight matrices.

Input
layer

Hidden
layer

Output
layer

(a) Single hidden layer

Input
layer

Hidden
layer 1

Hidden
layer 2

Output
layer

(b) Two hidden layer

Figure 3: The weights corresponding to the dashed arrows, or equivalently, all the incoming
and outgoing weights of the hidden neurons in gray, form a zero-preserving subset.

Now, recall that our goal in this section is to show that, for feed-forward homogeneous
neural networks trained via gradient flow with small initialization, the sparsity structure
emerging among the weights just before escaping the origin is preserved post-escape. Briefly,
our approach to achieve this goal is as follows: From Theorem 4 and Theorem 10, we know
that for all sufficiently small initializations, gradient flow escapes the origin along the same
path as gradient flow with small initial weights and initial direction along a KKT point of

4. We assume differentiability for simplicity, the result can also be proved for ReLU activation.
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the constrained NCF. Now, in Kumar and Haupt (2025), KKT points of the constrained
NCF for feed-forward homogeneous networks are studied, and for these KKT points, it can
be shown that all the rows and columns of the hidden weights with zero magnitude form a
zero-preserving subset. Combining this fact with the result of Theorem 4 and Theorem 10,
we will show that if the initial weights lie in a stable set of a positive KKT point, then the
sparsity structure will approximately be preserved after gradient flow escapes the origin.
We next discuss this approach in greater detail.

We start with the following lemma from Kumar and Haupt (2025, Lemma 5). For feed-
forward homogeneous networks, it highlights a key property of KKT points of the con-
strained NCF.

Lemma 17 Let H be an L−layer feed-forward neural network as in eq. (9), where σ(x) =
max(x, αx)p, for some p ∈ N and α ∈ R. Let

(
W1, · · ·WL

)
be a positive KKT point of

max
W1,··· ,WL

N (W1, · · · ,WL) := ỹ>H(X; W1, · · · ,WL), s.t.
L∑
i=1

‖Wi‖2F = 1. (10)

Then,

diag(WlW
>
l ) = p · diag(W

>
l+1Wl+1), for all l ∈ [L− 1],

or equivalently, ‖Wl[j, :]‖22 = p‖Wl+1[:, j]‖22, for all j ∈ [kl] and l ∈ [L− 1].

In Kumar and Haupt (2025), authors empirically observed that, for feed-forward homoge-
neous neural networks, the weights tend to converge towards KKT points of the constrained
NCF that have many rows and columns of the hidden weights with zero norm, during the
early stages of training. In fact, for p ≥ 2 (polynomial Leaky ReLU), the hidden weights
usually had only one row and column with non-zero norm.

Now, using these observations and the above lemma, we describe the zero-preserving
subset emerging from the sparsity structure in positive KKT points, and its consequence
on dynamics of gradient flow beyond the origin. Since ‖Wl[j, :]‖22 = p‖Wl+1[:, j]‖22, if
‖Wl[j, :]‖2 is 0, then ‖Wl+1[:, j]‖2 is 0, and vice versa. Therefore, all the rows and columns
of a KKT point with zero norm will form a zero-preserving subset. Consequently, for gra-
dient flow with initial direction along such KKT points, by the definition of zero-preserving
subset, all the rows and columns with zero norm at initialization will remain zero during
training, implying the sparsity structure is preserved during training.

Furthermore, from Theorem 4 and Theorem 10, we know that the trajectory of gradient
flow with small initialization after escaping the origin is approximately equal to the gradient
flow with small initial weights and initial direction along a KKT point of the NCF. Hence,
for a feed-forward homogeneous neural network, if direction of the initial weights are in
a stable set of a positive KKT point, then the sparsity structure will be approximately
preserved after escaping the origin. We formalize this idea in the following theorem, where
we use W0

1:L := (W0
1, · · · ,W0

L) and W1:L := (W1, · · · ,WL), to denote the initial direction
of the weights and the KKT point of the constrained NCF respectively.

Theorem 18 Let H be an L−layer feed-forward neural network as in eq. (9), where σ(x) =
max(x, αx)p, for some p ∈ N, p ≥ 2 and α ∈ R, or p = 1, α = 1. Suppose W0

1:L ∈ S(W1:L),
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where W1:L is a ∆−second-order positive KKT point of eq. (10). Define N := N (W1:L),
and let wz be the following subset of the weights:

wz =
L−1⋃
l=1

({
Wl[j, :] :

∥∥Wl[j, :]
∥∥

2
= 0, j ∈ [kl]

}
∪
{
Wl+1[:, j] :

∥∥Wl+1[:, j]
∥∥

2
= 0, j ∈ [kl]

})
.

• If H is two-homogeneous, then, for all sufficiently small δ > 0,

∥∥∥ψ (T 1
δ̃
, δW0

1:L

)∥∥∥
2
≤ b1δ

∆
∆+8N , and

∥∥∥ψwz

(
T 1
δ̃
, δW0

1:L

)∥∥∥
2∥∥∥ψ (T 1

δ̃
, δW0

1:L

)∥∥∥
2

≤ b2δ
2∆

∆+8N , (11)

where b1, b2 > 0 are some constants, T 1
δ̃

= T1 + 4 ln(1/δ̃)/(∆ + 8N ) and T1, δ̃ are the

same as defined in Theorem 4. Furthermore, for any fixed T̃ > 0, there exists a C̃ > 0
such that, for all sufficiently small δ > 0 and for all t ∈ [−T̃ , T̃ ],∥∥∥ψwz

(
t+ T 2

δ̃
, δW0

1:L

)∥∥∥
2
≤ C̃δ

∆
∆+8N , (12)

where T 2
δ̃

= T1 + ln(1/bδ)

2N + ln(1/δ̃)

2N , and bδ is the same as defined in Theorem 4.

• If H is L-homogeneous, for some L > 2, then, for all sufficiently small δ > 0,

∥∥∥ψ (T 1
δ̃
, δW0

1:L

)∥∥∥
2
≤ b1δ

∆
∆+2L2N , and

∥∥∥ψwz

(
T 1
δ̃
, δW0

1:L

)∥∥∥
2∥∥∥ψ (T 1

δ̃
, δW0

1:L

)∥∥∥
2

≤ b2δ
L∆

∆+2L2N , (13)

where b1, b2 > 0 are some constants, T 1
δ̃

= T1

δL−2 + T

δ̃L−2

(
1− δ̃

2(L−2)L2N
2L2N+∆

)
,and T1, T, δ̃

are the same as defined in Theorem 10. Furthermore, for any fixed T̃ > 0, there exists
a C̃ > 0 such that, for all sufficiently small δ > 0 and for all t ∈ [−T̃ , T̃ ],∥∥∥ψwz

(
t+ T 2

δ̃
, δW0

1:L

)∥∥∥
2
≤ C̃δ

∆
2L2N+∆ , (14)

where T 2
δ̃

= T1

δL−2 +

(
1/bL−2

δ

L(L−2)N − T
)
δ̃
−(L−2)∆

2L2N+∆ + T

δ̃L−2
, and bδ is the same as defined in

Theorem 10.

In the above theorem, W1:L is a positive KKT point of the constrained NCF, and wz

contain all the rows and columns of W1:L that have zero norm,5 which is a zero-preserving
subset, as discussed above. For two-homogeneous networks, eq. (11) implies that at time
T 1
δ̃

, the norm of the weights are small, but weights belonging to wz have much smaller
magnitude. Therefore, a sparsity structure emerges among the weights before gradient flow
escapes the origin. We mainly use Lemma 8 to get eq. (11) which, we recall, implies that
during the early stages of training, the weights remain small and converge in direction

5. More precisely, all the rows of (W1, · · · ,WL−1) and all the columns of (W2, · · · ,WL) with zero norm.
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towards W1:L. Since W1:L has a sparsity structure, specifically, weights belonging to wz

have zero magnitude, therefore, the same sparsity structure would emerge in the weights of
the neural network during the early stages of training.

From Theorem 4, we know that gradient flow escapes the origin after T 2
δ̃

time has elapsed.

Thus, eq. (12) implies that weights belonging to wz remain small even after gradient flow
escapes the origin. Hence, the sparsity structure that emerges among the weights before
escaping the origin is preserved post-escape as well. To get eq. (12), we rely on Theorem 4
and wz being a zero-preserving subset.

For deep homogeneous networks, similar results are provided in eq. (13) and eq. (14).
Additionally, using the above theorem and following the proofs of Corollaries 5, 6, 11, and
12, it can be shown that the sparsity structure is preserved until the first saddle point
encountered by gradient flow after escaping the origin.

4.1 Numerical Experiments

We next conduct experiments to validate the above theorem, with results presented in Fig-
ures 4, 5 and 6. The setting for these experiments is similar to Figure 1, the weights are
trained using gradient descent with small initialization and until they escape the origin and
reach the next saddle point. Each figure contains both the evolution of training loss and
the plot of weights, before escaping the origin and after reaching the next saddle point. The
code is available at github.com/akk0135/beyond origin experiments.

Square activation function. In Figure 1, we observed that the weights of a two-layer
network with square activation became sparse before gradient descent escaped the origin,
with only one row of W and v being non-zero. In accordance with Theorem 18, this sparsity
structure was preserved after escaping the origin as well. Similarly, Figure 4 shows that
for a three-layer neural network with square activation, before gradient descent escapes the
origin, a single row of W1, and a single entry of W2, v are non-zero, and this sparsity
structure is preserved even after gradient descent escapes the origin and reaches the next
saddle point. Notably, the rows and columns with zero norm form a zero-preserving subset.

ReLU activation function. Although our results exclude ReLU networks, we explore
two- and three-layer ReLU networks in Figure 5 and Figure 6. Note that, before escaping
the origin, the weights become approximately sparse, but, compared to square activation, a
greater number of rows and columns of the weights are non-zero. This aligns with observa-
tions from Kumar and Haupt (2025), which noted that for ReLU networks, gradient descent
tend to converge towards a KKT point of the constrained NCF with multiple non-zero rows
and columns. Next, a close look at the weights seems to suggest that rows and columns
of relatively small size stay small, even after the gradient descent escapes the origin and
reaches the next saddle point. Also, the rows and columns with relatively small size seems
to follow the definition of zero-preserving subset, that is, if the j-th row of Wl is small,
then the j-th column of Wl+1 is small, and vice-versa. For example, in the two-layer case,
the first two rows of W and first two columns of v> stay small at iteration i1 and i2. In
the three-layer case, rows 15-17 of W1 and columns 15-17 of W2, and rows 2-5 of W2 and
columns 2-5 of v> stay small at iteration i1 and i2.
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These observations suggest that the sparsity structure is also preserved for ReLU net-
works, even though our results exclude ReLU activation. Additional experiments are pro-
vided in Appendix F. These observations can be useful for future work in this area.

(a) Evolution of training
loss with iterations

(b) Weights at iteration i1

(c) Weights at iteration i2

Figure 4: We train a three-layer neural network whose output is v>σ(W2σ(W1x)), where
σ(x) = x2 (square activation), and v ∈ R20,W2,W1 ∈ R20×20 are the trainable
weights. The sparsity structure is preserved upon escaping from the origin.

5. Conclusion and Future Directions

This paper studied the gradient flow dynamics of homogeneous neural networks which are
trained with small initialization. We showed that for all sufficiently small initializations, the
gradient flow escapes along the same path as the gradient flow with small initial weights and
initial direction along a KKT point of the NCF. Next, we studied the gradient flow dynamics
of feed-forward homogeneous neural networks and showed that the sparsity structure that
emerges among the weights before escaping the origin is preserved post-escape.

Our work describes a segment of the gradient flow dynamics beyond the origin, specif-
ically up to the first saddle point encountered by gradient flow after escaping the origin.
Understanding gradient flow dynamics beyond that saddle point is an important direction
for future research; Appendix G provides some observations in this regard. Also, our re-
sults hold for neural networks with locally Lipschitz gradient, which excludes ReLU neural
networks. Extending our results for such neural networks would be a valuable next step.
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(a) Evolution of training
loss with iterations

(b) Weights at iteration i1

(c) Weights at iteration i2

Figure 5: We train a two-layer neural network whose output is v>σ(Wx), where σ(x) =
max(x, 0) (ReLU activation), and v ∈ R50,W ∈ R50×20 are the trainable
weights. As in the previous example, the sparsity structure is preserved upon
escaping from the origin.

(a) Evolution of training
loss with iterations

(b) Weights at iteration i1

(c) Weights at iteration i2

Figure 6: We train a three-layer neural network whose output is v>σ(W2σ(W1x)), where
σ(x) = max(x, 0) (ReLU activation), and v ∈ R30,W2 ∈ R30×20,W1 ∈ R20×20

are the trainable weights. This highlights the preservation of sparsity structure
after escaping from the origin even for deeper ReLU networks.
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Organization of the Appendix: Appendix A contains key lemmata useful to prove our
main results. The proofs omitted from Section 3.1, 3.2 and 4 are in Appendix B, C and
D, respectively. Appendix E contains additional results and discussion, while Appendix F
reports further experiments. Finally, Appendix G presents empirical observations on the
training dynamics after escaping the first saddle point.

Appendix A. Key Lemmata

The following lemma, also known as Euler’s theorem, states two important properties of
homogeneous functions (Lyu and Li, 2020, Theorem B.2).

Lemma 19 Let F : Rd → R be locally Lipschitz, differentiable and L-positively homoge-
neous for some L > 0. Then,

• For any x ∈ Rd and c ≥ 0, ∇F (cx) = cL−1F (x).

• For any x ∈ Rd , x>∇F (x) = LF (x).

Some properties of the second-order KKT points of the constrained NCF are derived next.

Lemma 20 Suppose H is L−homogeneous, where L ≥ 2. Let w∗ be a ∆−second-order
positive KKT point of the constrained NCF in eq. (4). Then,

∇N (w∗) = LN (w∗)w∗, LN (w∗)− b>∇2N (w∗)b ≥ ∆, ∀b ∈ w⊥∗ , and (15)

‖∇2N (w∗)‖2 ≤ L(L− 1)N (w∗). (16)

Proof For eq. (4), the Lagrangian is

L(w, λ) = N (w) + λ(1− ‖w‖22). (17)

Since w∗ is a second-order KKT point, ‖w∗‖22 = 1,

0 = ∇wL(w∗, λ∗) = ∇N (w∗)− 2λ∗w∗, (18)

and
∆ ≤ −b>∇2

wL(w∗, λ∗)b = 2λ∗ − b>∇2N (w∗)b, ∀b ∈ w⊥∗ . (19)

Multiplying eq. (18) by w>∗ from the left, and using Lemma 19 and ‖w∗‖22 = 1, we get that

0 = LN (w∗)− 2λ∗.

Using the above value of λ∗ in eq. (18) and eq. (19) gives us eq. (15). Next, since ∇N (w)
is (L− 1)-homogeneous, from Lemma 19, we have

∇2N (w∗)w∗ = (L− 1)∇N (w∗).

Since ∇N (w∗) = LN (w∗)w∗, the above equation implies that w∗ is an eigenvector of
∇2N (w∗) with eigenvalue L(L − 1)N (w∗). Now, since ∇2N (w∗) is a symmetric matrix,
other eigenvectors would be orthogonal to w∗. However, for all b ∈ w⊥∗ , we know

b>∇2N (w∗)b ≤ LN (w∗)−∆ ≤ L(L− 1)N (w∗).

Hence, ‖∇2N (w∗)‖2 ≤ L(L− 1)N (w∗).
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A.1 Local Behavior at KKT point

In this subsection, we derive some important inequalities satisfied by the weights near a
∆−second-order KKT point of the constrained NCF.

Lemma 21 Suppose H is L-homogeneous, where L ≥ 2. Let w∗ be a ∆−second-order
positive KKT point of eq. (4), then for all sufficiently small ε > 0 and b ∈ w⊥∗ , we have

N (w∗ + εb) = N (w∗) +
ε2

2
b>∇2N (w∗)b + o(ε2), and (20)

∇N (w∗ + εb)>w∗ = LN (w∗) +
(L− 2)ε2

2
b>∇2N (w∗)b + o(ε2). (21)

Proof Using Taylor’s theorem, for all sufficiently small ε > 0, we have

N (w∗ + εb) = N (w∗) + εb>∇N (w∗) +
ε2

2
b>∇2N (w∗)b + o(ε2).

From Lemma 20, we know ∇N (w∗)
>b = LN (w∗)w

>
∗ b = 0. Using this fact in the above

equation gives us eq. (20). Next, note that

∇N (w∗ + εb)>w∗ = ∇N (w∗ + εb)>(w∗ + εb)− ε∇N (w∗ + εb)>b

= LN (w∗ + εb)− ε∇N (w∗ + εb)>b, (22)

where the last equality follows from Lemma 19. Now, using eq. (20), we have

LN (w∗ + εb) = LN (w∗) +
Lε2

2
b>∇2N (w∗)b + o(ε2).

From Taylor’s theorem, for all sufficiently small ε > 0, we have

∇N (w∗ + εb)>b = ∇N (w∗)
>b + εb>∇2N (w∗)b + o(ε) = εb>∇2N (w∗)b + o(ε),

where we used ∇N (w∗)
>b = 0. Combining the above two equalities with eq. (22) gives us

∇N (w∗ + εb)>w∗ = LN (w∗) +
(L− 2)ε2

2
b>∇2N (w∗)b + o(ε2),

which completes the proof.

Lemma 22 Suppose H is L-homogeneous, where L ≥ 2. Let w∗ be a ∆−second-order
positive KKT point of eq. (4), then there exists a sufficiently small γ > 0 such that for any
unit-norm vector w satisfying w>w∗ ≥ 1− γ, and for all t2 ≥ t1 ≥ 0, the following holds:

(∇N (t1w)−∇N (t2w∗))
> (t1w − t2w∗)− L(L− 1)N (w∗)t

L−2
2 ‖t1w − t2w∗‖22 ≤ 0. (23)

Proof The proof is trivial if t1 = 0, since in that case

(∇N (t1w)−∇N (t2w∗))
> (t1w − t2w∗) = ∇N (t2w∗)

>(t2w∗) = tL2LN (w∗),
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and L(L − 1)N (w∗)t
L−2
2 ‖t1w − t2w∗‖22 = L(L − 1)N (w∗)t

L
2 ≥ tL2LN (w∗). Therefore, we

assume t1 > 0. Now, define t = t2/t1, then eq. (23) can be written as

(∇N (w)−∇N (tw∗))
> (w − tw∗)− L(L− 1)N (w∗)t

L−2‖w − tw∗‖22 ≤ 0. (24)

We will show that the above inequality is true for all t ≥ 1 to prove the lemma. We will
proceed by considering two cases: L = 2 and L > 2.
Case 1 (L = 2): Since w∗ is a ∆-second-order KKT point, from Lemma 20 we know

∇N (w∗) = 2N (w∗)w∗, and ∆ + b>∇2N (w∗)b ≤ 2N (w∗), ∀b ∈ w⊥∗ . (25)

For the sake of brevity, we define λ∗ = 2N (w∗) and b∗ = b>∇2N (w∗)b here onward in this
proof. Using Lemma 19, homogeneity and ‖w‖2 = 1, the LHS of eq. (24) can be written as

2N (w) + 2t2N (w∗)− t∇N (w∗)
>w − t∇N (w)>w∗ − 2N (w∗)(1 + t2 − 2tw>w∗)

= 2N (w) + λ∗t
2 − λ∗tw>∗ w − t∇N (w)>w∗ − λ∗(1 + t2 − 2tw>w∗)

= 2N (w)− λ∗ − t∇N (w)>w∗ + λ∗tw
>
∗ w,

where the first equality uses eq. (25), and simplifying the first equality leads to the second.
Since w has unit norm, we define w = (w∗ + εb)/

√
1 + ε2, where b ∈ w⊥∗ . Putting this

choice of w in the above equation gives us

2N (w∗ + εb)

(1 + ε2)
− λ∗ −

t∇N (w∗ + εb)>w∗√
1 + ε2

+
λ∗tw

>
∗ (w∗ + εb)√
1 + ε2

.

To complete the proof, we will show that the above quantity is less than zero for all suffi-
ciently small ε > 0. Using Lemma 21 and ‖w∗‖2 = 1, the above quantity becomes

2N (w∗) + ε2b∗ + o(ε2)

(1 + ε2)
− λ∗ −

2tN (w∗) + o(ε2)√
1 + ε2

+
λ∗t√
1 + ε2

,

which can be further simplified to get

λ∗ + ε2b∗
(1 + ε2)

− λ∗ + o(ε2).

Since 1/(1 + ε2) = 1− ε2 + o(ε2), the above quantity can be written as

λ∗(1− ε2) + ε2b∗ − λ∗ + o(ε2) = ε2(b∗ − λ∗) + o(ε2) ≤ −∆ε2 + o(ε2).

Since ∆ > 0, the proof is complete.
Case 2 (L > 2): Since w∗ is a ∆−second-order KKT point, from Lemma 20 we have

∇N (w∗) = LN (w∗)w∗, and ∆ + b>∇2N (w∗)b ≤ LN (w∗),∀b ∈ w⊥∗ . (26)

For the sake of brevity, we define λ∗ = LN (w∗) and b∗ = b>∇2N (w∗)b here onward in this
proof. Using Lemma 19, homogeneity and ‖w‖2 = 1, the LHS of eq. (24) can be written as

LN (w) + LtLN (w∗)− tL−1∇N (w∗)
>w − t∇N (w)>w∗

− tL−2L(L− 1)N (w∗)(1 + t2 − 2tw>w∗)

= LN (w) + λ∗t
L − λ∗tL−1w>∗ w − t∇N (w)>w∗ − λ∗tL−2(L− 1)(1 + t2 − 2tw>w∗)

= LN (w)− λ∗((L− 1)tL−2 + (L− 2)tL)− t∇N (w)>w∗ + λ∗(2L− 3)tL−1w>∗ w,
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where the first equality uses eq. (26), and simplifying the first equality leads to the second.
Define w = (w∗ + εb)/

√
1 + ε2, where b ∈ w⊥∗ . Putting this choice of w in the above

equation gives us

LN (w∗ + εb)

(1 + ε2)L/2
− λ∗((L− 1)tL−2 + (L− 2)tL)− t∇N (w∗ + εb)>w∗

(1 + ε2)(L−1)/2
+

(2L− 3)λ∗t
L−1

√
1 + ε2

.

To complete the proof, we will show that the above quantity is less than zero for all suffi-
ciently small ε > 0. Using Lemma 21 and ‖w∗‖2 = 1, we further get

λ∗ + Lε2

2 b∗ + o(ε2)

(1 + ε2)L/2
−λ∗((L−1)tL−2+(L−2)tL)−

tλ∗ + t(L−2)ε2

2 b∗ + o(ε2)

(1 + ε2)(L−1)/2
+
λ∗(2L− 3)tL−1

√
1 + ε2

.

Since 1/(1 + ε2)k = 1− kε2 + o(ε2), the above quantity can be written as

λ∗

(
1− Lε2

2

)
+
Lε2b∗

2
− λ∗((L− 1)tL−2 + (L− 2)tL)− tλ∗

(
1− (L− 1)ε2

2

)
− t(L− 2)b∗ε

2

2
+ λ∗(2L− 3)tL−1

(
1− ε2

2

)
+ o(ε2)

= λ∗(1− (L− 1)tL−2 − (L− 2)tL − t+ (2L− 3)tL−1)

+
ε2

2
(−Lλ∗ + Lb∗ + t(L− 1)λ∗ − t(L− 2)b∗ − λ∗(2L− 3)tL−1) + o(ε2).

Now, define a(t) = (1 + (L− 2)tL−1 − (L− 1)tL−2), then

(1− t)a(t) = 1− (L− 1)tL−2 − (L− 2)tL − t+ (2L− 3)tL−1.

Also, note that a(1) = 0, and a′(t) = (L− 2)(L− 1)(tL−2 − tL−3) ≥ 0, for all t ≥ 1. Hence,
a(t) ≥ 0 and an increasing function, for all t ≥ 1.

Next, let b(t) = −Lλ∗+Lb∗+ t(L− 1)λ∗− t(L− 2)b∗− λ∗(2L− 3)tL−1. Thus, our goal
is to that show for all sufficiently small ε > 0,

(1− t)a(t)λ∗ + b(t)ε2/2 + o(ε2) ≤ 0. (27)

We first consider the case when t ∈ [1, L/(L− 2)]. In this case, since a(t) ≥ 0, for all t ≥ 1,
we have (1− t)a(t) ≤ 0. Next

b(t) = −Lλ∗ + (L− t(L− 2))b∗ + t(L− 1)λ∗ − λ∗(2L− 3)tL−1

≤ −Lλ∗ + (L− t(L− 2))(λ∗ −∆) + t(L− 1)λ∗ − λ∗(2L− 3)tL−1

= −t(L− 2)λ∗ + t(L− 1)λ∗ − λ∗(2L− 3)tL−1 − (L− t(L− 2))∆

≤ tλ∗ − λ∗(2L− 3)tL−1 ≤ tλ∗(4− 2L) ≤ λ∗(4− 2L),

where the first inequality follows from eq. (26), and the second uses ∆ > 0. The last two
inequalities are true since t ≥ 1. Therefore,

(1− t)a(t)λ∗ + b(t)ε2/2 + o(ε2) ≤ λ∗(4− 2L)ε2 + o(ε2).
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Since L > 2, the above inequality implies eq. (27) is true for all sufficiently small ε > 0.
We next consider t ≥ L/(L− 2). Define g(t) = (1− t)a(t)λ∗+ b(t)ε2/2. From the above

discussion, we know
g(L/(L− 2)) ≤ λ∗(4− 2L)ε2.

Now, if we can show that for all sufficiently small ε > 0, g(t) ≤ g(L/(L − 2)), for all
t ≥ L/(L− 2), then

(1− t)a(t)λ∗ + b(t)ε2/2 + o(ε2) ≤ λ∗(4− 2L)ε2 + o(ε2), for all t ≥ L/(L− 2).

Thus, eq. (27) is true for all sufficiently small ε > 0. To complete the proof, we next show
that g′(t) ≤ 0, for all t ≥ L/(L− 2) and all sufficiently small ε > 0. Note that

g′(t) = (1− t)a′(t)λ∗ − a(t)λ∗ + b′(t)ε2/2.

Since a′(t) ≥ 0 and t ≥ 1, (1− t)a′(t)λ∗ ≤ 0. Further, a′(t) ≥ 0 implies a(t) ≥ a(L/(L−2)),
for all t ≥ L/(L− 2). Since a(L/L− 2) = (1 + (L/L− 2)L−2) ≥ 1, we have that

−a(t)λ∗ + b′(t)ε2/2 = −a(t)λ∗ + ((L− 1)λ∗ − (L− 2)b∗ − (2L− 3)(L− 1)λ∗t
L−2)ε2/2

≤ −λ∗ − (L− 2)b∗ε
2/2 + (L− 1)λ∗(1− (2L− 3)tL−2)ε2/2

≤ −λ∗ − (L− 2)b∗ε
2/2 ≤ 0,

where the first inequality uses a(t) ≥ a(L/(L− 2)) ≥ 1. The second inequality uses L > 2
and t ≥ 1. The last inequality is true for all sufficiently small ε > 0. Thus, g′(t) ≤ 0.

Lemma 23 Suppose H is L−homogeneous, where L ≥ 2, and w∗ is a ∆−second-order
positive KKT point of eq. (4). Then there exists a sufficiently small γ > 0 such that for all
unit-norm vectors w satisfying w>w∗ ≥ 1− γ the following inequalities hold:

w>∗ ∇N (w)− LN (w)w>∗ w − ∆

2
‖w −w∗‖22 ≥ 0, and (28)

N (w)−N (w∗) +
∆

4
‖w −w∗‖22 ≤ 0. (29)

Proof Let w = (w∗ + εb)/
√

1 + ε2, where b ∈ w⊥∗ . Putting this w in eq. (28) gives us

w>∗ ∇N (w∗ + εb)

(1 + ε2)(L−1)/2
− LN (w∗ + εb)w>∗ (w∗ + εb)

(1 + ε2)(L+1)/2
− ∆

2
(2− 2w>w∗). (30)

To complete the proof, we will show that the above quantity is greater than zero for all
sufficiently small ε > 0. Note that, for all sufficiently small ε > 0,

w>w∗ = 1/
√

1 + ε2 = 1− ε2/2 + o(ε2),

and from Lemma 21, we have

∇N (w∗ + εb)>w∗ = LN (w∗) +
(L− 2)ε2

2
b>∇2N (w∗)b + o(ε2) and

N (w∗ + εb) = N (w∗) +
ε2

2
b>∇2N (w∗)b + o(ε2).
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Let λ∗ = LN (w∗), b∗ = b>∇2N (w∗)b, then eq. (30) can be simplified to get

λ∗

(
1− (L− 1)ε2

2

)
+

(L− 2)ε2

2
b∗ + o(ε2)− λ∗

(
1− (L+ 1)ε2

2

)
− Lε2

2
b∗ −

∆ε2

2

=
ε2

2
(−(L− 1)λ∗ + (L− 2)b∗ + (L+ 1)λ∗ − Lb∗ −∆) + o(ε2)

=
ε2

2
(2λ∗ − 2b∗ −∆) + o(ε2) ≥ ∆ε2/2 + o(ε2).

The last inequality uses b∗ ≤ λ∗ −∆. Since ∆ > 0, the above inequality proves eq. (28).
Similarly, eq. (29) can be written as

N (w∗ + εb)

(1 + ε2)L/2
−N (w∗) +

∆(2− 2w>w∗)

4

= N (w∗)

(
1− Lε2

2

)
+
ε2

2
b>∇2N (w∗)b−N (w∗) +

∆ε2

4
+ o(ε2)

=
ε2

2
(b∗ − LN (w∗) + ∆/2) + o(ε2) ≤ −∆ε2

4
+ o(ε2).

The last inequality uses b∗ ≤ λ∗ −∆. Since ∆ > 0, the above inequality proves eq. (29).

A.2 Gradient Flow Dynamics of NCF Near a KKT point

In this subsection, we describe the gradient flow dynamics of NCF when initialized near a
second-order positive KKT point.

Lemma 24 Suppose H is 2−homogeneous, and w∗ is a ∆−second-order positive KKT
point of the constrained NCF in eq. (4). Let w(t) be the solution of

ẇ = ∇N (w),w(0) = w0,

where ‖w0‖2 = 1. There exists a sufficiently small γ > 0 such that if w>∗ w0 > 1− γ, then

w>∗ w(t)

‖w(t)‖2
≥ 1− e−t∆γ,∀t ≥ 0, and w(t) = g(t)e2tN (w∗), (31)

where ‖g(t)‖2 ∈ [κ1, κ2], for some κ2 ≥ κ1 > 0.

Proof We chose a sufficiently small γ > 0 such that

N (w∗) ≥ N (w) > 0 and w>∗ ∇N (w)− 2N (w)w>∗ w − ∆

2
‖w −w∗‖22 ≥ 0, (32)

for all unit-norm vector w satisfying w>∗ w > 1−γ. The above conditions are possible since
N (w∗) > 0 and due to Lemma 23.

Now, since w>0 w∗ > 1−γ, we have N (w0) > 0. From (Kumar and Haupt, 2024, Lemma
C.4) , ‖w(t)‖2 ≥ ‖w0‖2 > 0, for all t ≥ 0. We next show that w>∗ w(t)/‖w(t)‖2 > 1 − γ,
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for all t ≥ 0. For the sake of contradiction, suppose T > 0 be the smallest time such that
w>∗ w(T )/‖w(T )‖2 = 1− γ. Then, for all t ∈ [0, T ), we have

d

dt

(
w>∗ w(t)

‖w(t)‖2

)
= w>∗

(
I− ww>

‖w‖22

)
∇N (w)

‖w‖2
= w>∗ ∇N (w)/‖w‖2 − 2w>∗ wN (w)/‖w‖32
= w>∗ ∇N (w/‖w‖2)− 2w>∗ (w/‖w‖2)N (w/‖w‖2)

≥ ∆

2

∥∥∥∥ w(t)

‖w(t)‖2
−w∗

∥∥∥∥2

2

= ∆

(
1− w>∗ w(t)

‖w(t)‖2

)
≥ 0, (33)

where the first inequality follows from eq. (32). The above equation implies(
w>∗ w(T )

‖w(T )‖2

)
≥
(

w>∗ w(0)

‖w(0)‖2

)
> 1− γ,

which leads to a contradiction. Now, since w>∗ w(t)/‖w(t)‖2 > 1 − γ, for all t ≥ 0, from
eq. (33) we have (

1− w>∗ w(t)

‖w(t)‖2

)
≤ e−t∆

(
1− w>∗ w(0)

‖w(0)‖2

)
≤ e−t∆γ,

which proves the first part of eq. (31). Now, if w(t) = g(t)e2tN (w∗), then

∇N (g)e2tN (w∗) = ∇N (w) = ẇ = ġe2tN (w∗) + 2N (w∗)g(t)e2tN (w∗),

which implies
ġ + 2N (w∗)g = ∇N (g).

Multiplying the above equation by g> from the left, we get

1

2

d‖g‖22
dt

+ 2N (w∗)‖g‖22 = 2N (g) = 2N (g/‖g‖2)‖g‖22,

which implies

‖g(t)‖22 = ‖g(0)‖22e4
∫ t
0 (N (g(s)/‖g(s)‖2)−N (w∗))ds.

Since N (g(t)/‖g(t)‖2) = N (w(t)/‖w(t)‖2) ≤ N (w∗), for all t ≥ 0, we have

‖g(t)‖22 ≤ ‖g(0)‖22 := κ2.

Next, since N (w) is locally Lipschitz, there exists a µ > 0 such that, for all t ≥ 0,

N (w∗)−N (g(t)/‖g(t)‖2) = |N (w∗)−N (g(t)/‖g(t)‖2)| ≤ µ‖g(t)/‖g(t)‖2 −w∗‖2,

therefore, for t ≥ 0, using the above equation and first part of eq. (31), we get∫ t

0
(N (g(s)/‖g(s)‖2)−N (w∗)) ds ≥

∫ t

0
−µ‖g(s)/‖g(s)‖2 −w∗‖2ds

=

∫ t

0
−µ
√
‖w(s)/‖w(s)‖2 −w∗‖22ds

=

∫ t

0
−µ
√

2− 2w>∗ w(s)/‖w(s)‖2ds

≥ −µ
√

2γ

∫ t

0
e−s∆/2ds ≥ −2µ

√
2γ/∆.
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Hence, ‖g(t)‖22 ≥ ‖g(0)‖22e−8µ
√

2γ/∆ := κ1, which completes the proof.

Lemma 25 Suppose H is L−homogeneous, where L > 2, and w∗ is a ∆−second-order
positive KKT point of eq. (4). Let w(t) be the solution of

ẇ = ∇N (w),w(0) = w0,

where ‖w0‖2 = 1. There exists a sufficiently small γ > 0 such that if w>∗ w0 > 1 − γ, then
N (w0) > 0 and there exists a finite T > 0 such that

lim
t→T
‖w(t)‖2 =∞, where T ∈

[
1

L(L− 2)N (w∗)
,

1

L(L− 2)N (w0)

]
, and

w>∗ w(t)

‖w(t)‖2
≥ 1− γ(1− t/T )

∆
L(L−2)N (w∗) .

Further, for all t ∈ [0, T ), ‖w(t)‖2 is an increasing function and

w(t) =
g(t)

(T − t)1/(L−2)
,

where ‖g(t)‖2 is a decreasing function for all t ∈ [0, T ),

‖g(0)‖L−2
2 = T, and lim

t→T
‖g(t)‖L−2

2 = 1/(L(L− 2)N (w∗)).

Proof We begin by choosing a sufficiently small γ > 0 such that

N (w∗) ≥ N (w) > 0, and w>∗ ∇N (w)− LN (w)w>∗ w − ∆

2
‖w −w∗‖22 ≥ 0, (34)

for all unit norm vector w satisfying w>∗ w ≥ 1−γ. The above conditions are possible since
N (w∗) > 0 and due to Lemma 23.

Now, since w>0 w∗ > 1−γ, we have N (w0) > 0. From (Kumar and Haupt, 2025, Lemma
13), ‖w(t)‖2 ≥ ‖w0‖2 > 0, for all t ≥ 0. Next, we show that ‖w(t)‖2 becomes unbounded
at some finite time. For this, define

Ñ (w) := N
(

w

‖w‖2

)
=
N (w)

‖w‖L2
, then ∇Ñ (w) =

(
I− ww>

‖w‖22

)
∇N (w)

‖w‖L2
.

Now, note that

dÑ (w)

dt
= ẇ>∇Ñ (w) = ∇N (w)

(
I− ww>

‖w‖22

)
∇N (w)

‖w‖L2
≥ 0,

which implies Ñ (w(t)) increases with time. Hence,

1

2

d‖w‖22
dt

= LN (w) = L‖w‖L2 Ñ (w) ≥ L‖w‖L2N (w0) ≥ 0, (35)
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which implies ‖w(t)‖2 is an increasing function, for all t ≥ 0, and

d‖w‖2
dt

≥ L‖w‖L−1
2 N (w0).

Taking ‖w‖L−1
2 to the LHS and integrating from 0 to t, we get

1

L− 2

(
1

‖w(0)‖L−2
2

− 1

‖w(t)‖L−2
2

)
≥ LN (w0)t.

Using ‖w(0)‖2 = 1, and simplifying the above equation we get

‖w(t)‖L−2
2 ≥ 1

1− tL(L− 2)N (w0)
.

The above equation implies that for some T ≤ 1/(L(L − 2)N (w0)), ‖w(T )‖2 = ∞. (We
will show T ≥ 1/L(L− 2)N (w∗) later.)

We next derive related results for g(t). We know

1

2

d‖w‖22
dt

= LN (w) = LN (w/‖w‖2)‖w‖L2 ,

which implies
1

‖w‖L−1
2

d‖w‖2
dt

= LN (w/‖w‖2).

Integrating both sides from 0 to t ∈ (0, T ), we get

1

L− 2

(
1

‖w(0)‖L−2
2

− 1

‖w(t)‖L−2
2

)
=

∫ t

0
LN (w(s)/‖w(s)‖2)ds.

Using ‖w(0)‖2 = 1 and re-arranging the above equation gives us

1−
∫ t

0
L(L− 2)N (w(s)/‖w(s)‖2)ds =

1

‖w(t)‖L−2
2

. (36)

Substituting w(t) = g(t)/(T − t)1/(L−2), we get

1−
∫ t

0 L(L− 2)N (w(s)/‖w(s)‖2)ds

(T − t)
=

1

‖g(t)‖L−2
2

.

Note that ‖g(0)‖L−2
2 = T. Next, we compute ‖g(T )‖2. In the LHS of the above equality, at

t = T , the denominator is obviously 0, and the numerator is also 0 since, using eq. (36),

1−
∫ T

0
L(L− 2)N (w(s)/‖w(s)‖2)ds = lim

t→T

1

‖w(t)‖L−2
2

= 0.

Therefore, using L’Hopital’s rule,

1

‖g(T )‖L−2
2

=
limt→T −L(L− 2)N (w(t)/‖w(t)‖2)

−1
= lim

t→T
L(L− 2)N (w(t)/‖w(t)‖2).
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We will soon show that limt→T w(t)/‖w(t)‖2 = w∗, which will complete the result for
‖g(T )‖L−2

2 . We now prove that ‖g(t)‖2 is a decreasing function. For this, define

h(t) :=
1−

∫ t
0 L(L− 2)N (w(s)/‖w(s)‖2)ds

(T − t)
=

1−
∫ t

0 L(L− 2)Ñ (w(s))ds

(T − t)
.

We next show that h′(t) ≥ 0, for all t ∈ (0, T ). This would imply h(t) is increasing and
therefore, ‖g(t)‖2 is decreasing, for all for all t ∈ (0, T ). For all t ∈ [0, T ),

h′(t) =
−L(L− 2)Ñ (w(t))(T − t) + (1−

∫ t
0 L(L− 2)Ñ (w(s))ds)

(T − t)2

=
1

(T − t)

(
−L(L− 2)Ñ (w(t)) + h(t)

)
.

Note that

h(0) = 1/T ≥ 0, and h′(0) =
1

T

(
−L(L− 2)N (w0) +

1

T

)
≥ 0,

where the last inequality follows since T ≤ 1/(L(L−2)N (w0)). For the sake of contradiction,
suppose there exists a t1 ∈ (0, T ) such that h′(t1) = −ε, for some ε > 0. Next, we compute
h′′(t). Let a(t) denote the numerator of h′(t), then

a′(t) = −L(L− 2)∇N (w(t))>
(

I− w(t)w(t)>

‖w(t)‖22

)
∇N (w(t))

‖w‖L2
+ h′(t).

Thus,

h′′(t) =
a′(t)

(T − t)
+

a(t)

(T − t)2
=

1

T − t

(
a′(t) +

a(t)

(T − t)

)
=

1

T − t
(
a′(t) + h′(t)

)
=

1

(T − t)

(
−L(L− 2)∇N (w(t))>

(
I− w(t)w(t)>

‖w(t)‖22

)
∇N (w(t))

‖w‖L2
+ 2h′(t)

)
Since −L(L− 2)∇N (w(t))>

(
I− w(t)w(t)>

‖w(t)‖22

)
∇N (w(t))

‖w‖L2
≤ 0, the above equation implies

h′′(t)− 2h′(t)

(T − t)
≤ 0.

From Lemma 29, for any t ∈ (t1, T ), we get

h′(t) ≤ h′(t1)/P (t), where P (t) = e
−
∫ t
t1

2/(T−s)ds
= (T − t)2/(T − t1)2.

Hence, for any t ∈ (t1, T ),
h′(t) ≤ −ε(T − t1)2/(T − t)2.

Integrating the above equation from t1 to t ∈ (t1, T ), we get

h(t)− h(t1) ≤ −ε(T − t1)2

(
1

T − t
− 1

T − t1

)
.
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Now, if t is chosen sufficiently close to T , then h(t) becomes negative. This is impossible
since h(t) = 1/‖g(t)‖L−2

2 , leading to a contradiction. Hence, h′(t) ≥ 0, for all t ∈ (0, T ).
We next show that w>∗ w(t)/‖w(t)‖2 > 1− γ, for all t ∈ [0, T ). For the sake of contra-

diction, suppose T ∈ [0, T ) is the smallest time such that w>∗ w(T )/‖w(T )‖2 = 1−γ. Then,
for all t ∈ [0, T ),

d

dt

w>∗ w(t)

‖w(t)‖2
= w>∗

(
I− ww>

‖w‖22

)
∇N (w)

‖w‖2
= w>∗ ∇N (w)/‖w‖2 − Lw>∗ wN (w)/‖w‖32
= ‖w‖L−2

2

(
w>∗ ∇N (w/‖w‖2)− Lw>∗ (w/‖w‖2)N (w/‖w‖2)

)
≥ ‖w‖L−2

2

∆

2

∥∥∥∥ w(t)

‖w(t)‖2
−w∗

∥∥∥∥2

2

= ‖w‖L−2
2 ∆

(
1− w>∗ w(t)

‖w(t)‖2

)
≥ 0, (37)

where the first inequality follows from eq. (34). The above equation implies(
w>∗ w(T )

‖w(T )‖2

)
≥
(

w>∗ w(0)

‖w(0)‖2

)
> 1− γ,

which leads to a contradiction. Now, from (Kumar and Haupt, 2025, Lemma 2), we know

lim
t→T

w(t)/‖w(t)‖2 = w,

where w is a first-order KKT point of eq. (4). We next show that w = w∗. Since w
is a first-order KKT point, from Lemma 20, we know LN (w)w = ∇N (w). Also, since
w>w∗ ≥ 1− γ, from eq. (34), we have

0 ≤ w>∗ ∇N (w)− LN (w)w>∗ w − ∆

2
‖w −w∗‖22 = −∆

2
‖w −w∗‖22,

implying w = w∗. Hence, lim
t→T
‖g(t)‖L−2

2 = 1/(L(L− 2)N (w∗)) ≥ ‖g(0)‖L−2
2 = 1/T.

Finally, since ‖g(t)‖2 is a decreasing function, ‖w(t)‖L−2
2 = ‖g(t)‖L−2

2 /(T−t) ≥ ‖g(T )‖L−2
2 /(T−

t). Let α := ‖g(T )‖L−2
2 , then, using eq. (37), we have

d

dt

(
1− w>∗ w(t)

‖w(t)‖2

)
≤ −‖w‖L−2

2 ∆

(
1− w>∗ w(t)

‖w(t)‖2

)
≤ − α∆

(T − t)

(
1− w>∗ w(t)

‖w(t)‖2

)
.

Integrating the above equation from 0 to t ∈ (0, T ), we get(
1− w>∗ w(t)

‖w(t)‖2

)
≤
(

1− w>∗ w(0)

‖w(0)‖2

)
e
−
∫ t
0

α∆
(T−s)ds ≤ γ

(
1− t

T

)α∆

,

which completes the proof.

Lemma 26 Let p,q ∈ Rd. Then, for any fixed T̃ > 0, there exists a C̃ > 0 such that

‖ψ(t,p)−ψ(t,q)‖2 ≤ C̃‖p− q‖2, for all t ∈ [−T̃ , T̃ ].
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Proof Let u1(t) = ψ(t,p) and u2(t) = ψ(t,q). Then,

u̇1 = −∇L(u1),u1(0) = p, u̇2 = −∇L(u2),u2(0) = q.

Since L(·) has locally Lipshitz gradient, and T̃ is fixed, we may assume that there exists a
µ such that

‖∇L(u1(t))−∇L(u2(t))‖2 ≤ µ‖u1(t)− u2(t)‖2, for all t ∈ [−T̃ , T̃ ].

Hence, for any t ∈ [0, T̃ ], we have

1

2

d

dt
‖u1(t)− u2(t)‖22 = −(u1 − u2)>(∇L(u1)−∇L(u2)) ≤ µ‖u1(t)− u2(t)‖22.

Integrating the above inequality from 0 to t ∈ [0, T̃ ], we get

‖u1(t)− u2(t)‖2 ≤ eµt‖u1(0)− u2(0)‖2 ≤ eµT̃ ‖u1(0)− u2(0)‖2. (38)

Similarly, for any t ∈ [−T̃ , 0], we have

1

2

d

dt
‖u1(t)− u2(t)‖22 = −(u1 − u2)>(∇L(u1)−∇L(u2)) ≥ −µ‖u1(t)− u2(t)‖22.

Integrating the above inequality from t ∈ [−T̃ , 0] to 0, we get

‖u1(t)− u2(t)‖2 ≤ e−µt‖u1(0)− u2(0)‖2 ≤ eµT̃ ‖u1(0)− u2(0)‖2. (39)

Combining eq. (38) and eq. (39) completes the proof.

A.3 Auxiliary Lemmata

In this subsection, we provide auxiliary lemmata which are crucial for the proofs.

Lemma 27 Suppose η1 > η2 > 0, then f1(t) = 1−η1t
1−η2t

and f2(t) = 1
1−η1t

are monotonically
decreasing and increasing functions, respectively, on t ∈ [0, 1/η1).

Proof The claim follows since, for t ∈ [0, 1/η1),

f ′1(t) =
−η1(1− η2t) + η2(1− η1t)

(1− η2t)2
=

η2 − η1

(1− η2t)2
≤ 0, and f ′2(t) =

η1

(1− η1t)2
≥ 0.

Lemma 28 If g(t) = b/(1 − at), for some a > 0. Then, for all t ∈ [0, 1/a), e−
∫ t
0 g(s)ds =

(1− at)b/a.

Proof Since
∫ t

0 g(s)ds = −b ln(1− at)/a, we have e−
∫ t
0 g(s)ds = (1− at)b/a.
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Lemma 29 If x(t) satisfies ẋ ≤ g(t)x+ h(t), then

x(t) ≤ 1

P (t)

(
x(0) +

∫ t

0
P (s)h(s)ds

)
, where P (t) = e−

∫ t
0 g(s)ds.

Proof Multiplying by e−
∫ t
0 g(s)ds on both sides, we get

e−
∫ t
0 g(s)dsh(t) ≥ e−

∫ t
0 g(s)dsẋ− e−

∫ t
0 g(s)dsg(t)x =

d

dt

(
e−
∫ t
0 g(s)dsx

)
.

Let P (t) = e−
∫ t
0 g(s)ds, then integrating both sides from 0 to t, we get∫ t

0
P (s)h(s)ds ≥ P (t)x(t)− x(0),

which can be rearranged to get the desired result.

Appendix B. Proofs Omitted from Section 3.1

This section contains the proof of Lemma 7, 8 and 9, which were used to prove Theorem 4.
Proof of Lemma 9: We choose γ > 0 sufficiently small such that for all unit-norm vector
w satisfying w>w∗ ≥ 1− γ, we have

N (w) ≤ N (w∗), ‖∇2N (w)‖2 ≤ 3N (w∗) and (40)

(∇N (t1w)−∇N (t2w∗))
> (t1w − t2w∗) ≤ 2N (w∗)‖t1w − t2w∗‖22,∀t2 ≥ t1 ≥ 0. (41)

The first inequality follows from Lemma 23. The second inequality holds since, from Lemma
20, ‖∇2N (w∗)‖2 = 2N (w∗), and ∇2N (w) is continuous in the neighborhood of w∗. The
third inequality follows from Lemma 22.

We further define f(w) = J (X; w)>(`′(H(X; w),y)− `′(0,y)). Then, note that

‖f(w)‖2 ≤ ‖J (X; w)‖2‖`′(H(X; w),y)− `′(0,y)‖2 ≤ Kn‖J (X; w)‖2‖H(X; w)‖2,

where the first inequality follows from Cauchy-Schwartz inequality, and the second follows
from the smoothness of the loss function (see Assumption 2). Note that the RHS in the
above inequality is 3−homogeneous in w. Thus, there exists a β > 0 such that

‖f(w)‖2 ≤ β‖w‖32, for all w ∈ Rk. (42)

Also, f(w) is continuously differentiable in the neighborhood of w∗. Thus, we may assume
that for all vector w ∈ Rk that satisfy w>∗ w/‖w‖2 ≥ 1− γ, we have

‖∇f(w)‖2 ≤
n∑
i=1

∥∥∇2H(xi; w)
∥∥

2

∣∣`′(H(xi; w), yi)− `′(0, yi)
∣∣+∥∥∥∇H(xi; w)∇H(xi; w)>

∥∥∥
2

∣∣`′′(H(xi; w), yi)
∣∣

≤ K
n∑
i=1

‖∇2H(xi; w)‖2|H(xi; w)|+ ‖∇H(xi; w)∇H(xi; w)>‖2,
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where the second inequality uses smoothness of the loss function. Note that the final upper
bound in the above equation is 2−homogeneous. Thus, there exists a ζ > 0 such that for
all vectors w ∈ Rk that satisfy w>∗ w/‖w‖2 ≥ 1− γ, we have

‖∇f(w)‖2 ≤ ζ‖w‖22.

Furthermore, from the mean value theorem, we have

‖f(w1)− f(w2)‖2 ≤ ‖∇f(w̃)‖2‖w1 −w2‖2 ≤ ζ max(‖w2‖22, ‖w1‖22)‖w1 −w2‖2, (43)

where w>∗ w1/‖w1‖2,w>∗ w2/‖w2‖2 ≥ 1− γ.
Now, let q(t) = ψ (t,aδ), u(t) = ψ (t, δw∗), then ‖q(0)−u(0)‖2 = ‖aδ − δw∗‖2 ≤ C1δ

3,
which implies ‖q(0)‖2 ≤ δ + C1δ

3. Therefore, for all sufficiently small δ > 0, we have

w>∗ q(0)

‖q(0)‖2
=

w>∗ u(0) + w>∗ (q(0)− u(0))

‖q(0)‖2

≥ δ − ‖q(0)− u(0)‖2
‖q(0)‖2

≥ δ − C1δ
3

‖qδ(0)‖2
≥ δ − C1δ

3

δ + C1δ3
> 1− γ.

Define

T 1 = min
t≥0

{
t :

w>∗ q(t)

‖q(t)‖2
= 1− γ

}
.

Recall that q(t) satisfies

q̇ = −J (X; q)>`′(H(X; q),y) = ∇N (q)− J (X; q)>(`′(H(X; q),y)− `′(0,y)).

Multiplying the above equation by q> from the left we get

1

2

d‖q‖22
dt

= 2N (q)− 2H(X; q)>(`′(H(X; q),y)− `′(0,y)) ≤ 2N (q) = 2N (q/‖q‖2)‖q‖22,

where the first equality follows from Lemma 19, and the first inequality is due to convexity
of the loss function. The second equality holds since N (q) is two-homogeneous.

Now, since w>∗ q(t)/‖q(t)‖2 ≥ 1− γ for all t ∈ [0, T 1], from eq. (40), we get

1

2

d‖q‖22
dt

≤ 2N (w∗)‖q‖22,

which implies
‖q(t)‖2 ≤ ‖q(0)‖2e2tN (w∗), for all t ∈ [0, T 1]. (44)

Let z(t) = e2tN (w∗)w∗, which is the solution of

ż = ∇N (z), z(0) = w∗.

Note that, for t ∈ [0, T 1],(
∇N

(
q(t)

‖q(0)‖2

)
−∇N (z(t))

)>( q(t)

‖q(0)‖2
− z(t)

)
=

(
∇N

(
‖q(t)‖2
‖q(0)‖2

q(t)

‖q(t)‖2

)
−∇N (z(t))

)>( ‖q(t)‖2
‖q(0)‖2

q(t)

‖q(t)‖2
− z(t)

)
≤ 2N (w∗)

∥∥∥∥ ‖q(t)‖2
‖q(0)‖2

q(t)

‖q(t)‖2
− ‖z(t)‖2

z(t)

‖z(t)‖2

∥∥∥∥2

= 2N (w∗)

∥∥∥∥ q(t)

‖q(0)‖2
− z(t)

∥∥∥∥2

, (45)
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where the inequality follows from ‖q(t)‖2/‖q(0)‖2 ≤ e2tN (w∗) = ‖z(t)‖2, w>∗ q(t)/‖q(t)‖2 ≥
1− γ for all t ∈ [0, T 1], and eq. (41). Hence, for t ∈ [0, T 1],

1

2

d

dt

∥∥∥∥ q(t)

‖q(0)‖2
− z(t)

∥∥∥∥2

2

=

(
q(t)

‖q(0)‖2
− z(t)

)>( q̇

‖q(0)‖2
− ż

)
=

(
q(t)

‖q(0)‖2
− z(t)

)>(∇N (q)

‖q(0)‖2
−∇N (z)

)
−
(

q(t)

‖q(0)‖2
− z(t)

)> f(q)

‖q(0)‖2

≤ 2N (w∗)

∥∥∥∥ q(t)

‖q(0)‖2
− z(t)

∥∥∥∥2

2

+ β

∥∥∥∥ q(t)

‖q(0)‖2
− z(t)

∥∥∥∥
2

‖q‖32
‖q(0)‖2

,

where the inequality follows from eq. (45) and eq. (42). The above equation implies

d

dt

∥∥∥∥ q(t)

‖q(0)‖2
− z(t)

∥∥∥∥
2

≤ 2N (w∗)

∥∥∥∥ q(t)

‖q(0)‖2
− z(t)

∥∥∥∥
2

+
β‖q‖32
‖q(0)‖2

.

Using Lemma 29, we get∥∥∥∥ q(t)

‖q(0)‖2
− z(t)

∥∥∥∥
2

≤ e2tN (w∗)

(∥∥∥∥ q(0)

‖q(0)‖2
− z(0)

∥∥∥∥
2

+

∫ t

0
e−2sN (w∗)β‖q(s)‖32/‖q(0)‖2ds

)
≤ e2tN (w∗)

(∥∥∥∥ q(0)

‖q(0)‖2
− z(0)

∥∥∥∥
2

+ β‖q(0)‖22
∫ t

0
e4sN (w∗)ds

)
≤ C2

2δ
2e6tN (w∗),

where the second equality uses eq. (44). In the third inequality, C2 is some sufficiently large
constant, and it follows since, for all sufficiently small δ > 0, ‖q(0)‖2 = O(δ) and∥∥∥∥ q(0)

‖q(0)‖2
− z(0)

∥∥∥∥
2

=
‖aδ − ‖aδ‖2w∗‖2

‖aδ‖2
≤ ‖aδ − δw∗‖2 + |δ − ‖aδ‖2|

δ − C1δ3
≤ 2C1δ

3

δ − C1δ3
= O(δ2).

Define τq(t) := q(t)/‖q(0)‖2 − z(t), then, using the definition of T 1, we have

1− γ =
w>∗ q(T 1)

‖q(T 1)‖2
=

w>∗ z(T 1) + w>∗ τq(T 1)

‖q(T 1)‖2/‖q(0)‖2
≥ e2T 1N (w∗) − ‖τq(T 1)‖2

e2T 1N (w∗)
≥ 1−C2

2δ
2e4T 1N (w∗),

which implies T 1 ≥ 1
2N (w∗)

ln
( √

γ
C2δ

)
.

Next, we focus on u(t). Note that w>∗ u(0)/‖u(0)‖2 = 1 > 1− γ, and u(t) satisfies

u̇ = −J (X; u)>`′(H(X; u),y) = ∇N (u)− J (X; u)>(`′(H(X; u),y)− `′(0,y)).

Thus, if we define

T 2 = min
t≥0

{
t :

w>∗ u(t)

‖u(t)‖2
= 1− γ

}
,
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then, similar to q(t), we can show, for all t ∈ [0, T 2],

‖u(t)‖2 ≤ ‖u(0)‖2e2tN (w∗).

Also, there exists a sufficiently large constant C3 such that∥∥∥∥ u(t)

‖u(0)‖2
− z(t)

∥∥∥∥
2

≤ e2tN (w∗)

(∥∥∥∥ u(0)

‖u(0)‖2
− z(0)

∥∥∥∥
2

+

∫ t

0
e−2sN (w∗)β‖u(s)‖32/‖u(0)‖2ds

)
≤ C2

3δ
2e6tN (w∗),

and T 2 ≥ 1
2N (w∗)

ln
( √

γ
C3δ

)
.

Next, choose C4 > 0 sufficiently small such that C4 <
√
γmin(1/C2, 1/C3) and C2

4 ≤
N (w∗)/(ζ(1 + C1)2). Then, for all t ∈ [0, 1

2N (w∗)
ln
(
C4
δ

)
],

w>∗ u(t)

‖u(t)‖2
≥ 1− γ, w

>
∗ q(t)

‖q(t)‖2
≥ 1− γ, and

‖u(t)‖2 ≤ ‖u(0)‖2e2tN (w∗) ≤ C4, ‖q(t)‖2 ≤ ‖q(0)‖2e2tN (w∗) ≤ C4(1 + C1δ
2). (46)

Therefore, for t ∈
[
0, 1

2N (w∗)
ln
(
C4
δ

)]
, we have

1

2

d

dt
‖u(t)− q(t)‖22 = (u− q)> (u̇− q̇)

= (u− q)> (∇N (u)−∇N (q))− (u− q)> (f(u)− f(q))

≤ 3N (w∗) ‖u− q‖22 + ζ ‖u− q‖22 max(‖q‖22, ‖u‖22).

≤ (3N (w∗) + ζC2
4 (1 + C1)2) ‖u(t)− q(t)‖22

≤ 4N (w∗) ‖u(t)− q(t)‖22 ,

where the first inequality follows from combining mean value theorem with eq. (40) and
0-homogeneity of ∇2N (w), and eq. (43). The second inequality follows from eq. (46) when
δ ≤ 1. The last inequality uses our assumption on C4. Therefore,∥∥∥∥u( 1

2N (w∗)
ln

(
C4

δ

))
− q

(
1

2N (w∗)
ln

(
C4

δ

))∥∥∥∥
2

≤ ‖u(0)− q(0)‖2 e
4N (w∗)
2N (w∗)

ln
(
C4
δ

)

≤ C1C
2
4δ.

Since T̃ is fixed, from Lemma 26 and the above inequality, there exists a C > 0 such that
for all sufficiently small δ > 0, we have∥∥∥∥ψ(t+

1

2N (w∗)
ln

(
1

δ

)
,aδ

)
−ψ

(
t+

1

2N (w∗)
ln

(
1

δ

)
, δw∗

)∥∥∥∥
2

≤ Cδ,

for all t ∈ [−T̃ , T̃ ], which completes the proof.
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Proof of Lemma 7: We choose γ > 0 sufficiently small such that for all unit-norm
vectors w satisfying w>w∗ ≥ 1− γ, we have N (w) ≤ N (w∗) and

(∇N (t1w)−∇N (t2w∗))
> (t1w − t2w∗) ≤ 2N (w∗)‖t1w − t2w∗‖22,∀t2 ≥ t1 ≥ 0. (47)

The first and second inequality follow from Lemma 23 and Lemma 22, respectively. Let
uδ1(t) = ψ (t, δ1w∗) and uδ2(t) = ψ (t, δ2w∗) , where recall that δ2 ≥ δ1 > 0. Let z(t) =
e2tN (w∗)w∗, which is the solution of

ż = ∇N (z), z(0) = w∗.

Note that uδ1(0) = δ1w∗. Define

T ∗1 = min
t≥0

{
t :

w>∗ uδ1(t)

‖uδ1(t)‖2
= 1− γ

}
.

Then, as demonstrated in the proof of Lemma 9, we can show

‖uδ1(t)‖2 ≤ ‖uδ1(0)‖2e2tN (w∗).

Also, there exists a sufficiently large constant C2 such that∥∥∥∥ uδ1(t)

‖uδ1(0)‖2
− z(t)

∥∥∥∥
2

≤ C2
2δ

2
1e

6tN (w∗), for all t ∈ [0, T ∗1 ], (48)

and T ∗1 ≥ 1
2N (w∗)

ln
( √

γ
C2δ1

)
. Hence, if δ2 ≤

√
γ/C2, then T ∗1 ≥ 1

2N (w∗)
ln
(
δ2
δ1

)
.

Next, since δ1z
(

1
2N (w∗)

ln
(
δ2
δ1

))
= δ2w∗, using eq. (48) we get∥∥∥∥uδ1 ( ln (δ2/δ1)

2N (w∗)

)
− δ2w∗

∥∥∥∥
2

=

∥∥∥∥uδ1 ( 1

2N (w∗)
ln

(
δ2

δ1

))
− δ1z

(
1

2N (w∗)
ln

(
δ2

δ1

))∥∥∥∥
2

≤ C2
2δ

3
1δ

3
2

δ3
1

= C2δ
3
2 . (49)

Now, note that

ψ

(
t+

1

2N (w∗)
ln

(
1

δ1

)
, δ1w∗

)
= ψ

(
t+

1

2N (w∗)
ln

(
1

δ2

)
+

1

2N (w∗)
ln

(
δ2

δ1

)
, δ1w∗

)
=ψ

(
t+

1

2N (w∗)
ln

(
1

δ2

)
,ψ

(
1

2N (w∗)
ln

(
δ2

δ1

)
, δ1w∗

))
=ψ

(
t+

1

2N (w∗)
ln

(
1

δ2

)
,uδ1

(
1

2N (w∗)
ln

(
δ2

δ1

)))
,

Combining the above equality with eq. (49) and Lemma 9, we get that for any fixed t ∈
(−∞,∞) and all sufficiently small δ2, δ1 > 0, there exists a constant C > 0 such that∥∥∥∥ψ(t+

1

2N (w∗)
ln

(
1

δ1

)
, δ1w∗

)
−ψ

(
t+

1

2N (w∗)
ln

(
1

δ2

)
, δ2w∗

)∥∥∥∥
2

≤ Cδ2,
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which implies p(t) exists for all t ∈ (−∞,∞).

We next prove that L(p(0)) ≤ L(0) − η, for some η > 0. Let u(t) = ψ(t, δw∗) and
z(t) = e2tN (w∗)w∗, then from eq. (48), there exists a sufficiently large constant B1 such that

‖u(t)/δ − z(t)‖2 ≤ B
2
1δ

2e6tN (w∗), for all t ∈ [0, T1], (50)

where T1 ≥ 1
2N (w∗)

ln
( √

γ
B1δ

)
.

Define α := max‖w‖2=1 ‖H(X,w)‖2. From the convexity of the loss function, we know

L(w) ≤ L(0) + `′(H(X,w),y)>H(X,w)

= L(0) + (`′(H(X,w),y)− `′(0,y))>H(X,w) + `′(0,y)>H(X,w)

≤ L(0) +Kn‖H(X,w)‖22 −N (w) ≤ L(0) + α2Kn‖w‖42 −N (w), (51)

where the last two inequalities follow from smoothness of the loss function and the definition
of α. Now, choose ε ∈ (0, 1) sufficiently small such that

ε ≤
√
γ

B1
, and Knα2(

√
ε+ ε2.5/B2

1)4 ≤ N (w)− N (w∗)

2
, if ‖w −w∗‖2 ≤ ε2B2

1 ,

where the second inequality holds true since N (w) is continuous and N (w∗) > 0. Note
that

T1 ≥
1

2N (w∗)
ln

(√
γ

B1δ

)
≥ 1

2N (w∗)
ln
( ε
δ

)
:= T2.

Hence, using eq. (50), ‖u(T2)‖2 ≤ ε + B2
1ε

3. Also, if we define τ := u(T2) − δz(T2), then
‖τ‖2 ≤ B2

1ε
3. Therefore, using eq. (51), we get

L(u(T2)) ≤ L(0) + α2Kn‖u(T2)‖42 −N (u(T2))

≤ L(0) + α2Kn(ε+B2
1ε

3)4 −N (u(T2))

= L(0) + ε2(α2Kn(
√
ε+B2

1ε
2.5)4 −N (u(T2)/ε)) ≤ L(0)− ε2N (w∗)/2,

where the last inequality follows from the choice of ε and since ‖u(T2)/ε−w∗‖2 ≤ B2
1ε

2. If
we define η = ε2N (w∗)/2, then the above equation implies, for all sufficiently small δ > 0,

L
(
ψ

(
ln(ε) + ln (1/δ)

2N (w∗)
, δw∗

))
= L

(
ψ

(
ln (ε/δ)

2N (w∗)
, δw∗

))
≤ L(0)− η,

where note that ε ∈ (0, 1) and fixed, and thus, η is fixed. Since ln(ε) < 0, and the loss
decreases with time, the above equation implies, for all sufficiently small δ > 0,

L
(
ψ

(
ln (1/δ)

2N (w∗)
, δw∗

))
≤ L

(
ψ

(
ln (ε/δ)

2N (w∗)
, δw∗

))
≤ L(0)− η.

Taking δ → 0, gives us L(p(0)) ≤ L(0)− η, which completes the proof.
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Proof of Lemma 8: We choose γ > 0 sufficiently small such that for all unit-norm vectors
w satisfying w>w∗ ≥ 1− γ, we have

N (w) ≤ N (w∗), ‖∇2N (w)‖2 ≤ 3N (w∗), and (52)

(∇N (t1w)−∇N (t2w∗))
> (t1w − t2w∗) ≤ 2N (w∗)‖t1w − t2w∗‖22,∀t2 ≥ t1 ≥ 0. (53)

The first inequality follows from Lemma 23. The second inequality holds since, from
Lemma 20, ‖∇2N (w∗)‖2 = 2N (w∗), and ∇2N (w) is continuous in the neighborhood of w∗.
The third inequality follows from Lemma 22. Define f(w) = J (X; w)>(`′(H(X; w),y) −
`′(0,y)), then, as shown in the proof of Lemma 9, there exists a β > 0 such that

‖f(w)‖2 ≤ β‖w‖32, for all w ∈ Rk. (54)

Let z1(t) denote the solution of

ż = ∇N (z), z(0) = w0.

Since w0 ∈ S(w∗), it follows that z1(t) converges to w∗ in direction. Thus, we can assume
there exists some time Tγ and a constant B1 such that

w>∗ z1(Tγ)

‖z1(Tγ)‖2
= 1− γ2

8
, and ‖z1(t)‖2 ≤ B1, for all t ∈ [0, Tγ ].

Let µ1 := max‖w‖2=1N (w), and w(t) := ψ (t, δw0) , then w(t) is the solution of

ẇ = ∇N (w)− J (X; w)>(`′(H(X; w),y)− `′(0,y)),w(0) = δw0.

Multiplying the above equation by w> from the left and using convexity of `(·, ·), we get

1

2

d‖w‖22
dt

= 2N (w)− 2H(X; w)>(`′(H(X; w),y)− `′(0,y)) ≤ 2N (w) ≤ µ1‖w‖22,

which implies ‖w(t)‖2 ≤ δeµ1t. Now, since∇N (w) is locally Lipschitz, and for all t ∈ [0, Tγ ],
‖z1(t)‖2 ≤ B1 and ‖w(t)‖2/δ ≤ eµ1Tγ := B2, there exists a µ2 > 0 such that

‖∇N (w(t)/δ)−∇N (z1(t))‖2 ≤ µ2‖w(t)/δ − z1(t)‖2,∀t ∈ [0, Tγ ].

Hence, for all t ∈ [0, Tγ ],

1

2

d

dt

∥∥∥∥w(t)

δ
− z1(t)

∥∥∥∥2

2

=
(w

δ
− z1

)>(ẇ

δ
− ż1

)
=
(w

δ
− z1

)>
(∇N (w/δ)−∇N (z1))−

(w

δ
− z1

)> f(w)

δ

≤ µ2

∥∥∥w

δ
− z1

∥∥∥2

2
+ β

∥∥∥w

δ
− z1

∥∥∥
2
‖w‖32/δ,

which implies
d

dt

∥∥∥∥w(t)

δ
− z1(t)

∥∥∥∥
2

≤ µ2

∥∥∥w

δ
− z1(t)

∥∥∥
2

+ β‖w‖32/δ.
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Using Lemma 29, we get∥∥∥∥w(Tγ)

δ
− z1(Tγ)

∥∥∥∥
2

≤ eµ2Tγ

∫ Tγ

0
e−µ2sβ‖w(s)‖32/δds

≤ eµ2Tγ

∫ Tγ

0
β‖w(s)‖32/δds ≤ βδ2eµ2Tγ

∫ Tγ

0
e3µ1sds ≤ A1δ

2, (55)

where A1 is a sufficiently large constant. Let τ1 := w(Tγ)/δ−z1(Tγ), then, for all sufficiently
small δ > 0, we have

w>∗ w(Tγ)

‖w(Tγ)‖2
=

w>∗ z1(Tγ) + w>∗ τ1

‖w(Tγ)‖2/δ
≥ (1− γ2/8)‖z1(Tγ)‖2 −A1δ

2

‖w(Tγ)‖2/δ

≥ (1− γ2/8)‖z1(Tγ)‖2 −A1δ
2

‖z1(Tγ)‖2 +A1δ2

= 1− γ2‖z1(Tγ)‖2/8− 2A1δ
2

‖z1(Tγ)‖2 +A1δ2
≥ 1− γ2/4.

Let A2 = ‖z1(Tγ)‖2, where note that A2 is a constant that does not depend on δ. Define

w1 = w(Tγ)/‖w(Tγ)‖2 and δ̃ = ‖w(Tγ)‖2. From eq. (55), we know

δ̃ ∈ (A2δ −A1δ
3, A2δ +A1δ

3),

thus, δ̃ can be made sufficiently small by choosing δ sufficiently small. Next, let u(t) =
ψ(t+ Tγ , δw0). Then,

u(t) = ψ(t+ Tγ , δw0) = ψ(t,ψ(Tγ , δw0)) = ψ(t,w(Tγ)) = ψ(t, δ̃w1),

and u(t) is the solution of

u̇ = ∇N (u)− J (X; u)>(`′(H(X; u),y)− `′(0,y)),u(0) = δ̃w1.

Since w>∗ u(0)/‖u(0)‖2 = w>∗ w1 ≥ 1− γ2/4 > 1− γ, we define

T ∗ = min
t≥0

{
t :

w>∗ u(t)

‖u(t)‖2
= 1− γ

}
.

Now, since w>∗ u(t)/‖u(t)‖2 ≥ 1− γ, for all t ∈ [0, T ∗], from eq. (52), we have

1

2

d‖u(t)‖22
dt

= 2N (u)− 2H(X; u)>(`′(H(X; u),y)− `′(0,y)) ≤ 2N (w∗)‖u(t)‖22,

which implies

‖u(t)‖2 ≤ ‖u(0)‖2e2tN (w∗) = δ̃e2tN (w∗).

Next, let z2(t) = e2tN (w∗)w∗, which is the solution of

ż = ∇N (z), z(0) = w∗. (56)
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Note that, for t ∈ [0, T ∗],(
∇N

(
u(t)

‖u(0)‖2

)
−∇N (z2(t))

)>( u(t)

‖u(0)‖2
− z2(t)

)
=

(
∇N

(
‖u(t)‖2
‖u(0)‖2

u(t)

‖u(t)‖2

)
−∇N (z2(t))

)>( ‖u(t)‖2
‖u(0)‖2

u(t)

‖u(t)‖2
− z2(t)

)
≤ 2N (w∗)

∥∥∥∥ ‖u(t)‖2
‖u(0)‖2

u(t)

‖u(t)‖2
− ‖z2(t)‖2

z2(t)

‖z2(t)‖2

∥∥∥∥2

= 2N (w∗)

∥∥∥∥ u(t)

‖u(0)‖2
− z2(t)

∥∥∥∥2

, (57)

where the inequality follows from ‖u(t)‖2/‖u(0)‖2 ≤ e2tN (w∗) = ‖z2(t)‖2, w>∗ u(t)/‖u(t)‖2 ≥
1− γ for all t ∈ [0, T ∗], and eq. (53). Then, for all t ∈ [0, T ∗], we have

1

2

d

dt

∥∥∥∥u(t)

δ̃
− z2(t)

∥∥∥∥2

2

=

(
u

δ̃
− z2

)>( u̇

δ̃
− ż2

)
=

(
u

δ̃
− z2

)> (
∇N (u/δ̃)−∇N (z2)

)
−
(

u

δ̃
− z2

)> f(u)

δ̃

≤ 2N (w∗)

∥∥∥∥u

δ̃
− z2

∥∥∥∥2

2

+ β

∥∥∥∥u

δ̃
− z2

∥∥∥∥
2

‖u‖32/δ̃.

From the above equation, we have

d

dt

∥∥∥∥u

δ̃
− z2

∥∥∥∥
2

≤ 2N (w∗)

∥∥∥∥u

δ̃
− z2

∥∥∥∥
2

+ β‖u‖32/δ̃,

which implies∥∥∥∥u(t)

δ̃
− z2(t)

∥∥∥∥
2

≤ e2tN (w∗)

(
‖w1 −w∗‖2 +

∫ t

0
e−2sN (w∗)β‖u(s)‖32/δ̃ds

)
≤ e2tN (w∗)‖w1 −w∗‖2 + βδ̃2e2tN (w∗)

∫ t

0
e4sN (w∗)ds

≤ e2tN (w∗)‖w1 −w∗‖2 +A3δ̃
2e6tN (w∗),

where A3 is a sufficiently large constant. Now, define T = 4 ln(1/δ̃)
∆+8N (w∗)

, then we claim that

T < T ∗, for all sufficiently small δ > 0. For the sake of contradiction, let T ∗ ≤ T . Define
τ2(t) = u(t)− δ̃z2(t), then

‖τ2(T ∗)‖2 = ‖u(T ∗)− δ̃z2(T ∗)‖2 ≤ δ̃e2T ∗N (w∗)‖w1 −w∗‖2 +A3δ̃
3e6T ∗N (w∗).

Dividing by δ̃e2T ∗N (w∗) on both sides and using T ∗ ≤ T , we get

‖τ2(T ∗)‖2
δ̃e2T ∗N (w∗)

≤ ‖w1 −w∗‖2 +A3δ̃
2e4TN (w∗).

Next, by definition of T ∗, we have

1− γ =
w>∗ u(T ∗)

‖u(T ∗)‖2
≥ w>∗ u(T ∗)

δ̃e2T ∗N (w∗)
=
δ̃e2T ∗N (w∗) + w>∗ τ2(T ∗)

δ̃e2T ∗N (w∗)
≥ 1− ‖τ2(T ∗)‖2

δ̃e2T ∗N (w∗)
.
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Now, since w>1 w∗ ≥ 1− γ2/4,

‖w1 −w∗‖22 = 2− 2w>1 w∗ ≤ γ2/2.

Hence,

1− γ ≥ 1− γ/
√

2−A3δ̃
2e4TN (w∗) = 1− γ/

√
2−A3δ̃

2/δ̃
16N (w∗)

∆+8N (w∗) ,

which implies

γ(1− 1/
√

2) ≤ A3δ̃
2/δ̃

16N (w∗)
∆+8N (w∗) = A3δ̃

2∆
∆+8N (w∗) .

The above inequality can not be true if δ is chosen sufficiently small, leading to a contra-
diction. Hence, T < T ∗. Next, let z3(t) be the the solution of

ż = ∇N (z), z(0) = w1, (58)

Since w>1 w∗ ≥ 1− γ2/4 > 1− γ, then we may assume without loss of generality that γ > 0
is sufficiently small such that Lemma 24 is applicable and hence,

w>∗ z3(t)

‖z3(t)‖2
≥ 1− e−t∆γ, for all t ≥ 0, and z3(t) = g(t)e2tN (w∗), (59)

where ‖g(t)‖2 ∈ [κ1, κ2], for some κ2 ≥ κ1 > 0. By definition of T , we have

w>∗ z3(T )

‖z3(T )‖2
≥ 1− δ̃

4∆
∆+8N (w∗)γ, and ‖z3(T )‖2 =

‖g(T )‖2

δ̃
8N (w∗)

∆+8N (w∗)

,

which implies ∥∥∥∥ z3(T )

‖z3(T )‖2
−w∗

∥∥∥∥2

2

= 2− 2w>∗ z3(T )

‖z3(T )‖2
≤ 2δ̃

4∆
∆+8N (w∗)γ.

Multiplying by δ̃2‖z3(T )‖22 on both sides gives us∥∥∥δ̃z3(T )− δ̃‖z3(T )‖2w∗
∥∥∥2

2
≤ 2δ̃2‖z3(T )‖22δ

4∆
∆+8N (w∗)γ

≤ 2‖g(T )‖22γ
δ̃2δ̃

4∆
∆+8N (w∗)

δ̃
16N (w∗)

∆+8N (w∗)

= 2‖g(T )‖22γδ̃
6∆

∆+8N (w∗) . (60)

Next, note that for t ∈ [0, T ], w>∗ z3(t)/‖z3(t)‖2,w>∗ u(t)/‖u(t)‖2 ≥ 1 − γ. Since ∇2N (w)
is 0-homogeneous, from the mean value theorem and eq. (52), for all t ∈ [0, T ], we have∥∥∥∥∥

(
u(t)

δ̃
− z3(t)

)> (
∇N (u(t)/δ̃)−∇N (z3(t))

)∥∥∥∥∥
2

≤ 3N (w∗)

∥∥∥∥u(t)

δ̃
− z3(t)

∥∥∥∥2

2

.

Hence, for t ∈ [0, T ], we have

1

2

d

dt

∥∥∥∥u(t)

δ̃
− z3(t)

∥∥∥∥2

2

=

(
u

δ̃
− z3

)>( u̇

δ̃
− ż3

)
=

(
u

δ̃
− z3

)> (
∇N (u/δ̃)−∇N (z3)

)
−
(

u

δ̃
− z3

)> f(w)

δ̃

≤ 3N (w∗)

∥∥∥∥u(t)

δ̃
− z3(t)

∥∥∥∥2

2

+ β

∥∥∥∥u(t)

δ̃
− z3(t)

∥∥∥∥
2

‖u‖32/δ̃.
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From the above equation, we have

d

dt

∥∥∥∥u(t)

δ̃
− z3(t)

∥∥∥∥
2

≤ 3N (w∗)

∥∥∥∥u(t)

δ̃
− z3(t)

∥∥∥∥
2

+ β‖u(t)‖32/δ̃,

which implies ∥∥∥∥u(t)

δ̃
− z3(t)

∥∥∥∥
2

≤ e3N (w∗)t

∫ t

0
e−3N (w∗)sβ‖u(s)‖32/δ̃ds

≤ βδ̃2e3N (w∗)t

∫ t

0
e3N (w∗)sds ≤ A4δ̃

2e6tN (w∗),

where A4 is a sufficiently large constant. Putting t = T in the above equation gives us∥∥∥u(T )− δ̃z3(T )
∥∥∥

2
≤ A4δ̃

3e6TN (w∗) = A4δ̃
3/δ̃

24N (w∗)
∆+8N (w∗) = A4δ̃

3∆
∆+8N (w∗) .

From eq. (60) and the above equation, we get∥∥∥u(T )− δ̃‖z3(T )‖2w∗
∥∥∥

2
≤
∥∥∥u(T )− δ̃z3(T )

∥∥∥
2

+
∥∥∥δ̃‖z3(T )‖2w∗ − δ̃z3(T )

∥∥∥
2

≤
(
A4 + ‖g(T )‖2

√
2γ
)
δ̃

3∆
∆+8N (w∗) .

Also, note that

δ̃‖z3(T )‖2 = ‖g(T )‖2δ̃/δ̃
8N (w∗)

∆+8N (w∗) = ‖g(T )‖2δ̃
∆

∆+8N (w∗) .

Thus, using the above two equations and the definition of u(t), we get∥∥∥ψ(T + Tγ , δw0)− ‖g(T )‖2δ̃
∆

∆+8N (w∗) w∗

∥∥∥
2
≤
(
A4 + ‖g(T )‖2

√
2γ
)
δ̃

3∆
∆+8N (w∗) .

Since T depends on δ, ‖g(T )‖2 may also depend on δ, but ‖g(T )‖2 ∈ [κ1, κ2]. Hence, for
all sufficiently small δ > 0,∥∥∥ψ(T + Tγ , δw0)− ‖g(T )‖2δ̃

∆
∆+8N (w∗) w∗

∥∥∥
2
≤ Cδ̃

3∆
∆+8N (w∗) ,

where C is a sufficiently large constant, which completes the proof.

Proof of Corollary 5: Since p(t) is bounded for all t ≥ 0, there exists a constant B > 0
such that ‖p(t)‖2 ≤ B, for all t ≥ 0. Moreover, since L(·) has locally Lipschitz gradient,
there exists a constant Ã > 0 such that, if ‖w1‖2, ‖w2‖2 ≤ 2B, then

‖∇L(w1)−∇L(w2)‖2 ≤ Ã‖w1 −w2‖2. (61)

Since p∗ = limt→∞ p(t) and ∇L(p∗) = 0, for any ε ∈ (0, B), there exists a Tε such that

‖p(Tε)− p∗‖2 ≤ ε/2 and ‖∇L(p(Tε))‖2 ≤ ε/2. (62)
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Since Tε does not depend on δ, therefore, from Theorem 4, for all sufficiently small δ > 0
and for all t ∈ [−Tε, Tε],∥∥∥∥∥ψ

(
t+ T1 +

ln(1/bδ)

2N (w∗)
+

ln(1/δ̃)

2N (w∗)
, δw0

)
− p(t)

∥∥∥∥∥
2

≤ C̃δ
∆

∆+8N (w∗) ≤ ε/2.

Putting t = Tε in the above equation, and using eq. (62), we get

‖ψ (Tδ, δw0)− p∗‖2 ≤ ε,

where Tδ := Tε + T1 + ln(1/bδ)
2N (w∗)

+ ln(1/δ̃)
2N (w∗)

. Next, since ‖ψ (Tδ, δw0) ‖2 ≤ B + ε/2 ≤ 2B, using

eq. (61) and eq. (62), we get

‖∇L (ψ (Tδ, δw0))‖2 ≤ ‖∇L(p(Tε))‖2 + ‖∇L (ψ (Tδ, δw0))−∇L(p(Tε))‖2
≤ ε/2 + ÃC̃δ

∆
∆+8N (w∗) ≤ ε,

where the final inequality is true for all sufficiently small δ > 0, thus completing the proof.

Proof of Corollary 6: Since limt→∞ p(t)/‖p(t)‖2 = p∗, limt→∞ ‖p(t)‖2 = ∞, and
limt→∞∇L(p(t)) = 0, therefore, for any ε ∈ (0, 1), we can choose a Tε such that

p(Tε)
>p∗/‖p(Tε)‖2 ≥ 1− ε/2, ‖p(Tε)‖2 ≥ 1/ε, and ‖∇L(p(Tε))‖2 ≤ ε/2. (63)

Let Bε := maxt∈[0,Tε] ‖p(t)‖2. Then, since L(·) has locally Lipschitz gradient, there exists a

constant Ãε > 0 such that, if ‖w1‖2, ‖w2‖2 ≤ Bε + ε, it follows that

‖∇L(w1)−∇L(w2)‖2 ≤ Ãε‖w1 −w2‖2, (64)

where note that Ãε depends on ε. Since Tε does not depend on δ, from Theorem 4, for all
sufficiently small δ > 0 and for all t ∈ [−Tε, Tε],∥∥∥∥∥ψ

(
t+ T1 +

ln(1/bδ)

2N (w∗)
+

ln(1/δ̃)

2N (w∗)
, δw0

)
− p(t)

∥∥∥∥∥
2

≤ C̃δ
∆

∆+8N (w∗) ≤ ε/2. (65)

Putting t = Tε in the above equation, and using eq. (63), we get, for all sufficiently small δ,

‖ψ (Tδ, δw0)‖2 ≥ ‖p(Tε)‖2 − C̃δ
∆

∆+8N (w∗) ≥ 1/ε− C̃δ
∆

∆+8N (w∗) ≥ 1/(2ε),

where Tδ := Tε + T1 + ln(1/bδ)
2N (w∗)

+ ln(1/δ̃)
2N (w∗)

. We also have

ψ (Tδ, δw0)> p∗

‖ψ (Tδ, δw0)‖2
≥ p(Tε)

>p∗ − C̃δ
∆

∆+8N (w∗)

‖ψ (Tδ, δw0)‖2
≥ (1− ε/2)‖p(Tε)‖2 − C̃δ

∆
∆+8N (w∗)

‖p(Tε)‖2 + C̃δ
∆

∆+8N (w∗)
≥ 1− ε,

where the first inequality uses eq. (65). The second inequality uses eq. (65) and eq. (63). The
final inequality is true for all sufficiently small δ > 0. Next, since ‖ψ (Tδ, δw0) ‖2 ≤ Bε+ε/2,
using eq. (64) and eq. (63), we get

‖∇L (ψ (Tδ, δw0))‖2 ≤ ‖∇L(p(Tε))‖2 + ‖∇L (ψ (Tδ, δw0))−∇L(p(Tε))‖2
≤ ε/2 + ÃεC̃δ

∆
∆+8N (w∗) ≤ ε,

where the final inequality is true for all sufficiently small δ > 0, thus completing the proof.
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Appendix C. Proof Omitted from Section 3.2

We first prove three important lemmata, which are then used to prove Theorem 10.

Lemma 30 Consider the setting in Theorem 10. Suppose there exists a constant C1 > 0
such that for every δ > 0, aδ is a vector that satisfies ‖aδ−δw∗‖2 ≤ C1δ

L+1. Then, for any
fixed T̃ ∈ (−∞,∞), there exists a constant C > 0 such that for all sufficiently small δ > 0,∥∥∥∥ψ(t+

1/δL−2

L(L− 2)N (w∗)
,aδ

)
−ψ

(
t+

1/δL−2

L(L− 2)N (w∗)
, δw∗

)∥∥∥∥
2

≤ Cδ, for all t ∈ [−T̃ , T̃ ].

Proof We choose γ > 0 sufficiently small such that for all unit-norm vector w satisfying
w>w∗ ≥ 1− γ, we have

N (w) ≤ N (w∗), ‖∇2N (w)‖2 ≤ L(L− 1/2)N (w∗), and (66)

(∇N (t1w)−∇N (t2w∗))
> (t1w − t2w∗) ≤ L(L− 1)N (w∗)t

L−2
2 ‖t1w − t2w∗‖22, ∀t2 ≥ t1 ≥ 0.

(67)

The first inequality follows from Lemma 23. The second inequality holds since, from Lemma
20, ‖∇2N (w∗)‖2 = L(L−1)N (w∗), and ∇2N (w) is continuous in the neighborhood of w∗.
The third inequality follows from Lemma 22.

We further define f(w) = J (X; w)>(`′(H(X; w),y)− `′(0,y)). Then, note that

‖f(w)‖2 ≤ ‖J (X; w)‖2‖(`′(H(X; w),y)− `′(0,y)‖2 ≤ Kn‖J (X; w)‖2‖H(X; w),y)‖2,

where the first inequality follows from the Cauchy-Schwartz inequality, and the second
follows from the smoothness of the loss function (see Assumption 2). Note that the RHS in
the above inequality is (2L− 1)−homogeneous in w. Thus, there exists a β > 0 such that

‖f(w)‖2 ≤ β‖w‖2L−1
2 , for all w ∈ Rk. (68)

Also, f(w) is continuously differentiable in the neighborhood of w∗. Thus, in a similar
way as in the proof of Lemma 9, we may assume that for all vectors w ∈ Rk that satisfy
w>∗ w/‖w‖2 ≥ 1− γ, we have

‖∇f(w)‖2 ≤ K
n∑
i=1

‖∇2H(xi; w)‖2|H(xi; w)|+ ‖∇H(xi; w)∇H(xi; w)>‖2.

Note that the final upper bound in the above equation is (2L − 2)-homogeneous. Thus,
there exists a ζ > 0 such that for all vector w ∈ Rk satisfying w>∗ w/‖w‖2 ≥ 1− γ, we have

‖∇f(w)‖2 ≤ ζ‖w‖2L−2
2 .

Furthermore, from the mean value theorem, we have

‖f(w1)− f(w2)‖2 ≤ ‖∇f(w̃)‖2‖w1 −w2‖2
≤ ζ max(‖w2‖2L−2

2 , ‖w1‖2L−2
2 )‖w1 −w2‖2, (69)

where w>∗ w1/‖w1‖2,w>∗ w2/‖w2‖2 ≥ 1− γ.
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Now, let q(t) = ψ(t,aδ) and u(t) = ψ(t, δw∗). Then ‖q(0) − u(0)‖2 ≤ C1δ
L+1, which

implies ‖q(0)‖2 ≤ δ + C1δ
L+1. Therefore, for all sufficiently small δ > 0, we have

w>∗ q(0)

‖q(0)‖2
=

w>∗ u(0) + w>∗ (q(0)− u(0))

‖q(0)‖2
≥ δ − C1δ

L+1

‖q(0)‖2
≥ δ − C1δ

L+1

δ + C1δL+1
> 1− γ.

Define

T 1 = min
t≥0

{
t :

w>∗ q(t)

‖q(t)‖2
= 1− γ

}
.

Recall that q(t) satisfies

q̇ = −J (X; q)>`′(H(X; q),y) = ∇N (q)− J (X; q)>(`′(H(X; q),y)− `′(0,y)).

Multiplying the above equation by q> from the left we get

1

2

d‖q‖22
dt

= LN (q)− LH(X; q)>(`′(H(X; q),y)− `′(0,y)) ≤ LN (q) = LN (q/‖q‖2)‖q‖L2 ,

where the first equality follows from Lemma 19, the first inequality is due to convexity of
the loss function, and the second equality holds since N (q) is L-homogeneous.

Now, since w>∗ q(t)/‖q(t)‖2 ≥ 1− γ, for all t ∈ [0, T 1], from eq. (66), we get

d‖q‖22
dt

≤ LN (w∗)‖q‖L2 ,

which implies

‖q(t)‖L−2
2 ≤ ‖q(0)‖L−2

2

1− t‖q(0)‖L−2
2 L(L− 2)N (w∗)

, for all t ∈ [0, T 1].

Define sq(t) = 1
δq
(

t
δL−2

)
and η = (1 + C1δ

L)L−2, then, for all t ∈ [0, T 1],

‖sq(t)‖L−2
2 ≤ (1 + C1δ

L)L−2

1− t(1 + C1δL)L−2L(L− 2)N (w∗)
=

η

1− tηL(L− 2)N (w∗)
, (70)

where we used ‖q(0)‖2 ≤ δ(1 + C1δ
L). Also, since

dsq
dt

=
1

δL−1
q̇

(
t

δL−2

)
= − 1

δL−1
J
(

X; q

(
t

δL−2

))>
`′
(
H
(

X; q

(
t

δL−2

))
,y

)
= −J

(
X;

1

δ
q

(
t

δL−2

))>
`′
(
H
(

X; q

(
t

δL−2

))
,y

)
= −J (X; sq(t))

> `′ (H (X; δsq (t)) ,y) ,

where the second equality follows from (L−1)-homogeneity of J (X; w), we have that sq(t)
is the solution of

ṡ = ∇N (s)− J (X; s)>(`′(H(X; δs),y)− `′(0,y)) = ∇N (s)− f(δs)/δL−1, s(0) = q(0)/δ.
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Let z(t) = η
1

L−2 w∗
(1−tηL(L−2)N (w∗))1/(L−2) , which is the solution of

ż = ∇N (z), z(0) = η
1

L−2 w∗.

Note that, for t ∈ [0, T 1],

(∇N (sq(t))−∇N (z(t)))> (sq(t)− z(t))

=

(
∇N

(
‖sq(t)‖2

sq(t)

‖sq(t)‖2

)
−∇N (z(t))

)>(
‖sq(t)‖2

sq(t)

‖sq(t)‖2
− z(t)

)
≤ L(L− 1)N (w∗)‖z(t)‖L−2

2

∥∥∥∥‖sq(t)‖2 sq(t)

‖sq(t)‖2
− ‖z(t)‖2

z(t)

‖z(t)‖2

∥∥∥∥2

= L(L− 1)N (w∗)‖z(t)‖L−2
2 ‖sq(t)− z(t)‖2 , (71)

where the inequality follows since, from eq. (70), ‖sq(t)‖2 ≤ ‖z(t)‖2, w>∗ q(t)/‖q(t)‖2 ≥ 1−γ
for all t ∈ [0, T 1], and from eq. (41). Hence, for t ∈ [0, T 1],

1

2

d

dt
‖sq(t)− z(t)‖22 = (sq − z)> (ṡq − ż)

= (sq − z)> (∇N (sq)−∇N (z))− (sq − z)> f(δsq)/δ
L−1

≤ L(L− 1)N (w∗)‖z(t)‖L−2
2 ‖sq(t)− z(t)‖22 + βδL ‖sq(t)− z(t)‖2 ‖sq(t)‖

2L−1
2 .

Next, since for all t ∈ [0, T 1],

‖sq(t)‖L−2
2 ≤ ‖z(t)‖L−2

2 =
η

1− tηL(L− 2)N (w∗)
, (72)

we have

d

dt
‖sq(t)− z(t)‖2 ≤

ηL(L− 1)N (w∗)

(1− tηL(L− 2)N (w∗))
‖sq(t)− z(t)‖2 + βδL‖z(t)‖2L−1

2 .

Using Lemma 29, we get

‖sq(t)− z(t)‖2 ≤
1

P (t)

(
‖sq(0)− z(0)‖2 + βδL

∫ t

0
P (s)‖z(t)‖2L−1

2 ds

)
,

where P (t) = e−
∫ t
0 b(s)ds and b(t) = ηL(L−1)N (w∗)

(1−tηL(L−2)N (w∗))
. Using Lemma 28, we have

P (t) = (1− tηL(L− 2)N (w∗))
(L−1)/(L−2) ,

which implies∫ t

0
P (s)‖z(s)‖2L−1

2 ds ≤ η
2L−1
L−2

∫ t

0
(1− sηL(L− 2)N (w∗))

L−1
L−2
− 2L−1
L−2 ds

= η
2L−1
L−2

∫ t

0
1/ (1− sηL(L− 2)N (w∗))

L
L−2 ds

= η
2L−1
L−2

L− 2

2ηL(L− 2)N (w∗)

(
1

(1− tηL(L− 2)N (w∗))
2

L−2

− 1

)

≤ η
L+1
L−2

2LN (w∗)

(
1

(1− tηL(L− 2)N (w∗))
2

L−2

)
.
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Hence, for all t ∈ [0, T 1] and all sufficiently small δ > 0,

‖sq(t)− z(t)‖2 ≤
‖sq(0)− z(0)‖2

(1− tηL(L− 2)N (w∗))
L−1
L−2

+
βδLη

L+1
L−2

2LN (w∗)

(
1

(1− tηL(L− 2)N (w∗))
L+1
L−2

)

≤ C2δ
L
2

(1− tηL(L− 2)N (w∗))
L+1
L−2

, (73)

where C2 is a sufficiently large constant, and the last inequality follows since

(1− tηL(L− 2)N (w∗))
L+1
L−2 ≤ (1− tηL(L− 2)N (w∗))

L−1
L−2 and, for all sufficiently small

δ > 0,

‖sq(0)− z(0)‖2 =
∥∥∥aδ
δ
− (1 + C1δ

L)w∗

∥∥∥
2
≤
∥∥∥aδ
δ
−w∗

∥∥∥
2

+
∥∥C1δ

Lw∗
∥∥

2
= O(δL).

Let τq(t) = sq(t)− z(t), and define

h1(t) =
η1/(L−2)

(1− tηL(L− 2)N (w∗))
1/(L−2)

, h2(t) =
1

(1− tL(L− 2)N (w∗))
.

By definition of T 1,

1− γ =
w>∗ sq(T 1)

‖sq(T 1)‖2
≥ w>∗ sq(T 1)

h1(T 1)
=

w>∗ z(T 1) + w>∗ τq(T 1)

h1(T 1)
≥ h1(T 1)− ‖τp(T 1)‖2

h1(T 1)

≥ 1− C2δ
L/η1/(L−2)(

1− T 1ηL(L− 2)N (w∗)
) L
L−2

,

which implies, for some sufficiently large constant C̃2,

1− ηT 1L(L− 2)N (w∗) ≤
C
L−2
L

2 δL−2/η1/L

γ
L−2
L

≤ C̃2δ
L−2.

Therefore, there exists a sufficiently large constant C3 such that

T 1 ≥
1− C̃2δ

L−2

ηL(L− 2)N (w∗)
≥ 1− C3δ

L−2

L(L− 2)N (w∗)
,

where the second inequality follows since, for all sufficiently small δ > 0,

1− C̃2δ
L−2

(1 + C1δL)L−2
≥ 1− C̃2δ

L−2

(1 + 2C1(L− 2)δL)
≥ (1− C̃2δ

L−2)(1− 2C1(L− 2)δL) ≥ 1− C3δ
L−2,

where C3 is a sufficiently large constant. Hence,

w>∗ sq(t)

‖sq(t)‖2
≥ 1− γ, for all t ∈

[
0,

(
1− δL−2C3

)
L(L− 2)N (w∗)

]
. (74)
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Next, recall u(t) = ψ(t, δw∗), and define su(t) = 1
δu
(

t
δL−2

)
. Note that

w>∗ su(0)

‖su(0)‖2
= 1 > 1− γ.

Define

T 3 := min
t≥0

{
t :

w>∗ su(t)

‖su(t)‖2
= 1− γ

}
.

Then, following in a similar way as in the proof of sq(t) above, we can show that there exists
a sufficiently large constant C4 such that, for all sufficiently small δ > 0,

w>∗ su(t)

‖su(t)‖2
≥ 1− γ, for all t ∈

[
0,

(
1− δL−2C4

)
L(L− 2)N (w∗)

]
, and

‖su(t)‖L−2
2 ≤ ‖su(0)‖L−2

2

1− t‖su(0)‖L−2
2 L(L− 2)N (w∗)

=
1

1− tL(L− 2)N (w∗)
.

Now, choose C5 large enough such that C
L/(L−2)
5 > ζ2(2L−2)/(L−2)/(LN (w∗)) and C5 ≥

max(C3, C4), and define T 4 :=
(1−δL−2C5)
L(L−2)N (w∗)

. Then, for all t ∈
[
0, T 4

]
, we have

w>∗ sq(t)/‖sq(t)‖2,w>∗ su(t)/‖su(t)‖2 ≥ 1− γ,

‖su(t)‖L−2
2 ≤ 1

1− tL(L− 2)N (w∗)
≤ 1

C5δL−2
, and

‖sq(t)‖L−2
2 ≤ η

1− tηL(L− 2)N (w∗)
=

1

1/η − 1 + C5δL−2
≤ 2

C5δL−2
,

where the last inequality follows since, for all sufficiently small δ > 0,

1

η
=

1

(1 + C1δL)L−2
≥ 1

1 + 2C1(L− 2)δL
≥ 1− 2C1(L− 2)δL ≥ 1− C5δ

L−2/2. (75)

Therefore, for t ∈ [0, T 4], we have

1

2

d

dt
‖sq(t)− su(t)‖22 = (sq(t)− su)> (ṡq − ṡu)

= (sq(t)− su)> (∇N (sq)−∇N (su))− (sq − su)> (f(δsq)− f(δsu)) /δL−1

≤ (L(L− 1/2)N (w∗)) ‖sq(t)− su(t)‖22 max(‖sq(t)‖L−2
2 , ‖su(t)‖L−2

2 )+

ζδL ‖sq(t)− su(t)‖22 max(‖su(t)‖2L−2
2 , ‖sq(t)‖2L−2

2 )

≤

(
L(L− 1/2)N (w∗) +

ζ2L/(L−2)

C
L/(L−2)
5

)
‖sq(t)− su‖22 max(‖sq(t)‖L−2

2 , ‖su(t)‖L−2
2 )

≤ L2N (w∗) ‖sq(t)− su‖22 max(‖sq(t)‖L−2
2 , ‖su(t)‖L−2

2 ),

where the first inequality follows from eq. (66), ∇2N (w) being (L − 2)-homogeneous and

eq. (69). The second inequality uses δL max(‖sq(t)‖L2 , ‖su(t)‖L2 ) ≤ 2L/(L−2)/C
L/(L−2)
5 , for all
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t ∈ [0, T 4]. The last inequality follows from our assumption on C5. Now, let κ = L2N (w∗),
then

d

dt
‖sq(t)− su(t)‖2 ≤

κη ‖sq(t)− su‖2
1− tηL(L− 2)N (w∗)

.

Using Lemma 29, we get

‖sq(t)− su(t)‖2 ≤
1

P1(t)

(
‖sq(0)− su(0)‖2

)
,

where P1(t) = e−
∫ t
0 b1(s)ds and b1(t) = ηκ

(1−tηL(L−2)N (w∗))
. From Lemma 28, we know

P1(t) = (1− tηL(L− 2)N (w∗))
L/(L−2) .

Now, using eq. (75), there exists a constant C6 such that

P1(T 4) =
(
1− η(1− δL−2C5)

)L/(L−2) ≥
(
ηC5δ

L−2

2

)L/(L−2)

≥ C6δ
L.

Hence, ∥∥sq(T 4)− su(T 4)
∥∥

2
≤ 1

C6δL
(‖aδ/δ −w∗‖2) ≤ C1/C6,

which implies∥∥∥∥∥ψ
( (

1/δL−2 − C5

)
L(L− 2)N (w∗)

,aδ

)
−ψ

( (
1/δL−2 − C5

)
L(L− 2)N (w∗)

, δw∗

)∥∥∥∥∥
2

≤ C1δ/C6.

Since T̃ is fixed, from Lemma 26 and the above inequality, there exists a C > 0 such that
for all sufficiently small δ, we have∥∥∥∥ψ(t+

1

L(L− 2)N (w∗)

(
1

δL−2

)
,aδ

)
−ψ

(
t+

1

L(L− 2)N (w∗)

(
1

δL−2

)
, δw∗

)∥∥∥∥
2

≤ Cδ,

for all t ∈ [−T̃ , T̃ ], which completes the proof.

Lemma 31 Consider the setting of Theorem 4. For any fixed t ∈ (−∞,∞) and all suffi-
ciently small δ2 ≥ δ1 > 0, there exists a C > 0 such that∥∥∥∥∥ψ

(
t+

1/δL−2
1

L(L− 2)N (w∗)
, δ1w∗

)
−ψ

(
t+

1/δL−2
2

L(L− 2)N (w∗)
, δ2w∗

)∥∥∥∥∥
2

≤ Cδ2,

which implies p(t) exists for all t ∈ (−∞,∞). Furthermore, let δ1 → 0 and δ2 = δ, then∥∥∥∥p(t)−ψ
(
t+

1/δL−2

L(L− 2)N (w∗)
, δw∗

)∥∥∥∥
2

≤ Cδ.

Also, L(p(0)) ≤ L(0)− η, for some η > 0.
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Proof We choose γ > 0 sufficiently small such that for all unit-norm vectors w satisfying
w>w∗ ≥ 1− γ, we have N (w) ≤ N (w∗), and for all t2 ≥ t1 ≥ 0,

(∇N (t1w)−∇N (t2w∗))
> (t1w − t2w∗) ≤ L(L− 1)N (w∗)t

L−2
2 ‖t1w − t2w∗‖22.

The first and second inequalities follow from Lemma 23 and Lemma 22, respectively. For the

sake of brevity, let u1(t) = ψ(t, δ1w∗),u2(t) = ψ(t, δ2w∗) and s1(t) = 1
δ1

u1

(
t

δL−2
1

)
, s2(t) =

1
δ2

u2

(
t

δL−2
2

)
, where recall that δ2 ≥ δ1 > 0. Also, let

z(t) =
w∗

(1− tL(L− 2)N (w∗))
1

L−2

,

which is the solution of
ż = ∇N (z), z(0) = w∗.

Now, s1(0) = w∗. Define

T ∗1 = min
t≥0

{
t :

w>∗ s1(t)

‖s1(t)‖2
= 1− γ

}
.

Then, following a a similar way as in the proof of Lemma 30 to get eq. (73), eq. (74), and

eq. (72), we can show that there exists a C1, C2 > 0 such that, for all t ∈ [0,
(1−δL−2

1 C1)
L(L−2)N (w∗)

],

‖s1(t)− z(t)‖2 ≤
C2δ

L
1

(1− tL(L− 2)N (w∗))
L+1
L−2

,
w>∗ s1(t)

‖s1(t)‖2
≥ 1− γ, and (76)

‖s1(t)‖L−2
2 ≤ 1

1− tL(L− 2)N (w∗)
,

for all sufficiently small δ1 > 0. Now, suppose δL−2
2 ≤ 1

C1
, then

T ∗2 :=
1

L(L− 2)N (w∗)

(
1− δL−2

1

δL−2
2

)
≤

(
1− δL−2

1 C1

)
L(L− 2)N (w∗)

.

Next, note that

δ1z (T ∗2 ) =
w∗

(1− T ∗2L(L− 2)N (w∗))
1

L−2

=
δ1w∗

(1− (1− δL−2
1 /δL−2

2 ))
1

L−2

= δ2w∗, and

‖s1(T ∗2 )− z(T ∗2 )‖2 ≤

(
C2δ

L
1

(1− T ∗2L(L− 2)N (w∗))
L+1
L−2

)
=
C2δ

L+1
2

δ1
.

Hence,∥∥∥∥∥ψ
(

1/δL−2
1 − 1/δL−2

2

L(L− 2)N (w∗)
, δ1w∗

)
− δ2w∗

∥∥∥∥∥
2

= ‖δ1s1(T ∗2 )− δ1z(T ∗2 )‖2 ≤ C2δ
L+1
2 . (77)
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Now, note that

ψ

(
t+

1/δL−2
1

L(L− 2)N (w∗)
, δ1w∗

)
= ψ

(
t+

1/δL−2
2

L(L− 2)N (w∗)
,ψ

(
1/δL−2

1 − 1/δL−2
2

L(L− 2)N (w∗)
, δ1w∗

))
.

Combining the above equality with eq. (77) and Lemma 30, we get that for any fixed
t ∈ (−∞,∞), there exist a constant C > 0 such that∥∥∥∥∥ψ

(
t+

1/δL−2
1

L(L− 2)N (w∗)
, δ1w∗

)
−ψ

(
t+

1/δL−2
2

L(L− 2)N (w∗)
, δ2w∗

)∥∥∥∥∥
2

≤ Cδ2,

which implies p(t) exists for all t ∈ (−∞,∞).
We next prove that L(p(0)) ≤ L(0) − η, for some η > 0. Let u(t) = ψ(t, δw∗) and

z(t) = w∗/(1− tL(L− 2)N (w∗))
1

L−2 . From eq. (76), there exist constants B1, B2 such that

∥∥∥∥u(t/δL−2)

δ
− z(t)

∥∥∥∥
2

≤ B2δ
L

(1− tL(L− 2)N (w∗))
L+1
L−2

, for all t ∈

[
0,

(
1−B1δ

L−2
)

L(L− 2)N (w∗)

]
. (78)

Define α := max‖w‖2=1 ‖H(X,w)‖2. Similar to eq. (51), we have

L(w) ≤ L(0) +Kn‖H(X,w)‖22 −N (w) ≤ L(0) + α2Kn‖w‖2L2 −N (w). (79)

Now, choose ε > 0 sufficiently small such that

ε ≤ 1

B1
, and α2Kn(ε

1
2(L−2) +B1ε

L+1/2
L−2 )2L ≤ N (w)− N (w∗)

2
, if ‖w −w∗‖2 ≤ ε

L
L−2B1,

where the second inequality holds true since N (w) is continuous. Note that(
1−B1δ

L−2
)

L(L− 2)N (w∗)
≥

(
1− δL−2/ε

)
L(L− 2)N (w∗)

:= T2.

Hence, using eq. (78), ‖u(T2/δ
L−2)‖2 ≤ ε1/(L−2) + B2ε

(L+1)/(L−2). Also, if we define τ :=
u(T2/δ

L−2)− δz(T2/δ
L−2), then, ‖τ‖2 ≤ B2ε

(L+1)/(L−2). Therefore, using eq. (79), we get

L
(

u

(
T2

δL−2

))
≤ L(0) + α2Kn

∥∥∥∥u( T2

δL−2

)∥∥∥∥2L

2

−N
(

u

(
T2

δL−2

))
,

≤ L(0) + α2Kn(ε1/(L−2) +B2ε
(L+1)/(L−2))2L −N

(
u

(
T2

δL−2

))
= L(0) + ε

L
L−2

(
α2Kn(ε

1
2(L−2) +B1ε

L+1/2
L−2 )2L −N

(
1

ε
1

L−2

u

(
T2

δL−2

)))
≤ L(0)− ε

L
L−2
N (w∗)

2
,

where the last inequality follows from the choice of ε and since ‖u(T2/δ
L−2)/ε1/(L−2) −

w∗‖2 = τ/ε1/(L−2) ≤ B1ε
L/(L−2). Let η = εL/(L−2)N (w∗)/2, then, from the above equation,

L

(
ψ

( (
1/δL−2 − ε

)
L(L− 2)N (w∗)

, δw∗

))
≤ L(0)− η,
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where note that ε > 0 and fixed, and thus, η is fixed. Since the loss decreases with time,
the above equation implies

L
(
ψ

(
1/δL−2

L(L− 2)N (w∗)
, δw∗

))
≤ L

(
ψ

( (
1/δL−2 − ε

)
L(L− 2)N (w∗)

, δw∗

))
≤ L(0)− η.

Taking δ → 0, gives us L(p(0)) ≤ L(0)− η, which completes the proof.

Lemma 32 Consider the setting in Theorem 10. There exists T1, a1 ≥ 0 such that for all
sufficiently small δ > 0,∥∥∥∥ψ( T1

δL−2
+

T

δ̃L−2

(
1− δ̃

2(L−2)L2N (w∗)
2L2N (w∗)+∆

)
, δw0

)
− bδ δ̃

∆
2L2N (w∗)+∆ w∗

∥∥∥∥
2

≤ a1δ̃
(L+1)∆

2L2N (w∗)+∆ ,

where δ̃ ∈ (A2δ − A1δ
L+1, A2δ + A1δ

L+1), for some positive constants A2, A1. Also, T ≥
1

L(L−2)N (w∗)
, and bL−2

δ ∈
[

1
TL(L−2)N (w∗)

, 1
]

depends on δ.

Proof Choose α ∈ (0, 1) sufficiently small such that

0 <
(L(L− 1)N (w∗) + α)(1 + α)L−2

L(L− 2)(N (w∗)− α)
+ 1 <

2L− 1

L− 2
. (80)

Next, we choose γ > 0 sufficiently small such that for all unit-norm vector w satisfying
w>w∗ ≥ 1− γ, we have

N (w∗)− α ≤ N (w) ≤ N (w∗), ‖∇2N (w)‖2 ≤ L(L− 1)N (w∗) + α, (81)

w>∗ ∇N (w)− LN (w)w>∗ w − ∆

2
‖w −w∗‖22 ≥ 0, (82)

and for all t2 ≥ t1 ≥ 0,

(∇N (t1w)−∇N (t2w∗))
> (t1w − t2w∗) ≤ L(L− 1)N (w∗)t

L−2
2 ‖t1w − t2w∗‖22. (83)

The first and second inequalities follow from Lemma 23 and Lemma 20. The third and fourth
inequalities follow from Lemma 23 and Lemma 22. Define f(w) = J (X; w)>(`′(H(X; w),y)−
`′(0,y)), then, as shown in the proof of Lemma 30, there exists a β > 0 such that

‖f(w)‖2 ≤ β‖w‖2L−1
2 , for all w ∈ Rd. (84)

Let z1(t) denote the solution of

ż = ∇N (z), z(0) = w0. (85)

Since w0 ∈ S(w∗), z1(t) converges to w∗ in direction. Thus, we can assume there exists
some time Tγ and a constant B1 such that

w>∗ z1(Tγ)

‖z1(Tγ)‖2
= 1− γ2/8 and ‖z1(t)‖2 ≤ B1, for all t ∈ [0, Tγ ].
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Define w(t) = ψ(t, δw0) and sw(t) = 1
δw
(

t
δL−2

)
, then sw(t) is the solution of

ṡ = ∇N (s)− J (X; s)>(`′(H(X; δs),y)− `′(0,y)) = ∇N (s)− f(δs)/δL−1, s(0) = w0.

Note that ‖sw(0)− z1(0)‖2 = 0. Define

T ∗1 = min
t≥0
{t : ‖sw(t)− z1(t)‖2 = γ2/4}.

Then, for all t ∈ [0, T ∗1 ], ‖sw(t) − z1(t)‖2 ≤ γ2/4. Next, we show that for all sufficiently
small δ > 0, T ∗1 > Tγ . For the sake of contradiction, suppose T ∗1 ≤ Tγ . Let B2 = B1 +γ2/4,
then ‖sw(t)‖2 ≤ B2, for all t ∈ [0, T ∗1 ]. Since ∇N (s) is locally Lipschitz, there exists a
µ1 > 0 such that

‖∇N (sw(t))−∇N (z1(t))‖2 ≤ µ1‖sw(t)− z1(t)‖2, for all t ∈ [0, T ∗1 ].

Hence, for all t ∈ [0, T ∗1 ],

1

2

d

dt
‖sw(t)− z1(t)‖22 = (sw − z1)>(ṡw − ż1)

= (sw − z1)>(∇N (sw)−∇N (z1))− (sw − z1)>f(δsw)/δL−1

≤ µ1‖sw − z1‖22 + βδL‖sw − z1‖2‖sw‖2L−1
2

≤ µ1‖sw − z1‖22 + βδLB2L−1
2 ‖sw − z1‖2,

which implies
d

dt
‖sw(t)− z1(t)‖2 ≤ µ1‖sw − z1‖2 + βδLB2L−1

2 .

Hence, using Lemma 29, we get

‖sw(t)− z1(t)‖2 ≤ βδLB2L−1
2 eµ1t

∫ t

0
e−µ1sds ≤ B3δ

Leµ1t,

where B3 is a sufficiently large constant. From the definition of T ∗1 , we get

γ2/4 = ‖sw(T ∗1 )− z1(T ∗1 )‖2 ≤ B3δ
Leµ1T ∗1 ≤ B3δ

Leµ1Tγ ,

where the second inequality uses T ∗1 ≤ Tγ . Clearly, the above inequality is not possible if δ
is sufficiently small, leading to a contradiction. Hence, T ∗1 > Tγ . Let A1 = B3e

µ1Tγ , then

‖sw(Tγ)− z1(Tγ)‖2 ≤ A1δ
L. (86)

Next, let τ1(t) = sw(t)− z1(t), then, for all sufficiently small δ > 0, we have

w>∗ sw(Tγ)

‖sw(Tγ)‖2
=

w>∗ z1(Tγ) + w>∗ τ1(Tγ)

‖sw(Tγ)‖2
≥ (1− γ2/8)‖z1(Tγ)‖2 −A1δ

L

‖sw(Tγ)‖2

≥ (1− γ2/8)‖z1(Tγ)‖2 −A1δ
L

‖z1(Tγ)‖2 +A1δL
≥ 1− γ2/4.
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Let A2 = ‖z1(Tγ)‖2, where note that A2 is a constant that does not depend on δ. Define

w1 = sw(Tγ)/‖sw(Tγ)‖2 and δ̃ = δ‖sw(Tγ)‖2. From eq. (86), we have

δ̃ ∈ (A2δ −A1δ
L+1, A2δ +A1δ

L+1),

thus, δ̃ can be made sufficiently small by choosing δ sufficiently small. Next, let u(t) =
ψ(t+ Tγ/δ

L−2, δw0). Then,

u(t) = ψ

(
t+

Tγ
δL−2

, δw0

)
= ψ

(
t,ψ

(
Tγ
δL−2

, δw0

))
= ψ (t, δ‖sw(Tγ)‖2w1) = ψ

(
t, δ̃w1

)
.

Define su(t) = 1

δ̃
u
(

t

δ̃L−2

)
, then su(t) is the solution of

ṡ = ∇N (s)− J (X; s)>(`′(H(X; δ̃s),y)− `′(0,y)) = ∇N (s)− f(δ̃s)/δ̃L−1, s(0) = w1.

Define z2(t) to be the solution of

ż = ∇N (z), z(0) = w1. (87)

Since z2(0)>w∗ ≥ 1− γ2/4 > 1− γ, we may assume without loss of generality that γ > 0 is
sufficiently small such that Lemma 25 is applicable. Hence, there exists a T > 0 such that(

1− w>∗ z2(t)

‖z2(t)‖2

)
≤ γ

(
1− t

T

) ∆
L(L−2)N (w∗)

and ‖z2(t)‖2 =
‖g(t)‖2

(T − t)
1

L−2

, (88)

for all t ∈ [0, T ), where ‖z2(t)‖ is an increasing function and ‖g(t)‖2 is a decreasing function
in [0, T ), and ‖g(0)‖L−2

2 = T, ‖g(T )‖L−2
2 = 1/(L(L− 2)N (w∗)). Also, from Lemma 25 and

eq. (81), we have

T ≤ 1

L(L− 2)N (w1)
≤ 1

L(L− 2)(N (w∗)− α)
. (89)

Next, define η = 2(L−2)L2N (w∗)
2L2N (w∗)+∆

and T = T (1− δ̃η), then

(
1− w>∗ z2(T )

‖z2(T )‖2

)
≤ γδ̃

2L∆
2L2N (w∗)+∆ , and ‖z2(T )‖L−2

2 =
‖g(T )‖L−2

2

T δ̃η
.

Therefore, ∥∥∥∥ z2(T )

‖z2(T )‖2
−w∗

∥∥∥∥2

2

= 2

(
1− w>∗ z2(T )

‖z2(T )‖2

)
≤ 2γδ̃

2L∆
2L2N (w∗)+∆ . (90)

Define µ2 = (L(L− 1)N (w∗) + α)(1 + α)L−2, and let

C1 =
2β(1 + α)2L−1(

L+1
L−2 − µ2‖g(T )‖L−2

2

) ‖g(0)‖
2L−1
L−2

2

‖g(T )‖
L+1
L−2

2

> 0,
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where the inequality holds since, from eq. (80), L+1
L−2 − µ2‖g(T )‖L−2

2 > 0. Now, since

w>∗ su(0)/‖su(0)‖2 ≥ 1− γ2/4 and 0 = ‖su(0)− z2(0)‖2 < C1δ̃
L‖z2(0)‖L+1

2 , we define

T ∗2 = min
t≥0

{
t :

w>∗ su(t)

‖su(t)‖2
= 1− γ

}
, T ∗3 = min

t≥0
{t : ‖s(t)− z2(t)‖2 = C1δ̃

L‖z2(t)‖L+1
2 },

and T ∗4 = min(T ∗2 , T
∗
3 ). Thus, for all t ∈ [0, T ∗4 ], we have

‖su(t)− z2(t)‖2 ≤ C1δ̃
L‖z2(t)‖L+1

2 , and
su(t)>w∗
‖su(t)‖2

≥ 1− γ.

We next show that T ≤ T ∗4 , for all sufficiently small δ > 0. For the sake of contradiction,
let T > T ∗4 . Now, since ‖z2(t)‖2 increases with time, for all t ∈ [0, T ∗4 ], we have

C1δ̃
L‖z2(t)‖L2 ≤ C1δ̃

L‖z2(T )‖L2 ≤
C1‖g(T )‖L2
T

L
L−2

δ̃
L− Lη

(L−2) =
C1‖g(T )‖L2
T

L
L−2

δ̃
L∆

2L2N (w∗)+∆ ≤ α,

for all sufficiently small δ > 0. Since ‖su(t)− z2(t)‖2 ≤ C1δ̃
L‖z2(t)‖L+1

2 , we get

‖su(t)− z2(t)‖2 ≤ α‖z2(t)‖2, for all t ∈ [0, T ∗4 ],

which implies
0 < (1− α) ‖z2(t)‖2 ≤ ‖su(t)‖2 ≤ (1 + α) ‖z2(t)‖2 . (91)

Then, for all t ∈ [0, T ∗4 ],

d

dt

w>∗ su(t)

‖su(t)‖2
= w>∗

(
I− sus

>
u

‖su‖22

)
ṡu
‖su‖2

= w>∗

(
I− sus

>
u

‖su‖22

)
∇N (su)

‖su‖2
−w>∗

(
I− sus

>
u

‖su‖22

)
f(δ̃su)

δ̃L−1‖su‖2

≥ w>∗ ∇N (su)

‖su‖2
− Lw>∗ suN (su)

‖su‖32
− βδ̃L‖su‖2L−2

2

= ‖su‖L−2
2

(
w>∗ ∇N

(
su
‖su‖2

)
− Lw>∗

(
su
‖su‖2

)
N
(

su
‖su‖2

))
− βδ̃L‖su‖2L−2

2

≥ ‖su‖L−2
2

∆

2

∥∥∥∥ su(t)

‖su(t)‖2
−w∗

∥∥∥∥2

2

− βδ̃L‖su‖2L−2
2

≥ −βδ̃L‖su‖2L−2
2 ≥ −β(1 + α)2L−2δ̃L‖z2(t)‖2L−2

2 ,

where the second inequality uses eq. (82), and the last inequality uses eq. (91). Hence,

w>∗ su(t)

‖su(t)‖2
≥ w>∗ su(0)

‖su(0)‖2
− βδ̃L(1 + α)2L−2

∫ t

0

‖g(s)‖2L−2
2 ds

(T − s)
2L−2
L−2

≥ w>∗ su(0)

‖su(0)‖2
− β‖g(0)‖2L−2

2 δ̃L(1 + α)2L−2

∫ t

0

ds

(T − s)
2L−2
L−2

≥ w>∗ su(0)

‖su(0)‖2
− β(L− 2)‖g(0)‖2L−2

2 δ̃L(1 + α)2L−2

L(T − t)
L
L−2

,
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where the second inequality holds since g(t) is a decreasing function. Since T > T ∗4 , we get

w>∗ su(T ∗4 )

‖su(T ∗4 )‖2
− w>∗ su(0)

‖su(0)‖2
≥ −(L− 2)β‖g(0)‖2L−2

2 δ̃L(1 + α)2L−2

L(T − T )
L
L−2

= −(L− 2)β‖g(0)‖2L−2
2 δ̃L(1 + α)2L−2

LT
L
L−2 δ̃

ηL
L−2

. (92)

Next, note that for t ∈ [0, T ∗4 ], using the mean value theorem, we have

‖∇N (su(t))−∇N (z2(t))‖2 ≤ ‖∇
2N (r)‖2 ‖su(t)− z2(t)‖2 ,

where r = (1− λ)su(t) + λz2(t), for some λ ∈ (0, 1). Since ∇2N (·) is (L− 2)-homogeneous,

‖∇2N (r)‖2 = ‖∇2N (r/‖r‖2)‖2‖r‖L−2
2

≤ ‖∇2N (r/‖r‖2)‖2 max(‖z2(t)‖L−2
2 , ‖su(t)‖L−2

2 )

≤ ‖∇2N (r/‖r‖2)‖2(1 + α)L−2‖z2(t)‖L−2
2 .

From eq. (81), we know ‖∇2N (r/‖r‖2)‖2 ≤ L(L− 1)N (w∗) + α. Thus, for all t ∈ [0, T ∗4 ],

‖∇N (su(t))−∇N (z2(t))‖2 ≤ (L(L− 1)N (w∗) + α)(1 + α)L−2‖z2(t)‖L−2
2 ‖su(t)− z2(t)‖2 .

Recall that µ2 = (L(L− 1)N (w∗) + α)(1 + α)L−2, then

1

2

d

dt
‖su(t)− z2(t)‖22 = (su − z2)> (ṡu − ż2)

= (su − z2)> (∇N (su)−∇N (z2))− (su − z2)> f(δ̃su)/δ̃L−1

≤ µ2‖z2(t)‖L−2
2 ‖su(t)− z2(t)‖22 + βδ̃L ‖su(t)− z2(t)‖2 ‖su(t)‖2L−1

2

≤ µ2‖g(t)‖L−2
2

(T − t)
‖su(t)− z2(t)‖22 + β(1 + α)2L−1δ̃L ‖su(t)− z2(t)‖2 ‖z2(t)‖2L−1

2 .

Define β1 = β(1 + α)2L−1, then, from the above equation, we have

d

dt
‖su(t)− z2(t)‖2 ≤

µ2‖g(t)‖L−2
2

(T − t)
‖su(t)− z2(t)‖2 + β1δ̃

L‖z2(t)‖2L−1
2 .

Using Lemma 29, we get

‖su(t)− z2(t)‖2 ≤
β1δ̃

L

P (t)

∫ t

0
P (s)‖z2(t)‖2L−1

2 ds,

where P (t) = e−
∫ t
0 b(s)ds and b(t) =

µ2‖g(t)‖L−2
2

(T−t) . The above equation implies that

‖su(t)− z2(t)‖2
‖z2(t)‖L+1

2

≤ β1δ̃
L

P (t)‖z(t)‖L+1
2

∫ t

0
P (s)‖z(t)‖2L−1

2 ds

= β1δ̃
L

∫ t
0 P (s)‖g(s)‖

2L−1
L−2

2 /(T − t)
2L−1
L−2

P (t)‖g(t)‖
L+1
L−2

2 /(T − t)
L+1
L−2

≤ β1‖g(0)‖
2L−1
L−2

2 δ̃L

‖g(T )‖
L+1
L−2

2

∫ t
0 P (s)/(T − t)

2L−1
L−2

P (t)/(T − t)
L+1
L−2

,
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where in the last inequality we used ‖g(T )‖2 ≤ ‖g(s)‖2 ≤ ‖g(0)‖2, for all s ∈ [0, T ). Let

h(t) :=

∫ t
0 P (s)/(T − s)

2L−1
L−2

P (t)/(T − t)
L+1
L−2

, for all t ∈ [0, T ).

We will later show that h(t) is an increasing function in [0, T ) and

lim
t→T

h(t) =
1(

L+1
L−2 − µ2‖g(T )‖L−2

2

) .
Assuming the above statement is true and since T > T > T ∗4 , we have

‖su(T ∗4 )− z2(T ∗4 )‖2
β1δ̃L‖z2(T ∗4 )‖L+1

2

≤ h(T ∗4 )‖g(0)‖
2L−1
L−2

2

‖g(T )‖
L+1
L−2

2

≤ h(T )‖g(0)‖
2L−1
L−2

2

‖g(T )‖
L+1
L−2

2

=
C1

2β1
. (93)

Now, by definition of T ∗4 , either

w>∗ su(T ∗4 )

‖su(T ∗4 )‖2
= 1− γ or ‖su(T ∗4 )− z2(T ∗4 )‖2 = C1δ̃

L‖z2(T ∗4 )‖L+1
2 .

However, from eq. (92),

w>∗ su(T ∗4 )

‖su(T ∗4 )‖2
≥ w>∗ su(0)

‖su(0)‖2
− (L− 2)β‖g(0)‖2L−2

2 δ̃L(1 + α)2L−2

LT
L
L−2 δ̃

ηL
L−2

≥ 1− γ2/4− (L− 2)β‖g(0)‖2L−2
2 δ̃

L∆
L2N (w∗)+∆ (1 + α)2L−2

LT
L
L−2

> 1− γ/2,

for all sufficiently small δ > 0. Also, from eq. (93), we have

C1δ̃
L =

‖su(T ∗4 )− z2(T ∗4 )‖2
‖z2(T ∗4 )‖L+1

2

≤ C1δ̃
L/2.

Hence, there is a contradiction, which implies T ∗4 ≥ T . Therefore,

‖u(T/δ̃L−2)− δ̃‖z2(T )‖2w∗‖2 = ‖δ̃su(T )− δ̃‖z2(T )‖2w∗‖2
≤ δ̃‖su(T )− z2(T )‖2 + δ̃‖z2(T )− ‖z2(T )‖2w∗‖2
≤ C1δ̃

L+1‖z2(T )‖L+1
2 + δ̃‖z2(T )‖2‖z2(T )/‖z2(T )‖2 −w∗‖2

≤ C1δ̃
L+1‖g(T )‖L+1

2

T
L+1
L−2 δ̃

η(L+1)
L−2

+

√
2γ‖g(T )‖2δ̃δ̃

L∆
2L2N (w∗)+∆

T
1

L−2 δ̃
η

L−2

≤ C2δ̃
(L+1)∆

2L2N (w∗)+∆ + C3δ̃
(L+1)∆

2L2N (w∗)+∆ ,

for some constants C2, C3 and for all sufficiently small δ > 0, where the third inequality
follows from eq. (88) and eq. (90). Also, note that

δ̃‖z2(T )‖2 = δ̃‖g(T )‖2/(T
1

L−2 δ̃
η

L−2 ) = ‖g(T )‖2δ̃
∆

2L2N (w∗)+∆ /T
1

L−2 .
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Thus, using the above two equations and the definition of u(t), we get∥∥∥∥ψ(Tγ/δ
L−2 + T/δ̃L−2, δw0)− ‖g(T )‖2δ̃

∆
2L2N (w∗)+∆ /T

1
L−2

∥∥∥∥
2

≤ a1δ̃
(L+1)∆

2L2N (w∗)+∆ ,

where a1 is a sufficiently large constant. Note that, since T depends on δ, ‖g(T )‖2 may also
depend on δ, but ‖g(T )‖L−2

2 ∈ [1/(L(L− 2)N (w∗)), T ].
We next prove h(t) is an increasing function by showing h′(t) ≥ 0 for t ∈ [0, T ). Note

that
P ′(t) = −µ2‖g(t)‖L−2

2 P (t)/(T − t).

From the quotient rule of differentiation, the denominator of h′(t) is P 2(t)/(T − t)
2L+2
L−2 , and

the numerator can be written as

P (t)

(T − t)
2L−1
L−2

P (t)

(T − t)
L+1
L−2

−

(∫ t

0

P (s)

(T − s)
2L−1
L−2

ds

)(
−µ2‖g(t)‖L−2

2 P (t)

(T − t)
2L−1
L−2

+
L+ 1

L− 2

P (t)

(T − t)
2L−1
L−2

)

=
P 2(t)

(T − t)
3L
L−2

(
1−

(
L+ 1

L− 2
− µ2‖g(t)‖L−2

2

)
h(t)

)
.

Let r(t) =
(
L+1
L−2 − µ2‖g(t)‖L−2

2

)
, then h′(t) = 1−r(t)h(t)

(T−t) , and r(t) is an increasing function

since ‖g(t)‖2 is a decreasing function. Next, note that

1− r(t)h(t) =
P (t)/(T − t)

L+1
L−2 − r(t)

∫ t
0 P (s)/(T − s)

2L−1
L−2 ds

P (t)/(T − t)
L+1
L−2

.

Now, the denominator is an increasing function since its derivative is(
−µ2‖g(t)‖L−2

2 P (t)

(T − t)
2L−1
L−2

+
L+ 1

L− 2

P (t)

(T − t)
2L−1
L−2

)
=

P (t)r(t)

(T − t)
2L−1
L−2

≥ 0,

where the inequality is true since, for all t ∈ (0, T ), from eq. (80) and eq. (89), we have

L+ 1

L− 2
− µ2‖g(t)‖L−2

2 ≥ L+ 1

L− 2
− µ2‖g(0)‖L−2

2 ≥ L+ 1

L− 2
− µ2

L(L− 2)(N (w∗)− α)
≥ 0.

Also, the numerator is a decreasing function since its derivative is

P (t)r(t)

(T − t)
2L−1
L−2

− P (t)r(t)

(T − t)
2L−1
L−2

− r′(t)
∫ t

0

P (s)

(T − s)
2L−1
L−2

ds = −r′(t)
∫ t

0

P (s)

(T − s)
2L−1
L−2

ds ≤ 0,

where the inequality is true since r(t) is an increasing function. Hence, 1 − r(t)h(t) is a
decreasing function in (0, T ). Now, for the sake of contradiction, let h′(t1) = −ε < 0, for
some t1 ∈ (0, T ). Then, we may assume 1 − r(t1)h(t1) = −ε̃ < 0. Since 1 − r(t)h(t) is a
decreasing function in (0, T ), 1− r(t)h(t) ≤ −ε̃, for all t ≥ t1. Hence,

h(t)− h(t1) ≤
∫ t

t1

−ε̃
(T − s)

ds = −ε̃ ln

(
T − t1
T − t

)
, for all t ∈ (t1, T ).

60



Gradient Flow Dynamics Beyond the Origin

Now, if t is chosen sufficiently close to T , then h(t) will become negative, leading to a
contradiction. Hence, h(t) is an increasing function in (0, T ).

We next compute limt→T h(t). We first show that

lim
t→T

∫ t

0
P (s)/(T − s)

2L−1
L−2 =∞ and lim

t→T
P (t)/(T − t)

L+1
L−2 =∞.

From eq. (89), we know ‖g(t)‖L−2
2 ≤ ‖g(0)‖L−2

2 ≤ 1
L(L−2)(N (w∗)−α) . Hence,

P (t)

(T − t)
L+1
L−2

≥ e
− µ2
L(L−2)(N (w∗)−α)

∫ t
0

ds
(T−s)

(T − t)
L+1
L−2

=

(
T − t
T

) µ2
L(L−2)(N (w∗)−α)

(T − t)
−L−1
L−2 .

Combining the above inequality with eq. (80), we get limt→T P (t)/(T − t)
L+1
L−2 =∞. Next,∫ t

0
P (s)/(T − s)

2L−1
L−2 ds ≥ 1

T
µ2

L(L−2)(N (w∗)−α)

∫ t

0
(T − s)

(
µ2

L(L−2)(N (w∗)−α)
− 2L−1
L−2

)
ds

=

(
(T − t)

(
µ2

L(L−2)(N (w∗)−α)
−L+1
L−2

)
− T

(
µ2

L(L−2)(N (w∗)−α)
−L+1
L−2

))
T

µ2
L(L−2)(N (w∗)−α)

(
L+1
L−2 −

µ2

L(L−2)(N (w∗)−α)

) .

Combining the above inequality with eq. (80), we get limt→T
∫ t

0 P (s)/(T − s)
2L−1
L−2 = ∞.

Thus, using L’Hopital rule, we have

lim
t→T

h(t) = lim
t→T

P (t)/(T − t)
2L−1
L−2

P (t)

(T−t)
2L−1
L−2

(
L+1
L−2 − µ2‖g(t)‖L−2

2

) =
1(

L+1
L−2 − µ2‖g(T )‖L−2

2

) .

Proof of Theorem 10: From Lemma 32, we have∥∥∥∥ψ( T1

δL−2
+

T

δ̃L−2

(
1− δ̃

2(L−2)L2N (w∗)
2L2N (w∗)+∆

)
, δw0

)
− bδ δ̃

∆
2L2N (w∗)+∆ w∗

∥∥∥∥
2

≤ a1δ̃
(L+1)∆

2L2N (w∗)+∆ ,

for some T1, a1 > 0. Define δ̄ = bδ δ̃
∆

2L2N (w∗)+∆ , then the above equation implies∥∥∥∥ψ( T1

δL−2
+

T

δ̃L−2

(
1− δ̃

2(L−2)L2N (w∗)
2L2N (w∗)+∆

)
, δw0

)
− δ̄w∗

∥∥∥∥
2

≤ a2δ̄
L+1,

where a2 ≥ a1/b
L+1
δ is a large enough constant. Define Tδ := T1

δL−2 +
T
(

1−δ̃
2(L−2)L2N (w∗)

2L2N (w∗)+∆
)

δ̃L−2
,

then, using Lemma 30, for any fixed T̃ ∈ (−∞,∞), there exists a constant C̃1 > 0 such
that for all sufficiently small δ > 0, we have∥∥∥∥∥ψ

(
t+

1/δ
L−2

L(L− 2)N (w∗)
,ψ (Tδ, δw0)

)
−ψ

(
t+

1/δ
L−2

L(L− 2)N (w∗)
, δw∗

)∥∥∥∥∥
2

≤ C̃1δ,
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for all t ∈ [−T̃ , T̃ ], and from Lemma 31, there exists a C̃2 > 0 such that∥∥∥∥∥p(t)−ψ

(
t+

1/δ
L−2

L(L− 2)N (w∗)
, δw∗

)∥∥∥∥∥
2

≤ C̃2δ, for all t ∈ [−T̃ , T̃ ].

Since

1/δ
L−2

L(L− 2)N (w∗)
+ Tδ =

T1

δL−2
+

1/(bL−2
δ δ̃

(L−2)∆

2L2N (w∗)+∆ )

L(L− 2)N (w∗)
+

T

δ̃L−2
− T

δ̃
(L−2)∆

2L2N (w∗)+∆

=
T1

δL−2
+

T

δ̃L−2
+

(
1

bL−2
δ L(L− 2)N (w∗)

− T

)
δ̃
−(L−2)∆

2L2N (w∗)+∆ ,

it follows that

ψ

(
t+

1/δ
L−2

L(L− 2)N (w∗)
,ψ (Tδ, δw0)

)

= ψ

(
t+

T1

δL−2
+

T

δ̃L−2
+

(
1

bL−2
δ L(L− 2)N (w∗)

− T

)
δ̃
−(L−2)∆

2L2N (w∗)+∆ , δw0

)
.

Hence, for all t ∈ [−T̃ , T̃ ] and for all sufficiently small δ, we have∥∥∥∥∥ψ
(
t+

T1

δL−2
+

T

δ̃L−2
+

(
1

bL−2
δ L(L− 2)N (w∗)

− T

)
δ̃
−(L−2)∆

2L2N (w∗)+∆ , δw0

)
− p(t)

∥∥∥∥∥
2

≤

∥∥∥∥∥ψ
(
t+

1/δ
L−2

L(L− 2)N (w∗)
,ψ (Tδ, δw0)

)
−ψ

(
t+

1/δ
L−2

L(L− 2)N (w∗)
, δ̄w∗

)∥∥∥∥∥
2

+∥∥∥∥∥ψ
(
t+

1/δ
L−2

L(L− 2)N (w∗)
, δ̄w∗

)
− p(t)

∥∥∥∥∥
2

≤ C̃1δ̄ + C̃2δ̄ ≤ C̃δ
∆

∆+2L2N (w∗) ,

where C̃ is a positive constant. The last inequality is true since bδ ≤ 1, and δ̃ ≤ A2δ +
A1δ

L+1 ≤ 2A2δ, for all sufficiently small δ. Thus, the proof is complete.

Proof of Corollary 11: Since p(t) is bounded for all t ≥ 0, there exists a constant B > 0
such that ‖p(t)‖2 ≤ B, for all t ≥ 0. Moreover, since L(·) has locally Lipschitz gradient,
there exists a constant Ã > 0 such that, if ‖w1‖2, ‖w2‖2 ≤ 2B, then

‖∇L(w1)−∇L(w2)‖2 ≤ Ã‖w1 −w2‖2. (94)

Since p∗ = limt→∞ p(t) and ∇L(p∗) = 0, for any ε ∈ (0, B), we can choose a Tε such that

‖p(Tε)− p∗‖2 ≤ ε/2 and ‖∇L(p(Tε))‖2 ≤ ε/2. (95)

Since Tε does not depend on δ, from Theorem 10, for all sufficiently small δ > 0,∥∥∥∥∥ψ
(
t+

T1

δL−2
+

(
1/bL−2

δ

L(L− 2)N (w∗)
− T

)
δ̃
−(L−2)∆

2L2N (w∗)+∆ +
T

δ̃L−2
, δw0

)
− p(t)

∥∥∥∥∥
2

≤ C̃δ
∆

∆+2L2N (w∗) ≤ ε/2, for all t ∈ [−Tε, Tε]. (96)
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Putting t = Tε in the above equation, and using eq. (95), we get

‖ψ (Tδ, δw0)− p∗‖2 ≤ ε,

where Tδ := Tε+
T1

δL−2 +

(
1/bL−2

δ
L(L−2)N (w∗)

− T
)
δ̃
−(L−2)∆

2L2N (w∗)+∆ + T

δ̃L−2
. Next, since ‖ψ (Tδ, δw0) ‖2 ≤

B + ε/2 ≤ 2B, using eq. (94), eq. (95) and eq. (96), we get

‖∇L (ψ (Tδ, δw0))‖2 ≤ ε/2 + ÃC̃δ
∆

∆+2L2N (w∗) ≤ ε,

where the final inequality is true for all sufficiently small δ > 0. This completes the proof.

Proof of Corollary 12: Since limt→∞ p(t)/‖p(t)‖2 = p∗, limt→∞ ‖p(t)‖2 = ∞, and
limt→∞∇L(p(t)) = 0, we have that for any ε ∈ (0, 1), we can choose a Tε such that

p(Tε)
>p∗/‖p(Tε)‖2 ≥ 1− ε/2, ‖p(Tε)‖2 ≥ 1/ε, and ‖∇L(p(Tε))‖2 ≤ ε/2. (97)

Let Bε := maxt∈[0,Tε] ‖p(t)‖2. Then, since L(·) has locally Lipschitz gradient, there exists a

constant Ãε > 0 such that, if ‖w1‖2, ‖w2‖2 ≤ Bε + ε, then

‖∇L(w1)−∇L(w2)‖2 ≤ Ãε‖w1 −w2‖2. (98)

Here, Ãε depends on ε. Since Tε does not depend on δ, from Theorem 10, for all sufficiently
small δ > 0 and for all t ∈ [−Tε, Tε],∥∥∥∥∥ψ

(
t+

T1

δL−2
+

(
1/bL−2

δ

L(L− 2)N (w∗)
− T

)
1

δ̃
(L−2)∆

2L2N (w∗)+∆

+
T

δ̃L−2
, δw0

)
− p(t)

∥∥∥∥∥
2

≤ C̃δ
∆

∆+2L2N (w∗) ≤ ε/2. (99)

Putting t = Tε in the above equation, and using eq. (97), we get

‖ψ (Tδ, δw0)‖2 ≥ ‖p(Tε)‖2 − C̃δ
∆

∆+2L2N (w∗) ≥ 1

ε
− C̃δ

∆
∆+2L2N (w∗) ≥ 1

2ε
,

where Tδ := Tε + T1

δL−2 +

(
1/bL−2

δ
L(L−2)N (w∗)

− T
)

1

δ̃

(L−2)∆

2L2N (w∗)+∆

+ T

δ̃L−2
, and the second inequality

is true for all sufficiently small δ > 0. We also have

ψ (Tδ, δw0)> p∗

‖ψ (Tδ, δw0)‖2
≥ p(Tε)

>p∗ − C̃δ
∆

∆+2L2N (w∗)

‖ψ (Tδ, δw0)‖2
≥ (1− ε/2)‖p(Tε)‖2 − C̃δ

∆
∆+2L2N (w∗)

‖p(Tε)‖2 + C̃δ
∆

∆+2L2N (w∗)

≥ 1−ε,

where the first inequality uses eq. (99). The second inequality uses eq. (99) and eq. (97). The
final inequality is true for all sufficiently small δ > 0. Next, since ‖ψ (Tδ, δw0) ‖2 ≤ Bε+ε/2,
using eq. (98) and eq. (97), we get

‖∇L (ψ (Tδ, δw0))‖2 ≤ ε/2 + ÃεC̃δ
∆

∆+2L2N (w∗) ≤ ε,

where the final inequality is true for all sufficiently small δ > 0.
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Appendix D. Proof Omitted from Section 4

Proof of Lemma 16: We first compute the gradient of H(x; W1, · · · ,WL) with respect
to Wl+1[:, j] and Wl[j, :]. Let

φ0(x) = x and φl(x) = σ(Wlφl−1(x)), for all l ≥ 1, and

ψL(z) = WLz, and ψl(z) = ψl+1(σ(Wlz)), for all l ≤ L− 1.

Then

H(x; W1, · · · ,WL) = ψl+1 (Wl+1σ(Wlφl−1(x)))

= ψl+1

 kl∑
p=1

Wl+1[:, p]σ(Wl[p, :]
>φl−1(x))

 ,

which implies

dH(x; W1, · · · ,WL)

dWl+1[:, j]
= ∇ψl+1

 kl∑
p=1

Wl+1[:, p]σ(Wl[p, :]
>φl−1(x))

σ(Wl[j, :]
>φl−1(x)),

and

dH(x; W1, · · · ,WL)

dWl[j, :]

= Wl+1[:, j]>∇ψl+1

 kl∑
p=1

Wl+1[:, p]σ(Wl[p, :]
>φl−1(x))

σ′(Wl[j, :]
>φl−1(x))φl−1(x).

Now, note that, if the weights are bounded, then there exists a K > 0 such that∥∥∥∥dH(x; W1, · · · ,WL)

dWl+1[:, j]

∥∥∥∥
2

≤ K‖Wl[j, :]‖2,
∥∥∥∥dH(x; W1, · · · ,WL)

dWl[j, :]

∥∥∥∥
2

≤ K‖Wl+1[:, j]‖2.

(100)
The first inequality follows from Cauchy-Schwartz inequality and since |σ(Wl[j, :]

>φl−1(x))| ≤
K1|Wl[j, :]

>φl−1(x)|, for some K1 > 0, which follows from σ(·) being locally Lipshitz and
σ(0) = 0. The second inequality follows from Cauchy-Schwartz inequality.

Now, let (W1(t), · · · ,WL(t)) be the solution of

Ẇi = −∇WiL(W1, · · · ,WL), for all i ∈ [L].

If Wl+1[:, j],Wl[j, :] ∈ wz, for some l ∈ [L − 1] and j ∈ [kl], then ‖Wl+1[:, j](0)‖2 = 0 =
‖Wl[j, :](0)‖2. Also, note that

Ẇl+1[:, j] = −
n∑
i=1

`′ (H(xi; W1, · · · ,WL), yi)
dH(xi; W1, · · · ,WL)

dWl+1[:, j]
, and

Ẇl[j, :] = −
n∑
i=1

`′ (H(xi; W1, · · · ,WL), yi)
dH(xi; W1, · · · ,WL)

dWl[j, :]
.
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Let T ∈ (0,∞), then for all t ∈ [−T, T ], we can assume (W1(t), · · · ,WL(t)) are bounded.
Since the output of the neural network and the loss function are bounded for bounded input,
from eq. (100), there exists a B > 0 such that, for all t ∈ [0, T ], we have

1

2

d‖Wl+1[:, j]‖22
dt

≤ ‖Wl+1[:, j]‖2‖Ẇl+1[:, j]‖2 ≤ B‖Wl+1[:, j]‖2‖Wl[j, :]‖2, and

1

2

d‖Wl[j, :]‖22
dt

≤ ‖Wl[j, :]‖2‖Ẇl[j, :]‖2 ≤ B‖Wl[j, :]‖2‖Wl+1[:, j]‖2.

Adding the above two equations, and since 2xy ≤ x2 + y2, we get

d
(
‖Wl+1[:, j]‖22 + ‖Wl[j, :]‖22

)
dt

≤ 2B
(
‖Wl+1[:, j]‖22 + ‖Wl[j, :]‖22

)
. (101)

Integrating the above equation from 0 to t ∈ [0, T ], we get

‖Wl+1[:, j](t)‖22 + ‖Wl[j, :](t)‖22 ≤ (‖Wl+1[:, j](0)‖22 + ‖Wl[j, :](0)‖22)e2tB.

Since ‖Wl+1[:, j](0)‖2 = 0 = ‖Wl[j, :](0)‖2, the above equation implies ‖Wl+1[:, j](t)‖2 =
0 = ‖Wl[j, :](t)‖2, for all t ∈ [0, T ]. Similarly, there exists a B > 0 such that, for all
t ∈ [−T, 0], we have

1

2

d‖Wl+1[:, j]‖22
dt

≥ −‖Wl+1[:, j]‖2‖Ẇl+1[:, j]‖2 ≥ −B‖Wl+1[:, j]‖2‖Wl[j, :]‖2, and

1

2

d‖Wl[j, :]‖22
dt

≥ −‖Wl[j, :]‖2‖Ẇl[j, :]‖2 ≥ −B‖Wl[j, :]‖2‖Wl+1[:, j]‖2.

Adding the above two equation gives us

d
(
‖Wl+1[:, j]‖22 + ‖Wl[j, :]‖22

)
dt

≥ −2B
(
‖Wl+1[:, j]‖22 + ‖Wl[j, :]‖22

)
. (102)

Integrating the above equation from t ∈ [−T, 0] to 0, we get

‖Wl+1[:, j](t)‖22 + ‖Wl[j, :](t)‖22 ≤ (‖Wl+1[:, j](0)‖22 + ‖Wl[j, :](0)‖22)e−2tB,

which implies ‖Wl+1[:, j](t)‖2 = 0 = ‖Wl[j, :](t)‖2, for all t ∈ [−T, 0].

Proof of Theorem 18: Note that wz is a zero-preserving subset. If Wl[j, :] ∈ wz, for
some l ∈ [L− 1] and j ∈ [kl], then ‖Wl[j, :]‖2 = 0, and from Lemma 17, ‖Wl+1[:, j]‖2 = 0,
which implies Wl+1[:, j] ∈ wz. Similarly, if Wl+1[:, j] ∈ wz, then Wl[j, :] ∈ wz. Hence, wz

is a zero-preserving subset.
Throughout this proof, let w denote the vector containing the entries of (W1, · · · ,WL),

and wz be the vector containing the entries of (W1, · · · ,WL) that belong to wz. Now,
consider the case when H is two-homogeneous. From Lemma 8, we know∥∥∥∥∥ψ

(
T1 +

4 ln(1/δ̃)

∆ + 8N
, δW0

1:L

)
− bδ δ̃

∆
∆+8Nw

∥∥∥∥∥
2

≤ a1δ̃
3∆

∆+8N , (103)
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where T1, a1, bδ, δ̃ are as defined in Lemma 8. Since ‖w‖2 = 1, bδ ≥ κ1 > 0, and δ̃ ≥ A2δ/2
for all sufficiently small δ, there exists a b1 such that∥∥∥∥∥ψ

(
T1 +

4 ln(1/δ̃)

∆ + 8N
, δW0

1:L

)∥∥∥∥∥
2

≥ b1δ̃
∆

∆+8N . (104)

Now, since ‖wz‖2 = 0, from eq. (103), we have∥∥∥∥∥ψwz

(
T1 +

4 ln(1/δ̃)

∆ + 8N
, δW0

1:L

)∥∥∥∥∥
2

≤ a1δ̃
3∆

∆+8N . (105)

Dividing eq. (105) by eq. (104) and using δ̃ ≤ 2A2δ, for all sufficiently small δ, we get
eq. (11). Next, from the definition of zero-preserving subset, we know

‖ψwz(t, δW1:L)‖2 = 0, for all t ∈ (−∞,∞).

Recall that

p(t) = lim
δ→0

ψ

(
t+

ln(1/δ)

2N
, δW1:L

)
, and let pwz(t) = lim

δ→0
ψwz

(
t+

ln(1/δ)

2N
, δW1:L

)
.

From Theorem 4, for all sufficiently small δ and for all t ∈ [−T̃ , T̃ ], we have∥∥∥∥∥ψ
(
t+ T1 +

ln(1/bδ)

2N
+

ln(1/δ̃)

2N
, δW0

1:L

)
− p(t)

∥∥∥∥∥
2

≤ C̃δ
∆

∆+8N . (106)

Since, for any t ∈ (−∞,∞) and δ > 0 we have ‖ψwz(t + ln(1/δ)/2N , δW1:L)‖2 = 0, it
follows that ‖pwz(t)‖2 = 0, for all t ∈ (−∞,∞). Combining this fact with eq. (106) gives
us eq. (12).

The proof for L-homogeneous networks is similar, as shown next. From Lemma 32,∥∥∥ψ (T 1
δ̃
, δW0

1:L

)
− bδ δ̃

∆
2L2N+∆ w

∥∥∥
2
≤ a1δ̃

(L+1)∆

2L2N+∆ , (107)

where T 1
δ̃

= T1

δL−2 +
T
(

1−δ̃
2(L−2)L2N

2L2N+∆
)

δ̃L−2
, and T1, T, a1, bδ, δ̃ are as defined in Lemma 32. Since

‖w‖2 = 1, bL−2
δ ≥ 1/(TL(L − 2)N ) > 0, and δ̃ ≥ A2δ/2, for all sufficiently small δ > 0,

there exists a b1 such that ∥∥∥ψ (T 1
δ̃
, δW0

1:L

)∥∥∥
2
≥ b1δ̃

∆
∆+2L2N . (108)

Now, since ‖wz‖2 = 0, from eq. (107), we have∥∥∥ψwz

(
T 1
δ̃
, δW0

1:L

)∥∥∥
2
≤ a1δ̃

(L+1)∆

∆+2L2N . (109)

Dividing eq. (109) by eq. (108) and using δ̃ ≤ 2A2δ, for all sufficiently small δ, gives us
eq. (13). Next, from the definition of zero-preserving subset, we know

‖ψwz(t, δW1:L)‖2 = 0, for all t ∈ (−∞,∞).
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Recall that

p(t) = lim
δ→0

ψ

(
t+

1/δL−2

L(L− 2)N
, δW1:L

)
,

and let

pwz(t) = lim
δ→0

ψwz

(
t+

1/δL−2

L(L− 2)N
, δW1:L

)
.

From Theorem 10, for all sufficiently small δ and for all t ∈ [−T̃ , T̃ ], we have∥∥∥ψ (t+ T 2
δ̃
, δW0

1:L

)
− p(t)

∥∥∥
2
≤ C̃δ

∆
2L2N+∆ , (110)

where

T 2
δ̃

=
T1

δL−2
+

(
1/bL−2

δ

L(L− 2)N
− T

)
δ̃
−(L−2)∆

2L2N∆ +
T

δ̃L−2
.

Since, for any t ∈ (−∞,∞) and δ > 0, ‖ψwz(t+ (1/δ)L−2/(L(L− 2)N ), δW1:L)‖2 = 0, we
have ‖pwz(t)‖2 = 0, for all t ∈ (−∞,∞). Combining this fact with the above inequality
gives us eq. (14).

Appendix E. Additional Results

The following lemma describes an instance where ψ(t, δw∗) does not escape from the origin,
if w∗ is zero KKT point of the constrained NCF in eq. (4).

Lemma 33 Let H be a single-layer squared ReLU network with single neuron, i.e, H(x; w) =
max(0,w>x)2. Let w∗ ∈ Sd−1 be such that w>∗ xi < 0, for all i ∈ [n]. Then, w∗ is a first-
order KKT point of eq. (4) such that N (w∗) = 0. Also, ψ(t, δw∗) = δw∗, for all t ≥ 0.

Proof Since w>∗ xi < 0, H(xi; w∗) = 0 and ∇H(xi; w∗) = 0, for all i ∈ [n], which implies
J (X; w∗) = 0. Therefore, N (w∗) = 0 and ∇N (w∗) = 0, implying w∗ is a first-order KKT
point of eq. (4).

Next, note that ∇L(δw∗) = J (X; w∗)
>`′(H(X; δw∗),y) = 0, for all δ > 0. Thus, δw∗

is a critical point of the training loss and therefore, ψ(t, δw∗) = δw∗.

The above lemma essentially implies that if the weights are chosen such that the neuron is
inactive for all the training data, then those weights are a first-order KKT point of eq. (4),
and moreover, in such cases the gradient flow does not escape from the origin

Proof of Example 1: For square loss, −`′(0,y) = 2y, hence, the NCF in this example
is N (w) = 8w2

1 + 2w2
2. Now, φ(t,w0) = (

√
2e16t,

√
2e4t), which implies

lim
t→∞

φ(t,w0)

‖φ(t,w0)‖2
= (1, 0) = w∗.

Let (w1(t), w2(t)) = ψ(t, δw0), then

ẇ1 = −4w1(w2
1 − 4), w1(0) = δ/

√
2, and ẇ2 = −4w2(w2

2 − 1), w2(0) = δ/
√

2.
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Therefore, w1(t) = 2δ√
δ2+(8−δ2)e−32t

and w2(t) = δ√
δ2+(2−δ2)e−8t

. Next, let (u1(t), u2(t)) =

ψ(t, δw∗), then

u̇1 = −4u1(u2
1 − 4), u1(0) = δ, and u̇2 = −4u2(u2

2 − 1), u2(0) = 0.

Therefore, u1(t) = 2δ√
δ2+(4−δ2)e−32t

, u2(t) = 0. Since N (w∗) = 8,

p(0) = lim
δ→0

(
u1

(
ln (1/δ)

2N (w∗)

)
, 0

)
= lim

δ→0

(
2δ√

δ2 + (4− δ2)δ2
, 0

)
= (2/

√
5, 0),

which implies p(t) =
(

2√
1+4e−32t

, 0
)

.

Difficulty in proving Theorem 4 using Lemma 3: In Remark 14, we briefly discussed
why Theorem 4 can not be proved using Lemma 3. Here, we elaborate more on that topic.

Suppose w0 = w∗ + εb, where b ∈ w⊥∗ , that is, approximate directional convergence
holds at the initialization itself. We assume the training loss has a globally Lipschitz gradient
with Lipschitz constant κ > 0 to simplify the argument, though in reality, the gradient is
only locally Lipschitz, a weaker condition. Then,

1

2

d‖ψ(t, δ(w∗ + εb))−ψ(t, δw∗)‖22
dt

= −(ψ(t, δ(w∗ + εb))−ψ(t, δw∗))
>(∇L(ψ(t, δ(w∗ + εb)))−∇L(ψ(t, δw∗)))

≤ κ‖ψ(t, δ(w∗ + εb))−ψ(t, δw∗)‖22,

which implies

‖ψ(t, δ(w∗ + εb))−ψ(t, δw∗)‖2 ≤ eκtδε. (111)

The above bound becomes vacuous after ln(1/(δε))/κ time has elapsed, where note that ε is
small but fixed. However, from Theorem 4, we know that ψ(t, δw∗) escapes from the origin
after ln(1/(δ))/(2N (w∗)) time has elapsed. Therefore, the above inequality can be useful in
describing the gradient flow dynamics beyond the origin if, for all sufficiently small δ > 0,
κ ≤ 2N (w∗), which we are not sure can be proven. The problem is further aggravated if
we consider deep homogeneous neural networks. In that case, eq. (111) still holds, but note
that ψ(t, δw∗) escapes from the origin after (1/δL−2)/(L(L − 2N (w∗))) time has elapsed,
which is always greater than ln(1/(δε))/κ, for all all sufficiently small δ > 0 and L > 2.

Appendix F. Additional Experiments

F.1 Four-layer ReLU Neural Network

To further demonstrate the preservation of sparsity structure after weights escape from the
origin, we conduct experiments with four-layer ReLU neural networks. The setup closely
follows that of the earlier experiments: the weights are trained using gradient descent with
small initialization, and training is continued until the weights escape the origin and reach
the next saddle point.
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In Figure 7, similar to earlier experiments, the training set consists of 100 points sam-
pled uniformly from the unit sphere in R20, with the corresponding labels generated by a
smaller four-layer network. We observe that certain rows and columns of the weight ma-
trices become relatively small before the weights escape the origin, and they remain small
even until reaching the next saddle point. Moreover, these rows and columns follow the
definition of zero-preserving subset: if the j-th row of Wl is small, then the j-th column of
Wl+1 is small, and vice-versa. For instance, the first row of W1 and first column of W2,
rows 16-18 of W2 and columns 16-18 of W3, and rows 17-19 of W3 and columns 17-19 of
v> stay small at iteration i1 and i2.

(a) Evolution of training
loss with iterations

(b) Weights at iteration i1

(c) Weights at iteration i2

Figure 7: We train a four-layer neural network whose output is v>σ(W3σ(W2σ(W1x))),
where σ(x) = max(x, 0), and v ∈ R20,W3,W2,W1 ∈ R20×20 are the trainable
weights. We observe that rows and columns of the weight matrices that become
small near the origin remain small until gradient descent reaches the next saddle
point, demonstrating preservation of the sparsity structure.

We next consider a more realistic setting in Figure 8, where the task is to classify digits 0
and 1 from the MNIST dataset (LeCun et al., 2010). Digits are labeled as −1 (for 0) and
1 (for 1). The original 28 × 28 images are down-sampled to size 14 × 14, and each image
is flattened into a vector of length 196. Training is performed using a four-layer ReLU
network with square loss. Once again, we observe that certain rows and columns of the
weight matrices become relatively small before escaping the origin, and they remain small
until reaching the next saddle point. Also, these rows and columns follow the definition of
zero-preserving subset. For example, the second row of W1 and second column of W2, first
five rows of W2 and first five columns of W3, and first three rows of W3 and first three
columns of v> stay small at iteration i1 and i2.
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(a) Evolution of training
loss with iterations

(b) Weights of last three layers at iteration i1

(c) Weights of last three layers at iteration i2

(d) Weights of first layer at iteration i1

(e) Weights of first layer at iteration i2

Figure 8: We train a four-layer neural network to classify digits 0 and 1 from the MNIST
dataset. The images are down-sampled by a factor of 2 (from 28 × 28 to
14 × 14) and reshaped into vectors of length 196. The network output is
v>σ(W3σ(W2σ(W1x))), where σ(x) = max(x, 0), and v ∈ R20,W3,W2 ∈
R20×20,W1 ∈ R20×196 are the trainable weights. The rows and columns of the
weight matrices that become small near the origin remain small until the next
saddle point.
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F.2 Non-homogeneous Activation Function

Although our theoretical results are stated for homogeneous activations, we evaluate whether
the preservation of the sparsity structure also occurs with non-homogeneous activations,
specifically tanh and Gaussian Error Linear Unit (GELU) (Hendrycks and Gimpel, 2016).
In all experiments the weights are trained using gradient descent with small initialization,
and training is continued until the weights escape the origin and reach the next saddle point.

Tanh activation function. We train two-, three-, and four-layer neural network with
tanh activation function, where the results are depicted in Figure 9, Figure 10 and Fig-
ure 11, respectively. The training set consists of 100 points sampled uniformly from the
unit sphere in R20, with the corresponding labels generated by a smaller network. In all three
cases we observe the same qualitative behavior seen for homogeneous activations: certain
rows and columns of the weight matrices become relatively small before the weights escape
from the origin, and they remain small until reaching the next saddle point. Moreover,
these rows and columns also follow the definition of zero-preserving subset. For instance,
in the two-layer case, first row of W1 and first column of v> stay small at iteration i1 and
i2. In the three-layer case, last row of W1 and last column of W2, and row 27 of W2 and
column 27 of v> stay small at iteration i1 and i2. In the four-layer case, row 14 of W1 and
column 14 of W2, the row 25 of W2 and column 25 of W3, and first row of W3 and first
column of v> stay small at iteration i1 and i2.

GELU activation function. We train two- and three-layer neural network with GELU
activation function, where the results are depicted in Figure 12 and Figure 13, respectively.
The training set consists of 100 points sampled uniformly from the unit sphere in R20, with
the corresponding labels generated by a smaller network. In both cases, before the weights
escape from the origin, certain rows and columns of the weight matrices become relatively
small. However, as the weights escape from the origin and training further progresses, it
appears that the sparsity among the weights increases, as even the rows and columns which
were not small near the origin become small as the training progresses. For example, in
the two-layer case, row 40-42 of W1 is not relatively small at iteration i1, but it becomes
quite small at iteration i3 and beyond. In the three-layer case, first two rows of W1 are not
relatively small at iteration i1, but it becomes quite small at iteration i4 and beyond.

This behavior contrasts with the above experiments using homogeneous activation and
tanh activation. While the precise reason behind this is not entirely clear to us, one possible
explanation lies in the motivation behind GELU. As discussed in Hendrycks and Gimpel
(2016), GELU activation was derived by combining dropout with ReLU. Since dropout is
known to encourage sparsity, perhaps this leads to increased sparsity in the weights after
escaping from the origin.

Overall, these set of experiments indicate that the phenomenon of preservation of the spar-
sity structure extends beyond homogeneous activation functions, though it may not hold in
general. Exploring the conditions under which this phenomenon persists is an important
direction for future research.
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(a) Evolution of training
loss with iterations

(b) Weights at iteration i1

(c) Weights at iteration i2

Figure 9: We train a two-layer neural network whose output is v>σ(W1x), where σ(x) =
tanh(x), and v ∈ R50,W1 ∈ R50×20 are the trainable weights. The sparsity
structure that emerges among the weights before before escaping the origin is
preserved post-escape and until reaching the next saddle point.

(a) Evolution of training
loss with iterations

(b) Weights at iteration i1

(c) Weights at iteration i2

Figure 10: We train a three-layer neural network whose output is v>σ(W2σ(W1x)), where
σ(x) = tanh(x), and v ∈ R30,W2 ∈ R30×20,W1 ∈ R20×20 are the trainable
weights. The sparsity structure is preserved upon escaping from the origin.
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(a) Evolution of training
loss with iterations

(b) Weights at iteration i1

(c) Weights at iteration i2

Figure 11: We train a four-layer neural network whose output is v>σ(W3σ(W2σ(W1x))),
where σ(x) = tanh(x), and v ∈ R30,W3 ∈ R30×30,W2 ∈ R30×20,W1 ∈ R20×20

are the trainable weights. The rows and columns of the weight matrices that
become small near the origin remain small until gradient descent reaches the
next saddle point, demonstrating preservation of the sparsity structure.

Appendix G. Training Dynamics Beyond the First Saddle Point

Our theoretical results and experiments so far have focused on the regime after escaping
the origin and until reaching the first saddle point. As discussed in Section 1.1, it is widely
believed that the training dynamics follows a saddle-to-saddle trajectory: after escaping
from one saddle point, the weights reach another, and this process continues until conver-
gence. This naturally raises the question of whether the phenomenon of sparsity structure
preservation also holds after escaping the saddle points.

To investigate this, we re-consider some of our earlier experiments, running them for
additional iterations when needed to ensure that the weights have escaped from the first
saddle point. In Figure 14 and Figure 15, we revisit the experiment with two- and three-
layer networks from Figure 1 and Figure 4, respectively, while Figure 16 and Figure 17
considers the experiment in Figure 8 with four-layer network and MNIST data. In all
cases, we plot the weights after they escape from the first saddle point. We observe that
the sparsity structure is preserved among the weights after it escapes from the first saddle
point and until reaching the next saddle point.

Overall, these experiments suggest that the sparsity structure is perhaps preserved even
after escaping the saddle point and until reaching the next saddle point. Establishing a
theoretical explanation for this phenomenon is an important direction for future research.
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(a) Evolution of training loss

(b) Weights at iteration i1 (c) Weights at iteration i2

(d) Weights at iteration i3 (e) Weights at iteration i4

(f) Weights at iteration i5 (g) Weights at iteration i6

Figure 12: We train a two-layer neural network whose output is v>σ(W1x), where σ(x) =
GELU(x), and v ∈ R50,W1 ∈ R50×20 are the trainable weights.
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(a) Evolution of training loss

(b) Weights at iteration i1 (c) Weights at iteration i2

(d) Weights at iteration i3 (e) Weights at iteration i4

(f) Weights at iteration i5 (g) Weights at iteration i6

Figure 13: We train a three-layer neural network whose output is v>σ(W2σ(W1x)), where
σ(x) = GELU(x), and v ∈ R30,W2 ∈ R30×20,W1 ∈ R20×20 are the trainable
weights.
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(a) Evolution of training loss

(b) Weights at iteration j1 (c) Weights at iteration j2

(d) Weights at iteration j3 (e) Weights at iteration j4

Figure 14: The experiment in Figure 1 is considered again. Panel (a) depicts the evolution
of training loss near and after escaping from the first saddle point. Panels (b)-(e)
depict the weights at different stages of training (marked in panel (a)).
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(a) Evolution of training loss

(b) Weights at iteration j1 (c) Weights at iteration j2

(d) Weights at iteration j3 (e) Weights at iteration j4

Figure 15: The experiment in Figure 4 is run for more iterations, specifically, until the
weights escapes from the first saddle point. Panel (a) depicts the evolution of
training loss near and after escaping from the first saddle point. Panels (b)-(e)
depict the weights at different stages of training (marked in panel (a)).
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(a) Evolution of training loss

(b) Weights of last three layers at iteration j1 (c) Weights of last three layers at iteration j2

(d) Weights of last three layers at iteration j3 (e) Weights of last three layers at iteration j4

Figure 16: The experiment in Figure 8 is considered again. Panel (a) depicts the evolution
of training loss near and after escaping from the first saddle point. Panels (b)-(e)
depict the weights of last three layers at different stages of training (marked in
panel (a)). The weights of first layer are shown in Figure 17 due to limited space.
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(a) Weights of first layer at iteration j1

(b) Weights of first layer at iteration j2

(c) Weights of first layer at iteration j3

(d) Weights of first layer at iteration j4

Figure 17: The weights of first layer from the experiment of Figure 16.

79



Kumar and Haupt

References

Emmanuel Abbe, Enric Boix Adsera, and Theodor Misiakiewicz. The merged-staircase
property: a necessary and nearly sufficient condition for SGD learning of sparse functions
on two-layer neural networks. In Proceedings of Thirty Fifth Conference on Learning
Theory, 2022.

Emmanuel Abbe, Enric Boix Adsera, and Theodor Misiakiewicz. SGD learning on neural
networks: Leap complexity and saddle-to-saddle dynamics. In The Thirty Sixth Annual
Conference on Learning Theory, 2023.

Emmanuel Abbe, Samy Bengio, Enric Boix-Adsera, Etai Littwin, and Joshua Susskind.
Transformers learn through gradual rank increase. Advances in Neural Information Pro-
cessing Systems, 2024.

Sanjeev Arora, Nadav Cohen, Wei Hu, and Yuping Luo. Implicit regularization in deep
matrix factorization. In Advances in Neural Information Processing Systems, 2019a.

Sanjeev Arora, Simon S Du, Wei Hu, Zhiyuan Li, Russ R Salakhutdinov, and Ruosong
Wang. On exact computation with an infinitely wide neural net. In Advances in Neural
Information Processing Systems, 2019b.

Alexander Atanasov, Blake Bordelon, and Cengiz Pehlevan. Neural networks as kernel
learners: The silent alignment effect. In International Conference on Learning Represen-
tations, 2022.
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