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Abstract

We present AlphaGeometry2 (AG2), a significantly improved version of AlphaGeometry in-
troduced in (Trinh et al., 2024), which has now surpassed an average gold medalist in solving
Olympiad geometry problems. To achieve this, we first extend the original AlphaGeometry
language to tackle problems involving movements of objects, and problems containing linear
equations of angles, ratios, and distances. This, together with support for non-constructive
problems, has markedly improved the coverage rate of the AlphaGeometry language on In-
ternational Math Olympiads (IMO) 2000-2024 geometry problems from 66% to 88%. The
search process of AG2 has also been greatly improved through the use of Gemini architec-
ture for better language modeling, and a novel knowledge-sharing mechanism that enables
effective communication between search trees. Together with further enhancements to the
symbolic engine and synthetic data generation, we have significantly boosted the overall
solving rate of AG to 84% on all geometry problems over the last 25 years, compared to
54% previously. AG2 was also part of the system that achieved silver-medal standard at
IMO 2024 https://dpmd.ai/imo-silver. Finally, we report progress towards using AG2
as a part of a fully automated system that reliably solves geometry problems from natural
language input. Code: https://github.com/google-deepmind/alphageometry2.
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1. Introduction

Advancing reasoning capabilities of artificial intelligence (AI) systems, especially in tack-
ling complex mathematical problems, has been a decade-long holy grail of Al research.
Even with the rapid developments of large language models, most systems until now still
struggle with the fundamental understanding of geometric objects (e.g., points, lines, cir-
cles) and their interactions. This had motivated our previous work, AlphaGeometry (Trinh
et al., 2024), a neuro-symbolic system capable of solving Euclidean geometry problems at
the Olympiad level. Specifically, AlphaGeometry (AG1) combines the power of a neural
language model, that is creative in suggesting insights for tackling challenging problems,
with a symbolic engine, that uses a formal language to describe geometric constructs and
deduction rules to reliably derive new properties. Trained on 100M synthetically generated
examples of diverse levels of complexity, AG1 was able to solve geometry problems at the
level of the International Mathematical Olympiad (IMO), a prestigious competition for the
world’s brightest high-school mathematicians.

Broadly speaking, there are two main approaches for automatically solving geometry
problems. The first group is about bashing the geometry problems algebraically with
Wu’s method (Chou, 1985; Wu, 2008), Area method (Chou et al., 1993, 1994), or Grébner
bases (Kapur, 1986a,b). The second group, on the other hand, relies on synthetic tech-
niques, such as Deduction database (Chou et al., 2000), or Full angle method (Chou et al.,
1996). AGI1 uses the latter, as a more human-like approach suitable for transferring the
research knowledge to other domains. The neuro-symbolic system that AG1 employed has
demonstrated a significant step towards mastering the domain of Euclidean geometry. How-
ever, despite its success, AG1 exhibited limitations in several key areas. Its performance
was constrained by the scope of its domain-specific language, the efficiency of the symbolic
engine, and the capacity of the initial language model. As a result, when considering all
the recent IMO geometry problems from the year 2000 until now, AG1 can only achieve a
solving rate of 54%.

This paper introduces AlphaGeometry2 (AG2), a substantial upgrade that addresses
the aforementioned limitations and significantly enhances performance. First, we expand
the domain language to encompass a wider range of geometric concepts, including locus
theorems with moving constructs and linear equations of angles, ratios, and distances. We
also introduce a significantly faster and more robust symbolic engine, incorporating opti-
mizations such as a reduced rule set and enhanced handling of double points. AG2 leverages
a more powerful language model based on Gemini (Gemini Team, 2024) and trained on an
order of magnitude larger and more diverse dataset. To further improve performance, we
develop a novel search algorithm, Shared Knowledge Ensemble of Search Trees (SKEST),
that explores a broader range of auxiliary construction strategies and employs a knowledge-
sharing mechanism to expand and accelerate the search process. Finally, we make progress
towards building a fully automated and reliable system that solves geometry problems in
natural language. To do this we utilize Gemini to translate problems from natural language
into the AlphaGeometry language and implement a new automated diagram generation
algorithm.

These enhancements culminate in a substantial improvement in performance. Specifi-
cally, AG2 achieves a new state-of-the-art solving rate of 84% on all IMO geometry problems



GOLD-MEDALIST PERFORMANCE IN SOLVING OLYMPIAD GEOMETRY WITH ALPHAGEOMETRY2

from 2000 to 2024, compared to 54% achieved in AG1. This demonstrates a significant leap
forward in AT’s ability to tackle challenging mathematical reasoning tasks, surpassing an av-
erage IMO gold medalist. In summary, the key improvements in AlphaGeometry2 include:

e Ezxpanded domain language: covering locus-type theorems of moving objects, linear
equations of angles/ratios/distances, and non-constructive problem statements.

o Stronger and faster symbolic engine: introducing an optimized rule set, better han-
dling of double points, and a two-order-of-magnitude faster implementation in C++.

e Enhanced Language Model: leveraging the Gemini architecture, trained on an order
of magnitude larger and more diverse dataset.

o Advanced Novel Search Algorithm: introducing Shared Knowledge Ensemble of Search
Trees (SKEST) that enables utilizing multiple search trees with knowledge sharing.

For related work and a discussion on how the AlphaGeometry2 positions among other
systems reported in the literature, we refer the readers to Appendix A.

2. More general domain language

First introduced in (Trinh et al., 2024), AG1 uses a simple domain-specific language that
consists of nine basic “predicates” listed in Table 1. While these predicates are sufficient
to cover 66% of all geometry problems for 2000-2024 IMO, AG1 language does not allow
talking about linear equations, movements of points/lines/circles or common computational
problems such as “Find the angle ...” (e.g., IMO 2009 P4). Below, we explain how AG2
addresses these and other challenges.

Name Meaning

congabcd AB=CD

perpabcd AB 1 CD

paraabcd AB || CD

collabc A, B, C are collinear
cyclicabcd A, B,C, D are concyclic points

eqangle abcde f gh Directed angle between AB and CD is equal to the one between EF and GH
eqratioabcdefgh AB/CD=EF/GH

aconst abcdzx Angle between AB and CD is equal to x, where z € [0, 180)

rconstabcdy AB : CD = y where y is a constant

Table 1: AGI predicates.

First of all, AG2 adds two predicates to allow questions of type “Find x”:
1. acompute a b ¢ d means “Find the angle between AB and CD”.
2. rcompute a b ¢ d means “Find the ratio AB/CD”.

In some geometry problems, including the one appearing at IMO 2024, there are linear
equations of geometric quantities (angles, distances) that AG1 cannot capture. To express
these notions, AG2 adds the following three predicates:
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1. distmeq al bl a2 b2 ... anbn tl1 t2 ... tn y means t; log(A;B1) + talog(A2Ba) +
e +tplog(AnBy) +y = 0.

2. distseqalbla2b2 ... anbntlt2 ... tnmeanstA;Bi+tsAsBo+...4+t, A B, = 0.

3. angeq al b1 a2 b2 ... an bn t1 t2 ... tn y means t1d(A1B;) + tad(A2B3) + ... +
tnd(AnBy)+y = 0 where d(AB) is the angle between the undirected line AB and the
horizontal line.

Another category that was not supported in AG1, so-called locus problems, talk about
movements of objects such as points, lines, and circles. AG2 captures this through a new
predicate syntax. Table 2 lists 11 locus cases with the corresponding predicate and their
syntax. Here we make use of one new token * to serve as the fixed-point placeholder.

Case Name Subcase Syntax for question
1 circle through fixed points circumcircleabc 7 cyclicabc * : X
2 center aradiusbc ?congbcax*:X

3 line through fixed points line a b ?collabx*: X

4 bline of a b ?congax*xbx*x:X
5 plineof ab c ?parabcax*: X
6 tline of a b ¢ ?perpbcax:X
7 point on fixed line ?collax*x*:X

8 point on fixed circle ? cyclica*x * *x : X
9 fixed distance ?congab**: X
10 fixed direction ?paraabx*x * : X

?

11 fixed angle eqangle abac * x * x : X

Table 2: The 11 types of locus-type statements, and their corresponding predicate syntax
in the AG domain language.

Furthermore, in AG2 proofs, we include explicit predicates to represent diagram checks
for topological /non-degeneracy conditions:

1. sameclock a b ¢ d e £ means the direction A — B — C has the same clockwise
direction to D — FE — F.

2. noverlap a b means A and B are distinct points.

3. lessthan a b ¢ d means AB < C'D, which is a statement used in the SSA triangle
congruence theorem.

AG2 can also prove points being non-distinct by introducing a new predicate, over
lap a b (points A and B are overlapping points), where any predicate involving A can
also be used for B and vice versa. During the deduction closure, overlapping points can
be defined by being a center of the same circle; we therefore introduce another predicate
cyclic_with_center to capture this scenario. Here, cyclic_with center al a2 ... an x
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means a; = az = --- = ay is the center of the circle that goes through ay41...a, (in case
x =0, it is equivalent to cyclic).

Notice that, when describing a problem, AG1 uses at most 2 predicates to define a
point, i.e. each point is defined as the intersection between at most two objects (line or
circle). This limits AG1 to only constructive problems - problems where all points can be
straightforwardly constructed by following their definition order and taking the intersection
of two well-defined objects. In AG2, we relax this constraint to cover more problems where
points can be defined by at least three predicates, making the diagram construction non-
trivial. Our approach for automating this process is discussed in the next section.

All changes described in this section improve the AG domain language coverage
from 66 to 88% on all 2000-2024 IMO geometry problems. The remaining 12% contain
3D geometry, inequalities, non-linear equations, and countably many points (i.e. problems
that have n points where n is an arbitrary positive integer). All problems (covered and not
covered) by AG1 and AG2 can be found on Figure 8. Not covered are referred as "Not
attempted”.

3. Stronger and faster symbolic engine

A symbolic engine is a core component of AlphaGeometry. We call it DDAR, Deductive
Database Arithmetic Reasoning. It is an algorithm to compute the deduction closure, i.e.
the set of all deducible facts given a core set of initial facts. DDAR builds this deduction
closure by following a fixed set of deduction rules, iteratively adding new facts into the
deduction closure until no more can be added.

DDAR drives both the training data generation for our language model and the search
for deduction steps during the test-time proof search. In both scenarios, speed is crucial.
Faster data generation allows larger and more aggressive data filtering, while faster proof
search enables more extensive search, which increases the likelihood of finding a solution
within a given time budget.

There are three main DDAR improvements that will be discussed in the next three
sections.

e Capability of handling double points.
e Faster algorithm.

e Faster implementation.

3.1 Handling double points

While re-implementing DDAR, we tried to keep approximately the same logical strength
as the original algorithm, just a little stronger because of the implementation differences
(for example Thales Theorem was replaced with a more general Central Angle Theorem).
However, DDARI is missing one key feature, which is crucial for tackling hard problems:
it is unable to accept two points with different names and the same coordinates.

For example, imagine a problem where we intersect two lines a,b at a point X, and
intend to prove that X lies on a certain circle w. The most plausible approach might be via
a reformulation — instead of proving that the intersection of a, b is on w, we prove that the
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Hard Reformulation Solved by a double

Figure 1: Handling “double” points in AG2. It is hard to prove that the intersection of a,
b is on w. But if a language model suggests a construction X’ € a N w, then DDAR can
prove the goal by proving X’ € b, and hence X = X'.

intersection of a,w lies on b. This is equivalent, yet can be much easier to prove because we
can move angles on the circle. For illustration see Figure 1. To do such “reformulation” of
reasoning with double points, we proceed through the following 4 steps:

e Construct a new point X’ as the intersection of a,w (we don’t know yet that X’
coincides with X). This is an auxiliary construction that must be predicted by a
language model.

e Prove that X lies on b.
e Since both X and X' lie on both, a, b, we conclude X = X'.

e Consequently X lies on w.

3.2 Faster algorithm

The DDAR] algorithm is processing a list of rules and tries to apply each rule to all combi-
nations of points. This process involves a candidate searching step, whose time complexity
is polynomial in the number of points, and a clause matching step, whose time complexity
is exponential in the number of clauses per premise. In theory, the worst case for searching
similar triangle candidates in AG1 is O(N®), which is one of the most time-consuming steps.
The exponential clause matching step is another expensive step. To make the search more
efficient, we take all essential rules and hard-code search for their application, which reduces
the number of queries for the AR sub-engine to at most cubic. Furthermore, we discard the
explicit rules for angles and distances (e.g., about perpendicular or parallel lines) — all such
deductions happen automatically in the AR engine.

The two main time-consuming parts of DDAR are a search for similar triangles and
a search for cyclic quadrilaterals. In AG2, we designed an improved DDAR2 algorithm.
For similar triangles, we go through all triples of points, hash their “shape”, and detect
a similar pair if the shape is recognized twice. For cyclic quadrilaterals, we go through
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all pairs (point X, segment AB), and hash the value of (4, B,ZAXB). If such a triple
repeats, we get a cyclic quadrilateral. By the “value” of segment AB, or ZAX B, we mean
a symbolic normal form calculated by the AR-submodule. This submodule keeps track
of known linear equations between angles, distances, and log-distances, understands its
algebraic consequences, and can reduce any linear expression to its normal form.

3.3 Faster implementation

While the new algorithm already significantly accelerates DDAR, we make further speed
improvements by implementing its core computation (Gaussian Elimination) in C++. The
new C++ library, which is exported into Python via pybind11 (Jakob et al., 2017), is over
300 times faster than DDARI1. In order to benchmark the speed improvement, we select a
set of 25 IMO problems that cannot be solved by DDAR (see Figure 8), and run the test
50 times on a machine with AMD EPYC 7B13 64-core CPU. While on average DDARI1
finishes its computations in 1179.57 £ 8.055 seconds, DDAR2 is much faster - finishing in
3.44711 + 0.05476 seconds!.

4. Better synthetic training data

Supplementing the symbolic engine with a language model was a key to AG1’s success,
bringing the solve rate from 14 (pure deduction proofs) to 25 out of 30 selected IMO
problems (Trinh et al., 2024). This language model was trained on a large amount of
algorithmically generated synthetic data. In AG2, we use the same procedure.

Similar to AG1, our synthetic data generation method starts by sampling a random
diagram, and uses the symbolic engine to deduce all possible facts from it. For each of
the deduced facts, a traceback algorithm is used to extract the corresponding premises,
auxiliary points, and deduction steps that prove the fact. Our data generation method
deliberately avoids the use of human-crafted problems as initial diagram seeds, and strictly
starts from random diagrams. This design choice eliminates the risk of data contamination
and allows for the exploration of theorem distributions that may extend beyond established
human knowledge. This approach contrasts with methods like TongGeometry (Zhang et al.,
2024), which rely on human expertise and existing problem diagrams to guide and filter data
generation. In AG2, we keep using random diagrams as initial seeds and continue to push
for better synthetic training data.

Larger, more complex diagrams and better data distribution. First of all, we scale
up resources for data generation, and do more careful re-balancing of the data distribution.
As demonstrated on Figure 2, compared to AG1, AG2:

e Explores random diagrams at twice the size, allowing for extracting much more com-
plex problems.

e Produces theorems at up to 2x more complex, i.e. number of points and premises.

e Produces up to 10x more complex proofs, i.e. 10x more proof steps.

1. The average running time may vary depending on the machine status at different times.
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e Has a more balanced data distribution between question types.

e Has a more balanced data distribution between problems with and without auxiliary

points.
Problem size distribution in the training data
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Figure 2: Training data distributions for AG2 compared to AG1.

More types of theorems. Besides generating theorems that prove classic statements
such as “AB = CD”, AG2 data generating algorithm also produces problems of “locus”
type, i.e. asserting statements such as “When X moves on line/circle Y, then Z moves on a
fixed line/circle T”. Introduced in Section 2, these statements are not supported in the AG1
data generation algorithm, as there is no notion of movement and movement dependency.
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In AG2, we record the movement dependency for each point X during random diagram
generation through a function P(.) with the following definition:

P(A): the set of points that control the movements of A, where A is a point or a set of
points, defined in a constructive problem statement. Two examples of P are presented in
Table 3 and all cases where locus-type statements are detected are shown in Table 5.

If | Then
a = midpoint b ¢, d = midpoint a ¢ | P(d) = {b,c}
a=onlinebc P(a) ={a,b,c}

Table 3: Two examples of P. Top row: since d is uniquely defined as the midpoint of a
and ¢, and a is uniquely defined as the midpoint of b and ¢, the source of movement for d
is b and ¢. Second row: Since a can be anywhere on line be, a itself is also a part of its
movement source.

Faster data generation algorithm. We also improved the speed of the data generation
algorithm. Recall that in AG1, we first run deduction closure on random diagrams, and
“traceback” to obtain the minimal problem and minimal proof that proves each fact in the
closure. To obtain the minimal problem in AG1, we have to exhaustively remove different
subsets of points from the problem and rerun DDAR to check provability. Such a search
can find the subset with the smallest cardinality, however, as an exponential search, it is
infeasible for a larger number of points. Therefore, we switched to a greedily discarding
algorithm shown in Figure 3, which uses just a linear number of checks for whether a
set of points suffices to prove the goal. The greedy algorithm is guaranteed to find a
minimal set of points with respect to inclusion as long as the check is monotonic (if A C B,
then check_provable(A) = check_provable(B)). In reality, we also require the pruned
set to remain closed under construction dependencies (so that we can still run a random
construction). If we incorporate this condition into the check provable predicate, it stops
being monotonic. This difficulty can be fixed by processing the points via the algorithm
from Figure 3 in a reverse-topological order (first points that do not depend on any other
points, and last the initial points of the construction).

def prune_points(

points : set[Point],

check_provable: Callable [[set[Point]], bool]):
pruned = set(points)
for p in reverse_topological (points):

if check_provable(pruned — {p}):

pruned = pruned — {p}

return

Figure 3: Basic greedy algorithm to find a minimal set of points satisfying a monotonic
predicate check.
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5. Novel search algorithm

1. Natural language problem
“Given right triangle ABC...”

!

2. Formalization
(A): “right_triangleabc; ...”
(B): diagram construction

m°°e\5
g“age
o™ l
‘ﬂ\ "
Classic LM Search LM multi-aux search LM operator search
. J
*Interesting = things about the original
Shared workspace of problem that cannot be found by DDAR
interesting* facts without a particular aux point

Figure 4: Overview of our search algorithm. We employ several different search trees which
can share facts they proved via a special knowledge sharing mechanism.

In AG1, we use a simple beam search to discover proofs. In AG2, we design a novel
search algorithm, in which several differently configured beam searches are executed in
parallel and are allowed to help each other through a knowledge sharing mechanism (see
Figure 4). To improve the robustness of our system, we use multiple different language
models for each search tree configuration. We call this search algorithm Shared Knowledge
Ensemble of Search Trees (SKEST).

It works as follows. In each search tree, a node corresponds to one attempt at auxiliary
construction followed by one attempt of the symbolic engine run. If the attempt succeeds,

10
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all search trees terminate. If the attempt fails, the node will write down the facts that
the symbolic engine managed to prove into a shared facts database. These shared facts
are filtered such that they are not the auxiliary point specific to the node itself, but only
relevant to the original problem. This way, these facts can also be useful to the other
nodes in the same search tree, and the nodes in different search trees. Below we list various
types of search trees, which we employ to make sure different parts of the search space are
explored effectively:

e “Classic” search tree: the same beam tree search used in AG1, where a language
model is asked to produce one auxiliary point at each node.

e Tree predicting multiple auxiliary points at each node: a language model is allowed
to produce as many auxiliary points as it wants at each tree node. Recall that this
is possible because our LM is trained to produce full proofs, starting with auxiliary
points and followed by the deduction steps?. Note that even though we want our
models to generate all necessary auxiliary points in one query, in practice, we observe
the need to call the model multiple times given previously produced auxiliary points.
Allowing the model to produce multiple auxiliary points accelerates finding a solution
and effectively increases the tree search depth.

e Tree predicting different types of aux points uniformly. Recall that LM outputs for
auxiliary points look like x00 a : cong a b ¢ d (00) coll a e £ (01), i.e. “construct
point a such that a b = ¢ d and a e f are collinear”. Typically, to predict aux points,
we prompt the language model with the first token x00 and let it generate the rest.
Here, instead, we prompt the LM with x00 a : cong, x00 a : coll, x00 a : cyclic,
x00 a : perp, etc. to force uniform distribution across the first 4 tokens, and then let
the LM generate the rest.

e Deep but narrow tree (e.g. beam size 64 and depth 10).
e Shallow but wide tree (e.g. beam size 512 and depth 4).

System design details. For proof search, we use TPUv4 to serve multiple replicas per
model® and let different search trees within the same model to query the same server under
their own search strategy. Besides running these search trees asynchronously, we also run
the LM workers asynchronously with DDAR workers. The LM workers write down the
content of the nodes they explored to a database, and the DDAR, workers asynchronously
pick up these nodes and attempt them. The DDAR workers coordinate between themselves
to make sure they divide work equally. A single DDAR worker pool is shared across different
problems (if multiple problems are solved at once), such that problems that got solved earlier
release its own DDAR compute resources for the rest of the problems that are being solved.

6. Better language model

The final AG2 improvement is a new language model. In this section we discuss our new
training and inference setups.

2. See a more detailed discussion on producing full proofs with a language model alone in Section F
3. The exact number of TPUs depends on the model size.

11
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6.1 Training setup

AG1 language model, a custom transformer, was trained in an unsupervised fashion in two
phases: training on problems with and without auxiliary constructions followed by training
on only problems that contain auxiliary constructions. For AG2, we leverage the Gemini
training pipeline and simplify training to just one phase: unsupervised learning on all data.
Our new language model is a sparse mixture-of-expert Transformer-based model that builds
on Gemini (Gemini Team, 2024) and is trained on AG2 data described in Section 4. We
train multiple models of different sizes using three training setups:

1. Training from scratch with a custom tokenizer in the domain-specific language (AG1
setup).

2. Fine-tuning already pre-trained custom math specialized Gemini models in natural
language (for more details see Appendix B).

3. Multimodal training from scratch with an additional image input - a diagram of the
given geometry problem (for more details see Appendix C).

Apart from a large synthetic training set of around 300 million theorems, we create three
evaluation sets:

1. Synthetic problem set with and without auxiliary points, “eval”.
2. Synthetic problem set with only auxiliary points, “eval_aux”.

3. Special set of geometry problems from IMO 2000-2024 that have been solved by Al-
phaGeometry previously, “imo_eval”.

All these sets contain full proofs, and we compute perplexity loss on them during train-
ing. Note, however, that these are only proxy metrics for two reasons. First, during inference
(just like in AG1), we only use auxiliary points suggested by the language model, while the
perplexity is computed on the entire proof. Second, there might be multiple ways to solve
a given problem, but perplexity is computed for one particular solution. Just like in AG1,
our main downstream metric is the solve rate on IMO problems, where the language model
produces auxiliary points followed by a DDAR run via beam search described in section 5.
These results will be discussed in Section 7.

We train our models with the largest possible batch size allowed by the hardware
using TPUv4. A learning rate schedule is a linear warm-up followed by the cosine anneal.
Learning rate hyperparameters are determined from scaling laws. On Figure 5, we illustrate
learning curves for different-sized Gemini models in terms of parameter count. As expected,
increasing the model size decreases perplexity loss for train, eval and our special IMO
evaluation set.

4

6.2 Inference setup

A new problem is solved via the search algorithm described in section 5 with multiple search
trees and multiple language models of different sizes. In contrast to AG1, we use top-k

4. We did not observe any training issues compared to smaller batches.

12
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Figure 5: Learning curves for AlphaGeometry2 language models of different sizes in terms
of parameter count (“m” - million, “B” - billion, for example, “3p3B” means a model with
3.3 billion parameters). Increasing the model size results in decreasing loss for train, eval
and IMO evaluation sets.

sampling with temperature t = 1.0 and k = 32. Note that a high temperature and multiple
samples are essential for solving IMO problems. With the greedy decoding ¢t = 0.0,k = 1,
and no tree search, our models can solve only two problems out of 26 that require auxiliary
constructions. Increasing the temperature to ¢ = 1.0 and using k& = 32 samples (without a
search tree) allows our language models to solve 9 out of 26 problems. Lower temperatures
t < 1.0 do not produce diverse enough auxiliary constructions (see Figure 6), while higher
temperatures result in an increasing number LM outputs with a wrong domain language
syntax.
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Figure 7: Number of 2000-2024 IMO prob-

lems solved by one language model as a
function of seen tokens during training.

Figure 6: Ratio of unique samples for vari-
ous temperatures for top-k sampling.
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The analysis string. In AGI, the interface between LM and DDAR is minimal: DDAR
takes auxiliary constructions proposed by LM, and the LM stops proposing auxiliary con-
structions when DDAR succeeds in finding a solution. In AG2, we enrich this neuro-symbolic
interface by letting the LM know about the deductions made by DDAR before proposing
auxiliary constructions. Namely, we feed the following information into the LM:

e Si: Set of facts deducible by DDAR given the original problem premises.

e Sy: Set of facts deducible by DDAR given the original problem premises and assuming
the goal predicate is also true.

e S3: Set of facts that is correct numerically (by inspecting the diagram).

Note that by definition, S; C S C S3. Once these three sets are computed, we seri-
alize and concatenate them into a string called analysis string, using our domain-specific
language. This string is fed into the LM, together with the original problem statement as fol-
lows: <problem statement> serialized(S;) serialized(Sy — S1) serialized(S3 — So).
In contrast, the input to the AG1 LM is simply <problem statement>.

7. Results

Our main downstream metric is the solve rate on IMO geometry problems. There are a total
of 45 geometry problems in 2000-2024 IMO, which we translate into 50 AlphaGeometry
problems (we call this set IMO-AG-50). Some problems are split into two due to the
specifics of our formalization. Figure 8 demonstrates our main result: AlphaGeometry?2
solves 42 out of 50 of all 2000-2024 IMO geometry problems, thus surpassing an
average gold medallist for the first time®. More details are presented in Table 4, which
compares various AG2 configurations with other systems, such as AG1 (Trinh et al., 2024)
and TongGeometry (Zhang et al., 2024). We also perform an additional evaluation on a
new set of 30 hardest IMO shortlist problems, which are formalizable in the AG2 language,
and which have never appeared at IMO. For these additional results, see Appendix E.

On Figure 7, we present the IMO solve rate as a function of training time (seen tokens
during training) for one language model coupled with DDAR via the ”classical” tree search
described in Section 5. Interestingly, AlphaGeometry2 can already solve 27 out of 50 prob-
lems after only 250 training steps with a batch size of 256, or around 200 million tokens®.
We also run ablation studies on how inference settings affect the overall performance (see
Figure 9). For a single search tree, we find that the optimal configuration is a beam size of
128, a beam depth of 4, and 32 samples. More samples or a larger beam search do not help
solve more problems.

Our geometry experts and IMO medalists consider many AlphaGeometry solutions to
exhibit superhuman creativity. In Appendix D we provide several such examples with the de-
tailed analysis. Out of the unsolved IMO problems, we have 2 attempted but not solved and

5. (Sinha et al., 2024) previously claimed to achieve a gold medalist performance, but it was done on a
subset of IMO problems.

6. Note that even without the language model, AlphaGeometry2 can solve 16 problems with its symbolic
engine alone (see Figure 8).
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Figure 8: AlphaGeometry2 results on all 2000-2024 IMO geometry problems. Problems are
grouped together based on their status, and ordered chronologically within the groups.
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OpenAl ol

Gemini thinking

AG1 DDAR (Trinh et al., 2024)

AG2 DDAR

TongGeometry DD (Zhang et al., 2024)
Average bronze medalist

Wu with AG1 DDAR (Sinha et al., 2024)
Average silver medalist

AGI (Trinh et al., 2024)

Average gold medalist

Wu + AG1 (Sinha et al., 2024)
TongGeometry w/o value (Zhang et al., 2024)
AG2 with AG1 setup (a single search tree)
TongGeometry full setting (Zhang et al., 2024)
AG2 full setting (multiple search trees)

0
0
14
16

27.1

33.9
27
40.9

38

42

0

0

14
15
18
19.3
21
22.9
25
25.9
27
28
28
30
30

Table 4: Evaluation on IMO-AG-50 benchmark. IMO-AG-50 contains all IMO 2000-2024
geometry problems, while IMO-AG-30 introduced in (Trinh et al., 2024) contains only a
subset formalizable in terms of the AG1 language.

6 unformalizable problems. The unformalizable problems involve inequalities and variable
number of points, which are currently not covered by the AlphaGeometry2 language. T'wo
of the remaining unsolved IMO problems (IMO 2018 P6, IMO 2023 P6) involve advanced
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Figure 9: Number of 2000-2024 IMO geometry problems solved for different inference set-
tings with one search tree. We start with beam size 512, beam depth 4, 32 samples and
vary one of the parameters while keeping others fixed.

geometry problem-solving techniques such as inversion, projective geometry or radical axis,
which are not implemented in our current DDAR. While such problems in theory can be
solved without these techniques, such solutions would require longer inference time, longer
proofs and more auxiliary constructions to make up for the lack of the aforementioned
machinery in our current DDAR, which hinders AlphaGeometry’s current problem-solving
capabilities.

8. Conclusions and Future Work

This paper introduced AlphaGeometry2, a significant upgrade to AlphaGeometry that ad-
dresses previous limitations and enhances performance in several key areas. AG2 incor-
porates a more powerful language model trained on a larger and more diverse dataset, a
faster and more general symbolic engine, an expanded domain language, and a novel proof
search algorithm. These improvements have resulted in a substantial leap in performance,
with AG2 achieving an 84% solve rate on 2000-2024 IMO geometry problems, significantly
improving upon the 54% solve rate achieved by its predecessor.

We also present several studies related to language models in general. First, in Appendix
B we demonstrate that for AlphaGeometry neither a tokenizer, nor a domain language used
to train the model, plays a decisive role. We obtained similar results for custom tokenizers
with small vocabularies and the generic large Gemini tokenizer. Training in the domain-
specific language achieves similar results compared to training in natural language. Second,
in the same appendix, we compare training from scratch and fine-tuning language models
pre-trained on math datasets. We find that despite training on the same AlphaGeometry
dataset, these models learn slightly different skills, and combining them into our novel search
algorithm, Shared Knowledge Ensemble of Search Trees, improves the overall solve rate.
Third, in Appendix F, we show that our models are quite capable in generating not only
auxiliary constructions, but also full proofs, demonstrating a potential for modern language
models to operate without external tools, such as symbolic engines. Finally, in Appendix G
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we show that AlphaGeometry2 can be used to build a fully automated geometry problem-
solving system that takes inputs in natural language and reliably outputs corresponding
diagrams and full solutions without any hallucinations.

Despite achieving an impressive 84% solve rate on all 2000-2024 IMO geometry problems,
there is still room for improvement. First, our domain language does not allow talking
about variable number of points, non-linear equations, and problems involving inequalities,
which must be addressed in order to fully “solve the Fuclidean geometry”. FExtending
AlphaGeometry to encompass these topics is a substantial undertaking that falls beyond
the scope of this work. To illustrate the complexity involved, in Appendix H we present
the list of inequality rules the symbolic engine would need to incorporate. Second, AG2
has not solved all IMO and IMOSL problems. We hypothesize that breaking problems into
subproblems and applying Reinforcement learning approaches could close this gap.

Code availability

Code for the Python implementation of the symbolic engine (DDAR?2), along with multiple
examples of proven IMO problems, will be shared at https://github.com/google-deepmind/
alphageometry2. Code for training Gemini models is not provided because it uses internal
Google infrastructure. Code for running the full tree search with multiple Gemini models is
not provided because it relies on internal Google infrastructure and running many workers
in parallel.

Data availability

We share 27 IMO problems translated to the AlphaGeometry language along with their
diagrams and solutions. They can be found in the file test.py within the provided reposi-
tory.
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Table 5: 17 cases where locus-type statements are detected during data generation. These
17 cases produce 11 different types of locus-type statements, as numbered in the last column.
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Appendix A. Related work

Neuro-symbolic system: At the high level, AlphaGeometry is a neuro-symbolic system
with a generative component (i.e. language model). This framework was motivated from
the fact that a major limitation of automated theorem provers is the ability to generate
original mathematical terms, which could be addressed using language models (Polu and
Sutskever, 2020). Such framework was used in several papers such as (Trinh et al., 2024;
Wei et al., 2024; Li et al., 2025) to great success. Additionally, because the symbolic system
is able to provide consistent and verifiable feedback, neuro-symbolic systems have been aug-
mented with reinforcement learning techniques to give Al agents the ability to self-improve
without human intervention (Jha et al., 2024; Peng et al., 2023). In contrast, our AG2 does
not use any reinforcement learning techniques to achieve gold-medalist level performance
on IMO geometry problems.

LLM-based feedback: In the era of large language models (LLMs), one might think
of using them (instead of symbolic engines) as verifiers due to their versatility. This ap-
proach is used in (Shinn et al., 2023; Madaan et al., 2023; Chen et al., 2024; Lightman
et al., 2024; Zhang et al., 2025). However, this approach lies on the assumption that LLMs
are reliable verifiers and this notion has been challenged (Huang et al., 2024; Stechly et al.,
2025). Solving Olympiad geometry problems involves performing numerous precise alge-
braic manipulations consistently throughout a potentially long solution, whereas LLMs are
notoriously unreliable even for basic arithmetics (Yan et al., 2025). And so, it is natural for
AlphaGeometry to favor symbolic engines over LLMs to provide consistent feedback to the
solver.

Visual reasoning: While AlphaGeometry can solve difficult Olympiad geometry prob-
lems and surpass the performance of top human experts, many papers have demonstrated
the limitations of various foundation models in performing geometric reasoning (Mouselinos
et al., 2024; Wang et al., 2025). As visual thinkers (Tversky and Suwa, 2009), humans want
to teach Al agents to leverage visual information to further unlock its reasoning capabilities
(Hu et al., 2024). Even though AlphaGeometry mostly relies on algebraic reasoning, we
discuss incorporating visual modality in Appendix C.

Appendix B. Fine-tuning of math specialized language models on AG
data

Even though during the initial transition to AG2, we maintained the AG1 training setup
(training from scratch using a custom tokenizer in the AG domain-specific language), it is
natural to ask whether fine-tuning language models that already possess problem-solving
capabilities can improve the performance. Such fine-tuning is not immediately possible due
to the difference in the utilized tokenizers and training language. In this section, we explore
the role of the custom tokenizer and the domain-specific language, followed by a discussion
about fine-tuning of a math-specialized Gemini model on AG data.
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Tokenizers. Tokenizer is an essential part of modern language models and, more broadly,
any foundation models”. It is generally believed that a tokenizer might be the major bottle-
neck in the models’ abilities to do math, e.g. see (Singh and Strouse, 2024). We investigate
this hypothesis in the controlled setting of AlphaGeometry. To do so, we train models of
the same architecture with different tokenizers: custom tokenizers with vocabularies of a
few thousand tokens and the large language model tokenizers with a vocabulary of 300k
tokens. Recall that our custom tokenizers are created at word-level, i.e. each token has
full meaning, as opposed to subword-level tokens. In AG language, there are the following
types of tokens:

1. Point names: “a”, “b”, “c”, ... “z”, “al”, ..., “zl1”.

2. Predicate names: coll, cong, coll, cyclic, eqangle, eqratio, acompute, rcom
pute, aconst, rconst, distmeq, distseq, angeq, overlap, noverlap, sameclock,
lessthan.

3. Number and fractions: 1, 2, 3, ..., —, /.
4. Predicate reference tokens: (000), (001), (002), ... (999).
5. Reserved tokens: {Analysis}, {Numerical}, {FromGoal}, {Proof}, x00, :, ;, ..

Somewhat surprisingly, we find that AlphaGeometry’s performance on the 2000-2024 IMO
geometry problems stays the same with different tokenizers, which suggests that modern
LLM tokenizers might be flexible enough to perform mathematical manipulations.

domain-specific language. Alongside tokenizers, it is interesting to study the role of the
domain-specific language in the LM’s ability to solve math problems. It is natural to assume
that using domain-specific languages simplifies mathematical manipulations and prevents
obvious mistakes, which might occur from using a less strict language. To investigate
this, we translate all AlphaGeometry2 data from the AlphaGeometry language into natural
language and train a new model. Then we compare its performance against the model of
the same size trained on the original AlphaGeometry data. Somewhat surprising again,
we get the same results on 2000-2024 IMO geometry problems, which opens a path for
fine-tuning large language models pre-trained in natural language on math data. Below, we
demonstrate an example of translating AlphaGeometry into natural language.

AlphaGeometry language: de f g : coll ad g (000) coll £ ab (001) colldbc
(002) coll e c a (003) cong d bdc (004) cong f a £ b (005)

Natural language: Construct points d e £ g such that a d g are collinear (000),
f abare collinear (001), d b c are collinear (002), e c a are collinear (003), |d
bl = ld c| (004), |fal =[£f bl (005)

Fine-tuning of language models pre-trained on math data. Having shown that
the custom tokenizer and the domain-specific language does not play a critical role for
AlphaGeometry, we leverage language models pre-trained on various math data. We start
with a Gemini model with 3.3B parameters trained on public math datasets (see Section 7 in
(Gemini Team, 2024)), and fine-tune it in an unsupervised manner on the AlphaGeometry

7. Tokenizer-free models is an active area of research, for example, see (Deiseroth et al., 2024)
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data. On our IMO-AG-50 evaluation set, the fine-tuned model performs on par with smaller
models and the 3.3B model trained from scratch®. On the other hand, we find that even
though all these models are trained on the same AG data, they do produce slightly different
auxiliary points proposals and do help each other via the knowledge sharing mechanism
described in Section 5, thus forming an ensemble-like system (see Figure 4).

—— 3p3B baseline + AG train

0-141 —-- 3p3B baseline + AG eval
—— 3p3B baseline + math + AG train
0.12- —-= 3p3B baseline + math + AG eval

0.06 -

004 T T T T T T
Tokens lell

Figure 10: Learning curves for two 3B models: one is trained from scratch and another one
pre-trained on math data and then fine-tuned on the AG data. The model pre-trained on
math has initially lower loss but both converge to the same point after training for 200B
tokens.

Appendix C. Multi-modal

Until now, we have talked about AG2 as a system that couples a language model together
with a symbolic engine. However, since our language model is based on Gemini 1.5, which
is multi-modal by design (see (Gemini Team, 2024)), it is natural to enhance the AG system
through multi-modal reasoning. For this, we train a new family of models that, alongside
the problem text, take the corresponding diagram image as the input.

Despite promising results during the training, we do not observe any improvements in
the solve rate on the downstream IMO problems when using this model alone. However, just
like in the case of fine-tuning pre-trained models (see Section B), we find that the multimodal
model produces slightly different auxiliary point proposals. Combined with other models
via the knowledge sharing mechanism (see Section 5) this boosts the overall performance.

8. We also train even larger models in a supervised manner and achieve the same results
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We hypothesize that adding the image on its own might not help that much due to very
complicated diagrams, which become very crowded for the IMO problems. The image
tokenization process might also play a negative role, as it splits the diagram into independent
sequential patches, which leads to the loss of some spatial information. Recall also that
some details about the diagram are already provided through the text, as mentioned in
Section 6.2, and our symbolic engine, DDAR, does have access to topological aspects of the
diagram, e.g., through inspecting sameclock predicates. Furthermore, (Chae et al., 2024)
shows that vision-language models have poor atomic visual skills, which suggests that adding
visual elements might not aid the geometry problem-solving process. Finally, note that the
core of geometry problem-solving lies in algebraic reasoning, as previously demonstrated
in (Trinh et al., 2024), rather than geometric reasoning. Many human IMO contestants
can reliably solve geometry problems (including very hard problems such as IMO 2011
P6) using computational methods such as complex numbers, barycentric coordinates and
trigonometry bashing, which means that visual information and diagrams are not critical
to solving geometry problems.

Appendix D. Featured AlphaGeometry2 solutions

Out of the solved IMO problems (see Figure 8), our geometry experts consider many Al-

phaGeometry solutions to exhibit superhuman creativity. One such example is the IMO

2024 P4 problem (see Figure 11).
IMO 2024 P4: Let triangle ABC with incenter I satisfying AB < AC < BC. Let
X be a point on line BC, different from C, such that the line through X and parallel
to AC' is tangent to the incircle. Similarly, let Y be a point on line BC, different from
B, such that the line through Y and parallel to AB is tangent to the incircle. Line Al
intersects the circumcircle of triangle ABC again at P. Let K and L be the midpoints
of AC and AB, respectively. Prove that /KIL + /Y PX = 180°.

\ 7

The problem asks about the relationship between /K IL and ZX PY. The former is the
angle formed by a midpoint and the incenter, which usually does not go well together and
cannot be computed by the angles of the main triangle ABC'. Typically, a human contestant
would rely on trigonometry, complex numbers or other computational methods to find the
solution. For AlphaGeometry, its DDAR system only relies on simple angle chasing and
ratio chasing, so this necessitates the need for some auxiliary point constructions. To this
end, AlphaGeometry constructs F as a point on the line BI such that ZAEB = 90°,
which elegantly ties these seemingly unrelated geometric elements together by creating
pairs of similar triangles ABE and Y BI, ALE and IPC. These pairs of similar triangles
create new pairs of equal angles and equal side length ratios. That being said, the point
E gives purposes to the midpoint L of AB. To complete the proof, we need to prove
JAIK = /BYP and ZAIL = ZCPX. To this end, we need to prove that triangle AKT
is similar to triangle BPY and triangle ALI is similar to triangle CPX, which is done by
side length ratio chasing, which is obtained from the pairs of similar triangles above. A full
solution is published at https://storage.googleapis.com/deepmind-media/DeepMind.
com/Blog/imo-2024-solutions/P4/index.html. This solution was obtained within 30
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P

Figure 11: IMO 2024 P4 diagram with AlphaGeometry auxiliary construction, point F.

seconds at IMO 2024 and was given the full seven points by Joseph Myers, a two-time IMO
gold medalist and Chair of the IMO 2024 Problem Selection Committee.

Along with IMO 2024 P4, AlphaGeometry can solve many challenging problems with
only 1 extra auxiliary point, some of which involve rather unconventional constructions.
One such problem is IMO 2013 P3.

IMO 2013 P3: Let the excircle of triangle ABC' opposite the vertex A be tangent to
the side BC at the point A;. Define the points By on C'A and C7 on AB analogously,
using the excircles opposite B and C, respectively. Suppose that the circumcenter of
triangle A;B1C1 lies on the circumcircle of triangle ABC. Prove that triangle ABC

is right-angled.

\ 7

In this problem, AlphaGeometry simply takes the midpoint D of arc ABC containing B
as the extra point, which is a highly unconventional construction as it is non-symmetric. Yet,
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Figure 12: IMO 2013 P3 diagram with AlphaGeometry auxiliary construction, point D. It
allows proving BA; DI, is cyclic, which is the key to solve this problem.

it allows AlphaGeometry to uncover the fact that B, Ay, D, I, are concyclic points, which is
a key result that is only true if and only if AB | AC. To prove this fact, AlphaGeometry
exploits the fact that O and D give rise to the similar triangle pairs AO1C1B; ~ AO1BC
and ADA1 By ~ ADBA and then uses these results to facilitate angle chasing, which gives
/DA 1, = Z/DBI, and the fact that B, A, D, I, are concyclic points follows.

Another example is IMO 2014 P3, one of the hard geometry problems given at the IMO.

4 )

IMO 2014 P3: Convex quadrilateral ABCD has ZABC = ZCDA = 90°. Point
H is the foot of the perpendicular from A to BD. Points S and T lie on sides AB
and AD, respectively, such that H lies inside triangle SCT and Z/CHS — ZCSB =
90°, LTHC — £DTC = 90°. Prove that line BD is tangent to the circumcircle of
triangle T'SH.

\ v,

To our surprise, AlphaGeometry manages to prove a more generalized result OH | BD,
which implies that the circumcircle of AHST touches BD when combining with the con-
dition H € BD in the original problem. To do this, AlphaGeometry constructs points
E,F G, 1 as reflections of S w.r.t OH, H wr.t AT, H w.r.t AS, H w.r.t ST respectively.
Since the given conditions ZCHS — ZCSB = 90°, ZTHC — ZDTC = 90° imply that the
circumcenters of ACHS, ACHT lie on AB, AD respectively, the constructions of F' and G
create cyclic quadrilaterals CHSG, CHTF, which will facilitate angle chasing. Moreover,
the constructions of E and I create the cyclic quadrilateral HGIE with center .S, and the
points C,T now become the circumcenter of AFHI and AFGI respectively. Combining
these facts altogether, AlphaGeometry obtains an extraordinary angle chasing proof, in con-
trast to the common approaches using ratio chasing (possibly combined with the knowledge
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Figure 13: IMO 2014 P3 diagram with AlphaGeometry auxiliary constructions.

of Apollonius circles), trigonometry or inversion by most human contestants. This shows
that AlphaGeometry is capable of solving hard problems with only a simple deduction
engine.

Our final example is the G7 problem from the IMO 2009 Shortlist.

IMOSL 2009 G7: Let ABC be a triangle with incenter I and let X, Y and Z be the
incenters of the triangles BIC, CIA and AIB, respectively. Let the triangle XY Z be
equilateral. Prove that ABC' is equilateral too.

To the best of our knowledge, this problem previously had only computational solutions,
e.g., by using complex numbers, trigonometric computations or proof by contradiction via an
inequality argument. Since AlphaGeometry does not have access to these computational and
reasoning tools, as well as advanced Euclidean geometry knowledge, we originally expected
that this problem cannot be solved by AlphaGeometry. Nevertheless, AlphaGeometry was
able to produce an elegant solution with only angle and ratio chasing by constructing key
auxiliary constructions. First, AlphaGeometry shows that X and Z are reflections of each
other w.r.t. BI, and by symmetry it follows that [ is the circumcenter of AXY Z. From this
we can show that AB = AC, and by symmetry, we have AABC' is an equilateral triangle.
However, the main challenge with this problem is to use the condition AXY Z being an
equilateral triangle, i.e., XY = Y Z and its cyclic variants. To this end, AlphaGeometry
constructs a series of circumcenters of key triangles:

1. D as the circumcenter of ABXC.
2. F as the circumcenter of AAY Z.
3. X; as the circumcenter of ABIX.

29



CHERVONYI, TRINH, OLSAK, YANG, NGUYEN, MENEGALI, JUNG, KIM, VERMA, LE AND LUONG

Figure 14: IMOSL 2009 G7 diagram with AlphaGeometry auxiliary constructions (colored
red), key cyclic properties (colored polygons) and key similar triangle pairs (colored triangle
pairs).

4. X5 as the circumcenter of AAITY.

5. X3 as the circumcenter of ACITX.

6. X4 as the circumcenter of AABZ.

7. X5 as the circumcenter of AACY'.

8. X as the circumcenter of AAXZ (which we will later show that A, C, X, Z are con-
cyclic).

9. X7 as the reflection of I w.r.t BZ

10. Xg as the circumcenter of AAXY (which we will later show that A, B, X,Y are
concyclic).

11. Xy, X190 are points such that AIZ Xg, AIZ X are equilateral triangles.

12. Xy; as the reflection of Z w.r.t BI (which is shown to be equivalent to X using the
point substitution technique described in Section 3.1).

At first, these constructions seem very counter-intuitive since most humans would not con-
struct these points. Given the nature of the points X, Y, Z, there are not many geometric
properties related to these points and this particular configuration as a whole, which makes
this problem very hard for humans to come up with a synthetic solution. Nevertheless,
these circumcenter constructions help facilitate pairs of equal/similar triangles, which allow
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AlphaGeometry to exploit the fact that AXY Z is an equilateral triangle and solve the
problem.

All these examples demonstrate that AlphaGeometry is very efficient in constructing
auxiliary points and can offer rather elegant solutions to hard problems without using
highly complex Euclidean geometry knowledge and machinery. As such, it leads to creative
and efficient solutions that humans normally would not come up with.

Appendix E. Additional evaluation on the hardest IMO shortlist
problems

To further investigate the robustness of AG2, we perform additional evaluations on problems
from the IMO shortlist that were nominated by experts but have never been selected for
the IMO. Since the shortlist problems are sorted by difficulty, we select 29 problems from
the end of each year’s IMO shortlist that did not appear at the IMO from 2002 to 2022.
These problems are selected such that they can be formalized in the AG2 language. After
formalization we get 30 problems and call it IMOSL-AG-30. As demonstrated on Figure 15,
the full AG2 system (see Figure 4) solves 20 out of 30 problems. This shows that even though
AG?2 is a very capable system that can solve a wide range of Olympiad geometry problems,
there is still a room for future improvements.

D v
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Figure 15: AlphaGeometry2 results on the hardest IMO shortlist problems.

Appendix F. Towards generating full proofs with a language model

As discussed in the rest of the paper, our inference setup utilizes a language model only to
produce auxiliary points followed by a symbolic engine run. On the other hand, the model
is trained on whole proofs, so it is natural to ask how good the model is at generating full
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proofs without using the symbolic engine. Given that with greedy decoding, our model +
DDAR can only solve 2 IMO problems, it is not surprising that without any further tuning,
the model cannot generate complete full proofs. But can it generate partial solutions?
To investigate this question we build tools to verify validity of each deduction proof step.
Namely, we isolate the predicates in the premise of the proof step, and add them to a new
DDAR engine, then run a deduction closure with respect to only the deduction rule being
used in that step. If the new DDAR manages to prove the conclusion of the step, and the
numerical check of the conclusion in the diagram passed, the step is considered verified.
Our step verification recognizes the following errors:

e Wrong grammar: The step has wrong grammar.

e Theorem name error: The step refers to a name of a theorem (deduction rule) that
does not exist.

e Step reference error: The step refers to a previous step that does not exist.

e Point not found error: The step refers to a point that does not exist, or a point with
an invalid construction.

e Numerical error: DDAR fails due to numerical instability.

e Unverified: The premises of the step do not imply the conclusion of the step under
the deduction rule that it uses.

e Invalid auxiliary point: The auxiliary point is invalid because the step is wrong in
grammar, or it is geometrically invalid (e.g. intersection of two parallel lines, etc.)

e Verified: all checks passed and no error from above found.

For evaluation, we query our language models with the 2000-2024 IMO problems and
32 samples at temperature 1.0. The models are queried without any end-of-sentence tokens
such that they generate full proofs. Then we compute how many valid proof steps the
models produce on average across samples and all problems. It turns out our models do
not make many syntax mistakes (see Figure 16), the majority of generated steps are either
valid (either fully verified or correct but unverified). One surprising find is that both small
and larger models perform similarly. These results support the idea that large language
models can be self-sufficient without depending on external tools, but until inference speed
is improved and hallucinations are completely resolved, the tools will stay essential for math
applications.

Appendix G. Automated problem formalization and diagram generation

In this section we describe our progress in building a fully-automated AG2 system taking
input in natural language and outputting the full proof along with automatically constructed
diagrams. This system was used at IMO 2025 to solve the geometry problem (P2) from
natural language in 20 seconds.
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Figure 16: Proof steps validity statistics. Models almost do not make any syntax errors.
Small and larger models perform similarly.

Automated formalization. A major weakness of AlphaGeometry, and other similar
neuro-symbolic systems, is the need to manually transform input problems from natural
language into a domain-specific language. For example, a simple geometry problem in
natural language, “Given a triangle ABC with two equal sides AB = AC, prove that angles
B and C are equal”, becomes triangle abc; ab=ac ? eqanglebab c c b c ain the
AlphaGeometry domain language.

Automating this process, called formalization, is an active area of research (see for ex-
ample, (Szegedy, 2020; Wu et al., 2022; Jiang et al., 2023; Poiroux et al., 2024; Murphy
et al., 2024)). It is a significantly more complicated problem compared to a translation
between human languages. While translation aims to preserve meaning, formalization fre-
quently requires re-formulating the original problem into an alternative form, and sometimes
disambiguating the nuances in the original problem statement. Automated formalization
(auto-formalization), therefore, demands significant background knowledge and problem-
solving skills on its own. Given that recently foundation models started demonstrating
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such capabilities, we use one such model, Gemini (Gemini Team, 2024), to automate the
problem formalization for AlphaGeometry. We start by manually translating several dozens
of geometry problems into the AG language. Then we use these examples to write a few-
shot prompt asking Gemini to translate a given geometry problem from natural language
into the AG language. We query Gemini five times with this prompt, followed by another
Gemini call asking to combine these results into one final answer. With this approach, we
are able to formalize 33 out of 44 formalizable IMO 2000-2024 geometry problems. For
easier geometry problems, it is very consistent and makes almost no mistakes.

Automated diagram generation. Another manual part of our pipeline was diagram
generation. In AGI1, each point is defined by at most two basic predicates recalled in
Table 1, the problem is therefore defined constructively and diagrams can be generated
automatically. In AG2, we allow one or multiple points to be defined simultaneously by an
arbitrary number of predicates, allowing us to also cover non-constructive problems. Con-
sider a non-constructive problem statement, “Let ABC' be a triangle with incenter I, such
that IA = 2IB ...”, here point I is not only defined as an incenter, i.e. the intersection
of two internal bisectors, but also defined by a third predicate IA = 2IB and there is no
general strategy to construct such four points. Since AG2 covers non-constructive problems,
diagram construction becomes a non-trivial part of the pipeline and generally requires hu-
man intervention. Similar to (Krueger et al., 2021), below we propose a new algorithm to
automatically generate diagrams given non-constructive problem specifications.

We start by initializing the points. We have three initialization methods, which we
alternate in different attempts:

1. Random — the points are chosen randomly using the normal distribution.
2. Construction in order.
3. Construction in a heuristically chosen order.

In order to construct a new point X, we look at each predicate p(X, Ay, ..., Ay) involving
X point, and already constructed points A1,..., Ag, and find a circle or line that X must
be on. For example, if we know |A;As| = |A3X |, we have already constructed, we know
X should be on a circle with center Az, and radius |A4;As|. If we cannot obtain such a
circle, or a line, we skip that predicate. If there is not such set, X is sampled randomly
with a normal distribution. If there is exactly one such set, X is sampled from it. If there
are more such sets, X is sampled to be any intersection of any two of them. We sample
10 examples for X, and choose one which minimizes the loss described below (with added
noise to improve exploration).

After point initialization, we optimize their coordinates. Let Z € R?" be a vector
representing all coordinates of all points. We encode every exact constraint ¢ in the diagram,
including the goal, as f.(Z) = 0 with a nonlinear function f., and each topological constraint
as g.() < 0, or h(x) # 0. We numerically search for a suitable Z in two steps. The overall
loss for the Adam optimizer consists of

1. Z fo(7)? where C is the set of all the exact constraints,
ceC
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2. Zsoftplus(gc(a_c)) where C is the set of all the topological constraints requiring
ceC
9.(x) <0,

3. Zsoftplus(min(hc(i), —he(z)) where C is the set of all the topological constraints

ceC
requiring h.(z) = 0,

4. non-degeneracy loss of the form of a fraction of Ly norm of all the point coordinates,
5. non-degeneracy loss of the form of 1/(|AB|? + €) for all pairs of distinct points A, B.

We run the ADAM gradient descent optimization for a fixed number of steps simultaneously
for 10 initial setups. Afterwards, we filter only the diagrams where the loss got below a given
threshold, and all the topological constraints are satisfied. Finally, we switch from a gradi-
ent descent optimization to the Gauss-Newton-Levenberg method to look for a numerical
solution of a combined under- and over-determined system of nonlinear equations.

This three-stage optimization method is similar to the methodology introduced in (Krueger
et al., 2021). The final stage addresses the practical limitations encountered when tuning
the gradient descent optimization in the original method, where achieving a consistently
satisfactory error margin proved challenging.

We benchmark this method on 44 IMO problems formalized in AG language (see Fig-
ure 8) and are able to find diagrams for 43. We run the three-stage convergence procedure
in a loop which restarts and generates another random initial configuration after a failure.
This way, 43 / 44 problems got their diagram sequentially generated within 1 hour.

Appendix H. Inequality rules

This section details a set of inequality rules. Although potentially useful for many inequality-
related questions from Euclidean geometry, these rules were not included in the AlphaGeom-
etry2 system.

H.1 Definitions
e P(A1Asy... Ay) is a polygon formed by Aj, Ag, ..., A,.
e W(ABC) =1 if ABC is clockwise, —1 otherwise.

e 7(ABC) =1 if ABC collinear and B is between A and C, —1 if A and C are on the
same side with respect to B.

o /ABC the angle formed by the segments AB and BC whose measure is less than 7.
o /o(ABC): traditional unoriented measure of ZABC Ranges from 0 to 7.

e /1 (ABC): angle measured from line AB to BC counterclockwise. Ranges from 0 to
.

o /9(ABC): angle measured from ray BA to BC. Positive if counterclockwise and
negative if clockwise. Ranges from —m to 7.
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H.2 How to write some of the common geometric inequality statements using
w

e C and D separated by AB: w(ABC) = w(ADB)
e D is contained in P(ABC): w(DBC) = w(ADC) = w(ABD)(= w(ABC))

L] P(A1A2 ce An) is convex: w(AlAQAg) = w(A2A3A4) = ...= w(AnAlAQ).
e pc P(A1As... Ay)is convex: w(pAjAs) = w(pAsAs) = ... = w(pA, A1) (= w(A1A243) =
w(A2A3A4) =...= w(AnAlAQ))

e D is in the (minor) sector determined by the ray AB and ray AC: w(BAD) =
w(BAC) = w(DAC)

H.3 Trivial rules
e ncol A B C = w(ABC) =w(BCA)
e ncol A B C = w(ABC) # w(ACB)
o = n(ABC) =n(CBA)
e W(ABC) # w(DEF) = w(ABC) =w(DFE)
e = /y(ABC) =w(ABC)Zy(ABC)
o = /y(ABC) = |4£2(ABC)|
o = /1(ABC) = Z3(ABC) + (1 —w(ABC))/2
H.4 Rules for relating w and 7
e N(ABC)=1,ncol X A B = w(XAB) =w(XBC) =w(XAC)
e N(ABC) = —1,ncol X A B = w(XBA) =w(XBC)
e ncol X A B,col ABC, w(XAB)=w(XBC) = n(ABC) =1
e ncol X A B, col ABC,w(XBA)=w(XBC) = n(ABC) = -1
H.5 Basic rules using P in polygon
e ncol Ay Ay Az = P(A1A2A3): convex
o W(A1A2A3) = w(AgA3A4) = ... =w(4,A142) = P(A1Ay ... Ay): convex
o P(A1Ay... Ay): convex = w(A1A243) = w(A;A;A;) with any ¢ < j < k
o P(AjAy... Ay): convex, w(pAjAs) = w(pAsAs) = ... =w(pA,A1)=pe€ P(A1Ay... Ay)

pE P(AlAg e An) = (.U(pAlAQ) = Ld(AlAQAg)

pE P(AlAQ A An), P(AlAQ A AnAn_H)Z convex = p € P(A1A2 . AnAn+1)
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p € P(ABC), n(DBC)=1= pe P(ADC)

pE P(AlAQ .. An), col X A, Ay, col X A, 1 Ay o= pE€E P(AlAz .. .An_QX)
o P(A;...A,): convex = P(A;... A, —1): convex
e P(ABCD): convex, col A X C,col BX D = X € P(ABCD)

H.6 Basic rules using “c O” and “¢ O”

Here, O(P, AB) is a circle centered at P with the radius AB, and O(ABC) is the circumcircle
of P(ABC).

o col AO B, OA= OB, n(AOB) = 1, Z,ACB < /2 = C ¢ 0(0, AO)
o col AO B, OA = OB, n(AOB) = 1, ZoACB > /2 = C € 0(0, AO)

ADB) = w(ACB), ZyACB > Z/4ADB = D ¢ O(ABC)

S

°
(S

)
ADB) = w(ACB), ZyACB < /yADB = D € O(ABC)
)

°
&

(
(
(ADB) = —w(ACB), 7 — ZoACB > ZoADB = D ¢ O(ABC)
(ADB) = —w(ACB), 7 — ZyACB < /oADB = D € O(ABC)

°
&

e D¢ O(ABC), w(ADB) = w(ACB) = £yACB > ZyADB

e D¢ O(ABC), w(ADB) = —w(ACB) = m — £yACB > ZyADB
e pc P(ABC) = p € O(ABC)

e pc O(ABC), w(pBC) =w(ABC) = ZyBpC > £yBAC

e pe O(ABC), w(pBC) = —w(ABC) = £yBpC >t — ZyBAC

e DecO(0O,0A) = 0D <0OA

e OD <0OA = De€0O(0,0A)

e D¢ 0O(0O,0A) = 0D >0A

e OD>0A= D¢ 0O(0,0A)

H.7 Acute and obtuse angles
e L/ABC: acute = £yABC < 7/2

m > Z9(ABC) > 7/2, citc O A B C = w(OAC) = w(BCA)

m > Z2(ABC) > /2, H: orthocenter of P(ABC) = w(AHC) = w(ABC)

G: centroid of P(ABC) = G € P(ABC)

I: incenter of P(ABC) = I € P(ABC)
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e P(ABC): acute = O,H € P(ABC)
e col BD C,ncol AB D, AB=AD, ZABC: acute = n(DBC) = —1
e col BD C,ncol AB D, AB= AD, ZABC: obtuse = n(DBC) =1
e col BD C, Zy(ABC) < Ly(ADC) = n(DBC) = -1
e midpoint M B C,col A X B, XM 1 BC, AB > AC = n(AXB) =1
e midpoint M B C,col A X B, XM | BC, AB< AC = n(XAB)=1
H.8 Some inequalities
e N(ABC)=1= AC > AB
e n(ABC)=1= AC = AB+ BC
e col ABC, AC > AB, AC > BC = n(ABC) =1
o w(BAD) = w(BAC) = w(DAC) = /o(BAD) < £o(BAC), Zo(DAC) < Zo(BAC)
o Lo(BAD) < £o(BAC), Zo(DAC) < Lo(BAC) = w(BAD) = w(BAC) = w(DAC)
e = AB+ BC > AC.
e AB+ BC =AC = col ABC,n(ABC) =1

e col BC D, col AO D, OA = OB, OB = OC, P(ABC) : acute, AB < AC =
BD > DC

e col BC D, col AO D, OA = OB, OB = OC, Zy(BAC) > ©/2, AB < AC =
BD < DC

e col A BC,n(BAC)=—-1,CA>BA = n(ABC) =1
e N(ACB)=1,n1(ADB) =1= n(CAD) = -1
e AB 1 BC = AC > AB, AC > BC
o AB> AC = Z£y(ACB) > Z£y(ABC)
e /o(ACB) > £y(ABC) = AB > AC
H.9 General w and 1 deduction rules
e W(ABC) =w(BCD), w(BCD) =w(CDA) = w(DAB) =w(CDA)
o /9(ABC) >0 < w(ABC)=1
o /5(ABC) <0 <= w(ABC)=-1
o = Lo(ABC) + £Ly(BCA) + £o(CAB) =7

38



GOLD-MEDALIST PERFORMANCE IN SOLVING OLYMPIAD GEOMETRY WITH ALPHAGEOMETRY2

o N(BCX)=1= /5(ACX) = L5(ABC) + Zo(CAB)

e circ O A B C, w(BOA) =w(COB) = w(ABC) = w(BOA)

e n(CAB) =—-1,n1(ACB) = -1 = n(ABC) =1

o N(ABC) =1 = (CAB) = —1, n(ACB) = —1

e N(ABC)=1,n(BCD)=1= n(ABD) =1, n(ACD) =1

o col BX C, AX L BC, Z£o(ABC) < 112, ZLo(ACB) < /2 = n(BXC) = 1
o col B X O, Z3(BAX) = Z5(XAC) = n(BXC) =1

o midpoint M A B = n(AMB) = 1

o 7(ADB) = n(AEC) = 1 = P(DECB): convex

e X ¢ O(ABC), w(XAB) = w(CAB), cyclic A B C D, col X A D, /o(CBA) >
Z/o(CAX) = n(XDA) =1

o X ¢ O(ABC), w(XAB) = w(CAB), cyclic A B C D, col X A D, Zy(BCA) +
Zo(XAB) <1 =n(XDA) =1

e X ¢ O(ABC), w(XAB) = w(CAB), cyclic A B C D, col X A D, Zy(CBA) <
£o(CAX) = n(XAD) = 1

e X ¢ O(ABC), w(XAB) = w(CAB), cyclic A B C D, col X A D, Zy(BCA) +
Zo(XAB) > = n(XAD) =1

e X ¢ O(ABD),col AO B,col X AD, Zo(XAB) <7w/2=n(XDA)=1
e X ¢ O(ABD), col AO B,col X AD, Zo(XAB)>7/2 = n(XAD) =1
e X € O(ABC),col A X B=n(AXB) =1

o /sXBA+ £3XBC = w(XBA)w, Z3XCA+ £:XCB = w(XCA)r = X ¢ O(ABC)
(X will be the excenter relative to A: X == I4)
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