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Abstract

We present LazyDINO, a transport map variational inference method for fast, scalable,
and efficiently amortized solutions of high-dimensional nonlinear Bayesian inverse problems
with expensive parameter-to-observable (PtO) maps. Our method consists of an offline
phase, in which we construct a derivative-informed neural surrogate of the PtO map using
joint samples of the PtO map and its Jacobian as training data. During the online phase,
when given observational data, we rapidly approximate the posterior using surrogate-driven
training of a lazy map, i.e., a structure-exploiting transport map with low-dimensional
nonlinearity. Our surrogate construction is optimized for amortized Bayesian inversion us-
ing lazy map variational inference. We show that (i) the derivative-based reduced basis
architecture minimizes an upper bound on the expected error in surrogate posterior ap-
proximation, and (ii) the derivative-informed surrogate training minimizes the expected
error due to surrogate-driven variational inference. Our numerical results demonstrate
that LazyDINO is highly efficient in cost amortization for Bayesian inversion. We observe
a reduction of one to two orders of magnitude in offline cost for accurate online posterior
approximation, compared to amortized simulation-based inference via conditional trans-
port and to conventional surrogate-driven transport. In particular, LazyDINO consistently
outperforms Laplace approximation using fewer than 1000 offline PtO map evaluations,
while competing methods struggle and sometimes fail at 16,000 evaluations.
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1. Introduction

We investigate the solution of nonlinear Bayesian inverse problems (BIPs), i.e., the inference
of the uncertain parameters in computational models from noisy, indirect observations. Let
m € .# denote the parameter and assume the observational data y € R% is given by:

y=6G(m)+n, n~N(T,),

where G : .# — R% is the parameter-to-observable (PtO) map and n € R% is an unknown
noise vector. Given a parameter prior distribution u, we seek to characterize the posterior
distribution pu¥ defined via Bayes’ rule

1
dp¥(m) o exp <— ‘
—— 2

Posterior

-1/ (G (m) — y)H2> w.

Prior

Likefirhood

We are particularly interested in continuum models of physical systems, e.g., parametric
partial differential equations (PDEs), where the parameter m € .# can be arbitrarily high-
dimensional, such as spatially or temporally varying functions, and the PtO map G is
defined through the solution of the governing equations (Stuart, 2010; Ghattas and Willcox,
2021). This type of BIP is challenging because likelihood evaluations are computationally
intensive, and characterizing high-dimensional probability distributions is difficult due to the
curse of dimensionality. These challenges severely limit our ability to obtain fast, accurate
solutions to BIPs across a range of observational data, which is required, e.g., for real-time
uncertainty quantification of predictive digital twins (Kapteyn et al., 2021) and for Bayesian
optimal experimental design (Huan et al., 2024). These settings demand methods with
amortized computational cost—that is, the expensive computation is performed offline, i.e.,
before acquiring the data, and posterior characterization (y +— u¥) incurs a comparatively
negligible cost once the data is available. In this work, we integrate recent advances in
dimension reduction, neural operator learning, and measure transport to derive a fast,
scalable, and efficiently amortized method for BIPs that is well-suited to modern computing
frameworks.

1.1 Variational Inference Using Lazy Maps

We consider using transport map variational inference (TMVI, Marzouk et al. 2016) to
approximate the posterior u¥. This method seeks to construct a parameterized transport
map Tg : .M — .# that maps a reference distribution, which we take to be the prior p,
to the target Bayesian posterior p¥. The map parameters can be found by minimizing the
reverse KL divergence (rKL):

mein Dxr(Togull 1Y), (1)

where (-); denotes the pushforward of a probability distribution. Once the transport map is
constructed, it enables fast, on-demand approximate posterior sampling via map evaluations
at reference samples. However, it can be difficult to represent expressive transport maps
in high dimensions. For example, triangular maps (Baptista et al., 2024b) on R™ must
describe n-variate functions and thus suffer from the curse of dimensionality. Kernel-based
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methods (Liu and Wang, 2016; Detommaso et al., 2018; Chen et al., 2019) require a large
number of samples to be expressive in high dimensions. Flow-based methods (Rezende and
Mohamed, 2015; Papamakarios et al., 2021) often increase expressiveness by adding layers,
which is typically performed ad hoc and requires tuning.

Lazy maps (Brennan et al., 2020) are a class of transport maps that alleviate the curse
of dimensionality by restricting the nonlinearity of the map to a relatively low-dimensional
parameter latent space. Let & : .# — R% be a linear encoder where R% is the parameter
latent space and d, < dim(.#). A lazy map has the following form:

To=DyoTgo& +(Idy — D, 0 &), @

where Id_, denotes the identity map, D, : R% — . is a linear decoder, and Tg : R% — R
is a latent space transport map parameterized by weights 8. The lazy map approximates
the posterior in the latent space using TMVI, while the complementary space is filled by
the prior. When the prior is Gaussian, the rKL minimization problem becomes

. L[ p—yr _ 2 1 2 _
min By |5 {0572 (G 0 T0) (m) = )| + 5 ITa(Em)|> ~ log | det VTo(Em)] | (3)

A crucial step in constructing a lazy map is finding a parameter latent space that captures
the discrepancy between the prior and posterior. Notably, the original lazy map uses the
likelihood-informed subspace (Cui et al., 2014), which identifies the latent space based
on likelihood sensitivity. By exploiting the structure of the BIPs, TMVI using lazy maps
typically achieves high-quality posterior approximation more efficiently than TMVI without
parameter reduction or with alternative reduction techniques.

Another fundamental challenge of TM VI, including when a lazy map is used, lies in the
high cost of training the transport map, i.e., solving the stochastic and model-constrained
rKL minimization problem in (3). Numerous evaluations of the PtO map G and the actions
of its Jacobian DG are required within each optimization iteration. These evaluations
involve repeated solutions of the governing equations of the computational models and their
forward or adjoint sensitivities, which can be prohibitively expensive when these equations
are, e.g., nonlinear PDEs. This cost barrier becomes further exacerbated when multiple
posteriors need to be approximated for different instances of observational data.

1.2 Surrogate-Driven Lazy Map Variational Inference

Our work aims to remove the computational bottleneck of model solutions for lazy map
variational inference. This is done by constructing a fast-to-evaluate ridge function (Pinkus,
2015) surrogate of the PtO map G using a neural network latent representation g,, : R% —
R%:

G(m) = Vg,(&m),

where w denotes the weights of the neural network and V' is a (reduced) basis for the data
space. This architecture is known as the reduced-basis or low-rank neural operators (Ko-
vachki et al., 2023). Once the surrogate is constructed, we perform TMVI in the parameter
latent space using the surrogate-driven rKL objective for a given observational data y:

1

. . 1
minEe (010, | 5 (80 0 To)(2) = Vull? + 5 [ To(2)|* — log|det VTo(2)l| . (4)
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Surrogate-Driven Lazy Map Variational Inference
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Figure 1: Our amortized Bayesian Inversion method combines lazy map variational infer-
ence with a reduced-basis neural operator surrogate. The lazy map ensures scalability by
restricting transport to a relatively low-dimensional latent space, while the neural network
g, replaces the high-fidelity but expensive PtO map G and rapidly solves the stochastic
optimization for variational inference.

The forward and Jacobian evaluation costs of the neural network g,, are significantly lower
than those of the model and sensitivity solutions. This optimization problem is, therefore,
far cheaper to solve compared to (3).

In terms of methodology, this work addresses two key questions regarding the surrogate-
driven approach to lazy map variational inference in the context of amortized Bayesian
inversion, where the surrogate is constructed without knowledge of the data y.

(Ql) How do we choose the shared parameter latent space of the surrogate and lazy map?

We generalize the data-dependent, likelihood-informed parameter latent space of the
lazy map to the setting of amortized Bayesian inversion. In particular, following
Cui and Zahm (2021), samples of the PtO map Jacobian DG are used to identify
a data-independent latent space that captures the expected prior-to-posterior up-
date over a range of observational data y. Notably, this latent space is also used in
the derivative-informed projected neural network (DIPNet, O’Leary-Roseberry et al.
2022b), a reduced-basis neural operator chosen as our surrogate architecture.

(Q2) How do we formulate surrogate training to improve the downstream lazy map varia-
tional inference?

We train the surrogate using the derivative-informed learning method following O’Leary-
Roseberry et al. (2024); Cao et al. (2025), where the surrogate emulates the latent
representation of both the PtO map G and its Jacobian DG:

it By [[[V*G(m) = gy (Em)|* + [V* DG(m)D, — ey (Em) 7]
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Offline Derivative-Informed Surrogate Construction (RB-DINO)

Step 1: Generate Samples
First-Order Model Evaluations

(i) Sample Prior m® B W

(ii) Evaluate Forward Model G(m(")

(iii) Evaluate Fréchet Derivative DG (m(")

Step 2: Identify Latent Space (Step 3: Learn Latent Representation\
Derivative-Based Reduction Derivative-Informed Learning
Prior p Posterior u¥ x / B
5]
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Source: Li et al., NeurIPS (2018) Offline Cost
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Figure 2: Our RB-DINO surrogate exploits first-order model evaluations. First, derivative-
based reduction identifies a latent space that captures the expected prior-to-posterior up-
date. Second, derivative-based learning trains the neural network latent representation to
accurately approximate the variational inference loss landscape at low model evaluation
costs. The loss landscape visualization is adapted from Li et al. (2018).

Compared to conventional learning, derivative-informed learning additionally controls
the errors in surrogate Jacobian predictions, which beninifts the downstream amor-
tized Bayesian inversion. First, it enhances downstream surrogate-driven variational
inference by minimizing distortion in the loss landscape due to surrogate approxima-
tion across a range of observations y. Second, it improves surrogate training efficiency,
leading to higher amortized Bayesian inversion efficiency, i.e., low online posterior ap-
proximation error at low offline model evaluation costs.

We refer to this surrogate construction, i.e., derivative-informed learning of DIPNet, as
RB-DINO herein. We provide analysis that supports the use of RB-DINO for surrogate-driven
lazy map variational inference in the context of amortized Bayesian inversion.

1.3 LazyDINO and Our Contributions

Combining lazy maps and RB-DINO surrogate construction yields a competitive method
for amortized solutions to high-dimensional model-constrained BIPs, called LazyDINO. The
method comprises an offline phase and an online phase:

Offline Phase Samples of the PtO map and its Jacobian are generated by solving the
governing equations of the computational model and its forward or adjoint sensitivity. These
samples are then used to construct a RB-DINO surrogate of the PtO map.

Online Phase When observational data are obtained, a latent space transport map is
trained to rapidly approximate the posterior, where the training is driven by the surrogate
instead of the PtO map. The transport map can then be used to produce approximate
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posterior samples. This process can be repeated for different observational data, effectively
amortizing the construction cost of the RB-DINO surrogate.

Extensive numerical studies are conducted that compare LazyDINO against a range of
baseline TMVI methods, including the Laplace approximation (LA), amortized simulation-
based inference (A-SBI) via conditional transport, model-driven lazy maps, and lazy maps
combined with conventional surrogate construction (LazyNO); see Section 1.4.4 and Ta-
ble 2. These methods are tested on two infinite-dimensional PDE-constrained BIPs, each
with multiple instances of observation data. Thorough evaluations of each method are re-
ported, including posterior approximation tests using moment discrepancies, probability
density-based metrics, and posterior visualizations, as well as timing comparisons. The
implementations of LazyDINO and the numerical examples can be found via the link:

https://github.com/dinoSciML/dinox

We summarize the main contributions of LazyDINO below.

(C1) We show that the offline RB-DINO surrogate construction, i.e., derivative-informed
learning of DIPNet, is optimized for amortized Bayesian inversion using lazy maps.

Surrogate Architecture Extending the analysis by Cui and Zahm (2021) and Cao
et al. (2025), we derive an upper bound on the expected posterior approximation
error when a ridge-function surrogate replaces the PtO map in the likelihood. We
show that minimizing this bound yields DIPNet (O’Leary-Roseberry et al., 2022b), in
which the parameter encoder is computed from samples of the PtO map Jacobian.

Derivative-Informed Learning We show that the expected gradient error (Theorem 5)
and the expected optimality gap (Corollary 6) in surrogate-driven lazy map variational
inference can be controlled by a weighted Sobolev norm of the surrogate approximation
error, which is also the objective function of derivative-informed learning (O’Leary-
Roseberry et al., 2024; Cao et al., 2025). In other words, derivative-informed learning
minimizes the expected error in surrogate-driven lazy map variational inference.

(C2) We demonstrate that LazyDINO enables fast, scalable, and efficiently amortized solu-
tions of high-dimensional Bayesian inverse problems.

Scalability The training costs of the surrogate and transport map in LazyDINO are
independent of the parameter dimension as they share a single parameter latent space.
To ensure scalability, we extend the lazy map formulation of Brennan et al. (2020)
to infinite-dimensional parameter spaces and derive the corresponding latent space
variational inference objective (Proposition 2).

Fast Online Inference Using a surrogate rKL objective, LazyDINO circumvents the
bottleneck of model solutions and fully exploits GPU-based acceleration to rapidly
approximate posteriors. Moreover, the optimize-then-sample approach of LazyDINO
leads to faster online sampling than the typical inversion-to-sample approach of A-SBI.

Superior Efficiency in Cost Amortization LazyDINO achieves accurate online posterior
approximation at low offline costs. Our numerical results show that LazyDINO reduces
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offline costs by one to two orders of magnitude to achieve the same online accuracy
compared to LazyNO and A-SBI. Moreover, LazyDINO consistently outperforms LA at
sparse offline model evaluations (<1,000). In contrast, LazyNO and A-SBI struggled to
outperform LA and, in some cases, failed to do so with 16,000 offline model evaluations.

1.4 Related Works

In the following subsections, we discuss related work in dimension reduction, surrogate
modeling, and variational inference for BIPs.

1.4.1 THE LAPLACE APPROXIMATION

The Laplace approximation (LA) constructs a Gaussian approximation of the posterior,
enabling efficient sampling and density evaluation. This makes the LA a sensible baseline
for settings that require fast approximate posterior sampling. The LA requires maximum
a posteriori (MAP) point estimation and covariance estimation using the Hessian of the
negative log-posterior at the MAP point. The Hessian often has a low effective rank,
allowing for efficient implementations in practice (Bui-Thanh et al., 2012; Isaac et al., 2015;
Petra et al., 2014). Details on LA are included in Appendix F.

1.4.2 DIMENSION REDUCTION FOR BAYESIAN INVERSE PROBLEMS

A common likelihood-independent dimension-reduction technique is the Karhunen—Loéve
expansion, which represents the parameter as a sum of a small number of prior-covariance
eigenfunctions; see, e.g., Marzouk and Najm (2009). Likelihood-based dimension reduction
techniques use the gradient of the log-likelihood to identify a low-dimensional parameter
subspace that captures the update from prior to posterior; the posterior is then replaced with
the conditional prior in the complementary subspace. These methods generally provide more
targeted dimension reduction and greater efficiency (Cui et al., 2014; Chen and Ghattas,
2019; Zahm et al., 2020, 2022; Bigoni et al., 2022) than methods based exclusively on the
prior. They are naturally linked to the parameter sensitivity of the likelihood function and,
thus, the Fisher information, averaged over the prior or posterior. Zahm et al. (2022) show
that forward Kullback—Leibler divergence (fKL) from the approximate posterior to the true
posterior has a derivative-based upper bound, and that the subspace minimizing this bound
can be found through the solution of an eigenproblem. Cui and Zahm (2021) establish a
similar result in expectation over the data, where the operator whose leading eigendirections
yield the optimal subspace is computed by averaging the Fisher information over the prior.
These derivative-based dimension reductions are shown to be effective in many Bayesian
inverse problems; see, e.g., Flath et al. (2011); Bui-Thanh and Ghattas (2012b,a, 2013);
Isaac et al. (2015); Chen et al. (2017); Chen and Ghattas (2019).

1.4.3 SURROGATE MODELS FOR BAYESIAN INVERSE PROBLEMS

Substantial work has been done on using surrogate models to accelerate solutions of BIPs,
such as polynomial approximation (Marzouk and Najm, 2009; Marzouk et al., 2007; Mar-
zouk and Xiu, 2009; Farcas et al., 2020) and model-order reduction (Galbally et al., 2010;
Lieberman et al., 2010; Cui et al., 2015). Surrogate models are often used within multi-



CAo, CHEN, BRENNAN, O’LEARY-ROSEBERRY, MARZOUK, AND GHATTAS

fidelity posterior sampling algorithms (Peherstorfer et al., 2018; Lykkegaard et al., 2023;
Cao et al., 2023).

This work focuses on neural network surrogates. Since our algorithmic framework can
be applied to infinite-dimensional BIPs, we note the connection to neural operators (Ko-
vachki et al., 2023) that map between function spaces, with architectures and training that
are agnostic to the discretization of these spaces. Notable architectures include reduced-
basis neural networks using linear (Hesthaven and Ubbiali, 2018; Bhattacharya et al., 2021;
O’Leary-Roseberry et al., 2022b,a) or nonlinear (Lu et al., 2021) dimension reduction, and
neural network integral kernels such as the Fourier neural operator and its variants (Li
et al., 2021; Cao et al., 2024; Lanthaler et al., 2024). Notable training formulations include
physics-informed learning (Li et al., 2024; Wang et al., 2021), with loss functions based on
the residual of the implicit equation (e.g., PDE residuals).

Our surrogate architecture is based on the derivative-based dimension reduction, i.e.,
DIPNet of O’Leary-Roseberry et al. (2022b). Additionally, we use the derivative-informed
learning method for surrogate training, i.e., DINO of O’Leary-Roseberry et al. (2022b).
This method has been successfully applied to surrogate-driven solutions of PDE-constrained
optimization under uncertainties (Luo et al., 2023), Bayesian optimal experimental design
(Go and Chen, 2024, 2025), and BIPs (Cao et al., 2025). This method has also been used
by Qiu et al. (2024) to train the deep operator network architecture by Lu et al. (2021).

1.4.4 TRANSPORT MAP PARAMETERIZATIONS AND AMORTIZED INFERENCE

The LazyDINO algorithm performs TMVI (El Moselhy and Marzouk, 2012; Rezende and
Mohamed, 2015) to solve a Bayesian inference problem in a latent space. It assumes no
particular map parameterization; rather, it wraps around any transport map class. We
briefly review popular transport map parameterizations. Normalizing flows (Rezende and
Mohamed, 2015; Tabak and Turner, 2013; Papamakarios et al., 2021; Kobyzev et al., 2020)
form a broad class of methods that construct transport maps through compositions of neural
networks with specific parameterizations. Autoregressive flows (Dinh et al., 2016; Kingma
et al., 2016; Papamakarios et al., 2017; Huang et al., 2018; De Cao et al., 2020; Jaini et al.,
2019), a popular subclass, compose autoregressive or triangular maps to allow efficient
computation of Jacobian determinants (Daniels and Velikova, 2010; Wehenkel and Louppe,
2019). Several works seek an approximation to the Knothe-Rosenblatt (KR) rearrange-
ment (Knothe, 1957; Rosenblatt, 1952). This diffeomorphic triangular map exists between
any two distributions that are absolutely continuous with respect to a common measure,
using orthonormal basis expansions such as sparse polynomials (El Moselhy and Marzouk,
2012; Marzouk et al., 2016; Spantini et al., 2018; Baptista et al., 2024b; Zech and Marzouk,
2022b; Westermann and Zech, 2025) or neural networks (Zech and Marzouk, 2022a). One
distinguishing feature of LazyDINO is its use of PtO map Jacobian evaluations during train-
ing. Other recent works also incorporate derivative information, such as by adding a Fisher
divergence term to the training objective (Zeghal et al., 2022; Brehmer et al., 2020), thus
exploiting the differentiability of the log-likelihood. Finally, we note the recent popular-
ity of inference methods that amortize transport-based posterior approximations (Durkan
et al., 2018; Papamakarios et al., 2019; Greenberg et al., 2019; Papamakarios and Mur-
ray, 2018; Baptista et al., 2024a). Amortized simulation-based Inference (A-SBI, Ganguly
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et al. 2023) approaches parameterize transport maps to treat the conditioning variable (i.e.,
the observational data) as a functional input and generate samples from the corresponding
posterior. Many transport map parametrizations have been studied for A-SBI; conditional
normalizing flows, in particular, have achieved broad adoption; see, e.g., Abdelhamed et al.
(2019); Algren et al. (2023); Schopmans and Friederich (2024); Li et al. (2025); Yang et al.
(2024). In our numerical examples, we compare LazyDINO with a conditional normalizing
flow implementation of A-SBI.

1.5 Notation

Space, Vector, and Norms We use bold symbols to denote finite-dimensional vectors, e.g.,
x € R% where d, denotes the dimension. We denote the 2-norm on finite-dimensional
vector spaces as || - ||. We denote the Frobenius matrix norm as || - [[7. We use math script
to denote separable Hilbert spaces that have high or infinite dimensions, e.g., 2, with inner
product (-,-) 2, norm ||-|| -, and element x € 2.

Linear Operators on Hilbert Spaces We denote the Banach space of bounded linear operators
from 27 to Z5 as B(Z1, Z2). We denote its subset of Hilbert—Schmidt (HS) operators as
HS(Z1, Z3). We define B(Z") := B(Z, %) and similar for HS operators. We denote
the set of positive, self-adjoint, and trace class operators on 2" as Bfr(%) When 2 is a
finite-dimensional vector space, By (2") consists of symmetric positive definite matrices.
Weighted Inner Products and Norms We denote the inner-product and norm weighted by
a positive and self-adjoint operator A : 2~ — 2 as (x1,z2)4 = (AY%z1, AY%15) - and
|z 4 = /(A22, AY/22) 5 and A'/? denotes the self-adjoint square root of .A. We note
that the operator square root is not required in numerical implementation.

Probability Measures on Hilbert Spaces The set of probability distributions defined using
Borel o-algebra on 2 is denoted by &?(Z"). The density between two probability distribu-
tions (i.e., Radon-Nikodym derivative) ui,pue € P(2°) evaluated at z € 2 is denoted as
(dpq/dpe)(x). For probability distributions on finite-dimensional vector spaces, we do not
distinguish between a distribution p and its density function w(x) = (du/dpr)(x), where

pr, is the Lebesgue measure. We use € ~ 7 and x 9 7 to denote a r-distributed random
variable and independent and identically distributed samples from 7, respectively.

Diffeomorphism and Pushforward of Measures We denote the diffeomorphism group of 2~
as Diff'(2) :== {T : 2 — 2 | T is an automorphism, and 7,7 ! € C'(2")}. For
T € Diff'(2"), we denote by Ty and T4 the pushforward and pullback of probability
distributions in the sense that T;u = po 7t and TFu=poT.

1.6 Outline of the Paper

The remainder of this work proceeds as follows: Section 2 introduces the lazy map varia-
tional inference method for solving infinite-dimensional Bayesian inversion. Section 3 in-
troduces the optimized surrogate construction for amortized Bayesian inverse for lazy map
variational inference. Section 4 describes the LazyDINO algorithm in detail, including doc-
umentation of all offline and online procedures and its role in enabling amortized inference.
Section 5 defines the setup for numerical experiments, including the two infinite-dimensional
PDE-constrained BIPs and all metrics utilized to measure the posterior approximation er-
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rors. Section 6 presents the numerical results and discusses the performance of LazyDINO
relative to competing methods. Finally, we give concluding remarks in Section 7. We have
additional results and discussions in the various appendices.

2. Solving Bayesian Inverse Problems Using Lazy Maps

In this section, we provide a precise formulation of lazy map variational inference (LMVT) for
solving Bayesian inverse problems (BIPs), building on the conceptual outline in Section 1.1.
We note that the following description of the lazy map and its optimization largely follows
that of Brennan et al. (2020) and extends it to Hilbert spaces.

This section is organized as follows. Section 2.1 defines the BIPs considered in this work.
Sections 2.2 to 2.4 describe posterior approximation via ridge functions and the resulting
inference problem in a parameter latent space. Sections 2.5 and 2.6 introduce LMVI that
approximates the target posterior in the latent space.

2.1 Bayesian Inverse Problems

We denote the parameter of interest m € .#, where .# is a separable Hilbert space with
inner product (-, ) 4. Let y € R% denote observational data, and G : .# — R% denote the
parameter-to-observable (PtO) map. We begin with the following standard assumptions.

Assumption 1 (Gaussian Prior) We consider a Gaussian prior distribution u = N(0,C)
with a covariance operator C € By (M).

Assumption 2 (Additive Gaussian Noise) We assume the observed data has the fol-
lowing distribution:

y ~N(G(m), ), ()
where Ty, € B (R%).

We consider the inverse problem of recovering the parameter m from the observational data
vector y. We are interested in characterizing the posterior distribution satisfying Bayes’
rule, which we denote by pu¥ € 2 (.4):

dp¥y 1 1

) = g (=9 (m). () = 51G(m) — w2 (6)
Here, we define the potential ®Y : .# — R, i.e. the negative log-likelihood, and the
normalization constant Z¥ = E,,,, [exp(—®¥(m))].

Remark 1 We address two concerns regarding the BIP setting. Firstly, to infer parameters
with non-Gaussian priors, one can perform inference in transformed coordinates distributed
according to a Gaussian prior and subsequently sample from the posterior via the inverse
transform; see, e.g., Soize and Ghanem (2004); Sraj et al. (2016). Secondly, even though we
only consider the BIP arising from a single observation, this work straightforwardly extends
to a collection of observations, e.g., Yy1,Yo2, ... i (G(m),T',), in which case the potential
in (6) becomes the sum of the negative log-likelihood of each observation. This extension is

non-trivial for many A-SBI methods.

10
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We define the following Cameron—Martin spaces, i.e., separable Hilbert spaces with prior
and noise precision—weighted inner products,

He={me M |m|o.<oo}, Hp, = {y €R : [ly|lpr < oo} ,

where He and Hr, are equipped with inner products (-,-)c-1 and (:,-)p-1, respectively.
Note that He¢ is continuously embedded in .# and is isomorphic to .# with respect to the
identity map only when .# is finite-dimensional.

In this work, we assume the PtO map is H ﬁ—differentiable in the following sense.

Assumption 3 (H}L-Diﬂ'erentiable PtO Map) We assume the PtO map to live in the
Sobolev space with Gaussian measure H)(.4; Hr,) = {G : M — R% : 19 i1 sy ) < 00}
pu\A 5Ty,
where
19115, = B [IG M2 + 1D G ) st ] )

and DG : # — HS(He, Hr,)) is the stochastic derivative or the Malliavin derivative of G
that satisfies

}in% Ht_l (G(m +tém) — G(m)) — DgG(m)dm|[.-» =0 Vém € He a.s. (8)
—> n
If the Fréchet derivative DG : .# — HS(.# ,R%) exists, we have the following equality a.s.,

DpG(m) = DG(m)|n., DuG(m)" = CDG(m)'T, ", 9)

where |p, denotes the restriction of the function domain from .# to Hc. We do not
distinguish between DG(m) and DyG(m) when it is clear that the domain is He.

2.2 Subspace Decomposition of Bayesian Inverse Problems

Let P € B(.#) be a rank-d, linear projection, which induces a unique decomposition of .#
into its image (i.e., the range space) and kernel (i.e., the null space):
A =1Im(P) @ Ker(P), m= Pm,+ (Idy —P)m VYme #,

e T
where @ denotes the direct sum as defined above. We denote the prior and posterior
marginals in Im(P) by the pushforward p, = Py and p¥ = P;u¥, respectively. A prob-
ability distribution on .# can be decomposed into its marginal probability in Im(P) and
its conditional probability in Ker(P) in the following sense. For any measurable subset
o/ C A and its decomposition & = o, & o7, , where <, C Im(P) and <7, C Ker(P), the
prior and posterior probability concentrations on &/ are given by

u(et) = [ w(eimdun . ) = [ ()i, (10)

where ML‘T(-|mr),ugj_|r(-|mr) € Z(Ker(P)) are the prior and posterior conditionals in
Ker(P). In particular, the prior marginal pu,, hereafter referred to as the subspace prior,
and conditional jz|,(-|m;) has closed forms given by:

pr =N (0,PCP*),  pip(lme) =N (CP*(PCP*)"'m, — m,,CP* —PC), (11)
where P* is the Hermitian adjoint of P. These forms can be simplified for specific choices

of P, which is discussed in Section 2.4.
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2.3 Posterior Approximation Using Ridge Functions

We proceed under the assumption that the projection P has been chosen such that the data
y are uninformative of the parameter in Ker(P), i.e., the difference between the prior and
the posterior is small in Ker(P). The process for choosing P will be delineated in Section 3.
Under this assumption, we consider a ridge function approximation of the PtO map:

G:Im(P) = R%, GoP~g. (12)

An example of this ridge function is the conditional expectation of the PtO map, where
the projected parameter is lifted into the full space .# by filling Ker(P) with the prior
conditional: B

Gopt(Pm) = Ep | iy (e [G(Pm+my)]. (13)

For a given projection, this ridge function is optimal with respect to the Bochner norm on

Li(///; Hr,) (Zahm et al., 2020),
2
Fnl] '
We refer to éopt o P as the optimal ridge function.
A ridge function approximation of the PtO map induces an approximate posterior ¥ €

P (M) given by

By, U\mm)—éoptmm)f }: it By, [Hg(m)—é(Pm)‘

Fgl é:lm(P)—ﬂRdﬂ

%(m) = ; exp <—§>y(77m)> , (14)

- 1 2
QY (Pm) = 3 Hg(Pm) - y’ it dp VA

where @Y o P ~ ®Y. Since the ridge function does not act in Ker(P), the approximate
posterior conditional ﬁi’_v is proportional to the prior conditional ., and the following
holds by Bayes’ rule

Y 1 =, ,  Z
dpir (my) = ZyeXp(_q) (mr)), Ky = %/J'J_\r’ (15)

where the subspace posterior, iy € 2(Im(P)), is a marginal of Y.

The quality of the ridge function G o P can be understood through statistical distances
between the posterior  and the approximate posterior p¥, which are covered in Section 3.1.

2.4 Latent Bayesian Inverse Problems Induced by Ridge Functions

Let ¥, = {¢; € //l}?;l denote a basis for Im(P), i.e., span(¥,) = Im(P). We refer to ¥,
as a reduced basis on 4. The reduced basis defines an encoder &, and decoder D,. pair:

{ST://lazgr_lmjlij—l—mJ_»—)mERdr, {P:Dro&, (16)

Dy R¥ 3@ 30 ajip; € Im(P), Idg, =& 0Dy,

where Idg, is the identity matrix in R . We refer to R% = &,.(.#) as the latent parameter
vector space. The latent prior m € 2(R%) and latent posterior 7Y € Z(R%) are defined

12
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as the pushforward of the prior marginal p, and the subspace posterior ji¥, respectively, by
the encoder &, and they satisfy Bayes’ rule of the latent parameters:

™= grﬁ,ur = N(O, ETCS:) _ 1 -
{%y = &Y , 7Y(x) = Z—gexp (—(I)y(DT:c)) m(x). (17)

Given a latent posterior sample & ~ 7¥ and a prior conditional samples m | ~ J_|T(-\Dra:),
then m = D,x + m is distributed according to the approximate posterior Y.

While sampling the latent posterior ¥ is not straightforward for nonlinear BIPs, we
consider a class of He—orthonormal reduced bases that simplifies the sampling of the prior
conditional f .. These reduced bases satisfy

dy
<¢j7¢k>c—l :5jk’7 j:k: 17"'ad7“7 ng: Z<m7¢j>c—1 €j, (18)

j=1

where 4 is the Kronecker delta, and e; is the unit vector in the latent space R% . Through

the definition of the Hermitian adjoint on .#, we have £ = C™'D, and D} = &,C, which
implies &,.CE = Idga, and P* = C~'PC due to (16). Consequently, (11) and (17) yield

= N(0,Idga, ), (Whitened Latent Prior

P (lme) = p, (Independence of Marginals

) (19)
) (20)
where p1; = (Id, s — P)gp is the prior marginal in Ker(P). As a result of (20), sampling of
the conditional m ~ g |.(:|m,) can be accomplished via sampling the full prior:

mj = Mpr — Pmpl‘a Mpr ~ W. (21)

2.5 Lazy Map Variational Inference

We consider TM VI that seeks a diffeomorphic deterministic coupling between a target and
a reference distribution. For our BIP in (6), we aim to find a transport map 7 € Diff' (.#)
that couples our reference, the prior p € Z(.#), to the target, the posterior ¥ € Z(.A):

Tip=p¥, Thu¥ =p.

Given 7T, sampling from the posterior mpost ~ p¥ is accomplished by evaluating mpost =
T (mpr), where my,, ~ p. Since T is typically unavailable in closed form for nonlinear BIPs,
we consider classes of transport maps parametrized by weights @ € R% such that Togit and p
are mutually absolutely continuous. These weights are found via the solution of a stochastic
optimization problem, whose goal is to find Tgyu ~ Y. The reverse Kullback-Leibler (rKL)
divergence of the approximating distribution from the target posterior u¥

Dt Tl %) = Drct (6l T64%) = B [0 (7))

is often used to measure the error of transport map posterior approximation and thereby
employed as the objective function for optimization (Marzouk et al., 2016; Blei et al., 2017).
This objective is equivalent to the evidence lower bound objective function.

13
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To make TMVT tractable when .# has high or infinite dimensions, we use lazy maps of
Brennan et al. (2020), which leverages the subspace decomposition as in Section 2.4:

Identity in Ker(P)
1 /md
To:=T(,0)c .7 CDiff (R*"), Tog=Idy—P)+Dr,o0Tgo&,, (Lazy Map) (22)
—_—
Nonlinear Transport in Im(7P)

where a latent space nonlinear transport is used to represent the coupling of the prior and the
posterior in Im(P) while the prior is preserved in Ker(P). Here we consider a parametrized
class .7 C Diff' (R%) with weights @ C R% that allows Tgym and 7 to be mutually absolutely
continuous and assume the diffeomorphic property is achieved by constraining the map to
satisfy det V,Tg(z) > 0 a.e.; see Marzouk et al. (2016).

The following proposition shows an equivalence in rKL between a lazy map defined on
the parameter space .#, and a transport map defined on the latent space R% through the
optimal ridge function as in (17).

Proposition 2 Given a linear projection P defined using a Hec-orthonormal reduced basis
and a latent space transport Tg € 7, we have

Dxr(Togpl|n?) = Dir(Toym||Toy) + Ci

~ 1
= Eanr| (P 0Dy 0 To) (2) + 5 I To(2) > — log det V2 Ty (2)]| + Cs (23)

where Ty is the lazy map in (22), 7 = N(0,1dga, ) is the whitened latent prior in (19), %gpt
and %gpt are the approzimate potential and latent posterior induced by Gopt o P in (13), and

C4 and Cy are constants that do not depend on 6.

The proof of Proposition 2 is provided in Appendix C. Due to this result, we may formulate
LMVT as the following optimization problem with an equivalent latent representation

min Dy, (Togu||p¥), (Lazy Map Variational Inference) (24a)
OcR
min D, (Toyml|7ee)- (Equivalent Latent Representation) (24b)
OcR

The latent representation can be treated as a TMVI problem that seecks T € Diff!(R%")
defined as follows.

Tim =70, Tym(x) = (7o T ()| det VT ()], (Latent Space Pushforward)
Tﬁ%gpt =, Tﬁ%gpt(z) = (To, 0 T)(2)|det VT(2)]. (Latent Space Pullback)

Given such a transport map, sampling x ~ %gpt is accomplished by evaluating x = T(z),
where z ~ w. In turn, approximate posterior, or pushforward, samples m ~ ﬁgpt can be
drawn simply by lifting @ into .# following (21).

14
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BIP Name Approximation Pa;;;riter Prior and Posterior
Original None M o, ¥ (6)
Subspace GrGoP | (12) Im(P) 4 (15)
Latent Pg:g:j; 823 R m, Y (17)
LatentLli?II)rHelsilr)ltation %iglgf toOSZD 82; R i %gpt (17)

Table 1: A summary of BIPs discussed in Section 2.

2.6 Stochastic Optimization of Lazy Map and Challenges

For a given transport map parametrization Ty € .7, the map parameter vector 8 is typically
found via gradient-based stochastic optimization, which in turn requires evaluating Monte
Carlo (MC) estimates of the gradient of the objective with respect to 6. The shifted rKL
objective, denoted as £Y : R% — R, can be expressed as an expectation of a single-sample
MC estimator, LY : . # x R% — R, defined as follows:

LY(0) =Epp [LY (M, 0)] := Dy (Togu||u¥) — O, (25)
LY(Dyz +m 1, 6) =8Y (D, 0 To) (2) + o) + o [To(=)| ~ logdet VaTo(2),  (26)

where z ~ m and m ~ p,. The single-sample MC gradient estimator with respect to the
map parameters 6 takes the following form

VolY(Drz+m,,0) = Vng(z)T(Er o Dy®Y) (D, o Tg)(2) +m)

; 1)
+VoTo(z) To(z) — Ve(logdet V,Ty)(2),

where Dg®¥(m) = DyG(m)*(G(m) — y) is the prior-preconditioned gradient of the po-
tential; see (9) for its full form.
The MC gradient estimator of the rKL objective is then

Nuc

~ 1 ; i) il
VoLl(0) = VoL(0) = > VoLl (mt),0), mt) Xy
7=1

Remark 3 In the numerical results, starting in Section 6, the lazy map optimization is
implemented with an alternative form of the rKL objective where samples from p, are
estimated as E[p, ]| = 0:

LY(9) = Eonr [LY(Drz,0)].

This leads to a different TMVI problem induced by the ridge function G o P instead of
Gopt © P in Proposition 2. We empirically found that it performs better under a limited
computational budget, likely due to a superior bias—variance trade-off in TMVI.
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The computation cost of evaluating the second and third terms in (27) only depends on
the parametrization of the transport map. Notably, triangular transport maps (Marzouk
et al., 2016) and parameterization built as compositions of triangular maps (e.g., inverse au-
toregressive flows by Kingma et al. 2017), are structured such that these terms are efficiently
computable. The first term requires evaluating the PtO map and its prior-preconditioned
gradient. Optimizing for an accurate lazy map is prohibitively expensive when the PtO
map is expensive to evaluate.

3. Optimized Surrogate Construction for Lazy Map Variational Inference

Now we detail the ideas sketched out in Section 1.2: the construction of a fast-to-evaluate
neural network ridge function surrogate G o P ~ G that leads to a small and controlled
expected error in surrogate-driven LM VI. Under the setting of amortized Bayesian inversion,
this expectation is taken over the marginal distribution of data, denoted as v € Z(R%)
with v(y) < Z¥ as in (5). Our strategy for constructing this surrogate is given as follows.

1. Minimizing an upper bound on Ey[Dkr(u¥||z¥)], the expected forward KL diver-
gence (fKL) from the posterior p¥ defined by the PtO map to the approximate pos-
terior ¥ defined by the surrogate.

2. Minimizing an upper bound on the expected optimality gap Ey .., [\/ L£y(691) — Ly(y:1)
for surrogate-driven LMVI, where 01 is the true minimizer of the rKL objective and

0Y:" is the minimizer found via the ridge function surrogate.

In this section, we show that the resulting ridge function surrogate is DIPNet (O’Leary-
Roseberry et al., 2022b), trained using the derivative-informed learning method (O’Leary-
Roseberry et al., 2024), and that it leads to a latent-space surrogate rKL objective.

3.1 Error Analysis for Surrogate-Driven Lazy Map Variational Inference
For any ridge function é oP and a pair of encoder &, and decoder D, with P = D, o&,., we
define a finite-dimensional latent representation g : R% — R% given by

g=V*0GoD, G=Vogok,. (28)

Here V € HS(R%, Hr) is a full-rank matrix with columns consists of Hr, -orthonormal
basis and V* = V''T'! is its Hermitian adjoint that satisfies V*V = Idg,. Note that V*
is a whitening transformation on the data space. In this subsection, we take G and g as the
surrogate PtO map and its latent representation.

For the optimal ridge function éopt in (13) associated with a particular PtO map G ,
we define the following optimal latent representations g, : R4 — R% according to (28):

Bopt =V 0 éopt oDy, éOPt =V ogu 0& (29)

The following theorem provides an upper bound on the expected fKL between the pos-
terior and the approximated posterior, averaged over the data distribution.
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Theorem 4 (Posterior Approximation) Given G € Hﬁ(.///, Hr,) and a projector P €
B(A) defined via an Hc-orthonormal reduced basis as in (18), we have the following in-
equality for the approzimate posterior p¥ in (15) defined via any ridge function GoP €
L2 (M Hy,):

By [Pt (u¥|7¥)] < Trme (s, = P) Ha (i, = P)) +Ear 8 (2) — 8(2)]].

Parameter reduction error

Latent representation error

where Try, : By (Hc) — R returns the trace of operators on He, and Ha € By (He) is the
expected prior—preconditioned Gauss—Newton Hessian of the potential:

Ha =Epp [DaG(m)* DgG(m)]. (30)

Here DyG(m)* € HS(Hr,,, Hc) denotes the Hermitian adjoint of the stochastic derivative
DyG(m) in (8).

The bound decomposes the expected error into terms involving the parameter reduction
error that depends on the choice of P and the discrepancy between the surrogate latent
representation g and the optimal latent representation g, of éopt. The proof of Theorem 4
can be found in Appendix D.1.

For surrogate-driven LM VI, understanding the expected discrepancy between the poste-
riors and their transport targets (i.e., the surrogate approximated posteriors p¥) is insuffi-
cient, as the transport map is constructed through the process of gradient-based stochastic
optimization. The accuracy of the rKL gradient approximation is also important. The fol-
lowing theorem establishes upper bounds on the error of the surrogate objective gradient.

Theorem 5 (Surrogate rKL Objective Gradient) Given G € Hﬁ(%;HFn), a linear
projector P € B(#) defined using an He-orthonormal reduced basis as in (18). Assume
we have a latent space transport Tg € 7 with an essentially bounded density between Toym
and ™ and an essentially-bounded Jacobian with respect to 8. We have the following error
upper bound for the approximate gradient of TKL objective Zy(0) given by a ridge function,

Eyer [IV0LY(0) = VoLY O)ll] S (Earr|lgep(2) — g(2)I1
1/2 (31)
+ Ve (=) — Va(=)IF] )

where < denotes bounded up to a multiplicative constant.

The proof of Theorem 5 is presented in Appendix D.2. Our result states that the expected
gradient error is controlled by the latent representation error measured in a mw-weighted
Sobolev norm on H}(R%;R%), which additionally contain the expected error in the Ja-
cobian compared to the error measure using m-weighted Bochner norm on L2 (R%;R%) in
Theorem 4. Notably, the two error measures are generally not equivalent, and the Sobolev
norm is stronger than the Bochner norm. This result reflects the fact that the gradient
of the rKL objective involves the Jacobian of the PtO map, and the surrogate Jacobian
accuracy affects the optimization of lazy maps. To further explore the consequences of
surrogate Jacobian misfit, we consider the following corollary on the expected optimality
gap for surrogate-driven LMVI under stronger assumptions.
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Corollary 6 (Optimality Gap) Suppose the assumptions in Theorem 5 hold. Let oyt
and 0~y,T denote y-measurable functions that return the second order stationary points of LY
and LY ~-a.e., respectively. Let B.(x) denote a ball of radius r centered at . We assume
that RY and A\Y are vy-essentially bounded from below by some positive constants such that
(i) 0¥ € Bry(0Y1) v-a.c., and (ii) V3LY(0) = \1dga, for all @ € Bry(0¥7) v-a.c.

We have the following upper bound on the optimality gap:

By |V29@) — £(091)] S (Enr 8o (2) ~ 2(2)P
52)

+ V(=) - Ve@E])

This result states that if the rKL objective is locally strongly convex near the true rKL min-
imizers and the minimizers found by the surrogate lands within those locally convex regions,
we can bound the expected optimality gap by the latent representation error measured by
the m-weighted Sobolev norm. The assumptions in Corollary 6 are commonly employed in
the optimization and machine learning literature, either directly via local strong convexity
or through the Polyak—Lojasiewicz inequality; see, for example, Bottou et al. 2018. These
two results together demonstrate the need to control the surrogate Jacobian error in the
context of LMVL.

Motivated by these results, we delineate the procedure for constructing a surrogate
model for LMVI in the following subsections.

3.2 Minimize the Parameter Reduction Error: Derivative-Informed Subspace

We seek an Hc-orthonormal reduced basis {); }‘;;1 such that span({v; };lr:l) = Im(P) and
the parameter reduction error term in Theorem 4 is minimized. This can be accomplished
by finding the parameter subspace that the PtO map is most sensitive to in expectation.
This subspace is often referred to as the derivative-informed subspace or active subspace
(Zahm et al., 2020), and it can be computed from the dominant d, eigenfunctions arising
from the following eigenvalue problem in He,

Havj = Njvj,  (Vj,Yr)e-1 =6k, A=A > >0, (33)

where H 4 is the prior-preconditioned Gauss—Newton Hessian in (30). Under a stronger
Fréchet differentiability assumption, the eigenvalue problem in H¢ is equivalent to a more
common form of a generalized eigenvalue problem in .#Z due to (9):

The minimum value of the parameter reduction error is

Pe{ranrl?—irdlr linear TrHC ((IdHC B P) ,HA (IdHC B P)) B Z )\j. (35)
projection on .} j>dr
This derivative-based reduced basis leads to an expected parameter reduction error pro-
portional to the eigenvalue tail sum in (33) corresponding to the discarded eigenfunctions.
Existing bounds for the truncated Karhunen—Loéve expansion of the parameter are strictly
higher than (35); see Zahm et al. (2020); Cao et al. (2025).
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3.3 Minimize the Latent Representation Error: Conventional Learning

We first consider a neural operator ridge function using a neural network latent represen-
tation gy : R% x Rdw — Rdv:

g, () = gnyn(z, w), (Neural Latent Representation) (36a)
Guw(Pm) = Vgun(Em, w), (Neural Ridge Function) (36b)

where w € R% consists of trainable weights. Neural ridge function architecture using the
derivative-informed subspace (34) is known as DIPNet (O’Leary-Roseberry et al., 2022b).

Motivated by Theorem 4, it would be sensible to find the neural network weights by
minimizing the latent representation error, which also minimizes the upper bound on the
expected surrogate posterior approximation error:

. 2
min Ex v [||gopi(2) ~ 8u(2)]] (37)
However, estimating this objective function requires a nested MC method due to the Ker(P)
marginalization in g.; see definitions in (12) and (28). Specifically, 200 v 1< <

Nout, are used to estimate the objective, and mgf’k) ~ pu, 1 <k < Njy, are used to
estimate the output of the optimal latent representation at each z¥). However, the inner
MC is unnecessary when P is chosen as in Section 3.2, since the PtO map is insensitive to
changes in Ker(P); see, e.g., Zahm et al. 2022, Corollary 7.5. Therefore, we consider the
conventional supervised learning method with error measure using the norm on the Bochner
space Li(/// ,Hr, ), i.e., a mean squared error objective:

~ 2
ey o U\g (m) - gwo’m)HF_l] , (Conventional L; Learning) (38)

2
min B, yorop, { ‘ V*G(Dyz +my) *gw(z)H } . (Equiv. Latent Represent.) (39)

wER%w

~ gopt (z)

The equivalent latent representation of the operator learning objective reveals that this
objective can be derived from the neural latent representation error (37) using a single
sample (my ~ p ) estimate of the marginalization in g,,;. For notational convenience, we
will use g9 to denote the iid whitened PtO samples used to estimate the conventional Li
operator learning objective:

g") = v*gmW) e R%, m0) S L. (Whitened PtO Sample) (40)

We refer to DIPNet surrogates trained using the conventional Li operator learning method
in (38) as RB-NO (reduced basis neural operator) in contrast to surrogates construction
introduced in the following subsection.

3.4 Minimizing the Expected Optimality Gap: Derivative-Informed Learning

While the conventional Li learning problem presented in Section 3.3 is suitable for con-
structing a neural operator ridge function, Theorem 5 shows that controlling latent rep-
resentation error in H! controls both the expected gradient error, as well as the expected
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optimality gap between the exact and surrogate variational inference objective functions. To
this end, we consider minimizing the latent representation error measured by the m-weighted
Sobolev norm on H!(R%;R%):

min E,r [Hgopt(z) - gw('z)H2 + HVgopt(z) - ngw(zHﬁﬂ] : (41)

weRdw

However, as discussed in the previous subsection, estimating the objective function above
also requires a nested MC method. To circumvent this issue, we adopt an derivative-
informed H ; operator learning objective following O’Leary-Roseberry et al. (2024); Cao
et al. (2025):

~ 2
min By [ Hg(m) B g“’(Pm)HF;l

weRdw

+ HDg(m) ~D(Gu o P)<m)Hj-IS(Hc7HFn)}

(Der.-Informed H }L Learning) (42)

min B, yorop, | |VG(Dr2+mi) - gul(2)]

wcRdw

4 H V* 0 DG(Dyz +m.) o Dg_vzgw(z)HQF} (Equiv. Latent Represent.) (43)

~ vgopt (z)

The equivalent latent representation reveals that the derivative-informed learning objective
can be derived from (41) using a single-sample (m ~ u, ) estimate for the marginalization
in both g,,; and V.g,; see Appendix B for a discussion of this marginalization. We refer
to DIPNet surrogates trained using the derivative-informed H }L operator learning method
as RB-DINO (reduced basis derivative-informed neural operator).

We emphasize that one only needs samples of the latent representation of the derivative
for H, ﬁ operator learning compared to LZ operator learning,
J9) = V* o DG(mY)) o D, € RWw*d 1) % |, (Whitened Latent Jacobian)  (44)

T

For notational convenience, we use Jr(j ) to denote the iid samples of the whitened latent
Jacobian sample of the PtO map.

3.5 Surrogate-Driven Lazy Map Variational Inference in the Latent Space

We use a trained ridge function surrogate éw o P to replace the PtO map G and its
Jacobian DG evaluations during stochastic optimization of the latent space transport Tg.
Specifically, a single-sample estimate of the surrogate tKL LY : .# x R% — R, replacing
(26), and its gradient, replacing (27), can be equivalently represented in the latent space

as LY : R x R% — R:
Bf(m, 0, w) = Ei”r(&,m, 0, w) (45a)
. 1 . 1
Eir(z, 0, w) = 3 (8w o To)(z) =V sz + 3 |]T9(z)\|2 —logdet V,To(z), (45Db)

VoLY, (2, 0:w) = VoTo(2)" (Vagw o To)() " (g0 To)(2) ~ V'y))
+ VoTo(z) " To(z) — Vo(logdet V. Ty)(2) (45¢)
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Consequently, the surrogate-driven lazy maps variational inference proceeds entirely in the
parameter latent space. After the latent space transport map Tg is optimized, we use the
map to produce latent space posterior samples, i.e., x = Tg(z) with z ~ 7, and they can
be lifted to the full parameter space via sampling the prior as in (21).

Remark 7 (Model Misspecification) In this work, we develop an efficient solver for
BIPs with a given prior and PtO map. While model misspecification is mot considered,
we address it in this remark. Theoretical analysis indicates that our prior-based surrogate
18 robust: the surrogate posterior error is bounded by the LZ surrogate error, provided the
PtO map satisfies reqularity conditions such as Lipschitz continuity—See Marzouk and Xiu
(2009); Cao et al. (2023). Consequently, minimizing the surrogate error over the prior
effectively minimizes the posterior error, even for highly unlikely observations far in the
tails of the data distribution. However, the tightness of this error bound depends on the
expected misfit between the observational data and model predictions. In cases of severe
misspecification, a large expected misfit degrades the bound. This could be addressed via
active learning, specifically by localizing samples to high-likelihood regions, provided the costs
of the required online model evaluations can be managed efficiently.

4. LazyDINO for Amortized Bayesian Inversion

In this section, we present a high-level overview of the steps involved in LazyDINO for
amortized Bayesian inversion, using schematics and brief descriptions. We refer the reader
to Appendix E for a more detailed exposition of these steps.

4.1 Offline Phase: RB-DINO Surrogate Construction

In Figure 3, we provide a schematic for the offline surrogate construction. In this phase,
one first defines the prior 1 and PtO map G that determines the class of BIPs to be solved
by LazyDINO. Subsequently, encoders and decoders for the parameter are constructed as
delineated in Section 3.2. The training samples are then generated and reduced to their
latent representations as in (40) and (44). In particular, the full PtO map Jacobian samples
are never formed. Instead, they are compressed matrix-free using the parameter decoder
D,. Generating training samples is often computationally costly, as PtO map evaluations
require model solutions, and PtO map Jacobian evaluations require computing forward
or adjoint model sensitivities. Once the training samples are collected, a given neural
latent representation g,, is trained using the derivative-informed learning method in the
latent space (41). We refer to O’Leary-Roseberry et al. (2024); Cao et al. (2025) for more
implementation details and theory on RB-DINO surrogate construction.

4.2 Online Phase: Rapid LazyDINO Transport Map Construction

Once a RB-DINO surrogate PtO map is constructed, it is used in place of the PtO map in
the lazy map training, which removes the computational bottleneck of model solutions and
makes rapid online inference possible. The process for lazy map construction for a single
instance of observational data vy, is shown in Figure 4. This process involves defining the
transport map architecture Ty, and the associated latent-space rKL objective (45a). The
transport map is then optimized with respect to its map parameters 8. The trained latent
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Step 1: RB-DINO Surrogate Construction

Encoder—Decoder Construction
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(W, V) o1 = 5 7 g Neural Network
(Em); = (m, ;)1 5,> H g, RY o R | v SR

Data Generation and Processing

Draw mt) ~ p

Compute G(mY)), DG(mW)
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min 5% [0~ G+ [ - Vo ()]

include for RB-DINO

Embed gV « VT, 1G(mb))

Reduce J) VT IDG(mY)D,

Latent representation derivative-informed learning

Figure 3: Overview of the offline RB-DINO construction.

space transport map pushes the whitened latent prior 7 in (19) to an approximation of the
latent posterior induced by the optimal ridge function Tgym =~ %gpt as in Proposition 2.
These samples can then be decoded to generate samples in the full space using the prior .

A major point of emphasis for LazyDINO is that the computationally expensive aspects of
the method are limited to the offline phase. The RB-DINO surrogate replaces the expensive-
to-evaluate and often implicitly defined PtO map with a fast-to-evaluate explicit function.
In practice, this leads to potentially enormous speedups across all computations associated
with the likelihood and its gradient.

Likewise, the transport map approximation depicted in Figure 4 occurs in a relatively
low-dimensional parameter latent space. It exploits modern, optimized computing ker-
nels, such as batch computations, fast white-noise sampling, automatic differentiation, and
compile-time-optimized explicit calculations, with all precompiled before training.

4.3 LazyDINO as an Amortized Inference Method

The latent space transport maps can be rapidly constructed during the online phase, making
LazyDINO a compelling method for real-time inference and a competitive alternative to A-
SBI methods (Ganguly et al., 2023) for solving BIPs with the same PtO map but different
instances of observational data.

Since we create a surrogate for the PtO map, and not the likelihood, the cost of RB-DINO
surrogate construction can be amortized by instancing a new likelihood for any new obser-
vational data. In this amortization process shown in Figure 5, the construction of the
RB-DINO surrogate is amortized over many different BIPs defined by the same PtO map
and prior. With this in mind, LazyDINO is an ideal method for settings where many BIPs
are solved for the same setting. This class of problems appears in predictive digital twins,
state estimation, and optimal experimental design.
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Step 2: Surrogate-Driven Lazy Map Optimization Given Data y

Observed data
Whitened latent prior on R% Latent Space Trained Surrogate ye Ry
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Latent representation transport map training

Figure 4: Overview of the online latent representation lazy map training.

LazyDINO vs. A-SBI Given joint samples of the latent prior and simulated observational
data, the A-SBI methods optimize for a conditional transport map that matches the pullback
distributions, y(j ) Tg(y(j ), ')ﬂﬂ, to posteriors at the simulated data samples using an fKL
objective. Sample generation and the construction of the transport map are both performed
offline. When the observational data y' is available, the approximate posterior sampling is
performed using inversion at latent prior samples Tg(yT, ')_l(z(j)), PORS 7, without the
computational bottleneck of model simulations, making it an amortized inference method.
Transport map construction in A-SBI incurs a similar cost compared to RB-NO surrogate
construction, requiring PtO map samples with noise perturbation, i.e., y) := (m(j))—i—n(j)
with m() pand n NN (0,T),). The training also only requires quantities related to the
latent prior that are easy to evaluate.

Despite ostensibly relaxed training requirements, A-SBI has a much lower sample ef-
ficiency than LazyDINO. Given limited PtO map samples, A-SBI attempts to directly ap-
proximate all posteriors (i.e., posteriors for all instances of observational data). In contrast,
LazyDINO invests these samples in surrogate construction to gain almost unlimited access
to all surrogate-approrimated posteriors. As a result, LazyDINO leads to a much smaller
transport map approximation error than A-SBI. Furthermore, due to the high efficiency of
RB-DINO, the transport map approximation error of A-SBI is much higher than the surrogate
posterior approximation error in LazyDINO, leading to more than two orders of magnitude
lower sample efficiency of A-SBI observed in our numerical results in Section 6.

All A-SBI optimization problems are solved offline, which is often regarded as an ad-
vantage. In contrast, LazyDINO requires solving an optimization problem for online poste-
rior sampling at each instance of observational data. However, for popular transport map
parametrizations such as conditional normalizing flows, sampling requires solving a root-
finding problem in R% for map inversion, which incurs a non-negligible cost in practice. The
inversion-to-sample approach of A-SBI can be more costly than the optimize-to-sample ap-
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LazyDINO for Amortized Bayesian Inversion

Offline Phase: Step 1 (RB-DINO construction) is only performed once
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Figure 5: Overview of LazyDINO amortization procedure.

proach of LazyDINO in some situations, e.g., when a large number of approximate posterior
samples is needed for each instance of observational data. We provide concrete numerical
evidence to support these claims in Section 6.3.

5. Setup of the Numerical Studies

In this section, we describe the setup of the numerical examples, including the two BIP
examples, the neural network architectures, the training procedures, and the posterior error
measures. We first define the two PDE problems and their associated inverse problems in
Sections 5.1 and 5.2. Then, we define the architecture and training of the surrogate and
transport map in Sections 5.3 and 5.4, respectively. Then, we introduce the error measures
for the surrogate and posterior approximations in Section 5.5.

For the BIP examples, we consider 2D nomnlinear elliptic PDEs with Q C R2. The
Gaussian priors are defined using Matérn covariance operators given by:

C=(—V-(AV) +d1d ,) 2. (46)

Here v,0 > 0 are scalar parameters that control the marginal variance and correlation
lengths of the random field samples, and A € R?*? is a symmetric positive definite matrix
that induces anisotropy in the random field samples. In both cases, we employ Robin
boundary conditions to control boundary artifacts in the samples; see (Villa et al., 2021,
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Table 2: Feature Comparison for Posterior Approximation Methods. We empha-
size that both LazyN0 and LazyDINO train transport maps using the surrogate rKL objective
online. In contrast, A-SBI trains transport maps using the fKL objective offline.

Equation 37) and (Villa and O’Leary-Roseberry, 2024). In both cases, the parameter space
A is approximated using linear triangular finite elements, while the state space % C
H'(Q;R) or H'(Q;R?) is approximated using quadratic triangular finite elements. The
Newton-Raphson method is used for nonlinear solves, and a sparse direct solver is used for
the linear solve in each Newton iteration. The PtO map G is defined by composing the PDE
solution operator F : .# — % and an observation operator @ : % — R%. The inverse
problems arise from generating four synthetic observations: each is obtained by sampling
the prior, evaluating the PtO map, and adding additive white noise.

5.1 Example I: Inference of Diffusivity in a Nonlinear Reaction—Diffusion PDE

For our first example, we consider the following nonlinear reaction—diffusion PDE for u :
Q=100,12—=R:

—Vs -exp(m(s))Vu(s) +u(s)> =0, s (0,1)% (47a)
exp(m(s))Vu(s) -n =0, s € 0egs U right (47b)

u(s) =1, s€ 0op, (47¢)

u(s) =0, s € Iottom, (47d)
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where 0Qeft, Oright, Otop, and OQpottom denote the left, right, top and bottom boundaries
of the unit square, and n is the outward unit normal vector. The inverse problem is to find
the log-diffusivity field m : (0,1)2 — R that best matches noisy observations of u at a set
of spatial positions.

We use a regular grid with 40 x 40 cells, which yields 1,681 and 3,362 degrees of freedom
(DoFs) for discretized parameters and states, respectively. We choose A = Idg2, v = 0.03,
and § = 3.33 for the prior, which leads to a pointwise marginal variance around 9 and a
spatial correlation length of around 0.1. The observation operator uses d, = 25 randomly
sampled interior points and produces the locally averaged state values around them. The
noise distribution has covariance I';, = 1.94 x 10_3Idey, which corresponds to a signal-to-
noise ratio of around 500. The synthetic data set is visualized in Figure 6.

Synthetic Parameter ~ Noisy Observation MAP Estimate

mep y ~N(G(m),Ty) MAp
1.00

0.75

BIP
#1

0.25

||| 22moN
OO N

W= 00 b0 &

. =0.00
1.00

0.75

BIP
#2

0.50

0.25

=0.00
1.00

0.75

=0.00
1.00

—05 . 0.25

U s Lo.00 U—0.96

Figure 6: Example I. Setup for inferring the diffusivity field in a nonlinear reaction—
diffusion PDE detailed in Section 5.1. For each BIP (#1-4), we show the data-generating
synthetic parameter m drawn from the prior, the synthetic data y placed on top of the
PDE solution at m, and the MAP estimate m?l\’/I AP-

5.2 Example II: Inference of a Heterogeneous Hyperelastic Material Property

For our second example, we consider the uniaxial tensile test of a hyperelastic thin film. The
inverse problem aims to recover the Young’s modulus field, which characterizes spatially
varying material strength, from measurements of the material deformation.
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Let Q = (0,2) x (0,1) be a normalized material domain. The material coordinates
s € Q of the reference configuration are mapped to the spatial coordinates s + u(s) of the
deformed configuration, where u : ) — R? is the material displacement. The strain energy
of the hyperelastic material W, depends on the deformation gradient F' = Idg2x2 + Vu. We
consider the neo-Hookean model for the strain energy density:

We(F) = %(tr(FTF) -3)+ % (Indet(F))? — peln det(F). (48)

Here, A\¢ and pe are the Lamé parameters, and they are related to Young’s modulus Ey
and Poisson ratio vp under the plane strain assumption:

Epr EY

)\ = == .
T Otvp-20p) M7 201 0p)

(49)

We assume vp = 0.4, and a spatially-varying normalized Young’s modulus, Fy : Q —
(Ey mins By max). We represent Ey through a parameter field m : Q — R as follows

Ey(m(s)) = = (Bymax — By min) (erf(m(s)) + 1) + By,

2
where erf : R — (—1,1) is the error function and take Ey;, = 1 and Ey ., = 7. The
first Piola—Kirchhoff stress tensor is given by P.(m,F) = 20W,.(m, F)/0F. Assuming a
quasi-static model with negligible body forces, the balance of linear momentum leads to the
following nonlinear PDE:

Vs P.(m,F)(s) =0, s € (50a)
u(s) =0, § € ONefy; (50b)

u(s) =3/2, 8 € O right; (50c)
P.(m,F)(s)-n=0, s € 0Qtop U 0bottoms (50d)

where 0Qiop, O ight, Obottom, and OQer, denote the material domain’s top, right, bottom,
and left boundary.

We use a regular grid with 64 x 32 cells, which leads to 2,145 and 16,770 DoF's for the
discretized parameter and state, respectively. For the prior covariance in (46), we induce
spatial anisotropy via the following matrix

61 sin(a)? + 02 cos(a)? (01 — 62) sin(a) cos(a)

A= (61 — 63) sin(a) cos(a) 61 cos(a)? + Oy sin(a)? |’

where 0; = 2 and 02 = 1/2, a = arctan(2). We choose v = 0.3 and 6 = 3.3, which lead
to a pointwise marginal variance of around 1 and spatial correlations of around 2 and 0.5
perpendicular to and along the left-to-right, bottom-to-top diagonal of the material domain,
respectively. We define the observation operator using 32 equally spaced interior points and
take the locally averaged state values around those points as observations. This leads to
dy = 64. The noise distribution has covariance I';,, = 2.86 x 10*3Iddy, which corresponds to
a signal-to-noise ratio of around 500. We visualize the synthetic data set in Figure 7.
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Synthetic Parameter Deformed Configuration  Noisy Observation MAP Estimate
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Figure 7: Example II. Setup for inferring a heterogeneous hyperelastic material property
detailed in Section 5.2. For each BIP (#1-4), we visualize the synthetic parameter m drawn
from the prior, the corresponding deformed configuration, the synthetic displacement data
y, and the MAP estimate my;,p.

5.3 Surrogate Architecture and Training

Reduced Basis For both problems, we chose the dimension of the parameter latent
space to be d, = 200 and used 1000 MC samples to compute the reduced basis. We
fixed the reduced-basis dimension for all the studied variational inference methods. Our
numerical examples are focused on comparing our proposed LazyDINO with other variational
inference methods. Therefore, the effects of varying d, and MC sample sizes for reduced
basis construction are not studied in this work. The eigenvalue decay and basis functions
for both examples are visualized in Appendix I.

Architecture and Training For both examples, we choose a multi-layer perceptron
(MLP) as g,, with 7 hidden layers, each with a width of 400 and a Gaussian error linear
unit (GELU) activation function. The loss is minimized using Adam. We found that many
other training tricks, such as batch normalization or learning rate decay scheduling, were
not necessary to produce good generalization for RB-DINO. For conventional Li training,
we find that learning rate decay scheduling and adaptive total epoch sizes are needed to
maintain training stability and prevent overfitting; see Appendix H for details.

5.4 Transport Map Architecture and Training

Architecture We chose inverse autoregressive flow (Kingma et al., 2017) as our latent
space transport map, with 30 transport map layers and random input permutation. Each
transport map layer is an autoregressive MLP, with inputs masked to ensure triangular
dependence. Each MLP has 4 hidden layers, each with a width of 400 and GELU activation.
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For A-SBI, the conditional normalizing flow is constructed as a masked autoregressive flow
with the same architecture, but with a larger input dimension to account for conditioning
on observations. The tanh activation is used as it empirically leads to stable training.

Training The training procedures for all methods are kept as similar as possible. For
LazyDINO and LazyNO, the transport map is trained using Adamax (Kingma and Ba, 2017)
with a scheduled batch size and learning rate and with sample replacement. In particular,
the batch size increases and the learning rate decreases with the number of iterations. For
LazyMap, the batch size is fixed with sample replacement. Note that each optimization
iteration involves evaluating the PtO map and its Jacobian, which we refer to as training
samples in our results. For our numerical examples, we use the checkpoints at different
iterations to examine LazyMap at different training sample sizes. For A-SBI, the batch size
is fixed without sample replacement, and the learning rate is fixed. Optimization terminates
when the validation error stagnates. See details of the training procedures in Appendix H.

5.5 Error Measures

Surrogate Approximation Error The approximation errors of the neural ridge function
surrogate G,, o P for the PtO map approximation, Eg, and the PtO map latent Jacobian
approximation, Eyg, are defined as follows.

Numc ¢ ; :
1 Ig (z(”)—g(”HQ] :
E, = = . Relative PtO Map Error
"\ T 2 | g0 | b Brror)
Nuc [ 70) N
J) — (4)
Eyg = ! Z H ng (=)l (Relative Latent Jacobian Error)
g NMC (412
i L [ lys

where the whitened PtO samples g\¥) and the whitened latent Jacobian ij ) are defined in
(40) and (44), respectively. We compute the errors using Nyc =5k samples of the prior,
whitened PtO evaluations, and its latent Jacobian evaluations.

Posterior Approximation Error Posterior approximation accuracy can be assessed in
many ways. It is important to assess posterior accuracy in high-probability regions using
moment and mode estimates. Additionally, probability divergences measure the overall
deviation from the posterior. For our numerical examples, we assess the quality of the
posterior approximation under a nonlinear transport map 7 using moment discrepancies
and density-based diagnostics, as described below.

Moment Discrepancies Let m¥ € .4, CY € HS(.#') denote the mean and covariance of ;¥
and S¥%. € R25%25%25 denote the skewness of p¥ in the leading 25 latent space coordinates.
Let m”, C7T, and 827;) denote the same quantities for 7;u. We consider the following relative
error in the moments

FEoeon = Hmy - WTH//Z/ mY| , (Relative Mean Error)
Eeov = ||CY - CTHHS(///) /NC¥ sy (Relative Covariance Error)

Egew = HS§’5 — SQTE,H P/ HS%% (Relative Skewness Error)

I
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The central moments of both ¥ and Ty are estimated using samples, where samples from
uY are obtained using up to 5 x 105 MCMC samples using a simplified manifold MCMC
method (Beskos et al., 2017). The discrepancies are reported as percentages.

Since all central moments must converge as a posterior estimator converges to the pos-
terior, analyzing moment discrepancies of varying orders together is more helpful than an-
alyzing them independently. Estimating higher-order statistics becomes progressively more
challenging, so we consider only the first three moments and compute the skewness in a
low-dimensional parameter subspace.

Density-Based Diagnostics Let ®7(m) = log (%(m)) denote the log density of the
prior with respect to the pushforward distribution; see Appendix G for explicit forms. Let
w(m) = exp(—2®Y(m) + 2®7(m)) denote the unnormalized density of the posterior with
respect to the pushforward density and w(m) denote its normalization by E,~7, [w(m)].
We consider the following quantities related to the quality of each posterior approximation:

Ex1, = Eno7yp [®Y(m) — 7(m)] + C1 (Shifted rKL Divergence)
EixL = Epryp [w(m)(=®Y(m) + @7(m))] + C2 (Shifted ANIS fKL Diverg.)

. 2
(% S wm) . 100%
N S @(m))? N

Enap = |[myap — mMaP | 4/ lm3¥iapll 4 (Relative MAP Point Error)

ESSy% = , mt) ig T (ANIS Effective Sample Per.)

We use both rKL and fKL to measure the posterior approximation error. The former
measures the optimality gap due to surrogate approximation error in LazyNO and LazyDINO.
On the other hand, rKL can be small when the pushforward is overly concentrated; thus,
we also report the fKL. The auto-normalized importance sampling weights (Agapiou et al.,
2017) are used to compute a biased but consistent estimator for the fKL. We note that rKL
is shifted by the normalization constant, and both rKL and fKL are additionally shifted
by a constant for visualizations in the logarithmic scale. We use 10° iid samples from the
pushforward to estimate the expectations in the rKL and fKL.

We also consider the effective sample size (ESS) percentage estimated using N iid sam-
ples from the pushforward distribution, denoted ESSy%. We take N = 10° in our nu-
merical studies. This is a commonly used diagnostic to assess the quality of approximate
posterior sampling, and many numerical methods struggle to achieve large effective sample
sizes (Polo and Vicente, 2020). This diagnostics is related to the forward x? divergence by
X2 (Y| Tap) ~ 1 — ESSn%/100; see Sanz-Alonso and Wang (2020).

6. Numerical Results

In this section, we present numerical results for the two BIP problems in Sections 5.1
and 5.2. We compare the posterior errors for LazyDINO, LazyNO, LazyMap, A-SBI, and the
Laplace approximation (LA) as a baseline. First, we compare the cost-efficiency RB-DINO
and RB-NO surrogate construction in Section 6.1. Then, we provide comparisons of the
posterior approximation quality in Section 6.2. A timing comparison for transport map
training and sampling is provided in Section 6.3. Lastly, we compare the posterior marginals
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obtained by LazyDINO and other methods using corner plots. In Appendix I, we include
additional visualizations of the posterior mean, MAP, posterior pointwise variance, and
expanded corner plots to support the results in this section.

Remark 8 When reporting the surrogate training results, we compare computational costs
measured as the number of nonlinear PDE solves. The additional costs associated with
Jacobian data generation are measured relative to the nonlinear PDE solves. Since these
additional costs are negligible due to the use of sparse direct solvers (Cao et al., 2025, Section
4.3), this point of comparison is not considered for the posterior approximation error.

6.1 Neural Ridge Function Generalization

We begin by assessing the results of RB-DINO and RB-NO surrogate construction. The results
for Example I can be found in Figure 8, while the results for Example II can be found
in Figure 9. Overall, the trend demonstrates that the derivative-informed learning method
leads to a significant cost reduction in learning the latent representation of the PtO map and
its Jacobian compared to conventional supervised learning. These results are consistent with
those of Cao et al. (2025). We expect that the improvement of the PtO map approximation
leads to better fidelity in the surrogate approximated posterior through Theorem 4, and
the combination of improved PtO map approximation and Jacobian approximation leads
to more accurate transport map training through Corollary 6.

—e— RB-DINO (Derivative-Informed Learning) RB-NO (Conventional Learning)
PtO Map Generalization Latent Jacobian Generalization
Relative Error, Eg Relative Error, Eyg
20% 1 ‘
100; 100% {
%!
=509, 1
o 1 50%
5% 97.16%
o — o7
2 2% 08.68% 2 20%
TS 98.51% - N\_99 38 = 10%)
99.56% o
0.5%1 99.67% .o, 5%
99.77¢
0.2%1 2%
125 250 500 1k 2k 4k 8k 16k 125 250 500 1k 2k 4k 8k 16k
Relative cost of training sample generation Relative cost of training sample generation
(unit: averaged cost of one PDE solve) (unit: averaged cost of one PDE solve)

Figure 8: Example I: Neural Ridge Function Generalization. The surrogate error
versus training sample generation costs is visualized. The percentage accuracy, 100% x
(1 —error), is overlaid. The results demonstrate that RB-DINO is 64x more cost-efficient
than RB-NO. We note a statistical anomaly of RB-DINO at 500 samples.

6.2 Posterior Approximation Error

We investigate the posterior error metrics described in Section 5.5. For all plots in this
section, the markers for BIP #1-4 are labeled as Y , A , <, and >. The average error is
plotted in a darker color, and a line is drawn between each average to visualize the trend.
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Figure 9: Example II: Neural Ridge Function Generalization. In a similar pattern
as Figure 8, RB-DINO enjoys 8-32x higher cost-efficiency over RB-NO.

We cut off vertical-axis errors at 200-300%, depending on the plot, for readability since
the scale of the errors across methods varies widely. The LA is computed once per BIP,
and the horizontal lines labeled as LA are included only to facilitate visual comparison. A
conservative estimate of the cost of LA is similar to that for 100 training samples.

We begin by comparing moment discrepancies for Example I and II in Figure 10 and
Figure 11, respectively. In general, the LA provided a reasonable baseline point of compar-
ison. In Example I, it consistently outperformed all other methods in terms of covariance
error. In all other cases, however, LazyDINO provides higher-quality moment predictions
than LA, particularly with plentiful training samples. Compared to the remaining meth-
ods, LazyDINO leads to the best moment matching across the board. LazyNO typically is
the second best, though in some cases A-SBI or LazyMap performed comparably or slightly
better. A-SBI and LazyMap are more than an order of magnitude worse than LazyDINO in
all metrics. The poor performance of LazyMap can be explained by the sample intensity re-
quired for reliable transport map training. In particular, LazyMap here has a limited budget
of up to 128k high-fidelity samples, whereas LazyDINO and LazyNO required 16 million total
surrogate-generated samples across all iterations. This point of comparison demonstrates
the essential benefit of the LazyDINO approach—by first building a reliable surrogate PtO
map over the prior using a fixed number of samples, we can later enable an optimization
algorithm requiring orders of magnitude more samples.

In Figures 12 and 13, we compare the performance of the different methods through the
density-based diagnostics defined in Section 5.5. As with the moment discrepancy results,
we observe consistent superior performance of LazyDINO compared to the other methods.
Notably, LazyDINO yields an effective sample size that is orders of magnitude higher than
those of the other methods in the largest sample case for both examples.

6.3 Timing Comparisons

So far, we compared various methods based on sample complexity. In this subsection, we
consider time-complexity comparisons. We begin by comparing LazyDINO with LazyMap,
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Figure 10: Example I: Moment Discrepancies. (LazyDINO vs. LazyN0): Apart from
the statistical anomaly at 500 samples, LazyDINO is 64x more sample-efficient measured
in mean error, 4x in covariance error, and 64x in skewness error. The discrepancy is
even more pronounced beyond 500 samples. (LazyDINO vs. A-SBI): LazyDINO is 64x more
sample-efficient measured in mean error, and A-SBI is uncompetitive in covariance and
skewness error. (LazyDINO vs. LazyMap): Even when discounting the repeated model so-
lution costs of LazyMap over different BIPs, LazyDINO still achieves orders of magnitude
higher sample-efficiency. (LazyDINO vs. LA): LazyDINQO achieves lower error in mean and
skewness, particularly in the large-sample regime.

recognizing that the latter can be made more efficient with parallelism. Then, we compare
the total online cost of A-SBI and LazyDINO, demonstrating that, in addition to being
much more accurate than A-SBI, LazyDINO has a lower overall cost for amortized Bayesian
inversion. All GPU computations were performed on Nvidia A100 GPUs, and all CPU
computations were performed on Intel Xeon Gold 6248R 3.00GHz CPUs.

LazyMap vs. LazyDINO The efficiency of LazyDINO is affected by its offline phase. In
contrast, LazyMap does not have an offline phase and thus might be competitive in posterior
approximation if it exploits parallelism within each transport map training iteration. Here,
we compare the performance of LazyMap and LazyDINO under a similar total computational
budget, while allowing parallel evaluation of the PtO map and its Jacobian.

In Tables 3 and 4, we provide a comparison of solution time and posterior mean accuracy
for the two methods, given access to 20 concurrent CPU evaluations of the PtO map and
its Jacobian action. We provide the times for training sample generation for LazyDINO and
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Figure 11: Example II: Moment Discrepancies. Similar trends as Example I in Fig-
ure 10 are observed. (LazyDINO vs. LazyNQ): LazyDINO consistently outperforms by 2-64x in
sample-efficiency. (LazyDINO vs. A-SBI): The best-performing A-SBI at 16k samples is still
less accurate compared to LazyDINO at 125 samples. (LazyDINO vs. LazyMap): LazyMap
exhausts the training budget before performing comparably to LazyDINO. (LazyDINO vs.
LA): At 250 samples, LazyDINO has lower errors than LA.

the total transport map training times for LazyDINO and LazyMap. The reported times
of LazyDINO offline phase are amortized across four instances of observational data. All
computations repeated for each instance are reported as averages, rounded to the nearest 10
seconds. Each iteration of LazyMap transport map training is computed with a 200-sample
MC gradient estimator. The entry labeled LazyMap (16k) refers to training with a total of
80 iterations, and LazyMap (128k) refers to 640 iterations. In contrast, the surrogate and its
Jacobian actions are evaluated 16 million times during LazyDINO transport map training.

Overall, these results demonstrate that LazyDINO still performs substantially better
than LazyMap with 20-way parallelism for similar end-to-end computational costs. More-
over, while we only considered mean error as a performance metric in the reported results,
LazyDINQ’s efficiency gains in other metrics are even higher, as shown in Section 6.2. A
key takeaway from these results: for extremely model-query-intensive algorithms such as
transport map training, surrogates are necessary, and since training with high-fidelity mod-
els is so expensive, one can invest significantly in offline computations and still achieve an
order-of-magnitude reduction in total computational costs.
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Figure 12: Example I: Density-Based Diagnostics. Higher values of ESS;go% and
lower values of all other diagnostics imply better posterior approximation. Similar trends
to the moment discrepancy comparisons in Figure 10 are observed. LazyDINO enjoys over 8-
128 higher sample efficiency. While ESS;00x% is low across the board, LazyDINQ produces
around 100 effective samples while other methods only achieve around 1-6.

A-SBI vs. LazyDINO In typical formulations of A-SBI, sampling requires inverting the
transport map. While this need not be the case, the alternative requires inverting the
transport map during training, which is often considered too expensive. Since our aim is
fast online inference, we compare against the typical A-SBI formulation, which is fast to
train. For transport map parameterizations such as IAFs, the scalability of this inversion
can be preserved. In the case of IAFS, the cost is dominated by d,-dimensional root-finding
problems, which can be solved relatively quickly, e.g., via the bisection method. In contrast,
sampling with LazyDINO involves only explicit evaluations of the transport map and, thus,
produces samples in significantly less time.

In Table 5, we report the average times for the online phase to generate 1 million iid
approximate posterior samples for four instances of the observational data studied in Ex-
amples I and II. The total online costs of LazyDINO, which include first training a transport
map for each instance of observational data and then sampling using map evaluations, are
lower than those of A-SBI, which only involves sampling by inverting the transport map
already trained offline. We note that these results depend on the transport map architecture
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Figure 13: Example II: Density-Based Diagnostics. We observe similar trends as in
Example I. Notably, LazyDINO achieves nearly 50% ANIS effective sample percentage as a
100k-sample independent sampler with 16k training samples, 50 to 50k times the percentage
achieved for competing methods.

and the quality of implementation; however, the overall point about the additional expense
of inverting maps in A-SBI is broadly applicable.

Remark 9 We emphasize that the reported times for transport map training (460s and 750s
for Examples I and II, respectively) reflect intensive optimization runs involving 16 million
evaluations of the variational inference objective and its gradient to ensure a highly accurate
posterior approximation benchmark. However, since marginal gains in accuracy diminish
with optimization iterations, the optimization can be stopped much earlier to achieve faster
online Bayesian inversion while retaining high posterior accuracy.

6.4 Visualization of Discrepancy in Marginals

In this section, we examine the relative performance of different methods using their 2D
marginal kernel density estimates and 1D marginal histograms. We plot the progression of
marginals as the training sample size increases. Figures 14 to 17 shows the marginal plots
for Example I. They are consistent with the previous results: LazyDINO produces better
approximations than the other TMVI methods and overtakes the LA with a relatively
small number of training samples.

36



TITLE

LMVI Method
Category (unit) LazyMap | LazyMap | LazyDINO | LazyDINO
(16k) (128k) (1k) (16k)
Amortized PtO evaluations (sec) - - 130/4 1,950/4
z Parallel amortized PtO evaluations (sec) - - 6.5 /4 97.5/4
= Amortized Jacobian (sec) - - 50/4 750/4
é Parallel amortized Jacobian (sec) - - 2.5/4 37.5/4
) Amortized DINO training (sec) - - 80/4 1,220 /4
= TMVI training (sec) | 2,710 | 21,560 460 460
Parallel TMVI training (sec) 135.5 1078 - -
= Time per BIP (sec) 2,710 21,560 525 1,440
S
& Parallel time per BIP (sec) 135.5 1078 482.45 798.75
Relative mean error achieved (%) ‘ 80 ‘ 20 ‘ 10 ‘ 5 H

Table 3: Example I: LazyDINO vs. LazyMap Timing Comparison. The total sequential
execution times are similar for LazyMap (16k) and LazyDINO (16k), and the total 20-way
parallel execution times are similar for LazyMap (128k) and LazyDINO (16k). In both cases,
the relative mean error achieved is much lower for LazyDINO. Moreover, LazyDINO (1k)
achieves a smaller relative mean error than LazyMAP (128k) in less time. The TMVI training
time for LazyDINO is the online transport map training time per observational data.

We also investigate posterior marginals for Example II in Figures 18 to 21. These
results show that the target marginals exhibit greater non-Gaussianity than Example I, and
LazyDINO consistently outperforms all other methods. Notably, due to the non-Gaussianity,
the LA does not produce accurate marginal approximations, while LazyDINO matches the
true marginals well with a small number of samples.

This concludes our numerical study. In almost every point of comparison, LazyDINO
yielded the most accurate estimation of the posterior distribution as evidenced by moment
discrepancies, density-based diagnostics, and posterior marginals. Notably, LazyDINO gives
faithful posterior estimates for orders of magnitude fewer samples than competing meth-
ods. While the LA performed well on some metrics, given limited samples (e.g., MAP and
covariance estimation), it assumes posterior Gaussianity, which is undesirable for highly
nonlinear BIPs. In Appendix I, we also provide additional visualizations of the posterior
mean, MAP, posterior pointwise variance, and expanded posterior marginal plots that re-
inforce the superiority of LazyDINO observed from the numerical results in this section.
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Method
Category (unit) LazyMap | LazyMap | LazyDINO | LazyDINO
(1k) (16k) (1k) (16k)
Amortized PtO evaluations (sec) - - 2,150/4 | 34,200/4
z Parallel amortized PtO evaluations (sec) - - 107.5/4 1,710/4
g,% Amortized Jacobian (sec) - - 220/4 3,440/4
é Parallel amortized Jacobian (sec) - - 11/4 172/4
ED Amortized DINO training (sec) - - 120/4 1,840/4
= TMVI training (sec) 2,390 38,500 750 750
Parallel TMVI training (sec) 119.5 1,925
= Time per BIP (sec) 2,390 38,500 1,372.5 10,620
S
&= Parallel time per BIP (sec) 119.5 1,925 809.625 1,680.5
Relative mean error achieved (%) 230 90 12 3.5

Table 4: Example II: LazyDINO vs. LazyMap Timing Comparison. This timing com-
parison is similar to Table 3. For both sample sizes, LazyDINO achieves a much lower relative
mean error. Moreover, LazyDINO (1k) achieves a much smaller error than LazyDINO (16k)
in less time.

Example I Method Example II Method
Time (sec) ?{21]?)1 La(zly 6DkI)NO Time (sec) ?igf)l La(zly 6[LI)NO
1 Million Samples 1130 60 1 Million Samples 1150 60
Online Training — 460 Online Training — 750
Offline Training | 930 / 4 | 1220/4 Offline Training | 960 / 4 | 1840/4
Total per BIP 1362.5 825 Total per BIP 1390 1270

Table 5: Online Cost of A-SBI vs. LazyDINO. The inversion-to-sample approach of A-
SBI incurs more online costs optimize-then-sample approach of LazyDINO for generating 1
million samples. The bottleneck in sampling with A-SBI is due to transport map inversion.
For fair comparison, we employ similar IAF architectures for both methods. Times are
averaged across the four observation instances and rounded to 10 seconds.
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Figure 14: Example I: LazyDINO vs. LA Posterior Marginals. At 250 samples, we
observe clear discrepancies in the marginals for both methods, with LA being more accurate.
At 2k samples, LazyDINO is more accurate, especially for the low probability contours.
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Figure 15: Example I: LazyDINO vs. LazyNO Posterior Marginals.
accurate than LazyDINO. LazyNQ’s posterior marginals are under-concentrated at the small-
sample regime, and over-concentrated at the high-sample regime.
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Figure 16: Example I: LazyDINO vs. A-SBI Posterior Marginals. A-SBI underesti-
mates the posterior uncertainty and yields a low-quality approximation with 16k samples.
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Figure 17: Example I: LazyDINO vs. LazyMap Posterior Marginals. LazyMap produces
a low-quality approximation for 1k samples and drastically overestimates the posterior un-
certainty with more samples.
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Figure 18: Example II: LazyDINO vs. LA Posterior Marginals. Due to the posterior’s
non-Gaussianity, LA struggles to match the marginals. In contrast, LazyDINO is accurate
at 2k samples. In general, the marginal of the LA differs from the MAP of the marginal,
which may explain the LA’s inconsistency with the true posterior marginal.
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Figure 19: Example II: LazyDINO vs. LazyNO Posterior Marginals. With 250 training
samples, LazyNO drastically underestimate the posterior uncertainty. With 16k samples,
both methods appear to be accurate. LazyNO requires orders of magnitude more samples

to have comparable performance to LazyDINO.
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Figure 20: Example II: LazyDINO vs. A-SBI Posterior Marginals. A-SBI produces
samples that are highly under-concentrated. A-SBI is simultaneously off in capturing the
peak locations of the marginals while overestimating the parametric uncertainty.
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Figure 21: Example II: LazyDINO vs. LazyMap Marginals. LazyMap fails to capture the
high-probability region at 1k and 4k samples and over-concentrate at 16k samples.
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7. Conclusion

We present LazyDINO, a fast, scalable, and efficiently amortized method for high-dimensional
Bayesian inversion with expensive PtO maps. The method comprises an offline and an
online phase. During the offline phase, we generate joint samples of the PtO map and its
Jacobian to construct a RB-DINO surrogate via derivative-based dimension reduction and
derivative-informed learning methods. During the online phase, when observational data
are given, we rapidly approximate the posterior via surrogate-driven optimization of lazy
maps, i.e., structure-exploiting transport maps with relatively low-dimensional nonlinearity.
The trained lazy map is used for approximate posterior sampling and density evaluations.

We provide theoretical results demonstrating that the RB-DINO surrogate construction
is ideally suited for amortized Bayesian inversion via lazy map variational inference. In
Theorem 4, we show that the conventional supervised learning of the DIPNet surrogate ar-
chitecture minimizes an upper bound on the expected posterior approximation error when
the ridge function surrogate replaces the PtO map. This architecture constrains the surro-
gate approximation to the parameter subspace that captures the prior-to-posterior update.
In Theorem 5 and Corollary 6, we show that the derivative-informed learning of the sur-
rogate minimizes the expected gradient error and optimality gap due to surrogate-driven
transport map optimization. Surrogate Jacobian accuracy thus controls the quality of the
trained lazy map and the posterior approximation.

The LazyDINO method has several desirable traits.

1. Scalability. The surrogate and transport map training in LazyDINO are independent of
the parameter dimension, as their latent representations reside in the same relatively
low-dimensional derivative-informed subspace (Figures 3 and 4).

2. Fast Online Inference. Using a cheap-to-evaluate surrogate rKL objective for trans-
port map optimization, LazyDINO fully exploits GPU-based accelerations to rapidly
approximate posteriors (Tables 3 and 4). While our method requires solving an op-
timization problem to sample, we demonstrate that it leads to faster online posterior
sampling than the typical inversion-to-sample approach of A-SBI in the large-sample
regime (Table 5).

3. High Posterior Accuracy at Low Offline Costs. First, the RB-DINO surrogate and
the lazy map are co-designed to efficiently exploit the structure of the BIP. Second,
the derivative-informed learning method is highly cost-efficient and outperforms con-
ventional supervised learning by one to two orders of magnitude (Figures 8 and 9).
Consequently, LazyDINO requires a much smaller cost in offline computation to achieve
high accuracy in online posterior approximation across multiple instances of the ob-
servational data.

Our numerical experiments consider two challenging infinite-dimensional PDE-constrained
BIPs: (I) inferring the diffusivity field in a nonlinear reaction-diffusion equation, and (II)
inferring the Young’s modulus field of a hyperelastic material under deformation. In both
cases, we observed one to two orders of magnitude in offline cost reduction to achieve simi-
lar accuracy in online posterior approximation compared to alternative amortized inference
methods such as LazyNO and A-SBI via conditional transport. Moreover, LazyDINO con-
sistently outperforms Laplace approximation even in a small-sample offline training regime
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(250-1k), except for covariance approximation for Example I. In contrast, LazyNO and A-SBI
struggle to outperform Laplace approximation and, in some cases, failed at 16k ofHline train-
ing samples.

The efficiency gains achieved via LazyDINO motivate further study. For instance, LazyDINO
does not assume that the observations y = (yi,... ,ydy) are iid. On the contrary, in the
examples studied, the data arise from spatially distributed observations of a PDE solution;
their distributions thus vary in space and may involve correlated observational errors. Yet
our framework can easily be extended to the setting of multiple independent realizations
of non-iid observations, (y(,...,y®), where each yl¥) = (y%g), .. ,yc(l])). This is a nat-
ural benefit of building surrogates of the PtO map: the same surrogayce can be used to
approximate each term in a (block) product likelihood, unlike, e.g., the A-SBI methods
considered in this work. Given its significantly reduced online costs, LazyDINO can be used
for real-time uncertainty quantification. In particular, the RB-DINO surrogate construction
can be applied to rapidly forward-propagate the LazyDINO posterior samples and obtain
posterior predictive samples for quantities of interest relevant to downstream statistical
decision-making.
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Appendix A. Glossary of Terminology

BIP: Bayesian inverse problem or Bayesian  exploiting transport map with relatively
inference. low-dimensional non-linearity.

Amortized cost: Discounted cost per BIP
by spreading the total cost out over the so-
lution of many BIPs.

LazyDINO: Our proposed method for amor-
tized Bayesian inversion via lazy map
variational inference driven by derivative-
informed neural operator (DINO) surro-
gates.

ANIS: Auto-normalized importance sam-
pling, also known as self-normalized impor-

tance sampling.
PHRS LazyNO: A competing method for amortized

A-SBI: Amortized simulation-based infer- Bayesian inversion via lazy map variational
ence. inference driven by surrogates constructed

. . . using conventional supervised learning.
ESS: Effective sample size, an estima-

tion of the number of independent samples
drawn from a proposal distribution to ob-
tain an expectation estimator with equiva-
lence variance as standard Monte Carlo.

LazyMap: A transport map that acts only in
a subspace of the input, by way of a linear
projection-based dimension reduction. It is
also used to refer to the algorithm to train

fKL: Forward Kullback-Leibler of the ap- it.
proximate distribution p from the target

distribution v, Dy (v||1). MAP point: Maximum A-Posteriori

point, the parameter with the highest prob-
LMVI: Lazy map variational inference. ability concentration of the posterior distri-
Variational inference using structure- bution in a Bayesian inverse problem.
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MC: Monte Carlo, which will always re-
fer specifically to an iid sampling-based ap-
proach to approximating an expectation.

MCMC: Markov chain Monte Carlo.

PtO: Parameter-to-observable. A PtO
map is a function taking the parameter we
wish to infer to the non-noisy observable. In
contrast, observations are measurements of
the observable corrupted via noise.

rKL: Reverse Kullback-Leibler of the tar-
get distribution v from an approximate dis-
tribution p, Dkr,(p||v).

TMVI: Transport map variational infer-
ence. We use this term to distinguish from
other forms of variational inference, i.e., in-
ference within families of distributions that
do not originate via the transport of a ref-
erence distribution.

Appendix B. Stochastic Differentiation and Conditional Expectation

We provide a proof of the statement that the stochastic derivative of the optimal ridge
function DH(aopt oP) for G € H;(///, Hr,) is the optimal ridge function of the stochastic
derivative (DyG oP)opt, where the latter is defined via a conditional expectation as in (13).
This result can be used to show that the single sample estimate of the H ; (; He) operator
learning error is the H(R%;R%) surrogate error in the latent space in (42).

The exchangeability of stochastic differentiation and conditional expectation for G in
H}L(///, R) can be found in Proposition 1.2.8 of Nualart (2006). For completeness, we show
an extension to G € H ; (', Hr,,)) based on the expansion of the observable given as follows.

Let V = {Vi}?il be an Hpr-orthonormal basis. We consider the expansion G = Z?ﬁl gV,
where G;(-) = (G(-), Vi)r—1, implying each component function G; is in H,(.#;R).

We now consider conditional expectation with respect to a sub-sigma-algebra generated
by a projector P. Let P be defined implicitly via a H¢-orthonormal reduced basis ¥, =
{1; }?;1 and span(V¥,.) = Im(P). Since P a bounded linear operator, we have o(P) C B(H¢),
the Borel sigma-algebra of He, and standard arguments for the exchanging of stochastic
or Malliavin differentiation and conditional expectation can be employed: In particular, by
Proposition 1.2.8 of Nualart (2006), we have

DyE[Gi|o(P)|(Pm) = E[DgG;|lo(P)](Pm) a.e. m € He. (51)
To achieve this same order exchange between Malliavin Jacobian and conditional expecta-
tion, we define the conditional expectation of the vector-valued G:

dy
E[G|o(P)] =Y E[Gilo(P)]Vi, (52)
i=1
and the Malliavin derivative:
dy
DuG(-) =Y DuGi() &V, (53)
i=1

both of which are well-defined for finite dimension d,.
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The exchangeability of differentiation and conditional expectation order gives

dy
DuE[Glo(P)|(Pm) =Y DuE[Gi|o(P)|(Pm) ® V; (via (53))
Dy (GoptoP)

dy

=Y E[DuGilo(P)|(Pm) @ V; (via (51)) (54)
=1

dy
=E Z DpGi(Pm) ® Vi|lo(P) (linearity of sum)

i=1
=E[DuG|o(P)|(Pm) ae. me He  (via (52)).
Given the definitions P = D,.&, and z := &.m, we further have that
E[DuGlo(P)I(Pm) = Em ~p, [DaG(Pm+my)] =Em~r, [DuG(Drz+my)].  (55)

Finally, to derive the derivative of the optimal latent representation, we first note that

gopt(z) = V*éom(Pm) = V*50pt(7)2m) = V*éom(PDrgrm) = V*(éom o P)(Drz), (56)
so that by combining (54), (55), and (56) we arrive at

Vzgopt(z) =V oE,, ~u, [DuG(Drz+m )| oD,.

A single-sample Monte Carlo estimate of this produces the estimate in (43).

Appendix C. Transport Map Variational Inference on Hilbert Spaces

Let us consider the rKL objective using a nonlinear transformation of the Gaussian measure
= N(0,C) on a separable Hilbert space .#. The derivation below follows Section 6.6 of
Bogachev (1998). Let 7 =1d 4 + K be the transport map where K : .# — H¢ is nonlinear
operator with a stochastic derivative DgK : .#4 — HS(H¢) such that DT € HS(He) is
invertible p-a.e. Then we have

vy _ dp
Dra [ T#%) = [ 10g (Wm)) dpu(m) .

Here, we derive the density between the pullback measure and the prior. Let &/ be any
measurable subset of .#, we have

(WY o T) () = [r ) !

=Zv |, (=(®¥ o T)(m)) d(po T)(m).

The existence and the formula of the Radon—Nikodym derivative between po T and g is
non-trivial; see Section 6.6 of Bogachev (1998) for details. In the case where DyK(m) is a
trace class operator on H¢ p-a.e., we have

d(poT)

ST ) = detine (D) exp(= (K(m). ) = 5 1K (m) [2-0)
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where the determinant is taken as the product of eigenvalues with H¢-orthonormal eigen-
bases.
Therefore, the transport objective is given by

Dy (u||T#p¥) = Eppp | (®Y 0 T)(m) —logdetp, (DaT) + (Km,m)o-
1
+ 5 IKm) ¢ |+ Cr

Let us consider the perturbation of the identity K only acting on the latent space
Im(&,) = R% of the projection P = D, 0&, with & 0D, = Idg-. Then we have the following
alternative definition of lazy map through X:

’C:DTO(T*IdeT)Ogr7 T:Id%+}C7

Perturbation of the Identity
Transport in Im(P)

where D, and &, consists of He-orthonormal reduced bases. In this case, we have

logdet(DgyT(m)) = logdet(VT(Em)),
(K(m),m)e-r = (Em) T(Em) — |Emlf?,

1 1 1
SIKIE = S ITEmI + 5 lemll? = (Em) T T(Em).

Therefore we have
Dkr (|| T# 1Y)

1
=Em~u [(@y oT)(m)—logdet(VT(Em)) + 5 ||T(5rm)H2] + Cy
1
=By, [ (99 (D, 0 T) (2) 4 ) — logdet(VT(2)) + 3 [T(=)I] + O,
where p1| = (Id 4 — P)4p is the pushforward measure in the complimentary space.

Appendix D. Proofs of Theorems 4 and 5 and Corollary 6
D.1 Proof of Theorem 4

Proof Cui and Zahm (2021, Proposition 4.1) give the following equality:

By (Put GV 17%)] = e | | 60m) = GPro)[1_.] = Prs el

2
ry
2
it

+Eznn [HgOpt(Z) N g(z)HQ] '

Using triangle and Cauchy—Schwarz inequalities, we have

2

%Emw Mg(m) - G(Pm)|

| = B [ 00m) = G P

In
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Furthermore, Cao et al. (2025, Proposition 7) give the following upper bound:
2

In

Eprs {Hg(m) . éopt(Pm)H 1} < Try, ((Idg, — P)Ha (Idg, — P)),

which completes the proof. |

D.2 Proof of Theorem 5 and Corollary 6

Proof [Theorem 5] First, since the density between Tgym and 7 is essentially bounded we
have the following bound for any f € L!(7) due to a change-of-variables formula and the
Hoélder inequality:

Eanto,r [If (®)]] < CrEznr [[f(2)]],
where C] is the essential supremum of the density. Next, we have
VoLY(2,0) — VoLl (2,60) = VoTo(2) (Veop © To)(2) " ((8ops © To)(2) — V')
~VoTo(2) (VgoTo)(2) (80 To)(2) — V*y)
T
= VoTo(2) (VEop: © To)(2) — (V80 To)(2))  ((8opt © To)(2)
_ V*y)
+VeTo(2z) (VgoTo)(2)" ((8opt © To)(2) — (80 To)(2)) -
By Jensen’s, triangle, and Holder’s inequalities, we have
~ 2
(B~ |[Vo£®) = VoL @)])” < (Bguaoen |
2
< max{Cs, C3}EqTy,x [ |&opt () — g(2)|

+ || Veope(@) — Ve(@)][7. ]

VoLl(2,0) ~ VoLl (z, ">HD2

where the constants are given by
Co = Eanr [ (Vg To)(2)00To (2]
2
Cs = Elyaronon |[T0Tol2)" (Bepn To)() - V)]

Since G,G o P € H}.(.#;Hr,), we have g, .8 € H}(R%;R%). Moreover, since Cy =
ess sup,cpd- || VoT(2)| < oo, we have

Cy < C1C4ELr [HVg(z)H?} <oo, (C3< Clc4E(y,z)~’y®Tr |:Hgopt(z) - V*yHQ} < oo.

Therefore, we have

(Eyer [ vorv0) - vgiy(o)mf < max{Cs, C5}C1C1E e | || ope (2) — (=)

+ || Vo (2) - Ve2)I3 |
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Proof [Corollary 6] By the Polyak—Lojasiewicz inequality and the results in Part I, we have

Eyery N Lv(6v:t) — zy(ﬂyﬁ)} <Eyey MT Hvaaéy»UH]
1
< & max{Co, G5} 104 (Bavr | |lgops () — (=)
1/2
+ || Veo(2) - Ve)[I3 |)
where C5 = ess infy.,vV2AY > 0. [ ]

Appendix E. LazyDINO Implementation

In this section, we describe the algorithm for performing posterior approximation using
LazyDINO. In Appendix E.1, we describe the offline surrogate construction phase. Next,
in Appendix E.2, we describe the online solving of a BIP for a given observational data y.

E.1 Offline Phase: Surrogate Construction

Solving the Generalized Eigenvalue Problem We first describe the eigenvalue prob-
lem, referred to as eigenvalue problen in Algorithm 1, for finding the reduced basis
U, = {4 ?;1, which is used to form the encoder and decoder that maps between the
full parameter space and the latent space. Motivated by Theorem 4, we take W, to be
composed of the leading H¢-orthonormal eigenbasis functions of an MC approximation of
the generalized eigenvalue problem defined in (34):

Np
1 . . -
C A~ N § DGmWYTADG(mY)), mW) 1 . (57)
Jj=1

Following (35), the latent parameter space dimension d, < dim(.#) is chosen to capture
the dominant information in H 4; specifically, it is desirable to ensure that the eigenvalue
tail sum is small. For many high- to infinite-dimensional BIPs, d, is expected to be small
due to, e.g., Saint—Venant’s principle for coercive elliptic PDEs, concentration of measure,
and the low-rankness of sparse observations extracted from a PDE state.

When the discretization dimension of the problem is large, the generalized eigenvalue
decomposition must be computed matrix-free. To this end, there are many suitable com-
putational tools, such as randomized methods (Halko et al., 2011; Xiang and Zou, 2015;
Saibaba et al., 2016) and Krylov subspace methods (Golub and Ye, 2002; Saad, 1981;
Sorensen, 1998; van den Eshof and Sleijpen, 2004; Chowdhury, 1976). In this case, since
the computation of the eigenvalue tail is intractable, one can adaptively find a sufficiently
large dimension, d,, such that the eigenvalues have adequately decayed, i.e., Ag,. /A1 is small.

The samples needed to compute the reduced basis can be reused as part of the training
data set; far fewer samples are usually needed to compute the reduced basis than are needed
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Algorithm 1: LazyDINO: Identify Latent Space and Embed Dataset
Input:
(i) prior distribution sampler: p, prior precision operator: C~!

(ii) noise precision matrix: I',;1, observable basis V

(iii) PtO map: m — G(m), Jacobian action: DG(m)

(iv) # desired training dataset samples: N € N

(v) # samples to compute encoder/decoder: Nj < N

(vi) embedding dimension: d, or eigenvalue tail sum tolerance: €r,
Output:

(i) encoder/decoder pair: &, D,

(ii) latent space training dataset inputs: {z0)}, outputs: {g()}, {quj)}, j=1,...,N
begin
1. m(j)fv,u, j=1...,N > Sample prior
2. G(mU)), DG(mY), j=1,...,N > Evaluate Pt0 map/Jacobian
3. Create encoder/decoder:

(o € MY | eigenvalue_problem({DG(m?))}

> (34) and (57)

Np
=17

I t,c7 ey ord,)

D,z =Y 2y, & =D C! > (16) and (18)
4. Embed dataset: > (40) and (44)

20 £m), )« VIT1G(m©D), JW « VITIDG(mU)D,, j=
1,...,N

to train RB-DINO to the required low error tolerances; see Cao et al. (2025). In this case, the
additional latent Jacobian samples can be directly formed via its action or adjoint action,
as in (44). Specifically, once the PtO evaluation at mU) is available, only min(dy,d,)
evaluations of the PtO map derivative or its adjoint action are needed for a latent Jacobian
evaluation. The evaluation cost can often be reduced to a fraction of that for evaluating
the PtO map for linear or highly nonlinear PDEs. For details on efficient means to form
latent Jacobian matrices for PDE-constrained PtO maps, see Cao et al. (2025); Ghattas and
Willcox (2021). Empirical evidence of the low relative cost of forming the latent Jacobian
matrices can be seen in our numerical results in Tables 3 and 4.

Using the encoder and decoder, defined previously in terms of the reduced basis W,

and prior precision C~! in (16) and (18), we embed the training data into the latent space,
resulting in the whitened latent inputs 2\9) whitened PtO samples g\/), and whitened latent
Jacobian samples 7@ A summary of these procedures is given in Algorithm 1.
RB-DINO Surrogate Training Next, in Algorithm 2, we train RB-DINO using the embed-
ded data set. This involves a straightforward empirical risk minimization arising from MC
estimate of (43). Any method for stochastic unconstrained optimization, e.g., stochastic
gradient descent, Adam (Kingma and Ba, 2017), or second-order methods (Yao et al., 2021;
O’Leary-Roseberry and Bollapragada, 2024) can be used.
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Algorithm 2: LazyDINO: Train Surrogate Latent Representation

Input: A
(i) training dataset inputs: {z(j)}, outputs: {g(j)}, {Jﬁj)}, 7=1....N
(ii) untrained neural network: g, : R% x R%W — R

Output:
(i) trained neural network: g, -
begin
1. Train g, by minimizing an empirical risk:

w* = argmin% Zjvzl ( Hg(j) — 8w (z(j)) H2 + HJﬁj) ~ VaBuw (z(j)) Hi)

weRIW

end

E.2 Online Phase: Surrogate-Driven Lazy Map Variational Inference

We perform LMVTI using a stochastic approximation of the surrogate rKL objective and
its gradient defined in (45a). Algorithm 3 summarizes the LazyDINO training procedure
when using first order methods.

Since our latent PtO surrogate is a neural network, an MC estimate of the gradient of

the rKL objective with respect to transport map parameters, i.e., E, [511/,7« (z,0; w*)} , can
be computed rapidly on GPUs, especially when the surrogate objective function gradient
is a compiled batch-vectorized expression. In practice, the evaluation time of the surrogate
objective function gradient is almost negligible compared to the evaluation time of the
model-constrained LazyMap objective gradient.

Since iterations can be performed rapidly, we use rounds of stochastic approximation
(SA) optimization, increasing the batch sample size (Bollapragada et al., 2018) and decreas-
ing the learning rate each time for several computationally tractable iterations. We found
that using such a strategy was more successful than using either small or large batch sizes
alone. This strategy is similar to retrospective approzimation (RA) (Newton et al., 2024).

Appendix F. Laplace Approximation

We define the Laplace Approximation as the Gaussian distribution centered at the unique
strong minimizer, the mazimum-a-posteriori (MAP) estimate mprap, of the Onsager—Machlup
functional I,y : 4 — R of p¥, assuming it exists, with covariance defined as the inverse of
the Hessian operator of the functional at the MAP estimate. For the posteriors considered
in this work, the Onsager—Machlup functional is the sum of the potential function ®¥ and
the Onsager—Machlup functional of the Gaussian prior distribution, i.e.

maiap = argmin I,y (m),
meHN

pa =N, Ca)y 4 Lo (m) = 8¥(m) + §ml3-.. (58)
Cra = (D% (myap)) ™,
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Algorithm 3: LazyDINO: Surrogate-Driven Training of Latent Space Transport

Input:

(i) whitened latent prior sampler: m
(ii) single-sample surrogate latent space rKL objective for observation y: £31’7T(-, s w™)
(iii) untrained transport map with random initial weights: Tg : R% — R% g9
(iv) J batch sizes, learning rates, # iterations: (Bj,a;,1;),7=1,...,J

Output:

(i) trained transport map with pushforward density: Tg«, (Tg+)sm

begin
for j=1,...,J do
fori=1,...,1; do

{z(k)}fil ~ T > Sample a new stochastic batch
AG B%- ZkBi1 Vgﬁir(z(k), 01 w*) > Estimate gradient of
objective function
0’ +stochastic_gradient_based iteration(A6’,(6°,...,0"1) «;)
> e.g., Adamax
end
0° < 61
end
0% «— 0 > Last parameter is approximately optimal

end

so long as the potential function is Lipschitz continuous. The Onsager—Machlup functional
I,y generalizes the commonly known negative log-posterior density with respect to Lebesgue
measure, log 7Y, to posterior probability distributions; see, e.g., Kretschmann (2023) for a
more detailed discussion. In our numerical examples, we use an efficient Inexact Newton—
Conjugate Gradients numerical optimization algorithm (Dembo et al., 1982; Eisenstat and
Walker, 1996; Villa et al., 2021) to find the MAP estimate, myrap, which usually converged
within O(10) — O(100) inexact Newton iterations.

Appendix G. Density-Based Diagnostics

The key to computing density-based diagnostics is to evaluate the Radon—Nikodym deriva-
tive between the posterior approximation of interest and the prior, i.e., the approximate
likelihood evaluations. Here, we provide the formula for this Radon—Nikodym derivative for
Laplace approximation (LA) and transport map pushforward distributions.

G.1 Laplace Approximation

We consider the following decomposition of the LA covariance

A _ _ _
Cra =C—Dra ()\‘ j_ 15jk> ELaC, CiA=C '+ C'Dra(Njdik)ELa,
j
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where Dy a and &, are the linear encoder and decoder based on the eigendecomposition of
the prior-preconditioned Hessian of the potential at the MAP point myap, and Apa = Ajd;;
is a diagonal matrix consisting of eigenvalues. The Radon—-Nikodym derivative between pg,a
and the prior y is given by

dMLA( - dpra dN(0,Cra)
dp dN(0,Cra) dp

1 1
= exp ( —5 Imasap|lz-— — 3 l€Lammapl, , + (ELamuap) ' Ava(ELam) (59)

1 1
+ maapsmeos + 5 D log(1+4)) = 5 éamlly,,, ).
J

For example, the rKL between the LA and the true posterior is given by

dprpa dp
Y\ —
Dxr(pallp?) = Emepa [10g< m (m) 3 e (m)ﬂ

d
=MMMFWMH%($Nmﬂ+mza

where the Radon—Nikodym derivative at parameters samples can be computed using (59).

G.2 Lazy Map Pushforward Posterior
Let 7 be a lazy map, then we have

dTsp
dp

(m) = Tyr(Em)  (mo T 1) (&m)|det VT HEm)|
- w(&m) m(Em) ’

(60)

where T is the latent space transport map. For example, the rKL between the lazy map
pushforward and the posterior is given by:

d7y d
wmwwzmw¢%@$mﬁw@}
d7gu

= EonTin [(I)y(m) +log (du(m)] +log ZY,

where the Radon—Nikodym derivative at parameters samples can be computed using (60).

Appendix H. Details of the Training Procedures

Surrogate Training. For RB-DINO, we used a learning rate of 1 x 1073 and decreased
it to 3 x 107 for the final 375 epochs. For RB-NO in Example I, the learning rate af
and epoch number E7 for each training data size N7, reported here as (o, E’, N7) are

{(2 x 1074, 1500, 125), (2 x 1074, 1500,250), ... (2 x 10~%,1500,8k), (2 x 10~4, 500, 16k:)}.
For RB-NO in Example II, we used {((1 x 1074,3000, 125), (1 x 1074, 3000, 250), ... (1 x

1074, 3000, 4k), (1 x 10~%,5000, 8k), (5 x 10~°,5000, 16k) } We used the validation set to
ensure that training with these parameters yielded similar training and generalization errors.
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Transport Map Training For LazyDINO and LazyNo, we employ Adamax (Kingma and
Ba, 2017) with 5 batch sizes, as defined in Algorithm 3. For minimization j, we use I;
iterations using a Bj-sample MC gradient estimator and learning rate «;, labeled here

as (I, By, aj): {(5kz, 200,5 x 1073), (1k,500,5 x 1073), (1k,2,000,5 x 1073), (1k, 5,000, 5 x

1073), (1k,7,500,5 x 10_4)}, where we decrease the learning rate slightly when we reach

the final stochastic approximation batch sample size 7,500. For LazyMap, since each
Adamax iteration involves PtO map evaluations (referred to as training samples in our
results), we use only one batch size, (Io, By, ag) = (200,640,5 x 1073) for Example I and
(In, Bo, ) = (200,100,5 x 1073) for Example II, for a total of 128,000 and 20,000 PtO
map evaluations, respectively. For comparison in the numerical result sections, error mea-
sures are recorded after steps #(5,10,...,320,640), which equal training sample sets of
size (1,000, 2,000, ...,64,000, 128,000), respectively. For A-SBI, we train in batches of size
100, sampled without replacement, over epochs with a fixed learning rate of 5 x 107%. We
terminated optimization when the validation error did not decrease for 10 epochs.

Appendix I. Additional Numerical Results

We first visualize discrepancies in the mean, MAP point, and pointwise variances across
different methods and training sample sizes for BIP #2 of Example I in Figures 22 to 24
and for BIP #4 of Example II in Figures 25 to 27. These comparisons allow the methods to
be visually differentiated in their ability to resolve features in the inferred parameter fields.
The figures show that LazyDINO can capture these posterior predictives somewhat faithfully
for 250 samples, while other methods struggle with orders of magnitude more samples.

In Figure 28, we visualize the eigenvalues used for latent space identification in (34).
The resulting decoder and encoder are visualized in Figures 29 and 30 for Examples I and II,
respectively. Notably, the location of the pointwise output observation is visible in the plots
of encoder columns, which reflects the fact that the derivative-based dimension reduction
seeks to explain the variance in the observables as opposed to the parameter only.

Lastly, we showcase the capability of LazyDINO for accurate posterior approximation
through expanded posterior marginal plots in Figures 31 and 32 for BIP #2 of Example 1
and BIP #4 of Example II, respectively. These plots show that in the ten leading latent
space coordinates, the true posterior marginals are matched remarkably well by LazyDINO
at 16k training samples. To understand the difficulty of these BIPs, we also visualize these
posterior marginals along with the prior contours in Figures 33 and 34. These plots show
that the difference between the prior and posterior is indeed significant.
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Figure 22: Example I: Progression of Posterior Mean Estimators.
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Figure 23: Example I: Progression of MAP Estimators.
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Figure 24: Example I: Progression of Posterior Pointwise Variance Estimators.
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Figure 25: Example II: Progression of Posterior Mean Estimators.
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Figure 26: Example II: Progression of MAP Estimators.
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Figure 27: Example II: Progression of Posterior Pointwise Variance Estimators.
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Visualization of eigenvalue decay for the generalized eigenvalue problem in (34)

for subspace identification in the two numerical examples.

Figure 29:
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Example I: Selected Decoder Rows and Encoder Columns. The encoder

columns are computed by applying the prior precision operator to the decoder rows. The
encoder action on input is given by the vector space inner product of the encoder columns
(discretized) on the input (discretized).
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Figure 30:

Example II: Selected Decoder Rows and Encoder Columns. See com-

ments in Figure 29 for interpretation.
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Figure 31: Example I and BIP #2: LazyDINO Posterior Marginals. These coordinates
correspond to the leading coordinates parameter latent space with the largest eigenvalues
of (34).
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Figure 32: Example II and BIP #4: LazyDINO Posterior Marginals. These co-
ordinates correspond to the leading coordinates parameter latent space with the largest
eigenvalues of (34).
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Figure 33: Example I and BIP #2: LazyDINO Posterior Marginals vs. Prior
Marginals. These coordinates correspond to the leading coordinates parameter latent
space with the largest eigenvalues of (34). The black contours represent the prior, which is
standard normal in the latent space coordinates.
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Figure 34: Example IT BIP #4: LazyDINO Posterior Marginals vs. Prior Marginals.
These coordinates correspond to the leading coordinates parameter latent space with the
largest eigenvalues of (34). The black contours represent the prior, which is standard normal
in the latent space coordinates.
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