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Abstract

In this paper, we consider the problem of partitioning a small data sample of size n drawn
from a mixture of 2 subgaussian distributions in Rp. We consider semidefinite program-
ming relaxations of an integer quadratic program that is formulated essentially as finding
the maximum cut on a graph, where edge weights in the cut represent dissimilarity scores
between two nodes based on their p features. We define the signal-to-noise ratio (SNR)
as s2 := min{npγ2,∆2}, where ∆2 := pγ denotes the ℓ22 distance between the two cluster
centers. For both balanced and unbalanced cases, we allow each population to have distinct
covariance structures Σ1,Σ2 with diagonal matrices as special cases. Our contributions are
twofold. First, we provide a unified framework for analyzing three computationally efficient
algorithms: SDP1, BalancedSDP, and Spectral clustering, yielding universal polynomial-
rate misclassification guarantees for all three algorithms. Moreover, our framework accom-
modates a full range of tradeoffs between n, p, and γ, allowing for partial recovery (success
rate < 100%) when s2 is lower bounded by a constant. Second, we prove that the mis-
classification errors for SDP1 and BalancedSDP decay exponentially with respect to the
SNR s2 and the BalancedSDP requires no explicit debiasing when the two clusters have
equal sizes. To our knowledge, this is the first time such results are obtained for semidef-
inite relaxations of MAXCUT in population clustering. We provide simulation evidence
illuminating the theoretical predictions.

Keywords: Concentration of measure, MAXCUT, mixture of subgaussian distributions,
partial recovery, semidefinite programming relaxation, spectral clustering

1. Introduction

We explore a type of classification problem that arises in the context of computational
biology. The biological context for this problem is that we are given DNA information
from n individuals from k populations of origin and we wish to classify each individual into
the correct population. DNA contains a series of markers called SNPs (Single Nucleotide
Polymorphisms), each of which has two variants (alleles). We use bit 1 and bit 0 to denote
them. The problem is that we are given a small sample of size n, e.g., DNA of n individuals
(think of n in the hundreds or thousands), each described by the values of p features or
markers, e.g., SNPs (think of p as an order of magnitude larger than n). Features have
slightly different probabilities depending on which population the individual belongs to.
For the rest of this section, we focus on k = 2. We defer the discussion of the more general
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model with k > 2 in Sections 2 and 6. Denote by ∆2 the ℓ22 distance between two population

centers (mean vectors), namely, µ(1), µ(2) ∈ Rp, where µ(i) = (µ
(i)
1 , . . . , µ

(i)
p ), i = 1, 2,

∆2 :=
∥∥∥µ(1) − µ(2)

∥∥∥2
2
=

p∑
k=1

(µ
(1)
k − µ

(2)
k )2 and γ := ∆2/p. (1)

Our goal is to use these features to classify the individuals according to their population
of origin. The objective we consider is to minimize the total data size D = np needed
to correctly classify the individuals in the sample as a function of the “average quality”
γ := ∆2/p of the features; cf. (1). Let A = (aij) be an n × n symmetric random matrix,
where for 1 ≤ i, j ≤ n, aij = aji > 0 denotes the edge weight, also known as the dissimilarity
score, between nodes i and j, computed from the individuals’ bit vectors.

For ease of discussion, let the edge weight equal the Hamming distance between the
bit vectors of the two endpoints. Recall the weight of a cut is the sum of non-negative
weights across all edges in the cut. It was previously shown that, in expectation, among
all balanced cuts in the complete graph formed among n vertices (sample points), the
cut of maximum weight corresponds to the correct partition of the n points according to
their distributions in the balanced case with two populations (n1 = n2 = n/2); see, for
example Zhou (2006). Under suitable conditions, the statement above also holds with high
probability (w.h.p.) (Chaudhuri et al., 2007; Zhou, 2006).

In other words, in the context of population clustering, Chaudhuri et al. (2007) and Zhou
(2006) show that one can use a random instance of the integer quadratic program:

(Q) maximize xTAx subject to x ∈ {−1, 1}n (2)

to identify the correct partition of nodes according to their population of origin w.h.p. in
the balanced case, as long as the data size D = np is sufficiently large and the separation
metric satisfies ∆2 = Ω(log n). The integer quadratic program (2) is NP-hard (Karp, 1972).
In a groundbreaking paper, Goemans and Williamson (1995) show that one can use a
semidefinite program (SDP) as a relaxation to solve (Q) approximately.

1.1 Estimators and convex relaxation

In the present setting, we study three semidefinite programs related to the graph cut prob-
lem (2) and provide a unified analysis; cf. Theorems 7, 10, 6 and 17. Formally, suppose we
are given a data matrix X ∈ Rn×p with samples from two populations C1, C2, where

∀i ∈ Cg, E(Xij) = µ
(g)
j , j ∈ [p], where µ(g) = (µ

(g)
1 , . . . , µ(g)p ) ∈ Rp,∀g ∈ {1, 2}, (3)

and the sizes of clusters |Cℓ| =: nℓ, ∀ℓ may not be the same. Here we denote by [p] the set
of integers {1, . . . , p}. Our goal is to estimate the group membership vector

u2 ∈ {−1, 1}n such that u2,j = 1 for j ∈ C1 and u2,j = −1 for j ∈ C2. (4)

Semidefinite relaxations. To estimate the group membership vector u2 ∈ {−1, 1}n, we
consider the following semidefinite optimization problem: for a symmetric matrix A,

(SDP) maximize ⟨A,Z⟩ subject to Z ⪰ 0, In ⪰ diag(Z), (5)
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where In denotes the identity matrix and A ∈ Rn×n will be specified in the sequel. Here
A ⪰ B means that A−B ⪰ 0 and the inner product of matrices ⟨A,B⟩ = tr(ATB). Hence
Z ⪰ 0 indicates that the matrix Z is constrained to be positive semidefinite. Let 1Tn =
[1, . . . , 1] ∈ Rn denote a vector of all 1s. Let En := 1n1

T
n . As in many statistical problems,

one simple but critical step is to first obtain the centered data Y . Loosely speaking, this
procedure is called “global centering” in the statistical literature; see for example Hornstein
et al. (2019) and references therein. In the present work, to find a convex relaxation, we
will first construct a matrix Y by subtracting the sample mean µ̂n := 1

n

∑n
i=1Xi ∈ Rp from

each row vector Xi of the data matrix X:

Y = X − P1X, and P1 := 1n1
T
n/n = En/n is a projection matrix. (6)

Given matrix Y , with row vectors Y1, . . . , Yn ∈ Rp, where Yi = Xi − µ̂n, we construct:

A := Y Y T − λ(En − In), where λ =
2

n(n− 1)

∑
i<j

⟨Yi, Yj⟩. (7)

More explicitly, (SDP) (5) with A as in (7) is equivalent to the optimization problem (SDP1),

(SDP1) maximize ⟨Y Y T − λEn, Z⟩ subject to Z ⪰ 0,diag(Z) = In. (8)

See Proposition 13 for the equivalence of (SDP) and (SDP1). Since all possible solutions of
(Q) are feasible for (SDP), the optimal value of (SDP) is an upper bound on the optimal
value of (Q). We refer to Goemans and Williamson (1995) for earlier works in the design
and analysis of approximation algorithms for the MAX CUT problem.
Variations for balanced partitions. For balanced partitions, we propose the following
new estimator BalancedSDP, which is a variation of (SDP1):

(BalancedSDP) : maximize ⟨Y Y T , Z⟩ (9)

subject to Z ⪰ 0, In = diag(Z), and ⟨En, Z⟩ = 0.

Here we add one more constraint that tr(EnZ) = 1TnZ1n = 0 and hence 1n is the eigenvector
corresponding to the smallest eigenvalue λmin(Z) = 0 of Z ⪰ 0. As we will show, centering
the data matrix X plays a crucial role not only in the design and analysis of our convex
optimization algorithms, but also in understanding the sample size lower bounds for partial
recovery of the clusters for each algorithm.

1.2 Contributions

Our work fills an important gap in the formulation and analysis of the MAXCUT-based
SDP (5) as well as in understanding its connection to spectral methods (Blum et al., 2009)
and the k-means criterion in clustering. For two numbers a, b, a ∧ b := min(a, b) and
a ∨ b := max(a, b). In this paper, we propose using the matrix Ã := Y Y T − λEn (8) (resp.
the Gram matrix Y Y T ) instead of XXT as the input to (SDP1) (resp. BalancedSDP)
as convex relaxations of MAXCUT. We make the following contributions: (a) The global
centering of the data matrix X enables sharp concentration of measure bounds to be derived
in Theorems 8 and 6, directly leading to the polynomial-rate misclassification guarantees for
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(SDP1) and spectral clustering in Theorems 7 and 17; (b) This innovative approach enables
a simultaneous, transparent, and unified global and local analysis framework, resulting in
an exponentially decaying error bound in s2 for both aforementioned semidefinite programs
in Theorems 10 and 11, respectively, where s2 ≍ (pγ)∧ (npγ2). This exponentially decaying
error bound implies that when s2 = Ω(log n), perfect recovery of the cluster structure is
achieved; (c) We demonstrate statistical convergence and computational feasibility even in
the low-SNR (signal-to-noise ratio) regime when s2 = o(log n); (d) The design and analysis
of the semidefinite programs, namely, (SDP1) and (BalancedSDP), also shed light on the
important issue of debiasing. In particular, the remarkably good solution to balanced MAX
CUT as shown in Theorem 11 is obtained without any explicit debiasing.

To the best of our knowledge, this is the first time such results are obtained for semidefi-
nite relaxations of MAX CUT in population clustering. Previously, the spectral algorithms
in Blum et al. (2009) partitioned sample points based on the top k eigenvectors of the Gram
matrix XXT , following an idea that goes back at least to Fiedler (1973). In contrast, the
spectral analysis in this paper uses the Gram matrix Y Y T based on centered data, and
directly improves upon the results in Blum et al. (2009) by removing the lower bound on
n. Importantly, through this design choice of global centering of the data matrix, we not
only overcome technical obstacles but are also able to make meaningful connections to the
semidefinite relaxations for the k-means criterion by Peng and Wei (2007).

Organization. The rest of the paper is organized as follows. Section 2 provides back-
ground, describes our global and local theory, and presents preliminary results. In Section 3,
we present our main theoretical results in Theorems 7, 10, 11, 16, and 17, respectively.
We summarize the relevant related work in Section 3.6. In Section 4, we present a proof
sketch for Theorems 10 and 11. In Section 5, we state a reduction principle for proving the
new concentration bounds on

∥∥Y Y T − EY Y T
∥∥
2
. In Section 6, we highlight the connections

and key differences between our approach and convex relaxations based on the k-means
criterion. In Section 7, we present numerical examples, where we compare three algorithms
based on (SDP1), BalancedSDP, and spectral clustering, and show they have similar trends
as predicted by the SNR. We prove Theorems 7, 16, 10, 11, 17, and their corollaries in
Sections 3.3, 3.5, and 8 to 12, respectively. We conclude in Section 13. This paper combines
results from two arXiv preprints Zhou (2023) and Zhou (2024b). Additional technical proofs
are provided in the Appendix. For full proofs omitted from this manuscript, we direct the
reader to the extended version of this paper Zhou (2026).

Notation. Let Bn
2 and Sn−1 be the unit Euclidean ball and the unit sphere in Rn,

respectively. Let e1, . . . , en be the canonical basis of Rn. For a set J ⊂ [n], denote
EJ = span{ej : j ∈ J}. For a vector v ∈ Rn, we use vJ to denote the subvector (vj)j∈J .
Let ∥v∥1 :=

∑
j |vj | and ∥v∥2 := (

∑
j v

2
j )

1/2. For a symmetric matrix M , let λmax(M)
and λmin(M) be the largest and smallest eigenvalues of M , respectively. The operator
norm is defined as ∥M∥2 =

√
λmax(MTM). For a matrix B = (bij) of size n × n, let

vec{B} be formed by concatenating the columns of B into a vector of size n2. Denote by
Bn×n

1 = {(bij) ∈ Rn×n :
∑

i,j |bij | ≤ 1} the unit ℓ1-ball over vec{B}. Let ∥B∥1 =
∑n

i,j=1 |bij |
and ∥B∥F = (

∑
i,j b

2
ij)

1/2. Let ∥A∥max = maxi,j |aij |. Let diag(A) and offd(A) be the diago-
nal and off-diagonal parts of matrix A, respectively. We write a ≍ b if ca ≤ b ≤ Ca for some
positive absolute constants c, C that are independent of n, p, and γ. We write f = O(h) or
f ≪ h if |f | ≤ Ch for some absolute constant C <∞, and f = Ω(h) or f ≫ h if h = O(f).
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We write f = o(h) if f/h→ 0 as n→ ∞. In this paper, C,C1, C2, C3, C4, c, c
′, c1, . . . denote

various absolute positive constants that may change line by line.

2. Approach and background

Our work is motivated by two threads of research in combinatorial optimization and in
community detection to reformulate the MAX CUT problem (2) and its convex relaxations
(SDP1 and BalancedSDP) in clustering. The present work is inspired by the original com-
binatorial analysis in Zhou (2006) and Chaudhuri et al. (2007), as well as the novel ideas
in Guedon and Vershynin (2016) to revisit the MAXCUT-based graph partition problem (2).
While Chaudhuri et al. (2007) and Zhou (2006) originally proposed the integer quadratic
program (2) in the context of population clustering, their focus was on the formulation of
(Q) with various choices of A rather than using computationally efficient algorithms such
as the SDP relaxation (5) to solve (2). The global analysis framework for the semidefinite
relaxation (Guedon and Vershynin, 2016) was set in the context of community detection in
sparse networks, where A represents the adjacency matrix of a random graph.

Guedon and Vershynin (2016) study the semidefinite relaxation of the integer pro-
gram (2), where an n× n random matrix A (observed) is used to replace the hidden static
R in the original integer quadratic problem (10) such that EA = R:

maximize xTRx subject to x ∈ {−1, 1}n. (10)

The proof strategy of Guedon and Vershynin (2016) is to apply Grothendieck’s inequality
to the random error A − EA rather than to the original matrix A as considered in earlier
literature: bounding the cut norm of A − EA plays an important role in deriving an error
bound for Ẑ − u2u

T
2 in the Frobenius norm, where Ẑ is an optimal solution to (SDP) (5);

cf. (4). We refer to this approach as the global analysis, following Chrétien et al. (2021).

2.1 Roadmap

In the present work, we focus on the regime where partial recovery (rather than exact
recovery) is possible. We first develop a global theory by centering the data and constructing
an ideal reference matrix, which via Grothendieck’s inequality and Davis–Kahan bounds
yields universal polynomial-rate misclassification guarantees for three algorithms (SDP1,
BalancedSDP, and spectral clustering) under minimal signal conditions.

The important distinction between the present work and that considered by Guedon
and Vershynin (2016) is that to estimate the group membership vector u2 (4), we replace
the random adjacency matrix arising from stochastic block models with an instance of a
symmetric matrix A (7) computed from the centered data matrix Y as in (6). However,
unlike the setting in Guedon and Vershynin (2016), EA ̸= R, resulting in a bias that needs to
be corrected. Moreover, with the new concentration of measure bound on

∥∥Y Y T − EY Y T
∥∥
2

in Theorem 6, we can simultaneously analyze (SDP1) in Theorem 7 as well as the spectral
algorithm in Theorem 17. We are also able to explain the theoretical underpinning of
the observed concentration of measure phenomena in high dimensions (Zhou, 2006; Blum
et al., 2009), simultaneously for the spectral method and the semidefinite optimization goals,
using global and local analyses, where the input is now based on the Gram matrix Y Y T
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computed from centered data. With local analyses, we prove an exponentially decaying
error in Frobenius norm for Ẑ − u2u

T
2 , where Ẑ is an optimal solution to (SDP1) (resp.

BalancedSDP) with respect to the signal-to-noise ratio (SNR) in Theorem 10 (resp. 11).
We first present the technical ingredients and important ideas for proving these results,
while highlighting connections to and key distinctions from existing work. We will briefly
introduce the k-means criterion, where k ≥ 2, in Section 2.4. We defer further discussion
to Sections 3 to 6.

2.2 Technical ingredients

We now elaborate on the construction of a reference matrix and the tools for deriving
the large deviation bound on

∥∥Y Y T − EY Y T
∥∥
2
, while deferring the discussion of bias and

local analyses to Sections 2.3, 3.2, 3.5, 4, and 6. Denote by wmin := minj=1,2wj and
wmax := maxj=1,2wj . We use nmin := nwmin and nmax := nwmax to represent the size of the
smallest and the largest cluster, respectively. We consider wmin as a constant throughout
this work. Let M+

G = {Z : Z ⪰ 0, In ⪰ diag(Z)} and

Mopt = {Z : Z ⪰ 0, diag(Z) = In} ⊂ M+
G ⊂ [−1, 1]n×n. (11)

Construction of a reference matrix. To take this global approach, upon centering, we
crucially construct a static reference matrix R := E(Y )E(Y )T with the desired properties.
Then, Z∗ = u2u

T
2 ∈ Mopt, for the convex set Mopt as in (11) will maximize the reference

objective function ⟨R,Z⟩ among all Z ∈ [−1, 1]n×n, and naturally among all Z ∈ Mopt; cf.
Lemma 1. Recall the overall goal of convex relaxation is to: (a) estimate the solution of
the integer quadratic problem (10) with an appropriately chosen reference matrix R such
that solving (10) will recover the cluster exactly; and (b) choose the convex set M+

G (resp.
Mopt (11)) so that the semidefinite relaxation of the static problem (10) is tight. This means

that when we replace A (resp. Ã := Y Y T −λEn) with R in (SDP) (5) (resp. SDP1 (8)), we
obtain a solution Z∗ = u2u

T
2 for the group membership vector u2 ∈ {−1, 1}n in (4), which

can then be used to recover the clusters exactly.

Lemma 1 (The reference matrix). W.l.o.g., suppose the first n1 rows of X belong to C1
and the rest belong to C2. Let w1 := n1/n and w2 := n2/n. We construct

R := E(Y )E(Y )T = pγ

[
w2
21n1 ⊗ 1n1 −w1w21n1 ⊗ 1n2

−w1w21n2 ⊗ 1n1 w2
11n2 ⊗ 1n2

]
, (12)

for Y as defined in (6). Then Z∗ = argmaxZ∈Mopt
⟨R,Z⟩ = u2u

T
2 for Mopt as in (11).

Anisotropic subgaussian random vectors as noise. First, recall for a random variable
X, the ψ2-norm of X, denoted by ∥X∥ψ2

, is ∥X∥ψ2
= inf{t > 0 : E exp(X2/t2) ≤ 2}.

Definition 2. A random vector W ∈ Rm is called subgaussian if the one-dimensional
marginals ⟨W,h⟩ are subgaussian random variables for all h ∈ Rm: (1) W is called isotropic
if for every h ∈ Sm−1, E |⟨W,h⟩|2 = 1; (2) W is ψ2 with a constant α if for every h ∈ Sm−1,
∥⟨W,h⟩∥ψ2

≤ α. The subgaussian norm of W ∈ Rm is denoted by

∥W∥ψ2
:= sup

h∈Sm−1

∥⟨W,h⟩∥ψ2
. (13)
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Definition 2 is standard; see for example Definition 1.1 Rudelson and Zhou (2017) and
Definition 3.4.1 Vershynin (2026). Denote by Z = X−EX = [Z1, . . . ,Zn]T the noise matrix
with independent, mean-zero, subgaussian random vectors Z1, . . . ,Zn ∈ Rp. We now state
the data generative process for Z ∈ Rn×p in Definition 3 that we use throughout this
paper. Crucially, we prove the concentration bound in Theorem 4, which corresponds to
the Hanson-Wright inequalities (Hanson and Wright, 1971; Rudelson and Vershynin, 2013),
but for anisotropic subgaussian vectors.

Definition 3 (Data generative process). Let H1, . . . ,Hn be deterministic p×m matrices,
where we assume that m ≥ p for simplicity; let σ2max = maxi∥Hi∥22. Suppose random
matrix W = [W1, . . . ,Wn]

T = (wjk) ∈ Rn×m, where W1, . . . ,Wn ∈ Rm are independent,
isotropic, subgaussian random vectors, each with independent, mean-zero coordinates such
that Cov(Wj) := EWjW

T
j = Im, ∀j ∈ [n] and E[wjk] = 0,∀j, k. Denote by

K := max
j,k

∥wjk∥ψ2
and C0 := max

j
∥Wj∥ψ2

, where K ≤ C0 ≤ CK (14)

for an absolute constant C; see Lemma 3.4.2 (Vershynin, 2026). Suppose

∀j ∈ [n], Zj = HjWj , where Hj ∈ Rp×m and 0 < ∥Hj∥2 ≤ σmax <∞.

Theorem 4 (Hanson-Wright inequality for anisotropic subgaussian vectors). Let
H1, . . . ,Hn be deterministic p × m matrices, where m ≥ p. Let ZT1 , . . . ,ZTn ∈ Rp be row
vectors of Z. We generate Z = [Z1, . . . ,Zn]T ∈ Rn×p according to Definition 3. Let K and
C0 be as defined in (14). Then we have for any A = (aij) ∈ Rn×n and t > 0,

P
(
|
n∑
i=1

n∑
j ̸=i

⟨Zi,Zj⟩aij | > t
)

≤ 2 exp
(
− cmin

( t2

p(Kσmax)4∥A∥2F
,

t

(Kσmax)2∥A∥2
))
,

where ∀j ∈ [n], ∥Zj∥ψ2
:= sup

v∈Sp−1

∥⟨Zj , v⟩∥ψ2
≤ ∥Wj∥ψ2

∥Hj∥2 ≤ C0σmax. (15)

Theorem 4 and its proof may be of independent interest; cf. Section A. See Exercise
6.8 by Vershynin (2026) for a related result. In the context of Theorem 4, Hj ’s are allowed
to repeat, e.g., across rows from the same cluster Ci for i = 1, 2. Lemma 5 characterizes
the two-group design matrix covariance structures considered in Theorems 6, 7, 10, and 11,
using the data generative process in Definition 3. We prove Lemma 5 in Section A.1.

Lemma 5 (Two-group subgaussian mixture model). Denote by X the two-group
design matrix considered in (3). Let random matrix W = [W1, . . . ,Wn]

T = (wjk) ∈ Rn×m
and C0 be the same as in Definition 3 with CK ≥ C0 ≥ K where K := maxj,k ∥wjk∥ψ2

and C is an absolute constant. Let Hi ∈ Rp×m, i = 1, 2 be deterministic matrices with
0 < ∥Hi∥2 ≤ σmax < ∞, ∀i. Suppose for j ∈ Ci ⊂ [n], EXj = µ(i) and Zj := Xj − EXj =
HiWj ∈ Rp, where i = 1, 2. Then for both i ∈ {1, 2},

∀j ∈ Ci, Cov(Zj) := EZjZTj = HiH
T
i =: Σi where tr(Σi) =: Vi = ∥Hi∥2F .

Moreover, Z1, . . . ,Zn ∈ Rp are independent, mean zero, subgaussian random vectors with
covariance Cov(Zj) satisfying (16) and (17):

∀j ∈ [n], ∥⟨Zj , x⟩∥ψ2
≤ C0 ∥⟨Zj , x⟩∥L2

for any x ∈ Rp, where (16)

∥⟨Zj , x⟩∥2L2
:= E⟨Zj , x⟩2 = xT (EZjZTj )x = xTCov(Zj)x. (17)
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2.3 Concentration of measure, local analysis and debiasing

Theorem 6 is an important result in this paper. The concentration bounds on the operator
norm of Y Y T − EY Y T imply that, up to a constant factor, the same bounds also hold for
A − EA (and B − EB, cf. (30)). As a result, the error bound in Theorem 6 is crucial in
the global analysis leading to Theorem 7, as well as our analysis of a spectral clustering
algorithm in Theorem 17.

Theorem 6 (Concentration for anisotropic design). Let X and C0 be as in Lemma 5

and Y be as in (6). Let ∆2 =
∥∥µ(1) − µ(2)

∥∥2
2
= pγ. Let

µ := (µ(1) − µ(2))/
√
pγ ∈ Sp−1. (18)

Suppose for some parameter ξ satisfying w2
min/16 > ξ = Ω(1/nmin) and σ

2
max := maxi ∥Hi∥22,

pγ ≥ C2C
2
0σ

2
max/ξ

2 and np ≥ C3C
4
0σ

4
max/(γ

2ξ2). (19)

Then with probability at least 1− 2 exp(−c8n), we have∥∥Y Y T − EY Y T
∥∥
2

≤ C4C0(max
i

∥∥HT
i µ
∥∥
2
)n
√
pγ + C5C

2
0σ

2
max(

√
pn ∨ n) (20)

≤ ξnpγ/6.

We mention in passing that a natural and common choice for A in (SDP) in the literature
is the Gram matrix XXT ; however, the large deviation bounds on

∥∥XXT − EXXT
∥∥
2
will

not be sufficient to apply the global analysis framework as in Guedon and Vershynin (2016).
We give a proof sketch of Theorem 6 in Section 5, with full proof in Section C.
Local analysis. In the context of Lemma 5, the notion of SNR introduced in Section 1.2
can now be properly adjusted in view of (16) and (17):

SNR anisotropic: s2 =
∆2

C2
0σ

2
max

∧ npγ2

C4
0σ

4
max

, where σ2max := max
j

∥Cov(Zj)∥2. (21)

Crucially, we also obtain a uniform control for ⟨Y Y T − EY Y T , Ẑ − Z∗⟩ over all Ẑ ∈ Mopt in
the local neighborhood of Z∗ = u2u

T
2 with high probability; cf. Lemma 22. As a result, the

misclassification errors are shown to decay exponentially in the SNR parameter s2 (21) in
the settings of Theorems 10, 11, and Corollary 19 for the subgaussian design with dependent
features considered in Lemma 5, as long as s2 is bounded below by a constant as in (19).
This gives rise to the notion of a local analysis; we refer to Chrétien et al. (2021) and
Sections 4, 8, 11, and 12 for further details and references.
Debiasing. Consider the model in Lemma 5. For both balanced and unbalanced cases,
we allow each population to have distinct covariance structures with diagonal matrices as
special cases. Let |C1| = n1 and |C2| = n2. Suppose k = 2. Let Zj = Xj − EXj ∈ Rp,
j ∈ [n]. Let Vi denote the trace of the covariance Cov(Zj) = EZjZTj for all j ∈ Ci:

V1 = E⟨Zj ,Zj⟩ ∀j ∈ C1 and V2 = E⟨Zj ,Zj⟩ ∀j ∈ C2. (22)

Such a discrepancy in their traces is known to cause a bias, which needs to be explicitly
addressed; cf. (57). See, for example Royer (2017). Through the refined local analysis in

8
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the present work, we conjecture that for the balanced case (n1 = n2 = n/2), the bias may
have already been substantially reduced due to our centering and adjustment steps in the
construction of A (7) for (SDP) and (SDP1). This insight leads to the design of a new
estimator, namely, BalancedSDP (9). As such, we eliminate the bounded trace-difference
assumption (A2) in Theorem 11 despite not making any explicit adjustment to the Gram
matrix Y Y T . In this sense, the results obtained in Theorem 11 for balanced partitions are
stronger and more robust than those in Giraud and Verzelen (2019) for k = 2. See the
discussion following Theorem 11. See Sections 6, 11, and 12 for full exposition. We defer
the discussion of SNR to Section 3.1 after stating Theorem 10.

2.4 Generalization to the k-means criterion

More generally, one may consider semidefinite relaxations for the following subgaussian
mixture model with k centers, where we have n observations X1, X2, . . . , Xn ∈ Rp:

Xi = µ(ψi) + Zi, i ∈ [n], (23)

where Z1, . . . ,Zn ∈ Rp are independent, subgaussian, mean-zero random vectors, and ψi ∈
{1, . . . , k} assigns node i to a group Cj with mean µ(j) ∈ Rp for some j ∈ [k].

Giraud and Verzelen (2019) establish bounds for a semidefinite program based on the k-
means criterion, following the proposal by Peng and Wei (2007), where the positive semidefi-
nite matrix Z ∈ Rn×n is constrained to have non-negative entries. Specifically, they consider
Ẑ = argmaxZ∈Mk

⟨XXT , Z⟩, where Mk = {Z ∈ Rn×n : Z ⪰ 0, tr(Z) = k, Z1n = 1n, Zij ≥
0,∀i, j}. Enforcing these non-negativity constraints (Zij ≥ 0,∀i, j) in Mk regularizes the
convex problem to resemble the k-means criterion, but it nonetheless incurs an additional
computational cost. In Section 6, we elaborate on k-means relaxations, including SVD-
based algorithms that allow for reduced computational complexity by eliminating both the
non-negativity and row-sum (Z1n = 1n) constraints. We analyze this algorithm for k = 2
in Theorem 17 in the present work.

While the theoretical results in Theorem 10 are developed in the same spirit as those
of Giraud and Verzelen (2019) for k = 2, we prove them for the much simpler MAXCUT-
based SDP (5) with the constraint set {Zii ≤ 1, ∀i ∈ [n]}, and for (SDP1) with the minimal
constraint set {Zii = 1, ∀i ∈ [n]}, both under the condition Z ⪰ 0. Consequently, we reduce
the problem from O(n2) linear constraints in Mk to exactly n linear constraints in M+

G or
Mopt, as defined in (11). The objective of dropping the O(n2) non-negativity constraints on
the elements of Z in Mk introduced by Peng and Wei (2007) is to reduce the computational
complexity without compromising statistical convergence. Our theory confirms that the
MAXCUT-based semidefinite relaxations, such as (SDP1) (8) and BalancedSDP (9), as
well as the spectral clustering algorithm, provide a mathematically rigorous framework
with substantially reduced constraint complexity, while ensuring statistical convergence.

We emphasize that the reduction techniques used for the concentration of measure bound
in Theorem 6, as well as the probabilistic bounds in Theorem 4 (and Lemmas 26 and 42),
are derived for the general k-means clustering problem where Z1, . . . ,Zn are independent
but not identically distributed. In particular, the spectral clustering algorithm based on the
top k−1 eigenvectors of Y Y T is directly related to the relaxations for the k-means criterion
proposed by Peng and Wei (2007). Consequently, these concentration bounds are applicable
to the general k-means model (23), allowing for immediate extensions of our framework.
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3. Theory

To set up the context for our analysis, we first state in Section 3.1 the main Theorem 7,
under assumptions (A1) and (A2), motivating the consideration of (28) as our baseline
scenario. We then state Theorems 10 and 11, followed by a discussion. We construct an
oracle SDP to enable the global and local analyses in Section 3.2. We prove Theorem 7
in Section 3.3. In Section 3.4, we state Theorem 17 for the SVD-based algorithm, along
with its corollary. In Section 3.5, we provide a proof sketch for Theorem 16, which is an
important intermediate result unifying Theorems 7 and 17. We discuss the relevant related
work in Section 3.6. Let C,C ′, C1, C2, c0, c, c

′, c1, . . . be absolute constants.

3.1 Main theorems from the global and local analyses

We first state assumptions (A1) and (A2).
(A1) Let Z = X−EX. Let Zi = Xi−EXi, i ∈ [n] be independent, mean-zero, subgaussian
random vectors with independent coordinates such that for all i, j, ∥Xij − EXij∥ψ2

≤ C0.
(A2) The two distributions have variance profile discrepancy bounded:

|V1 − V2| ≤ ξnpγ/3 for Vi as in (22), where 1/2 > ξ = Ω(1/nmin). (24)

As mentioned, Theorem 8 is an important intermediate result for proving Theorem 7. The
anisotropic case is stated in Theorem 6.

Theorem 7. Suppose for j ∈ Ci, EXj = µ(i), where i = 1, 2. Let Ẑ be a solution of (SDP1).
Let KG ≤ π

2 ln(1+
√
2)

≤ 1.783. Suppose (A1) and (A2) hold, and

pγ = ∆2 ≥ C ′C2
0/ξ

2 and np ≥ CC4
0/(ξ

2γ2), (25)

for some absolute constants C,C ′, where ξ is the same as in (24). Then with probability at
least 1− 2 exp(−cn), for u2 as in (4),

∥Ẑ − u2u
T
2 ∥2F ≤ 2∥Ẑ − u2u

T
2 ∥1 ≤ 2δn2 where δ = 2KGξ/w

2
min. (26)

Theorem 8 (Design with independent entries (Zhou, 2023)). Suppose that (A1) and (25)
hold with maxj,k ∥Xjk − EXjk∥ψ2

≤ C0. Then, with probability at least 1− 2 exp(−c7n),∥∥Y Y T − EY Y T
∥∥
2

≤ C2C
2
0 (
√
pn ∨ n) + C3C0n

√
pγ ≤ 1

6
ξnpγ.

Remarks on the misclassification error rate. The parameter ξ in (A2) is understood
to be set as a fraction of the misclassification error rate δ in Theorem 7, which in turn is
assumed to be lower bounded: 1 > δ = Ω(1/n), since we focus on the partial recovery of the
group membership vector u2. To control the misclassification error, the parameters (δ, ξ) in
Theorem 7 can be chosen to satisfy the following relations:

δ = 2KGξ/w
2
min ≍ 2KG/(w

2
min

√
s2) and ξ2 ≍ 1/s2, where (27)

s2 := (pγ/C2
0 ) ∧ (npγ2/C4

0 ) (SNR isotropic ) (28)

in view of (25) and (26). Roughly speaking, ξ2 in (27) is chosen to be inversely proportional
to s2, resulting in the misclassification error rate δ ≍ ξ/w2

min being inversely proportional
to the square root of s2, as we show in Corollary 9.

10
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Corollary 9 (O(ξn/w2
min) misclassified vertices). Let x̂ denote the eigenvector of Ẑ corre-

sponding to the largest eigenvalue, with ∥x̂∥2 =
√
n. Then in both settings of Theorem 7,

we have with probability at least 1 − 2 exp(−cn), minα=±1 ∥αx̂− u2∥22 ≤ δ′n = δ′ ∥u2∥22,
where δ′ ≤ 32KGξ/w

2
min. Moreover, the signs of the coefficients of x̂ correctly estimate the

partition of the vertices into two clusters, up to at most δ′n misclassified vertices.

While (A1) assumes that the random matrix Z has independent subgaussian entries,
matching the separation condition (25) and SNR (28), the conclusions stated in Theorems 7
and 10 hold for the general two-group model considered in Lemma 5, upon adjusting (25).
We emphasize that the covariance model under consideration in Theorem 6 is a special
case of Theorem 4, cf. Lemma 5, whereas Theorem 8 is a special case of Theorem 6 for an
isotropic design matrix under (A1). See Section 5 for a discussion on covariance estimation.
Local analysis. Our local analysis builds upon the global analysis; proving such results
without the positivity constraints presents greater technical difficulties.

Theorem 10 (SDP1). Let X be as in Lemma 5. Let Ẑ be a solution of (SDP1). Sup-
pose (19) holds. Suppose (A2) holds, where the parameter ξ in (24) is chosen to be the same

as that in (19). Then with probability at least 1− 2 exp(−c1n)− c2/n
2,
∥∥∥Ẑ − u2u

T
2

∥∥∥
1
/n2 ≤

exp
(
− c0s

2w4
min

)
, where s2 is as defined in (21).

Signal-to-noise ratios. Let σ2max := maxj ∥Cov(Zj)∥2. The notion of SNR (28) and
the associated sample lower bounds appear in Chaudhuri et al. (2007) and Zhou (2006),
where s2 = Ω(log n) is required. Our sample size lower bounds (19) and (25) indicate
that once the distance between the two centers is bounded below by a constant, namely,
∆ =

√
pγ = Ω(σmax), adding more sample points (individuals) to the clusters reduces

the number of features required for partial recovery. This simultaneously mitigates the
bias in the sense that (A2) holds trivially in the large sample setting where n > p, since
|V1 − V2| = O(p) by Definition 3. See Section 3.5 for further discussion (cf. (42)).

On the other hand, both the previous and current results show that even when sample
size n is small, by increasing the dimension p such that the total sample size satisfies (25)
or (19), we ensure partial recovery of cluster structures using either the integer quadratic
program (10) or its convex relaxation such as (SDP) (5). We mention in passing that
this definition of SNR in (28) also coincides with the signal-to-noise ratio used in Giraud
and Verzelen (2019) for isotropic design under (A1). Moreover, under (A1) and (A2),
the exponentially decaying error bounds in both papers are equivalent, despite the use of
different SDP relaxations. We next state our main result for balanced partitions.

Theorem 11 (BalancedSDP). Let X, Cj ⊂ [n] be as in Lemma 5, with |C1| = |C2| = n/2.

Let Ẑ be a solution of (9). Let s2 be as in (21). Suppose s2 > C for some absolute constant

C. Then with probability at least 1− c/n2,
∥∥∥Ẑ − u2u

T
2

∥∥∥
1
/n2 ≤ exp(−c′s2).

As mentioned earlier, for balanced partitions, (A2) is not required for an exponentially
decaying error bound to hold, provided that one additional constraint ⟨En, Z⟩ = 0 is added
in the BalancedSDP (9). In this sense, the results that we obtain in Theorem 11 for bal-
anced partitions are stronger and more robust than those in Giraud and Verzelen (2019).
In summary, (a) for the balanced case, when n1 = n2, an arbitrary level of trace difference

11
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|V1 − V2| is tolerated through the new estimator BalancedSDP (9). Hence, unlike Royer
(2017), Giraud and Verzelen (2019), and Ndaoud (2022), we do not need any explicit de-
biasing step for balanced partitions; (b) for unbalanced partitions, we impose the bounded
trace-difference assumption (A2) in Theorem 10; cf. (24). See Table 1 for conditions for
each theorem. When (A2) is violated and n1 ̸= n2, we may adopt ideas from Royer
(2017), Giraud and Verzelen (2019), and the present work to make adjustments to (SDP1)
to further correct the bias, but it comes with an additional computational cost nonetheless.
We defer a detailed comparison with Giraud and Verzelen (2019) for anisotropic design,
as well as the distinctive SDP relaxations, to Section 6.1. We provide a proof sketch for
Theorems 10 and 11 in Section 4, with full proofs of these theorems and their corollaries in
Sections 8, 11, 12, and 9, respectively.

Table 1: Conditions of the main theorems

Theorem Applicable to
isotropic /
anisotropic

Cluster sizes
(n1, n2)

Needs Trace
difference
|V1 − V2|
bound in (A2)

Lower bounds
on SNR (28)/
(21)

Theorem 6 Yes/Yes n1 ̸= n2 No (25) / (19)

Theorem 16 Yes/Yes n1 ̸= n2 Yes (25) / (19)

Theorem 7 Yes/Yes n1 ̸= n2 Yes (25) / (19)

Theorem 10 Yes/Yes n1 ̸= n2 Yes (25) / (19)

Theorem 11 Yes/Yes n1 = n2 No s2 > C

Theorem 17 Yes/Yes n1 ̸= n2 Yes (25) / (19)

3.2 Construction of an OracleSDP

A straightforward calculation leads to the expression of the reference matrixR := E(Y )E(Y )T

as in (12), in view of (48). However, unlike the setting in Guedon and Vershynin (2016),
EA ̸= R, resulting in a large bias. This motivates the construction of OracleSDP (29):

(OracleSDP) maximize ⟨B,Z⟩ subject to Z ∈ Mopt as in (11), (29)

where B := A− EτIn for A as in (7) and τ =

n∑
i=1

⟨Yi, Yi⟩/n. (30)

Here, the adjustment term EτIn plays no role in optimization, since the extra trace term
∝ ⟨In, Z⟩ = tr(Z) = n is a constant function of Z on the feasible set Mopt (11). However,
both A (7) and B (30) are defined to bridge the gap between Y Y T and R = E(Y )E(Y )T (12).
Lemma 12 states that the bias EB −R is substantially reduced for B as in (30), thanks to
the adjustment term EτIn, and is essentially negligible when V1 = V2.

12
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Lemma 12. Let X be as in Lemma 5. Suppose (A2) (24) holds. Suppose ξ ≥ 1
2n(4∨

1
wmin

)
and n ≥ 4. Then ∥EB −R∥2 ≤ 2 |V1 − V2| (w1 ∨w2)+ pγ/3 ≤ 2ξnpγ/3. When V1 = V2, we
have ∥EB −R∥2 ≤ pγ/3.

We prove Lemma 12 in Section D.2. We emphasize that our algorithm solves SDP1 (8)
rather than OracleSDP (29). However, formulating the OracleSDP estimator enables both
global and local analyses by controlling the operator norm of the bias term, namely,
∥EB −R∥2 as in Lemma 12, and a related quantity to be introduced in Lemma 23. Given
the OracleSDP formulation in (29), the bias analysis and the concentration bounds on∥∥Y Y T − EY Y T

∥∥
2
enable simultaneous analyses of SDP1 and the closely related spectral

clustering method; cf. Theorem 17. We show in Proposition 13 that the optimization goals
of (SDP1) and (SDP) (5) are equivalent, and both are equivalent to that of OracleSDP (29).
Proposition 13 is proved in Section D.4.

Proposition 13 (OracleSDP). Let Ã := Y Y T − λEn. The optimal solutions Ẑ as in (5)
using A as in (7) must have their diagonals set to In. Thus, the set of optimal solutions
Ẑ ∈ argmaxZ∈M+

G
⟨A,Z⟩ in (5), where M+

G = {Z : Z ⪰ 0, In ⪰ diag(Z)}, coincide with

those on the convex subset Mopt as in (11),

argmax
Z∈M+

G

⟨A,Z⟩ = argmax
Z∈Mopt

⟨Ã, Z⟩ = argmax
Z∈Mopt

(⟨A− EτIn, Z⟩) (OracleSDP). (31)

3.3 Proof of Theorem 7

For a matrix A = (aij) ∈ Rn×n, we denote by ∥(aij)∥∞→1 its ℓ∞ → ℓ1 norm, which is

∥(aij)∥∞→1 = max
∥s∥∞≤1

∥As∥1 = max
s,t∈{−1,1}n

⟨A, stT ⟩.

The concept of the cut norm plays a major role in the work of Frieze and Kannan (1999)
on efficient approximation algorithms for dense graph and matrix problems. The cut norm
is also essential for the arguments of Guedon and Vershynin (2016) to carry over to the
present work. With proper adjustments, we adapt their methodology to our setting and
prove the first main result, Theorem 7.

First, following Guedon and Vershynin (2016), we show that Ẑ provides an almost
optimal solution to the reference problem if B and R are close; see Lemma 14. Second, we
establish that the excess risk ⟨R,Z∗ − Ẑ⟩ exhibits a non-trivial global curvature over the
feasible set Mopt (11) at the maximizer Z∗ in Lemma 15.

Lemma 14 (Lemma 3.3 Guedon and Vershynin (2016)). Let Mopt be as in (11). Let

Ẑ = argmaxZ∈Mopt
⟨B,Z⟩ for any given B and Z∗ := argmaxZ∈Mopt

⟨R,Z⟩. Then

0 ≤ ⟨R,Z∗ − Ẑ⟩ ≤ 2KG ∥B −R∥∞→1 , where KG <
π

2 ln(1 +
√
2)

≤ 1.783. (32)

Lemma 15 (Excess risk lower bound). Let R be as in (12). Then for every Z ∈ Mopt,

⟨R,Z∗ − Z⟩ ≥ pγw2
min∥Z − Z∗∥1, where Z∗ = u2u

T
2 . (33)
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Theorem 16 is instrumental in proving Theorem 7 in conjunction with Lemmas 14
and 15. Importantly, computing the operator and cut norms for B − R is also a key
technical step unifying Theorems 7 and 17, as we demonstrate in Section 3.4. We prove
Theorem 16 in Section 3.5. We prove Lemma 15 in Section 8.1.

Theorem 16 (R is the leading term). Suppose the conditions in Theorem 7 (resp.
Theorem 10) hold. Then with probability at least 1 − 2 exp(−cn), for the oracle B in (30)
and the reference R in (12), we have ∥B −R∥2 ≤ ξnpγ and ∥B −R∥∞→1 ≤ ξn2pγ.

Proof of Theorem 7. Under the conditions of Lemmas 14 and 15, we have

∥Ẑ − Z∗∥1/n2 ≤ ⟨R,Z∗ − Ẑ⟩
n2pγw2

min

≤
2KG ∥B −R∥∞→1

n2pγw2
min

≤ 2KGξ

w2
min

=: δ,

where by Theorem 16, ∥B −R∥∞→1 ≤ ξn2pγ. Finally, the bound on ∥Z∗ − Ẑ∥2F follows

from the observation that ∥Z∗ − Ẑ∥2F ≤ ∥Z∗ − Ẑ∥max∥Z∗ − Ẑ∥1. Since all entries of Ẑ and

Z∗ belong to [−1, 1], we have ∥Z∗ − Ẑ∥max ≤ 2, yielding ∥Z∗ − Ẑ∥2F ≤ 2δn2. □

3.4 Spectral clustering

Before exploring these results in Theorems 7, 10, and 11 further, we briefly discuss the
spectral clustering result in Corollary 18 of Theorem 17 and compare it with Corollary 19.

In Theorem 17, we prove convergence results that bound the angle and the ℓ2 distance
between the leading eigenvector of R and that of B (resp., Y Y T ). Theorem 17 is new to
the best of our knowledge.

Theorem 17 (Spectral clustering). Denote by v1 the leading unit-norm eigenvector of
Y Y T , which also coincides with that of A (7) and B (30). Let v̄1 be the leading unit-norm
eigenvector of R as in (12). Then ⟨v̄1,1n⟩ = 0, where

v̄1 = [w21n1 ,−w11n2 ]/
√
w2w1n = [

√
w2/w11n1 ,−

√
w1/w21n2 ]/

√
n. (34)

Let θ1 = ∠(v1, v̄1) denote the angle between the two vectors v1 and v̄1. Then under the
conditions in Theorem 16, we have with probability at least 1− 2 exp(−cn),

sin(θ1) := sin(∠(v1, v̄1)) ≤
2 ∥B −R∥2
w1w2npγ

≤ 2ξ

w1w2
, (35)

min
α=±1

∥αv1 − v̄1∥22 ≤

(
23/2 ∥B −R∥2
w1w2npγ

)2

≤ δ′, where δ′ =
8ξ2

(w2
1w

2
2)
. (36)

Moreover, Corollary 18 shows that the signs of the coefficients of the leading eigenvector
v1 of Y Y T correctly estimate the partition of the vertices, up to O(n/s2) misclassified
vertices in view of (27). As such, the misclassification error is bounded to be inversely
proportional to the SNR parameter s2 in Theorem 17 and Corollary 18. This should be
compared with (SDP1) and BalancedSDP, for which we have up to O(n exp(−c0s2w4

min))
misclassified vertices as shown in Theorems 10, 11, and Corollary 19.
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Corollary 18. Denote by v1 the leading unit-norm eigenvector of Y Y T . Under the condi-
tions stated in Theorem 7 or 10, it holds with probability at least 1 − 2 exp(−cn) that the
signs of the coefficients of v1 correctly estimate the partition of the vertices into two clusters,
up to O(ξ2n) misclassified vertices, where we set ξ2 ≍ 1/s2 as in (27) for ξ = Ω(1/n) as in
(24).

Corollary 19 (Exponential decay). Let x̂ denote the eigenvector of Ẑ corresponding to
the largest eigenvalue, with ∥x̂∥2 =

√
n. Denote by θSDP = ∠(x̂, u2) the angle between x̂ and

u2. In the settings of Theorems 11 and 10, we have with probability ≥ 1−2 exp(−cn)−2/n2,

sin(θSDP ) ≤ 2
∥∥∥Ẑ − u2u

T
2

∥∥∥
2
/n ≤ exp(−c1s2w4

min) and (37)

min
α=±1

∥∥(αx̂− u2)/
√
n
∥∥
2

≤ 23/2
∥∥∥Ẑ − u2u

T
2

∥∥∥
2
/n ≤ 4 exp(−c0s2w4

min/2).

Under regularity assumptions on the geometry (and spectrum) of the centers (and their
Gram matrix), exponentially decaying error bounds were obtained by Abbe et al. (2022) for
a variant of spectral clustering on the hollowed Gram matrix H(XXT ), where H(·) zeros
out the diagonal entries of the Gram matrix. Hence their results apply to a restricted subset
of clustering problems. Concurrent with the present work, such error bounds have also been
obtained for spectral clustering based on XXT by Zhang and Zhou (2024) under the large-n
and small-p regime. We refer to Zhang and Zhou (2024) for a discussion of other related
spectral clustering algorithms. We prove Theorem 17 in Section 10. Corollaries 9, 18,
and 19 follow from the Davis-Kahan Perturbation Theorem and Theorem 7, Theorem 17,
and Theorem 10, respectively; cf. Section 9. The proof of Corollary 18 follows that of
Corollary 9 and is hence omitted.

3.5 Proof of Theorem 16 and debiasing

Our global and local analyses also show the surprising result that Theorems 7, 10, and 17
do not depend on the clusters being balanced, nor do they require identical variance or
covariance profiles, provided that Assumption (A2) holds. In this section, we further illu-
minate the constructions of A and B and discuss bias. Theorem 16 follows immediately
from Lemmas 20 and 12, and Theorem 6. We prove Lemmas 20 and 12 in Section D.

Lemma 20. Let τ be as in (30), λ as in (7), and Y as in (6). Then,

(n− 1) |λ− Eλ| = |τ − Eτ | ≤
∥∥Y Y T − EY Y T

∥∥
2
. (38)

Proof of Theorem 16. We will only show ∥B − EB∥2 while noting that ∥B − EB∥∞→1 ≤
n ∥B − EB∥2 by definition. By Lemma 20,

∥B − EB∥2 ≤
∥∥Y Y T − EY Y T

∥∥
2
+ |λ− Eλ| ∥En − In∥2 ≤ 2

∥∥Y Y T − EY Y T
∥∥
2
,

where we use the fact that ∥En − In∥2 ≤ ∥En − In∥∞ = (n− 1), and

(n− 1) |λ− Eλ| = |τ − Eτ | =
∣∣tr(Y Y T − EY Y T )

∣∣ /n ≤
∥∥Y Y T − EY Y T

∥∥
2
.
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Moreover, the concentration of measure bounds on
∥∥Y Y T − EY Y T

∥∥
2
imply that, up to a

constant factor, the same bounds also hold for ∥B − EB∥2 in view of Lemma 20, since

A− EA = B − EB := Y Y T − EY Y T − (λ− Eλ)(En − In), and (39)

moreover ∥B −R∥2 = ∥B − EB + EB −R∥2 ≤ ∥B − EB∥2 + ∥EB −R∥2 . (40)

Theorem 16 holds by Lemma 12, in view of (39), (40), and Theorem 6. □

Bias and variance tradeoff. The upper bound on ∥B −R∥ crucially depends on the
SNR, n, p, γ, and (A2) as shown in Theorem 16. Specifically, the tolerance level on the
RHS of (24) is chosen to be of the same order as the upper bound (20) we obtain on∥∥Y Y T − EY Y T

∥∥
2
in Theorem 6. Roughly speaking, we impose (A2′) (42) to ensure (41):

Bias and variance tradeoff: ∥EB −R∥2 ≍ ∥B − EB∥2 ≤ 2
∥∥Y Y T − EY Y T

∥∥ , (41)

(A2′) |V1 − V2| ≤ w = O (n∆ ∨√
np) in view of (20), where ∆ =

√
pγ. (42)

Notice that
√
np < n

√
pγ when n > 1/γ. In particular, under (A2), we do not need a

separate estimator for the trace of Σj = Cov(Zj) = EZjZTj , j ∈ [n]; cf. (53) and Lemma 5.
Clearly, holding all other parameters fixed, a larger separation ∆, or a larger D := np, or a
larger SNR s2 will make it easier to satisfy (A2). For ease of discussion, we assume (A1),
where we set C0 ≍ 1. Now, by definition of the SNR (28), the lower bound in (25) implies
that |V1 − V2| ≤

√
s2(n ∨ (1/γ)) is a sufficient condition for (A2) to hold, since

|V1 − V2| ≤ [n ∨ (1/γ)]
√
s2 ≍ (n/ξ) ∨ (1/(ξγ)) ≤ ξnpγ,

where ξ2 ≍ 1/s2. Given a fixed average quality γ, the tolerance for |V1 − V2| depends on
the sample size n and the separation parameter ∆ (and hence the total data size D := np).
Bias and the sample size. Since |V1 − V2| = O(p) by definition, (42) holds trivially in
the large-sample setting where n ≫ p and ∆ = Ω(1). To see this, consider (A1) again.
Suppose we generate two clusters according to Lemma 5 with diagonal matrices H1 and
H2, where Σj := HjH

T
j = diag([σ21j , . . . , σ

2
pj ]) for all j ∈ {1, 2}. Then for each row vector

Zj in Ci, we have by Lemma 5,

Vi := tr(HiH
T
i ) = E⟨Zj ,Zj⟩ =

p∑
k=1

σ2ki = O(p). (43)

Hence, given fixed p and γ (and ∆), increasing the sample size n leads to a higher toler-
ance for the variance discrepancy |V1 − V2|, thus effectively widening the range of models
that satisfy (A2). This confirms that the restriction imposed by (A2) is indeed most strin-
gent in the small-sample, high-dimensional regime, and becomes non-restrictive as n grows,
consistent with our earlier discussion in Section 3.1.

3.6 Related work

Given an undirected graph G = (V,E) and nonnegative weights wij = wji on the edges
(i, j) ∈ E, the maximum cut problem (MAXCUT) is that of finding the set of vertices S ⊂ V
that maximizes the weight of the edges in the cut(S, Sc), where Sc := V \ S. See Karp
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(1972); Goemans and Williamson (1995). For population clustering, results in Zhou (2006)
and Chaudhuri et al. (2007) were among the first to provide a rigorous and intuitive under-
standing of why proposed MAXCUT-based algorithms and previous methods (Patterson
et al., 2006) succeed in low-sample, high-dimensional settings, specifically when p≫ n and
np satisfies (25). However, these early results were restricted to balanced partitions and
were purely structural, as they did not provide polynomial-time algorithms for finding the
MAXCUT.

The primary contribution of Chrétien et al. (2021) is to bridge semidefinite programming
(SDP) relaxations with Statistical Learning Theory. Rather than treating SDPs purely as
optimization problems, the authors view SDP estimators as special instances of Empirical
Risk Minimization (ERM). This allows them to apply advanced statistical tools, specifically
fixed-point equations and excess risk curvature, to obtain rates of convergence for various
SDP estimators toward their oracles. Through this lens, Chrétien et al. (2021) explicitly
revisit the community detection problem on random graphs previously analyzed by Guedon
and Vershynin (2016) and Fei and Chen (2019). Notably, they demonstrate how their
newly proposed ERM framework systematically captures and compares the global analysis
employed by Guedon and Vershynin (2016) with the local analysis introduced by Fei and
Chen (2019), casting both bounds under a unified statistical perspective.

While Chrétien et al. (2021) analyze SDP relaxations in the context of masked random
graphs, leveraging the framework of Goemans and Williamson (1995) and Guedon and
Vershynin (2016), the present work focuses on high-dimensional population clustering under
subgaussian designs. Unlike the random graph setting, our framework explicitly addresses
the challenges of dependent features by introducing (SDP1) and a debiased BalancedSDP
estimator, which allows us to establish exponential error bounds for partial cluster recovery
in both low (n≫ p) and high-dimensional settings (p≫ n).

In the theoretical computer science literature, earlier work focused on learning from
mixtures of well-separated Gaussians (component distributions), where one aims to classify
each sample according to which component distribution it comes from. In Dasgupta and
Schulman (2000); Arora and Kannan (2001), the separation requirement depends on the
number of dimensions of each distribution; this has subsequently been reduced to be inde-
pendent of p, the dimensionality of the distribution for certain classes of distributions; see,
for example, Achlioptas and McSherry (2005) and Kannan et al. (2005). While our aim is
different from those earlier results, where n > p is almost universal and we focus on cases
p > n (a.k.a. high dimensional setting), we do have one common axis for comparison, the
ℓ2-distance between any two centers of the distributions as stated in (44):

∆2 = pγ ≥ Cmax
i

∥Cov(Zi)∥2
(
1/ξ2 ∨

√
p/(nξ2)

)
for some 0 < ξ < 1/2, (44)

which is essentially optimal; cf. (25) and (19). The main contribution of the present work
is: we use the proposed SDP (5) and the related spectral algorithms to find the partition,
and prove quantitatively tighter bounds than those obtained by Zhou (2006) and Chaudhuri
et al. (2007) by removing these logarithmic factors entirely. Recently, these barriers have
also been broken down by a sequence of work (Royer, 2017; Fei and Chen, 2018; Giraud
and Verzelen, 2019). However, these recent results still need the SNR to be at the order
of s2 = Ω(log n) even for n > p, except for the work of Giraud and Verzelen (2019). We
compare with Giraud and Verzelen (2019) in Section 6.
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Even earlier, a small simulation example (Blum et al., 2009) shows that even when the
sample size n is small, by increasing p so that np = Ω(1/γ2), one can classify a mixture
of two product populations in {0, 1}p using spectral methods therein with success rate
reaching an “oracle” curve, where success rate means the ratio between correctly classified
individuals and the sample size n. This behavior was intriguing. To be clear, the “oracle”
was computed assuming that distributions were known. Our concentration of measure
bounds, namely, Theorems 16 and 6, enable us to bypass the extraneous lower bound on
sample size n in Blum et al. (2009) as shown in Theorem 17 and Corollary 18. We reproduce
these experiments in Section 7, where we show that a full range of tradeoffs between the
sample size and the number of features are feasible so long as s2 (28) is lower bounded.
We also refer to Vempala and Wang (2002), Achlioptas and McSherry (2005), Kalai et al.
(2010), Kumar and Kannan (2010), Rohe et al. (2011), Lei and Rinaldo (2015), Guedon and
Vershynin (2016), Javanmard et al. (2016), Abbe (2018), Balakrishnan et al. (2017), Iguchi
et al. (2017), Zhou and Amini (2019), Li et al. (2020), Chrétien et al. (2021), Löffler et al.
(2021), Yurtsever et al. (2021), Abbe et al. (2022), Ndaoud (2022), Doss et al. (2023), Zhang
and Zhou (2024), and references therein for more related works on SDP and clustering.

4. Proof sketch of Theorems 10 and 11

The upper bound on the excess risk ⟨R,Z∗ − Ẑ⟩ in (32) holds for all Ẑ ∈ Mopt, and hence is
rather crude. In this section, we first present Lemma 21, through which we derive a tighter
upper bound on the excess risk ⟨R,Z∗ − Ẑ⟩, so as to replace (32). In particular, the upper
bound on ⟨R,Z∗ − Ẑ⟩ will depend on the ℓ1 distance between Ẑ and Z∗, rather than the
cut norm of the matrix B −R. All constants such as 1/6, 2/3, . . . are arbitrarily chosen.

Lemma 21 (Elementary inequality). Let the reference matrix R be constructed as
in (12). Let B be as in Theorem 17. By optimality of Ẑ ∈ Mopt as (11), we have

pγw2
min∥Ẑ − Z∗∥1 ≤ ⟨R,Z∗ − Ẑ⟩ ≤ ⟨Y Y T − EY Y T , Ẑ − Z∗⟩+ ⟨EB −R, Ẑ − Z∗⟩

−⟨(λ− Eλ)(En − In), Ẑ − Z∗⟩ =: F1 + F2 + F3. (45)

With high probability, we obtain a uniform control for F1 = ⟨Y Y T − EY Y T , Ẑ − Z∗⟩
over all Ẑ ∈ Mopt in an ℓ1-neighborhood of Z∗ of radius r1 in Lemma 22.

Lemma 22. Suppose all conditions in Theorem 6 hold. Let r1 ≤ 2qn for a positive integer
1 ≤ q < n. Then on event G1, where P (G1) ≥ 1 − c/n2, we have for ξ ≤ w2

min/16 and
σmax = maxi ∥Hi∥2,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

|⟨Y Y T − EY Y T , Ẑ − Z∗⟩|

≤ 5

6
ξpγ∥Ẑ − Z∗∥1 + C ′(σmaxn

√
pγ + σ2max

√
np
) ⌈ r1

2n

⌉√
log(2en/⌈ r1

2n
⌉). (46)

Such an upper bound (46) now depends on the ℓ1 radius r1 ≤ 2n(n− 1). This approach
also gives rise to the notion of a local analysis, following Fei and Chen (2019), Chrétien
et al. (2021), and Mammen and Tsybakov (1999). Therefore, Lemma 22 is one of the main
contributions in this paper, which in turn depends on the geometry of the constraint set
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Mopt and the sharp concentration bounds on ∥Y Y T − EY Y T ∥ in Theorem 6. Similar to
the global analysis, the performance of SDP1 also crucially depends on controlling the bias
effect: we now control ⟨EB −R, Ẑ − Z∗⟩ uniformly over all Ẑ ∈ Mopt in Lemma 23. We
emphasize that (A2) is only needed for Lemma 23.

Lemma 23. Suppose all conditions in Theorem 10 hold. Then for all Ẑ ∈ Mopt,∣∣∣⟨EB −R, Ẑ − Z∗⟩
∣∣∣ =: |F2| ≤ 2pγ∥Ẑ − Z∗∥1

(
ξ + 1/[4(n− 1)]

)
. (47)

Lemma 24. Under the settings of Theorem 6, with probability at least 1− exp(−cn),

∀Ẑ ∈ Mopt,
∣∣∣⟨(λ− Eλ)(En − In), Ẑ − Z∗⟩

∣∣∣ =: |F3| ≤ ξpγ∥Ẑ − Z∗∥1/3.

Lemmas 23 and 24 show that each term may take out only a small fraction of the signal
on the LHS of (45) respectively. We prove Lemmas 21, 22, and 23 in Sections 11.1, 11.2,
and 11.3, respectively. Lemma 24 follows from the Lemma 20 and Theorem 6 immediately.
Combining these results leads to an exponentially decaying error bound with respect to the
SNR s2 in Theorem 10; cf. Section 8.

Balanced partitions. For BalancedSDP (9), the bias term arising from local analysis is
now 0. More precisely, we show ∀Ẑ ∈ Mopt, F2 := ⟨EB −R, Ẑ − Z∗⟩ = 0, even when V1 ̸=
V2. Our design and local analysis on semidefinite relaxations suggest that the original SDP1
may already have a substantially reduced bias F2 for balanced partitions; cf. Conjecture 37
and discussions in Section 6. See Section 12 for details.

5. Reduction: proof outline for Theorem 6

In this section, we present a unified framework for bounding
∥∥Y Y T − EY Y T

∥∥
2
. The de-

composition and projection ideas in this section are also crucial in the local analyses for
Theorems 11 and 10; cf. proof of Lemma 22 in Section 11.2. Let c, c′, C, C2, C3, C4, . . . be
absolute constants. First, by linearity of expectation, we have for Y as in (6), with row
vectors Y1, . . . , Yn ∈ Rp,

EYi := EXi − Eµ̂n :=

{
w2(µ

(1) − µ(2)) if i ∈ C1;
w1(µ

(2) − µ(1)) if i ∈ C2,
where µ̂n =

1

n

n∑
i=1

Xi. (48)

Next, we decompose Y Y T −EY Y T in Lemma 25. Controlling the first component, namely,
Σ̂Y − ΣY in (49) amounts to the problem of covariance estimation, where we assume (im-
plicitly) that EX is given. In particular, controlling the norm of Σ̂Y − ΣY (50) is reduced
to bounding that for ZZT − EZZT as shown in Lemma 26.

Lemma 25 (Decomposition). Let Y = (I − P1)X be as in (6). Suppose Z = X − EX.
Let Σ̂Y = (Y − EY )(Y − EY )T and ΣY := EY Y T − E(Y )E(Y )T . Then

Y Y T − EY Y T = Σ̂Y − ΣY + E(Y )(Y − E(Y ))T + (Y − E(Y ))(E(Y ))T , (49)

where Σ̂Y − ΣY = (I − P1)(ZZT − EZZT )(I − P1), for P1 = En/n. (50)
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Lemma 26. Let σ2max := maxj∥Cov(Zj)∥2 = maxi∥Hi∥22 and C0 be as in Theorem 6.
In the settings of Theorem 6 (resp. 4) and Lemma 25, we have with probability at least
1− 2 exp(−c6n),∥∥∥Σ̂Y − EΣ̂Y

∥∥∥
2
≤
∥∥ZZT − EZZT

∥∥
2
≤ C2C

2
0σ

2
max(

√
np ∨ n), (51)

where K ≤ C0 = maxj ∥Wj∥ψ2
≤ CK for an absolute constant C.

Next, we state a reduction principle: to control
∥∥E(Y )(Y − E(Y ))T + (Y − E(Y ))(E(Y ))T

∥∥,
we need to bound the projection of each mean-zero random vector Zj ,∀j ∈ [n], along the
direction of µ = (µ(1) − µ(2))/

√
pγ ∈ Sp−1. In other words, Lemma 27 shows that a par-

ticular direction for which we compute the one-dimensional marginals for Zj , j ∈ [n] is the
direction between the two centers, namely, µ(1) and µ(2) in Rp. Moreover, the bound in (52)
is deterministic and independent of the covariance structure of Z. Combining Lemma 27
with the sub-gaussian tail bounds, we have Lemma 28.

Lemma 27 (Reduction: a deterministic comparison lemma). Let Zj , j ∈ [n] be row
vectors of X − EX and µ̂n = 1

n

∑n
i=1Xi. For xi ∈ {−1, 1},

n∑
i=1

xi⟨Yi − EYi, µ(1) − µ(2)⟩ ≤ 2(n− 1)/n
n∑
i=1

∣∣∣⟨Zi, µ(1) − µ(2)⟩
∣∣∣ . (52)

Then we have for MY := E(Y )(Y − E(Y ))T + (Y − E(Y ))(E(Y ))T ,

∥MY ∥2 ≤ 4
√
n
√
w1w2 sup

q∈Sn−1

|
∑
i

qi⟨Zi, µ(1) − µ(2)⟩|.

Lemma 28 (Projection: probabilistic view). Let MY be as in Lemma 27. Let µ be as
defined in (18). Suppose all conditions in Theorem 6 hold. Then with probability at least
1− 2 exp(−c′n), ∥MY ∥2 ≤ 2C3C0(maxi

∥∥HT
i µ
∥∥
2
)n
√
pγ ≤ ξnpγ/12.

Throughout this paper, it is understood that Theorem 4, Lemma 25, (51), and (52)
hold under the covariance model as considered in Definition 3 regardless of the weights or
the number of mixture components in data matrix X. Such generalization is useful for the
k-component mixture problems (23) for any k ≥ 2; cf. Section 6. Theorem 6 (for k = 2)
follows from Lemmas 25 and 28, and (51) immediately, and the probability statements hold
upon adjusting the constants.
Remarks on the diagonal covariance assumption. In Theorem 7, each noise vector
Zj ,∀j ∈ [n] has independent, mean-zero, subgaussian coordinates with uniformly bounded
ψ2 norms. Suppose now we generate two clusters according to Lemma 5 with diagonal
matrices H1 and H2, respectively, where HjH

T
j = diag([σ21j , . . . , σ

2
pj ]) for all j ∈ {1, 2}.

Here, we use diag(x) to denote the diagonal matrix whose main diagonal entries are the
entries of x = [x1, . . . , xp]. For each row vector in Ci, i = 1, 2, it follows from Lemma 5
that Cov(Zj) = HiH

T
i for nodes j ∈ Ci and Vi = tr(HiH

T
i ) =

∑p
k=1 σ

2
ki. Let σmax :=

maxi ∥Hi∥2 = (maxj,k E(z2jk))1/2. Then clearly, maxj ∥Cov(Zj)∥2 = σ2max. Given the inde-
pendence of the coordinates of Zj , we have (15) holds with C0 ≤ CK, since

∥Zj∥ψ2
:= sup

h∈Sp−1

∥⟨Zj , h⟩∥ψ2
≤ Cmax

k≤p
∥zjk∥ψ2

≤ CKσmax, where

max
k≤p

∥zjk∥ψ2
≤ σmax(max

j,k
∥wjk∥ψ2

) = σmaxK, for K := max
j,k

∥wjk∥ψ2
.
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Remarks on covariance estimation. More generally, we consider the general data
generative process in Definition 3, and denote the (sample-by-sample) covariance by

Γ := EZZT = diag([tr(Σ1), . . . , tr(Σn)]), where Σj = Cov(Zj) = HjH
T
j ; (53)

Thus, we estimate a diagonal matrix with p dependent features. Essentially, (51) matches
the optimal bounds for covariance estimation, where the mean-zero random matrix consists
of independent columns Zj , j ∈ [p], which are isotropic, sub-gaussian random vectors in Rn,
or columns which can be transformed to be isotropic through a common covariance matrix;
see, for example, Theorems 4.6.1 and 4.7.1 (Vershynin, 2018). The differences between (51)
and such known results are: (a) we do not assume that columns are independent; and (b)
we do not require anisotropic row vectors to share identical covariance matrices. See Zhou
(2019, 2024a) and references therein for extensions of the Hanson-Wright inequalities in the
complex matrix-variate data. We prove Theorem 6 and Lemmas 26 and 28 in Section C.
See Section L Zhou (2026) for the proofs of Lemmas 25 and 27.

6. The k-means criterion of a partition: a comparison

We now discuss the related k-means criterion and its semidefinite relaxations. Denote by
X ∈ Rn×p the data matrix with row vectors Xi as in (54). The k-means criterion of a
partition C = {C1, . . . , Ck} of sample points {1, . . . , n} is based on the total sum-of-squared
Euclidean distances from each point Xi ∈ Rp to its assigned cluster centroid cj , namely,

g(X, C, k) :=

k∑
j=1

∑
i∈Cj

∥Xi − cj∥22 , where cj :=
∑
ℓ∈Cj

Xℓ/ |Cj | ∈ Rp. (54)

Getting a global solution to (54) through an integer programming formulation (Peng and
Wei, 2007) is NP-hard and it is NP-hard for k = 2 (Drineas et al., 2004; Aloise et al., 2009).
The partition C can be represented by a block-diagonal matrix of size n × n, defined as:
∀i, j ∈ [k]2,∀a, b ∈ Ci × Cj , B∗

ab = 1/|Cj | if i = j and B∗
ab = 0 otherwise. Let Ψn denote

the linear space of real n by n symmetric matrices. The collection of such matrices can be
described by

Pk = {B ∈ Ψn : B ≥ 0, B2 = B, tr(B) = k,B1n = 1n}.

Here B ≥ 0 means that all elements of B are nonnegative. Hence matrices in Pk are block-
diagonal, symmetric, nonnegative projection matrices with 1n as an eigenvector. Minimizing
the k-means objective g(X, C, k) is equivalent to

maximize ⟨XXT , Z⟩ subject to Z ∈ Pk; cf. Peng and Wei (2007). (55)

Peng-Wei relaxations. Peng and Wei (2007) first replace the requirement that Z2 = Z,
namely, Z is a projection matrix, with In ⪰ Z ⪰ 0. Let Mk = {Z ∈ Ψn : Z ≥ 0, Z ⪰
0, tr(Z) = k, Z1n = 1n}. Now, Peng and Wei (2007) consider the semidefinite relaxation of
the k-means objective (55),

maximize ⟨XXT , Z⟩ subject to Z ∈ Mk. (56)
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Note that in Mk, we have ∥Z∥2 ≤ ∥Z∥∞ = 1, since Zij ≥ 0, ∀i, j and row sum ∥Zj,·∥1 =
1,∀j. The main issue with the k-means relaxation is that the solutions tend to put sample
points into groups of the same size, and moreover, the diagonal matrix Γ as in (53) can
cause a bias, especially when tr(Σ1), tr(Σ2), . . . differ from each other. To address this
bias, building upon the original Peng-Wei SDP relaxation (56), the authors of Bunea et al.
(2020), Royer (2017), and Giraud and Verzelen (2019) propose a preliminary estimator of
Γ, denoted by Γ̂, and consider

maximize ⟨XXT − Γ̂, Z⟩ subject to Z ∈ Mk for Mk as in (56). (57)

Variation 2. To speed up computation, one can drop the nonnegative constraint on
elements of Z in (56). In particular, Peng and Wei (2007) consider

maximize ⟨XXT , Z⟩ subject to Z1n = 1n, In ⪰ Z ⪰ 0, tr(Z) = k. (58)

Peng and Wei (2007) show that the set of feasible solutions to (58) has immediate connec-
tions to the SVD of Y Y T . Recall Y Y T = (I − P1)XX

T (I − P1). Let λ1 ≥ . . . ≥ λn−1 be
the largest (n − 1) eigenvalues of Y Y T in descending order. When Z is a feasible solution
to (58), 1n/

√
n is the unit-norm leading eigenvector of Z and define Z1 := (I − P1)Z =

(I − P1)Z(I − P1) ⪰ 0. Then, (58) is reduced to

maximize ⟨Y Y T , Z1⟩ subject to In ⪰ Z1 ⪰ 0, tr(Z1) = k − 1. (59)

The optimal solution to (59) can be achieved if and only if ⟨Y Y T , Z1⟩ =
∑k−1

i=1 λi (Overton
and Womersley, 1993). Then the SVD-based algorithm for solving (59) and (58) is given
as follows:
(a) Use the singular value decomposition method to compute the first k − 1 largest eigen-
values of Y Y T , and their corresponding eigenvectors v1, . . . , vk−1;
(b) Set Z1 =

∑k−1
j=1 vjv

T
j and return Z = 1n1

T
n/n + Z1 as a solution to (58). Now for

k = 2, we have Z1 = v1v
T
1 and Theorem 17.

In summary, the key differences between (57) and SDP (5) are as follows: (a) In the
convex set Mopt (11), we do not enforce entry-wise non-negativity (i.e., Zij ≥ 0 for all i, j),
nor the trace or row-sum constraints (Z1n = 1n). Replacing these O(n2) constraints with
exactly n diagonal linear constraints {Zjj = 1, ∀j ∈ [n]} substantially reduces the theoretical
complexity of the semidefinite optimization problem; see, for example, Burer and Monteiro
(2003); Monteiro (2003); Yurtsever et al. (2021), and references therein. (b) To derive
sufficiently tight concentration of measure bounds, we perform a crucial data-processing
step by centering the data according to their column means, following (6). This allows
the bias to be substantially reduced, or eliminated entirely for balanced partitions using
the BalancedSDP estimator. (c) By enforcing ⟨En, Z⟩ = 0 in BalancedSDP (9), the trace-
difference assumption (A2) is eliminated entirely in Theorem 11 for balanced partitions. (d)
Consequently, beyond reducing the size of the constraint set, a primary advantage of (SDP1)
and its variants is that estimating the individual covariance traces tr(Σj) is unnecessary,
both for balanced partitions and for general partitions satisfying (A2).

Finally, while the results of Giraud and Verzelen (2019) hold for general k ≥ 2, the
MAXCUT relaxations studied here focus on k = 2. Nonetheless, several core components
of our analysis extend immediately: our probabilistic bounds (Theorem 4 and Lemma 26)
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are established under the general k-means setting (23) for any k ≥ 2, and the deterministic
bounds (Lemmas 27 and 25) can be readily adapted and applied to the rank-k model setting,
as mentioned in Section 5.

6.1 The k-means criterion

Denote Σj = Cov(Zj) and let σ2 := C2
0 maxj ∥Σj∥2. Note that both Giraud and Verzelen

(2019) and the present work require that ∆ = Ω(σ). In particular, the SNR defined in
Giraud and Verzelen (2019), denoted s2GV , is compared against our SNR, denoted s2Z from
(21), as follows:

(GV): s2GV =
∆2

σ2
∧ n∆4

C4
0 maxj ∥Σj∥2F

, whereas our SNR (Z): s2Z =
∆2

σ2
∧ n∆4

pσ4
, (60)

where ∆2 = pγ. Theorem 1 in Giraud and Verzelen (2019) states that as long as s2GV = Ω(k),
an exponentially decaying misclassification error with respect to the SNR is achieved, a
result analogous to Theorem 10 and Corollary 19. Under the assumptions in Definition 3,
the SNR s2GV in (60) is asymptotically equivalent to s2Z in (21) provided that Σj is well-
conditioned, in the sense that 0 < λmin(Σj) ≤ λmax(Σj) < ∞. This follows from the
trace-operator norm relationship:

for each j, pλmin(Σj)
2 ≤

p∑
k=1

λk(Σj)
2 = ∥Σj∥2F ≤ p ∥Σj∥22 ,

which implies that ∥Σj∥2F scales linearly with the dimension p. Hence, for isotropic designs or
well-conditioned covariance matrices, the error rate in Theorem 10 is essentially equivalent
to that obtained by Giraud and Verzelen (2019).

These two definitions diverge primarily when n ≪ p, as elaborated below; in the large-
sample setting where n≫ p, both reduce to s2Z = s2GV = ∆2/σ2. Moreover, it is always true

that our s2Z in (21) is upper bounded by s2GV in (60), that is, s2Z ≤ s2GV . Let r(Σj) =
∥Σj∥2F
∥Σj∥22

denote the stable rank. In summary, the error rate exp(−cs2) in Theorem 10 will be slightly
slower for anisotropic designs when n < p but r(Σj) = O(p),∀j. On the other hand, when
maxj r(Σj) ≪ p, that is, when ∥Σj∥2F is significantly smaller than p ∥Σj∥22 ,∀j, the ratio
s2Z/s

2
GV becomes vanishingly small. We emphasize that such regimes fall outside the scope

of our analysis in the present work. More accurately, we consider the following three cases
for ∆2 = pγ ≥ σ2 := C2

0 maxj∥Σj∥2,

• Case 1: Suppose nγ > σ2. Then s2Z = s2GV = ∆2/σ2, since

n∆2 = npγ > pσ2, and consequently,
n∆4

C4
0 maxj ∥Σj∥2F

≥ n∆4

pσ4
>

∆2

σ2
.

• Case 2: Suppose pγ ≥ σ2 ≥ nγ, which implies pσ2 ≥ npγ. Here, npγ satisfies:

pσ2 ≥ npγ ≥
C4
0 maxj ∥Σj∥2F
C2
0 maxj∥Σj∥2

so that
n∆4

C4
0 maxj ∥Σj∥2F

≥ ∆2

σ2
≥ n∆4

pσ4
.

Then s2GV = ∆2/σ2 while s2Z = n∆4/(pσ4). Hence, s2Z/s
2
GV = n(pγ)/(pσ2) = nγ/σ2.
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• Case 3: Suppose npγ ≤ C4
0 maxj∥Σj∥2F
C2

0 maxj∥Σj∥2
. Then

s2Z ≍ n∆4

pC4
0 maxj ∥Σj∥22

=
n∆4

pσ4
≤ n∆4

C4
0 maxj ∥Σj∥2F

≤ ∆2

C2
0 maxj∥Σj∥2

:=
∆2

σ2
.

Thus, we have s2Z/s
2
GV ≈ maxj∥Σj∥2F

pmaxj∥Σj∥22
≤ 1 since ∀j, ∥Σj∥2F ≤ p∥Σj∥22 ≤ p(maxj∥Σj∥22).

Discussion. For Case 2, the further nγ is below σ2, the larger the performance gap
becomes. When nγ ≈ σ2, the two estimators perform nearly identically. When nγ ≪ σ2,

the gap widens. For Case 3, we have n ≤ maxj∥Σj∥2F
maxj∥Σj∥22

≤ p. The ratio satisfies:

s2Z
s2GV

=
maxj ∥Σj∥2F
pmaxj ∥Σj∥22

≤ max
j

r(Σj)

p
.

In isotropic cases, r(Σj) ≈ p,∀j, making the ratio ≈ 1. When maxj r(Σj) ≪ p, this ratio
reaches its worst-case bound in this small-n, large-p regime.

7. Experiments

In this section, we use simulation to illustrate the effectiveness and convergence properties
of the three estimators. We implement (i) SDP1 as described in (8), (ii) BalancedSDP
as described in (9), with the extra constraint tr(EnZ) = 0, and (iii) SVD, the Peng-Wei
spectral method following Peng and Wei (2007). For both SDP1 and BalancedSDP we
classify according to the signs of x̂ as prescribed by Corollary 9. We list the SVD procedure
in Table 2. The experiment set up is similar to the one used in Blum et al. (2009). The
data matrix X ∈ {0, 1}n×p is generated as a mixture of two populations, and consists of
independent Bernoulli random variables, where the mean parameters E(Xij) := qjψ(i) for all

i ∈ [n] and j ∈ [p], where ψ(i) ∈ {1, 2} assigns nodes i to a group C1 or C2 for each i ∈ [n].
Let |C1| = w1n and |C2| = w2n. We conduct experiments for both balanced (w1 = w2) and
unbalanced cases. The entrywise expected values are chosen according to Table 3(left) for
the two populations, where f1, f2, f3 and m1,m2 are configurable. We experiment with two
configurations of population variance profiles. (i) Config1: f1 = 50%, f2 = 50%, f3 = 0,
where V1 = V2. Here γ = 0.0016 and 1/γ = 625. (ii) Config2: f1 = 50%, f2 = 30%, f3 =
20%, and m1 = 0.3,m2 = 0.1, where V1 ̸= V2, and γ = 0.00928 and 1/γ = 107. See
Table 3(right) for the actual pγ values.

Success rate and misclassification rate. For each experiment, we run 100 trials, and for
each trial, we first generate a data matrix Xn×p according to the mixture of two Bernoulli
distributions with parameters described above, and then feed Y (6) to the three estimators
for classification. We measure the success rate and misclassification rate based on P , the
output assignment vector. The success rate is computed as the number of correctly classified
individuals divided by the sample size n. Hence the misclassification rate is 1− success rate.
Fig. 1(top left) shows the average success rates of SDP1 and SVD (over 100 trials) for the
balanced cases with V1 = V2 as n increases for different values of p. We observe that SDP1
has higher average success rate for each setting of (n, p) when npγ2 > 1.5, despite the
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SVD: Spectral method for k-means clustering (Peng and Wei, 2007):

Input: Centered data matrix Y ∈ Rn×p, k = 2
Output: A group assignment vector P
Step 1. Use SVD to obtain the leading eigenvector v1 of Y Y T and let v := v1;
Step 2. Let S be the vector of sorted values of v in descending order. For each index j
in [n], compute the two means c1, c2, one for each of the two groups, namely, C1 = SL :=
{S1, . . . , Sj} and C2 = SR := {Sj+1, . . . , Sn} to the left (inclusive) and the right of this
index;
Step 3. Compute the total sum-of-squared Euclidean distances from each point within a
particular group to the respective mean, according to (54). Let t be the index that gives
the minimum total distance, and its corresponding value be St;
Step 4. Set Pi = 1 if vi ≥ St, and Pi = −1 if vi < St.

Table 2: SVD: Spectral method for k-means clustering (Peng and Wei, 2007)

percentage of features f1 f2 f3
mean parameters (pop. 1) 1+α

2 + ϵ
2

1−α
2 + ϵ

2 m1

mean parameters (pop. 2) 1−α
2 + ϵ

2
1+α
2 + ϵ

2 m2

p V1 V2 ∆2 = pγ

100 24.17 21.77 0.928

200 48.33 43.54 1.856

400 96.66 87.07 3.712

1000 241.66 217.69 9.280

Table 3: Left: Entrywise expected values. α = 0.04, ϵ = 0.1α. Right: Population profiles
in Config2, where V1 ̸= V2

exhaustive search in SVD. For npγ2 < 1.5, the rates are closer. We also see that when
p < 1/γ = 625, for example, when p = 500, the success rate remains flat across n. Note
that a success rate of 50% is equivalent to a total failure. In contrast, when n < 1/γ = 625,
we can obtain a higher success rate as p increases, as shown in Fig. 1(top right) for SDP1.
In general, npγ2 > 1 is indeed necessary to obtain a success rate larger than 60%, when
p ≥ 1/γ. When n < 625, npγ2 plays the role of the SNR, since npγ2 < pγ. This remains
the case throughout our experiments.

BalancedSDP. In the bottom row of Fig. 1, we compare the success rates of all three
estimators under two configurations. We observe the average success rates of BalancedSDP
and SDP1 are essentially the same for each setting of (n, p) for both configurations. These
results are consistent with Conjecture 37, and confirm that the additional constraint in
BalancedSDP does not play a major role on the average success rate for the current set of
experiments.

Angle and ℓ2 convergence. Here we take a closer look at the trends of x̂ and Ẑ, the
solution to SDP1 (8) as n increases, and of v1, the leading eigenvector of Y Y T . In this
experiment, we set p ∈ {20000, 50000, 80000}, and increase n. In the top panel of Fig. 2,
which is for the unbalanced case of w1 = 0.7, and V1 = V2, we plot θSDP 1 := ∠(x̂, u2)
between x̂ and its reference vector u2 as defined in Theorem 7 and Corollary 9. For SVD,
θ1 := ∠(v1, v̄1) between v1 and its reference v̄1, where v̄1 is as defined in Theorem 17. In
this case, the angle ∠(v̄1, u2) between the two reference vectors is about 22 degrees (blue
horizontal dashed line). We observe that as n increases, for both algorithms, the angles
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Figure 1: Top left: Success rates of SDP1 and SVD (balanced case and V1 = V2) for different
p as n increases. Lines with the same markers are for the 2 estimators. Red lines
highlight the success rates at different levels of npγ2 ranging from 0.5 to 3.5
(bottom to top with a step of 0.5). The solid red line is for npγ2 = 1. Top right:
Same data as the top left plot, showing SDP1’s success rate for different n as
p increases (x-axis in log scale). Bottom row: Success rates of SDP1, SVD and
BalancedSDP for two different variance profiles. Lines with the same markers are
for the 3 estimators. Error bars represent 1 standard deviation.

θSDP 1 and θ1 decrease, but θSDP 1 drops much faster and decreases to 0 when n > 200 for
p = 80, 000. We also show the angle ϕ = ∠(x̂, v1) between the two leading eigenvectors x̂
and v1, which largely remains flat across all n. In the bottom panel of Fig. 2, we see that
for SDP1, all three metrics, namely sin(θSDP 1), ∥Z∗ − Ẑ∥2/n, and ∥Z∗ − Ẑ∥F /n, where
Z∗ = u2u

T
2 , decrease as n increases, following an exponential decay in n as predicted by our

theory in Theorem 10 and Corollary 19, where in each plot, p, γ are fixed. The gaps between
the three curves for SDP1 shrink when p, n increase. For SVD, sin(θ1) also decreases as n
increases, but at a slower rate of 1/n, again as predicted by Theorem 17.
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Figure 2: Unbalanced case w1 = 0.7, p ∈ {20000, 50000, 80000}.

8. Proof of Theorem 10 and Lemma 15

Let ⌈r1/(2n)⌉ =: q < n and r1 :=
∥∥∥Ẑ − Z∗

∥∥∥
1
. Recall σ2max := maxi ∥Hi∥22. Then, we have

by Lemma 22, on event G1,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨Y Y T − E(Y Y T ), Ẑ − Z∗⟩
∣∣∣ ≤ 5

6
ξpγ

∥∥∥Ẑ − Z∗
∥∥∥
1

(61)

+C ′C0σmaxn
√
pγ + C1C

2
0σ

2
max

√
np
⌈ r1
2n

⌉√
log(2en/⌈ r1

2n
⌉).

Let C,C ′, C1, c, c1, c2, .... be absolute positive constants. For the rest of the proof, we assume
G1 ∩ G2 holds, where P (G2 ∩ G1) ≥ 1− exp(−cn)− c/n2. By Lemmas 21, 24, and 15, (47),
and (61), we have for all Ẑ ∈ Mopt ∩ (Z∗ + r1B

n×n
1 ),

0 ≤ pγw2
min

∥∥∥Z∗ − Ẑ
∥∥∥
1
≤ ⟨R,Z∗ − Ẑ⟩ (62)

≤
∣∣∣⟨Y Y T − E(Y Y T ), Ẑ − Z∗⟩

∣∣∣+ |F2|+ |F3| ≤ (10/3)ξpγ
∥∥∥Ẑ − Z∗

∥∥∥
1

+C ′C0σmaxq

√
log(

2en

q
) ·
(
n
√
pγ + C0σmax

√
np
)
.

Hence we can control ξ ≤ w2
min/16 and the lower bound in (19) so that each component

F2, F3 is only a fraction of the signal at the level of pγw2
min

∥∥∥(Z∗ − Ẑ)
∥∥∥
1
. By moving

27



Zhou

(10/3)ξpγ
∥∥∥Ẑ − Z∗

∥∥∥
1
< 5

24pγw
2
minr1, where ξ ≤ w2

min/16, to the LHS of (62), we have

19

24
pγw2

minr1 ≤ pγw2
min

∥∥∥Z∗ − Ẑ
∥∥∥
1
− (10/3)ξpγ

∥∥∥Ẑ − Z∗
∥∥∥
1

≤ CC0σmax

√
log(2en/q) ·

(
2nq

√
pγ + C0σmaxq

√
np
)
. (63)

Then q must satisfy one of the following two conditions to ensure (63): for r1 ≤ 2nq,

1. Under the assumption that ∆2w4
min = pγw4

min = Ω(C2
0σ

2
max), suppose

√
pγw2

min ≤ C1C0σmax

√
log(2en/q),

which implies that
cpγw4

min

C2
0σ

2
max

≤ log(2en/q) and hence q ≤ n exp
(
− c1∆2w4

min

C2
0σ

2
max

)
.

2. Alternatively, under the assumption that npγ2w4
min = Ω(C4

0 ), we require

pγw2
minr1 ≤ 2qnpγw2

min ≤ C2C
2
0σ

2
max

√
log(2en/q)q

√
np,

and hence npγ2w4
min ≤ C3(C0σmax)

4 log(2en/q), which implies that

log(q/2en) ≤ −C
′npγ2w4

min

C4
0σ

4
max

, resulting in q ≤ n exp
(
− c2npγ

2w4
min

C4
0σ

4
max

)
.

Putting things together, we have for s2 as defined in (21),∥∥∥Z∗ − Ẑ
∥∥∥
1
:= r1 ≤ 2qn ≤ n2 exp(−Cs2w4

min), and q ≤ n exp(−Cs2w4
min). □

8.1 Proof of Lemma 15

We will prove that (33) holds for all Z ∈ [−1, 1]n×n ⊃ Mopt. Recall we have

R = E(Y )E(Y )T = pγ

[
w2
2En1 −w1w2En1×n2

−w1w2En2×n1 w2
1En2

]
=: pγ

[
A B
BT C

]
.

Now all entries of Z∗, Z belong to [−1, 1]. Clearly, for the upper left and lower right diagonal
blocks, denoted by D = {A,C}, we have Z∗ −Z ≥ 0, since all entries of Z∗ on these blocks
are 1s. Similarly, for the off-diagonal blocks {B,BT }, we have Z − Z∗ ≥ 0. Thus we have

⟨R,Z∗ − Z⟩/(pγ) ≥ (w2
2 ∧ w2

1 ∧ w1w2)
( ∑
(i,j)∈D

(Z∗ − Z)ij +
∑

(i,j)∈{B,BT }

(Z − Z∗)ij
)

The lemma thus holds since
∑

(i,j)∈D(Z
∗ −Z)ij +

∑
(i,j)∈{B,BT }(Z −Z∗)ij = ∥Z − Z∗∥1 . □
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9. Proof of Corollaries 9 and 19

Theorem 29. (Davis-Kahan) For A,M ∈ Rn×n being symmetric matrices and E =
M−A. Let λ1(A) ≥ λ2(A) ≥ . . . ≥ λn(A) be eigenvalues of A with orthonormal eigenvectors
v1, v2, . . . , vn, and λ1(M) ≥ λ2(M) ≥ . . . ≥ λn(M) be eigenvalues of M with orthonormal
eigenvectors w1, w2, . . . , wn of M , with θi = ∠(vi, wi). Then

θi ∼ sin(θi) ≤
2 ∥E∥2
gap(i, A)

where gap(i, A) = min
j ̸=i

|λi(A)− λj(A)| . (64)

Theorem 29 is a well-known result in perturbation theory. See Blum et al. (2009) for a
proof. See also Theorem 4.5.5 Vershynin (2018) and Corollary 3 in Yu et al. (2015).

9.1 Proof of Corollary 9

The upper bound follows from (26) (Theorem 7) and Corollary 3 (Yu et al., 2015), while
noting that the largest eigenvalue of u2u

T
2 is n while all others are 0, and hence the spectral

gap in the sense of Theorem 29 equals n. Then, we have by Theorem 7,

min
α=±1

∥∥(αx̂− u2)/
√
n
∥∥2
2
≤

23
∥∥∥Ẑ − u2u

T
2

∥∥∥2
2

gap(1, u2uT2 )
2

≤ 23
∥∥∥Ẑ − u2u

T
2

∥∥∥2
F
/n2 ≤ 234KGξ/w

2
min. □

9.2 Proof of Corollary 19

The angle between x̂/
√
n and u2/

√
n can be expressed as

cos(θSDP ) = cos(∠(x̂, u2)) = ⟨x̂, u2⟩/n (65)

The upper bound on sin(θSDP ) follows from Theorems 10 and 29; by the Davis-Kahan
Theorem, cf. Corollary 3 (Yu et al., 2015), we have with probability at least 1−2 exp(−cn)−
2/n2,

min
α=±1

∥∥(αx̂− u2)/
√
n
∥∥
2

≤
23/2

∥∥∥Ẑ − u2u
T
2

∥∥∥
2

gap(1, u2uT2 )
≤ 23/2

∥∥∥Ẑ − u2u
T
2

∥∥∥
F
/n

≤ 23/2(2
∥∥∥Ẑ − u2u

T
2

∥∥∥
1
)1/2/n ≤ 4 exp(−c0s2w4

min/2). □

10. Proof of Theorem 17 and Corollary 19

We first state Propositions 30 and 31.

Proposition 30. Let Y Y T =
∑n−1

j=1 λjvjv
T
j . Denote by Ã = Y Y T − λEn, then

Ã := Y Y T − λEn =

n−1∑
j=1

λjvjv
T
j +

nτ

n− 1
11T /n ⪰ 0. (66)

The leading eigenvector of Ã (resp. A and B) will coincide with that of Y Y T with

λmax(Ã) = λmax(Y Y
T ) ≥ nτ/(n− 1), (67)
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where strict inequality holds if and only if not all eigenvalues of Y Y T are identical. Thus the
symmetric matrices A = Ã+λIn and B = A−EτIn also share the same leading eigenvector
v1 with Y Y T , so long as not all eigenvalues of Y Y T are identical, with λmax(A) ≥ τ .

Proposition 31 is also not surprising, since the sum of all off-diagonal entries of A is 0.
We need it for the proof of Lemma 20 and Theorem 17.

Proposition 31. Suppose that we observe one instance of the Gram matrix Ŝn := XXT .
Recall λ = 1

(n2)

∑
i<j⟨Yi, Yj⟩ and τ = 1

n

∑n
i=1⟨Yi, Yi⟩. Then

⟨Y Y T , En⟩ = 1TnY Y
T1n = 0, since Y Y T = (I − P1)XX

T (I − P1). (68)

Moreover, by construction, we have for A as defined in (7),

⟨A,En⟩ = 1TnY Y
T1n − λ⟨(En − In), En⟩ = −λn(n− 1) = tr(Y Y T )

where λ =
1

n(n− 1)

∑
i ̸=j

⟨Yi, Yj⟩ = −tr(Y Y T )

n(n− 1)
= − τ

n− 1
.

In other words, we have ⟨A,P1⟩ = ⟨A,1n1Tn/n⟩ = tr(Y Y T )/n =: τ.

Proof of Theorem 17. It is known that for any real symmetric matrix, there exists
a set of n orthonormal eigenvectors. Recall that R is rank one with λmax(R) = tr(R) =
w1w2npγ while u2Ru2/n = (4w1w2)w1w2npγ ≤ 1

4npγ. Hence u2/
√
n coincides with v̄1 when

w1 = w2 = 1/2. Hence for gap(1, R), as defined in Theorem 29, gap(1, R) = λmax(R) =
w1w2npγ. We check the claim that the leading eigenvector of B coincides with that of Y Y T

in Proposition 30. Clearly,

cos(θ1) = cos(∠(v1, v̄1)) = ⟨v1, v̄1⟩ (69)

and hence θ1 = arccos(⟨v1, v̄1⟩). Hence we can use the first eigenvector of Y Y T to partition
the two groups of points in Rp. To obtain an upper bound on sin(θ1), we apply the Davis-
Kahan perturbation bound as follows. Since v1, v̄1 are the leading eigenvectors of B and R
respectively, (35) holds by Theorems 16 and 29:

sin(θ1) := sin(∠(v1, v̄1)) ≤
2 ∥B −R∥2
λmax(R)

=
2 ∥B −R∥2
w1w2npγ

≤ 2ξ

w1w2
.

Moreover, we have (36) holds by Corollary 3 (Yu et al., 2015): since

min
α=±1

∥αv1 − v̄1∥22 ≤

(
23/2 ∥B −R∥2
w1w2npγ

)2

≤ 23ξ2

(w1w2)2
=: δ′, where δ′ =

8ξ2

(w2
1w

2
2)

≤ c2ξ
2

w2
min

.

The theorem thus holds. □

Proof of Proposition 30. Clearly, the additional terms involving En and In are
either orthogonal to eigenvectors v1, . . . , vn−1 of Y Y T , or act as an identity map on the
subspace spanned by {v1, . . . , vn−1}. Now (66) holds since ⟨vj ,1n⟩ = 0 for all j and hence
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{v1, . . . , vn−1,1n/
√
n} forms the set of orthonormal eigenvectors for Ã (resp. A and B),

and moreover, in view of Proposition 31,

−λEn =
nτ

n− 1
P1 =

nτ

n− 1
1n1

T
n/n, where λ = − τ

n− 1
.

Since we have at most n− 1 non-zero eigenvalues and they sum up to be tr(Y Y T ), we have

λmax(Y Y
T ) ≥ tr(Y Y T )/(n− 1) = nτ/(n− 1),

where strict inequality holds when these eigenvalues are not all identical. Finally, (67)
holds since λ1(Ã) := λmax(Y Y

T ) in view of the eigen-decomposition (66) and the displayed
equation immediately above. Now for A = Y Y T − λ(En − In), we have tr(A) = tr(Y Y T ),
and hence λmax(A) ≥ τ . The extra terms ∝ In in A (resp. B) will not change the order of
the sequence of eigenvalues for B (resp. A) with respect to that established for Ã. Hence
all symmetric matrices B, Ã, and A share the same leading eigenvector v1 with Y Y T . □

11. Proof of key lemmas for Theorems 7 and 10

11.1 Proof of Lemma 21

Proposition 32. Let Z∗ = u2u
T
2 be as defined in Lemma 1. Then for P2 = Z∗/n,

tr(P2(Z
∗ − Ẑ)) =

1

n
tr(Z∗(Z∗ − Ẑ)) =

1

n
∥Z∗ − Ẑ∥1 ≤ 2(n− 1). (70)

Proof of Lemma 21. Denote by Ã = Y Y T − λEn. We have for B as in (30),

EB −R := E(Y Y T )− E(Y )E(Y )T − Eλ(En − In)− EτIn, (71)

where R = E(Y )E(Y )T . Moreover, we have by (71),

M := E(Y Y T )− λ(En − In)− EτIn − E(Y )E(Y )T (72)

=
(
EB −R

)
− (λ− Eλ)(En − In).

Clearly Ẑ, Z∗ ∈ Mopt by definition. By optimality of Ẑ ∈ Mopt, we have by (30) and (5),

⟨B, Ẑ − Z∗⟩ := ⟨Y Y T − λ(En − In)− EτIn, Ẑ − Z∗⟩ = ⟨Y Y T − λEn, Ẑ − Z∗⟩ ≥ 0,

⟨R,Z∗ − Ẑ⟩ := ⟨−E(Y )E(Y )T , Ẑ − Z∗⟩
≤ ⟨Y Y T − λ(En − In)− EτIn, Ẑ − Z∗⟩ − ⟨E(Y )E(Y )T , Ẑ − Z∗⟩
= ⟨Y Y T − E(Y Y T ), Ẑ − Z∗⟩+ ⟨M, Ẑ − Z∗⟩, for M as in (72).

Thus the RHS of (45) holds. Now the LHS of (45) holds by Lemma 15. □

11.2 Proof sketch of Lemma 22

Let Λ = Y Y T − EY Y T and Ψ := ZZT − EZZT . The local analysis on (46) relies on the
operator norm bound we obtained in Theorem 6 as already shown in Lemma 23. The key
distinction from the global analysis is that we need to analyze the projection operators in
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the following sense. Following the proof idea of Fei and Chen (2018), we define the following
projection operator: for P2 = Z∗/n,

P :M ∈ Rn×n → P2M +MP2 − P2MP2

P⊥ :M ∈ Rn×n → M − P(M) = (In − P2)M(In − P2).

We use the following decomposition to bound for all Ẑ ∈ Mopt ∩ (Z∗ + r1B
n×n
1 ), where

Mopt := {Z : Z ⪰ 0, diag(Z) = In} ⊂ [−1, 1]n×n:

⟨Λ, Ẑ − Z∗⟩ = ⟨Λ,P(Ẑ − Z∗)⟩+ ⟨Λ,P⊥(Ẑ − Z∗)⟩ =: S1(Ẑ) + S2(Ẑ),

where S1(Ẑ) = ⟨Λ,P(Ẑ − Z∗)⟩ = ⟨P(Λ), Ẑ − Z∗⟩,
S2(Ẑ) = ⟨Λ,P⊥(Ẑ)⟩ ≤ ∥Λ∥2 ∥Z

∗ − Ẑ∥1/n.

First, we control S1(Ẑ) uniformly for all Ẑ ∈ Mopt∩ (Z∗+ r1B
n×n
1 ) in Lemma 33. We then

obtain an upper bound for S2(Ẑ) in Lemma 34, uniformly for all Ẑ ∈ Mopt. Lemmas 33

and 34 show that the total noise contributed by the second term, namely, S2(Ẑ) and a
portion of that by S1(Ẑ) is only a fraction of the signal strength on the LHS of (45). We
prove Lemma 33 in Section E. Lemma 22 follows from Lemmas 33 and 34. The proof of
Lemma 34 follows from Theorem 6 and arguments in Fei and Chen (2018); we include the
proof for self-containment.

Lemma 33. Suppose all conditions in Theorem 6 hold. Let σmax := maxi ∥Hi∥2 be as
in (51). Then, with probability at least 1− c′/n2, for some absolute constants c′, C,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

S1(Ẑ) ≤
2

3
ξpγ∥Ẑ − Z∗∥1 + Cσmax⌈

r1
2n

⌉
√
log(2en/⌈ r1

2n
⌉)
(
n∆+ σmax

√
np
)
.

Lemma 34. Suppose all conditions in Theorem 6 hold. Let ξ ≤ w2
min/16. Then, with

probability at least 1− exp(−cn), for all Ẑ ∈ Mopt,

S2(Ẑ) ≤ ∥Y Y T − E(Y Y T )∥2∥Z∗ − Ẑ∥1/n ≤ ξpγ
∥∥∥Ẑ − Z∗

∥∥∥
1
/6.

Proof Since Ẑ ⪰ 0, we have by properties of projection,

P⊥(Ẑ) = (In − P2)(Ẑ)(In − P2) ⪰ 0 and P⊥(Z∗) = (In − P2)Z
∗(In − P2) = 0,

where P2 = Z∗/n. Thus we have for tr(Ẑ) = tr(Z∗) = n,∥∥∥P⊥(Ẑ)
∥∥∥
∗

:=
∥∥∥(In − P2)(Ẑ)(In − P2)

∥∥∥
∗
= tr((In − P2)(Ẑ)(In − P2))

= tr(Z∗(Z∗ − Ẑ))/n =
∥∥∥Z∗ − Ẑ

∥∥∥
1
/n,

where ∥·∥∗ denotes the nuclear norm; thus we have

S2(Ẑ) = ⟨Λ,P⊥(Ẑ)⟩ ≤ ∥Λ∥2
∥∥∥P⊥(Ẑ)

∥∥∥
∗
=
∥∥Y Y T − EY Y T

∥∥
2

∥∥∥Z∗ − Ẑ
∥∥∥
1
/n.

The lemma thus holds in view of Theorem 6.
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11.3 Proof of Lemma 23

To be fully transparent, we now decompose the bias term into three components. Intuitively,
W0,W2 and W arise due to the imbalance in variance profiles. Hence (A2) is needed to
control this bias. We prove Proposition 35 in Section D.5 Zhou (2026).

Proposition 35. (Bias decomposition) Denote by

W0 = (V1 − V2)

[
w2In1 0
0 −w1In2

]
and W2 :=

V1 − V2
n

[
En1 0
0 −En2

]
. (73)

Then for W0,W2 as defined in (73),

EB −R = W0 −W− tr(R)/(n− 1)(In − En/n), where (74)

W := W2 +
(V1 − V2)(w2 − w1)

n
En, and when V1 = V2,W0 = W = 0. (75)

Proof of Lemma 23. Now we have by Proposition 35, for P1 := En/n,

⟨EB −R, Ẑ − Z∗⟩ = ⟨W0 −W, Ẑ − Z∗⟩ − ⟨In − P1, Ẑ − Z∗⟩tr(R)/(n− 1),

where W0 is a diagonal matrix as in (73). For the optimal solution Ẑ of SDP1, we have

⟨W0, Ẑ − Z∗⟩ = ⟨W0,diag(Ẑ − Z∗)⟩ = 0, where diag(Ẑ) = diag(Z∗) = In, (76)∣∣∣⟨W, Ẑ − Z∗⟩
∣∣∣ ≤ ∥W∥max ∥Ẑ − Z∗∥1 ≤ 2 |V1 − V2|∥(Z∗ − Ẑ)∥1/n. (77)

Hence, by the triangle inequality and the fact that tr(R)/n = pγw1w2 and (A2),

⟨EB −R, Ẑ − Z∗⟩ ≤
∣∣∣⟨W, Ẑ − Z∗⟩

∣∣∣+ ∣∣∣∣ tr(R)

n(n− 1)
⟨En, Ẑ − Z∗⟩

∣∣∣∣ (78)

≤ pγ∥Ẑ − Z∗∥1
(
ξ + 1/(4(n− 1))

)
≤ 2ξpγ∥Ẑ − Z∗∥1,

where 2 |V1 − V2|/n ≤ ξpγ. The lemma thus holds. □

Remark 36. (Balanced Partitions) Suppose that w1 = w2, then we may hope to obtain a
tighter bound for ⟨EB −R, Ẑ − Z∗⟩. We conjecture that (77) can be substantially tightened
for the balanced case, where W =W2. Now by symmetry of matrix Ẑ − Z∗,

1Tn (Ẑ − Z∗)u2 =
∑
i∈C1

∑
j∈C1

(Ẑ − Z∗)ij −
∑
i∈C2

∑
j∈C2

(Ẑ − Z∗)ij , (79)

where the two off-diagonal block-wise sums have been cancelled due to symmetry. Hence for
w1 = w2, we have (a) 1

n1
T
nZ

∗u2 = 1Tnu2 = 0, and (b) for W =W2,∣∣∣⟨W, Ẑ − Z∗⟩
∣∣∣ = (|V1 − V2|/n)

∣∣∣∣⟨[ En1 0
0 −En2

]
, Ẑ − Z∗⟩

∣∣∣∣ (80)

= (|V1 − V2|/n)
∣∣∣1Tn (Ẑ − Z∗)u2

∣∣∣ ≤ |V1 − V2| ∥Z∗ − Ẑ∥2/2, (81)

where recall diag(Ẑ) = diag(Z∗) = In and (81) holds by symmetry and (a); cf. Lemma 39.
Moreover, since (Z∗

ij − Ẑij) ≥ 0,∀(i, j) ∈ Ck, the two block-wise sums Sk :=
∑

i,j∈Ck(Z
∗
ij −

Ẑij) ≥ 0, k = 1, 2, are both nonnegative in (79). Hence we expect the difference between the
two block-wise sums |S1 − S2| to be small for (80). Formally, we have Conjecture 37.

Conjecture 37. (Balanced partitions with SDP1) For the balanced case where n1 = n2,
the bias term (78) essentially becomes a small order term compared with the variance.
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12. Analysis of the BalancedSDP for balanced partitions: Bias free

Suppose w1 = w2 = 0.5. Since 1
n1

T
nZ

∗u2 = 1Tnu2 = 0, we have by symmetry of Ẑ and (81),∣∣∣⟨W, Ẑ − Z∗⟩
∣∣∣ =

∣∣∣⟨W2, Ẑ⟩
∣∣∣ = [|V1 − V2|/n]

∣∣∣uT2 Ẑ1n∣∣∣ .
By Rayleigh’s Principle, Theorem 38 holds for the Rayleigh quotient R(x) = xTZx

xT x
, where

x ̸= 0. Recall the minimum of the Rayleigh quotient is the smallest eigenvalue λmin(Z).

Theorem 38. Let Z ⪰ 0 and ⟨En, Z⟩ = 0. Then R(x) reaches the minimum at the 1n,
that is, R(1n) := minx∈Rn,x ̸=0 x

TZx/xTx = λmin(Z) = 0.

Lemma 39. Suppose w1 = w2 = 0.5. Let Ẑ be an optimal solution to (9). Then

⟨
[
En1 0
0 −En2

]
, Z∗ − Ẑ⟩ = 1Tn (Ẑ − Z∗)u2 = 1Tn Ẑu2 = 0. (82)

As a consequence, we have ⟨W2, Ẑ − Z∗⟩ = 0 and ⟨EB −R, Ẑ − Z∗⟩ = 0.

We rewrite (BalancedSDP) (9) as

maximize ⟨Y Y T − λEn, Z⟩ subject to Z ∈ M+
opt for (83)

M+
opt = {Z : Z ⪰ 0,diag(Z) = In, ⟨Z,En⟩ = 0}, where En = 1n1

T
n . (84)

Here the trace term ⟨λEn, Z⟩ in (83) does not play any role in optimization. This eliminates
the F2 and F3 terms in view of Lemma 39. Hence, we now have the updated Elementary
Inequality, replacing Lemma 21. The proof then follows that of Lemma 21, except that now
F2, F3 = 0 due to the new constraint ⟨En, Z⟩ = 0. The rest of the proof for Theorem 11
follows that of Theorem 10 and hence is omitted.

Lemma 40. (Elementary inequality: balanced partitions) Suppose w1 = w2 = 0.5.
Clearly Z∗ = u2u

T
2 ∈ M+

opt. By optimality of Ẑ ∈ M+
opt, we have ⟨Ẑ, In⟩ = ⟨In, Z∗⟩ = n

and ⟨Ẑ, En⟩ = ⟨En, Z∗⟩ = 0, and moreover,

pγ∥Ẑ − Z∗∥1/4 ≤ ⟨R,Z∗ − Ẑ⟩ ≤ ⟨Y Y T − E(Y Y T ), Ẑ − Z∗⟩. (85)

Proof of Lemma 39. Denote by 1Ck ∈ {0, 1}n the group indicator vector for Ck, k =

1, 2 and clearly
∑

k 1Ck = 1n. As a result of Theorem 38, we have Ẑvn = 0vn for vn :=

1n/
√
n. Thus λn(Ẑ) := λmin(Ẑ) = 0, and for all other eigenvectors vi, i = 1, . . . , n− 1 of Ẑ,

we have ⟨vi,1n⟩ = 0. Now split each vi into two parts according to Ck, k = 1, 2 to obtain

∀j = 1, . . . , n− 1, 1TC1vj :=
∑
ℓ∈C1

vj,ℓ = −
∑
ℓ∈C2

vj,ℓ = −1TC2vj .

Thus we have for Ẑ =
∑n

j=1 λj(Ẑ)vjv
T
j , where λ1(Ẑ) ≥ . . . ≥ λn(Ẑ) = 0, and by symmetry,

1Tn Ẑu2 =
∑
i∈C1

∑
j∈C1

Ẑij −
∑
i∈C2

∑
j∈C2

Ẑij = 1TC1Ẑ1C1 − 1TC2Ẑ1C2

= 1TC1(

n−1∑
j=1

λj(Ẑ)vjv
T
j )1C1 − 1TC2(

n−1∑
j=1

λj(Ẑ)vjv
T
j )1C2 = 0.
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Finally, we have by (78), ⟨EB −R, Ẑ − Z∗⟩ = 0, where the first component = 0 forW =W2,
which follows from (82), while for the second component, we have ⟨En, Ẑ⟩ = 0 by definition
of (9) and ⟨En, Z∗⟩ = uT2Enu2 = 0 by definition of Z∗. □

13. Conclusion

The present work aims to illuminate the geometric and probabilistic features for population
clustering through the MAXCUT framework. Centering the data matrix X plays a key
role in the statistical analysis and in understanding the roles of sample size lower bounds
(on n, p and their tradeoffs) for partial recovery of the clusters using the local and global
analyses. With new results on concentration of measure bounds on ∥Y Y T − EY Y T ∥, we
can simultaneously analyze SDP1 as well as the spectral algorithm based on the leading
eigenvector of Y Y T ; cf. Theorem 17 and Corollary 18, where we obtain error bounds
similar to those in Theorem 7. Importantly, because of these new concentration of measure
bounds, our theory works for the small sample and low SNR (n < p and s2 = o(log n))
cases for both SDP1 (in its local and global analyses) and the spectral algorithm, which is
perhaps the more surprising case. Using the local analysis, we discover additional debiasing
properties of SDP1 and its variation for balanced partitions, and hence we remove (A2)
entirely from Theorem 11. Importantly, we show that BalancedSDP (9) has an inherent
tolerance on arbitrary variance discrepancy between the two component distributions in
case n1 = n2, while achieving optimal clustering for balanced partitions. Consequently,
for balanced partitions, our result in Theorem 11 for BalancedSDP (9) is substantially
stronger than those in the literature in the sense that we now simultaneously eliminate the
bounded trace-difference assumption (A2), as well as the need for an explicit debiasing step.
Such explicit debiasing steps typically come with an additional computational cost; see for
example Royer (2017).
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Appendix A. Proof of Theorem 4 and Lemma 5

In the rest of this section, we prove Theorem 4. The proof may be of independent interest.
First, we prove some more general results, from which Lemma 5 follows. We generate Z
according to Definition 3:

Zj = HjWj ∈ Rp, and hence Z =
n∑
j=1

ejW
T
j H

T
j =

n∑
j=1

diag(ej)WHT
j ,

where W T
1 , . . . ,W

T
n ∈ Rm are independent, mean-zero, isotropic row vectors of W = (wjk),

where we assume that coordinates wjk are also independent with maxj,k ∥wjk∥ψ2
≤ K.

35



Zhou

Hence Z1, . . . ,Zn ∈ Rp are independent, mean zero, sub-gaussian random vectors with
covariance Cov(Zj) = E(ZjZTj ) for each j ∈ [n] with the following properties.

First, ∀j ∈ [n], denote by Σj = Cov(Zj), where

Cov(Zj) := E(ZjZTj ) = HjE(WjW
T
j )H

T
j = HjH

T
j

and tr(Σj) = tr(HjH
T
j ) = ∥Hj∥2F . Here by definition of (17), we have for any v ∈ Rp,

∥⟨Zj , v⟩∥L2
= (vTE[ZjZTj ]v)1/2 = (vTCov(Zj)v)1/2 =

∥∥HT
j v
∥∥
2
. (86)

Now ∀h ∈ Sp−1, we have by definition of (13) and (86),

∥⟨Zj , h⟩∥ψ2
= ∥⟨HjWj , h⟩∥ψ2

=
∥∥⟨Wj , H

T
j h⟩

∥∥
ψ2

≤ ∥Wj∥ψ2

∥∥HT
j h
∥∥
2
= ∥Wj∥ψ2

∥⟨Zj , h⟩∥L2
; (87)

Thus we have shown that (16) and (17) hold for C0 as in (88) for the independent, sub-
gaussian random vectors Z1, . . . ,Zn ∈ Rp generated according to Definition 3, since for
some universal constant C,

K ≤ max
j

∥Wj∥ψ2
≤ CK ∀j, and C0 = max

j
∥Wj∥ψ2

, (88)

by definition of K = maxj,k ∥wjk∥ψ2
in (14). See Definition 3.4.1 and Lemma 3.4.2 (Ver-

shynin, 2026) for the proof of (88).
Proof of Theorem 4. Let e1, . . . , en be the canonical basis of Rn. By Definition 3,

vec{Z} =

n∑
j=1

vec{diag(ej)WHT
j } =

n∑
j=1

Hj ⊗ diag(ej)vec{W}

=: Lvec{W} ∈ Rnp where L :=

n∑
j=1

Hj ⊗ diag(ej) ∈ Rnp×mn. (89)

Following Definition 3, we have Cov(vec{Z}) = LLT :=
∑n

i=1HiH
T
i ⊗diag(ei). On the other

hand, we have for W ∈ Rn×m, Zj = HjWj and hence

ZT = [Z1, . . . ,Zn] =
n∑
j=1

Zj ⊗ eTj =

n∑
j=1

HjWTdiag(ej),

and hence vec{ZT } = vec{
n∑
j=1

HjWTdiag(ej)} =

n∑
j=1

vec{HjWTdiag(ej)}

=
n∑
j=1

(diag(ej)⊗Hj)vec{WT } =: Rvec{WT }. (90)

Then there exist some permutation matrices P,Q such that

L =
n∑
i=1

Hi ⊗ diag(ei) = P T
( n∑
i=1

diag(ei)⊗Hi

)
Q =: P TRQ (91)
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where HjH
T
j denotes the covariance matrix for each row vector Zj , j ∈ [n]. We now show

(91) with an explicit construction. There exist permutation matrices P,Q such that

vec{ZT } = Pvec{Z} and vec{WT } = Qvec{W} (92)

and hence by (89), vec{ZT } = Pvec{Z} = PLvec{W}

On the other hand, we have by (90) and (92)

vec{ZT } = Rvec{WT } = RQvec{W}.

This shows that for P T = P−1, PL = RQ and hence L = P TRQ, and hence (91)
holds. See Lemma 4.3.1 and Corollary 4.3.10 Horn and Johnson (1991). First we rewrite
the quadratic form as follows: for any matrix A = (aij) ∈ Rn×n,∣∣∣∣∣∣

n∑
i=1

n∑
j ̸=i

⟨Zi,Zj⟩aij

∣∣∣∣∣∣ =

∣∣∣∣∣∣
n∑
i=1

n∑
j ̸=i

aij

p∑
k=1

zikzjk

∣∣∣∣∣∣
= vec{Z}T Ãvec{Z} = vec{W}TLT ÃLvec{W},

where Ã ∈ Rnp×np is a block-diagonal matrix with diag(Ã) = 0, and p identical blocks
Ãk = offd(A), ∀k ∈ [p] of size n × n along the main diagonal, where ∥offd(A)∥2 ≤ ∥A∥2 +
∥diag(A)∥2 ≤ 2 ∥A∥2. We now compute ∥L∥2 = ∥R∥2 = ∥

∑n
i=1 diag(ei)⊗Hi∥2 ≤ maxi ∥Hi∥2,

and ∥∥∥LT ÃL∥∥∥
2

≤

∥∥∥∥∥
n∑
i=1

Hi ⊗ diag(ei)

∥∥∥∥∥
2

2

∥∥∥Ã∥∥∥
2
≤ max

i
∥Hi∥22

∥∥∥Ã∥∥∥
2
, and∥∥∥LT ÃL∥∥∥

F
≤ ∥L∥22

∥∥∥Ã∥∥∥
F
≤ max

i
∥Hi∥22

∥∥∥Ã∥∥∥
F
≤ max

i
∥Hi∥22

√
p ∥A∥F ,

where we use the property of block-diagonal matrix for R =
∑n

i=1 diag(ei) ⊗Hi, which is
also known as a direct sum over Hi, i = 1, . . . , n. Hence for any t > 0, by the Hanson-Wright
inequality, cf. Theorem 1.1 Rudelson and Vershynin (2013), for C2

H := K2(maxi ∥Hi∥22),

P
(∣∣∣vec{Z}T Ãvec{Z}∣∣∣ > t

)
= P

(∣∣∣vec{W}TLT ÃLvec{W}
∣∣∣ > t

)
≤ 2 exp

(
− cmin

(
t2/(C4

H

∥∥∥Ã∥∥∥2
F
), t/(C2

H

∥∥∥Ã∥∥∥
2
)
))

≤ 2 exp

(
−cmin

(
t2

C4
Hp ∥A∥

2
F

,
t

C2
H ∥A∥2

))
.

Finally, for all j ∈ [n], we have by (86) and (87),

∥Zj∥ψ2
:= sup

h∈Sp−1

∥⟨Zj , h⟩∥ψ2
≤ ∥Wj∥ψ2

∥Hj∥2 ≤ CKmax
j

∥Hj∥2 . (93)

This shows that (15) also holds. The theorem thus holds. □

A.1 Proof of Lemma 5

Suppose that we allow each population to have distinct covariance structures and Zj =
HiWj for all j ∈ Ci,∀i ∈ {1, 2}. Then ∀j ∈ Ci, i = 1, 2,

Cov(Zj) := E(ZjZTj ) = HiE(WjW
T
j )H

T
i = HiH

T
i

and Vi := tr(Σi) = tr(HiH
T
i ) = ⟨Hi, Hi⟩ = ∥Hi∥2F . The rest follows from (87), (93), and

(88). □
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Appendix B. Preliminary results

We first present preliminary results for the global and local analyses in this section. These
results including Theorem 8 are initially proved in Zhou (2023). For completeness, we first
define the matrix cut norm as in Frieze and Kannan (1999).

Definition 41. (Matrix cut norm) Frieze and Kannan (1999) For a matrix A = (aij) ∈
Rn×n, we denote by ∥(aij)∥∞→1 its ℓ∞ → ℓ1 norm, which is

∥(aij)∥∞→1 = max
∥s∥∞≤1

∥As∥1 = max
s,t∈{−1,1}n

⟨A, stT ⟩.

This norm is equivalent to the matrix cut norm defined as: for A ∈ Rn×n,

∥A∥□ = max
I⊂[n],J⊂[n]

∣∣∣∣∣∣
∑
i∈I

∑
j∈J

ai,j

∣∣∣∣∣∣ , and hence

∥A∥∞→1 = max
x,y∈{−1,1}n

n∑
i=1

n∑
j=1

aijxiyi ≤ ∥x∥2 ∥y∥2 ∥A∥2 ≤ n ∥A∥2 .

Recall σ2max := maxj∥Cov(Zj)∥2. Let µ := (µ(1) − µ(2))/
√
pγ ∈ Sp−1 as in (18). Lemma 42

holds for Z as in Definition 3, where maxi ∥Riµ∥22 in (95) and (96) is understood to be re-

placed by maxj∈[n]

∥∥∥HT
j µ
∥∥∥2
2
.

Lemma 42 (Projection for anisotropic subgaussian random vectors). Let X, C0

and K be as in Lemma 5. In particular, K ≤ C0 = maxj ∥Wj∥ψ2
≤ CK for an absolute

constant C, by definition of K = maxj,k ∥wjk∥ψ2
in (14). Let Y be as in (6). Suppose all

conditions in Lemma 28 hold. Then for Ri = HT
i ,

∥⟨Zj , µ⟩∥ψ2
≤ C0 ∥⟨Zj , µ⟩∥L2

= C0

√
µTCov(Zj)µ (94)

where
√
µTCov(Zj)µ =

√
µTHiHT

i µ = ∥Riµ∥2 for each j ∈ Ci, i = 1, 2,

where Ri = HT
i . Thus for any t > 0, for some absolute constants c, c′, we have for each

v ∈ Sn−1 and u = (u1, . . . , un) ∈ {−1, 1}n the following tail bounds:

P

(∣∣∣∣∣
n∑
i=1

vi⟨Zi, µ⟩

∣∣∣∣∣ ≥ t

)
≤ 2 exp

(
− ct2

(C0maxi ∥Riµ∥2)2

)
, and (95)

P

(∣∣∣∣∣
n∑
i=1

ui⟨Zi, µ⟩

∣∣∣∣∣ ≥ t

)
≤ 2 exp

(
− c′t2

n(C0maxi ∥Riµ∥2)2

)
. (96)

Proof First, Zj = HiWj for each j ∈ Ci, i = 1, 2, is a subgaussian random vector with its
marginal ψ2 norm bounded in the sense of (16) and (17); hence for Ri = HT

i ,

∥⟨Zj , µ⟩∥ψ2
= ∥⟨HiWj , µ⟩∥ψ2

≤ ∥Wj∥ψ2
∥Riµ∥2 = ∥Wj∥ψ2

∥⟨Zj , µ⟩∥L2
, (97)
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where ∥⟨Zj , µ⟩∥2L2
= µTCov(Zj)µ = µTHiH

T
i µ = ∥Riµ∥22 by Lemma 5. Hence, by (97) and

definition of K as in (14), we have for i = 1, 2 and C0 = maxj ∥Wj∥ψ2
,

∀j ∈ Ci, ∥⟨Zj , µ⟩∥ψ2
≤ ∥Wj∥ψ2

∥Riµ∥2 ≤ C0 ∥Riµ∥2 = C0 ∥⟨Zj , µ⟩∥L2
.

Second, we have by independence of Zj ,∀j and for u = (u1, . . . , un) ∈ {−1, 1}n,∥∥∥∥∥
n∑
i=1

ui⟨Zi, µ⟩

∥∥∥∥∥
2

ψ2

≤ C

n∑
i=1

∥⟨Zi, µ⟩∥2ψ2
≤ Cn(C0max

i
∥Riµ∥2)

2, and

∥∥∥∥∥
n∑
i=1

vi⟨Zi, µ⟩

∥∥∥∥∥
2

ψ2

≤ C
n∑
i=1

v2i ∥⟨Zi, µ⟩∥
2
ψ2

≤ C(C0max
i

∥Riµ∥2)
2, ∀v ∈ Sn−1.

Then (95) and (96) follow from the subgaussian tail bound; see, for example, Propositions
2.6.6 and 2.7.1, and Theorem 2.7.3 (Vershynin, 2026).

Corollary 43. Let X, C0 and K be as in Lemma 5. Let Y be as in (6). Under the
conditions in Lemma 42, we have with probability at least 1− 2 exp(−cn), for µ as in (18),∣∣∣∣∣∣⟨µ,

∑
j∈C1

(Yj − E(Yj))−
∑
j∈C2

(Yj − E(Yj))⟩

∣∣∣∣∣∣ ≤ 2
n∑
i=1

|⟨µ,Zi⟩| ≤ CC0nmax
i

∥Riµ∥2 .

Proof Now for t = CC0nmaxi ∥Riµ∥2 /2, we have by (96) and the union bound,

P

 max
u∈{−1,1}n

n∑
j=1

uj⟨µ,Zj⟩ ≥ t

 ≤ 2n2 · exp
(
− c′t2

n(C0maxi ∥Riµ∥2)2

)
≤ 2 exp(−cn).

Hence, with probability ≥ 1− 2 exp(−cn), we have for x = (x1, . . . , xn) ∈ {−1, 1}n,∣∣∣∣∣∣⟨µ,
∑
j∈C1

(Yj − E(Yj))−
∑
j∈C2

(Yj − E(Yj))⟩

∣∣∣∣∣∣ ≤ max
x∈{−1,1}n

n∑
i=1

xi⟨µ, Yi − E(Yi)⟩

≤ 2 max
u∈{−1,1}n

n∑
i=1

ui⟨µ,Zi⟩ ≤ 2t,

by Lemma 27.

Appendix C. Proof of Theorem 6, and Lemmas 26 and 28

Theorem 6 follows from (49), Lemmas 25, 26, and 28 immediately, and the probability
statements hold upon adjusting the constants. We prove Lemmas 26 and 28 in the sup-
plementary Sections C.1 and C.2 respectively. First, we state Proposition 44, which holds
regardless of the weights or the number of mixture components. This justifies (50) and
Lemma 25.
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Proposition 44 (Covariance projection). Let Y = X − P1X, where P1 = 1
n1n1

T
n . Let

Z = X − EX. We first rewrite Σ̂Y = (Y − E(Y ))(Y − E(Y ))T as follows:

Σ̂Y := (I − P1)ZZT (I − P1) =M1 − (M2 −M3), where

M1 := Σ̂X = (X − E(X))(X − E(X))T = ZZT ,
M2 = P1ZZT + ZZTP1 and M3 = P1ZZTP1.

Hence ΣY := EΣ̂Y := (I − P1)E(ZZT )(I − P1). Moreover, we have (49).

C.1 Proof of Lemma 26

We prove the lemma with the full generality by allowing each vector Zj = HjWj ∈ Rp to
have its own covariance Σj = HjH

T
j , where Σj ∈ Rp×p, as in Definition 3. That is, we

consider the general data generative process in Definition 3, and denote the (sample-by-
sample) covariance by

Γ := EZZT = diag([tr(Σ1), . . . , tr(Σn)]), where Σj = Cov(Zj) = HjH
T
j ; (98)

The model under consideration in Lemma 5 is a special case of the general model in (98),
since we let Hj = Hi for all j ∈ Ci, for i = 1, 2.

Lemma 45. Let Wj be an isotropic, sub-gaussian random vector with independent, mean-
zero coordinates as in Definition 3 where K := maxj,k ∥wjk∥ψ2

. Let {ZTj , j ∈ [n]} be row

vectors of Z, where Zj = HjWj for j ∈ [n]. Then for each j ∈ [n], we have

P
(∣∣∣∥Zj∥22 − E ∥Zj∥22

∣∣∣ > t
)

= P
(∣∣∣∥HjWj∥22 − ∥Hj∥2F

∣∣∣ > t
)

≤ 2 exp

(
−cmin

(
t2

(K2 ∥Hj∥2 ∥Hj∥F )2
,

t

(K ∥Hj∥2)2

))
.

Proof Fix j. First, we introduce the positive semidefinite matrix M := HT
j Hj ⪰ 0 ∈

Rm×m. Now, we bound for each anisotropic vector Zj = HjWj ∈ Rp, where Wj ∈ Rm, and

∀j ∈ [n], ∥Zj∥22 = ⟨HjWj , HjWj⟩ =W T
j H

T
j HjWj =:W T

j MWj , and hence (99)

E ∥Zj∥22 = E(W T
j (H

T
j Hj)Wj) = tr(HT

j Hj) = ∥Hj∥2F , (100)

where tr(HjH
T
j ) = tr(M) = ∥Hj∥2F ≤ (m ∧ p) ∥Hj∥22. Now clearly,

∥M∥F =
∥∥HT

j Hj

∥∥
F
≤ ∥Hj∥2 ∥Hj∥F and ∥M∥2 = ∥Hj∥22 . (101)

Thus we have for any t > 0, by the Hanson-Wright inequality, cf. Theorem 1.1 Rudelson
and Vershynin (2013), for ∥HjWj∥22 − E ∥HjWj∥22 =W T

j MWj − tr(M),

P
(∣∣∣∥Zj∥22 − E ∥Zj∥22

∣∣∣ > t
)
= P

(∣∣W T
j MWj − tr(M)

∣∣ > t
)

≤ 2 exp

(
−cmin

(
t2

K4 ∥M∥2F
,

t

K2 ∥M∥2

))
.
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The lemma thus holds in view of (101).

Proof of Lemma 26. Recall σ2max := maxj∥Cov(Zj)∥2 and C0 = maxj ∥Wj∥ψ2
≥ K

by definition of C0 and K = maxj,k ∥wjk∥ψ2
as in (14). First, we have by Lemma 45 and for

tdiag = CdiagC
2
0 (
√
nmaxj(∥Hj∥2 ∥Hj∥F )) ∨ (nσ2max), where maxj(∥Hj∥2 ∥Hj∥F ) ≤

√
pσ2max,

P
(
max
j∈[n]

∣∣∣∥Zj∥22 − E ∥Zj∥22
∣∣∣ > tdiag

)
=: P (E0) = (102)

≤
n∑
j=1

2 exp

(
−c1min

(
(C2

diagC
4
0 (maxj ∥Hj∥2 ∥Hj∥F )

2)n

K4 ∥Hj∥22 ∥Hj∥2F
,
(CdiagC

2
0 maxj ∥Hj∥22)n
K2 ∥Hj∥22

))
≤ 2n exp(−c1min(C2

diag, Cdiag)n) ≤ 2 exp(−c′n),

where for the p ×m matrix Hj , we have ∥Hj∥F ≤
√
p ∧m ∥Hj∥2 for all j ∈ [n]. We use

Theorem 4 to bound the off-diagonal part. Hence for all q, h ∈ Sn−1, A(q, h) := offd(q⊗h) =
(aij), ∥A(q, h)∥2 ≤ ∥A(q, h)∥F ≤ 1. Let toffd = C1C

2
0σ

2
max(

√
pn∨n) ≥ C1K

2σ2max(
√
pn∨n).

For a particular realization of q, h ∈ Sn−1 and A(q, h) = (aij) as defined above,

P

∣∣∣∣∣∣
n∑
i=1

n∑
j ̸=i

⟨Zi,Zj⟩qihj

∣∣∣∣∣∣ > toffd

 = P

∣∣∣∣∣∣
n∑
i=1

n∑
j ̸=i

⟨Zi,Zj⟩aij

∣∣∣∣∣∣ > toffd


≤ 2 exp

(
−c2min

(
C2
1 (C0σmax)

4(
√
pn ∨ n)2

(Kσmax)4p ∥A(q, h)∥2F
,
C1(C0σmax)

2(
√
pn ∨ n)

(Kσmax)2 ∥A(q, h)∥2

))
≤ 2 exp

(
−c2nmin(C2

1 , C1)
)
≤ 2 exp(−c2n)

for some sufficiently large constants C1 ≥ 1 and c2 > 4 ln 9, by Theorem 4. Taking a union
bound over all |N |2 ≤ 92n pairs q, h ∈ N , the ε-net of Sn−1, we conclude that

P

max
q,h∈N

∣∣∣∣∣∣
n∑
i=1

n∑
j ̸=i

qihj⟨Zi,Zj⟩

∣∣∣∣∣∣ > toffd

 =: P (E8) (103)

≤ |N |2 · 2 exp(−c2nmin(C2
1 , C1)) ≤ 2 exp (−c2n+ 2n ln 9) = 2 exp (−c3n) .

One can show that (51) holds by a standard approximation argument under Ec8; see, for
example Exercise 4.4.3 Vershynin (2018). Thus we have on event Ec8 ∩ Ec0,∥∥ZZT − E(ZZT )

∥∥
2

≤
∥∥diag(ZZT )− Ediag(ZZT )

∥∥
max

+
∥∥offd(ZZT )∥∥

2

≤ C2C
2
0σ

2
max(

√
np ∨ n); cf. (102) and (103).

Moreover, we have P (Ec8 ∩ Ec0) ≥ 1− 2 exp(−cn) upon adjusting the constants. □

C.2 Proof of Lemma 28

Let c, c′, C3, C4 be some absolute constants. LetMY := E(Y )(Y−E(Y ))T+(Y−E(Y ))E(Y )T .
Clearly, vectors Z1,Z2, . . . ,Zn ∈ Rp are independent. Let µ be as in (18). Let Ri = HT

i .
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Construct an ε-net Πn of Sn−1, where ε = 1/3 and |Πn| ≤ (1 + 2/ε)n. For a suitably
chosen constant C3, we have by Lemma 42,

P (E3) := P

(
∃q ∈ Πn,

∣∣∣∣∣
n∑
i=1

qi⟨Zi, µ⟩

∣∣∣∣∣ ≥ 1

2
C3(C0max

i
∥Riµ∥2)

√
n

)

≤ 9n · 2 exp
(
−
cn(C0maxi ∥Riµ∥2)2

C(C0maxi ∥Riµ∥2)2

)
≤ 2 exp(−c′n).

By a standard approximation argument and Lemma 27, on event Ec3

sup
q∈Sn−1

n∑
i=1

qi⟨Zi, µ⟩ ≤ 1

1− ε
sup
q∈Πn

n∑
i=1

qi⟨Zi, µ⟩ ≤ C3C0(max
i

∥Riµ∥2)
√
n,

and ∥MY ∥2 /
√
pγ ≤ 4

√
w1w2n sup

q∈Sn−1

∣∣∣∣∣
n∑
i=1

qi⟨Zi, µ⟩

∣∣∣∣∣ ≤ 2C3(C0max
i

∥Riµ∥2)n. □

Appendix D. Proof of Lemmas 12 and 20

We have the following facts about R as defined in (12).

Proposition 46. Recall R = E(Y )E(Y )T . Clearly 1TnR1n = 0, and hence

1Tnoffd(R)1n = 1TnR1n − tr(R) = −tr(R) = −npγw2w1, where (104)

tr(R)/(pγ) = nw2
2w1 + nw2

1w2 = w1w2n and ∥R∥2 = tr(R) = w1w2npγ.

Thus tr(R)/n = pγw1w2 and for n ≥ 4,∥∥∥∥tr(R)n− 1
(In − En/n)

∥∥∥∥
2

≤ n

n− 1
pγw1w2 ≤ pγ/3, (105)

where ∥In − En/n∥2 = 1 since In − En/n is a projection matrix.

Next, we state the following fact about W2. Let M1,M2,M3, W0, W2, V1, V2... be the
same as in Propositions 44 and 35.

Proposition 47. Denote by

W :=W2 −
1

n
tr(W2)In −

1Tnoffd(W2)1n
n(n− 1)

(En − In)

Then W coincides with (75). Moreover, we have for δV := (V2 − V1)(w2 − w1)

W = W2 −
δVEn
n

=
V1 − V2

n

[
2w2En1 (w2 − w1)En1×n2

(w2 − w1)En2×n1 −2w1En2

]
,

∥W∥2 ≤ |V1 − V2| (w1 ∨ w2) and ∥W∥∞→1 ≤ n |V1 − V2| (w1 ∨ w2). (106)
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Proof By definition of W2 as in (73), we have

tr(W2) =
V2 − V1

n
(w2n− w1n) = (V2 − V1)(w2 − w1) and

1TnW21n =
V2 − V1

n
(w2

2n
2 − w2

1n
2) = n(V2 − V1)(w2 − w1).

Thus

1Tnoffd(W2)1n
n(n− 1)

=
1TnW21n − tr(W2)

n(n− 1)
=

(V2 − V1)(w2 − w1)

n
; and hence

W = W2 −
1

n
tr(W2)In −

1Tnoffd(W2)1n
n(n− 1)

(En − In)

= W2 −
(V2 − V1)(w2 − w1)

n
En.

Hence (75) holds. Moreover, by symmetry, ∥W∥2 ≤ ∥W∥∞ ≤ |V1 − V2| (w1 ∨ w2).

D.1 Some useful propositions

Next, we compute the mean values in Proposition 48, and we obtain an expression on
EB −R in Proposition 35. Proposition 48 is proved in Section D.4 in Zhou (2026).

Proposition 48. (Covariance projection: two groups) Let Nj = wjn for j ∈ {1, 2}.
W.l.o.g., suppose that the first n1 rows in X are in C1 and the following n2 rows are in C2.
Let M1,M2,M3 be defined as in Proposition 44. Let V1 and V2 be the same as in (24):

V1 := E⟨Zj ,Zj⟩ ∀j ∈ C1 and V2 := E⟨Zj ,Zj⟩ ∀j ∈ C2. (107)

Let Vm := w1V1 + w2V2 =Wn/n. Let Σ̂Y be as in (98). Let Wn be defined as in (108):

Wn := E
n∑
i=1

⟨Zi,Zi⟩ =
n∑
i=1

p∑
k=1

Ez2ik, (108)

EM1 :=

[
V1In1 0
0 V2In2

]
=: (w1V1 + w2V2)In +W0, (109)

EM2 =
V1 + V2

n
En +W2, and EM3 =

Wn

n2
En, (110)

where Wn/n
2 := (|C1|V1 + |C2|V2)/n2 = (w1V1 + w2V2)/n =:

Vw
n
, (111)

tr(EM1)/n = Vm, and W0,W2 are as defined in (73). Now putting things together, we
obtain the expression for covariance of Y :

ΣY := E(Y Y T )− E(Y )E(Y )T = EM1 + EM3 − EM2

=

[
V1In1 0
0 V2In2

]
− w2V1 + w1V2

n
En −W2

which simplifies to ΣY = V (In − En/n) in case V1 = V2 = V .
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D.2 Proof of Lemma 12

We have by Proposition 35,

∥EB −R∥ =

∥∥∥∥W0 −W− tr(R)

(n− 1)
(In −

En
n

)

∥∥∥∥
≤ ∥W0∥+ ∥W∥+

∥∥∥∥ tr(R)

(n− 1)
(In −

En
n

)

∥∥∥∥ , (112)

where the ∥·∥ is understood to be either the operator or the cut norm. Clearly, we have by
Proposition 47,

∥W∥2 ≤ |V1 − V2| (w1 ∨ w2) and ∥W0∥2 ≤ |V1 − V2| (w2 ∨ w1). (113)

Combining (105), (112), and (113), we have for wmin := w1 ∧ w2 and nξ ≥ 1
2wmin

,

∥EB −R∥2 ≤ ∥W0∥2 + ∥W∥2 +
∥∥∥∥ tr(R)

(n− 1)
(In −

En
n

)

∥∥∥∥
2

≤ 2

3
ξnpγ(1− wmin) + pγ/3 ≤ 2

3
ξnpγ,

where we use the fact that 2
3ξpγnwmin ≥ pγ/3 since 2ξnwmin ≥ 1. Now the bound on the

cut norm follows since ∥EB −R∥∞→1 ≤ n ∥EB −R∥2 ≤ 2
3ξn

2pγ. The lemma thus holds
for the general setting; when V1 = V2, we leave this as an exercise. □

D.3 Proof of Lemma 20

Proof of Lemma 20. Now (38) holds since by Proposition 31,

2

(
n

2

)
|λ− Eλ| = |n(τ − Eτ)| ≤ n

∥∥Y Y T − E(Y Y T )
∥∥
2
,

where n |(τ − Eτ)| ≤ nmax
i

|⟨Yi, Yi⟩ − E⟨Yi, Yi⟩| ≤ n
∥∥Y Y T − E(Y Y T )

∥∥
2
.

□

Corollary 49 follows from the proof of Lemma 12, which we state to prove a bound for
the balanced cases. The proof is given in Section D.6 in Zhou (2026).

Corollary 49. For general cases, we have by definition,

W2 :=
V1 − V2

n

[
En1 0En1×n2

0En2×n1 −En2

]
Moreover we have the following term which depends on the weights,∥∥∥∥(V2 − V1)(w2 − w1)

n
En

∥∥∥∥
∞→1

≤ n |(V2 − V1)(w2 − w1)| ≤ ξn2pγ |w2 − w1|

∥W2∥∞→1 := n |V1 − V2| (w2
1 + w2

2)

and hence ∥W0 −W2∥∞→1 ≤ n ∥W0 −W2∥2 < n |V1 − V2| ≤ ξpn2γ
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Lemma 50. (Reductions) Suppose n ≥ 4. Let W0,W2, V1, V2 be the same as in Proposi-
tion 35. Recall that R = E(Y )E(Y )T . When V1 = V2, we have

EB −R = − tr(R)

(n− 1)
(In −

En
n

) = −pγw2w1
n

n− 1
(In −

En
n

),

∥EB −R∥∞→1 =

∥∥∥∥pγw2w1
n

n− 1
(In −

En
n

)

∥∥∥∥
∞→1

≤ npγ/3, for n ≥ 4.

For balanced clusters (w1 = w2), EB −R =W0 −W2 − tr(R)
(n−1)(In −

En
n ) and for n ≥ 4,

∥EB −R∥∞→1 ≤ n ∥EB −R∥2 ≤
npγ

3
+ |V1 − V2|n ≤ 1

3
(1 + o(1))ξpn2γ.

Proof Recall

W0 −W2 = (V1 − V2)

[
w2In1 − En1/n 0

0 −(w1In2 − En2/n)

]
The case where V1 = V2 follows from Proposition 46 and (74). We now show the balanced
case where w1 = w2. Under the conditions of Lemma 12, we have for ξ = Ω(1/n), by (105)
and (74),

∥EB −R∥2 ≤ ∥W0 −W2∥2 +
∥∥∥∥(V1 − V2)(w1 − w2)

n
En

∥∥∥∥
2

+

∥∥∥∥tr(R)n− 1
(In − En/n)

∥∥∥∥
2

≤ |V1 − V2|+ pγ/3 ≤ 1

3
ξnpγ + pγ/3

Similarly, the upper bound on ∥EB −R∥∞→1 follows from Corollary 49 immediately.

D.4 Proof of Proposition 13

The optimization goals of SDP1 and SDP (5) are equivalent to that of Oracle SDP (29)
in view of Proposition 13. Denote by

M+
G := {Z : Z ⪰ 0, In ⪰ diag(Z)} ⊂ [−1, 1]n×n. (114)

Proof of Proposition 13. Recall for M+
G as in (114),

Mopt := {Z : Z ⪰ 0, diag(Z) = In} ⊂ M+
G ⊂ [−1, 1]n×n;

Notice that for the second term in (7), we have ⟨(En − In), Z⟩ = ⟨(En − In), offd(Z)⟩ in the
objective function (5), which does not depend on diag(Z). Hence, to maximize

⟨A,Z⟩ = ⟨A, offd(Z)⟩+ ⟨A,diag(Z)⟩
= ⟨offd(A), offd(Z)⟩+ ⟨diag(Y Y T ),diag(Z)⟩,

over all Z ∈ M+
G, one must set the diagonal Zjj ∈ [0, 1] to be 1, since (a) diag(Y Y T ) ≥ 0

and moreover, (b) increasing diag(Z) will only make it easier to satisfy Z ⪰ 0 and hence to
maximize ⟨offd(A), offd(Z)⟩. Thus, the set of optimizers Ẑ as in (5) must satisfy diag(Ẑ) =
In. Thus (31) holds by definition of Mopt as above. Moreover, (31) holds due to the fact
that ⟨In, Z⟩ = tr(Z) = n for all Z in the feasible set Mopt. □
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Appendix E. Proof outline for Lemma 33

Let δ̂Z := Ẑ −Z∗ and S1 := ⟨P(Λ), δ̂Z⟩. We need to first present Lemmas 51 and 52, which
are proved in Sections E.1 and E.2 respectively. Throughout this section, we consider
Ẑ ∈ Mopt ∩ (Z∗ + r1B

n×n
1 ), where r1 ≤ 2qn for some positive integer q ∈ [n].

Let σmax := maxi ∥Hi∥2. As predicted, the decomposition and reduction ideas for the
global analysis in Section 5 are useful for the local analysis as well. Let

Σ̂Y = (Y − E(Y ))(Y − E(Y ))T , Σ̂Y − ΣY = (I − P1)(ZZT − E(ZZT ))(I − P1). (115)

Then we have by the triangle inequality,

S1 ≤
∣∣∣⟨P((Y − E(Y ))E(Y )T ), δ̂Z⟩

∣∣∣+ ∣∣∣⟨P(EY (Y − E(Y ))T ), δ̂Z⟩
∣∣∣+ ∣∣∣⟨P(Σ̂Y − ΣY ), δ̂Z⟩

∣∣∣ .
Lemma 51. Suppose all conditions in Theorem 6 hold. Then

∣∣∣⟨P(E(Y )(Y − E(Y ))T ), Ẑ − Z∗⟩
∣∣∣ =∣∣∣⟨P((Y − E(Y ))E(Y )T ), Ẑ − Z∗⟩

∣∣∣, and with probability at least 1− c
n2 ,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P((Y − E(Y ))E(Y )T ), Ẑ − Z∗⟩
∣∣∣ ≤ C5C0(max

i

∥∥HT
i µ
∥∥
2
)
√
pγr1

√
log(2en/⌈ r1

2n
⌉).

Lemma 52. Under the conditions in Theorem 6, we have with probability at least 1− c′

n2 ,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P(Σ̂Y − ΣY ), Ẑ − Z∗⟩
∣∣∣

≤ 2

3
ξpγ

∥∥∥Ẑ − Z∗
∥∥∥
1
+ C10(C0σmax)

2⌈ r1
2n

⌉
(√

np log(2en/⌈ r1
2n

⌉) +
√
r1 log(2en/⌈

r1
2n

⌉)
)
.

Proof of Lemma 33. Combining Lemmas 51 and 52, we have with probability at
least 1− c

n2 , for ∆
2 = pγ and maxi

∥∥HT
i µ
∥∥
2
≤ maxi ∥Hi∥2 = σmax,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

S1(Ẑ) ≤ sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P(Σ̂Y − ΣY ), Ẑ − Z∗⟩
∣∣∣

+ sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

2
∣∣∣⟨P((Y − E(Y ))E(Y )T ), Ẑ − Z∗⟩

∣∣∣
≤ 2

3
ξpγ

∥∥∥Ẑ − Z∗
∥∥∥
1
+ 2C5C0(max

i

∥∥HT
i µ
∥∥
2
)⌈ r1
2n

⌉
√

log(2en/⌈ r1
2n

⌉)n∆+

C10(C0σmax)⌈
r1
2n

⌉
√
log(2en/⌈ r1

2n
⌉)
(
C0σmax

√
r1

√
log(2en/⌈ r1

2n
⌉) + C0σmax

√
np

)
≤ 2

3
ξpγ

∥∥∥Ẑ − Z∗
∥∥∥
1
+ C ′C0σmax⌈

r1
2n

⌉
√

log(2en/⌈ r1
2n

⌉) (n∆+ C0σmax
√
np) ,

where in the last inequality, we have by (19), for r1 ≤ 2qn and q = ⌈ r12n⌉,

C0σmax
√
r1

√
log(2en/⌈ r1

2n
⌉) ≤ C0σmax

√
2nq log(2en/q)

≤ C0σmaxn
√

2 log(2e) = O(n
√
pγ),
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where the first inequality holds since maxq∈[n] q log(2en/q) = n log(2e), given that q log(2en/q)
is a monotonically increasing function of q, for 1 ≤ q < n, and the second inequality holds
since pγ = Ω((C0maxi ∥Hi∥2)2). Lemma 33 thus holds. □

E.1 Proof of Lemma 51

First, we have

⟨(Y − E(Y ))E(Y )TP2, Ẑ − Z∗⟩ = ⟨P2E(Y )(Y − E(Y ))T , Ẑ − Z∗⟩, (116)

⟨P2(Y − E(Y ))E(Y )T , Ẑ − Z∗⟩ = ⟨E(Y )(Y − E(Y ))TP2, Ẑ − Z∗⟩. (117)

We will bound the two terms T1, T2 in Lemmas 53 and 54 respectively.

Lemma 53. Under the conditions in Theorem 6, we have for all Ẑ ∈ Mopt, with probability
at least 1− 2 exp(−cn),

|T1| :=
∣∣∣⟨(I − P2)E(Y )(Y − E(Y ))TP2, Ẑ − Z∗⟩

∣∣∣ ≤ C4C0(max
i

∥∥HT
i µ
∥∥
2
)
√
pγ
∥∥∥Ẑ − Z∗

∥∥∥
1
.

Moreover, when w1 = w2, T1 = 0.

Lemma 54. Suppose all conditions in Theorem 6 hold. Suppose r1 ≤ 2qn for some positive
integer 1 ≤ q < n. Let ∆ =

√
pγ. Then, with probability at least 1− c

n2 ,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

⟨P2E(Y )(Y − E(Y ))T , Ẑ − Z∗⟩ ≤ C3C0(max
i

∥∥HT
i µ
∥∥
2
)∆r1

√
log(2en/

⌈ r1
2n

⌉
).

Then we have by the triangle inequality, (117) and (116),∣∣∣⟨P((Y − E(Y ))E(Y )T ), Ẑ − Z∗⟩
∣∣∣ = ∣∣∣⟨P(E(Y )(Y − E(Y ))T ), Ẑ − Z∗⟩

∣∣∣ (118)

≤
∣∣∣⟨(E(Y )(Y − E(Y ))T )P2, Ẑ − Z∗⟩ − ⟨P2E(Y )(Y − E(Y ))TP2, Ẑ − Z∗⟩

∣∣∣
+
∣∣∣⟨P2E(Y )(Y − E(Y ))T , Ẑ − Z∗⟩

∣∣∣ =: |T1|+ |T2| .

Putting things together, we have a uniform upper bound on ⟨P(E(Y )(Y − E(Y ))T ), Ẑ − Z∗⟩.
We prove Lemma 53 in Section F.1. We prove Lemma 54 in Section E.3. □

E.2 Proof of Lemma 52

Upon obtaining the bounds in Lemma 51, there are only two unique terms left, which we
bound in Lemmas 56 and 55 respectively. Notice that by the triangle inequality, we have
for symmetric matrices Σ̂Y − ΣY = (I − P1)Ψ(I − P1) and Ẑ − Z∗,∣∣∣⟨P(Σ̂Y − ΣY ), Ẑ − Z∗⟩

∣∣∣ ≤ 2
∣∣∣⟨P2(Σ̂Y − ΣY ), Ẑ − Z∗⟩

∣∣∣+ ∣∣∣⟨P2(Σ̂Y − ΣY )P2, Ẑ − Z∗⟩
∣∣∣ .

As the first step, we first obtain in Lemma 55 a deterministic bound on ⟨P2(Σ̂Y − ΣY )P2, Ẑ − Z∗⟩.
Then, in combination with Theorem 6, we obtain the high probability bound as well. We
prove Lemma 55 in Section F.2. Next we state Lemma 56, which we prove in Section E.4.
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Lemma 55. Denote by Ψ := (ZZT − E(ZZT )). Then∣∣∣⟨P2(Σ̂Y − ΣY )P2, Ẑ − Z∗⟩
∣∣∣ ≤ (1 + |w1 − w2|)2 ∥Ψ∥2

∥∥∥Ẑ − Z∗
∥∥∥
1
/n.

Moreover, under the conditions in Theorem 6, we have with probability at least 1−exp(−cn),

sup
Ẑ∈Mopt

∣∣∣⟨P2(Σ̂Y − ΣY )P2, Ẑ − Z∗⟩
∣∣∣ ≤ 1

3
ξpγ

∥∥∥Ẑ − Z∗
∥∥∥
1
.

Lemma 56. Suppose r1 ≤ 2qn for some positive integer 1 ≤ q < n. Suppose all conditions
in Theorem 10 hold. Then, with probability at least 1− c

n2 ,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

2
∣∣∣⟨P2(Σ̂Y − ΣY ), Ẑ − Z∗⟩

∣∣∣ ≤ 1

3
ξpγ

∥∥∥Ẑ − Z∗
∥∥∥
1
+

C10(C0max
i

∥Hi∥2)
2⌈ r1
2n

⌉
(√

np log(2en/⌈ r1
2n

⌉) +
√
r1 log(2en/⌈

r1
2n

⌉)
)
.

Lemma 52 follows from Lemmas 55 and 56 immediately. Lemma 55 follows immediately
from Lemma 57 and Lemma 26, which controls

∥∥ZZT − E(ZZT )
∥∥
2
. See Section F.4 Zhou

(2026) for the proof of Lemma 57.

Lemma 57. (Deterministic bounds) Let Ψ = ZZT − E(ZZT ). Then∣∣∣⟨P2ΨP1, Ẑ − Z∗⟩
∣∣∣ ≤ ∥Ψ∥2

∥∥∥Ẑ − Z∗
∥∥∥
1
/n, (119)∣∣∣⟨P2P1ΨP1, Ẑ − Z∗⟩

∣∣∣ ≤ |w1 − w2| ∥Ψ∥2
∥∥∥Ẑ − Z∗

∥∥∥
1
/n, (120)

and
∣∣∣⟨P2P1ΨP1P2, Ẑ − Z∗⟩

∣∣∣ ≤ |w1 − w2|2 ∥Ψ∥2
∥∥∥Ẑ − Z∗

∥∥∥
1
/n. (121)

Finally, we will show the following bounds: for δ̂Z := Ẑ − Z∗,

⟨P2ΨP2, Ẑ − Z∗⟩ ≤ ∥Ψ∥2
∥∥∥Ẑ − Z∗

∥∥∥
1
/n, (122)∣∣∣⟨P2ΨP1P2, δ̂Z⟩

∣∣∣ = ∣∣∣⟨P2P1ΨP2, δ̂Z⟩
∣∣∣ ≤ ∥Ψ∥2

|w1 − w2|
n

∥∥∥Ẑ − Z∗
∥∥∥
1
. (123)

When w1 = w2, P2P1 = 0, and the RHS of (120), (121) and (123) all become 0.

E.3 Proof of Lemma 54

We state in Lemmas 58 and 59 two reduction steps. For all Ẑ ∈Mopt ∩ (Z∗ + r1B
n×n
1 ), we

have ŵ ∈ Bn
∞ ∩ ⌈r1/(2n)⌉Bn

1 , where

ŵj :=
1

2n

∥∥∥(Ẑ − Z∗)·j

∥∥∥
1
≤ 1 and

∑
j

ŵj ≤ ⌈r1/(2n)⌉, (124)

where Bn
∞ and Bn

1 denote the unit ℓ∞ ball and ℓ1 ball respectively. Denote by Li :=
⟨µ(1) − µ(2),Zi⟩ throughout this section. Denote by L∗

1 ≥ L∗
2 ≥ . . . ≥ L∗

n (resp. ŵ∗
1 ≥ ŵ∗

2 ≥
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. . . ≥ ŵ∗
n) the non-decreasing arrangement of |Lj | (resp. ŵj). We then have the reduction

as in Lemma 59. It remains to bound the sum on the RHS of (126), namely,
∑⌈r1/(2n)⌉

j=1 L∗
j .

To do so, we state in Proposition 60 a high probability bound on
∑q

j=1 L
∗
j , which holds

simultaneously for all q ∈ [n]. Denote by δ̂Z := Ẑ − Z∗.

Lemma 58. (Deterministic bounds) Let ŵj be as in (124). Then for δ̂Z := Ẑ − Z∗,∣∣∣⟨P2(E(Y )(Y − E(Y ))T ), δ̂Z⟩
∣∣∣ ≤ 4w1w2n

n∑
j=1

|Lj | ŵj +
2w1w2

n

∣∣∣∣∣
n∑
i=1

Li

∣∣∣∣∣ ∥∥∥δ̂Z∥∥∥1 . (125)

Lemma 59. (Reduction to order statistics) Under the settings of Lemma 58, we have

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P2(E(Y )(Y − E(Y ))T ), Ẑ − Z∗⟩
∣∣∣ ≤ 3n

⌈r1/2n⌉∑
j=1

L∗
j . (126)

Proposition 60. Suppose all conditions in Lemma 5 hold. Let random matrix Z satisfy the
conditions as stated therein. Let Hi and µ = (µ(1) − µ(2))/

√
pγ be as defined in Theorem 6.

Let 1 ≤ q ≤ n denote a positive integer. Then for some absolute constants C5, c, we have
with probability at least 1− c

n2 , simultaneously for all q ∈ [n],

q∑
j=1

L∗
j ≤ C5C0(max

i

∥∥HT
i µ
∥∥
2
)
√
pγq
√
log(2en/q).

It remains to prove Lemma 54. Indeed, we have with probability at least 1 − c
n2 , by

(125) and (126), and Proposition 60, for w1w2 ≤ 1/4,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P2(E(Y )(Y − E(Y ))T ), Ẑ − Z∗⟩
∣∣∣

≤ 3n

⌈r1/(2n)⌉∑
j=1

L∗
j ≤ C3C0(max

i

∥∥HT
i µ
∥∥
2
)∆r1

√
log(2en/⌈ r1

2n
⌉),

where it is understood that q = ⌈ r12n⌉ ∈ [n] for some r1 > 0. We prove Lemmas 58 and 59,
in Sections F.4 and G respectively. We prove Proposition 60 in Section H. □

E.4 Proof of Lemma 56

First we note that by (115), for δ̂Z := Ẑ − Z∗,

⟨(Σ̂Y − ΣY )P2, δ̂Z⟩ = ⟨P2(Σ̂Y − ΣY ), δ̂Z⟩ (127)

= ⟨P2Ψ, δ̂Z⟩ − ⟨P2P1Ψ, δ̂Z⟩+ ⟨P2P1ΨP1, δ̂Z⟩ − ⟨P2ΨP1, δ̂Z⟩.

Lemma 61. (Deterministic bounds) Denote by Ψ = ZZT − E(ZZT ) and offd(Ψ) its off-
diagonal component, where the diagonal elements are set to be 0. Denote by

Qj :=
∑

t∈C1,t ̸=j
Ψjt −

∑
t∈C2,t̸=j

Ψjt =
∑
t∈C1

offd(Ψ)jt −
∑
t∈C2

offd(Ψ)jt, (128)

Sj :=
∑

t∈[n],t̸=j

Ψjt =
∑
t∈[n]

offd(Ψ)jt.
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Let ŵi be the same as in (124). Then for ∥diag(Ψ)∥max := maxj |Ψjj |,∣∣∣⟨P2diag(Ψ), Ẑ − Z∗⟩
∣∣∣ ≤ ∥diag(Ψ)∥max

∥∥∥Ẑ − Z∗
∥∥∥
1
/n (129)∣∣∣⟨P2P1diag(Ψ), Ẑ − Z∗⟩

∣∣∣ ≤ 2 |w1 − w2| ∥diag(Ψ)∥max

∥∥∥Ẑ − Z∗
∥∥∥
1
/n (130)∣∣∣⟨P2offd(Ψ), Ẑ − Z∗⟩

∣∣∣ ≤ 2
∑
j∈[n]

|Qj | ŵj , and (131)

∣∣∣⟨P2P1offd(Ψ), Ẑ − Z∗⟩
∣∣∣ ≤ 2 |w1 − w2|

∑
k

|Sk| · ŵk. (132)

We prove Lemmas 61 and 56 in Sections I and F.3. Denote by Q∗
1 ≥ Q∗

2 ≥ . . . ≥ Q∗
n

(resp. ŵ∗
1 ≥ ŵ∗

2 ≥ . . . ≥ ŵ∗
n) the non-decreasing arrangement of |Qi| (resp. ŵj). Denote by

S∗
1 ≥ S∗

2 ≥ . . . ≥ S∗
n the non-decreasing arrangement of |Si| (resp. ŵj). The RHS of (132)

and (131) are bounded to be at the same order; cf. Proposition 62. Lemma 56 follows from
Lemma 61, Proposition 62, and Corollary 63. We prove Proposition 62 and Corollary 63 in
Sections J and K respectively. Let C4, C5, c, . . . be absolute constants.

Proposition 62. Under the conditions in Theorem 6, we have with probability at least
1− c

n2 , simultaneously for all positive integers q ∈ [n],

max
( q∑
j=1

Q∗
j ,

q∑
j=1

S∗
j

)
≤ C4(C0max

i
∥Hi∥2)

2q
(√

np log(2en/q) +
√
nq log(2en/q)

)
. (133)

Corollary 63. Under the settings in Proposition 62, we have with probability at least 1− c
n2 ,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P2offd(Ψ), Ẑ − Z∗⟩
∣∣∣ ≤ 4

⌈r1/(2n)⌉∑
j=1

Q∗
j and (134)

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P2P1offd(Ψ), Ẑ − Z∗⟩
∣∣∣ ≤ 4 |w1 − w2|

⌈r1/(2n)⌉∑
j=1

S∗
j . (135)

Appendix F. Additional proofs for Theorem 10

First we state Propositions 64, 65 and 66.

Proposition 64. Let Z·j represent the jth column of Z. Let Ẑ ∈ Mopt and
∥∥∥Ẑ − Z∗

∥∥∥
1
≤

r1 ≤ 2qn, where q = ⌈ r12n⌉ < n is a positive integer and Z∗ is as defined in (70). Let

ŵj :=
1

2n

∑
i∈[n]

∣∣∣(Ẑ − Z∗)ij

∣∣∣ < 1 and hence
n∑
j=1

ŵj :=
∥∥∥Ẑ − Z∗

∥∥∥
1
/(2n) ≤ q < n. (136)

Hence the weight vector ŵ = (ŵ1, . . . , ŵn) ∈ Bn
∞ ∩ qBn

1 , where B
n
∞ = {y ∈ Rn : |yj | ≤ 1}

and Bn
1 = {y ∈ Rn :

∑
j |yj | ≤ 1} denote the unit ℓ∞ ball and ℓ1 ball respectively.
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Proposition 65. Under the settings in Proposition 64, we have for ŵj as in (136),

∀j ∈ C1, ŵj = − 1

2n

(∑
i∈C1

(Ẑ − Z∗)ij −
∑
i∈C2

(Ẑ − Z∗)ij
)

and

∀j ∈ C2, ŵj =
1

2n

(∑
i∈C1

(Ẑ − Z∗)ij −
∑
i∈C2

(Ẑ − Z∗)ij
)
.

Proof of Proposition 65. By definition of Z∗, we have ∀j ∈ C1,

∀i ∈ C2, (Ẑ − Z∗)ij ≥ 0 and ∀i ∈ C1, (Ẑ − Z∗)ij ≤ 0,

and hence

ŵj =
1

2n

(∑
i∈C2

(Ẑ − Z∗)ij −
∑
i∈C1

(Ẑ − Z∗)ij
)
=
∥∥∥(Ẑ − Z∗)·j

∥∥∥
1
/(2n) < 1.

Similarly, we have ∀j ∈ C2,

∀i ∈ C1, (Ẑ − Z∗)ij ≥ 0 and ∀i ∈ C2, (Ẑ − Z∗)ij ≤ 0,

and hence

ŵj =
1

2n

(∑
i∈C1

(Ẑ − Z∗)ij −
∑
i∈C2

(Ẑ − Z∗)ij
)
=
∥∥∥(Ẑ − Z∗)·j

∥∥∥
1
/(2n) < 1.

□

Proposition 66 follows from Propositions 64 and 65 immediately.

Proposition 66. We have by symmetry of Ẑ − Z∗, under the settings in Proposition 64,

1

2n

∣∣∣1Tn (Ẑ − Z∗)u2

∣∣∣ =

∣∣∣∣∣∣ 12n
n∑
i=1

(∑
j∈C1

(Ẑ − Z∗)ij −
∑
j∈C2

(Ẑ − Z∗)ij
)∣∣∣∣∣∣

≤
n∑
i=1

|ŵi| =
1

2n

∥∥∥(Ẑ − Z∗)
∥∥∥
1
=

1

2n

∑
j

∥∥∥(Ẑ − Z∗)j·

∥∥∥
1
.

F.1 Proof outline of Lemma 53

First, we show that (116) and (117) hold. To see this, we have

⟨(Y − E(Y ))E(Y )TP2, Ẑ − Z∗⟩ = tr((Ẑ − Z∗)(Y − E(Y ))E(Y )TP2)

= ⟨P2E(Y )(Y − E(Y ))T , Ẑ − Z∗⟩. (137)

⟨P2(Y − E(Y ))E(Y )T , Ẑ − Z∗⟩ = tr((Ẑ − Z∗)P2(Y − E(Y ))E(Y )T )

= ⟨E(Y )(Y − E(Y ))TP2, Ẑ − Z∗⟩. (138)

Denote by V = (E(Y )(Y − E(Y ))T )u2 = (V1, . . . , Vn) such that

∀i ∈ C1, Vi = −w2⟨µ(2) − µ(1),
∑
j∈C1

(Yj − E(Yj))−
∑
j∈C2

(Yj − E(Yj))⟩,

∀i ∈ C2, Vi = w1⟨µ(2) − µ(1),
∑
j∈C1

(Yj − E(Yj))−
∑
j∈C2

(Yj − E(Yj))⟩,

51



Zhou

where Yj ∈ Rp represents the jth row vector of matrix Y . Similarly, we have by (138),

⟨P2(Y − E(Y ))E(Y )T , Ẑ − Z∗⟩ = tr((Ẑ − Z∗)E(Y )(Y − E(Y ))TP2)

=
1

n

∑
k

Vk
(∑
i∈C1

(Ẑ − Z∗)ik −
∑
i∈C2

(Ẑ − Z∗)ik
)
=: S.

Hence by (136) and Proposition 64, with some algebra, one obtains

S = 2CS · ⟨µ(2) − µ(1),
∑
j∈C1

(Yj − E(Yj))−
∑
j∈C2

(Yj − E(Yj))⟩, (139)

where CS := w2

∑
k∈C1

ŵk + w1

∑
k∈C2

ŵk ≤
∑
k∈[n]

ŵk =
∥∥∥Ẑ − Z∗

∥∥∥
1
/(2n).

Then

⟨P2E(Y )(Y − E(Y ))TP2, Ẑ − Z∗⟩ = tr(P2(Ẑ − Z∗)P2E(Y )(Y − E(Y ))T )

=
1

2n
uT2 (Ẑ − Z∗)u2

(
2uT2 E(Y )(Y − E(Y ))Tu2/n

)
=: −W

∑
k

ŵk, where (140)

W := 2uT2 E(Y )(Y − E(Y ))Tu2/n = 2uT2 V/n =
2

n
(
∑
i∈C1

Vi −
∑
i∈C2

Vi) (141)

= ⟨µ(1) − µ(2),
∑
j∈C1

(Yj − EYj)−
∑
j∈C2

(Yj − EYj)⟩4w1w2.

where (140) holds by (141) and Proposition 32, since for P2 = u2u
T
2 /n = Z∗/n,

uT2
2n (Ẑ −

Z∗)u2 = tr(P2(Ẑ − Z∗))/2 = −
∥∥∥Ẑ − Z∗

∥∥∥
1
/(2n) = −

∑
k ŵk. Putting things together, we

have by (136), (139) and (140),

T1 := ⟨E(Y )(Y − E(Y ))TP2, Ẑ − Z∗⟩ − ⟨P2E(Y )(Y − E(Y ))TP2, Ẑ − Z∗⟩
= S +W

∑
k

ŵk = 2⟨µ(2) − µ(1),
∑
j∈C1

(Yj − E(Yj))−
∑
j∈C2

(Yj − E(Yj))⟩ ·

(
w2

∑
k∈C1

ŵk + w1

∑
k∈C2

ŵk − 2w1w2

∑
k∈[n]

ŵk
)
,

where

∣∣∣∣∣∣w2

∑
k∈C1

ŵk + w1

∑
k∈C2

ŵk − 2w1w2

∑
k∈[n]

ŵk

∣∣∣∣∣∣ ≤ 1

2n

∥∥∥Ẑ − Z∗
∥∥∥
1
≤ q < n.

Now, for w1 = w2 = 1/2, the above sum is 0 and T1 = 0. Let r1 ≤ 2qn. Then, by
Corollary 43, we have with probability ≥ 1−2 exp(−cn), for all Ẑ ∈ Mopt∩ (Z∗+r1B

n×n
1 ),

|T1| ≤

∣∣∣∣∣∣⟨µ(2) − µ(1),
∑
j∈C1

(Yj − E(Yj))−
∑
j∈C2

(Yj − E(Yj))⟩

∣∣∣∣∣∣
∥∥∥Ẑ − Z∗

∥∥∥
1
/n

≤ C4C0(max
i

∥Riµ∥2)
√
pγ
∥∥∥Ẑ − Z∗

∥∥∥
1
≤ C4C0(max

i
∥Riµ∥2)r1

√
pγ. □
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F.2 Proof of Lemma 55

The deterministic statement in Lemma 55 holds in view of (121), (122), and (123), since

⟨P2(Σ̂Y − ΣY )P2, Ẑ − Z∗⟩ = ⟨P2(I − P1)Ψ(I − P1)P2, Ẑ − Z∗⟩, and hence∣∣∣⟨P2(Σ̂Y − ΣY )P2, Ẑ − Z∗⟩
∣∣∣ ≤ ∣∣∣⟨P2ΨP2, Ẑ − Z∗⟩

∣∣∣+ ∣∣∣⟨P2P1ΨP1P2, Ẑ − Z∗⟩
∣∣∣+

2
∣∣∣⟨P2P1ΨP2, Ẑ − Z∗⟩

∣∣∣ ≤ 1

n

∥∥∥Ẑ − Z∗
∥∥∥
1
∥Ψ∥2 (1 + |w1 − w2|)2.

Thus, we have with probability at least 1− exp(−c′n), for all Ẑ ∈ Mopt,∣∣∣⟨P2(Σ̂Y − ΣY )P2, Ẑ − Z∗⟩
∣∣∣ ≤ 8 ∥Ψ∥2

∥∥∥Ẑ − Z∗
∥∥∥
1
/(2n) ≤ 1

3
ξpγ

∥∥∥Ẑ − Z∗
∥∥∥
1
,

by Lemma 26. The lemma is thus proved. □

F.3 Proof of Lemma 56

Let Ẑ ∈ Mopt ∩ (Z∗ + r1B
n×n
1 ), where r1 ≤ 2qn for some positive integer 1 ≤ q ≤ n. By

Lemma 57 (cf. (119) and (120)), we have for all Ẑ ∈ Mopt,

W1 :=
∣∣∣⟨P2ΨP1, Ẑ − Z∗⟩

∣∣∣+ ∣∣∣⟨P2P1ΨP1, Ẑ − Z∗⟩
∣∣∣ ≤ (1 + |w1 − w2|) ∥Ψ∥2

1

n

∥∥∥Ẑ − Z∗
∥∥∥
1
.

Thus we have by the triangle inequality, by (127),∣∣∣⟨P2(Σ̂Y − ΣY ), Ẑ − Z∗⟩
∣∣∣ ≤W1 +W2, whereW2 :=

∣∣∣⟨P2Ψ, Ẑ − Z∗⟩
∣∣∣+ ∣∣∣⟨P2P1Ψ, Ẑ − Z∗⟩

∣∣∣ ,
where we decompose for δ̂Z := Ẑ − Z∗,

W2 ≤
∣∣∣⟨P2diag(Ψ), δ̂Z⟩

∣∣∣+ ∣∣∣⟨P2P1diag(Ψ), δ̂Z⟩
∣∣∣ (W2(diag))

+
∣∣∣⟨P2offd(Ψ), δ̂Z⟩

∣∣∣+ ∣∣∣⟨P2P1offd(Ψ), δ̂Z⟩
∣∣∣ (W2(offd)).

Then, we have for all Ẑ ∈ Z∗ + r1B
n×n
1 , by (120), (119), (129), and (130),

W2(diag) +W1 =
∣∣∣⟨P2diag(Ψ), Ẑ − Z∗⟩

∣∣∣+ ∣∣∣⟨P2P1diag(Ψ), Ẑ − Z∗⟩
∣∣∣+W1

≤ (1 + |w1 − w2|)max
k

(|Ψkk|+ ∥Ψ∥2)
∥∥∥Ẑ − Z∗

∥∥∥
1
/n ≤ 4 ∥Ψ∥2

∥∥∥Ẑ − Z∗
∥∥∥
1
/n, (142)

and by (134) and (135), for W2(offd) =
∣∣∣⟨P2offd(Ψ), Ẑ − Z∗⟩

∣∣∣+ ∣∣∣⟨P2P1offd(Ψ), Ẑ − Z∗⟩
∣∣∣,

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

W2(offd) ≤ 4 sup
ŵ∈Bn

∞∩⌈ r1
2n

⌉Bn
1

( ⌈ r1
2n

⌉∑
j=1

Q∗
j + |w1 − w2|

⌈ r1
2n

⌉∑
j=1

S∗
j

)
. (143)

Let Ψ = ZZT − E(ZZT ) and q = ⌈r1/(2n)⌉. The lemma thus holds by Proposition 62 and
Corollary 63, (142) and (143), since

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P2(Σ̂Y − ΣY ), Ẑ − Z∗⟩
∣∣∣ ≤ sup

Ẑ∈Mopt∩(Z∗+r1B
n×n
1 )

4 ∥Ψ∥2
∥∥∥Ẑ − Z∗

∥∥∥
1
/n

+ 4 sup
ŵ∈Bn

∞∩⌈r1/(2n)⌉Bn
1

( ⌈r1/(2n)⌉∑
j=1

Q∗
j + |w1 − w2|

⌈r1/(2n)⌉∑
j=1

S∗
j

)
. □
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F.4 Proof of Lemma 58

The proof of Lemma 58 is entirely deterministic. Recall by (48), we have

1

n
E(Y )Tu2 =

1

n
(
∑
i∈C1

E(Yi)−
∑
i∈C2

E(Yi)) = 2w1w2(µ
(1) − µ(2)).

Throughout this proof, we denote by µ := (µ(1) − µ(2))/
√
pγ. Let Z∗ be as defined in (70).

Thus we have by symmetry of Ẑ−Z∗ and definition of ŵj in (136) and P2 := u2u
T
2 /n = Z∗/n,

⟨P2(E(Y )(Y − E(Y ))T ), Ẑ − Z∗⟩ = 1

n
uT2 (E(Y )(Y − E(Y ))T )(Ẑ − Z∗)u2

= 4nw1w2
√
pγ
(∑
j∈C2

ŵj⟨µ, Yj − E(Yj)⟩ −
∑
j∈C1

ŵj⟨µ, Yj − E(Yj)⟩
)
,

Moreover, we have for each j ∈ [n], n⟨µ, Yj − E(Yj)⟩ = n⟨µ,Zj⟩ −
∑n

i=1⟨µ,Zi⟩. Hence we
have by (136), and Lj =

√
pγ⟨µ,Zj⟩,

⟨P2(E(Y )(Y − E(Y ))T ), Ẑ − Z∗⟩ ≤ 4w1w2n
∑
j∈[n]

|Lj | ŵj +
4w1w2

2n

∣∣∣∣∣
n∑
i=1

Li

∣∣∣∣∣ ∥∥∥(Ẑ − Z∗)
∥∥∥
1
. □

Appendix G. Proof of Lemma 59

Let 1 ≤ q < n denote a positive integer. By Proposition 64, we have ŵ = (ŵ1, . . . , ŵn) ∈
Bn

∞∩⌈ r12n⌉B
n
1 , for all Ẑ ∈ Mopt∩ (Z∗+ r1B

n×n
1 ). Then for the first component on the RHS

of (125) in Lemma 58, we have

4w1w2

∑
j∈[n]

|Lj | ŵj ≤
∑
j∈[n]

L∗
j ŵ

∗
j =

q∑
j=1

L∗
j ŵ

∗
j +

n∑
j=q+1

L∗
j ŵ

∗
j , and

sup
ŵ∈Bn

∞∩qBn
1

∑
j∈[n]

|Lj | ŵj ≤ sup
ŵ∈Bn

∞

q∑
j=1

L∗
j ŵ

∗
j + sup

ŵ∈qBn
1

n∑
j=q+1

L∗
j ŵ

∗
j

≤
q∑
j=1

L∗
j + qL∗

q+1 ≤ 2

q∑
j=1

L∗
j . (144)

Moreover, for the second component on the RHS of (125),WL :=
∣∣∣∑n

j=1 Lj

∣∣∣ ∥∥∥(Ẑ − Z∗)
∥∥∥
1
/(2n) ≤∑n

j=1 |Lj |
∣∣∣∑j ŵj

∣∣∣ =: UL, where by (136),
∥∥∥(Ẑ − Z∗)

∥∥∥
1
/(2n) =

∣∣∣∑j ŵj

∣∣∣, and hence

sup
Ẑ∈Mopt∩Z∗+r1B

n×n
1

WL/n ≤ sup
ŵ∈Bn

∞∩⌈ r1
2n

⌉Bn
1

UL/n ≤ ⌈r1/2n⌉
n

n∑
j=1

L∗
j ≤

⌈r1/(2n)⌉∑
j=1

L∗
j . (145)

where (145) holds since in the second sum
∑q

j=1 L
∗
j , where q = ⌈ r12n⌉, we give a unit weight

to each of the q largest components L∗
j , j ∈ [q], while in q

n

∑n
i=1 L

∗
j , we give the same
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weight q/n ≤ 1 to each of n components L∗
j , j ∈ [n]. Putting things together, we have

by (125), (145), and (144), where we set q = ⌈ r12n⌉ ∈ [n],

sup
Ẑ∈Mopt∩(Z∗+r1B

n×n
1 )

∣∣∣⟨P2(E(Y )(Y − E(Y ))T ), Ẑ − Z∗⟩
∣∣∣

≤ sup
ŵ∈Bn

∞∩⌈ r1
2n

⌉Bn
1

n
∑
j∈[n]

|Lj | ŵj + sup
ŵ∈Bn

∞∩⌈ r1
2n

⌉Bn
1

∣∣∣∣∣∣
n∑
j=1

Lj

∣∣∣∣∣∣
∑
j

ŵj ≤ 3

⌈ r1
2n

⌉∑
j=1

L∗
j . □

Appendix H. Proof of Proposition 60

First, we bound for any integer q ∈ [n], and τ > 0,

P

 q∑
j=1

L∗
j > τ

 ≤ P

∃J ⊂ [n], |J | = q,
∑
j∈J

|Lj | > τ

 (146)

≤
∑

J :|J |=q

∑
u∈{−1,1}q

P

∑
j∈J

ujLj/∆ > τ/∆

 ≤
(
n

q

)
2q exp

(
− (τ/∆)2

C1C2
0 (maxj ∥Rjµ∥22)q

)
,

where (146) holds by the union bound and the subgaussian tail bound; to see this, notice
that for each fixed index set J ⊂ [n] and vector u ∈ {−1, 1}q, and ∆ =

√
pγ,∥∥∥∥∥∥

∑
j∈J,|J |=q

ujLj
∆

∥∥∥∥∥∥
2

ψ2

≤
∑

j∈J,|J |=q

∥Lj/∆∥2ψ2
=:

∑
j∈J,|J |=q

∥⟨µ,Zj⟩∥2ψ2
≤ C1q(C0max

j
∥Rjµ∥2)

2,

following the proof of Lemma 42; hence by Lemma 42, upon replacing n with an integer
1 ≤ q < n, we have for each fixed index set J ⊂ [n], µ ∈ Sp−1,

P

 ∑
j∈J :|J |=q

ujLj/∆ > τ/∆

 ≤ exp

(
− (τ/∆)2

qC1(C0maxj ∥Rjµ∥2)2

)
. (147)

Set τq = C3C0(maxj ∥Rjµ∥2)∆q
√

log(2en/q) for some absolute constant C3 > c
√
C1 for

c ≥ 2. Then by (146) and (147), we have

P

 q∑
j=1

L∗
j > τq

 ≤
(
n

q

)
2q exp

(
−
C2
3 (C0maxj ∥Rjµ∥2)

2q2 log(2en/q)

C1(C0maxj ∥Rjµ∥2)2q

)
≤ eq log(2en/q)e−cq log(2en/q) ≤ e−c

′q log(2en/q),

where
(
n
q

)
2q ≤ (en/q)q2q = (2en/q)q = exp(q log(2en/q)). Following the calculation as done

in Giraud and Verzelen (2019), and the inequality immediately above, we have

n∑
q=1

(
n

q

)
2qe−τ

2
q /(C1C2

0q∆
2) ≤

n∑
q=1

e−c
′q log(2en/q) ≤ c

n2
. □
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Appendix I. Proof of Lemma 61

Denote by δ̂Z := Ẑ −Z∗. First, we have ⟨P2P1Ψ, δ̂Z⟩ = tr(δ̂ZP2P1Ψ) = (w1−w2)1
T
nΨδ̂Z

u2
n ,

where δ̂Zu2
n = (−ŵ1, . . . ,−ŵn1 , ŵn1+1, . . . , ŵn) for u2 as in (4). Now∣∣∣⟨P2P1offd(Ψ), δ̂Z⟩

∣∣∣ = |w1 − w2|
∣∣∣1Tnoffd(Ψ)δ̂Z

u2
n

∣∣∣ ≤ 2 |w1 − w2|
∑
k

|Sk| ŵk;∣∣∣⟨P2P1diag(Ψ), δ̂Z⟩
∣∣∣ = |Sdiag| ≤ |w1 − w2|

∑
k∈[n]

|Ψkk| ŵk ≤ |w1 − w2|max
k

|Ψkk|
∥∥∥δ̂Z∥∥∥

1
/n;

Hence (132) and (130) hold. Now (129) and (131) hold since

⟨P2Ψ, Ẑ − Z∗⟩ = tr((Ẑ − Z∗)P2Ψ) = tr(P2Ψ(Ẑ − Z∗))

= 2
( ∑
k∈C1

Ψkk(−ŵk)−
∑
t∈C2

Ψttŵt
)
+ 2
(∑
j∈C1

Qj(−ŵj) +
∑
j∈C2

Qjŵj
)
, where

∣∣∣⟨P2diag(Ψ), Ẑ − Z∗⟩
∣∣∣ = 2

∣∣∣∣∣∣
∑
k∈C1

Ψkk(−ŵk) +
∑
k∈C2

(−Ψkk)ŵk

∣∣∣∣∣∣ ≤ 2
∑
k∈[n]

|Ψkk| ŵk and

∣∣∣⟨P2offd(Ψ), Ẑ − Z∗⟩
∣∣∣ = 2

∣∣∣∣∣∣
∑
j∈C1

Qj(−ŵj) +
∑
j∈C2

Qjŵj

∣∣∣∣∣∣ ≤ 2
∑
j∈[n]

|Qj | ŵj . □

Appendix J. Proof of Proposition 62

Denote by Ψ = ZZT − E(ZZT ). The two bounds follow identical steps, and hence we will
only prove (133). First, we bound for any positive integer 1 ≤ q < n and any τ > 0,

P

 q∑
j=1

Q∗
j > τ

 = P

∃J ⊂ [n], |J | = q,
∑
j∈J

|Qj | > τ


≤

∑
J :|J |=q

∑
y∈{−1,1}q

P

∑
j∈J

yjQj > τ

 = q0(τ). (148)

We now bound q0(τ). Denote by w ∈ {0,−1, 1}n the 0-extended vector of y ∈ {−1, 1}|J |,
that is, for the fixed index set J ⊂ [n], we have wj = yj ,∀j ∈ J and wj = 0 otherwise.
Now we can write for A = (atj) = w ⊗ u2, where u2 is the group membership vector:
∀t ∈ C1, j ∈ J, ajt = u2,tyj = yj and ∀t ∈ C2, j ∈ J, ajt = u2,tyj = −yj ; otherwise,
ajt = 0. In other words, we have nq non-zero entries in A and each entry has absolute value
1. Thus ∥A∥2 ≤ ∥A∥F =

√
qn and Qj as in (128),

∑
j∈J

yjQj =
∑
j∈J

yj

 ∑
t∈C1,t ̸=j

⟨Zt,Zj⟩ −
∑

t∈C2,t ̸=j
⟨Zt,Zj⟩

 =
∑
j∈[n]

∑
t̸=j

ajt⟨Zt,Zj⟩,
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since each row of offd(A) in J has n − 1 nonzero entries and |J | = q. Now for each fixed
index set J ⊂ [n] with |J | = q, and a fixed vector y ∈ {−1, 1}q,

P

∑
j∈J

yjQj > τq

 = P

∑
j

∑
t̸=j

ajt⟨Zt,Zj⟩ > τq

 .

By Theorem 4, we have for q ∈ [n], A = (aij) ∈ Rn×n, σmax := maxi ∥Hi∥2, and τq =
C4(C0σmax)

2q(
√
np log(2en/q) +

√
nq log(2en/q)), for C0 ≍ K by definition of K in (14),

P

∣∣∣∣∣∣
n∑
i=1

n∑
j ̸=i

⟨Zi,Zj⟩aij

∣∣∣∣∣∣ > τq

 ≤ 2 exp

(
−cmin

(
τ2q

(Kσmax)4p ∥A∥2F
,

τq
(Kσmax)2 ∥A∥2

))
≤ 2 exp

(
−c(C2

4 ∧ C4)q log(2en/q)
)
, (149)

where maxi ∥Zi∥ψ2
≤ CKσmax in the sense of (93). Now by (148) and (149),

q0(τq) ≤
(
n

q

)
2q exp

(
−c(C2

4 ∧ C4)q log(2en/q)
)
≤ 2 exp

(
−c′(C2

4 ∧ C4)q log(2en/q)
)
,

where
(
n
q

)
2q ≤ (en/q)q2q = (2en/q)q = exp(q log(2en/q)). Hence following the calculation

as done in Giraud and Verzelen (2019), we have

n∑
q=1

q0(τq) ≤
n∑
q=1

(
n

q

)
2q exp

(
−c(C2

4 ∧ C4)q log(2en/q)
)
≤

n∑
q=1

e−c
′q log(2en/q) ≤ c′

n2
.

The proposition thus holds. □

Appendix K. Proof of Corollary 63

For any positive integer q ∈ [n] and ŵ as in (124),

sup
ŵ∈Bn

∞∩qBn
1

∑
j⊂[n]

|Qj | ŵj ≤ sup
ŵ∈Bn

∞∩qBn
1

∑
j∈[n]

Q∗
j ŵ

∗
j = sup

ŵ∈Bn
∞∩qBn

1

( q∑
j=1

Q∗
j ŵ

∗
j +

n∑
j=q+1

Q∗
j ŵ

∗
j

)
≤

q∑
j=1

Q∗
j + qQ∗

q+1 ≤ 2

q∑
j=1

Q∗
j . (150)

Following the same arguments in Lemma 54, we have by (131) and (124),

sup
Ẑ∈Mopt∩Z∗+r1B

n×n
1

∣∣∣⟨P2offd(Ψ), Ẑ − Z∗⟩
∣∣∣ ≤ 2 sup

ŵ∈Bn
∞∩⌈r1/(2n)⌉Bn

1

∑
j∈[n]

|Qj | ŵj

Now (134) follows from (131), (150), and (133), where we set q = ⌈r1/(2n)⌉. Notice that
for any positive integer q ∈ [n], following the same argument, we have

sup
ŵ∈Bn

∞∩qBn
1

∑
j∈[n]

|Sj | ŵj ≤ sup
ŵ∈Bn

∞∩qBn
1

∑
j∈[n]

S∗
j ŵ

∗
j ≤ 2

q∑
j=1

S∗
j . (151)

Hence (135) follows from (132), (151), (133), and Proposition 62. □
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