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Abstract

Many engineering and scientific fields have recently become interested in modeling terms in
partial differential equations (PDEs) with neural networks, which requires solving the inverse
problem of learning neural network terms from observed data in order to approximate
missing or unresolved physics in the PDE model. The resulting neural-network PDE model,
being a function of the neural network parameters, can be calibrated to the available
ground truth data by optimizing over the PDE using gradient descent, where the gradient
is evaluated in a computationally efficient manner by solving an adjoint PDE. These neural
PDE models have emerged as an important research area in scientific machine learning. In
this paper, we study the convergence of the adjoint gradient descent optimization method
for training neural PDE models in the limit where both the number of hidden units and
the training time tend to infinity. Specifically, for a general class of nonlinear parabolic
PDEs with a neural network embedded in the source term, we prove convergence of the
trained neural-network PDE solution to the target data (i.e., a global minimizer). The
global convergence proof poses a unique mathematical challenge that is not encountered
in finite-dimensional neural network convergence analyses due to (i) the neural network
training dynamics involving a non-local neural network kernel operator in the infinite-width
hidden layer limit where the kernel lacks a spectral gap for its eigenvalues and (ii) the
nonlinearity of the limit PDE system, which leads to a non-convex optimization problem in
the neural network function even in the infinite-width hidden layer limit (unlike in typical
neural network training cases where the optimization problem becomes convex in the large
neuron limit). The theoretical results are illustrated and empirically validated by numerical
studies.

Keywords: neural PDEs, neural-network PDEs, nonlinear PDEs, neural network terms,
inverse problem, adjoint gradient descent method, infinite-width hidden layer limit

1. Introduction

Motivated by the remarkable successes of machine learning and deep learning (LeCun
et al., 2015) in speech and image recognition (Hinton et al., 2012; Krizhevsky et al., 2012),
computer vision (Krizhevsky et al., 2012), natural language processing (Vaswani et al.,
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2017), and biology (Jumper et al., 2021), researchers and practitioners have sought to
leverage and extend machine learning techniques to scientific disciplines, leading to the
emergence of the field of scientific machine learning (SciML) (Karniadakis et al., 2021),
where data-driven methods are integrated with physics-based modeling. SciML seeks to
develop machine learning methods with physics-based modeling, integrating the modeling
flexibility of neural networks (NNs) and large real-world datasets with well-established
partial differential equation (PDE) models derived from physics. The field has developed a
variety of different approaches. Physics-informed neural networks (PINNs) (Raissi et al.,
2019; Karniadakis et al., 2021; Lu et al., 2021b; Cuomo et al., 2022; Wang et al., 2023; Jiang
et al., 2023; Zhao and Luo, 2025), the deep Galerkin method (Sirignano and Spiliopoulos,
2018), the deep Ritz method (E and Yu, 2018), and neural Q-learning (Cohen et al., 2023a)
exploit the property of an NN as a universal function approximator to approximate the
PDE solution of a known PDE with an NN by training the NN parameters to satisfy the
differential operator as well as initial and boundary conditions. In some scenarios, however,
the PDE governing the physical phenomenon of interest is either entirely unknown or only
partially accessible, leading to an inverse problem. When the PDE is unknown, operator
learning (Boullé and Townsend, 2024; Li et al., 2021) attempts to learn, leveraging the
universality of neural operators (Lu et al., 2021a; Kovachki et al., 2023) as approximators of
nonlinear mappings, the PDE solution operator from observed data by minimizing a suitable
loss. In the case of hidden, incomplete or unclosed physics, as in the setting of this paper, the
PDE structure is known while certain terms are unknown (such as coefficients or source terms
of the PDE). Leveraging again the property of NNs as universal function approximators,
NNs can be trained to model the unknown PDE terms using observed data (Brunton et al.,
2016; Schaeffer, 2017; Brunton and Kutz, 2019; Champion et al., 2019; Duraisamy et al.,
2019; Brunton et al., 2020; Sun et al., 2020; Srivastava and Duraisamy, 2021; Duraisamy,
2021; Dong et al., 2022; Sirignano et al., 2023; Aarset et al., 2023; Dong et al., 2024; Holler
and Morina, 2024).

Integration of machine learning with PDEs in science and engineering, combined with the
growing availability of large datasets from field measurements, experiments, and high-fidelity
numerical simulations, can yield more accurate engineering models and inform physical
models with data-driven insights (Brunton et al., 2016; Schaeffer, 2017; Champion et al., 2019;
Brunton et al., 2020; Brunton and Kutz, 2019; Sirignano et al., 2023) across a diverse range
of application domains. NN terms in the PDE can be trained to learn missing, unknown, or
unrepresented physics and correct numerical discretization errors. In computational fluid
dynamics, for instance, NNs are introduced into the governing equations to represent the
unclosed terms in PDE models of turbulent flows such as Reynolds-averaged Navier-Stokes
(RANS) and Large-eddy Simulation (LES) equations (Tracey et al., 2015; Duraisamy et al.,
2019; Srivastava and Duraisamy, 2021; Kochkov et al., 2021; Duraisamy, 2021; Sirignano
and MacArt, 2023; Hickling et al., 2024; Kakka and MacArt, 2025; Nair et al., 2023, 2024).
Neural PDE or neural-network PDE (NN-PDE) models also have applications in finance,
economics, and biology (Gierjatowicz et al., 2020; Goswami et al., 2021; Cohen et al., 2023b;
Fan and Sirignano, 2024).

Since the solution of the NN-PDE is a function of parameters of the NN which models
certain terms/coefficients in the PDE, the NN parameters must be calibrated such that
the NN-PDE solution matches the available ground truth data as closely as possible. Such
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target data may come from real-world experiments or high-fidelity numerical simulations.
In order to solve this inverse problem, i.e., calibrate the NN parameters, one must optimize
over the NN-PDE via gradient descent on a suitable loss that quantifies the discrepancy
between the NN-PDE solution and the target data. The gradient descent algorithm requires
evaluating the gradient of the objective function, which depends upon the solution of the
NN-PDE. Therefore, the gradient of the NN-PDE solution with respect to the NN parameters
needs to be evaluated, which is computationally challenging. However, this gradient can be
efficiently evaluated using the adjoint PDE of the NN-PDE. Adjoint optimization methods
have been developed and applied to NN-PDEs in (Sirignano et al., 2023; Sirignano and
Spiliopoulos, 2022; MacArt et al., 2021; Sirignano et al., 2020; Holland et al., 2019; Srivastava
and Duraisamy, 2021). More generally, adjoint optimization has been widely used for PDE
optimization (Bosse et al., 2014; Brandenburg et al., 2009; Bueno-Orovio et al., 2012; Cagnetti
et al., 2013; Duta et al., 2002; Gauger et al., 2012; Giles and Pierce, 2000; Giles and Ulbrich,
2010a,b; Hazra and Schulz, 2004; Hazra, 2007; Hinze et al., 2008; Jameson et al., 1998;
Jameson, 2003; Jameson and Kim, 2003; Kaland et al., 2014; Knopoff et al., 2013; Pierce and
Giles, 2000; Nadarajah and Jameson, 2000, 2001; Reuther et al., 1996). The adjoint gradient
descent algorithm solves a linear adjoint PDE at each optimization iteration, evaluates the
gradient of the objective function with respect to the NN parameters using the adjoint PDE
solution, and then takes a gradient descent step to update the NN parameters.

While adjoint methods have demonstrated effectiveness and efficiency across a wide range
of applications, including design and shape optimization, aerodynamics, combustion, and
tumor growth modeling in medicine, a rigorous mathematical analysis of adjoint gradient
descent optimization methods in the setting of nonlinear NN-PDEs remains absent. The
analysis in this paper is focused on this topic and provides first-of-its-kind convergence
results in the nonlinear NN-PDE regime, where training the NN model leads to a non-convex
optimization problem in the NN function, even in the large neuron limit. This is because
the NN-PDE solution, which the loss is a function of, depends nonlinearly on the NN
function, which is the design variable of our problem formulation and the quantity being
trained. Our global convergence proof must address unique mathematical challenges that are
not encountered in finite-dimensional NN convergence analyses due to (i) the NN training
dynamics involving a non-local NN kernel operator in the infinite-width hidden layer limit
where the kernel lacks a spectral gap for its eigenvalues and (ii) the nonlinearity of the
limit PDE system, which leads to a non-convex optimization problem in the NN function
even in the infinite-width hidden layer limit (unlike in typical NN training cases where the
optimization problem becomes convex in the large neuron limit (Jacot et al., 2018; Chizat
et al., 2019)).

We prove that the NN-PDE solution converges weakly to the target data (i.e., a global
minimizer) during training. The first step is to prove that the adjoint PDE solution vanishes
in the weak sense as the training time tends to infinity, which in turn requires establishing
that a quadratic functional of the adjoint involving the positive definite non-local NN kernel
operator converges to zero. The latter is proven by applying a cycle of stopping times
analysis. The cycle of stopping times analysis requires the development of a novel approach
for obtaining a regularity bound for this quadratic functional in terms of the learning rate,
which is based on a careful PDE analysis of an adjoint PDE system associated with the
quadratic functional, thus the analysis of the adjoint of the original adjoint PDE. The
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derivation of bounds on several norms of the different adjoint PDEs is also required; see
Sections 1.1 and 2.6 for more details. Developing these mathematical methods allows us
to prove a much more general and stronger convergence result than done by prior analyses
that only proved a substantially weaker notion of convergence for linear PDEs and a very
restrictive class of objective functions (Sirignano et al., 2023); see Remark 36 for the details.

In our mathematical analysis, we will consider the second-order semi-linear parabolic
neural-network partial differential equation (NN-PDE)

Opug + Luy — a(uy’) = gy’ in Dr,
up =0 on [0,T] x &D, (1)
upy = f on {0} x D,

where £ denotes a second-order linear PDE operator given in divergence form as

Z(‘) ”txau—i—Zb’th’a u+c(t,z)u (2)

7_]1 i=1

with PDE coefficients a”/, b, ¢ : [0,T] x D — R, and where ¢ : [0,7] x D x R — R denotes
the nonlinearity of the PDE. For notational convenience, we will sometimes (as done in (1))
omit writing the physical time and space dependency for the PDE solution as well as the
PDE coefficients and terms, i.e., we write u instead of u(t, z) or q(u) instead of q(t, z, u(t, x)).
The PDE operator £ together with its coefficients a®, b’ and ¢ as well as the nonlinearity ¢
are assumed to satisfy Assumptions A3, A4 and W1 as well as Assumptions A5, A6, W2
and W3, respectively. On the time-space domain [0,7] x D C R x R? we moreover impose
Assumptions Al and A2, and on the initial condition f Assumption W4 (see Section 2.1).

The PDE (1) is driven by an NN with parameters € in the source term. We design it to
be a fully-connected NN gév = gév (t,z) with a single hidden layer consisting of N neurons,

e., it takes the form

B (00) = 3 o w4 (w4 o), 3)
=1

where the NN parameters of the ith neuron/unit are collected in the weight vector 0 =
(c,wh, wh n') € R x R x R x R and where = (Hi)izl,._,,N denotes the collection of all NN
parameters, which are initialized independently according to 96 = (cf), wé’i, wé, 776) ~ o with
a measure pg € P(R x R x R? x R) obeying Assumption B3. The factor 1/N? in (3) with
B € (1/2,1) is a normalization/scaling, and the NN nonlinearity o satisfies Assumptions B1
and B2.

The aforementioned assumptions on the PDE are collected in Assumptions 6 and 7, and
the ones on the NN in Assumption 9. They are assumed to hold throughout the manuscript.

Given a continuous target function h € Lo(Dr) corresponding to or representing measured
or observed data (the ground truth), we wish to solve the inverse problem of calibrating the
NN parameters 6 so that the solution uév = ué—,v (t, ) to the NN-PDE (1) closely approximates
the prescribed target data h. For this purpose, we seek to minimize the loss (least squares
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loss)

R 2
= Q/O/D(ug (t,z) — h(t,x))? dedt (4)

by training! the NN parameters 6 via continuous-time gradient descent

d

0= —al Vo Ty, (5)
where of¥ = ~izzs denotes the learning rate which is assumed to be decreasing in the
training time 7 and satisfies the well-known Robbins-Monro conditions (Robbins and Monro,
1951)

/ o, dr = oo and / o2 dr < oco. (6)
0 0

Monotonicity as well as the conditions (6) are standard requirements for learning rates in
machine learning (Bertsekas and Tsitsiklis, 2000). A suitable and classical example fulfilling
those conditions is given by a,; = H—% Computing the gradient ngaN w.r.t. the NN
parameters 6 in (5) is computationally challenging due to its dependency on the solution uév
of the PDE (1). Deriving naively a PDE for Vguév by applying the gradient to (1) yields a
PDE whose dimension is equal to the number of the NN parameters 6. Typically, the number
of NN parameters is very large (thousands or even hundreds of thousands), leading to a
high-dimensional PDE which is computationally costly to solve numerically. Analogously,
trying to estimate the gradient by numerical differentiation with finite differences amounts
to an equivalently expensive and thus infeasible task. A computationally efficient way to
evaluate the gradient VQJGN , however, is given by the adjoint method (Giles and Pierce,
2000), which can be regarded as a continuous PDE version of the usual backpropagation
algorithm. As we verify in Lemma 10, the gradient VQJQN w.r.t. the NN parameters 6 can
be computed according to

T
VGJQN:// Vgt (t, ) (t, ) dadt, (7)
0JD

which requires solving the adjoint PDE of (1), which is a second-order linear parabolic
backward PDE of the form

—osy + L) — qu(uduh = (u) — h) in Dr,
Uy =0 on [0,T] x &D, (8)
=0 on {T} x D,

where £1 denotes the adjoint of £ which is given by

d
Z O, a(t,x (9xju) Zb (t, )05, u + ( Z@xlbl (t, ) (9)

3,j=1 i=1

and where g, = 9,q : [0,T] x D x R — R denotes the partial derivative of ¢ w.r.t. u, i.e.,
the function (¢, z,u) — qu(t, z,u) = duq(t, z,u).

1. Note that the training time, denoted by 7, is distinct from and unrelated to the physical PDE time ¢.
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Adjoint optimization is widely used in practice due to its computational efficiency for
evaluating the gradient of a PDE objective function. Computing (7) requires solving only
one linear PDE of the same dimension as the original PDE (1) that is being optimized,
which is computationally tractable. Evaluating the gradient Vggév of the NN gév itself w.r.t.
the NN parameters 0 is typically done efficiently using automatic differentiation frameworks
such as TensorFlow or PyTorch.

Before discussing our analytical setup, let us address the well-posedness (existence and
uniqueness) of the PDE system (1) & (8) coupled with the gradient descent update (5) during
training. As we rigorously prove in Lemma 11, there exists, for any finite training time
horizon T, a unique weak solution ((ué\i , Eé\i ))refo,7] in the sense of Definitions 4 and 5 in
the space C ([0, T],S x S), where S := Lo([0,T], H'(D)) N Lo ([0, T], L2(D)).

For training nonlinear parabolic NN-PDE models of the form (1), we study in this paper
the global convergence of the adjoint gradient descent optimization method (5), where the
gradient of the loss jgN w.r.t. the NN parameters 6 is computed by solving the adjoint
PDE (8) and evaluating formula (7). We consider the theoretical limit where both the
number of neurons N in the NN g2 in (3) and the training time 7 in (5) tend to infinity.

As a first step, let us derive and theoretically justify the limiting training dynamics in
the infinite-width hidden layer limit, i.e., as the number of hidden units N — oco. Therefore,
denote by u = % Zf\;l 6Ci b i i the empirical measure at training time 7 of the NN

parameters of our fully-connected NN (3) with a single hidden layer with N neurons and

their parameters 6, = (ci, wi’i, wi, nﬁ)izl,,,,,N. By computing with chain rule

d N - N d
08 (t,) = Voghl (t,2) - -0,

’ (10)
:ﬂﬂ//wﬁwwwﬁmwﬁwwmw,
0JD

as done in detail in (41)—(43), we obtain by the fundamental theorem of calculus for the
training time evolution of the NN function gé\i that

gé\i(t, x) = gé\g(t, x) _/0 g [TB(ug)ﬂé\ﬂ (t,z)ds (11)

with the NN integral operator Tz(,) defined as

T
(Tt z) = / / Bt ot as p)i(t o) da’di! (12)
0JD

and where the symmetric non-local NN kernel (also known as the neural tangent ker-
nel (NTK) (Jacot et al., 2018)) is given by

B(t,z,t' 2" p) = <k‘(t,93,t/,x/;c, wh, w,n), p(de, dwt,dw,dn)> (13)
with

k(t,z,t', 2 c,wt,w,n) = o(w't +wlz +n)o(w't +wla’ + 1)

14
+ Ao’ (wit + wlz + n)o’ (Wt +wla’ + n)(tt + 2T’ + 1). 19
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That means, the NN function gé\i follows during training the kernel gradient of the least
squares loss (4) using the pre-limit NTK B(pY), which is random at initialization and varies
during training, as can be seen from (11). In contrast, in the infinite-width hidden layer
limit, i.e., as the number of hidden units N — oo in (11), the kernel becomes deterministic
and converges to a limit NTK, which remains constant during training, as can be seen from
(64). This is similar to and in line with the overparameterized training phenomenon (Jacot
et al., 2018; Chizat et al., 2019) observed for certain scalings in (3), yet requires, due to
the nonlinear PDE setting considered in this manuscript, detailed computations, which we
provide in the proof of Theorem 1 below. Theorem 1 allows us to represent the limit NN
function g during training by the integro-differential equation®

gr(t,x) = — /OT as [T, Uy (¢, ) ds (15)

with the constant limit NTK By = B(ug) = B(e, e, e, ;1p), where pg is the probability
distribution for the parameter initialization of the NN. The representation (15) of the NN
function ¢gF during training reveals a linearization of the NN training dynamics around their
initialization. In particular, while the learning rate for individual NN parameters is 1775, as
can be seen from (24), and thus converges to zero as the number of parameters N — oo, the
NN function g itself has the non-zero learning rate o, as apparent from (15). Thus, due
to the large number of degrees of freedom in the overparameterized regime, the individual
parameters are required to move smaller and smaller distances from their initial locations to
achieve a given magnitude change in the neural network output as N — oc.

As the number of hidden units N — oo, the NN source term gé\j of the PDE (1) converges
to ¢gr while the PDE solution ué\i and the solution to the adjoint PDE ﬁé\i converge in
Ly([0,T], HY(D))- and Loo([0,T], L2(D))-norm to functions u* and 4} solving the PDE

system

O + Lur —q(ul) = g in Dr,
ur=0 on [0,T] x dD, (16)
ur=f on {0} x D,
and
—0uu 4 LT — qu(ul)Tt = (u — h) in Dy,
u; =0 on [0,7] x 0D, (17)
u;, =0 on {T} x D,

which is coupled with the integro-differential equation (15) for gf. Before making this
joint convergence as the number of neurons N tends to infinity mathematically precise in
Theorem 1, let us address the well-posedness of the PDE system (16)—(17) coupled with (15).
As we rigorously prove in Lemma 13, there exists, for any finite training time horizon T,
a unique weak solution ((u},u;))r¢(o,7] in the sense of Definitions 4 and 5 in the space

C([0,7],S x S).

2. Note that equation (15) can be written after taking the training time derivative equivalently as the
infinite-dimensional ODE L g*(t,2) = —a, T, u; = —ar fOTfD B(t,z,t', 2’ po)ur(t',2') da’dt’ with ur
depending nonlinearly on g; according to the nonlinear PDE system (16)—(17).
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Theorem 1 (Overparameterized training regime) Assume that the learning rate sat-

isfies additionally foo 3 dr < 0o. Let T < o0 be a given training time horizon. For each
N, let us denote by ((Ue ,uév))Te[O,ﬂ € C([0,7],S xS) the unique weak solution to the
PDE system (1) €/ (8) coupled with the gradient descent update (5) in the sense of Lemma 11,
and let us denote by ((ur,uy))rejo,7] € C([0,T],S x S) the unique weak solution to the
PDE system (16)—(17) coupled with the integro-differential equation (15) in the sense of
Lemma 13. Then, as the number of hidden units N — oo,

T:}épﬂE [H“@ u:HLz([O,T},Hl(D)) + [lup, — “iHLm([o,T],LQ(D))] — 0, (182)
T:}épﬂ E [H“@ aikaLz([O,T},Hl(D)) + ||, — aj’HLoc([O,T],Lg(D))] — 0, (18b)
2w Bllgg. =9l =0 (189

Here, the expectation E is taken w.r.t. the random initialization of the NN parameters. (The
only source of randomness is the random initialization of the NN parameters before training
begins.)

Theorem 1 proves the convergence of the solution ((ué\i,ﬁé\i))Te[oﬂ to ((ur,uy))refo,7]
as the number of hidden units IV tends to infinity for any finite training time horizon 7 < oc.
Therefore, the NN-PDE trained with adjoint gradient descent optimization converges to the
solution of the limit PDE system (16)—(17) coupled with the integro-differential equation (15)
as the number of hidden units N — oco. A detailed proof of Theorem 1 is presented in
Section 2.5.

Remark 2 Theorem 1 requires the well-posedness (existence and uniqueness) of both the
pre-limit PDE system (1) & (8) coupled with the gradient descent update (5) and the limit
PDFE system (16)—(17) coupled with the integro-differential equation (15). We rigorously
state those results in Lemmas 11 and 15, respectively, with their detailed proofs given in
Appendiz A.

The additional assumption fooo a?dr < 0o on the learning rate, which is satisfied by
typical learning rates, is exclusively requzred for the well-posedness of the pre-limit PDE
system (1) €4 (8) as stated in Lemma 11 below and commented on in more details thereafter

in Remark 12. This additional integrability assumption is not used elsewhere in the paper.

In this large neuron limit, we show as a second step that the dynamics (16)—(17) coupled
with (15) converges to a global minimizer of the loss

—ET ur(t,z) — 2))? dx
=5 [ [ e = he.w)? dear (19)

as the training time 7 tends to infinity. We thus prove the convergence of the NN-PDE
solution u¥ to the target data h (i.e., a global minimizer) as 7 — oco. To be more precise, the
following main convergence result about the adjoint gradient descent optimization method
is proven in this paper.
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Theorem 3 (Global convergence of NN-PDE) Let ((uy,U;))rep0,5) € C ([0,00),5x S)
denote the unique weak solution to the PDE system (16)—(17) coupled with the integro-
differential equation (15) in the sense of Lemma 18 and Remark 14 on the training
time interval [0,00). Then, the loss JF defined in (19) is monotonically decreasing with
LTr=—0,;Qf = —ar (Ur, Ty Us ) Ly (Dy) < 0, and the solution uy to (16) converges weakly

to the target h in Lo as 7 — oo, i.e.,
uy —hin Ly asT — oo. (20)

The statement follows from Propositions 26 and 35. A detailed proof sketch of Theorem 3
is presented in Section 2.6.

1.1 Contributions

Motivated by the popularity and effectiveness of the adjoint gradient descent optimization
method (5) for training NN-PDE models and thereby solving the inverse problem of learning
the neural network modeled terms from observed data as demonstrated in the literature, our
paper develops a rigorous global convergence analysis of this machine learning algorithm for
a general class of nonlinear parabolic NN-PDEs of the form (1). To calibrate the NN-PDE to
available data, the method trains the NN parameters § embedded within the PDE by running
gradient descent on the least squares loss (Lo-loss) jHN with the gradient being evaluated in
a computationally efficient manner by solving an associated adjoint PDE. This is a highly
non-convex optimization problem and therefore, for a finite number of hidden units IV, the
trained NN-PDE may only converge to a local minimizer of the objective function. We study
the algorithm’s asymptotic convergence behavior in the limit where both the number of
hidden units N of the NN gév in (3) and the training time 7 in continuous-time gradient
descent (5) tend to infinity. First-of-its-kind convergence results to a global minimizer
are proven in the nonlinear setting, which go significantly beyond previous analyses that
considered much more restrictive classes of linear PDEs, a very restrictive class of objective
functions, and a substantially weaker notion of convergence.

Our first result is about the convergence to the infinite-width hidden layer limit as the
number N of neurons tends to infinity. We prove that, as N — oo, the NN function gév
converges to its infinite-width hidden layer limit g* in (15), which can be represented during
training by an integro-differential equation involving a positive definite non-local NN kernel
operator (12) that remains constant during training but lacks a spectral gap; that is, its
eigenvalues do not have a uniform positive lower bound. The NN-PDE solution uév and
the adjoint @}, which solve the PDE system (1) & (8) coupled with the gradient descent
update (5), converge to u* and u* solving the PDE system (16)—(17) coupled with the
integro-differential equation (15).

Our second result proves global convergence of the trained NN-PDE solution u} to the
target data h (i.e., a global minimizer) as the training time 7 goes to infinity. Due to the PDE
system (16)—(17) coupled with the integro-differential equation (15) being both nonlinear
and non-local, several mathematical challenges need to be addressed. In particular, due to
the nonlinearity of the PDE, training the NN model leads to a non-convex optimization
problem in the NN function g; even in the large neuron limit. This is very different from
typical NN limits (e.g., gradient descent training of a standard feedforward fully-connected
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network) where the training of the infinite-width NN is shown to satisfy the gradient flow of
a convex function.

Furthermore, the aforementioned lack of a spectral gap in the NN kernel of the non-
local NN kernel operator in the infinite-width hidden layer limit poses a unique technical
complication that is not encountered in finite-dimensional NN convergence analyses (where
the eigenvalues of the NN kernel matrix have a positive lower bound). By showing that
the quadratic functional Q7 = (u7,Tp,u;)r,(py) of the PDE adjoint 4}, which appears
in the training time derivative d%j: = —a,; 97 of the loss J* and involves the positive
definite non-local NN kernel operator Tg,, converges to zero as the training time 7 — oo,
we establish the weak convergence of the solution @} to the adjoint PDE (17) to zero as
7 — 00. The weak convergence of the adjoint PDE solution can then be used to prove that
the original NN-PDE solution u} to the nonlinear PDE (16) converges weakly to the target

data h as 7 — oo.

To prove that the functional QF of the adjoint vanishes as the training time 7 tends to
infinity, we apply a cycle of stopping times analysis. This technique crucially requires the
development of a novel approach for obtaining a regularity bound for the functional Q%
in terms of the learning rate «,, which involves the analysis of an adjoint associated with
the functional QF, thus the analysis of an adjoint PDE system of the adjoint PDE (17).
This is a second-level adjoint system of the original adjoint PDE. In addition, the proof
requires carefully establishing uniform (in the training time 7) bounds on several norms of
the different adjoint PDEs.

We expect that the developed mathematical methods can be applied to other PDEs
and NN architectures in scientific machine learning. For example, we prove a result of
independent interest that (strong) limit points of the trained NN-PDE solution are global
minimizers of the loss J* for an even more general class of second-order parabolic NN-PDEs.

Numerical studies that illustrate and support our theoretical findings are also presented
in the paper.

1.2 Organization

In Section 2, we discuss in detail the main contributions of this paper. Therefore, after
collecting all assumptions made throughout this paper in Section 2.1, we derive in Section 2.2
formula (7) for ngoN , before providing in Sections 2.3 and 2.4, respectively, well-posedness
results for the NN-PDE training dynamics in both the finite-width hidden layer regime
and the infinite-width hidden layer limit, i.e., for the PDE system (1) & (8) coupled with
the gradient descent update (5) and the PDE system (16)—(17) coupled with the integro-
differential equation (15). Their proofs are provided in Appendix A. Afterwards, we elaborate
on and prove in Section 2.5 our first main theoretical result, Theorem 1, which is about
the convergence of (gé\i ,ué\i ,ﬂé\i ) to their infinite-width hidden layer limit counterparts
(g%, uk,ur) as the number N of neurons tends to infinity. We conclude with Section 2.6,
where we discuss and provide an insightful proof sketch of our second main theoretical result,
Theorem 3, which is concerned with the convergence of the limit NN-PDE solution u} to
the target data h during training, i.e., as the training time 7 — oco. Its proof is based on
several auxiliary results which we discuss in detail in the thematic Sections 4 to 9.

10
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Section 3 contains numerical examples demonstrating the theoretical results of the paper.
We provide the code implementing the adjoint gradient descent optimization method in the
GitHub repository https://github.com/KonstantinRiedl/NNPDEs.

As discussed, the proofs of the main results are contained in Sections 4 to 9. Section 4 is
dedicated to presenting the mathematical tools related to the NN. In Section 5, we compute
the training time derivative of the loss J* and show that %JT* = —a,; QF with the quadratic
functional QF = (u},TByUy)L,(p,) Of the adjoint. This implies in particular that J is
monotonically non-increasing. Leveraging this property, we provide in Section 6 uniform (in
the training time 7) bounds on several norms of the PDE solution u* and the adjoint u?,
which eventually, by analyzing a second-level adjoint system of the original adjoint PDE
in Section 7, permit to establish a regularity bound for the functional QF in terms of the
learning rate a.;. Adapting a cycle of stopping times analysis (Bertsekas and Tsitsiklis, 2000;
Sirignano and Spiliopoulos, 2022) while leveraging the aforementioned regularity bound,
we eventually prove in Section 8 that %j: = —o;QF implies QF — 0 as the training time
T — 00. With the positive definiteness of the NN kernel operator 7’5, we therefrom infer
in Section 9 the weak convergence uf — 0 and thus u} — h by definition of the adjoint
PDE (17). We conclude Section 9 by proving as a result of independent interest, that
(strong) limit points v’ of the trained NN-PDE solution u} satisfy u’, = h a.e., thus being
global minimizers of the loss J*.

1.3 Notation

We denote by D C R? the spatial domain of the considered parabolic PDE. Its boundary is
OD. T denotes the physical time horizon of the PDE. Dp := (0,T") x D denotes the time-space
domain. Its lateral surface is 9Dy :=[0,T] x 0D, and I'r := 0Dy U {(t,x) : t = 0,2 € D}.
Moreover, for AT’ > 0, we introduce the notation Dy pryaqs := (T', T + AT") x D.

For a spatial domain D, the spaces L,(D) and W}(D) denote the classical Lebesgue and
Sobolev spaces. They contain all measurable functions u : D — R with finite corresponding

: p _ P p _
norm. For the norms on those spaces it holds ||uHLp(D) = [p lu(z)|P dz and HuHWI?(D) =

Ylat<k IDYully py or llullp () = esssup,ep [u(z)] and [[ullyy (py = maxjq <x [|1Dull L (p)
in the case p = co. We abbreviate H*(D) = W¥(D) and denote by H}(D) the space of all
functions in H'(D) with zero trace. H~!(D) denotes the dual space of H}(D).

For a time-space domain Dr, the spaces L,(Dr) denote the classical Lebesgue spaces.
They contain all measurable functions v : Dy — R with finite corresponding norm. For
the norms on those spaces it hold HUHZP(DT) = fonD u(t, z)[” dedt and ||ull, (p,) =
eSS SUP(; z)e Dy, [U(t, o)| in the case p = oco.

For a function space X on the space D, the spaces L,([0,T], X') denote the Bochner spaces.
Let us associate with a function v : Dy — R the mapping u : [0, 7] — X defined by u(t) :=
u(t, »). In what follows we may abuse notation and write u in place of u. The Bochner spaces
contain all strongly (Bochner) measurable functions with finite Bochner norm. For those
norms it hold [ull} o 1 v = S [fu(t. )| d or [l o 11,2) = esssupreioy lu(t, )]l in
the case p = oo, see (Evans, 2010, Section 5.9.2).

A weak solution to the nonlinear parabolic PDE (1) in the sense of (Evans, 2010,
Chapter 7) is defined as follows.

11


https://github.com/KonstantinRiedl/NNPDEs

RIEDL, SIRIGNANO, AND SPILIOPOULOS

Definition 4 (Weak solution of (1)) A functionu)) € Ly([0, T, H} (D)) with weak deriva-
tive Opuly € Lo([0,T), H-Y(D)) is a weak solution of the PDE (1) provided

(7;) <atuév(t7 )7U>H71(D)7H3(D)+B[uév(tv )7U;t]_(q(uév(tv ))7U)L2(D):(99<t7 >7U)L2(D)

for each v € HY(D) and a.e. time t € [0,T], where the bilinear form B is given by

d d
Blu,v;t] == / Z a'(t, )0z, u0y;v + Z bi(t, x)0p,uv + c(t, z)uv d, (21)
D .

7,7=1 =1
and
(ii) up'(0,0) = f.

Analogously, we define a weak solution to the linear PDE (8) as follows.

Definition 5 (Weak solution of (8)) A functionil € Ly([0,T), H} (D)) with weak deriva-
tive Oy € Lo([0,T], H"Y(D)) is a weak solution of the adjoint PDE (8) (parabolic backward
PDE) provided

(i) <_8taév(t7 )’U>H—1(D),H01(D) +BT[@§V(t7 )7U;t] - (qu(uév(t, ))aév(ta )7U)L2(D)
= (u)(t,*) — hv”)LQ(D)

for each v € H}(D) and a.e. time t € [0,T), where BT denotes the adjoint bilinear form
satisfying BY[u, u; t] = Blu,u;t], and

(i) uy (T,e) =0.

Since we investigate the evolution of the PDE solutions to (1) & (8) during training (see
(5)), we are interested in their training time trajectories which we denote by ((ué\i , ﬂé\i ))refo,]-
The function space C ([0,7],S x §) denotes the space of all such continuous trajectories,
i.e., the space of all continuous functions mapping from [0, 7] to S x S.

By C we typically denote generic constants, which may vary throughout the proof. To
keep the notation concise, we indicate by « their dependency on aq or fooo a? dr (see (6)),
by D their dependency on vol(D) or |D| (see Assumption A2), by £ their dependency on
v, some norms of a”, b', ¢, as well as their partial space derivatives, or some norms of f
and h (see Assumptions A3, A4, W1 and W4), by ¢ their dependency on properties of ¢
(see Assumptions A5, A6, W2 and W3), by o their dependency on properties of the NN
nonlinearity o (see Assumptions Bl and B2), and by pg their dependency on properties of
o (see Assumption B3).

2. Discussion of the Main Results

This section is dedicated to the discussion of the main theoretical contributions of this paper.
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2.1 Assumptions

Let us start by stating all assumptions used throughout this manuscript. We cluster them
into assumptions related to the PDE (1), which we summarize in Assumptions 6 and 7, and
assumptions on the NN listed thereafter in Assumption 9.

Assumption 6 (Second-order semi-linear parabolic PDE (1)) Throughout we assume
that the time horizon T of the PDE (1) is finite and that the spatial domain D C R? of the
PDE (1)

A1 is an open connected set with a C? smooth boundary 0D,
A2 has finite volume vol(D) and is bounded by |D|.
Moreover, we assume that

A3 the parabolic PDE operator Oy + L is uniformly parabolic, i.e., there exists v > 0 such
that Zgjzl a (t,x)&&; > v ||E|)? for all (t,z) € Dy and € € RY,

A4 the coefficients a”,b', ¢ € Loo(D7) and Oy,a", 9y, b" € Loo(Dr),
A5 the nonlinearity q is such that |q,| < ¢q for a constant c¢g > 0,

A6 the nonlinearity q is such that |qu.| < c; for a constant c’q > 0.

Assumption 7 (Well-posedness of second-order semi-linear parabolic PDE (1))
Moreover, we assume that

W1 the coefficients a”,b*, c € Loo(Dr) and &Ekaij, amkbi € Loo(Dr) are (y1/2,71)-Hdlder
continuous in (t,x) with v1 > 0,

W2 the nonlinearity q is (v1/2,v1)-Hélder continuous in (t,x) with v1 > 0 and such that
lg(u)] < Cy(1 + |ul) for any u € R and for a constant Cyq > 0,

W& the nonlinearity q is such that q, 1s continuous,

W4 the initial condition f € C3(D) with flop = 0 is y2-Hélder continuous.

Remark 8 The conditions of Assumption 7 are required only for the well-posedness proof
in Lemmas 11 and 13. If well-posedness as below can be shown under a different set of
assumptions, these new assumptions would replace Assumption 7.

Assumption 9 (Neural network in (3)) Throughout we assume that the NN is such that

B1 the nonlinearity o of the NN is non-constant, bounded (i.e., |o| < Cs), and Ly-
Lipschitz continuous,

B2 the derivative o’ of the nonlinearity o of the NN is bounded (i.e., |o'| < Cy) and

Ly:-Lipschitz continuous,
B3 the randomly initialized NN parameters 06 = (cé,wé’i,wé,né) are i.1.d. and drawn
from a distribution pg € P(R x R x R? x R) which is such that

13
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(i) ¢l is independent from (wé’i,wé, n),
(i1) the marginal distribution po . of cé is mean-zero and compactly supported,

(i4) the marginal distribution fig (wtwy) of (wé’i,wé,né) has bounded kth-order
moments My (to,(wt w,n)) for k = max{4,d + 2},

(iv) the marginal distribution pig (wt wy) Of (wé’i, wh, i) assigns positive probability
to every set with positive Lebesque measure.

2.2 A Computationally Efficient Formula for nggN

As pointed out in the introduction, the practicability of the adjoint gradient descent
method (5) is thanks to an efficient computation of the gradient VQJGN . The following result
proves (7). Its proof is given at the end of Section 5.

Lemma 10 Let u)Y,Vyg) € Lo(Dr) and let @) denote a weak solution to (8) in the sense
of Definition 5, which satisfies Oyl (t,*) € Lo(D) for a.e. t € [0,T). Define the loss T3 as
in (4). Then, the gradient VQJQN w.r.t. the NN parameters 6 can be written as (7).

2.3 Well-Posedness of the NN-PDE Training Dynamics in the Finite-Width
Hidden Layer Regime

We first provide a result about the well-posedness of the NN-PDE training dynamics in
the finite-width hidden layer regime, i.e., for the PDE system (1) & (8) coupled with the
gradient descent update (5) for the NN parameters of the NN function gé\i .

Lemma 11 (Well-posedness of NN-PDE training dynamics (1) & (8)) Let N € N
be fized and let 6y = (Hé)izl,_..7N be initialized such that 06 ~ po for each i = 1,...,N.
Assume that the learning rate satisfies additionally f0°° 043-/3 dr < oo. Let T < oo be a given

training time horizon. Then there exists a unique weak solution

((ué\ia aé\i)Te[O,T]) eC ([07 7—]78 X 8) (22)

to the PDE system (1) & (8) coupled with the gradient descent update (5) in the sense of
Definitions 4 and 5 which satisfies (atuéVT (t,»), atﬂéVT (t,#)) € La(D) x La(D) for a.e. t € [0,T]
and for every T € [0,T].

The proof is based on a fixed point argument which allows one to decouple the PDE

system (1) & (8) from the gradient descent update (5). After invoking classical existence
results for the nonlinear PDE system (1) & (8) from (Ladyzenskaja et al., 1968) for given
NN parameter updates ¢, @i’z, w’, and 74, we eventually employ the Banach fixed point
theorem to prove well-posedness of the PDE system (1) & (8) coupled with the gradient
descent update (5) on a local training time domain, which is eventually extended by a
bootstrapping argument.
Remark 12 The additional assumption fOOO oﬁ-/ ®dr < 0o on the learning rate required in
Lemma 11 is slightly stronger than (6) but satisfied by typical learning rates such as o = 14%7
We leverage this assumption in the proof of Lemma 11 to deal with the technical challenges
arising from the NN integral operator varying during training.
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More precisely, when establishing contractivity estimates for the application of the Banach
fized point theorem, this nonlinearity leads to the appearance of higher-order (up to fourth-
order) product terms between the NN parameters and the adjoint PDE solution, see, e.g.,
(263), where the bound on the right-hand side scales as C(1 + M)*T with M denoting a
bound on the NN parameters and the adjoint PDE solution up to time T. When extending
well-posedness by a bootstrapping argument from a training time interval [0, Tr—1] to [0, Tx =
Ti—1 + ATy, this requires us (see particularly (271)) to choose time intervals of the form
ATy o< 1/(C(1+ M})), more precisely (269). One can see from (270) that assuming only (6)
on the learning rate would inevitably lead to the choice M, o< CkY? + C(h, f,6y). However,
in that case, we notice that the series Y -, ATy is essentially a geometric series, which
does not diverge. Therefore, this would not allow to extend well-posedness to arbitrary time
horizons. In contrast, the additional assumption on the learning rate allows us to control
more stringently the worst-case growth of the NN parameters, the NN function, and the
NN-PDE solution during training, see, e.g., (252) and (268), where we estimate that they
grow as My, o« CkY* + C(h, f,6p). This can be exploited to balance the appearance of the
higher-order product terms with the slower growth, enabling us to eventually get that the
series Y oo o ATy is essentially a harmonic series, which diverges, therefore allowing for a
global well-posedness result, see, e.g., (272).

Due to its technical nature, the proof is deferred to Appendix A.2.

2.4 Well-Posedness of the NN-PDE Training Dynamics in the Infinite-Width
Hidden Layer Limit

Let us now provide a result about the well-posedness of the NN-PDE training dynamics in
the infinite-width hidden layer limit, i.e., for the PDE system (16)—(17) coupled with the
integro-differential equation (15) for gZ.

Lemma 13 (Well-posedness of NN-PDE training dynamics (16)—(17)) Let T < oo
be a given training time horizon. Then there exists a unique weak solution

((u;k'ﬂ aj’)TE[O,T]) ecC ([07 7-]78 X S) (23)

to the PDE system (16)—(17) coupled with (15) in the sense of Definitions 4 and 5 which
satisfies (Opui(t, ), 0ut(t,»)) € La(D) x La(D) for a.e. t € [0,T] and for every T € [0,T].

The proof resembles the one of Lemma 11 and is based again on a fixed point argument
which allows decoupling the PDE system (16)—(17) from the integro-differential equation (15)
as before. After invoking classical existence results for the nonlinear PDE system (16)—(17)
from (Ladyzenskaja et al., 1968) for a given right-hand side g,, we eventually employ the
Banach fixed point theorem to prove well-posedness of the PDE system (16)—(17) coupled
with the integro-differential equation (15) on a local training time domain, which is eventually
extended by a bootstrapping argument.

Due to its technical nature, the proof is deferred to Appendix A.1.

Remark 14 With the statements of Lemma 11 and Lemma 18 being valid for arbitrary
training time horizons T, we can infer well-posedness of the NN-PDE training dynamics
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(1) €(8) as well as well-posedness of the NN-PDE training dynamics (16)—(17) on the infinite
training time interval [0, 00). In particular, it is proven in Step 2e in the proofs of Lemma 11
and Lemma 15 that the Banach fixed point theorem gives existence of the corresponding
solution globally in the training time.

2.5 Infinite-Width Neural Network Perspective

Our first main theoretical result, Theorem 1, rigorously proves that the PDE system (16)—(17)
coupled with the integro-differential equation (15) is indeed the correct limit of the PDE
system (1) & (8) coupled with the gradient descent update (5) as the number of neurons
N — o0.

Proof [Proof of Theorem 1] Step 1: Boundedness of gradient descent updates. Let
us first prove that the gradient descent updates (5) are uniformly bounded in N and in
the training time ’7' for 7 € [0,7T]. According to formula (5) and using the definition of
the learning rate oY it holds for continuous-time gradient descent 7 9 N?T'w nggN ,

which allows to explicitly derive expressions for %c@, d‘iwil, ddT i, and dr77¢ With the
fundamental theorem of calculus we therefrom infer

¢ =ch— NI 5/ as// (wh't + (w?) x+né)ﬁé\i(t7x) dxdtds, (24a)
wht = wh' — NI 5/ ozs// (wh't + (wi) Tz +nl)tuy (¢, z) dedtds, (24b)
wh = wh — Ni= 5/ as// (wht + (wi) 'z +nl) 2y (t, ) dvdtds, (24c)

ne = nh — = /5/ as// (wh't + (W) 'z +nl)ay (¢, z) dedtds. (24d)

Exploiting that ¢ is bounded as of Assumption B1 and that the domain D has bounded
volume as of Assumption A2, we can use (24a) to bound with Cauchy-Schwarz inequality

% i)2 N
N1 / as\/// ws t—l— (w )Tac—l—ns)) dwdtHugsHL2(DT) ds 5)
S Nl ﬁ/ ‘ 63

for a constant C = C(T, D, o).

By following the computations of Step Ic in the proof of Lemma 13 in Appendix A
that lead to (179) and (186) for the solutions to the PDE system (1) & (8) coupled with the
gradient descent update (5), we obtain the bounds

| /\

)

Lo2(Dr) ds

Hué\iHLg([O,T},Hl(D)) + ||, L 0.17,L2(D)) (”f”Lg + Hgé\iHLQ(DT) + 1) (26)

and
Haé\:HLz([O,T},Hl + ||, |z 012200y < € (Hué\iHLz(DT) + HhHLZ(DT)) (27)
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for a constant C'= C(T, L, q) which is in particular independent of N. Using the definition
of the NN (3) we can estimate with Jensen’s inequality

2
T 1 M . . .
i o= [, (s ottt ity ) o
=1

1 1

N (28)
1 i \2 N
<Cym=ay Z(CZT) =C g
i=1

for C = C(T, D,0) < oo, where we used the boundedness of o as of Assumptions B1 and
that the domain D has bounded volume as of Assumption A2. In the last step, we introduced
the notation Y := % ZZ 1(¢£)?. Combining (26)—(28), we end up with the bound

1
N N 2 2
o wwWthﬂbw»<0waﬂ}+wmﬂwﬂwmwﬂ+ﬁ

(29)
for a constant C = C(T, D, L, q,0).
After squaring both sides of (25) and using Cauchy-Schwarz inequality we obtain
i i|2
‘CT —co| < NQ(/ « ds/ Hues Ls(Dr)
(30)

<c [ it sy mﬂmw+wwth+0

where we inserted (29) and used the second part of (6) in the second step. Summing over
i =1,..., N and normalizing by N we can bound

N
2 S
<28+ 5 Dol - el
i=1 (31)

Cr
<2 +0 [ ol ds+ sy (1o + Il o)+ 1)-

Since ,),[J)V is compactly supported due to Assumption B3, an application of Gronwall’s
inequality gives the estimate
sup A < C (32)
T€[0,7]

for a constant C' = C(«a, T,T, D, L, q, 0, 119) which is in particular independent of N. Em-
ploying (32) in (30) shows after using Young’s inequality that

62 < 20?4 O+ smgy (o) + 1A, o) + 1) (33)

for some other, potentially larger, constant C'. Recalling that the parameters cé are initialized
with compact support as of Assumption B3, (33) proves that

sup sup al<c
NENi=1,...,N,r€[0,T] Jer] < Ce, (34)
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for a constant C. = C.(«, T, T, D, L, q,0, up) which is in particular independent of N.

Leveraging that the NN parameters c. are uniformly bounded and exploiting that o’ is
bounded as of Assumption B2 and that the domain D is bounded as of Assumption A2, we
can use (24b)—(24d) to bound (analogously to (25)) with Cauchy-Schwarz inequality

C T
= |+ k= |+ = nd] < s [ sl s 39)

for a constant C' = C(T, D, 0,C.). After squaring both sides of (35) and using Cauchy-
Schwarz inequality we obtain

ot Nk bl =il < sy [ oas [ IR
Cr
<o [ st s (101 + 101 o +1)

where we inserted (29) and used the second part of (6) in the second step. Employing (32)
in (36) shows after using Young’s inequality that for 7 € [0, 7] with 7 < oo

‘wi’i - wéz
(36)

wbi? < 2t + O+ s (10 + 1A o) + 1) (37)
C

HwH<2W%H+0+ —5 (1712,00) + 110y + 1) (38)

[ni]* < 20nb|* + C + sy mmh 4 IRl ory +1) (39)

for a constant C' = C(«, T,T, D, L, q, pto, C’C) which is in particular independent of N.
Recalling that the parameters wé , wh, and 0} are initialized according to the mea-

sure fi9, whose marginal distribution gyt .. Of (wo ,wh,nb) has bounded moments as of
Assumption B3(iii), (37)—(39) prove that

E t,1 7 7 <C
sup s B et o]+ foel) < Con (40)

for a constant Cy,,; = Cu (o, T,T,D, L, q,0, 1o, Cc) which is in particular independent of
N.
Step 2: Boundedness of the NN ( ) Combining the explicit expressions for —ci,

ddwarZ, ddTwi, and 7777 we obtain for 7-g, N by taking the training time derivative in (3)
that

d d d N\' d
Eggf t,2) Nﬁz<d7' ) +CU()<(dT )t+<d7' ) x+d7'm>

Z// o(*)a(x) + (ch)?o’ (x)o' (¥ ) (tt' + 272" + 1)) ap (¢, 2') da'dt,
(41)

where we abbrewated * = wh't 4+ (W) Tz 4 1t and ¥ = W't + (wi)T2' 4+ ni. Denoting
now by pY = ~ ZZ 1 cl b wi i the empirical measure at training time 7 of our fully-

connected NN (3) with a smgle hidden layer with N neuron and their parameters 6, =
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(c wiza i, 77;)1‘:1 ,,,,, ~, and using the definition of the NN kernel B from (13), we can rewrite
the formula for d%gé\i in (41) as

d

dr —gp. (1, //Bt“ s p Vg, (' 2') da'dt’ = —ar Ty, Uy, (42)

where we used the definition of the NN integral operator 75 from (12) in the last step.
Simple integration in the training time 7 yields by the fundamental theorem of calculus

T

T d

It is straightforward to see from the definition of the kernel B in (13) that we can bound

N
1 )
HB(’U'QZ'V)HLQ(DTxDT) S C (1 + N E (C:')2> S C (44)
i=1

for a constant C' = C(T, D, 0,C.) < co due to the boundedness Assumptions B1, B2, and
A2, and using (34) in the last step. We can use this in (43) to bound with Young’s inequality,
Cauchy-Schwarz inequality and the second part of (6),

2

g HL2 (Dp) S 2”990}|L2(DT) +2H/0 a5 Ty U, ds o

N2 T ! NP
sﬂwmwﬁw/%%/wwm%Lwﬂ
<2l sy + € [ 15

for a constant C = C'(a, T, D, 0,C.) < oo which is in particular independent of N. Using
the explicit form (3) we notice further that for any p > 2 it holds

wmmmwNw//<

= Npﬁ p/QC ¢

ds (45)

(Dr) ds

COO' wot—l—( ) :5—1—77)

p/2
) dxdt
(46)

for a constant C = C(p,T,D,0,C.) < oo. To obtain the first inequality in (46) we
used the Marcinkiewicz-Zygmund inequality with random variables 2%(t,z) = céa(wé’zt +
(wé)Ta: + 776), which are independent thanks to the initial independence of the parameters
08 = (ch, wé’i, wh, mb) as of Assumption B3, mean-zero due to the ¢ having zero mean and
being drawn independently from the other parameters as of Assumptions B3(ii) and (i), and
have finite pth moments due to the c}’s being compactly supported as of Assumption B3(ii)
together with the boundedness of o from Assumption B1. The last two reasons also justify
the second inequality in (46), while the third inequality holds since 5 € (1/2,1). With p = 2,
this allows to conclude (45) after taking the expectation with the estimate

)<C< /OIEH )ds> (47)
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for a constant C' = C(a, T, D, 0,C,) < oo which is in particular independent of N.
Leveraging this estimate we can bound the norm of the adjoint in expectation as

sup E U

([0,T],H1 y T [

<C ( sup E |:HUQ9

2
clor] Lo(Dr) } + ”hHL2(DT)>

<C ( Sup E ngs La(Dr) } + 1oy + IRl Z oy + 1)

sc( EH oy 85+ 11+ 101 o) + 1)

<C @b +ay |2 ds+|| 117,y F IR +1
= 0s Lg([O T],H'(D)) 0s || Loo ([0,7],L2(D)) La(D) La(Dr) ’

(48)

where we used the estimates (27) and (26) in the first and second inequality, respectively.
After employing (47) to obtain the next-to-last line, an application of Grénwall’s inequality
yields the uniform bound

sup E [Hugs ] <C (49)

+ |lu
selon] L ([0,T],H (D)) H 0s

Loo([o T],L2(D))
for a constant C = C(«, T,T, D, L, q,0,C.) < oo which is in particular independent of N.
Herefore, note that E[\|1’Zé\é|]i2(oﬂ my + Hﬂgg”%w (0.7, LQ(D))} < C for a constant C' =
C(T,D,L,q,0,C.) < oo as of (27) and (26) together with the fact that E||g}¥ HLz oy <C
according to (46).

Step 3: Convergence as N — oo. With the adjoint aé\: being bounded uniformly (in
the number N of NN parameters) in expectation as of (49), we immediately derive from
(25) and (35) after taking the expectation that

sup B | —cbl+ ot —uff| + ok —uil bk — b)) < g 60)
i=1,...,N,7€[0,T] N

for a constant C' = C(a, T, T, D, L, q, 0, j1p) < oo which is in particular independent of N.
Let us now prove (18). Recall that (ug U’ ) and (uf,u*) are solutions to the PDE

system (1) & (8) coupled with the gradient descent update (5) and the PDE system (16)—(17)

coupled with the integro-differential equation (15), respectively. Following the computations

of Step 2c¢ in the proof of Lemma 13 in Appendix A that lead to in particular (202) and

(207) as well as (219) we obtain the bounds

H“évf - “:HLg([o,T],Hl(D)) + H“é\i - U:HLOO([O,T],LQ(D)) <C ngj\i - giHLg(DT) (51
and, with p = d + 2 which satisfies p > d + 1, by employing Morrey’s inequality
< Cllgp — (52)

[ uj’HLw(DT) g:HLp(DT)
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as well as,
H“(# j’HLz([O,T},Hl(D)) + H%\i - aiHLm([QTLLz(D))
<C (H“g - u;k'HLQ(DT) + HQ:HLOO([O,T],LQ(D)) [Jug, — u;k'HLoc(DT)> (53)
<C (H“é\i — | Ly ppy F [ “iHLm(DT))

at the cost of some other, potentially larger, constant C = C(«, T, T, D, L, q, 0, i, C¥) < oo.
Here, we used in the last step the fact that @} obeys a deterministic bound, which follows
after an application of Gronwall’s inequality from the chain of inequalities

1. o503 + 131 o100 < € (16512 00y + 1Py )

< C (1931 sy + 1130y + 101 sy + 1)

< ([ 11 om) 5+ IR 0y +1)
(54)

where the first two inequalities are obtained by following the computations of Step ¢ in the
proof of Lemma 13 in Appendix A that lead to in particular (186) and (179), while the last
step is true since by Cauchy-Schwarz inequality, Lemma 22 and the second part of (6) we have
”gT”Lg(DT 1 fy s Tsy dSHiQ(DT) < Jo oZds [g || Ts, HZ(DT)dS < Cfy [l HiQ(DT)dS
for a constant C' = C(a, CP).

Since, as we established in (43), the NN gé\i in the source term of the PDE (8) can be
represented during training by an integro-differential equation similarly to the representation
of g in (15), we can estimate with triangle inequality

N T
90, —/0 Qs (TB( Uy, — Tyt s) ds
ds (55)

.
S ngoHL DT)+/O a Ly(Dr)
T
+ [ ol T @ =), oy

and it remains to control each term individually in expected value. To estimate the
expectation of the first term on the right-hand side of (55) we use Jensen’s inequality
recalling that p > 1 since p = d + 2 and use (46) which yields

Hgé\f _g:HLP(DT) - ‘ Ly(Dr)
5 T

<TB(uéV) - TBO) ﬂé\i

1/p 1
EHQHOHLp (Dy) = (EH é\gHLP(DT)) = N@-1/2C (56)

for a constant C' = C(p, T, D, 0,C.) < oo which is in particular independent of N. To bound
the second term of (55) in expectation we first note that with triangle inequality it holds

~N
E H (TB(“g) B TBO) 40 Lyp(Dr)

<E|(Too) ~ Toon) @

(57)

Ly(Dr) Ly(Dr)
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For the first term in (57) we bound with two applications of Cauchy-Schwarz inequality

2 H (To3) = Ty )) i,

“(1,

Ly(Dr)

P 1/p
B(t,z,t', s pY —pd )ue (t',2") da'dt/ d:vdt)

p/2 1/p
// // (t,x, ', 2’y pY — pd )) dxdt) dwdt) H
T T p/2 2/p
E (// <// (B(t,m,t',:v';uév—uév)fdm'dt’) dmdt)
0o/p \Jo /D
2 1/2
‘ (E ‘ (DT)>

T T ) p/2
E </ / </ / (B(t,x,t’,x';uév—uév)) d:n'dt') dmdt)
0JD 0JD

for a constant C = C(a, T,T, D, L, q,0,C,.) after using (49) in the last step to bound the
expected value of the norm of the adjoint. Observing further after recalling the definition of
B from (13) that it holds with Lemma 20

| /\

1/2

Ug,

(58)

N
Bty ol Y — NZ cb) (1 = cbl + k" — | + lwl — wbll + Inf — )

=1
1N
< 05 3 (16— cbl ol = + = w + 1o~ )
=1
(59)

for a constant C' = C(T, D, o, C,) after using (34) in the last step to bound Ly(ct, ), which
is quadratic in ¢! and ¢ (see Lemma 20), we are left with

B[ (Tog) ~ o))
Bu Blug') Ly(Dr)
N 2\ 1/2
1 . . . . . . .
<c ]E NZ (1t — bl + s =l wz—wa|r+rn;—na|)>

1/2

IN

Z\H

(E<

2
(Dr) d“”))

o\ 1/2
Ls(Dr) ds) )
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1/2
(Dr) )

for a constant C = C(a,T,T,D,L,q,0,1p,C.) which is in particular independent of
N, where we used (25) and (35) in the second line, Cauchy-Schwarz inequality in the
next-to-last step, and the second part of (6) together with the bound (49) on the ex-
pected value of the norm of the adjoint to obtain the last inequality. In order to tackle
the second term in (57), let us first introduce the random variables Zi(t,z,t' 2') =
k(t,x,t’,x';cg,wé’z,wé,no — [k(t,z, ', 2s c,w, w,m) dpo (e, wh, w 7]) which are independent

SNlc—5</ adsIE/ H

C

thanks to the initial independence of the parameters 6 = (co, wo Y wh,mb) as of Assump-
tion B3, mean-zero, and have finite pth moments due to the c{’s being compactly supported
as of Assumption B3(ii) together with the boundedness of o and ¢’ from Assumptions Bl
and B2 and the boundedness of the domain D as of Assumption A2. After taking the
expectation we can estimate with two applications of Cauchy-Schwarz inequality in the
second and third step, (49) in the fourth step to bound the expected value of the norm
of the adjoint, and two applications of Jensen’s inequality in the last step (once for the
expectation in the setting of a concave function and once for the time-space integral in the
setting of a convex function at the cost of a constant depending only on 7T vol(D) and p;
herefore, recall that p/2 > 1 and 2/p < 1 since p = d + 2) that

p 1/p

dxdt)

EH(TB(%) TBO) Ug,
T
E
0JDI|JO JD
T T 9 p/2 1/p
</0/D(/O/D(B(t,w,t’,x’;uév—uo)) dx’dt’> dxdt) [y
4 T p/2 2/p\ 1/2
) E</o/p </o/D(B(t’w»t'vw’;uév—uo))gda:/dt) dﬂcdt>

2 1/2 (61)
DT))

<C E // // (2, a's pd — o)) dxdt>/2dxdt>

// //( twtw))zd:c’dt' dadt
§<////

Ly (Dr)

B(t,z,t' 2’ ué\]—,uo)aé\i (t',2") dx'dt/

IN

1/2

1/p
“(t,x,t, 2 da:’dﬂda:dt)
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for a constant C' = C(p,T,T, D, L, q, 119). We can now employ the Marcinkiewicz-Zygmund
inequality with random variables Z* to obtain

p/2 1/p

C i 2 I,
Lo <N //// (Z\Z (t,2,t', ) \) da’df dadt

T T
VNN
N \JoJpJoJp
C T T ) ) 1/p

< E|Z'(t,x, ', 2 dx'dt'dxdt)

v ([ L) ez er

for some other, potentially larger, constant C after using Holder’s inequality in the next-to-
last and the fact that the random variables Zi(¢, z,t',2') are identically distributed in the
last step. It further holds after recalling the definition of the random variables Z/(t, z,t', z')
with Lemma 20 that

E||(Togy) — T ) )

B[ (o) ~ T 2

IN

N 1/p
NP/2-1 Z | Zi(t, .t 2) }p] dx’dt’dxdt)
=1

(62)

Lp(Dr)
1
< E L i i ti .t i i d t P\
= N1/2 k(chs ©) (g —cl + Jwy" —w'| + ||wo—wl| + [ng—nl ) dpo(c, w", w,n)
C
<
- N1/2

(63)

for a constant C' = C(p,T,T,D, L, q, 0, o) which is in particular independent of N. In
the last step, recalling that Li(cl,c) is quadratic in ¢} and ¢ (see Lemma 20), we firstly
used that the initial condition po has a compactly supported marginal distribution pg . as
of Assumptions B3(ii) and that the parameters ¢} ~ pg, and secondly that the marginal
distribution pig (yt w5 has bounded pth moments and that the parameters (wé’i, wh, mb) ~
o, (wt,w,y)- Employing (60) and (63) in (57) we eventually obtain the bound

C C

~N
E H (TBW@V) B TBO) YOl (D) = yis Ty

for a constant C' = C(p, o, T, T, D, L, q, 0, 119, Cc) which is in particular independent of N.
To estimate the last term of (55) we can directly employ Lemma 24 to obtain

T, (@) — HL,, (D) = (// [T, (T 2‘))](t,x)\dedt>1/p -

< Cllug, -

(64)

SHLQ(DT)

for a constant C' = C(p, T, D, C15).
Combining the estimates (56), (64) and (65), and plugging them into (55) after taking
the expectation we eventually arrive at

. | 1 | o
Ellgo. — 7, 0n) <€ (Nﬁ—1/2 tNiE T N +/0 osE (|5, — T3 1,y d3> - (66)
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Inserting this now into (51) and (52) and, consecutively, the results into (53), we get

E [Hﬁé\i — aj'HLz([O,T],Hl(D)) + Hﬂé\i — aiHLoo([O,T},LQ(D))}
1 1 1 T R .
S O <Nﬁ_1/2 + Nl_ﬁ + N1/2 +/0 OésE H’I,Lé\i — USHLQ(DT) d3> ,

which yields after an application of Grénwall’s inequality

(67)

B[l = @ oy oy + 18 =l or2aon)

<C Nz TN T e ) P ; asds | .

Since € (1/2,1) and T < oo, (18b) follows. Utilizing this, (18c) follows from (66), and
(18a) eventually follows therefrom with (51) after taking the expected value on both sides of
(51). This concludes the proof. |

2.6 Main Convergence Result for the NN-PDE

We are now ready to discuss our second main theoretical result, Theorem 3, which is about
the convergence of the NN-PDE solution u} to the target data h, i.e., a global minimizer of
the loss J* defined in (19), as the training time 7 — oo.

A few comments about Theorem 3 are in order. Sufficient conditions for the well-
posedness (i.e., uniqueness and existence) of a solution (u*,u*) to the PDE system (16)—(17)
coupled with the integro-differential equation (15) are provided by Lemma 13 and Remark 14.
While they, and in particular the additional Assumption 7, are sufficient, they may not be
necessary and the well-posedness of the system could be guaranteed under another set of
assumptions, see Remark 8.

Theorem 3 proves the global convergence of the adjoint gradient descent optimization
method (5) in the infinite-width NN hidden layer limit as the training time 7 — oo. While
it is, to the best of our knowledge, a first-of-its-kind convergence result in the setting of
semi-linear (and therefore strictly nonlinear) parabolic PDEs, we substantially strengthen
beyond that the notion of convergence compared to prior results (Sirignano et al., 2023),
which considered the setting of linear PDEs, see Remark 36 for more technical details.

Let us now provide a proof sketch of the statement, which gives an outline of the
subsequent Sections 4 to 9 comprising the central steps involved in the proof of Theorem 3.

Proof [Proof sketch of Theorem 3] Properties of the infinite-width NN (Section 4).
The training time derivative of the PDE right-hand side gf = — fOT asTp,u% ds given in
(15) is %gi = —o,Tp,uf. Due to the NN kernel operator Tz, being a Hilbert-Schmidt
operator as of Remark 21 and Lemma 22, T, u; € Lo(Dr) for every T and || Tzl 1, p,) <
CB x| Lo(Dy)- Leveraging that the NN kernel By is uniformly bounded in Lo as a
consequence of Assumption 9 on the NN architecture, we further show in Lemma 24 that
Tpyuy € Loo(Dr) for every 7 and ||Tg,uzll,_(p,) < CcIs [zl £, (pyy- Furthermore, Tg, is
positive definite according to Lemma 23 and its eigenfunctions form an orthonormal basis of
Lo(Dr) as of Lemma 22.
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Step 1: Decay of the loss J* (Section 5). With chain rule and by leveraging the
adjoint PDE (17), we obtain in Proposition 26 for the training time derivative %jﬁ of the
loss J* defined in (19) with partial integration that

T
%j:: /0 /D (ui(t,x)—h(t,x))%ui(t,x)dxdt "

T
N d ~ ~ *
:// ui(t,x)d—gi(t,:c)da:dt:—aT(ui,TBoui)LQ:—aT x
0JD T

where we used that % g9f = —a;Tg,ut in the next-to-last step and the definition (112) of
the functional QF = (u%, Tp,ut)r, in the last step.

Step 2: Cycle of stopping times analysis (Section 8). Following the frameworks
of (Bertsekas and Tsitsiklis, 2000; Sirignano and Spiliopoulos, 2022) on gradient convergence
in gradient methods, we prove in Proposition 32 that

. *

Tlirglo Qr =0. (70)
It is immediate to observe that liminf, ,., QF = 0. Namely, if there existed an € > 0 such
that QF > ¢ for all 7 > 7, we would have had by (69) and the fundamental theorem of
calculus that J* = J —f; asQids < JF—e f; asds — —oo as T — oo due to condition (6)
on the learning rate a,. This contradicts the positivity of the loss J*. Thus, the case that
the functional Q7 is larger than some ¢ for all but a finite amount of time cannot occur.
However, it remains to outrule the case that the functional QF spikes above e forever, while
being small most of the time. Let us therefore bring limsup,_, ., @5 > 0 to the contradiction.
To this end, assume that there exists an € > 0 such that QF < ¢/2 for infinitely many 7’s as
well as QF > ¢ for infinitely many 7’s. Then there exists an infinite cycle of stopping times

O=0p<m <01 <m<oy<m<..., (71)
with 74 and o being defined for k = 1,2,... according to

T =1inf {7 > o1 : @ > ¢}
5

1 T 72
gk:sup{TZTk:QQ:kSQZSQQik for all s € [y, 7] and / astSQLQ}’ (72)
Tk

where Lg > 0 will be defined in Step 3. By a telescopic sum argument, we have for sufficiently
large m and for all n > n that

n

‘7:71,+1 = j:ﬁ + Z (‘7‘;‘;+1 - ‘7;;)

k=n

=7%+Zn: [(j;lﬂ —J5) + (J5, —‘7;;)} — —00

k=n

<0 <-(1-9)e*/(4Lg)

as n — 0o, which is again a contradiction as the loss J* is positive. Thus, (70) holds. The
properties under the brackets are derived as follows.
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e On the intervals Il%+1 = |0k, Tk+1), where QF < ¢, i.e., where QF is negligibly small,
we just show T2 —J;, <0 by using (69), the fundamental theorem of calculus and
the positive definiteness of T, .

e On the intervals I} = [, 0%), on the other hand, where QF /2 < Q% <2Q% . it holds
Ty —T% < —(1=9)e?/(4Lg) for any 9 € (0, 1) as we prove in detail in Proposition 32.
The intuition behind this bound is that on those intervals Q;y > Q5 /2 > /2, i.e.,
Qr is non-negligibly large, while, at the same time, enough training progress is made
in the sense that fTZ’“ ardr > (1 —9)e/(2Lg). The former is by definition of the
stopping times. The latter is either ensured by the definition of the stopping time o}, or
guaranteed, as proven in Lemma 33, by a regularity bound (74) for the functional Q%
in terms of the learning rate a.-, which we derive in Step 3. It allows to lower bound in
this case f;:“ a, dt by the change of the functional Q7 , which is (up to an arbitrarily
small factor ¥) at least £/2 on the intervals I7.

Step 3: PDE considerations and a regularity bound for the functional Q7 in
terms of the learning rate (Sections 6 and 7). A crucial property of the functional
Q% in the preceding argument is the regularity bound

T2

|97, - 95 < Lg/ oy dr, (74)
T1

which holds for all 0 < 7y < 79. To prove (74), we develop a novel approach in Proposition 31.

To this end, let us introduce for QF and the coupled PDE system (16)—(17) the second-

level adjoint system (114)—(115) with variables (v}, w?). With the fundamental theorem of

calculus and by leveraging those adjoint PDEs, we can represent

Q-9 = TQdQ*dT—/m(d*ﬁ*) dT—/T2a(T ur,vr) dr
" o n dr T 71 dTgT7 ! La(Dr) - T1 7Bt T/ La(Dr)

(75)
and it remains to employ Cauchy-Schwarz inequality and to derive uniform (in the training
time 7) Lo bounds on u} and vf. In Lemma 28 we establish such bound for w}, which
is a consequence of an energy estimate and J being monotonically non-increasing as of
Proposition 26. In Lemma 30 we prove that also ¥ is uniformly (in the training time 7)
bounded in Lo. While the proof is again based on an energy estimate, the technical difficulty

TR VK

arises from the structure of the source term in (114) which is of the form @ + gy, (uk)uiw?.
In order to control this term in Ly, we establish in Lemma 29 uniform (in the training
time 7) estimates on the Ly and Ly, norms of the second-level adjoint @w?. That we are in
particular able to obtain an L, bound is a consequence of the source term 27'5,u* in (115)

being in L., by Lemma 24. Cauchy-Schwarz inequality now yields

T2

19, = @l < [ ar 1708 sy ) 1821y 0
n (76)

T2
< Lg / o, dr
T

1

with Lo = CQB C"C" after employing Lemmas 22 and 28 and Lemma 30 in the last step.
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Step 4: Convergence of the adjoint u* and the solution u} (Section 9). Since
the functional QF = (u},TB,U;) L, (p,) converges to zero as 7 — oo according to (70) and
since the NN kernel operator Tz, is positive definite as of Lemma 23, the adjoint u* in (17)
converges to zero weakly in Ly as 7 — 0o as we prove in Proposition 34. Leveraging the
structure of the adjoint PDE (8), we infer therefrom in Proposition 35 that the solution w
in (16) converges to the target data h weakly in Lo, which concludes the proof. |

Before turning the focus of the manuscript to the numerical experiments and the proof
details thereafter, let us draw in the following remark an analogy to the convergence analysis
of gradient descent methods in the setting of finite-dimensional optimization problems, which
highlights the challenges arising from our infinite-dimensional PDE-based setting.

Remark 15 To minimize a finite-dimensional objective function or loss J : R — R, we
run gradient descent %97 = —a,;VyJ(0;) with learning rate o .

We can compute with chain rule that £J(0.) = VoJ(0;) L0, = —a, Vo] (6|12, cf.
(69), showing the decay of the loss J. Assuming that the loss J is Lj-smooth, i.e., has a
Lj-Lipschitz continuous gradient, and that VgJ is bounded by Cvj, we can easily verify
that [[V0.1(0:,) |2 ~ [V (0:,)]] < 2051 V6 (0r) — VoI (O)I] < 205 Ly 10r, — 0| <
2Cv L f:lZ a- Ve (0-)| dr < 2C% L, f;f o dt, which matches our reqularity bound in
terms of the learning rate, cf. (74). Note that in that case, one arrives at the same statement
albeit in a considerably more straightforward way compared to how we derived (74) in the
infinite dimensional setting studied in our paper. Then, following the same steps as in the
cycle of stopping times analysis from above, we can infer that lim,_,~ [|[VgJ(0;)|| = 0, cf.
(70), i.e., that gradient descent converges to a stationary point.

3. Numerical Experiments

Several numerical studies are presented below that illustrate and support our theoretical
findings. We consider the following second-order parabolic partial differential equation

Oru — 0.01Au — q(u) = grarget in [0,7] x D,
u=0 on [0,7] x 0D, (77)
u = 0.2sin(47x) sin(27y) on {0} x D,

on the spatial domain D = [0,0.5] x [0, 1] and with time horizon 7" = 1. Two scenarios,
namely

(i) the (linear) heat equation, i.e., the case where ¢ = 0, and

(ii) the (nonlinear) Allen-Cahn equation with nonlinear term q(u) = u® — u
are investigated. In either case, the target source term, which is unknown to the practitioner,
is given by grarget (t, 7, y) = 1600z(1 — 22)y?(0.2 4 0.6t — y)*(1 — y)?. To learn it from data
by running the adjoint gradient descent optimization method (5) with the gradient being
computed according to (7), we model grarget by an NN gév with N neurons of the form (3).
As hyperparameter we choose 5 = 2/3, as activation function o we choose the tanh, and the
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NN parameters are initialized according to ¢y ~ U([—1,1]), wé’i ~ N(0,1), wh ~ N(0,Idax2)
and nj ~ N(0,1) for all i € {1,..., N}, which is in accordance with Assumption 9.

We use the Adam optimizer with hyperparameters 51 = 0.9 and B = 0.999. The learning
rate is initially set to ozév e ]\,01'912[3 and decreased adaptively by the ReduceLROnPlateau
scheduler with factor 0.95 and patience 100, which we gradually reduce during training.
For numerical stability, the gradients are clipped using ZClip (Kumar et al., 2025), an
algorithm for robust gradient norm statistics estimation, which employs z-score-based
anomaly detection and leverages exponential moving averages. For its hyperparameters, we
choose a smoothing factor of a = 0.98 and a z-score threshold of 0.4. Qualitatively similar
results can be obtained with other optimizers such as RMSprop or SGD.

In Figures 1 and 2, respectively, we depict for the linear heat equation, i.e., scenario (i),
and the nonlinear Allen-Cahn equation with nonlinear term ¢(u) = u? — u, i.e., scenario (ii),

the relative root mean square error (RMSE)

RMSE(0) = — 1+ 27N
HhHLm (Dr)

HhuLm o \// [ () = bt ) dat

during training of the NN g for a range of different numbers of neurons N. Our results are
averaged across five runs with different seeds and visualized as described in the captions.

We observe that the NN-PDE solution ﬂév converges to the target data h as the number
of neurons N in the NN gév increases (see Figures la and 2a), which confirms our theoretical
expectations, cf. Theorems 1 and 3. For a visualization of the target source term giarget, the
NN gév as well as the target data h and the NN-PDE solution uév , we refer the reader to the
GitHub repository https://github.com/KonstantinRiedl/NNPDEs. In both experimental
scenarios (i) and (ii), the loss decreases quickly from the beginning. For small values of N,
convergence saturates earlier at higher loss plateaus, while the error continues to decrease to
very low loss plateaus even after 60,000 epochs for larger N. The spikes and oscillations
present in the trajectory of the raw losses (see Figures 1b, lc, 2b and 2c¢) are reminiscent of
the edge of stability phenomenon observed in (Cohen et al., 2021, 2022) when using gradient
methods to mimimize neural network training objectives. They observe for a wide range
of machine learning tasks that the training loss does not behave monotonically over short
timescales, but consistently decreases over long ones, due to exhibiting a self-stabilization
property (Damian et al., 2023). This is in accordance with our observations. These artifacts
are intensified by the strong non-convexity of our underlying optimization problem in both
the linear and nonlinear PDE scenario. Although this non-convexity is expected to vanish
in the infinite-width hidden layer limit in the case of the linear heat equation due to a
convexification of the optimization problem, for moderately sized finite-dimensional neural
networks, this non-convexity appears to still have an effect on the training. In the nonlinear
case, where the problem does not convexify, this may lead to the observed more frequent
oscillations in the loss.
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(a) Best RMSE for N € {1,2, 5,10, 20, 50, 100, 200, 500, 1000, 2000, 5000}. (c) RMSE for N = 5000.

Figure 1: Decay of the relative RMSE(#) during training of the NN gév for different numbers
of neurons N (colored in blue to green as N increases) in case of the linear heat equation, i.e.,
scenario (i). In (a), we depict for a range of different numbers of neurons N € {1, ...,5000}
the relative RMSE of the best model observed during training up until the current epoch.
That is, if the RMSE of a model ; at epoch k is RMSE(6y), then the plot displays
ming<, RMSE(6;) at each epoch k. As we increase the number of neurons IV, we observe an
improvement in the respective RMSE. In (b) and (c), we plot the instantaneous relative
RMSE of the current model at each epoch for N = 50 and N = 5000 neurons. l.e., these
plots display RMSE(6;) at each epoch k.

In all three plots, we display the mean across five individual training runs with different
initializations as a solid line together with the maximal deviation therefrom by a shaded
area.

10 — N=100 —— N=1000
20 — N=200 N =2000
50 —— N=500 N =5000

===
o
[EINE

N
N
N

relative RMSE

(b) RMSE for N = 50.

T T T T T T T
0 10000 20000 30000 40000 50000 60000
epoch

(a) Best RMSE for N € {1,2,5, 10, 20, 50, 100, 200, 500, 1000, 2000, 5000}. (c) RMSE for N = 5000.

Figure 2: We repeat the experiment of Figure 1 for the nonlinear Allen-Cahn equation, i.e.,
scenario (ii).
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4. Neural Network in the PDE Source Term

This section is about the mathematical tools related to the neural network (NN) gév defined
in (3), which constitutes the source term of the PDE (1).

4.1 Properties of the NN Kernel B

The NN kernel B, a.k.a. the neural tangent kernel (NTK) is given as in (13). In Lemmas 16,
17 and 19 we establish some properties of the NN kernel By at initialization that will be
useful throughout the manuscript. First, we show that the kernel By is uniformly bounded,
which is a direct consequence of Assumptions B1, B2 and B3(ii).

Lemma 16 (L.-boundedness of By) The kernel By = B(up) defined in (13) is uni-
formly bounded in L, i.e., it holds

|Bo(t,x,t',2)| = | B(t, z,t',2's po)| < CZ (79)
for all (t,x), (t',2") € Dr for a constant CZ = CB(T, D, o, o).
Lemma 16 directly implies that the kernel By is bounded in Ls.

Lemma 17 (Ly-boundedness of By) The kernel By = B(uo) defined in (13) is bounded
in La, i.e., By € Lo(Dr x Dr). We abbreviate C8 = 1Boll 1, Dy Dy

Remark 18 Since the NN kernel B is symmetric, as easily verifiable by noting that
B(t,z,t',2';u) = B(t', 2’ t,z; 1), and since By € Lo(Dr x Dr) as establish in Lemma 17,
By is a Hilbert-Schmidt kernel.

We further show that the kernel By is Lipschitz continuous in the time and space
variables.

Lemma 19 (Lipschitz continuity of By) The kernel By = B(uo) defined in (13) is Lp-
Lipschitz continuous, i.e., it holds

‘B(tl,xl,t’,x/;uo) - B(t2,x2,t’,x’;uo)‘ < Lg (‘tl — tQ‘ + Hxl — a:QH) (80)
for all (t',22), (t?,22%), (t',2") € Dy for a constant Lg = Lp(T, D, o, u).

Proof The Lipschitzness and boundedness of o and ¢’ via Assumptions B1 and B2 together
with Jensen’s inequality give

‘B(t17 xla t,, Q?l; :U'O) - B(t27 1'2, tla l’l; :U’O)’

< [ o) (et~ 2+ (s ful o' o)) duotut )

for a constant C' = C(T, D, o). Since p is such that the marginal distribution pg . is com-
pactly supported and the marginal distribution pg, (yt ;) has bounded moments according
to Assumption B3, the statement follows. [ |

To wrap up this section, let us show that k is (locally) Lipschitz continuous in the NN
parameters.
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Lemma 20 (Lipschitz continuity of k) The function k defined in (14) is Ly-Lipschitz
continuous, i.e., it holds

’k(tmtmclwt LY — k(t,z, b, 2’5 2, wh?, ,n)‘

82
< Lule ) (| = ]+t w2+ ol o )
for all (¢!, c?), (w wt2) (wl,wQ),(nl,nz) and for all (t,x),(t',2") € Dp for a constant
Li(c',c?) = Li(T, D,o,c', c?) that is quadratic in c* and c*.

Proof The proof follows directly using the Lipschitzness and boundedness of ¢ and ¢’ via
Assumptions B1, B2. Details are omitted. |

4.2 Properties of the NN Integral Operator Tp,

The NN integral operator T, is given as in (12).

Remark 21 With the kernel By being, as discussed in Remark 18, symmetric and in
Lo, i.e., a Hilbert-Schmidt kernel, the associated operator T, : La(Dr) — La2(Dr) is a
Hilbert-Schmidt integral operator.

In Lemmas 22 to 25 we establish some properties of the NN integral operator T, that
will be useful throughout the manuscript. First, we show that the eigenfunctions of the NN
integral operator Tz, come with real eigenvalues and form an orthonormal basis of La(Dr).

Lemma 22 (Properties of Tp,) The operator T, defined in (12) with By = B(uo) is a
self-adjoint compact linear operator with operator norm || Tyl < | T, |lus = [1Boll 1, (pyx Dy) =
CB, where ||o|lyg denotes the Hilbert-Schmidt norm. Furthermore, the eigenfunctions
{er(t,x)}32, of T, have real eigenvalues {\g}r—, and form an orthonormal basis of La(Dr).

Proof Since the kernel By is symmetric and of Hilbert-Schmidt type as verified in Lemma 17,
see also Remark 18, the operator T'g, is a self-adjoint, compact linear operator. The Hilbert-
Schmidt norm is [T, |lys = |Boll1,(pyx pyy and provides an upper bound to the operator
norm. Furthermore, the spectral theorem ensures the existence of an orthonormal basis
of La(Dr) consisting of eigenvectors of T, with real eigenvalue, see (Brezis, 2011, Theo-
rem 6.12). [ |

In fact, as we show next, the eigenvalues of the NN integral operator 75, can be shown
to be strictly positive (Sirignano et al., 2023, pages 27-28).

Lemma 23 (Positive definiteness of T,) The eigenvalues {\;}r—, of the operator Tp,
defined in (12) with By = B(uo) are strictly positive, i.e., it holds A\, > 0 for all k. Moreover,
it holds A, < ||Bol|p,(pypxpy) for all k.

Proof We first prove that the eigenvalues are strictly positive, i.e., A\ > 0 for all k. Using
the definition of the kernel By = B(ug) in (13) we can directly compute that for any function
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u = u(t,x) it holds

T T
(4, TByU) 1o (Dy) :// il(t,x)// Bo(t,z,t', 2u(t', o) da'dt’ dxdt
0JD 0JD

_ / </OT/DU(wtt+wa +n)alt, ) dmdt>2

T 2
+ (/ / co' (w't + wl'z 4+ n)ta(t, z) dxdt)
0JD

? (83)

T
+ // co' (w't + wlz 4+ n)xa(t, z) dzdt
0JD

T 2
+ </ / co'(w't + wl'z 4+ n)u(t, ) dxdt) dpio(c, w', w,n)
0JD

T 2
2 [ () ot mite) deae) di ' 0
0JD
>0,

where the inequality in the next-to-last step holds due to the non-negativity of the individual
summands in lines 3-5. Since also the summand in line 2 is non-negative, the last inequality
holds, which verifies A\, = (ex, Tp,ex)r,(Dy) = 0-

Let us now show further that (U, Tp,u)r,(p,) = 0 if and only if w = 0 everywhere. The
“if” direction is immediate. For the “only if” direction, we proceed by contradiction. Consider
a function u which is not everywhere 0 but suppose that (u, Tpyu)r,(p,) = 0. The latter
implies due to the inequality (83) that

T
/ / o(w't + whz 4+ n)u(t, z) dedt = 0 for all w' € R,w € R%,n € R, (84)
0JD

since the marginal distribution fig (yt ) assigns positive probability to every set with
positive Lebesgue measure as of Assumption B3(iv) and continuity of the integrand w.r.t.
the NN parameters w!,w,n. Since o is non-constant and bounded as of Assumption B1,
it is, according to (Hornik, 1991, Theorem 5), discriminatory in the sense of (Cybenko,
1989; Hornik, 1991). This ensures (note that u(t,z)dzdt is a finite signed measure since
u € L1(Dr) by Jensen’s inequality and the fact that u € Lo(D7) and Dy being bounded as
of Assumption A2) that (84) implies that u = 0 by the definition of ¢ being discriminatory,
see (Hornik, 1991). Since this is a contradiction, (4, Tp,u)r,(p,) > 0 if U is not everywhere
0. In particular, for the eigenfunctions ey it thus holds A\, = (ex, Tyek) 1,(py) > 0, which
proves the first part of the statement.

It remains to show that the eigenvalues are bounded from above, i.e., A\ < co. For this
note that by Cauchy-Schwarz inequality it holds

Ak = (ek, TBoer) 1o(Dr) < lewll Ly 1TBok I Ly (Dp)
9 (85)
S HBOHLQ(DTXDT) HekHLQ(DT) = ||B0”L2(DT><DT) ’

where the last inequality is due to Lemma 22. This concludes the statement. |
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Next, let us show that the NN integral operator Tz, maps L2 to L.

Lemma 24 (L.-Boundedness of T u) Let u € Ly(Dr). Then Tp,u defined in (12)
with By = B(up) is uniformly bounded in Lo, i.e., it holds

|[T5,)(t,2)| < C2Z [l i, (86)

for all (t,x) € Dr for a constant C18 = CT8(T, D,CB).

Proof Using Cauchy-Schwarz inequality and employing Lemma 16 afterwards, we bound

T
Tr,t)(t,z)| < ||a Bo(t, x,t',a'))* da'dt!
Ta,21(6,2)] < [l Ly \//0/D< ot #,2)° da .
< [l y oy VTVOUDICE

for each (t,x) € Dr, which proves the assertion with C12 = /T vol(D)CE. [ ]

To wrap up this section, we furthermore show that Tz, u is Lipschitz continuous.

Lemma 25 (Lipschitz continuity of Tz, u) Let u € La(D7). Then Tp,u defined in (12)
with By = B(o) is L, -Lipschitz continuous, i.e., it holds

|[TByal(t!, 2') — [Tral(t%,22)| < Ly, (|t* — 2] + ||=* — 22| (88)
for all (t',2?), (t*,2%) € Dr for a constant Lt, = L1, (T, D, Lp).
Proof Using Cauchy-Schwarz inequality and employing Lemma 19 afterwards, we bound

[Ts,u)(t',«") — [T5,u] (%, 2°)]

T

< @l \/// (B, 2t o o) — B2, 22,40, o)) da'dt! (89)
0JD

< @il Ly(pyy LB VT vol(D) ([t' = 7| + ||a" — ?[])

for (t!,22), (t3,22) € Dr. [ |

5. Decay of the Loss J*

Proposition 26 in this section establishes that the loss J* defined in (19) is monotonically
non-increasing in the training time 7.
We state the result for a training time interval I, which may be either [0, 7] or [0, c0).

Proposition 26 (Decay of the loss J*) Let ((uk,ut));er € C(I,S x S) denote the unique

T T

weak solution to the PDE system (16)—(17) coupled with the integro-differential equation (15)
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in the sense of Lemma 15 and Remark 14 on the training time interval I. Define the loss
JF as in (19). Then, for the training time derivative C%JT* it holds

d _, o~ o
— T = —ar(Uy, Ty ) 1,(Dy)

dr
T T (90)
= —aT/ / ﬂi(t,x)/ / B(t,x,t' 2’ po)ut(t', ') da'dt’ dxdt
0JD 0JD
for all T € I with the operator Ty, defined in (12) and where the kernel By = B(uo) is as in

(13). In particular, we have

d
T <0 (91)

forall T € 1.

Proof Taking the training time derivative of our loss J}, i.e., the derivative w.r.t. the
training time 7, we obtain by chain rule and by using that u} is a weak solution to the
adjoint PDE (17) in the sense of Definition 5 with right-hand side (uf — h) that

d . d1 [T ., )
7= g5 [ ) e dva

:/0/D(uj(t,:z:)—h(t,x));iui(t,x)dxdt:/(]T(uj(t, )=ht, ), T-ui(t, ))LQ(D)dt

T
T
0 dr H=1(D),H} (D) dr

d
(et opazie, o), Lz, >> i
( dr Ly(D)
T d * ~x d * ~x
= atiuf(tv )7u~r(t7 ) +B 7“7’(1&’ >7u7(t7 );t
o \ dr H-1(D),H(D) dr

- (e oD i)

L2 (D)
T ra T d
-/ <g§‘-(t, )@, >) a=[ [ (g:a,x)) @ (1, @) dadt,
0 dT LQ(D) oJD ClT

For the weak solution property in the third line of (92), we note that %uj, the weak
solution to the linear parabolic PDE

(92)

d d d d
athuT+£dTuT e (UT)dTuT ar T T
d
—ur = on [0,7] x 0D, (93)
dr
d d
77 Ur de 0 on {0} x D,
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which is obtained by taking in (16) the derivative w.r.t. the training time 7, can be used as
a test function in the weak formulation of (17), see Definition 5, since Lu*(t, ) € H}(D)
for a.e. t € [0,T]. Existence, uniqueness and regularity of a weak solution to (93) in a sense
analogous to Definition 5 follow from classical results, see, e.g., (Evans, 2010, Chapter 7.1,
Theorem 3) and (Evans, 2010, Chapter 7.1, Theorem 4), as %g;'i = —a, I, ur € Lo(Dr) by
Lemma 22.

For the step in the fourth line of (92) we first recall that since -Lu¥(t,«) € H}(D) for
a.e. t € [0,T] and since O,ui(t,») € La(D) for a.e. t € [0,T], the dual pairing between
H~Y(D) and H}(D) coincides with the Lo(D) scalar product (Evans, 2010, Chapter 5.9,
Theorem 1(iii)). This allows to compute with partial integration, which applies since
Ui(t, o), Luz(t,») € HY(D) for a.e. t € [0,T], that

Y dr T

T d
| (o) e ) at
0 dr H-1(D),H}(D)
T d T d
_ / <atai(t, ), L, )> it = / / (O (1,2)) (1) vl
0 dr La(D)
» N
:/ “(t,x)— ta; d:z:—// *tm@t—u (t,x) dzdt
D d 0

since ux —0 on {T}><D and
since dTu *=0on {0}xD

- [ (ocgpunten) ey =~ [ (gt i)

:7/<adu<>ﬁm,ﬁ i,
o \ dr H=1(D),H} (D)

(94)

where the last step holds again since now @ (t, ) € H}(D) for ae. t € [0,T] and 0,--* is
in La(D) for a.e. t € [0,T] by (Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1) with
p = 2. Those computations are analogous to the ones of Lemma 13 for the PDE (93) due
to its with (17) identical structure and since % g% € Lo(Dr). Secondly, by definition of the
adjoint bilinear form BT (see Definition 5) it holds

B*mw»jﬁm»@—s[
T

for a.e. t € [0, 7] since Tk (t, ), Lu(t, ) € H(D).
The penultimate step of (92) holds since %ﬁi is a weak solution to the PDE (93) and
since W% (¢, #) is a suitable test function as it is in H{ (D) for a.e. t € [0, 7).

Now, recalling the definition of the right-hand side gF from (15) and taking its training

d

Euj’&? )7aikr(t7 );t (95)

time derivative to obtain % g9f = —a.Tp,uk, as well as recalling the definition of the operator
Tp, from (12), we can continue (92) to obtain

d T T

—JF = —« // us(t,x // B(t,z,t', x'; po)ut (¢, 2') do’ dt' dedt

droT T o Jp T( ) o )b ( :U’O) T( ) (96)

o~ e
= —0r (urv TBOUT)LQ(DT) )
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which concludes the first part of the proof.

The second part now follows immediately thanks to the operator Tp, being positive
definite as of Lemma 23. |

Following analogous steps we can prove Lemma 10.

Proof [Proof of Lemma 10| Taking the gradient of the loss (7' w.r.t. the NN parameters 6,
we obtain by chain rule and by using that @}’ is a weak solution to the adjoint PDE (8) in
the sense of Definition 5 that

1 T
V0T = Vog [ [ i t2) (e, dwa
T T
:/o/D<uév<t,x>—h<t,x>>veuév<t,x>dwdt= /0 (up (£, ) =h{t, ), Voguy (8, %)) )
T
—/0 <_ataév(tv )7V9uév(tv )>H71(D)’H3(D)+BT[aév(ta ),Vguév(t, );t]
_(Qu(ta 7uév(t7 ))/dév(t7 )7V,9uév(t, ))LQ(D) dt
T
:/O <atV9’LLéV(t, )’aé\f(t’ )>H—1(D)’H6(D)+B[v9uév(t7 ),ﬂé\[(t, )’t]
_(QU(t7 7ué\7(t7 ))Vguév(t, )’aév(t’ ))LQ(D) dt

T T
—/0 (Voga' (t,). @ (t.)) 1) dt—/o/[)(vggév(t,x)) apy (t,r) dadt.
(97)

For the weak solution property in the third line of (97), we note that Vguév , the weak
solution to the linear parabolic PDE

OV oud + LV gud — qu(ud \Voud = Vgl in Dr,
Voup =0 on [0,7T] x &D, (98)
Vouy =Vof =0 on {0} x D,

which is obtained by taking in (1) the gradient w.r.t. the NN parameters ¢, can be used as a
test function in the weak formulation of (8), see Definition 5, since Voup)' (t, ) € HZ (D) for
a.e. t € [0,T]. Existence, uniqueness and regularity of a weak solution to (98) in a sense
analogous to Definition 5 follow from classical results as Vggév € La(Dr), see, e.g., (Evans,
2010, Chapter 7.1, Theorem 3) and (Evans, 2010, Chapter 7.1, Theorem 4).

For the step in the fourth line of (97) we use partial integration and the definition of the
adjoint bilinear form BT with the same argumentation as in the proof of Proposition 26.

The penultimate step of (97) holds since Vyul' is a weak solution to the PDE (98) and
since 1)) (¢, #) is a suitable test function as it is in H}(D) for a.e. t € [0,T]. [ |
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6. PDE Considerations

Leveraging that the loss J* defined in (19) is non-increasing in the training time 7 as
established in Proposition 26, we provide in Sections 6.1 and 6.2 uniform (in the training
time 7) estimates for the norms of the PDE solution u} to (16) and its adjoint ) in (17).
Those bounds are in particular independent of and thus uniform in the training time T,
depending only on properties of the PDE and the NN initialization at training time 7 = 0.

We state the results for a training time interval I, which may be either [0, 7] or [0, c0).

6.1 Boundedness of the PDE Solution « Uniformly in the Training Time

The following uniform (in the training time 7) bound on the Ls norm of the PDE solution
ur to (16) is an immediate consequence of the loss J* being monotonically non-increasing.

Lemma 27 Let ((uf,u))rer € C(I,S x S) denote the unique weak solution to the PDE

Ur, Ur

system (16)—(17) coupled with the integro-differential equation (15) in the sense of Lemma 13
and Remark 14 on the training time interval I. Then the solution w} is uniformly (in the
training time 7) bounded in Lo(Dr) on that interval I, i.e., it holds

sup [[uf],(pyy < C (99)
Tel
for the constant C* = 475 + 2 HhH%Q(DT)'

Proof For the solution u} to (16) we can compute with Young’s inequality

112, o) // “(t, 2))? dadt = // Rt @)+ h(t,2))? dedt

< / / 2w (t, ) — hit,2))? + 2(h(t,2))? dadt = 477 + 2 [hl2,
0JD

(100)

where the last step is a consequence of J* being monotonically non-increasing on the training
time interval I according to Proposition 26. |

6.2 Boundedness of the Adjoint u} Uniformly in the Training Time

Uniform (in the training time 7) bounds on the L ([0, T], H'(D))- and Lo ([0, T], L2(D))-
norms of the adjoint u* in (17) are obtained via an energy estimate for the linear parabolic
PDE (17) leveraging that the loss 7 is monotonically non-increasing in the training time 7.

Lemma 28 Let ((uf,uf))rcr € C(I,S x S) denote the unique weak solution to the PDE
system (16)—(17) coupled with the integro-differential equation (15) in the sense of Lemma 15
and Remark 14 on the training time interval I. Then the adjoint u® in (17) is uniformly (in
the training time 7) bounded in Ly([0,T), H'(D)) and L ([0,T], L2(D)) on that interval I,

e., it holds

sup (Haj—HLg([O,T],Hl(D)) + Hai”Loo([o,T},LQ(D))) <c (101)
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for a constant C* = C™(T, L, J;).

Proof Let us first reverse the adjoint parabolic backward PDE (17) in time to obtain with
a time transformation for ¥ = u’(t,x) = uX(T — t, x) the parabolic forward PDE

T+ L7 — qu(u(T — o, ) = (ui(T — o,¢) = h(T' = +,+))  in Dr,

2T

=0 on [0,T] x 0D, (102)

T

ur=0 on {0} x D,

T

where £* = L*(t,x) = LI(T —t,x) and q=q(t,z,u) =q(T —t,z,u).
Let us now start by estimating ||u% (¢, )H%Z(D) = [p(@:(t,2))? de. With chain rule and
by using that u’ is a weak solution to the time-reversed adjoint PDE (102) we have

O 2t )12, oy = 2 (@, ), (1, )y ) = 2 (D1, ), TEE, ) s () 13 )
— OBU[E(E, o), Bt )i 1) + 2(qu(t, o, wh(T — £, )Tt ) Bt *)) ()
+ 2T — t,0) — h(T — t,), Tt *)

y Ur

)Lo(D)
(103)

where B*[U,u;t] = B[4, u; T — t]. For the second step recall that since u*(t,) € H}(D)
for a.e. t € [0,T] and since 0yur(t,») € La(D) for a.e. t € [0,T], the dual pairing between
H~Y(D) and H}(D) coincides with the Lo(D) scalar product (Evans, 2010, Chapter 5.9,
Theorem 1(iii)). For the third step, i.e., the weak solution property, note that u(t, ) is a
valid test function since @ (¢, ) € H}(D) for a.e. t € [0, T]. To upper bound the right-hand
side of (103), we consider each of the three terms separately. For the first term, by using
the definition of the bilinear form B as well as that by Assumption A3 the PDE operator is
uniformly parabolic and that by Assumption A4 the coefficients are in L., we can estimate
with Cauchy-Schwarz and Young’s inequality

- B ) B¢ ) =BG, ), Bt ); T — 1] = ~BIES(t, ), Tot, ) T — 1]

» 2T T y LT

/ Z T —t,2)0.,U; (t, )0z, Uy (t, x)

,Jl

+sz T —t,2)0p, W5 (t, )05 (t, ) 4+ (T — t, )W (t, x) T (t, ) dx
< [ v IvE I + 5 193 )
U 2

d
1 . P At
S Ny @) el gy (B (8,2))
=1

d
Vo~ 1 i ~k
< -3 ler(t, )1 (py + (21/2 18]l ooy + ||C”LOO(DT)> @5t )17, m)
=1
(104)

39



RIEDL, SIRIGNANO, AND SPILIOPOULOS

where for the middle term in the next-to-last step we note that with Young’s inequality it
holds

sz T —t,2)8,, 0 (t, )T (¢, ) <Z O, Uk( ,x))? +i(bi( T —t,z)uk(t,z))?
2v

d
< 21V )P + 5o 3 W] oy (@1 2)
. (105)
For the second term, by using that by Assumption A5 g, is bounded, we can estimate
(qu(t, o, un (T —t,0))ur(t,©), ur(t, #)) 1y (D) = (qu(T —t, 0, un(T — ¢, 0))ur (¢, ©), uz (L, #)) y(p)

< eq @t )T 0)
(106)

For the third and last term, by Cauchy-Schwarz and Young’s inequality we can derive the
upper bound

(ur(T = t,0) = (T = t,), w0 (L, 2)) oy < Mlur(T =1, 0) = h(T =&, 2)l| 1,y a7 (8 )l 2, )

(IR = t,0) = (T = ,9) 13 ) + 1B ) ) -

<

N |

(107)

Combining the bounds established in (104)—(107) and inserting them into (103), we can
continue bounding (103) as

~k Vs
O |luz (2, )Hi?(D)JrgluT(t, )i ()

d
1 i ~x 2 ~x 2
< (I/ Z Hb HLOO(DT) +2 ’C”LOO(DT)> HuT(ta )HLz(D) + 20{1 HuT(ta )HLQ(D)
=1

(108)
+ (s (T = t,0) = BT = t, )3 ) + 188,21y )
< Ot )2,y + (T — 1) = BT — )2,
for a constant C' = C(L, q). Defining N (t) = ||a (¢, )]\%2(17) + 35 fg | (s, )|%11(D) ds, (108)
translates to R R
BN (1) < ORA(t) + (T — t,9) — BT — 1, )|, - (109)
We can now employ Gronwall’s inequality to obtain
No(t) < (Nel0) + llw; = b3y ) €7 < (R(0) + s = BllE oy ) €7 (110)
Recalling that N;(0) = 0 by the initial condition in (102) shows
1T om0 (0)) + 15 b 0,177, 2000y S 2T7€ < 25T (111)

where the last step is a consequence of J* being monotonically non-increasing on the training
time interval I according to Proposition 26, which concludes the proof. |
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7. The Functional Q% = (u, T,U%)1.(Dy)

This section is dedicated to proving in Proposition 31 in Section 7.3 a regularity bound for
the functional

QF = (uz, ThyUz ) Ly(Dy) (112)
of the form .
9, - 9l <o [ arar, (113)
T1

which holds for all 0 < 73 < 79, for a constant Lg > 0 as specified after (130). Here, the
operator T, is defined in (12) and the kernel By = B(up) is as in (13).

In order to derive this bound, let us introduce for the functional QF defined in (112) and
the PDE system (16)—(17) the second-level adjoint system with variables (0*, w*) given by

—00F + L0 — qu(u)0F = @ + quo(ul)UEwF in Dr,
vr=0 on [0,7] x 0D, (114)
vy =0 on {T'} x D,
and
Oywr + LWF — qu(ul)wr = 2T, uy in Dr,
wE =0 on [0,T] x D, (115)
wr =0 on {0} x D.

Before discussing the main statement of this section, Proposition 31, we establish in
Sections 7.1 and 7.2 uniform (in the training time 7) estimates for several norms of the
second-level adjoints w? in (114) and v} in (115), respectively.

7.1 Boundedness of the Second-Level Adjoint @w* Uniformly in the Training
Time

We show well-posedness of the second-level adjoint @w? in (115) and derive uniform (in
the training time 7) bounds on its Loo(Dr)-, L2(D7)- and Lo ([0, T], L2(D))-norms. The
uniformity of the bound in time and space is a consequence of the right-hand side of (115)
being in Lo, as of Lemma 24, while the uniformity in the training time 7 follows from the
uniformity of the bound on the adjoint @} as of Lemma 28.

Lemma 29 Let ((uf,u))rer € C(I,S x S) denote the unique weak solution to the PDE
system (16)—(17) coupled with the integro-differential equation (15) in the sense of Lemma 135
and Remark 14 on the training time interval I. Then the linear parabolic PDE (115) admits
for every T € I a unique weak solution W in a sense analogous to Definition 5 with right-hand
side 2T, ur, which satisfies Oyw:(t, ) € La(D) for a.e. t € [0,T].

In addition, the adjoint wr in (115) is uniformly (in the training time 7) bounded in
Loo (D7) on that interval I, i.e., it holds

sup |07l py) < C& (116)
Tel
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for a constant C2 = C% (T, L,q,CE,C%). Furthermore, the adjoint @* is uniformly (in the
training time ) bounded in Lo(D1) and Lo ([0,T], L2(D)) on that interval I, i.e., it holds

0 (197 .0) + 185 o o1y 2oy < O a1

for a constant C® = C®(D,C2).

Proof Step 1a: Existence of a unique weak solution w}. Existence and uniqueness of a
weak solution to (115) in a sense analogous to Definition 5 follow from classical results, see,
e.g., (Evans, 2010, Chapter 7.1, Theorem 3) and (Evans, 2010, Chapter 7.1, Theorem 4), as
2T, ur € Lao(Dr) according to Lemmas 22 and 28.

The remainder of the statement follows from an application of Morrey’s inequality after
leveraging (Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1) for any p > 2.

Step 1b: Ezistence of a unique solution W} € Wpl’Q(DT) for any p > 2. We first
notice that, in the notation of (Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1), the
coefficients a;j(t,z) = a"(t,z) of the linear PDE operator of the parabolic PDE (115) are

bounded continuous functions in Dy for all 4,7 = 1,...,d, while the coefficients a;(t,z) =
bi(t, ) — 2?21 0,07 (t, ) and a(t,z) = c(t, ) — Ele Op b (t, ) — qu(t, x, u(t, )) have finite

norms ||ail, (p,) and |al[,(p,) for any r,s > 0. This is due to the uniform boundedness of
the coefficients per Assumptions A4 and A5 combined with the boundedness of the domain
per Assumption A2, see the subsequent computations with 77 = 0 and AT’ = T. Moreover,
o ) p ..
since it hold [|as|| (D, v, apr) < (||bl||Loo(DT)—kz:j:1 102,07 || 1. (D)) (AT’ vol(D))Y/" for all
. d A
i=1,...;dand |lallL,Dp vy ap) < (el (r) + Ximt 105:6°|| Loo (D) + ) (AT vOI(D)) />,
laill ..o y and |lall, p ) tend to zero as AT — 0. Furthermore, 9D is
r\Mr! T AT s(Dpr 71 !

sufficiently smooth as of Assumption Al. The right-hand side f = 2Tg,u} € L,(Dr) for
any p > 2 due to being uniformly (in the training time 7) bounded in Lo, as of Lemma 24,
Lemma 28 and the domain D7 being bounded as of Assumption A2, which ensures

T 1/p
2T, 0" = 2Tsur|(t, z)|” ddt
1275, 1,0 = ( [ [ 127001 0) P ot .

< 20580 @,y (g (T vOl(D)) /P < 20580 C¥(T vol(D)) V7.
Moreover, both the initial and the boundary conditions ¢ = 0 € W[? Il (D) and & =
0e VVD1 —1/@p)2=1/p (0D7) trivially satisfy the compatibility condition ¢lgp = ®|;—¢. Thus,
(Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1) ensures that w! € W;}’2(DT) obeys
the bound

1@ 12y < C 12750811,y (119)

for a constant C = C(T, L, q). With the uniform (in the training time 7) bound (118) at
our disposal, ||} |, 1.2 (Dyy €an be controlled uniformly (in the training time 7) as
p

1D lyy12pyy < 2C0CTBC(T vol(D))'/P. (120)

42



GLOBAL CONVERGENCE OF ADJOINT-OPTIMIZED NEURAL PDESs

This in particular proves that w? € I/V21 ’2(DT) obeying (120) with p = 2, concluding the first
part of the statement since 0;w?(t,») € La(D) has to necessarily hold for a.e. t € [0,T].

Step 2a: Boundedness of the Loo(Dr) norm of wk. With the conditions of (Ladyzenskaja
et al., 1968, Chapter IV, Theorem 9.1) being fulfilled for any p > 2 as we verified before, they
are in particular fulfilled for p > d + 1. Since we have for such p the continuous embedding
Wpl’Q(DT) — Wpl’l(DT) < Loo (D7) by Morrey’s inequality (Brezis, 2011, Theorem 9.12),
we have the first inequality in

o~k T "
1@l Dy < (dsp) 185 |12,y < 26(d, p)CC® G (T vol(D)) /P, (121)

with the second one being due to (120) As the right-hand side is bounded uniformly (in
the training time 7), and since @* € W,?(Dr) has a continuous version (Evans, 2010,
Chapter 5.6, Theorem 5), this concludes the second part of the statement.

Step 2b: Boundedness of the Lao(Dr) and Loo([0,T], L2(D)) norms of wr. The last part
of the statement follows since |7, _0.71,0,(p)) < V' VOU(D) |0l (pyy @and |07 1, ppy <

VI vol(D) [|wz |, (pyy-

7.2 Boundedness of the Second-Level Adjoint v7 Uniformly in the Training
Time

We now show well-posedness of the second-level adjoint ¥ in (114) and derive uniform (in
the training time 7) bounds on its Lo ([0, 7], H'(D))- and L ([0, T], L2(D))-norms.

Lemma 30 Let ((uf,uf))rer € C(I,S x S) denote the unique weak solution to the PDE
system (16)—(17) coupled with the integro-differential equation (15) in the sense of Lemma 15
and Remark 14 on the training time interval I. Then the linear parabolic PDE (114) admits
for every T € I a unique weak solution VE in a sense analogous to Definition 5 with right-hand
side WE + quu(ul)ur @k, which satisfies 0L (t,») € La(D) for a.e. t € [0,T).

In addition, the adjoint v¥ in (114) is uniformly (in the training time 7) bounded in

Ly([0,T], Hi1(D)) and Lso(]0,T], L2(D)) on that interval I, i.e., it holds
up (195 o110 o) + 197 2. oiry o) < € (122)

for a constant C* = C*(T, L, q,C", C%,C?).

Proof Let us first reverse the adjoint parabolic backward PDE (114) in time to obtain with
a time transformation for vF = U¥(¢,z) = 0X(T — t,x) the parabolic forward PDE

O+ LT — quut(T — o, @))% = DT — 0, ) + quu (We(T — o, 2))-
cUL(T — o, 0)Wi(T —e,¢)  in Dy,
=0 on [0,T] x 8D,
=0 on {0} x D,

(123)

where £* = L*(t,2) = LI(T — t,z) and ¢ = q(t,z,u) = ¢(T — t,z,u).
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Step 1: Existence of a unique solution v:. Existence, uniqueness and regulartiy of a
weak solution to (114) in a sense analogous to Definition 5 follow analogously to Steps 1a
and b of the proof of Lemma 29 from classical results, namely (Evans, 2010, Chapter 7.1,
Theorem 3) and (Evans, 2010, Chapter 7.1, Theorem 4) as well as (Ladyzenskaja et al.,
1968, Chapter IV, Theorem 9.1) for p = 2. Herefore note that @} + gy, (ul)utws € LQ(DT)
by combining Lemmas 28 and 29 with Assumption AG6.

Step 2: Boundedness of the La([0,T], H (D)) and Loo([0,T], L2(D)) norms of v. Let
us now estimate ||oZ(¢, )HQLQ(D) = [, (@i(t, 2))? dz. With chain rule and by using that o} is
a weak solution to the time-reversed adjoint PDE (123) we have

8t"@\;k'(tﬂ )H%Q(D):2(@\i(t7 )ﬂat@\:(tv )) (D):2<at@\i(tﬂ )717:@7 )>H—1(D),H(}(D)
= —2B7[ur (4, 2), 0n (L, ©); 1] + 2(qu(ts o, up (T =1, ©))ur(t, #), U2 (4, #)) o) (124)
+2(A*(T t, )"‘Quu(a ’ T(T t, ))ﬂ?;(T—t, )T/ﬁ;k.(T—t, )7@:(t7 ))LQ(D)7

where B*[i,u;t] = Bf[u,u;T — t] and where we recall for the second step that since
Ui(t,») € HY(D) for a.e. t € [0,T] and since 0;0%(t,») € Lo(D) for a.e. t € [0,T], the
dual pairing between H~1(D) and H} (D) coincides with the Ly(D) scalar product (Evans,
2010, Chapter 5.9, Theorem 1(iii)). For the third step, i.e., the weak solution property,
note that 0% (¢, ») is a valid test function since 9%(t, ) € H}(D) for a.e. t € [0, T]. To upper
bound the right-hand side of (124), we consider again each of the three terms separately.
Analogously to (104) we have for the first term
— B*[u7(t, #), 07 (¢, #); 1]

s 2

14

d
~x 2 1 7 ~k 2
< ) vz (¢, )‘Hl(D) + <2V Z Hb HLOO(DT) + HCHLOO(DT)> [vr (¢, )HLQ(D)
i=1
(125)

where we used the definition of the bilinear form B as well as that by Assumption A3 the
PDE operator is uniformly parabolic and that by Assumption A4 the coefficients are in Lqo
For the second term we have as in (106) with Assumption A5 that

(Qu(ta 7u:(T_t7 ))@\:(t? )7@\:(t7 ))Lz(D)chH@\i(ta )H%Q(D) (126)

For the third and last term, using Assumption A6, by Cauchy-Schwarz, Holder’s and Young’s
inequality we upper bound

(@*(T_t, ) + quu(T—t, o, ut(T—t, o)) TE(T —t, o) @k (T—t £2) o)
@3 (T—t, )|y ) + ¢ I1THT—t, )T, ) | )H £t )l oo
@3 ~t, )y 0y + € [T (T, )| oy 18T =t ) ) ) 1852 ) o)

IN

2
((Hwi@—a M 2oy 4 ITHT—t, )|y ) NTHT—t, )l (1)) +IEEC >\%2<D>>
G | g raod )2 | 2
(€7 + e CmCL) + 135t ) 0 ) (127)

IN IN
N | — l\DM—*/’\/—\
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where we employed Lemma 28 to bound the Ly norm of @} and Lemma 29 to control the Lo
and Lo, norms of w?. Combining the bounds established in (125)-(127) and inserting them
into (124), we can continue bounding (124) as

d
~x Vo 1 % ~~
033t )3y ) + 3 1050 9) B ) < (yzub HLOO(DT)+2||c||Lw<DT)) 122, ) 0

=1
~ 2 i} ! AU AW 2 ~k 2
+ 2011 ”yT(t7 )HL2(D) + ((C + CqC Coo) + ||yT(t7 )HLg(D))
. -\ 2
< C I35t )y ) + (€7 + ¢C7CE) (128)

for a constant C = C(L, q). Recalling that v¥(0,¢) = 0 by the initial condition in (123), an
application of Gronwall’s inequality shows

107N 0,11, 51 (0y) + 107 Lo 0,77, 22(D)) < (Cw+c C“C’w> TeT, (129)

which concludes the proof. |

7.3 Regularity Bound for the Functional Qf in Terms of the Learning Rate

We now have all technical tools at hand to derive a regularity bound for the functional Q%
in terms of the learning rate o, which is the main result of this section.

Proposition 31 Let ((uf,uk))rer € C(I1,S X S) denote the unique weak solution to the
PDE system (16)—(17) coupled with the integro-differential equation (15) in the sense of
Lemma 13 and Remark 14 on the training time interval I. Then the functional QF as defined

in (112) obeys the regularity bound

T2

L (130)

T1

for all 7,7 € I with 0 < 7 <7y for a constant Lg = LQ(C@, v, C2B).
Proof By the fundamental theorem of calculus, it holds for all 0 < 71 < 7 that
Q0 = / < 0rar (131)

and it thus remains to compute and estimate - 4 0 Recalling that Q = (u*, Tg,u%) La(Dr)
as defined in (112), we obtain for its training time derivative by chain rule and by using
that w} and vF are weak solutions (in a sense analogous to Definition 5) to the second-level
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adjoint system consisting of the PDEs (115) and (114) that

L. d/T/ @ (1, 2) [T, 2] (¢, ) dadt
dr=7 dr o Jp T Bo=r 1A%
T d T d
= [ [ st o dode = [ (2@, panen)
0JD dr 0 dr La(D)

/T<a B (), Lt )> +B[A*(t R )t}
= t W1, y 7 UL\T, WU, y 7-UL\T, )
0 dr H-1(D), (D) ar

- (wles e @, faes) a
dr La(D)

/T<a@*(t ), L )> +B[@*(t )L )t}
= tWr\ly y 7 Wr\y, b y 7 W\l )
0 dr H-1(D),H} (D) ar

- <qu<t, it N o), L, >> dat
dr La(D)

T
o f ) st ) +51[5200), a0
0 H-1(D),HY(D) dr
. d

(o
<qu D), )
G

* Sk Ak d *
+Quu( ) ?UT(t’ ))UT(t7 )wT(t7 )’EUT@’ )> ( )dt'
Lo(D

(132)

For the weak solution property in the third line of (132), we note that %ﬁj, the weak
solution to the linear parabolic PDE

d . d d d d
9 Ti _ ) Do Tk Bt in D
atd +£ ar QU( )dTUT dTUT+Quu( )u Tdr u m U,
d
2t =0 on [0,T] x OD, (133)
dT
d
%ﬁi =0 on {T} x D,

which is obtained by taking in (16) the derivative w.r.t. the training time 7, can be used as
a test function in the weak formulation of (17), see Definition 5, since L% (¢, «) € H}(D)
for a.e. t € [0,T]. Existence and uniqueness of a weak solution to (133) in a sense analogous
to Definition 5 follow from classical results, see, e.g., (Evans, 2010, Chapter 7.1, Theorem 3)
and (Evans, 2010, Chapter 7.1, Theorem 4), as -Lu + gy, (ul)ut Lur € LQ(DT) That the
right-hand side is indeed in Ly follows directly after noting that the PDE (93) for %uj
has a structure identical to (115) with right-hand side %g: = —a,;Tp,u%, i.e., the same
up to a constant factor. Following the lines of the proof of Lemma 29 this ensures that
dTuT € Loo(Dr). For the weak solution property in the fifth step of (132), we note that

ddT uk, the weak solution to the linear parabolic PDE (93) can be used as a test function in
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the weak formulation of (114), since Lu(¢, ) € H}(D) for a.e. t € [0,T], see the discussion
after (93).

We now perform partial integration. For this purpose, first recall that since %ﬁj (t,») €
HE(D) for a.e. t € [0,T] and since 9;w:(t,») € La(D) for a.e. t € [0,T] according to
Lemma 29, the dual pairing between H~!(D) and H} (D) coincides with the Lo(D) scalar
product (Evans, 2010, Chapter 5.9, Theorem 1(iii)). This allows to compute with partial
integration, which applies since W(t, »), -L0%(t, ) € H} (D) for a.e. t € [0,T], that

Y dr T

[, (oo
(1), S0, ) at
0 dr H~1(D),H}(D)
T d
:/ (@@i(t, ), —Ur(t,®) ) dt = // (Oywy ur(t, z) dxdt
0 dr L2(D)

:/D ) )| dw—// A*txatdiu (t, 2) dedt

=0
since w —O on {0}xD and
since “~u%=0 on {T'}xD

// (at )) @i(t,x)dxdt__/oT (atddTa:(t, ), @ (¢, )>L2(D) dt

:/ <atd B, o), T, )> dt.
0 dr H-1(D),H}(D)

where the last step holds again since now @ (t,*) € H}(D) for a.e. t € [0,T] and 9, Lux
is in Lo(D) for a.e. t € [0,T], which follows again analogously to Lemma 30 for the

PDE (133) due to its with (114) identical structure and “u? + gy, (uf)Uk-Lur € Ly(Dr).

Similarly, since d%uj(t, ) € HY(D) for a.e. t € [0,T] (see the discussion after (93)) and since

Oi(t,») € La(D) for a.e. t € [0,T] according to Lemma 30, we may compute analogously
o (94) that

T d Ty d
/ <ata:(t, ), L, )> dt:/ <8tu( ), 55 (1, )> dt
0 dr H-1(D),H}(D) 0 dr H-1(D),H}(D

(134)

since D% (t, o), Luk(t,*) € Hi(D) for ae. t € [0,T). Secondly, by definition of the adjoint bi-
linear form B (see Definition 5) it hold B [@}(t, ), & Lux(t,«);t] =BT ldr UE(t, o), Wi(t, «);t]
and BT [05(t,0), Lut(t, o)t] = B[Lut(t, ), 05t ); ] for a.e. t € [0,7T] since Wi(t,e),
%ﬂi(t, ), VE(t, @), %ui(t, ) € H}(D). With (134), (135) and the former, we can continue
(132) as

dQ*—/T<—ada*(t ), WE(t )> +BT[d (L, ), WE(t, )t
dr =T 0 th T\ ")y Wil H—l(D),Hé(D) dT sy M\ T

—(quts ot o)Lz, ), e, >) at
< dr Lo (D)
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d ~x * sk
- (ui(t, )+ Gualts oot (8, )T (8 )Tt (1, o), (1 >) dt.
dr d La(D)

A simple reordering of the terms for later convenience gives

dQ*—/T<—a gty 0), @2 )> + Bt [da*(t ), @ (t )'t]
dT T 0 th T\Y y Wrlby H*l(D),Hé(D) dT \Yy y Wrby )
* d/\*
- (et )
T
* Sk d * Ak
F e N ) S0, 5 (0))
T Ly (D)

T d * A~k d * ~k
+ 8t7ur(tﬂ )7U7(t7 ) +B 7“7'(157 )7U7(t7 );t
o\ dr Hoo) ) LT

- <qu<t, it o)Lt ), B (1, >) at
dr Lo (D)

T ( d
(L, e, >) dt.
/0 dr Ls(D)

Leveraging now in the first and second line of (137) the weak formulation of (133), with
test function wi(¢, ») (suitable due to Lemma 29), and in the third and fourth line the weak
formulation of (93), with test function vZ(¢, ¢) (suitable due to Lemma 30), we arrive at

4 o —/T <du*(t ), @ (¢ )> dt+/T (dg*(t ), o5t )) dt
dT T 0 dT T\ ) T\ L2(D) 0 dT T\ » YT\ L2(D)
T
(L, e, >) i (138)
/0 <d7' La(D)

T
- [ (Goeomes) a=(fan)
o \dr Lo(D) dr La(Dr)

With the expression derived in (138) for %Qi, we can now obtain a bound on (131).
Recalling that % 9r = —a;Tp,us by taking the training time derivative of g, as defined in
(15) and employing Cauchy-Schwarz inequality yields

T2 d
T1 dT Lo (DT)
T2

T2 . N
< / e T3 | 121 1y o 21|y gy A < CECTCT / o, dr,
T1 T1
(139)

T2 d
Lot dr| =
/7- dr Qr dr

1

‘QiQ_Q;k'l‘ =

T2
A~k A~k
/ (aTTB0uT7 UT)LQ(DT) dT
T

1
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where the last inequality is due to the operator norm of 7’5, being bounded by the Lo-norm
of the kernel B as of Lemma 22, sup,¢; [[u7|[,,(p,) < C* according to Lemma 28, and

suPrer [Vl 1y (py) < C? according to Lemma 30. [ |

8. Cycle of Stopping Times Analysis

Exploiting the regularity bound for the functional QF in terms of the learning rate o
established in Proposition 31 together with the fact that d%j;" = —a, 97 as shown in
Proposition 26, we prove in Proposition 32 of this section by using a cycle of stopping times
analysis as conducted in (Bertsekas and Tsitsiklis, 2000; Sirignano and Spiliopoulos, 2022)
that this entails QF — 0 as 7 — oo provided that the learning rate (a;);>0 is decreasing
and such that fooo ar dr = 0.

Proposition 32 Let ((u},u}))re[0,00) € C([0,00),S x S) denote the unique weak solution
to the PDE system (16)—(17) coupled with the integro-differential equation (15) in the sense
of Remark 14 on the training time interval [0,00). Then,

lim QF =0 (140)

T—00
and thus also lim,_ d%j: =0.

Proof The proof borrows the cycle of stopping times argument from (Bertsekas and Tsitsiklis,
2000, Proposition 1) and (Sirignano and Spiliopoulos, 2022, Theorem 3.1), which crucially
depends on the regularity bound (130) for the functional QF in terms of the learning rate as
apparent in the proof of Lemma 33.

Setup. Let e > 0 and set A =¢/(2Lg) > 0. We define the cycle of stopping times

O=0p<m<o1<m<o<7m<..., (141)
where 7, and oy, are defined for kK = 1,2, ... according to

T = 1inf {7 > o1 : QF > ¢}

T

1 . . (142)
O =Sup<{T > T iQTk < Qp <297 forall s € [y, 7] and
.

k

agds < A}.

We further introduce the intervals I ,1 = [ok—1,7%) and I ,3 = [k, o). It is easy to convince
ourselves that by continuity (in the training time 7) it holds Qf < ¢ for 7 € I ,1 as well as
Qr /2 < Qr <2Qr for 7 € I} according to the definitions of the stopping times.

Main Proof. We wish to show that there exists a finite time 7* such that it holds
Qr < ¢ for all 7 > T*. Since € was arbitrary, the statement then follows.

Case 1a: Finitely many 1,’s, Tk = co. In this case, since there are only finitely many
Ti's with 7 = 0o, there indeed exists 7 such that QF < e for all 7 > T*.

Case 1b: Finitely many 1.’s, cg = oo. This case cannot occur, since it would necessitate
f;o ardr < A, which contradicts that by assumption on the learning rate fooo o, dr = 0.

It thus remains to show that the case of infinitely many 7;’s cannot occur either.
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Case 2: Infinitely many 7 ’s. In this case, we have for sufficiently large n and for all
n > n by a telescopic sum argument that

n n

T =T =D (T = T2) = Y (T — ) +(Te, - 7], (43)

k=n k=n

where, in the last line, the respective first term captures the behavior on the intervals
I ,{13 41 = Ok, Tky1), while the second term captures the behavior on the intervals I ,3 = [Tk, Ok).

On the intervals I}, = [0k, Tg41) we have QF < e for 7 € I}, |. By the fundamental
theorem of calculus it holds

Tk+1 d Tk+1
Ty —Tg = —Jrdr = — a;Qfdr <0, (144)
. g, dT g

Tk+1
k k

where we used Proposition 26 to obtain the second equality and the positivity of QF, a
consequence of the positive definiteness of Tg, from Lemma 23, for the last inequality.
On the other hand, on the intervals I? = [r}, 0}) we have

T

1 * * *
§Qm < Q7 <2097 and /T asds < A (145)

k

for 7 € I,%. Thus, again by the fundamental theorem of calculus and using Proposition 26 in
the second equality, it holds

% J Ok 1 Tk 1-9
o= [ Agzar=- [Tagir<—jo, [Marar< L0 g

Tk Tk k

for any 9 € (0,1), where the third inequality is due to the property of the interval I,?, while

the fourth inequality is firstly since by continuity and by definition of the stopping time 7%

it holds Q7 > e and secondly since as of Lemma 33 it holds (1 —9)A < f:};’“ o dr.
Inserting (144) and (146) into (143) yields

n

(19 1—9)e?
J:WHSJT*E*Z( 5 )€A=u7:ﬁz(4LQ)€- (147)

k=n k=n

Letting n — oo, we would obtain that J*  — —oo, which contradicts the fact that JF >0
by definition. By excluding that this case can occur, the proof is concluded. |

In the proof of Proposition 32 we made use of the following auxiliary result.

Lemma 33 Let ((u},U}))rc0,00) € C([0,00),S x S) denote the unique weak solution to
the PDE system (16)—(17) coupled with the integro-differential equation (15) in the sense
of Remark 14 on the training time interval [0,00). For given € > 0, let A = ¢/(2Lo).
Then, for k large enough and for n > 0 small enough (potentially depending on k), one has
[P T o, dr > A. Moreover, we also have (1 —9)A < JoFardr < A for any 9 € (0,1).

Tk
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Proof The proof of the first part of the statement proceeds by contradiction. Let us therefore
assume that f TR o dr < A Leveraging the regularity bound for the functional QF in
terms of the learning rate established in Proposition 31 with 71 = 7, and 72 = o1 + 1, we
have

or+n
;k-&-?] - Q;k'k = ’Q:'k"!‘n - Q;k'k‘ < LQ/ ardr < LoA = % QTk’ (148)
T
where we used the contradiction assumption in the third step, the definition of A =¢/(2Lg)
in the fourth step and that by definition of the stopping time 7 it holds Q7 > ¢ in the
last. The computation (148) implies Q7 ,, < Q7 + Q7 /2 <207 by s1mple reordering
as well as Q* — 0k+77 < |Q0'k+77 ij‘ < QOr /2 or rearranged Q*k/Q < Q(’;k_m. In
summary, 5 Qik < Qf, 4y < 297, . Since the same reasoning holds for any 0 < 7 <7, this
yields a contradiction, as this Would imply that o = o + 1, contradicting n > 0. Thus,
f 75t o dr > A holds proving the first part of the statement.

What concerns the second part, since the learning rate «. is decreasing in 7, for large
enough k and small enough n we can ensure ffkﬁn ardr < 9A. Thus,

ok or+n okt
/ OéTdT:/ CdeT—/ ardr > A—9A=(1-9)A. (149)

k k k

Since by definition f;_:“ ar dr < A, this concludes the proof. |

9. Convergence of the Adjoint u* and the Solution u*

Since the functional Q7 = (uy,TB,u;)r,(p,) converges to zero as 7 — oo according to
Proposition 32 and since the NN kernel operator Tz, is positive definite as of Lemma 23,
we can derive in Proposition 34 in Section 9.1 the weak Lo convergence of the adjoint u}
in (17) to zero as 7 — oo. Noticing that this entails that the left-hand side of the adjoint
PDE (8) converges to zero when evaluated against any test function, we infer therefrom
in Proposition 35 in Section 9.2 the weak Ly convergence of the solution «} in (16) to
the target data h by definition of the adjoint PDE. In Section 9.3, we provide a result of
independent interest showing that (strong) limit points of the trained NN-PDE solution are
global minimizers of the loss J* for an even more general class of second-order parabolic
NN-PDEs.

9.1 Convergence of the Adjoint u} as 7 — o

Let us first infer the weak Ly convergence of the adjoint u* in (17) to zero.

Proposition 34 Let ((u},u}))rc(0,00) € C([0,00),8 x S) denote the unique weak solution
to the PDE system (16) (17) coupled with the integro-differential equation (15) in the sense
of Remark 14 on the training time interval [0, 00). Then,

uy —01in Ly asT — oo, (150)

i.e., for each test function ¢ € Lo(Dr) it holds lim; o0 (U5, @) ,(Dy) = 0-
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Proof Since the eigenfunctions {ey(t,z)}32, of T, form an orthonormal basis of La(Dr)
according to Lemma 22, we have for uf the expansion i (¢, z) = Y po; cx(T)ex(t, z). Using
this, we can express Q7 = (U7, TB,U7) 1, (py) = 2okt Mieci(T), where the last equality holds
as Tg, is a continuous operator. Taking the limit 7 — oo and leveraging Proposition 32 in
the last step of the following display, this shows

o
. 2 *
Tlggoz_: AkCii(T) = Tll)m (U7, TBoUT) Ly(Dr) = 71520 Q; (151)
Consequently, for &k fixed, it holds lim s )\kci(T> = 0. Furthermore, with A\; > 0 according
to Lemma 23, for k fixed, it also holds lim,_,~ cx(7) = 0.

Let € > 0 and let ¢ € La(D7) denote a test function, which we can represent as ¢(t, x) =
> ne prer(t, ) with Y22 ¢F < co. Thus, there exists K > 0 such that Y72 -, ¢f <
£2/(2C™)2.

If o = 0 for all kK = 1,..., K, then it holds ‘Ziil ngCk(T)’ = 0. Otherwise, re-
calling that lim,_, cx(7) = 0 for any fixed k, there exists 7 > 0 such that we have
lex(T)| < e/(2Kmax;_; . |pzl) (uniformly for & = 1,..., K) for all 7 > 7. This shows
in particular that ‘Z,i{:l erer(T)| < SO ekl len(T)] < €/2. We can now estimate with
triangle inequality for all such 7 > 7 that

(o)
> rer(r)

K
D erer(r
k=1 k=K+1

5 ~ <& e
H ||L2(DT) -9 + 2Cﬁ

77777

(6, 0F) LoDy =

(152)
C’LL

-2 2C“

where we used Cauchy-Schwarz inequality and the former estimates together with Lemma 28
to obtain the bound on the tail of the series in the inequalities in the second line. Thus
|(¢, ﬂj)LQ(DT)‘ < ¢ for all 7 > 7. Since ¢ > 0 was arbitrary, this shows that it holds
lim; o0 (@, U} ) 1, (D,y) = 0 for all test functions ¢ € La(Dr), proving the weak convergence
of uf to zero in Ly as 7 — oo. [ ]

9.2 Convergence of the Solution u} as 7 — oo

It remains to infer the weak Lo convergence of the solution u} to (16) to the target data h.

Proposition 35 Let ((u},u}))re[0,00) € C([0,00),S x S) denote the unique weak solution
to the PDE system (16)—(17) coupled with the integro-differential equation (15) in the sense
of Remark 14 on the training time interval [0, 00). Then,

uy —hin Ly asT — 00, (153)
i.e., for each test function ¢ € Lo(Dr) it holds lim; e (uy — h, @) 1,(py) = 0.

Proof Let us first show that lim,_,(uf—h, <Z>) (Dr) = = 0 for each test function ¢ € C>(Dr)
that vanishes on the boundary. By using that u} is a weak solution to the adjoint PDE (17)
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in the sense of Definition 5 with right-hand side (u; — h) we compute for the test function
¢ € C(Dr) that

0~ b Do = [ (s500,0) = 0, 30,9)
_ / (~04s (t, ), 6, )>H—1(D),H3(D)+BT [@2(t,9), 80t )57]
- (qu<t, A DT (1), 6(80)) (154)

= /0 ' (ot ). (. )>H_1(D)7H6(D)+B[$(t, )Tt )]

— <QU(t7 7u:(t7 ))$<t7 >’aj'(t’ )>L2(D) dt

with the last step following analogously to (92), where we justified the individual steps in
detail, see (94)—(95). Herefore, note that in the case here, even ¢ € C°(Dr).

As a consequence of the convergence uf — 0 in Ly as 7 — 0o, which we established in
Proposition 34, the right-hand side of (154) converges to zero as 7 — oo. To be precise, let us
discuss each of the three terms. Firstly, since ;¢ € C°(Dy) C Ly(Dr) and W (t, ») € H(D)
for a.e. t € [0,7T], the dual pairing between H!(D) and H}(D) coincides with the La(D)
scalar product (Evans, 2010, Chapter 5.9, Theorem 1(iii)) and thus

T

o -
/0 <at¢(t, ), Wk (t, )>H_1(D)7H&(D) dt:/o (uT(t, ), 0w (t, ))LQ(D) dt
- (ai78t¢)L2(DT)

which converges to zero as 7 — oo since uy — 0 in L according to Proposition 34 with test
function 0y¢ € C°(Dr) C Lo(Dr). Secondly, by definition of the bilinear form B in (21) we
have

/OTB[gTs(t, )Lt )] dt = // Z (b, 2)0, 30, 2)0, 3 (1, 2)

1]1

(155)

d

+ Zbi(t )0, (b, )T (t, ) + c(t, ) p(t, x)TE(t, ) dadt

=1

// Za 5(75733)) ai(t, x)

i,7=1

+Zb (t, )0y, d(t, 2)TE(L, @) + c(t, 3)(t, x)TE(t, @) dadt

// Z i(t, 202, Bt, 2)(t, )

7,0=1

- Z ;0" (t, 2) 0y, G(t, )WL (t, )

i,j=1
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d
+ Zbi(t,x)axigg(t,:n)ﬂi(t,x) + ct, z)p(t, z)E (¢, ) dudt

d
=(a5,- > a2, ¢- Z On a”ax,mzbzaxlwm . (156)

2y} 7] 2(DT)

where the second step is just partial integration with all boundary terms vanishing since
also 9,,¢ € C°(Dr). Since the coefficients a*/,d,;a",b", ¢ € Loo(Dr) as of Assumption A4,
the test function in the scalar-product in the last line of (156) is in Lo(Dr) and thus
the right-hand side of (156) converges to zero as 7 — oo since u;y — 0 in L according
to Proposition 34. Thirdly and lastly, since with ¢ € C2°(Dr) C La(Dr) and g, being
uniformly bounded as of Assumption A5, also g, (¢, *,uk)p € La(Dr),

T
| (atteizopdtease.s)), de= @ati)d) i, 05)

converges to zero as 7 — oo since u; — 0 in Ly according to Proposition 34. With this we
have shown that (u} — h, ¢)L2 (D) — 0 for all = C(Dr).

Let now ¢ € LQ(DT) and ¢ > 0. Since Cg°(Dr) is dense in Lo(Dr) (Brezis, 2011,
Corollary 4.23), there exists ¢ € Ce°(Dr) such that ¢ — ¢”L2 (D) < e/+/2J5. We can

thus estimate

(s = B, ) Ly (Dpy| < |(uk —h, ¢ — &)LQ(DT)‘ + |(uf = h, g)LQ(DT)‘
< Nluz = hllyopy 16 = 0l 1y oy + 15 = 2 8) 12(0r)|

= \/QJ*W ¢HL2<DT +\ —h, ¢ La(Dr) \ (158)
S 5 + 5 =£

for sufficiently large 7. In the next-to-last step we used that by Proposition 26 the loss J*
is non-increasing. The last step holds since |(u} — h ¢)L2 (ppy| = 0 for ¢ € C(Dr), thus

|(uf — h, $)L2(DT)| < g/2 for sufficiently large 7. Consequently, |(uy — h, ¢)r,(p,)| — 0 for
all ¢ € La(Dr), which concludes the proof. [ |

Before closing this section, let us compare Proposition 35 to prior work to indicate that
we substantially strengthen the notion of convergence for a significantly wider class of PDEs
and a more general loss.

Remark 36 The weak convergences ur — 0 in La and wi — h in Ly as T — oo established
in Propositions 34 and 35, respectively, significantly improve prior work (Sirignano et al.,
2023), where only convergence of the time averages has been established, cf. (Sirignano et al.,
2023, Theorem 9.3). In the elliptic linear PDE setting, the authors of (Sirignano et al., 2023)
prove lim;_ o0 % fOT ,ﬂ:)LQ s=0 for all $ € Loy and lim,_, % fg( Ut — h)%2 ds =0 for
allp € A:={p € H} : Lp € Lo} C Lo.
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To see that Propositions 34 and 35 are stronger, simply observe that the time average
%fOT f2ds — 0 might converge while f; +/ 0. (f. corresponds here to either (¢,ﬂj)%2 or
(v, —h)7,.) A straightforward smooth example is given by

» T

1——L ef2t—1,2+1 0=1,2,...
fq— — {exp( 1_(7-_22)2) 9 fOTT [ I + ] fO?" < Y (159)

0, else.

The function T — f; concatenates infinitely many bump functions centered around 2°,
£=1,2,..., with width 2 and mazimal height 1. Therefore, clearly, u, # 0. However, since
there are |logy(7)| such bumps before time T,

[logy(T)]
1 [7 1
/ f52 ds < =
T Jo T 1

Conversely, it is immediate to see that fr — 0 implies %fOT f2ds — 0.
Secondly, unlike (Sirignano et al., 2023), where the considered loss is given by

2

2 < —logy(t) =0 asT — oc. (160)
T

=

(ur — h,my)7, (161)
/=1

for given functions {m¢}L_,, we consider the stronger loss J* = |Ju* — h||%2 as in (19).
We therefore generalize in this paper not just the class of considered PDFEs substantially
by allowing for nonlinear PDEs, but significantly improve the notion of convergence.

9.3 Limit Points of the Trained NN-PDE Solution are Global Minimizers of
the Loss J*

To conclude the theoretical contributions of this work, let us provide a result about the limit
points of the trained NN-PDE solution u}, which holds for the even more general class of
fully nonlinear second-order parabolic NN-PDEs

ol + Lur — q(ur, Voul, Hypul) = gr in Dr,
ur = on [0,7] x 0D, (162)
ur = on {0} x D,

with associated adjoint PDE

—OUE + L1E — qu(ul, Voul, Hyput )us
+ Z?:l s (ap; (uf, Vg, Hygu )U5)
— 3 2, (qmy (0, Ve, Hopud )W) = (uf — h) in Dr, (163)
u; =0 on [0,T] x 0D,
u; =0 on {T} x D,

and coupled with the integro-differential equation (15) for g*.

We show that any (strong) limit point of the solution of the trained NN-PDE, when using
the adjoint gradient descent optimization method (5) with the gradient being computed
according to (7), is a global minimizer of the loss J*.

55



RIEDL, SIRIGNANO, AND SPILIOPOULOS

Theorem 37 Let ((u;,U}))re0,00) € C([0,00),8 x S) denote the unique weak solution to
the more general PDE system (162)—(163) coupled with the integro-differential equation (15)
in a sense analogous to Lemma 15 and Remark 14 on the training time interval [0,00).
Assume that (uk,uk) converges to some (u’,,us) in La(Dr) as 7 — oo. Then ul, =0 a.e.

in Lo(Dr) and
us, = h a.e. in Lo(Dr), (164)

*

%o 158 a global minimizer of J*.

1.e., U

Proof Leveraging the adjoint PDE (163), we can derive analogously to Proposition 26
that L7* = —a, (U, Tp,ut) 1, = —a,; Q% for all 7 € [0,00). Moreover, by following the
computations of Lemma 28, we can derive a uniform (in the training time 7) estimate of the
form (101) for the adjoint u?.

Step 1: u), =0 a.e. in Ly(Dr). Since the eigenfunctions {ey(t,z)}7>, of T, form
an orthonormal basis of Lo(Dr) according to Lemma 22, @}, has the expansion u’ (¢, z) =
> pe i crer(t,z). We now proceed by contradiction and suppose that @’ is not 0 a.e. in
Lo(Dp). Then there exists at least one k € N with ci, # 0. Using this, we can lower bound
Q% = (USe, TBYUL) 1y (Dy) = Sy Aker > )\l;c% > 0 after recalling that A\; > 0 according to
Lemma 23. We furthermore have

* ~x ~x
Q= (UT? TBOuT)L2(DT)
A~ o~

= (Ur = U, TBoUr) 1y (pyy + (User Ty (U7 = UL)) 1y (Dyy + (Uses TBUS) 1y (Dyy  (165)

B AU || % % ~% ~x
Z _202 Cu ||uT - uOOHLg(DT) + (UOO7TBOUOO)L2(DT) )

where we used Cauchy-Schwarz inequality together with Lemma 22 in the last step. Since
ur converges to us, in La(Dr) by assumption as 7 — oo, there exists 7 > 0 such that
[ = Wl py(pyy) < )\,;:c%/(4CQBC“) for all 7 > 7. Thus, QF > )\,;c%/Q for all 7 > 7. With
the fundamental theorem of calculus it then holds

T

T )\kcg
j::j:—/ asQ:dsgj;‘—Tk asds — —o0 (166)

7

as T — oo due to condition (6) on the learning rate «,. This contradicts the positivity of
the loss J*. Therefore, us, = 0 a.e. in Lo(Dr).

Step 2: u), = h a.e. in Ly(Dp). By using that u’_ is a weak solution to the adjoint
PDE (163) in a sense analogous to Definition 5 with right-hand side (u}, — h), we infer that
the left-hand side vanishes for all test functions ¢ € La(D7) as in Proposition 35. Thus,
ul, = h a.e. in Lo(D7). [ |
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Appendix A. Well-Posedness of the NN-PDE Training Dynamics

In this appendix, we show the well-posedness of the NN-PDE training dynamics in both the
finite-width hidden layer regime and the infinite-width hidden layer limit. In Appendix A.1
we prove Lemma 13, which is concerned with the latter, i.e., the well-posedness of PDE system
(16)—(17) coupled with the integro-differential equation (15) for g¥, while Appendix A.2 is
concerned with Lemma 11, i.e., the well-posedness of PDE system (1) & (8) coupled with
the gradient descent update (5) for the NN parameters of the NN function gé\i .

Recall that S = Lo ([0, 7], H(D)) N Lo ([0, T, L2(D)).

A.1 Well-Posedness Proof of the NN-PDE Training Dynamics in the
Infinite-Width Hidden Layer Limit

Proof [Proof of Lemma 13| Existence. The existence proof is based on a fixed point
argument employing the Banach fixed point theorem. For a given training time horizon
T > 0, let us denote by Vy = C (|0, 7],S) the Banach space consisting of elements with
finite norm

lullvy = sup_ (el ooz oy + el o720 ) - (167)

TE

A solution ((u},u}))rc(0,7] to the PDE system (16)-(17) is shown in what follows to be
an element of the space C ([0,7],S x S) (which we identify with the space V x Vr) with
additional regularity.

Step 1: FExistence and regularity for given right-hand side g, = — fOT agbs ds. For given
T >0,let b:[0,7] = La(Dr) be a given function with b, being Lipschitz continuous on
Dy for each 7 € [0, 7] and such that sup-¢jo,7] 16+l (py) < Cb, Where Cp may depend in

particular on 7. Consider the auxiliary PDE system

0 + LT (i) =7, = [ abeds Dy,
=0 : on [0,7] x D, (168)
ur=rf on {0} x D
and
—0y, + L1, — qu(W)u, = (@ —h)  in Dy,
w =0 on [0,T] x D, (169)
u =0 on {T} x D.

We first prove that there exists a solution (u}, ﬁj) € S x S to the system (168)-(169) for all
7 € [0, T] using classical existence results from (Ladyzenskaja et al., 1968). Such solution,
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as we show, enjoys the property that for all 7 € [0,7] it holds (O.u(t, ),Oﬁ:(t, ) €
Lo(D) x Lo(D) for a.e. t € [0,T].

Step 1la: FEzistence of solution to PDE (168). For the existence of a solution to the
nonlinear PDE (168), we invoke (Ladyzenskaja et al., 1968, Chapter V, Theorem 6.2).
To begin with, we notice that, in the notation of (LadyzZenskaja et al., 1968, Chap-
ter V, Theorem 6.2), the coefﬁcients of the nonlinear PDE operator of the parabolic
PDE (168) are a;(t,z,u,p) = Zd—1 a’'(t, x)p; and a(t,x,u,p) = Z?:l bi(t, x)pi + c(t, x)u —
q(t,x,u) + [y asbs(t,x)ds, and thus also A(t,z,u,p) = Zi:l be(t, )p; +c(t, z)u—q(t, z,u) +
Jo usbs(t, ) ds — Z?Zl 0z,;a7'(t,z)pj. Clearly, for (t,z) € Dr and arbitrary u it holds
Z?’j:l Op,a;(t, , u,p){ifj’ﬂzo = Zijzl ali(t, x)&& > v |€]I* > 0 by uniform parabolicity of
0: + L, i.e., Assumption A3, and it holds with Young’s inequality

A(t,z,u,0)u = (c(t,x)u —q(t,z,u) +/ asbs(t, ) d8> u
0

1/ (" 21
> _”C||Loo(DT) u? — Cq(l + |’LL‘) \u| + 5 (/ Oésbs(t,.'ﬁ) ds) — §u2 > —b1u2 — by
0
(170)

by Assumptions A4 and W1 for the first term, by Assumption W2 for the second term, and, for
the last term, due to a; being bounded from above together with sup.cpo 7 1b-]|,__ (p,) < Cb
by assumption on b. Moreover, by Assumptions W1 and W2 the functions a; and a are
continuous w.r.t. ¢, z,u,p since again b, is continuous for every 7 € [0, 7|. Interchanging
limits in the term [ asbs(t, ) ds is warranted by the dominated convergence theorem since
o is bounded from above and sup,¢(o. 71 [|b7[/,(pyy) < Cb. In addition, the functions a; are
differentiable w.r.t. 2,u,p by Assumption W1. For (t,2) € D, |u| < M and arbitrary p we
furthermore have

d
Z lai| + |0uas]) (1 + Ipl]) + Z |aw]az‘+’a|
=1

,7=1
d d - d d )
=> D d @) A+l + D |02, Y a¥ i (t x)ps (171)
=1 |j=1 1,j=1 k=1

d T
(S b @) + et 2)u — altyz,u) + / asba(t, ) ds| < (1 + [Ip])>.
0

=1

where the last inequality holds due to Assumptions A4 and W2, and due to the last term
being uniformly bounded with the same arguments as above. Furthermore, for (¢,2) € Dr,
lu| < M and ||p|| < M, we have the following Hélder continuity properties in (t,z,u,p) (we
denote by x the exponent if the respective function does not depend on the variable, thus
being Hélder continuous with any exponent): the functions a; are (v1/2,7v1,*, 1)-Holder
continuous, the functions 9, a; are (v1/2, 71, *,x)-Hélder continuous, the functions d,a; are
(%, *, %, x)-Holder continuous, the functions d,,a; are (y1/2,71,*, *)-Holder continuous, and
the function a is (min{v;/2, 1}, min{~;, 1}, 1, 1)-Holder continuous. The Holder properties of
all those functions are due to Assumption W1, except for the last function, where we further
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used that firstly ¢ is (y1/2, v1, 1)-Hélder continuous in (¢, , u) by Assumption W2 for ¢, z and
the mean-value theorem together with Assumption A5 for u, and secondly that b, is (1, 1)-
Holder continuous for every 7 € [0, 7] by assumption together with a; being bounded from
above. Lastly, the boundary dD and the initial condition f and boundary condition satisfy
the assumptions due to Assumptions Al and W4, respectively. Thus, (LadyZzenskaja et al.,
1968, Chapter V, Theorem 6.2) ensures the existence of a solution u* € HY/2Y (D7) to (168)
with 8,1 being bounded in Dyp. Since we are on a compact domain as of Assumptions W1,
where Holder continuity implies uniform boundedness, we proved u} € S. (Ladyzenskaja
et al., 1968, Chapter V, Theorem 6.2) further ensures that d;u* € HY'/2Y (D), and thus
also Oyui(t,») € Lo(D) for a.e. t € [0,T] is proven.

Step 1b: Ezistence of solution to adjoint PDE (169). For the existence of a solution
to the linear adjoint PDE (169), we invoke the classical results (Evans, 2010, Chapter 7.1,
Theorem 3) and (Evans, 2010, Chapter 7.1, Theorem 4) as well as (LadyZenskaja et al., 1968,
Chapter IV, Theorem 9.1) with p = 2. To this end, let us first reverse the adjoint parabolic
backward PDE (169) in time to obtain with a time transformation for ﬁi = ﬁ:(t, x) =

ﬁ:(T — t,x) the parabolic forward PDE

~k

Bty + LU, — qu(W(T—o, ), = (@(T—o, o) —h(T—»,¢)) in Dr,
i =0 on [0,7] x &D, (172)
i =0 on {0} x D,

where £* = L*(t,z) = LI(T — t,z) (analogously for the individual coefficients of the op-
erator £*) and ¢ = q(t,z,u) = q(T — t,z,u). Since the parabolic PDE (172) is linear,
existence and uniqueness of a weak solution of (172) in the sense of Definition 5 follow
from classical results, see, e.g., (Evans, 2010, Chapter 7.1, Theorem 3) and (Evans, 2010,
Chapter 7.1, Theorem 4) for existence and uniqueness, respectively. To apply those re—

sults, note that the term g, (u} (T — e, ))E can be absorbed into a PDE operator £

with ¢ = ¢ — Zi:l Oz, b — qu(Ui(T — #,9)) € Loo(Dr) due to Assumptions A4 and A5.
Moreover, since u; € LQ(DT) by the former statement and since h € Lo(D7) by as-
sumption, the right-hand side (uX(T' —e,¢) — h(T — o,¢)) € Lo(Dr). With this, we

proved ﬁi € Ly([0,T], HY(D)) N Ls([0,T], L2(D)). To prove additional regularity, we
invoke (Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1) with p = 2. We now no-
tice that, in the notation of (Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1), the
coefficients a;; = @ of the linear PDE operator of the parabolic PDE (172) are bounded
continuous functions in Dy for all 4,57 = 1,...,d due to Assumptions A4 and W1, while
the coefficients a; = b° — Z;-lzl O,/ and a = ¢ — 25:1 Op,b" — qu(Ws(T — ,#)) have finite
norms |||, (p,) and [lall p,) for any r, s > 0. This is due to the uniform boundedness of
the coefficients per Assumptions A4 and A5 combined with the boundedness of the domain
per Assumption A2, see the subsequent computations with 77 = 0 and AT’ = T. Moreover,
since it hold ||ai||L7”(DT’,T’+AT’) < (||bZHLoo(DT)+Z?:1 102,07 || 1. (D)) (AT’ vol(D))'/ for all

i=1,...;dand |lall (g v ag) S (lellapr) + it 1006 oo (D) + ¢4) (AT vol (D)2,

laill . p,s ooy @0 llallp p., -, .,y tend to zero as AT" — 0. Furthermore, 9D is suffi-
r\Mr! T+ AT S\ET T+ AT

ciently smooth as of Assumption Al. The right-hand side f = (ui(T — o,¢) —h(T —o,9)) €
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Lao(D7r) as argued before. Lastly, the initial and boundary conditions ¢ = 0 € W} (D)
and ® = 0 € VV23 /43 2(8DT) satisfy the compatibility condition ¢|lsgp = ®|i=9. Thus,
(Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1) ensures the existence of a unique
solution @i € W21’2(DT) to (172) and thus also a unique solution ﬁi € W21’2(DT) to the
parabolic backward PDE (169). We moreover have the bound

HﬁTHWQLQ(DT) = H/@\THW2172(DT) rg Hﬂ:HLz(DT) + ”hHLg(DT) : (173)

In particular, since /ﬂ\’i e W,?(Dr), also 8ta’i(t, ) € La(D) for a.e. t € [0,T7] is proven.
Step 1c: Explicit norm bound for the solution to PDE system (168)—(169). In this step,
we compute explicit bounds on the norms [[uZ |1, o 77,71 (py) + U7 L (j0,77,2,(p)) s well as

17| o o023, () + 187 | Loy (0,77, L2(D)) » YESDeCEiVely.

Step 1c¢(i): Energy estimate for solution to (168). For the norm of a solution to the
nonlinear PDE (168) we conduct the following computations. We obtain by chain rule and
by using that u} is a weak solution to (168) in the sense of Definition 4 that

84‘6?.(15, )HiQ(D):2(ﬁi(t7 )78tﬂ:-(t7 ))LQ(D):2<atﬁi(t7 ),ﬂ:(t, )>H—1(D),H(}(D)
= COB[E ) Tt Nit] + 20l T DT ) gy (AT
+2(§T(t7 )7ﬁj—(t7 ))LQ(D)’

where the second step is due to the dual pairing between H (D) and Hj (D) coinciding with
the Lo(D) scalar product (Evans, 2010, Chapter 5.9, Theorem 1(iii)) since (¢, ) € H}(D)
for a.e. t € [0,7] and since Oyuk(t,») € Lo(D) for a.e. t € [0,T]. For the weak solution
property in the third step of (174) to hold, we note that uZ can be used as a test function
in the weak formulation of (168), see Definition 4, since u%(t,) € Hg(D) for a.e. t € [0, T].
To estimate the right-hand side of (174) from above, we consider each of the three terms
separately. For the first term of (174), by using the definition of the bilinear form B as well as
that by Assumption A3 the PDE operator is uniformly parabolic and that by Assumption A4
the coefficients are in Lo, we can estimate with Cauchy-Schwarz and Young’s inequality
analogously to (104)

d
~% ~k Vi~ 1 % ~%
—Blap(t, o), T (t, o); ) < — 5 [ar(t, >r%{1<m+<2yzubHLOO(DT)+Hc||Lm(DT>>Huf<t7 Loy
=1

(175)
For the second term of (174) we can estimate with Assumption W2 that
(q(t, o, ur(t,2)), ur(t, ) pypy < lla(t o, ur(t )y oy Uz (s @)l Ly
< G T o) TN my (17

1 3 .
=G (34 21 )
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For the third and last term of (174), by Cauchy-Schwarz and Young’s inequality we upper
bound

(@ (s )5t ) 1y ) < 10 () Ly ) 1T CE )]y

1/ ) ., ) (177)
< 5 (1t ooy + 1))

Combining the bounds established in (175)—(177) and inserting them into (174), we arrive
after reordering at

~x Vo ~x ~
O [ (t, )17 ) + 5 lar(t, W oy < C @, )17, 0y + G- )Ty +C, (178)

for a constant C' = C(L, ¢). An application of Gronwall’s inequality shows

107 Ly o1, (D)) + 1187 | L f0,77,L2(D)) < C <||f”L2(D) + 197y oy + 1) (179)

for some other, potentially larger, constant C' = C(T, L, q). Thus, in particular,

¥y, <C (HfHLz(D) + S%Pﬂ 197 Lo(Dpy T 1) : (180)

TE

Step 1c(ii): Energy estimate for solution to (169). For the norm of a solution to the PDE
(169) we proceed as follows using the time-reversed formulation (172). We obtain again by

chain rule and by using that @i is a weak solution to (168) in the sense of Definition 5 that

~%

815”@-“7 )H%Q(D):2(@r(ta ),815@7@, ))L2(D):2<8t@r(ta ):@—r(t7 )>H*1(D),H01(D)

= —2B" [, (t, ), 1y (t, )3 t] + 2(qu(t, o, TE(T — £, )L, (£, ), 8, (£, #)) 1, )

+ 2T (T~ t,0) = (T = 1,9),8, (%)) 1, -
(181)

where the individual steps hold as before since ij(t, ) € HY(D) for a.e. t € [0,T] and since
atﬁi(t, ) € La(D) for a.e. t € [0,T]. To estimate the right-hand side of (181) from above,
we consider each of the three terms separately. For the first term of (181), by using the
definition of the bilinear form B as well as that by Assumption A3 the PDE operator is
uniformly parabolic and that by Assumption A4 the coefficients are in Lo, we can estimate
as in (175) that

A~k * ~% ~x%

y’f(tv )7§T(t’ );T_t] = _B[@T(t7 ) u (tv );T_t]

s D1

d
vV =* 1 i ~*
< —5\%@7 ) %{1(17) + (bz It HLOO(DT) + HCHLOO(DT)> lu, (t, )HQLQ(D)'
i—1

(182)

s 21

= B[, (t, ), Uy (¢, )i t] = B[

For the second term of (181) we can estimate with Assumption A5 that

A~k A~k

(gu(ta 7ﬂj—(T_tv ))E’T(t7 )?@T(t7 ))LQ(D)§Cq||§r(t» )||%2(D) (183)
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For the third and last term of (181), by Cauchy-Schwarz and Young’s inequality we upper
bound

(@e(T —t,0) = (T = ,9), Ty (t,2)) 1, py < NTE(T =1, 0) = BT =1, )| 1,y N1z (8, #) | ()

< < (I@T = t0) = BT = ;)13 ) + N7 () 3 ) -

DN =

(184)

Combining the bounds established in (182)—(184) and inserting them into (181), we arrive
after reordering at
= 2 vz 2 = 2 ~x 2

Ollur(t, o)z, py + 5‘%(@ Ninpy < Cllar (&, )z, py + Uz (T = t,0) = h(T =, 9)ll1,py »
(185)

for a constant C' = C(L, q). Recalling that \@:(0, )\\%2(]3) =0, an application of Grénwall’s

inequality shows

It Nl 2o 0,11, 5 (D)) + 18l Lo (0,77, 22 (D)) = N18r | Loclo,77, 51 (D)) + 187 | £ og (0,77, L2(D))

< C s = Rl gy < C (18l y(og) + 1l Lo )

(186)

for some other, potentially larger, constant C' = C(T, L, q). Thus, in particular,

1@ vy < C (1@ lyy + 1ALy ) - (187)

Step 1d: Existence of solution to PDE system (168)—(169). Summarizing the former
results from Steps Ia, 1b and Ic we thus proved that for each 7 € [0,7] there exists a

solution (u} 5*) € S xS to (168)—(169). As g, is Lipschitz continuous in 7 by the dominated

T YT
convergence theorem, which can be seen since

T2
/ agbs ds
T1

for a constant C' = C(«, T, D, Cy), the solution (ﬂ*,/ﬁ*) is in particular continuous in the

T2
197> = Grill D) < C/ 1051l £ (Dpy d5 < Clm2 =m - (188)
) 1

L2(Dr

training time 7, i.e., (17*7ﬂ*) € Vr x Vr. As we further showed, for each 7 € [0, 7] such
solution satisfies (Oyu’(t, ),&ﬁi(t, )) € La(D) x Lo(D) for a.e. t € [0,T].

Step 2: Existence for specific right-hand side g = g% = — fOT asTp,ul ds. We now make
a specific choice for the functions b;.

Step 2a: Choice of NN update function by = Tp,u’. For an arbitrarily given u’ € S,
T € [0, T], with sup,¢jo. 77 U7l 1,(pyy < M (M may depend on T), we set

by = Ty, a (189)
for all 7 € [0,7]. It holds with Lemma 22 that
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which is a uniform bound in 7. In fact, a more careful estimate employing Lemma 24 shows

1671 .o (D7) = 1TBoUz |l 1. (D)

(tvm)GDT

(191)

Since the right-hand side is uniform in 7, sup,¢jo, 77 1o+l (p,) < €, where C' may depend
on 7. Furthermore, it is immediate to see, that using the definition of Tz, in (12) and
that the kernel B as given in (13) is continuous in ¢,z on Dy, the function b, = Tg " is
continuous on D7 for each 7 € [0, 7] by the dominated convergence theorem. In fact, the
function b, = T, u} is Lipschitz continuous on Dr since it holds by Lemma 25 that

bo(t1,2)—br (2, 2)| = | [T 2] (¢ )~ [T, 8312, 2%)] < L (|6 2| |12 —a2])

(192)
for all (t',2%), (t2,2%) € Dr.
Step 2b: Definition of fized point mapping. Let us consider the fixed point map
F:VrxVr—VrxVr, (8- @,a) (193)

and define for given M < oo and 7" < oo the function space V(M) = {u € Vr:|lull, < M}.

We will first show in Step 2d existence locally in the training time by proving that there
exist Mo > 0 and 7o > 0 such that F' is a fixed point mapping on Vo (Mp) x V1, (My), which
allows to apply the Banach fixed point theorem. In Step 2e we will then extend the proof
by a bootstrapping argument to any given (arbitrarily large) time horizon 7.

Step 2c: Preliminary computations. Let us start by conducting some preliminary
computations on a generic space V(M) x Vz(M).

Step 2c¢(i): Preliminary computations for self-mapping property of F'. Consider (ﬂ*,ﬁ*)
together with its corresponding (u*,u*) € V%(M) X V%(]\/Z). Using (180) and (187) in the
first inequality and Lemma 22 in the last step, we establish

e P~
17l + 17 T,

<C 5w Gl o) +C (Ilyogy + 1oy +1)
T€[0,7T]

< C sup ‘
7€[0,7]

,'7"—
<C [ Tl ry @5+ € (Il + 10y + 1)

-
/ as T,y ds
0

+C (Il Ly o) + 17l iy + 1)

Ly (Dr) (194)

.
e /0 13145y 4+ Cr () + 1711 o) +1)

for a constant C; = C1(a, £, q, CP) (to be precise, C; = C max{agCP,1}).
Step 2c(ii): Preliminary computations for contractivity of F. Consider two pairs

(g*717ﬁ*’ ), (17*’2,'12*’ ) with their corresponding (u

1 ~*,2 —~ —

Shast), (uh? at?) € Ve(M) x Ve(M).
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~x,1 ~%,2 ~%,1 ~%,2 . ~x,1
A bound for [|ir" — @\ o, (D)) + 18" — @ | Le (0,7, L2(p)) - Since both i and
ue? weakly satisfy (168) in the sense of Definition 4, it weakly holds

O (@t — W) + £ (@ - @) — (o@") - q(@?) =3 - 72 (195)

with zero initial and zero boundary conditions. We obtain by chain rule and by using that

et — @F? is a weak solution to (195) in the sense of Definition 4 that

0 [ ¢, 2) = 2t )

=2 (@t o) — WER(t, o), 8 (Wt *2(’57 )))LQ(D)
= 2(0; (Wp'(t, ) — wp(t, ))=U’1 Dy (196)
= B[t o) — WH2(t, o), (¢, )—E“( ) t]

+2(q(t, o, 07t (t0)) — gty o, W72 (L 0)), WP (E ) — Up2(L0)) 1, o

+2 (ﬁi(m ) - §72—(ta )va:’l(t ) - U;k_’2(t7 ))LQ(D) )

where the individual steps hold as previously described. To estimate the right-hand side of
(196) from above, we consider each of the three terms separately. For the first term, by using
the definition of the bilinear form B as well as that by Assumption A3 the PDE operator is
uniformly parabolic and that by Assumption A4 the coefficients are in L., we can estimate
as in (175) that

= Bzt (t, o) — @(t, o), Wt (t o) — wr? (¢, 03]

V. ~
<-= ‘uj—yl(t’ ) - U:_’2(t7 )’Hl D)

~x, e 2
( ZH Nocon +le uLw(DT)H o) w2

For the second term, we first note that by the mean-value theorem, for any (¢, x) € Dy there
exists a £(t, ) such that

alt, @, T3 (4, 2)) — q(t 2,02 (1 7)) = qult 2, () (@) (hr) — @22(ha) . (198)
Leveraging this while using that by Assumption A5 ¢, is bounded, we can estimate
(at,«, @2 (t,9)) = a(t, o, up?(t ), upt(t o) = T2(E2)) 1,y

- /D (aults 2, €(t,2)) (@ (. 2) — T2(t,2))) (@ (8 2) — wr(be)) de (g9

< cq/D (@ () — w32t 2) 2 do = g T3 (1 0) — T2 )2, ) -

For the third and last term, by Cauchy-Schwarz and Young’s inequality we upper bound
(5 (t.°) - §3<t (1, ) - @ (1, >)L2<D)

Hﬁ (t,0) — g2(t HLQ(D) [art(t,«) —a(t, )HL2(D) (200)

> (laa Wy + T ) = T2 ) -
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Combining the bounds established in (197)—(200) and inserting them into (196), we arrive
after reordering at

O [[T . ) = T2t )3, oy + o [T ) = T2 ) 3 )

~*1 ~%.2 2 ~1 (201)
<Ot (¢ o) = @ o)y ) + 197 #) = G2 2] )

for a constant C' = C'(L, q). Recalling that ﬂf—’l((), ) = E:’Q(O, ), an application of Gronwall’s
inequality shows

et = oz o + 18 =52 ooy < ONF = Tl aory (202)
for some other, potentially larger, constant C' = C(T), L, q). Thus, in particular,
[t = a2l <€ s flgr =92l mry (203)

A bound for ||[urt — w? Loo(Dy)- For later use, let us further provide an Lo, bound for
the weak solution to (195) by employing Morrey’s inequality after leveraging (Ladyzenskaja
et al., 1968, Chapter IV, Theorem 9.1) for any p > 1. Therefore notice, that by the mean-
value theorem, for any (¢, ) € Dy there exists a £(t, z) such that, in place of (195), it weakly
holds

0, (@t — ) 4+ L (@ — ) — qul®) (@' ) = gL - (204)

with zero initial and zero boundary conditions. We now notice that, in the notation of
(Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1), the coefficients a;;(t, ) = a(t,z)
of the linear PDE operator of the parabolic PDE (204) are bounded continuous functions
in D for all i,j = 1,...,d, while the coefficients a;(t,z) = b'(t,x) — Z &,,ja i(t, )
and a(t,z) = c(t,z) — Z‘ii:l 8$1bl(t,q:) — qu(t,x,ﬁ(t,.a:)) have finite norms HaZHLT(DT)‘and
lall,,(p,y for any r,s > 0. This is due to the uniform boundedness of the coefficients
per Assumptions A4 and A5 combined with the boundedness of the domain per Assump-
tion A2, see the subsequent computations with 77 = 0 and AT’ = T. Moreover, since
it bold [|aill, (p,, < (60l (ppy + 301 102,071, () (AT voL(D)) V" for all

,T’+AT/) -
. d .

i=1,....dand [lall L, Dy g0, ag) S (el iae(or) + 351 1020 (D) + cq) (AT vOL(D))'*,
||aiHLT(DT, rar) and HaHLS(DT, rar) tend to zero as AT" — 0. Furthermore, 0D is suffi-

ciently smooth as of Assumption Al. The right-hand side f = gt — g2 € L,(Dr) for any
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p > 2 since

-

~] -2 _ ~k 1 2

- | 0],
P

T T T 1/p
< ag /0 1Ty @ =),y ds = a0 /0 < /O /D \[TBO(ﬂz’l—ﬁ:’2)](t,m)\pd:ndt) ds
1/p
SangoB/ (// HA*I AZ’QHZQ(DT) da:dt) ds

= apCLE (T vol(D 1“’/ HA“*U’QHLQ(DT)dS

T 1/ *,1 %2
< agTCLE (T vol(D)) ”T:}épﬂHu T Loy 95

(205)

where we used Lemma 24 in the third line. Moreover, the initial and boundary conditions
p=0c¢ WpQ*Q/p(D) and ®=0¢ Wplfl/@p)’%l/p(@DT) satisfy the compatibility condition
odlop = P®|i=o. Thus, (Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1) ensures that the
unique solution (up' — u3?%) € W, z(DT) to (204) and thus (195) obeys the bound

*, 1

[art —a ’2HW1 2Dy = ¢ HQT §72'HLP(DT) (206)

for a constant C' = C(T, L, q).

With the conditions of (Ladyzenskaja et al., 1968, Chapter IV, Theorem 9.1) being
fulfilled for any p > 2 as we verified before, they are in particular fulfilled for p > d + 1.
Since we have for such p the continuous embedding VV,,1 2(Dp) < VVp1 1(Dp) < Loo(Dr) by
Morrey’s inequality (Brezis, 2011, Theorem 9.12), we have the first inequality in

[ =@, oy < eldop) [T =2y, < e(dP)C |Gz = 7l pyy» (207)

with the second one being due to (206). Hence, using the last two lines of (205), we have

e P A L Y

< CT sup Hu*l —u
7€[0,7]

(208)

Uy 2HL2(DT) dS

for a constant C' = C(a, T, D, L, q, CLB).

=1 =
A bound for Hﬁi —u

%, =k, . ~*,1
‘LQ([O,T],Hl(D)) + HUT — U, ||Loo([0,T],L2(D))- Since both U, and

2*7

u, weakly satisfy (169) in the sense of Definition 5, it weakly holds
k1 %2 ~¥,1 ~*,2 k1 g K2 ~x, e
_at( - Ur ) ‘CT( - Ur ) (q’u( I)U’T - q'u( Q)UT ) = Ur ! u7'72 (209)

with zero terminal and zero boundary conditions, or equivalently

~¥,1 *2

*,2 ~k,1 ~%,2
—815 (UT

) +‘CT( 577 ) B (qu(ﬂil)(uT _67'7 ))
~%,2

o - ey (210)
= (uT7 — Uy’ ) + (qu<u77 ) - qu(UT’ ))uT :
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Let us now first reverse (210) in time to obtain with a time transformation for u,. =
* k =~k k .
- (t,x) =u,. (T —t,z) for k = 1,2 the parabolic forward PDE

-
~k,1 ~%,2 5 /K 1 ~%,2 e ~%,1 ~%,2
at(@T - Ur ) +‘C ( — Ur ) - (QU(UTJ(T_ ) ))(@T - Ur ))
ok ~k *, ~x% 2*72
= (@H(T — o, 0) = UpA(T — o, 0)) + (qu(@ (T = ,)) = qu(@*(T — ,)))u,
(211)
with zero initial and zero boundary conditions. We obtain by chain rule and by using that

okl ok,2

u, —u, Iisa weak solution to (211) in the sense of Definition 5 that

~*,1 %,2 2
atHuT (ta )_Q/T t HLQ(D)

~x,1 *,2 *,1 *,2

:2(717- (t, )— u, (¢, ( Ur t) (tv )))LQ(D)
~x,1 1 ~k,2
= 2(0: (g, (t,) ),u )=y (t2)) 10y ()
:_25*@:1< ) (1) T > Ef(t, )it] (212)
*1 *,2 2,1 =%,2
+2(gu(7 7u7— T t, ) ( Ur t, (t’ ))’y“T (t’ )_uT (t’ ))L2(D)
~*%,1 2%,2

AT 1) BT 10,5 4 0) B0 4)

2((qult o, TN Tt ) =gult, o BTt (69), 8, (69) = (59)) 1
where the individual steps hold as previously described. To estimate the right-hand side of
(212) from above, we consider each of the four terms separately. For the first term, by using
the definition of the bilinear form B as well as that by Assumption A3 the PDE operator is
uniformly parabolic and that by Assumption A4 the coefficients are in L., we can estimate
as in (182) that

—B*[Q*J( ) (t7 )7 1(7 )_5:2(157 );t]
t, ) ;k'72 t’ ‘Hl

1 3 ~¥,1 ~x,2
+ (b; Hb HLOO(DT) + ”CHLOO(DT)) HuT (t,o) —u, (t, )Hiz(D)

For the second term, using that by Assumption A5 ¢, is bounded, we can estimate directly

< ——|u
(213)

(qult, o, T (T = ) @ (1) =B (4,0), 8, (12) =B (1)), (214)
< ch@’i’l(t, -, [
For the third term, by Cauchy-Schwarz and Young’s inequality we upper bound
(@ NT 1) = WAT ~ £,0),5) (12) 5y (6:9)) )
< T = o) =TT = 49 |y I8 (6 2) = B (8 ) |y (215)

1 e e 2 ~#*,1 ~*,2
< 5 (HUTJ(T_tv ) —u Q(T_tv )HLg(D) + Hur (tv )_QT (tv )Hiﬂp)) :
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For the fourth and final term, we first note that by the mean-value theorem, for any
(t,z) € Dr there exists a £(t,x) such that

Qu(tvxa ﬂrl(T_tvx))_gu(mxv6:72<T_t7$)) - guu(ta x7§(t7x)) (ai71(T_t7 $>—ﬂ:’2(T—t,3})) :
(216)

Leveraging this while using that by Assumption A6 ¢, is bounded, we can estimate by
Cauchy-Schwarz and Young’s inequality

(@ult, o, TN T —t,0)) —qult, o BT 1, ) Ey (£ 2). 5y (1)~ (£.9)) 1)

< [ (ault o, T Tt ) = qult, o, T 2T =) () |y

3 [ R O [
< [lgutt, o, @ (Tt ) = qult o, T Tt D], o) o

3 [ R (0 1 P

< ol -, >—a¢2af—a [P i O [P [y (R Bk (R0
SQ(Hu HLQ(D HN“T—t )= (Tt 9)|3 . oy

D21 )= (1 )3, )

(217)

Combining the bounds established in (213)—(217) and inserting them into (212), we arrive
after reordering at

*,2 ~%,2

O () = 2 ()3 oy + 8 () = B ) i )
< Olfa (t,0) - (. HLw+wL T—t,0) =TT —t,9)[[7, )
1@t G o 74T = 1) = AT 1,0 ) (218)
<clfirt e —a HL2<D>+HUT’ (T —t,) ~TAT ~t,9)|3, 0,
o

[@e (T —t, ) —@(T — t, )|

H“ HLOO(D)

HLOO([O,T],Lz(D))

~%,2

= 71 ~ . . .
for a constant C' = C(L, ¢). Recalling that ﬂj (0,¢) =u, (0,¢), an application of Gronwall’s
inequality shows

~%,1 /\*2
A

HL2 ([0,7],H(D +H“ —Ur HLOO([OT}LQ(D)) (219)

~*,2

<C (H“il —u 72HL2(DT +|Ja; HLOO ([0,T,L2(D)) [ ﬂi’2||Loo(DT))
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for some other, potentially larger, constant C = C(T, L, q). Thus, in particular,
HU —u HVT

*,2 ~% *,2
<c (T:}épﬂ\\u —ur HLQ(DT)JFT:EP H“ HLOO([O T, LQ(D))T:'E)%_]HU —uy HLOO DT)) :
(220)

Combination of the bounds. Using (203) and (220) in the first inequality together with
the first step of (208) in the second inequality and Lemma 22 in the next-to-last step, we
have

% ~%,1 ~%,2
[art ~ 2Hv +lu Hv%
<C sup |[gr—g2
76[07;7:] H T THLQ(DT)
+ C sup Hﬁ*QH sup Hﬂ*’l—ﬂ*’QH
e0.7] T LOO([O7T]7L2(D))T€[O,7~'] T T HLeo(Dr)
< C sup ToeSTBO[ url — a2 ds
TG[O,7~_] L2(Dr)
e L P / [ =2y ds (22D

T€[0,7]

-
<c /0 losTayl@y! = @22, ds

~%,2 7 *,1 ~x,2
SR Do Py A Y

~k,2 T ~x
< 02 (1 + SupN HUT HLOO([O,T],LQ(D))> / Hus —u ’2HL2 (D) ds
T€[0,7] 0

for a constant Cy = Ca(a, £, q, CF) (to be precise, Cy = C max{aoC¥,1}).
Step 2d: FExistence locally in training time. Let us choose

! ! (222)
401’ 202(1 + Mo)

My = 201(HhHLg(DT)+||fHL2(D)+1> and T = min{

where the constants C1 and C9 are as given implicitly in (194) and (221), respectively. We
show in what follows that there exists a unique solution ( *u*) € Vi (M) x Vo (Mp).

Step 2d(i): Self-mapping property of F. Consider (u*,u ) together with its corresponding
(u*,u*) € V(M) x V1 (Mp). Using the definitions of My and T in (222), respectively, we
can derive from (194) that

A~k T
I 18 T, < s [ ) 45+ Co (1Bl +1 sy +1)

o My My =My M
<SOT @ Ny, + = < OToMo + =5 < =2 + 5 < Mo,

(223)
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Thus, (~* u ) S V%(MU) X V%(Mo) ) )
Step 2d(ii): Contractivity of F. Consider two pairs (u*1 . ), (@2, u ) together with

their corresponding (u*!,a*1), (u*?0*?) € V5 (M) x VTO(MO). According to Step 2d(i),
@17, @257 € Vi (Mo) x Vi (Mp). Using the definitions of My and To in (222),

we can derive from (221) that

~x, ~%,1 A*2
=t = a2y, + [ h,
<Cy |1+ sup HﬁiQH /T Hu*l — 2H ds
76[0776} LOO([OvTLLQ(D)) 0 LQ(DT)

i (224)
0
<O [ 5 520 < Co 04 M Tl 2],

~ ~ 1 - .
<l = a2 < o ([ -, + @ =, ).

showing that the map F' is a contraction.

Step 2d(iii): Banach fized point theorem. Hence, the Banach fixed point theorem
guarantees that there exists a unique solution (u*,u*) € Vi (Mo) x V7, (Mp), which satisfies
(u*,u*) = F(u*,u*). We have thus established the existence of a unique local-in-training-time
solution to the PDE system (16)—(17) coupled with the integro-differential equation (15) for
gr = g% on the training time domain [0, 7). In particular, (uf,u¥) € SxS for every 7 € [0, To].
Reapplying the classical existence and regularity results from Steps fa, 1b and Ic further
shows that for each 7 € [0, 7] such solution satisfies (O;u* (¢, ),Oﬁi(t, )) € La(D) x Lo(D)
for a.e. t € [0,T].

Step 2e: FErxistence globally in training time. Leveraging a bootstrapping argument,
we now extend this argument to obtain a solution on a training time domain [0, 7] for
an arbitrary 7 < oo. To do so, we proceed inductively. Suppose we have a solution
(u*,u*) € V7., (My_1) x V1,_,(Mg_1) which is such that for each 7 € [0, T,_1] it satisfies
(Opui(t,»),0ui(t,»)) € La(D) x Lo(D) for a.e. t € [0,T]. (We showed in Step 2d before
that this is the case for the induction start k = 1.)

On the training time interval I = [0, Tx_1] we can now employ Proposition 26 which
ensures that %jf <0 forall 7 € I =[0,7Tg—1]. Thanks to this, Lemma 28 (applied in the
setting I = [0, Tx—1]) provides a uniform (in the training time 7 and on the training time
interval [0, 7x—1]) bound sup.¢jo.7,_ 147l 1, (py) < C", where C* does not depend on Tj_;
but only on J;. Let us now choose

a ) 1 1
My = k726 (Al oy +1) and o= Toptmin{ oot

(225)

We show in what follows that there exists a unique solut10n (u*,u*) € V5 (My) x V5, (Mg).

Step 2e(i): Self-mapping property of F. Consider (u*, u ) together with its corresponding

(u*,u*) € V5, (M) x V7, (My). Using the definitions of M and T in (225), we can derive
from (194) that

rwmmﬂmnm<aﬁ|mmﬂ%w+a0wmpﬂﬂmm )+1)
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T o
S Cl /0 ”uSHLQ(DT) dS + Cl/ Hu8||L2(DT) dS + Cl (Hh”LQ(DT) + ||f||L2(D) + 1)

Tr—1
w ~x Mk‘
< AT C™ 4 O (T = Ti) [y, + 5

o M, M, My M,
< O1Tema O 4 Co(Ti = Timt) My + 5+ < =5+ =5+ 55 < My,
where we used for the first step in the last line that (with 7_; := 0) according to the
definition of T3 in (225) it holds C1T5—1C™ = C1 Y420 (Te — Te-1)C% < 1kC® < e Thus,
(@) € Vi (M) x Vi (My).
~x,1

A*72 .
Step 2e(ii): Contractivity of F. Consider two pairs (u*!,u "), (u*?,u ) together with
their corresponding (u*!,@*1t), (u*?,u*?) € V7, (M) x V7, (My). Using the definitions of
My, and T in (225), we can derive from (221) that

- - k1 ~%*,2
i — 2], + 7 -7,

~%,2 Tk ~x,1 ~x,2
< (9 <1+T:[Lol,pmHUT HLOO([O,T],LQ(D))>/O Hus — Ug HLQ(DT)ds

Tk
<Oy (1+M/€)/0 Jayt — a?QHLg(DT) ds

Tk
= Cy (14 Mj,) /T (@5 =]y ds < Co (14 M) (To=Tin) @™ =2,

k-1

1. N 1 ~ ~
§||u*,1 _ “*’2Hka <3 <HU*1 _ u*,zum +jaet - “*’2||m> ;

IN

(226)

where the third step is due to the uniqueness of the solution on the training time interval
[0, Tk—1]. Thus, the map F' is a contraction.

Step 2e(iii): Banach fized point theorem. Hence, the Banach fixed point theorem
guarantees that there exists a unique solution (u*,u*) € V7, (M) x V1, (M), which satisfies
(u*,u*) = F(u*,u*). We have thus established the existence of a unique solution to the
PDE system (16)—(17) coupled with the integro-differential equation (15) for g, = gF on the
training time domain [0, 7¢]. In particular, (u¥,uf) € S x S for every 7 € [0, T]. Reapplying
the classical existence and regularity results from Steps 1a, 1b and 1c further shows that
for each 7 € [0, 7] such solution satisfies (9;uk(t, ),8&5?(7&, )) € La(D) x La(D) for a.e.
t€[0,7T).

Step 2e(iv): Globality of the construction in training time. It remains to notice that, due
to the definition of the times 7y in (225), the telescopic sum

0o o0 . 1 1 o0 1
;(774: — Tk-1) Zkzlmm{401, 202(1+Mk)} > 30,01 M)

1 k=K

: (227)

2C5(1 + kC¥ + 2C1 (11l pgy + 1 opy + 1)

ol

k=

=
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diverges. To see this, simply note that the definition of the bounds M} in (225) grows
linearly in k, thus the last term in (227) being a harmonic series for some sufficiently large
integer K. This ensures that the above construction in Step 2d and Z2e gives a solution in
V7 (M) x V7 (M) for any given 7 < oo and suitable associated M > 0.

Uniqueness. It remains to prove the uniqueness of a solution (u%,uf) to the PDE
system (16)—(17) coupled with the integro-differential equation (15) for gF. For this purpose,
suppose that there are two weak solutions (u*!,u*!), (u*?,u*?) 6 VT( ) x V7 (M). This
means we have (uTl,ﬁi 1) (u:Q,Ai2) eESxS Wlth satlsfy (8tu7- , Oy ) (atui’Z, ataﬁ) €
Lo(D) x Ly(D) for a.e. t € [0,T] and where gi'', g € Ly(Dr) denote the corresponding
integral terms (15) for each 7 € [0, T]. By repeating the computations of the existence proof
in Step 2c¢(ii) we obtain analogously to (202) and (207) that

[ “i’QHLOO([o,T},Hl(D)) +[lurt - “i’2|’L2([0,T],L2(D)) <Cllgrt g7 2HL2 (or)  (228)
and for some p > d + 1 that
lzt =22 oy < Cllor" = 97% M1, ) - (229)
as well as analogously to (219) that
Jart —a QHLQ( 0,7, H (D)) T Jart ~ aj’kJQHL(X,([O,T],Lg(D)) (230)

< C (it =ur?l oy + M [zt =z, )

where we used directly that 25 € V-(M). Since it holds

95" = 552y < © [ 1 =20 23)

according to the next-to-last step in (205), we get

.
lg7" =97 ooy + ll3 gi’QHprT)SC/ 5" = 2 o s

SCA‘W?—uﬂmdm-ww“—uﬂmmDﬂd (232)

T
< C [l = 2% gy + 95" = 8220 8

where C' may depend in particular on M.
Recalling that g} = g3 = 0, we can now employ Grénwall’s inequality in its integral form
to obtain

g7 _972HL2 DT)"‘HQ _gTQHLp(DT) 0 (233)

for every 7 € [0,7]. With (228) and (230) we hence conclude that for every 7 € [0,7] it
hold

Jurt —u ’QHLZ (0.1, H (D)) T [urt — u ’QHLOO (0,77, La(D)) = O (234)
and

Jart —a ’2HL2 (o,1,H (D)) T [ a:’2HLC,O([O,T],LZ(D)) =0. (235)
Thus Hu*l — u*’zHVT =0 and Hu“ — ﬂ*’ZHVT = 0, proving uniqueness in Vy(M). [ |
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A.2 Well-Posedness Proof of the NN-PDE Training Dynamics in the
Finite-Width Hidden Layer Regime

Proof [Proof of Lemma 11| Existence. As in the proof of Lemma 13, existence is shown
using a fixed point argument. We denote for a given training time horizon 7 > 0 by O =
€ ([0,7],0 := (RN x (La(Dr))" x (L2(D7))™) the Banach space consisting of elements
with finite norm

N

[(c;n,m)|e, = :’E(l)p Z (‘CH + HniHLg(DT) + ‘}mi“Lg(DT)) ’ (236)
T =1

where ni(t,z) = U(wi’it + (wi)Tz + i) and mi(t,z) = o (wi’it + (wi)'z +n), and by
Vr =C([0,7],S) again the Banach space consisting of elements with finite norm |||, _ as
defined in (167).

A solution (((¢r, nr, m;), Ué\i’%\i))re[o,ﬂ to the PDE system (1) & (8) coupled with the
gradient descent update (5) within the above definitions is shown in what follows to be an
element of the space C ([0,7],0 x S x §) (which we identify with the space ©7 x Vr x V)
with additional regularity. _

Step 1: Ezistence and regularity for given NN parameter updates ¢. = cf) — f(;r ozsbgls ds
etc. For given T > 0, let b, bg"t’l, bgl :[0,7] — R and bg”l :[0,7] — R? be given functions
with by, 08", by, b being such that sup,epo7 Sy (16§ | + 165" + 68" + b7 |) < Cs,
where Cp, may depend in particular on 7. Consider the auxiliary NN parameter update

T .
cr =cqp— / sy ds, (237a)
. t.a ’ T t,1
wtt = wy' —/ asby " ds, (237b)
o
Wy = Wy —/ asby. ds, (237¢)
0
7= — / asby ds, (237d)
0

as well as 0’ (t,z) = a(@i’it + (wi) Tz +7L) and mi(t,z) = o’ (ﬂﬁ’it + (wh) Tz +7L) together
with the auxiliary PDE system

Oty + Lug —q(uy ) = gj in Dr,
ﬂé\f =0 on [0,7] x 0D, (238)
ﬂév =f on {0} x D,

where g (t,) = ys SN ARt ) = 15 SN Eo(a@r't + (i) Tz + L), and

=N =N e N ~ .
g + Llug — qu(ua)ugf = (ué{ —h) in Drp,
~N
ug =0 on [0,T] x dD, (239)
~N
ug. =0 on {T} x D.
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~N
We first prove that there exists a solution (H»g{,ﬁ@) € S x S to the system (238)—(239) for

all 7 € [0, 7] using classical existence results from (Ladyzenskaja et al., 1968). Such solution,
~N
as we show, enjoys the property that for all 7 € [0, 7] it holds (8tﬂ§N (t,#),0ug (t,°)) €
Ls(D) x La(D) for ae te[0,T].
Computing 4 v gy i by taking the training time derivative in g~ as defined above and

combining it with the expressions (237), we obtain by the fundamental theorem of calculus
that

T T . . 0
W = o - [aNas—g - [ % Zb %)+ 20’ (b e+ () T+ b d,
T 0 0
(240)
where we abbreviated ¥ = @5't + (w)Tz + 7 and defined bY implicitly. We now notice

that b : [0, 7] — La(D7) is such that bY is Lipschitz continuous on Dy for each 7 € [0, 7]

and such that sup (o7 || Lo(Dp) = Cyn, where Cyn may depend in particular on 7.

For the latter, uniform boundedness, we note that bci,bgt’i,bg’i,bzz are bounded by Cj,
that o and ¢’ are bounded as of Assumptions B1 and B2, that the domain D is bounded
as of Assumption A2, and that by Cauchy-Schwarz inequality it holds with (237a) that
L] < |ehl + | [y asbf, ds| < |l + [y aZds [; |bG.|* ds is bounded as of Assumption B3(ii)
and due to condition (6) on the learning rate a,. Since o and ¢’ are further Lipschitz
continuous as of Assumptions B1 and B2, and since also @', @’ and 7. are bounded with
the above argument and for given initial conditions wgi, wé and 776, it is straightforward to
check that b is Lipschitz continuous on D7 for each 7 € [0, T]. We can thus follow Steps 1a

and b in the proof of Lemma 13 to show that there exists a solution (ﬁé\i , ﬁgT) € Sx S for all
7 € [0, T], which enjoys the property that for all 7 € [0, 7] it holds (0@6],\; (t,»), &gﬁé\i (t,»)) €
Ly(D) x La(D) for a.e. t € [0,T]. For this, one only needs to additionally notice that, by
definition (3), gé\g is continuous w.r.t. ¢, x, uniformly bounded due to Assumptions B1 and
B3(ii), i.e., NHLOO(DT) < C for a constant C' = C(N, o, 119), which may depend on N (since
it is fixed throughout the proof), and (1, 1)-Hoélder continuous due to Assumptions B1.

Repeating further the energy estimates of Step 1c¢ in the proof of Lemma 13 in the above
setting, we can derive the estimates

0raoy < C (o) + 13 sy +1) (241)

6

HLQ(OT] H(

and, in particular,

TE

51, <€ (o + oo 18,1 a2

for some constant C' = C(T, L, q), as well as

< Clfag; = Al p,)

< C (18 ooy + 12laor))

= N
17 || ooy, o) + 187 | s to.17, 200

(243)
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and, in particular,
=N ~
[ez HVT <C (HuéVHVT + HhHL2(DT)> (244)

for some other, potentially larger, constant C = C(T, L, q).
Since §é7v is Lipschitz continuous in 7 with the argument from Step 1d in the proof
of Lemma 13 together with the formerly established uniform boundedness of bY in (240),

we proved that there exists a continuous in the training time 7 solution (ﬂ*,ﬁ*) € Vr x

V7 to (238)—(239). As we further ensured, for each 7 € [0,7] such solution satisfies
~k

((%ﬂ:(t, ),815’!77(15, )) € LQ(D) X LQ(D) for a.e. t € [O,T]

Step 2: Ezistence for specific NN parameter updates ¢ = ¢} — ﬁ fg Qs fOTfD ni(t, x)
ﬂé\i (t,z) dzdtds etc. We now make specific choices for the functions bci, bg":’z, bb”:, bgi.

Step 2a: Choice of NN parameter update functions bgi = ﬁ fOTfD ni(t,x)ﬂé\i (t,z) dzdt
etc. For arbitrarily given (c;,n,,m,) € © and @y € S, 7 € [0, 7], with sup,¢p 7 SN (e +
Ml Lo(pr) + M5 Ly(Dry) < M and sup g 7 HﬁéVTHLQ(DT) < M (M may depend on T),
we set

ci 1 T ~N
by, = Nlﬁ/o /D ny (t, )i, (t, ) dxd, (2452)
i 1 T S N
0 = i | [ chmi o)t e,z dade (245b)
0JD
i 1 T ; i ~N
R Y

for all 7 € [0, T]. By Cauchy-Schwarz inequality it holds

(155, )

N
= CZ (Hn:'HLQ(DT) Hag;HLQ(DT) + 7] HmZTHLQ(DT) [
=1

< C(M?+ M?)

[0+ (101 + Lo,

N
1

(2

(246)

L2(DT))

for a constant C = C(N, T, D), which is a uniform bound in 7. Since the right-hand side is
uniform in 7, sup ¢ 7] SV (Ibg. | + |b”g’:’l! + [l || + |bg:|) < Cy~, where Cyn may depend
onT.
Step 2b: Definition of fized point mapping. Let us consider the fixed point map
AN
F:O071 xVr xVr = 07 xVrxVr, ((¢,n,m),u,a") = (& n,m),u,u ) (247)

and define for given M < oo and 7 < oo the function spaces O (M) = {(c,n,m) € O7:
[(e;n,m)|lg, <M} and V(M) = {u € Vr:|ull, <M}
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We will first show in Step 2d existence locally in the training time by proving that there
exist My > 0 and Ty > 0 such that F is a fixed point mapping on O, (My) x V7, (Mp) %
V7, (Mp), which allows to apply the Banach fixed point theorem. In Step 2e we will then
extend the proof by a bootstrapping argument to any given (arbitrarily large) time horizon 7.

Step 2c: Preliminary computations. Let us start by conducting some preliminary
computations on a generic space Oz (M M) x V-~ (M M) x V-~ +(M).

Step 2c(i): Preliminary computations for self-mapping property of F. Consider the triple

~N

((e,n ﬁl) a™N,u ) together with its corresponding ((¢c,n,m),u”,u") € 6= F(M M) x V= (M M) x
V%(M ). |

A bound for |¢-|. Recalling (237a), we can estimate with triangle inequality and two
applications of Cauchy-Schwarz inequality, while using the boundedness of ¢ as of Assump-
tions B1 and that the domain D has bounded volume as of Assumption A2 together with

4/3

the additional (and with (6) compatible) assumption fo as " dr < oo on the learning rate,

that
‘E‘T‘ < ‘cf)’ +C / as// “t—i— )Tx—i—né)ﬁé\;(t,x) dxdtds

g\c6|+c/ a\/// (wi't + (wi) e +11))*

S ‘CB“"C /0 Qg (DT)
>1/4

La2(Dr)

ds (248)

<l o ([ 4/3ds)34</¢
<le+ 0 ([l s)

for a constant C' = C(a, N, T, D, L, q,0).
A bound for A%, (p,)- Using the boundedness of o as of Assumptions Bl and that
the domain D has bounded volume as of Assumption A2, clearly,

17 oy < € (249)

for a constant C' = C(T, D, o).

A bound for ||mi]| Lao(Dy)- Since also ¢’ is bounded as of Assumptions B2,

[ F——e (250)

A bound for ||g |2o(Dy)- Using that o is bounded as of Assumption Bl to obtain the
first inequality, that the domain D has bounded volume as of Assumption A2 to get the
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equality in the second line, and (248) in the last step, we can upper bound

(bt + (@) Tz +7L)

||M2

Lo2(Dr)

N
=CY [e (251)
=1

>1/4

<C

N .
> lE
i=1 La(Dr)

< loul+ ¢ ( [ ai

for a constant C = C(N, T, D, o).
Combination of the bounds. Using (242) and (244) in the first inequality, together with

(248), (249) and (251) in the second step, we establish (under the additional assumption

foo 4/3

0 dr < oo on the learning rate)

@7 m)lles + [ |, oA .

< &7, m) o, +C st 151 0ay + € (Ml a(opy + 1|y + 1)

< (Cyp sup (/ H
7€[0,7]
.
SC&(/‘
0

252)

1/4
088)+Co (Wilyony + 11y + 0 + 1) ¢

1/4
(D7) ds > +C4 (”hHLQ(DT) + HfHLQ(D) + HHQH + 1)

for a constant C; = C1(a, N,T,D, L,q,0). (Note that the bound on the right-hand side
only grows like T1/2 instead of 7'1/ 1 due to the additional assumption on the learning rate.)

Step 2c¢(ii): Preliminary computations for contractivity of F. Consider two pairs of

~ ~N
triples ((¢!,nt,m!), ﬂg,ﬁgl), ((¢%,n2%,m?), ﬂév ug2) with their corresponding two triples

((c',nt,mb), uht, all), (¢, n?,m?), ul}, i) € O (M) X V%(M) X V%(M).

A bound for |ElTl 2. Recalling (237a), we can estimate after inserting mixed terms
with two applications of Cauchy-Schwarz inequality, while using the boundedness and
Lipschitz continuity of o as of Assumption Bl and that the domain D has bounded volume
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as of Assumption A2 together with the fact that the learning rate is decreasing, that

& = =0 [ a (wl® e+ (i) + 0 ) (¢, )
o (w2t + (Wt T + ni2) @ (t, ) dadtds
=C Qg t,z,1t+ ) I+77§"1) —U(wg’i’2t+(wi’2)Tx+77§’2))ﬂé\g (t, )

+ U(wg’i’Qt + (wi) Tz +n4?) (ﬂg{ (t,x) — s (t, x)) dxdtds

T T . ) .
SC/ ozs(\/// (o(w§”’1t+(w§’1)Tx+né’l)— (w Yot (i) T+l ))dedt
0 0

H“el

\/// t’l’2t+ ws )Tx_f_n;’Q))QdedtHaé\g _agéH[Q(DT)) ds

T . . ~

< C/o o (H”Zs’l =1 1) 102 )+ a6y — (Dﬂ) ds
T . .

= C/O Jngt — ”Z’QHLQ(DT)‘ “é\g (D) T Hué\i - “é\é (Dr) 8-

(253)

Proceeding analogously for (237b)—(237d) while using that also ¢’ is bounded and Lipschitz
continuous as of Assumption B2, we obtain

a2 — )+ 7 7

y t || [|ms — m?QHLg(DT 179 (|, o0 (254)

(Dr) ds

A bound for ||kt — ﬁi’QHLQ(DT). Using that o is Lipschitz as of Assumption B1 and that
the domain D is bounded and has bounded volume as of Assumption A2, we can estimate

[ =72 iy = o (@ + (@ o+ ) = o (@2 + (@227 + 72) |

<O (- a2+ - ]+ ),
(255)
i.e., resulting in the same bound as in (254).
A bound for ||mk" — ﬁLZT’QHLQ(DT). Since also o’ is Lipschitz as of Assumption B2,
80 = 2y < € (150 = 52 4 — 2] 4 i - 720) . (250

i.e., resulting in the same bound as in (254).
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A bound for Hﬁg — Eév\; | L,(Dr)- Using that o is bounded and Lipschitz continuous as of

Assumption Bl and that the domain D has bounded volume as of Assumption A2 to obtain
the second inequality, the latter again to get the equality thereafter, (248) in the subsequent
step, and (253)—(254) in the next-to-last step, we can upper bound for p > 2 with triangle
inequality to obtain the first inequality that

ngl *g%\é HLP(DT)

IN

<

<

o (@t + (@b w + itt) — 2o (0h 2 + (b)) T o + 74?)

Ly(Dr)

N
% Y@ =@ (@t + (@) + )
=1 ) (DT)
N
1
" WZELTQ( ( tllt“—( 1)Tx+7776—1) ( tl2t+( )Tx—i-?A?Z-Q))
. (D1)
o [at a2
= Ly(Dr)
+O D01 (et = a2 + @t - a2+ it - 72))
b Lp(Dr)

Cz‘al w2‘+‘512}(‘ ~t,i,1 ~§,i,2‘+H@i,l_@izu_i_‘ﬁé,l_%ﬂ)

N
CY_ [t =@+ (@t — a2 + [lag" - @] + it - 7))

(1o () )

(Dr) + Hugl qu

)

c[ z [ P

(‘Cs’ 12H|“91 (D) T }C?Q’Hms _mi’QHLZ, (Dr) HaéVlHLQ(DT)

1/4
+‘ ZQ’H“al “92HL2 (Dr) ("QOH + (/ H“92HL2 Dr) S) )d‘s
N

T . . . . . .
C [ 3 (15 =t =2y gy it =i+ 5~

=1

)

: (1 + |e?] + || + i ||ad

(D7) Lz(DT))
1/4
(1 + [|6o]| + </ Hu92HL2(DT 8) ) ds (257)
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for a constant C' = C(p, N, T, D, o). The last inequality is just a rough upper bound.

A bound fOT ||ﬂé~\j1_ - ﬁggHLQ([O,T],Hl(D)) + ||ﬂé~\j1_ - a%||Lw([OgT]7L2(D))' By fOllOWiIlg the
computations of Step 2¢(ii) in the proof of Lemma 13 in Appendix A that lead to (202), it
holds

7€]0,

H&é{ B HL2 ([0,T),HY (D + H - ﬂéngLoo([o,T],Lg(D» < CH§91 992“1;2 (D7) (258)
for a constant C' = C (T, L, q). Thus, in particular,
I75: =5, <€ swp 155 =53 ooy (259)

A bound for Hﬁg - ~;7V2HLOO(DT)~ By following the computations of Step 2¢(ii) in the
proof of Lemma 13 in AppTendix A that lead to (208), it holds for p > d + 1 that

Hag - ﬂéngLoo(DT) < c(d, p)CH%N; - 5%‘}LP(DT) (260)

for a constant C' = C(d,p, N, T,D, L, q,0).

=N = =N 2N .

A bound for ||u§1 - u§2||L2([O,T],H1(D)) + Hu§1 — u§2”Loo([0,T],L2(D))' By following the
computations of Step 2c(ii) in the proof of Lemma 13 in Appendix A that lead to (219), it
holds

~N

~ =N =
[ — ug2 0,70, H (D)) T g — g2 HLOO([O T),Ls (D))

~N _~N ~N _ ~N (261)
<C (H“a; - “§g||L2(DT + H“92 HLOO(OT] Ly(D ))H“@ - uggHLm(DT))

for a constant C' = C(T', L, q). Thus, in particular,

[ — e,

<C - + - g, '
< ( S}épﬂHu A PR ggPﬂHUGQ (10.71,La(D)) S};?ﬂ““ “egHwaT))
(262)

Combination of the bounds. Using (259) and (262) in the first inequality together with
(260) in the second inequality as well as (253)—(257) in the third, we have

A ~1 ~ — ~ ~ ~ =N =
H(cl,nl,ml) — (E)Z,n2,m2)H®% + Hug - ungv% + Hugl — quHv%

< | @, atm') - (?52,%277712)”@% +C sup Hgé{ —@%HLQ(DT)
T€[O

~N
+C sup. HU@HLM([O,T},LQ(D))
7€[0.7] T7€[0,7]

< @) - @

sup. Hﬁ% - ﬂévg HLOO(DT)

Mo+

e (1 s Pl om w») o 15 7o
TG[O’T] 7€[0,7]
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1/4
Ly (Dr) )

/ z (Jei 2l =2 it =22 18—

(14 16+l (r)) 5

< Oy <1+ supﬂ }|u92HLw(OT]L2( ))) 1+ [[6o]l + (/ @,

T€[0

(DT)>

(o) T & 2“’“91

(263)

for a constant Cy = Cy(a, N, T, D, L, q,0). (Note that multiple higher-order (up to fourth-
order) product terms appear on the right-hand side due to the NTK varying during training.)

Step 2d: Fxistence locally in training time. Let us choose

Mo = 2C1 (1Al 0y + 1 )+ 160l +1) (264)
and
7o = min § — ! (265)
= min
0 250%’ 202C2N(1 + M0)4

where the constants C and Cy are as given implicitly in (252) and (263), respectively, and
where c¢o = max{1 + ||6o||,1/(2C1)}. We show in what follows that there exists a unique
solution ((¢,n,m),ud), ) € O5 (My) x V7, (Mo) x Vrz (Mp).

Step 2d(i): Self-mappmg pmperty of F. Consider ((¢,n,m),u ue ,ue ) together with its
corresponding ((¢,n,m), u),ul) € O (Mo) x V7, (Mp) x V73 (Mp). Using the definitions of
My and Tp in (264) and (265), respectively, we can derive from (252) that

|ucnunwue%<+uu5MVT<+Hueva

<o ([

< ”ﬂwuévuv M o+ 20 <

1/4
o)+ O (Wlisony + 1l + 0] +1) (266
My My
— 4+ — < M.
g T =

~~ ~\ ~N =N
Thus, ((¢,n,m),u),ty ) € O7(Mo) x Vg (Mo) x V7, (Mo).

~N
Step 2d(ii): Contractivity of F. Consider two pairs of triples ((¢*,n!,m!), ﬂg,ﬂ@),
~N

((EQ,n2,m2),uéy ug2) with their corresponding ((c!, n',m!), ulf, @), (%, n?, m?), up}, ul) €

O7,(Mo) x V15 (Mo) x V15 (Mp). According to Step 2d(i), we have that ((¢!, 7!, m!), uiV ué\i)
((¢%,n?, ﬁz%,ﬂé\;,ig) € O7,(Mp) x Vi (Mp) x V7, (Mp). Using the definitions of My and To
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n (264) and (265), we can derive from (263) that

~ ~1 ~ ) o~ - . ~N ~N
H(Cl,n17m1) _ (Ea,n27m2)H®T0 + Hué\{ — ué\gHVTO + Hugl — ungVT

<y (1 + TES[EPTO] HUOQHLOO (10,7), LQ(D))> (1 + 160l + (/ I,

1/4
La2(Dr) > )

/ Z ‘Cll ZQHHRZ’I_”MHLQ (Dr) +Hm _mZQHLQ(DT +Hu91 “92 (DT))
1 gy + 121N 1o gy )
< Gy (1+ Mo) (1+ 160]l + 0" Mo)
o o nat o ST AN =N
/0 Z(‘C? — e+ ||yt =ng HLQ(DT)JFHm? —my HLQ(DT)JFHUH;_%? (DT)>
(14 2My + M§) ds
S CQCQ (1 + M0)4
7o al 2,1 0,2 1 2,2 ,2
S (|6 =i g =
=1
+H“91 aéVgHLQ(DT)) ds
< Cac (1+M0) To (H(C 7n17m1) (02 n? m H@T +NHag{ _agéHVT>ds
1
< 5l ntom®) = (@ n2m) g+ [lufh = wgilly, + a5 — @kl ).
(267)

showing that the map F' is a contraction.

Step 2d(iii): Banach fixed point theorem. Hence, the Banach fixed point theorem
guarantees that there exists a unique solution ((c,n,m),u}, 4 ug Ny € ©1,(My) x V7, (Mp) x
V15 (Mo), which satisfies ((¢,n,m), u}), @)) = F((c,n,m),u},u)). We have thus established
the existence of a unique local-in-training-time solution to the PDE system (1) & (8) coupled
with the gradient descent update (5) on the training time domain [0, 7p]. In particular,
(uév ,uév ) € S xS for every 7 € [0,7g]. Reapplying the classical existence and regularity
results from Steps 1a, 1b and Ic¢ further shows that for each 7 € [0, 7p] such solution satisfies
(@Ué\i (t, ),atag{ (t,#)) € La(D) x Lo(D) for a.e. t € [0,T].

Step 2e: FEuxistence globally in training time. Leveraging a bootstrapping argument,
we now extend this argument to obtain a solution on a training time domain [0, 7] for
an arbitrary 7 < oo. To do so, we proceed inductively. Suppose we have a solution
(uN,aN) € V5, (Mg_1) x V7., (Mj_1) which is such that for each 7 € [0, T_1] it satisfies
(Oul (t,9),0,ulN (t,#)) € Lo(D) x La(D) for a.e. t € [0,T]. (We showed in Step 2d before
that this is the case for the induction start k = 1.)

On the training time interval I = [0, Tx—1] we can now employ Lemma 38 which ensures
that %JHJX <0 for all 7 € I = [0, Ti—1]. Thanks to this, Lemma 40 (applied in the setting
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I =1[0,7;-1]) provides a uniform (in the training time 7 and on the training time interval
[0, Tk—1]) ) < €% where C%" does not depend on Tj_1 but

only on jej(\)’ . Let us now choose

i
M, = EMAC™ 4+ 201<||h||L2(DT)+||f||L2(D)+||90”+1) (268)

(note that here we can leverage the slower growth of the worst-case bound and impose it in
the proposed bound Mj}) and

1 1
T = T + min { 9508 20, N (1 + Mk.)4} ‘ (269)

We show in what follows that there exists a unique solution ((c,n,m),u), @, Up M) € O7, (My) x
V1. (M) x Vi, (Mg).

AN
Step 2e(1): Self-mapping property of F. Consider ((¢,n,m), ﬂév, Uy ) together with its
corresponding ((¢,n,m),u), @) € O5, (Mg) x V7, (My) X V7, (Mg). Using the definitions of
My, and Ty in (268) and (269), we can derive from (252) that

1@ 7, m) e, + || I!VT + || HVT

1/4
gcl(/ a ) +ca(||h||L2(DT)+\|f||L2(D)+||eo||+1)

_— 1/4
gcl(/o a5 DTds+/Tk 1515 o) )

+C1 (I Lagg) + 1 lao) + 1160l + 1)

_ 1/4 M
< O (Teal ™)+ (T = o) M)+
1., o~ 1 1/4 My _ (1 1 Ve, oMy My
< ( k(O™ M —k M+ =M, SR DE L TR oy
—<25k(c '+ 5 ’“) L) (25 kT s ’“) T s Ty b
(270)

where we used for the first step in the last line that (with 7_; := 0) according to the

definition of 7 in <269> it holds 741 (C™" )4 = Y47 (Te = Te-1)(C™)' < gk b(CT)1,

Thus, (@7, 7). 5 5 ) € O7 (My) x Vi (My) x Vi (M), B
Step 2e(ii): Contractivity of F. Consider two pairs of triples ((¢!,n! ml),ug,ual),
~N
((EQ,nQ,mQ),uéV ug2) with their corresponding ((c', n',m"), ul, u}), ((¢?, n?, m?), ué\é,ué\é) €
O7. (M) x V7. (M) x V7, (My). Using the definitions of M}, and 7}, in (268) and (269), w

can derive from (263) that
1/4
La(Dr) > )

~ ~1 ~ - - ~N ~N
@7t mt) — (@72, m? H@T + Hué\]1 — ué\gHVTk + ||ug — ungV

<c. (1 v s | \\La{o,ﬂ,LQ(D))) (1 et ([ 0
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N

/0 Z(\cgl_c;,z‘+Hn;l_n;,z|,L2(DT)+ngl_m?zub(mﬁHagg_agg

=1
La(D T>) ds

)

(1 |2+ [l
S 0262 (1 + Mk)4

T Y i1 0,2 iy 1 0,2 i1 2
A O (e e et O e
=1

+ [ez? [l I,

(D)

H“el ﬂé\é )) ds
= Ches ( 1+Mk)
TS (i
k=1 4=1

@ = oy ) s

< Coca (LM (=) (et ) = () o 4N =Y, )
1 A o~
< B (H(cl,nl,ml) - (CQ,nQ,mQ)H@Tk + Hué\i — ungka + HU@l — ué\;Hka) , (271)

where the second step reuses from (270) that (fo k ||uNHL2 DT)ds) V4 < M. /(2C1), while
the third step is due to the uniqueness of the solution on the training time interval [0, T;_1].
Thus, the map F' is a contraction.

Step 2e(iii): Banach fized point theorem. Hence, the Banach fixed point theorem
guarantees that there exists a unique solution ((c,n,m),ud’, ﬂe ) € 7. (My) x V7, (My,) x
V7., (My), which satisfies ((¢,n,m), ulY,u)) = F((c,n,m),u},u)). We have thus established
the existence of a unique local-in-training-time solution to the PDE system (1) & (8) coupled
with the gradient descent update (5) on the training time domain [0, 7;|. In particular,
(uév , Up. M) e S xS for every T € [0,Tz]. Reapplying the classical existence and regularity
results from Steps 1a, 1b and 1c further shows that for each 7 € [0, 7] such solution satisfies
(8tué\£ (t, ),atﬂé\i (t,#)) € La(D) x Lo(D) for a.e. t € [0,T].

Step 2e(iv): Globality of the construction in training time. It remains to notice that, due
to the definition of the times 7 in (269), the telescopic sum

o0

[e'e) 1 1 .
- >
; 774 Tr— 1 Z min { 2504 20202N(1 + Mk) } Z}:{ 20202]\7(1 + Mk:)4

o
1
k:ZK 2C2coN (1 + kVACTY + 20110l 1y pgy + 1y oy + 160l + 1))
(272)
diverges. To see this, simply note that the last term in (272) is a harmonic series for some
sufficiently large integer K. This ensures that the above construction in Step 2d and 2e

gives a solution in V7 (M) x V7 (M) for any given 7 < oo and suitable associated M > 0.
(Note that here we exploit that we correctly balanced the appearing higher-order product
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terms with the slower worst-case growth, enabling to get a diverging series, and thus a global

/3d7'<ooon

existence result. With only (6) and without the additional assumption fo folis
the learning rate, one would have only been able to get My o kY2, which would have lead
to a geometric series of the form » 2 T3%2» Which does not diverge, thus leading to no
global existence result.)

Uniqueness. It remains to prove the uniqueness of a solution (“9 ,uév ) to the
PDE system (1) & (8) coupled with the gradient descent update (5). For this purpose,

suppose that there are two weak solutions ((c!, n',m!), ull, @), ((c*,n? m?),ul}, ul}) €

O7(M) x V(M) x V7 (M). This means we have (u}],u))), (ué\é,ueg) € § x § which sat-

isfy (8tu6],\i (t,»), 8tu91( ))s (8tué\é (t,9), 8tu92( )) € La(D) x La(D) for a.e. t € [0,T] and
where gé\{ , gé\g € La(Dr) denote the corresponding NN functions (3) for each 7 € [0, T]. By

repeating the computations of the existence proof in Step 2¢(ii) we obtain analogously to
(258) and (260) that

H“al “92HL2 (0.7}, (D)) T H“el “éVzHLOO([o,T],LQ(D)) < CHQé\i - 94]9\§HL2(DT) (273)
and for some p > d + 1 that
H“el “02HLOO (Dp) = c(d, p CH901 QGZHLP (Dr)’ (274)
as well as analogously to (261) that
Hﬁé\i o ﬂé\é [0,7],HY(D)) + Hﬁé\i o ﬂé\é HLOO([QT],LQ(D))

< C (|t = whill oy + Mllad) = il ipry)

(275)

where we used directly that aéi € V7 (M). Since it holds
N _ N
H%} ~ 92 HL,,(DT)

T N . . . .
< C/O Z (’02’1*01872’+H”§’1*”?2HL2(DT)+H”L *mgHLQ(DT +Hu91 aja\é
=1

(14 M2+ ||60]| + TY4M) ds

)

(276)

by repeating the computations (257) of the existence proof in Step 2¢(ii) and using directly
that (¢!, n’, m") € O7(M) as well as @)} € Vr(M), and since it furthermore holds

N
S (1 2 It i, )
=1

)

(277)

<c| Z (16?2 o =i | oy =2 o+ 8 25

(14 M)?*ds
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by repeating and combining the computations (253)—(256) of the existence proof in Step
2c(ii) and using directly that (¢!, n’, m’) € ©7(M) as well as @) € Vr(M), we get

N
Hgé\i _9(19\27 HLQ(DT)"" Hgé\i _gé\zf HLP(DT)""ZOCZT’1 _CZTQH anf’l_nzszLg(DT)—I_}|m¢1_m¢2HL2(DT))

=1

<0 [ 3 (|6t = lind i gy i s = it 13 = )
i=1
T ZN . . . . . .
D N (B P i e
=1
0t = 0y + Nl = o)
<0 [0 (e it iy g st
=1
#1193 = ¥ oy + 195 = 38, )
(278)

where C' may depend in particular on M and 7. ‘ ‘ ' ' ‘
Recalling that 6} = 63 and consequently cg’l = 06’2, nf)’l = n6’2, 'm(l)’1 = m6’2 as well as
gé\{ = gé\é = 0, we can now employ Gronwall’s inequality in its integral form to obtain
0 0

9ot = 902l .y + 932 = 9821, 5,y = © (279)

for every 7 € [0,7]. With (273) and (275) we hence conclude that for every 7 € [0, 7] it
hold

ugs = g2l 0.y, + 4dt = w2l o120 (0y) = © (280)
and
51 — Tg2 |, to.27,0 (o) + 162 — T2l 10,1, 2000y = O (281)

Thus Hué\i — ué\é HVT =0 and Hﬂé\i - ﬁé\é HVT = 0, proving uniqueness in V5 (M). [ |
We now provide auxiliary results that were used in the proof of Lemma 11. First, we
establish that the loss jgjf defined in (4) is monotonically non-increasing in the training

time 7.

Lemma 38 (Decay of the loss ‘_79]:7) Assume that the learning rate satisfies additionally

0 a®dr < co. Let ((ué\i,ﬁé\i))m[ €C(I,S x S) denote the unique weak solution to the
PDE system (1) €4(8) coupled with the gradient descent update (5) in the sense of Lemma 11
on the training time interval I. Define the loss j(,]y as in (4). Then, for the training time

derivative %jglf it holds
d N ~
i = (g, Ty T, ) Lo(Dr)
T T (282)
= —aT// @é\i(t,x)// B(t,x,t',x';ui\[)ﬁé\i(t’,x') dx'dt' dzdt
0JD 0JD
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for all T € I with the operator T,y defined in (12) and where the kernel B(uY) is as in
(13). In particular, we have %jgf <0 forallTel.

Proof Taking the training time derivative of our loss jgjf , i.e., the derivative w.r.t. the
training time 7, we obtain by chain rule and by using that ae is a weak solution to the
adjoint PDE (8) in the sense of Definition 5 with right-hand side (u)’ — h) that

d N 2
Ty, = d72// (t,z))* dxdt

= 'LLN xX)— €T iUN X = ' UN — iUN
- /0 )it 0) e i = [ (eu(ta R0

T d d
= O —ud (t,9), T (¢, > +B[ N(t, o), (¢, ;t}
[ (gbenaien) (e, )

d —
- (quu, o (o)Ll (8, ), (0, >> at
dr Lo(D)

:/0 <ddTgéV(t ), Uy (t,*) )L2 dt = // <d799 )a{,f(t,:c)da;dt,

where the individual steps are analogous to the ones taken in (92) in the proof of Proposi-
tion 26.
Now, recalling the representation of the right-hand side gé\i from (11) and taking its

(283)

training time derivative to obtain % gé\i = —aTTB(HzTV)ﬁé\i , as well as recalling the definition
of the operator Tz(,n) from (12), we can continue (283) to obtain

// t:n// (t,a,t', o' V@) (¢, 2') da’ dt’ dadt (284)

= —or (U, Ty ). ) Lo(Dy):

which concludes the first part of the proof.

The second part now follows immediately thanks to the operator Tz, being positive
semi-definite for every 7 € I, as can be seen by noting that with computatlons analogous to
(83) it holds

(, Ty yu L2DT)—// tzb// (t,x,t' 2’ pVa(t, ') da' dt’ dadt
/(// (w't +w :z;—l—n) (¢, a:)dxdt) dﬂr(wtwn)(’w w,n)

>0

)

(285)
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which concludes the proof. |

An immediate consequence of the loss jgjj being monotonically non-increasing, are
uniform (in the training time 7) bounds on the Ly norm of the PDE solution ué\i and the
Ly([0,T], HY(D)) and L ([0,T], L2(D)) norm of the adjoint ﬂé\i

Lemma 39 Assume that the learning rate satisfies additionally fooo ai/g dr < oo. Let

((ué\;,ﬂé\i))fe[ €C(I,S x 8) denote the unique weak solution to the PDE system (1) € (8)
coupled with the gradient descent update (5) in the sense of Lemma 11 on the training time
interval I. Then the solution ué\i is uniformly (in the training time 7) bounded in Lo(Dr)

on that interval I, i.e., it holds

N

N U
sup [[ug, ||, oy < € (286)
for the constant C*" = 4j9](Y +2 Hh||%2(DT).
Proof Using Lemma 38, the proof follows the one of Lemma 27. |

Lemma 40 Assume that the learning rate satisfies additionally fooo ai/g dr < oo. Let

((ué\i,ﬁé\i))m[ €C(I,S x 8) denote the unique weak solution to the PDE system (1) € (8)
coupled with the gradient descent update (5) in the sense of Lemma 11 on the training time
interval I. Then the adjoint ﬂ(],\i in (8) is uniformly (in the training time 7) bounded in
Ly([0,T], HY(D)) and Lo([0,T], L2(D)) on that interval I, i.e., it holds

~N ~N alv
i - (HUGTHLQ([O,T],Hl(D)) + @, Loo([O,T},Lg(D))> <C (287)
for a constant o = o (T, L, T5).
Proof Using Lemma 38, the proof follows the one of Lemma 28. |
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